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Chapter 1

Junior Balkan
Mathematical Olympiads
The Problems

1.1 First Junior Balkan Mathematical Olympiad
Beograd, Yugoslavia, June, 1997

1. Nine points are given inside a unit square. Prove that three of them are the vertices
of a triangle with the area not greater than %.

Bulgaria
2. Let
224y 22 —y? —
22—y | 22 4 y2 '
Find the value of
PINIDY e B
xs — ys xs + yS
in terms of k.
Cyprus

3. Let I be the incenter of the triangle ABC, and let D and E be the midpoints of
the sides AB and AC respectively. Lines DE and BI meet at point K and lines
DE and CI meet at point L. Prove that

Al +BI+CI>BC+KL.

Greece



4. Find the triangle ABC so that
R(b+¢) =avbe.

Romania

1.2 Second Junior Balkan Mathematical Olympiad
Athens, Greece, June, 1998

5. Prove that the number
11...1122,..225

1997 1998

is a perfect square.
Yugoslavia
6. Let ABCDE be a pentagon so that
AB=AE=CD=1, LABC = Z/DEA = 90° and BC + DE = 1.
Find the area of the pentagon.
Greece
7. Find all the pairs (z, y) of positive integers so that
¥ =y*7Y,
Albania

8. Can one find 16 three digit numbers, using only 3 digits, without having two of
them with the same remainder when divided by 16?

Bulgaria

1.3 Third Junior Balkan Mathematical Olympiad
Plovdiv, Bulgaria, June, 1999
9. Let a, b, ¢, z, y be real numbers so that:

dtar+y=0,+br+y=0and®+cx+y=0.

Show that if a, b, ¢ are distinct numbers, different from 0, then e + b+ ¢ = 0.
Cyprus

i e i

10. Find the greatest common divisor of the numbers

An = 2311 + 36n+2 + 56n+2

whenn =0, 1, ..., 1999.

Romania

11. Let S be a square of side 20 and let M be a set consisting of the vertices of the
square and 1999 arbitrary inner points of S. Prove the existence of a triangle with
the area at most equal to 1—10 and having all the vertices in the set M.

Yugoslavia

12. In a triangle ABC the sides AB and AC are equal. Let D be a point on BC such
that BC > BD > DC > 0. Consider the circumcircles k; and ks of the triangles
ABD and ADC respectively. Let M be the midpoint of B'C’, when BB’ and ¢’
are diameters of k; and k&, respectively. Prove that the area of the triangle M BC
is constant (with respect to D),

Greece

1.4 Fourth Junior Balkan Mathematical Olympiad
Ohrid, Macedonia, June, 2000

13. Let z, y be integer numbers so that
2+ + (z + ) + 302y = 2000.
Prove that z +y = 10.
Romania

14. Find all the positive integers n, n > 1, such that n? + 3" is a perfect square.

Bulgaria

15. A semicircle of diameter EF, lying on the side BC of the ABC triangle, is tangent
to the sides AB and AC in Q and P respectively.

A




The lines EP and FQ meet at point K.
Prove that K is a point on the altitude from A of the triangle ABC.
Albania

16. At a tennis tournament there were twice as many girls participating than boys.

Each pair of players had only one match and there were no draws. The ratio
between girl winnings and boy winnings was %: !

How many players took part at the tournament?
Serbia

1.5 Fifth Junior Balkan Mathematical Olympiad
Nicosia, Cyprus, June, 2001
17. Find all the positive integers a, b, ¢ such that

a® + b + & = 2001.
Romania

18. Let ABC be a triangle with ZACB = 90° and AC # BC'. The points L and H of
the segment [AB] are chosen such that ZACL = ZLCB, and CH is perpendicular

to AB.
a) For every point X (other than C) on the line CL, prove that LXAC # LXBC.
b) For every point Y (other than C) on the line CH prove that LY AC # LY BC.

Bulgaria

19. Let ABC be an equilateral triangle and let D, E be arbitrary points on the sides
[AB] and [AC] respectively. If DF, EG (with F € AE, G € AD) are internal
bisectors of the angles of the triangle ADE, prove that the sum of the areas of the
triangles DEF and DEG is less than or equal to the area of the area of triangle
ABC. Explain when the equality holds.

Greece

20. A convex polygon with 1415 sides has the perimeter of 2001 centimeters. Prove
that there exist three vertices of this polygon, which form a triangle having the
area less than 1square centimeter.

Yugoslavia

1.6 Sixth Junior Balkan Mathematical Olympiad
Tg. Mures, Romania, June, 2002

21. Let ABC be an isosceles triangle with AC = BC and let P be a point ‘on the arc
AB of the circumcircle which does not contain C. The perpendicular from C on
PB intersects PB in D. Prove that '

PA+ PB=2PD.

Greece

22. Two circles C; and C; of different radii have two common points A and B and
their centers O, and Oy are separated by the straight line AB. Let B;, Bs the
diametrically opposed points of B on these circles respectively. The points M; on
C; and M, on Cy are chosen such that ZAO\ M, = LAO;M,, B; is an internal
point of ZAO; M, and B is an internal point of ZAQ;Ms. Let M be the midpoint
of the segment By By. Prove that ZMM B = LM M,B.

Cyprus
23. Find the positive integers N having the following properties:
i) N has exactly 16 divisors 1 =d; <dp <...<di5 <djg=N.
ii) the divisor having the index d5 (that is dg, ) is equal to (d2 + d4)ds.
Bulgaria
24. Let a, b, ¢, be positive numbers. Prove that:
1 1 1 27
+ + > .
bla+b)  c(b+c)  alc+a) T 2(a+b+0)
Greece



Chapter 2

Team selection tests

2.1 First team selection test for the second JBMO

25.

26.

27.

Iasi, May 27, 1998

Let
1 1

A——l—+ o
T1-2 3.4 7777 19971998

and
1 1 1

B= 1000 - 1998 + 1001 - 1997 tee 1998 - 1000

Prove that % is an integer.

A rectangle ABCD is given. Let M, N, P,Q be the points on the sides AB, BC,
CD, DA respectively. If p is the perimeter of the quadrilateral M N PQ, prove that:

iyp>AC+ BD
ii) If p = AC + BD, then area[MNPQ] < axealABCD] AQBCD .

iii) If p = AC + BD, then MP? + NQ? > AC2.

Let n be a positive integer. Find all the integer numbers that writes as:

1 2 n

— = —_

a) az an
for some positive integers a3, ag, ..., Gn.

7
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2.2 Second selection test for the second JBMO

28.

29.

30.

Iasi, May 28, 1998

Find all the integers x and y so that

+1)(x+2) (z+3)+z(z+2) (¢ +3)+z (z+1) (z +3)+z (z + 1) (z + 2) = y*".
A triangle ABC' is given. The points D, E, F, G are chosen on the sides of the
triangle such that the quadrilateral DEF'G is circumscriptible and DF 1 .EG.
Find the locus of the intersection point M € DF N EG, so that {D, E, F, G} N
{A, B, C}#@.

Find the smallest value for n for which there exist the positive integers z1, ...,
with

z] + a5 +... + 2 =1998.

2.3 First team selection test for the third JBMO

31.

32.

33.

7 34,

Iasi, May 26, 1999

Let n the positive integer. Prove that there is a polynomial P with integer coeffi-
cients so that if a + b -+ ¢ = 0, then: .

@™t 4 b2 HL 4 P+ = bl P(a, b) + P(b, ©) + P(c, a)).

Let ABC be a triangle and let Z, 4, Z be three arbitrary vectors. For any real
number A > 0, the points M, N, P are chosen so that:

AM = Mz, BN = )\j, CP = Az

Find the locus of the centroid @ of the triangle MNP.

Let A C (0, 1) be a set of real number having the properties:
a) 1 €4
b) if 2 € A, then £ and 1= belong to A.

Prove that the set A contains all the rational numbers from the interval (0, 1).

Let Dy, D,, D3 be three distinct disks in the plane and let a;; be the area of
D; N D;, for all 4, j € {1, 2, 3}. Prove that if 2, x5, z3 are real numbers, not all
of them equal to zero, then:

2
a)ry + azzx% -+ a33.'1,‘§ + 2a197129 + 20932923 + 2a31377 > 0.

2.4 Second team selection test for the third JBMO

35.

36.

37.

38.

Iasi, May 27, 1999

Let A, B, C be the measures (in degrees) of the angles of the ABC triangle. A
straight line cuts the ABC triangle in two isosceles triangles. Find the relations
between the numbers A, B, C.

Find the number of five-digit perfect squares having the last two digits equal.

M is the set of all values of the greatest common divisor d of the numbers A =
2n+4+3m+13, B=3n+5m+1, C = 6n+8m — 1, where m and n are positive
integers. Prove that M is the set of all divisors of an integer k.

Consider a convex quadrilateral ABCD and let A;, B, C1, D; be the reflection
points of A, B, C, D across B, C, D, A respectively.

a) If E and F are the midpoints of the segments BC and AD, and E; and F; are
the midpoints of the segments A; B; and C1 D, prove that EE; = FF}.

b) The points A, B, C, D are erased. Can you obtain them again, knowing only
the location of A, By, Cy, D1?

2.5 First team selection tests for the fourth JBMO,

39.

40.

41.

42.

Brasov, April 27, 2000.

For all the positive integers k < 1999, let S1(k) be the sum of all the remainders
of the numbers 1, 2, ..., k when divided by 4, and let S3(k) be the sum of all the
remainders of the numbers &k + 1, k + 2, ...., 2000 when divided by 3. Prove that
there is an unique positive integer m < 1999 so that Si(m) = Sz(m).

Let S(k) be the sum of the digits of a positive integer k in decimal representation.
Find all the positive integers n to exist the non-negative integers a and b with

S(a) = S(b) = S(a +b) =n.

For all the numbers p € R and n € N* let A,(p) be the set of integers pr where =
is a real number and n — 1 < & < n. For a given real number g, find all the real
numbers b such that the sets A,(a) and A,(b) have the same number of elements
for all the positive integers n.

Let ABC be a triangle with ZBAC = 90° and AB = AC. The points M and N
are given on the side BC such that NV lies between the points M and C' and

BM? - MN?+NC?=0

Prove that ZMAN = 45°.
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2.6 Second team selection test for the fourth JBMO,

Bucium, Iasi, May 13, 2000

43. Find the integer solution of the equation

9° - 3" =y* + 23 + 4% + 2.

44. A plane is covered by a net of unit squares. A person walks on the edges, any two

45.

46.

consecutive edges being perpendicular, and returns in the initial position after n
steps.

a) Prove that 4 divides n.

b) State and prove a reciprocal.

Find all the real values of the number a such that
r+y+zy>a,

for all the real numbers z > a and y > a

A triangle ABC is given. The points A’ € (BC), B' € (CA), C' € (AB) are
chosen such that the the lines AA’, BB, CC’ meet at the point M. Let a, b, ¢, z,
Yy, 2 be the areas of the triangles AB'M, BC'M, CA'M, AC'M, BA'M, CB'M
respectively. Prove that:

1° abe = zyz;

2° ab+bc+ca = zy + yz + zz.

2.7 Third team selection test for the fourth JBMO

47.

48.

49.

Bucium, Iasi, May 19, 2000

For any integer n > 2, consider n — 1 positive real numbers a;, ay, ..., a,_; having
the sum 1, and 7 real numbers by, bs, ..., b,. Prove that
b2 b2 b2
2424 2>
ittt +an-1_ 1(ba+bg+ ... +by).

When does the equality holds?

Let a > 0 be an integer number. Find the number of elements of the set

20.
A= Z and .
{x[me an 3z+1€Z}

The internal bisectors of the angles A, B, C of the ABC triangle intersect the sides
BC,CA, AB at the points D, E, F respectively. The points A’, B', C' are the

reﬂectio.ns of the points A, B, C' with respect to D, E, F. If A, B, C lie respectively
on the line segments B'C”, A'C", A’B’, prove that ABC is an equilateral triangle.

11

50. Two square of side length 5 are divided into 5 regions each. These 10 regions arc
colored using the same 5 colors for each square. Overlapping the squares, the sum
of the areas of the parts sharing having the same color is computed. Prove that
there is a coloring for which this sum is at least 5.

2.8 First team selection test for the fifth JBMO
Tg. Mures, April 12, 2001

51. Let ABC be an arbitrary triangle. A circle passes through B and C and intersects
the lines AB and AC in|D and E respectively. The projection of the points B and
E on CD are denoted b)\ B’ and E'. The projection of the points D and C on BE
are denoted by D’ and X

Prove that the points B’ ,\b’\ E', C' are on thy same circle.
\\\‘ ///

—

Find all the integers n so that the number 4:;52 is rational.

52

53. 1200 points are given inside a circle centered at the point O so that no two of them
lie on a diameter of the circle. Prove that there exist the points M and N on the
circle so that ZMON = 30° and in the interior of the angle ZMON lie exactly
100 points.

54. Three students write on the blackboard three two-digit squares next to each other.

At the end they observe that the 6-digit number obtained is also a square. Find
this number.

2.9 Second team selection test for the fifth JBMO
Buzau, May 19, 2001

55. Let ABCD be a rectangle. The points E € CA, F € AB, G € BC are considered
so that DE L CA, EF 1L AB, EG L BC. Find the rational solutions of the

equation
AC® = EF® + EG®.

56. Let A be a non-empty subset of R so that if z, y are real numbers with z +y € 4,
then zy € A. Prove that A =R,

57. Let ABCD be a quadrilateral inscribed in the circle C(O, R). For any point E of
the circle we consider its projections K, L, M, N on the lines DA, AB, BC, CD.
For some point E, different than A, B, C, D, one observe that the point N is the
orthocenter of the triangle K LM.

Prove that this holds for any point E on the circle.

Find all the positive integers a < b < ¢ < d with the property that each of them
divides the sum of the other three.

58
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2.10 Third team selection test for the fifth JBMO
Buzau, May 20, 2001

59. Let n be a non-negative integer. Find all the non-negatives integers a, b, ¢, d such
that ’
a2+ b+ +d=7-4"

60. The opposite sides of a hexagon ABCDEF are parallel and the diagonals AD, BE
and CF are equal. Prove that the hexagon is cyclic.

61. Let n > 2 be an integer. Find all the integers x so that

\/m+\/:c+...+\/zc-<n

for any number of radicals.

62. .Find the minimal area of a rectangular box of a volume strictly greater than 1000
if the side lengths are integer numbers.

2.11 First team selection test for the sixth JBMO
Rm. Valcea, March 21, 2001

63. For a positive number n, let f(n) be the value of

f(n) = 4n + V4n? -1
V2n+14++2n =1

Calculate f(1) + f(2) + f(3) + ...+ f(40).

64. Let K, n, p be non-negative integers so that p is prime, K < 1000 and VK = n,/P.

a) Prove that if the equation K + 100z = (n + ) ,/p has an integer solution
different from 0, then p | 10.

b) In that case find the number of all the positive integer solutions of the equation
(that is, when p = 2 or p = 5).

65. Consider a 1 x n rectangle made out of ntiles. A pavement is a coloring of each
of the n tiles with one of the 4 possible color so that no two consecutive tiles have
the same color.

i) What is the number of the distinct symmetrical pavements? (a symmetrical
pavement is a pavement for which tile symmetrical with respect to the center have
the same color).

ii) What is the number of distinct pavements so that in any block of three conse-
cutive tiles no two tiles have the same color?

13

66. Let ABCD be a parallelogram centered in O. Let M and N be the midpoints of
BO and CD. Prove that if the triangles ABC and AMN are similar, then ABCD

is a square.

2.12 Second team selection test for the sixth JBMO
Bucharest, April 13, 2002

67. A unit square is divided naturally into 9 congruent squares of side —13- The central
square is colored. We call this procedure P. For each of the 8 remaining squares
apply the procedure P. For each of the next 64 remaining squares apply the pro-
cedure P and so on. Prove that after 1000 applications of procedure P the area
colored exceeds 0.999.

68. Find all the positive integers a, b, ¢, d so that

a+b+c+d—3=ab=cd.

69. Let ABC be an isosceles triangle with AB = AC and ZBAC = 20°. Let M be the
projection of the point C on the side AB and let N be a point on the side AC so
that CN = %Q. Find the measure of the angle AMN.

70. Let ABCD be a unit square. Suppose M, N are two interior points 50 that no
vertex of the square lies on the line MN. Let s(M, N) be the smallest area of a tri-
angle with vertices in the set {4, B, C, D, M, N }. Find the smallest real number
k so that for any points M, N with the mentioned property we have s(M, N YL k.

2.13 Third team selection test for the sixth JBMO
Bucharest, April 14, 2002

71. Let n be an even positive integer and let a, b be positive coprime integers. Find a
and b if a + b divide a™ + b™.

72. Let ABCD be a convex quadrilateral and O the point of intersection of its diago-
nals. The measure of the angle between the two diagonals is m. For any angle zOy
of measure m, the area inside the angle that is in the interior of the quadrilateral
is constant. Prove that ABCD is a square.

73. An equilateral triangle of side 10 is divided into 100 unit equilateral triangles by
lines parallel to the sides of the triangle. Find the number of (not necessarily unit)
equilateral triangles in the configuration described above so that the sides of the
triangle are parallel to the sides of the initial one.

74. If a, b, c € (0, 1), prove that
Vabe ++/(1—a)(1-8)(1—c)< L.
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2.14 Fourth team selection test for the sixth JBMO

Bucharest, June 1, 2002

75. Let a be an integer. Prove that for any real number z such that z2 < 3, the

numbers 3 — 2% and /a — 3 are not both rational.

76. The last four digits of a perfect square are equal. Prove they are all zero.

77. Consider the circles C;(0;) and C2(0s) such that C; passes through the point 0.

Let M be a point on the circle C; but not on the line 010,. The tangents from
M to C; meet again the circle C; at the points A and B. Prove that the tangents
from A and B to C, (not those going through M ), meet on C;.

78. Consider five points in the plane such that any three of them form a triangle of

area at least 2. Prove that there are three of them forming a triangle of area at
least 3.

2.15 Fifth team selection test for the sixth JBMO

Bucharest, June 2, 2002

79. Let m, n > 1 be integer numbers. Solve in positive integers the equation

" +y" =2m,

80. Consider n > 2 concentric circles and two lines dy, dy which meet at P, a point

81.

82.

inside all the circles. The rays determined by P on the line dy meet the circles
at the points A;, A, ..., A, and A}, 4}, ..., A, respectively. similarly, the rays
determined by P on the line dy meet the circles at the points By, B,, ..., B, and
1» B3, ..., Bl respectively (the points of equal index are on the same circle).
Prove that if the small arcs A, B; and Ay B, are equal, then all the small arcs A;B;
and A;B; are equal for all i = T, n.

Let ABC be a triangle and o = BC, b= CA, ¢ = AB be the side lengths. On the
same side of BC as A consider the points D and E such that DB = ¢, CE =band
the area of DECB is maximal. Let F be the midpoint of DE and let FB = z.
Prove that F'C = z and 4a° = (a? + b? + ¢®)z + abc.

Let p, g be two distinct primes. Prove that there are positive integers a, b so that
the arithmetic mean of all the divisors of the number n = p®- ¢” is also an integer.

Chapter 3

Short-Listed Problems

3.1 Fourth Junior Balkan Mathematical Olympiad

83

84.

85.
86.
87.

88

89

-

90.

91
92

93

.

.

.

Ohrid, 2000

Prove that there are at least 666 positive composite numbers with 2006 digits,
having a digit equal to 7 and all the rest equal to 1.

Find all the positive perfect cubes that are not divisible by 10 so that the number
obtained by erasing the last three digits is also a perfect cube.

Find the greatest positive integer x such that 235+ divides 2000!.
Find all the integers written as abed in decimal representation and dcba in 7 base.

Find all the pairs of integers (m, n) so that the numbers A = n? + 2mn + 3m?+2,
B =2n?+3mn'+ m?+ 2, C = 3n? + mn+2m? + 1 have a common divisor greater
than 1.

Find all the four-digit numbers so that when decomposed in prime factors have the
sum of the prime factors equal to the sum of the exponents.

Find all the pairs of integers (m, n) such that the numbers A = n?++2mn+3m?+3n,
B =2n? + 3mn +m?, C = 3n? + mn + 2m? are consecutive in some order.

Find all the positive integers a, b for which a* 4 4b* is a prime number.

Find all the triples (z, y, 2) of positive integers such that zy + yz + 2o — zyz = 2.
\

Prove that there are no integers z, y, 2 so that

oty + 2t - 2277 — 227 — 22727 = 2000.

Prove that for any integer n one can find integers a and b such that

n= [a\/i] + [b\/§] .

15
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94.

95.

96.

97.

98.

99.

100.

101.

102.

Consider a sequence of positive integers z,, such that:

(A) Zony1 = 42, +2n 42,
(B) T3n42 = 3mn+l + 6$n:

for all n > 0.

Prove that .
(C) Z3n—1 = Tpy2 — 2Tpy1 + 102y,

for all n > 0.

Prove that

\/(lk+2k)(1k+2k+3k)...(1k+2k+...+n’“)

k=1 | o qk—1 _ k-1
21’“+2"‘+...+n’°—2 +23 +T'L'1+"(n Hn .
for all integers n, k > 2.

Let m and n be positive integers with m < 2000 and k = 3 — 2, Find the smallest
positive value of k.

Let z, y, a, b be positive real numbers such that = # y, z # 2y, y # 2z, a # 3b and

22—y __ 3b 22492
5=t = 243, Prove that 5 > 1.

Find all the triples (z, y, z) of real number such that
22/y—1+2yVz—1+22/z — 1 > 2y + zz + y2.

A triangle ABC is given. Find all the pairs of points X, Y so that X is on the sides
of the triangle, Y is inside the triangle an four non-intersecting segments from the
set {XY, AX, AY, BX, BY, CX, CY} divide the ABC triangle in four triangles
with equal areas.

A triangle ABC is given. Find all the segments XY that lies inside the triangle such
that XY and five of the segments XA, XB, XC, YA, YB, YC divide the ABC
triangle in 5 regions with equal areas. Furthermore, prove that all the segments
XY have a common point.

Let ABC be a triangle. Find all the triangles XY Z with the vertices inside ABC
such that XY, YZ, ZX and six non-intersecting segments from the following AX,
AY, AZ, BX, BY, BZ, CX, CY, CZ divide the ABC triangle in seven regions
with equal areas.

Let ABC be a triangle and let a, b, ¢ be the lengths of the sides BC, CA, AB
respectively. Consider a triangle DEF with the side lengths EF = \fau, FD =
Vbu, DE = \/cu. Prove that ZA > /B > /C implies /A > /D > /E > /F >
£C.

17

103. All the angles of the hexagon ABCDEF are equal. Prove that
AB—-DE=FEF—-BC=CD-FA.

104. Consider a quadrilateral ABCD with ZDAB = 60°, ZABC = 90° and £ZBCD =
120°. The diagonals AC and BD intersect at M. If MB = 1 and MD = 2, find
the area of the quadrilateral ABCD.

105. A point P is considered inside of an equilateral triangle of the side length 10 so
that the distances from P to two of the sides are 1 and 3, respectively. Find the
distance from P to the third side.

3.2 Fifth Junior Balkan Mathematical Olympiad
Nicosia, 2001

106. Find the positive integers n that are not divisible by 3 if the number gn*~10 4 9133
is a perfect cube.

107. Let P, (n = 3, 4, 5, 6, 7) be the set of integers n* + n! + n™, where k, [, m are
positive integers. Find n so that: :
i) In the set P, there are infinitely many squares.
ii) In the set P, there are no squares.

108. Find all the three digit numbers abc such that the 6003-digit number abcabe. .. abe
is divisible by 91. (abc occurs 2001 times).

109. The discriminant of the equation 22 —azx +b = 0 is the square of a rational number
and a and b are integers. Prove that the roots of the equation are integers.

110. Let z; = ﬂk—;—ﬂ for all the integers k > 1. Prove that for any integer n > 10,
between the numbers A =z; +29+...+ 7,1 and B = A 4+ z,, there is at least a
square.

111. Find all the integers = and y such that x3 & 43 = 2001p, where p is a prime.
112. Prove that there are no positive integers « and y such that
@ +y°+1=(e+2)5+(y-3)°
113. Prove that no three points with integer coordinates can be the vertices of an equi-
lateral triangle.

114. Consider a convex quadrilateral ABCD with AB = CD and £ZBAC = 30°. If
£LADC = 150°, prove that ZBCA = LACD.

115. A triangle ABC is inscribed in the circle C(O, R). Let a < 1 be the ratio of the
radii of the circles tangent to C, and both of the rays (AB and (AC. The numbers
B < 1and vy <1 are defined analogously. Prove that o+ 3+ = 1.
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116.

117.

118.

Consider an isosceles triangle ABC with AB = AC, and D the foot of the altitude
from the vertex A. The point E lies on the side AB such that

/ACE = /ECB = 18°.
If AD = 3, find the length of the segment CE.

Consider the triangle ABC with ZA = 90° and £B # ZC. A circle C(O, R) passes
through B and C and intersect the sides AB and AC in D and F, respectively.
Let S be the foot of the perpendicular from A to BC and let K be the intersection
point of AS with the segment DE. If M the midpoint of BC, prove that AKOM

is a parallelogram.

At a conference there are n mathematicians. Each of them knows exactly k partici-
pants. Find the smallest value of k such that there are at least three mathematicians
that are acquainted with the other two.

3.3 Sixth Junior Balkan Mathematical Olympiad

Tg Mures, 2002

119. A student plays a computer game. The computer provides him with 2002 positive

distinct numbers randomly chosen. The game rules allows him to do the following
operations:

— take two of the given numbers, double one of them, add the second number and
keep the sum;

- next, choose two other numbers from the remaining ones, double one of them and
add the second; then multiply the sum with the previous one and keep the result;
- repeat the above procedure until all the 2002 given numbers are used.

The student wins the game if the last product is maximal. Find, with proof, the
winning strategy of the game.

120. All the positive integers are arranged in a triangular array as shown below:

1 3 6 10 15 ...
2 5 9 14 ...

4 8 13 ...

7 12 ...

1 ...

Find the number of the column and the number of the row where 2002 is put.

121. Let a, b, ¢ be positive real numbers such that abc = %. Prove that the following

inequality holds

S+ +E>avb+ce+bv/ecta+ceva+b.

122.

123.

124.

125.

126.

127.

128,

129.

130.
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(Committee’s variant for problem 121). If a, b, ¢ are positive real numbers such
that abc = 2, then

S+ +SE>avbtre+b/ecta+evato

When does the equality hold?
Let a, b, ¢ be positive real numbers. Prove that

3 3 3 2 2 2
a b c a b c
—_— > e
b2+02+a,2" b +c+a'

Let a1, ay, a3, a4, as, ag be real numbers such that a; # 0, ajag+azay = 2aqas5 and
a1a3 > a3. Show that asag < a?. When does the equality hold?

Consider 2002 integers a;, i =1, 2, 3, ..., 2002 such that

-3 -3 - 1
a7 +a; +...+a20‘},2=-2~.

Prove that at least three of them are equal.

Let G be the centroid of a triangle ABC, and let Aj, By, C; be the midpoints
of the sides BC, CA, AB respectively. The parallel line from A; to BB; meets
B,Cy in F. Prove that the triangles ABC and FA;A are similar with the same
orientation if and only if the quadrilateral AB;GC is cyclic.

Let ABC be a triangle and let H, I, O be the orthocenter, the incenter and the
circumcenter of the triangle, respectively. The line CI meets again the circumcircle
at the point L. It is known that AB = IL and AH = OH. Find the measure of
the angles of the triangle ABC.

Let ABC be a triangle of area § and consider the points D, E, F on the lines
BC, CA, AB respectively. The perpendicular lines at points D, E, F on the lines
BC, CA, AB intersect the circumcircle of the triangle ABC in the pairs of points
(D1, Dy), (Er, Ey), (F1, F) respectively. Prove that

lDlB . ch- DyB - DzCl-I-IE]C . E]_A '—EQC' E2A|+IF1A . FIB - FQA . FQBI >45.

Let ABC be an isosceles triangle such that AB = AC and ZA = 20°. Point D is
chosen on the side AC such that AD = BC. Find the angle Z BDC.

Let ABCD be a convex quadrilateral with AB = AD and BC = C'D. On the
sides AB, BC, CD, DA, points K, L, L,, K; are chosen respectively such that
KLL K is a rectangle. Then, suppose that a rectangle MN PQ, is inscribed in the
triangle BLK where M € KB, N € BL, P, Q € LK and, similarly, M;N,P,Q, is
inscribed in the triangle DK, L,, where M; € DK, Ny € DL, and P,,Q, € L1 K;.
Let 25, 251, S5, S3 be the areas of the quadrilaterals ABCD, KLL1K,, MNPQ,
M, N, P1Q; respectively. Find the greatest value of -2-5%4*'—5‘1
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131. Let A;, Ag, ..., Aggog be arbitrary points in a plane. Prove that for any unit circle

in the plane and for any rectangle inscribed in the circle, there are three vertices
M, N, P of the rectangle such that

MA; +...+ MAggs + NA; +...4+ NAggs + PA1 + ... + PAgge = 6006.

|

Chapter 4

Training Problems

132.

