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Toomates Cooleccion

Los libros de Toomates son materiales digitales y gratuitos. Son digitales porque estdn pensados para ser consultados mediante un
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pervertir el conocimiento, que es algo social, plblico, convirtiéndolo en un producto de propiedad privada, accesible solo a aquellos
que se lo puedan permitir, y solo de una manera encapsulada, fragmentada, impidiendo el derecho del alumno de poseer todo el
libro, de acceder a todo el libro, de moverse libremente por todo el libro.

Nadie puede pretender ser neutral ante esto: Mirar para otro lado y aceptar el modelo de licencias digitales es admitir un mundo mas
injusto, es participar en la denegacion del acceso al conocimiento a aquellos que no disponen de medios econdmicos, y esto en un
mundo en el que las modernas tecnologias actuales permiten, por primera vez en la historia de la Humanidad, poder compartir el
conocimiento sin coste alguno, con algo tan simple como es un archivo “pdf". El conocimiento no es una mercancia.

El proyecto Toomates tiene como objetivo la promocion y difusion entre el profesorado y el colectivo de estudiantes de unos
materiales didacticos libres, gratuitos y de calidad, que fuerce a las editoriales a competir ofreciendo alternativas de pago atractivas
aumentando la calidad de unos libros de texto que actualmente son muy mediocres, y no mediante retorcidas técnicas comerciales.
Estos libros se comparten bajo una licencia “Creative Commons 4.0 (Atribution Non Commercial)”: Se permite, se promueve y
se fomenta cualquier uso, reproduccién y edicion de todos estos materiales siempre que sea sin animo de lucro y se cite su
procedencia. Todos los libros se ofrecen en dos versiones: En formato “pdf” para una comoda lectura y en el formato “doc” de
MSWord para permitir y facilitar su edicion y generar versiones parcial o totalmente modificadas.
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53'd IMO Team Selection Test

Lincoln, Nebraska
Day I 1:30 PM - 6:00 PM
June 26, 2011

Find all real-valued functions f defined on pairs of real numbers, having the following prop-
erty: for all real numbers a,b, ¢, the median of f(a,b), f(b,¢), f(c,a) equals the median of
a,b,c.

(The median of three real numbers, not necessarily distinct, is the number that is in the middle
when the three numbers are arrange in nondecreasing order.)

Two circles w; and wy intersect at points A and B. Line £ is tangent to wy at P and to ws at Q
so that A is closer to £ than B. Let X and Y be points on major arcs PA (on wy) and AQ (on
wo), respectively, such that AX/PX = AY/QY = c¢. Extend segments PA and QA through
A to R and S, respectively, such that AR = AS = ¢- PQ. Given that the circumcenter of
triangle ARS lies on line XY, prove that /X PA = ZAQY .

Prove that there exists a real constant ¢ such that for any pair (z,y) of real numbers, there
exist relatively prime integers m and n satisfying the relation

V(e —m)?+(y —n)? < clog(a® + y* +2).

Copyright © Committee on the American Mathematics Competitions,
Mathematical Association of America



53'd IMO Team Selection Test

Lincoln, Nebraska
Day I1 1:30 PM - 6:00 PM
June 27, 2011

Acute triangle ABC is inscribed in circle w. Let H and O denote its orthocenter and circum-
center, respectively. Let M and N be the midpoints of sides AB and AC, respectively. Rays
MH and NH meet at w at P and @, respectively. Lines M N and P(Q meet at R. Prove that
OA L RA.

At a certain orphanage, every pair of orphans are either friends or enemies. For every three
of an orphan’s friends, an even number of pairs of them are enemies. Prove that it’s possible
to assign each orphan two parents such that every pair of friends shares exactly one parent,
but no pair of enemies does, and no three parents are in a love triangle (where each pair of
them has a child).

Let a,b,c be positive real numbers in the interval [0,1] with a + b, b+ ¢, ¢+ a > 1, prove that

2v/2abc

1<(1-a)?+(1-02+1—-¢)2+ ———_.
R e

Copyright © Committee on the American Mathematics Competitions,
Mathematical Association of America



53'd IMO Team Selection Test

Lincoln, Nebraska
Day III 1:30 PM - 6:00 PM
June 29, 2011

Let ABC be a triangle. Its excircles touch sides BC, CA, AB at D, E, F', respectively. Prove
that the perimeter of triangle ABC' is at most twice that of triangle DEF.

Let xo, 1, - -+, Tn,—1 be integers, and let dy, da, - - -, di be positive integers with ng = d; >
dy > -+ > dy and ged(dy,da, - - di) = 1. For every integer n > ng, define

o \‘xn—dl + Tp_g, + -+ xn—ko
Ty = . )

Show that the sequence {x,} is eventually constant.

Let n be a positive integer. Suppose we are given 2" + 1 distinct sets, each containing finitely
many objects. Place each set into one of two categories, the red sets and the blue sets, so that
there is at least one set in each category. We define the symmetric difference of two sets as
the set of objects belonging to exactly one of the two sets. Prove that there are at least 2™
different sets which can be obtained as the symmetric difference of a red set and a blue set.

