COMPENDIUM RMM

Romanian Master of Mathematics Competition

Gerard Romo Garrido

Toomates Cooleccion vol. 103

TeeMates

oooooooooo




Toomates Coolecciéon

Los libros de Toomates son materiales digitales y gratuitos. Son digitales porque estdn pensados para ser consultados mediante un
ordenador, tablet o mévil. Son gratuitos porque se ofrecen a la comunidad educativa sin coste alguno. Los libros de texto pueden ser
digitales o en papel, gratuitos o en venta, y ninguna de estas opciones es necesariamente mejor o peor que las otras. Es mas: Suele
suceder que los mejores docentes son los que piden a sus alumnos la compra de un libro de texto en papel, esto es un hecho. Lo que
no es aceptable, por inmoral y mezquino, es el modelo de las llamadas "licencias digitales", “licencias de uso” y en general
cualquier forma de “pago por el acceso a los materiales didacticos”, con las que algunas empresas pretenden cobrar a los
estudiantes, una y otra vez, por acceder a los mismos contenidos (unos contenidos que, ademas, son de una bajisima calidad). Este
modelo de negocio es miserable, pues impide el compartir un mismo material, incluso entre dos hermanos, pretende convertir a los
estudiantes en un mercado cautivo, exige a los estudiantes y a las escuelas costosisimas lineas de Internet, pretende pervertir el
conocimiento, que es algo social, publico, convirtiéndolo en un producto de propiedad privada, accesible solo a aquellos que se lo
puedan permitir, y solo de una manera encapsulada, fragmentada, impidiendo el derecho del alumno de poseer todo el libro, de
acceder a todo el libro, de moverse libremente por todo el libro.

Nadie puede pretender ser neutral ante esto: Mirar para otro lado y aceptar el modelo de pago por acceso a los materiales es admitir
un mundo mas injusto, es participar en la denegacion del acceso al conocimiento a aquellos que no disponen de medios econémicos,
y esto en un mundo en el que las modernas tecnologias actuales permiten, por primera vez en la historia de la Humanidad, poder
compartir el conocimiento sin coste alguno, con algo tan simple como es un archivo “pdf". El conocimiento no es una mercancia.
El proyecto Toomates tiene como objetivo la promocion y difusion entre el profesorado y el colectivo de estudiantes de unos
materiales didacticos libres, gratuitos y de calidad, que fuerce a las empresas comerciales a competir ofreciendo alternativas de pago
atractivas aumentando la calidad de los materiales que ofrecen, (que son muy mediocres) y no mediante retorcidas técnicas
comerciales.

Estos libros se comparten bajo una licencia “Creative Commons 4.0 (Atribution Non Commercial)”: Se permite, se promueve y
se fomenta cualquier uso, reproduccién y edicién de todos estos materiales siempre que sea sin animo de lucro y se cite su
procedencia. Todos los libros se ofrecen en dos versiones: En formato “pdf” para una comoda lectura y en el formato “doc” de
MSWord para permitir y facilitar su edicion y generar versiones parcial o totalmente modificadas. jLibérate de la tirania y
mediocridad de los productos comerciales! Crea, utiliza y comparte tus propios materiales didacticos.

Problem Solving (en espafiol):
Geometria Axiomatica Problemas de Geometria Vol.1 Vol.2 Vol.3
Introduccion a la Geometria Algebra Teoria de ndmeros Vol. 1 Vol. 2 Combinatoria
Probabilidad Trigonometria Desigualdades Numeros complejos Calculus & Precalculus
Libros de texto para ESO y bachillerato (en espafiol y en catalan):
Calculo infinitesimal ESP CAT Algebra Lineal ESP CAT  Geometria Lineal ESP CAT
Ndmeros Complejos ESP CAT Combinatoria y probabilidad ESP CAT Estadistica ESP CAT
Programacion Lineal ESP CAT Algebra ESP CAT  Trigonometria ESP CAT
Geometria analitica ESP CAT Funciones ESP CAT  Numeros (Prealgebra) ESP CAT
Proporcionalidad ESP CAT  Medidas geométricas ESP CAT  Mates amb Excel
PAU espafolas:
Cataluia TEC Catalufia CCSS Valencia Galicia Pais VVasco Baleares
Revalidas internacionales:
Portugal Italia Francia Rumania Hungria Polonia Pearson Edexcel Int A Level
China-Gaokao China-Zhongkao Corea-Suneung Israel-Bagrut Cambridge Int A Level
Cambridge IGCSE  AQA GCSE International Baccalaureate (IB) Pearson Edexcel IGCSE
Evaluacion diagndstica y pruebas de acceso:
ACM6EP ACM4 CFGS PAP
Competiciones matematicas:
Canguro: Espafial 2 3 Catalufial 2 3 Francia ReinoUnido Austrial2 USA
USA: Mathcounts AMC 8 10 12 AIME USAJMO USAMO TSTST TST ELMO Putnam HMMT
Espafia. OME OMEFL OMEEX OMC OMEA OMEM OMA CDP OFEM
Europa: OMI Arguimede BMO BalkanMO JBMO OPM OMP OMJ ONM Baltic Way RMM
Internacional: IMO 1GO SMT INMO CMO EGMO KMO KJMO AMC Australia

iGenera tus propias versiones de este documento! Siempre que es posible se ofrecen las versiones editables “MS Word” de todos los

materiales para facilitar su edicion.

iAyuda a mejorar! Envia cualquier duda, observacion, comentario o sugerencia a toomates@gmail.com

iNo utilices una version anticuada! Todos estos libros se revisan y amplian constantemente. Descarga totalmente gratis la Gltima

version de estos documentos en los correspondientes enlaces superiores, en los que siempre encontraras la version mas actualizada.
Consulta el catalogo de libros completo en http://www.toomates.net

¢Problemas para descargar algin documento? Descarga toda la biblioteca Toomates Aqui @ meca

Visita mi Canal de Youtube: https:/www.youtube.com/c/GerardRomo
Visita mi blog: https://toomatesbloc.blogspot.com/

Version de este documento: 31/05/2026



http://www.toomates.net/biblioteca/GeometriaAxiomatica.pdf
http://www.toomates.net/biblioteca/ProblemasGeometria.pdf
http://www.toomates.net/biblioteca/ProblemasGeometria2.pdf
http://www.toomates.net/biblioteca/ProblemasGeometria3.pdf
http://www.toomates.net/biblioteca/Geometria.pdf
http://www.toomates.net/biblioteca/ProblemasAlgebra.pdf
http://www.toomates.net/biblioteca/Aritmetica.pdf
http://www.toomates.net/biblioteca/Aritmetica2.pdf
http://www.toomates.net/biblioteca/Combinatoria.pdf
http://www.toomates.net/biblioteca/Combinatoria.pdf
http://www.toomates.net/biblioteca/Probabilidad.pdf
http://www.toomates.net/biblioteca/ProblemasTrigonometria.pdf
http://www.toomates.net/biblioteca/Desigualdades.pdf
http://www.toomates.net/biblioteca/ProblemasNumerosComplejos.pdf
http://www.toomates.net/biblioteca/ProblemasFunciones.pdf
http://www.toomates.net/biblioteca/Calculo.pdf
http://www.toomates.net/biblioteca/Calcul.pdf
http://www.toomates.net/biblioteca/AlgebraLinealbac.pdf
http://www.toomates.net/biblioteca/AlgebraLineal.pdf
http://www.toomates.net/biblioteca/GeometriaLinealbac.pdf
http://www.toomates.net/biblioteca/GeometriaLineal.pdf
http://www.toomates.net/biblioteca/NumerosComplejos.pdf
http://www.toomates.net/biblioteca/NombresComplexos.pdf
http://www.toomates.net/biblioteca/CombinatoriaProbabilidad.pdf
http://www.toomates.net/biblioteca/CombinatoriaProbabilitat.pdf
http://www.toomates.net/biblioteca/Estadisticabac.pdf
http://www.toomates.net/biblioteca/Estadistica.pdf
http://www.toomates.net/biblioteca/ProgramacionLineal.pdf
http://www.toomates.net/biblioteca/ProgramacioLineal.pdf
http://www.toomates.net/biblioteca/Algebraesp.pdf
http://www.toomates.net/biblioteca/Algebra.pdf
http://www.toomates.net/biblioteca/Trigonometriaesp.pdf
http://www.toomates.net/biblioteca/Trigonometria.pdf
http://www.toomates.net/biblioteca/GeometriaAnaliticaesp.pdf
http://www.toomates.net/biblioteca/GeometriaAnalitica.pdf
http://www.toomates.net/biblioteca/Funciones.pdf
http://www.toomates.net/biblioteca/Funcions.pdf
http://www.toomates.net/biblioteca/Numeros.pdf
http://www.toomates.net/biblioteca/Nombres.pdf
http://www.toomates.net/biblioteca/Proporcionalidad.pdf
http://www.toomates.net/biblioteca/Proporcionalitat.pdf
http://www.toomates.net/biblioteca/MedidasGeometricas.pdf
http://www.toomates.net/biblioteca/MesuresGeometriques.pdf
http://www.toomates.net/biblioteca/MatesExcel.pdf
http://www.toomates.net/biblioteca/Pautec.pdf
http://www.toomates.net/biblioteca/Pauccss.pdf
http://www.toomates.net/biblioteca/Valencia.pdf
http://www.toomates.net/biblioteca/Galiciapau.pdf
http://www.toomates.net/biblioteca/Paisvascopau.pdf
http://www.toomates.net/biblioteca/Balears.pdf
http://www.toomates.net/biblioteca/Portugal.pdf
http://www.toomates.net/biblioteca/Italia.pdf
http://www.toomates.net/biblioteca/Francia.pdf
http://www.toomates.net/biblioteca/Rumania.pdf
http://www.toomates.net/biblioteca/Hungria.pdf
http://www.toomates.net/biblioteca/Polonia.pdf
http://www.toomates.net/biblioteca/Edexcel.pdf
http://www.toomates.net/biblioteca/Gaokao.pdf
http://www.toomates.net/biblioteca/Zhongkao.pdf
http://www.toomates.net/biblioteca/Suneung.pdf
http://www.toomates.net/biblioteca/Bagrut.pdf
http://www.toomates.net/biblioteca/Cambridge.pdf
http://www.toomates.net/biblioteca/CambridgeIGCSE.pdf
http://www.toomates.net/biblioteca/AQAGCSE.pdf
http://www.toomates.net/biblioteca/CompendiumIB.pdf
http://www.toomates.net/biblioteca/EdexcelIGCSE.pdf
http://www.toomates.net/biblioteca/CompendiumACM6EP.pdf
http://www.toomates.net/biblioteca/CompendiumACM4.pdf
http://www.toomates.net/biblioteca/CompendiumCFGS.pdf
http://www.toomates.net/biblioteca/CompendiumPAP.pdf
http://www.toomates.net/biblioteca/Canguro.pdf
http://www.toomates.net/biblioteca/Canguro2.pdf
http://www.toomates.net/biblioteca/Canguro3.pdf
http://www.toomates.net/biblioteca/Cangur.pdf
http://www.toomates.net/biblioteca/Cangur2.pdf
http://www.toomates.net/biblioteca/Cangur3.pdf
http://www.toomates.net/biblioteca/CompendiumKangourou.pdf
http://www.toomates.net/biblioteca/KangarooUK.pdf
http://www.toomates.net/biblioteca/CompendiumKanguru.pdf
http://www.toomates.net/biblioteca/CompendiumKanguru2.pdf
http://www.toomates.net/biblioteca/CompendiumKangaroo.pdf
http://www.toomates.net/biblioteca/CompendiumMathcounts.pdf
http://www.toomates.net/biblioteca/CompendiumAMC8.pdf
http://www.toomates.net/biblioteca/CompendiumAMC10.pdf
http://www.toomates.net/biblioteca/CompendiumAMC12.pdf
http://www.toomates.net/biblioteca/CompendiumAIME.pdf
http://www.toomates.net/biblioteca/CompendiumUSAJMO.pdf
http://www.toomates.net/biblioteca/CompendiumUSAMO.pdf
http://www.toomates.net/biblioteca/CompendiumTSTST.pdf
http://www.toomates.net/biblioteca/CompendiumTST.pdf
http://www.toomates.net/biblioteca/CompendiumELMO.pdf
http://www.toomates.net/biblioteca/CompendiumPutnam.pdf
http://www.toomates.net/biblioteca/CompendiumHMMT.pdf
http://www.toomates.net/biblioteca/CompendiumOME.pdf
http://www.toomates.net/biblioteca/CompendiumOMEFL.pdf
http://www.toomates.net/biblioteca/CompendiumOMEEX.pdf
http://www.toomates.net/biblioteca/CompendiumOMC.pdf
http://www.toomates.net/biblioteca/CompendiumOMEA.pdf
http://www.toomates.net/biblioteca/CompendiumOMEM.pdf
http://www.toomates.net/biblioteca/CompendiumOMA.pdf
http://www.toomates.net/biblioteca/CompendiumCDP.pdf
http://www.toomates.net/biblioteca/CompendiumOFEM.pdf
http://www.toomates.net/biblioteca/CompendiumOMI.pdf
http://www.toomates.net/biblioteca/CompendiumArchimede.pdf
http://www.toomates.net/biblioteca/CompendiumBMO.pdf
http://www.toomates.net/biblioteca/CompendiumBalkanMO.pdf
http://www.toomates.net/biblioteca/CompendiumJBMO.pdf
http://www.toomates.net/biblioteca/CompendiumOPM.pdf
http://www.toomates.net/biblioteca/CompendiumOMP.pdf
http://www.toomates.net/biblioteca/CompendiumOMJ.pdf
http://www.toomates.net/biblioteca/CompendiumONM.pdf
http://www.toomates.net/biblioteca/BalticWay.pdf
http://www.toomates.net/biblioteca/CompendiumRMM.pdf
http://www.toomates.net/biblioteca/CompendiumIMO.pdf
http://www.toomates.net/biblioteca/CompendiumIGO.pdf
http://www.toomates.net/biblioteca/CompendiumSMT.pdf
http://www.toomates.net/biblioteca/CompendiumINMO.pdf
http://www.toomates.net/biblioteca/CompendiumCMO.pdf
http://www.toomates.net/biblioteca/CompendiumEGMO.pdf
http://www.toomates.net/biblioteca/CompendiumKMO.pdf
http://www.toomates.net/biblioteca/CompendiumKJMO.pdf
http://www.toomates.net/biblioteca/CompendiumAMC.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook1.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook2.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook3.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook4.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook5.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook6.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook7.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook8.pdf
http://www.toomates.net/biblioteca2/contestproblembooks/TheContestProblemBook9.pdf
http://www.toomates.net/biblioteca2/PizzazzBookA.pdf
http://www.toomates.net/biblioteca2/PizzazzBookB.pdf
http://www.toomates.net/biblioteca2/PizzazzBookC.pdf
http://www.toomates.net/biblioteca2/PizzazzBookD.pdf
http://www.toomates.net/biblioteca2/PizzazzBookE.pdf
http://www.toomates.net/biblioteca2/Pizzazz_pre_Algebra.pdf
http://www.toomates.net/biblioteca2/pizzazz_algebra.pdf
http://www.toomates.net/biblioteca/CompendiumREOIM.pdf
http://www.toomates.net/biblioteca2/llibre3r.pdf
http://www.toomates.net/biblioteca/Excalibur.pdf
http://www.toomates.net/
https://mega.nz/folder/EkojHQZB#56VbGgdt1iE937QzpoaFnw
https://www.youtube.com/c/GerardRomo
https://toomatesbloc.blogspot.com/

Presentacion.

El Romanian Master of Mathematics (RMM) es una de las competencias
internacionales de matematicas de nivel preuniversitario mas prestigiosas y
exigentes del mundo.

Celebrada anualmente en Bucarest (Rumania), rene a jovenes talentos
matematicos para resolver problemas de alta dificultad y fomentar el
intercambio cultural

El RMM es un escenario de élite disefiado para estudiantes de secundaria
excepcionales. Su objetivo principal no es solo poner a prueba el razonamiento
I6gico-matematico mediante problemas de altisima complejidad, sino también
fortalecer las relaciones interculturales entre los futuros lideres cientificos del
mundo.

Cada pais invitado presenta un equipo de hasta cuatro concursantes oficiales,
acompafiados por un lider y un sublider.

El certamen se divide en dos dias, con tres problemas por jornada.

La puntuacion oficial del equipo se calcula sumando las tres notas individuales
mas altas.

El RMM es un esfuerzo conjunto de instituciones académicas y gubernamentales
de primer nivel. Est4 organizado por el Colegiul National de Informatica "Tudor
Vianu" en cooperacion con La Sociedad Matematica Rumana, La Universidad
Politécnica de Bucarest, EI Ministerio de Educacion de Rumaniay el
Ayuntamiento del Distrito 1 de Bucarest.

Siguiendo los estandares de las olimpiadas internacionales, el comité otorga
medallas de oro, plata y bronce, ademas de menciones honorificas basadas en los
puntajes individuales. El pais ganador recibe el trofeo oficial, el cual guarda
grabado su nombre hasta la siguiente edicion.

Fuentes de los documentos.

https://rmms.lbi.ro/rmm2026/index.php?id=home
https://matematickitalent.mk/
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Romanian Masters In Mathematics 2008

Bucharest

Let ABC be an equilateral triangle and P in its interior. The distances from P to the
triangle’s sides are denoted by a?,b?, ¢? respectively, where a,b,c > 0. Find the locus of the
points P for which a, b, ¢ can be the sides of a non-degenerate triangle.

Prove that every bijective function f : Z — Z can be written in the way f = u + v where
u, v : Z — 7 are bijective functions.

Let a > 1 be a positive integer. Prove that every non-zero positive integer N has a multiple

in the sequence (an)p>1, an = [% .

Consider a square of sidelength n and (n + 1)? interior points. Prove that we can choose 3 of
these points so that they determine a triangle (eventually degenerated) of area at most %

This file was downloaded from the AoPS Math Olympiad Resources Page Page 1
http://www.artofproblemsolving.com/



http://www.artofproblemsolving.com/Forum/resources.php?c=1&cid=135
http://www.mathlinks.ro/Forum/resources.php?c=1&cid=135&year=2008
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=1030119
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=1030123
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=1030127
http://www.artofproblemsolving.com/Forum/viewtopic.php?p=1030132
http://www.artofproblemsolving.com/

Romanian Master in Mathematics
First Edition, 2008, Bucharest - SOLUTIONS

Problem 1. Let ABC be an equilateral triangle. P is a variable point
internal to the triangle and its perpendicular distances to the sides are de-
noted by a?, b? and ¢? for positive real numbers a,b and ¢. Find the locus of
points P so that a, b and ¢ can be the sides of a non-degenerate triangle.

[U.K.]

Solution. The required locus is the interior of the inscribed circle of
triangle ABC.

To prove this, embed the equilateral triangle in the Cartezian space Oxyz,
as the set in the plane z + y + z = 1 described by z,y,z > 1. Let the feet
of the perpendiculars from P to BC and C' A be D and FE respectively, and
let the feet of the perpendiculars from P to the planes OBC and OCA
be () and R respectively. Then triangles PQD and PRFE are similar, so
PQ:PR=PD: PE;ie. z:y=a®:b* where (z,y,2) are coordinates of
P. In the same way we get y : 2 = b% : ¢, so we have (a® : b* : ) = (x : y : 2).

Now if a,b and ¢ are the sides of a triangle, the Heron’s formula states
that the square of the area of that triangle is

1
1—6(a+b+c)(—a~|—b+c)(a—b~|—c)(a+b—c).
So this quantity is positive. The reverse is also true.
Multiplying the expression out, this means that a,b and ¢ are the sides
of a triangle if and only if

226202—2a4>0.

Since a2, b%, ¢* are proportional to z, vy, 2, it follows that a,b and ¢ are the
sides of a triangle if and only if

20+ P+ ) < (v +y+2)P =1

So the required locus of points is the intersection of the solid sphere 2%+ 2+
2? < 1/2 with the plane z + y + z = 1; that is the interior of the inscribed
circle of the equilateral triangle.

Remark. Using a?,b?, ¢ as baricentric coordinates for P, in an equilat-
eral triangle of circumradius 1, one can calculate the distance from P to the
incenter I, reducing thus the problem to an algebraic one. In fact one can
see the similarity to the above solution.



Problem 2. Prove that any bijective function f : Z — Z can be written
as f = u + v where u,v : Z — Z are bijective functions.
[Romania]

Solution. To find u,v such that f = v + v it is enough to consider the
case f = identity on Z. For that it suffices to write the above relation as
idy =uo f~' +vo f~1. Consider the following well-ordering of the nonzero
integers: Z* = {1,—-1,2,-2,...,n,—n,... }.

Build the following table

Step A # B
1 1 +1 2
2 —1 -2 -3
3 —2 -3 -5
4 3 +4 7
k ag sign(ay) -k by = ap + #(k)

The inductive rule in completing the table is as follows: at step 1 write 1,
the first in the ordering of Z*, in column A, in column # put the number of
the step, that is 1, with the sign from A, and in column B the sum from A
and #. Suppose now that row of step ¢ has been completed. Write on row
7+ 1 in column A the first integer in the ordering of Z* that has not yet been
used in A nor B, in column # the number ¢ 4+ 1 with the sign given by that
of the number just written in A, and in B the sum of A and #.

It is easy to see that in this manner we get an infinite array where AUB =
Z* and AN B = (), while elements in A and B do not repeat.

Define now u(0) = v(0) = 0 and for z € Z

e for x = a; € A (meaning that z is in column A and row i), take
u(z) = — (), v(x) = b

o for x = b; € B, take u(z) = #(j), v(z) = q;.

Obviously u and v are both bijections from Z to Z and idzy = u+v. W



Problem 3. Given positive integer a > 1, prove that any positive integer
N has a multiple in the sequence

a

(Gn)n>1, Gn = L—nJ

n

[Romania]

Solution. In what follows, all literals will represent non-negative inte-
gers. The solution makes use of specific values for n, carefully chosen to
facilitate the computation of the floor function.

Clearly, there exist e > 0, ¢ > 1 and

M =a"""%q gecd(g,a) =1,

such that M is a multiple of N.
Let us consider values n = a°p, with p prime, p > M. Then, by Fermat’s
little Theorem (p > M > a, so ged(a,p) = 1)

a®® ) — 1= (a"1)* —1=0 (mod p), so a" = a* kp + a*,

therefore, as n = a®p > a®M > a*

n

ay = LG—J = a* k.
n

On the other hand, kp = a®®1) — 1. Assuming p — 1 = mp(q) we
have a#9 = 1 (mod ¢)' therefore kp = 0 (mod q), so ¢ divides kp. But
p > M > q, so ged(q,p) = 1, hence ¢ divides k, so M (and a fortiori N)
divides a,,.

We are left to prove that we can find such p—1 = mp(q), that is, p > M
must belong to the arithmetic sequence of first-term 1 and ratio ¢(q). The
existence of such p is guaranteed by Dirichlet’s Theorem? and that
should suffice in an international math competition. |

Remarks. We will however, for self-containment, present a proof for this
particular case of Dirichlet’s Theorem 3

An arithmetical sequence of first-term 1 and ratio r contains infinitely
many primes (assume r > 2, asr =1 or r = 2 makes it trivially true).

We will denote by d, 1 < d < r, any (proper) divisor of r. Let us consider
the polynomial X" —1 € Z(X), factored in irreducible polynomials. Its roots
(the r-roots of unity) are

2km . 2km

cos — +isin —, with 1 <k <,
T T

Ly is the Euler totient function, and ged(q, a) = 1.

2Dirichlet’s Theorem asserts the existence of infinitely many primes in an arithmetic
sequence of co-prime first-term and ratio.
3This effort is a personal improvement on a proof by A. Rotkiewicz.

3



and, for £k = 1, the main primitive r-root of unity ¢ cannot be the root of
any polynomial X¢ — 1. Therefore ¢ must be root of an irreducible factor
f(X) for X" — 1, which cannot be a factor for any X¢ — 1. Now

v deg f
for all d, and f(X) = H(X - %),

=1

X
f(X) divides ~d 1

with z; among the r-roots of unity, so |z;| = 1. Therefore, for any n > 2

deg f deg f

) =TT 1n—zl= ] In—lall = (n — 1)%sf > 1.
=1 =1

Assume now there are only finitely many such primes ¢, and take n = r [] ¢.
As |f(n)| > 1, there exists p prime, dividing f(n), and therefore dividing Z;j
for all d. We then cannot have p dividing n? — 1 for any d, because

Xi—1= (X - 1)P(X), P(X)= (X - )Q(X)+ R, R=P(1) = -,
SO Z;j = P(n%) = (n?—1)Q(n?) + Z, while clearly n?—1 and L are co-prime

(as r divides n), therefore p cannot divide 5.

This shows that n” = 1 (mod p) and n¢ # 1 (mod p) for any d, so r =
ordy(n). But n?~!' = 1 (mod p) (by Fermat’s little Theorem), so we must
have r dividing p — 1, that is, p belongs to the stated arithmetical sequence.
However, p # ¢ for any ¢ considered in the above, as ged(p,n) = 1, and thus
we have found yet another such prime, contradiction. 0

4In fact (not needed here), all primitive roots, for ged(k,r) = 1, are the roots of a same
irreducible factor ®,.(X), of degree (r), which is the cyclotomic polynomial of order r.

Then X" — 1 =[] ®4(X), the product of the (irreducible) cyclotomic polynomials.
d|r
By definition [ ¢ := 1 if no such primes were to be selected.

4



Problem 4. Prove that from among any (n + 1)? points inside a square
of sidelength positive integer n, one can pick three, such that the triangle
determined by them has area no more than %

[Romania]

Solution. Although the topic of the problem may somehow appear fa-
miliar, the solution involves a novel and ingenious mix of ideas, centered
around estimating areas of triangles using simple convexity inequalities.

Denote by A = n? the area of the square, by P = 4n the perimeter of
the square, and by N = (n + 1)? the number of points. The convex hull of
the set of N points will be a convex k-gon (contained in the given square),
3 <k < N, with N —k points in its interior (if any three points are collinear,
they will determine a triangle of area 0, thus rendering the result trivially).

We will make use of the following folklore result

Any triangulation of a (convex) k-gon, using m = N - k interior points,
is made of t = (k- 2) + 2m = 2(N - 1) - k triangles.®

As the area of the convex hull k-gon is at most A, it follows, using an
averaging argument, that there will exist a triangle A of area at most

A A

e A

On the other hand, as the perimeter of the convex hull k-gon is at most P,
one can find a pair of consecutive sides, be them a, b, of lengths a, b, such
that “T+b < T (this also is an averaging argument). Now, the area of the

i
triangle A, determined by a, b, is

1<a+b)2 < P? "

1.

§absm4(a, b) < 53 o2
Clearly, the bounds for the areas of triangles A, A, depend on k, but f(k)
is increasing, while g(k) is decreasing, therefore the worst case occurs for the

value calculated in ky where the graphs of f and g meet

A P2
=T~ 2 SOk = 16(n+1)" 16— 8k, hence ko = 4n.

Both formulae f and g, calculated in ky, yield the value %, as required. W

Remarks. One can improve on the bound given by g(k); in fact it may
: P2 . 27
be proven that a triangle A, of area at most 5sin7" can be found. However,

the minimum value offered by f(k) is greater than %(nLH)Q, which converges

6The total sum of angles for the t triangles is tm; but the vertices contribute (k — 2),
while the interior points contribute 2mm, therefore t = (k — 2) 4 2m.



to % when n grows large, thus thwarting any attempt to improve on the %
bound. The issue is to improve on the bound given by f(k), but it is difficult
to find efficient ways to bound from above the size of a least-area triangle for
small k.

The author is far from claiming the result is tight (for large n), although
better estimates appear elusive; however the naive attempt to use the pi-
geonhole principle in its simplest form (partition the side-n square into n?
unit squares; then for any 2n? 4+ 1 points inside the square there will exist
three within a unit square, thus determining a triangle of area at most %),
necessitates almost twice as many points as those afforded in the problem
(except for n =2, when 2-22 4+ 1 = (2+1)?). On the other hand, for n = 1,
the result is best possible!

Moreover, using the %Sin%’r bound for A,, one can prove for n = 2 that
there exists a triangle of area at most % (the critical point kg is moving from
value 8 to 7, when the correct answer is given by f(7) = 5), a better bound
than anything found in the literature!



The 2nd Romanian Master of Mathematics Competition — Solutions
Bucharest, Saturday, February 28, 2009

Problem 1. For any positive integers ay,...,ax, let n =

k

Y a;, and let be the multinomial coefficient

i=1 ay,...,ay
!

H?:l(ai!)
mon divisor of ay, ..., a.

. Let d = gcd(ay, ..., ar) denote the greatest com-

d n . .
Prove that — is an integer.
nl\ai,..., a

Romania, Dan Schwarz[1]

Solution. The key idea is the fact that the greatest com-
mon divisor is a linear combination with integer coefficients
of the numbers involved|[2], i.e. there exist u; € Z such that

k
d=) u;a;. But
i=1

n n n-1
- )
ay,..., g ai\ay,...,ai-1,a; —1,ai+1,..., ag

SO

d n k n-1

>
— = Ui ’
n\ai,...,ag i=1 alr---)al’*bai_l)ai+1)---!ak

which clearly is an integer, since multinomial coefficients
are known (and easy to prove) to be integer. ]

Problem 2. A set S of points in space satisfies the property
that all pairwise distances between points in S are distinct.
Given that all points in S have integer coordinates (x, y, z),
where 1 < x, y, z < n, show that the number of points in S is
less than min ((n +2)v/n/3, nv6).

Romania, Dan Schwarz[3]

Solution. The critical idea is to estimate the total number
possible T of distinct distances realized by pairs of points
(x,y,2), of integer coordinates 1 < x, y, z < n. However, any
such distance is also realized by a pair anchored at (1,1, 1),
from symmetry considerations.

But the number of distinct distances to points with no co-
ordinates x, y,z equal is at most (5) = n(n—1)(n-2); the
number of distinct distances to points with two of the three
coordinates X, y, z equal is at most 2(};) = n(n—1); while the
number of distinct distances to points with all three coordi-
nates x, y,z equal is n— 1, hence

1 1
TsEyun—lxn—2)+nup-u+(n—1)<guﬁ+3n2+2m.
On the other hand, the total number of distinct distances
between the N points in S needs be (§) = IN(N-1) = T,
yielding

1 1
@2N-1)?%< 5(4n3 +127%+8m) +1< §(2nﬁ+3\/ﬁ)2,

1
hameAL<5(@n+3nhw3+1)s(n+mvhw3mrn23.0ne

can easily check that the inequality is true for n = 2 also,
since then[4] T = 3.

On the other hand, since the squares of the distances can
only take the integer values between 1 and the trivial upper
bound 3(n—1)? (for the diagonal of the cube), it follows that
TSB(n—l)z,yieldingN< nve. |

Problem 3. Given four points A, Az, As, A4 in the plane,
no three collinear, such that

A1Ap - A3Ay = A1 Ag- Ap Ay = A1 Ay - Ax As,

let us denote by O; the circumcenter of AA;ArA,, with
{i,j, k,¢}=11,2,3,4}.
Assuming A; # O; for all indices i, prove that the four
lines A;O; are concurrent or parallel.
Bulgaria, Nikolai Ivanov Beluhov

Solution. (D. Schwarz) The given triple equality being in-
variated by any permutation in .%#}, it is enough to prove that
the lines A;O; for 2 < i < 4 are concurrent or parallel. The
relations can then be written

A1Ay  AgAy A1As AxAg
A1As  AgAs’ AjAs A AL

MAy  AsAy
A1y AsAp’

Consider the Apollonius circles I'y of centers wy € A; Aj, for
{i, j, k} = {2,3,4}, determined by the point A;, which there-
fore lies on all three, while the points A lie on I'y.. Moreover,
the points wy are collinear, since the point A} which is the
other meeting point (than Ay, if any) of I'; and I'; fulfills

AAj A4
A A AiAg

A;CAZ' _ Ain
Al A AjA

S AL A _ ArA;
AlA; ARAf

therefore A;C also lies on I';, hence all three circles I';. share
the same meeting point(s), thus their centers are collinear.
Now, the circumcenters O; and Oj, as well as the point
Wy, lie on the perpendicular bisector of the segment A; A,
for {i, j, k} = {2,3,4}. It follows that the pairs of lines A;Aj,
0;0; meet at the collinear points w;. Desargues’ theorem
for the perspective triangles AA; A; Ay and AO; O; O, yields
the claim. |

Alternate Solution. The author’s original solution makes
use of inversions of poles A; to reach the same conclusion
via Desargues, in a dual-by-inversion to the solution above
manner, with a lot more details than concepts. We feel that
making use of the well-known properties of the Apollonius
circles renders the idea in a more striking way. |

Remark. There exists a particular (degenerate) case,
when the points are the vertices of a kite of § equal angles,
hence one of the associated ratios is 1, so a corresponding
Apollonius circle degenerates to the perpendicular bisector.
This (together with the use of Desargues) shows the deep
projective nature of the problem, better handled through
projective methods.

Also, there is no converse implication, since the case of
concyclic points trivially warrants the conclusion, without
fulfilling the stated condition (as in conflict with Ptolemy’s
relation).



Problem 4. For a finite set X of positive integers, let

1
I(X)= ) arctan—.
xeX X

Given a finite set S of positive integers for which X(S) < %,
show that there exists at least one finite set T of positive in-
tegers for which Sc T and X(T) = 7.

United Kingdom, Kevin Buzzard

Solution. (D. Schwarz) We will step-by-step augment the
set S with positive integers #,,, by taking each time ¢, as the
least positive integer larger than max(S), and not already
used, such that Z(Su {1, f3,..., t,,}) remains at most 7 (this
is possible since arctanlt — 0 when ¢ — o0). If at some point
we get exactly 5 we are through, since we have augmented
S to a set T as required, so assume the process continues
indefinitely. Clearly the sequence (¢;),>; is built (strictly)
increasing, so for all n = 1 we have #,,41 > t,, > max(S).

We will make some useful notations. Take Sy = S, S;41 =
Sn U{tp+}, for n € N. Also take x;, = tan(% —Z(Sn)). Using

tana +tanf
1-tanatanpf
easily prove by simple induction that a lesser than 7 sum
of arcs of rational tangents is as well an arc of rational tan-
gent, therefore x, = %, with py, g, € N*, (pn, gn) = 1. Since

the well-known formula tan(a + f8) = one can

arctan is increasing, we need take ;1] = [%1 in order that
n

we may augment S,, with ¢, to obtain S,;.

1

Assume that for all n = 1 we have - =< f,. Since we
n

need both t,,; = [x—ln-‘ and f,,01 > f, = é, it follows that
th+1 = Iy + 1 (the least available value), so ;4 = 1 + k for

T n-1
all k=0. But then = > ({11, fy,..., 1,}) = )_ arctan >
2 k=0 Hh+
1=l
— — oo when n — oo, absurd (see Lemma).
2 oh+t k

Therefore there exists some N = 1 for which # > N,

SO [#—‘ is available for #y+;. Moreover, for any n = N

1
Xp— —— 1
. t Xnln+1
with t,41 = | = |, we have x,41 = nl
*n 1+x,——
n In+1

In+1 +Xp
Xn

. 17 .
—" < , since f,41 = [—1 implies x, ;11 — 1 < Xp;
Iny1+Xn  Inyl n

and so we can take t,,.1 = [ﬁ-‘ indefinitely for n = N. Now

we use the fact that x;, = %.
Pn_ _1 "
1 7 1-
Then 221 = _4n 5 = Pnln qn, hence ppy1 <
qn+1 1+q—zm qnltn+1+ Pn

Pntn+1 —qn < Pn, since t,41 = ﬂ-‘, and so £+ < an +1.
n n
Therefore the sequence (p;),>1 of the numerators of x,

eventually becomes (strictly) decreasing, absurd for any se-
quence of positive integers. ]

Lemma. For x € (0, 7) one has arctanx > 3.

Proof. We start by proving that under given condition one
. . . X X sin%
has sin x > tan 7, in turn equivalent to 2sin — cos -~ > —=,
2 cos 3
2 cos? % —1>0, and finally cos x > 0, patently true.

Now, arctan is increasing, hence applied to the above,
together with the well-known inequality x > sinx, true for
all x > 0, yields arctan x > arctansin x > arctantan 3 = 5. [

As a corollary, arctan% > ﬁ, for all positive integers

n, inequality used to yield the divergence of the series

Z arctan — in the above solution.
n=1 n

Remark. The above solution shows that it is irrelevant

7

that we start with the arc — — ) arctan —; in fact we may
S€S s

state the problem like this

Prove that for any arc a € (0, %) of some rational
tangent T =tana, and any finite set S of distinct
positive integers, there exists some finite set T of
distinct positive integers such that TnS = @ and

1
Z arctan— = a.
teT 4

The problem is strongly reminiscent of a strengthened
form of the famous Egyptian fraction[5] theorem

Prove that for any rational numberr € (0,1), and
any finite set S of distinct positive integers, there
exists a finite set T of distinct positive integers
suchthatTnS =@ and

)3

e t

1
=r.

All the ingredients are there: the greedy algorithm, going
beyond the largest element of S, using the divergence of the

1

series ) —, and the (Fermat) infinite descent method of a
n=11

(strictly) decreasing sequence of positive integers.

In fact, it is enough to consider a (strictly) increasing func-
tion f: Q.+ — R, with the properties that there exists a func-
tion ¢ : Q4 x Q4 — Q. such that f(r) — f(s) = f(p(r,s)) for

. ~ & (1)
any0$s<rln@,}C%f(x)—O,and'}LI}goI;f(E)_oo_

Moreover, we need that ¢(r, s) has not larger numerator
than r — s, and not lesser denominator. Then the Egyptian
fraction method extends perfectly. Or f(x) = arctanx and

Qx,y) = 1):33, conform to this model. END

[1] Based on a property of quasi-Catalan numbers of J. Conway,
see [GUY, R.K., Unsolved Problems in Number Theory].

[2] Easily proven by induction from the classical Bézout’s relation
gcd(M, N) = uM + vN for some integers u, v.

[3] A 3-dimensional extrapolation of a plane lattice points case
study of P. Erd6s and R.K. Guy.

[4] An example of N =3 points for n =21is (1,1,1), (2,2,1), (2,2,2);

and of N =4 points forn=31is (1,1,1), (1,1,2), (2,2,1), (2,3,3).

[5] An Egyptian fraction is written as a finite sum of fractions with
all unit numerators and all distinct denominators. Such frac-
tions were used by ancient Egyptians, as apparent in the Rhind
Papyrus, but their use is discontinued today.



THE 3RD ROMANIAN MASTER OF MATHEMATICS COMPETITION
DAY 1: FRIDAY, FEBRUARY 26, 2010, BUCHAREST

Language: English

Problem 1. For a finite non-empty set of primes P, let m(P) be the largest possi-
ble number of consecutive positive integers, each of which is divisible by at least
one member of P.

(i) Show that |P| = m(P), with equality if and only if min(P) > | P|;

(i) Show that m(P) < (|P|+1)(2"I-1).
(The number | P| is the size of the set P.)

Problem 2. For each positive integer n, find the largest real number C,, with
the following property. Given any n real-valued functions fi(x), f2(x),..., fn(x)
defined on the closed interval 0 < x < 1, one can find numbers x1, X3, ..., X;;, such
that 0 < x; < 1, satisfying

|f1(x1) + folx) +--+ fulxp) —xlxz---xn| =C,.

Problem 3. Let A; Ay A3A4 be a convex quadrilateral with no pair of parallel
sides. For each i = 1,2,3,4, define w; to be the circle touching the quadrilat-
eral externally, and which is tangent to the lines A;_1 A;, A;A;+1 and A1 A4
(indices are considered modulo 4, so Ay = A4, A5 = A; and Ag = Ay). Let T; be
the point of tangency of w; with the side A; A;;. Prove that the lines A A, A3 A4
and T, T, are concurrent if and only if the lines Ay A3, A4A; and T, T3 are con-
current.

Each of the three problems is worth 7 points.
Time allowed: 4% hours.



THE 3RD ROMANIAN MASTER OF MATHEMATICS COMPETITION
DAY 2: SATURDAY, FEBRUARY 27, 2010, BUCHAREST

Language: English

Problem 4. Determine whether there exist a polynomial f(x,x,) in two vari-
ables, with integer coefficients, and two points A = (a;, a2) and B = (b1, by) in
the plane, satisfying all the following conditions:
(i) Aisan integer point (i.e., a; and a, are integers);
(i) la1— b1l +laz — by| = 2010;
(iii) f(n1,n2) > f(ay,ay), for all integer points (n;,ny) in the plane other
than A;
(iv) f(x1,x2) > f(by, bo), for all points (x, x») in the plane other than B.

Problem 5. Let n be a given positive integer. Say that a set K of points with
integer coordinates in the plane is connected if for every pair of points R, S € K,
there exist a positive integer ¢ and a sequence R = Ty, T3, ..., Ty = S of points in
K, where each T; is distance 1 away from Tj,;. For such a set K, we define the
set of vectors .
A(K)={RS|R,SeK}.

What is the maximum value of |A(K)| over all connected sets K of 2n + 1 points
with integer coordinates in the plane?

Problem 6. Given a polynomial f(x) with rational coefficients, of degree
d = 2, we define the sequence of sets f°(Q), f1(Q),...by f°(Q) =Qand f**1(Q) =
F(f™(@Q)) for n= 0. (Given a set S, we write f(S) for the set {f(x) | x € S}.)

o0
Let f°(@) = () f"(Q) be the set of numbers that are in all of the sets
n=0
f(Q). Prove that f“(Q) is a finite set.

Each of the three problems is worth 7 points.
Time allowed: 4% hours.



The 3rd Romanian Master of Mathematics Competition — Solutions
Day 1: Friday, February 26, 2010, Bucharest

Froblemn | For a finite non-empty set of primes P, let
m(P) be the largest possible number of consecutive positive
integers, each of which is divisible by at least one member

of P. (In the sequel, the number |P| is the size of the set P.)

(i) Show that |P| <
min(P) > |PJ;

m(P), with equality if and only if

(ii) Show that m(P) < (IP|+1)2""1 - 1).

Romania, Dan Schwarz

Solution. In the sequel we will consider P being made of
the primes 1< p; < pp << pp, withk=|P|= 1.

(i) By the Chinese Remainder Theorem there will exist
some a € Nsuchthata=—i (mod p;), hence p; | a+i. Then
the set {a+i; i = 1,2,...,k} of k consecutive integers has
the desired property, hence m(P) = k. When minP > |P|,
within any set of |P| + 1 consecutive integers at most one
is divisible by any p € P, hence by the Pigeonhole Princi-
ple there will be one not divisible by any of the primes in P.
On the other hand, when minP < |P|, we will make again
use of the Chinese Remainder Theorem, so there will exist
some a € N such that a = —r; (mod p;), hence p; | a+r;,
where {r;; i = 1,2,...,k} = {1,2,..., k} and the extra require-
ment that r; = k+ 1 — p;. It follows that the set {a+i; i =
1,2,...,k, k+1} of k+ 1 consecutive integers has the desired
property, hence m(P) = k+1>|P|.

(ii) Now, let a set made of m consecutive integers have the
desired property. For any @ # I < {1,2,...,k}, the number
N(I) of its elements which are divisible by [];¢; p; will satisfy
the inequality

m l‘l m m "{ m
[ier pi Mier pi [lierpi | Tlicrpi

Then, by the Principle of Inclusion/Exclusion, one has

m= Z( ! ):N(n<z( )+mZ{ DY ——

=i =i H;em

+1.

JsN[Ds[

The first term is clearly equal to 2% — 1, while the second is
equal to

k 1 : 1 m
e ——|leml1- e
m|1 E ! pi])<m( ,E[l{l :+1]] "1
therefore m < (k+ 1) (2% - 1), and so will be m(P). [ |

Remarks.[1] A simpler variant could be
(ii) Prove that |P|< m(P) < hax m(P') < 00.[2]

Problem 2. For each positive integer n, find the largest
real number Cp, with the following property. Given any n
real-valued functions f(x), f2(x),..., fn(x) defined on the
closed interval 0 = x < 1, one can find numbers xy, x3,..., x,,
such that 0 < x; < 1, satisfying
Xn| = Cp.

[fi(x1) + folx2) + -+« + fr(Xn) — X1 220+

Serbia, Marko Radovanovié¢

n-1
Solution. First we will prove that C,, = ——, i.e. that for

any n functions f1, f5,..., fn 1 [0,1] — R, there exist numbers
X1, X2, ..., Xp in [0, 1] such that
-1

n
‘xn| B

|filx1) + falxo) +- - e

+ fnlxp)—x122-

For n =1 this is trivial. For n = 2 suppose, contrariwise, that

forall x;, x2, ..., X in [0, 1] we have
n-1

LAlx) + fo(x2) + 4+ fu(Xn) — X122+ Xnl < o

B n
Plugging in x; = 1 for -(1}—1| <
Plugging in x; = 0 for (0}| < —,
Plugging in (foreveryl < i< n) X = Oand xj=1 fora]]j #1,
weget'ﬁ(0]+ ij(l}| < ——. Since

J#i

n n n
(n-1nY =3 (ﬂ-mHZf,-(n]—):ﬂ(m.
i=1 i=1 j#i i=1
by the triangle inequality we have
- n-1
(n-1) i=Zl,r‘,-(1}| <(m+1)—.
On the other hand, by again the triangle inequality we have

1<|Zf,(l)‘ |):fl(1)—1|« g "2;1 =

which is a contradiction.

n-1

To prove that| C, = is the largest constant, it will be

2n
sufficient to prove that for the n (equal) functions
"on-1 ,
fi(x)=f{.'lf]:= —W,lﬂlﬁn,

and any n numbers x;, X3, ..., X, in [0, 1], we have

n_
|f(x1)+f{xz)+“‘+f(xn}—x!x2“'xnl5-z-n—-.
equivalent to
n- LI 5 & n-1 n-1
——==) x-||Xi-——=—
2n nf; ! E! 2n ~ 2n

The LHS inequality follows from the AM-GM inequality.
The RHS inequality is equivalent to

—l
F(x) = F(x;,x2,.. ,xn)=—2x —ﬂx: e
i=1

at all points x = (x3, x2,..., X,) of the hypercube [0,1]”. Since
F is convex in every variable, its maximum is reached at
some vertex v of the hypercube (point with x; =0orx; =1,



forall 1 < i < n). Itis easy to see that for all such points we
-1

have F(v) = n—, which completes the proof. -]
n

Remarks. The choice of the functions

x" n-1 .
fi(xJ:=?-—2n2 ,l<isn
could be justified by the fact that if we try all f; = f and all
x; = x, the relation becomes |n f(x) — x"| = Cp, as tight as
n

1
possible for some x € [0,1]. Then f(x) = in— - ;C,, is a po-
tential candidate.

On a different note, RHS inequality above is equivalent to
1 n n
F(x) = F(x1,X2,...,Xn) 1= = Y a-[Jxiz0
i=1 i=1

at all points x = (x1, X2,...,x,) of the hypercube (0, 1]*, and
this again may be justified by F being convex, since it can
be easily seen that F(v) = 0 at any vertex v of the hypercube,
so one may use a unifying argument for both sides of that
inequality.

Problem 3. Let A} A2 A3 A4 be a convex quadrilateral with
no pair of parallel sides. For each i = 1,2,3,4, define w; to be
the circle touching the quadrilateral externally, and which is
tangent to the lines A;-1A;, AjAj41 and Ajy1Aj42 (indices
are considered modulo 4, so Ag = A;, As = A and Ag = Az).
Let T; be the point of tangency of w; with the side A; A;4).
Prove that the lines A; Az, A3A4 and T, T4 are concurrent if
and only if the lines A2 A3, A3A) and T; T3 are concurrent.

Russia, Pavel Kozhevnikov

Solution. We start with a reformulation of a well-known
statement on harmonic cyclic quadruples (Kj, Kz, K3, K4),
also provable by polar transformation (projective methods).

Lemma. Being given four pairwise non-parallel lines ¢;,
i =1,2,3,4, tangent to a circle @ at points K;, and such that
lines #;, ¢35 and K; K, are concurrent, then lines ¢, ¢4 and
K; K3 are also concurrent.

Proof. Let O be the centre of w, X = 61 N3N KsKy, Y =
f3n€y. Wehave OX L K1 Kz and OY L KKy, Let Z=0Xn
K1K3, T = OY n K2K,. Notice that triangles AOK3 X and
AOZKj3 are similar, and also similar are triangles AOKyY
and AOTKjy, hence OY - OT = OK} = OK; = 0X - OZ.

This means that triangles AOXT and AQY Z are similar,
hence YZ 1 OX,andso Y € K1 K3. O

Suppose now lines Az A3, A4A; and T; T3 are concurrent
atapoint P. Let T;, T} be the tangency points of lines A44,,
respectively A;As, to circle w;, and let Tg be the second
meeting point of line T; T3 and circle w). Let the tangent
to w; at T; meet the lines AgA;, A2 A3 at points A}, respec-
tively A}. The (direct) homothety of centre P that takes
to w3 maps Tj to T3, hence A3Ay | AjAj.

Let Q = AjA; N A3Aq, Q' = AjA2n AL A). Applying the
Lemma to circle w; and lines AyA3, AJA;, AsA1, A1Az,
yields that points Q', T;, T, are collinear. The (inverse) ho-
mothety of centre A; that takes AQA; A4 to AQ'A; A} maps
w4 t0 w1, so maps Ty to T,, hence Q'T, || QTy. Similarly,
the (inverse) homothety of centre A; that takes AQAz A3
to AQ' Az A} maps w; to wy, so maps T; to T;, hence also
Q'T; || QT>. Since points Q', T;, T, are collinear, it follows
points Q, Tz, Ty are also collinear.