133.

134.

135.

136.

Test 1

Let a, b, ¢, d be positive real numbers with a + &+ ¢+ d = 1. Prove that:

bed + acd + abd + abe <i
a+2 b+2 c+2 d+2 13

Find all non-empty subsets A C R* with the properties:
i) A has at most 5 elements;
ii)Ifzc Athen 2 € Aand 1 -z € A.

Let ABC be a triangle and let D, E be the points in the exterior of the triangle
such that triangles ABD and ACE are isosceles and right-angled at B and C
respectively.

Prove that the lines CD and BE meet on the altitude from A in the triangle ABC.

Consider a parallelogram ABCD such that ZACB = 80° and ZACB = 20°. A
line passing through B meets the line AB at an angle of 20° and intersects the line
AC in the point R. A line passing through C meets the line AC at an angle of 30°
an intersects the line AB in the point T'.

Find the measure of the angle determined by the lines TR and DC.

" Test 2
Find the cube of the number N = J7 M TV3IVTVE.. .
21
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137. Prove that for any non-negative integer n the number
A=2"+3"+5" 46"
is not a perfect cube.

138. The points A, B, C are the vertices of a triangle with no equal sides. How many
points D exist such that the set {4, B, C, D} has a symmetry axis?

139. A cyclic quadrilateral ABCD is given. On the rays (AB and (AD the points P
and @ are considered so that AP = CD and AQ = BC.
The lines PQ and AC meet at point M and N is the midpoint of the segment BD.

Prove that PM = MQ = CN.

7

Test 3

140. Solve in positive integers the equation
¥ - y® +a¥ + ¢y = 5329.
141, Find all the positive integers n for which the number obtained by erasing the last
digit is a divisor for n.
142. Prove that a quadrilateral ABC'D with
area [ABC) < area[BCD)] < area[CDA] < area[ABD]

is a trapezoid.

143. Inside a rectangle of area 5 are given 9 polygons each of area 1. Prove that there
exists 2 of them with the common area not less then -é-.

" Test 4

144. Prove that for any real numbers o and b there are numbers z, y € [0, 1] such that

Ifcy—am—bylzé.

145. Find the greatest number that can be written as a product of some positive integers
with the sum 1976.

146. An acute triangle ABC is given. Prove that the internal bisector of angle ZBAC,
the altitude from B and the perpendicular bisector of the line segment AB are
concurrent if and only if ZA = 60°.

147. The points M, K, L are considered respectively on the sides AB, BC, AC of a
triangle ABC. Prove that at least one of the areas of the triangles M AL, KBM
or LCK is not less than a quarter of the area of the triangle ABC.

148.
149.

150.

151.

152.
153.

154.

155.

156.

157.

158.
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Test 5

Find all the integers z, y, z so that 4% + 4¥ + 4% is a square.

Find all the primes a, b, ¢ such that

ab + be + ac > abe.

Five points are given inside of an equilateral triangle of side length 1. Prove that
there exist 2 points at a distance less than %

Let A;A,... A, be a regular polygon, n > 3. Find the number of obtuse triangles
A A Ag.

Test 6

Find all the positive integers z, y, z, ¢ so that x + y + z = zyzt.
Find all the positive integers n for which the set
{n,n+1,n+2,n+3, n+4,n+5}

can be decomposed in two disjoint subsets such that the product of elements in
these subsets are equal.

Prove that in any tetrahedron there is a vertex such that the edges arising from it
are the sides of a triangle.

Let ABCD be a convex quadrilateral and let E and T be the midpoints of the sides
BC and CD respectively. If AE + AT = 4, prove that the area of the quadrilateral
ABCD is less than 8.

Test 7

A number z is formed using the digits 1, 2, 3, 4, 5, 6, 7 once and only once.
Rearranging the digits we obtain a number y. Prove that y is not a divisor of z.
Let z, y, z be distinct integers such that zy + yz + zz = 26.

Prove that 2% +y% + 22 > 29,

Inside a unit square lies a convex polygon of area greater than -% Prove that there

is a line d parallel with one of the sides of the square that cuts from the polygon a
line segment of length greater than or equal to %
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159. A triangle ABC is considered. The internal bisectors of the angles ZABC' and
ZACB intersects the sides AC and AB in the points D and E, respectively. Find
the angles of the triangle ABC if ZBDE = 24° and ZCED = 18°.

Test 8

160. Let N = 44...488...8 9. Calculate v N.
N e ren?
2002 2001

., Z, are chosen from the interval (2, 4] such that

17n
:1:1+.7:2+...+:cn=—é—anda:§+:cg+...+zﬁ=9n.

161. Numbers z;, 3, ..

Prove that 12 divides n.
162. Inside a box of dimensions L, ! and h are given n® + 1 points. Prove that there are
two of them at a distance less than A@—TL?E

163. A point M is given inside a triangle ABC. Let D, E, F be the projections of the
point M onto the sides BC, CA, AB respectively. Find the minimum value of the

o BC  CA  AB
MD T ME T MF

Test 9

164. Let a > b > 0 be the resal numbers such that a® + 5% = a—b. Prove that a* +4* < 1.

165. Let n > 2 be an integer.. Prove that the number of irreducible fractions from the

set {l 2 3

n—11 ;
123 . z2=1}iseven

166. In the interior of a unit square are considered 129 points. Prove that there exists
a disk of radius % that contains at least three points.

167. Find all triangles with integer side lengths so that the semiperimeter has the same
value as the area of the triangle.
Test 10

168. Let n and p be positive integers n > 1. Prove that the numbers » — 1 and np + 1
' cannot have other divisors than the divisors of p + 1.

169. Find a relation between the numbers a, b, ¢ if

1 1 1
- = ~=band zy+ — =c
T+~ a,y+y Y pom
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170. Prove that in any polygon there are two sides with the length ratio greater then or
equal to 1 and less then 2.

171. Inside a unit cube 28 points are given. Prove that among them there are two points
at a distance not greater than 33§

Test 11

172. Find the last 5 digits of the number 5198,

173. Compute the sum
2’n+1
32" +1°
174, In a tetrahedron all the altitudes are congruent. One of them passes through the
orthocenter of the corresponding face. Prove that the tetrahedron is regular.

2 92
§=
3yl TEEr T

175. Let ABCD be a parallelogram. On the sides BC and CD points E and F are
chosen such that %ﬁ =a and %% = b. Lines AE and BF intersect in the point
M. Find the ratio 4.

Test 12

176. Prove that there are at least 2002 rational numbers m so that vm + 2002 and
vm + 2003 are both rational numbers.

177. Let a, b, c be positive real numbers such that abc > 1 and 1y t+i>a+b+e
Prove that: ‘

i) All numbers are different than 1.
ii) Only one numbers is less than 1.

178. 5 points are given in a plane, not three of them collinear. Prove that there are 4
among them which are vertices of a convex quadrilateral.

179. Consider a convex hexagon of area S. Prove that there is a triangle determined by
three consecutive vertices of the hexagon with an area not greater than %—.

Test 13

180. Find all the positive integers n which are equal to the sum of its digits added to
the product of its digits.
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181.

182.

183.

184.

185.

186.

187.

188.

189.

190.

101,

Consider the sum ] 1 ]
S=13%t23T T 10
Find the sequences of consecutive terms of S that add up to %.

Prove that any polygon with the perimeter 2004 can be covered by a disk of dia-
meter 1002.

Prove that there are no triangles in which the incircle divides an internal bisector
of an angle in three equal segments.

Test 14

., ni be odd integers. Prove that the numbers of odd numbers
24t s odd.

Let k, ny, no, ..
among Muin2 mtra

Solve in R the equation:
' [z[z]l =1,

([z] denotes the integer part of the number z).

Prove that in any triangle the following inequality holds

A
b+c—a <2bcos—§.

A convex polygon with n? sides (n > 2) is decomposed into n convex pentagons.
Prove that n = 3.

Test 15

Find the greatest number n such that any subset with 1984— n elements of the set
{1, 2, ..., 1984} contains a pair of coprime numbers.

Find the real numbers a;, ag, ..., Gan+1 SO that

a1+ag+...+as, +agmye1 = 2n+1 and lay — as] = |ag - azl=...= |a2n+1 — a|.
Considers 2n + 1 real numbers between 1 and 2". Prove that there are three of
them which are the side lengths of a triangle.

A convex octagon has all the angles congruent and all side lengths rational numbers.
Prove that the octagon has a symmetry point.
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Test 16

192. Find the sum of the digits of the numbers from 1 to 1,000,000.
193. Find the elements of the set

3 _
A={:L'GZ|%2€Z}.

194. Prove that 2002 points can be joined two by two with 1001 segments such that no
two of them intersect.

195. A triangle ABC with ZA = 90° is given. A square MNPQ is inscribed in the
triangle such that M lies on AB, N lies on BC, P lies on BC and Q lies on CA.
Likewise, the squares of the sides [y, I3, I3 are inscribed in the right triangles QPC,
MBN, AMQ respectively, all having two vertices on the hypotenuses and a vertex

on each leg of the triangles. Prove that
' 1.1 1

ETETR

Test 17

Consider n distinct positive integers less than 2n. Prove that among these numbers
there is one equal to n or there are two numbers with the sum equal to 2n.

196.

197. Let a, b, ¢ be odd integers. Prove that the roots of the equations ax? + bz +c = 0

are not rational numbers.

198. Let ABC be a triangle with ZA = 90°. Consider the altitude AD and T, E the
midpoints of the segments AD and DC respectively. Prove that ZABT = ZCAE.

199. Let ABCD be a trapezoid with the middle line equal to the altitude. Prove that

the diagonals are perpendicular if and only if the trapezoid is isosceles.

Test 18
200

The sum of 10 distinct non-negative integers is equal to 62. Prove that the product
of these numbers is divisible by 60.

201. Let a, b, ¢ be real numbers so that a + 2b + 3¢ = 2 and 2ab + 3ac + 6bc = 1. Show

that a € [0, 4], b€ [0, ] and c € [0, 4].
Consider an acute triangle A;AsA; and let Hy, Hy, Hs be the feet of the al-

titudes from A;, As, A3, respectively. If a;,a3,a3 are the lengths of the sides
AgAsz, A3Ay, A1 A5 and H is the orthocenter of the triangle, prove that

a1 az a3 5[ M a2 az
T EE, T HE 2 (HAI tELt HA3) '

202.
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203.

204.

205.

206.

207.

208.

209.

210.

211.

Consider a convex quadrilateral ABCD and let M, @, N, P be the midpoints of
the sides AB, BC, CD, AD respectively. Prove that if 2(MN + PQ) = AB +
BC + CD + DA, then ABCD is a parallelogram.

Test 19

Let a, b, c be positive real numbers with vab+ Vbe ++/ac = 1. Find the minimum
value of the expression ‘
2 &

“atb  itc cia

On the faces of a cube are written the numbers from 1 to 6. Prove that the sum of
the numbers written on three faces with a common vertex cannot be constant.

A triangle ABC with ZA = 90° is given. Let D be the foot of the altitude from

A. Prove that
BC + AD > AB + AC.

Consider a trapezoid ABCD with AB || CD and CD = kAB (k > 1).

a) Prove that
BC? + AD? +2kAB? = AC* + BD?.

b) If the trapezoid is circumscriptible, prove that

(k+1)AB = BC + AD.

Test 20

The numbers 1, 2, 3, 4, ..., 2n are divided in two groups each: a1 < a2 < ... <ay
and b; > by > ... > b,. Prove that

lag = b1] + lag —bo| + ...+ lan —~ | = n?.

Let a, b, ¢, d be real numbers so that
(a2 +02 —1) (2 +d? —1) > (ac+bd - 1)".
Prove that
a?+b®>1landc?+d> > 1L

Find the location of a point M inside a convex quadrilateral ABCD such that the
sum MA? + MB? + MC? + M D? is minimal.

A triangle ABC with AB > AC is given. Prove that the length of the median from
B is greater than the length of median from C.

Chapter 5

Junior Balkan
Mathematical Olympiad
Formal Solutions

1. Nine p_oints are given inside a unit square. Prove that three of them are the vertices
of a triangle with the area not greater than é-.

S(?luf,lon. Divide the u.nit square in 4 equal squares of area %. By the Pigeonhole
principle, three of the nine points are inside or on the sides of a small square. Let
M, N, P be the points and let LKTQ be the square of area %.
L K

Ry----. P

'N
Q T

Cons'ider the ].)arallel lines from M, N, P to LQ. One of them lies between the 'other
two, intersecting the corresponding side of the triangle. Without loss of generality,

let NS | LQ and S € [MP)]. Let MH and PR be th i i
wih mm e ol e the perpenéxcular lines to NS

NS-MH+ NS.-PR
2

Il

area[MPN] = area[MNS] + area[PSN] =

< LQ-LK _ area[LQTK]

1
< =5 : 5

29
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2. Let

as desired.

The equality holds if NS(MH+PR) = LQ-LK, hence NS = LQ and MH+ PR =
LK. That is when a side of the triangle is equal to a side of the square and the
third vertex lies on the opposite side of the square.

a2 +y? 22 —y? s
2 —y2 x4y
Find the value of g
B4y a8 — b
ws —- yS 3:8 + y8
in terms of k.
Solution. The equality . o
22 +y? +x2~y2 _
22— y2 |zt y?

implies
@+ + @)’

zt —yt -
hence

ot +y* ok

oyt 2
and 4

z\ _k+2

Yy T k-2
Therefore

oSyt 2f -yt
B y8 DBy

Il
£

(-’;%3)4“
) 2(5+—2)4—1 (k+2)" - (k-2)"
k—_2

3. Let I be the incenter of the triangle ABC, and let D and E be the midpoints of
the sides AB and AC respectively. Lines DE and BI meet at point K and lines
DE and CI meet at point L. Prove that

Al +BI+CI>BC+KL.

Solution. The segment DE is the middle line of the triangle, so
DE || BC (1)

31

and DE = £C.

B C

The rays [BI si [CT are bisector lines and DE || BC,hence triangles DBK and
CLE are isosceles and

DB = DK and EC = EL. (2)-
Using the triangle inequality in AIB, BIC, CIA, yields
AB < Al + BI, (3)
BC < BI +Cl1, 4)
AC < CI+ AL (5)

Summing the inequalities yields
AB + BC + AC < 2(AI + BI +CI),

and consequently
AB + BC + AC

5 < AI+BI+CI. (6)
On the other hand,
AB + BC + AC
—~———————— = DB+ DE+CE =DK + LE + DE

2

DE+ KL+ DE=2DE+ KL =BC+KL. ©)
From (6) and (7) we obtain
BC+ KL < AI +BI+ClI,

as desired.

. Find the triangle ABC so that

R(b+c) = avbe.
Solution. In a circle the diameter is longer then a chord, so

2R > a. (1)
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Using the AM-GM inequality yields

| b;czm )

It follows that
R(b+¢) > aVb,

with equality when a = 2R and b = ¢, hence the triangle is right and isosceles.

8. Prove that the number

U..1122..25
1997 1998

is a perfect square.
Solution.
_ 101999 .
N = 11...11-10%°4 22...22 10+ 35

1997 1998
1 g 1999 , 2 (441998 _ 1) .
= §(101 %7 -1)-10 +§(10 1)-10+5
- % (10%°% 42 5 - 101998 4 25)
1997 2
2 F—l\-‘

1, 1008 | 100...005 — 2

= [5 (10 +5)| = —5 331.9.9.733 5%,

6. Let ABCDE be a pentagon so that

AB=AE=CD =1, LABC = Z/DEA =90° and BC + DE = 1.

Find the area of the pentagon.

Solution. Consider a point R on the line CB so that BR = DE and CR = BR+
BC = 1. The triangles ABR and AED are congruent (SAS), hence AR = AD.
Since CD = CR, it follows that ACD and ACR are also congruent triangles.

E, D
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Therefore

area [ABC] + area[ADE)] + area [ACD]
area [ABC] + area [ABR] + area [ACD)]
2area [ARC]=CR-AB =1.

area [ABCDE]

. Find all the pairs (z, y) of positive integers so that

z¥ =y*7Y,

Solution. At first, notice that z = y = 1 is a solution of the equation. If z > 1,
then z > y, else y® ¥ < 1 < a¥.

We may assume that © > y > 2. The equation rewrites

Qo

hence z — 2y > 0 and consequently £ is an integer greater than 2.
y ger gr

The equation (1) is equivalent to

xT &9
==y 2
Yy
Since y;:/ihz > 2%_2, it follows that f;- > 252, Inducting on n > 5 one can prove
that 22 > n, hence i < 4 and so f =3 or % =4,

1° If £ =3, the relation (2) givesz =9, y = 3.
2° If £ = 4, the relation (2) gives z = 8, y = 2.
The solutions (z; y) are (1, 1), (9, 3), (8, 2).

- Can one find 16 three digit numbers, using only 3 digits, without having two of

them with the same remainder when divided by 16?

Solution. Assume that there are 16 numbers having distinct remainders when
divided by 16. Then 8 numbers are odd and 8 numbers are even. Thus the 3 digits
cannot have the same parity, so assume that two of them are even (a and b) and
one is odd (c). There are 9 odd three digit numbers that can be formed with these
digits: @ag, abe, ace, bac, bbe, bee, €ag, che, TCT.

Let ay, ay, ..., ag be the two-digit numbers obtained by erasing the last digit {c)
from the above sequence.

The numbers a;k and EE, with i # j, have different remainders when divided by
16 if and only if 16 is not a divisor of a;k — a;k; that is if and only if 8 is not a
divisor of a; — a;.
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Among the numbers a1, ag, ..., ag there are only three odd numbers @z, be, TC.

Hence among any 8 numbers from a;, ag, ..., ag one can find two of them with
the same remainder at division by 8, a contradiction.

The same conclusion follows from the case when two digits are odd and only one
is even.

. Let a, b, ¢, z, y be real numbers so that:

a3+a$+y_—_0,b3+bm+y=0and63+c:t+y=0.

Show that if a, b, ¢ are distinct numbers, different from 0, then a +b+c = 0.
Solution. Subtracting the first two relation yields

(a —b)(a® +ab+ b +2) =0,

and

a? + ab+ b? = —z, (1)
since a # b.
Likewise,

b2 +be+c* = —z, )
since b # c.

The equalities (1) and (2} imply
bla—c)+(a—c)la+c)=0,

From a # c we get b+ a + ¢ = 0, as desired.
Find the greatest common divisor of the numbers

An = 23n + 36n+2 + 56n+2

when n =0, 1, ..., 1999.
Solution. We have
Ap=14+9+25=35=5-T.
Using congruence mod 5, it follows that
A, = 237 4 36712 = 980 4 g3+l = 93n (1341 (mod 5).

For n =1, A; = 9 # 0(mod 5), hence 5 is not a common divisor.
On the other hand,
A, = 8"4+9.9°" +25.25%" =1+2.2°" +4.4%
=142-8"+4-64"=142:1"+4-1"=7=0(mod7),

therefore 7 divides A,,, for all integers n > 0.
Consequently, the greatest common divisor of the numbers Ao, A3, ...A1999 is equal
to 7.

35

11. Let § be a square of side 20 and let M be a set consisting of the vertices of the

12.

square and 1999 arbitrary inner points of S. Prove the existence of a triangle with
the area at most equal to % and having all the vertices in the set M.

Solution. The main idea is to join the 2003 points so that 4000 triangles with
disjoint interiors are formed.

Consider an interior point and join it with the four vertices of the square; four
triangles are determined. Choose a second interior point. If it is located inside of
a triangle, join it with the vertices of the triangle. The triangle is divided in three

- triangles, so two more triangles are formed:

4 triangles ‘ 6 = 4 + 2 triangles

If the second point is located on a segment which is a common side of two triangles-
both triangles are divided in two small triangles:

4 triangles 6 = 4 + 2 triangles

As in the previous case, the number of triangles increases by two.

For any new interior point that is considered the number of triangles increases -
as above - with two more triangles. In the end, 4 + 2- 1998 = 4000 triangles are
obtained. The area of the square is 400, hence there is a triangle with area not
greater than {5, as desired.

In a triangle ABC the sides AB and AC are equal. Let D be a point on BC such
that BC > BD > DC > 0. Consider the circumcircles &, and ky of the triangles
ABD and ADC respectively. Let M be the midpoint of B'C’, when BB’ and CC’
are diameters of k; and ks respectively. Prove that the area of the triangle M BC
is constant (with respect to D).

Solution. Using the Sine Law and the equality ZBDA + ZADC = 180° follows



36

13.

that the circles k; and ky are equal, hence the quadrilateral AOyDO; is a rhombus.

Let N be the intersection point of the diagonals of the rhombus A0, DO, and
let E, A’, N', F be the projections of the points Oy, A, N, Oy on the line BC
respectively. The segments O1E and OoF are the middle lines of the triangles
BB’'D and CDC' respectively, so we have

_ DB’ +DC' _ 2EO: +2F0,
- 2 - 2

DM =E01 + FOs.

Furthermore, since the segment NN’ is the middle line in the trapezoid EF020;
and also in the triangle ADA’, it follows that NN’ = EQ-‘%-F-QI = % and NN’ =
A4

2

Consequently, DM = AA’ and

MD-BC _AA'-BC

5 5 = area [ABC].

area [MBC| =

Therefore the area of the triangle M BC'is constant, as desired.
Is the proof still valid if the angle ZBAC is obtuse?

Let z, y be integér numbers so that

23 + 17 + (z +v)° + 30zy = 2000.
Prove that z + y = 10.
Solution. We have

E = 28 + 4% + (z +y)° + 30zy — 2000

14.
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2 (x +y)* — 32y — 3zy? + 302y — 2000
2[(z +1)° - 1000] - 3oy (= +y - 10)

I

I

(z +y - 10) [2 (2 +9)* +10 (2 +y) +100) —3wy]
= (z +y —10) (2z% + zy + 2y* + 20z + 20y + 200) .

Since

!
I

222 + ay + 2% + 20z + 20y + 200
(% + zy + y2) + (22 + 20z + 100) + (y* + 20y + 100)
2 2 2
.+.
= 38——1_—1!—-2—(3:—1?1)——+(:::+10)2+(y+10)2 >0,

it follows that z + y = 10.

Find all the positive integers n, n > 1, such that n? + 3" is a perfect square.

Solution. Let m be a positive integer such that

m? =n? 4+ 3",
Sitice (m —n)(m 4 n) = 3", there is k > 0 such that m —n = 3% and m+n = 37~*,
From m —n < m +n follows k < n —k, and so n — 2k > 1.

fn—2k=1,then 2n = (m+n) — (m—n) = 3*F - 3k = 3&@-2* — 1) =
33! —1) = 2. 3%, s0o n = 3¥ = 2k 4+ 1.. By induction on m > 2 one obtains
3™ > 2m + 1, therefore £k = 0 or k =1 and consequently n =1 or n = 3.

fn—2k>1,thenn—2k >2and k <n—k—2 It follows that 3* < 3"~*-2, and
consequently

M = 3n—k. _ 3k > 3n—-k _ 3n—k-—2 — 3n—lc—-2(32 - 1) =8 3n—k-—2
8[1+2(n — k — 2)] = 16n — 16k ~ 24,
which implies 8k + 12 > 7n.
On the other hand, n > 2k 4 2, hence 7n > 14k + 14, contradiction.

In conclusion, the only possible values for n are 1 and 3.

v

A semicircle of diameter E'F, lying on the side BC of the ABC triangle, is tangent
to the sides AB and AC in Q and P respectively.

A
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16.

The lines EP and FQ meet at point K.
Prove that K is a point on the altitude from A of the triangle ABC.
Solution. Let O be the center of the semicircle and let H be the projection of

the point K on the side BC. Consider the case when the point O lies on the line
segment HF. The angle ZEPF subtends a diameter of the semicircle, hence it is
right, as ZK HF. Consequently, the quadrilateral K HF P is cyclic and
LKHP = /KFP =PQ= -;-AQOP.
The triangles AOP and AOQ are right-angled and have equal legs OP = 0Q, so
LAOP = £AOQ = 5/QOP = ZKHP.

It follows that ZPHO = ZPAO, hence APOH is a cyclic quadrilateral. Thus the
angle AHQ is right and AH L BC, hence K € AH, as desired.

The case O € (EH) is solved similarly.

‘If H = O then the triangle ABC is isosceles and the claim is obvious.

At a tennis tournament there were twice as many girls participating than boys.
Each pair of players had only one match and there were no draws. The ratio
between gir! winnings and boy winnings was -g—

How many players took part at the tournament?

Solution. Let n be the number of girls, 2n the number of boys and 3n the
total number of the players in the tournament. The total number of matches is
) = 22%'—':-1) The number of matches won by the boys is & (%) = éﬂ%"—_—ll.
The matches played between boys are (2;’) = 2—"(22"——1-1 =n(2n — 1) and counts as
winnings for boys, hence

____.5”(3;“1) >n@n-1)15n—5>16n -8 n < 3.

Moreover, 8 divides 5n(3n — 1), hence n = 3.

Thus there were 9 players in the tournament.
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17. Find all the positive integers a, b, ¢ such that

18.

a® + b% + & = 2001.

Solution. Assume without loss of generality that a < b < c.

It is obvious that 13 + 103 + 10° = 2001. We prove that (1, 10, 10) is the only
solution of the equation, except for its permutations.

We start proving a useful

Lemma: Suppose n is an integer. The remainder of n® when divided by 9 is 0, 1
or —1.

Indeed, if n = 3k, then 9 | n® and if n = 3k £ 1, then n® = 27k3 £ 27k? + 9k £ 1 =
M9 + 1.

Since 2001 = 9222 + 3 = M9 + 3, then a® + b® + ¢ = 2001 implies a® = MY + 1,
b% = M9 + 1 and & = MY + 1, hence a, b, ¢ are numbers of the form M3 + 1. We
search for a, b, c in the set {1,4,7,10,13,...}.

If ¢ > 3 then ¢® > 2197 > 2001 = a® 4 b + ¢, which is false. If ¢ < 7 then
2001 = a® + 5% + ¢ < 3- 343 and again is false. Hence ¢ = 10 and consequently
a®+b°=1001. f b<c=10thena < b <7 and 1001 =a® +8° < 2-7° = 2- 343,
a contradiction. Thus b = 10 and'a = 1.

Therefore (a, b, ¢) € {(1, 10, 10), (10, 1, 10), (10, 10, 1)}.
Let ABC be a triangle with ZACB = 90° and AC # BC. The points L and H of

the segment [AB] are chosen such that ZACL = ZLCB, and CH is perpendicular
to AB.

a) For every point X (other than C) on the line CL, prove that ZXAC # Z/XBC.
b) For every point Y (other than C) on the line CH prove that /Y AC # /Y BC.

Solution. a) Assume that there is a point X € CL, X # C such that
ZXAC = £XBC. Then the triangles AXC and BXC are congruent and conse-
quently AC = BC, a contradiction.

b) Without loss of generality we may assume that CA < CB. Suppose by contra-
diction that there is a point Y’ € (CH) such that ZY AC = ZY BC. Using the Sine
Law, it follows that the circumcircles C; and C; of the triangles AYC and BYC
are equal. Let A’ be the reflection point of A across the line CH. Then A’ lies on
the line AB and on the circle C; and ZHCA' = ZHCA = ZABC.

Let O be the center of the circle C;. Then ZCOA' =2 /CBA’' = 2/ABC.
On the other hand, the triangle OA’C is isosceles and

2/A'CO =180° — ZCOA' =180° —-2/ZABC,
which implies ZA'CO = 90°— ZABC.
It follows that
/HCO = LHCA' + /ZA'CO = LABC +90° — ZLABC = 90°,
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19.

and consequently CY 1 OC. This implies that CY is tangent to C, a contradic-
tion.

For any other position of the point Y on the line CH we use the same way of
reasoning.

Let ABC be an equilateral triangle and let D, E be arbitrary points on the sides
[AB] and [AC] respectively. If DF, EG (with F € AE, G € AD) are internal
bisectors of the angles of the triangle ADE, prove that the sum of the areas of the
triangles DEF and DEG is less than or equal to the area of the area of triangle
ABC. Explain when the equality holds.

Solution. Notice that ZAGE is an external angle of the triangle DGE, so

LAGE = ({LADE + LGED = /ADE +%{180°—£A —~ LADE]
= 60° + %AADE ' '
and 1
{LDFE = /ADF + /A =60°+-§£ADE,
hence

' LAGE = /DFE. 1)

Let I be the intersection point of the bisectors (DF and (EG, and consider the
point M on the line segment DFE so that ZDIM = /DIG. Then ADIM = ADIG
and consequently

DM = DG,

and
LDMI = £LDGI. 3)

From the relations (1) and (3) follows that ZIME = LIFFE and then AIME =
AIFE, hence
ME =FE. (4)

The relations (2) and (4) yield
DE = DG + EF. (5)
Let 7 be the inradius of the triangle ADE. Using (5), we obtain
area[l DG] + area[[EF] = g(DG +EF) = %r - DE = area[IDE],

hence
area| DEG] + area[DEF| = 3area[IDE]. (6)

We use the fact that if M is a point on the arc subtended by the chord XY, then
the area of the triangle MXY is maximal when M is the midpoint of the arc XY.