Copyright © Committee on the American Mathematics Competitions,
Mathematical Association of America



TSTST 2011 Solution Notes

Lincoln, Nebraska

EvaN CHEN (FREEIE)

28 October 2023

This is a compilation of solutions for the 2011 TSTST. Some of the solutions
are my own work, but many are from the official solutions provided by the
organizers (for which they hold any copyrights), and others were found by
users on the Art of Problem Solving forums.

These notes will tend to be a bit more advanced and terse than the “official”
solutions from the organizers. In particular, if a theorem or technique is not
known to beginners but is still considered “standard”, then I often prefer to
use this theory anyways, rather than try to work around or conceal it. For
example, in geometry problems I typically use directed angles without further
comment, rather than awkwardly work around configuration issues. Similarly,
sentences like “let R denote the set of real numbers” are typically omitted
entirely.

Corrections and comments are welcome!
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3 Solutions to Day 3
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3.3 TSTST 2011/9 . . . o o o e



TSTST 2011 Solution Notes Evan Chen (PR:EZE)

§0

1.

Problems

Find all real-valued functions f defined on pairs of real numbers, having the
following property: for all real numbers a, b, ¢, the median of f(a,b), f(b,c), f(c,a)
equals the median of a, b, c.

(The median of three real numbers, not necessarily distinct, is the number that is
in the middle when the three numbers are arranged in nondecreasing order.)

. Two circles w; and ws intersect at points A and B. Line ¢ is tangent to wy at P

and to wy at @ so that A is closer to £ than B. Let X and Y be points on major
arcs PA (on wy) and AQ (on wa), respectively, such that AX/PX = AY /QY =c.
Extend segments PA and QA through A to R and S, respectively, such that
AR = AS = ¢ PQ. Given that the circumcenter of triangle ARS lies on line XY,
prove that /X PA = ZAQY .

. Prove that there exists a real constant ¢ such that for any pair (z,y) of real numbers,

there exist relatively prime integers m and n satisfying the relation

V@ —m)? + (y—n)? < clog(a® + y* +2)

. Acute triangle ABC' is inscribed in circle w. Let H and O denote its orthocenter

and circumcenter, respectively. Let M and N be the midpoints of sides AB and
AC respectively. Rays M H and N H meet w at P and @), respectively. Lines M N
and PQ meet at R. Prove that OA | RA.

. At a certain orphanage, every pair of orphans are either friends or enemies. For

every three of an orphan’s friends, an even number of pairs of them are enemies.
Prove that it’s possible to assign each orphan two parents such that every pair of
friends shares exactly one parent, but no pair of enemies does, and no three parents
are in a love triangle (where each pair of them has a child).

. Let a,b, ¢ be real numbers in the interval [0, 1] with a + b,b+ ¢,c+ a > 1. Prove

that

2v/2abc

1<(1—-aP+1-0b2+1—-¢c2+ —F— .
< ( A s ) VaZ + 02+ 2

. Let ABC be a triangle. Its excircles touch sides BC, CA, AB at D, E, F. Prove

that the perimeter of triangle ABC' is at most twice that of triangle DEF'.

. Let zg, x1, ..., Tne—1 be integers, and let di, da, ..., di be positive integers with

ng =dy > dy > -+ > di and ged(dy,da,...,d;) = 1. For every integer n > ny,
define

o \‘xn—dl + Tn—dy -+ xn—ko
Ty = ? .

Show that the sequence (z,,) is eventually constant.

. Let n be a positive integer. Suppose we are given 2" 41 distinct sets, each containing

finitely many objects. Place each set into one of two categories, the red sets and
the blue sets, so that there is at least one set in each category. We define the
symmetric difference of two sets as the set of objects belonging to exactly one of
the two sets. Prove that there are at least 2" different sets which can be obtained
as the symmetric difference of a red set and a blue set.



TSTST 2011 Solution Notes Evan Chen {FREEZE)

§1 Solutions to Day 1
§1.1 TSTST 2011/1

Available online at https://aops.com/community/p2374841.

Problem statement

Find all real-valued functions f defined on pairs of real numbers, having the following
property: for all real numbers a, b, ¢, the median of f(a,b), f(b,c), f(c,a) equals the
median of a, b, c.

(The median of three real numbers, not necessarily distinct, is the number that is

in the middle when the three numbers are arranged in nondecreasing order.)
. J

The following solution is joint with Andrew He.
We prove the following main claim, from which repeated applications can deduce the
problem.