The converse implication is done in a similar way, due to
the cyclic nature of the notations used (just increase each
index by 1). n

Alternative Solution. (D. Serbanescu) Suppose Q, T>, T}
are collinear. We will show P, Tj, T3 are collinear. We will
use the notations of the solution above, but also let S’l. sy
be the tangency points of line A; A3 to circle w;, respectively
wg, and let S5, S§ be the tangency points of line A3 A4 to cir-
cle wy, respectively w4. Let T, be the (other than T3) meet-
ing point of line QT> Ty and circle wy, and let the tangent
line to w; at T,' (parallel to A; As) meet Az A3 at P’ (via the
(direct) homothety of centre Q that takes w4 to w3).

Clearly APT, Ty ~ AP'T, T, and AP'T> T, is isosceles, so
PT, = PTy (in other words, if Q, Tz, Ty are collinear then
PT, = PTy; the other implication trivially also holds, but is
irrelevant here).

From PT, = PT; and PT, = PT, follows T, T, = T, Ty. As
external tangents, T, T» = Ty S} and T, Ty = T; S, hence T} is
the midpoint of | S}. Similarly, T3 is the midpoint of S;S5.
It follows that P, Tj, T3 lie on the radical axis of the circles
w> and wy, hence are collinear.

The converse implication is done in a similar way. |

Remarks.

1. The statement remains true if points T; are replaced
by their symmetrical L ; with respect to the midpoints of the
segments A;Aj41.

2. Via some trigonometrical computations, one obtains
that both conditions in the statement are equivalent to the
condition sin A sin 2 sin a2 sin i

2 2z 2 2
END

[1] When the primes in P are the first |P| consecutive primes
41,42, Gk it is easy to see that the set of integers between
1 and the next prime g1 has the desired property, so m(P) =
q+1 — 2. It is obvious that one can check just the positive in-
tegers less than [1;<j<k g; in order to verify that this is indeed
the value of m(P), and this conjecture seems to hold, since it is
true for k = 1,2,3,4,5. However, for k = 6, there exists a larger
set than (prescribed) between 1 and 13, made by the numbers
between 113 and 127.

[2] The proof goes by simple induction on k = | P|. Denote m(k) =

Igllmi(c m(P); it is quite clear that m(1) = 1. Assume therefore

that m(k) < co and consider sets P with [P| = k+1, If maxP >
2m(k) + 1, then m(P) < 2m(k) + 2, since within any set of
2m(k) + 2 consecutive integers at most one is divisible by
max P, so there would exist a subset of at least m(k) + 1 consec-
utive integers for P\{max P}, absurd. If max P < 2m(k)+1, then
there are a finite number of such sets P, and clearly m(P) <
I pep p, so all will have a common upper bound. It follows that
mik+1) <oo. O



The 3rd Romanian Master of Mathematics Competition - Solutions
Day 2: Saturday, February 27, 2010, Bucharest

Prabiem 4. Determine whether there exist a polynomial
f(x1,x2) in two variables, with integer coefficients, and two
points A = (a1, 42) and B = (by, by) in the plane, satisfying all
the following conditions:

(i) Aisan integer point (i.e., a; and a are integers);
(ii) |a1 — b1[ + |ag = f}2| =2010;

(iii) f(ny,n2) > f(ay,a), for all integer points (1, nz) in
the plane other than 4;

(iv) f(x1,x2) > f(by1, b2), for all points (x;, xp) in the plane
other than B.

Italy, Massimo Gobbino

Solution. The triple (f(x;, x2), A, B) does exist, so .

Let A= 0 = (0,0), B = (xg, yo) = (2009 + £, 3). The idea
is to search for a polynomial f such that f(x,y) = 0 is the
equation of an ellipse centred at B, passing through O and
with tangent line y = 0 at O. In fact, if f is chosen like this,
the ellipse f(x,y) = 0 is completely contained in the region
{(x,y); 0 = y < £}, with O the only integer point on the
ellipse or in its interior; clearly, the absolute minimum of
f(x,y) is attained at B and f(x, y) is positive at all integer
points other than O. Therefore, we consider polynomials of

the type
(X, Y) = 9IM(X - x0)> +IN(X - x0)(Y — y) + 9P (Y — y9)* - Q

where M, N, P, Q are integers with M, P, Q, AMP — N? > 0.
The condition that the ellipse f(x,y) = 0 passes through
0, with tangent line y = 0 at O, is expressed by

6029°M +6029N+P-Q=0
2-6029M + N =0.

It is then sufficient to choose M =1, N = —-2-6029, P any
integer greater than 6029 and Q = P — 60292 |

Alternative Solution.[1] (D. Schwarz)

Given any integer point A(a, @), there exist infinitely
many points B(b;, b;) with by, b; € Q\ Z, and such that
|ay — by| +az — by| = 2010, for example by =a) +a +71, by =
a+PB+(1-r),witha,feZ,, reQn(0,1), and a+ = 2009.
We now will consider polynomials of the type

fX,Y)=N((X-a)?+ (Y —a2)® +¢€) (X - b)? + (¥ - bp)?)

where ¢ € @} and N € Z] large enough for f(X,Y) to have
integer coefficients.

One then has f(by, by) =0, while f(x, y) > 0 for all points
(x, ) in the plane, other than B.

One also then has f(ay,a2) = Ne((ay - by)? + (a2 - bp)?),
while one has, for all integer points (11, n2) in the plane,
other than A, min((m —a)*+(n2—az)?+¢) = 1 + ¢ and
min ((ny - b1)? + (n2 — b2)?) = m, for some m € @ (0, 3] (for
example m = % whenr = %}, therefore F(n, n2) > N(1+&)m.

In order to have f(ny, np) > f(ay, ap) itis thus enough that
N(1+€)m = Ne((a1 — b1)? + (a; — by)?), therefore let us take
£ = ml((ay - b1)* + (a2 — b2)*> - m) € Q%, and then choose
some appropriate N, i)

Remarks. It is a case of applying the knowledge that some
closed simple curve given by f(x, y) = 0 separates the plane
into two regions, with values of one sign in the interior re-
gion, and values of the opposite sign in the exterior region.
Once this idea comes to mind, the problem turns into a sim-
ple exercise in analytic geometry of the conics.

Notice that the point C(2xy,2yp), the symmetrical of A
with respect to B, also lies on the ellipse F(x, y) = 0. What
in fact we have done is to take the circle given by equation
T'(x,y) = (x=X0)* + (y - yo)? — (x3 + ¥2) and then stretch it on
a direction perpendicular to OB, until a resulting rational
ellipse contains no other integer points than A.

Problem 5. Let n be a given positive integer. Say that a
set K of points with integer coordinates in the plane is con-
nected if for every pair of points R, § € K, there exist a posi-
tive integer £ and a sequence R = Ty, T1,..., Ty = S of points
in K, where each T; is distance 1 away from T;.,. Forsuch a
set K, we define the set of vectors

A(K) = {RS|R,S€ K}.

What is the maximum value of |A(K)| over all connected sets
K of 2n + 1 points with integer coordinates in the plane?

Russia, Grigory Chelnokov

Solution. We claim the answer is A model

is K=1{(0,00tu{(i,0); 1=i=<ntuf0,i); 1=i=<n}, when
W={(a,-b);0=ab=snlu{(-ab);0=<a,b=<n} Itisleft
to prove that |W| < 2n? + 4n + 1 for any set K.

What the statement of the problem describes is a con-
nected graph G = (K, E) of order 2n + 1, whose vertices are
the points in K, while the edges are the horizontal/vertical
segments of length 1 that connect (some of) these points.
The key to the proof is to sequence the elements of K as
Ao, Ay, ..., Azp such that the graph Gy := G[Ag, A;,..., Ail is
connected for every 1 < k < 2p; this can be done through

Lemma.|2] The vertices of a finite connected graph G can
always be enumerated, say as a sequence vy, ..., V|g-1, SO
that Gy := G[vy, ..., Vg] is connected forevery 1 = k< |G| - 1.

Proof. Pick any vertex as vg, and assume inductively that
vg,..., Yx have been chosen for some 0 = k < |G| - 1. Now
pick a vertex v € G— Gi. As G is connected, it contains a
v — v path P. Choose as vi,; the last vertex of P in G- Gy;
then v, has as neighbour in Gy the next vertex of P. The
connectedness of every Gy follows by inductionon k. [

Moreover, if we just keep the edges through which Ay,
has the (selected) neighbour in Gy, then Gy is a tree, and
so Ggp is a spanning tree of G. Call the vertex horizontal
(vertical) if the edge that connects him is horizontal (verti-
cal). Denote by h, respectively v, the number of horizon-
tal, respectively vertical vertices; since G, is a tree, it fol-
lows h+ v = 2n. The point Ag contributes 2n + 1 vectors
Aﬁ. Now, for 0 < k < 2n, each point Ay, contributes at
most (2n + 1) — x new vectors, where x = h if the vertex is
horizontal, respectively x = v if the vertex is vertical, since

those vectors Ag,1 A;, with ends at the corresponding edges



of same direction, will be duplicated by the vectors deter-
mined by the opposite parallel sides of the parallelograms
created, which have already been accounted for.

Therefore the total number of distinct vectors will be
|WI| = (2n+1)2-h*-v?. But h2+0? = §(h+v)? = 2n?, hence
IW|<@n+1)%-2n%=2n? +4n+ L[3] ]

Problem 6. Given a polynomial f(x) with rational co-
efficients, of degree d = 2, we define the sequence of sets
@), f1@),... by f%(Q) = @ and Q) = f(f(Q)) for
n = 0. (Given a set S, we write f(S) for the set {f(x) | x€ S}.)

Let f2(Q) =M%, f"(Q) be the set of numbers that are in
all of the sets f"(Q). Prove that f“(Q) is a finite set.

Romania, Dan Schwarz

Solution. For any function f, denote its n-th iterate f".
Take d = deg f = 2. One can write f(x) = & (ax? + g(x)) for
some NeZ},a€Z", and some g € Z[x], withdegg=d - 1,
g =YX aix', a;ez forallosisd-1.

Finally, f*(@ < fM(Q) c f*~HQ) < Q,forn=1.

For any x € @, one can uniquely write x = TR with
L(x),¥(x) € Z, and v(x) > 0, ged(p(x), v(x)) = 1. Take now
d-1
o lail +2N
M= %— +1, and

A ={x€Q; x|>M), F:=ixeQ:v(x)>a’l

Now, (Q\ &) n (Q\.#) is obviously finite; take m to be its
cardinality.

For x € .4 one has |f(x)| = |x|+1 > M (see Lemma 1),
hence f(x) € .#. Then |f"(x)| = |x] + n. For x € & one has
v(f(x)) = v(x)+1 > a® (see Lemma 2), hence f(x) € Z. Then
v(f"(x)) =z v(x)+n.

Take x € f“(Q), and take n large enough. Then we will
have x € f"(Q), hence there will exist x, € Q such that
f(xn) = x. If f¥xp) € M for n—k > |x|, then |x| =
LF™Cen)l = | f" ¥ (FE(xen))| = 175 (x0)] + (2~ ) > |x], absurd.
If f¥(xn) € F for n—k > v(x), then v(x) = v(f"(xn)) =
v{f”‘k{f"(xn]l) = v[f’“[x,,]) +{n—k) > v(x), absurd.

Take n large enough so that n > m + max(|x|,v(x)). One
then has f¥(x,) € (Q\#)Nn (Q\.4), for 0 < k < m, there-
fore there will exist 0 < i < j < m such that f*(x,) = fI(xn),
therefore f"(x,) = f¥(x,) for some i < k < j, hence x =
fMn) = fE(xn) € (Q\F) N (Q\ A0

This implies f“(Q) € (Q\#)n (Q\.#), thus a finite set. W

Lemma 1. For x € 4 onehas |f(x)| = |x|+ 1> M.

lalxd . E) lallx4!
Proof. Clearly then |x| > M > 1. Now =5~ > ==t o ”

d-1 i
|19 +[x|9 > WHxHIZ ED| 1 |x|+1. It follows that
o d
|f)| = [ZEER | o el DN s 41> M. O

Lemma 2. For x € & one has v(f(x)) = v(x) + 1> a?.

2

Proof. For x € & one can write f(x) = —— (ap(x)? +

Nv(x)4
v(x)z) = ﬁ—féf%, with z = v(de'lg{x) € Z. Now, fore =

ged(v(x), a), one has v(x) = er, a = eb, with gcd(r,b) = 1.

Then it follows that § = ged(ap(x)? + v(x)z, Nv(x)%) <
N-ged(ebu(x)%+erz,e?r?) = Ne-ged(bp(x)%+rz,e? 1 r%) =
Ne-ged(bu(x)? + rz,e?™ "), since from previous relations
ged(bu(x),r) = 1. Lastly § < Ne-ged(bu(x)? + rz,e?™!) <
Need™! = Ne? < Nla|?.

d d
Therefore v(f(x)) = &f,& = ’L"—Iﬁd— > v(x), since v(x) >

@ = |a|7T. It follows that v(f(x) = v(x)+1> as O

While Lemma 1 is classical, Lemma 2 is somewhat more
computational, even if readily intuitive (it may be shown,
with not more trouble, that x € f*(Q) implies v(x) | a, thus
allowing for easier computation of f*(Q)).

Remarks.

1. For deg f = 1, one has f(Q) = Q, therefore [“(Q) = Q.
On the other hand, replacing @ with Z allover, results in a
much simpler statement (use Lemma I only, or see point 3).

2. If we use the (quite readily established) result that
FUF2@) = f2(Q), it follows that the restriction of f to
f“(Q) is a permutation (hence a product of cycles) of this
finite set. On the other hand, any such cycle clearly belongs
to f“(Q); thus the only orbits for f are finitely many, among
the elements of f“(Q).

Using a Lagrange interpolation polynomial, one can build
as large a finite orbit as wanted. However, all orbits then
turn out to be fixed points for some iterate f'f* @/ Con-
versely, for any nonempty finite set Q c @, we can build
the polynomial f(x) = || (x—¢)* + x, for which f*(@) = Q,

qeQ
since @ < f“(Q), whileforxe f*(Q)onehasx < f(x)<---<
FIF* @l (x) = x, hence x = f(x), whence x € Q.

3. The problem 5 at IMO 2006 (Slovenia) proved that, for
f € Z|x] with deg f > 1, f" has at most deg f fixed points for
n =1 or 2 (and no new fixed points for n > 2), which under
this interpretation translates into | f*(Z)| < deg f.

According with the above, if f is monic, then f*(Q) c Z,
hence the same result holds.[4]

However, polynomial f(x) = %(x—z)(x—SJ has fixed
points 1 and 6, and length-2 orbit (0,3) (computable to
(@) = {0,1,3,6}), showing the fact that the above result for
Z stands no more. Also, polynomial f(x) = %{x‘3 —29) hasa
length-3 orbit (5,—1,-7) (example by TIMO ERKAMA).[5]

4. As for the situation at hand, a simple corollary states
A sequence (Xy)n=1 of rational numbers, such that x, =
f{xns1), is periodic.[6] (The proof is that clearly then the
terms of the sequence all belong to the finite set f“(Q),
whence the claim of its periodicity.)
END

[1] Certainly all computations are irrelevant — the idea matters.

[2] To be found in [DIeSTEL, R., Graph Theory, Springer-Verlag,
(2000)], Proposition 1.4.1. We chose to include its proof.

[3] The exactly same argument works in the d-dimensional space,
for a set of dn + 1 latticeal points; then the maximal possible
number of vectors will be (d? - d)n? + 2dn + 1, with a model
made by the origin O, and n points, at distances 1,2,...,n from
origin, on each axis of the coordinate system.

[4] This is a corollary to a theorem by NARKIEWICZ (see also the
seminal theorems by NORTHCOTT).

[5] Such topics are studied by discrete dynamic systems theory,
closely related with the study of MANDELBROT and JULIA sets;
also FEIGENBAUM constant, attractors, fractals, chaos theory.

[6] For f(x) = x° it is said to be an old China TST problem.



THE 4" ROMANIAN MASTER OF MATHEMATICS COMPETITION
DAY 1: FRIDAY, FEBRUARY 25, 2011, BUCHAREST

Language: English

Problem 1. Prove that there exist two functions f,g: R — R, such that fogis
strictly decreasing and g o f is strictly increasing.

Problem 2. Determine all positive integers n for which there exists a polynomial
f(x) with real coefficients, with the following properties:

(1) for each integer k, the number f(k) is an integer if and only if k is not divisi-
ble by n;
(2) the degree of f is less than n.

Problem 3. A triangle ABC is inscribed in a circle w. A variable line ¢ chosen
parallel to BC meets segments AB, AC at points D, E respectively, and meets
w at points K, L (where D lies between K and E). Circle y; is tangent to the
segments KD and BD and also tangent to w, while circle y, is tangent to the
segments LE and CE and also tangent to w. Determine the locus, as ¢ varies, of
the meeting point of the common inner tangents to y; and .

Each of the three problems is worth 7 points.
Time allowed 41 hours.



THE 4" ROMANIAN MASTER OF MATHEMATICS COMPETITION
DAY 2: SATURDAY, FEBRUARY 26, 2011, BUCHAREST

Language: English

S
Problem 4. Given a positive integer n = H p;.x", we write Q(n) for the total num-
i=1
S
ber Y a; of prime factors of n, counted with multiplicity. Let A(n) = (-1)%"™
i=1
(so, for example, A(12) = 1(2%-31) = (-1)>T1 = -1).
Prove the following two claims:

i) There are infinitely many positive integers n such that A(n) = A(n+1) = +1;
ii) There are infinitely many positive integers n such that A(n) = A(n+1) = —1.

Problem 5. For every n = 3, determine all the configurations of »n distinct points
X1,Xo,..., X, in the plane, with the property that for any pair of distinct points
X, X; there exists a permutation o of the integers {1,..., n}, such that d(X;, Xi) =
d(Xj, Xp) foralll < k< n.

(We write d(X, Y) to denote the distance between points X and Y.)

Problem 6. The cells of a square 2011 x 2011 array are labelled with the inte-
gers 1,2,...,20112, in such a way that every label is used exactly once. We then
identify the left-hand and right-hand edges, and then the top and bottom, in the
normal way to form a torus (the surface of a doughnut).

Determine the largest positive integer M such that, no matter which la-
belling we choose, there exist two neighbouring cells with the difference of their
labels at least M.*

Each of the three problems is worth 7 points.
Time allowed 4% hours.

*Cells with coordinates (x, y) and (x',y) are considered to be neighbours if x = x' and y - ' =
+1 (mod 2011), orif y=y"and x—x’ = +1 (mod 2011).



The 4™ Romanian Master of Mathematics Competition — Solutions
Day 1: Friday, February 25, 2011, Bucharest

Problem 1. Prove that there exist two functions
[ 8 R-R,

such that f o g is strictly decreasing, while go f is strictly
increasing.

(POLAND) ANDRZEJ KOMISARSKI & MARCIN KUCZMA

Solution. Let

e A= ([_22k+1,_22k)U(zzk,22k+1
kez

)
5= U ([ -2 U ),

kezZ

Thus A=2B,B=2A, A=—-A, B=—-B, AnB = @, and finally
AU BU{0} =R. Let us take

x for xeA
f(x)=4-x for xe€B;
0 for x=0.

Take g(x) = 2f(x). Thus f(g(x)) = f(2f(x)) = —2x and
g(f () =2f(f(x) =2x. -

Problem 2. Determine all positive integers n for which
there exists a polynomial f(x) with real coefficients, with the
following properties:

(1) for eachinteger k, the number f (k) is an integer if and
only if k is not divisible by n;

(2) the degree of f isless than n.
(HUNGARY) GEzA KOs
Solution. We will show that such polynomial exists if and
onlyif n =1 or n is a power of a prime.

We will use two known facts stated in Lemmata 1 and 2.

LEMMA 1. If p? is a power of a prime and k is an integer,
then (k—=1D(k—=2)...(k—p®+1)

(p?—-1!
if k is not divisible by p“.

is divisible by p if and only

Proof. First suppose that p? | k and consider

(k-D(k-2)---(k-p*+1) k-1 k-2 k-p%+1
(pa—1)! S pi-1 pa-2 1

In every fraction on the right-hand side, p has the same
maximal exponent in the numerator as in the denominator.

Therefore, the product (which is an integer) is not divisible
by p.
Now suppose that p® 1 k. We have
(k-1D(k-2)---(k—=p®+1) _p® k(k—1)---(k—p*+1)
(pa-1)! ok (p™)! '

a
The last fraction is an integer. In the fraction %, the denom-
inator k is not divisible by p®. O

LEMMA 2. If g(x) is a polynomial with degree less than n
then

n [ n
Y (-1 p gx+n—-20)=0.
=0

Proof. Apply induction on n. For n =1 then g(x) is a con-
stant and

1 1
(O)g(x+ 1)- (1)g(x) =glx+1)-gkx)=0.

Now assume that n» > 1 and the Lemma holds for n—1. Let
h(x) = g(x+1) — g(x); the degree of h is less than the degree
of g, so the induction hypothesis applies for g and n—1:

n-l n-1
Y -1f , |pxen-1-0=0
=0

il n-1
Y (-1 ’ (gx+n-0)-gx+n-1-0))=0
£=0
n—1 o n-1
( 0 )g(x+n)+;_1(—l) ((ﬁ_l)Jr
n-1 VNN _
( / ))g(x+n 0)—(-1) (n_l)g(x)—o

Y (-1 /|g+n-0=0.
=0

O

LEMMA 3. If n has at least two distinct prime divisors then

the greatest common divisor of (}), (5),...,(,," ) is 1.

Proof. Suppose to the contrary that p is a common prime
divisor of (7),...,(,," ). In particular, p | (}) = n. Let a be the
exponent of p in the prime factorization of n. Since 7 has at
least two prime divisors, we have 1 < p? < n. Hence, (pa"_l)
and () are listed among (}),..., (,,",) and thus p | () and
p | (ya ). But then p divides () = (,a,) = (1), which

pi-1 p*
contradicts Lemma 1. O



Next we construct the polynomial f(x) when n =1 or nis
a power of a prime.

Forn=1, f(x) = % is such a polynomial.

If n = p* where p is a prime and a is a positive integer
then let

f(x):l x—1 :l‘(x—l)(x—z)...(x_paJrl)
plpt-1 p (pe—1)!

The degree of this polynomial is p? -1 =n-1.
The number (k_l)(k(_;a):{ﬁ_p U is an integer for any inte-
ger k, and, by Lemma 1, it is divisible by p if and only if k is

not divisible by p* = n.

Finally we prove that if n has at least two prime divisors
then no polynomial f(x) satisfies (1,2). Suppose that some
polynomial f(x) satisfies (1,2), and apply Lemma 2 for g = f
and x = —k where 1 < k < n—1. We get that

n _o[n
( )f(()) = Y nF "( )f(—k+€).

k 0<l=n,(#k ¢

Since f(=k),..., f(=1) and f(1),..., f(n — k) are all integers,
we conclude that (}) f(0) is an integer forevery 1 < k< n—1.

By dint of Lemma 3, the greatest common divisor of

(1), (3),---»(,",) is 1. Hence, there will exist some integers
Uy, Uy, ..., up—1 forwhich u; (7) +---+un-1(,,",) = 1. Then

n-1 n n-1 n
o= (£ 2] 0= E 2o
k=1 k=1

is a sum of integers. This contradicts the fact that f(0) is not
an integer. So such polynomial f(x) does not exist. |

Alternative Solution. (I. Bogdanov) We claim the answer
is n = p® for some prime p and nonnegative a.

LEMMA. For every integers a,, ..., a, there exists an integer-
valued polynomial P(x) of degree < n such that P(k) = aj
foralll<k<n.

Proof. Induction on n. For the base case n = 1 one may set
P(x) = a,. For the induction step, suppose that the polyno-
mial Pj (x) satisfies the desired property forall1<k<n-1.
Then set P(x) = P1 (x) + (@, — P1 () (*~}); since (“71) = 0 for
l<k<n-1and (Z:i) = 1, the polynomial P(x) is a sought
one. (]

Now, if for some n there exists some polynomial f(x)
satisfying the problem conditions, one may choose some
integer-valued polynomial P(x) (of degree < n—1) coincid-
ing with f(x) at points 1,...,n—1. The difference f;(x) =
f(x) — P(x) also satisfies the problem conditions, therefore
we may restrict ourselves to the polynomials vanishing at
points 1,...,n— 1 — that are, the polynomials of the form
flx) = cH?;ll (x — i) for some (surely rational) constant c.

2

Let ¢ = p/q be its irreducible form, and g = H?:l p?j be the
prime decomposition of the denominator.

1. Assume that a desired polynomial f(x) exists. Since
£(0) is not an integer, we have g1 (—1)""1(n—1)! and hence
p?j 1 (=1)""}(n-1)! for some j. Hence

n-1

[Tw; -d=ED""(n-D!%0 (mod p),
i=1

therefore f (p;.x") is not integer, too. By the condition (i), this
means that n | p?i, and hence n should be a power of a
prime.

2. Now let us construct a desired polynomial f(x) for any
power of a prime n = p®. We claim that the polynomial

1 (x - 1) n (x)
fx) == =—

pln-1 px\n
fits. Actually, consider some integer x. From the first repre-
sentation, the denominator of the irreducible form of f(x)
may be 1 or p only. If p® { x, then the prime decomposition
of the fraction n/(px) contains p with a nonnegative expo-
nent; hence f(x) is integer. On the other hand, if n = p® | x,
then the numbers x—1,x-2,...,x— (n—1) contain the same
exponents of primes as the numbers n—1,n-2,...,1 respec-
tively; hence the number

x-1) M5 -1
n=1) [ n-10
is not divisible by p. Thus f(x) is not an integer. |

Problem 3. A triangle ABC is inscribed in a circle w. A
variable line ¢ chosen parallel to BC meets segments AB,
AC at points D, E respectively, and meets w at points K, L
(where D lies between K and E). Circle y; is tangent to the
segments KD and BD and also tangent to w, while circle y,
is tangent to the segments LE and CE and also tangent to w.
Determine the locus, as ¢ varies, of the meeting point of the
common inner tangents to y; and y».

(RUSSIA) VASILY MOKIN & FEDOR IVLEV

Solution. Let P be the meeting point of the common in-
ner tangents to y; and y». Also, let b be the angle bisec-
tor of Z/ZBAC. Since KL || BC, b is also the angle bisector
of ZKAL.

Let $) be the composition of the symmetry & with respect
to b and the inversion J of centre A and ratio v AK - AL (it is
readily seen that & and J commute, so since &% = J2 = id,
then also $2 = id, the identical transformation). The ele-
ments of the configuration interchanged by $) are summa-
rized in Table I.

Let O; and O be the centres of circles y; and y;. Since
the circles y; and y, are determined by their construc-
tion (in a unique way), they are interchanged by $), there-
fore the rays AO; and AO, are symmetrical with respect



to b. Denote by p; and p, the radii of y; and y». Since
Z01AB = L0, AC, we have p,/p, = AO;/AO,. On the
other hand, from the definition of P we have O,P/O,P =
p1/p2 = AO1/ AO»; this means that AP is the angle bisector
of Z/0; AO, and therefore of Z/BAC.

The limiting, degenerated, cases are when the parallel
line passes through A — when P coincides with A; respec-
tively when the parallel line is BC — when P coincides with
the foot A’ € BC of the angle bisector of ZBAC (or any
other point on BC). By continuity, any point P on the open
segment AA’ is obtained for some position of the parallel,
therefore the locus is the open segment AA’ of the angle bi-
sector b of ZBAC. ]

point K — point L
lineKL | — | circlew
ray AB — ray AC
point B — point E
point C — point D
segment BD| — |segment EC
arc BK —— | segment EL
arc CL ~— |segment DK

TABLE I: Elements interchanged by $).




The 4" Romanian Master of Mathematics Competition — Solutions
Day 2: Saturday, February 26, 2011, Bucharest

S
. .. . a;
Given a positive integer n = le. ', we

i=1

S
write Q(n) for the total number Z a; of prime factors of n,
i=1
counted with multiplicity. Let A(n) = (—=1)%" (so, for exam-
ple, 1(12) = A(22-31) = (-1)?*1 = -1).
Prove the following two claims:

i) There are infinitely many positive integers n such that
An)=An+1)=+1;

ii) There are infinitely many positive integers n such that
An)=An+1)=-1.

(ROMANIA) DAN SCHWARZ

Solution. Notice that we have Q(mn) = Q(m) + Q(n) for
all positive integers m, n (Q is a completely additive arith-
metic function), translating into A(mn) = A(m) - A(n) (so A
is a completely multiplicative arithmetic function), hence
A(p) = —1 for any prime p, and A(k2) = A(k)?2 = +1 for all
positive integers k.[1]

The start (first 100 terms) of the sequence G = (A1(n)) 21 is

+1,-1,-1,+1,-1,+1,-1,-1,+1,+1,-1,-1,-1,+1,+1,+1,-1,-1,-1,-1,
+1,+1,-1,+1,+1,+1, ,+1,+1,+1,+1,-1,+1,+1,+1,
-1,-1,-1,-1,-1,+1,-1,-1,+1,-1,+1,-1,—-1,+1,+1,+1,+1,+1,-1,+1,
-1,+1,-1,+1,+1,-1,-1,-1,+1,-1,-1,-1,-1,+1,-1,-1,+1,-1,-1,-1,
+1,+1,-1,+1,+1,+1,+1,+1,-1,+1,+1,-1,+1,+1,+1,+1,-1,—-1,-1,+1.

i) The Pell equation x? — 6y = 1 has infinitely many solu-
tions in positive integers; all solutions are given by (x,, y,),
where x, + y,v6 = (5+2v6)". Since A(6y?) = 1 and also
A6y +1) = A(x?) = 1, the thesis is proven.

Alternative Solution. Take any existing pair with A(n) =
An+1)=1. Then M((2n+1)>=1) = A(4n?+4n) = A(4)-A(n) -
A(n+1) =1,andalso A(2n+1)?) = A(2n+1)?> = 1, so we have
built a larger (1, 1) pair.

ii) The equation 3x> —2y®> = 1 (again Pell theory) has
also infinitely many solutions in positive integers, given by
(Xn, Yn), where x,,v/3+y,v2 = (v3+v2)?"1, Since A(2y?) =
—1and A(2y? +1) = A(3x%) = —1, the thesis is proven.

Alternative Solution. Assume (A(n—1), A(n)) is the largest
(=1,-1) pair, therefore A(n+1) =1 and A(n? +n) = A(n) -
A(n + 1) = -1, therefore again A2 +n+1) = 1. But then
AP -1 =An-1)-Am?+n+1) = -1, and also A(n3) =
A(n)3 = -1, so we found yet a larger such pair than the one
we started with, contradiction.

Alternative Solution. Assume the pairs of consecutive
terms (—1,—-1) in & are finitely many. Then from some rank
on we only have subsequences (1,-1,1,1,...,1,-1,1). By

"doubling" such a subsequence (like at point ii)), we will
produce
(-1,2,1,2,-1,%,-1,2,...,%,—-1,2,1,2,—1).

According with our assumption, all ?-terms ought to be 1,
hence the produced subsequence is

(_1) lr 1) lr_lr l)_1) 1)-”) lr_lr 1) 1) 1)_1))
and so the "separating packets" of 1’s contain either one
or three terms. Now assume some far enough (1,1,1,1)
or (-1,1,1,—-1) subsequence of G were to exist. Since it
lies within some "doubled" subsequence, it contradicts the
structure described above, which thus is the only prevalent
from some rank on. But then all the positions of the (—1)-
terms will have the same parity. However though, we have
A(p) = A(2p?) = -1 for all odd primes p, and these terms
have different parity of their positions. A contradiction has
been reached.[2]

Alternative Solution for both i) and ii). (I. Bogdanov)
Take € € {—1, 1}. There obviously exist infinitely many n such
that A(2n+1) = € (just take 2n+1 to be the product of an ap-
propriate number of odd primes). Now, if either A(2n) = ¢
or A(2n+2) = ¢, we are done; otherwise A(n) = —A1(2n) =
-A2n+2) = A(n+1) = . Therefore, for such an n, one of
the three pairs (n,n+1), 2n,2n+1) or 2n+1,2n+2) fits the
bill.

We have thus proved the existence in & of infinitely many
occurrences of all possible subsequences of length 1, viz.
(+1) and (-1), and of length 2, viz. (+1,-1), (-1,+1),
(+1,+1) and (-1,-1).[3] ]

Problem 5. For every n = 3, determine all the configu-
rations of n distinct points Xj, X»,..., X, in the plane, with
the property that for any pair of distinct points X;, X; there
exists a permutation o of the integers {1,...,n}, such that
d(Xi,Xk) = d(Xj,Xg(k)) foralll<k<n.

(We write d(X, Y) to denote the distance between points X
and Y.)

(UNITED KINGDOM) LUKE BETTS

Solution. Let us first prove that the points must be con-
cyclic. Assign to each point Xj the vector xj in a system of
orthogonal coordinates whose origin is the point of mass of

1 n
the configuration, thus — Z X =0.
N2
Then d&*(X;,Xp) = llx; — xll® = (X —xp, xi—x) =

n
i 1* = 2 (xz, xk) + llxk %, hence Y d*(X;, Xx) = nllx;|* -
k=1



n n n
205, Y x) + Y xkl? = mllxlP + Y lxell? = nllxjl? +
k=1 k=1 k=1
n n

Y lxewll? = Y. d*(X}, Xy k), therefore ||x;]| = ||x;l| for all
k=1 k=1

pairs (i, j). The points are thus concyclic (lying on a circle
centred at 0(0,0)).

Let now m be the least angular distance between any two
points. Two points situated at angular distance m must be
adjacent on the circle. Let us connect each pair of such two
points with an edge. The graph G obtained must be regular,

n
of degree deg(G) = 1 or 2. If n is odd, since Z deg(Xy) =
k=1
ndeg(G) = 2|E|, we must have deg(G) = 2, hence the config-
uration is a regular n-gon.

If n is even, we may have the configuration of a regular
n-gon, but we also may have deg(G) = 1. In that case, let M
be the next least angular distance between any two points;
such points must also be adjacent on the circle. Let us con-
nect each pair of such two points with an edge, in order to
get a graph G'. A similar reasoning yields deg(G') = 1, thus
the configuration is that of an equiangular n-gon (with al-
ternating equal side-lengths). ]

Problem 6. The cells of a square 2011 x 2011 array are
labelled with the integers 1,2, ...,20112, in such a way that
every label is used exactly once. We then identify the left-
hand and right-hand edges, and then the top and bottom, in
the normal way to form a torus (the surface of a doughnut).

Determine the largest positive integer M such that, no
matter which labelling we choose, there exist two neigh-
bouring cells with the difference of their labels at least M.[4]

(ROMANIA) DAN SCHWARZ

Preamble. For a planar N x N array, it is folklore that this
value is M = N, with some easy models shown below. As
such, the problem is mentioned in [BELA BOLLOBAS - The
Art of Mathematics], 21. Neighbours in a Matrix.

This is not necessarily a flaw on the actual problem,
which is presented in a brand novel setting; on the contrary,
some general previous knowledge on such type of prob-
lems (which we think must be encouraged) is beneficial in
searching for the right ideas of a proof.

The idea for a proof goes along the lines of finding a mo-
ment in the consecutive filling with numbers of the array,
when there are at least N pairs of adjacent filled/yet-unfilled
cells (with either distinct filled cells or distinct yet-unfilled
cells). Then, when the cell next to that bearing the least label
is filled, the difference between its label and the one being

filled will be at least V. O
1 2 ...|N
N+1 N+2 ... |2N

(N-DN+1|(N-1)N+2[...[N?

A planar parallel N x N model array.

1 2 4f... N(N-1)/2 +1
3 5 . IN(N-1)/2 +2
6
N(N+D)/2-1] |... N?Z-2
N(N+1)/2 N?-1 N?

A planar diagonal N x N model array.

Solution. For the toroidal case, it is clear the statement
of the problem is referring to the cells of a Zy x Zy lat-
tice on the surface of the torus, labeled with the numbers
1,2,...,N?, where one has to determine the least possible
maximal absolute value M of the difference of labels as-
signed to orthogonally adjacent cells.

The toroidal N = 2 case is trivially seen to be M = 2 (thus
coinciding with the planar case).

The unique 2 x 2 toroidal array.

For N = 3 we will prove that value to be at least M =
2N —1. Consider such a configuration, and color all cells
of the square in white. Go along the cells labeled 1, 2, etc.
coloring them in black, stopping just on the cell bearing
the least label k which, after assigned and colored in black,
makes that all lines of a same orientation (rows, or columns,
or both) contain at least two black cells (that is, before col-
oring in black the cell labeled k, at least one row and at least
one column contained at most one black cell). Wlog assume
this happens for rows. Then at most one row is all black,
since if two were then the stopping condition would have
been fulfilled before cell labeled k (if the cell labeled k were
to be on one of these rows, then all rows would have con-
tained at least two black cells before, while if not, then all
columns would have contained at least two black cells be-
fore).

Now color in red all those black cells adjacent to a white
cell. Since each row, except the potential all black one, con-
tained at least two black and one white cell, it will now con-
tain at least two red cells. For the potential all black row, any
of the neighbouring rows contains at least one white cell,
and so the cell adjacent to it has been colored red. In total
we have therefore colored red atleast2(N—-1)+1=2N -1
cells.

The least label of the red cells has therefore at most the
value k+1— (2N —1). When the white cell adjacent to it will
eventually be labeled, its label will be at least k+ 1, therefore
their difference is atleast (k+1)—(k+1-(2N-1)) =2N—1.



Olele e e e O
Olele @O
[ ]
©)

[ ]
Olele @O
~ 0 ® e e & O

Example of coloring the array.

The models are kind of hard to find, due to the fact that
the direct proof offers little as to their structure (it is difficult
to determine the equality case during the argument involv-
ing the inequality with the bound, and then, even this is not
sure to be prone to being prolonged to a full labeling of the
array).

The weaker fact the value M is not larger than 2N is
proved by the general model exhibited below (presented so
that partial credits may be awarded).

N+1 N+2 2N

3N+1 3N+2 ... 4N

(20-1)N+1|(2¢-1)N+2|...| 2¢N
2kN+1 2kN+2 .| 2k+1)N

2N+1 2N+2 ... 3N

1 2 N

A general model for M =2N ina N x N array.

By examining some small N > 2 cases, one comes up with
the idea of spiral models for the true value .
The models presented are for odd N (since 2011 is odd);
similar models exist for even N (but are less symmetric).
The color red (preceded by ) marks the moment where
the largest difference M = 2N — 1 first appears. ]

712
3|1|5
8(4(9

—

TABLE I: The spiral 3 x 3 array.

16{14|7|13|16
121 8 |2| 6|12
1
4

3 519
15{10(4|11|15
16 14 7 13

TABLE II: The spiral 4 x 4 array.

23|16| 7 (15|22
17|82 |6

9131|513
18|10| 4 12|21

24(19(11(20(25

TABLE III: The spiral 5 x 5 array.

47(40(29/16 (28|39 |46
41(30(17| 7 |15|27|38
31|18/ 8|2 |6 |14
1919 |3 5(13|25
32(20(10| 4 (12|24|37
42|33|21|11|23|36|45
4843|3422 (35|44 |49

—

TABLE IV: The spiral 7 x 7 array.

2n+1)Z-2[2n+1)Z-9]... n(2n-1)+1 ... [(2n+1)%-10] (2n+1)%-3
(2n+1)%-8 . [n@n-1)+2 n@2n-1) |... (2n+1)%-11
. . . . . 2n(n+1)+3
2n? ... 8 2 6 ... 2n(n-1)+2
2n% +1 1 5 2n(n+1)+1
2n?+2 ... 10 4 12 2n(n+1)
(2n+1)%-7 ...| n@n+1) n2+1)+2]... (2n+1)%-4
2n+1)%-1[(2n+1)%-6]... n2n+1)+1 2n+1)%2-5 | (2n+1)?

TABLE V: The general spiral N x N array for N =2n+1=5.

[1] Also see Sloane’s Online Encyclopadia of Integer Sequences
(OEIS), sequence A001222 for Q and sequence A008836 for
A, which is called Liouville’s function. Its summatory function
Z A(d) is equal to 1 for a perfect square n, and 0 otherwise.
dln

n
Pélya conjectured that L(n) := Z A(k) < 0 for all n, but this
k=1
has been proven false by Minoru Tanaka, who in 1980 com-
puted that for n = 906,151,257 its value was positive. Turdn

oAk
showed that if T(n) := )_ % = 0 for all large enough n, that

k=1

will imply Riemann’s Hypothesis; however, Haselgrove proved
it is negative infinitely often.

Using the same procedure for point i), we only need notice that
M2k +1)?) = A((2k)?) = 1, and these terms again are of differ-
ent parity of their position.

Is this true for subsequences of all lengths ¢ = 3,4, etc.? If no,
up to which length ¢ = 2?

Cells with coordinates (x,y) and (x',y’) are considered to be
neighbours if x = x’ and y — y' = +1 (mod 2011), or if y = y'
and x—x' = +1 (mod 2011).

2

[3

[4




The 5" Romanian Master of Mathematics Competition

Solutions for the Day 1

Problem 1. Given a finite group of boys and girls, a covering set of boys is a set of boys such
that every girl knows at least one boy in that set; and a covering set of girls is a set of girls such
that every boy knows at least one girl in that set. Prove that the number of covering sets of boys
and the number of covering sets of girls have the same parity. (Acquaintance is assumed to be
mutual.)

Solution 1. A set X of boys is separated from a set Y of girls if no boy in X is an acquaintance
of a girl in Y. Similarly, a set Y of girls is separated from a set X of boys if no girl in Y is an
acquaintance of a boy in X. Since acquaintance is assumed mutual, separation is symmetric: X
is separated from Y if and only if Y is separated from X.

This enables doubly counting the number n of ordered pairs (X,Y") of separated sets X,
of boys, and Y, of girls, and thereby showing that it is congruent modulo 2 to both numbers in
question.

Given a set X of boys, let Yx be the largest set of girls separated from X, to deduce that
X is separated from exactly 2/Yx| sets of girls. Consequently, n = dox 2Yx| which is clearly
congruent modulo 2 to the number of covering sets of boys.

Mutatis mutandis, the argument applies to show n congruent modulo 2 to the number of
covering sets of girls.

Remark. The argument in this solution translates verbatim in terms of the adjancency matrix
of the associated acquaintance graph.

Solution 2. (Ilya Bogdanov) Let B denote the set of boys, let G denote the set of girls and
induct on |B| + |G|. The assertion is vacuously true if either set is empty.

Next, fix a boy b, let B’ = B\ {b}, and let G’ be the set of all girls who do not know b.
Notice that:

(1) a covering set of boys in B’ UG is still one in BU G; and

(2) a covering set of boys in B U G which is no longer one in B’ UG is precisely the union of a
covering set of boys in B’ UG’ and {b},

so the number of covering sets of boys in B U G is the sum of those in B’UG and B’ UG'.
On the other hand,

(1') a covering set of girls in B UG is still one in B’ U G; and

(2") a covering set of girls in B’ U G which is no longer one in B U G is precisely a covering set
of girls in B"U G,

so the number of covering sets of girls in B U G is the difference of those in B’ UG and B’ UG'.
Since the assertion is true for both B’ UG and B’ U G’ by the induction hypothesis, the
conclusion follows.



Solution 3. (Géza Kés) Let B and G denote the sets of boys and girls, respectively. For every
pair (b, g) € B x G, write f(b,g) = 0 if they know each other, and f(b,g) = 1 otherwise. A set
X of boys is covering if and only if

(1 M) -
geG beX
Hence the number of covering sets of boys is

> 11 (1— Hf(b,g)> => 11 (1+ Hf(b,g))

XCBgeG beX XCBged beX

=Y > II I .9 (mod2).

XCBYCGbeX geY

By symmetry, the same is valid for the number of covering sets of girls.



Problem 2. Given a triangle ABC, let D, E, and F respectively denote the midpoints of the
sides BC, CA, and AB. The circle BCF and the line BE meet again at P, and the circle ABE
and the line AD meet again at (). Finally, the lines DP and F'Q meet at R. Prove that the
centroid G of the triangle ABC lies on the circle PQR.

Solution 1. We will use the following lemma.
Lemma. Let AD be a median in triangle ABC. Then cot ZBAD = 2cot A + cot B and
cot LZADC = 3(cot B — cot C).
Proof. Let CC1 and DD; be the perpendiculars from C' and D to AB. Using the signed
lengths we write
ADy  (AC1+ AB)/2  CCycot A+ CCy(cot A+ cot B)
DDy CCy/2 N CCy

Similarly, denoting by A; the projection of A onto BC, we get

DAy  BC/2-A1C  (AAjcot B+ AAjcotC)/2 — AAjcotC cot B —cot C
AA; AAy N AAy N 2 '

The Lemma is proved.

cot BAD = = 2cot A + cot B.

cot ADC =

Turning to the solution, by the Lemma we get

cot ZBPD = 2cot ZBPC + cot ZPBC = 2cot ZBFC + cot ZPBC (from circle BFPC)
=2 %(cotA — cot B) + 2 cot B 4 cot C' = cot A + cot B + cot C.
Similarly, cot ZGQF = cot A 4 cot B+ cot C, so ZGPR = ZGQF and GPRQ is cyclic.
Remark. The angle Z/GPR = ZGQF is the Brocard angle.

Solution 2. (Ilya Bogdanov and Marian Andronache) We also prove that Z(RP, PG) = Z(RQ, QG),
or Z(DP, PG) = Z(FQ,QG).

Let S be the point on ray GD such that AG - GS = CG - GF (so the points A, S, C, F
are concyclic). Then GP-GE = GP - %GB = %CG -GF = %AG -GS = GD -GS, hence the
points E, P, D, S are also concyclic, and Z(DP, PG) = Z(GS, SE). The problem may therefore
be rephrased as follows:

Given a triangle ABC, let D, E and F respectively denote the midpoints of the sides BC, CA
and AB. The circle ABE, respectively, ACF, and the line AD meet again at QQ, respectively, S.
Prove that ZAQF = ZASE (and ES = FQ).




Upon inversion of pole A, the problem reads:

Giwen a triangle AE'F’, let the symmedian from A meet the medians from E' and F' at K = Q'
and L = S’ respectively. Prove that the angles AE'L and AF'K are congruent.

To prove this, denote £/ = X, F/ =Y. Let the symmedian from A meet the side XY at
V and let the lines XL and Y K meet the sides AY and AX at M and N, respectively. Since
the points K and L lie on the medians, we have VM | AX, VN || AY. Hence AMVN is
a parallelogram, the symmedian AV of triangle AXY supports the median of triangle AM N,
which implies that the triangles AM N and AXY are similar. Hence the points M, N, X, Y are
concyclic, and ZAXM = ZAY N, QED.

Remark 1. We know that the points X, Y, M, N are concyclic. Invert back from A and
consider the circles AFQ and AES : the former meets AC again at M’ and the latter meets AB
again at N’. Then the points E, F', M', N’ are concyclic.

Remark 2. The inversion at pole A also allows one to show that ZAQF is the Brocard angle,
thus providing one more solution. In our notation, it is equivalent to the fact that the points Y,
K, and Z are collinear, where Z is the Brocard point (so LZAX = LZY A= /ZZXY). This is
valid because the lines AV, XK, and Y Z are the radical axes of the following circles: (i) passing
through X and tangent to AY at A; (ii) passing through Y and tangent to AX at A; and (iii)
passing through X and tangent to AY at Y. The point K is the radical center of these three
circles.

Solution 3. (Ilya Bogdanov) Again, we will prove that Z(DP, PG) = Z(FQ, QG). Mark a point
T on the ray GF such that GF - G1' = GQ - GD; then the points F', Q, D, T are concyclic, and
L(FQ,QG) = ZL(TG,TD) = £(TC,TD).




Shift the point P by the vector BD to obtain point P’. Then Z(DP, PG) = Z(CP', P'D),
and we need to prove that Z(CP', P'D) = Z(CT,TD). This is precisely the condition that the
points T, D, C, P’ be concyclic.

Denote GE = 2, GF = y. Then GP - GB = GC - GF, so GP = y?/x. On the other
hand, GB-GE = GQ - GA =2GQ - GD = 2GT - GF, so GT = x?/y. Denote by K the point of
intersection of DP’ and CT'; we need to prove that TK - KC = DK - KP'.

Now, DP' = BP = BG+GP =2z +y*/z, CT = CG+GT = 2y+a?/y, DK = BG/2 = «,
CK = CG/2 = y. Hence the desired equality reads x(x + y*/z) = y(y + 22 /y) which is obvious.

Remark. The points B, T, E, and C are concyclic, hence the point T is also of the same
kind as P and Q.



Problem 3. Each positive integer number is coloured red or blue. A function f from the set of
positive integer numbers into itself has the following two properties:

(a) if z <y, then f(z) < f(y); and

(b) if z, y and z are all (not necessarily distinct) positive integer numbers of the same colour
and x +y = z, then f(z) + f(y) = f(2).

Prove that there exists a positive number a such that f(z) < ax for all positive integer numbers z.

Solution. For integer x, y, by a segment [z, y| we always mean the set of all integers ¢ such that
x <t < y; the length of this segment is y — x.

