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Los libros de Toomates son materiales digitales y gratuitos. Son digitales porque estan pensados para ser consultados mediante un
ordenador, tablet o mévil. Son gratuitos porque se ofrecen a la comunidad educativa sin coste alguno. Los libros de texto pueden ser
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no es aceptable, por inmoral y mezquino, es el modelo de las llamadas "licencias digitales" con las que las editoriales pretenden
cobrar a los estudiantes, una y otra vez, por acceder a los mismos contenidos (unos contenidos que, ademas, son de una bajisima
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pervertir el conocimiento, que es algo social, pablico, convirtiéndolo en un producto de propiedad privada, accesible solo a aquellos
que se lo puedan permitir, y solo de una manera encapsulada, fragmentada, impidiendo el derecho del alumno de poseer todo el
libro, de acceder a todo el libro, de moverse libremente por todo el libro.
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El proyecto Toomates tiene como objetivo la promocion y difusion entre el profesorado y el colectivo de estudiantes de unos
materiales didacticos libres, gratuitos y de calidad, que fuerce a las editoriales a competir ofreciendo alternativas de pago atractivas
aumentando la calidad de unos libros de texto que actualmente son muy mediocres, y no mediante retorcidas técnicas comerciales.
Estos libros se comparten bajo una licencia “Creative Commons 4.0 (Atribution Non Commercial)”: Se permite, se promueve y
se fomenta cualquier uso, reproduccién y edicion de todos estos materiales siempre que sea sin animo de lucro y se cite su
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MSWord para permitir y facilitar su edicion y generar versiones parcial o totalmente modificadas.
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The Forty-Sixth Annual William Lowell Putnam Competition
Saturday, December 7, 1985

A-1 Determine, with proof, the number of ordered triples
(A1,A2,A3) of sets which have the property that

(i) Aj UA> UAs = {1,2,3,4,5,6,7,8,9,10}, and
(i) AiNANA3 =0.

Express your answer in the form 2937579 where
a,b,c,d are nonnegative integers.

A-2 Let T be an acute triangle. Inscribe a rectangle R in T
with one side along a side of 7. Then inscribe a rectan-
gle S in the triangle formed by the side of R opposite the
side on the boundary of T, and the other two sides of T,
with one side along the side of R. For any polygon X,
let A(X) denote the area of X. Find the maximum value,
or show that no maximum exists, of %, where T

ranges over all triangles and R, S over all rectangles as
above.

A-3 Let d be a real number. For each integer m > 0, define
a sequence {an,(j)}, j=0,1,2,... by the condition

an(0)=d/2",
am(j+1) = (am()))* +2am(j),  j=>0.

Evaluate lim,, . @, (n).

A—4 Define a sequence {a;} by a; =3 and g, = 3% fori >
1. Which integers between 00 and 99 inclusive occur as
the last two digits in the decimal expansion of infinitely
many a;?

A-5 Let I, = [027: cos(x) cos(2x) - - -cos(mx) dx. For which
integers m, | <m < 10is I, # 0?

A-6 If p(x) =ap+ajx+---+an,x™ is a polynomial with real
coefficients a;, then set

C(p(x))=a3+a+---+d°,.

Let F (x) = 3x? + 7x+ 2. Find, with proof, a polynomial
g(x) with real coefficients such that

(1) g(0) =1, and
(i) T(f(x)") = T(g(x)")
for every integer n > 1.

B-1 Let k be the smallest positive integer for which there
exist distinct integers my,my, m3,mq,ms such that the
polynomial

p(x) = (x—m)(x —m2)(x —m3)(x —my)(x —ms)

has exactly k nonzero coefficients. Find, with proof, a
set of integers my,my,m3,mq,ms for which this mini-
mum k is achieved.

B-2 Define polynomials f,(x) for n > 0 by fo(x) = 1,
fn(0)=0forn>1, and

L (0= (1t D falx1)

for n > 0. Find, with proof, the explicit factorization of
S100(1) into powers of distinct primes.

B-3 Let

a ayp 4ar3 ...
a| azp as ...
as] azp azs ...

be a doubly infinite array of positive integers, and sup-
pose each positive integer appears exactly eight times in
the array. Prove that a,, ,, > mn for some pair of positive
integers (m,n).

B—4 Let C be the unit circle x* +y*> = 1. A point p is chosen
randomly on the circumference C and another point g
is chosen randomly from the interior of C (these points
are chosen independently and uniformly over their do-
mains). Let R be the rectangle with sides parallel to the
x and y-axes with diagonal pg. What is the probability
that no point of R lies outside of C?