Claim — Let a < b < ¢ be arbitrary. On {a,b,c}?, f takes one of the following two
forms, where the column indicates the x-value and the row indicates the y-value.

f‘ a b c f‘ a b c
a a b >c a a <a <a
bl<a b >c % b| b b b
cl<a b c cl>c >c c

Proof. First, we of course have f(x,z) = z for all z. Now:

o By considering the assertion for (a,a,c) and (a,c,c) we see that one of f(a,c) and
f(c,a) is > ¢ and the other is < a.

o Hence, by considering (a, b, ¢) we find that one of f(a,b) and f(b,c) must be b, and
similarly for f(b,a) and f(c,b).

o Now, WLOG f(b,a) = b; we prove we get the first case.
o By considering (a, a,b) we deduce f(a,b) < a, so f(b,c) = b and then f(c,b) > c.

o Finally, considering (¢, b, a) once again in conjunction with the first bullet, we arrive
at the conclusion that f(a,c) < a; similarly f(c,a) > c. O

From this it’s easy to obtain that f(x,y) = x or f(z,y) = y are the only solutions.


https://aops.com/community/p2374841

TSTST 2011 Solution Notes Evan Chen {FREEZE)

§1.2 TSTST 2011/2
Available online at https://aops.com/community/p2374843.

Problem statement

Two circles wy and ws intersect at points A and B. Line £ is tangent to w; at P
and to wa at @) so that A is closer to £ than B. Let X and Y be points on major
arcs PA (on w;) and AQ (on wy), respectively, such that AX/PX = AY /QY = c.
Extend segments PA and QA through A to R and S, respectively, such that
AR = AS = c¢- PQ. Given that the circumcenter of triangle ARS lies on line XY,

prove that /X PA = ZAQY .
. J

We begin as follows:

Claim — There is a spiral similarity centered at X mapping AR to PQ. Similarly
there is a spiral similarity centered at Y mapping SA to PQ.

Proof. Since {XAR = {XAP = L{XPQ, and AR/AX = PQ/PX is given. O
Now the composition of the two spiral similarities
AR PQ Y5 SA

must be a rotation, since AR = AS. The center of this rotation must coincide with the
circumcenter O of AARS, which is known to lie on line XY

As O is a fixed-point of the composed map above, we may let O’ be the image of O
under the rotation at X, so that

AXPAX AXOO, AYQAXLAYOO.
Because

X0 _XA Y@ _ YO
X0~ XP YA~ YO



https://aops.com/community/p2374843

TSTST 2011 Solution Notes Evan Chen (PR:EZE)

it follows O’O bisects ZXO'Y . Finally, we have

AXPA=4X0'0=400"Y = LAQY.

Remark. Indeed, this also shows X P || Y@Q; so the positive homothety from w; to wy maps
Pto@ and X to Y.



TSTST 2011 Solution Notes Evan Chen {PREEFE)

§1.3 TSTST 2011/3
Available online at https://aops.com/community/p2374845.

Problem statement

Prove that there exists a real constant ¢ such that for any pair (x,y) of real numbers,
there exist relatively prime integers m and n satisfying the relation

V(@ —m)?+ (y —n)? < clog(a® +y° + 2).

This is actually the same problem as USAMO 2014/6. Surprise!


https://aops.com/community/p2374845
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§2 Solutions to Day 2
§2.1 TSTST 2011/4

Available online at https://aops.com/community/p2374848.

Problem statement

Acute triangle ABC' is inscribed in circle w. Let H and O denote its orthocenter

and circumcenter, respectively. Let M and N be the midpoints of sides AB and
AC, respectively. Rays M H and NH meet w at P and @, respectively. Lines M N
and PQ meet at R. Prove that OA L RA.

Let M H and NH meet the nine-point circle again at P’ and @', respectively. Recall
that H is the center of the homothety between the circumcircle and the nine-point circle.
From this we can see that P and () are the images of this homothety, meaning that

HQ =2HQ' and HP=2HP'.
Since M, P', Q', N are cyclic, Power of a Point gives us
MH-HP =HN -HQ'.
Multiplying both sides by two, we thus derive
HM-HP=HN -HQ.
It follows that the points M, N, P, @@ are concyclic.

A

Let wi, wo, w3 denote the circumcircles of MNPQ, AMN, and ABC, respectively.
The radical axis of wy and ws is line M N, while the radical axis of wi and ws is line PQ.
Hence the line R lies on the radical axis of wy and ws.

But we claim that wy and w3 are internally tangent at A. This follows by noting the
homothety at A with ratio 2 sends M to B and N to C. Hence the radical axis of wo
and ws is a line tangent to both circles at A.

Hence RA is tangent to w3. Therefore, RA 1 OA.


https://aops.com/community/p2374848

TSTST 2011 Solution Notes Evan Chen {FREEZE)

§2.2 TSTST 2011/5
Available online at https://aops.com/community/p2374849.

Problem statement

At a certain orphanage, every pair of orphans are either friends or enemies. For
every three of an orphan’s friends, an even number of pairs of them are enemies.
Prove that it’s possible to assign each orphan two parents such that every pair of
friends shares exactly one parent, but no pair of enemies does, and no three parents

are in a love triangle (where each pair of them has a child).
N J

Of course, we consider the graph with vertices as children and edges as friendships.
Consider all the maximal cliques in the graph (i.e. repeatedly remove maximal cliques
until no edges remain; thus all edges are in some clique).

Claim — Every vertex is in at most two maximal cliques.