If for every two positive integers x, y sharing the same colour we have f(z)/z = f(y)/y,
then one can choose a = max{ f(r)/r, f(b)/b}, where r and b are arbitrary red and blue numbers,
respectively. So we can assume that there are two red numbers z, y such that f(x)/z # f(y)/y.

Set m = zy. Then each segment of length m contains a blue number. Indeed, assume that
all the numbers on the segment [k, k + m| are red. Then

flk+m)=flk+azy)=flk+2(y—1)+ flz)=-=
flk+m)=flk+azy)=flk+@-Dy)+fly) ==

so yf(z) = xf(y) — a contradiction. Now we consider two cases.

Case 1. Assume that there exists a segment [k, k + m] of length m consisting of blue
numbers. Define D = max{f(k),..., f(k+m)}. We claim that f(z) — f(z — 1) < D, whatever
z > k, and the conclusion follows. Consider the largest blue number b; not exceeding z, so
z — by < m, and some blue number by on the segment [b; + k,b; + k + m], so by > z. Write
f(b2) = f(b1) 4+ f(b2 — b1) < f(b1) + D to deduce that f(z + 1) — f(2) < f(b2) — f(b1) < D, as

claimed.

Case 2. Fach segment of length m contains numbers of both colours. Fix any red number
R > 2m such that R + 1 is blue and set D = max{f(R), f(R + 1)}. Now we claim that
f(z+1) — f(2) < D, whatever z > 2m. Consider the largest red number 7 not exceeding z and
the largest blue number b smaller than r; then 0 < z —b= (z —r) + (r — b) < 2m, and b+ 1 is
red. Let t = b+ R+ 1; then ¢t > z. If ¢ is blue, then f(¢) = f(b) + f(R+ 1) < f(b) + D, and
fz+1)= f(2) < f(t) — f(b) < D. Otherwise, f(t) = f(b+ 1)+ f(R) < f(b+ 1)+ D, hence
f(z4+1) = f(2) < f(t) — f(b+1) < D, as claimed.
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Problem 4. Prove that there are infinitely many positive integer numbers n such that 22" 1 41
be divisible by n, but 2" + 1 be not.

Solution 1. Throughout the solution n stands for a positive integer. By Euler’s theorem,
(23" +1)(2%" —1) = 223" —1 =0 (mod 3"*!). Since 23" — 1 =1 (mod 3), it follows that 23" + 1
is divisible by 3"+1.

The number (23" +1)/(23" + 1) = 223" — 23" 4 1 is greater than 3 and congruent to 3
modulo 9, so it has a prime factor p, > 3 that does not divide 23" +1 (otherwise, 23" =1 (mod
Pn), so 223" — 23" + 1 =3 (mod p,), contradicting the fact that p, is a factor greater than 3 of
223" 23" 1+ 1).

We now show that a,, = 3"p,, satisfies the conditions in the statement. Since 2% + 1 =
23" +1 £ 0 (mod p,), it follows that a, does not divide 2% + 1.

On the other hand, 3"*! divides 22" + 1 which in turn divides 2% + 1, so 23" 4 1 divides
22°*+1 4 1. Finally, both 3" and p,, divide 22" + 1, so a, divides 22""*+! 4 1.

As n runs through the positive integers, the a, are clearly pairwise distinct and the con-
clusion follows.

Solution 2. (Géza Kés) We show that the numbers a, = (23" + 1)/9, n > 2, satisfy the
conditions in the statement. To this end, recall the following well-known facts:

(1) If N is an odd positive integer, then v5(2" + 1) = v3(N) + 1, where v3(a) is the exponent
of 3 in the decomposition of the integer a into prime factors; and

(2) If M and N are odd positive integers, then (2™ + 1,2V +1) = 2M:N) 1 where (a,b) is
the greatest common divisor of the integers a and b.

By (1), a, = 3" !'m, where m is an odd positive integer not divisible by 3, and by (2),

2" +1

377,71
gn+l =m,

(m, 27" +1) | (2% +1,20m +1) =20"0) 41 =299 11 <

so m cannot divide 2% 4 1.

On the other hand, 3"~! | 22""*1 4 1 for v3(22"" ™ + 1) > v3(2% + 1) > v3(an) = n — 1,
and m ‘ 22°"+1 11 for 3n—1 ‘ ap, S0 3" | 297 + 1 whence m ‘ 23" 41 ‘ 22°"+1 1 1. Since 3"~ ! and
m are coprime, the conclusion follows.

Remarks. There are several variations of these solutions. For instance, let by = 3 and b, 1 =
2bn 41, n > 1, and notice that b, divides b, 1. It can be shown that there are infinitely many
indices n such that some prime factor p, of b,+1 does not divide b,. One checks that for these
n’s the a,, = p,b,_1 satisfy the required conditions.

Finally, the numbers 3™ - 571, n > 2, form yet another infinite set of positive integers
fulfilling the conditions in the statement — the details are omitted.

Solution 3. (Dusan Djuki¢) Assume that n satisfies the conditions of the problem. We
claim that the number N = 2" + 1 > n also satisfies these conditions.

Firstly, since n )( N, the fact (2) from Solution 2 allows to conclude that 2™ + 1 )( 2N 11,
or N )( 2V 1+ 1. Next, since n ‘ 22"+l 11 = 2¥ 4 1, we obtain from the same fact that
N=2"+1 ’ 22+l 4 1, thus confirming our claim.

Hence, it suffices to provide only one example, hence obtaining an infinite series by the
claim. For instance, one may easily check that the number n = 57 fits.



Problem 5. Given a positive integer number n > 3, colour each cell of an n x n square array
one of [(n + 2)?/3] colours, each colour being used at least once. Prove that the cells of some
1 x 3 or 3 x 1 rectangular subarray have pairwise distinct colours.

Solution. For more convenience, say that a subarray of the n x n square array bears a colour if
at least two of its cells share that colour.

We shall prove that the number of 1 x 3 and 3 x 1 rectangular subarrays, which is 2n(n—2),
exceeds the number of such subarrays, each of which bears some colour. The key ingredient is
the estimate in the lemma below.

Lemma. If a colour is used exactly p times, then the number of 1 x 3 and 3 x 1 rectangular
subarrays bearing that colour does not exceed 3(p — 1).

Assume the lemma for the moment, let N = [(n + 2)2/3] and let n; be the number of cells
coloured the ith colour, i = 1,..., N, to deduce that the number of 1 x 3 and 3 x 1 rectangular
subarrays, each of which bears some colour, is at most

N N
D 3(ni—1)=3) n;—3N =3n> = 3N < 3n° — (n® + 4n) = 2n(n — 2)
i=1 =1

and thereby conclude the proof.

Back to the lemma, the assertion is clear if p =1, so let p > 1.

We begin by showing that if a row contains exactly ¢ cells coloured C, then the number r
of 3 x 1 rectangular subarrays bearing C' does not exceed 3¢/2 — 1; of course, a similar estimate
holds for a column. To this end, notice first that the case ¢ = 1 is trivial, so we assume that
g > 1. Consider the incidence of a cell ¢ coloured C' and a 3 x 1 rectangular subarray R bearing C":

1 if ¢ C R,
(e ) = { 0 otherwise.
Notice that, given R, > (¢, R) > 2, and, given ¢, ) p(c, R) < 3; moreover, if c is the leftmost or
rightmost cell, then ) p(c, R) < 2. Consequently,

2r <Y Y (R =D > (R <2+3(¢—2)+2=3¢-2,
R c

c R

whence the conclusion.

Finally, let the p cells coloured C' lie on k rows and ¢ columns and notice that k& 4+ £ > 3,
for p > 1. By the preceding, the total number of 3 x 1 rectangular subarrays bearing C' does not
exceed 3p/2 — k, and the total number of 1 x 3 rectangular subarrays bearing C' does not exceed
3p/2 — ¢, so the total number of 1 x 3 and 3 x 1 rectangular subarrays bearing C' does not exceed
(Bp/2 —k)+ (3p/2—¢)=3p—(k+¢) <3p—3=3(p—1). This completes the proof.

Remarks. In terms of the total number of cells, the number N = [(n + 2)%/3] of colours
is asymptotically close to the minimum number of colours required for some 1 x 3 or 3 x 1
rectangular subarray to have all cells of pairwise distinct colours, whatever the colouring. To see
this, colour the cells with the coordinates (4, j), where i+j = 0 (mod 3) and 7,5 € {0, 1,...,n—1},
one colour each, and use one additional colour C' to colour the remaining cells. Then each 1 x 3
and each 3 x 1 rectangular subarray has exactly two cells coloured C', and the number of colours
is [n?/3] +1if n=1or 2 (mod 3), and [n?/3] if n = 0 (mod 3). Consequently, the minimum
number of colours is n?/3 4+ O(n).



Problem 6. Let ABC be a triangle and let I and O respectively denote its incentre and
circumcentre. Let w4 be the circle through B and C and tangent to the incircle of the triangle
ABC'; the circles wp and we are defined similarly. The circles wp and we through A meet again
at A’; the points B’ and C’ are defined similarly. Prove that the lines AA’, BB’ and CC’ are
concurrent at a point on the line 10.

Solution. Let v be the incircle of the triangle ABC and let Ay, By, Cy be its contact points
with the sides BC, C A, AB, respectively. Let further X4 be the point of contact of the circles
~v and wy. The latter circle is the image of the former under a homothety centred at X 4. This
homothety sends A; to a point M4 on wy such that the tangent to wa at M4 is parallel to BC.
Consequently, M4 is the midpoint of the arc BC of w4 not containing X 4. It follows that the
angles Mo X B and M4BC are congruent, so the triangles MsBA; and M X B are similar:
MaB/MaXa = MsA1/MaB. Rewrite the latter M4B? = M4A; - MaX 4 to deduce that My
lies on the radical axis £p of B and . Similarly, M4 lies on the radical axis £ of C and 7.

Define the points Xp, X¢o, Mp, Mo and the line £4 in a similar way and notice that
the lines ¢4, ¢p, fo support the sides of the triangle M4 MpMc. The lines £4 and B1Cy are
both perpendicular to AI, so they are parallel. Similarly, the lines /g and /¢ are parallel to
C1A; and Ay By, respectively. Consequently, the triangle M4 MpMc is the image of the triangle
A1 B;C} under a homothety ©. Let K be the centre of © and let k = My K/A1K = MpK/B1 K =
McK/C1 K be the similitude ratio. Notice that the lines M4 A;, MpB; and McCy are concurrent
at K.

Since the points A1, By, X4, Xp are concyclic, A1 K - KX = B1K - KXp. Multiply both
sides by k to get MaK - KX 4 = MpK - KXp and deduce thereby that K lies on the radical axis
CC'" of wa and wp. Similarly, both lines AA’ and BB’ pass through K.

My

Finally, consider the image O" of I under O. It lies on the line through M4 parallel to A1 1
(and hence perpendicular to BC); since M4 is the midpoint of the arc BC, this line must be
M40O. Similarly, O’ lies on the line MO, so O’ = O. Consequently, the points I, K and O are
collinear.

Remark 1. Many steps in this solution allow different reasonings. For instance, one may



see that the lines A1 X4 and B1Xp are concurrent at point K on the radical axis CC’ of the
circles wgq and wp by applying Newton’s theorem to the quadrilateral X4 XpA;B; (since the
common tangents at X4 and Xp intersect on CC”). Then one can conclude that KA;/KB; =
KMy /K Mgp, thus obtaining that the triangles My MpM¢ and A B1C; are homothetical at K
(and therefore K is the radical center of wy, wp, and we). Finally, considering the inversion
with the pole K and the power equal to K X; - KM4 followed by the reflection at P we see
that the circles w4, wp, and we are invariant under this transform; next, the image of ~y is the
circumcircle of MaMpM¢e and it is tangent to all the circles wa, wp, and we, hence its center
is O, and thus O, I, and K are collinear.

Remark 2. Here is an outline of an alternative approach to the first part of the solution.
Let Ja4 be the excentre of the triangle ABC opposite A. The line J4A; meets v again at
Ya; let Z4 and N4 be the midpoints of the segments A;Y4 and Jg A1, respectively. Since the
segment [.J4 is a diameter in the circle BC'Zy, it follows that BA; - CA; = Z4A1 - JaA1, so
BA; - CA; = NjA; - YaA;. Consequently, the points B, C', N4 and Yy lie on some circle w’y.

It is well known that N4 lies on the perpendicular bisector of the segment BC, so the
tangents to w’y and v at N4 and A; are parallel. It follows that the tangents to these circles at
Y4 coincide, so wf4 is in fact w4, whence X4 = Y4 and My = Ny. It is also well known that the
midpoint S4 of the segment IJ4 lies both on the circumcircle ABC and on the perpendicular
bisector of BC'. Since SyM4 is a midline in the triangle A;1.J4, it follows that SA4My = r/2,
where r is the radius of v (the inradius of the triangle ABC'). Consequently, each of the points
My, Mp and M is at distance R 4 r/2 from O (here R is the circumradius). Now proceed as
above.




The 6" Romanian Master of Mathematics Competition

Solutions for the Day 1

Problem 1. For a positive integer a, define a sequence of integers x1,x9,... by letting 1 = a
and zp,41 = 2z, + 1. Let y, = 2¥» — 1. Determine the largest possible k& such that, for some
positive integer a, the numbers y1,...,y; are all prime.

(RussiA) VALERY SENDEROV

Solution. The largest such is £ = 2. Notice first that if y; is prime, then z; is prime as well.
Actually, if ; = 1 then y; = 1 which is not prime, and if z; = mn for integer m,n > 1 then
2m —1|2% — 1 =y, so y; is composite. In particular, if yq,ys2,...,y; are primes for some k > 1
then a = x; is also prime.

Now we claim that for every odd prime a at least one of the numbers y1, 2, y3 is composite
(and thus k£ < 3). Assume, to the contrary, that yi, ya, and ys are primes; then x1,x9,z3 are
primes as well. Since z; > 3 is odd, we have z9 > 3 and x2 = 3 (mod 4); consequently, x3 = 7
(mod 8). This implies that 2 is a quadratic residue modulo p = x3, so 2 = s% (mod p) for
some integer s, and hence 272 = 20-1/2 = gr=1 =1 (mod p). This means that p|ys2, thus
272 — 1 = g3 = 219 + 1. But it is easy to show that 28 — 1 > 2¢ + 1 for all integer t > 3. A
contradiction.

Finally, if a = 2, then the numbers y; = 3 and y, = 31 are primes, while y3 = 2! — 1 is
divisible by 23; in this case we may choose k = 2 but not k = 3.

Remark. The fact that 23|2!' — 1 can be shown along the lines in the solution, since 2 is a
quadratic residue modulo x4 = 23.



Problem 2. We say a pair (g,h) of functions g,h: R — R is a tester pair just when the only
function f: R — R satisfying f(g(z)) = g(f(x)) and f(h(z)) = h(f(x)) for all z € R is the
identity function. Does a tester pair exist?

(UNITED KINGDOM) ALEXANDER BETTS

Solution 1. Such a tester pair exists. We may biject R with the closed unit interval, so it
suffices to find a tester pair for that instead. We give an explicit example: take some positive
real numbers «, 8 (which we will specify further later). Take

g(z) = max(x — «,0) and h(z) = min(z + 5,1).

Say a set S C [0,1] is invariant if f(S) C S for all functions f commuting with both g and h.
Note that intersections and unions of invariant sets are invariant. Preimages of invariant sets
under g and h are also invariant; indeed, if S is invariant and, say, T = g~1(9), then g(f(T)) =
flg(T)) € F(S) € S, thus f(T) C T

We claim that (if we choose o + 8 < 1) the intervals [0,na — mf] are invariant where n
and m are nonnegative integers with 0 < na —mg < 1. We prove this by induction on m + n.

The set {0} is invariant, as for any f commuting with g we have g(f(0)) = f(¢(0)) = f(0),
so f(0) is a fixed point of g. This gives that f(0) = 0, thus the induction base is established.

Suppose now we have some m,n such that [0,n’a — m’j] is invariant whenever m’ + n’ <
m+mn. At least one of the numbers (n —1)a —mf and na— (m — 1) lies in (0, 1). Note however
that in the first case [0,na — mpB] = ¢~ ([0, (n — 1)a — mf3]), so [0,na — mf] is invariant. In
the second case [0, na —mfB] = h=1 ([0, na — (m — 1)8]), so again [0, na — mf3] is invariant. This
completes the induction.

We claim that if we choose a + 8 < 1, where 0 < a ¢ Q and 8 = 1/k for some integer
k > 1, then all intervals [0, ] are invariant for 0 < § < 1. This occurs, as by the previous claim,
for all nonnegative integers n we have [0, (na mod 1)] is invariant. The set of na mod 1 is dense
in [0, 1], so in particular
0,6]= () 0, (namod 1)]
(na mod 1)>§

is invariant.

A similar argument establishes that [4,1] is invariant, so by intersecting these {d} is in-
variant for 0 < 6 < 1. Yet we also have {0}, {1} both invariant, which proves f to be the
identity.

Solution 2. Let us agree that a sequence x = (2 )n=12,.. is cofinally non-constant if for every
index m there exists an index n > m such that x,, # x,.

Biject R with the set of cofinally non-constant sequences of 0’s and 1’s, and define g and h
by

if e = ife=1
g(e,x)—{e’x ife=0 and h(e,x)—{e’x it €

X else X else

where €,x denotes the sequence formed by appending x to the single-element sequence €. Note
that g fixes precisely those sequences beginning with 0, and h fixes precisely those beginning
with 1.

Now assume that f commutes with both f and g. To prove that f(x) = x for all x we
show that x and f(x) share the same first n terms, by induction on n.

The base case n = 1 is simple, as we have noticed above that the set of sequences beginning
with a 0 is precisely the set of g-fixed points, so is preserved by f, and similarly for the set of
sequences starting with 1.



Suppose that f(x) and x agree for the first n terms, whatever x. Consider any sequence,
and write it as x = €,y. Without loss of generality, we may (and will) assume that ¢ = 0, so
f(x) = 0,y by the base case. Yet then f(y) = f(h(x)) = h(f(x)) = h(0,y’) = y’. Consequently,
f(x) =0, f(y), so f(x) and x agree for the first n + 1 terms by the inductive hypothesis.

Thus f fixes all of cofinally non-constant sequences, and the conclusion follows.

Solution 3. (Ilya Bogdanov) We will show that there exists a tester pair of bijective functions g
and h.

First of all, let us find out when a pair of functions is a tester pair. Let g,h: R — R be
arbitrary functions. We construct a directed graph G, with R as the set of vertices, its edges
being painted with two colors: for every vertex = € R, we introduce a red edge © — g(x) and a
blue edge © — h(z).

Now, assume that the function f: R — R satisfies f(g(x)) = g(f(x)) and f(h(z)) = h(f(z))
for all x € R. This means exactly that if there exists an edge  — y, then there also exists an
edge f(x) — f(y) of the same color; that is — f is an endomorphism of G .

Thus, a pair (g,h) is a tester pair if and only if the graph G,j admits no nontrivial
endomorphisms. Notice that each endomorphism maps a component into a component. Thus,
to construct a tester pair, it suffices to construct a continuum of components with no nontrivial
endomorphisms and no homomorphisms from one to another. It can be done in many ways;
below we present one of them.

Let g(x) = x + 1; the construction of & is more involved. For every z € [0,1) we define the
set S, = = + Z; the sets S, will be exactly the components of G, ;. Now we will construct these
components.

Let us fix any = € [0,1); let © = 0.x122... be the binary representation of x. Define
h(x —n) = x —n+1 for every n > 3. Next, let h(z —3) =z, h(z) =2 —2, h(r —2) =z —1, and
h(z —1) = x + 1 (that would be a “marker” which fixes a point in our component).

Next, for every i = 1,2,..., we define

(1) A(z+3i—2)=2+3i—1, h(x+3i—1) =2+ 3i, and h(x + 3i) =x + 3i + 1, if z; = 0;
(2) Mz +3i—2)=2+3i, h(x+3i)=3i—1l,and h(z +3i — 1) =2+ 3i+ 1, if z; = 1.

Clearly, h is a bijection mapping each S, to itself. Now we claim that the graph G,
satisfies the desired conditions.

Consider any homomorphism f,: S; — Sy (z and y may coincide). Since g is a bijection,
consideration of the red edges shows that f.(z +n) = x +n+ k for a fixed real k. Next, there
exists a blue edge (z — 3) — z, and the only blue edge of the form (y +m —3) — (y +m) is
(y — 3) — y; thus fy(x) =y, and k = 0.

Next, if x; = 0 then there exists a blue edge (x + 3i — 2) — (2 + 3i — 1); then the edge
(y+3i —2) — (y+ 3i — 1) also should exist, so y; = 0. Analogously, if x; = 1 then there exists
a blue edge (z + 3i — 2) — (x + 3i); then the edge (y + 3i — 2) — (y + 3i) also should exist, so
y; = 1. We conclude that x = y, and f, is the identity mapping, as required.

Remark. If g and h are injections, then the components of G ), are at most countable. So the
set of possible pairwise non-isomorphic such components is continual; hence there is no bijective
tester pair for a hyper-continual set instead of R.



Problem 3. Let ABCD be a quadrangle inscribed in a circle w. The lines AB and CD meet
at P, the lines AD and BC meet at @), and the diagonals AC and BD meet at R. Let M be
the midpoint of the segment P(Q), and let K be the common point of the segment M R and the
circle w. Prove that the circles K PQ) and w are tangent to one another.

(RussiA) MEDEUBEK KUNGOZHIN

Solution. Let O be the centre of w. Notice that the points P, @, and R are the poles (with
respect to w) of the lines QR, RP, and PQ, respectively. Hence we have OP L QR, OQ L RP,
and OR 1 PQ), thus R is the orthocentre of the triangle OPQ. Now, if MR 1 P(Q), then the
points P and @ are the reflections of one another in the line M R = MO, and the triangle PQK
is symmetrical with respect to this line. In this case the statement of the problem is trivial.
Otherwise, let V' be the foot of the perpendicular from O to M R, and let U be the common
point of the lines OV and PQ. Since U lies on the polar line of R and OU L MR, we obtain
that U is the pole of M R. Therefore, the line UK is tangent to w. Hence it is enough to prove
that UK?2 = UP - UQ, since this relation implies that UK is also tangent to the circle K PQ.
From the rectangular triangle OKU, we get UK? = UV -UO. Let Q be the circumcircle of
triangle OPQ, and let R’ be the reflection of its orthocentre R in the midpoint M of the side PQ.
It is well known that R’ is the point of 2 opposite to O, hence OR’ is the diameter of 2. Finally,
since ZOV R’ = 90°, the point V also lies on Q, hence UP-UQ = UV -UO = UK?, as required.

A

7R

Remark. The statement of the problem is still true if K is the other common point of the
line MR and w.
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Problem 4. Suppose two convex quadrangles in the plane, P and P’, share a point O such that,
for every line £ through O, the segment along which ¢ and P meet is longer than the segment
along which ¢ and P’ meet. Is it possible that the ratio of the area of P’ to the area of P be
greater than 1.97

(BULGARIA)

Solution. The answer is in the affirmative: Given a positive € < 2, the ratio in question may
indeed be greater than 2 — e.

To show this, consider a square ABCD centred at O, and let A’, B’, and C’ be the
reflections of O in A, B, and C, respectively. Notice that, if £ is a line through O, then the
segments £ N ABC'D and ¢ N A’ B’C’ have equal lengths, unless £ is the line AC.

Next, consider the points M and N on the segments B’ A’ and B'C’, respectively, such that
B'M/B'A" = B'N/B'C' = (1 — ¢/4)"/2. Finally, let P’ be the image of the convex quadrangle
B'MON under the homothety of ratio (1 — €/4)"/* centred at O. Clearly, the quadrangles
P = ABCD and P’ satisfy the conditions in the statement, and the ratio of the area of P’ to the
area of P is exactly 2 — ¢/2.

Remarks. (1) With some care, one may also construct such example with a point O being
interior for both P and P’. In our example, it is enough to replace vertex O of P’ by a point on
the segment OD close enough to O. The details are left to the reader.

(2) On the other hand, one may show that the ratio of areas of P’ and P cannot exceed 2
(even if P and P’ are arbitrary convex polygons rather than quadrilaterals). Further on, we
denote by [S] the area of S.

In order to see that [P'] < 2[P], let us fix some ray r from O, and let r, be the ray from O
making an (oriented) angle a with r. Denote by X, and Y, the points of P and P’, respectively,
lying on 7, farthest from O, and denote by f(«) and g(a) the lengths of the segments OX,
and OY,, respectively. Then

2m ™
Pl=3 | f@da=5 [ (P +Fr+a)do
and similarly _
[P] = ;/0 (¢%(@) + ¢*(7 + a)) da.



But XoXria > YaYria yields 2 3 (f2(a) + fA(r+ ) = OX2 + 0X2,, > $X X2, >
Y Y2, > 3(0Y2+OY2,) = 5 (¢°(a) + ¢*(7 + )). Integration then gives us 2[P] > [P'], as

needed.

This can also be proved via elementary methods. Actually, we will establish the following
more general fact.

Fact. Let P = AjAsA3Ay and P = B1ByB3By be two convex quadrangles in the plane, and
let O be one of their common points different from the vertices of P'. Denote by ¥; the line OB;,

and assume that for every i = 1,2,3,4 the length of segment £; N P is greater than the length of
segment £; N\ P'. Then [P'] < 2[P].

Proof. One of (possibly degenerate) quadrilaterals OBy By Bs and OB B, Bs is convex; the same
holds for OBy B3 B4 and OBy By By. Without loss of generality, we may (and will) assume that
the quadrilaterals OBy By Bs and OBy B3 B, are convex.

Denote by C; such a point that £; N P’ is the segment B;C;; let a; be the length of ¢; N P,
and let «; be the angle between ¢; and ¢;;1 (hereafter, we use the cyclic notation, thus f5 = ¢
and so on). Thus Cy and C3 belong to the segment B} By, C lies on BsBy, and Cy lies on By Bs.
Assume that there exists an index 4 such that the area of B;B;+1C;Cit1 is at least [P’]/2; then
we have

[P'] B;C; - Biy1Ci11 - sinq; < Qi1 sin <P,
2 2 2
as desired. Assume, to the contrary, that such index does not exist. Two cases are possible.

< [BiBi+1CiCiy1] =

By

Cy

By

Case 1. Assume that the rays By By and ByBs do not intersect (see the left figure above). This
means, in particular, that d(By, B3By) < d(B2, B3By).

Since the ray B3O lies in the angle Bj B3 By, we obtain d(By, B3C3) < d(Cy4, B3C3); hence
[BgB4B1] < [BgB4C3C4] < [PI]/Q Similarly, [BlBQB4] < [BlBQClcQ] < [Pl]/Q Thus,

B B
103 (ByByBy] — 4Co

[B2B3CoCh] = [P') = [B1ByCy] = (B3 BaCh] = [P') = o BB,

B1C3 + B4(Cy [P/]
/

_— | > .
- [P] <1 2B1 By ) - 2

A contradiction.

- [B3B4B]

Case 2. Assume now that the rays BBy and ByBs intersect at some point (see the right figure
above). Denote by L the common point of BoCy and B3Cy. We have [BoCyCh] > [B2CyBs),
hence [C1C4L] > [BaBsL]. Thus we have

[P/] > [31320102] + [33340304] = [P,] + [L61020304] — [BQBgL]
> [P,] + [0104L] — [BQBgL] > [P,]

A final contradiction.

[\)



Problem 5. Given a positive integer k > 2, set a1 = 1 and, for every integer n > 2, let a, be
the smallest solution of the equation

that exceeds a,_1. Prove that all primes are among the terms of the sequence a1, as,....

(BULGARIA)
Solution 1. We prove that the a, are precisely the kth-power-free positive integers, that is,
those divisible by the kth power of no prime. The conclusion then follows.

Let B denote the set of all kth-power-free positive integers. We first show that, given a

positive integer c,
e
- =c
> i)

bEB, b<c

To this end, notice that every positive integer has a unique representation as a product of an
element in B and a kth power. Consequently, the set of all positive integers less than or equal
to ¢ splits into

Cy={x: 2 €Zsp, x<c, and x/b is a kth power}, be B, b<c.

Clearly, |Cp| = L Ve/ bJ, whence the desired equality.

Finally, enumerate B according to the natural order: 1 =b; < by < --- < b, < ---. We
prove by induction on n that a, = b,. Clearly, a; = by = 1, so let n > 2 and assume a,, = b,
for all indices m < n. Since b,, > b,—1 = a,,—1 and

BBl
toglVal FlV - FlVa ’

the definition of a,, forces a, < b,. Were a,, < b,, a contradiction would follow:

Consequently, a,, = b,. This completes the proof.

Solution 2. (llya Bogdanov) For every n = 1,2,3, ..., introduce the function

fn(w):a:—l—nzf{k jJ

i=1

Denote also by gn(z) the number of the indices ¢ < n such that z/a; is the kth power of an
integer. Then f,(x+1)— fu(z) = 1 — g, (x) for every integer x > ay; hence f(x)+1> fo(x+1).
Moreover, f,(an—1) = —1 (since fr—1(an—1) = 0). Now a straightforward induction shows that
fn(z) <0 for all integers x € [an—1, an).

Next, if gn(z) > 0 then f,(x) < fn(z — 1); this means that such an x cannot equal ay.
Thus a;/a; is never the kth power of an integer if j > 1.

Now we are prepared to prove by induction on n that ai,ao,...,a, are exactly all kth-
power-free integers in [1, a,]. The base case n =1 is trivial.



Assume that all the kth-power-free integers on [1, a,| are exactly ai,...,a,. Let b be the
least integer larger than a, such that g,(b) = 0. We claim that: (1) b = ap+1; and (2) b is the
least kth-power-free number greater than a,,.

To prove (1), notice first that all the numbers of the form a;/a; with 1 <1i < j < n are
not kth powers of rational numbers since a; and a; are kth-power-free. This means that for
every integer x € (an,b) there exists exactly one index i < n such that x/a; is the kth power
of an integer (certainly, z is not kth-power-free). Hence f,,11(z) = foy1(x — 1) for each such z,
80 fnt1(b—1) = fot1(an) = —1. Next, since b/a; is not the kth power of an integer, we have
frt1(b) = fry1(b—1) +1 =0, thus b = a,4;. This establishes (1).

Finally, since all integers in (ay,b) are not kth-power-free, we are left to prove that b is
kth-power-free to establish (2). Otherwise, let 7 > 1 be the greatest integer such that y* | b; then
b/y* is kth-power-free and hence b/y* = a; for some i < n. So b/a; is the kth power of an integer,
which contradicts the definition of b.

Thus aq, ae, ... are exactly all kth-power-free positive integers; consequently all primes are
contained in this sequence.



Problem 6. A token is placed at each vertex of a regular 2n-gon. A move consists in choosing
an edge of the 2n-gon and swapping the two tokens placed at the endpoints of that edge. After
a finite number of moves have been performed, it turns out that every two tokens have been
swapped exactly once. Prove that some edge has never been chosen.

(RussiA) ALEXANDER GRIBALKO

Solution. Step 1. Enumerate all the tokens in the initial arrangement in clockwise circular
order; also enumerate the vertices of the 2n-gon accordingly. Consider any three tokens ¢ < j < k.
At each moment, their cyclic order may be either i, j, k or i, k, j, counted clockwise. This order
changes exactly when two of these three tokens have been switched. Hence the order has been
reversed thrice, and in the final arrangement token k stands on the arc passing clockwise from
token ¢ to token j. Thus, at the end, token ¢ + 1 is a counter-clockwise neighbor of token i
forall i =1,2,...,2n — 1, so the tokens in the final arrangement are numbered successively in
counter-clockwise circular order.

This means that the final arrangement of tokens can be obtained from the initial one by
reflection in some line /.

Step 2. Notice that each token was involved into 2n — 1 switchings, so its initial and final vertices
have different parity. Hence ¢ passes through the midpoints of two opposite sides of a 2n-gon; we
may assume that these are the sides a and b connecting 2n with 1 and n with n+ 1, respectively.

During the process, each token x has crossed ¢ at least once; thus one of its switchings has
been made at edge a or at edge b. Assume that some two its switchings were performed at a
and at b; we may (and will) assume that the one at a was earlier, and = < n. Then the total
movement of token x consisted at least of: (i) moving from vertex z to a and crossing ¢ along a;
(ii) moving from a to b and crossing ¢ along b; (iii) coming to vertex 2n + 1 — z. This tales at
least = +n + (n — z) = 2n switchings, which is impossible.

Thus, each token had a switching at exactly one of the edges a and b.

Step 3. Finally, let us show that either each token has been switched at a, or each token has
been switched at b (then the other edge has never been used, as desired). To the contrary, assume
that there were switchings at both a and at b. Consider the first such switchings, and let x and y
be the tokens which were moved clockwise during these switchings and crossed ¢ at a and b,
respectively. By Step 2, x # y. Then tokens x and y initially were on opposite sides of £.

Now consider the switching of tokens x and y; there was exactly one such switching, and
we assume that it has been made on the same side of ¢ as vertex y. Then this switching has
been made after token x had traced a. From this point on, token z is on the clockwise arc from
token y to b, and it has no way to leave out from this arc. But this is impossible, since token y
should trace b after that moment. A contradiction.

Remark. The same statement for (2n—1)-gon is also valid. The problem is stated for a polygon
with an even number of sides only to avoid case consideration.

Let us outline the solution in the case of a (2n — 1)-gon. We prove the existence of line ¢
as in Step 1. This line passes through some vertex x, and through the midpoint of the opposite
edge a. Then each token either passes through z, or crosses ¢ along a (but not both; this can be
shown as in Step 2). Finally, since a token is involved into an even number of moves, it passes
through = but not through a, and a is never used.



The 7" Romanian Master of Mathematics Competition

Day 1: Friday, February 27, 2015, Bucharest

Language: English

Problem 1. Does there exist an infinite sequence of positive integers aq,
az, as, ... such that a,, and a, are coprime if and only if |m — n| = 17

Problem 2. For an integer n > 5, two players play the following game
on a regular n-gon. Initially, three consecutive vertices are chosen, and one
counter is placed on each. A move consists of one player sliding one counter
along any number of edges to another vertex of the n-gon without jumping
over another counter. A move is legal if the area of the triangle formed by
the counters is strictly greater after the move than before. The players take
turns to make legal moves, and if a player cannot make a legal move, that
player loses. For which values of n does the player making the first move
have a winning strategy?

Problem 3. A finite list of rational numbers is written on a blackboard. In
an operation, we choose any two numbers a, b, erase them, and write down
one of the numbers

a+b, a—b b—a, axb, a/b(if b#0), b/a (if a # 0).

Prove that, for every integer n > 100, there are only finitely many integers
k > 0, such that, starting from the list

k+1, k+2 ..., k+n,

it is possible to obtain, after n — 1 operations, the value n!.

Each of the three problems is worth 7 points.
Time allowed 4% hours.



The 7" Romanian Master of Mathematics Competition

Day 2: Saturday, February 28, 2015, Bucharest

Language: English

Problem 4. Let ABC be a triangle, and let D be the point where the
incircle meets side BC. Let J, and J. be the incentres of the triangles ABD
and ACD, respectively. Prove that the circumcentre of the triangle AJ,J.
lies on the angle bisector of ZBAC.

Problem 5. Let p > 5 be a prime number. For a positive integer k, let R(k)
be the remainder when k is divided by p, with 0 < R(k) < p— 1. Determine
all positive integers a < p such that, for every m =1,2,...,p — 1,

m+ R(ma) > a.

Problem 6. Given a positive integer n, determine the largest real number p
satisfying the following condition: for every set C' of 4n points in the interior
of the unit square U, there exists a rectangle T' contained in U such that

e the sides of T" are parallel to the sides of U;
e the interior of T' contains exactly one point of C

e the area of T is at least u.

Each of the three problems is worth 7 points.
Time allowed 4% hours.



The 7" Romanian Master of Mathematics Competition

Solutions for the Day 1

Problem 1. Does there exist an infinite sequence of positive integers a1, as, as, ... such that
am and a, are coprime if and only if |m —n| =17

(PERU) JORGE TIPE

Solution. The answer is in the affirmative.

The idea is to consider a sequence of pairwise distinct primes pi, ps, p3, ..., cover the
positive integers by a sequence of finite non-empty sets I,, such that I,,, and I,, are disjoint if and
only if m and n are one unit apart, and set a, = Hieln pi,n=123,....

One possible way of finding such sets is the following. For all positive integers n, let

2n € I, forall k=n,n+3,n+5n+7,...; and
2n —1 € Iy forall k=n,n+2,n+4,n+6,....

Clearly, each I is finite, since it contains none of the numbers greater than 2k. Next, the
number po, ensures that I, has a common element with each I,,9;, while the number po,_1
ensures that I, has a common element with each I, 49,41 for ¢ = 1,2,.... Finally, none of the
indices appears in two consecutive sets.

Remark. The sets I,, from the solution above can explicitly be written as
I,={2n—4k—-1:k=0,1,...,[(n—1)/2|}U{2n—4k —2: k=1,2,...,|n/2| — 1} U{2n},

The above construction can alternatively be described as follows: Let pi, p}, p2, ph, - -
Dn, Py - - - be a sequence of pairwise distinct primes. With the standard convention that empty
products are 1, let

P _ P1D4P3Dy  + * Pn—dPly_sPn—2, if nis odd,
n . .
P/1102P§P4 s 'p;l_gpnfz, if n is even,

and define a,, = P,p,p.,.



Problem 2. For an integer n > 5, two players play the following game on a regular n-gon.
Initially, three consecutive vertices are chosen, and one counter is placed on each. A move
consists of one player sliding one counter along any number of edges to another vertex of the
n-gon without jumping over another counter. A move is legal if the area of the triangle formed
by the counters is strictly greater after the move than before. The players take turns to make
legal moves, and if a player cannot make a legal move, that player loses. For which values of n
does the player making the first move have a winning strategy?

(Un1TED KINGDOM) JEREMY KING

Solution. We shall prove that the first player wins if and only the exponent of 2 in the prime
decomposition of n — 3 is odd.

Since the game is identical for both players, has finitely many possible states and always
terminates, we can label the possible states Wins od Losses according as whether a player faced
with that position has a winning strategy or not. A state is a Win if and only if there is some
legal move taking the state to a Loss, and a state is a Loss if and only if all moves take that state
to a Win (including the case where there are no legal moves).

Lemma. Any configuration in which the triangle formed by the three counters is not isosceles is
necessarily a Win.

Proof. Label the positions of the counters X, Y, Z so that the arc Y Z of the circumcircle is
shortest and the arc ZX is longest. Begin by moving the counter at Z around the polygon on
the arc Y ZX until it forms an isosceles triangle XY Z’ with apex at Y (note that the arc XY is
less than half the circle, so that Z does not jump over the counter at X). If this configuration is
a Loss, we are done.

If instead this configuration is a Win, then the counters can be moved legally from triangle
XY Z' to reach a losing state. This cannot involve the counter at Y, so by symmetry a Loss
state can be reached by moving the counter at Z’ to a new location Z”. But then the counter
at Z could have been moved to Z” in the first place, so the original configuration was a Win as
well. O

For every nonzero integer x, denote by ve(x) the exponent of 2 in the prime decomposition
of z. Now, given a configuration in which the triangle formed by the three counters is isosceles,
the arcs between the vertices having lengths a, a, b respectively (in appropriate units so that
2a + b = n), we show that the configuration is a Win if and only if a # b and ve(a — b) is odd.

Write b = a £ |a — b| and notice that the only other isosceles triangle that can be reached
from the original configuration is one with arc lengths a, a£|a—b|/2, a£|a—b|/2. If |a—b]| is odd,
this is of course impossible, so the configuration is a Loss, since all non-isosceles configurations
are Wins, by the lemma.

If instead |a — b| is even, then all states that can be reached from the original configuration
are Wins, except possibly the state with arc lengths a, a +|a —b|/2, a £ |a — b|/2. Consequently,
(a,a,b) is a Win if and only if (a,a £ |a — b|/2,a %+ |a — b|/2) is a Loss. Since the side lengths of
this new triangle differ by |a — b|/2, the conclusion follows inductively once the exceptional and
trivial case a = b is dealt with.

As an immediate corollary, the configuration with arc lengths 1, 1, n — 2 (the starting
configuration of the question) is a Win if and only if va(n — 3) is odd.

Remark. Relying on the solution presented above, one may also derive an explicit winning
strategy. Denote the position in the game by the multiset {a, b, ¢} of thr lengths of the three arcs
between the tokens (again in appropriate units so that a + b+ ¢ = n). A move now consists in
choosing two of the three numbers a, b, ¢, and replacing them by two numbers with the same
sum so as to strictly increase the minimum of the pair.



The winning strategy for a player is to obtain at the end of each of his moves the positions
of the form {a,a,b}, where a = b or ve(a — b) is even; we say that such position is good. At the
beginning of the game, the position is good exactly if va(n — 3) is even.

Now, there is at most one position of the form {a’, a’, b’} which may be obtained by a move
from a good position {a,a,b} — that is, with ¥ = a. This position is not good, thus it suffices
to show that it is possible to obtain a good position from any non-good one by a move.

Let now {a, b, ¢} be a non-good position, with a < b < ¢. If a+c¢ = 2b then one may get the
good position (b, b,b). Assume now that a + ¢ # 2b. If va(c + a — 2b) is even, then it is possible
to achieve the good position {b,b,c + a — b}; otherwise, ¢ + a is necessarily even, and one may
get the good position {(c+ a)/2, (c+ a)/2,b}.



Problem 3. A finite list of rational numbers is written on a blackboard. In an operation, we
choose any two numbers a, b, erase them, and write down one of the numbers

a+b,a—b, b—a, axb, a/b(ifb#0), b/a (if a # 0).

Prove that, for every integer n > 100, there are only finitely many integers & > 0, such that,
starting from the list
k+1, k+2, ..., k+mn,

it is possible to obtain, after n — 1 operations, the value n!.
(UNITED KINGDOM) ALEXANDER BETTS

Solution. We prove the problem statement even for all positive integer n.

There are only finitely many ways of constructing a number from n pairwise distinct num-
bers z1, ..., x, only using the four elementary arithmetic operations, and each x; exactly once.
Fach such formula for £ > 1 is obtained by an elementary operation from two such formulas on
two disjoint sets of the ;.

A straightforward induction on n shows that the outcome of each such construction is a

number of the form
a1 (0%
E Qay,..an Ty 0 Ty"

ai,...,an€{0,1}

b 20 gon
ALy Q] n

alv---7ane{071}

(%)

where the aq, .. o, and by, ... q, are all in the set {0, £1}, not all zero of course, ag,.. o =b1,.. 1 =0,
and also aqa, .., * bas,....an = 0 for every set of indices.

Since |aq,,....an| <1, and agp,.. o = 0, the absolute value of the numerator does not exceed
(I+]z1]) -+ - (1+]|zp|) — 1; in particular, if ¢ is an integer in the range —n, ..., —1, and z, = c+k,
k =1,...,n, then the absolute value of the numerator is at most (—c)!(n+c+1)!—1 <nl-1 < n!.

Consider now the integral polynomials,

P= Y Gapen XD (X ),
at,...,an€{0,1}
and
Q= Y Dbaya,(X+1)% (X +n)on,
at,...,an€{0,1}
where the aq,.. q, and by, ... q, are all in the set {0,%1}, not all zero, aq, ...a,ba;,....a,, = 0 for
every set of indices, and ag, o = b1,..1 = 0. By the preceding, |P(c)| < n! for every integer ¢ in
the range —n, ..., —1; and since by . 1 = 0, the degree of @) is less than n.
Since every non-zero polynomial has only finitely many roots, and the number of roots does
not exceed the degree, to complete the proof it is sufficient to show that the polynomial P —n!Q
does not vanish identically, provided that @ does not (which is the case in the problem).

Suppose, if possible, that P = n!@, where Q # 0. Since deg@ < n, it follows that
deg P < n as well, and since P # 0, the number of roots of P does not exceed deg P < n, so
P(c) # 0 for some integer c in the range —n, ..., —1. By the preceding, |P(c)| is consequently a
positive integer less than n!. On the other hand, |P(c)| = n!|Q(c)| is an integral multiple of n!.
A contradiction.

n

Remark. Alternatively, it can be shown by induction on n that

max(|P(¢)], 21Q(0)]) < [ max(le + k|, 2),
k=1

for all integers c¢. In case n > 8, this provides a solution along the same lines.



The 7" Romanian Master of Mathematics Competition

Solutions for the Day 2

Problem 4. Let ABC be a triangle, let D be the touchpoint of the side BC' and the incircle of
the triangle ABC, and let J and J. be the incentres of the triangles ABD and AC D, respectively.
Prove that the circumcentre of the triangle AJy.J,. lies on the bisectrix of the angle BAC.

(Russia) FEDOR IVLEV

Solution. Let the incircle of the triangle ABC meet C'A and AB at points E and F', respectively.
Let the incircles of the triangles ABD and ACD meet AD at points X and Y, respectively. Then
2DX = DA4+DB—AB =DA+DB—BF—-AF = DA— AF; similarly, 2DY = DA—AE =2DX.
Hence the points X and Y coincide, so JpJ. L AD.

Now let O be the circumcentre of the triangle AJyJ.. Then £J,AO = 7/2 — LAOJ,/2 =
T/2 — LAJJy = £LXAJ, = $Z/DAC. Therefore, ZBAO = /BAJ, + £J,AO = L1/BAD +
%4DAC = %ABAC’ , and the conclusion follows.




Problem 5. Let p > 5 be a prime number. For a positive integer k we denote by R(k) the
remainder of k£ when divided by p. Determine all positive integers a < p such that

m+ R(ma) > a

for every m=1,2,...,p— 1.

(BULGARIA) ALEXANDER IVANOV

Solution. The required integers are p — 1 along with all the numbers of the form |p/q], ¢ =
2,...,p— 1. In other words, these are p — 1, along with the numbers 1,2,..., |/p], and also the

(distinct) numbers |p/ql, ¢ =2,..., [P — 3]

We begin by showing that these numbers satisfy the conditions in the statement. It is
readily checked that p—1 satisfies the required inequalities, since m+R(m(p—1)) = m+(p—m) =
p>p—1forallm=1,...,p—1.

Now, consider any number a of the form a = |p/q|, where ¢ is an integer greater than 1 but
less than p; then p = ag+ r with 0 < r < ¢. Choose any integer m € (0, p) and write m = zq+y
with z,y € Z, 0 < y < ¢ (notice that x is nonnegative). Then

R(ma) = R(ay + zaq) = R(ay + zp — xr) = R(ay — zr).
Since ay — xr < ay < aq < p, we obtain R(ay — zr) > ay — zr and hence
m+ R(ma) = (zq+y) + (ay —ar) =z(¢—r) +yla+1) Za+1

by ¢ > r and y > 1. Thus « satisfies the required condition.

Finally, we show that if an integer a € (0,p — 1) satisfies the required condition then a is
indeed of the form a = |p/q| for some integer g € (0,p). This is clear for a = 1, so we may (and
will) assume that a > 2.

Write p = aq + r with ¢, € Z and 0 < r < a; since a > 2 we have ¢ < p/2. Choose
m = q+ 1 < p; we have R(ma) = R(ag+a) = R(p+(a—r)) =a—r, so

a<m+R(ma)=q+1+a—r,

which yields r < g+ 1. Moreover, if r = ¢, then p = ¢(a+ 1) which is impossible by 1 < a+1 < p.

Thus r < ¢, and we have
r
—a=-<1,
q

0<

Q3

which proves a = |p/q].



Problem 6. Given a positive integer n, determine the largest real number p satisfying the
following condition: for every 4n-point configuration C' in an open unit square U, there exists an
open rectangle in U, whose sides are parallel to those of U, which contains exactly one point of
C, and has an area greater than or equal to p.

(BULGARIA) NIKOLAI BELUHOV

Solution. The required maximum is ﬁ To show that the condition in the statement is
not met if pu > ﬁ, let U = (0,1) x (0,1), choose a small enough positive €, and consider the
configuration C consisting of the n four-element clusters of points (n%rlie) X (% + e), i=1,...,n,
the four possible sign combinations being considered for each i. Clearly, every open rectangle
in U, whose sides are parallel to those of U, which contains exactly one point of C', has area at
most (n%rl + 6) : (% + 6) < p if € is small enough.

We now show that, given a finite configuration C' of points in an open unit square U, there
always exists an open rectangle in U, whose sides are parallel to those of U, which contains

exactly one point of C, and has an area greater than or equal to pg = m
To prove this, usage will be made of the following two lemmas whose proofs are left at the

end of the solution.

Lemma 1. Let k be a positive integer, and let X < be a positive real number. If

1
|k/2] +1
ti, ..., tx are pairwise distinct points in the open unit interval (0,1), then some t; is isolated
from the other t; by an open subinterval of (0,1) whose length is greater than or equal to .

Lemma 2. Given an integer k > 2 and positive integers my, ..., mg,
m Fom m k
1 Z i k Z
L?J i i=1 L?J + L?J = i=1 ok

Back to the problem, let U = (0,1) x (0, 1), project C' orthogonally on the z-axis to obtain
the points z1 < - -+ < xj in the open unit interval (0, 1), let ¢; be the vertical through z;, and let
m; =|CNLl,i=1,... k.

Setting 29 = 0 and xxy1 = 1, assume that z;41 — ;-1 > (|m;/2] + 1)uo for some index i,
and apply Lemma 1 to isolate one of the points in CN¥¢; from the other ones by an open subinterval
x; X J of x; x (0,1) whose length is greater than or equal to po/(xit+1 — zi—1). Consequently,
(zi—1,%4+1) X J is an open rectangle in U, whose sides are parallel to those of U, which contains
exactly one point of C' and has an area greater than or equal to ug.