20.

21.
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Consequently area|EDI| <area[PDE), where the triangle PDE is isosceles with
£DPE = ZEID = 120°.

If O is the circumcenter of the triangle ABC, then the triangles PDE and OBC are
similar and area[PDE] < area|OBC], with equality only when D = B and E = C.
Then

area[I DE] < area[OBC, (7)

and from the relations (6) and (7) follows that
area| DEG] + area|DEF] < 3area|OBC)| = area|ABC],
as desired. The equality holds when D = B and E =C.

A convex polygon with 1415 sides has the perimeter of 2001 centimeters. Prove
that there exist three vertices of this polygon, which form a triangle having the
area less than 1square centimeter.

Solution. Let Ay, Ay, ..., A1415 be the vertices of a polygon. Suppose by contra-
diction that all triangles determined by three consecutive vertices of the polygon,
namely A; AgAs, AsAsAy, ..., A1414A141541, A1415A1 A2, have the area greater or
equal to 1.

In any triangle ABC holds
2area|ABC| = AB - ACsin ({BAC) < AB- AC,
hence 2 < 2[A;A2A3] < A1 Ay - Ay A3. By the AM-GM inequality we obtain

Ay Ag + AgAs > 24/ A1 Az - AAs > 2V2,

and likewise

AzAs + AzAy > 22,

v

23,
2V/2.

A1414A1415 + A141541 2

ArsAr + A14; 2
Summing these 1415 inequalities, the left-hand side is equal to twice the perimeter
of the polygon, hence 2 - 2001 > 2v/2 - 1415 or 20012 > 2 - 1415% This yields
4004001 > 4004450, a contradiction. Thus at least one of the triangle has the area
less than 1.

Let ABC be an isosceles triangle with AC = BC and let P be a point on the arc
AB of the circumcircle which does not contain C. The perpendicular from C on
PB intersects PB in D. Prove that

PA+PB=2PD.
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22.

Solution. Extend the segment PB with the segment BM = AP. The triangles
BCM .an.d ACP are congruent, hence CP = CM and consequently the triangle
CPM is isosceles having the altitude CD. Thus D is the midpoint of PM, hence

9PD = PM = PB + BM = PB + PA,

as desired.
C

An alternative solution can be obtained by using the Ptolemy’s theorem.

Two circles C; and Cy of different radii have two common points A and B and
their centers O; and O, are separated by the straight line AB. Let B;, By the
diametrically opposed points of B on these circles respectively. The points M; on
C1 and M, on C; are chosen such that ZAO,M; = ZAOy,M,, B; is an internal
point of ZAO1 M, and B is an internal point of ZAO,M,. Let M be the midpoint
of the segment B;B,. Prove that ZMM; B = ZMM,B.

Solution. Notice that Z/B; AB = ZByAB = 90°, hence the points By, A, B, are
collinear. .

The condition ZAO1M; = ZAO;M, implies ZABM, = ZABsMj;, and since

both AB1M1B and AByM,B are cyclic quadrilaterals, follows that LAB1M, =
£ABM,. Then ZAB1M+/AByMy = LABMy+ZABM; = LABM+/AB M, =
180° hence the lines My B; and M;B; are parallel and the points M, By and M,
are collinear.

23.

24.
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It suffices to prove that MM; = MM,. For this, notice that M;B1BsM; is a
trapezoid with ZB; M B = 90°, and the middle line passes through M and is the
perpendicular bisector of the line M; M. The claim is obvious.

Find the positive integers N having the following properties:

i) N has exactly 16 divisors 1 =d; <dp <... <dy5 <dyjg = N.

i) the divisor having the index ds (that is dg,) is equal to (da + d4)ds.

Solution. First, observe that N has no more than 4 prime distinct divisors.
Moreover, dy = 2, otherwise all the divisors are odd, which contradicts the second
condition.

From the hypothesis we will have 2+d; > ds > 7,s0d4 > 5. Since dy < ds < 2+4dy,
we should have ds =ds +1 or ds = dy + 2.

In the first case we have dg = 2 + d4, so N has three consecutive divisors. Hence
3| N and d3 = 3. It follows that 6| N and d; = 6, implying d5 = 7, dg = 8, and
consequently 4|N. Therefore dy = 4, a contradiction.

It remains the case ds = 2 + ds. We consider the following:

i) 4| N. Since dy > 5, we have d3 = 4, implying 8| N. From dg > 8 we derive that .
8 € {d4, ds, dg}. All of these cases lead to a contradiction as follows:

If dy = 8, then d5 = 10, and so 5| N and consequently dy4 = 5, false.

If ds = 8, then dy = 6, and so 3| N thus d3 = 3, false.

If dg = 8, then d5 = 7, dy = 5, thus 10| N. On the other hand, d7 = (2 +5)8 =
56 > 10, a contradiction . Since N is not divisible by 4 we conclude that ds is
prime.

ii) 3| N and consequently d3 = 3. It follows that 6| N and since d; > 6, we must
have d; = 6. Thus d5 = 8, implying 4| N, false.

Therefore 3 does not divide N and we conclude that d3 > 5 and dy > 7. Since N
and 2 + d4 are not multiples of 4, we deduce that d4 is odd. As 2+ d4 and d4 are
not divisible by 3, we obtain dy = 3k + 2 for some integer k. Actually, as d4 is odd
we have dy = 6! + 5, for some integer [. Since d5 < 16, we find that 7 < dy < 14.
Thus d4 = 11 and ds = 13.

Then, since 2-dj is a divisor of N greater than dy = 11, we obtain d3 > 6. Moreover,
ds < 11 and dj is prime, hence d3 = 7. Therefore N =2-7-11-13 = 2002.

Let a, b, c, be positive numbers. Prove that:

1 11 27
ba+b) " c(b+c) alc+a) T 2(a+b+c)’

Solution. By the AM-GM inequality

1 1 1Y, 27
(b(a+b) +c(b+c) +a(a+c)) = abc(a+b)(b+c)(c+a)
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a+b+c
3

3
On the other hand, using the same inequality we infer ( ) > abc and

2a+b+c)\° a c+a)\’®
( ( tb )) =(( +b)+(bw3L9)+( + )) > (a+b)(b+0) (c+a).

Multiplying these inequalities yields

1 5 33
abc(a+b) (b+c)(c+a) = 2B (a+b+c)f’

as needed.

Chapter 6

Team Selection Tests
Formal Solutions

25. Let
Re 1

A=
1.2 -4 7771997 1998

w

and 1 1 1

B = 15601998 * 10011997 T+ 1998 100"

Prove that -’-;- is an integer.

Solution. Using the equality

1 _l_ 1
nn+1) n n+l’
we have:
1 1 1 1 1
A—l—-2-+§—z+...+ij’-§'7'—%
—1+1+.]L+.].'.+ +.._1_.+.._1____2 l+l+ +_].'.._
273 4 77 1997 ' 1998 2 477 1998
—1+1+1+l+ +—-1—+L—1—1— ——-1——
B 23 4 77 1997 1998 2 777999
_(1 1)+ l__l + + i_i +_L+ _|._!'_’
- 2 2 999 999 1000~ "°° 1998
1, 1.1 11
T 1000 T 1001 ' 1002 7 1997 T 1998°
Then

24 = (— LY (e ) (e
= \Too0 " 1e08/) * 1001 " 1997 ) T " \ 1998 T 1000

45



46

26.

1 1 1
= 2998 (1000. 1998 * 10011997 T T 1098- 1000)
2998 - B,

hence % = 1499 is an integer.

A rectangle ABCD is given. Let M, N, P,Q be the points on the sides AB, BC,
CD, DA respectively. If p is the perimeter of the quadrilateral M N PQ, prove that:
i) p> AC + BD; :

ii) If p = AC + BD, then area[ M NPQ)] < 2:e2lABCD]

iii) If p= AC + BD, then MP%2 + NQ? > ACQ.

Solution. i) Reflect ABCD across BC and denote BA'D'C its reflection. Reflect
BA'D'C across BA' and let BC' D" A’ be its reflection. Finally, consider 4'D"C" B’
the mirror image of BC'D” A’ with respect to A’D". Through this chain of reflec-
tions, the points M, N, P, Q map successively into the points: M’, M", N’, N”,
Pl’ P/I, P”I’ QI’ QII' Then

PN+NM+MQ+QP = PN+NM'+M'Q" +Q"P" > PP"” = DD" = AC+BD.
The equality holds when the points P, N, M’, Q”, P are collinear, that is when

MNPQ is a parallelogram with the sides parallel to the diagonals of the rectangle
ABCD. :

D__P C P p
Q Q
: A M' B
N’ Q" N
Cl Pl D" Pnr C"

ii) If p = AC + BD, then

PN || BD || QM and QP || AC | MN.

Let k= ﬁ—’};’. Then

2
area[ AMQ)] = k?areal ABD] = kLea[Qé_BQL

Furthermore, 24 — 1 — k and area[M NB] = (1=k)area| ABCD]
AB 3

27.
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Since area[M N PQ)] = area[ABC D} — 2area|[M N B] — 2area AM@), we obtain

area|MNPQ] = area|ABCD] [1 —(1-k)?- k2]
= [% —2 (k - .;-) 2] area[ ABCD)] < LarealABCD),

as needed. The equality holds wheén M, N, P, Q are the midpoints of the sides of
the rectangle ABCD.

iii) We have
AC? = AD? + DC? < PM? + QN?,

with equality when M, N, P, Q are the midpoints of the sides of ABCD.

Let n be a positive integer. Find all the integer numbers that writes as:

1 2 n
—t =t —
ay a9 Ay
for some positive integers ay, ag, ..., ay.

Solution. First, observe that k = ;11—1 + % +...+ ai", then

1
k21+2+3+...+n=ﬂ%i—).
We prove that any integer k € {1, 2,..., Mf—ll} can be written as requested.
For k=1, puta1=a2=...=an=2%ﬂ.
Fork=n,seta; =1,a=2,...,a, =n.

Forl<k<n,letap=1landa; =28 _kilforigk—1.
Thus

1 2 n k=1 & i a0t gy

—_—tly k=t A T B

a1+a2+ +a,, 1 +§a,— +2£n2_+ll._k;+1
i#k—1

Forn<k<ﬂ"2—“l,writekas
k=n+pi+p2+...+pi,

withl1<p; <...<pp<pp <n-1

Setting ap, 41 = py41 = ... = ap,41 = 1 and else a; = j we are done.
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28.

29.

30.

Find all the integers z and y so that

(m+1)(1¢+2)(z+3)+w(z;{-2)(a:+3)+w(m+1)(m+3)+x(x+1)(x+2)=y2f-7'

Solution. i) If z > 1, then y*” is a square. The numbers'z, x + 1, ¢ + 2, z + 3,
have the form 4k, 4k + 1, 4k + 2, 4k + 3, not necessarily in this order, hence three
summands of the left-hand are divisible by 4 and the fourth is of the form 4k + 2.
Consequently, the left-hand side is not a square.

ii) If « < —4, the left hand side is a negative number, while the right-hand side is
positive. It remains to check the cases when z € {-3, -2, ~1, 0}.
We obtain (z, y) € {(-2, 16), (0, 6)}.

A triangle ABC is given. The points D, E, F, G are chosen on the sides of the
triangle such that the quadrilateral DEFG is circumscriptible and DF L EG.
Find the locus of the intersection point M € DF N EG, so'that {D, E, F, G} n
{4, B,C}#£ o -

Solution. The quadrilateral DEFG is circumscriptible, hence
DE + FG = EF + DG,

which implies

VMD? + ME? + /MF? + MG? = /MF? + ME? + \/MD? + MG?
and
(MD? + ME®) (MF? + MG?) = (MF? + ME?*) (MD? + MG®).
Therefore
(MD? - MF?) (MG® - ME®) =0,
and consequently MD = MF or MG = ME. It follows that one of the diagonals
of the quadrilateral DEFG passes through the midpoints of the other diagonals.
Assuming that D = A we consider two cases:
i) if MG = ME, then M lies on the bisector of the angle A;
ii) if MD = MF, then M lies on the line segments determined by the midpoints of
the sides AB and AC.

Find the smallest value for n for which there exist the positive integers z1, ..., x,
with
i+ a2+ .. +2h =1998.

Solution. Observe that for any integer  we have z* = 16k or z* = 16k + 1 for
some k.

As 1998 = 16 - 124 + 14, it follows that n > 14.

31.
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If n = 14, all the numbers z1, 3, ..., z14 must be odd, so let 3 = 16a; + 1. Then

ap = ﬁi;—l, k =T, 14 hence ax € {0, 5, 39, 150, ...} and a; +ap + ... +ayg = 124.
It follows that aj, € {0, 5, 39} for all k = T, 14, and since 124 = 524 + 4, the
number of the terms ay equal to 39 is 1 or at least 6. A simple analysis show that
the claim fails in both cases, hence n > 15. Any of the equalities

1998 = 5%+ 5% + 3%+ 34 + 34 + 34 4+ 30 + 30 + 3t + 3 + 3+ 2 14+ 14+ 14
545t 4t 4 3 13 3 3+ 3t 1 1A 1t 1 1

prove that n = 15.

Let n the positive integer. Prove that there is a polynomial P with integer coeffi-
cients so that if a + b + ¢ = 0, then:

a1 4 p2HL oy 2 = abe[P(a, b) + P(b, ¢) + P(c, a)).

Solution. Observe that for any positive integer n there is a polynomial with
integer coefficients @, (a, b) so that

a1 P+l = (g 4 b) [a®" + 6" — abQ, (a, b)] . *)

Since a + b + ¢ = 0, it follows that

a2"+l + b2n+1 = —¢C (d?n + b2n) -+ abCQn (a1 b) . (1)
Likewise,

a2ntl 4 2ntl (a2" + 02") + abc@, (a, ). (@)
and

B 4 2P = g (7" 4 ") + aboQn (b, €) . - (3)

Summing the relations (1), (2), (3), yields:

2 (@®F! + 02 £ ) = " (b4 ¢) — b*" (¢ + a) — ¢*" (a+ b)
+abe [Qn (a, b) + Qn (a, ) + Qa (b, ¢)].

Substituting b+ ¢,c + a,a + b for —a, —b, —c in the right-hand side and cancelling
the terms a27+1, p2n+1 2n+1 we obtain

a4 pIn 4 o2 = abe[Qn (a, b) + Qn (b, €) + Qn (g, €)].

Therefore the claim holds for the polynomial P (z, y) = Q. (=, v).

Comment. Identifying the polynomial @, from the relation (*) was not an issue.
Anyway, notice that Qi(a,b) = 1, @2 (a, b) = a? + b% — ab and Qnq41 (a, b) =
a® 4+ b — abQn_1 (a, b) for n > 2.
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32. Let ABC be a triangle and let %, 7, Z be three arbitrary vectors. For any real

33

number A > 0, the points M, N, P are chosen so that:

AM = Az, BN = Aj, CP = \z.

Find the locus of the centroid @) of the triangle MNP,
Solution. Let G be the centroid of the triangle ABC. We have:

3GO @W+5ﬁ+5ﬁ=(5ﬁ+A@+{5§+A@+(56+A@

0+ ME+7+2).

i

Setting & + ¢ + Z = ¥, the relation 3(7@ = A7 shows that if 7 # 0, then @ lies on
the passing through the point G, having the direction of the vector 7. If 7 = 0,
then the locus of the point @ reduces to the point G.

Let A C (0, 1) be a set of real number having the properties:
a) 3 € A;

b) if z € A, then % and 37 belong to A.

Prove that the set A contains all the rational numbers from the interval (0, 1).

Solution. If p < g are positive integers with 2 € A, then £ € A and TR €A
using the procedure b).

We.prove that any rational numbers from the interval (0, 1) can be obtained from

$ using the procedure b).

First, observe that 2 € A if (b'): 22 € Aand 2p < qor (b"): L2 € Aand ¢ < 2p.
(ifq=2then§=%€A). :

Now consider the integers 0 < p < g.
— ok 1 1 1 1
Ifg=2 -pforsomek>0,then-2-eAéﬁeA,meA,...égp—’;eA.

If else, let k& > 0 such that 2F-p < q < 2¥+1.p. Applying successively the procedure
k
(b"), notice that 2—111’- € A implies % € A (as needed), and (b”) shows that it suffices

to have 9%;‘%2 €A.Asq—2F-p+2F.p=gq < p+gq, it follows that after a finite
number of steps the number 5 can be obtained from the number 2 with m < n
and m +n < p + g, hence it can be obtained from -;-, as desired.

For example (we denote by ” « ” that 5 can be obtained from %)

2 bl 8 bll bl bI’ bl bll
i = e S e R e 2 £

b,
- 11

)
et
[}

-l
[T
i
Wb
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34. Let Dy, Dy, D3 be three distinct disks in the plane and let a;; be the area of

D; N Dy, for all 4, j € {1, 2, 3}. Prove that if x;, g, z3 are real numbers, not all
of them equal to zero, then:

auz'f + 0221‘% + aggxg + 2a12%122 + 2a93%2%3 + 2a3123x; > 0.

Solution. Divide D; U D, U D3 into 7 regions, as shown below (some of the sets
Ay, Ag, ..., A7 can be empty):

D,

Let a; be the area of the region A;, i =1, 7. Then D; = A; U A5 U A7 U A4 and
D; N Dy = A5 U Aq, hence a1y = a3 + a5 + a7 + a4 and a13 = a5 + 7.

Using the analogous equalities and substituting them in the given expression, we
obtain
E = a1z} +as7k + azal +aq (x1 + :l::;)2 + a5 (zy + :112)2 + ag (z2 + a:3)2
+a7 (21 + 29 + :l,’3)2 .

Since E > 0, it is left to prove that E = 0 implies 1 = zo = 23 = 0.
Suppose that (z1, z2, z3) # (0, 0, 0), and E = 0. We prove that

aia2a3-= a1a20¢ = Q102404 = Q10207 = 0.

Indeed, , :

- if ajaga3 #£ 0, then z; =z =23 =0.

-if ajagag # 0, thenz) =z9 =23+ x3=0,s0 21 =zy =23 =0.

- if ayagay # 0, then z1 = 9 =z + 23 =0, hence z; = 29 = 23 = 0.

- if ajagar # 0, then zy = xg = x; + 22 + 23 = 0 and again ¢y =29 =23 =0.
Now, if ajag # 0 then a3 = ag = a4 = a7 = 0, hence D3 = @, a contradiction.

Thus aja; = 0 and likewise azas = aga; = (0. Consequently, at least two of the
numbers a;, ag, a3 are equal to zero,
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35.

say a; = ag = 0.
1. If a3 # 0, then E = 0 implies

E = aga? + a5 (x1 +22)° + agad + ar (21 + 22)°
2
= a4z} + agxi + (a5 + ar) (z1 + z2)°.

If a4 # 0 then ag = a5 = a7 = 0 = Dy = @, false.
If ag # 0 then a4 = a5 = a7 = 0 = D, = @, false.

If ay =ag =0, as a1 = ag = 0 = Dy = Dy = A5 U A7, a contradiction.
2. If a3 = 0, then

E =aq4(z; +x3)2 + as (:I:l + $2)2 + ag (:L'g +-’II3)2 + a7 (:1:1 4+ xz9 + .’1:3)2 =0.

Assuming that asasag # 0 then z; + 3 =) + 12 =23 + 23 =0, s0

) = 9 = 3 = 0, false. Hence asaszag = 0.

If ay = a5 = 0 then Dy = Dj, false.

If ay = ag = 0 then D; = Dy, false.

If a, = a7 = 0 then Dy = As, D3 = Ag, and Dy = Ac UAs = D, UDy, a
contradiction ( a disk cannot be the union of two distinct disks).

Therefore, if (zy, za, z3) # (0, 0, 0) then E > 0.

Let A, B, C be the measures (in degrees) of the angles of the ABC triangle. A
straight line cuts the ABC triangle in two isosceles triangles. Find the relations
between the numbers A, B, C.

Solution. The line that cuts the triangle must pass through a vertex, otherwise .

one of the region is a quadrilateral. Assume that A is the vertex and let D be the
intersection of the line with the side BC. The 9 cases are described in the array
below.

AB=BD | AB=AD | BD = AD
AD = AC a) b) c)
AD = DC d) e) f)
AC=CD g) h) i)

We obtain as follows:

a) B+C =90° b) B +4C = 180°% c) B = 2C; d) C + 4B = 180°; g) C = 2B.

The cases e), f), h), i) cannot occur.
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36. Find the number of five-digit perfect squéres having the last two digits equal.

Solution. Suppose n = abedd is a perfect square. Then n = 100abe+ 11d = M4 +
3d, and since all the squares have the form 94 or M4+1 and d € {0,1, 4, 5, 6, 9}
- as the last digit of a square — it follows that d =0 or d = 4.

eIfd=0, thenn= 100abc is a square if abc is a square.
Hence abc € {102, 11, ..., 312}, so there are 22 numbers.
o If d = 4, then 100abc + 44 = n = k2 implies k = 2p and abc = 2%;_5—1—1
1) If p = 5z, then abe is not an integer, false;
2) I p=52+1, then abe = BE2402-10 - 42 4 2e-l) oy 5 ¢ (1 16, 21, 26, 31},
so there are 5 solutions.
3) If p = 52 + 2, then abc = 2? + 292=7 ¢ N, false.
4) If p = 5z + 3, then abc = 2% + 2z=2 ¢ N, false.
5) pr=5m+4then552=x2+§%ﬂ, hence z = M5+ 3 = = € {13, 18, 23, 28},
so there are 4 solutions.
Finally, there are 22 + 5 + 4 = 31 squares.
37. M is the set of all values of the greatest common divisor d of the numbers 4 =

2n+3m+13, B=3n+5m+1, C = 6n +8m — 1, where m and n are positive
integers. Prove that M is the set of all divisors of an integer k.

Solution. If d is a common divisor of the numbers A, B and C, then d divides
E=3A-C=m+40,F=2B-C=2m+3and G=2E—-F =177, We prove
that k = 77 satisfies the conditions.

Let d’ be the greatest common divisor of the numbers E and F. Then d' = Tu for
m = Tp+2. Moreover, u = 1if p # 1lv+5 and « = 11 if p = 11v +5. On the other
hand, &' = 11v for m = 11q + 4; furthermore, v = 1 for q# T2+ 3 and v =7 for
qg="Tz43.

The number d’ is common divisor of the numbers A, B, C if and only if & divides
A.

For m = Tp+ 2, 7 divides A = 2n + 21p + 19 if and only if n = 7p/ + 1.

For m = 7(11v+5), A = 2(n+59) + 3 - 77v is divisible by 77 if and only if
n =TTt + 18.

38. Consider a convex quadrilateral ABCD and let A,, B, Cy, Dy be the reflection
points of A, B, C, D across B, C, D, A respectively.

a) If E and F are the midpoints of the segments BC and AD, and E, and F, are
the midpoints of the segments A; B; and C,D;, prove that EE), = FF,.

b) The points A, B, C, D are erased. Can you obtain them again, knowing only
the location of A;, By, Cy, D1?
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Solution. a) Consider P the reflection of C across B, and @ the reflection of A
with respect to D. The segments EE; and FF; are middle lines in the triangles
B1 AP and C,D;Q, hence there are equal to half of PAjand QC) respectively.
Using the congruences of the triangles BAC = BA; P and DAC = DQC, follows
that PA; = @:C) = AC, hence EE, = FF;.

b) Consider K on A; By, and M on CyD; such that A, K = 2KB,, C'M = 2MD,.
We have CK || PA; || AC and AM || QC, || AC, hence A and C lie on the segment
KM. Moreover, 3CK = AP = AC = C1Q = 3AM, so ¥4 = 40 = K - MK,

and the points A and C' are obtained. Likewise, choosmg N on D1A1 a.nd L on
B,C) with DiN = 2N A,, B,L = 2LC), the points B and D are located on NL
SllChthat-Nig—BTD'—'—l———s-.

Comments. 1° A vectorial approach can be considered. With an origin O we have

O4; = 20B - 04, etc.

and the analogous relations. Then

BE, = 2(OF; - OF) = 04 + OF, - 0B - 00
(208 - 5A) + (20¢ - 0B) - 0B - 0C
= OC -

and likewise ﬁ = O_(} - 52, and so on.
2° The problem can be generalized defining A,, By, C1, D; by

BT;=uzﬁ, 5’?{:05&, m'_;=t0"—D», /—1—5{=p1_)—/1,

for some numbers u, v, t,.p (askmg for reconstruction of ABC'D when A;, By, C, Dy
are given).

39.
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We present another solution of the proposed problem, more difficult, but useful for
such a generalization.

Leh H,, Hy, H;, H; be the homotheties of centers A;, By, Cy, D1, and magnitudes
%; these transformations map A to B, B to C, C to D, and D to A respectively.
Hence T = Hy o H, maps A to C and T¥ = Hy 0 H, maps C to A.

The homotheties T and T’ have the magmtudes + and centers K and M, respectively.
The point A is fixed for the homothety T = T’ o T, hence T has the center A,
located on K'M. Likewise, T'oT” have the center C, also located on K M. The points
B and C can be obtained similarly.

For all the positive integers k& < 1999, let S;(k) be the sum of all the remainders
of the numbers 1, 2, ..., k when divided by 4, and let S3(k) be the sum of all the
remainders of the numbers k + 1, k + 2, ...., 2000 when divided by 3. Prove that
there is an unique positive integer m < 1999 so that S (m) = Sy(m).

Solution. Let Ay = {1,2,3,...,k} and By = {k+1,k+2,...,2000}. From
the division of integer we have
k=4g; + 7, withr € {0, 1,2, 3}. Q)

If 51 (k) is the sum of the remainders at the division by 4 of the last , elements of
Ay, then
S1 (k) =6q1 + 51 (k), with 0 < sy (k) <6. (2)

(if r, = 0, then set s, (k) = 0).
Using again the division of integers there exist the integers gq, 5 such that

2000 — k = 3qp + 9, with ry € {0, 1, 2}. (3)

If 53 (k) is the sum of the remainders at the division by 3 of the last 3 elements of
By, then
Sa (k) =3qz +s2(k), cul < s;(k) <3. 4)

(again we set sa (k) =0, if r =0 ).

As 8y (k) = S2 (k) , 52 (k)—s1 (k) = 3(2q1 — g2) , 50 3 |21 — g2 = |85 (k) — 51 ()] <
6, and [2q; — g2| < 2. In other words, [2q, — ga| € {0, 1, 2}.

If 2q = g3, then (1) and (3) imply 2000 — (r; + r2) = 10gy, hence 10 | (r; + 73).
Then r; = rp = 0 and g, = 200. From (1) follows that k = 800, and from (2) and
(4) we have S, (800) = S (800) = 1200.

Furthermore S, (k) < Sy (k + 1), and 83 (k) > S (k + 1) forall k € {1, 2, ..., 1998}
Since 51 (799) = 51 (800) and S3(799) = S2(800) + 2 < S; (800), we deduce
that §1 (k) < Sz (k) for all k € {1, 2, ..., 799} . Since Sy (801) = S, (800) + 1 >
S> (800) > S2 (801), we derive that Sy (k) > S (k) for all k € {801, 802, ..., 1999} .
Consequently, Sy (m) = Sz (m) if and only if m = 800.
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40. Let S(k) be the sum of the digits of a positive integer k in decimal representation.
Find all the positive integers n to exist the' non-negative integers a and b with

S(a) = S(b) = S(a +b) =n.

Solution. We prove that the required numbers are all multiples of 9.
a) Let n be an integer such that there are positive integers a and b so that

S(a) =8 (b) —S(a+b)

We prove (in two steps) that 9 | n.
i) If k is a positive integer

91 (k—S(k). ’ (1)
Indeed,

k—S(k) = @gr—1...01 — (as + ag—1+ ... +a1)
as-IO"'l+a8_1-10"_2+...+a2-10+a1——a_,—-as._l—a,_.,_g—...—al

as (10°71 = 1) + aep (10°72 = 1) +... + a2 (10— 1),

is divisible by 9, since 9| 10*—! — 1 for all t > 0.
ii) Using the relation (1) we obtain

9|a-S(a) (2)
91b—-5(b), 3)
and
9)(a+b)—S(a+d). (4)
From (2) and (3) follows that
9la+b—(S(a)+S(b) (5)
hence
9|8(@)+S(®)—-S{(a+d)=n+n—-n=n, (6)
as desired.

b) Conversely, we prove that if n = 9p is a multiple of 9, then integers a,b > 0

with S(a) = S(b) = S(a+b) can be found. Indeed, set a =531531...531 and
" 3p digits
_ b=I71171...171. Then a + b =702702... 702, and

3p digits 3p digits
S(a)=5(b)=5(a+b)=9%=n,

as claimed.
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41. For all the numbers p € R and n € N* let A,,(p) be the set of integers px where ¢
is a real number and n — 1 < & < n. For a given real number a, find all the real
numbers b such that the sets A,(a) and A, (b) have the same number of elements
for all the positive integers n. :

Solution. Consider p > 0 a real number and set k = pz. Thenn~-1<z<n &
(n—1)p<k <np,so[(n—1)p+1< k< [np]. Hence the number of elements of
the set A, (p) is [np] — [(n — 1)p)].