Proof. Indeed, consider a vertex v adjacent to wy and ws, but with w; not adjacent to
ws. Then by condition, any third vertex u must be adjacent to exactly one of w; and
wg. Moreover, given vertices v and u’ adjacent to wy, vertices u and u' are adjacent too.
This proves the claim. O

Now, for every maximal clique we assign a particular parent to all vertices in that
clique, adding in additional distinct parents if there are any deficient children. This
satisfies the friendship/enemy condition. Moreover, one can readily check that there are
no love triangles: given children a, b, ¢ such that a and b share a parent while a and ¢
share another parent, according to the claim b and ¢ can’t share a third parent. This
completes the problem.

Remark. This solution is highly motivated for the following reason: by experimenting
with small cases, one quickly finds that given some vertices which form a clique, one must
assign some particular parent to all vertices in that clique. That is, the requirements of the
problem are sufficiently rigid that there is no room for freedom on our part, so we know
a priori that an assignment based on cliques (as above) must work. From there we know
exactly what to prove, and everything else follows through.

Ironically, the condition that there be no love triangle actually makes the problem easier,
because it tells us exactly what to do!
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§2.3 TSTST 2011/6
Available online at https://aops.com/community/p2374852.

Problem statement

Let a, b, ¢ be real numbers in the interval [0, 1] with a +b,b+ ¢,c+a > 1. Prove that

2v/2abc
VETE &

1<(l—a+0-b2+1-0c)?+

The following approach is due to Ashwin Sah.

We will prove the inequality for any a, b, ¢ the sides of a possibly degenerate triangle
(which is implied by the condition), ignoring the particular constant 1. Homogenizing,
we instead prove the problem in the following form:

Claim — We have

2v/2abe
Va2 +b% + c?

for any a, b, ¢, k with (a, b, c) the sides of a possibly degenerate triangle.

K< (k—a)?+ (k=02 +(k—c)?+

Proof. For any particular (a, b, ¢) this is a quadratic in k of the form 2k? —2(a +b+c)k +
C > 0; thus we will verify it holds for k = 3(a+b+c).

Letting x = %(b+ ¢—a) as is usual, the problem rearranges to In that case, the problem
amounts to

2z +y)(y +2)(z + )

(z+y+2?<a®+y’+22+
Va2 +y2 + 22 +ay +yz + 2

or equivalently

<x+w@+a@+xv2

x2+y2+z2+xy+yz+zx§ (
rY + Yz + 2T

To show this, one may let ¢t = zy + yz + zx, then using (x + y)(z + 2) = 2% + B this
becomes
@+ 2+ 2240 < @24+ 02 +1)(22 + 1)

which is obvious upon expansion. O

Remark. The inequality holds actually for all real numbers a, b, ¢, with very disgusting
proofs.
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§3 Solutions to Day 3
§3.1 TSTST 2011/7

Available online at https://aops.com/community/p2374855.

Problem statement

Let ABC be a triangle. Its excircles touch sides BC, CA, AB at D, E, F. Prove
that the perimeter of triangle ABC' is at most twice that of triangle DEF'.

Solution by August Chen: It turns out that it is enough to take the orthogonal projection
of EF onto side BC' (which has length a — (s — a)(cos B + cos C')) and sum cyclically:

—s+Y EF>-s+Y [a—(s—a)(cos B+ cosC)

cyc cyc
1
—g— A= Z _cosA
5= Y acos Za<2 cos)
cyc cyc

= RZsinA(l —2cos A)

cyc

= RZ(sinA —sin24).

cyc

Thus we’re done upon noting that

in2B in2C'
o —;—sm =sin(B + C)cos(B — C) =sin Acos(B — C) <sin A.
(Alternatively, one can avoid trigonometry by substituting cos A = b2+§§;“2 and doing

some routine but long calculation.)

10
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§3.2 TSTST 2011/8
Available online at https://aops.com/community/p2374856.

Problem statement

Let zo, 1, ..., Tn,—1 be integers, and let dy, da, ..., dy be positive integers with
ng = dy > dy > --- > dj and ged(dy,ds,...,d;) = 1. For every integer n > ny,
define

B Vn_dl +Zp—g, +--+ xn_ko
Ty = - )

Show that the sequence (z,,) is eventually constant.
N J

Note that if the initial terms are contained in some interval [A, B] then they will remain
in that interval. Thus the sequence is eventually periodic. Discard initial terms and let
the period be T'; we will consider all indices modulo 1" from now on.

Let M be the maximal term in the sequence (which makes sense since the sequence
is periodic). Note that if z,, = M, we must have z,,_4, = M for all i as well. By
taking a linear combination ) ¢;d; = 1 (mod T') (possibly be Bezout’s theorem, since
ged,(d;) = 1), we conclude z,_1 = M, as desired.

11
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§3.3 TSTST 2011/9
Available online at https://aops.com/community/p2374857.

Problem statement

Let n be a positive integer. Suppose we are given 2™ + 1 distinct sets, each containing
finitely many objects. Place each set into one of two categories, the red sets and the
blue sets, so that there is at least one set in each category. We define the symmetric
difference of two sets as the set of objects belonging to exactly one of the two sets.
Prove that there are at least 2™ different sets which can be obtained as the symmetric
difference of a red set and a blue set.