Next, we rule out the case x;+1 — x;—1 < (|m;/2] + 1)up for all indices 4. If this were the
case, notice that necessarily k > 1; also, 1 — xg < x2 — z9 < ([m1/2] + Do and xp41 — xf <
Trt1 — Th—1 < (|mg/2] + 1)po. With reference to Lemma 2, write

k

2 = 2(xp41 — wo) = (1 — o) + Z(xi—i-l —Zi—1) + (X1 — k)
=1

(B 2]+ (13 +1)

and thereby reach a contradiction.



Finally, we prove the two lemmas.

Proof of Lemma 1. Suppose, if possible, that no t; is isolated from the other ¢; by an open
subinterval of (0,1) whose length is greater than or equal to \. Without loss of generality, we
may (and will) assume that 0 =ty < t; < --- <t < tx+1 = 1. Since the open interval (¢;_1,t;+1)
isolates t; from the other ¢;, its length, t;11 — ?;_1, is less than \. Consequently, if £ is odd we

have 1 = Z(kal)/Q(tQHQ —ty) < /\(1 + %) < 1;if kiseven, we have 1 < 1 + 1t} — tp_1 =

1=

Zfi%_l(tgﬂ_z —to;) + (tgr1 — tp—1) < )\(1 + g) < 1. A contradiction in either case.

Proof of Lemma 2. Let I, respectively I1, be the set of all indices ¢ in the range 2, ..., k —1
such that m; is even, respectively odd. Clearly, Iy and I; form a partition of that range. Since
m; > 2 if i is in Iy, and m; > 1 if 4 is in I (recall that the m; are positive integers),

k—1 k—1
S omi=Y "mi+ Y mi =2+ L =2k -2) L], or |[L|>2(k-2)-> mi
=2 i€lp i€l i=2
Therefore,
m m m i |I1]
1 7 k 7 1
- _° M < R e}
e 1] e (5 5 o
1k—1 1k:—1
<m1+< mz—(k—2)+2m1>+mk
=2 1=2
k
:Zmz—k+2 (]

Remark. In case 4n is replaced by a positive integer k not divisible by 4, we do not yet know
the maximal p satisfying the corresponding condition.



The 8" Romanian Master of Mathematics Competition

Day 1: Friday, February 26, 2016, Bucharest

Language: English

Problem 1. Let ABC be a triangle and let D be a point on the segment
BC, D # B and D # C. The circle ABD meets the segment AC' again at
an interior point E. The circle ACD meets the segment AB again at an
interior point F. Let A’ be the reflection of A in the line BC. The lines
A'C and DFE meet at P, and the lines A’B and DF meet at Q. Prove that
the lines AD, BP and C(Q are concurrent (or all parallel).

Problem 2. Given positive integers m and n > m, determine the largest
number of dominoes (1 x 2 or 2 x 1 rectangles) that can be placed on a
rectangular board with m rows and 2n columns consisting of cells (1 x 1
squares) so that:

(i) each domino covers exactly two adjacent cells of the board;

(ii) no two dominoes overlap;

(iii) no two form a 2 x 2 square; and

(iv) the bottom row of the board is completely covered by n dominoes.

Problem 3. A cubic sequence is a sequence of integers given by a, =
n? + bn? + cn + d, where b, ¢ and d are integer constants and n ranges over
all integers, including negative integers.

(a) Show that there exists a cubic sequence such that the only terms
of the sequence which are squares of integers are asg15 and asg16.

(b) Determine the possible values of agg15 - ago16 for a cubic sequence
satisfying the condition in part (a).

Each of the three problems is worth 7 points.
Time allowed 4% hours.



The 8" Romanian Master of Mathematics Competition

Day 2: Saturday, February 27, 2016, Bucharest

Language: English

Problem 4. Let z and y be positive real numbers such that z + 2016 > 1.
Prove that 22916 + ¢ > 1 —1/100.

Problem 5. A convex hexagon A;B1A2B2A3B3 is inscribed in a circle
Q of radius R. The diagonals A1 Bs, A2Bj3, and A3B; concur at X. For
i =1,2,3, let w; be the circle tangent to the segments X A; and X B;, and
to the arc A;B; of €2 not containing other vertices of the hexagon; let r; be
the radius of w;.

(a) Prove that R > ry +ro + 3.

(b) If R =ry + 12 + r3, prove that the six points where the circles w;
touch the diagonals Ay B2, AsBs, A3Bp are concyclic.

Problem 6. A set of n points in Euclidean 3-dimensional space, no four
of which are coplanar, is partitioned into two subsets A and B. An AB-
tree is a configuration of n — 1 segments, each of which has an endpoint in
A and the other in B, and such that no segments form a closed polyline.
An AB-tree is transformed into another as follows: choose three distinct
segments A1 By, B1As and As By in the AB-tree such that A; is in A and
A1By 4+ AsBs > A1Bs + Ay Bj, and remove the segment A; B to replace
it by the segment A;By. Given any AB-tree, prove that every sequence of
successive transformations comes to an end (no further transformation is
possible) after finitely many steps.

Each of the three problems is worth 7 points.
Time allowed 4% hours.



The 8" Romanian Master of Mathematics Competition

Day 1 — Solutions

Problem 1. Let ABC be a triangle and let D be a point on the segment BC, D # B and
D #£ C. The circle ABD meets the segment AC' again at an interior point £. The circle ACD
meets the segment AB again at an interior point F. Let A’ be the reflection of A in the line BC.
The lines A’C and DE meet at P, and the lines A’B and DF meet at (). Prove that the lines
AD, BP and C(Q are concurrent (or all parallel).

Solution 1. (llya Bogdanov) Let o denote reflection in the line BC'. Since ZBDF = /BAC =
ZCDE, by concyclicity, the lines DE and DF' are images of one another under o, so the lines
AC and DF meet at P’ = o(P), and the lines AB and DE meet at Q' = o(Q). Consequently,
the lines PQ and P'Q)' = o(PQ) meet at some (possibly ideal) point R on the line BC.

Since the pairs of lines (CA, @QD), (AB, DP), (BC, PQ) meet at three collinear points, namely
P’, @', R respectively, the triangles ABC and DP(Q are perspective, i.e., the lines AD, BP, CQ

are concurrent, by the Desargues theorem.

Fig. 2

Solution 2. As in the first solution, o denotes reflection in the line BC, the lines DE and DF
are images of one another under o, the lines AC' and DF meet at P’ = o(P), and the lines AB
and DE meet at Q' = o(Q).

Let the line AD meet the circle ABC again at M. Letting M’ = o(M), it is sufficient to
prove that the lines DM’ = 0(AD), BP' = ¢(BP) and CQ' = ¢(CQ) are concurrent.



Begin by noticing that Z(BM',M'D) = —Z(BM,MA) = —Z(BC,CA) = Z(BF,FD), to
infer that M’ lies on the circle BDF'. Similarly, M’ lies on the circle CDFE, so the line DM’ is
the radical axis of the circles BDF and CDE.

Since P’ lies on the lines AC' and DF, it is the radical centre of the circles ABC, ADC, and
BDF; hence the line BP’ is the radical axis of the circles BDF and ABC. Similarly, the line
C@’ is the radical axis of the circles CDE and ABC'. So the conclusion follows: the lines DM’,
BP' and CQ' are concurrent at the radical centre of the circles ABC, BDF and C DE; thus the
lines DM, BP' and C Q' are also concurrent.

Solution 3. (llya Bogdanov) As in the previous solutions, o denotes reflection in the line BC.
Let the lines BE and C'F meet at X. Due to the circles BDEA and CDF A, we have /XBD =
/EAD = /X FD, so the quadrilateral BF XD is cyclic; similarly, the quadrilateral CEXD is
cyclic. Hence ZXDB = LZCFA = ZCDA, the lines DX and DA are therefore images of one
another under o, and X’ = o(X) lies on the line AD. Let E' = ¢(F) and F' = o(F), and apply
the Pappus theorem to the hexagon BPF'CQE' to infer that X', D, and BPNCQ are collinear.
The conclusion follows.

Remark. In fact, the point X in Solution 3 and the point M in Solution 2 coincide.

Problem 2. Given positive integers m and n > m, determine the largest number of dominoes
(1x2or 2x1 rectangles) that can be placed on a rectangular board with m rows and 2n columns
consisting of cells (1 x 1 squares) so that:

(i) each domino covers exactly two adjacent cells of the board;

(ii) no two dominoes overlap;

(iii) no two form a 2 x 2 square; and

(iv) the bottom row of the board is completely covered by n dominoes.

Solution 1. The required maximum is mn — |m/2| and is achieved by the brick-like vertically
symmetric arrangement of blocks of n and n — 1 horizontal dominoes placed on alternate rows,
so that the bottom row of the board is completely covered by n dominoes.

To show that the number of dominoes in an arrangement satisfying the conditions in the
statement does not exceed mn — |m/2], label the rows upwards 0, 1, ..., m — 1, and, for each



7 in this range, draw a vertically symmetric block of n — ¢ fictitious horizontal dominoes in the
i-th row (so the block on the i-th row leaves out i cells on either side) — Figure 4 illustrates
the case m = n = 6. A fictitious domino is good if it is completely covered by a domino in the
arrangement; otherwise, it is bad.

If the fictitious dominoes are all good, then the dominoes in the arrangement that cover no
fictitious domino, if any, all lie in two triangular regions of side-length m — 1 at the upper-left
and upper-right corners of the board. Colour the cells of the board chess-like and notice that in
each of the two triangular regions the number of black cells and the number of white cells differ
by |m/2]. Since each domino covers two cells of different colours, at least |m/2] cells are not
covered in each of these regions, and the conclusion follows.
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To deal with the remaining case where bad fictitious dominoes are present, we show that
an arrangement satisfying the conditions in the statement can be transformed into another such
with at least as many dominoes, but fewer bad fictitious dominoes. A finite number of such
transformations eventually leads to an arrangement of at least as many dominoes all of whose
fictitious dominoes are good, and the conclusion follows by the preceding.

Consider the row of minimal rank containing bad fictitious dominoes — this is certainly not
the bottom row — and let D be one such. Let ¢, respectively r, be the left, respectively right,
cell of D and notice that the cell below ¢, respectively r, is the right, respectively left, cell of a
domino D, respectively Do, in the arrangement.

If ¢ is covered by a domino D, in the arrangement, since D is bad and no two dominoes in
the arrangement form a square, it follows that D, is vertical. If r were also covered by a domino
D, in the arrangement, then D, would also be vertical, and would therefore form a square with
Dy, — a contradiction. Hence r is not covered, and there is room for D, to be placed so as to
cover D, to obtain a new arrangement satisfying the conditions in the statement; the latter has
as many dominoes as the former, but fewer bad fictitious dominoes. The case where r is covered
is dealt with similarly.

Finally, if neither cell of D is covered, addition of an extra domino to cover D and, if necessary,
removal of the domino above D to avoid formation of a square, yields a new arrangement satisfying
the conditions in the statement; the latter has at least as many dominoes as the former, but fewer
bad fictitious dominoes. (Figure 5 illustrates the two cases.)

Solution 2. (sketch by Ilya Bogdanov) We present an alternative proof of the bound.

Label the rows upwards 0,1,...,m — 1, and the columns from the left to the right by
0,1,...,2n — 1; label each cell by the pair of its column’s and row’s numbers, so that (1,0)
is the second left cell in the bottom row. Colour the cells chess-like so that (0,0) is white. For
0 <1i<n-—1, we say that the ith white diagonal is the set of cells of the form (2i + k, k), where
k ranges over all appropriate indices. Similarly, the ith black diagonal is the set of cells of the
form (2¢ + 1 — k, k). (Notice that the white cells in the upper-left corner and the black cells in
the upper-right corner are not covered by these diagonals.)

Claim. Assume that K lowest cells of some white diagonal are all covered by dominoes. Then all
these K dominoes face right or up from the diagonal. (In other words, the black cell of any such



domino is to the right or to the top of its white cell.) Similarly, if K lowest cells of some black
diagonal are covered by dominoes, then all these dominoes face left or up from the diagonal.

Proof. By symmetry, it suffices to prove the first statement. Assume that K lowest cells of the
1th white diagonal is completely covered. We prove by induction on k£ < K that the required
claim holds for the domino covering (2i + k, k). The base case k = 0 holds due to the problem
condition. To establish the step, one observes that if (2i + k, k) is covered by a domino facing
up of right, while (2i + £+ 1,k + 1) is covered by a domino facing down or left, then these two
dominoes form a square.

We turn to the solution. We will prove that there are at least d = |m/2] empty white cells.
Since each domino covers exactly one white cell, the required bound follows.

If each of the first d white diagonals contains an empty cell, the result is clear. Otherwise,
let i < d be the least index of a completely covered white diagonal. We say that the dominoes
covering our diagonal are distinguished. After removing the distinguished dominoes, the board
splits into two parts; the left part L contains ¢ empty white cells on the previous diagonals. So,
it suffices to prove that the right part R contains at least d — ¢ empty white cells.

Let j be the number of distinguished dominoes facing up. Then at least j—i of these dominoes
cover some cells of (distinct) black diagonals (the relation m < n is used). Each such domino
faces down from the corresponding black diagonal — so, by the Claim, each such black diagonal
contains an empty cell in R. Thus, R contains at least j — ¢ empty black cells.

Now, let w be the number of white cells in R. Then the number of black cells in R is
w — d+ j, and at least ¢ — j of those are empty. Thus, the number of dominoes in R is at most
(w—d+j)—(j—i) =w—(d—1), so R contains at least d — i empty white cells, as we wanted
to show.

Remark. The conclusion still holds if some row, not necessarily the bottom row, is completely
covered by n dominoes — apply the result in the problem to the upper and lower parts of the
board overlapping along a row completely covered by n dominoes.

However, omission of the condition that the bottom row be covered by n dominoes re-
duces the minimal number of uncovered cells dramatically. For instance, all but two cells of a
(2k + 1) x (4k + 2) board can be covered by dominoes no two of which form a 2 x 2 square.

Problem 3. A cubic sequence is a sequence of integers given by a, = n® + bn? + cn + d, where
b, c and d are integer constants and n ranges over all integers, including negative integers.

(a) Show that there exists a cubic sequence such that the only terms of the sequence which
are squares of integers are aog15 and aggig.

(b) Determine the possible values of agg15 - ag016 for a cubic sequence satisfying the condition
in part (a).

Solution. The only possible value of asg15 - a2016 is 0. For simplicity, by performing a translation
of the sequence (which may change the defining constants b, ¢ and d), we may instead concern
ourselves with the values ag and a1, rather than asgis and asgie.

Suppose now that we have a cubic sequence a,, with ag = p? and a; = ¢ square numbers. We
will show that p = 0 or ¢ = 0. Consider the line y = (¢ — p)z + p passing through (0, p) and (1, q);
the latter are two points the line under consideration and the cubic y? = 2% 4 bx? + cx + d share.
Hence the two must share a third point whose z-coordinate is the third root of the polynomial
3+ (b—(qg—p)H)t2+ (c—2(qg—p)p)t+ (d—p?) (it may well happen that this third point coincide
with one of the other two points the line and the cubic share).

Notice that the sum of the three roots is (¢ — p)2 — b, so the third intersection has integral
z-coordinate X = (q—p)%2 —b— 1. Its y-coordinate Y = (¢ —p)X +p is also an integer, and hence
ax = X2 +bX?+cX +d=Y?is a square. This contradicts our assumption on the sequence
unless X =0 or X =1, i.e unless (g—p)2=b+1or (g—p)>=b+2.



Applying the same argument to the line through (0, —p) and (1, ¢), we find that (g+p)? = b+1
or b+ 2 also. Since (¢ — p)? and (¢ + p)? have the same parity, they must be equal, and hence
pq = 0, as desired.

It remains to show that such sequences exist, say when p = 0. Consider the sequence a,, =
n? + (¢* — 2)n? +n, chosen to satisfy ag = 0 and a; = ¢*>. We will show that when ¢ = 1, the only
square terms of the sequence are ap = 0 and a; = 1. Indeed, suppose that a, = n(n? —n + 1)
is square. Since the second factor is positive, and the two factors are coprime, both must be
squares; in particular, n > 0. The case n = 0 is clear, so let n > 1. Finally, if n > 1, then
(n—1)2 <n?—n+1<n? son?—n+1isnot a square. Consequently, n =0 or n = 1, and the
conclusion follows.

Remark. The values ¢ = 3 and ¢ = 4 work as well. In the former case, the only square terms
of the sequence a,, = n(n? +Tn + 1) are ag = 0 and a; = 9. In the other case, the only square
terms of the sequence a,, = n(n? + 14n + 1) are ag = 0 and a; = 16.



The 8" Romanian Master of Mathematics Competition

Day 2 — Solutions

Problem 4. Let z and y be positive real numbers such that +y?°'6 > 1. Prove that 22016+ >
1—1/100.

Solution. If x > 1 —1/(100 - 2016), then

1 2016 1 1
2016 —
x >l = >1-2016 —————==1— —
100 - 2016 100 - 2016 100

by Bernoulli’s inequality, whence the conclusion.
If £ < 1—1/(100-2016), then y > (1 — 2)%/2016 > (100 - 2016)~1/2016 and it is sufficient to
show that the latter is greater than 1 — 1/100 = 99/100; alternatively, but equivalently, that

2016
1+ — > 100 - 2016.
()

To establish the latter, refer again to Bernoulli’s inequality to write

1\ 2016 19920 1\20 .
1+ — 1+ — 14+99- — =2 100 - 2016.
(1455) > (1+g5) >(1+9055) =25

Remarks. (1) Although the constant 1/100 is not sharp, it cannot be replaced by the smaller
constant 1/400, as the values =1 —1/210 and y = 1 — 1/380 show.

(2) It is natural to ask whether 2" +y > 1—1/k, whenever = and y are positive real numbers
k
such that x + y” > 1, and k and n are large. Using the inequality (1 + ﬁ) > e, it can be

shown along the lines in the solution that this is indeed the case if k < 57— (1+ o(1)). It seems
that this estimate differs from the best one by a constant factor.

Problem 5. A convex hexagon Aj;BjAsB3A3Bs is inscribed in a circle € of radius R. The
diagonals A1 Bs, A3 Bs, and A3B; concur at X. For i = 1,2, 3, let w; be the circle tangent to the
segments X A; and X B;, and to the arc A;B; of €2 not containing other vertices of the hexagon;
let r; be the radius of w;.

(a) Prove that R > ry + ro + 3.

(b) If R = r1 + ro + 3, prove that the six points where the circles w; touch the diagonals
A1Bo, A3 B3, A3Bi are concyclic.

Solution. (a) Let ¢; be the tangent to Q parallel to A3Bs, lying on the same side of A2B3 as
w1. The tangents /o and f3 are defined similarly. The lines ¢1 and ¢5, ¢ and {3, £3 and /1 meet
at C3, C1, Co, respectively (see Fig. 1). Finally, the line CoC3 meets the rays X A; and X B
emanating from X at S; and 717, respectively; the points Sz, T5, and S5, T3 are defined similarly.

Each of the triangles Ay = AXS1T1, Ay = AT XS, and Ag = AS3T3X is similar to
A = AC1CyCY5, since their corresponding sides are parallel. Let k; be the ratio of similitude of
A; and A (e.g., k1 = XS1/C1Cs and the like). Since S1X = CoT3 and XTy = S3C1, it follows
that k1 + ko + ks = 1, so, if p; is the inradius of A;, then p; + ps + p3 = R.

Finally, notice that w; is interior to A;, so r; < p;, and the conclusion follows by the preceding.



(b) By part (a), the equality R = 71 + 72 + 73 holds if and only if r; = p; for all 4, which implies
in turn that w; is the incircle of A;. Let K;, L;, M; be the points where w; touches the sides
XS;, XT;, S;T;, respectively. We claim that the six points K; and L; (i = 1,2, 3) are equidistant
from X.

Clearly, XK; = X L;, and we are to prove that X Ko = XL and X K3 = X Lo. By similarity,
T1 MLy = £ZC3M1 Mo and £So Mo Ko = ZC3Mo My, so the points My, Ms, L1, Ko are collinear.
Consequently, ZXKQLl = ZCngMQ = ZCgMQMl = ZXLlKQ, SO XK2 = XL1 Similarly,
XKs=XLo.

Remark. Under the assumption in part (b), the point M; is the centre of a homothety mapping
w; to . Since this homothety maps X to Cj, the points M;, C;, X are collinear, so X is the
Gergonne point of the triangle C1C5Cs. This condition is in fact equivalent to R = r{ + ro + r3.

Problem 6. A set of n points in Euclidean 3-dimensional space, no four of which are coplanar,
is partitioned into two subsets A4 and B. An AB-tree is a configuration of n — 1 segments, each of
which has an endpoint in A and the other in B, and such that no segments form a closed polyline.
An AB-tree is transformed into another as follows: choose three distinct segments Ay By, B1A»
and ABs in the AB-tree such that A; is in A and A1B; + A By > A1 By + A3 B;, and remove
the segment A;B; to replace it by the segment A;Bs. Given any AB-tree, prove that every
sequence of successive transformations comes to an end (no further transformation is possible)
after finitely many steps.

Solution. The configurations of segments under consideration are all bipartite geometric trees
on the points n whose vertex-parts are A and B, and transforming one into another preserves
the degree of any vertex in A4, but not necessarily that of a vertex in B.

The idea is to devise a strict semi-invariant of the process, i.e., assign each AB-tree a real
number strictly decreasing under a transformation. Since the number of trees on the n points is
finite, the conclusion follows.

To describe the assignment, consider an AB-tree 7 = (AU B,£). Removal of an edge e of
T splits the graph into exactly two components. Let p7(e) be the number of vertices in A lying
in the component of 7 — e containing the A-endpoint of e; since 7T is a tree, py(e) counts the
number of paths in 7 — e from the A-endpoint of e to vertices in A (including the one-vertex
path). Define f(7) = >_.cc p7(e)le], where |e| is the Euclidean length of e.

We claim that f strictly decreases under a transformation. To prove this, let 7’ be obtained
from T by a transformation involving the polyline A;BjAsBs; that is, A1 and Ay are in A, By



and By are in B, A1B1+ AsBy > A1 By + A2 By, and T = T—-—A1B1+A1By. Ttis readily checked
that py(e) = pr(e) for every edge e of T different from A;B;, A2 By and AsBs, py(A1B2) =
pr(A1B1), p7(A2B1) = pr(A2B1) + pr(A1B1), and pr (A2 Bbs) = p7(A2B2) — pr(A1B1). Con-
sequently,

F(T) = f(T) = pr(A1B2) - A1 By + (p7(A2B1) — pr(AaBy)) - Ae B+
(p77(A2B2) — pr(A2B2)) - AoBs — pr(A1B1) - A1 By
= pT(AlBl) (AlBQ + AyB1 — Ay By — AlBl) < 0.

Remarks. (1) The solution above does not involve the geometric structure of the configurations,
so the conclusion still holds if the Euclidean length (distance) is replaced by any real-valued
function on A x B.

(2) There are infinitely many strict semi-invariants that can be used to establish the con-
clusion, as we are presently going to show. The idea is to devise a non-strict real-valued semi-
invariant fs for each A in A (i.e., fa does not increase under a transformation) such that
> aeafa = f. It then follows that any linear combination of the f4 with positive coefficients is
a strict semi-invariant.

To describe f4, where A is a fixed vertex in A, let T be an AB-tree. Since T is a tree, by
orienting all paths in 7 with an endpoint at A away from A, every edge of T comes out with a
unique orientation so that the in-degree of every vertex of 7 other than A is 1. Define f4(7) to
be the sum of the Euclidean lengths of all out-going edges from A. It can be shown that f4 does
not increase under a transformation, and it strictly decreases if the paths from A to each of Aj,
Ao, B1, By all pass through A; — i.e., of these four vertices, A; is combinatorially nearest to A.
In particular, this is the case if A1 = A, i.e., the edge-switch in the transformation occurs at A.
It is not hard to prove that Y, 4 fa(T) = f(T).

The conclusion of the problem can also be established by resorting to a single carefully chosen
fa. Suppose, if possible, that the process is infinite, so some tree 7 occurs (at least) twice. Let A
be the vertex in A at which the edge-switch occurs in the transformation of the first occurrence
of 7. By the preceding paragraph, consideration of f4 shows that 7 can never occur again.

(3) Recall that the degree of any vertex in A is invariant under a transformation, so the
linear combination ) ,. 4(deg A — 1) f4 is a strict semi-invariant for AB-trees 7 whose vertices
in A all have degrees exceeding 1. Up to a factor, this semi-invariant can alternatively, but
equivalently be described as follows. Fix a vertex x and assign each vertex X a number g(X) so
that g(x) = 0, and g(A) —g(B) = AB for every A in A and every B in B joined by an edge. Next,
let 5(T) = ﬁ Y e 9(B),let a(T) = WIIAI Y aca(deg A—1)g(A), where £ is the edge-set of T,
and set u(7) = B(T) — a(T). It can be shown that p strictly decreases under a transformation;
in fact, p and ) 4. 4(deg A — 1) f4 are proportional to one another.
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The 9" Romanian Master of Mathematics Competition

Day 1: Friday, February 24, 2017, Bucharest

Language: English

Problem 1. (a) Prove that every positive integer n can be written uniquely

in the form
2k+1

n= (-1772m,
j=1
where £k > 0 and 0 < mj < mg < --- < Mo+ are integers.
This number k is called the weight of n.

(b) Find (in closed form) the difference between the number of positive
integers at most 22917 with even weight and the number of positive integers
at most 22017 with odd weight.

Problem 2. Determine all positive integers n satisfying the following con-
dition: for every monic polynomial P of degree at most n with integer
coeflicients, there exists a positive integer k£ < n, and k + 1 distinct integers
1, X2, ..., Tk4+1 such that

P(x1) + P(x2) + -+ P(zr) = P(zps1)-
Note. A polynomial is monic if the coefficient of the highest power is one.

Problem 3. Let n be an integer greater than 1 and let X be an n-element
set. A non-empty collection of subsets Ay, ..., Ax of X is tight if the union
A1 U---UAyg is a proper subset of X and no element of X lies in exactly one
of the A;s. Find the largest cardinality of a collection of proper non-empty
subsets of X, no non-empty subcollection of which is tight.

Note. A subset A of X is proper if A # X. The sets in a collection are as-
sumed to be distinct. The whole collection is assumed to be a subcollection.

Each of the three problems is worth 7 points.
Time allowed 4% hours.
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Problem 4. In the Cartesian plane, let G; and Gs be the graphs of the
quadratic functions fi(z) = p12? + 1o + r1 and fo(z) = paz? + gz + 72,
where p; > 0 > p2. The graphs G; and G, cross at distinct points A and B.
The four tangents to G; and Go at A and B form a convex quadrilateral
which has an inscribed circle. Prove that the graphs G; and Gs have the
same axis of symmetry.

Problem 5. Fix an integer n > 2. An n X n sieve is an n X n array with n
cells removed so that exactly one cell is removed from every row and every
column. A stick is a 1 x k or k x 1 array for any positive integer k. For any
sieve A, let m(A) be the minimal number of sticks required to partition A.
Find all possible values of m(A), as A varies over all possible n x n sieves.

Problem 6. Let ABCD be any convex quadrilateral and let P, @, R, S
be points on the segments AB, BC, CD, and DA, respectively. It is given
that the segments PR and Q.S dissect ABC D into four quadrilaterals, each
of which has perpendicular diagonals. Show that the points P, @, R, S are
concyclic.

Each of the three problems is worth 7 points.
Time allowed 4% hours.



The 9" Romanian Master of Mathematics Competition

Day 1 — Solutions

Problem 1. (a) Prove that every positive integer n can be written uniquely in the form

2k+1

n=y (=1)/7"2m,

j=1

where £ > 0 and 0 < m; < mg < --- < mopy1 are integers.
This number k is called the weight of n.

(b) Find (in closed form) the difference between the number of positive integers at most 22017
with even weight and the number of positive integers at most 22917 with odd weight.

VIEKOSLAV KOVAC, CROATIA

Solution. (a) We show by induction on the integer M > 0 that every integer n in the range
—2M 1 through 2™ can uniquely be written in the form n = Z?Zl(—l)j_IQ"” for some integers
£>0and 0 < mp < myg < -+ < my < M (empty sums are 0); moreover, in this unique
representation ¢ is odd if n > 0, and even if n < 0. The integer w(n) = [¢/2] is called the weight
of n.

Existence once proved, uniqueness follows from the fact that there are as many such repre-
sentations as integers in the range —2™ 4 1 through 2™, namely, 2M+1,

To prove existence, notice that the base case M = 0 is clear, so let M > 1 and let n be an
integer in the range —2™ + 1 through 2.

If —2M 41 <n < =271 then 1 < n+2M < 2M1 50 n42M = Y (—1)i~lom for
some integers £k > 0 and 0 < m; < --- < mogy1 < M — 1 by the induction hypothesis, and
n= Z?ff(—l)j’lQmj, where mogyo = M.

The case —2M~1 4+ 1 < n < 2M~1 is covered by the induction hypothesis.

Finally, if 2M=1+1 < n < 2™, then —2M~1 41 <n—2M <0,s0 n—2M = 3% (—1)7~1ams
for some integers k > 0 and 0 < my < --- < mor < M — 1 by the induction hypothesis, and
n= Z?f{l(—l)j—lQmJ’, where mog1 = M.

(b) First Approach. Let M > 0 be an integer. The solution for part (a) shows that the
number of even (respectively, odd) weight integers in the range 1 through 2™ coincides with
the number of subsets in {0,1,2,..., M} whose cardinality has remainder 1 (respectively, 3)
modulo 4. Therefore, the difference of these numbers is

[M/2] . .
Z (—1)* M+1 _ (14 1)M+L (1 — )M+ o2 (M + 1)r
2k +1 2i 4 ’
k=0
where i = /—1 is the imaginary unit. Thus, the required difference is 21909,

Second Approach. For every integer M > 0, let Ay = 22:72M+1(—1)“’(") and let By =
Eiﬁl(—l)w(”); thus, B evaluates the difference of the number of even weight integers in the

range 1 through 2™ and the number of odd weight integers in that range.
Notice that
(n) = wn +2M)+1 if —2M 41 <n < -2M-1
Y= w(n —2M) if 2M-1 41 <n<2M,



to get

_oM-1 0
Av=— > (e S (1P = —Bay + Ay,
n=—2M41 n=—2M-141
oM—1 oM
By= Y (-1"™ 4 3 (—1) 02 = By g+ Ay
n=1 n=2M-111

Iteration yields

By = Ay—1 4+ By—1 = (Ayv—2 — By—2) + (Av—2 + By—2) = 2402
=2Ap_3—2By—3 = 2(Apr—4 — By—4) — 2(Ap—4 + By—a) = —4Bp—4.

Thus, Baorr = (—4)°B1 = 21 By; since By = (—1)"1) + (=1)*?) = 2, it follows that Baoi7 =
21009



Problem 2. Determine all positive integers n satisfying the following condition: for every monic
polynomial P of degree at most n with integer coeflicients, there exists a positive integer k < n,
and k + 1 distinct integers =1, x2, ..., k41 such that

P(a:l) + P(QJQ) + -+ P(mk) = P({L‘k+1).

SEMEN PETROV, RuUssIiA

Note. A polynomial is monic if the coefficient of the highest power is one.

Solution. There is only one such integer, namely, n = 2. In this case, if P is a constant
polynomial, the required condition is clearly satisfied; if P = X + ¢, then P(c— 1)+ P(c+1) =
P(3c); and if P = X2+ ¢X +r, then P(X) = P(—X — q).

To rule out all other values of n, it is sufficient to exhibit a monic polynomial P of degree
at most n with integer coefficients, whose restriction to the integers is injective, and P(z) = 1
(mod n) for all integers x. This is easily seen by reading the relation in the statement modulo n,
to deduce that k = 1 (mod n), so k =1, since 1 < k < n; hence P(x;) = P(x2) for some distinct
integers 1 and x2, which contradicts injectivity.

Ifn=11let P=X,andif n =4, let P = X*47X%+4X + 1. In the latter case, clearly,
P(xz) = 1(mod 4) for all integers x; and P is injective on the integers, since P(z) — P(y) =
(z—y)((z+y)(a® +y*+7) +4), and the absolute value of (z +y)(z? + y* + 7) is either 0 or at
least 7 for integral x and y.

Assume henceforth n > 3, n # 4, and let f,, = (X —1)(X —2)--- (X —n). Clearly, f,(z) =
0 (mod n) for all integers x. If n is odd, then f, is non-decreasing on the integers; and if, in
addition, n > 3, then f,(z) = 0(mod n + 1) for all integers z, since f,(0) = —n!l=-1-2- ... .
ol ..o n=0(mod n+1).

Finally, let P = f,,+nX +1ifnis odd, and let P = f,—1 +nX +1 if n is even. In either case,
P is strictly increasing, hence injective, on the integers, and P(x) = 1 (mod n) for all integers x.

Remark. The polynomial P = f, + nX + 1 works equally well for even n > 2. To prove
injectivity, notice that P is strictly monotone, hence injective, on non-positive (respectively,
positive) integers. Suppose, if possible, that P(a) = P(b) for some integers a < 0 and b > 0.
Notice that P(a) > P(0) = n! +1 > n? +1 = P(n), since n > 4, to infer that b > n + 1. It is
therefore sufficient to show that P(z) > P(n+1—x) > P(z — 1) for all integers x > n+ 1. The
former inequality is trivial, since f,(x) = fo(n+ 1 — ) for even n. For the latter, write

Pn+l—-2)—Plz—-1)=(z—-1)---(z—n)—(z—2)---(z—n—1)+n(n+2—2z)
=n((z—=2)---(@—n)+(n—-2)—2(x—2)) >n(n—2) >0,

since (x —3)---(z —n) > 2.



Problem 3. Let n be an integer greater than 1 and let X be an n-element set. A non-empty
collection of subsets A1, ..., Ay of X is tight if the union A; U---U Ay is a proper subset of X
and no element of X lies in exactly one of the A;s. Find the largest cardinality of a collection of
proper non-empty subsets of X, no non-empty subcollection of which is tight.

Note. A subset A of X is proper if A # X. The sets in a collection are assumed to be distinct.
The whole collection is assumed to be a subcollection.

ALEXANDER POLYANSKY, RUSSIA

Solution 1. (llya Bogdanov) The required maximum is 2n — 2. To describe a (2n — 2)-element
collection satisfying the required conditions, write X = {1,2,...,n} and set By = {1,2,...,k},
E=1,2,....n—1, and By = {k—n+2,k—n+3,....n}, k =nn+1,....,2n — 2. To
show that no subcollection of the By is tight, consider a subcollection C whose union U is a
proper subset of X, let m be an element in X ~ U, and notice that C is a subcollection of
{B1,...,Bm-1,Bmin-1,...,Ban_2}, since the other B’s are precisely those containing m. If U
contains elements less than m, let k£ be the greatest such and notice that By is the only member
of C containing k; and if U contains elements greater than m, let k& be the least such and notice
that Bg4p—2 is the only member of C containing k. Consequently, C is not tight.

We now proceed to show by induction on n > 2 that the cardinality of a collection of proper
non-empty subsets of X, no subcollection of which is tight, does not exceed 2n — 2. The base
case n = 2 is clear, so let n > 2 and suppose, if possible, that B is a collection of 2n — 1 proper
non-empty subsets of X containing no tight subcollection.

To begin, notice that B has an empty intersection: if the members of B shared an element =,
then B = {B~{z}: B € B, B # {z}} would be a collection of at least 2n — 2 proper non-empty
subsets of X ~\ {x} containing no tight subcollection, and the induction hypothesis would be
contradicted.

Now, for every = in X, let B, be the (non-empty) collection of all members of B not contain-
ing x. Since no subcollection of B is tight, B, is not tight, and since the union of B, does not con-
tain z, some z’ in X is covered by a single member of B,. In other words, there is a single set in B
covering ' but not x. In this case, draw an arrow from x to z’. Since there is at least one arrow
from each z in X, some of these arrows form a (minimal) cycle 21 — x9 — -+ = T — Tp41 = 71
for some suitable integer k > 2. Let A; be the unique member of B containing x;1 but not z;,
and let X' = {x1,z9,..., 21}

Remove A1, A, ..., A from B to obtain a collection B’ each member of which either contains
or is disjoint from X': for if a member B of B’ contained some but not all elements of X', then
B should contain ;41 but not z; for some i, and B = A;, a contradiction. This rules out the
case k = n, for otherwise B = {41, Ag,..., Ay}, so |B] < 2n — 1.

To rule out the case k < n, consider an extra element z* outside X and let

B*={B:BeB, BnX'=g}u{(B~X")u{z*}: Be B, X' C B};

thus, in each member of B’ containing X', the latter is collapsed to singleton z*. Notice that B*
is a collection of proper non-empty subsets of X* = (X ~ X’) U {z*}, no subcollection of which
is tight. By the induction hypothesis, |B'| = |B*| < 2|X*| -2 =2(n—k),s0 |B| <2(n—k)+k =
2n — k < 2n — 1, a final contradiction.

Solution 2. Proceed again by induction on n to show that the cardinality of a collection of
proper non-empty subsets of X, no subcollection of which is tight, does not exceed 2n — 2.

Consider any collection B of proper non-empty subsets of X with no tight subcollection (we
call such collection good). Assume that there exist M, N € B such that M U N is distinct from
M, N, and X. In this case, we will show how to modify B so that it remains good, contains the
same number of sets, but the total number of elements in the sets of B increases.



Consider a maximal (relative to set-theoretic inclusion) subcollection C C B such that the set
C = Uyec A is distinct from X and from all members of C. Notice here that the union of any
subcollection D C B cannot coincide with any K € B\ D, otherwise {K} U D would be tight.
Surely, C exists (since {M, N} is an example of a collection satisfying the requirements on C,
except for maximality); moreover, C' ¢ B by the above remark.

Since C' # X, there exists an L € C and x € L such that L is the unique set in C containing x.
Now replace in B the set L by C in order to obtain a new collection B’ (then |B'| = |B|). We
claim that B’ is good.

Assume, to the contrary, that B’ contained a tight subcollection T clearly, C' € T, otherwise
B is not good. If T C CU{CY}, then C is the unique set in 7 containing = which is impossible.
Therefore, there exists P € T ~ (C U {C}). By maximality of C, the collection C U {P} does not
satisfy the requirements imposed on C; since P U C # X, this may happen only if CU P = P,
ie., if C C P. But then G = (7T ~ {C}) UC is a tight subcollection in B: all elements of C' are
covered by G at least twice (by P and an element of C), and all the rest elements are covered
by G the same number of times as by 7. A contradiction. Thus B’ is good.

Such modifications may be performed finitely many times, since the total number of elements
of sets in B increases. Thus, at some moment we arrive at a good collection B for which the
procedure no longer applies. This means that for every M, N € B, either M U N = X or one of
them is contained in the other.

Now let M be a minimal (with respect to inclusion) set in B. Then each set in B either
contains M or forms X in union with M (i.e., contains X \ M). Now one may easily see that
the two collections

B, ={A~M:AeB MCA A+M}, B_={ANM:AeB, X~MCA, A+X~ M}

are good as collections of subsets of X\ M and M, respectively; thus, by the induction hypothesis,
we have [By|+ |B_| < 2n —4.

Finally, each set A € B either produces a set in one of the two new collections, or coincides
with M or X ~ M. Thus |B| < [B4| + |B-| +2 < 2n — 2, as required.

Solution 3. We provide yet another proof of the estimate |B| < 2n — 2, using the notion of a
good collection from Solution 2. Arguing indirectly, we assume that there exists a good collection
B with |B| > 2n — 1, and choose one such for the minimal possible value of n. Clearly, n > 2.

Firstly, we perform a different modification of B. Choose any z € X, and consider the
subcollection B, = {B: B € B, z ¢ B}. By our assumption, B, is not tight. As the union of
sets in B, is distinct from X, either this collection is empty, or there exists an element y € X
contained in a unique member A, of B,. In the former case, we add the set B, = X \ {z} to B,
and in the latter we replace A, by B,, to form a new collection B’. (Notice that if B, € B, then
B, € B, and y € By, so B, = A,.)

We claim that the collection B’ is also good. Indeed, if B’ has a tight subcollection 7, then
B, should lie in 7. Then, as the union of the sets in 7 is distinct from X, we should have
T C B, U{B;}. But in this case an element y is contained in a unique member of 7, namely B,,
so T is not tight — a contradiction.

Perform this procedure for every x € X, to get a good collection B containing the sets
B, = X ~{z} for all z € X. Consider now an element = € X such that |B,| is maximal. As we
have mentioned before, there exists an element y € X belonging to a unique member (namely,
By) of By. Thus, By ~ {Bg} C By; also, By € By ~\ B,. Thus we get |By| > |B,|, which by the
maximality assumption yields the equality, which in turn means that B, = (B, ~ {B;}) U{By}.

Therefore, each set in B\ {B;, By} contains either both  and y, or none of them. Collapsing
{z,y} to singleton z*, we get a new collection of |B| — 2 subsets of (X \ {z,y})U{z*} containing
no tight subcollection. This contradicts minimality of n.



Remarks. 1. Removal of the condition that subsets be proper would only increase the maximum
by 1. The ‘non-emptiness’ condition could also be omitted, since the empty set forms a tight
collection by itself, but the argument is a bit too formal to be considered.

2. There are many different examples of good collections of 2n — 2 sets. E.g., applying the
algorithm from the first part of Solution 2 to the example shown in Solution 1, one may get
the following example: By = {1,2,...,k}, k = 1,2,...,n — 1, and By = X \ {k — n + 1},
k=nn+1,...,2n— 2.



The 9" Romanian Master of Mathematics Competition

Day 2 — Solutions

Problem 4. In the Cartesian plane, let G; and Gy be the graphs of the quadratic functions
fi(x) = prx?® + qur + 71 and fo(x) = pax? + g + 72, where p; > 0 > py. The graphs G; and Go
cross at distinct points A and B. The four tangents to G; and Go at A and B form a convex
quadrilateral which has an inscribed circle. Prove that the graphs G; and G have the same axis
of symmetry.

ALEXEY ZASLAVSKY, RUSSIA

Solution 1. Let A; and B; be the tangents to G; at A and B, respectively, and let C; = A; N B;.
Since fi(x) is convex and f2(x) is concave, the convex quadrangle formed by the four tangents
is exactly AC1BC5.

Lemma. If CA and CB are the tangents drawn from a point C to the graph G of a quadratic
trinomial f(x) = px® +qr+r, A,B € G, A+# B, then the abscissa of C is the arithmetic mean
of the abscissae of A and B.

Proof. Assume, without loss of generality, that C is at the origin, so the equations of the two
tangents have the form y = k.o and y = kyz. Next, the abscissae x4 and xp of the tangency
points A and B, respectively, are multiple roots of the polynomials f(x) — k,x and f(x) — kpx,
respectively. By the Vieta theorem, xi =r/p= a:QB, So x4 = —xp, since the case xy = xp is
ruled out by A # B.

The Lemma shows that the line C1C5 is parallel to the y-axis and the points A and B are
equidistant from this line.

Suppose, if possible, that the incentre O of the quadrangle AC;BCs does not lie on the
line C1Cy. Assume, without loss of generality, that O lies inside the triangle AC1Cy and let A’
be the reflection of A in the line C1Cs. Then the ray C;B emanating from C; lies inside the
angle AC;A’, so B lies inside the quadrangle ACyA’Cy, whence A and B are not equidistant
from C1Cy — a contradiction.

Thus O lies on C1C9, so the lines AC; and BC; are reflections of one another in the line C1Cy,
and B = A’. Hence y4 = yp, and since fj(x) = ya + pi(x — xa)(x — xp), the line C1Cy is the
axis of symmetry of both parabolas, as required.

Solution 2. Use the standard equation of a tangent to a smooth curve in the plane, to deduce
that the tangents at two distinct points A and B on the parabola of equation y = pz? + qx + r,



p # 0, meet at some point C whose coordinates are
v =g(wa+ap) and yo=prarp+q-5(va+zp)+r

Usage of the standard formula for Euclidean distance yields

CA = %\azB — xA|\/1 + (2pra+¢q)? and CB= %|x3 — 13A|\/1 + (2pxB + q)?,
so, after obvious manipulations,

2p(xp — wa)|zp — za|(P(2A + 2B) + q)
V1+ 2pra+q)2++/1+ (2prp+q)?

Now, write the condition in the statement in the form C1B — C1 A = CoB — C3A, apply the
above formula and clear common factors to get

CB-CA=

p(pi(za+2B)+q1) _ p2(p2(za + 2B) + ¢2)
\/1 + (2p1za+q1)? + \/1 + (2p1xB + ¢1)? \/1 + (2poza + q2)% + \/1 + (2pozB + ¢2)?

Next, use the fact that x4 and zp are the solutions of the quadratic equation (p; — p2)z? +
(1 — @)z +7r1—r2=0,50 24+ 23 = —(q1 — g2)/(p1 — p2), to obtain

p1(P1g2 — P2q1) _ p2(P1g2 — P2q1)
\/1 + (2prza+q1)? + \/1 + (2p1xg + q1)? \/1 + (2para + q2)% + \/1 + (2p2xB + q2)?

Finally, since p1p2 < 0 and the denominators above are both positive, the last equality forces
p1g2 — p2q1 = 0; that is, q1/p1 = q2/p2, so the two parabolas have the same axis.

Remarks. The are, of course, several different proofs of the Lemma in Solution 1 — in particular,
computational. Another argument relies on the following consequence of focal properties: The
tangents to a parabola at two points meet at the circumcentre of the triangle formed by the
focus and the orthogonal projections of those points on the directrix. Since the directrix of the
parabola in the lemma is parallel to the axis of abscissae, the conclusion follows.



Problem 5. Fix an integer n > 2. An n X n sieve is an n X n array with n cells removed so that
exactly one cell is removed from every row and every column. A stick is a 1 x k or k x 1 array
for any positive integer k. For any sieve A, let m(A) be the minimal number of sticks required
to partition A. Find all possible values of m(A), as A varies over all possible n x n sieves.

PALMER MEBANE AND NIKOLAI BELUHOV

Solution 1. Given A, m(A) = 2n — 2, and it is achieved, for instance, by dissecting A along all
horizontal (or vertical) grid lines. It remains to prove that m(A) > 2n — 2 for every A.

By holes we mean the cells which are cut out from the board. The cross of a hole in A is the
union of the row and the column through that hole.

Arguing indirectly, consider a dissection of A into 2n — 3 or fewer sticks. Horizontal sticks
are all labelled h, and vertical sticks are labelled v; 1 x 1 sticks are both horizontal and vertical,
and labelled arbitrarily. Each cell of A inherits the label of the unique containing stick.

Assign each stick in the dissection to the cross of the unique hole on its row, if the stick is
horizontal; on its column, if the stick is vertical.

Since there are at most 2n — 3 sticks and exactly n crosses, there are two crosses each of
which is assigned to at most one stick in the dissection. Let the crosses be ¢ and d, centred at
a = (xq,Ya) and b = (xp,yp), respectively, and assume, without loss of generality, =, < x; and
Ya < yp. The sticks covering the cells (x4, yp) and (zp,y,) have like labels, for otherwise one of
the two crosses would be assigned to at least two sticks. Say the common label is v, so each of
c and d contains a stick covering one of those two cells. It follows that the lower (respectively,
upper) arm of ¢ (respectively, d) is all-h, and the horizontal arms of both crosses are all-v, as
illustrated below.

Sall PSS

s S SR

Each of the rows between the rows of a and b, that is, rows y, + 1, ¥y +2, ..., yp — 1, contains
a hole. The column of each such hole contains at least two v-sticks. All other columns contain at
least one v-stick each. In addition, all rows below a and all rows above b contain at least one h-stick
each. This amounts to a total of at least 2(yp—ya—1)+(n—yp+ya+1)+(n—yp)+(ya—1) = 2n—2
sticks. A contradiction.

Remark. One may find a different argument finishing the solution. Since ¢ and d are proven
to contain one stick each, there is a third cross e centred at (x4, y«) also containing at most one
stick. It meets the horizontal arms of ¢ and d at two v-cells, so all the cells where two of the three
crosses meet are labelled with v. Now, assuming (without loss of generality) that y, < y« < s,
we obtain that both vertical arms of e contain v-cells, so e is assigned to two different v-sticks.
A contradiction.

Solution 2. (llya Bogdanov) We provide a different proof that m(A) > 2n — 2.



Call a stick vertical if it is contained in some column, and horizontal if it is contained in some
row; 1 x 1 sticks may be called arbitrarily, but any of them is supposed to have only one direction.
Assign to each vertical /horizontal stick the column/row it is contained in. If each row and each
column is assigned to some stick, then there are at least 2n sticks, which is even more than we
want. Thus we assume, without loss of generality, that some exceptional row R is not assigned
to any stick. This means that all n — 1 existing cells in R belong to n — 1 distinct vertical sticks;
call these sticks central.

Now we mark n — 1 cells on the board in the following manner. () For each hole ¢ below R,
we mark the cell just under ¢; (1) for each hole ¢ above R, we mark the cell just above ¢; and
(e) for the hole r in R, we mark both the cell just above it and just below it. We have described
n —+ 1 cells, but exactly two of them are out of the board; so n — 1 cells are marked within the
board. A sample marking is shown in the figure below, where the marked cells are crossed.