In the case p < 0 we obtain similarly that the number of elements of the set A, (p)
is [(n — 1)p] - [np].

Finally, for p = 0, the set A, (p) has one element for all integers n > 0.

We prove two useful lemmas.

Lemma 1: Let f(p) = [np] — [(n — 1)p], p # 0.Then f(p) = f(-p).

Indeed, this rewrites as [np] — [—np] = [(n — 1)p] + [~ (n — 1)p]. Both sides are zero
if p € Z and -1 if else.

Lemma 2: Let a,b > 0 be real numbers such that [na] —[(n—1)a] = [nb] —[(n—1)}}
for all the integers n > 0. Then a = b.

To prove this, observe that n = 1 implies [a] = [b] and n = 2 yields [2a] — [a] =4'
[28] — [b], then [2a] = [2b]. Inducting on n we obtain [na] = [nb] for all n > 0.
Suppose by contradiction that a # b and assume that @ > b. Thena=b+¢,e >0
and [na] = [nb] = [nb + ne]. Setting n > £ leads to contradiction, hence a = b.
Furthermore, observe that if a > 0 and [na] — [(n — 1)a] = 1 for all n > 0, then
a=1.

Therefore, for a € R\{—1,0,1} we have b = +a and for a € {-1,0,1} we have
be {-1,0,1}.

42. Let ABC be a triangle with ZBAC = 90° and AB = AC. The points M and N
are given on the side BC such that N lies between the points M and C and

BM? - MN? 4+ NC?=0

Prove that ZMAN = 45°.

Solution. By Cosine Law we have

MN? = AM? + AN? —2AM - AN - cos(ZLM AN). (1)

Since AM? = BM?+ AB? ~BM - AB+/2 and AN? = NC? + AC? -~ NC-ACV?2, it
follows that

2AB%*— AB-BM+/2 - AB-CN2

cos(£LMAN) = SAM AN

(2
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43.

. 44.

On the other hand,

area[M AN] = area|ABC| — area|ABM] — areal ACN]
_ 2AB? -~ AB-MBV2—AB-CNV2
= 1 .
As
. -sin(ZM AN
area| AM N} = AM: AN ;m( ),
we obtain
2 - AB -BM+2~- AB-CNv?2
sin(ZMAN) = 248 v2 v2 3

2AM - AN
The relations (2) and (3) imply tan(£ZMAN) = 1, hence ZM AN = 45°.

Find the integer solution of the equation

91_32=y4+2y3+y2+2y

Solution. We have successively

4 ((3“)2 —3”) +1=4y + 83 + 4y + 8y +1,

then
(2t —1)% = 4y* + 8> + 4y® + 8y + 1,
where 3* =t > 1.
Observe that . )
(22 +2) <E< (2 +25+1)".
Since E = (2t — 1)? is a square, then
E=(+2+1) edy@y-1)=0

soy=0ory=1
Ify=0thent=1and z =0.
Ify=1thent=3and z = 1.

Hence the solutions (z,y) are (0, 0) and (1, 1).

A plane is covered by a net of unit squares. A person walks on the edges, any two
consecutive edges being perpendicular, and returns in the initial position after n
steps.

a) Prove that 4 divides n.

b) State and prove a reciprocal.

45.
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Solution. a) Let d and d’ be the horizontal and vertical directions introduced by
the sides of the squares. Project the horizontal edges of the path on the line d and
observe that the number of unit sides visited from the left to right must be equal to
those visited from the right to left. Thus the number of horizontal unit sides of the
path is even and the same goes for the vertical sides. Since the person alternates
the horizontal sides with the vertical ones, it follows that n = 2m. As m is even,
then 4 divides m, as claimed.

dl

b) A possible statement: Let n > 0 be a multiple of 4. Then there exists a closed
path of length n.

A simple proof: If n = 4k just go around a unit square for k times!.

Find all the real values of the number a such that

» ZHY+TY>a

for all the real numbers z >aandy > a

Solution. Set z =y =a+1%,t>0. Thena+a?+2t(a+1)+t2 > 0, for all t > 0.
We prove that a?+a > 0. Suppose by contradiction that a®+a < 0, i.e. a € (—1,0).
The equation t2+2¢(a + 1) +a®+a =0 hastheroots t; = —(a+ 1) —va+1 < 0
andto=—(a+1)++va+1>0.

For t € (0,t2) we have t>+2t (a + 1) +a®+a < 0, a contradiction. Thus, a2 +a >0
that is a € (—o0, —1] U [0, 00) .

If @ > 0, then z, y > a implies z +y + 2y > 2a+a? > a, 50 any a € [0, co) satisfies
the condition.

Ifa<——1,setx="T"1 >aandy =2 > a. Thenmcy+:c~+—y=a+£=§—l <a,a
contradiction.

Ifa=—-1,then 2> -1,y > -1, impliesc+y+azy=(z+ 1) (y+1)—1> —1, as
needed. '

Thus, a € {-1} U [0, c0).
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46. A triangle ABC is given. The points A’ € (BC), B’ € (CA), C' € (AB) are Solution. By Cauchy-Schwarz inequality,
chosen such that the the lines AA’, BB’, CC’ meet at the point M. Let a, b, c,/ T, \ \
y, z be the areas of the triangles AB'M, BC'M, CA'M, AC'M, BA’M, CB'M (22__'_“._'_ b2 ) (@14 +an) > (b2+...+bn)2.
respectively. Prove that: ay Gn—1

1° abe = zyz;

2 2
% abab et Asar+...+ap =1 wehave b + 22 + ...+ B > B2 4 (by+... + 5,7, 50
ab+oc+ca =xy +yz + 2x.

it suffices to observe that b7 + (by + ...+ b,)% > 2 (b2 + ... +b,); indeed, this

Solution. We have reduces to [by — (b2 + ...+ b,)]%2 > 0.
b AM -MB'-sin LZAMB' BM - MC'-sin ZBMC' CM-A'M -sin ZCMA'
ave = ‘ 2 2 2 48. Let a > 0 be an integer number. Find the number of elements of the set
AM -MC"-sin LZAMC BM -MA’ -sin/BMA” CM - MB’-sinZCMB'
= 2 . - 2 2 (w _ 2a
= ayz A {w|erand3m+leZ}.

as needed. Solution. If ;2 € Z, t;enl 3z +1 = %2, with b € {0,1,...a}. For b even we

b) Notice that have only a solution z = *“3= € Z. For b odd we also obtain a unique solution
T = j%l € Z. Hence the set A has a + 1 elements.

A'B _ areal]MBA'| _ area|ABA’] _ area|AMB]

AC ~ areaMCA]  areal ACA]  area[AMC]' 49. The internal bisectors of the angles A, B, C of the ABC' triangle intersect the sides
H BC, CA, AB at the points D, E, F respectively. The points A', B, C' are the
ence y z+b reflections of the points A, B, C with respect to D, E,F. If A, B,C lie respectively
e zZ+a on the line segments B'C’, A'C’, A’B’, prove that ABC is an equilateral triangle.
or ‘ Solution. Let a > b > . Suppose that & > max(b,c) and draw AX parallel to
yz —bc=cz —ay. 0 BC. Since % = £ < 1 it follows that B’ is on the same side of the line AX, as B
and C. Similarly, C” lies on the same side of the line AX as B and C. Hence the
Likewise, points A, B/, C” cannot be collinear, a contradiction.
2z —ca=ay—bs @) Ifa=0b>cthen C" € AX, but C’ is still on the same side of AX as B and C;
and thus A, B’,C’ are not collinear.
, zy —ab = bz —cz. (3) Therefore a = b = ¢, as needed.
Summing these equalities yields 50. Two square of side length 5 are divided into 5 regions each. These 10 regions are
colored using the sanie 5 colors for each square. Overlapping the squares, the sum
yz —bc+ 2z —ca+zy —ab=0, of the areas of the parts sharing having the same color is computed. Prove that
there is a coloring for which this sum is at least 5.
as desired. . L. .
Solution. Let A;, Ay, A3, A4, As and B, Bs, Bs, By, Bs be the regions in which
] . _ . @+ havi are divided the two squares. Overlapping the squares, we obtain the regions Ai; =
47. Fl(:r any liltege; n> 21, consl;derg b1 posxtlj)lve ;(:21, gtéfal;ers a1, @z, ..., Gn-1 having A;N By, i,j € {1,2,38,4,5}. The number of coloring for the regions B;,i €
R the sum 1, and n real numbers by, by, ..., bn. {1, 2, 3, 4, 5} is 5!. Consider a given coloring for the regions A;,i € {1, 2, 3, 4, 5}.
b2 b2 b2 For a coloring k = 1,2, ..., 5! of the regions B;, i € {1, 2, 3, 4, 5}, denote by
b2+ ;2— + a—3 +... 4+ a nl 2 2by (bg +b3+ ... +bn). Si the sum of the areas of the parts A;; having the same color in both colorings.
1 2 Y- 5 .

Then Sy = Z a;jarea[A;;], where a;; = 1, if A; and B; have the same color
When does the equality holds? 52
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5! 5 \\

and a;; = 0, if else. Consequently, ZS’“ = Z k;; area[A;;], where k;; is the
k=1 1, j=1

number of colorings in which A; and B; have the same color. This number is

equal to the number of colorings of 4 regions with 4 colors, hence k;; = 4!. Then

5! 5

D Sk =41Y areald;;] = 4152 = 25-41. As 81, S, ..., S5t = 25 - 4!, there is

k=1 i,j=1

n€{1,2,3,...,5!} such that S, > 24 = 5, as needed.

51. Let ABC be an arbitrary triangle. A circle passes through B and C and intersects

the lines AB and AC' in D and E respectively. The projection of the points B and
E on CD are denoted by B’ and E’. The projection of the points D and C on BE
are denoted by D’ and C'.

Prove that the points B’, D', E’, C' are on the same circle. -

Solution. Let K be the intersection point of the lines BE and C'D. We consider
that the points B, C’, D', E’ are distinct, otherwise all is clear.

The quadrilaterals BCED and BDD’'B’ are cyclic, so /Z/BDC = /BEC and
/(BDB' = /B'D'K. 4

Since CC'E’E is also cyclic, ZCEC' = LKE'C’. It follows that /ZB'D’K =
ZKE'C', so B'C'E'D' is a cyclic quadrilateral as needed.

B Cc

An alternative solution uses the power of a point theorem.

4n-—-2

52. Find all the integers n so that the number /<%= is rational.

N

Solution. Suppose 42=2 — ‘;1.2-, where a and b are coprime integers. We obtain

n+5
262 + 5a 222,
n=m———5+m,4b —a 740

53.

54.

63.

As b? and 4b% — a? are coprime, it follows that 4b% — a2 divides 22, so

452 — a2 € {~22, 11, ~1, 1, 11, 22}.

Observe that 4b%—a? has the form 4u or 4u+3, hence 462 —q? = —1 or 462 —a? = 11,
If 4b* — @® = —1, then (20~ a) (2b+a) = —1 and consequently,

2b—a=-1
B+a=1
We obtain b =0, a contradiction.

If 4b® — a2 = 11, then
2—a=1
B+a=11"

from which a =5, b =3 and n = 13.

1200 points are given inside a circle centered at the point O so that no two of them
lie on a diameter of the circle. Prove that there exist the points M and N on the
circle so that ZMON = 30° and in the interior of the angle ZMON lie exactly
100 points.

Solution. Using 6 diameters that do not contain any of the given points, divide
the interior of the circle into 12 congruent sectors of angle 30°. If one of the sector
contains 100 points, we are done. Since it is not possible that all the sectors contain
less then 100 points or more than 100 points, we can find a sector S containing less
than 100 points and a sector S’ containing more than 100 points.

Rotate the sector S towards the sector S'. At each moment at most one point gets
in or out of the sector S (note that it is possible that a point gets in at the same
moment when another point gets out; in this case the number of points inside S
remains constant). The number of moments in which the number of points inside §
changes (with a unit!) is finite, hence there exists a moment in which the rotating
sector S contains exactly 100 points.

Three students write on the blackboard three two-digit squares next to each other.
At the end they observe that the 6-digit number obtained is also a square. Find
this number.

Solution. Let x, y, z be the three two-digit squares and 12 the six-digit square.
As z,y, z can be 186, @5, 36, 49 or 81 we have

161616 < u? < 818181, hence 402 < u < 904.
If u = abc, then a > 4. It follows that :

j)a=4andbe {0, 1} or
ii) a >4 andb=0.
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i)Ifa=4andb =0, then = 16 and 8c-100+c? = 100y + z. It follows that y = 8¢
and z = c?, hence y = 16, ¢ = 2, z = 4 (impossible) or y = 64, ¢ = 8, z = 64, and
u = 408 so u? = 166464.
Ifa=4and b=1, then 2 = 16, y = 81 and 82¢ - ¢ = z false.

2

ii = = 2ac and 2z = c°.
ii) If @ > 4 and b = 0, then (200a + c¢) ¢ = 100y + 2, hence y
Since @ > 4 and ¢ > 4, we obtain y = 64, a = 8, ¢ = 4 and u = 804, 804 = 646416.

55. Let ABCD be a rectangle. The points E € CA, F € AB, G € BC are considered

so that DE 1 CA, EF 1 AB, EG 1 BC. Find the rational solutions of the
equation
AC® = EF® + EG*.
Solution. In the right triangle ADC we have
AC? = AD? + DC?, AC - AE = AD?, (1)
AC-CE = DC". (2)

The triangles AEF and ACB are similar, hence

EF _4E ®
BC — AC’
The relations (1) and (3) implies
3
EF = %. ()
Likewise, AB?
EG = =5 (5)

The equation AC® = EF* + EG*® rewrites
(AD? + AB?)* = (AD® + AB%)’.

A F B
)

E i

D (o

Observe that z = % is a solution. We prove that this solution is unique.

If AD = AB, then (24D?)* = (2A4D%)”  hence 2% = 2? and o = %.

56.

57.

65

If AD # AB, let AD > AB and denote k = 4B < (0, 1). The equation becomes

(1+52)% = (14 k%)%,
Suppose by contradiction that & < 2. Then k3 > k2, and 1 + k% > 1+ k2 > 1,
hence (1 + k31)2 > (1+ k2)2 > 1, a contradiction.

Similarly, > % leads to a contradiction.

Let A be a non-empty subset of R so that if x, y are real numbers with z + y € A,
then xy € A. Prove that A = R.

Solution. Leta € A. Asa+0=ac A, it follows that 0 = -0 € A. For any real
number b we have 0 = b+ (—b) € A, hence —b% € A. Thus (—o0, 0] C A.

Let ¢ > 0. Since —\/c+(—~+/c) < 0 then —\/c—+/c € 4, therefore c = —ve (=0 €
A.The conclusion follows.

Let ABCD be a quadrilateral inscribed in the circle C(O, R). For any point E of
the circle we consider its projections K, L, M, N on the lines DA, AB, BC, CD.
For some point E, different than A, B, C, D, one observe that the point N is the
orthocenter of the triangle KLM.

Prove that this holds for any point F on the circle.

Solution. Let F, G be the projection of E on the diagonals BD and AC respectively.
From the Simson’s theorem it follows that the point triplets (K, L, F), (M, N, F),
(K, G, N}, (M, L, G) are collinear.

K E B

A F

[ i

The point N is the orthocenter of the triangle KLM if and only if KL | MN and
ML L KN. Let F’ and G’ be the points in which EF and EG intersect the second
time the circle. We have KF || AF’, MG || BG', KN || DG’ and MN || CF'. Thus
KL I MN is equivalent to AF” L CF’ and then O € AC. Similarly, ML 1. KN
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if and only if O € BD, hence ABCD is a rectangle. Conversely, if ABCD is a
rectangle, one can easily check that N is the orthocenter of the triangle KLM for
any position of the point E (do not forget to consider the case E € {4, B,C, D}!).

Find all the positive integers @ < b < ¢ < d with the property that each of them
divides the sum of the other three.

Solution. Since d | (a+b+¢) and a + b+ c < 3d, it follows that e + b+ c=d or
a+b+c=2d.

Casei)Ifa+b+c=d, asa | (b+c+d), we have a | 2d and similarly b | 2d, c | 2d.
Let 2d =ax = by =cz, where 2 < 2 < y < z. Thus%+%+-i—=%

1° If 2 =3, then + + 2 = 1, The solutions are
z Yy 6

(z,9) ={(42,7), (24, 8), (18, 9), (15, 10)},
hence
(@, b, ¢, d) € {(k, 6k, 14k, 21k), (k, 3k, 8k, 12k), (k, 2k, 6k, Ok),
(2k, 3k, 10k, 15k), (k, 3k, 8k, 12K)},
for k > 0.
2° If z = 4, then i+%=%, and
(z, y) = {(20, 5), (12, 6)} .

The solutions are

(a, b, ¢, d) = (k, 4k, 5k, 10k) and (a, b, ¢, d) = (k, 2k, 3k, 6k),

for k > 0.

3° If z =5, then £ + 1 = &, and (3z — 10) (3y — 10) = 100.

1

v
As 3z — 10 = 2(mod 3), it follows that 3z — 10 = 20 and 3y — 10 = 5.Thus y = 3,
false. N

4° If z > 6 then 1 + + <% + +§
Casen)Ifa+b+c-—2d weobtama]3d b|3d,c|3d.
Then 3d = az = by = cz, thh1>y>z>3and +y+%-=

-— so there are no solutions.

r2>24,y>5, z>6wehave—+ +

-- solutions in this case.
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59. Let n be a non-negative integer. Find all the non-negatives integers a, b, c, d such

60,

61.

that

2+ P2+ +d =74
Solution. For n = 0 we have the solutions (2, 1, 1, 1), (1,2, 1, 1), (1,1, 2, 1)
and (1,1, 1, 2).
If n > 1, then a® 4 b% + ¢ 4 d% = 0 (mod 4) , hence a, b, ¢, d have the same parity.
We consider two cases.
i)Ifa, b, ¢, d are odd numbers, set a = 2r +1,b=2y+1,c=2z+1, d=2t+1.
The equation rewrites

dr(z+1)+4y(y+1)+4z(z+1) +4t(t+1) =4(7-4""1 - 1).

Since n (n + 1) is a multiple of 2, the left-hand side is divisible by 8, hence 7-4"~1—1
must be even. Consequently, n = 1 and the equation a2 + b2 + ¢? + d? = 28 has
the solutions (5, 1, 1, 1), (1, 3, 3, 3) and all their permutations,
it) If @, b, ¢, d are even numbers, then setting a = 2z, b = 2y, ¢ = 2z, d = 2t leads
to

2+ 24 =74
so we proceed recursively.

Finally, we obtain the solutions
(2n+t, 2, 27, 2"y, (3-27,3-2", 3.2, 27), (27, 2", 2, 5. 2™),
and all their permutations.

The opposite sides of a hexagon ABCDEF are parallel and the dlagonals AD, BE
and CF are equal. Prove that the hexagon is cyclic.

Solution. Observe that ABDE is an isosceles trapezoid or rectangle, hence the
segments AB and DE have the same perpendicular bisector. Let O and R be the
center and the radius of the circumcircle of the triangle ABC. Then O lies on the
perpendicular bisectors of the segments AB and BC, hence the perpendicular bisec-
tors of the segments DE and E'F also pass through O. Thus O is the circumcenter
of the triangle DEF. If R,is the circumradius of DEF , then R = R;, as ACDF
is an isosceles trapezoid or rectangle. Therefore ABCDEF is cyclic, as desired.

Let n > 2 be an integer. Find all the integers z so that

\/:c+\/w+...+\/§<n

for any number of radicals.
2

Solution. Set u = n? — 2. Since n? > z, the integer u is positive. Consequently,
n? <u(u+1),s0u > n, that is ¢ < n? — n. Inducting on the number of square
roots follows that any positive integer £ < n? — n satisfies the claim.

Thus = {0, 1, 2, ..., n® = n}.
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62.

63.

Find the minimal area of a rectangular box of a volume strictly greater than 1000
if the side lengths are integer numbers.

Solution. Let z, y, z be the dimensions of the rectangular box, with the volume
V = abc > 1001 and-the area 2S5 = 2(ab + bc + ca).

We prove that S > 310, with equality for e = 8, b = 9 and ¢ = 14. (note that in
this case V = 1008).

ec=11=ab>91=a+b>20. Then S =11(a+b)+ab > 311.
Nc=12=ab>84=>a+b>19 = 5=12(a+b) +ab > 312.

He=183=2ab>2TT=a+b>18= §=13-18+ 77 = 311.
4)c=11=>b=9and a =8; S = 310.
5)c=15=>ab>67=a+b>17= 5 =15-17 + 67 = 321
)

c=1 61§=>ab>56=>a+b>16 ora="7b=8,c=18. Then S > 312 or
= 326.
7)c=18,20=>ab251=>a+b215=>.5’215-18+51=321.
8)c>21=ab>48=0a+b>16 =5 > 21 14 +48 = 342.

Therefore, the box with minimal area is 8 x 9 x 14.

For a positive number 7, let f(n) be the value of

__ 4An+VEnT-1
f) = st vaneT
Calculate f(1) 4+ f(2) + f(3) + ... + f(40).

Solution. From

\/(2n+1 +\/2n—1 VI =1
Vn+1+4+/2n =1 ’

f(n

it follows that

(VT - =)
f(n) = . ,

SO

FO+f(2)+...+f(40)

+(\/8?—\/79—3)

(VB - VE) + (V& - V) +
2
LT

= 364.
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64. Let K, n, p be non-negative integers so that p is prime, X < 1000 and VK = n,/P.

65.

66.

a) Prove that if the equation VK + 100z = (n + z) /P has an integer solution
different from 0, then p | 10.

b) In that case find the number of all the positive integer solutions of the equation
(that is, when p =2 or p = 5).

Solution. a) By squaring the both sides of the equation we get K + 100z =
n?p + 2nzp + a2p, or 100 = p(2n+zx).

The conclusion follows from the fact that p is a prime number.

b) If p=2 then 50 = 2n 4z, and 0 < n < 25. Since n? = -;; = %{- < 500, it follows
that » < 22 and we have 23 solutions.

If p= 5, then 20 = 2n + 2z, and 0 < n < 10. Notice that n? = £
n < 10, therefore we have other 11 solutions.

< 200 for any

We have 34 solutions in all.

Consider a 1 x n rectangle made out of ntiles. A pavement is a coloring of each
of the n tiles with one of the 4 possible color so that no two consecutive tiles have
the same color.

i) What is the number of the distinct symmetrical pavements? (a symmetrical
pavement is a pavement for which tile symmetrical with respect to the center have
the same color).

ii) What is the number of distinct pavements so that in any block of three conse-
cutive tiles no two tiles have the same color?

Solution. i) If n = 2k there are no symmetrical pavements (otherwise the & and
k + 1 must have the same color).

If n = 2k + 1 the problem is to count the possible pavements for k + 1 squares.

There are 4 3-3...-3=4-3* such pavements.
k times
ii) There are 4-3- 2-2...- 2= 43272 pavements.

k times

Let ABCD be a parallelogram centered in O. Let M and N be the midpoints of
BO and CD. Prove that if the triangles ABC and AMN are similar, then ABCD
is a square.

Solution. From the similarity of the triangles AMN and ABC, we obtain

AM _ AN 0
AB ~ AC” :

Hence
LMAN = /BAC and Z/BAM = L/CAN (2)
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The relations (1) and (2) imply the similarity of the triangles BAM and CAN.
Hence we obtain the proportions

AN _AB _ BM
AN ~ AC ~ CN’

and ZABM = LACN . The last equality implies that ABCD is a rectangle.

©)

A D

B (o

To conclude the proof, notice that BM = {BD = 2ACand CN = 1 AB. Hence
the last equality in (3) becomes 48 = ﬁ%, that is 2AB? = AC? = AB? + BC?,
which proves that ABCD is a square.

A unit square is divided naturally into 9 congruent squares of side % The central
square is colored. We call this procedure P. For each of the 8 remaining squares
apply the procedure P. For each of the next 64 remaining squares apply the pro-
cedure P and so on. Prove that after 1000 applications of procedure P the area
colored exceeds 0.999.

1

Solution. The first procedure give rise to one colored square of area (31-)2 =}
After the second procedure we obtain eight more squares of side %, the colored
region increasing by 5%—. In the same manner, the third procedure increases the
colored area by 82 = 64 colored squares, each of area 517, that is at this stage the

colored area becomes

gttt

We conclude that after 1000 applications of the procedure P, the area of the colored
region is

1 8 g% 1 8 8\ 99 g\ 1000
§+§5+...+W=§ 1+§+"'+(§> =1—(§) .

‘ It is left to prove that the last number is greater than 0.001. This easy follows by

using a binomial expansion evaluation, that is

9 1000 1 1000 1000 1 2
('8-) = <1+ g) > ( 9 ) (-8-) > 1000.

68.

69.

71

Therefore

8 1000 1
1—-('9-) >1—m—0.999,

and the proof is complete.

Find all the positive integers a, b, ¢, d so that

a+b+c+d—3=ab=cd.

Solution. We have ab+cd=2(a+b+c+d) —6 or
(a—2)(b—-2)+(c—-2)(d—2)=2. 1)

Assuming that a is the smallest number among a, b, c, d, we get -1 <a—2<1.
1°Ifa—-2=1thenb—-2=c—-2=d—-2anda=b=c=d=3.
2°Ifa—2=0,thenc—2=1andd—-2=2(or c—2 =2 and d—2 = 1). It follows
that ¢d = 12, a = 2, that is b = 6.

3 Ifa—-2=-1thena=1and b+c+d—2=b=cd. Hence c+d =2, implying
c=d=1and b=1.

We conclude that the solutions are

(a,b,¢,d) € {(1,1,1,1),(3,3,3,3),(2,6,3,4),(6,2,3,4),(2,6,4,3),
(6,2,4,3),(3,4,2,6),(3,4,6,2), (4,3,2,6), (4,3,6,2)}.

Let ABC be an isosceles triangle with AB = AC and ZBAC = 20°. Let M be the
projection of the point C on the side AB and let N be a point on the side AC so
that CN = %Q. Find the measure of the angle AMN.

Solution. Let L be the midpoint of BC. Since ML is a median in the right-angled
triangle M BC, it follows that

ML =BL=LC=CN.
A

w
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The point K is considered such that LCN K is a rhombus. Notice that

/KLM = /KLB - /MLB
= LACB —[180° — 2/MBC] = 60°

and LK = ML, that is MKL is an equilateral triangle. Hence
MK =KL = KN,

and
LMKN =/ZMKL + ZNKL = 60° + 80° = 140°.

Then
LKMN) = ZKNM =20°,

ZLANM =20°+ 80° = 100°,
and the required angle ZAMN equals 60°.

Let ABCD be a unit square. Suppose M, N are two interior points so that no
vertex of the square lies on the line MN. Let s(M, N) be the smallest area of a tri-
angle with vertices in the set {4, B, C, D, M, N}. Find the smallest real number
k so that for any points M, N with the mentioned property we have s(M, N) < k.

Solution. Let K and L be the midpoints of AD and BC respectively and let M,

" . N be the midpoints of OK and OL. It is easy to check that s (M, N) = %, hence

k>3
A B A B
M
L N,
K M O\ N
D Cc D Cc

Observe that for any interior point M of the square we have
area[BMC] + area]AM D] = -;-
Assume that NV is an interior point of the triangle AMD . Therefoire
area| AND)] + area| AN M] + area|[ DN M| + area[BMC] = % 1)

It follows that one of the triangles involved in the sum above has the area greater
than 213-, hence k cannot be less than 21;-. Hence k = %.

71.

72.

73

Let n be an even positive integer and let a, b be positive coprime integers. Find o
and b if a + b divide a™ + b".

Solution. As n is even, we have

a" —b" = (a® - b?) (@2 —a™ " 4., + b"_z) .

Since a + b is a divisor of a? — b2, it follows that a + b is a divisor of a™ — b". In
turn, a +b divides 2a™ = (a™ + b") + (a™ ~ b"), and 2" = (a™ + b") — (a" — b").
But a and b are coprime numbers, and so g.c.d. (22", 2b") = 2. Therefore a + b is
a divisor of 2, hencea = b= 1.

Let ABCD be a convex quadrilateral and O the point of intersection of its diago-
nals. The measure of the angle between the two diagonals is m. For any angle xOy
of measure m, the area inside the angle that is in the interior of the quadrilateral
is constant. Prove that ABCD is a square.

Solution. Consider ZAOD = m < 90°. As the angles ZAOD ahd £ZBOC equal
m, we find area[ AOD] =area[BOC). It follows
AO - DO -sinm = BO-CO -sinm,

AO _
hence o=

Ultu
o

D XK T C

Since ZAOB = £DOC, the triangles AOB and DOC are similar and AB is parallel
to DC.