B-5 Evaluate [;°1~"/2¢71985(+"") 41, You may assume that
1=, e dx = /7.

B-6 Let G be a finite set of real n x n matrices {M;}, 1 <
i < r, which form a group under matrix multiplication.
Suppose that Y7, tr(M;) = 0, where tr(A) denotes the
trace of the matrix A. Prove that Y/, M; is the n x n
Zero matrix.



The Forty-Seventh Annual William Lowell Putnam Competition
Saturday, December 6, 1986

A-1 Find, with explanation, the maximum value of f(x) =
x> — 3x on the set of all real numbers x satisfying x* +
36 < 13x2.

A-2 What is the units (i.e., rightmost) digit of
1020000
— |9
{ 10100 4 SJ )

A-3 Evaluate Y7 Arccot(n® +n+ 1), where Arccott for
t > 0 denotes the number 6 in the interval 0 < 6 < /2
with cot 0 =1¢.

A-4 A transversal of an n X n matrix A consists of n entries
of A, no two in the same row or column. Let f(n) be
the number of n X n matrices A satisfying the following
two conditions:

(a) Each entry ¢ ; of A is in the set {—1,0,1}.

(b) The sum of the n entries of a transversal is the
same for all transversals of A.

An example of such a matrix A is

-1 0 —1

A= 0 1 0
010

Determine with proof a formula for f(n) of the form
f(n) =ab'| +arb + a3b + ay,

where the a;’s and b;’s are rational numbers.

A-5 Suppose fi(x), f2(x),..., fu(x) are functions of n real
variables x = (x,...,x,) with continuous second-order
partial derivatives everywhere on R”. Suppose further
that there are constants c;; such that

dfi dfj _

=Ci;
ax]' 8x,- Y

foralliand j, 1 <i<n, 1 < j<n. Prove that there is
a function g(x) on R” such that f; 4+ dg/dx; is linear for
all i, 1 <i < n. (A linear function is one of the form

ap+arx) +axxp+ -+ apx,.)

A-6 Let ay,ay,...,a, be real numbers, and let by, bs,...,b,
be distinct positive integers. Suppose that there is a
polynomial f(x) satisfying the identity

(I-x)"f(x)= 1—|—iaixb".
i=1

Find a simple expression (not involving any sums) for
f(1) in terms of by,b, ..., b, and n (but independent of
ap,az,. .. 7an)-

B-1 Inscribe a rectangle of base b and height 4 in a circle
of radius one, and inscribe an isosceles triangle in the
region of the circle cut off by one base of the rectangle
(with that side as the base of the triangle). For what
value of & do the rectangle and triangle have the same
area?

B-2 Prove that there are only a finite number of possibili-
ties for the ordered triple T = (x —y,y — z,z — x), where
X,y,z are complex numbers satisfying the simultaneous
equations

x(x—1)+2yz=y(y—1)+2zx = z(z— 1)+ 2xy,
and list all such triples 7.

B-3 Let I' consist of all polynomials in x with integer co-
efficients. For f and g in I" and m a positive integer,
let f = g (mod m) mean that every coefficient of f — g
is an integral multiple of m. Let n and p be positive
integers with p prime. Given that f,g,h,r and s are
in I" with rf+sg =1 (mod p) and fg =h (mod p),
prove that there exist F and GinT' with F = f (mod p),
G=g (mod p),and FG=h (mod p").

B—4 For a positive real number r, let G(r) be the minimum
value of |r — v/m? + 2n?| for all integers m and n. Prove
or disprove the assertion that lim, ,. G(r) exists and
equals 0.

B-5 Let f(x,y,2) = x*+y*+2*+xyz. Let p(x,y,2),4(x,y,2),
r(x,y,7) be polynomials with real coefficients satisfying

F(p(x,5,2),q(x,9,2),r(x,3,2)) = f(x,9,2).

Prove or disprove the assertion that the sequence p,q,r
consists of some permutation of +x, +y, =z, where the
number of minus signs is 0 or 2.

B-6 Suppose A,B,C,D are n X n matrices with entries in a
field F, satisfying the conditions that AB” and CD” are
symmetric and AD” —BCT =I. Here I is the n x n iden-
tity matrix, and if M is an n X n matrix, MT is its trans-
pose. Prove that ATD —CTB =1.



The Forty-Eighth Annual William Lowell Putnam Competition
Saturday, December 5, 1987

A—1 Curves A, B,C and D are defined in the plane as follows:

_
P
p={ian+ 52, =3},

c={tx
D={(x

a={ )iy =

'x373xy +3y:1}
3xy 3x—y —0}

Prove that ANB =CND.