Notice that all the marked cells lie in different rows, and all of them are marked in different
columns, except for those two marked for (e); but the latter two have a hole r between them.
So no two marked cells may belong to the same stick. Moreover, none of them lies in a central
stick, since the marked cells are separated from R by the holes. Thus the marked cells should
be covered by n — 1 different sticks (call them border) which are distinct from the central sticks.
This shows that there are at least (n — 1) + (n — 1) = 2n — 2 distinct sticks, as desired.

Solution 3. In order to prove m(A) > 2n — 2, it suffices to show that there are 2n — 2 cells in A,
no two of which may be contained in the same stick.

To this end, consider the bipartite graph G with parts Gj, and G,, where the vertices in Gy,
(respectively, G,) are the 2n — 2 maximal sticks A is dissected into by all horizontal (respectively,
vertical) grid lines, two sticks being joined by an edge in G if and only if they share a cell.

We show that G admits a perfect matching by proving that it fulfils the condition in Hall’s
theorem; the 2n — 2 cells corresponding to the edges of this matching form the desired set. It is
sufficient to show that every subset S of G}, has at least |S| neighbours (in G,, of course).

Let L be the set of all sticks in S that contain a cell in the leftmost column of A, and let R
be the set of all sticks in S that contain a cell in the rightmost column of A; let £ be the length
of the longest stick in L (zero if L is empty), and let r be the length of the longest stick in R
(zero if R is empty).

Since every row of A contains exactly one hole, L and R partition S; and since every column
of A contains exactly one hole, neither L nor R contains two sticks of the same size, so ¢ > ||
and r > |R|, whence ¢ +r > |L| + |R| = |5].

If {+7 < n, we are done, since there are at least £+ > |S| vertical sticks covering the cells of
the longest sticks in L and R. So let £+ r > n, in which case the sticks in S span all n columns,
and notice that we are again done if |S| < n, to assume further |S| > n.

Let 8" = G}, . S, let T be set of all neighbours of S, and let 7" = G, \. T'. Since the sticks in
S span all n columns, |T| > n, so |T"| < n — 2. Transposition of the above argument (replace S
by T"), shows that |T"| < |S’|, so |S| < |T).

Remark. Here is an alternative argument for s = [S| > n. Add to S two empty sticks formally
present to the left of the leftmost hole and to the right of the rightmost one. Then there are at

4



least s — n + 2 rows containing two sticks from S, so two of them are separated by at least s — n
other rows. Each hole in those s — n rows separates two vertical sticks from G, both of which
are neighbours of S. Thus the vertices of S have at least n + (s — n) neighbours.

Solution 4. Yet another proof of the estimate m(A) > 2n — 2. We use the induction on n. Now
we need the base cases n = 2,3 which can be completed by hands.

Assume now that n > 3 and consider any dissection of A into sticks. Define the cross of a
hole as in Solution 1, and notice that each stick is contained in some cross. Thus, if the dissection
contains more than n sticks, then there exists a cross containing at least two sticks. In this case,
remove this cross from the sieve to obtain an (n—1) x (n—1) sieve. The dissection of the original
sieve induces a dissection of the new array: even if a stick is partitioned into two by the removed
cross, then the remaining two parts form a stick in the new array. After this operation has been
performed, the number of sticks decreases by at least 2, and by the induction hypothesis the
number of sticks in the new dissection is at least 2n — 4. Hence, the initial dissection contains at
least (2n —4) 4+ 2 = 2n — 2 sticks, as required.

It remains to rule out the case when the dissection contains at most n sticks. This can be done
in many ways, one of which is removal a cross containing some stick. The resulting dissection of
an (n — 1) x (n — 1) array contains at most n — 1 sticks, which is impossible by the induction
hypothesis since n — 1 < 2(n — 1) — 2.

Remark. The idea of removing a cross containing at least two sticks arises naturally when one
follows an inductive approach. But it is much trickier to finish the solution using this approach,
unless one starts to consider removing each cross instead of removing a specific one.



Problem 6. Let ABCD be any convex quadrilateral and let P, (), R, S be points on the
segments AB, BC, CD, and DA, respectively. It is given that the segments PR and Q.S dissect
ABCD into four quadrilaterals, each of which has perpendicular diagonals. Show that the points
P, Q, R, S are concyclic.

NIKOLAI BELUHOV

Solution 1. We start with a lemma which holds even in a more general setup.

Lemma 1. Let PQRS be a convex quadrangle whose diagonals meet at O. Let wy and wo be
the circles on diameters PQ and RS, respectively, and let £ be their radical axis. Finally, choose
the points A, B, and C outside this quadrangle so that: the point P (respectively, Q) lies on the
segment AB (respectively, BC); and AO L PS, BO L PQ, and CO L QR. Then the three

lines AC, PQ, and { are concurrent or parallel.

Proof. Assume first that the lines PR and QS are not perpendicular. Let H; and Hy be the
orthocentres of the triangles OSP and OQ R, respectively; notice that H; and Hs do not coincide.
Since Hi is the radical centre of the circles on diameters RS, SP, and P(@), it lies on /.
Similarly, Hs lies on £, so the lines H1Hy and ¢ coincide.
The corresponding sides of the triangles APH; and CQHs meet at O, B, and the orthocentre
of the triangle OPQ (which lies on OB). By Desargues’ theorem, the lines AC, PQ and ¢ are

concurrent or parallel.

B

The case when PR | QS may be considered as a limit case, since the configuration in the
statement of the lemma allows arbitrarily small perturbations. The lemma is proved.

Back to the problem, let the segments PR and QS cross at O, let wy and ws be the circles
on diameters PQ and RS, respectively, and let £ be their radical axis. By the Lemma, the three
lines AC', £, and PQ are concurrent or parallel, and similarly so are the three lines AC, ¢, and RS.
Thus, if the lines AC and ¢ are distinct, all four lines are concurrent or pairwise parallel.

This is clearly the case when the lines PSS and QR are not parallel (since ¢ crosses OA and OC
at the orthocentres of OSP and OQR, these orthocentres being distinct from A and C'). In this
case, denote the concurrency point by 7. If T is not ideal, then we have TP -TQ = TR -TS
(as T € ¢), so PQRS is cyclic. If T is ideal (i.e., all four lines are parallel), then the segments
PQ and RS have the same perpendicular bisector (namely, the line of centers of wy and ws), and
PQRS is cyclic again.

Assume now PS and QR parallel. By symmetry, PQ and RS may also be assumed parallel:
otherwise, the preceding argument goes through after relabelling. In this case, we need to prove
that the parallelogram PQRS is a rectangle.



Suppose, by way of contradiction, that OP > OQ. Let the line through O and parallel to PQ
meet AB at M, and CB at N. Since OP > OQ), the angle SPQ is acute and the angle PQR is
obtuse, so the angle AOB is obtuse, the angle BOC is acute, M lies on the segment AB, and
N lies on the extension of the segment BC beyond C. Therefore: OA > OM, since the angle
OM A is obtuse; OM > ON, since OM : ON = KP : K@, where K is the projection of O onto
PQ; and ON > OC, since the angle OCN is obtuse. Consequently, OA > OC.

Similarly, OR > OS yields OC > OA: a contradiction. Consequently, OP = OQ and PQRS
is a rectangle. This ends the proof.

Solution 2. (Ilya Bogdanov) To begin, we establish a useful lemma.

Lemma 2. If P is a point on the side AB of a triangle OAB, then

sin AOP N sin POB _ sin AOB
OB 0OA OP °

Proof. Let [XY Z] denote the area of a triangle XY Z, to write

0 = 2([AOB] — [POB] — [POC]) = OA - OB -sin AOB — OB - OP -sin POB — OP - OA-sin AOP,

and divide by OA - OB - OP to get the required identity.
A similar statement remains valid if the point C' lies on the line AB; the proof is obtained by
using signed areas and directed lengths.

We now turn to the solution. We first prove some sort of a converse statement, namely:

Claim. Let PQRS be a cyclic quadrangle with O = PR N QS; assume that no its diagonal is
perpendicular to a side. Let £y, €p, Lo, and £p be the lines through O perpendicular to SP,
PQ, QR, and RS, respectively. Choose any point A € {4 and successively define B = AP N/{p,
C=BQnNtc, D=CRN{Lp, and A’ =DSNLy. Then A’ = A.

Proof. We restrict ourselves to the case when the points A, B, C, D, and A’ lie on {4, ¢p,
Lo, p, and £ 4 on the same side of O as their points of intersection with the respective sides of
the quadrilateral PQRS. Again, a general case is obtained by suitable consideration of directed
lengths.



Denote

a=/QPR=/QSR = /2 — /POB = /2 — /DOS,
B8 =/RPS =/RQS = /2 — LZAOP = 1/2 — ZQOC,
~=/SQP = /SRP = 1/2 — /ZBOQ = n/2 — ZROD,
§ = /PRQ = /PSQ =n/2— /COR =1/2 — LSOA.

By Lemma 2 applied to the lines APB, PQC, CRD, and DSA’, we get
sin(a +3) cosa cosB  sin(B+7) cosB  cosvy

OP OA OB’ oQ OB oOC’
sin(y+6) cosy  cosd sin(0+a) cosd 4 cosa
OR  OC OD’ 0OS  OD OA"

Adding the two equalities on the left and subtracting the two on the right, we see that the
required equality A = A’ (i.e., cosa/OA = cosa/OA’, in view of cosa # 0) is equivalent to the

relation
sin QPS n sin SRQ  sin PQR n sin RSP

OP OR 0Q oS
Let d denote the circumdiameter of PQRS, so sin QPS = sin SRQ = QS/d and sin RSP =
sin PQR = PR/d. Thus the required relation reads
Q8 , QS _PR PR = QS-PR_PR-GS
OP OR 0OS 0Q’ OP-OR 0S-0Q°

The last relation is trivial, due again to cyclicity.

Finally, it remains to derive the problem statement from our Claim. Assume that PQRS is
not cyclic, e.g., that OP - OR > OQ - OS, where O = PRN QS. Mark the point S’ on the ray
OS so that OP - OR = OQ - OS’. Notice that no diagonal of PQRS is perpendicular to a side,
so the quadrangle PQRS’ satisfies the conditions of the claim.

Let ¢/, and ¢, be the lines through O perpendicular to PS’ and RS’, respectively. Then

', and 0, cross the segments AP and RD, respectively, at some points A’ and D’. By the
Claim, the line A’D’ passes through S’. This is impossible, because the segment A’D’ crosses
the segment OS at some interior point, while S’ lies on the extension of this segment. This
contradiction completes the proof.

Remark. According to the author, there is a remarkable corollary that is worth mentioning;:
Four lines dissect a convex quadrangle into nine smaller quadrangles to make it into a 3 x 3 array



of quadrangular cells. Label these cells 1 through 9 from left to right and from top to bottom.
If the first eight cells are orthodiagonal, then so is the ninth.



The 10" Romanian Master of Mathematics Competition

Day 1 — Solutions

Problem 1. Let ABCD be a cyclic quadrangle and let P be a point on the side AB. The
diagonal AC crosses the segment DP at (). The parallel through P to C'D crosses the extension
of the side BC beyond B at K, and the parallel through ) to BD crosses the extension of the side
BC beyond B at L. Prove that the circumcircles of the triangles BK P and CL(Q) are tangent.

ALEKSANDR KUZNETSOV, RUSSIA

Solution. We show that the circles BK P and C'LQ are tangent at the point T' where the line
DP crosses the circle ABC'D again.

Since BC'DT is cyclic, we have ZK BT = ZCDT. Since KP || CD, we get ZCDT = ZKPT.
Thus, ZKBT = Z£CDT = ZKPT, which shows that T lies on the circle BKP. Similarly, the
equalities ZLCT = /BDT = ZLQT show that T also lies on the circle CLQ.

It remains to prove that these circles are indeed tangent at T'. This follows from the fact that
the chords TP and T'Q in the circles BKTP and CLT(Q, respectively, both lie along the same
line and subtend equal angles /TBP = /TBA = /TCA = /TCQ.

L/ K B \\C

Remarks. The point 7' may alternatively be defined as the Miquel point of (any four of) the
five lines AB, BC, AC, KP, and LQ.

Of course, the result still holds if P is chosen on the line AB, and the other points lie on the
corresponding lines rather than segments/rays. The current formulation was chosen in order to
avoid case distinction based on the possible configurations of points.



Problem 2. Determine whether there exist non-constant polynomials P(z) and Q(z) with real
coefficients satisfying
P()0 4 P(2)’ = Q@) + Q). (+)

ItyA BoGDANOV, RUSSIA

Solution 1. The answer is in the negative. Comparing the degrees of both sides in (x) we get
deg P = 21n and deg @) = 10n for some positive integer n. Take the derivative of (x) to obtain

P'P3(10P +9) = Q'Q"(21Q + 20). (s5)

Since ged(10P +9, P) = ged(10P +9, P+ 1) = 1, it follows that ged(10P + 9, P(P+1)) = 1, so
ged(10P 4+ 9,Q) = 1, by (x). Thus (xx*) yields 10P + 9 | Q'(21Q + 20), which is impossible since
0 < deg(Q'(21Q +20)) =20n — 1 < 21n = deg(10P +9). A contradiction.

Remark. A similar argument shows that there are no non-constant solutions of P™ + P™~1 =
QF + Q*~!, where k and m are positive integers with k& > 2m. A critical case is k = 2m; but
in this case there exist more routine ways of solving the problem. Thus, we decided to choose
k=2m+1.

Solution 2. Letting r and s be integers such that » > 2 and s > 2r, we show that if P" +P"~! =
Q° + Q*7!, then Q is constant.

Let m = deg P and n = deg Q. A degree inspection in the given relation shows that m > 2n.

We will prove that P(P + 1) has at least m + 1 distinct complex roots. Assuming this for
the moment, notice that ) takes on one of the values 0 or —1 at each of those roots. Since
m+ 12> 2n+ 1, it follows that @ takes on one of the values 0 and —1 at more than n distinct
points, so ) must be constant.

Finally, we prove that P(P + 1) has at least m + 1 distinct complex roots. This can be done
either by referring to the Mason—Stothers theorem or directly, in terms of multiplicities of the
roots in question.

Since P and P + 1 are relatively prime, the Mason—Stothers theorem implies that the number
of distinct roots of P(P + 1) is greater than m, hence at least m + 1.

For a direct proof, let z1, ..., z; be the distinct complex roots of P(P + 1), and let z; have
multiplicity ag, k = 1,...,¢. Since P and P + 1 have no roots in common, and P’ = (P + 1),
it follows that P’ has a root of multiplicity oy — 1 at z,. Consequently, m — 1 = deg P’ >
S j(ak—1) =>4 ap —t =2m —t; that is, t > m + 1. This completes the prof.

Remark. The Mason-Stothers theorem (in a particular case over the complex field) claims
that, given coprime complex polynomials P(x), Q(x), and R(x), not all constant, such that
P(z) + Q(z) = R(x), the total number of their complex roots (not regarding multiplicities) is
at least max{deg P,deg @,deg R} + 1. This theorem was a part of motivation for the famous
abc-conjecture.



Problem 3. Ann and Bob play a game on an infinite checkered plane making moves in turn;
Ann makes the first move. A move consists in orienting any unit grid-segment that has not been
oriented before. If at some stage some oriented segments form an oriented cycle, Bob wins. Does
Bob have a strategy that guarantees him to win?

MaxiMm DiDIN, RUSSIA

Solution. The answer is in the negative: Ann has a strategy allowing her to prevent Bob’s
victory.

We say that two unit grid-segments form a low-left corner (or LL-corner) if they share an
endpoint which is the lowest point of one and the leftmost point of the other. An up-right corner
(or UR-corner) is defined similarly. The common endpoint of two unit grid-segments at a corner
is the joint of that corner.

Fix a vertical line on the grid and call it the midline; the unit grid-segments along the
midline are called middle segments. The unit grid-segments lying to the left /right of the midline
are called left/right segments. Partition all left segments into LL-corners, and all right segments
into UR-corners.

We now describe Ann’s strategy. Her first move consists in orienting some middle segment
arbitrarily. Assume that at some stage, Bob orients some segment s. If s is a middle segment,
Ann orients any free middle segment arbitrarily. Otherwise, s forms a corner in the partition
with some other segment t. Then Ann orients ¢ so that the joint of the corner is either the source
of both arrows, or the target of both. Notice that after any move of Ann’s, each corner in the
partition is either completely oriented or completely not oriented. This means that Ann can
always make a required move.

Assume that Bob wins at some stage, i.e., an oriented cycle C' occurs. Let X be the lowest
of the leftmost points of C, and let Y be the topmost of the rightmost points of C'. If X lies
(strictly) to the left of the midline, then X is the joint of some corner whose segments are both
oriented. But, according to Ann’s strategy, they are oriented so that they cannot occur in a
cycle — a contradiction. Otherwise, Y lies to the right of the midline, and a similar argument
applies. Thus, Bob will never win, as desired.

Remarks. (1) There are several variations of the argument in the solution above. For instance,
instead of the midline, Ann may choose any infinite in both directions down going polyline along
the grid (i.e., consisting of steps to the right and steps-down alone). Alternatively, she may split
the plane into four quadrants, use their borders as “trash bin” (as the midline was used in the
solution above), partition all segments in the upper-right quadrant into UR-corners, all segments
in the lower-right quadrant into LR~corners, and so on.

(2) The problem becomes easier if Bob makes the first move. In this case, his opponent just
partitions the whole grid into LL-corners. In particular, one may change the problem to say that
the first player to achieve an oriented cycle wins (in this case, the result is a draw).

On the other hand, this version is closer to known problems. In particular, the following
problem is known:

Ann and Bob play the game on an infinite checkered plane making moves in turn
(Ann makes the first move). A move consists in painting any unit grid segment that
has not been painted before (Ann paints in blue, Bob paints in red). If a player creates
a cycle of her/his color, (s)he wins. Does any of the players have a winning strategy?

Again, the solution is pairing strategy with corners of a fixed orientation (with a little twist
for Ann’s strategy — in this problem, it is clear that Ann has better chances).



The 10" Romanian Master of Mathematics Competition

Day 2 — Solutions

Problem 4. Let a, b, ¢, d be positive integers such that ad # bec and ged(a, b, ¢,d) = 1. Prove
that, as n runs through the positive integers, the values ged(an + b, cn + d) may achieve form the
set, of all positive divisors of some integer.

RAUL ALCANTARA, PERU

Solution 1. We extend the problem statement by allowing a and ¢ take non-negative integer
values, and allowing b and d to take arbitrary integer values. (As usual, the greatest common
divisor of two integers is non-negative.) Without loss of generality, we assume 0 < a < ¢. Let
S(a,b,c,d) ={ged (an+b,en+d): n € Zso}.

Now we induct on a. We first deal with the inductive step, leaving the base case a = 0 to
the end of the solution. So, assume that a > 0; we intend to find a 4-tuple (a’, ¥, ¢/, d’) satisfying
the requirements of the extended problem, such that S(a’,b', ¢, d") = S(a,b,¢,d) and 0 < o’ < a,
which will allow us to apply the induction hypothesis.

The construction of this 4-tuple is provided by the step of the Fuclidean algorithm. Write
¢ = aq + r, where ¢ and r are both integers and 0 < r < a. Then for every n we have

ged(an + b, cn + d) = ged(an + b, g(an + b) + rn+ d — gb) = ged(an + b, rn + (d — gb)),

so a natural intention is to define ' = r, b/ =d —¢b, ¢ = a, and d’ = b (which are already shown
to satisfy S(a’, ¥/, ,d") = S(a,b, c,d)). The check of the problem requirements is straightforward:
indeed,

dd —Vd = (c—qa)b—(d—gb)a= —(ad—bc) #0
and
ged(a', b, d') = ged(c — qa, b — qd,a,b) = ged(e, d, a,b) = 1.
Thus the step is verified.

It remains to deal with the base case a = 0, i.e., to examine the set S(0, b, ¢, d) with bc # 0 and
ged(b, e,d) = 1. Let b be the integer obtained from b by ignoring all primes b and ¢ share (none
of them divides cn + d for any integer n, otherwise ged(b, ¢, d) > 1). We thus get ged(b',¢) =1
and S(0,V',¢,d) = S(0,b,¢,d).

Finally, it is easily seen that S(0, V', ¢, d) is the set of all positive divisors of ¥’'. Each member
of S(0,V,¢,d) is clearly a divisor of ¥/'. Conversely, if § is a positive divisor of ¥, then cn+d = §
(mod V') for some n, since b' and ¢ are coprime, so § is indeed a member of S(0,V', ¢, d).

Solution 2. (Alezander Betts) For positive integers s and ¢ and prime p, we will denote by
ged, (s, ) the greatest common p-power divisor of s and t.

Claim 1. For any positive integer n, gcd(an + b, en + d) | ad — be.
Proof. This is clear from the identity

a(en + d) — c(an + b) = ad — be. (1)

Claim 2. The set of values taken by ged(an + b, cn + d) is exactly the set of values taken by the
product

H ged,(any + b, cny + d)
plad—bc

as the (n,)p|ad—be €ach range over positive integers.



Proof. From the identity

ged(an +b,en+d) = H ged,(an + b, en + d),
plad—bc

it is clear that every value taken by ged(an + b, cn + d) is also a value taken by the product (with
all n, = n). Conversely, it suffices to show that, given any positive integers (np)p|ad,bc, there is
a positive integer n such that ged,(an + b,en + d) = ged,(any, + b, cny, + d) for each p | ad — be.
This can be achieved by requiring that n be congruent to n, modulo a sufficiently large! power
of p (using the Chinese Remainder Theorem).

Using Claim 2, it suffices to determine the sets of values taken by ged,(an + b,en + d) as n
ranges over all positive integers. There are two cases.

Claim 3. If p | a, ¢, then ged,(an + b, cn +d) = 1 for all n.
Proof. If p | an + b, en + d, then we would have p | a, b, ¢, d, which is not the case.

Claim 4. If p{a or p{ ¢, then the values taken by ged,(an + b, cn + d) are exactly the p-power
divisors of ad — bc.

Proof. Assume without loss of generality that p { a. Then from identity () we have ged,(an +
b,en + d) = gedy(an + b,ad — be). But since p { a, the arithmetic progression an + b takes all
possible values modulo the highest p-power divisor of ad — be, and in particular the values taken
by ged,(an + b, ad — be) are exactly the p-power divisors of ad — be.

Conclusion. Using claims 2, 3 and 4, we see that the set of values taken by ged(an +b, cn+d) is
equal to the set of products of p-power divisors of ad — bc, where we only consider those primes p
not dividing ged(a, ¢). Thus the set of values of gcd(an + b, cn + d) is equal to the set of divisors
of the largest factor of ad — be coprime to ged(a, ¢).

Remarks. (1) If S(a,b,c,d) is the set of all positive divisors of some integer, then necessarily
ad # be and ged (a, b, c,d) = 1: finiteness of S(a,b, ¢, d) forces the former, and membership of 1
forces the latter.

(2) One may modify the problem statement according to the first paragraph of the solution.
However, it seems that in this case one needs to include a clarification of the agreement on ged
being necessarily non-negative.

'For example, n = n, modulo the largest p-power divisor of ad — bc.



Problem 5. Let n be a positive integer and fix 2n distinct points on a circumference. Split these
points into n pairs and join the points in each pair by an arrow (i.e., an oriented line segment).
The resulting configuration is good if no two arrows cross, and there are no arrows x@ and C
such that ABCD is a convex quadrangle oriented clockwise. Determine the number of good
configurations.

FEDOR PETROV, RUSSIA
Solution 1. The required number is (27:‘) To prove this, trace the circumference counterclockwise

to label the points a1, as, ..., ao,.
Let C be any good configuration and let O(C) be the set of all points from which arrows

emerge. We claim that every n-element subset S of {aq,...,a2,} is an O-image of a unique good
configuration; clearly, this provides the answer.

To prove the claim induct on n. The base case n = 1 is clear. For the induction step,
consider any n-element subset S of {ai,...,a2,}, and assume that S = O(C) for some good

configuration C. Take any index k such that a; € S and ag+1 ¢ S (assume throughout that
indices are cyclic modulo 2n, i.e., ag,+1 = ay etc.).

If the arrow from ay, points to some ag, k+1 < ¢ (< 2n+k), then the arrow pointing to ag41
emerges from some a,,, m in the range k + 2 through ¢ — 1, since these two arrows do not cross.
Then the arrows ar — a¢ and a,, — axs1 form a prohibited quadrangle. Hence, C contains an
arTow G — Gpt1-

On the other hand, if any configuration C contains the arrow ap — agr1, then this arrow
cannot cross other arrows, neither can it occur in prohibited quadrangles.

Thus, removing the points ay, axy1 from {ay, ..., a2, } and the point ay from S, we may apply
the induction hypothesis to find a unique good configuration C’ on 2n — 2 points compatible with
the new set of sources (i.e., points from which arrows emerge). Adjunction of the arrow ay, — ag41
to C’ yields a unique good configuration on 2n points, as required.

Solution 2. Use the counterclockwise labelling a1, a9, ..., as, in the solution above.

Letting D,, be the number of good configurations on 2n points, we establish a recurrence
relation for the D,,. To this end, let C,, = % the nth Catalan number; it is well-known that
C), is the number of ways to connect 2n given points on the circumference by n pairwise disjoint

chords.

Since no two arrows cross, in any good configuration the vertex a; is connected to some aoy.
Fix k in the range 1 through n and count the number of good configurations containing the arrow
a1 — ask. Let C be any such configuration.

In C, the vertices ag, ..., asr_1 are paired off with one other, each arrow pointing from the
smaller to the larger index, for otherwise it would form a prohibited quadrangle with a; — ag.
Consequently, there are Cy_1 ways of drawing such arrows between as, ..., agr_1.

On the other hand, the arrows between asg41, ..., a2, also form a good configuration, which
can be chosen in D,,_;, ways. Finally, it is easily seen that any configuration of the first kind and
any configuration of the second kind combine together to yield an overall good configuration.

Thus the number of good configurations containing the arrow a; — agg is Cr_1D,_g. Clearly,
this is also the number of good configurations containing the arrow ag(,_p41) — a1, s0

Dy =2 Cr_1Dny. (%)
k=1

To find an explicit formula for Dy, let d(z) = > o7 Dypa™ and let c(z) = Y 07 Cpa™ =

1=vi-de VQi_“ be the generating functions of the D,, and the C,,, respectively. Since Dy = 1, relation (x)



yields d(z) = 2zc(z)d(x) + 1, so

1 _ 1 3 2n — 1Y (—4z)”
d(z) = ———— = (1 —4a) 1?2 = — == (-
(@) = e ~ %) 2) ( 2) ( 2 ) nl
n>0
2"(2n — 1! 2n\ ,
-y HE ey ()
n>0 n>0
Consequently, D,, = (2:)
Solution 3. Let C), = n%rl (277:) denote the nth Catalan number and recall that there are exactly

C,, ways to join 2n distinct points on a circumference by n pairwise disjoint chords. Such a
configuration of chords will be referred to as a Catalan n-configuration. An orientation of the
chords in a Catalan configuration C making it into a good configuration (in the sense defined in
the statement of the problem) will be referred to as a good orientation for C.

We show by induction on n that there are exactly n 4+ 1 good orientations for any Catalan
n-configuration, so there are exactly (n + 1)C,, = (2:) good configurations on 2n points. The
base case n =1 is clear.

For the induction step, let n > 1, let C be a Catalan n-configuration, and let ab be a chord of
minimal length in C. By minimality, the endpoints of the other chords in C all lie on the major
arc ab of the circumference.

Label the 2n endpoints 1, 2, ..., 2n counterclockwise so that {a,b} = {1,2}, and notice that
the good orientations for C fall into two disjoint classes: Those containing the arrow 1 — 2, and
those containing the opposite arrow.

Since the arrow 1 — 2 cannot be involved in a prohibited quadrangle, the induction hypothesis
applies to the Catalan (n — 1)-configuration formed by the other chords to show that the first
class contains exactly n good orientations.

Finally, the second class consists of a single orientation, namely, 2 — 1, every other arrow
emerging from the smaller endpoint of the respective chord; a routine verification shows that this
is indeed a good orientation. This completes the induction step and ends the proof.

Remark. Combining the arguments from Solutions 1 and 3 one gets a way (though not the
easiest) to compute the Catalan number C),.

Solution 4, sketch. (Sang-il Oum) As in the previous solution, we intend to count the number
of good orientations of a Catalan n-configuration.

For each such configuration, we consider its dual graph T whose vertices are finite regions
bounded by chords and the circle, and an edge connects two regions sharing a boundary segment.
This graph T is a plane tree with n edges and n + 1 vertices.

There is a canonical bijection between orientations of chords and orientations of edges of T’
in such a way that each chord crosses an edge of T" from the right to the left of the arrow on that
edge. A good orientation of chords corresponds to an orientation of the tree containing no two
edges oriented towards each other. Such an orientation is defined uniquely by its source vertexz,
i.e., the unique vertex having no in-arrows.

Therefore, for each tree T on n + 1 vertices, there are exactly n 4+ 1 ways to orient it so that
the source vertex is unique — one for each choice of the source. Thus, the answer is obtained in
the same way as above.



Problem 6. Fix a circle I', a line £ tangent to I', and another circle 2 disjoint from ¢ such that I"
and () lie on opposite sides of £. The tangents to I' from a variable point X on 2 cross ¢ at Y
and Z. Prove that, as X traces €, the circle XY Z is tangent to two fixed circles.

Russia, IVAN FROLOV

Solution. Assume I' of unit radius and invert with respect to I'. No reference will be made to
the original configuration, so images will be denoted by the same letters. Letting I' be centred
at GG, notice that inversion in I' maps tangents to I' to circles of unit diameter through G (hence
internally tangent to I'). Under inversion, the statement reads as follows:

Fiz a circle T of unit radius centred at G, a circle £ of unit diameter through G, and
a circle § inside € disjoint from £. The circles n and ¢ of unit diameter, through G
and a variable point X on Q, cross £ again at'Y and Z, respectively. Prove that, as
X traces S, the circle XY Z is tangent to two fized circles.

el 2
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Since 1 and (¢ are the reflections of the circumcircle £ of the triangle GY Z in its sidelines
GY and GZ, respectively, they pass through the orthocentre of this triangle. And since i and ¢
cross again at X, the latter is the orthocentre of the triangle GY Z. Hence the circle ¢ through
X, Y, Z is the reflection of ¢ in the line Y Z; in particular, £ is also of unit diameter.

Let O and L be the centres of €2 and ¢, respectively, and let R be the (variable) centre of . Let
GX cross £ again at X’; then G and X’ are reflections of one another in the line Y Z, so GLRX'
is an isosceles trapezoid. Then LR || GX and Z(LG,GX) = Z(GX',X'R) = Z(RX, X@G), i.e.,
LG || RX; this means that GLRX is a parallelogram, so X R = GL is constant.

Finally, consider the fixed point IV defined by _O—N2 = Cﬁ Then XRNO is a parallelogram,
so the distance RN = OX is constant. Consequently, ¢ is tangent to the fixed circles centred
at N of radii [1/2 — OX| and 1/2+ OX.

One last check is needed to show that the inverse images of the two obtained circles are
indeed circles and not lines. This might happen if one of them contained G; we show that this is



impossible. Indeed, since €2 lies inside ¢, we have OL < 1/2 — OX, so
NG =|GL+ L0 + ON| = |2GL + LO| > 2|GL| - |L0| > 1 — (1/2 — 0X) = 1/2 + OX;
this shows that G is necessarily outside the obtained circles.

Remarks. (1) The last check could be omitted, if we allowed in the problem statement to regard
a line as a particular case of a circle. On the other hand, the Problem Selection Committee
suggests not to punish students who have not performed this check.

(2) Notice that the required fixed circles are also tangent to 2.
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Problem 1. Amy and Bob play the game. At the beginning, Amy writes down a positive integer
on the board. Then the players take moves in turn, Bob moves first. On any move of his, Bob
replaces the number n on the blackboard with a number of the form n — a?, where a is a positive
integer. On any move of hers, Amy replaces the number n on the blackboard with a number of
the form n*, where k is a positive integer. Bob wins if the number on the board becomes zero.
Can Amy prevent Bob’s win?

Russia, MaxiM DIDIN

Solution. The answer is in the negative. For a positive integer n, we define its square-free part
S(n) to be the smallest positive integer a such that n/a is a square of an integer. In other words,
S(n) is the product of all primes having odd exponents in the prime expansion of n. We also
agree that S(0) = 0.

Now we show that (i) on any move of hers, Amy does not increase the square-free part of
the positive integer on the board; and (ii) on any move of his, Bob always can replace a positive
integer n with a non-negative integer k with S(k) < S(n). Thus, if the game starts by a positive
integer N, Bob can win in at most S(N) moves.

Part (i) is trivial, as the definition of the square-part yields S(n*) = S(n) whenever & is odd,
and S(n*) = 1 < S(n) whenever k is even, for any positive integer n.

Part (ii) is also easy: if, before Bob’s move, the board contains a number n = S(n) - b2, then
Bob may replace it with n’ = n — b% = (S(n) — 1)b?, whence S(n’) < S(n) — 1.

Remarks. (1) To make the argument more transparent, Bob may restrict himself to subtract
only those numbers which are divisible by the maximal square dividing the current number. This
restriction having been put, one may replace any number n appearing on the board by S(n),
omitting the square factors.

After this change, Amy’s moves do not increase the number, while Bob’s moves decrease it.
Thus, Bob wins.

(2) In fact, Bob may win even in at most 4 moves of his. For that purpose, use Lagrange’s four
squares theorem in order to expand S(n) as the sum of at most four squares of positive integers:
S(n) = a? + -+ + a?. Then, on every move of his, Bob can replace the number (a} + - - - + a2 )b
on the board by (a% 4+ 4+ a%fl)b? The only chance for Amy to interrupt this process is to
replace a current number by its even power; but in this case Bob wins immediately.

On the other hand, four is indeed the minimum number of moves in which Bob can guarantee
himself to win. To show that, let Amy choose the number 7, and take just the first power on
each of her subsequent moves.



Problem 2. Let ABCD be an isosceles trapezoid with AB || CD. Let E be the midpoint of
AC. Denote by w and € the circumcircles of the triangles ABFE and C'DFE, respectively. Let P
be the crossing poitn of the tangent to w at A with the tangent to Q at D. Prove that PE is
tangent to €.

SLOVENIA, JAKOB JURIJ SNOJ

Solution 1. If ABCD is a rectangle, the statement is trivial due to symmetry. Hence, in what
follows we assume AD || BC.

Let F' be the midpoint of BD; by symmetry, both w and Q pass through F. Let P’ be the
meeting point of tangents to w at F and to © at E. We aim to show that P’ = P, which yields
the required result. For that purpose, we show that P’A and P'D are tangent to w and £,
respectively.

Let K be the midpoint of AF. Then FK is a midline in the triangle ACF, so Z(AE,EK) =
Z(EC,CF). Since P'FE is tangent to Q, we get Z(EC,CF) = Z(P'E,EF). Thus, Z(AE,EK) =
Z(P'E,EF), so EP' is a symmedian in the triangle AEF. Therefore, EP’ and the tangents to w
at A and F are concurrent, and the concurrency point is P’ itself. Hence P’A is tangent to w.

The second claim is similar. Taking L to be the midpoint of DE, we have Z(DF,FL) =
/(FB,BE) = Z(P'F,FE), so P'F is a symmedian in the triangle DEF, and hence P’ is the
meeting point of the tangents to 2 at D and F.

Remark. The above arguments may come in different orders. E.g., one may define P’ to be the
point of intersection of the tangents to Q at D and E — hence obtaining that P'F is a symmedian
in ADEF, then deduce that P'F is tangent to w, and then apply a similar argument to show
that P'FE is a symmedian in AAEF, whence P'A is tangent to w.

Solution 2. Let @ be the isogonal conjugate of P with respect to AAED, so Z(QA, AD) =
Z(EA,AP) = Z(EB,BA) and £(QD,DA) = Z(ED,DP) = Z(EC,CD). Now our aim is to
prove that QE || C'D; this will yield that Z(EC,CD) = Z(AE, EQ) = Z(PE,ED), whence PE
is tangent to €.

Let DQ meet AB at X. Then we have Z(XD,DA) = Z(EC,CD) = Z(EA,AB) and
Z(DA,AX) = Z(AB, BC), hence the triangles DAX and ABC are similar. Since Z(AB, BE) =
Z(DA, AQ), the points @ and E correspond to each other in these triangles, hence @ is the
midpoint of DX. This yields that the points @) and F lie on the midline of the trapezoid parallel
to CD, as desired.
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Remark. The last step could be replaced with another application of isogonal conjugacy in the
following manner. Reflect () in the common perpendicular bisector of AB and C'D to obtain a
point R such that Z(CB,BR) = Z(QA,AD) = Z(EB,BA) and Z(BC,CR) = Z(QD,DA) =
Z(EC,CD). These relations yield that the points E' and R are isogonally conjugate in a triangle
BC1, where I is the (ideal) point of intersection of BA with C'D. Since F is equidistant from AB
and CD, R is also equidistant from them, which yields what we need. (The last step deserves
some explanation, since one vertex of the triangle is ideal. Such explanation may be obtained in
many different ways — e.g., by a short computation in sines, or by noticing that, as in the usual
case, R is the circumcenter of the triangle formed by the reflections of F in the sidelines AB,
BC, and CD.)



Solution 3. (Dan Carmon) Let O be the intersection of the diagonals AC and BD. Let F be
the midpoint of BD. Let S be the second intersection point of the circumcircles of triangles AOF
and DOE. We will prove that SD and SFE are tangent to (); the symmetric argument would
then imply also that SA and SF are tangent to I'. Thus S = P and the claimed tangency holds.

We first prove that OS is parallel to AB and DC. Compute the powers of the points A, B
with respect to the circumcircles of AOF and DOE:

d(A,AOF) =0, d(A,DOE) = AO- AE

d(B,AOF) = BO-BF, d(B,DOE)= BO-BD =2BO-BF
And therefore

d(B,DOFE) — d(B,AOF) = BO - BF = AO - AE = d(A, DOFE) — d(A, AOF)
Thus both A and B belong to a locus of the form
d(X,DOE) — d(X, AOF) = const,

which is always a lines parallel to the radical axis of the respective circles. Since this radical axis
is OS by definition, it follows that AB is parallel to OS, as claimed.
Now by angle chasing in the cyclic quadrilateral DSOEFE, we find

/(SD,DE) = /(SO,0E) = /(DC,CE),
/(SE,ED) = /(50,0D) = /(DC,DB) = /(AC,CD) = /(EC,CD),

and these angle equalities are exactly the conditions of SD,SE being tanget to {2, as claimed.

Remarks. (1) The solution was motivated by the following observation: Suppose P is the
intersection of the tangents to 2 at D and E as claimed. Then by single angle chasing we
observe that the isogonal conjugate of P in the triangle DOF is the common ideal point at
infinity of DC' and FF. This implies that P is on the circumcircle of DOFE and that OP is
parallel to DC (to be precise, it implies that the reflection of OP in the angle bisector of DOE
is parallel to DC and EF — but the angle bisector is also parallel to these lines, so in fact OP is
the angle bisector). By symmetry it follows that P is also on the circumcircle of AOF, thus the
construction.

(2) The key parts of the proof can be described as (1) Constructing S, (2) Proving that OS
is parallel to AB and CD, and (3) Concluding that S = P and finishing the problem. Parts
(2) and (3) can be performed in various other ways. For example, part (2) can be proved by
showing that the circumcentres of AOF and DOE lie on a line perpendicular to the trapezium’s
bases; part (3) can be proved considering the spiral map taking the circumcircle of DOC' to the
circumcircle of DSE. Since O is the second intersction point of these circles, and since OCE
are collinear and SO is tangent to the circumcircle of DOC at O (by symmetry), it follows that
the spiral map sends C to F and O to S, i.e. the triangle DSFE is similar to the isoceles triangle
DOC, from which the remainder of the angle chase is trivial.



Problem 3. Given any positive real number ¢, prove that, for all but finitely many positive
integers v, any graph on v vertices with at least (1 4 €)v edges has two distinct simple cycles of
equal lengths.

(Recall that the notion of a simple cycle does not allow repetition of vertices in a cycle.)

Russia, FEDOR PETROV

Solution. Fix a positive real number ¢, and let G be a graph on v vertices with at least (1 +¢)v
edges, all of whose simple cycles have pairwise distinct lengths.

Assuming £2v > 1, we exhibit an upper bound linear in v and a lower bound quadratic in v
for the total number of simple cycles in G, showing thereby that v cannot be arbitrarily large,
whence the conclusion.

Since a simple cycle in G has at most v vertices, and each length class contains at most one
such, G has at most v pairwise distinct simple cycles. This establishes the desired upper bound.

For the lower bound, consider a spanning tree for each component of G, and collect them all
together to form a spanning forest F'. Let A be the set of edges of F', and let B be the set of all
other edges of G. Clearly, [A| <v—1,80|B| > (1+e)v—|A| > (14+e)v—(v—1)=cv+1> cv.

For each edge b in B, adjoining b to F' produces a unique simple cycle Cj through b. Let
Sy be the set of edges in A along Cj. Since the Cjp have pairwise distinct lengths, Y, 5 [Sp| >
2+---+(|B|+1) = |B|(|B| +3)/2 > |B|?/2 > %v?/2.

Consequently, some edge in A lies in more than e2v?/(2v) = £2v/2 of the Sp. Fix such an edge
ain A, and let B’ be the set of all edges b in B whose corresponding S, contain a, so |B| > 2v/2.

For each 2-edge subset {b1,ba} of B’, the union Cj, U Cj, of the cycles C, and Cj, forms a
f-graph, since their common part is a path in F' through a; and since neither of the b; lies along
this path, (%, U Cy, contains a third simple cycle Cy, , through both b; and bs. Finally, since
B'NCy, p, = {b1,b2}, the assignment {b1, b2} — Cp, p, is injective, so the total number of simple
cycles in G is at least ('B;') > (622/ 2). This establishes the desired lower bound and concludes
the proof.

Remarks. (1) The problem of finding two cycles of equal lengths in a graph on v vertices with
2v edges is known and much easier — simply consider all cycles of the form Cj.

The solution above shows that a graph on v vertices with at least v + ©(v3/4) edges has
two cycles of equal lengths. The constant 3/4 is not sharp; a harder proof seems to show that
v+ O(yv/vlogv) edges would suffice. On the other hand, there exist graphs on v vertices with
v+ ©(1/v) edges having no such cycles.

(2) To avoid graph terminology, the statement of the problem may be rephrased as follows:

Given any positive real number ¢, prove that, for all but finitely many positive integers
v, any v-member company, within which there are at least (14-¢)v friendship relations,
satisfies the following condition: For some integer u > 3, there exist two distinct u-
member cyclic arrangements in each of which any two neighbours are friends. (Two
arrangements are distinct if they are not obtained from one another through rotation
and/or symmetry; a member of the company may be included in neither arrangement,
in one of them or in both.)



Sketch of solution 2. (Po-Shen Loh) Recall that the girth of a graph G is the minimal length
of a (simple) cycle in this graph.

Lemma. For any fixed positive §, a graph on v vertices whose girth is at least Jv has at most
v+ o(v) edges.

Proof. Define f(v) to be the maximal number f such that a graph on v vertices whose girth is
at least v may have v 4+ f edges. We are interested in the recursive estimates for f.

Let G be a graph on v vertices whose gifth is at least dv containing v + f(v) edges. If G
contains a leaf (i.e., a vertex of degree 1), then one may remove this vertex along with its edge,
obtaining a graph with at most v — 1+ f(v — 1) edges. Thus, in this case f(v) < f(v —1).

Define an isolated path of length k to be a sequence of vertices vg,v1,..., v, such that v;
is connected to v;+1, and each of the vertices vy, ...,vx_1 has degree 2 (so, these vertices are
connected only to their neighbors in the path). If G contains an isolated path vy,...,v; of
length, say, k > /v, then one may remove all its middle vertices vy, ..., vg_1, along with all their
k edges. We obtain a graph on v — k + 1 vertices with at most (v —k+ 1) + f(v — k + 1) edges.
Thus, in this case f(v) < f(v —k+ 1)+ 1.

Assume now that the lengths of all isolated paths do not exceed y/v; we show that in this case
v is bounded from above. For that purpose, we replace each maximal isolated path by an edge
between its endpoints, removing all middle vertices. We obtain a graph H whose girth is at least
dv/+y/v = dy/v. Each vertex of H has degree at least 3. By the girth condition, the neighborhood
of any vertex z of radius r = |(0y/v — 1)/2] is a tree rooted at x. Any vertex at level i < r has
at least two sons; so the tree contains at least 2L00vV?=1)/2) vertices (even at the last level). So,
v > 2l0vv=1/2] which may happen only for a finite number of values of v.

Thus, for all large enough values of v, we have either f(v) < f(v—1) or f(v) < f(v —k+1)
for some k > /v. This easily yields f(v) = o(v), as desired. O

Now we proceed to the problem. Consider a graph on v vertices containing no two simple
cycles of the same length. Take its |ev/2]| shortest cycles (or all its cycles, if their total number
is smaller) and remove an edge from each. We get a graph of girth at least ev/2. By the lemma,
the number of edges in the obtained graph is at most v + o(v), so the number of edges in the
initial graph is at most v + ev/2 + o(v), which is smaller than (1 + ¢)v if v is large enough.
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Problem 4. Prove that for every positive integer n there exists a (not necessarily convex)
polygon with no three collinear vertices, which admits exactly n different triangulations.

(A triangulation is a dissection of the polygon into triangles by interior diagonals which have no
common interior points with each other nor with the sides of the polygon.)

IRAN, MORTEZA SAGHAFIAN

Solution. The left figure below shows an example of a polygon admitting a unique triangulation:
the only its diagonals lying inside the polygon come from A, so all of them must be drawn. (Notice
that the “exterior” polygon B1Bs... B, is convex.)

Now we prove that the right figure below shows a polygon A1 AsB1Bs ... B, with exactly n
triangulations. Indeed, any triangulation must contain a triangle with side A;As, and there are
n possible such, namely A1AsB; for i = 1,2,...,n. After such triangle has been chosen, the rest
part of the polygon splits into two (or one) polygons admitting a unique triangulation. Hence
the result.




Problem 5. Determine all functions f: R — R satisfying

f+yf(@) + fzy) = f(z) + F(2019y),

for all real numbers = and y.

SLOVENIA, JAKOB JURIJ SNOJ

Solution. There are three types of such functions: (i) f(z) = 2019 — z; (ii) f(z) = ¢ for an
arbitrary constant ¢; and (iii) f(x) = 0 for  # 0, and f(0) is arbitrary.

A straightforward check shows that all three types satisfy the equation hence we need to show
that they are the only ones. Let N = 2019.

First of all, setting x = Nz', we arrive at the equation f(Nz' + yf(Na')) + f(Nz'y) =
f(N2') + f(Ny). After a change g(z) = f(Nz)/N this equation reads

g(z+yg(x)) + g(zy) = g(x) + g(y) (z,y € R), (1)

which does not depend on N. Now we investigate the corresponding functions g.

Setting x = 1 we get g(1+yg(1)) = g(1). If g(1) # 0, then 1+ yg(1) attains all real values, so
we arrive at the answer (ii). Otherwise, g(1) = 0, and by setting y = 1 we get g(:z: +g(:c)) =0. If
a = 1 is the unique real number with g(a) = 0, then we obtain z+ g(z) = 1, whence g(z) = 1 —=,
which falls into (i). Hence in the sequel we assume that

g(1) =0, and also g(a) =0 for some a # 1. (%)

We will make use of the following two arguments.

Claim 1. If b is an arbitrary zero of g, then by substituting = = z we get g(zy) = g(y). Recalling
that g(g(0)) = g(0 + g(0)) = 0, we obtain also g(g(0)y) = g(y). O

Claim 2. Let a and b are two zeroes of g, and let s be its non-zero, i.e. g(s) # 0. We claim that
g is p-periodic, where p = (a — b)s. Indeed, substituting z = as and using Claim 1, we get that
he expression

glas +yg(s)) = glas) + g(y) — glasy) = g(s) + g(y) — g(sy)

does not de[pend on a. Hence g(as + yg(s)) = g(bs + yg(s)) for all y, which proves the required
periodicity, since yg(s) attains all real values. O

Now, if g(z) = 0 for all x # 0, we get the remaining answer (iii). Assume now that there
exists s # 0 with g(s) # 0, so by Claim 2 g is periodic with some period p. Substituting x = p
and using periodicity we get g(yg(0)) + g(py) = g(0) + g(y). Since g(yg(0)) = g(y) by Claim 1,
we arrive at g(py) = ¢g(0) which shows g is constant.

Remark. After arriving at (x) and obtaining Claims 1 and 2, alternative approaches are possible.

E.g., denote by Z = {z € R: g(z) = 0} the set of zeros of g. Claim 1 yields that Z is
a-tnvariant, i.e., aZ = Z. We want to show that Z — Z = R; this will, by means of Claim 2,
yield that g is periodic with every period, i.e., constant.

For any 8 € Z, we plug in y = 8 and use Claim 1 to obtain g(x+fg(z)) =0, so x+fg(z) € Z
for all z. Now, setting § = 1 and 5 = a (from (x)) we get x + g(x),z + ag(z) € Z. The first
inclusion yields also a(z + g(x)) € Z, and hence (a — 1)z = a(z + g(z)) — (x + ag(z)) € Z — Z.
This shows that Z — Z = R.