Draw line KL that contains O such that ZAOL = ZCOK =m and L € (AB),
F € (DC). The triangles AOL and COK are similar and have the same area,
therefore they are congruent. It follows that AO = CO, and in the same way
BO = DO. Consequently AD || BC. Moreover, area|BOC]| =area[COK], and
since ABCD is a parallelogram, we find area{BOC] = area[DOC]. Hence D = K
and

m=ZCOD =ZCOK = /BOC =90°
We have proved that ABCD is a rhombus.

To conclude, consider the bisector lines [OR and [OT of the angles ZAOD and
£DOC respectively, where R € (AD), T € (DC). It is easy to check that ZROT =
£AOD =m = 90°, hence area|ROT| = area[AOD). Thus area[DOT) = area[ AOR]),
that is areal AOR| = area[ DOR] = }arealAOD). It follows that OR is a median in
the AOD triangle, that is AO = DO, which proves that the rhombus ABCD is a
square.
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73. An equilateral triangle of side 10 is divided into 100 unit equilateral triangles by

lines parallel to the sides of the triangle. Find the number of (not necessarily unit)
equilateral triangles in the configuration described above so that the sides of the
triangle are parallel to the sides of the initial one.

Solution. We solve the general case, that is to consider the number a, of equi-
lateral triangles formed by division in n segments. The main idea is to find a
recurrence relation for the sequence ay.

Consider an equilateral triangle with the sides partitioned into n+1 equal segments
and draw the n parallels to each side of the given triangle. We will count all the
triangles with at least one vertex on (BC) ,the remaining ones are triangles counted
in a,.

First, consider the triangles that have two vertices on (BC). When choosing two
division points on BC, say M and N with M € (BN), one counts exactly one
triangle, namely that one obtained by drawing parallels from M, N to AB, AC
respectively. Hence we add 1’—”—'-2)5@1'—12 triangles with one side on BC.

Considering the triangles with only one vertex on BC. Observe that for any of the
n division points of the segment (BC) we count one triangle of side 1. Then, except
for the extreme points of division, we count n — 2 triangles of side 2, and so on.
Hence we add n+(n — 2) 4+ (n — 4) +. .. triangles with one vertex on BC. It follows

that
(n+2)(n+1)

3 +n+m—-2)+(n—-4)+...

Qpi1 = Qp +

Changing n with n + 1 we have

(n+3)(n+2)

Qn42 = Qnip1 + 2 +(n+1)+(n_1)+(n_3)+"'

Adding up, we obtain

Qo an + (n+ 2)2(71 +1) + (n+ 3)2(71 +2) + (n+ 1)2(71 +2)

+(n+2)§3n+5).

T

It follows that

10(3-8+5)
2

ayp =ag + =/ag+145=...=a0+315=315.

12

Therefore, the number of triangles is 315.
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74. If a, b, c € (0, 1), prove that

75

Vabe + VI—a) 1 =B (1 -0 < 1.

Solution. Observe that 2% < z3% for z € (0, 1). Thus we have
Vabe < Vabe,

and

: \/(l—-a.)(l—b)(l—-c) < \’/(l—a)(l—b)(l—c).
By AM-GM inequality, we get

Vabe < Vabe < %b—i—c’

and

VI=a@=h-9 < YM-ai-pa-g<i=dr0-0r0-q

Summing up, we obtain

Vabe+/(1-a)(1-b)(1-¢) < a+b+c+1—§,+1-b+1—c=1’

as desired.
Let a be an integer. Prove that for any real number = such that z? < 3, the
numbers v/3 — 2% and Va — z3 are not both rational.

Solution. Suppose by a way of contradiction that A — V3-xZand B= Vo =23
are both rational numbers. It follows that

o’ =3- 4% (1)

and
*=a-B% (2)

hence

a-B=1(3-4%)/3- A2

We infer that /3 — A% = k has to be rational and A2+ k2 = 3, both A and k being
rational numbers..

Let y, z, ¢ be integers with g.c.d.(y, z,£) = 1 so that 4 = % and B = Z. Then
y? + 2% = 3t2, that is 3 is a divisor of y2 + 22. It is easy to see that 3 hastto be a
divisor of both y and z. Furthermore 9 is a divisor of 3t2, implying that 3 divides
t. Since g.c.d.(y, z, ) = 1 we get a contradiction.
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76. The last four digits of a perfect square are equal. Prove they are all zero.

Solution. Denote by k2 the perfect square and by a the digit that appears in the
last four position. It easily follows that a is one of the numbers 0, 1, 4, 5, 6, 9.
Thus k? = a - 1111 (mod 10%) and consequently k* = a - 1111 (mod 16) .

1° If a = 0, we are done.

2° Suppose that a € {1, 5, 9}. Since k¥ = 0(mod8), k% = 1(mod8) or k? =
4 (mod 8) and 1111 = 7 (mod 8) , we obtain 1111 = 7(mod8), 5 1111 = 3 (mod 8)
and 9-1111 = 7(mod 8) . Thus the congruence k? = a - 1111 (mod 16) cannot hold.
3° Suppose a € {4, 6}. As 1111 = 7(mod 16), 4-1111 = 12 (mod 16) and 6-1111 =
10 (mod 16) , we conclude that in this case the congruence k% = a - 1111 (mod 16)
cannot hold.

77

Consider the circles C;(0;) and C2(O2) such that C; passes through the point O,.
Let M be a point on the circle C; but not on the line 010;. The tangents from
M to Cy meet again the circle C; at the points A and B. Prove that the tangents
from A and B to C3 (not those going through M), meet on C;.

Solution. Since O is at equal distance from the tangents M A and M B, it follows
that MO, is a bisector line of the angle ZAM B or of the exterior angle defined by
MA and MB.

In the first case we find arc O A = arc O3 B. In the second case using the notation
in the figure, we have arc BOy = arc My + arc AM = arc AO; and 024 = O, B.

Reflecting the figure with respect to the line 010, the circles remain fixed, M
reflects in N, and A reflects in B. It is obvious that N A, the reflection of M B, is
tangent to Cy and the same is valid for NB. Observe that N is on C;, proving thus
the claim.

78. Consider five points in the plane such that any three of them form a triangle of
) area at least 2. Prove that there are three of them forming a triangle of area at
least 3.
Solution. Denote by A, B, C, D, L the five given points. If the pentagon ABCDL
is concave we can suppose that D is located inside the triangle ABC or inside the
quadrilateral ABCD (see the figure).

[

In the first case
area[ABC] = area[ABD) + area[ ACD) + area[BDC] > 6 > 3.

In' the second case, D is inside one of the triangles ABC, ABL, ACL, BCL. Suppose
without loss of generality, that D is inside the triangle BC'L.Then:

area[BCL] > area[CDL) + area] DCB] > 4 > 3.

ponsider- now the case when ABCDL is a convex pentagon. Let K and T be the
Intersection points of BL with AC' and AD respectively.

A R H

G

J

Cc D w Q

The following result will be useful.

Lemma: Let GHQF be a quadrilateral and R a point on the side PQ. Then:
area[F RQ)| > min (area|GFQ), area[HFQ)]).

(The proof consist of simply observing that the distance from R to FQ is bounded

up and below by the distance from G and H to FQ).

In our case, suppose that BK > %BL, which implies BK > %K L. Then:

areaBDL] arealKDI]
2

area|BDK] + area[KDL] > + area[LDK]

3
:?-area[K DL) > min (area[CDL], area|ADL]) > g -2=3.

The case TL > 8L is similar. It is left to consider the case when KT > 5L
We have

area[AKT)]

1 2
3area[ABL] > 3
area[KTD] > %area[BLD] > g,
area[KCD] > min (area[BCD), area[LCD]) > 2.
Summing up, we conclude
area[ACD] > 2 + % + '{?3' >3,

and the proof is complete.

,
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79. Let m, n > 1 be integer numbers. Solve in positive integers the equation

80

.

.+ 81

"yt =2

Solution. Let d = c.g.d.(x,y) and = = da, y = db, where (a,b) = 1. It is easy to
see that a and b are both odd numbers and a™ + b" = 2*, for some integer k.

Suppose that n is even. As a? = b% = 1(mod8), we have also a™ = b" = 1(mod8).
As 2% = o™ 4+ b" =2 (mod8), we conclude t =1land u =v=1,thusc =y =d.

The equation becomes 2" = 2™~! and it has an integer solution if and only if n is

m—1

n

adivisorof m—landc =y=2"+ .

Consider the case when n is odd. From the decomposition
a® + b = (a + b) (an-—l _ an—2b+an——3b2 — . +bn—1) ,

we easily get a + b = 2% = a™ + b™. In this case @ = b = 1, and the proof goes on
the line of the previous case.

To conclude, the given equations have solutions if and only if mT"l is an integer
and in this case x = y = 2°.

Consider n > 2 concentric circles and two lines d;, d; which meet at P, a point
inside all the circles. The rays determined by P on the line d; meet the circles
at the points A4;, Ao, ..., A, and A}, A), ..., A}, respectively. similarly, the rays
determined by P on the line d; meet the circles at the points By, Bs, ..., B, and

'y B, ..., B, respectively (the points of equal index are on the same circle).
Prove that if the small arcs A; B; and Ay B are equal, then all the small arcs A;B;
and A.B! are equal for all i = T, n.

Solution. Let O be the common center of the n circles and o = arc A1 B; =
arc Ay B, (the arcs are directly orientated). Rotate the figure around the center O
by an angle a such that A;, A; become B;, Bj respectively. The above rotation R
maps lines into lines, that is R(D;) = R(D;), since D; = A1 Ap and Dy = B1Ba.
Moreover, a point M on a circle C; with the center O remains on the same circle
after rotation. Because R (A;) lies both on D; and on C;, we get that R (A;) = B;,
hence arc A; B; = a.

In the same way we obtain R(A,) = B; and arc A;B; = o. This concludes the
proof.

Let ABC be a triangle and a = BC, b = CA, ¢ = AB be the side lengths. On the
same side of BC as A consider the points D and E such that DB = ¢, CE = b and
the area of DECB is maximal. Let F' be the midpoint of DE and let FB = z.
Prove that FC = z and 4z = (a? + b% + ¢?)z + abc.

Solution. Let BCED be the quadrilateral of maximum area. It is easy to prove

82.
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that ZDBE = /DCE = 90°.

It follows that BF = CF = %E = x and the quadrilateral DBCE is cyclic. By
Ptolemy’s theorem we have

DC-BE=BC-DE+DB-CE.
Squaring, we obtain
(4{E2 - bz) (4.’1:2 - C2) = (2&-’1: + bc)27

hence
16z* — 4 (®*+ ) z? + (be)? = 40222 + dabex + b33,
Thus 423 =  (a? + b2 + ¢?) + abe, as desired.

Let P, g be two distinct primes. Prove that there are positive integers a, b so that
the arithmetic mean of all the divisors of the number n = p® - ¢° is also an integer.

Solution. The sum of all divisors of n is given by the formula
A+p+p+.. +p°) (1 +q+ a2 +...+ ),

as it can be easily seen by expanding the brackets. The number n has (a+1)(B+1)
positive divisors and their arithmetic mean is

M A+p+pP+.. +p*) (L+g+ @ +... + ¢)
CFCES)) :

If p and g are both odd numbers, we can take a = p and b = g, and it is easy to
see that m is an integer. :

If p =2 and ¢ odd, choose again b = q and consider a + 1 = 1+q+¢®+...+¢9 1,
Thenm =142+22+... + 29, and it is an integer.

For p odd and g = 2, set a = p and b =p+p? +p° +... +pP~L. The solution is
complete.



Chapter 7

Short-Listed Problems
Formal Solutions

83.

84.

Prove that there are at least 666 positive composite numbers with 2006 digits,
having a digit equal to 7 and all the rest equal to 1.

Solution. The given numbers are ng = 111..17 11...1 = 111...1 + 6 000...0=

kdigits 2006 digits kdigits

é(lO2006 —1) + 6 10%, k = 0, 2005.

It is obvious that none of these numbers is a multiple of 2, 3, 5 or 11, as 11 divides
111...1 , but not 6 - 10%.

S’

2006 digits

So we are lead to the idea of counting multiples of 7 and 13. We have 9n; =
100-1000%%8 — 1+ 54-10% = 2. (—1)668 —1 4+ (—2). 10F =1 2. 10%(mod 7), hence
7| ny if 10* = 3* = 4(mod 7). This happens for k = 4, 10, 16, ...2002 so there are
334 multiples of 7. Furthermore, 9n;, = 7-(—1)668 —142.10% = 6+2-10%(mod 13),
hence 13 | n;, if 10* = 10(mod 13). This happens for k = 1, 7,13, 19, ...2005, so there
are 335 multiples of 13. In all we have found 669 non-prime numbers.

Find all the positive perfect cubes that are not divisible by 10 so that the number
obtained by erasing the last three digits is also a perfect cube.

Solution. We have (10m + n)® = 10004 + b, where 1 <n < 9 and b < 1000.
The equality gives

(10m + n)® — (10a)® =b < 1000,

so
(10m + n — 10a) [(mm +n)? + (10m +n) - 10a + 100a2] < 1000.

As (10m +n)? + (10m + n) - 10a + 100a? > 100, we obtain 10m + n — 10a < 10,
hence m = a.

81
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85.

86.

87.

88.

If m > 2, then n (300m? + 30mn + n?) > 1000 false.
Then m = 1 andn (300 + 30n + n2) < 1000, hence n < 2. For n = 2, we obtain

123 = 1728 and for n = 1 we get 113 = 1331.

Find the greatest positive integer = such that 235+ divides 2000!.

Solution. The number 23 is prime and divides every 23" number; in all, there
are [&O—Q] = 86 numbers from 1 to 2000 that are divisible by 23. Among those 86

23
numbers, three of them, namely 23,2 -23 and 3 - 232 | are divisible by 23%. Hence

2389 | 2000! and = = 89 — 6 = 83.
Find all the integers written as abcd in decimal representation and dcba in 7 base.
Solution. We have

abed(19) = deba(ry < 999a + 93b = 39c + 342d & 333a + 31b = 13c + 114d,
hence b = c¢(mod3). As b,c € {0, 1, 2, 3, 4, 5, 6}, the po'ssii')ilities are:

Yb=cg
ii)b=c+3;
i) b+3=c

In the first case we must have a = 2d/, d = 3d', 37’ + b = 19d’, d' = 2; hence
a’=1,a=2d=6,b=1,c=1, and the number abcd is 2116.

In the other cases a has to be odd. Considering a = 1,3 or we obtain no solutions.
Find all the pairs of integers (m, n) so that the numbers A = n? +2mn + 3m? +2,
B = 2n2 4+ 3mn+m? +2, C = 3n? + mn +2m? + 1 have a common divisor greater
than 1.

Solution. A common divisor of A, B and C is also a divisor for D = 24 - B,
E=3A-C,F=5E—TD,G=5D~E, H=184—-2F -3E, I =nG—mF and
126 = 18n] — 5H + 11F = 2-32 - 7. Since 2 and 3 do not divide A, B and C, then
d = 7. It follows that (m, n) is equal to (7Ta +2, Tb+3) or (Tc+5, Td +4).

Find all the four-digit numbers so that when decomposed in prime factors have the
sum of the prime factors equal to the sum of the exponents.

Solution. 1° If the number has at least four prime divisors, then n > 214.3.5.7>
9999, a contradiction.

2° If n has 3 prime divisors, these must be 2, 3 or 5. The numbers are

98.3.5=23840, 27.-32.5=>5760, 2°-3%-5=28640, and 27-3-5% = 9600.
3° If n has 2 prime divisors, at least one of them must be 2 or 3. The numbers

24.5% = 2000, 28 5% = 5000, 28 -7 =1792, 27 - 7% = 6272

satisfy the solutions.
4° If n has only one prime factor, then 5% = 3125.

Therefore there are 9 solutions.

83

89. Find all the pairs of integers (m, n) such that the numbers A = n?2+2mn+3m2+3n

90.

91.

92.

— 9,2 2
B =2n® 4+ 3mn + m?, C = 3n? + mn + 2m? are consecutive in some order.

cs;;lel:mn' Let D = 4£8+C — 902 4 9 + 2m2 + n. We consider the following

1° D = A. Th 2 — (r_1)2
n =2 fatss en m*+1 = (n—1)", and consequently m = 0, n = 0 or m = 0,

2° D = B. Then m? = mn —n. All the cases A = B
. =B-1,C=RB =
C = B —1 lead to contradiction. ’ Fladd=5B+1,

3° D = C. It follows that n(n —m — 1) = 0. Ifn=0thenm=1o0rm=—1. For

n =m+ 1 we have B = 6m? e
integers m. m® +7Tm +2 and B, C, A are positive integers for all

Thus the pairs (m, n) are (1, 0) and (m, m + 1) for all integers m.

Find all the positive integers a, b for which a% + 4b% is a prime number.
Solution. Observe that

ot + 46" = a® + 46" + 40%% — 40%? = (a2 + 2?)” — 40202
(a® +26% + 2ab) (a? + 2" ~ 20b) = [(a +1)? + 2] [e— )2+ ).

It

As (a+b)>4+5? > 1, then a*+4b* = 5 can be a pri
, = rime number only f —b)2 42
1. Indeed, fora =b =1, a? + 4b% = 5 is prime‘.) ronlyfor(a=ByHet>

Find all the triples (z, y, 2) of positive integers such that zy + yz + 2z — zyz = 2,
Solution. Let x <y < z. We consider the following cases:
1° For z = 1, we obtain y + 2z = 2, and then

(x,y,2) = (1,1,1).

i" If z j 2, thgn 2y + 22 — yz = 2, which gives (z — 2) (y — 2) = 2. The solutions

re 2 = = == = i

— ajrz or z =3, y = 4. Due to the symmetry of the relations the solutions
(2,3,4),(2,4,3),(3,2,4), (4, 2, 3),(3.4,2),(4,3,2).

3°Ifz>3,y>3, 2> 3 then x
2 23,22 yz > 3yz, zyz > 3zz, vyz > 3zy. Th
yz — zyz < 0, so there are no solutions. 7 RS et

Prove that there are no integers =, Y, 2 so that
ot 4yt 2t — 2% 2y%2% — 22222 = 2000.

Sf)lution. Suppose b.y way of contradiction that such numbers exist. Assume
without loss of generality that z,y, z are non-negative integers.
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At first we prove that the numbers are distinct. For this, consider that y = z. Then
z — 4z%y? = 2000,hence  is even.
Setting = = 2t yields ¢2 (2 — y?) = 125. It follows that 2 = 25 and y* = 20, a

contradiction.
Let now z >y > 2. Since z* + y* + 2* is odd, at least one of the numbers z, y, 2
is even and the other two have the same parity. Observe that

2+t + 2t — 220y — 222 — 2270

- (xz—y2)2—2(x2—y2) 2 4 7t — dy?2?
(:1:2 —y?— 2% - 22) (w2 —y? - 22 4+ 2y2)
(z+y+2z)(z—y—2)(x—y+2)(z+y—2),

il

each of the four factors being even. Since 2000 = 16- 125 = 2* . 125 we deduce that
each factor is divisible by 2, but not by 4. Moreover, the factors are distinct

r+y+z>rx+y—2>x—-y+z>cr—-y—=z

The smallest even divisors of 2000 that are not divisible by 4 are 2, 10, 50, 250.

But 2-10- 50 - 250 > 2000, a contradiction.

93. Prove that for any integer n one can find integers a and b such that

n=[av2] + [bv3].

Solution. For any integer n, one can find an integer b so that

VZ+0/3-2<n<V2+b/3.

We consider the cases:

1°Ifn= [\/21 + [b\/g] , we are done.

2° If n = [v2] + [bv/3] +1, then n = [2v2] + [6v/3].
3° If n = [V2] + [6V3] - 1, then n = [0V2] + [6V/3].

94. Consider a sequence of positive integers z, such that:

(A) Ton41 = ‘41‘” +2n + 2,
(B) 23n42 = 3Tn41 + 6Ty,

for alln > 0.

Prove that
(C) T3n—1 = Tn42 — 2$n+1 + lﬂxn,

95.

96.

97.

98.
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for all n > 0.
Solution. We have

Ten+s = To3n+2)41 = 6(2Tnt1 + 420 + 1+ 1) = T32041)49
=3 (mg(n.H) + 8z, + 4n + 4) R

hence To(nt1) = dzn 4 = 2(n +1) or z9, = 4z,, — 2n. Setting n = 0 yields z = 0.
Inducting on 7 we obtain @, = n (n + 1) for all n > 0.Now the relation (C) is easy

to be verified.

Prove that

\/(1’°+2’“)(1’°+2’°+3k)...(1k+2k+...+nk)

2:l,c_*_z,c_F”._f_nk_2"“1-0-2-3"’“1-{»...+(7‘L—1)n’°“1
-~ .

for all integers n, k > 2.
Solution. Use the AM-GM inequality for the expression Sk=1kp ok

Let m and n be positive integers with m < 2000 and k = 3 — . Fj
poated i be o < and k£ =3 — 2. Find the smallest

_Solutif)n. Ask=3-2 = 3'.’;'" > 0 for a given number n the minimal value of k&
is obtained f%x;l Erg - 71n =18Sncem=3n-1< 2000, then 7 > 667. The smallest
value of k = -—(n"—"l = % is reached when n = 667.

Let z, y, a, b be positive real numbers such th
at x T # 2
2oy . ad3b Provethaté}%Zl; P F Ry A2 0 f B ond

2y~z a-3b"

Solution. We have
2x—y=a+3b 2z—y=2y——x_2z—y+2y—z T+y
%~z a-3b a+3b a-3b a+3bta-3b 24 -5
2x—y=a+3b 2x—y=2y—x_2x-—y—2y+z T—y
Y-z a-3b  a+30 a-3b atdb—esdh_ o} —F

It follows that = 2ka- —y =
Thes at £ +y = 2ka-and x —y = 2k, hence x =k (a +b) and y = k (a — b).
?+y R e+b)?+k(a-b)? a4
-y k2(a+b)?—k2(a-b)2  2ab 21

Find all the triples (z, y, ) of real number such that

2z\/y—l+2y\/z—1+2zx/m—12xy+xz+yz.

Solution. Obviously z, y, z > 1. The relation is equivalent to

(:cy —2z\/y — 1) +(yz—29vz—1) + (22— 22v/2=1) <0
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99.

100.

101.

ea(y=1+1-2/y=1)+y(z-1+1-2Vz= Dtz (e~ 1+1-2/z=1) <0
2
waz(Vy—1-1) +y(VZ=1-1)" +2(vVa=1-1) <0

Since z, y, z are positive numbers, it follows that vz —1—1=0, y—1—-1=0,
vVz—1—-1=0,hencez=y=2=2.

A triangle ABC is given. Find all the pairs of points X,Y so that X is on the sides
of the triangle, Y is inside the triangle an four non-intersecting segments from the
set {XY, AX, AY, BX, BY, CX, CY} divide the ABC triangle in four triangles
with equal areas.

Solution. For a point X on the segment (BC), there are three possibilities:
BC =4BX, BC =2BX, 3BC = 4BX, and only a position of the point Y for each
case. Thus we have 9 solutions in all, three for each side of the triangle.

A triangle ABC is given. Find all the segments XY that lies inside the triangle such
that XY and five of the segments XA, XB, XC, YA, YB, YC divide the ABC
triangle in 5 regions with equal areas. Furthermore, prove that all the segments
XY have a common point.

Solution. Assume that X is connected with all the vertices A, B and of the
triangle. Since area|ABX)] =area[ACX] = £, it follows that X is on the median
(AA") and -AA% = % Then Y must be the centroid of the triangle X BC, hence
Y € AA’ and the centroid G of the triangle ABC lies on all segments (XY).

A

Y

AI

[>+]

Let ABC be a triangle. Find all the triangles XY Z with the vertices inside ABC
such that XY, YZ, ZX and six non-intersecting segments ffdm the following AX,
AY, AZ, BX, BY, BZ, CX, CY, CZ divide the ABC triangle in seven regions
with equal areas.

Solution. A point X with area|[ABX] =area[ACX] = ml.—,‘i-@l lies on the median
(AD) such that 4% = 2. In order to divide the triangle BXC into five triangles
with equal areas we cannot use the median (X D) ( as in the problem 100). For the
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median (BE) of the triangle we obtain a solution (as shown below)

A

LA

D C

Another solution will be obtained usi i
. ng the med CF). i
triangles XY Z with the desired property. o (OF): Toal, there are six

102, Let ABC be a triz'a.ngle and let a, b, ¢ be the lengths of the sides BC, CA, AB
Ijs_pectlvely. Consider a triangle DEF with the side lengths EF = ‘/c’zu F:D =
Zgu, DE = \/cu. Prove that ZA > /B > /C implies ZA > 4D > /E ; LF ;

Solution. i) We have

2+c2—a?  bu+cu—au
2bc 21.1.\/52

©b2+c2—a2<(b+c—a)\/lzﬁf(a)>0,

A>D & cosA<cosD &

where

f(x):xz—x\/lz+(b+c)\/lz—b2—c2.

The function f(z) is increasing for z > -@ and

f(b)=b2—b\/l;+(b+c)\/b———b2—cz=c\/E(\/E—\/E) > 0.

Thus f(a) > f(b) > 0 as needed.

ii) From v/au > vbu > \/cu follows D > E > F.
iif) We have F > C' & g(c) < 0, where

9(x) =2® — 2vab + abVab — o2 — p2.

Since g (b) < 0, g (a) > 0, 9(0) < 0, we obtain 9(c) < g(b) <0, as claimed.
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103. All the angles of the hexagon ABCDEF are equal. Prove that
AB - DE =EF-BC=CD-FA.

Solution. Each angle of the hexagon has the measure of 120°. Consequently, the
opposite sides of the hexagon are parallel.

1° If ABCDEF is a regular hexagon, then AB—DE = EF-BC = CD-FA=0,
and we are done.

2 If ABCDEF is not regular, construct the parallelograms ABCK, LCDE,
AMEF. Then KLM is an isosceles triangle, therefore AB — DE = EF — BC =
CD — FA, as needed. .

E

B

104. Consider a quadrilateral ABCD with ZDAB = 60°, ZABC =90° and £ZBCD =

120°. The diagonals AC and BD intersect at M. If MB =1and MD = 2, find
the area of the quadrilateral ABCD.
Solution. Summing the angles of the quadrilateral ABCD yields ZADC = 90°.
Let O be the midpoint of the segment AC. It follows AO = BO = CO = DQ, as
DO and BO are medians in the right-angled triangles ADC and ABC respectively.
The angles ZBOC and £ZDOC are exterior angles of the triangles BAO and ADO
respectively, Thus, ZBOC = 2/BAO and £DOC = 2/4DAO.

105.
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Then
ZBOD = £LBOC + £DOC = 24/BAD =2-60° = 120°,

and since BO = BD we obtain

ZOBD = ZODB = 30°.

Consider the points H on BD and N on OB such that OF 1. BD and MN 10OB.
The segment OH is an altitude in the isosceles triangle ODB, hence is also a
median and BH = HD. We have

MH:BH—BM:%—BM:%—I:

2| =

From the right triangle BMN we deduce that MN = %—M- = % = MH, as

£ZMON = 30°. Then MON and MOH are congruent triangles and

£ZMON = ZMOH = £BOH = 30°.

Consequently,

ZOBA = £L0OAB = =15°.

£ZBOM
2

ZABD = 15° + 30° = 45°, ZADB = 75° and ZDAC = 45°.

Furthermore, ZACD = 45° and £ZBDC = 15°, hence AD = CD.

Let E be a point on the line AB such that ED 1| AB. Then the triangles ADE
and CDB are congruent and

area[ABCD] = area|ABD] + area[BCD] = area [EBC) + area[ADE]
BD? 3
= ares.[BDE] = T = -5-' = 4,5

A point P is considered inside of an equilateral triangle of the side length 10 so
that the distances from P to two of the sides are 1 and 3, respectively. Find the
distance from P to the third side.

Solution. Let ABC be the given triangle and let L, K, R be the projections of P
on the sides AB, BC and AC respectively. Consider PL = 1 and PR = 3.

The relation

area [ABC] = area [P AB| + area[PBC) + area [PAC]
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gives 25v/3 = 5(PL + PR + PK).

Hence PK = 53 — 4.

: .
106. Find the positive integers n that are not divisible by 3 if the number 2™ 1042133
is a perfect cube.
Solution. Notice that n2 — 10 > 3. Since 3 fn, then 3 | n% — 10. Set n? — 10 = 3k,

and let R
23 =927 10 1 9133 = 23k | 2133,

It follows that
(z—2%) (2 +x-2* +2%) =3%.79.

Since 23 > 2133, we have z > 12 and 2%+ 225 +22% > 156 thus z—2* € {1, 3, 3%}.

On the other hand, 2% + z - 2 4 2% — (z — 2F) =3.2% . 2.

Therefore,

1° If z — 25 = 1, then 3 - 2% . z = 2132, false.

2° If x — 2F = 3, then 3-2% . 2 = 702 = 3% - 2- 13, false.