J

We can interpret the problem as working with binary strings of length ¢ > n + 1, with ¢
the number of elements across all sets.

Let F be a field of cardinality 2¢, hence F = IF%M .

Then, we can think of red/blue as elements of F', so we have some B C F, and an
R C F. We wish to prove that |B + R| > 2". Want |B + R| > 2".

Equivalently, any element of a set X with | X| = 2" — 1 should omit some element of
|B + R|. To prove this: we know |B| + |R| = 2" + 1, and define

P(b,r) = H(b—i—r—x).

zeX

Consider b/BI=1pIBI=1 The coefficient of is (‘2;'__11), which is odd (say by Lucas theorem),
so the nullstellensatz applies.

12
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Team Selection Test for the Selection Team of 54th IMO

Lincoln, Nebraska
Day I 1:30 PM - 6:00 PM
June 22, 2012

1. Find all infinite sequences a1, as, . . . of positive integers satisfying the following properties:

(a) a1 <ag <az<---
(b) there are no positive integers i, j, k, not necessarily distinct, such that a; + a; = ay,

(¢) there are infinitely many k such that ay = 2k — 1.

2. Let ABCD be a quadrilateral with AC = BD. Diagonals AC and BD meet at P. Let w; and
O; denote the circumcircle and the circumcenter of triangle ABP. Let wy and Oy denote the
circumcircle and circumcenter of triangle CDP. Segment BC meets w; and wo again at S
and T (other than B and C), respectively. Let M and N be the midpoints of minor arcs SP
(not including B) and TP (not including C). Prove that M N || O105.

3. Let N be the set of positive integers. Let f : N — N be a function satisfying the following
two conditions:

(a) f(m) and f(n) are relatively prime whenever m and n are relatively prime.
(b) n < f(n) <n+ 2012 for all n.

Prove that for any natural number n and any prime p, if p divides f(n) then p divides n.

Copyright © Committee on the American Mathematics Competitions,
Mathematical Association of America



Team Selection Test for the Selection Team of 54th IMO

Lincoln, Nebraska
Day I1 1:30 PM - 6:00 PM
June 24, 2012

4. In scalene triangle ABC, let the feet of the perpendiculars from A to BC, B to CA, C to
AB be Ay, By, C1, respectively. Denote by As the intersection of lines BC and B;C;. Define
By and Cs analogously. Let D, E, F' be the respective midpoints of sides BC,CA, AB. Show
that the perpendiculars from D to AAs, E to BBy and F' to CCs are concurrent.

5. A rational number z is given. Prove that there exists a sequence xg,x1,2,... of rational
numbers with the following properties:

(a) 29 = x;
(b) for every n > 1, either x,, = 22,1 or x,, = 2z, _1 + %;

(¢) z, is an integer for some n.

6. Positive real numbers z,y, z satisfy xyz + xy + yz + 2z = + y + z + 1. Prove that

1 /1+x2+ 1+y2+ /14 22 c(rtytz 5/8
3 1+z 1+y 1+z |~ 3 '
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Team Selection Test for the Selection Team of 54th IMO

Lincoln, Nebraska
Day III 1:30 PM - 6:00 PM
June 26, 2012

7. Triangle ABC' is inscribed in circle 2. The interior angle bisector of angle A intersects side
BC and Q at D and L (other than A), respectively. Let M be the midpoint of side BC.
The circumcircle of triangle ADM intersects sides AB and AC again at @ and P (other
than A), respectively. Let N be the midpoint of segment PQ, and let H be the foot of
the perpendicular from L to line ND. Prove that line ML is tangent to the circumcircle of
triangle HM N.

8. Let n be a positive integer. Consider a triangular array of nonnegative integers as follows:

Row 1: ao,1
Row 2: ap,2 1.2
Row n — 1: ag,n—1 a1,n—1 N (p—2mn-1
Row n:  aop ain azn S Ap—1m-

Call such a triangular array stable if for every 0 < i < j < k <n we have
@ij + gk < @ik < a5+ agp+ L

For s1,...s, any nondecreasing sequence of nonnegative integers, prove that there exists a
unique stable triangular array such that the sum of all of the entries in row k is equal to sg.

9. Given a set S of n variables, a binary operation x on S is called simple if it satisfies (x xXy)xz =
xx(yxz)forall z,y,z € Sand z xy € {z,y} for all z,y € S. Given a simple operation x on
S, any string of elements in S can be reduced to a single element, such as zyz — = X (y X 2).
A string of variables in S is called full if it contains each variable in S at least once, and
two strings are equivalent if they evaluate to the same variable regardless of which simple
X is chosen. For example zxx, xz, and = are equivalent, but these are only full if n = 1.
Suppose T is a set of strings such that any full string is equivalent to exactly one element of
T. Determine the number of elements of T'.