Problem 6. Find all pairs of integers (c,d), both greater than 1, such that the following holds:
For any monic polynomial ) of degree d with integer coefficients and for any prime p >

¢(2¢ + 1), there exists a set S of at most (gg:& )p integers, such that

U{s: Qs), Q(Q(s), QUQQ(s))), ...}

seS

contains a complete residue system modulo p (i.e., intersects with every residue class modulo p).

CROATIA, ADRIAN BEKER

Solution. Those pairs are all pairs (c,d) of positive integers greater than 1 such that d < c.

Assume first that d > ¢ + 1. Choose a large prime p (we need p > 2¢% + ¢) congruent to 1
modulo d (such a prime exists, by a particular case of Dirichlet’s theorem; this particular case is
easier to prove by using the cyclotomic polynomial ®4). Let Q(X) = X?. Since d | p— 1, exactly
1+ (p—1)/d residues modulo p are d-th powers; all other (d —1)(p —1)/d residue classes contain
no values of P. Hence, if a set S satisfies the requirements, it should contain representatives of
all those classes. But this is more than S is allowed to contain, since

d—1 2c—1 c 2c—1
—(p-1) > = ——p-1)>
(p—1) p 1PV > o
p

c
>
(c+1)(2c+1) " c+1

< p>c(2c+1).

We now show that such set S exists, whenever d < c. To this end, usage is made of the lemma
below.

Lemma. Fix an integer d > 2. Let G = (V, E) be a directed graph, each vertex of which has
exactly one outgoing edge and at most d incoming edges. Assume further that there are at most
d loops in this graph. Then there exists a subset V’ of V' of cardinality [V’| <1+ “2|V| such
that every vertex in V' ~. V' is the terminus of a directed path emanating from V”.

Proof. Consider any (weak) connected component G; = (V1, E1) in G — i.e., a component of
the corresponding undirected graph. Since from each vertex emanates exactly one edge, the
component contains a directed cycle (possibly a loop); and since the numbers of vertices and
edges in (71 are equal, even an undirected cycle is unique. Hence, the component is a cycle with
some trees rooting out of its vertices. With reference again to uniqueness of outgoing edges, the
edges of these trees are all directed towards the cycle.

Now, let V' choose exactly one vertex from each component that is just a cycle; for any other
component, let V'’ choose all its in-degree 0 vertices, i.e., the leaves of all trees rooting out of the
vertices of the core-cycle — any vertex of such a tree can be reached from some leaf, and hence
so can any vertex of the core-cycle.

To bound |V’| from above, let ¢ be the number of single-vertex components in G, and notice

that ¢ < d, since there are at most d loops in the graph. From each other component that is a
cycle, V' chooses at most half of its vertices, so at most dgl—th part of them. Finally, consider
a component containing some trees. Since each in-degree is at most d, at least é—th part of the
vertices have incoming edges, hence V' chooses at most dgl—th part of the vertices. Consequently,

d—1 t d-—1 d—1
\d St+7(!V!—t>=g+T!Vl §1+T\V’a



as desired. This establishes the lemma. O

Now let p and @ be chosen as in the problem statement. Consider a graph with vertex set
Zp. Regard @ as a polynomial over Z,, and draw an edge a — Q(a) for every a in Z,. Since
deg @ = d, each b in Z, has at most d preimages, so the in-degree of each vertex is at most d.
Since @ is monic and d > 1, the equation Q(x) = z has at most d roots in Z,, hence the graph
has at most d loops. Thus, implementation of the lemma provides a set V'’ which is suitable as
the required set S. Indeed, the lemma statement shows that each residue is a repetitive image
of some element of S; and the implications below show that the cardinality of V’ lies within the
required range:

\V’|<d_1 +1<20—1 - c—1 +1<2c—1
=g P =acd? c P =9c11P
p
c(2c+1) — pzoef2e+l)
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Problem 1. Let ABC be a triangle with a right angle at C, let I be its incentre, and let H
be the orthogonal projection of C' on AB. The incircle w of the triangle ABC' is tangent to the
sides BC, C'A, and AB at A, By, and (1, respectively. Let E and F be the reflections of C' in
the lines C1 A1 and C1 By, respectively, and let K and L be the reflections of H in the same lines.
Prove that the circles A1 FI, B1FI, and Cy KL have a common point.

Russia, DMITRY PROKOPENKO

Solution. The line Cy A; is parallel to the external angle bisector of ZB, so the reflection in Cy A
maps the segment A;C to the segment A, E parallel to AB. Similarly, B1F || AB. Notice also
that A1FE = A1C = B1C = B1F = r, where r is the inradius of AABC.

Let M be the midpoint of AB. Let X be the point of w such that 17% m 6’?\7 Notice that
/EA I =90°+/FEA1B =90°4+/ZCBM = 90°4+/BCM = /A1IX,and A1E = [A; = I X; thus,
XIAE is an isosceles trapezoid. Hence X lies on the circle IA1 E, and EX || A;l. Similarly, X
lies on the circle IB1F, and FX || BiI. It remains to show that X lies on the circle C1 K L.

Under the symmetry in C] Aj, the line CH (perpendicular to AB) maps to the line through F
perpendicular to BC' — i.e., CH maps to EX. Therefore, the projection H of C; onto C'H maps
to the projection K of C; onto FX. Similarly, L is the projection of C7 onto FX. So the
quadrilateral C1 K XL is cyclic, due to right angles at K and L.

C

Al FE

A M Ng~C, H B
L

Comments. (1) In fact, the quadrilateral C1 K XL is a square, since C1 K = C1H = C1L
and ZKClL = 241410131 =90°.

(2) One can easily see that the points C; and X are symmetric in the angle bisector C1I.
This yields that K and L both lie on C'I. One can show that this conclusion in fact holds in any,
not necessarily right-angled, triangle.



Problem 2. Let N be a positive integer, and let a = (a(1),...,a(N)) and b = (b(1),...,b(N))
be sequences of non-negative integers, each written on a circle (so we assume a(i £ N) = a(i)
and b(i £ N) = b(i)). We say a is b-harmonic, if each a(i) is the arithmetic mean of the
counterclockwise nearest b(:7) numbers, the clockwise nearest b(i) numbers, and a(7) itself; that
is,

. b(3)

a(i) = W) 1 2 a(i+s). (%)

(A term of a may appear more than once in the above sum.) Suppose that neither a nor b is
constant, and that both a is b-harmonic, and b is a-harmonic. Prove that more than half of the
2N terms across both sequences vanish.

UNITED KINGDOM, DOMINIC YEO

Solution 1. Let ¢ = min; a(i) and let b = min; b(7). Since a is not constant, there exists an 4
such that a = a(i) < a(i+1).

Claim 1. If a = a(i) < a(i + 1), then b(7) = 0. Similarly, if @ = a(i) < a(i — 1), then b(7) = 0.

Proof. Otherwise the sum in (%) contains a term a(i + 1) > a but no terms smaller than a, so
the average is greater than a. Il

Claim 1 implies b = 0; similarly, a = 0. With reference again to Claim 1, a(i) = b(:) = 0 for
some index 3.

Say that [4, j] is an a-segment if a(i) =a(i+1)=---=a(j) =0but a(i —1) #0 # a(j + 1);
define a b-segment similarly. By Claim 1, the endpoints of any such segment satisfy a(i) = b(i) =
a(j) = b(j) = 0. Since the sequences are non-constant, each ¢ where a(i) = 0 is contained in an
a-segment.

Claim 2. Let [i,j] be a b-segment, and let k € [i,j]. Then a(k) < k — i (and, similarly,
a(k) <j—k).

Proof. Indeed, since b(k) = 0, the elements of b with indices from k — a(k) to k + a(k) must all
be zero as well. g

We now show that every index is contained in either an a- or a b-segment. Since at least one
index is contained in both, the conclusion follows.

Assume, to the contrary, that a(i) and b(i) are both positive for some index i; call such
indices bad. Among all bad indices i, choose one maximising max(a(7),b(7)); by symmetry, we
may and will assume that this maximum is a(i). We may and will also assume that either the
index ¢ — 1 is not bad, or a(i—1) < a(i) (otherwise change i to i — 1, repeat if necessary, recalling
that a is not constant).

Consider the range of indices A = [i — b(i),7 + b(7)], and the values a assumes at those
indices. Some indices j in A are bad; the corresponding values a(j) do not exceed a(i). Other
indices j in A are covered by several a- and b-segments. Each b-segment contributes at most
b(7) members nearest to one of its endpoints, so the average value of a over those indices does
not exceed (b(i) —1)/2 < a(i) by Claim 2. The remaining indices j in A all lie in a-segments, so
the corresponding values a(j) are all zero.

Combining all this, it follows that the average in the right-hand member of () does not exceed
a(i). Moreover, if some a- or b-segment intersects A, then the inequality is strict. Otherwise,
i — 1 is a bad index contained in A, and a(i — 1) < a(i), so the inequality is again strict. This
contradiction ends the proof and completes the solution.

Solution 2. The solution has a few well-defined steps:

Lemma 1. Assume that a(i) = M := maxa; then b(i + k) =0 for all k = —M,—M +1,..., M.
In particular, b(i — 1) =b(i) =b(i +1) =0, as M > 1.



Proof. Assume that a(j) =a(j+1)=---=a(j+s)=M >0,and a(j — 1),a(j +s+1) < M,
where i € [j, 7+ s]. Then b(j) = 0, as otherwise a(j) is the mean of at least three terms, all < M,
with at least one < M. For the same reason, b(j + s) = 0 also.

But then b(j) is the mean of 2M + 1 terms of b, which must therefore all also be equal to
0. So b(j +k) = 0 for all k € [-M, M]. Iterating this argument gives b(j + k) = 0 for all
k € [-M, M + s]. which implies the statement of the lemma. O

Corollary. There exist ¢ such that a(i) = 0 and j such that b(j) = 0. O

Lemma 2. Suppose maxa > maxb. Generate a’ by replacing all copies of M = maxa with 1
in a. Then a’ is b-harmonic, and b is a’-harmonic.

Proof. We start with another consequence of Lemma 1. Assume that a(i) # M; then none of the
terms a(i+ k) with k € [—b(7),b(7)] equals M. Indeed, if a(i + k) = M with |k| < b(i) < M, then
by Lemma 1 we have b(i) = b((i+k) — k) = 0, which yields k = 0 and hence a(i) = a(i+k) = M.

We can now check that the harmonic properties are preserved under replacing all copies of
M in a with 1:

If a(i) # M, then the harmonic property for b(z) is unchanged. If a(i) = M, then o'(i) = 1
and b(i — 1) = b(i) = b(i + 1) = 0, so b(i) certainly has the a'(7)-harmonic property; and

If a(i) = M, then b(i) = 0, and so /(i) = 1 has the b(i)-harmonic property. If a(i) # M,
then we have just shown that none of the terms in the statement of a(i)’s harmonic property are
changed by this process, so it remains harmonic.

This check completes the proof of the lemma. O

Lemma 3. We have min(a(i), (7)) = 0 for all 5. Moreover, there exists an ¢ with a(i) = b(:) = 0.

Proof. Both statements in the lemma are invariant under the procedure in Lemma 2. Apply
this procedure repeatedly, to replace all instances of the maximum value in one of the sequences
with 1, until both sequences consist of zeroes and ones. It suffices to check the lemma statement
for the obtained pair of sequences.

Suppose that a(i) = b(i) = 1 for some 4. Since the sequences remain non-constant, we may
and will assume that min(a(i — 1),b(: — 1)) = 0, say a(i — 1) = 0. But then the b(¢)-harmonic
property is violated for a(i), as a(i + 1) < 1.

Suppose now that there is no i with a(i) = b(¢) = 0. This means that for every index i we
have either a(i) = 1 and b(i) = 0, or a(i) = 0 and b(i) = 1. There is a pair of adjacent indices
having different types, so that a(i) = b(: +1) =1 and a(i + 1) = b(i) = 0. But then b(7) violates
the a(i)-harmonic property. O

Lemma 3 readily yields that at least N +1 terms across both sequences are zeroes, as required.

Remark. It can be shown that there are at least IV 4 2 zeroes across both sequences, a bound
achieved if, for instance, a = (0,0,1,1,...,1,0) and b = (1,0,0,...,0).



Problem 3. In a country there are n airports and n air companies operating return flights.
Each company operates an odd number of flights forming a closed route. Prove that a traveller
can complete a closed route consisting of an odd number of flights operated by pairwise distinct
companies.

ISRAEL, RON AHARONI
Solution. In graph-theoretic setting, the statement reads:

Consider a collection of n odd cycles, not necessarily distinct, all on the same vertex
set of size n. Prove that at most one edge can be chosen from each of these cycles to
form a collection that contains the edges of an odd cycle.

Call a set of edges rainbow if it is formed by choosing at most one edge from each cycle. We
have to prove that there exists a rainbow cycle of odd length.

Begin by choosing a maximal rainbow forest F', that is, an acyclic rainbow set of edges.

Since F' is acyclic, its size is less than n, so there is a cycle C' in the collection no edge of which
lies in F'. The forest F' contains every vertex of C', for otherwise an edge of C incident with a
vertex outside F' could be added to F to form a larger rainbow forest, contradicting maximality.
Moreover, no edge of C joins different components of F', for one such could again be added to F'
to contradict maximality.

Consequently, the vertices of C all lie in some component of F, a tree T. As such, T is
bipartite, that is, its vertices split into two disjoint parts, and all edges are between the two.
Since C' is an odd cycle, it has an edge whose endpoints both lie in the same part. This edge
then completes an odd rainbow cycle.
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Day 2 — Solutions

Problem 4. Let N be the set of all positive integers. A subset A of N is sum-free if, whenever
x and y are (not necessarily distinct) members of A, their sum z + y does not belong to A.
Determine all surjective functions f: N — N such that, for each sum-free subset A of N, the
image {f(a): a € A} is again sum-free.

INDIA, SUTANAY BHATTACHARYA

Solution. The identity is the only surjection of the positive integers onto themselves sending
every sum-free set onto a sum-free set (no verification is needed, of course).

To prove this, fix a function f satisfying the conditions in the statement, and proceed in
several steps.

Step 1. Notice that a 2-element set {z,y}, where z < y, is not sum-free if and only if y = 2.
Choose any a € N, and for any i > 0 choose some z; such that f(x;) = 2'a. The set
f({zi,xiy1}) is not sum-free, so neither is {z;, x;11}, whence x; = 2z, or x;+; = 2z;. Since the
x; are all distinct, the same option should hold for all i. The former option yields z; = 2927°
which cannot hold for large enough i. So z;+1 = 2x; for all i.
Therefore, f(2x) = 2f(z) for all x, and, moreover, x is the only argument t with f(t) =
f(2z)/2. Therefore, f is injective (and hence bijective).

Step 2. Say that a 3-element set {a,b,c} is good if it is not sum-free, but each of its 2-element
subsets is (in other words, no element is twice another). It is easily seen that a set {a, b, ¢}, where
a < b, is good only if ¢ = b &+ a. Notice that the pre-image of a good set is also a good set, due
to Step 1.

Now let f(1) = a. We show that f(n) = an by induction on n. The base cases are n =
1,2,3,4,5; for n = 1,2,4 the result follows from Step 1.

Set t = f~1(3a) and s = f~!(5a). The sets {a, 4a,3a} and {a,4a,5a} are good, hence so are
{1,4,t} and {1,4, s}. Therefore, {s,t} = {3,5}. But the set {a,5a,6a} is also good, so the pair
{1, s} is contained in one more good set, which is not the case if s = 3, since {1, 3} is contained
in one single good set, namely, {1,4,3}. Thus ¢ = 3 and s = 5, which establishes the base.

For the induction step, assume that f(k) = ak for all k& < n, where n > 5. Choose t =
f~Y((n+1)a). Then the pair {a,na} is contained in two good sets, namely, {a,na, (n —1)a} and
{a,na,(n+1)a}. Their pre-images, {1,n,n — 1} and {1, n,t}, are also good, and injectivity of f
forces t = n + 1. This completes the induction step.

Finally, since f is surjective, 1 = f(n) = an for some positive integer n, so a = 1 = n.
Consequently, f is the identity, as claimed at the beginning of the solution.



Problem 5. A laitice point in the Cartesian plane is a point whose coordinates are both integral.
A lattice polygon is a polygon whose vertices are lattice points. Let I" be a convex lattice polygon.
Prove that I' is contained in a convex lattice polygon A exactly one vertex of which is not a vertex
of I', and the vertices of I" all lie on the boundary of A.

Russia, MaxiM DIDIN

Solution 1. Let T be the extra vertex of a desired polygon A; then A is the convex hull of T
and I'. Thus, a point T fits the bill if and only if this convex hull contains no vertices of I' in its
interior.

Each segment AB joining two lattice points is partitioned by lattice points into congruent
elementary segments. Define the elementary length {(AB) of AB to be the length of any of those
elementary segments.

Take any three consecutive sides AB, BC, and CD on the boundary of I'. Consider the
convex region bounded by the segment BC' and the rays complementary to the rays BA and C'D
(including the boundary). If this region is unbounded (see the left figure below), then it con-
tains some lattice point T' (e.g., the point with ﬁ = Jﬁ), and any such point 7" satisfies the
problem requirements. Thus, in what follows we assume that the two rays cross each other at
some point X. Assume further that the triangle BC' X contains no lattice points outside the
segment BC', as any other such point would satisfy the requirements.

Let C, be a lattice point on the segment BC such that BC, = ¢(BC), let X, be the point
on BX such that C, X, || CX, and let D, be the point such that CTD: = ﬁ (see the right
figure below). Then the triangle BC, X, contains no lattice points apart from B and C.

Consider the half-plane determined by the line BC' and containing no interior points of I'. Let
¢ be the line in that half-plane parallel to BC, containing some lattice points, and nearest to BC
among such. Let the ray AB meet ¢ at a point A’ which belongs to the elementary segment KL
on ¢ (we assume that ﬁ = BC,; the point A" may coincide with L but not with K). Then the
ray D,C\ crosses the ray LK (excluding L), otherwise L lies in the triangle BC, X,.

The only lattice points contained in the parallelogram BK LC, are its vertices. This yields
that there are no lattice points strictly indise the strip defined by the parallel lines BK and C, L.

A
A

Let M and N be the meeting points of the rays BX,, Ci«L and C, X, BK, respectively. Then
the segments BM and C.N contain no lattice points except their endpoints, so /(AB) > BM
and ((DC) = {(D.Cy) > C,N. Therefore,

BX, C. X, < BX. C.X. BX, MX.,

iaB) Twepy S B YNy T Bm T B T h ()

Choose now BC' to be a side of largest elementary length. Then
BX. Ci X, S BX.+C X« BX,+C.X,

A 2)7am T wep) = wBo) BC,




which contradicts the triangle inequality.

Comments. (1) The usage of elementary length seems to be crucial. In particular, under the
assumption that the triangle BC X contains no lattice points outside BC, an inequality

BX . cX <1
AB  CD —
similar to (x) does not necessarily hold.

(2) Any lattice parallelogram of unit area may be transformed into a unit square by an affine
transform preserving the set of lattice points. If one applies such a transform to the parallelo-
gram BK LC,, inequality (x) may become more transparent.

The key inequality (x) is preserved by affine transforms preserving the lattice, so the above
solution is in some sense “affine”. In contrast, the next solution, although involving similar ideas,
is more “Euclidean”.

Solution 2. We use the same notions of elementary segments and elementary lengths as in
Solution 1. We say that a segment is sloped if it is neither horizontal nor vertical. If I' has no
sloped sides, then I' is a rectangle, and the problem statement is trivial: one may choose any
lattice point on the extension of any side. So, in what follows, we assume that I" has a sloped
side.

Lemma 1. Let BC be a sloped segment of the boundary of I' with no lattice points in its
interior, and let P be a lattice point such that the segments PB and PC are not sloped, and
the triangle PBC lies outside I'. Then there exists a unique lattice point X in the triangle PBC
such that the area of the triangle X BC is 1/2.

Proof. Choose a lattice point @) such that PBQC is a rectangle. As in Solution 1, let £ denote the
line through some lattice point parallel to BC, lying outside I', and nearest to the line BC under
these constraints (see the left figure below). The line ¢ crosses the interior of the angle BQC
along an interval of length > BC so this interval should contain a lattice point X. The triangle
X BC contains no lattice points apart from the vertices, so its area is 1/2 due to Pick’s formula.
Moreover, any such point X should lie within the angle BPC', and ¢ crosses this angle along a
segment of length < BC'. Hence X is the required unique lattice point. O

B Q A,
Denote the point X defined in Lemma 1 by f(AB).

Lemma 2. Let AB and BC' be two consecutive sides on the boundary of I', and let BA, and BC,
be elementary segments on the sides BA and BC, respectively. Assume that both coordinates of
B7j” are positive, and that the line AB strictly separates the points C' and X = f(BCy). Then
both coordinates of the vector m are also positive, and BA, > BC,.

Proof. Since AB separates X and C, the vector m is a linear combination of ¢ = B—C'*> and
T = BX with positive coefficients; so the coordinates of m are positive. Since the area of the
triangle BXC' equals 1/2, the vectors ¢ and Z span the whole lattice, so the coefficients of the
linear combination are integers. Finally, the angle between ¢ and T is acute, so BA, = |m | >

V0e? +|Z)? > |¢] = BC., as desired. O



Now, choose a sloped side BC' of I' of a maximal elementary length, and let ABCD be the
corresponding part of the boundary of I'. Let C and B, be the points on the segment BC' such
that BC, = B,C = {(BC). Let X = f(BC,) and X' = f(B.C). Then, due to Lemma 2, the line
AB does not separate X and C, and the line C'D does not separate X’ and B. Therefore, the
segment X X’ lies in the same angle of the lines AB and C'D as I', so X may serve as a suitable
vertex T' of A.



Problem 6. For an integer n > 1, let gpf(n) denote the greatest prime factor of n. A strange
pair is an unordered pair of distinct primes p and ¢ such that {p,q} = {gpf(n), gpf(n + 1)} for
no integer n > 1. Prove that there exist infinitely many strange pairs.

Russia, DMITRY KRACHUN

Solution. We show that there are infinitely many strange pairs of the form {2, ¢} where ¢ is an
odd prime.

The Lemma below provides a sufficient condition for such a pair to be strange. For an odd
prime g, let ordy(2) denote the multiplicative order of 2 modulo g, i.e., the least positive integer s
satisfying ¢ | 2° — 1.

Lemma. If some primes 2 < ¢; < go satisfy ordy, (2) = ordg,(2), then {2, ¢} is a strange pair.
Proof. Arguing indirectly, suppose first that 2 = gpf(n) and ¢; = gpf(n+1); in particular, n = 2F
for some positive integer k, and ¢; | 2% + 1. This yields ¢; | 22 — 1, so ordg,(2) = ord,, (2) | 2k.
Therefore, o | 22 — 1 = (28 — 1)(2¥ + 1), but g2 1 2¥ — 1, hence g2 | 2% + 1. So gpf(n + 1) > ¢o,
which is a contradiction.

Similarly, but easier, if 2 = gpf(n + 1) and q; = gpf(n), then n + 1 = 2¥, so ord,,(2) =
ord,, (2) | k and hence g | 2F — 1. Therefore, gpf(n + 1) > g2, a contradiction. O

It remains to show that there exist infinitely many disjoint pairs of primes q; < g2 satisfying
the conditions in the Lemma.
Let p=2r — 1 > 5 be a prime, and let N = 2%’ 4+ 1. We prove that:

(1) N has at least two distinct prime factors greater than 5; and
(2) ordy(2) = 4p for every prime factor ¢ > 5 of N.

Thus, every prime p > 5 provides a pair of odd primes satisfying the conditions in the Lemma.
Moreover, (2) shows that distinct primes p > 5 provide disjoint such pairs, whence the conclusion.

To prove (1), notice that 31 N, and write N = (4+1)-(4P~1 —4P=24... 4 1) = 5p (mod 25),
to infer that 251 N.

Next, write N = (2P 4+ 1)? — 2P*1 = (2P — 2" 4 1)(2P + 2" 4+ 1). The two factors are coprime
(since they are odd, and their difference is 2"71), and each is larger than 5. Hence each has a
prime factor greater than 5. This establishes (1).

To prove (2), consider a prime factor ¢ > 5 of N, and notice that ordy(2) | 4p, since ¢ | N |
24 — 1. If ord,(2) < 4p, then either ord,(2) | 2p or ordy(2) | 4. The former is impossible due to
2?27 — 1 =N —2 = -2 (mod q), the latter — due to q 1 15 = 2% — 1. This establishes (2) and
completes the proof.



The 13" Romanian Master of Mathematics Competition

Day 1: Tuesday, October 12, 2021, Bucharest

Language: English

Problem 1. Let T1, 15, T3, Ty be pairwise distinct collinear points such
that T5 lies between T and T3, and T3 lies between T5 and Ty. Let wy be
a circle through 77 and Ty; let we be the circle through 75 and internally
tangent to wy at T7; let w3 be the circle through 73 and externally tangent
to wo at T5; and let wy4 be the circle through 7, and externally tangent to ws
at T3. A line crosses wy at P and W, wo at Q and R, w3 at S and T, and wy
at U and V, the order of these points along the line being P, @, R, S, T,
U,V,W. Prove that PQ +TU = RS+ VW.

Problem 2. Xenia and Sergey play the following game. Xenia thinks of a
positive integer N not exceeding 5000. Then she fixes 20 distinct positive
integers aq, as, ..., agy such that, for each £k =1,2,...,20, the numbers N
and aj are congruent modulo k. By a move, Sergey tells Xenia a set S of
positive integers not exceeding 20, and she tells him back the set {ax: k € S}
without spelling out which number corresponds to which index. How many
moves does Sergey need to determine for sure the number Xenia thought of?

Problem 3. A number of 17 workers stand in a row. Every contiguous
group of at least 2 workers is a brigade. The chief wants to assign each
brigade a leader (which is a member of the brigade) so that each worker’s
number of assignments is divisible by 4. Prove that the number of such ways
to assign the leaders is divisible by 17.

Each of the three problems is worth 7 marks.
Time allowed 4% hours.



The 13" Romanian Master of Mathematics Competition

Day 2: Wednesday, October 13, 2021, Bucharest

Language: English

Problem 4. Consider an integer n > 2 and write the numbers 1, 2, ..., n down on
a board. A move consists in erasing any two numbers a and b, then writing down
the numbers a + b and |a — b| on the board, and then removing repetitions (e.g.,
if the board contained the numbers 2,5, 7,8, then one could choose the numbers
a = 5 and b = 7, obtaining the board with numbers 2,8,12). For all integers
n > 2, determine whether it is possible to be left with exactly two numbers on the
board after a finite number of moves.

Problem 5. Let n be a positive integer. The kingdom of Zoomtopia is a convex
polygon with integer sides, perimeter 6n, and 60° rotational symmetry (that is,
there is a point O such that a 60° rotation about O maps the polygon to itself).
In light of the pandemic, the government of Zoomtopia would like to relocate its
3n? + 3n + 1 citizens at 3n% + 3n + 1 points in the kingdom so that every two
citizens have a distance of at least 1 for proper social distancing. Prove that this
is possible. (The kingdom is assumed to contain its boundary.)

Problem 6. Initially, a non-constant polynomial S(x) with real coefficients is
written down on a board. Whenever the board contains a polynomial P(z), not
necessarily alone, one can write down on the board any polynomial of the form
P(C+x) or C+ P(z), where C'is a real constant. Moreover, if the board contains
two (not necessarily distinct) polynomials P(x) and Q(x), one can write P(Q(x))
and P(x)+Q(x) down on the board. No polynomial is ever erased from the board.
Given two sets of real numbers, A = {a;,a2,...,a,} and B = {b1,ba,...,b,}, a
polynomial f(z) with real coefficients is (A4, B)-nice if f(A) = B, where f(A) =
{fla;):i=1,2,...,n}.

Determine all polynomials S(x) that can initially be written down on the board
such that, for any two finite sets A and B of real numbers, with |A| = |B|, one
can produce an (A, B)-nice polynomial in a finite number of steps.

Each of the three problems is worth 7 marks. Time allowed 4% hours.
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Problem 1. Let T3, 15, T3, T4 be pairwise distinct collinear points such that 75 lies between T3
and T3, and T3 lies between T5 and 7. Let w; be a circle through 77 and Ty; let we be the circle
through 75 and internally tangent to w; at T7; let ws be the circle through 75 and externally
tangent to we at Th; and let wy be the circle through T4 and externally tangent to ws at T5. A
line crosses wy at P and W, we at () and R, w3 at S and T, and w4 at U and V, the order of
these points along the line being P, @, R, S, T, U, V, W. Prove that PQ +TU = RS+ VW.

HuNnGARY, GEzA KOs

Solution. Let O; be the centre of w;, 1 = 1,2,3,4. Notice that the isosceles triangles O;T;T;_1
are similar (indices are reduced modulo 4), to infer that wy is internally tangent to wy at Ty, and
0102030y is a (possibly degenerate) parallelogram.

Let F; be the foot of the perpendicular from O; to PW. The F; clearly bisect the segments
PW, QR, ST and UV, respectively.

The proof can now be concluded in two similar ways.

T T et
First Approach. Since 0102030, is a parallelogram, F1 Fs + F3F; = 0 and FyF3 + FyFy = 0;
this still holds in the degenerate case, for if the O; are collinear, then they all lie on the line 117},
and each O; is the midpoint of the segment T;7T;,1. Consequently,

PO—RS+TU — VW = (PF1+FJ§+FQQ> — (RF2+F2F3+F§§>
+ (TR + BFy+ FU) - (VE + BF + BW)
= (PEL - FW) - (RE - BG) + (TF - B8) - (VF - BaD)

+ (F1F2 + F3F4) - (F2F3 n F4F1) = 0.

—
Alternatively, but equivalently, I@ + T—U> = }@ + VW, as required.

Second Approach. This is merely another way of reading the previous argument. Fix an
orientation of the line PW, say, from P towards W, and use a lower case letter to denote the
coordinate of a point labelled by the corresponding upper case letter.

Since the diagonals of a parallelogram bisect one another, fi + f3 = fo + f4, the common
value being twice the coordinate of the projection to PW of the point where O103 and 0204
cross; the relation clearly holds in the degenerate case as well.



Plug fi = 1(p+w), fo = 3(g+7), f3 = 3(s+1t) and f1 = &(u+v) into the above equality to
get p+w+s+t = qg+r+u+wv. Alternatively, but equivalently, (¢ —p)+ (u—t) = (s—7r)+ (w—v),
that is, PQ +TU = RQ + VW, as required.



Problem 2. Xenia and Sergey play the following game. Xenia thinks of a positive integer N not
exceeding 5000. Then she fixes 20 distinct positive integers a1, as, ..., agg such that, for each
k=1,2,...,20, the numbers N and aj are congruent modulo k. By a move, Sergey tells Xenia
a set S of positive integers not exceeding 20, and she tells him back the set {ay: k € S} without
spelling out which number corresponds to which index. How many moves does Sergey need to
determine for sure the number Xenia thought of?

RussiA, SERGEY KUDRYA

Solution. Sergey can determine Xenia’s number in 2 but not fewer moves.

We first show that 2 moves are sufficient. Let Sergey provide the set {17,18} on his first
move, and the set {18,19} on the second move. In Xenia’s two responses, exactly one number
occurs twice, namely, a;g. Thus, Sergey is able to identify ai7, a1g, and a9, and thence the
residue of N modulo 17-18-19 = 5814 > 5000, by the Chinese Remainder Theorem. This means
that the given range contains a single number satisfying all congruences, and Sergey achieves his
goal.

To show that 1 move is not sufficient, let M = lem(1,2,...,10) = 23-3%2.5.7 = 2520. Notice
that M is divisible by the greatest common divisor of every pair of distinct positive integers not
exceeding 20. Let Sergey provide the set S = {s1,s2,...,sr}. We show that there exist pairwise
distinct positive integers by, ba, ..., by such that 1 = b; (mod s;) and M + 1 = b;—; (mod s;)
(indices are reduced modulo k). Thus, if in response Xenia provides the set {b1,bs, ..., b}, then
Sergey will be unable to distinguish 1 from M + 1, as desired.

To this end, notice that, for each ¢, the numbers of the form 1+ ms;, m € Z, cover all residues
modulo s;4; which are congruent to 1 (= M + 1) modulo ged(s;, si+1) | M. Xenia can therefore
choose a positive integer b; such that b; =1 (mod s;) and b; = M + 1 (mod s;41). Clearly, such
choices can be performed so as to make the b; pairwise distinct, as required.



Problem 3. A number of 17 workers stand in a row. Every contiguous group of at least 2
workers is a brigade. The chief wants to assign each brigade a leader (which is a member of the
brigade) so that each worker’s number of assignments is divisible by 4. Prove that the number
of such ways to assign the leaders is divisible by 17.

RussiA, MIKHAIL ANTIPOV

Solution. Assume that every single worker also forms a brigade (with a unique possible leader).
In this modified setting, we are interested in the number N of ways to assign leadership so that
each worker’s number of assignments is congruent to 1 modulo 4.

Consider the variables x1, x2, ..., x17 corresponding to the workers. Assign each brigade
(from the i-th through the j-th worker) the polynomial fi; = x; + z41 + - - + x;, and form the
product f = [];;< j<17 fij- The number N is the sum Y(f) of the coefficients of all monomials
] x5? ... x]7" in the expansion of f, where the o are all congruent to 1 modulo 4. For any poly-
nomial P, let ¥(P) denote the corresponding sum. From now on, all polynomials are considered
with coefficients in the finite field Fq7.

Recall that for any positive integer n, and any integers ai, as, ..., a,, there exist indices
i < j such that a; + aj41 + -+ + a; is divisible by n. Consequently, f(a1,a2,...,a17) = 0 for
all ai, az, ..., aiy in IF17.

Now, if some monomial in the expansion of f is divisible by xi”, replace that xi” by x;;
this does not alter the above overall vanishing property (by Fermat’s Little Theorem), and pre-
serves 3(f). After several such changes, f transforms into a polynomial g whose degree in each
variable does not exceed 16, and g(ai,as,...,a17) = 0 for all a1, a9, ..., ai7 in Fi7. For such
a polynomial, an easy induction on the number of variables shows that it is identically zero.
Consequently, ¥(g) = 0, so X(f) = 0 as well, as desired.



The 13" Romanian Master of Mathematics Competition

Day 2 — Solutions

Problem 4. Consider an integer n > 2 and write the numbers 1, 2, ..., n down on a board. A
move consists in erasing any two numbers a and b, and, for each ¢ in {a + b, |a — b}, writing ¢
down on the board, unless c is already there; if ¢ is already on the board, do nothing. For all
integers n > 2, determine whether it is possible to be left with exactly two numbers on the board
after a finite number of moves.

CHINA

Solution. The answer is in the affirmative for all n > 2. Induct on n. Leaving aside the trivial
case n = 2, deal first with particular cases n =5 and n = 6.

If n = 5, remove first the pair (2,5), notice that 3 = |2 — 5| is already on the board, so
7 =2+ 5 alone is written down. Removal of the pair (3,4) then leaves exactly two numbers on
the board, 1 and 7, since |3 + 4| are both already there.

If n = 6, remove first the pair (1,6), notice that 5 = |1 — 6| is already on the board, so
7 = 1+ 6 alone is written down. Next, remove the pair (2,5) and notice that |2 £ 5| are both
already on the board, so no new number is written down. Finally, removal of the pair (3,4)
provides a single number to be written down, 1 = |3 — 4], since 7 = 3+ 4 is already on the board.
At this stage, the process comes to an end: 1 and 7 are the two numbers left.

In the remaining cases, the problem for n is brought down to the corresponding problem
for [n/2] < n by a finite number of moves. The conclusion then follows by induction.

Let n = 4k or 4k —1, where k is a positive integer. Remove the pairs (1,4k—1), (3,4k—3), ...,
(2k—1,2k+1) in turn. Each time, two odd numbers are removed, and the corresponding ¢ = |a=b|
are even numbers in the range 2 through 4k, of which one is always 4k. These even numbers are
already on the board at each stage, so no c is to be written down, unless n = 4k — 1 in which
case 4k is written down during the first move. The outcome of this k-move round is the string
of even numbers 2 through 4k written down on the board. At this stage, the problem is clearly
brought down to the case where the numbers on the board are 1, 2, ..., 2k = [n/2], as desired.

Finally, let n = 4k + 1 or 4k +2, where k > 2. Remove first the pair (4, 2k + 1) and notice that
no new number is to be written down on the board, since 4 + (2k +1) =2k +5 <4k +1 < n.
Next, remove the pairs (1,4k + 1), (3,4k — 1), ..., (2k — 1,2k + 3) in turn. As before, at each
of these stages, two odd numbers are removed; the corresponding ¢ = |a £ b| are even numbers,
this time in the range 4 through 4k + 2, of which one is always 4k + 2; and no new numbers are
to be written down on the board, except 4 = [(2k — 1) — (2k + 3)| during the last move, and,
possibly, 4k +2 = 1+ (4k + 1) during the first move if n = 4k + 1. Notice that 2 has not yet been
involved in the process, to conclude that the outcome of this (k + 1)-move round is the string of
even numbers 2 through 4k + 2 written down on the board. At this stage, the problem is clearly
brought down to the case where the numbers on the board are 1, 2, ..., 2k + 1 = [n/2], as
desired.

Solution 2. We will prove the following, more general statement:

Claim. Write down a finite number (at least two) of pairwise distinct positive integers on a
board. A move consists in erasing any two numbers a and b, and, for each ¢ in {a + b, |a — b|},
writing ¢ down on the board, unless c is already there; if ¢ is already on the board, do nothing.
Then it is possible to be left with exactly two numbers on the board after a finite number of moves.



Notice that, if we divide all numbers on the board by some common factor, the resulting
process goes on equally well. Such a reduction can therefore be performed after any move.

Notice that we cannot be left with less than two numbers. So it suffices to show that, given k&
positive integers on the board, k > 3, we can always decrease their number by at least 1. Arguing
indirectly, choose a set of k > 3 positive integers S = {a1,...,ax} which cannot be reduced in
size by a sequence of moves, having a minimal possible sum ¢. So, in any sequence of moves
applied to S, two numbers are erased and exactly two numbers appear on each move. Moreover,
the sum of any resulting set of £ numbers is at least o.

Notice that, given two numbers a > b on the board, we can replace them by a + b and
a — b, and then, performing a move on the two new numbers, by (a + b) + (¢ — b) = 2a and
(a+b) — (a — b) = 2b. So we can double any two numbers on the board.

We now show that, if the board contains two even numbers a and b, we can divide them both
by 2, while keeping the other numbers unchanged. If k is even, split the other numbers into pairs
to multiply each pair by 2; then clear out the common factor 2. If k is odd, split all numbers but
a into pairs to multiply each by 2; then do the same for all numbers but b; finally, clear out the
common factor 4.

Back to the problem, if two of the numbers aq, ..., a; are even, reduce them both by 2 to get
a set with a smaller sum, which is impossible. Otherwise, two numbers, say, a; < ao, are odd,
and we may replace them by the two even numbers a1 + a2 and as — a1, and then by %(al + ag)
and %(ag —ay), to get a set with a smaller sum, which is again impossible.



Problem 5. Let n be a positive integer. The kingdom of Zoomtopia is a convex polygon with
integer sides, perimeter 6n, and 60° rotational symmetry (that is, there is a point O such that
a 60° rotation about O maps the polygon to itself). In light of the pandemic, the government of
Zoomtopia would like to relocate its 3n% + 3n + 1 citizens at 3n% + 3n + 1 points in the kingdom
so that every two citizens have a distance of at least 1 for proper social distancing. Prove that
this is possible. (The kingdom is assumed to contain its boundary.)

USA, ANKAN BHATTACHARYA

Solution. Let P denote the given polygon, i.e., the kingdom of Zoomtopia. Throughout the
solution, we interpret polygons with integer sides and perimeter 6k as 6k-gons with unit sides
(some of their angles may equal 180°). The argument hinges on the claim below:

Claim. Let P be a convex polygon satisfying the problem conditions — i.e., it has integer sides,
perimeter 6n, and 60° rotational symmetry. Then P can be tiled with unit equilateral triangles
and unit lozenges with angles at least 60°, with tiles meeting completely along edges, so that the
tile configuration has a total of exactly 3n? + 3n + 1 distinct vertices.

Proof. Induct on n. The base case, n = 1, is clear.

Now take a polygon P of perimeter 6n > 12. Place six equilateral triangles inwards on six
edges corresponding to each other upon rotation at 60°. It is possible to stick a lozenge to each
other edge, as shown in the Figure below.

We show that all angles of the lozenges are at least 60°. Let an edge XY of the polygon
bearing some lozenge lie along a boundary segment betwgg edges AB and C'D bearing equilateral
triangles ABP and CD(Q. Then the angle formed by XY and B? is between those formed by
E, BT; and C@, C@, i.e., between 60° and 120°, as desired.

Removing all obtained tiles, we get a 60°-symmetric convex 6(n—1)-gon with unit sides which
can be tiled by the inductive hypothesis. Finally, the number of vertices in the tiling of P is
6n+3(n—124+3n—1)+1=3n%+3n+1, as desired.

Using the Claim above, we now show that the citizens may be placed at the 3n? + 3n + 1 tile
vertices.

Consider any tile T7; its vertices are at least 1 apart from each other. Moreover, let BAC be
a part of the boundary of some tile T', and let X be any point of the boundary of T', lying outside
the half-open intervals [A, B) and [A, C') (in this case, we say that X is not adjacent to A). Then
AX >+/3)/2.

Now consider any two tile vertices A and B. If they are vertices of the same tile we already
know AB > 1; otherwise, the segment AB crosses the boundaries of some tiles containing A and B
at some points X and Y not adjacent to A and B, respectively. Hence AB > AX+Y B > /3 > 1.



Problem 6. Initially, a non-constant polynomial S(z) with real coefficients is written down on
a board. Whenever the board contains a polynomial P(x), not necessarily alone, one can write
down on the board any polynomial of the form P(C +x) or C'+ P(z), where C' is a real constant.
Moreover, if the board contains two (not necessarily distinct) polynomials P(z) and Q(z), one
can write P(Q(x)) and P(z) + Q(z) down on the board. No polynomial is ever erased from the
board.

Given two sets of real numbers, A = {aj,ag,...,a,} and B = {b1,ba,...,b,}, a polyno-
mial f(x) with real coefficients is (A, B)-nice if f(A) = B, where f(A) ={f(a;): i =1,2,...,n}.

Determine all polynomials S(z) that can initially be written down on the board such that,
for any two finite sets A and B of real numbers, with |A| = | B|, one can produce an (A, B)-nice
polynomial in a finite number of steps.

IRAN, NAVID SAFAEI

Solution. The required polynomials are all polynomials of an even degree d > 2, and all
polynomials of odd degree d > 3 with negative leading coefficient.

Part I. We begin by showing that any (non-constant) polynomial S(x) not listed above is not
(A, B)-nice for some pair (A, B) with either |A| = |B| =2, or |A| = |B| = 3.

If S(x) is linear, then so are all the polynomials appearing on the board. Therefore, none of
them will be (A, B)-nice, say, for A ={1,2,3} and B = {1, 2,4}, as desired.

Otherwise, deg S = d > 3 is odd, and the leading coefficient is positive. In this case, we make
use of the following technical fact, whose proof is presented at the end of the solution.

Claim. There exists a positive constant 7" such that S(x) satisfies the following condition:

S()—S(a) >b—a whenever b—a>T. (%)

Fix a constant T provided by the Claim. Then, an immediate check shows that all newly
appearing polynomials on the board also satisfy (%) (with the same value of T'). Therefore, none
of them will be (A, B)-nice, say, for A ={0,T} and B = {0,7/2}, as desired.

Part II. We show that the polynomials listed in the Answer satisfy the requirements. We will
show that for any a; < ag < --- < a, and any b; < by < --- < b, there exists a polynomial f(x)
satisfying f(a;) = by(;) for all i = 1,2,...,n, where o is some permutation.

The proof goes by induction on n > 2. It is based on the following two lemmas, first of which
is merely the base case n = 2; the proofs of the lemmas are also at the end of the solution.

Lemma 1. For any a; < a2 and any by, be one can write down on the board a polynomial F'(x)
satisfying F'(a;) = b;, i = 1, 2.

Lemma 2. For any distinct numbers a; < ag < --+ < a, one can produce a polynomial F'(x)
on the board such that the list F'(a1), F(a2), ..., F(a,) contains exactly n — 1 distinct numbers,
and F'(a;) = F(ag).

Now, in order to perform the inductive step, we may replace the polynomial S(z) with its
shifted copy S(C + x) so that the values S(a;) are pairwise distinct. Applying Lemma 2, we
get a polynomial f(z) such that only two among the numbers ¢; = f(a;) coincide, namely c;
and cy. Now apply Lemma 1 to get a polynomial g(z) such that g(a;) = by and g(a2) = bs.
Apply the inductive hypothesis in order to obtain a polynomial h(x) satisfying h(c;) = b; — g(a;)
for all ¢ = 2,3,...,n. Then the polynomial h(f(x)) + g(z) is a desired one; indeed, we have
h(f(a;)) + g(ai) = h(e) + gla;)) = b; for all @ = 2,3,...,n, and finally h(f(a1)) + g(a1) =
h(c1) + g(a1) = b2 — g(az) + g(a1) = bs.

It remains to prove the Claim and the two Lemmas.

Proof of the Claim. There exists some segment A = [, §'] such that S(x) is monotone increasing
outside that segment. Now one can choose o < o/ and § > ' such that S(«) < mingea S(x) and

4



S(B) > maxzea S(z). Therefore, for any x,y,z with z < a <y < <z we get S(z) < S(a) <
S(y) < 5(B) < S(z).

We may decrease o and increase [ (preserving the condition above) so that, in addition,
S'(z) > 3 for all z ¢ [, B]. Now we claim that the number T' = 3(8 — «) fits the bill.

Indeed, take any a and b with b —a > T'. Even if the segment [a, b] crosses [«, /3], there still
is a segment [a’, V'] C [a,b] \ (o, B) of length &' —a’ > (b — a)/3. Then

S(b) = S(a) = S() = S(d') = (V —a') - S'(§) =30 —a') = b—a

for some € € (d/, V).

Proof of Lemma 1. If S(x) has an even degree, then the polynomial T'(z) = S(z+a2) — S(z+a1)
has an odd degree, hence there exists xg with T'(xg) = S(xg + a2) — S(xg 4+ a1) = by — by. Setting
G(z) = S(z+z0), we see that G(az)—G(a;) = ba—by, so a suitable shift F(z) = G(z)+(b;—G(a1))
fits the bill.

Assume now that S(x) has odd degree and a negative leading coefficient. Notice that the
polynomial S?(z) := S(S(x)) has an odd degree and a positive leading coefficient. So, the
polynomial S?(x +az) — S%(z + a1) attains all sufficiently large positive values, while S(z 4 ag) —
S(xz + a1) attains all sufficiently large negative values. Therefore, the two-variable polynomial
S%(z + ag) — S*(x + a1) + S(y + az) — S(y + a1) attains all real values; in particular, there
exist g and yo with S?(x¢ + az) + S(yo + a2) — S%(zo + a1) — S(yo + a1) = bs — by. Setting
G(z) = S?*(z + w0) + S(z + yo), we see that G(az) — G(a1) = by — by, so a suitable shift of G fits
the bill.

Proof of Lemma 2. Let A denote the segment [a1; a,]. We modify the proof of Lemma 1 in order
to obtain a polynomial F' convex (or concave) on A such that F'(a;) = F(ag); then F is a desired
polynomial. Say that a polynomial H(x) is good if H is convex on A.

If deg S is even, and its leading coefficient is positive, then S(z + ¢) is good for all sufficiently
large negative ¢, and S(ag2 + ¢) — S(a; + ¢) attains all sufficiently large negative values for such c.
Similarly, S(z + ¢) is good for all sufficiently large positive ¢, and S(a2 + ¢) — S(a; + ¢) attains
all sufficiently large positive values for such c. Therefore, there exist large ¢; < 0 < ¢g such that
S(z 4+ c1) + S(x + ¢2) is a desired polynomial. If the leading coefficient of H is negative, we
similarly find a desired polynomial which is concave on A.

If degS > 3 is odd (and the leading coefficient is negative), then S(z + ¢) is good for all
sufficiently large negative ¢, and S(as+c¢) — S(a1 + ¢) attains all sufficiently large negative values
for such ¢. Similarly, S%(z+-c) is good for all sufficiently large positive ¢, and S?(az+c)—S?(ai+c)
attains all sufficiently large positive values for such c¢. Therefore, there exist large ¢; < 0 < o
such that S(z + ¢1) + S?(z 4 ¢2) is a desired polynomial.

Comment. Both parts above allow some variations.
In Part I, the same scheme of the proof works for many conditions similar to (x), e.g.,

S()—S(a) >T whenever b—a > T.

Let us sketch an alternative approach for Part II. It suffices to construct, for each ¢, a poly-
nomial f;(x) such that f;(a;) = b; and fi(a;) = 0, j # i. The construction of such polynomials
may be reduced to the construction of those for n = 3 similarly to what happens in the proof of
Lemma 2. However, this approach (as well as any in this part) needs some care in order to work

properly.



The 14" Romanian Master of Mathematics Competition

Day 1: Wednesday, March 1%, 2023, Bucharest

Language: English

Problem 1. Determine all prime numbers p and all positive integers x
and y satisfying
2 +y° = p(zy +p).