3° If z — 28 = 32, then 3-2F -2 = 22-3-13 and consequently k =2,z =13, n = 4.
107. Let P, (n = 3, 4, 5, 6, 7) be the set of integers n* + n! + n™, where k, [, m are

positive integers. Find n so that:

i) In the set P, there are infinitely many squares.

ii) In the set P, there are no squares.

Solution. 1° For n = 3 consider k = [ = m = 2p + 1. Then 3* + 3' + 3™ =

32041 .3 = 3242 — (3p+1)2_

2° Let n = 4. As 1+2-2% 4 2% is a perfect square, then 4* (142 - 2% + 22%) , with

z = 2p + 1, has the form 4% 4 4' + 4™ and is also a square.

3° Let n = 5. Since 5* = 1 (mod 4) we have 5% + 5! + 5™ = 3 (mod 4), so there are
no squares in the set Ps.

4° Let n = 6. The last digit of-6* is 6, so 6¥ +6'+ 6™ ends in 8, and is not a square.
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5° For n =7, we have 727 + 7% 4 72%P+1 = (77 . 3)2
Thus the set P, contains infinitely many squares for n € {3, 4, 7} and no squares
for n € {5, 6}.

108. Find all the three digit numbers abe such that the 6003-digit number abcabe. .. abc
is divisible by 91. (abc occurs 2001 times).

Solution. The number is equal to >

abe (1+10% +10° + ... 4 108000)

Since 91 is a divisor of 1001 = 14 103 and the sum 1 + 103 + 105 -+ .. . + 106900 has
201 terms, it follows that 91 does not divide 1+ 103 4 106 +. .. + 10599, Thus abe
is divisible by 91; the numbers are

182, 273, 364, 455, 546, 637, 728, 819, 910.

109. The discriminant of the equation 2% —az +b = 0 is the square of a rational number
and a and b are integers. Prove that the roots of the equation are integers.

Solution. The discriminant of the equation is A = a2 — 4b = k2, where k is
rational and the roots are ; = 25% and x5 = £k, One can easy see that k is an
integer. Thus

a? —k? = 4b,
where a, b, k are integers.
Observe that a and k have the same parity, otherwise 4 doesn’t divide a2 — k2. The
conclusion follows.

110. Let z; = ﬂ%l for all the integers k > 1. Prove that for any integer n > 10,
between the numbers A = zy + 23 +... +z,_; and B = A + x,, there is at least a
square.

Solution. We have

1-2 2.3 ”+(n—1)n

A=a:1+a:2+...+:rn_1=—§—+_2_+
NN _(r-Dnn+1)
= E[Zk —ZkJ__G—-’
k=1 k=1
B=A+a,= (n—l)g(n+1)+n(n2+1)=n(n+lg(n+2)‘

It suffices to prove that VB — VA > 1. We have
m+2)(n+hn  [(n-n(n+1)
' 5 - 6 >1

& vVn+)n>2(n+2)+/2(n-1).
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111.

112.

113.

114.

Since y/n(n + 1) > n and 24/2(n + 2) > /2(n + 2)++/2(n — 1), we only need to
prove that n > 21/2(n + 2) , which is equivalent to n? > 8n + 16 or (n —4)° > 32.
As n > 10, the claim holds.

Find all the integers = and y such that =3 £ y3 = 2001p, where p is a prime.
Solution. a) Consider the case p # 3.

1° If z =y = 0(mod 3), then z® £ y® = 0(mod 27), and 27 | 2001p, false.

2°If ¢ = y = +1(mod 3), then z —y = 0(mod 3) and 22 = y? = xy = 1(mod 3).
Since 23 — y® = (z — y) (22 + zy +¢?) ,and 2% + 2y + y® = 0(mod 3), it follows
that 9 | 2° + 3 = 2001p, false.

As n® =n(mod3), then 23 + y3 = z + y = £2(mod 3), a contradiction.

3° Ifz =y = +1(mod3), then z+y = 0(mod 3) and z? = y? = —zy = 1(mod 3).
Moreover, #® —y3 = z — y = +2 (mod 3) , hence z3 — y* = 2001p has no solution.
Since z3 + 33 = (z + y)(«? + y? — zy) and z% + y? — zy = 0(mod 3), we obtain
9| 2001p, false.

b) If p = 3, then #® £ y> = 6003 = 4 (mod 7). On the other hand, 23 = 0(mod 7)
or z2 = £1(mod7), so there are no solutions. Thus, the given equation has no
solutions.

Prove that there are no positive integers x and y such that
S+ +1=(c+2°+ @y ~-3)°
Solution. Notice that 2° = 2 (mod 10), hence z+y+1 = (z + 2)+(y — 3) (mod 10),
impossible.
Prove that no three points with integer coordinates can be the vertices of an equi-

lateral triangle.

Solution. Assume that there are points A(z1,y1), B(z2,y2), C(xs,y3) with integer
coordinates such that ABC' is an equilateral triangle.

Observe that AB? = (z; —z1)? + (y1 — y2)? is integer, but area] ABC] = ii@ is an
irrational number.

On the other hand,
1
area[ABC| = 3 (z1y2 + Tay3 + T3yy — T1ys — T2y1 — T3Y2),

hence area]ABC] is a rational number, a contradiction.

Consider a convex quadrilateral ABCD with AB = CD and ZBAC = 30°. If
ZLADC = 150°, prove that ZBCA = LACD.

Solution. Let T be the reflection of B across AC and let R be the intersection
point of AC' and BT. The right angled triangles ABR and ATR are congruent,
hence

/ABT = /ATB (1)
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and
ZBAR = /T AR. 2
C
T
. 4

It follows that ABT is an equilateral triangle, so

AB =BT =TA. ®3)

The circle with the center B and radius BA passes through the points A, T, D. As
ZABT = 60°, then ZADT = 30° and

£TDC = LTDA + LADC = 30° + 150° = 180°,

hence the points T, D, C are collinear.

From the congruence of the triangles BCR and TCR one can find that ZBCR =
ZACD, as desired.

A triangle ABC is inscribed in the circle C(O, R). Let a < 1 be the ratio of the
radii of the circles tangent to C, and both of the rays (AB and (AC. The numbers
B <1and v <1 are defined analogously. Prove that o -+ B+y=1

Solution. We have

aml-1l-0) W

and the analogous relations.
Summing up yields a + 8+ v = % =1, as claimed.

Consider an isosceles triangle ABC with AB = AC, and D the foot of the altitude
from the vertex A. The point F lies on the side AB such that

LACE = LECB = 18°.

If AD = 3, find the length of the segment CE.

Solution. Let I be the intersection point of the bisectors AD and CE, that is I
is the incenter of the ABC triangle. It follows that I is equally distanced from BA
and BC, hence ID = IT,where T is the projection of I to AB.
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Consider the point P on the segment CE such that AP1AB.

B Cc

Since ZACE = LECB = 18°, we find that ZACB = 36°and ZDAB = ZDAC =
ZIEA = 54°, Tt follows that the triangle AEJ is isosceles with Al = EI, hence
T is the midpoint of AE. Furthermore, ZIAP = 90° — ZEAI = 90° — 54° = 36°
and ZEAP = 90° — ZAEP = 90° — 54° = 36°, so AI = IP. Thus JK is the

1
middle line in the triangle AEP and IT = =AP. As ZPAC = ZBAC— LEAP =
2.54° — 90° = 18° = LACP, we obtain AP = PC = 2IT = 2ID.
Now EC = EI+IP+PC = AI+AI+2ID =2(AIl + ID)=2-AD =2-3 =6 and

we are done.

Consider the triangle ABC with ZA = 90° and ZB # ZC. A circle C(O, R) passes
through B and C and intersect the sides AB and AC in D and E, respectively.
Let S be the foot of the perpendicular from A to BC and let K be the intersection
point of AS with the segment DE. If M the midpoint of BC, prove that AKOM

is a parallelogram.
Solution. Since AK | BC and OM L1 BC, we derive

AK||OM. - (1)

The triangles SAB and ABC are right-angled, thus
LSAB =90° — ZSBA = LACB. @)

Since BDEC is cyclic,
ZACB = LADK, 3)

and consequently ADK is isosceles with

AK = DK. (4)
On the other hand,
LCAS =90° -~ ZC = 4B = /LAEK, (5)
hence AEK is isosceles with
AK = KE. (6)
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The relations (4) and (6) show that K is the midpoint of the chord (DE), and
consequently

OK 1 DE. (7)

Since AM = MB = MC, we have /M AC = LACM = LADE = 90° — ZAED.
As LZMAC +ZAED = 90°, we obtain

DE 1 AM. (8)

From (7) and (8) we obtain that
OK || AM. 9

Recalling (1), we conclude the proof.

At a conference there are n mathematicians. Each of them knows exactly & partici-
pants. Find the smallest value of k such that there are at least three mathematicians .
that are acquainted with the other two.

Solution. We prove that k = [%] + 1. First we show that [%] < k. Indeed, divide
the set M of the n mathematicians into subsets A and B having [3] and n—[2] >
[%] elements, respectively. Any mathematicians from A has [% acquaintances
in M, so we may assume that all of them are in the set B. Likewise, all of the
[-’23] acquaintances of mathematicians from B are in the set A. Now choose three
mathematicians from M; two of them are in the same set A or B so they do not

know each other. This is a contradiction and consequently [-’21] <k.

It is left to prove that k = [-’23] + 1, then one can choose the mathematicians that
are known to each other. Consider a mathematician = from M and let A be the set
of his acquaintances. Let y € A and B the set of his acquaintances. If AN B = &,
then '

' n
2

a contradiction. Thus AN B # & has at least one element z. Then z knows z and
y since z and y are also acquainted, we are done.

n=|M|2|AuB|=|A|+|B|-.|AnB|=2([ﬂ] +1) >2

-2 =n,

A student plays a computer game. The computer provides him with 2002 positive
distinct numbers randomly chosen. The game rules allows him to do the following
operations:

- take two of the given numbers, double one of them, add the second number and
keep the sum; ‘

— next, choose two other numbers from the remaining ones, double one of them and
add the second; then multiply the sum with the previous one and keep the result;

- repeat the above procedure until all the 2002 given numbers are used.

The student wins the game if the last product is maximal. Find, with proof, the
winning strategy of the game. :
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Solution. Let z; < 23 < ... < T2 be the given numbers and let A be the
maximum value of the product. The number A has the form:

A= (23:1'1 + xiz) (23:53 + xia) ree (2xi2001 + mizooz) )

where z;,, Zi,, ..., iy, IS & permutation of the given numbers.

First remark that if z > u, then 2z +u > x + 2u. Hence the product increases when
in a pair the greatest number is doubled. It follows that, forall j =1, 3, 5, ..., 1001
in P we must have z;;, > z;,,,.

Next we prove that P contains the factor 2x9002 + 2. If else, P contains a factor
of the form (29002 + ©) (2v + x1) . Now observe that

(2z2002 + u) (2v + 71) < (2T2002 + 1) (20 + ),

since this reduces to
(z2002 — v) (u —21) >0,

. which is obvious. We have reached a contradiction.

The same argument works for the product mﬁ;;—, which should be maximal for
T3, X3, ..., Too01 and so on. Thus, the maximal value of A is given by the formula

Amax = (2zg02 + 1) (222001 + T2) . . . (2T1002 + Z1001) -

The winning strategy consists in choosing at each moment the smallest and the
greatest number and then doubling the greatest one.

All the positive integers are arranged in a triangular array as shown below:

i3 6 1015...
2 5 9 14 ..
4 8 13 ...

7 12 ...

11 ...

Find the number of the column and the number of the row where 2002 is put.
Solution. Let i be the number of the column and let § be the number of the row
where 2002 is put. It is easy to observe that n'* numbers of the first row is equal
to 22 Since 6288 = 1953 and 838 = 2016 from 1953 < 2002 < 2016, we
conclude that i + j = 64. It follows that j = 2016 — 2002 + 1 = 15, and i =
64 — 15 = 49.

Let a, b, ¢ be positive real numbers such that abc = %. Prove that the following
inequality holds ’

B+ +E >avb+c+b/cra+ceva+b.
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Solution. First, notice that (a — )% (a + b) > 0, for any positive integers a and b.
This inequality rewrites (a® — ab + b% — ab) (a + b) > 0, and consequently

a3+ >ab(a+b). (1)

By the AM-GM inequality we have

a®+ b2+ >ab(a+b)+c > /92 (a+b) =3cva+b.

Likewise,
a3+ +c>3avb+canda® +8° +c > 3bvVe+a

Summing these inequality yields

51.3 +b6+c >avbt+c+b/cFa+e/a+b. The equality cannot hold, as this
implies a = b = ¢ = 0. Hence the inequality is strict, as desired.

(Committee’s variant for problem 121). If a, b, ¢ are positive real numbers such
that abc = 2, then

a4+ +E>avbte+b/etatcevatb

When does the equality hold?
Solution. Apply Cauchy-Schwarz inequality gives

3(a®+b%+c?) > (a+b+c), (1)

and
(a2+b2+02)2_<_(a+b+c)(a3+b3+c3). 2)

These two inequalities combined yield

(a®+8+c*) (a+b+c)
3
(@®+8>+ ) [(b+c)+ (a+c)+(a+b)]
6

S (a\/b+c+b\/a+c+c\/a+b)2‘ )
- 6

@+ + 8 >

Using the AM-GM inequality we obtain

avb¥e+b/atc+evath > 37 abc(\/(a+b)(b+c)(c+a))

31/ abcv/8abe = 3 - ¥/8 = 6,

v
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hence

\ 3
(a\/b+c+b\/a+c+cx/_a+b) >27-8,

and consequently

avb+c+bJ/cta+cv/a+b>6.
Thus

2
(a\/b+c+b\/a+c+0\/a+b) 26(a\/b+c+b\/c+a+m/a+b). (4)

The desired inequality follows from (3) and (4).
Let a, b, ¢ be positive real numbers. Prove that .
S _ a2 ¥ 2

P A

a®
z§+c—2+

Solution. We shall use the inequality

013 2
—_— —
g teh

b _ b2
EEZ—-!—b—c,
and R .
b
6—22—+b—c
a c

Adding all three inequalities gives the desired one.

Let a1, a3, a3, a4, as, ag be real numbers such that a; # 0, a;a¢ + azay = 2aqa5
and aja3 > aZ. Show that aqag < a%. When does the equality hold?

Solution. Let k& > 0 such that aja3 = a3 + k, so

_a3+k
===

1)

as

Multiplying the first given relation by a4, one has ajasaq + aza? = 2azasa4, hence

20,2 asa4 — a3 aﬁ
ay ’

agQyq =

2

From (1) and (2) follows that

2
ajas — azay) + ka
asay — a2 = -( 5 ) 4

< 0, as needed.

The equality holds only if ajas = aza,s and ajas = a3.
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Consider 2002 integers a;, i = 1, 2, 3, ..., 2002 such that
— _ _ 1
a13+a23+...+a20302= 5

Prove that at least three of them are equal.
Solution. It is obvious that ax # 1 for all k = 1, 2002. We have

1 < 1 1 12 " 1
nd "nd-n 2\n-1 n n+l
for all integers n > 0.
Assume that in the given sum there are not more then two equal summands. Then

1—i+1+ +1<21+—1—+ +1
2 a® ad 7 adgee T \28 3% 77T 10023
gt ot 1 1 1
= 2 1002 1003 ~ 2 1002-1003’

a contradiction. Thus, at least three of the given numbers are equal.

Let G be the centroid of a triangle ABC, and let A;, By, C; be the midpoints
of the sides BC, CA, AB respectively. The paralle!l line from A; to BB; meets
B;Cy in F. Prove that the triangles ABC and FA; A are similar with the same
orientation if and only if the quadrilateral AB1GC; is cyclic.

Solution. Extend the segment GA; with A; D = GA,. The quadrilaterals CC1 AF,
CBC\F and BGCD are parallelograms. Due to a homothety, we observe that
AB;GC, is cyclic if and only if ABDC is cyclic. In this hypothesis we have
/GAB; = /GCA, = ZGC,B; and £ZBAD = £ZBCD, hence £BAC = £ZDCG.

On the other hand, ZACB = ZAB,C; = ZAGC, = ZCGD and LADC = LABC.

Thus, triangles ABC and CDG are similar. Since the triangles CDG and FA; A
are similar, we obtain that ABC and FA; A are also similar, as desired.

Conversely, consider that ABC and FA;A are similar. As FA;A and CDG are
similar triangles we deduce that the triangles ABC and CDG are also similar.
Thus ZACB = /CDG = ZAGC; = ZAB;C; and consequently AB,GC; is a
cyclic quadrilateral, as needed.

Let ABC be a triangle and let H, I, O be the orthocenter, the incenter and the
circumcenter of the triangle, respectively. The line C'I meets again the circumcircle
at the point L. It is known that AB = IL and AH = OH. Find the measure of
the angles of the triangle ABC.

Solution. Since ZIAL = ZAIL = {£BACHLECA) e have AL = IL = AB = BL.
Hence ZAOB = ZACB =120° and ZALB = 60°.

From ZAHB = 180° — ZACB = 60° we obtain that A, O, B, H are on the same
circle, hence ZAHO = ZABO = 30°. Since HO = HA, we deduce that ZAOH
= LHAO =75°. As ZBAO = /HAC = 30°, we find ZHAO = 60°+ £ZBAC = T75°
and ZBAC = 15°. Finally, ZABC' = 45° and ZACB = 120°.
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Let ABC be a triangle of area S and consider the points D, E, F on the lines
BC, CA, AB respectively. The perpendicular lines at points D, E, F on the lines
BC, CA, AB intersect the circumcircle of the triangle ABC in the pairs of points
(D1, Dy), (Er, E»), (Fi, Fy) respectively. Prove that

|D1B - D1C ~ DoB - DoC|+|E1C - EyA — ExC - By A|[+|FyA- FyB — A FyB| > 48,

Solution. We start with a useful result.

Lemma. Suppose AB and DD, are perpendicular chords in a circle of center O.

Then:
|area [Dy AB] — area [ABD,)| = 2area [AOB]. (1)

Proof. Let D) be the reflection of D; across AB. Then ZBAD] = ZBAD, =
/D1DyB = 90° — LABD,, hence AD’ is perpendicular to BD;. If BB’ is the
diameter of the circle, we infer that B’ Dy is parallel to AD| and AB’ is parallel to
Dy D,. Thus, the quadrilateral AB’D, D is a parallelogram and DD} = AB' =
200, where O’ is the projection of O on AB. Consequently,

AB - D|D,

5 = 2area [AOB],

area[ABD;] — area[ABD;] =

as desired.

Now, apply the lemma successively for the pairs of perpendicular chords BC L
D1Dy, CA 1. ELE; and AB 1 FiFs. It follows that

|D1B - D1C — Dy B - DQCI > IDlB - D1C — D3B - DyC| - |sinA|
=|D1B-DC-sin A — DyB - DyC -sin A| = 2 |area [BCD,| — area [BCD,]|.

Since ZA = Z/BD;C = 180° — ZBD;C, then sin A = sin ZBD,C = sin ZBD,C.

Therefore, by the lemma we have

lDlB . ch — DzB . DzCl Z 4area [BOC] . (1)

Likewise,
|F1A- F1B —~ Fo A - FoB| > 4area[AOB], (2)
|E1A - E1C — E3C - E3A| > 4area[AOC]. (3)

Adding (1), (2) and (3) gives the desired result, since the equality holds only if
sin A = sin B = sin C = 1, which is impossible.

Let ABC be an isosceles triangle such that AB = AC and ZA = 20°. Point D is
chosen on the side AC such that AD = BC. Find the angle £ BDC.

Solution. We have /B = ZC = 80°. Let K be the point on the side AC such
that ZCBK = 20°. Then ZCKB = 80° = LKCB, so BK = BC. Furthermore,
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ZABK =60°. Let L be a point of the side AB such that BL = BK. The triangle
BKL is equilateral, hence ZBLK = ZBKL = 60°.

Consider a point M on the side AC such that ZKM L = 40°. It follows that LM K is
an isosceles triangle. As ZALM = 20° we also find that ALM is an isosceles triangle
and AM = ML =LK = BK = BC. Thus M coincides with D. Since LB = LM,
we find that ZLBM = ZLBM = 10°. Finally, ZBMC = 40° - 10° = 30°.

Let ABCD be a convex quadrilateral with AB = AD and BC = CD. On the
sides AB, BC, CD, DA, points K, L, L, K; are chosen respectively such that
KLL, K, is arectangle. Then, suppose that a rectangle M N PQ, is inscribed in the
triangle BLK where M € KB, N € BL, P, Q € LK and, similarly, M; N1 P,Q; is
inscribed in the triangle DKy L;, where M; € DKy, N; € DL; and P;,Q; € L1 K;.
Let 28, 251, S3, S3 be the areas of the quadrilaterals ABCD, KLL; K;, MNPQ,
M Ny P@Q1 respectively. Find the greatest value of -23'1312%1‘51

Solution. As the quadrilateral ABCD is symmetric with respect to the diagonal
AC, it would be enough to consider the triangle ABC which includes half of the
rectangle XKLL, K, and the rectangle MNPQ. Cutting of these parts from the
triangle ABC we are left with a triangle BM N, which is similar to the triangle
BAC and with two pairs of right-angled triangles which, if adequately connected,
can form two triangles which are similar to the triangle ABC. Denote z,y, z and
S1, S2, S5 the heights and the areas of the triangle BMN and of the new formed
triangles respectively, such that z + y -+ 2 is the height of the triangle BAC. Then

Due to the symmetry of the quadrilateral ABC'D, maximizing Z&%zﬂa is equi-
valent to maximizing -‘(’:L}LS-‘ .

We have
S1+8 _ §~—(s1+52+83) =1_(§_1_+2+s_3) 22(xy+yz+§w).
S S S S S (g;-]-y-i_z)

As (z+y+ z)2 2> 3(zy + yz + zz), we obtain

251+ S+ S3 _5it+8 _ 2(zy + yz + 2z)
28 S (z+y+2)°

2
< gy
with equality only if z = y = 2.

Let Ai, Ag, ..., Aggo2 be arbitrary points in a plane. Prove that for any unit circle
in the plane and for any rectangle inscribed in the circle, there are three vertices
M, N, P of the rectangle such that

MA; +...4+ MAgos + NAy + ...+ NAgyge +'PA; + ...+ PAygga > 6006.
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Solution. Consider a unit circle in a plane and MN a diameter of this circle.
Then
2=MN < MA;+NA; forallie{1,2,..., 2002},

and consequently

MA; + MAg +...+ MAgggs + NAy + NAg + ... + N Aggog > 4004.

For another diameter P; P, of the same circle we obtain similarly

PiAy + PiAg + ...+ P1Asgos + P2 Ay + PoAg + ... + Py Aggen > 4004.

The point P is one of the points Py or Py for which

PiA; + PiAy+ ... + Py Aggoz > 2002 or Py Ay + PoAg + ...+ Py Aggge > 2002.

Thus M, N, P are the three required points.

Chapter 8

Training Problems
Formal Solutions

132.

133.

Let a, b, ¢, d be positive real numbers with a + b+ ¢+ d = 1. Prove that:

bed + acd - abd + abe <
a+2 b+2 c+2 d+2 13

Solution. By the AM-GM inequality we have

3
abe < (ﬁfﬂ) ,

3
hence
abe a+b+c\® 1 a+b+c+d\® 1
< <
d+2 ~ 3 d+2 3 d+2
_ 11 < 1
T 27d+2 T 27-2°
Therefore,
bcd+acd+abd+abc < 4 <l
a+2 b+2 c+2 d+2 27-2 13’
as required.

Find all non-empty subsets A C R* with the properties:

i) A has at most 5 elements;

ii)Ifrc AthenlicAdand1 -z € A

Solution. Let z € A. Hence 2 € Aand 1 —z € A. Next, 1 -1 =2=1 ¢ 4 and
L ¢ A. Furthermore, —;_—E_—,- =2 c A

-z z—1

103
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Since A has at most 5 elements, two of the numbers z, 21 — z, 2=1, -1 and 2

has to be equal.
Considering all cases yields = € {1, -1,0,2 %} The values =0 and z = 1 do
not satisfy the second condition.

It is easy to check that A = {—1, 3, 2} is the only solution.

Let ABC be a triangle and let D, E be the points in the exterior of the triangle
such that triangles ABD and ACFE are isosceles and right-angled at B and C
respectively. ’

Prove that the lines CD and BE meet on the altitude from A in the triangle ABC.
Solution. Let D', F, E’ be the projections of the points D, A, F on the line BC.
The triangles DD’ B and BF A are congruent, since £D' = £F = 90°, AB = BD
and ZDBD' =90°—£LABF = £BAF. It follows that DD’ = BF and D'B’ = F A.
Similarly, EE’ = CF and E'C = FA. - .

Denote M and P the intersection points of the line AF' with the lines BE and CD
respectively.

As MF || EF’, we have

MF BF EE'-BF FC-BF
- BF - = . 1
FE - BE e ME = g5 = Bcyar )
Since PF || DDV, it follows that
PF CF FC-DD' FC-BF |,
oD ~ oo e PP = —5p = Boy @

The relations (1) and (2) shows that M = P thus CD, BE, AF are concurrent, as
desired. A

D,

D B F C E

Consider a parallelogram ABC D such that ZACB = 80° and ZACB = 20°. A line
passing through B meets the line AB at an angle of 20° and intersects the line AC
in the point R. A line passing through C meets the line AC at an angle of 30°an
intersects the line AB in the point T'.

Find the measure of the angle determined by the lines TR and DC."

Solution. Consider the point K on the diagonal AC such that ZCBK = 20°.
Hence the triangle BKC is isosceles with BK = BC.

Moreover,
£BCT = 80° — 30° = 50°
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and
£BTC = 180° - 50° — ZABC = 130° — 80° = 50°,
so
BC = BT,
Now
ZTBK = LTBC - ZCBK = 80° — 20° = 60°

and

BK = BT,
so we infer that K BT is an equilateral triangle and BK = TK.

In the triangle BKR, we have /ZBKR = 180° — ZBKC = 100° and ZKBR =
£ZKBT ~ ZRBA = 60° — 20° = 40°, so ZBRK = 40° and consequently

BK = RK.
B T A

K
c A b

Furthermore, ZRKT = ZRKB — /T KB = 100° — 60° = 40° and
TK = RK,
therefore ZKTR = ZKRT = %(180° —40°) = 70°. Finally, ZTLC = /TRC —

ZACD = 70° — 20° = 50°, so the angle between the lines TR and CD is equal to
50°.

Find the cube of the number N = \l TV 3\/ TW3VTVE...

Solution. We have N* = 723N and N # 0, hence N° = 147.

Prove that for any non-negative integer n the number
A=2"43" +5" + 6"

is not a perfect cube.

Solution. We will use modular arithmetic. A perfect cube has the form M7,
M7 + 1 or M7 — 1, since

(7z +1)* = (Tz + 2 = (72 +4)® = 1(mod 7);
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and
(7z +3)% = (T2 + 5)° = (T2 + 6)> = —1(mod 7).

Now observe that
26 = 4% = 1(mod7);
36 = 9% =23 = 1(mod7);
56 = (-2)% = 2% = 1(mod 7);
66 = (—1)° = 1(mod 7).

It follows that 26% = 36% = 56F = 6% = 1(mod 7).

Denote a, = 2" + 3" + 5™ + 6™ for any integers n > 0. Set n = 6k + r, with
r €{0,1,2,3,4,5,6}. As 2" = 2"(mod 7), 3" = 3"(mod 7), 5" = 5"(mod 7), and
6" = 6"(mod 7) we have a,, = a,(mod 7). .

It is easy to observe that ag = as = ag = 4(mod7),a; = a4 = 2(mod7) and
a3 = 5(mod 7).Therefore, a, is not a perfect cube.

The points A, B, C are the vertices of a triangle with no equal sides. How many
points D exist such that the set {A, B, C, D} has a symmetry axis?

Solution. Let a be the symmetry axis of the set {A, B, C, D}. We consider two
cases:

1. None of the points A, B, C, D lies on the line a. First, consider that D and A
are symmetric with respect to the line a. Then B and C are also symmetric with
respect to the line a. In other words, D is the reflection of A with respect to the
perpendicular bisector of the line segment BC. Thus we have three possibilities
to choose such a point D, except for the case when the triangle ABC is right-
angled. In this situation we have only 2 solutions, since the reflections across the
perpendicular bisectors of the legs of the right-angled triangle produce the same
point D.

D——¢C

D if) if)
2. The line a passes through a vertex of the triangle ABC. Suppose that A lies
on the line a. The reflection of A across a is obviously the point A. The points B

and C are not symmetric with respect to a, since AB # AC. Because the point D
cannot be the symmetric point of both B and C across a, it follows that B € a or
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C € a. Consider the case B € a; that is @ = AB. Now reflect C across AB and find
D. Since a can be AC, AB or BC, we infer that there are three possible choices of
the point D. ’

C

[ i

I C c l B
B D

i) ) iii)

Consequently there are 5 locations for a point D with the desired property if ABC
is a right-angled triangle; otherwise there are 6 possibilities. '

A cyclic quadrilateral ABCD is given. On the rays (AB and (AD the points P
and () are considered so that AP = CD and AQ = BC.
The lines PQ and AC meet at point M and N is the midpoint of the segment BD.