Copyright © Committee on the American Mathematics Competitions,
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This is a compilation of solutions for the 2012 TSTST. Some of the solutions
are my own work, but many are from the official solutions provided by the
organizers (for which they hold any copyrights), and others were found by
users on the Art of Problem Solving forums.

These notes will tend to be a bit more advanced and terse than the “official”
solutions from the organizers. In particular, if a theorem or technique is not
known to beginners but is still considered “standard”, then I often prefer to
use this theory anyways, rather than try to work around or conceal it. For
example, in geometry problems I typically use directed angles without further
comment, rather than awkwardly work around configuration issues. Similarly,
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§0 Problems

1.

Determine all infinite strings of letters with the following properties:
(a) Each letter is either T or S,
(b) If position i and j both have the letter T', then position ¢ + j has the letter S,
(¢) There are infinitely many integers k such that position 2k — 1 has the kth T

. Let ABCD be a quadrilateral with AC' = BD. Diagonals AC and BD meet at P.

Let w1 and Op denote the circumcircle and circumcenter of triangle ABP. Let wo
and O3 denote the circumcircle and circumcenter of triangle CDP. Segment BC
meets w and we again at S and T (other than B and C'), respectively. Let M and
N be the midpoints of minor arcs SP (not including B) and TP (not including C).
Prove that M N || O10s.

. Let N be the set of positive integers. Let f: N — N be a function satisfying the

following two conditions:
(a) f(m) and f(n) are relatively prime whenever m and n are relatively prime.
(b) n < f(n) < n+ 2012 for all n.

Prove that for any natural number n and any prime p, if p divides f(n) then p
divides n.

. In scalene triangle ABC, let the feet of the perpendiculars from A to BC, B to C'A,

C to AB be Ay, By, C}, respectively. Denote by As the intersection of lines BC
and B1C1. Define By and Cy analogously. Let D, E, F' be the respective midpoints
of sides BC, CA, AB. Show that the perpendiculars from D to AAsy, E to BB,
and F to C'Cy are concurrent.

. A rational number z is given. Prove that there exists a sequence xg, x1, 2, ... of

rational numbers with the following properties:
(a) w0 = =
(b) for every n > 1, either x,, = 2xy,_1 or z, = 22,1 + %;

(¢c) =, is an integer for some n.

. Positive real numbers z, y, z satisfy xyz + xy + yz + z& = 4+ y + z + 1. Prove that

1 /1+a:2+ 1+y2Jr 14 22 o (rty+e 5/8
3 l1+x 1+y 1+z |~ 3 '

. Triangle ABC' is inscribed in circle 2. The interior angle bisector of angle A

intersects side BC' and 2 at D and L (other than A), respectively. Let M be the
midpoint of side BC'. The circumcircle of triangle ADM intersects sides AB and
AC again at Q and P (other than A), respectively. Let N be the midpoint of
segment P(Q), and let H be the foot of the perpendicular from L to line ND. Prove
that line M L is tangent to the circumcircle of triangle HM N.

. Let n be a positive integer. Consider a triangular array of nonnegative integers as

follows:
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Row 1: ap,1
Row 2: ap,2 a2

Row n —1: aon—1 G1ln-—1 . An—2,n—1
Row n: ag,n a1,n a2 n cee Ap—1,n

Call such a triangular array stable if for every 0 < i < j < k < n we have
aij+ajr < ajp < a;j+ajr+1.

For s1, ..., s, any nondecreasing sequence of nonnegative integers, prove that there
exists a unique stable triangular array such that the sum of all of the entries in row
k is equal to sy.

9. Given a set .S of n variables, a binary operation x on S is called simple if it satisfies
(xxy)xz=xx(yxz) forall z,y,z € Sand x xy € {z,y} for all z,y € S. Given
a simple operation X on S, any string of elements in S can be reduced to a single
element, such as zyz — x X (y X z). A string of variables in S is called full if it
contains each variable in S at least once, and two strings are equivalent if they
evaluate to the same variable regardless of which simple x is chosen. For example
rxx, rr, and x are equivalent, but these are only full if n = 1. Suppose T is a set
of full strings such that any full string is equivalent to exactly one element of T'.
Determine the number of elements of 7.
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§1 Solutions to Day 1
§1.1 TSTST 2012/1, proposed by Palmer Mebane

Available online at https://aops.com/community/p2745864.

Problem statement

Determine all infinite strings of letters with the following properties:
(a) Each letter is either T or S,
(b) If position ¢ and j both have the letter T', then position i + j has the letter .S,

(c) There are infinitely many integers k such that position 2k — 1 has the kth 7'

- J
We wish to find all infinite sequences a1, ao, . . . of positive integers satisfying the following
properties:

(a) a1 <az<az<---,
(b) there are no positive integers i, j, k, not necessarily distinct, such that a; +a; = ay,
(c) there are infinitely many k such that a = 2k — 1.

If ap = 2k — 1 for some k > 1, let A = {a1,a9,...,a;}. By (b) and symmetry, we
have
2k—1>

+ |Ag| >

Ap— A —1
A 2k| Ayl =2k — L.