Problem 2. Fix an integer n > 3. Let S be a set of n points in the plane,
no three of which are collinear. Given different points A, B,C in S, the
triangle ABC' is nice for AB if Area(ABC) < Area(ABX) for all X in S
different from A and B. (Note that for a segment AB there could be several
nice triangles.) A triangle is beautiful if its vertices are all in S and it is nice
for at least two of its sides.

Prove that there are at least 1(n — 1) beautiful triangles.

Problem 3. Let n > 2 be an integer, and let f be a 4n-variable polynomial
with real coefficients. Assume that, for any 2n points (z1,v1), ..., (Z2n, Y2n)
in the Cartesian plane, f(z1,91,...,%2n,Yy2,) = 0 if and only if the points
form the vertices of a regular 2n-gon in some order, or are all equal.

Determine the smallest possible degree of f.

(Note, for example, that the degree of the polynomial
g(w,y) = 42’y* +yr + & -2

is 7 because 7 =3 +4.)

Each problem is worth 7 marks.
Time allowed: 4% hours.



The 14" Romanian Master of Mathematics Competition

Day 2: Thursday, March 2°¢, 2023, Bucharest

Language: English

Problem 4. Given an acute triangle ABC, let H and O be its ortho-
centre and circumcentre, respectively. Let K be the midpoint of the line
segment AH. Also let ¢ be a line through O, and let P and @ be the
orthogonal projections of B and C' onto £, respectively.

Prove that KP+ KQ > B

Problem 5. Let P(z), Q(x), R(x) and S(x) be non-constant polynomials
with real coefficients such that P(Q(x )) = R(S(z)). Suppose that the degree
of P(z) is divisible by the degree of R(x).

Prove that there is a polynomial T'(x) with real coefficients such that

P(z) = R(T(x)).

Problem 6. Let 7,¢g,b be non-negative integers. Let I' be a connected
graph on r + g + b+ 1 vertices. The edges of I' are each coloured red, green
or blue. It turns out that I' has

e a spanning tree in which exactly r of the edges are red,
e a spanning tree in which exactly g of the edges are green and
e a spanning tree in which exactly b of the edges are blue.

Prove that I has a spanning tree in which exactly r of the edges are red,
exactly g of the edges are green and exactly b of the edges are blue.

(A spanning tree of T' is a graph which has the same vertices as I', with
edges which are also edges of I, for which there is exactly one path between
each pair of different vertices.)

Each problem is worth 7 marks.
Time allowed: 4% hours.



Problem 1. Determine all prime numbers p and all positive integers x and y satisfying 23+ =

p(zy + p).

Solution 1. Up to a swap of the first two en-
tries, the only solutions are (z,y,p) = (1,8,19),
(x,y,p) = (2,7,13) and (x,y,p) = (4,5,7). The
verification is routine.

Set s = x+y. Rewrite the equation in the form
s(s? — 3zy) = p(p + zy), and express zy :

§3 — p?

= . *
Y 35 +p (*)
In particular,
4 3 _ 2
82 Z 4xy _ (S p )
3s+p
or
(s = 2p)(s* + sp + 2p°) < p* = p’ <0,
S0 § < 2p.

If p | s, then s = p and zy = p(p — 1)/4
which is impossible for z + y = p (the equation
t? — pt + p(p — 1)/4 = 0 has no integer solutions).

If p1s, rewrite (*) in the form

p*(p+ 27)

27xy = (95> — 3 %) —
zy = (9s° — 3sp + p°) 351 1

Since p t s, this could be integer only if 3s + p |
p+ 27, and hence 3s +p | 27 — s.

If s #9, then [3s — 27| > 3s + p, so 27 — 3s >
3s + p, or 27 — p > 6s, whence s < 4. These cases
are ruled out by hand.

If s=ax+y =09, then (x) yields zy = 27 — p.
Up to a swap of = and y, all such triples (z,y,p)
are (1,8,19), (2,7,13), and (4,5,7).

Solution 2. Set again s = z 4+ y. It is readily
checked that s < 8 provides no solutions, so as-
sume s > 9. Notice that 2°+y3 = s(2? —zy+1y?) >
%133 and zy < 1s%. The condition in the statement
then implies s%(s — p) < 4p?, so s < p + 4.

Notice that p divides one of s and 2% — zy + y%.
The case p | s is easily ruled out by the con-
dition s < p + 4: The latter forces s = p,

SERBIA, DUSHAN DJUKITCH

soz? —zy+y? =ay+p,ie, (r—y)?=p, which
is impossible.

Hence p | 22 —ay +y? so 2 —axy +y? = kp
and xry + p = ks for some positive integer k, imply-
ing

s?+3p = k(3s + p). €

Recall that p 1 s to infer that 3k = s (mod p). We
now present two approaches.

1st Approach. Write 3k = s + mp for some
integer m and plug k = 3(s + mp) into (x*) to
get s = (9 —mp)/(3m + 1). The condition s > 9
then forces m = 0, so s = 9, in which case, up to a
swap of the first two entries, the solutions turn out
to be (z,y,p) = (1,8,19), (z,y,p) = (2,7,13) and
(CL’, y,p) = (47 53 7)

2nd Approach. Notice that k = S;j—f’;’ =3+

séj—jri) < 34+3(s—9) = +s < 3(p+3), since s < p+4.
Hence 3k < p + 3, and the congruence 3k = s
(mod p) then forces either 3k = s — p or 3k = s.

The case 3k = s — p is easily ruled out: Other-
wise, (kx) boils down to 2s + p + 9 = 0, which is
clearly impossible.

Finally, if 3k = s, then (*x) reduces to s = 9.
In this case, up to a swap of the first two en-

tries, the only solutions are (z,y,p) = (1,8,19),
(x,y,p) = (2,7,13) and (z,y,p) = (4,5,7).

Remark. The upper bound for k can equally
well be established by considering the variation
of (s*+3p)/(3s+p) for 1 < s < p+ 3. The maxi-
mum is achieved at s = p + 3:

s+3p  (p+3)°+3p p*+9p+9

max = =
1<s<p+3 35+ p 3p+3)+p 4p +9

p+td

3 9

so the integer 3k < p+3 <p+9 < p+ s and the
remainder of the proof now goes along the few final
lines above.



Problem 2. Fix an integer n > 3. Let S be a set of n points in the plane, no three of
which are collinear. Given different points A, B,C in S, the triangle ABC is nice for AB if

Area(ABC) < Area(ABX) for all X in S different from A and B. (Note that for a segment AB
there could be several nice triangles.) A triangle is beautiful if its vertices are all in S and it is

nice for at least two of its sides.

Prove that there are at least 3(n — 1) beautiful triangles.

Solution. For convenience, a triangle whose
vertices all lie in § will be referred to as a triangle
in §. The argument hinges on the following obser-
vation:

Given any partition of S, amongst all triangles
i S with at least one vertex in each part, those of
minimal area are all adequate.

Indeed, amongst the triangles under considera-
tion, one of minimal area is suitable for both sides
with endpoints in different parts.

We now present two approaches for the lower
bound.

1st Approach. By the above observation, the 3-
uniform hypergraph of adequate triangles is con-
nected. It is a well-known fact that such a hyper-
graph has at least %(n — 1) hyperedges, whence the
required lower bound

2nd Approach. For a partition S = ALIB, an area
minimising triangle as above will be called (A, B)-
minimal. Thus, (A, B)-minimal triangles are all ad-
equate.

Consider now a partition of S = A U B, where
|A| = 1. Choose an (A, B)-minimal triangle and
add to A its vertices from B to obtain a new par-
tition also written S = A LI B. Continuing, choose
an (A, B)-minimal triangle and add to A its ver-
tices/vertex from B and so on and so forth all the
way down for at least another %(n —b5) steps — this
works at least as many times, since at each step, B
loses at most two points. Clearly, each step provides
a new adequate triangle, so the overall number of
adequate triangles is at least %(n — 1), as required.

Remark. In fact, |n/2| is the smallest possible
number of adequate triangles, as shown by the the
configurations described below.

Let first n = 2k — 1. Consider a regular n-gon
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P =A1A;5... A,. Choose a point B; on the perpen-
dicular bisector of A;A;,, outside P and sufficiently
close to the segment A;A;,1. We claim that there
are exactly k —1 = |n/2| adequate triangles in the
set
S= {Ala A27 s 7Ak‘7 Bl7 BQ? sy Bk‘—l}'

Notice here that the arc A1 A, ... A, is less than half
of the circumcircle of P, so the angles ZA,A, A,
1 <u<v<w<k, are all obtuse.

To prove the claim, list the suitable triangles for
each segment.

For segments Az’Ai—l—l; Asz, and Bz’Ai+17 it is
AiBiAiq.

For segment A;A;iq, j > i+ 1, those are
A;BiAj and A;BjA;L .

For segment A;B;, 7 > i+ 1, it is A, B;B;.

For segment B;A;14, j > i+ 1, it is B;BjA;4;.

For segment B;B;, i < j, those are B;A;11B;
and BzAJB]

It is easily seen that the only triangles occur-
ring twice are A;B;A;11, hence they are the only
adequate triangles.

For n = 2k — 2, just remove A, from the
above example. This removes the adequate trian-
gle Aj_1By_1A; and provides only one new such in-
stead, namely, By _o2A,_1Bj_1. Consequently, there
are exactly k — 1 = |n/2| adequate triangles in the
set

S={A,A,,..

. 7AkflaBla 827 s e 7Bk71}-



Problem 3. Let n > 2 be an integer, and let f be a 4n-variable polynomial with real coefficients.

Assume that, for any 2n points (z1,y1), ...

, (Ton,yon) in the plane, f(x1,y1,...,Ton, y2n) = 0 if

and only if the points form the vertices of a regular 2n-gon in some order, or are all equal.

Determine the smallest possible degree of f.

Solution. The smallest possible degree is 2n.
In what follows, we will frequently write A; =
(x5,vi), and abbreviate P(z1,y1,...,%m,Y2n) tO
P(Aq,...,Asg,) or as a function of any 2n points.

Suppose that f is valid. First, we note a key
property:

Claim (Sign of f). f attains wither only nonneg-
ative values, or only nonpositive values.

Proof. This follows from the fact that the zero-set
of f is very sparse: if f takes on a positive and a
negative value, we can move Ay, ..., As, from the
negative value to the positive value without ever
having them form a regular 2n-gon — a contradic-
tion. U

The strategy for showing deg f > 2n is the fol-
lowing. We will animate the points Ay, ..., As,
linearly in a variable ¢; then g(t) = f(A1,...,Ap)
will have degree at most deg f (assuming it is not
zero). The claim above then establishes that any
root of g must be a multiple root, so if we can show
that there are at least n roots, we will have shown
deg g > 2n, and so deg f > 2n.

Geometrically, our goal is to exhibit 2n linearly
moving points so that they form a regular 2n-gon a
total of n times, but not always form one.

We will do this as follows. Draw n mirrors
through the origin, as lines making angles of 7 with
each other. Then, any point P has a total of 2n
reflections in the mirrors, as shown below for n = 5.
(Some of these reflections may overlap.)

Draw the n angle bisectors of adjacent mirrors.
Observe that the reflections of P form a regular 2n-
gon if and only if P lies on one of the bisectors.

We will animate P on any line £ which intersects
all n bisectors (but does not pass through the ori-
gin), and let P1, ..., P, be its reflections. Clearly,
these are also all linearly animated, and because of
the reasons above, they will form a regular 2n-gon
exactly n times, when £ meets each bisector. So this
establishes deg f > 2n for the reasons described pre-
viously.

Now we pass to constructing a polynomial f of
degree 2n having the desired property. First of all,
we will instead find a polynomial g which has this
property, but only when points with sum zero are
input. This still solves the problem, because then

USA

we can choose

f(Al)AQ)"'aA2n):g(Al_A)°"aA2n_A)a

where A is the centroid of Ay, ..., As,. This
has the upshot that we can now always assume
Ay + -+ + Ag, = 0, which will simplify the ensu-
ing discussion.

We will now construct a suitable g as a sum of
squares. This means that, if we write g = g% + g3 +
--+g2,then g =0ifand only if gy = --- = g, = 0,
and that if their degrees are dy, ..., dp,, then g has
degree at most 2max(dy,...,dn).

Thus, it is sufficient to exhibit several polyno-
mials, all of degree at most n, such that 2n points
with zero sum are the vertices of a regular 2n-gon
if and only if the polynomials are all zero at those
points.



First, we will impose the constraints that all
|A;|> = 22 + y? are equal. This uses multiple de-
gree 2 constraints.

Now, we may assume that the points
Ay, ..., Ay, all lie on a circle with centre 0, and
A+ -+ Asg, = 0. If this circle has radius 0, then
all A; coincide, and we may ignore this case.

Otherwise, the circle has positive radius. We
will use the following lemma.

Lemma. Suppose that ai, ..., a2, are complex
numbers of the same non-zero magnitude, and sup-
pose that a} + - +ak, =0,k = 1,...,n. Then
ai, ..., ao, form a regular 2n-gon centred at the
origin. (Conversely, this is easily seen to be suffi-
cient.)

Proof. Since all the hypotheses are homoge-
nous, we may assume (mostly for convenience) that

ai, ..., Qon lie on the unit circle. By Newton’s
sums, the k-th symmetric sums of aq, ..., ag, are
all zero for k in the range 1, ..., n.

Taking conjugates yields al_k + e+ a;f = 0,
k = 1,...,n. Thus, we can repeat the above
logic to obtain that the k-th symmetric sums of
afl, R a;nl are also all zero for £k = 1,...,n.
However, these are simply the (2n — k)-th symmet-
ric sums of aj, ..., ag, (divided by aj ---ag,), so
the first 2n—1 symmetric sums of a1, ...
zero. This implies that ay, ..., a9, form a regular
2n-gon centred at the origin. [l

, Qo are all

We will encode all of these constraints into our
polynomial. More explicitly, write a, = x, + y,i;
then the constraint af + --- + a5, = 0 can be ex-
pressed as pr + qpt = 0, where pr and ¢, are real
polynomials in the coordinates. To incorporate this,
simply impose the constraints pr = 0 and ¢ = 0;
these are conditions of degree k < n, so their squares
are all of degree at most 2n.

To recap, taking the sum of squares of all of these
constraints gives a polynomial f of degree at most
2n which works whenever Ay + --- + Ag, = 0. Fi-
nally, the centroid-shifting trick gives a polynomial
which works in general, as wanted.

Remark 1. Here is a more detailed approach of the
mirror-reflection argument. Let re? be the polar
representation of the point P. The polar represen-
tations of its mirrored images are then

re?, re=", rei(%ﬁw), rel(= ),

rei(m;l)ﬁw) rei<2(n;1)ﬂ 79).

e ,
Clearly, they are all linear with respect to P and lie
on the circle of radius r centred at the origin. As

listed above, the 2n images are not necessarily in

circular order around the circle. For convenience,
assume 0 < 6 < 7, so the list now displays them
in circular order. These images form the vertices of
a regular 2n-gon if and only if the angle between
every two consecutive terms in the list (read circu-
larly) is 7. This is clearly the case if and only if
¢ = 5.. Consequently, the images are the vertices
of a regular 2n-gon if and only if P lies on the in-
ternal bisector of the angle formed by some pair of

consecutive mirrors.

Remark 2. We sketch here some versions of the
arguments in the solution above.

To show that deg f > 2n, we use the same con-
stancy of sign claim and the convention that the
polynomial is a function of points (= pairs of coor-
dinates) Aj, Ao, ..., Ag,. Assume that the values of
f are all non-negative.

Write B(¢) = (cos¢,sing). Choose a sub-
stitution A9;,_1 = B ((22 —-1)% + qﬁ) and A =
B(Qi% —qS), i = 1,2,...,n. Notice that the co-
ordinates of the points Ay, Ao, ..., Ao, are all linear
functions in ¢ = cos ¢ and s = sin ¢, so, substituting
these expressions into f, we get a polynomial g(c, s)
with deg g < deg f.

Now, the values of g are all non-negative (each
being one of f), and, on the circle ¢ + s = 1,
it vanishes at exactly 2n points, namely, (¢,s) =
(cos Tk, sin %k), k=1,...,2n. We show that these
properties already yield deg g > 2n.

Obviously, if g(c,s) possesses the properties
listed above, then so does g(c, —s), and hence so
does g(c,s) = g(c, s) + g(e, —s).

The polynomial g is even in s, so it in fact de-
pends only on s2, and we may plug s> = 1 — ¢? into
it, to obtain a polynomial h(c) with degh < degyg
which is non-negative on [—1, 1] and vanishes on this
segment exactly at ¢ = cos Tk. These are n+1 such
points, and, except ¢ = 41, they should all be roots
of h of even multiplicity, due to sign conservation.
All in all, this provides 2n roots of h, counted with
multiplicity, hence deg f > degg > degh > 2n, as
desired.

For a bit alternative construction of a suitable f,
one may notice that the Lemma in the above solu-
tion can be changed to impose vanishing of the ele-
mentary symmetric polynomials o;(ay,aso, ..., as,),
1 =1,2,...,n, instead of Newton sums. Indeed, if
the o; all vanish, then so do the polynomials

o;
_ __a1|Poon—i(ar,a, ..., az,)
U@-(al,ag,...,agn)— —— — s
ajag ...an
sooj(ai,...,a,) also vanishes for i = n+1,...,2n—
1. Hence ay,as,...,as, are the roots of 22" — |a1|",
as desired.



Problem 4. Given a triangle ABC, let H and O be its orthocentre and circumcentre, respectively.
Let K be the midpoint of the line segment AH. Let further ¢ be a line through O, and let P
and @ be the orthogonal projections of B and C onto ¢, respectively. Prove that KP4+ K@ > BC.

Solution 1. Fix the origin at O and the real axis
along . A lower case letter denotes the complex
coordinate of the corresponding point in the config-
uration. For convenience, let |a| = |b] = |¢| = 1.

Clearly, k = a + %(b+c), p=a-+ % (b+ %) and
q=a-+ % (c + %)

Then |k —p| = |a+ 3 (¢ — 3)| = 3|2ab+ bc — 1],
since |b| = 1.

Similarly, |k — q| = 3|2ac + be — 1], so, since
o = 1,

1 1
|k —p|+ |k —q| :§|2ab+bc—1|+§|2ac+bc—l|

> 5 [2a(b— )| = [b—d],

N

as required.

Solution 2. Let M be the midpoint of BC, and
let R be the projection of M onto £. In other words,
R is the midpoint of PQ. Since /ZBPO = /BMO =
90°, the points B, P, O, and M are concyclic, so
Z(OM,0OB) = £(PM,PB) = Z(PM, MR), so the
right triangles M RP and OM B are similar and have
different orientation. Similarly, the triangles M RQ)
and OM C are similar and have different orientation,
hence so are the triangles OBC and M PQ.

A

Recall that ﬁ = 20—]\}[, SO O—]\>4 = :4—1—% Hence
AOMK is a parallelogram, so MK = OA = OB =
ocC.

Consider the rotation through 4((%, O@)
about M. It maps P to Q; let it map K to some
point L. Then MK = ML = OB = OC and
LMK = ZBOC, so the triangles OBC and M KL
are congruent. Hence BC = KL < KQ + LQ =
K@ + KP, as required.

Solution 3. Let a = Z(PB,BC) = Z(QC, BC).
Since P lies on the circle of diameter OB,
Z(OP,OM) = «a. Since also @ lies on the cir-
cle of diameter OC, it immediately follows that
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MP = M@ = Rsina by sine theorem in triangles
AOPM and AOQM.

Because P(Q is the projection of BC' on line £,
it follows that PQ) = BC'sin . Just like in the first
solution, KM = AO = R (the circumradius of tri-
angle AABC).

Now apply Ptolemy’s inequality for the quadri-
lateral KPM@Q: KP-MQ+KQ-MP > PQ-KM,
and now substitute the relations from above, leading
to

Rsina(KP+ KQ) > Rsina - BC,

which is precisely the conclusion whenever sin ar # 0.
The case when sina = 0 can be treated either di-
rectly, or via a limit argument.

Solution 4. Denote by R and O the circumradius
and the circumcentre of triangle ABC|, respectively.
As in Solution 1, we see that M K = R.

Assume now that £ is fixed, while A moves along
the fixed circle (ABC). Then K will move along
a cricle centred at M with radius R. We must
show that for each point K on this circle we have
BC < KP + KQ@Q. In doing so, we prove that the
afore-mentioned circle contains an ellipse with foci
at () and P with distance BC.

Let S be the foot of the perpendicular from M
to PQ), it is easy to verify that S is the center of
the ellipse. We shall then consider it as the origin.
Let u= % and t = ?; notice that u is the major
semi-axis of the ellipse and vu? — t2 is the minor
one. Assume X(x,y) is a point on this ellipse. We
now need to prove M X < R.

Since X is on the ellipse, we can write (z,y) =
(ucos B, Vu? — t2sinf), for some 6 € (0,27). Since
MX? = 22+ (y+ MS)?, we can expand and obtain

MX? = >+ MS?>—+2.sin20+2M S -\/u2 — t2-sin 0.

Add and subtract MS?(u? — t2)/t? in order to
obtain a square on the right hand side: M X? = w2+

2
MS? + W _ (tsin@— w . It now
MSQ(UQ —t2)

suffices to show that u® + MS? + g =
R?, since then it would immediately follow that
MX? < R

Applying Pythagorean theorem in triangles
OBM and OSM, we obtain R? = u® + OM? and
OM? = MS? + 0S?, so it remains to prove that
08? = W Let a = Z(OP,BM), then
OS/MS = tana and t/u = cosa, so OS? =

MS?tan? o = M S? (1_C052°‘) = MSZ-“2t§t2, which

cos?

is the desired result.



Problem 5. Let P(x), Q(z), R(z) and S(z) be non-constant polynomials with real coefficients
such that P(Q(z)) = R(S(x)). Suppose that the degree of P(z) is divisible by the degree of R(x).

Prove that there is a polynomial 7'(x) with real coefficients such that P(z)

Solution 1. Degree comparison of P(Q(x)) and
R(S(x)) implies that ¢ = deg@ | degS = s. We
will show that S(z) = T'(Q(z)) for some polynomial
T. Then P(Q(x)) = R(S(z)) = R(T(Q(x))), so the
polynomial P(t) — R(T(t)) vanishes upon substitu-
tion ¢ = S(x); it therefore vanishes identically, as
desired.

Choose the polynomials T'(x) and M (x) such
that

S(x) = T(Q(x)) + M(x), (%)

where deg M is minimised; if M = 0, then we get
the desired result. For the sake of contradiction,
suppose M # 0. Then q { m = deg M; other-
wise, M (z) = BQ(x)™/1 + M, (x), where f3 is some
number and deg M7 < deg M, contradicting the
choice of M. In particular, 0 < m < s and hence
deg T(Q(x)) = 5.

Substitute now (x) into R(S(z)) — P(Q(z)) =
0; let o be the leading coefficient of R(z) and
let = = degR(x). Expand the brackets to
get a sum of powers of Q(xz) and other terms
including powers of M(xz) as well. ~ Amongst
the latter, the unique term of highest degree
is arM(z)T(Q(x))"~'. So, for some polyno-
mial N(z), N(Q(z)) = arM(x)T(Q(z))" ! +
a polynomial of lower degree.

This is impossible, since ¢ divides the degree of
the left-hand member, but not that of the right-
hand member.

Solution 2. All polynomials in the solution have
real coefficients. As usual, the degree of a polyno-
mial f(x) is denoted deg f(x).

Of all pairs of polynomials P(z), R(x), satis-
fying the conditions in the statement, choose one,
say, Po(x), Ro(x), so that Py(Q(z)) = Ro(S(z))
has a minimal (positive) degree. We will show
that deg Ro(z) = 1, say, Ro(x) = ax + [ for some
real numbers a # 0 and f3, so Py(Q(z)) = aS(x)+p.
Hence S(z) = T(Q(x)) for some polynomial T'(x).

Now, if P(x) and R(x) are polynomials sat-
isfying P(Q(z)) = R(S(x)), then P(Q(z)) =
R(T(Q(z))). Since Q(z) is not constant, it takes
infinitely many values, so P(z) and R(T'(z)) agree
at infinitely many points, implying that P(z) =
R(T(x)), as required.

It is therefore sufficient to solve the problem
in the particular case where F(z) = P(Q(x)) =
R(S(xz)) has a minimal degree. Let d =
ged(deg Q(x),deg S(x)) to write degQ(z) = ad
and deg S(x) = bd, where ged(a,b) = 1. Then

= R(T(z)).
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deg P(z) = bc, deg R(z) = ac and deg F'(z) = abed
for some positive integer c. We will show that mini-
mality of deg F'(z) forces ¢ = 1, so deg P(z) = b,
degR(z) = a and deg F(x) = abd. The condi-
tions a = deg R(z) | deg P(x) = b and ged(a,b) = 1
then force a = 1, as stated above.

Consequently, the only thing we are left with is
the proof of the fact that ¢ = 1. For convenience, we
may and will assume that P(z), Q(z), R(x), S(x)
are all monic; hence so is F(z). The argument
hinges on the lemma below.

Lemma. If f(x) is a monic polynomial of degree
mn, then there exists a degree m monic polyno-
mial g(x) such that deg (f(z) — g(z)™) < (m—1)n.
(If m = 0 or 1, or n = 0, the conclusion is still
consistent with the usual convention that the iden-
tically zero polynomial has degree —oc.)

Proof. Write f(z) = 31" axa®, amn = 1, and
seek g(x) = Y p_oBka®, Bn = 1, so as to fit the
bill. To this end, notice that, for each positive inte-
ger k < n, the coefficient of 2™"~* in the expansion
of g(z)™ is of the form m B, +¢x(Bn, - - - Bn—k+1),
where @k (Bn, - ., Bn_k+1) is an algebraic expression
in By, ..., Bn_k+1. Recall that 5, = 1 to de-
termine the §,,_j recursively by requiring S,_r =
%(amnfk - (Pk(/Bna cee 7ﬁnfk+l))7k =1...,n

The outcome is then the desired polyno-
mial g(z).

We are now in a position to prove that ¢ =
1. Suppose, if possible, that ¢ > 1. By the
lemma, there exist monic polynomials U(z) and
V(x) of degree b and a, respectively, such that
deg (P(z) — U(z)¢) < (c — 1)b and deg (R(z) —
V(z)¢) < (¢ — 1)a. Then deg (F(z) — U(Q(z))) =
des (PQ(e) U(Q))) < eVt dos (F12)
S(xz))¢) = deg( S(z))-V(S(x))°) < (c—1)abd,
50 deg(l] »f@g(x)yj = deg (( (z) —

S(x))°) — ( z) - U(Q( ))<c—1mw

On the other hand, U( ()¢ = V(S(x))¢ =
UQE) - VS@)UQ@) + - +
V(S(z))t).

By the preceding, the degree of the left-hand
member is (strictly) less than (¢ — 1)abd which is
precisely the degree of the second factor in the right-
hand member. This forces U(Q(x)) = V(S(z)),
so U(Q(z)) = V(S(z)) has degree abd < abed =
deg F(z) — a contradiction. Consequently, ¢ = 1.
This completes the argument and concludes the
proof.



Problem 6. Let r, g,b be non-negative integers. Let I' be a connected graph on r +¢g+ 0+ 1
vertices. The edges of I' are each coloured red, green or blue. It turns out that I' has

e a spanning tree in which exactly r of the edges are red,

e a spanning tree in which exactly g of the edges are green and

e a spanning tree in which exactly b of the edges are blue.

Prove that I' has a spanning tree in which exactly r of the edges are red, exactly g of the edges

are green and exactly b of the edges are blue.

Solution 1. Induct on n = r 4+ g + b. The base
case, n = 1, is clear.

Let now n > 1. Let V denote the vertex set
of I', and let T}, T,, and T} be the trees with ex-
actly r red edges, g green edges, and b blue edges,
respectively. Consider two cases.

Case 1: There exists a partition V = A U B of
the vertex set into two non-empty parts such that
the edges joining the parts all bear the same colour,
say, blue.

Since I" is connected, it has a (necessarily blue)
edge connecting A and B. Let e be one such.

Assume that T, one of the three trees, does not
contain e. Then the graph 7'U {e} has a cycle C'
through e. The cycle C' should contain another
edge €' connecting A and B; the edge €’ is also
blue. Replace € by e in T to get another tree T”
with the same number of edges of each colour as
in 7', but containing e.

Performing such an operation to all three trees,
we arrive at the situation where the three trees 77,
T;, and Ty all contain e. Now shrink e by identi-
fying its endpoints to obtain a graph I'*, and set
r* =r, g = g, and b* = b — 1. The new graph
satisfies the conditions in the statement for those
new values — indeed, under the shrinking, each of
the trees T, T7, and Ty loses a blue edge. So I'*
has a spanning tree with exactly r red, exactly g
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green, and exactly b — 1 blue edges. Finally, pass
back to I' by restoring e, to obtain the a desired
spanning tree in I'.

Case 2: There is no such a partition.

Consider all possible collections (R,G, B),
where R, G and B are acyclic sets consisting of r
red edges, g green edges, and b blue edges, respec-
tively. By the problem assumptions, there is at
least one such collection. Amongst all such collec-
tions, consider one such that the graph on V' with
edge set R U G U B has the smallest number & of
components. If £ = 1, then the collection provides
the edges of a desired tree (the number of edges is
one less than the number of vertices).

Assume now that k& > 2; then in the result-
ing graph some component K contains a cycle C.
Since R, GG, and B are acyclic, C' contains edges of
at least two colours, say, red and green. By assump-
tion, the edges joining V(K) to V \ V(K) bear at
least two colours; so one of these edges is either red
or green. Without loss of generality, consider a red
such edge e.

Let ¢ be ared edge in C and set R = R~ {¢'}U
{e}. Then (R',G, B) is a valid collection providing
a smaller number of components. This contradicts
minimality of the choice above and concludes the
proof.



Problem 6. Let r, g,b be non-negative integers. Let I' be a connected graph on r +¢g+ 0+ 1
vertices. The edges of I' are each coloured red, green or blue. It turns out that I' has

e a spanning tree in which exactly r of the edges are red,

e a spanning tree in which exactly g of the edges are green and

e a spanning tree in which exactly b of the edges are blue.

Prove that I' has a spanning tree in which exactly r of the edges are red, exactly g of the edges

are green and exactly b of the edges are blue.

Solution 2. For a spanning tree T" in I', denote by
r(T), g(T), and b(T) the number of red, green, and
blue edges in T, respectively.

Assume that C is some collection of spanning
trees in I'. Write

r(C) =minr(T), ¢(C)=ming(T),

TeC TeC
b(€) = minb(T), R(C) = max(T),
G(C) = maxg(T), B(C) = maxb(T).

Say that a collection C is good if r € [r(C, R(C)],
g € [9(C,G(C)], and b € [b(C, B(C)]. By the prob-
lem conditions, the collection of all spanning trees
in I' is good.

For a good collection C, say that an edge e of I'
is suspicious if e belongs to some tree in C but not
to all trees in C. Choose now a good collection C
minimizing the number of suspicious edges. If C
contains a desired tree, we are done. Otherwise,
without loss of generality, 7(C) < r and G(C) > g.

We now distinguish two cases.

Case 1: B(C) =b.

Let T° be a tree in C with ¢(T%) = ¢(C) < g¢.
Since G(C) > g, there exists a green edge e con-
tained in some tree in C but not in 7°; clearly, e is
suspicious. Fix one such green edge e.

Now, for every T in C, define a spanning tree
Ty of T as follows. If T" does not contain e, then
Ty = T; in particular, (7°); = T". Otherwise, the
graph T\ {e} falls into two components. The tree
T, contains some edge €’ joining those components;
this edge is necessarily suspicious. Choose one such
edge and define T3 =T ~\ {e} U{€'}.

Let C; = {T\: T € C}. All edges suspicious for
C; are also suspicious for C, but no tree in C; con-

RussiA, VAsSILY MOKIN

tains e. So the number of suspicious edges for C; is
strictly smaller than that for C.

We now show that C; is good, reaching thereby
a contradiction with the choice of C. For every T
in C, the tree T} either coincides with T or is
obtained from it by removing a green edge and
adding an edge of some colour. This already shows
that g(C1) < ¢g(C) < g, G(C1) =2 G(C) =1 > g,
R(Cy) > R(C) > r, r(C;) < r(C)+1 < r, and
B(C;) > B(C) > b. Finally, we get b(T°) <
B(C) = b; since C; contains TY; it follows that
b(C1) < b(T°) < b, which concludes the proof.

Case 2: B(C) > b.

Consider a tree T° in C satisfying r(T%) =
R(C) > r. Since r(C) < r, the tree T contains
a suspicious red edge. Fix one such edge e.

Now, for every T"in C, define a spanning tree T5
of I' as follows. If T" contains e, then T, = T'; in par-
ticular, (T%)y = TY. Otherwise, the graph T'U {e}
contains a cycle C' through e. This cycle contains
an edge ¢’ absent from T° (otherwise T° would con-
tain the cycle C), so €’ is suspicious. Choose one
such edge and define Ty, = 7'~ {¢'} U {e}.

Let Co = {Ty: T € C}. All edges suspicious
for Cy are also suspicious for C, but all trees in C,
contain e. So the number of suspicious edges for C,
is strictly smaller than that for C.

We now show that Cy is good, reaching again a
contradiction. For every T in C, the tree Ty either
coincides with T" or is obtained from it by remov-
ing some edge and adding a red edge. This shows
that r(Cy) < r(C)+1 < r, R(Cs) > R(C) > r,
G(C) > G(C) -1 = g, g(C) < g(C) < g,
b(Cy) < b(C) < band B(Cy) > B(C) —1>b. This
concludes the proof.



The 15" Romanian Master of Mathematics Competition

Day 1: Wednesday, February 28", 2024, Bucharest

Language: English

Problem 1. Let n be a positive integer. Initially, a bishop is placed in each square
of the top row of a 2™ x 2" chessboard; those bishops are numbered from 1 to 27",
from left to right. A jump is a simultaneous move made by all bishops such that
the following conditions are satisfied:

e each bishop moves diagonally, in a straight line, some number of squares, and

e at the end of the jump, the bishops all stand in different squares of the same
row.

Find the total number of permutations o of the numbers 1,2,...,2" with the fol-
lowing property: There exists a sequence of jumps such that all bishops end up on
the bottom row arranged in the order o(1),0(2),...,0(2"), from left to right.

Problem 2. Consider an odd prime p and a positive integer N < 50p. Let

ai,as,...,ay be a list of positive integers less than p such that any specific value
occurs at most %N times and a1 + a2 + - - - + an is not divisible by p. Prove that

there exists a permutation by, b, ...,byx of the a; such that, for all k=1,2,..., N,
the sum b1 4 ba + - - - + by is not divisible by p.

Problem 3. Given a positive integer n, a set S is n-admissible if
e cach element of S is an unordered triple of integers in {1,2,...,n},
e |S|=n-—2,and
e for each 1 < k < n — 2 and each choice of k distinct A1, Ay, ..., A, € S,

A1 U AU~ U A > k+2.

Is it true that, for all n > 3 and for each n-admissible set S, there exist pairwise
distinct points P, ..., P, in the plane such that the angles of the triangle P;P;P},
are all less than 61° for any triple {7, j, k} in S?

Each problem is worth 7 marks.
Time allowed: 4% hours.



The 15" Romanian Master of Mathematics Competition

Day 2: Thursday, February 29", 2024, Bucharest

Language: English

Problem 4. Fix integers a and b greater than 1. For any positive integer n, let r,
be the (non-negative) remainder that b" leaves upon division by a™. Assume there
exists a positive integer N such that r, < 2"/n for all integers n > N. Prove that a
divides b.

Problem 5. Let BC be a fixed segment in the plane, and let A be a variable
point 1_11> the pﬂle not on the line BC'. Distinct points X and Y are chosen on the
rays C A and BA, respectively, such that Z/CBX = ZYCB = ZBAC. Assume that
the tangents to the circumcircle of ABC at B and C' meet line XY at P and @,
respectively, such that the points X, P, Y, and Q are pairwise distinct and lie on the
same side of BC'. Let €2 be the circle through X and P centred on BC. Similarly,
let Q2o be the circle through Y and @ centred on BC'. Prove that 21 and €, intersect
at two fixed points as A varies.

Problem 6. A polynomial P with integer coefficients is square-free if it is not
expressible in the form P = Q?R, where  and R are polynomials with integer
coefficients and () is not constant. For a positive integer n, let P, be the set of
polynomials of the form

1+az+ax® + -+ apa”

with aj,ag,...,a, € {0,1}. Prove that there exists an integer N so that, for all
integers n > N, more than 99% of the polynomials in P, are square-free.

Each problem is worth 7 marks.
Time allowed: 4% hours.



The 15" Romanian Master of Mathematics Competition

Day 1 — Solutions

Problem 1. Let n be a positive integer. Initially, in each square of the top row on the 2" x 2"
chessboard, a bishop is placed; those bishops are numbered from 1 to 27, from left to right. A
Jump is a simultaneous move made by all bishops such that the following conditions are satisfied:

Each bishop moves diagonally any number of squares; and

At the end of the jump, the bishops all stand in different squares of the same row.

Find the total number of permutations o (of numbers 1,2,...,2") with the following property:
There exists a sequence of jumps such that all bishops end up on the bottom row arranged in
the order o(1), 0(2), ..., o(2"), from left to right.

ISRAEL

Solution 1. The required number is 2"~!. On a jump, every bishop moves the same number of
rows up or down; call this number of rows the length of the jump.

Step 1. We show that the length of any jump is of the form 2¢ for some integer d < n — 1.
Assign each bishop the number of the column it is situated on before the jump. Let k be the
length of the jump; then each bishop’s column number either increases by k, or decreases by k
in the jump.

Thus, bishops 1,2,...,k should move to columns k + 1,k + 2,...,2k, as they cannot move
leftwards. On the other hand, after the jump columns 1,2,..., k should be filled by the bishops
k+1,k+4+2,...,2k. So the leftmost 2k bishops still fill the columns 1,2, ..., 2k after the jump.

Repeating the argument shows that the next k bishops move rightwards, and the next & bish-
ops beyond move leftwards, and so on and so forth. Finally, the bishops all split into contiguous
groups of length 2k, and in each group the leftmost k bishops move rightwards, whereas the
rightmost & bishops move leftwards. Hence 2k | 27, so k is indeed of the form 2¢ with d < n — 1.

Step 2. To make a more explicit description of the column change during the jump, assign each
column the n-digit binary expansion of less 1 its number, augmented with zeroes leftwards if
necessary. It is then easily seen that a jump of length 2% just switches the d-th digit from the
left, 0 to 1 and vice versa.

Thus, the resulting permutation also has the following form: For every d = 0,1,...,n — 1,
the d-th digit is either swapped for all bishops, or it is preserved for them all.

Moreover, notice that the total length of all jumps is odd, so there will be an odd number of
jumps of length 1. Hence the 0-th (the rightmost) digit will be switched anyway. This leaves the
room for 27! possible permutations.

Step 3. It remains to show that all 2"~ permutations are indeed possible. Let us show how to
reach any of them.

Start by getting to the bottom row by downward jumps of lengths 1,2,4,...,2" ! that will
switch all n digits.

Now, if we want to switch the i-th digit back, 1 < ¢ < n — 1, make two upward jumps
of length 2¢=1, followed by a downward jump of length 2!. Combine such modifications for all
possible digit combinations to get all desired permutations.

Solution 2. Proceed until the end of Step 1 just like in the first solution. Then extend the board
to a vertical strip of width 2", this will not affect the result, as it will be seen at the end of the
proof.
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We will show that any two jumps commute. Consider two jumps of length p and ¢ with p < g,
and call them the p-jump and the ¢-jump. As described in the first step, the bishops will be split
in contiguous groups. For the p-jump, we look at groups of length p, call these p-groups; for the
g-jump, we look at groups of length ¢, call these g-groups.

Since 2p divides ¢, any p-group is fully contained in a single g-group, and a g-group contains
an even number of p-groups. First, let’s look at the first two g-groups, and denote by g1, ..., gox
the p—groups contained in the first g-group, and ¢/, ..., g5, the p-groups contained in the second
g-group, where 2k = ¢/p. The p-jump will swap any go;—1 with go;, and same for their ¢’
counterparts, whereas a g-jump will swap g; with g}. When putting these together, it follows
that applying both jumps in either order gives the same result: go;—1 is swapped with g}; and g
is swapped with ¢}, ;.

Repeat now the same argument for the next two ¢-groups, and so on and so forth, until the
entire row will be accounted for.

We will now establish a bijection from the odd numbers between 1 and 2™ — 1 to the desired
permutations. Let z =) 2%a;, be an odd number between 1 and 2" — 1, where each ay, is either 0
or 1, in particular ag = 1. Perform a; jumps of length 2* in increasing order of k, then perform
2" — 1 — z additional jumps of length 1 in order to reach the final row. This will result in a
permutation o, and set f(z) = o. This provides a well defined function f.

To prove f injective, it suffices to look at bishop numbered 1 and show that it will end up in
position x + 1. For any of jump of length 2¥, this bishop will move rightwards, as its position
just before the jump was 1+ ag + 2a; + ... + 2k=lgr_1 < 2F. Therefore, before the additional
jumps of length 1, this bishop will reach position z + 1. Any two jumps of same length cancel
each other out, and there is an even number of additional jumps of length 1, so the final position
will also be  + 1. Consequently, f is injective.

To prove f surjective, consider a o with the desired property, let by be the number of jumps
of length 2¥, and let aj, be the remainder of b, modulo 2. Since the total length of all jumps
is odd, there has to be an odd number of jumps of length 1, so ag = 1. Let z = ZQkak, and
note that this is an odd number between 1 and 2" — 1. From Step 2 in Solution 1, the order of
the jumps does not matter. Since two consecutive jumps of same length cancel each other out,
performing a; jumps of length 2* is the same as performing by, jumps of length 2*. So f(z) = o,
as the 2" — 1 — z additional jumps of length 1 at the end also cancel each other out.

Solution 3. Run again Step 1 through in Solution 1.

Look at the two halves 1,...,2" 1 and 277! 4+ 1,...,2" and let h(i) = i + 2"~ ! be the
counterpart of i in the other half, where the sign is chosen appropriately. A jump of length 27!
will swap the halves between themselves, so i will be swapped with h(i). From Step 1, it follows
that any shorter jump will only perform swaps inside a single half, and will act the same way on
the other half; specifically, if a jump swaps ¢ with j, it will also swap h(i) with h(j).

Furthermore, applying two jumps of 2"~! will just cancel each other out, regardless of any
other jumps in between, because we swapped i with h(i) twice, and the inner configuration of
each half is changed in the same way.

Induct now on n. There are 2”2 possible permutations for the 2"~ x2"~! board. Performing
jumps of the same length on a 2" x 2™ board gives the same configuration in each of the two
halves. Now we can either apply a jump of length 27!, which will swap the halves, or we can
apply two jumps of length 2”2, which will cancel each other. This provides a construction
for 21 permutations in the 2" x 2" board.

To show that these are the only ones, consider now a valid permutation for the 2" x 2™ board
which is obtained from some jumps. First, discard the jumps of length 277!, then attempt to
apply the rest on the 27! x 27"~! board. If a jump would exit the board, then make the jump
of the same length in the opposite direction instead, which will stay on the board because its
length is at most 277 2. Since the length is the same, the resulting bishop configuration is also
the same. Since the total length of the moves executed so far is odd, we can make an even
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number of moves of length 1 in order to reach the final row of the 2"~! x 2"~! board, and this
will not change the configuration in the end. Therefore, we obtain a corresponding permutation
for the n — 1 case which describes the configuration in each of the halves. From there, the only
variations are whether the halves are swapped or not, depending on whether the number of jumps
of length 2"~! was odd or even. So this valid permutation corresponds to one constructed in the
earlier paragraph, which completes the induction.
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Problem 2. Consider an odd prime p and an integer N < 50p. Let a1, az, ..., ay be a
list of positive integers less than p such that any specific value occurs at most %N times and
a1 + ag + - -+ + ay is not divisible by p. Prove that there exists a permutation by, bs, ..., by of
the a; such that by + bg 4 - - - + by, is not divisible by p for all k =1,2,..., N.

UNITED KINGDOM, WILL STEINBERG

Solution 1. The argument hinges on the lemma below.

Lemma. Let n be a positive integer and let ¢, ca, ..., ¢, be a list of positive integers less than p
such that each specific value occurs at most %(n + 1) times. Fix a residue r Zc1 +co+ -+ ¢,
(mod p). Then there exists a permutation dy, da, ..., dy of the ¢; such that r # dy +da+---+dj,

(mod p) for allk =1,2,...,n.

Proof. Induct on n. The base case, n = 1, is clear, so let n > 2. Consider the residue a that
occurs the most times amongst the ¢;.

If a # r (mod p), set di = a and complete the rest of the list using the inductive hypothesis
with r replaced by r —a, as any residue will occur amongst the remaining ¢; at most %((n— 1)+ 1)
times. Indeed, if no other residue occurs as many times as a, then the number of occurrences
of any residue amongst the remaining ¢; is at most 3(n+1) —1 = 4(n—1) < 3((n — 1) +1).
Otherwise, if there is another residue that occurs as many times as a, their number of occurrences
has to be at most §n = 3 ((n —1) +1).

If a = r (mod p), choose a residue b Z a (mod p) amongst the ¢;; the choice is possible, as
3(n+1) <n. Set d; = b and dy = a, noting that dy +do =b+a =r+b % r (mod p). If no
other residue occurs as many times as a, then each residue occurs amongst the remaining c¢; at
most 3(n+1)—1=3(n—1)=1((n—2)+1) times. If a occurs at most 5(n — 1) times, then
clearly the same will hold for any residue in the remaining ¢;. The remaining possibility is that
a and another residue both occur %n times and n is even, meaning that that the other residue
has to be b, and there are no other residues; it is clear that the occurrences in the remaining c;

1

are precisely %(n -2)< 5((n —-2)+ 1). The inductive hypothesis then applies with r replaced

by —b to complete the list. This establishes the lemma.

Back to the problem, if each residue occurs at most %(N + 1) times, the conclusion follows
by the Lemma.

Otherwise, there is exactly one residue a that occurs M > %(N + 1) times amongst the a;.
Note that 2M — N > (N +1)— N =1, toset b; =a, i =1,2,...,2M — N. Letting o« = 50,
note also that 2M — N < 2. O‘z—le — N = éN < p, so none of the first 2M — N partial sums is
divisible by p, as p is prime.

To complete the proof, apply the Lemma with » = (N — 2M )a to the remaining a;. There are
left N —(2M — N) = 2(N — M) such, a occurs M — (2M — N) = N — M times amongst these and
any other residue occurs at most N — M times, both of which do not exceed 3 (2(N — M) +1).

Solution 2. The permutation will be constructed step by step, first choosing by, then b2, and so
on. At every step, sort the remaining values by their number of appearances from most frequent
to least frequent, and from largest to smallest for the situations where the number of appearances
is the same. After that, attempt to select the first value from the sorted list; if this results in a
partial sum that is divisible by p, then attempt to select the second value from the list, which
will result in a partial sum that is not divisible by p as the first and second values are different
modulo p. Label the step as type (I) if the first value has been selected and as type (II) if the
second value has been selected.

Lemma. Any step of type (II) is followed by a step of type (I).

Proof. Suppose that step j is of type (II). Denote the first two values according to the sorting
order with a and b, and let s be the partial sum until this step. Since step j is type (II), s+a =0
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(mod p). At step j + 1, the first value according to the sorting order will still be a. Since
s+b+a#0 (mod p), a can be selected for step j + 1, so step j + 1 is of type (I).

Now suppose, for the sake of contradiction, that this procedure fails. Let k£ + 1 < N be the
first step when neither (I) nor (II) is possible. In particular, this means that there is a single
value a remaining, and it occurs N — k times. Let j be the smallest number with the following
property: at every step between j and k + 1, the value «a is the first one according to the sorting
order; in particular, a is the most frequently occurring one. Such a j exists because k + 1 satisfies
this property.

If j > 1, then at step j — 1 there is another value b that comes before a in the sorted order.
Suppose that at step j — 1 there are ¢ values of a¢ remaining; then there are at least ¢ values
of b remaining. According to the lemma, at least half of the steps j,j + 1,...,k are of type (I),
which means that a is selected in them. Denote ¢ = k — j + 1, then a has been selected at least
|£/2] steps between j and k. Since at step k + 1, there are N — k > 2 values of a remaining, it
means that ¢ > [£/2]| + 2. At the same time, at step k + 1 there are no values of b remaining,
so between steps j and k all the remaining b values have been selected, and this can happen at
most ¢ — |¢/2] times. Combining these two leads to £ — [£/2] > ¢ > |{/2] +2,0r £ > 2|{/2| + 2,
a contradiction.

If j =1, then a is always the first in the sorted order. Therefore, the first p — 1 steps are of
type (I), and step p is of type (II). If k£ > p, from steps p + 1 to k, at least every other step is of
type (I), meaning that a is selected. Once step k is done, there are N — k remaining values of a.
Therefore, in the beginning, there were at least

N-2 N a+1
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values of a, contradiction. In the situation when k£ < p, there are at least N — 1 values of a,
which is also a contradiction.
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Problem 3. Fix an integer n > 3 and let N = {1,2,...,n}. Let S be a set of n — 2 pairwise
distinct 3-element subsets of N such that [A; UAyU---UAg| > k+2 for any Ay, Ay, ..., A in S
and any k = 1,2,...,n — 2. Are there n pairwise distinct points pi1, ps,...,p, in the plane such
that the angles of the triangle p;p;p are all less than 61° for any set {4, j,k} in S?