Prove that PM = MQ = CN.
Solution. Let T be a point on the line AQ such that AT = AQ = BC. The
quadrilateral ABCD is cyclic, so the angles ZDCD and ZPAT are congruent.

Since DC' = AP and CB = AT we deduce that the triangles DCB and PAT are
congruent, hence ZPTA = ZCBD.

Furthermore, the angles ZCBD and ZCAD are congruent since ABCD is cyclic.
Then ZPTA = ZCAD and consequently the lines PT and AC are parallel. In the
triangle QT P, AM is the middle line, so PM = MQ.

Let R be the midpoint of the segment PT. The medians AR and CN correspond to
the congruent sides of the triangles PAT and DCB, hence they are also congruent.
In the triangle TQP, AR is the middle line, so CN = AR = QM = MP. Therefore
CN = PM = QM, as desired.

Solve in positive integers the equation

¥ -y + ¥ + y* = 5329.

Solution. The equation is equivalent to

(¥" +1) (¥* +1) = 5330.
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141.

142.

Factorizing the number 5330, we obtain

1-5330 =5-1066 = 10 - 533 = 13 - 410 = 26 - 205 = 41 - 130 = 65 - 82 = 2 - 2665.

In the first six cases we find no solutions.
If (z¥ + 1) (y* + 1) = 65 - 82; then:

z¥+1=165 z¥ =64 r=4.
a) < & )
y*+1=282 y* =81 y=3

or

2¥4+1=282 ¥ =81 z=3
b) & & .
¥ +1=65 y® =64 y=4
Finally, if (z¥ +1)(y* +1) = 2-2665 we obtain z =1, y = 2664 or y = 1, = = 2664.
Thus
(z,y) €{(3,4), (4, 3), (1, 2664), (2664, 1)}

Find all the positive integers n for which the number obtained by erasing the last
digit is a divisor for n.

Solution. Let b be the last digit of the number n and let a be the number obtained
from n by erasing the last digit b.Then n = 10a + b.

Since a is a divisor of n, we infer that a divides . Any number n that ends in 0 is
therefore a solution. If b 0, then a is a digit and n is one of the numbers 11, 12,
., 19, 22, 24, 26, 28, 33, 36, 39, 44, 48, 55, 56, 77, 88 or 99.

Prove that a quadrilateral ABCD with
area [ABC] < area [BCD)] < area [CDA| < area[ABD)]

is a trapezoid. .
Solution. Let O be the intersection point of the diagonals AC and BD. Since
area|ABC] < area[BCD], we have

area [AOB] + area [BOC)] < area[BOC] + area[DOC],

thus
area [AOB] < area [DOC]. 1)

From area[CDA] < areaABD)] we deduce similarly that

area [DOC)] < area[AOB]. (2)

Therefore
area [DOC)] = area [AOB] 3)
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Adding area|BOC] in both sides of the relation (3) yields
area[BCD] = area[CAB].
B C

A D

The triangles ABC and DBC have the same area and a common side BC, hence
the altitudes from A and D are congruent. It follows that AD || BC, as desired.

143. Inside a recta,ngle of area 5 are given 9 polygons eax:h of area 1. Prove that there
exists 2 of them with the common area not less then 5

Solution. Let Ty, Ty, ..., Ty be the nine polygons, each having the area 1. Sup-
pose, by way of contradlctlon that any two of the polygons T; have a common area
which is less than 5 Then, the area of the polygon T, which is not inside T} is

greater than 1 — — = 5.
Furthermore, the area of the polygon T3 which is not covered by T, and T} is

1_1_71
greater than 1-5-5=%

On this line of reasoning we find in the end that the area of the polygon Ty, which
is not included in the union of Ty, Ty, ..., Ty is at least 1 — 8l = -1-

Consequently the area covered by all 9 polygons Ty, T, ..., Ty is at least 1 + +
§ Iy, + + §, hence is greater than the area of the rectangle which contains the
polygons Tl, Ta, ..., Ty, a contradiction.

144. Prove that for any real numbers a and b there are numbers z, y € [0, 1] such that

Iwy—a-’t—bylzé

Solution. Suppose by contradiction that there are real numbers a and b such that

1
ley — az — by| < 3
for any x,y € [0, 1].
For z =0 and y = 1 we obtain |b| < }.
For z =1and y = 0 we infer that la] < §.
Setting z=1land y=1yields |l —a—-b] < %

Therefore [l —a —b] > 1—la| — [b] > 1§ -~ § = 4, a contradiction.
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145.

146.

Find the greatest number that can be written as a product of some positive integers
with the sum 1976.

Solution. Let z1, x3, ..., Tn be the numbers having the sum z; +z2+... +Zp =
1976 and the maximum value of the product z; -z2-... z, =p.

If one of the numbers, say 1, is equal to 1, then 1 + 22 = 1 + T3 > z2 = z172.
Hence the product (z1 +2)- 23 - ... Zn is greater than z1 -z - ... -z, = p, false.

Therefore =, > 2 for all k.
If one of the numbers is equal to 4 we can replace him with two numbers 2 without
changing the sum or the product.

. Suppose that z; > 5 for some k = 1,7n. Then z; < 3(xr —3), so replacing the

number z;, with the numbers 3 and x; — 3, the sum remains constant while the
product increases, contradiction.

Therefore all the numbers are equal to 2 or 3. If there are more than 3 numbers
equal to 2, we can replace them by two numbers equal to 3, preserving the sum
and increasing the product (as 2-2-2 < 3-3). Hence at most two terms equal to
2 are allowed. Since 1976 = 3 - 658 + 2 the maximum product is equal to 2 - 35%.

An acute triangle ABC is given. Prove that the internal bisector of angle ZBAC,
the altitude from B and the perpendicular bisector of the line segment AB are
concurrent if and only if ZA = 60°.

Solution. Let AD be the bisector line of the angle ZBAC and let BB’ be the
altitude from B. The lines AD and BB’ meet at M and E is the midpoint of the
side AB.

First, we prove that if AD, BB’ and the perpendicular bisector of the segment AB
are concurrent, then ZA = 60°. We have that ME is the perpendicular bisector of
AB, so AM = AB and ZMBA = ZM AB: On the other hand, ZMAB = ZM AC,
hence ZMBA = LM AC. Moreover, /AMB' = /MAB + /MBA = 2/B’AM.
Summing the angles of the triangle AM B’ we obtain 3ZMAB’ + 90° = 180°, so
ZMAB' = 30°, and consequently ZA = 60°, as desired.

A

B D

Conversely, we prove that if Z4 = 60°, then M lies on the perpendicular bisector of
the side AB. Since ZABB' = 90° — ZA = 30° and consequently ZMAB = 1/A =
30°, it follows that the triangle M AB is isosceles, hence M A = M B.

Therefore EM is the perpendicular bisector of AB, as desired.
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147. The points M, K, L are considered respectively on the sides AB, BC, AC of a

triangle 4BC. Prove that at least one of the areas of the triangles MAL, KBM
or LCK is not less than a quarter of the area of the triangle ABC.

Solution. We have

AB - AC -si ) L
area [ABC)] = _.__g_sll.lﬁ; area[AML)] = AM A2L smA’

hence

area[AML] AM - AL

area[ABC] = AB-AC’ (1)
Likewise,

area[BMK] BM - BK

area[ABC] = BA-BC (2)
and

area |[CLK] _CL-KC

area[ABC] ~ CA-CB’ (3)

A
M
L
B K C

Su ose b Py area[AM L] 1 area|]BMK 1 area|[CLK 1
pp y contradiction that m%ﬁal >4 ;;;}IA—BC-,l > i and ;f;;{A_BE} > T
Multiplying the relations (1), (2) and (3) leads us to

AM-AL BM-BK CL-KC _ 1
AB-AC BA-BC CA-CB &1

then
AL-CL BM-AM BK-CK _ 1
AC-AC AB-AB BC.BC @' )
By AM — GM inequality, VAL - CL < AK4CL = 4C hence
AL-CL _1
AC-AC — 1
and similarly,
AM-BM 1 BK-CK 1
< — i<z
A8 AB 1 ™ Be B0 <71

Multiplying these inequalities we obtain a contradiction with the relation (4).
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148.

149.

150.

151.

Find all the integers x, y, z so that 4° + 4¥ + 4% is a square.

Solution. Without foss of generality assume that z <y < 2z and let 4% +4¥V +4* =
w2, Then 2% (1 + 42 + 4*=%) = u? and s0 1 +4¥=% +4°== = (1 + 2a)" . It follows

that
4v=2=1 4 4>-7=1 = g (g +1) and then 44~*"1 (1+4*7¥) =a(a+1).

We consider two cases.

1° The number a is even. Then a + 1 is odd, so 4¥~*"! =g and 1 +4* ¥ =a+1.
It follows that 4¥=%—1 =4°~¥ hencey —z —1=2z—y. Thus 2 =2y —x — 1 and

4% L 4Y 147 = 47 4 4Y + 42v-7=1 = (2:;: + 22,,-,,:_1)2'

9° The number « is odd. Then a + 1 is even, soa =4*"Y +l,a+1= 4v—==1 and -

4v-7-1 _ 42-¥ = 9. Tt follows that 22¥—2—3 = 222=2¥=1 4 1 which is impossible
since 2z — 2y — 1 # 0.

Find all the primes a, b, c such that
ab + be +ac > abe.

Solution. Assume that @ < b < ¢. If @ > 3 then ab + bc + ac < 3be < abe, a
contradiction. Since @ is prime it is left that a = 2.

The inequality becomes 2b + 2c + bc > 2bc, hence % + § > 1
If b > 5, then ¢ > 5 and

il
SIRN

(S

+

o=
(SR

+-<

o=

<

N =

false.

Therefore b < 5, that is

1° b= 2 and c is any prime;
2°b=3and cis 3 or 5.

Five points are given inside of an equilateral triangle of side length 1. Prove that
there exist 2 points at a distance less than 1.
Solution. Divide the triangle into five equilateral triangles of side length % by

drawing the middle lines. Among the five given points, at least two of them will
be in the interior or on the sides of one of these 4 triangles. The distance between

them is less than %, so we are done.

Let A; A, ... A, be a regular polygon, n > 3. Find the number of obtuse triangles
A;AjAs.

Solution. We consider two cases.

i) The number n is even. We will evaluate the number of triangles with the vertex
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Ay, and ZA; > 90°. These are the triangles A1 A; Ay with j <kandk—j> 2 5o
we have to count the number of pairs (j, k) such that 2 < j < % <n and k— J 2>’ z
_For a number j between 2 and Z — 1, there are %~ J possible values of the numer
k. Hence the total number of the pairs is equal to

(%—2)+(g—3)+...+1=%(%~z) (g—l)=%(n—2)(n—4).

T . . (n=2)(n—
herefor?, the number of triangles obtuse at A4, is 5"—%2—41 and the number of
obtuse triangles is equal to ﬂﬂﬁs)-(tﬁ.

ll) The number n 1S Odd. On the same hne Of reasonin, we count the tIlangleS
g?
1 ]Ak 1. n p 7 7
A A ()l)i use at A Iha‘ 1S ‘]le ll]llbel ()I alrs ]i: w ”l 2 < Iﬂ n a]l(l
> ( ’ ) I < <

ok SRk B V) k)
2 2 8 '

Finally, the total number of obtuse triangles is

n(n—1)(n~3)
> :

152. Find all the positive integers z, y, 2, t so that z 4 Y+ 2z = xyzt.

Solution. Assume that z < y < z the equation is equivalent to

1 1 1 o,
;—1-/-+El—z-+zt-=t, so it is obvious that £ < 3.
We consider three cases.
)ft=3,thenc=y=2=2.

2)Ift =2, then z = 1. Indeed, if 2 < 2 < y < z then
1 1 1

< 3 tradicti
2y gz Tz -4 a contradiction.

Moreover y =1, since 2 <y < z implies

1 1 1 1 1 1 5
2== -— ~-< = —_— -_°
Y pz z_2+2.2+2—4,fa]se.

It remains 2 =1 + %, 50 z =2,

3) If t =1, then z = 1, otherwise
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153.

as shown before. If y > 3, then z > 3 and

=T

1 1 1
1= T-_3 5—-— §-— , false.
It follows that y < 2. The case y =1 leads to contradiction, soy =2 and

=Lyl
- 2z 2z

Finally, z = 3. The solutions are

€{11,13),(1,231!
(2,3,1,1), 3,211 °

(z, 9, 2, 1) 1.3.1),(1,3,21),31,21),

Find all the positive integers n for which the “t’
{n,n+1,n+2,n+3,n+4,n+5}

can be decomposed in two disjoint subsets such that the product of elements in
these subsets are equal.

Solution. We prove that no such numbers n > 0 exist. For n = 0 this is obvious,
so assume that n > 1.

First, observe that if an element of the set E = {n,n+1,n+2,n+3,n+4,n+ 5}
is divisible by a prime number p, at least another number must be divisible by p.
Among 6 consecutive numbers there is a multiple of 5, so there must be two of
them. The only possibility is to have n and n + 5 divisible by 5, so n 2> 5.

Now observe that any element of E is less than any product of two numbers from
E.

For this, it suffices to show that n(n +1) > n + 5 which is obviously for n > 5.
Consequently, the subsets of E must have three elements each and the numbers n
and n + 5 are not in the same subset. We have the following cases.

a)n(n+1)(n+2) and (n+3)(n+4) (n+5);
b) n(n+1)(n+3) and (n+2) (n+4) (n+5);
¢)n(n+1)(n+4)and (n+2)(n+3)(n+5);
d)n(n+2)(n+3)and (n+1)(n+4)(n+5);
e)n(n+2)(n+4)and (n+1)(n+3)(n+73);
f)n(n+3)(n+4)and (n+1)(n+2)(n+5).

In the first 5 cases, the product of the elements from the first subset is less than
the product of the elements from the second one.

In the last case, the equality n(n + 3) (n +4) = (n + 1) (n + 2) (n + 5) leads to
n? + 5n + 10 = 0, which has no integer solution. The proof is complete.
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154. Prove that in any tetrahedron there is a vertex such that the edges arising from it

155.

are the sides of a triangle.

S9lution. Let AB be the greatest edge of the tetrahedron VABC. Applying the
triangle inequality yields

AV + BV > AB 1)
and

AC + BC > AB, (2)

hence
AV + AC + BC + BV > 24B. (3)

Vv
A B
c

Suppose that AB, AC, AV cannot be the length of the sides of a triangle. Then

AB > AV + AC. @)

From the inequalities (3) and (4) we infer that AB < BC + BV, thus AB, BC and
BV are the lengths of a triangle.

Let ABCD be a convex quadrilateral and let E and T be the mldp01ﬁts of the sides

BC and CD respectively. If AE + AT = 4, prove that the f th
ApOpCD respectiy , P area of the quadrilateral

Solution. We use the fact that a median divides a triangle in two triangles having
;he same area. As AE and AT are medians in the triangles ABC and ADC, we
ave

area [ABC] = 2area [AEC]

{

and

area [ADC] = 2area [ATC],
hence

area [ABC] + area [ADC] = 2 (area [AEC] + area [ATC]) = 2area[AECT]. (1)
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157.

A

Let L be the intersection point of the lines AE and BD. Since ET. is the middle
line of the triangle BCD, then ET || BD and consequently the altitudes from C
and L in the triangles CTE and LTE are congruent. Thus

area [ECT) = area [LTE)

and

area [ATE] + area [CTE] (2)
area [ATE] + area[LTE] < 2area [AET).

area [AECT)

Set AT =z, then AE =4 — z and
2area [AET] = x (4 —z)sin ZEAT <z (4—x) <4 (3)

Combining (1), (2) and (3) gives
area [ABCD)] = 2area [AECT) < 2 - 2area[AET] <4-2=8,

as desired.

A number z is formed using the digits 1, 2, 3, 4,5, 6,7 once and only. once.
Rearranging the digits we obtain a number y. Prove that y is not a divisor of z.

Solution. The sum of the digits of the numbers = and y is 28, hence z an‘d Y
have the form 99 + 1. If y = kx for some integer k, then k € {2,3,4, 5,6}. This is
impossible, as M9 + 1 # M9 + k.

Let x, y, z be distinct integers such that zy + yz + zz = 26.

Prove that 22 + y% + 22 > 29.

Solution. Assume that t <y <z Theny—z>1,2—y>1, z—z =2, hence

-y +@y—-2)>"+ (-2} 26

Furthermore,
By’ +2 oy -—yz—2w23,
and since .
zy + yz + 2z = 26,
we obtain

m2+y2+z2229,

as needed.
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158. Inside a unit square lies a convex polygon of area greater than % Prove that there
is a line d parallel with one of the sides of the square that cuts from the polygon a
line segment of length greater than or equal to % ~

Solution. Draw from all the vertices of the polygon parallel lines to the same side
of the square, dividing the polygon in several triangles, trapezoids or rectangles.
Assume by contradiction that all the segments determined by these lines and the
polygon have the length less than -% The sum of the altitudes of all the regions
created from the polygon is less than 1, hence the area of the polygon is less than
$ a contradiction.

159. A triangle ABC is considered. The internal bisectors of the angles ZABC and
ZACRB intersects the sides AC and AB in the points D and E, respectively. Find
the angles of the triangle ABC if ZBDE = 24° and ZCED = 18°.

Solution. Let K be the intersection point of the lines BD and CE. Then

ZKCB + ZKBC = 24° +18° = 42°,

We can find the measure of the angle A

ZA =180° ~2(LKBC + ZKCB)=180° —2-42° = 96°.

Let M be the reflection of D across the line CE and let L be the reflection of E
across the line BD. Since CE and BD are angular bisectors of ZC and £B, it
follows that the points M and L are located on the line BC. Let the line BD meets
EM at R. Then

£ZERB = /RED + /EDR =2-18° +24° = 60°.
Consequently,

ZBRL = 60°, ZMRL = 180° — ZERL = 60°

and

£ZLDM = LEDM — LEDL =90° -18° —2.24° = 24° = /RDL.
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Thus L is the excenter of the triangle RDM and
LDMC + ZRML
/ZDMC = ZRML = —_—
_ £DEM ; ZEDM _ 150 4 36° = 54°,
Finally, note that
- LACB =180° — ZDMC -2 =172°
arld ] (] o
ZABC = 180° — (96° + 72°) = 12°.
= late VN.
160. Let N = 44...488...8 9 . Calculate VN,
2002 2001
Solution. We have
=4 1022 +-8.11...1-10+9
N = 44...488...89=4-11...1-10°7° +
2002 2001 2002 2001
= 4(1029°1 4 1029 4 .. +10+1) - 100
+8- (10209 410" 4. +10+1)-10+9
PR Usiiihat DTS —————-1020(;1 ~L.10+9
9
= é (104004 _ 102002) + g (102002 — 10) + §gl
9
4.10%004 _ 4.102002 4 8.10%002 — 80 + 81
= ' 9
210202 41\
-y,
thus . - - wor 1
2-10%00% 41 2:10%002 41
VN = ( 3 = 3 =66...67.
2001
161. Numbers z3, Z3, ..., &, are chosen from the interval {2, 4] such that

1n 2 _
x1+w2+...+zn=Tandmf+x§+...+wn—9n.

Prove that 12 divides n.

‘Solution. As z; € [2,4], we have 0 < (x; — 2) (4 — ;) = 6z; — z? — 8, for all

i=T, n
Summing these inequalities yields

2
6(z1+2s+...+a2)— (2] +a5+...+25) —8n 20,

162.

163.

119

with equality when z; =2or 4 foralli=1, 2, ..., n.
Since
17n

m1+m2+.,.+mn=T
and

i +ad ... +22=09n,
note that 17

6~—-62—9n—8n=0,

hence x; € {2,4} foralli=1,2, ..., n.

Thus z; +x3+... + 2, iseven and 1Tn = 6 (2 + 2 +. . . + x,) is divisible by 12
and consequently 7 is a multiple of 12.

Inside a box of dimensions L, ! and h are given n3 +1 points. Prove that there are
two of them at a distance less than ALJ@

Solution. Divide each edge of the box into n equal segments, then divide the

parallelepiped into n® boxes of dimensions &, £, 2 By the Pigeonhole principle,

at least two of the n3 + 1 given points are inside of such a small box. Then the
distance between these two points is less than the diagonal of this box, which is

equal.to ,/L&%Lhz.

A point M is given inside a triangle ABC. Let D, E, F be the projections of the
point M onto the sides BC, C'A, AB respectively. Find the minimum value of the
sum

BC  CA  AB
MD T ME T MF

Solution. We have
area [ABC] = area [M AC] + area [M AB] + area [M BC),

50
2area[ABC] = BC - MD + AC - ME + AB - MF

By Cauchy-Schwarz inequality,

(BC-MD + AC - ME + AB - MF) (-fﬁ CA  AB

L 22 s 2
MD+ME+MF) _(AB+AC+BC)

hence
BC CA AB _2* 2

MDYMETMFZ2w =
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164.

165.

166.

167.

M
D

-]

where 7, p, S denote the inradius, semiperimeter and area of the triangle ABC.

Therefore the minimum value of the sum is equal to -Z-TE and it is obtained when

BC-MD AC-ME AB-MF

BC = AC .~ AB
MD ME MF

That is when MD = MF = ME; in other words, M is the incenter of the triangle
ABC.

Let a > b > 0 be the real numbers such that a®+b% = a—b. Prove that a*+b* < 1.
Solution. As a > b > 0,then a® + 5% = a — b < a + b. On the other hand,

a® + 8% = (a +b) (a* + a® + a®b? + ab® + %),

hence a* + b* < a* + a3b + a?b% + ab® + b* < 1, as needed.

Let n > 2 be an integer.. Prove that the number of irreducible fractions from the
set {n, z, ;, "_1} is even.

Solution. We prove that if & k is irreducible, then ""‘ is also irreducible. Indeed,

(k,n) = 1 implies (n — k,n) = 1 as desired.

Moreover, the numbers £ and —;— are distinct, otherwise -’3 = ﬂ yields n = 2k,
and consequently o1 is a reducible fraction. Thus we can pau* the irreducible
fraction from the set {£,%,.., 2L}, proving the claim.

n'"*
In the interior of a unit square are considered 129 points. Prove that there exists
a disk of radius -}; that contains at least three points.

Solution. We prove a more general claim:

If 2n? +1 are given inside a unit square, then there are three points inside o disk
of mdms =

For this, d1v1de the unit square into n? squares of side length . By the Pigeonhole

principle, there are three points inside or on the sides of one of these small squares.
As a square of s1de L can be covered by a disk of radius =, we are done.

Find all triangles with integér side lengths so that the semiperimeter has the same
value as the area of the triangle.

168.

169
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Solution. Let a, b, ¢, p, S be the side lengths, the semiperimeter and the area of
the triangle. The given condition is p = § and by Heron’s formula

5?=p(p—a)(p—b)(p—o)

we derive that

S=(S—a)(§~b)(S—c). )

Without loss of generality assume that a < b < c. Set S —a =z, § —b = y,
8§ —c=12z Then z >y > z > 0 are integer numbers and

S§=8-a+8-b+S~c=x+y+2z.
The relation (1) is equivalent to
T+y+z=uzxyz, ' (2)

and

y+z=x(yz—-1). (3)
Then y(yz—1) <z (yz—1) =y + 2 < 2y, hence yz ~1 < 2 and yz < 3.
As z <y, we have 22 < yz < 3, thus z = 1.

Furthermore,
T+1 2

r—1" -1
It follows that = — 1 € {1,2}, then z € {2, 3}.

1° If z = 2, then y = 3 > z, false.

2° For ¢ = 3, we obtainy =2 and S=x +y+ 2 =6.
Finally,a=8§ —z =3, b.=S—y=4andc=S—-z=5.

z+y+l=zyandy=

Let n and p be positive integers n > 1. Prove that the numbers n — 1 and np + 1
cannot have other divisors than the divisors of p + 1.

S.ol'ution. Let d be a common divisor of the numbers n — 1 and np + 1. Then d
dividesn—14np+1=n(p+1) so d = ab, where a divides n and b divides p + 1.
Asa|dandd|n—1, thena|n—1 Hencea|(n,n—1) =1, therefore a = 1 and
d = b is a divisor of p + 1, as claimed.

Find a relation between the numbers a, b, c if
1 1
T+ - =a, y+—=ba.ndxy+-1—=c.
z ) Ty

Solution. We have
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170.

171.

172,

hence
=ab-—c. (1)

@ |8
+
8 |<

On the other hand,

x 1 11 1\° 1\?
(_+§/_) (xy+~—>=x2+z,'2+—§+——2=(x+-—> +<y+—> —-4. (2)
\y =« zy 2y x y

From (1) and (2) we obtain the relation

a? +b? + % —abe=4.

Prove that in any polygon there are two sides with the length ratio greater then or
equal to 1 and less then 2. ’

Solution. Let a; > as > ... > an > 0 be the side lengths of the polygon. We
prove by contradiction that there are two sides with the lengths ratio greater than
or equal to 1 and less than 2.

If not, then
a1 > 2a9,a2 2 20'3: sy Ope1 2 2a,.

Summing these inequalities, we obtain
a1 >az+az+...+2a, >a2+az+... +an.
This is a contradiction, since a1, as, .- ., a, are the side lengths of a polygon.

Inside a unit cube 28 points are given. Prove that among them there are two points
at a distance not greater than %

Solution. Divide naturally the unit cube in 27 cubes of side length % By Pigeon-
hole Principle, at least two points from the 28 given ones are inside (or on the faces)
of a small cube. The distance between these points is not greater than the diagonal

of this cube, which is 33@, as needed.

Find the last 5 digits of the number 591,
Solution. First, we prove that 519! = 5% (mod 10°) . We have

51981 _ g5 (51976 _ 1) 55 — 55 [(58)247 _ 1] =M [55 (53 _ 1)]
o [5° (5% —1) (5% +1)] =M [5° (5 - 1) (5+1) (5° +1) (5* + 1)]

= IM552% = 9100, 000.

i

Therefore 51981 = 91100, 000 +5° = 21100, 000+3125, so 03125 are the last 5 digits
of the number 5191,
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173. Compute the sum
2 22 PAGE
S o= ———
3+1 +32+1 +':'+32"+1'
Solution. For x # 1 we have
1 _z=-1 171 1 1
z+l1 22-1" 2 x—1+m+1]—z2-—1’
so
11 1
2@+D) 2@-1) -1 )
Consequently, '
2k+1 9k+1 ok-+2
32k+1_32k_1'—32k+1_1' (2)

174.

Using repeatedly the identity (2), we obtain

2 22 22 23 n+1 )
S = ( _ _ on+ on+2
3-1 32_1)+(32_1 322_1)+--.+(32n_1"'3204-1__1)

2 on+2 on-+2

3-1 32t =

- 32"-6-1 - 1 .

In a tetrahedron all the altitudes are congruent. One of them passes through the
orthocenter of the corresponding face. Prove that the tetrahedron is regular.

Solution. The areas of the faces are equal, since all the altitudes of the tetrahedron
have the same length. To fix the notation, let D be the orthocenter of the base
ABC and !et VD be an altitude of the tetrahedron. Let the lines BD and AC
meet at point E. Then BD is an altitude in the triangle VAC. The areas of the
triangles VAC and ABC are equal, hence VE = BE. The right-angled triangles
VEC and BEC are congruent, and so VA = AB. s

Vv
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Analogously, we deduce that CV = AC, VB = AB, VB = BC and Aq =VA4;in
other words, all the edges of the tetrahedron have equal lengths, as claimed.

175. Let ABCD be a parallelogram. On the sides BC and C'D points E and F' are

chosen such that £2 = o and £§ = b. Lines AE and BF intersect in the point
M. Find the ratio £%.

Solution. The parallel from C to BF intersects the line AB at Q. The lines AE
and C(Q intersects at T. We have

_=_g.g;_ (1)
ME ~ ME
Since M B || CQ, we have
AM _ AB )
MT ~ BQ
e BT _EC ®
ME ~— EB’
Furthermore,
AM AB DC DF+FC 1 . b+l
ay _ L0 LY T 1=
MT  BQ CF CF b b
MT _ME+ET ME ET . EC_ 1 _a+l
ME~- " ME ~ ME ' ME EB 2 a
D F C
E/ AT
A B Q

The relation (1) gives

ME MT ME b a ab

176. Prove that there are at least 2002 rational numbers m so that v/m + 2002 and

© v/m + 2003 are both rational numbers.

Solution. Set m = 21:4127‘?;5'—1- — 2002 for some integer a > 0. Then the numbers

a

2_1\* a?-1
Vim + 2002 = ( - ) =—

177.

178.
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and

2 2 2
V2003 = (“2:1) =“_2+_1
a

are both rational numbers.

Thus, there are infinitely many rational numbers that satisfy the condition.

Let a, b, ¢ be positive real numbers such that abc > 1 and % + % + % >a+b+ec
Prove that:

i) All numbers are different than 1.

if) Only one numbers is less than 1.