2| Ay| — 2
2

But in order for |Ap — Ag| = 2|Ax| — 1, we must have Ay an arithmetic progression,
whence a,, = 2n — 1 for all n by taking k arbitrarily large.
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§1.2 TSTST 2012/2
Available online at https://aops.com/community/p2745851.

Problem statement

Let ABCD be a quadrilateral with AC = BD. Diagonals AC and BD meet at P.
Let wy and O; denote the circumcircle and circumcenter of triangle ABP. Let wo
and Oz denote the circumcircle and circumcenter of triangle CDP. Segment BC
meets wy and ws again at S and T (other than B and C'), respectively. Let M and
N be the midpoints of minor arcs SP (not including B) and TP (not including C).

Prove that M N || O10x.
- J

Let @ be the second intersection point of wq, wp. Suffice to show QP L MN. Now Q is
the center of a spiral congruence which sends AC — BD. So AQAB and AQCD are

similar isosceles. Now,
L£QPA=4£QBA=4£DCQ = £DPQ

and so QP is bisects ZBPC.

Now, let I = BM N CN N PQ be the incenter of APBC. Then IM -IB =IP-1Q =
IN - IC, so BMNC is cyclic, meaning M N is antiparallel to BC through ZBIC. Since
QPI passes through the circumcenter of ABIC, it follows now QPI 1 MN as desired.
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§1.3 TSTST 2012/3

Available online at https://aops.com/community/p2745877.

Problem statement

Let N be the set of positive integers. Let f: N — N be a function satisfying the
following two conditions:

(a) f(m) and f(n) are relatively prime whenever m and n are relatively prime.
(b) n < f(n) < n+ 2012 for all n.

Prove that for any natural number n and any prime p, if p divides f(n) then p
divides n.

J

q[ First short solution, by Jeffrey Kwan Let pg, p1, p2, ... denote the sequence of all
prime numbers, in any order. Pick any primes ¢; such that

q | fpo), @l fp), a2l f(p2), etc.

This is possible since each f value above exceeds 1. Also, since by hypothesis the f(p;)
are pairwise coprime, the primes ¢; are all pairwise distinct.

Claim — We must have ¢; = p; for each i. (Therefore, f(p;) is a power of p; for
each i.)

Proof. Assume to the contrary that gy # pg. By changing labels if necessary, assume
min(p1, p2, .. .,p212) > 2012. Then by Chinese remainder theorem we can choose an
integer m such that
m+i=0 (mod ¢)
m #0  (mod p;)

for 0 < ¢ < 2012. But now f(m) should be coprime to all f(p;), ergo coprime to
qoq1 - - - Q2012, Violating m < f(m) < m+ 2012. O

All that is left to do is note that whenever p { n, we have ged(f(p), f(n)) = 1, hence
p1 f(n). This is the contrapositive of the problem statement.

9 Second solution with a grid Fix n and p, and assume for contradiction p{ n.

Claim — There exists a large integer N with f(N) = N, that also satisfies N =1
(mod n) and N =0 (mod p).

Proof. We'll need to pick both IV and an ancillary integer M. Here is how: pick 2012-2013
distinct primes ¢; ; > n + p+ 2013 for every ¢ = 1,...,2012 and j =0, ...,2012, and use
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it to fill in the following table:

N+1 N+2 ... N+2012
M q0,1 q0,2 . 40,2012
M+1 q1,1 q2 ... 41,2012
M +2012 | g2012,1  G2012,2 --- 420122012

By the Chinese Remainder Theorem, we can construct N such that N +1 =0 (mod ¢; 1)
for every ¢, and similarly for NV 4 2, and so on. Moreover, we can also tack on the extra
conditions N =0 (mod p) and N =1 (mod n) we wanted.

Notice that N cannot be divisible by any of the g; ;’s, since the g; ;’s are greater than
2012.

After we've chosen N, we can pick M such that M =0 (mod qo ;) for every j, and
similarly M +1 =0 (mod q1,;), et cetera. Moreover, we can tack on the condition M =1
(mod N), which ensures ged(M, N) = 1.

What does this do? We claim that f(N) = N now. Indeed f(M) and f(N) are
relatively prime; but look at the table! The table tells us that f(M) must have a common
factor with each of N +1,..., N + 2012. So the only possibility is that f(N) = N. O

Now we’re basically done. Since N =1 (mod n), we have ged(N,n) = 1 and hence
1 =gcd(f(N), f(n)) = ged(N, f(n)). But p| N and p | f(n), contradiction.
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§2 Solutions to Day 2
§2.1 TSTST 2012/4

Available online at https://aops.com/community/p2745854.

Problem statement

In scalene triangle ABC), let the feet of the perpendiculars from A to BC, B to CA,
C to AB be Ay, By, C4, respectively. Denote by A, the intersection of lines BC and
B1C:. Define By and Cs analogously. Let D, E, F' be the respective midpoints of
sides BC, CA, AB. Show that the perpendiculars from D to AAs, E to BB, and

F to CCy are concurrent.
. J

We claim that they pass through the orthocenter H. Indeed, consider the circle with
diameter BC', which circumscribes quadrilateral BC'B1C; and has center D. Then by
Brokard theorem, AAs is the polar of line H. Thus DH 1 AAs.
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§2.2 TSTST 2012/5
Available online at https://aops.com/community/p2745867.