Russia, IvAN FrROLOV

Solution. The answer is in the affirmative. Note that the condition on & may be rephrased as
follows: For any subset M of N of size |M| > 2, there are at most |M| — 2 sets in S N Ps(M),
where P3(M) is the set of 3-element subsets of M.

Extend the problem to n > 1 and proceed by induction on n; for formal correctness, assume
that |S| < max(0,n — 2). The cases n = 1, 2 are both trivial.

Look upon points in the plane as complex numbers. Begin by considering a collection of
points q1, qo, . . ., gn, N0t necessarily distinct, yet not all identical. Fix ¢, = 0 and associate with
each {7,7,k} in S an equation ¢; — ¢; = w - (qx — ¢;), where w = ¢27/3 This equation ensures
that g;, g, qi either are the vertices of a clockwise oriented non-degenerate equilateral triangle
or they all coincide.

We then get a system of n — 2 linear equations with n — 1 complex variables g1, g2, ..., gn—1-
It is well-known that such a system has a non-trivial solution (q1,¢2,...,¢n—1,9, = 0). However,
some of the ¢; may coincide. So N splits into some classes, N = Nj U --- LI Ny, such that the
points ¢; and ¢; coincide if and only if ¢ and j share the same class and the size of each class is
less than n. Note that the elements of any triple in S either all lie in the same class or no two
lie in the same class.

Clearly, each S; = SNP3(NN;) satisfies the conditions in the statement relative to NN; of size less
than n. By the inductive hypothesis, for each i = 1,2,...,m, there exists a point-configuration
{rij: j € N;} satisfying the corresponding requirements. For each j = 1,2,...,n, choose the
index ¢ of the class IV; containing j, and let p; = g; + €745, where ¢ is small enough.

If the elements of a triple {7, j, k} in S lie in three different classes, then the angles of triangle
pip;jpr are close to those of triangle ¢;q;qr, provided that e is small enough, so the triangle
satisfies the required angle-condition. Otherwise, the three elements all lie in some class Ny, and
the angles of p;p;jpr equal those of 7477, so they satisfy the requirements by the inductive
hypothesis.
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The 15" Romanian Master of Mathematics Competition

Day 2 — Solutions

Problem 4. Fix integers a and b greater than 1. For any positive integer n, let r,, be the (non-
negative) remainder b" leaves upon division by a". Assume that there exists a positive integer N
such that r, < 2"/n for all integers n > N. Prove that a divides b.

IRAN, POURIA MAHMOUDKHAN SHIRAZI

Solution 1. Arguing indirectly, assume that a t b, so r, # 0 for all n. Let M = max(b, N).

We now prove that r,41 > bry, for all n > M. Indeed, as r, < 2"/b < a™/b, it follows that
br, < a™ and "1 = br, (mod a™). Therefore, br,, is the remainder 5”1 leaves upon division by
a", i.e., bry is the smallest non-negative integer r such that a” | b"+1 — . This implies br,, < Tn+1,
as anJrl | bn+1 — Tpl.

To complete the solution, note that rpr > 1, so rajyr > bErar > 2F for all k > 0. On the
other hand, 7y, < 2M*% /(M + k) < 2F for k sufficiently large. This is a contradiction.

Solution 2. The argument hinges on the lemma below:

Lemma. Consider two integers b > a > 1. If a does not divide b, then {b"/a"} > 1/b for
infinitely many positive integers n; as usual, {x} denotes the fractional part of the real number x.

Proof. For every positive integer n, write z, = [b"/a"] and y, = {b"/a™} and note that
byn — AYn+1 = axp+1 — by, is an integer.

Suppose now, if possible, that y, < 1/b for all n > M. Consider any such n and note that
yn > 0, as a does not divide b, so —1 < —a/b < by, —b/a < by, — ayp+1 < 1 —ayp4+1 < 1. Hence
the integer by, — ayn+1 = 0, 50 Ynt+1 = (b/a)yn.

Consequently, y, = (b/a)" My, for all n > M. As b > a, it then follows that v, > 1 for all
large enough n, contradicting the fact that y, < 1 whatever n. This establishes the lemma.

Back to the problem, suppose a does not divide b. Then b > a ; otherwise 2" /n > r,, = b" > 2"
which is impossible. Note that a"{b"/a"} = r,, < 2" /n for all large enough n. The lemma then
implies 1/b < {b™/a™} < (1/n)(2/a)™ < 1/n for infinitely many n which is clearly a contradiction.

Remark. The conclusion holds under the more general assumption that r, < 2"/f(n), where f
is any given function satisfying lim,,_,~ f(n) = cc.
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Problem 5. Let BC be a fixed segment in the plane, and let A be a variable point in that
plane outside the line BC. Points X and Y are chosen on the rays C'A (emanating from C')
and BA (emanating from B), respectively, such that ZCBX = Z/YCB = ZBAC. Assume that
the tangents to the circumcircle of ABC at B and C cross XY atP and @, respectively. Let
be the circle through X and P centred on BC'. Similarly, let {22 be the circle through Y and @
centred on BC. Prove that €2y and {25 intersect at two fixed points as A varies.

DENMARK, DANIEL PHAM NGUYEN

Solution 1. All angles in the solution are oriented. We will prove that the two intersection
points are points D and D’ such that the triangles BC'D and BCD' are equilateral.

Let X', Y’', P’, and @)’ be the reflections across BC of X, Y, P, and @, respectively. Then
and Qg are just the circles PXX'P’" and QYY'(Q’, respectively.

Denote o« = ZBAC = ZCBX = ZYCB. Let XY cross BC at W; the case XY || BC may
be treated as a limit case. The symmetry yields that W also lies on the line X'Y’. The same
symmetry, along with tangency of PB and QC to the circle ABC, yields

a=/X'BC=/PBW =/WCQ = /BCY". (%)

This yields that each of the triples (P, B, X'), (Q,C,Y"), (P, B, X), and (Q’, C,Y) is the collinear,
and, moreover, that PBX’ || Q'CY and P'BX | QCY’. Tt follows now that quadrilater-
als PXX'P" and YQQ'Y' are homothetic at W. Therefore, so are 1 and Q.

Let now Q4 nd Q9 cross at D and D’. Let WD and WD’ meet ; again at ' and E’. Since
W =PXNPX and B= PX'NP'X, the point B lies on the polar of W with respect to ;.
In other words, W and B are inverse with respect to that circle. This yields that the lines DE’
and D'FE also cross at B.

Now, we have /BDX = /E'DX = /X'D'E = /X'PE = /BPE = ZCYD (the last
equality holds by means of homothety). Similarly, we have /DXB = /DXP' = /PX'D' =
/PED" = /PEB = /Y DC. Therefore, the triangles BDX and CY D are similar. Firstly,
this yields that /DBC = /DBX + /XBC = £/YCD + Z/BCY = ZBCD, whence BD = CD.
Secondly, this also implies that BD/BX = CY/CD, or BX -CY = BD -CD = BD?. But the
triangles BXC and CBY are also similar (as both are similar to ABC), so BX/BC = BC/CY,
ot BX -CY = BC?. Thus, BC = BD = CD, and the triangle BCD is equilateral. This finishes
the solution.
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Remark. The fact that B and W are inverse to each other with respect to 21 can be obtained
(and implemented) in different ways. Two useful conditions equivalent to this fact are: the points
P, B, and X are concyclic with the centre O; of 21; and 1 is the Apollonius circle with respect
to the segment BW; the details follow below.

In particular, one may argue as follows. If Oy is the centre of €, then Oy lies on an (external
or internal) bisector of ZPBX, as well as on the perpendicular bisector of X P. This yields
that Op is the midpoint of one of the arcs PX of the circle PBX. That, in turn, implies that
the circle 1 contains two of the four points: the incentre, and the three excentres of APBX. It
follows that €2 is an Apollonius circle of the segment BW'.

So, if D is a point such that the triangle BC'D is equilateral, it suffices to show that
BD/DW = BX/XW (so D lies on the same Apollonius circle). This can be done by a compu-
tation using the cosine law, although not very quickly.

Solution 2. All angles in the solution are directed. All segment lengths on lines BX and CY
(and parallel to them) are also oriented; we assume that the directions BX and C'Y are positive.
As in the solution above, we prove that BP || CY.

Assume that ABC is oriented anti-clockwise. Let D and D’ be the points such that the
triangles DBC and D'CB are equilateral, and oriented anti-clockwise. We will show that D
and D’ lie on the circle Qy; similarly, they lie on Q5.

Notice that « = /ZBAC = ZCBX = Z/YCB = m — ZC BP; moreover, each of the triangles
X BC and BCY is similar to BAC' and oriented differently than BAC'; hence those two triangles
are equi-oriented. Let Q denote the circle (DD'X); clearly, its center lies on the perpendicular
bisector of DD’, i.e., on BC. We aim to prove that  passes through P; that will yield that
Q = 4, which establishes what we are aimed to prove.

D/

Denote Z = XBNYC. Since /CBZ = /BAC = Z/ZCB, we have ZB = Z(C', and hence Z
lies on the perpendicular bisector DD’ of BC. By similarity, we get BX/BC = BC/CY, or
BC? = BX-CY = BX -(ZY +CZ). Since CY || BP, the triangles X ZY and X BP are similar,
so BX - ZY = ZX - BP. Therefore,

BD?*=BC?=BX-ZY +BX-0CZ=Z7ZX-BP+(BZ+ZX)-BZ=ZX-(BP+ BZ)+ BZ>.

On the other hand, let M be the midpoint of BC, and let X B cross ) again at P’. Write
the power of point Z with respect to {2 as

XZ-(PPB+BZ)=XZ-P'Z=2D-ZD' = MZ?—-DM? = BZ?> - MB?—-DM? = BZ?> - BD*.
The two obtained relations yield

ZX - (BP+ BZ)=BD? - BZ*>=7X - (P'B+ BZ),
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so BP = P'B, and so P and P’ are reflections of one another in the line BC. Thus, P lies on (2,
as desired.

Remark. It is also possible to solve the problem via the moving points method. Introduce the
points D and D’ as in Solution 2, and introduce the reflections X', Y/, P, and Q' of X. Y, P,
and @ in the line BC, respectively, as in Solution 1 to read € and Qs as the circles PXX'P’
and QYY'(Q', respectively.

We need to show that D lies on Q9 (the other incidences are similar). To this end, it suffices
to check that /Y DQ = ZYY'Q = 90° — ZY'CB = 90° — ZBAC.

Fix B, C, and the circle ABC. As A varies over that circle, the lines BX, C'Y, BP, and CQ
remain constant, and X and Y depend projectively on A. Choosing Q1 on CQ such that
/Y D@1 =90° — /BAC, we need to show that Q1 = @, or that X, Y, and @1 are collinear. The
point Q1 also depends projectively on A, so it suffices to check that the points @1, X, and Y are
collinear for four specific positions of A.
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Problem 6. A polynomial P with integer coefficients is square-free if it is not expressible in the
form P = Q*R, where Q and R are polynomials with integer coefficients and @ is not constant.
A polynomial is suitable if its constant term and all other non-zero coefficients are equal to 1.
Prove that, for all but finitely many integers n > 1, more than 99% of the suitable polynomials
of degree at most n are square-free.

IRAN, NAVID SAFAEI

Solution 1. Let P, be the set of all suitable polynomials of degree at most n. Clearly, |P,| = 2.
Alternatively, but equivalently, we prove that less than 100 - 2™ of the polynomials in P, are not
square-free for all but finitely many n. Throughout the solution n is always assumed to be
sufficiently large to allow room for as large integers » < n as the different stages of the argument
require. Also, all polynomials have integer coefficients and divisibility is always understood
in Z[X]. The proof consists of three parts:

(1) Upper bounding the number of polynomials in P,, divisible by the square of a non-constant
polynomial of degree at most 7 ;

(2) Upper bounding the number of polynomials in P,, divisible by the square of a polynomial of
degree greater than r; and

(3) Choosing a suitable r.
Before dealing with the three parts above, we prove a useful lemma.

Lemma. The zeroes of any polynomial in Py, all lie in the open disc |z| < 2 and their real parts

are all less than C = (1 +/5).

Proof. Let P be a degree m polynomial in P,,. Leaving aside the trivial case m = 0, let m > 1.
Write P = Y"7" , ax X" and consider a complex number z of absolute value |z| > 2. Then

m+1 1
P()] > |2] ZH e el

and the first part follows.
To prove the second part, let z have a real part Rz > C' > 1. Clearly, |z| > Rz > C > 1.
Leaving aside the trivial cases m = 0 and m = 1, let m > 2 to write

P(z) Am—1 ’ 1 ‘ Apm—1 ) 1
TS > Gm-1p 2
2m ’am—i— z | 2] |z|™ — m |z|?
— 1 -
>’am+am1’— 5 Z‘O/m"i'm‘—l, as |z| > C,
z |22 = ||

2%(Qm+“m‘1)—1zam—1zo.
zZ

This establishes the second part and completes the proof. (The argument in the second part
shows in fact that, if ®z > 0 and |z| > C, then P(z) # 0. Hence the zeroes of P with a positive
real part all lie in the open disc |z| < C.)

To deal with (1), consider a polynomial P in P, divisible by the square of a non-constant
polynomial @ of degree ¢ < r. We first show that there are at most (22"+t! — 1)"*! such Q’s.

Clearly, the leading coefficient of () is 1. The zeroes 21, ..., z4 of () are amongst those
of P, so |z| < 2, by the lemma. The absolute value of the coefficient of X9=% in Q is then
> ziy -z | < (f) - 28 < 29tk < 220 < 22" Hence each coefficient of @ takes on at most
2.2%" — 1 = 2%+l _ 1 values, so there are at most (2271 — 1)"*! such Q’s, as stated.

Next, upper bound the number of P’s in P, that are divisible by the same Q2. Consider such
aP=ayg+- -+a,X" and let S,,(P) be the set of all polynomials R = by+---+b,X"™ in P, such
that by # ai for exactly one k; note that k > 1, as bg = ap = 1. Alternatively, but equivalently,
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there exists a k > 1 such that by, = ay for £ # k and by, +a, = 1. Hence |S,,(P)| = n. Note further
that P — R = +X* vanishes at 0, whereas Q does not, as Q(0)? divides P(0) # 0. Hence R is
not divisible by Q?, showing that none of the n polynomials in S, (P) is.

Consider now distinct P; and P» in P, both divisible by Q?, to show that S,,(Py) and S, (P»)
are disjoint: If they shared some R, then P| — R = £X*1 and P, — R = £ X" for some distinct
ki, ks > 1,80 P, — Py, = £ X% + X*2 would be divisible by @?, which is clearly not the case.

By the two paragraphs above, there are then at most 2" /(n + 1) polynomials in P,, that are
divisible by the same Q2.

As there are at most (221 — 1)"*! such @Q’s of degree at most r, there are at most

(227“+1 _ 1)7“+1 "

n+1

polynomials in P, divisible by the square of a non-constant polynomial of degree at most r. For
a fixed r this upper bound is clearly of order o(2").

To deal with (2), consider a polynomial P in P, divisible by the square of a non-constant
polynomial @ of degree ¢ > 7.

The zeroes 21, ..., z4 of ) are amongst those of P, so |z;| < 2 and Rz, < C, by the lemma.
As the leading coefficient of Q) is clearly +1,

RB) =1B=21)---B=-2)[ =B -Rz)---B-Rz) >B-C)>B-C).

As 3 — C > 1, letting r be large enough, P(3) is then divisible by d? for some large enough d >
3-0).

Consider the largest integer s = s4 satisfying 3° < d?> < 3°t!. Clearly, s > 1. Write
P =37 oapX* Then 1 =ag < Y5 p3%ar < 3503 = 3(3° - 1) < 3(d® — 1) < d® As for
distinct choices of ay, ..., as—1 from {0,1} the sums Zi;é 3%ay, are pairwise distinct, they are
also pairwise distinct modulo d?. Noting that these sums are all positive, it follows that there
are at most 2" ~**! polynomials P in P, such that P(3) is divisible by d>.

If r is sufficiently large, then so is d > (3 — C)". Thus, if d is large enough, then 2° > do/4,
as d? < 3°*! and logy 3 < £, so there are at most 275+ < 2n+14=5/4 polynomials P in P, such
that P(3) is divisible by d?. Hence, if dy is large enough, then the number of such P’s is at most
on+1 S e, d-5/4

Now, as > ;o d—5/4 converges, given any ¢ > 0, the remainder Y ods do d=5/* < ¢ for some large
enough dy depending on ¢, of course. For any such dy, the number of P’s in P,, such that P(3)
is divisible by d? is then less than 2c - 27.

Consequently, so is the number of polynomials in P,, divisible by the square of a polynomial
of degree greater than r.

Finally, we deal with (3). Fix any ¢ > 0. Then choose r large enough so that the remainder

Zd>(3_C)T d=%/* < c. At this stage n > r. Let further n > %(22’”rl —1)"*1, By (1) and (2), the

number of non-square-free polynomials in P, is then less than 3¢ - 2". Setting ¢ = == provides

300
the answer to the problem at hand.

Solution 2. We present an alternative approach to parts (1) and (2).

To deal with (1), use the first part of the lemma to bound the number of possible polynomi-
als (Q by some constant. For every such @), we then prove that few polynomials in P,, are divisible
by @Q. This follows from the clam below:

Claim. Given a non-constant polynomial ), the number of polynomials in P, that are divisible
by Q does not exceed (Ln72j)'

Proof. Let ¢ be a non-zero complex root of @ (if there are no such, then no polynomial in P, is
divisible by @). Then each polynomial P = p, X" + --- + p1 X + pg in P,, divisible by Q satisfies
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Yoo c(* = 0, for any complex c¢. Choose a suitable ¢ so that the a; = Re c¢¢? are all non-zero.
Then Y " a;p; = 0.

Partially order the (binary) tuples of coefficients by letting (p1, pa,...,pn) < (01,05, ..., D))
if and only if the non-zero a;(p} — p;) are all positive. The tuples corresponding to polynomials
divisible by @ then form an independent set (anti-chain) in the <-partially ordered n-cube.

Assign each tuple (p1,p2,...,pn) the tuple (op1,0p2,...,0py,), where op; = p;, if a; > 0, and
op; = 1 — p;, otherwise. This assignment shows < isomorphic to the (index) set-inclusion partial
order on the binary n-cube, so the length of any <-anti-chain is at most (LJ? J)’ by Sperner’s
theorem. This proves the claim.

The standard bound provided by Stirling’s formula (or any of its elementary relaxations)
establishes part (1).

To prove (2), deal more algebraically. Let P be a polynomial in P, divisible by some Q?, where
deg Q = d > r. Reduce modulo 2 to get the polynomials P and @, where deg Q = d, as the leading
coefficient of @ is £1. Then P is divisible by @~ = Q(X?2). Write P = P, (X2) + XP_(X?2).
Then P, and P_ are both divisible by Q. So, for a fixed @, the number of such polynomials does
not exceed 2724, Hence for all degree d polynomials ), the number of such P’s does not exceed
2d=1 . gn=2d _ gn—d=1 g5 their fraction in P, is at most 2-4!
conclude that the fraction of P’s in (2) does not exceed 27".

. Finally, sum over all d > r, to
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The 16" Romanian Master of Mathematics Competition

Day 1: 12 February, 2025, Bucharest

Language: English

Problem 1. Let n > 10 be an integer, and let Ay, Ao, ..., A, be distinct
points in the plane such that the distances between the points are pairwise
different. Define fio(j, k) to be the 10™" smallest of the distances from A;
to Ay, Ag, ..., A, excluding A; if k& > j. Suppose that for all j and &
satisfying 11 < j < k < n, we have fi0(j,7 — 1) > fi0(k,j — 1). Prove that
f10(4.n) > 3 fio(n,n) for all j in the range 1 < j <n —1.

Problem 2. Consider an infinite sequence of positive integers a1, a2, as, ...
such that a; > 1 and (2% — 1)a,1 is a square for all positive integers n. Is
it possible for two terms of such a sequence to be equal?

Problem 3. Fix an integer n > 3. Determine the smallest positive integer k
satisfying the following condition:

For any tree T' with vertices vy, vo, ..., v, and any pairwise dis-
tinct complex numbers z1, 29, . . . , 2, there is a polynomial P(X,Y")
with complex coefficients of total degree at most k such that for
all i # j satisfying 1 <4, j <n, we have P(z;, z;) = 0 if and only
if there is an edge in 7" joining v; to v;.

Note, for example, that the total degree of the polynomial
9X3Y* + XV° 4+ X6 -2

18 7 because 7 = 3 + 4.

Each problem is worth 7 marks.
Time allowed: 4% hours.



The 16" Romanian Master of Mathematics Competition

Day 2: 13 February, 2025, Bucharest

Language: English

Problem 4. Let Z denote the set of integers, and let S C Z be the set
of integers that are at least 10'%. Fix a positive integer c¢. Determine all
functions f: S — Z satisfying f(xy +¢) = f(x) + f(y) for all z,y € S.

Problem 5. Let ABC be an acute triangle with AB < AC, and let H and O
be its orthocentre and circumcentre, respectively. Let I' be the circumcircle
of triangle BOC. Circle I' intersects line AO at points O and A’, and T’
intersects the circle of radius AO with centre A at points O and F. Prove
that the circle which has diameter AA’, the circumcircle of triangle AFH,
and I' pass through a common point.

Problem 6. Let k£ and m be integers greater than 1. Consider k pairwise
disjoint sets Sy, 59,...,Sk, each of which has exactly m + 1 elements: one
red and m blue. Let F be the family of all subsets T of S U Sy U ---U Sk
such that, for every i, the intersection 1" N .S; is monochromatic. Determine
the largest possible number of sets in a subfamily G C F such that no two
sets in G are disjoint.

A set is monochromatic if all of its elements have the same colour. In
particular, the empty set is monochromatic.

Each problem is worth 7 marks.
Time allowed: 4% hours.



The 16" Romanian Master of Mathematics Competition

Day 1 — Solutions

Problem 1. Let n > 10 be an integer, and let Aj, Ao, ... A, be distinct points in the plane
such that the distances between the points are pairwise different. Define f19(j, k) to be the
10t smallest of the distances from Aj to Ay, As, ..., Ay, excluding A; if £ > j. Suppose that
for all j and k satisfying 11 < j < k < n, we have fi0(j,7 — 1) > fio(k,j7 — 1). Prove that
fio(g,n) > %flo(n,n) for all j in the range 1 < j <n — 1.

IRAN, MORTEZA SAGHAFIAN

Solution 1. For every i, denote a; = fi0(i,7 — 1) and b; = fi9(i,n). So, we need to show that
b, < 2b; for all 7. Notice that a; > b; for all 1.

To prove this, choose an arbitrary ¢ < n, and let A;A;,, A;A;,, ..., A;Aj,, be the ten smallest
numbers among the A;A; with j # 4, ordered so that j; < jo <--- < j1o.

If j10 < 4, then i > 10, and the problem condition yields

b; = lgllgfgoAiAjk =a; > ap > by,

which is even stronger than we need.

Otherwise, set j = ji0 > 4 (in this case we also have jj90 > 10), and denote m = b; =

max A;A;, . By the problem condition, we have a; > a, = b,. On the other hand, we have

a; < max <AJAZ, 1@1&;{9 AJAM> < max (A]AZ, 121;?%(9(A]AZ + AZA]k)> < 2m,
as AjA;, AiAj, <m. So b, < a; <2m = 2b;, as desired.

Solution 2. Let dj = fio(j,n), j = 1,...,n. To prove that 2d; > d,, for every j =1,...,n—1,
induct on n.

Consider the base case, n = 11. Note that each d; = max;.; A;A;, as fio is 10-variate. Let
di1 = A1 Ag for some index k < 10. Clearly, 2d;, > 2A,A11 = 2d11 > dyi1 and if j # k then
2d; > AjA + AjAn > ApAn = dig, by the triangle inequality.

For the induction step, let n > 11 and note that
Lk—1)= lk—1
nax, fio(4, ) L max fio(4, ),

as both maxima are achieved at ¢ = k, by the condition in the statement. Hence Ay, As, ..., Ap_1
also satisfy this condition.

Let d} = fio(4j,n—1), 7 =1,...,< n— 1. By the induction hypothesis, 2d9- > d,_, for all
j < n—2. Note that d),_; = fio(n — 1,n —2) > fio(n,n —2) > fio(n,n — 1) = d,; the first
inequality holds by the condition in the statement for £ = n — 1 and the second because adding
more variables to fig does not increase its value.

Let now A; be the closed disc (interior and boundary) of radius d;, centred at A;. By the
definition of d;, each A; contains at least 11 points, of which at most 10 (A4;, inclusive) lie strictly
inside.

Finally, suppose, if possible, that 2d; < d,, for some index j < n. If A;A,, is not among the
first 10 distances from A; to the other points, then d; = d;- and this leads to a contradiction with
the induction hypothesis. So A;A, has to be among the first 10 distances from A; to the other
points. This means that d; > A;A,, so d, > 2d; > 2A;A,. Hence A; lies strictly inside A,,.
This is a contradiction, as A; contains at least 11 points, whereas A,, contains at most 10 strictly
inside. The conclusion follows.



Problem 2. Consider a sequence of integers aj, as, as, ... such that a; > 1 and (2% — 1)ay41 is
a square for all positive integers n. Is it possible that two terms of such a sequence be equal?

Russia, PAVEL KozLov

Solution. The answer is in the negative. Notice first that, if a,, > 1, then 2% — 1 = 3 (mod 4);
since (2% — 1)a,41 is a perfect square, we should have a,+1 =0 (mod 4) or a,+1 =3 (mod 4),
so in particular a,+1 > 1. As a; > 1, we conclude that all terms of the sequence are greater
than 1.

Denote the largest prime divisor of an integer k > 1 by g(k). We will show that g(ant+1) >
g(ay) for all n, which yields the desired result. To this end, usage is made of the lemma below.

Lemma: For any prime p, each prime divisor of 2P — 1 is greater than p.

Proof. Let ¢q be a prime factor of 2P — 1; then ¢ is odd. The multiplicative order d of 2 modulo ¢
divides p and is larger than 1, so d = p. On the other hand, by Fermat’s little theorem, 2971 = 1
(mod ¢), so p=4d | ¢ —1 and the lemma follow.

Choose now any positive integer n, and denote, for convenience, k = a,, and ¢ = a,41. Let
p = g(k); then 2 — 1| 2¥ — 1. Since 2 — 1 = 3 (mod 4), this number is not a square, so there
exists a prime ¢ such that v,(2P — 1) is odd. By the Lemma, ¢ > p, so in particular ¢ { k.
Therefore, by the Lifting Exponent Lemma,

(28 — 1) = vy (2P — 1) + vy (k/p) = v, (2P — 1) 40,

0 v4(2% — 1) is odd as well. Since (2¥ — 1)¢ is a perfect square, we should then have ¢ | ¢, so
g(f) > q>p=g(k), as desired.



Problem 3. Fix an integer n > 3. Determine the smallest positive integer k satisfying the
following condition:

For any tree T with vertices v, vo, ..., v, and any pairwise distinct complex numbers
21,292,...,2%n, there is a polynomial P(X,Y") with complex coefficients of total degree
at most k such that for all i # j satisfying 1 < 4,5 < n, we have P(z;, z;) = 0 if and
only if there is an edge in 7" joining v; to v;.

Note, for example, that the total degree of the polynomial
9IX?Y* 4+ XY° + X0 -2

18 7 because 7= 3 + 4.

ROMANIA, ANDREI CHIRITA

Solution 1. First we provide a proof that £ > n — 1. Let T be the path where v; and v;41 are
adjacent for all 1 <43 < n — 1. Let w be a primitive root of unity of order n and let a; = w® for
all 1 << n.

If f(X) = P(X,wX), then for all 1 <i < n—1we have f(w') = P(a;,a;+1) = 0. Since f(1) =
P(an,a1) # 0, f is non-zero and has at least n — 1 roots. This means that deg P > deg f > n—1,
proving k > n — 1.

It remains to prove that k = n — 1 is sufficient i.e. for any tree T' and any a1, as,...,a, we
can find a polynomial P of degree at most n — 1. For brevity, we call a two-variable polynomial
A(X,Y) symmetric if A(X,Y) =AY, X).

We begin with the following observation. Suppose that A and B are two variable polynomials
of degree at most d. Then we can find o € C such that for any 1 <4, j < n, A(a;, aj)+aB(a;, aj) =
0 if and only if A(a;,a;) = B(aj,a;) = 0. This means that we can "merge” two conditions of
degree at most d into a condition of degree at most d (note that this produces a symmetric
polynomial if the initial polynomials are symmetric).

For any integer t > 2, let a star of size t be a collection of t edges for which there is a vertex
which belongs to all edges. We will prove the following claims.

Claim 1. Let G be a graph with vertices vy, vs,...,v, and E edges. Suppose that we can parti-
tion the edges of G into a number of stars. Then for any distinct complex numbers a1, as, ..., ay
we can find a symmetric polynomial P of degree at most E such that for all 1 <,j < n,i # j,
P(a;,aj) =0 if and only if there is an edge between v; and v; in G.

Proof. We will first prove the claim when G consists of a star of size £ < n — 1 and some
isolated vertices. Without loss of generality, let vivg, v1vs, ..., v1vg+1 be the edges of G. Also
let s1 =a1+as,s2 =a1+as,...,Sg=a1+agy1-

Consider merging the polynomials (X —a1)(Y —a1) and (X+Y —s1)(X+Y —s2) ... (X+Y —sEg)
into a polynomial of degree at most E (which is of course symmetric). They both vanish at a
pair a;, a; if and only if 1 € {4, j} and a; + a; € {s1,s2,...,sg}. These two happen if and only if
v; and v; are adjacent, so this produces a valid polynomial.

For the general case, let S; U So U --- U Sk be the partition of the edges of G. For each
1 < i < k, we can find a two variable polynomial P; of degree at most |S;| which vanishes
only at the edges of S;. Then we can let P = P, P;... Py, which satisfies the claim as deg P <
|S1| 4+ |S2| + -+ +|Sk| = E, as desired.

Claim 2. Any tree I" with odd number of vertices can be partitioned into stars of size 2.

Proof. We prove this by induction on the number of the vertices of I'. The base case is clear,
since I is a star of size 2 when I" has three vertices.

For the inductive step, let I' be a tree with 2m + 1 vertices, where m > 2. Let ujuo...u;
be a path of maximal length in I' (of course, ¢ > 3). Then any neighbour of us except for



maybe u3z must have degree 1, otherwise we can delete u; and insert two edges, contradicting
the maximality of ¢. If degus = 2, we can form the star ujusg,uous and apply the inductive
hypothesis on T' \ {uy,u2}. If degug > 3, let u # w1, us be a neighbour of ug. Then create the
star ujug, uug and apply the inductive hypothesis on I' N\ {u,u;}. This proves the claim.

The case where n is odd becomes trivial, since 7" has n — 1 edges. Assume that n is even.
Without loss of generality, let degv, = 1 and let v,, be adjacent to v,_.

Consider the graph T” formed by deleting the edge v,,—1v, from T (but not perturbing the n
vertices). Clearly, T" consists of v, and a tree on vy,vs,...,v,-1. As n — 1 is odd, the edges
of T" can be partitioned into stars of size 2 from Claim 2. From Claim 1 it follows that there is
a symmetric polynomial Q(X,Y) of degree at most n — 2 such that Q(a;, a;) = 0 if and only if
i,7 <n—1and v;,v; are adjacent in 7T'.

Let g(X) be the polynomial of degree n — 1 such that g(a1) = g(az) = -+ = g(an—1) =0
and g(a,) = —Q(apn—1,a,) = —Q(an,an—1). Let P be the polynomial of degree at most n — 1
obtained by merging F1(X,Y) =Q(X,Y) 4+ ¢g(X) +g(Y) and Fo(X,Y) = Q(X,Y)(X +Y — s),
where s = a, +a,—1. It is easy to see that P vanishes at each (a;, a;) for which v;, v; are adjacent
inT.

Suppose that v; and v; are not adjacent in T'. If 4, j < n — 1, then Fi(a;,a;) = Q(as,a;) # 0.
If n € {i,j}, then a; + aj # s and Q(ai,a;) # 0, so Fy(a;,a;) # 0. Hence P(a;,a;) # 0. This
proves that P satisfies the required conditions, as desired.

Solution 2. Establish the lower bound as in Solution 1. We now address the upper bound
differently. Let G be a graph on vertices vy, ..., v,. Say that a polynomial P(X,Y) is G-good if
it satisfies the conditions in the statement of the problem. We prove the more general fact below:
Claim. Let d; be the degree of v;. Assume that these degrees satisfy d; <n —iforalli <n-—1,
and d, = 1. Then there is a G-admissible polynomial of degree at most n — 1.

Notice here that, if G is a tree with vertices ordered so that dy > dy > --- > d,, then it
satisfies the conditions in the Claim. Indeed, we have d,, = 1, and if d; > n —i for some i <n—1,
then we have

n 4 n
2m—2) d; > (n—i+1)+ > l=in—i+1)+(n—i)=(i+)n—-i+1)—1>2n—1,
Jj=1 Jj=1 Jj=i+1

which is a contradiction. So, it suffices to prove the Claim.
Proof of the Claim. Let

n—1
P(X,Y)=> R;(Y)X’
j=0

be the sought polynomial; set R,,—1(X) = 1. Denote
n—2 4
Qi(X)=P(X,a;) = X" 4 Z qij X7, where ¢;; = Rj(a;).
j=0

So, we will seek for the sequences Cj = (q1,¢2j, - - -, nj) such that there exists a polynomial R;
with deg R; < n — j — 1 such that ¢;; = Rj(a;). Notice that the first n — j terms of such a
sequence determine it uniquely; in particular, there are no restrictions on the sequence Cj.

We know that the polynomial @); has d; prescribed roots. For every ¢ < n — 1, augment this
list by some numbers not from the set A = {aj,ag,...,a,} to the list b;1, bio, ..., b;pn—i. Also,
denote by b,1 the unique prescribed root of (),. Thus, we should have

max(n—i,1)

Q) =5%) [ (X —by). 1)

j=1



where S; is a monic polynomial with degS; =i — 1 for i < n — 1 and deg S;, = n — 2. The only
extra conditions we have are that each S; should achieve non-zero values at the prescribed finite
subset A; of A (containing no prescribed roots of @;).

The polynomial (); is uniquely determined by (1).

Assume that the polynomials @1, ..., Q;_1 have already been determined, for some i < n — 2.
This means that the sequences Si,...,S;—1 are also determined. This determines the polyno-
mial S; up to the constant term. So we may choose this constant term so that .S; has no prohibited
roots, thus defining @Q);.

It remains to deal with the indices ¢ = n — 1,n. At this moment, both polynomials S,
and S, are determined up to constant terms. The conditions they must obey are: (i) they should
not have roots inside A,_; and A,, respectively; and (ii) the sequence C; should be a sequence
of values of a polynomial Ry with deg Ry < n — 2. Notice that all such polynomials R; are
determined up to an additive polynomial of the form a]];,, o(X — a;). The coefficients g,—1,1
and ¢, 1 depend linearly on a with a non-zero linear term. Hence the constant terms of S,_1
and S, depend linearly on a. Now, again, there are only finitely many restrictions which remove
finitely many values of «; any other value fits the bill.

Solution 3. The answer is n — 1. Use the same argument as the official solution for the lower
bound.

We can construct such a polynomial via a method that uses no graph theory other than the
fact that T" has n — 1 edges.

Lemma 1. Let k be a positive integer and let A, B C C? be two disjoint finite sets. Suppose
|A| = 2k and no line intersects AU B in more than k + 1 points. Then there exists a polynomial
of degree k that vanishes on A and is non-zero on B.

Proof. We first argue that we may reduce to the case when |B| = 1. This is since if P and P’
are polynomials that are zero on A and nonzero on B and B’, then a generic linear combination
of P and P’ is nonzero on A and nonzero on B U B’. Now suppose B = {b}.

For a,a’ € A, write a ~ a’ if a,d’,b are collinear. This is an equivalence relation, and each
equivalence class has at most k elements. Thus we may pair up the elements of A such that no
two paired elements are collinear with . Now let P be the polynomial vanishing on the union of
the k lines determined by the pairs, which is nonzero at b by construction.

Lemma 2. Let aq,a9,...,a, be distinct complex numbers. Then a line can intersect at most n
points of the form (a;, a;).

Proof. If not, then by the pigeonhole principle such a line must contain two points with the
same z-coordinate. But then it is vertical and thus can only contain n points.

We are done by applying Lemma 1 with

A ={(a;,a;): viv; € E(T)} and B = {(aj,a;):1# j,viv; ¢ E(T)}.



The 16" Romanian Master of Mathematics Competition

Day 2 — Solutions

Problem 4. Let Z denote the set of integers and let S C Z be the set of integers that are at
least 10!, Fix a positive integer c¢. Determine all functions f: S — Z satisfying

fley+c¢) = f(z)+ f(y) foralz,yes.

UNITED KINGDOM
Solution. Observe that if 21,91, 22, y2 € S with z1y1 = 22y2 then
fl@1) + f(y1) = f(22) + f(y2)- (1)
This tells us that for u,v,w € S,
fluv) + f(w) = f(u) + flow), so f(w) = f(u) — f(v) = flow) — f(w) — f(v).

Notice the RHS is independent of u so the same must be true of the LHS. By replicating the
argument with u and v switched, we also see the LHS is independent of v so in fact

fluwv) = f(u) — f(v) =k for some constant k € Z (2)
Using (1) again we have, for y,z € S

flez) + f(y) = f(z) + flew),
so  f(ey) — f(y) =1 for some constant ¢ € Z. (3)

Setting z = cz in the original functional equation for z € S shows

=

flelyz+1) 2 flyz+ 1)+ 0= flez) + f(y) 2 1) + ) + ¢
so flyz+1) = fly) + f(2).

Let x € S and set y = x, 2 = x + 2 in the above to get

Fa+1?) 22f@+1) + k= f@) + fla+2)

= f(x) + f(r+2) —2f(x + 1) = —k = constant
which forces f to be a quadratic. By setting x = y in the original functional equation and

considering the degree of both sides, we see f must be in fact be constant. The only constant
function that satisfies the condition is f = 0.



Problem 5. Let ABC be an acute triangle with AB < AC and let H and O be its orthocentre
and circumcentre, respectively. Let I' be the circle BOC'. The line AO and the circle of radius AO
centred at A cross I' again at A’ and F, respectively. Prove that I', the circle on diameter AA’
and the circle AFH are concurrent.

ROMANIA, RADU-ANDREI LECOIU
Solution 1. Let Q denote the circle (ABC) (centred at O), and let M be the midpoint of the

minor arc BC of that circle.

Consider the composition ¢ of an inversion centered at A and the reflection in the bisector AM
that swaps B and C. Then ¢ swaps the circle 2 with the line BC, hence it swaps O with the
reflection L of A in BC. Hence «(T') is the circle I'* = (BCL), i.e., the reflection of Q in BC
which passes through H. Let S and @ be the centers of I" and I'*, respectively; then AM is the
angle bisector of ZQAS.

Since ¢ swaps I' and I'*, they are seen from A at the same angle, so there exists a rotational
homothety h centred at A mapping I' to I'*; the angle of h is Z/SAQ. Notice that the rays
AH and AF are obtained from AQO by reflections in AM and AS, respectively, so ZHAF =
2/MAS = ZQAS. This easily yields that H = h(F'). Hence the triangles AHF and AQS are
similar, and ZAHF = ZAQS.

Now, let the circle (AHF) meet I" again at T. Using directed angles, we get ZATF =
/AHF = ZAQS; next, since FO 1. AS, we have

/FTA = /FOA =1/2— ZOAS = /2 — ZQAL = )2 — ZAQS,

(here the equality ZOAS = ZQAL holds because these angles are symmetric to each other with
respect to AM), so LZATA' = ZATF + ZFTA" = m/2, as desired.

Remark. Existence of the rotational homothety h may be shown in various ways. E.g., one may
notice that € is an Apollonius circle of the segment @S, so the ratio of the radii of I" and T'* is
BS/BQ = AS/AQ, which also yields that h exists.

Solution 2. Let S be the centre of I' and let the circle on diameter AA’ cross I' again at T. It
is sufficient to prove that 7" lies on circle AF H.



The points O and F are reflections of one another in AS; hence S lies on the internal angle
bisectrix of ZFAA’. On the other hand, since SF = SA’, it lies on the perpendicular bisectrix
of FA'; so S is the midpoint of the arc A’F on circle AA’F not containing A. In particular,
AFSA' is cyclic.

Let D be the orthogonal projection of A on BC. We will prove that O, D, T are collinear.
Invert from O with radius OB. This fixes B and C, so I maps to line BC. It follows that A
maps to A* = AA’ N BC. Note that A is fixed under this inversion, as OA = OB, so the image
of the circle on diameter AA’ is a circle 0 through A and A* — and, in fact, § is the circle of
diameter AA* as AA’ passes through O. Hence T maps to one of the points where line BC
crosses . As T # A’, its image is D, so O, D, T are indeed collinear.

Letting L be the reflection of A in BC, we now prove that HT LO is cyclic. As circle HBC'is
the reflection of I' in BC, the quadrangle HLBC' is cyclic, so HD - DL = BD - DC = OD - DT,
whence HT'LO is indeed cyclic.

A/

Next, we show that triangles ALO and A’AS are similar. Let /BAC = o and ZCBA = (5.
As OS || AL, it follows that ZOAL = ZA'OS = ZAA'S, so by the sine law:
AL _ 9 A£ AB _9.sinf COSC o o and AO _ BO _ sin2a
AA" T AB AAT sinB A'S  BS = sina
Consequently, AL/AA" = AO/A’S, so ALJAO = AA’/A'S, implying the desired similarity. In
particular, ZALO = £A’AS.
Finally, combine the properties established above to chase angles and write successively

= 2cos .

LFTH =/ZFTO - ZHTO = %LFSO — /HLO = LASO — LA'AS

= /LASO + LAAS —2/A'AS = /SOA" — Z/ZFAO = ZHAO — ZFAO
=/HAF

and conclude that T lies on circle AFH, as stated in the first paragraph. This completes the
solution.

Remark. Let T be the desired intersection point. The property that the points O, D, and T is
also useful in other approaches to the problem; in fact, it may be proved for both definitions of
point 7" (as in Solutions 1 and 2), thus providing a different solution.



Here we list several other properties of the figure which appear to be useful in other approaches
to the problem.

Let the tangent to the circle (ABC) at A meet BC at Z. Then the desired common inter-
section point T lies on ZA'.

Let AH meet the circle (ABC) again at K. Then the points A, O, K, and T are concyclic.

Finally, the circle (AH FT') also passes through K, as well as through the reflection of O in D.

A/

Solution 3. Let S be the centre of I and let circle AF'H meet I again at T # F. In the sequel,
angles are all orientated.
We are to prove that ZATF + /FTA’ = 90°. To this end, note the equivalences below:

LATF + /FTA =90° & ZAHF + /FOA=90° & ZAHF = ZOAS (as AS 1 OF)
& /AHF = /SAF < AS is tangent to circle AFH
AH AF

< sin/HAS - sin /FAS
AH _sin /HAS

A0 T sinZSAO0° (+)




A/

To prove (x), let AB and AC meet I" again at B’ and C’, respectively. An easy angle chase
shows that O is the orthocentre of triangle AB'C".

As triangles ABC and AC’'B’ are similar, AH passes through the centre O’ of circle AB'C’;
and as circles AB'C' and BOCC'B’ are reflections of one another in B'C’ and AO'SO is a
parallelogram, it follows that

sin /ZHAS  sinZO'AS  O'S  AO

sin ZSAO ~ sin ZASO' ~ A0’ ~ AO" (%)

Further on, as triangles ABC and AC’B’ are similar, (xx) implies equal corresponding length
ratios, so AO/AO" = AH/AO. This establishes (%) and concludes the solution.

Remark. Relation (x) is equivalent to AS being the A-symmedian of triangle AOH. This might
very well be known and can actually be proved in several different ways.



Problem 6. Let k and m be integers greater than 1. Consider k pairwise disjoint sets
S1,59,...,Sk; each of these sets has exactly m + 1 elements, one of which is red and the other m
are all blue. Let F be the family of all subsets F' of S; U .So U . ..U Sk such that, for every i, the
intersection F' N .S; is monochromatic; the empty set is monochromatic. Determine the largest
possible cardinality of a subfamily G C F, no two sets of which are disjoint.

RuUSSIA, ANDREY KUPAVSKII AND MAKSIM TUREVSKII

Solution. The required maximum is 2™~ (2" +1)*~! and is achieved if, for instance, G consists
of all sets in F containing a fixed blue element.

We now prove that |G| < 2™~1(2741)k~! for any G satisfying the conditions in the statement.
For convenience, write M = 2™ + 1. Let r; denote the red element of .S;, and let B; be the set of
blue elements in S;.

For every subset X; C B; and every j € Zjs, define the sets

{ri}, ifj=0;
Tx,; =14 Xi if j # 0 and j is even (considered as a number in [1, M — 1});
B;\ X;, if j # 0 and j is odd (considered as a number in [1, M — 1]).

Note that, for every ¢ and every j, the sets T, ; and T, ;41 are disjoint. Now, for every sets
X,; C B; and every elements j; € Zy;, i = 1,2,...,k, denote

k
F(XlaX27"'>Xk:7j17j27"‘ a.]k;) = UTX’L:J'L (*)
i=1

Claim. Every set F' € F has exactly 2™ representations of the form (x).

Proof. Set F; = FNS;. If F; = {r;}, then there are 2™ possible choices for X;, and one should
necessarily have j; = 0. Otherwise, there are only two possible choices for X;, namely X; = F;
and X; = B; \ F;, and for each of them there are 2™~ possible choices for j;. So, whatever F,
there are 2" possible choices for each pair (X, j;) all of which can be made independently, whence
a total of 2™* possible tuples (X1, Xo, ..., Xk, j1,j2,- -, jr). This proves the Claim.

The Claim implies that each F' € F has the same number of representations of the form (x).
Thus, it suffices to show that, among all N = 25 (2™ + 1)* tuples (X1, Xo, ..., Xk, J1, 92, - - -+ Jk)s
m—1
om 4 1N SatiSfy F(Xla Xoyooy Xigy J1, J2, - - - 7]k) €g.
To this end, split all these tuples into length M cycles

at most

(F(Xl,XQ,...,Xk,jl,jz,...,jk),F(Xl,XQ,...,Xk,jl+1,j2+1,...,jk—|—1), e
F(X17X27"'7Xk7j1+M_17j2+M_17"'7jk+M_1))7

and note that any two adjacent sets of a cycle are disjoint. Hence each cycle contains at most
| M/2] = 2™~! sets from G. This provides the desired upper bound and completes the solution.



The 17" Romanian Master of Mathematics Competition

Day 1: The 25 of February, 2026, Bucharest

Language: English

Problem 1. Let n be a positive integer. Alice draws a unit area triangle
on the board. Then she draws additional triangles by performing n moves
in a row. On each move, she chooses a drawn triangle A with no marked
points in its interior, marks a point P in its interior, and draws three smaller
triangles by joining P to each vertex of A with a segment.

Once these n moves have been performed, Bob chooses three distinct
drawn triangles Ay, As, and Az which contain no marked points in their
interiors, such that Ao shares one side with A; and another with Ag. In
terms of n, determine the largest possible constant ¢ such that Bob can
guarantee that the sum of the areas of Ay, Ag, and Aj is at least ¢, regardless
of Alice’s choices.

Problem 2. Let p > 11 be a prime. Suppose that, if ¢ and b are integers
such that 1 < a < b < p— 3, then b! — a! is not divisible by p. Prove that
p — b is divisible by 8.

Problem 3. Let S be a finite subset of R3. Prove that there exist three
polynomials P(z,y, z), Q(z,y,2) and R(z,y,z) with real coefficients, such
that a triple of real numbers (a,b,c) is in S if and only if the system of
equations

P(z,y,2) = a,
Q(z,y,2) =,
R(:v,y,z) =,

does not have a solution in real numbers x, y, and z.

Each problem is worth 7 marks.
Time allowed: 4% hours.



The 17" Romanian Master of Mathematics Competition

Day 2: The 26" of February, 2026, Bucharest

Language: English

Problem 4. For any positive integer m, let ¢(m) be the number of positive
integers less than or equal to m and coprime to m. Define ¢o(m) = m and,
for each positive integer k, prp(m) = ¢(pr—1(m)). For any integer n > 3,
prove that

Po(2" = 3) - 1(2" = 3) - p2(2" =3) ... - (2" = 3)

has at most n distinct prime divisors.

Problem 5. Let ABC be a triangle with AB < AC, let O be its circum-
centre and let XY ZT be a parallelogram inside triangle ABC such that

/AXB = /AZC, /AZB = /AXC,

LAYB = LATC, LATB = LAY C.
Prove that the diagonals XZ and YT of the parallelogram intersect on the

circumcircle of BOC.

Problem 6. Let & > 1 be an integer, and let S denote the set of all (k+ 1)-
tuples of integers X = (21,...,zx 1) suchthat 1 <z < - < 241 < k241,

If o is a permutation of the numbers 1,2, ...,%k? + 1, say that an element X
of S is o-nice if the sequence o(z1),0(x2),...,0(xk4+1) is monotone. Prove
that

k2 +2—ux;

s
min [—IJJr min |——— | >k+1
1<i<k L ¢ 2<i<k+1 | k+2—1
if and only if there exists a permutation o such that X is the unique o-nice
tuple in S.

Each problem is worth 7 marks.
Time allowed: 4% hours.
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