Solution. 1) Assume by contradiction that a = 1, then be > 1 and % + % >b+g

it follows that
b+c

be

and since b+ ¢ > 0, then bc < 1. On the other hand, bc = abc > 1, a contradiction.
2) We have

>b+e,

(a-1)(b-1)(c-1) = abct+a+b+c—(ab+bc+ac)—1

1 1 1 1 1 1
<abc+=+-4+-—abc|l=-+=+=)-1
a b ¢ c

a b
=abc(1————l—-1-)+(l+l+1_1)
c a b ¢
=—abc(-—+—+-1-—1>+(.1.+.1_+1_1)
b b ¢
1 1 1
_(1-—abc)<g+z+—-—1) (1)

We consider the cases:

a) All the numbers are greater than 1. Then 141 +1 > a+b+c, a contradiction.
b) All the numbers are less than 1. This is impossible since abc > 1.

c) Only one number is greater than 1. Suppose a < 1,b< 1 and ¢ > 1, hence
@—1<0,b-1<0,c—1> 0. Since abc > 1, from (1) we infer £ + 3 + 1 < 1.
This is a contradiction, since ;.1; + ;,1- + % > ;‘1; > 1.

Consequently, only one number from a, b, ¢ is less than 1.

5 points are given in a plane, not three of them collinear. Prove that there are 4
among them which are vertices of a convex quadrilateral.

Solution. Suppose that the quadrilateral ABCD is concave and D is inside the
triangle ABC. The lines AB, BC, AC divide the plane in seven regions. Suppose
that the point E is in the region I, namely inside the triangle ABC. Then the line
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179.

DE intersect only two sides of the triangle ABC say, AB and AC. Tt follows that
D,E,B,C are the vertices of a convex quadrilateral. Now assume that the point
E is in one of the three regions marked with II. Without loss of generality, assume

that E is inside the vertical angle of ZBAC.
I

B
m m

A C
H/ il u

Then the points A and D are inside the triangle EBC and we solve like in the
previous case. Finally, if the point E is in one of the three regions marked with III,

the claim is obvious.

Consider a convex hexagon of area S. Prove that there is a triangle determined by
S

three consecutive vertices of the hexagon with an area not greater than %.

Solution. Let ABCDEF be a hexagon of area §.

i) Assume that the diagonals AD, BE, C'F intersect at point O. Then the hexagon
is divided in three quadrilaterals ABOF, BCDO, ODEF, one of them having the

area not greater than §/3.

ii) The diagonals AD, BE, CF are not concurrent. Let Q, L, T be the intersection
points of the diagonals AD and BE, AD and BE, BE and CF respectively.

The hexagon is divided in three quadrilaterals ABT'F, BCDQ, EDLF and the tri-
angle QLT. Again, one of the quadrilaterals has the area not greater than %

Suppose that the quadrilateral FEDL is the one with the area not exceeding %
(for the first case take FEDO instead of FEDL). The diagonal EL divides the
quadrilateral in two triangles, one of them (say FEL) with area not greater than
S Now observe that the distance from L to FE is between the distance from A
and D to FE. Consequently, one of the triangles AFE or DFE has the area not
exceeding the area of the triangle FEL and furthermore, not greater than %. This

completes the proof.
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180. Find all the positive integers n which are equal to the sum of its digits added to

181.

the product of its digits.

Solution. 105 0o
euch that Let @Gz ---Gn, 01 #0and ag, a3, ..., a, € {0, 1, ..., 9}, be a number
a1a2...0n =a1 +oag +... +an +a1az...0p. "

The relation is equivalent to
a1 (10" - 1) +ap (10" 2= 1) +... + 9ap_) = a105...0,
and

a2(10"_2——1)+...+9an_1 =aq (agag...an-— 99...9) .

n—1 digits

The left.-l.land side of the equality is non-negative, while the right-hand side is
non-positive, hence both are equal to zero. The left-hand side is zero if n = 0 or

ag =03 =...=ap_1 = 0.

For ag = a3 = ... = ap—1 = 0 the left-hand side do not equal zero, hence n = 2.

Then a; (a2 —9) =0,s0 a3 =0 and a; € {1, 2, ..., 9}.
.The numbers are 19, 29, 39, 49, 59, 69, 79, 89, 99.

Consider the sum
1 1 1

e b
1.2 2.3 99100

Find the sequences of consecutive terms of S that add up to é.

S =

Solution. The problem is to find positive integers n and p such that

1 1 1 1
+ +:.. = =
n(n+1)  (n+1)(n+2) +(n+p_1)(n+p)"6'
We have
1_(1__1 1 1 1 1
6 <n n+1>+(n+1—n+2)+"'+(n+p-1—n+p>

11 p

n_n+p=n(n+p)’

hence 6p = n(n + p) . Since n* > 0, then 6p = n®+np > npandn € {1, 2, 3, 4, 5}.
1) If n =1, then p = £, false.
2) f n = 2, then p = 1 and we obtain the term =L =

3) For n = 3 then p = 3 and we have 3; + & + L = 1.
4) For n = 4, we find p = 8 and &"‘3%'6"'"""'—11112:%‘-
5) For n = 5, we have p = 25 and 3‘-1'6+6_}7+"'+_29130=%-




128

182.

183.

Prove that any polygon with the perimeter 2004 can be covered by a disk of dia-

meter 1002.
Solution. Let A and B be two points on the sides of the polygon P which divide

the perimeter in two equal parts of length 1002. We have AB < 1002 and we prove

that the disk of radius 501 = -19292, centered at the midpoint of the segment AB,

will cover the polygon P. Assume by contradiction that there is a point E on the
polygon P such that OF > 501.
Notice that E is different from A and B, since OA = OB < 501.
E
A

K

Let = be the length of the shortest path from A to E, using only the sides of the
polygon P and define y similarly for the points B and E. We have z + y = 501.
Since AE < z and BE < y, then

501 =z +y > AE + BE.

Reflect E across O at point K. As AKBE isa ﬁarallelogram, BE = AK and
AE + BE=AE+ AK > EK =2-0FE > 501,

a contradiction.
Prove that there are no triangles in which the incircle divides an internal bisector

of an angle in three equal segments.
Solution. Assume that there exists a triangle ABC in which the bisector BE of
the angle ZB meet the incircle at M and N such that BM =MN=NE =z.

B

184.

185.
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The incircle touches AB and AC at T and L i
point theorem we have » respectively. From the power of a

BT?*=BM -BN =2

and'
EI?=EN-EM =2 -,

hence BT = LE. On the other hand AL = AT, so AB = AE.
It follows that ZAEB = ZABE = /EBC, thus AC || BC, a contradiction.l

Let k, ny, no, ng b i
..., ng be odd integers. Prove that the numb
among migma, mafm Bt Gy o, ers of odd numbers
Solu:nox:. The. numbers ny, ng, ..., ny are odd, hence the numbers 2in2 naing
oy -U'—l‘z are integers. 2oz
The sum
n+ng ng+ng o g +ny
2 2 +... ) =ny+ng+...+ng,

13 al,l..Od,f.i n:mber, rlllaVTilng an odd number of odd summands. Consequently, among
dme Badma 241 there is an odd number of odd numbers.

Solve in R the equation:
[z[e]] =1,
(Iz] denotes the integer part of the number z).

Solution. By definition,
[z[e]] =1

implies
1<zz]<2
We consider the following cases:
a) € (00, ~1). Then [z] < 2 and = [x] > 2, a contradiction.

:)S(T];i;nl' = [¢] = —1. Then z[¢] = (~1)- (~1) =1 and [z[z]] = 1, s0 2 = —1 is

)z € (-1, 0). We have [¢] = —1 and z[r] = —z < 1, false.
d)Ifx € [0, 1), then [z] = 0 and x [£] = 0 < 1, s0 we have no solution in this case.
e) For z € [1, 2) we obtain [z] =1 and « [z] = [] =1, as needed.

8)Finally, for z > 2 we have [z] > 2 and z[z] = 22 > 42, a contradiction with
Consequently, z € {1} U[1, 2).
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186. Prove that in any triangle the following inequality holds

b+c—a<2bcos-§-.

Solution. Consider a triangle ABC with AB = ¢, BC = a, AC = b. Extend the
segment BA with AE = b such that the point A lies on BE. Then AEC is an
isosceles triangle and £ZBEC = —‘BZ—AC = —’%. Let T be the midpoint of EC. As

ZATE = 90°, we have cos ZAET = cos 4 = £L hence EC = 2ET = AE cos 4=

2bcos -‘%.

On the other hand, from the triangle inequality we have

EC + BC > BE.

Thus 2bcos —'3— +a > b+c, as needed.

'187. A convex polygon with n? sides (n > 2) is decomposed into n convex pentagons.
Prove that n = 3.

Solution. The sum of the angles of the polygon with m sides is (m — 2) 180°. As
the sum of the angles of the n pentagons is greater than the sum of the angles of

the polygon with n? sides, we have

n-3-180° > (n? —2)-180°.

It follows that 2 > n (n — 3), hence n = 3, as needed.

188. Find the greatest number n such that any subset with 1984— n elements of the set

{1, 2, ..., 1984} contains a pair of coprime numbers.
Solution. First, observe that if n > 992 then 1984 — n < 992, so we can select
1984 — n even numbers from the set {1, 2, 3, ..., 1984} and there is no pair of

coprime numbers. Hence n < 991.

We prove that n = 991 satisfies the condition. For this, divide the set
{1,2,3,..., 1984} in 992 pairs of consecutive numbers

{1,2},43,4}, ... {1983,1984}

189.

190.
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Any sub.set with 1984 — 991 = 993 elements must contain one of the pairs of
consecutive numbers. These are coprime numbers and we are done.

Find the real numbers a1, as, ..., G2n41 so that
G1+az+...+0m+0a41 =2n+1and |a; —ag| =[ag —a3| =... = |agny1 — a1].
Solution. Let
|a1 —azf = |a2—a3 = ... = a2n+1—a1]=k.

Then

a1 —ag = =+k,

az —az = =k,

Q2n — Q2pny1 = Tk,

Qony1 — a1 = k.

Summing these equalities yields 0 =tk +k+...+ k= k (1 +1+.. .+ 1). As
N e’ [

) 2n+1 2n+1
(£F1+14...+1) is an odd number, we obtain k = 0, hence all numbers
2n+1
a1,a3,...,09,41 are equal. Since a1+az+...4+ a1 =2n + 1, we find
ay =ag =... = Qon41 =1.

Consider§ 2n + 1 real numbers between 1 and 2". Prove that there are three of
them which are the side lengths of a triangle.

Solution. Divide the interval (1, 2"} into n distinct intervals

(1,2),[2,2%), [2%,2%), ..., [2, 2n).

By. Pigeonhole principle, ‘there is an interval [2’“, 2’““), ke{l,2..,n-1}
which contains three of the 2n + 1 given numbers, say a, b, c. Since

a+b > 2.2k=9k15 ¢

ct+b > 2.2F =2kl 5 o

atc > 2.2k =0kl

the conclusion follows.
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191. A convex octagon has all the angles congruent and all side lengths rational numbers.

Prove that the octagon has a symmetry point.

Solution. Since all the angles of the octagon are equal to 135°, the exterior angles
are equal to 45°. Let A; A, ... Ag be the octagon and let the lines A;A; and A3 A,
meet at point C. As ZCAp Az = LCA3Az = 45°, it follows that the lines A; A, and
AgA, are perpendicular. Similarly, the lines A3 A4 and AgAs are perpendicular at
D, the lines A5 Ag and AgA- are perpendicular at F and finally the lines A3 A; and
A7 Ag are perpendicular at B. It is obvious that BCDE is a rectangle.

B___A 4 ¢
Ay A,
B A D

«

We prove that A; A;AsAg is a parallelogram. The points A;, A2 and As, Ag lie on
the segments BC and DFE respectively, hence

BC = BA; +.A1A2 + AC = A1 Agcos45° + Ay Ay + AgAg cos 45°,
and

ED = EAg + AgAs + As D = AgA7 cos 45° + A5 Ag + AyAs cos 45°,

As BC = ED, we have
A1As — AgAg = cos45° (A4As + AgAy — AgAs — A1 Ag).

The numbers A; Ay — AsAg and AyAs + Ag A7 — Ay A3 — A1 Ag are both rational,
while cos45° = .%Z is not. Consequently, A1 A2 — AsAg = 0, so A;A2A54s is a
parallelogram.

Let O be the center of the parallelogram. In the same way we prove that A; A3 AgA7
is a parallelogram centered at the midpoint of A2Ag, i.e. at point O. It suffices to
observie that A3 A4A;Ag is also a parallelogram and therefore O is the center of
symmetry for the octagon. N ’
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192. Find the sum of the digits of the numbers from 1 to 1,000,000.

193.

Solution. Write the numbers from 0 to 999,999 in a rectangular array as follows:

0 000 00
0 0 0 0 0 1
0 0 0 0 2

9 9 9 9 9 9

There are 1,000,000 six-digits numbers, hence 6,000,000 digits are used. In each
column every digit is equally represented, as in the units column each digit appears
from 10 to 10, in the tens column each digit appears successively in blocks of 10
and so on. Thus each digit appears 600,000 times, so the required sum is

600, 000 - 45 + 1 = 27,000, 001.

(do not forget to count 1 from 1,000,000).

Find the elements of the set

3 _
A={weZ|%i_il-+—2€Z}.

Solution. As z is an int 3 _ i *8at2 ¢
son ntegers, so are 2z + 1 and z® — 3z + 2. Since iﬁfi"‘— €Z,

8x3 — 24z + 16 2 27
——_2:0+1 =4z —2:1:—-11+2w+1€Z.

It follows that 2z + 1 divides 27, so
2z+1€ {£1,43,+9,+27} and z € {-14,-5,-2,-1,0,1,4,13} .
One can easy check that

A={-14,-5-2,-1,0,1,4,13}.
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194. Prove that 2002 points can be joined two by two with 1001 segments such that no

195.

two of them intersect.

Solution. Let E be the set of all the lines determined by the 2002 given points.
Choose a line d which is not perpendicular to any line from E.

Project the 2002 points on the line d and let Bg,, Bx,, ..., By, be the projec-
tions, in this order (notice that the points B; are distinct due to the choice of d).
Label the initial points with Ay, As, ..., Asgoz such that By, is the projection of Ay,
for all k = 1,2002. Now the segments A1 Ag, A3Ay, ..., A2go1A2002 have the required
property.

A triangle ABC with ZA = 90° is given. A square M NPQ is inscribed in the
triangle such that M lies on AB, N lies on BC, P lies on BC and @ lies on CA.
Likewise, the squares of the sides l1, I, I3 are inscribed in the right triangles QPC,
MBN, AMQ respectively, all having two vertices on the hypotenuses and a vertex
on each leg of the triangles. Prove that

11 1

ZTYETE

Solution. The triangles QPC, BNM, M AQ are similar to BAC having the ratios
equal to the ratios of the inscribed squares.

C
L P
Q N
13 lz \
A M B
Hence, if | = M'N, then
L QP I I
T = A - aB T AB=
ly MN l 2
T = Ac " Ac T ACE
s QM | _12
I ~ BC BC BC“za
Thus " . .
l ! [} 1 1 1
B2 2=B 2 _— - — e = e
AB® 4+ AC Cﬁlf-f-l% l§<:>l2 T
as claimed.

196.
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Consider n distinct positive integers less than 2n. Prove that among these numbers
there is one equal to n or there are two numbers with the sum equal to 2n.

Solution. Let z1, z, ..., , be n distinct integers from 1 to 2n—1. Then 2n —z,
2n —z3, ..., 2n — z,, are also n distinct integers from 1 to 2n — 1.

The numbers 1, z, ..., &n, 20 — &1, 2n — 2, ..., 2n — T, cannot be all distinct,
hence there are indices i, k € {1, 2, ..., n} such that a; = 2n — az.
1) For i = k we obtain a; = n.

2) For i # k we have a; + a; = 2n and the claim holds.

Let a, b, c be odd integers. Prove that the roots of the equations ax? +bx+c=10
are not rational numbers.

Solution. Assume by contradiction that z = 2 is a rational root of the equation
axz? + bx + ¢ = (), where m and k are coprime integers. Then

m\ 2 m _ 9 9
a(—k—) +bk +c¢=0and am® +bmk +ck* = 0.

The numbers m and k are coprime, so there are not both even. Recall that a,b,c
are odd and consider the following cases.

i) If m, k are odd, then am?, bmk, (1 —abc) (1 + 1 +21 —1) .ck? are odd, and
consequently 0 = am? + bmk + ck? is odd, a contradiction.

ii) If m is odd and k is even, then am? is odd and bmk, ck? are even. Again
0 = am? + bmk + ck? is odd, false.

i) The case m even and k odd leads also to a contradiction.
Let ABC be a triangle with ZA = 90°. Consider the altitude AD and T, E the
midpoints of the segments AD and DC respectively. Prove that ZABT = ZCAE.

Solution. The segment TE is the middle line of the triangle ADC, hence TE is
parallel to AC.
B

A C

On the other hand AC L AB, hence ET is an altitude of the triangle ABE. Since
AD is also an altitude, it follows that T is the orthocenter of the triangle ABE.
Thus BT 1. AE and ZABT = 90° — Z/BAE = LCAE, as desired.
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199. Let ABCD be a trapezoid with the middle line equal to the altitude. Prove that
the diagonals are perpendicular if and only if the trapezoid is isosceles.

Solution. Let M and N be the midpoints of the bases AB and CD respectively,
and let O be the intersection point of the diagonals. As 43 = 48 = 24M — AM
it follows that N, O, M are collinear.

A M B

Ny

D i c

Suppose that ACLBD. We prove that ABCD is an isosceles trapezoid. As OM
and ON are medians in the right-angled triangles AOB and DOC, we have MN =
MO +ON = %AB + %C’D, hence M N is equal to the middle line of ABCD.

By hypothesis, M Nis equal to the altitude of the trapezoid, so MNLAB and
ABCD is isosceles.

Conversely, suppose that ABCD is isosceles. Then MN is the altitude of the
trapezoid, which is equal to the middle line § (AB + CD).
Assume by contradiction that angle ZAOB is acute. Then OM > 1AB and

ON > 1CD. Summing these inequalities, we obtain MN > 1 (AB+CD), a

contradiction. Assuming that angle ZAOB is obtuse we infer that OM > 3 AB
and ON > $CD. Then MN > % (AB + CD), a contradiction.

200. The sum 6f 10 distinct non-negative integers is equal to 62. Prove that the product
of these numbers is divisible by 60.

Solution. We prove that among the given numbers, one is divisible by 2, one is

divisible by 4 and one is divisible by 5. Indeed if none of them is a multiple of 3,
the sum is at least

1+2+4+5+7+8+10+11+13+14=75,
false.

Assume that there are no multiples of 4. Then the sum is at least

1+2+3+5+6+7+9+10+11+13=67,
false.

Finally, if among the given numbers none is divisible by 5, then the sum is at least

1+24+3+4+6+7+8+9+11+12=63,

201.

202.

137

a contradiction.
Thus the product of the number is divisible by 3-5-4 = 60.

Let a, b, ¢ be real numbers so that a + 2b+3c = 9 and 2ab + 3ac + 6bc = 1. Show

that a € [0, 4], b€ [0, §] and c € [0, §].

Solution. We have a + 2b =2 — 3¢, and
2ab=1-3c(a+2b)=1—-3c(2—3c)=1-6c+9¢ = (3c—1)%.

The quadratic equation
22— (2-3c)z+(3c—1)*=0
has the roots a and 2b, hence A = (2 — 3¢c)® - 4(3c - 1)? = 3¢(4 — 9c) > 0, and

consequently c € [0, §] .

On the other hand,
26+3c=2—-a

and

2
2b-3c=6bc=1—a(2b+3c)=1—a(2—a)=1—2a+a2=(a—1) =0

The quadratic equation

¥ - (2-a)y+(@-1)"=0
has the roots 2b and 3c, hence A = (2 —a)’ —4(a — 1) = —a(4 - 3a) > 0, we
obtain a € [0, ] .

Finally,
Y a+3c=2-2b

and

2
@-3¢=1—2ab—6bc=1—2b(a+3c) =1—2b(2—2b) =1—4b+4b* = (2b—1)".

The quadratic equation
2 —(2-2b)z+(2-1)>=0
: 2
has the roots a and 3¢, thus A > 0. It follows that A = (2 - 2b)° —4(2b— 1) =
2b(4 ~6b) >0,s0b€ [0, 3].

Consider an acute triangle A;AzAs and let Hi, Hp, H3 be the feet of the' al-
titudes from A, Ag, As, respectively. If aj,as,a3 are the lengths of the sides
AsAg, A3Ay, A1 A2 and H is the orthocenter of the triangle, prove that

ay ay a3 _ oo, % aa)'
oH, T HE, T HH (HAI HA, T HAs
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203.

Solution. Since A; AyA;s is an acute triangle, the orthocenter H lies inside the
triangle.

We use the fact that the reflections of H across the sides of the triangle lie on
the circumcircle of A; AgA3. By the power of the point theorem, the products
HH,-HA,,HHy - HAy, HH3 - HAj3 are equal and let k be their common value.
Let S =area[A; Ay A3]. We have successively

a + as + a3 _ alHAl + CL2HA2 a3HA3
HH, HH, HH; HH,-HA,  HH,-HA; ' HH; -HA;

a)HA) + a3 HAs + asH A3

k
o (A1H1—HH1)+112(A2H2—HH2)+a3(A3H3—HH3)
= A \
_ (a1A1H1 +a2A2H2 + a3A3H3) - (alHHl +a,2HH2 + agHH3)
- k
(25 +25+28)—25 . 28
k k
a HH, + aoHHy + a3 HH;3
= 2a A
_ alHHl aQHHz agHH;;
" “\HH,-HA, " HH, -HA, ' HH; -HA3

_ al az a3
=2 (HA1 -7 HA3) ’

as needed.

Consider a convex quadrilateral ABCD and let M, Q, N, P be the midpoints of
the sides AB, BC, CD, AD respectively. Prove that if 2(MN + PQ) = AB +
BC + CD + DA, then ABCD is a parallelogram.

Solution. Let O be the midpoint of the diagonal BD. The segments OM and
ON are the middle lings in the triangles ABD and BED, hence MO = % and

No= 2

By trianglé inequality we have MO + ON > M N, hence

AD+ BC >

== > MN. 1)

204.
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Similarly PO = 4B, 0Q = 88, and from PO + OQ > PQ,we have
Y ) (@)
From (1) and (2) we obtain
AB +BC+CD+ AD > 2(MN + PQ).

The equality holds if and only if M, O, N are collinear and P, O, @ are collinear.
It follows that AD || BC and AB || CD, hence ABCD is a parallelogram.

Let a, b, ¢ be positive real numbers with vab+ vbc+ /ac = 1. Find the minimum
value of the expression

a2 b2 c?

=a+b+b+c+c+a'

Solution. We have

a? _a2+ab—ab_a(a+b)_ ab —a ab (1)
a+b  a+b  a+b a+b = a+b

Asa+b> 2\/@, it follows that

a? ab Vvab
>a-— >a— — 2
a+b =" 2\/a_b_a 2’ )
and similarly
2
b >b_\/bc
b+c ™ 2
and
c? Jca
> €~ S,
a+c ™ 2

- Summing these inequalities, yields

@ B
a+b b+c c+a

2a+b+c—%(\/¢;—b+\/b—é+\/a_c) =a+b+c—-;-. 3)
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205.

206.

207.

Moreover, by Cauchy-Schwarz inequality we obtain

a+b+c>Vab+ Vhe+ Vac =1, (4)
hence (3) rewrites

@ Y + ¢ 5y-1.1

a+b b+c a+c” 272

Thus the minimum value of E is  and it is obtained fora =b=c= 3

On the faces of a cube are written the numbers from 1 to 6. Prove that the sum of
the numbers written on three faces with a common vertex cannot be constant.

Solution. Assume that the sum is constant for each vertex of the cube and denote
it by S. Each of the numbers 1, 2, 3, 4, 5, 6 appears as summand in four sums one
for each vertex of the face having that number. Then the sum of all numbers at
the 8 vertices is o

8§=4(1+2+3+4+5+6),

so 85 = 21 - 4. Since S is an integer, we have reached a contradiction.

A triangle ABC with ZA = 90° is given. Let D be the foot of the altitude from
A. Prove that

‘ BC +AD > AB + AC.
Solution. In the righf angled triangle ABC' we have
AB? + AC? = BC?. (1)

Then

BC + AD > AB + AC & (BC + AD)* > (AB + AC)?

¢ BC? + AD? +2BC - AD > AB? + AC? + 2AB - AC

o AD? >0,

which is obvious.

Consider a trapezoid ABCD with AB || CD and CD = kAB (k> 1).

a) Prove that
BC? + AD? + 2kAB? = AC? + BD?.

b) If the trapezoid is circumscriptible, prove that

(k+1)AB = BC + AD.

Solution. a) Let M and N be the midpoints of the diagonals BD and AC. In the
triangle AMC, M N is median, hence

4AMN? =2 (AM? + CM?) — AC2.
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The segments AM and CM are also medians in the triangles ABD and CBD, so

. 2
2AM? = AB? + AD? - BD
and
D2
20M* = CB? +cD? - B2
Thus
AMN? + AC? + BD? = AB? + BC? + CD* + DA2.
As .
MN = CD-AB _ k_lAB,
2 2
then

AC?+BD? = AB? + BC? + DA® + k2 AB® — (k — 1) AB? = BC? + DA® + 2k AB?,

as desired. B A

1
c E F D

b) The trapezoid is circumscriptible if and only if AD + BC = AB+ CD =
AB (k +1), as claimed.

208. The numbers 1, 2, 3, 4, ..., 2n are divided in two groups each: ¢; < a3 < ... <a,

and b; > by > ... > b,. Prove that
lag = b1] + lag — ba| + ... + |an — by| = n®.

Solution. We prove that one of the numbers a; and b; is less than or equal to n
and the other is greater than n, for all i = 1, n. Indeed, assume that a; < n and
b; < n. Then the numbers a,, ag, ..., a;, b;, biy1, ..., by are n+1 positive integers

less than or equal to n, false. The case a;, b; > n leads similarly to a contradiction.

Consequently, each of the summands |a; — b;| is a difference between a number
greater than n and another less than or equal to n. Therefore,

jay — b1] + lag — b2| + ... + |an — by

]

(n+1)+(n+2)+...+(n+n)—(1+2+...+n)
non+(1+2+3+...40)—(1+2+3+...+n)=n?

as desired.
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209. Let a,b,c,d be real numbers so that

"210.

(a® +b% —1) (> +d?—1) > (ac+bd — 1)2.

Prove that
a2+ >1and?+d?>1.

Solution. Assume by contradiction that both numbers z = 1 — a? — 4% and
y = 1 — % — d? are non-negative.
The inequality
(a®>+ b2 —1) (2 +d? ~1) > (ac+bd — 1)°
is equivalent to
dzy > (2ac+2bd — 2)® = (a? + b+ + ¢ +d? +y — 2ac — 2bd)”.

On the other hand

. 2
[(a—c)2+(b—d)2+a:+'y] > (x+y)% =a? + 2zy + o2

It follows that 4zy > z2 + 2zy + 32 or 0 > (z — y)?, a contradiction.
Find the location of a point M inside a convex quadrilateral ABCD such that the
sum MA? + MB? + MC? + MD? is minimal.

Solution. Let E, T, P, R be the midpoints of the sides AB, BC, CD, DA
respectively. The segments MT and MR are medians in the triangles BMC and
AMD, hence

BC? +4MT? =2 (MB? + MC?) 1)

and
AD? +AMR? = 2 (AM? + MD?). )

Summing (1) and (2) we obtain
AD? + BC® +4 (MT? + MR?) = 2(MA®? + MB? + MC? + MD?).

As AD*+ BC? is constant, the sum M A%+ M B%+MC?+ M D? is minimum when
MT? 4- MR? is minimum. ‘ B

211.
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" Let K be the midpoint of RT. Since K M is median in the triangle RMT, we have

RT? + 4KM? = 2 (RM? + MT?),

hence the minimum value of RM?2+ MT? is obtained when KM is minimum. That
is when M = K, so M is the midpoint of the segment RT.

Comment: The point K is the centroid of the quadrilateral ABCD , located at the
intersection of the lines EP and RT. It is easy to prove that ERPT is a parallelogram
and K is the center.

A triangle ABC with AB > AC is given. Prove that the length of the median from
B is greater than the length of median from C.

Solution. Let G be the centroid of the triangle ABC and let A’ be the midpoint
of the side BC. Obviously, the points A, G, A’ are collinear.

B Y c

The triangles ABA’ and ACA’ share a common side AA'. Since BA’ = A’C' and

AB > AC, it follows that ZAA'B > ZAA'C.

The triangles GBA’ and GA'C have GA’ in common, BA' = CA’ and ZBA'G >
ZGA'C, hence BG > GC. Thus BB’ > %C’C’ and BB’ > CC’, as claimed.