Problem statement

A rational number x is given. Prove that there exists a sequence xg, 1, zs,... of
rational numbers with the following properties:

(a) zo = ;
(b) for every n > 1, either x,, = 2z, or x, = 2x,—1 + %;

(¢) m, is an integer for some n.
. J

Think of the sequence as a process over time. We’ll show that:

Claim — At any given time t, if the denominator of x; has some odd prime power
q = p°, then we can delete a factor of p from the denominator, while only adding
powers of two to the denominator.

(Thus we can just delete off all the odd primes one by one and then double appropriately
many times.)

Proof. The idea is to add only fractions of the form (2¢)~1.
Indeed, let n be large, and suppose t < 2"tlq < 272¢ < ... < 2"t™g < n. For some
binary variables ¢; € {0,1} we can have

_ €1 £9 15
t m
anQn Ti+cl-—+cy—--+eg—
q q q
. gn—2"Fig s
where ¢; is some power of 2 (to be exact, ¢; = 51—, but the exact value doesn’t

matter).

If m is large enough the set {0,c1} + {0,¢c2} + -+ - + {0, ¢y} spans everything modulo
p. (Actually, Cauchy-Davenport implies m = p is enough, but one can also just use
Pigeonhole to notice some residue appears more than p times, for m = O(p?).) Thus we
can eliminate one factor of p from the denominator, as desired. O
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§2.3 TSTST 2012/6, proposed by Sung-Yoon Kim
Available online at https://aops.com/community/p2745861.

Problem statement

Positive real numbers z, y, z satisfy zyz + xy + yz + 2o = x + y + z + 1. Prove that
L [ira? | 1eg? [1+22) _ z+y+2\"8
3 1+ 1+y 1+z )~ 3 ’

The key is the identity

?+1 (@ + D)y +1)(=+1)
z+1  (z+1)(y+1)(z+1)
r(ryz +ay+z2) + 22 +yz+y+2+1
20+ +y+2)
rxt+y+tz+l—y2)+2?+yz+y+z+1
21+ +y+2)
(@t y)(rt)+t+ (@ —ayrty+z+1)
N 20+ z+y+2)
2z +y)(r+2)
214z 4y +2)
(4 y)(z+2)
S ldztytz

I Remark. The “trick” can be rephrased as (z2 + 1)(y + 1)(z + 1) = 2(z +y)(x + 2).

After this, straight Cauchy in the obvious way will do it (reducing everything to an
inequality in s = z + y + 2z). One writes

(Z W) _ (Saerty) (Socr+2)

1+5 - 1+s

cyc
452
1+s

and so it suffices to check that f—fs < 9(s/3)%/*, which is true because

(5/3)5-9%. (14 s)* — (4sH)* = (s — 3)2(27s® + 145 + 3) > 0.

10
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§3 Solutions to Day 3
§3.1 TSTST 2012/7

Available online at https://aops.com/community/p2745857.

Problem statement

Triangle ABC' is inscribed in circle §2. The interior angle bisector of angle A intersects
side BC' and Q at D and L (other than A), respectively. Let M be the midpoint of
side BC'. The circumcircle of triangle ADM intersects sides AB and AC again at
Q@ and P (other than A), respectively. Let N be the midpoint of segment PQ, and
let H be the foot of the perpendicular from L to line ND. Prove that line ML is

tangent to the circumcircle of triangle HMN.
- J

By angle chasing, equivalent to show M N || AD, so discard the point H. We now present
a three solutions.

q[ First solution using vectors We first contend that:

Claim — We have QB = PC.
Proof. Power of a Point gives BM - BD = AB - QB. Then use the angle bisector
theorem. O

Now notice that the vector

W:%(@Jrc_ﬁ)

which must be parallel to the angle bisector since Bﬁ and CHP have the same magnitude.

9| Second solution using spiral similarity let X be the arc midpoint of BAC. Then
ADMX is cyclic with diameter AM , and hence X is the Miquel point X of QBPC is the
midpoint of arc BAC. Moreover X ND collinear (as XP = X@Q, DP = DQ) on (APQ).
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Then AXNM ~ AXPC spirally, and
AXMN = AXCP=4XCA=4KXLA

thus done.

q Third solution using barycentrics (mine) Once reduced to M N || AB, straight bary
will also work. By power of a point one obtains

P = (a2 :0:2b6(b+c¢) —a2)
Q= (a2 :2¢(b+c) —a*: 0)
= N = (a®(b+c): 2bc(b+ c) — ba® : 2be(b+ ¢) — ca?) .
Now the point at infinity along AD is (—(b+¢) : b: ¢) and so we need only verify

a?(b+c) 2be(b+c)—ba? 2be(b+ ) — ca?
det 0 1 1 =0
—(b+¢) b c

which fo