A-2 The sequence of digits
123456789101112131415161718192021 ...

is obtained by writing the positive integers in order. If
the 10"-th digit in this sequence occurs in the part of
the sequence in which the m-digit numbers are placed,
define f(n) to be m. For example, f(2) = 2 because the
100th digit enters the sequence in the placement of the
two-digit integer 55. Find, with proof, f(1987).

A-3 For all real x, the real-valued function y = f(x) satisfies
y' =2y +y=2¢".

(a) If f(x) > 0 for all real x, must f”(x) > 0 for all real
x? Explain.

(b) If f'(x) > 0 for all real x, must f(x) > 0 for all real
x? Explain.

A—4 Let P be a polynomial, with real coefficients, in three
variables and F be a function of two variables such that
P(ux,uy,uz) = uzF(y —x,z—x) forall real x,y,z,u,

and such that P(1,0,0) = 4, P(0,1,0) =5, and

P(0,0,1)=6. Alsolet A, B,C be complex numbers with
P(A,B,C) =0and |B—A| = 10. Find |C —A|.
A-5 Let

- -y X

Prove or disprove that there is a vector-valued function

F(x,y,2) = (M(%,5,2),N(%,5,2), P(%,3,2))
with the following properties:

(i) M,N, P have continuous partial derivatives for all
(x,3,2) # (0,0,0);
(i) Curl F = 0 for all (x,y,z) # (0,0,0);
(iii) F(x7y, 0)= é(x,y).
A-6 For each positive integer n, let a(n) be the number of

zeroes in the base 3 representation of n. For which pos-
itive real numbers x does the series

oo xa(n)

~ranvaran

B-1 Evaluate

/ ¢ /IO =) dx
In(

9—x)++/In(x+3)

B-2 Let r,s and 7 be integers with0 <r,0 <sand r+s <t.
Prove that

(), ()

W@, G _ t+1
(G (he)  EH1=5)(7)

B-3 Let F be a field in which 1+ 1 % 0. Show that the set
of solutions to the equation x> +y> = 1 with x and y in
F is given by (x,y) = (1,0) and

(x.) =1 2r

xy)=|—5—, 55—

Y r24+1' 241

where 7 runs through the elements of F such that > #
—1.

B—4 Let (x1,y1) = (0.8,0.6) and let x,11 = x,cosy, —
ypsiny, and y,y1 = xusiny, + y,cosy, for n =
1,2,3,.... For each of lim,_,.x, and lim,_, y,, prove
that the limit exists and find it or prove that the limit
does not exist.

B-5 Let O, be the n-dimensional vector (0,0,---,0). Let
M be a 2n x n matrix of complex numbers such that
whenever (21,22, . ..,201)M = O,, with complex z;, not
all zero, then at least one of the z; is not real. Prove
that for arbitrary real numbers ry,rs,...,r,, there are
complex numbers wy,wy,...,w, such that

w1 r
re |M

Wn 'n

(Note: if C is a matrix of complex numbers, re(C) is the
matrix whose entries are the real parts of the entries of
C)

B-6 Let F be the field of p? elements, where p is an odd
prime. Suppose S is a set of (p? — 1) /2 distinct nonzero
elements of F with the property that for each a # 0 in
F, exactly one of a and —a isin S. Let N be the number
of elements in the intersection SN{2a : a € S}. Prove
that N is even.



The Forty-Ninth Annual William Lowell Putnam Competition
Saturday, December 3, 1988

A-1 Let R be the region consisting of the points (x,y) of the
cartesian plane satisfying both |x| — |y| < I and |y| < 1.
Sketch the region R and find its area.

A-2 A not uncommon calculus mistake is to believe that the
product rule for derivatives says that (fg) = f'g’. If
flx) = & , determine, with proof, whether there exists
an open interval (a,b) and a nonzero function g defined
on (a,b) such that this wrong product rule is true for x

in (a,b).
A-3 Determine, with proof, the set of real numbers x for
which
oo 1 1 X
Z < csc— — 1)
=\n n
converges.

A—4 (a) If every point of the plane is painted one of three
colors, do there necessarily exist two points of the
same color exactly one inch apart?

(b) What if “three” is replaced by “nine”’?

A-5 Prove that there exists a unique function f from the set
R™ of positive real numbers to R™ such that

f(F(x) = 6x—f(x)

and

flx)>0
for all x > 0.

A-6 If a linear transformation A on an n-dimensional vector
space has n+ 1 eigenvectors such that any » of them are
linearly independent, does it follow that A is a scalar
multiple of the identity? Prove your answer.

B-1 A composite (positive integer) is a product ab with a
and b not necessarily distinct integers in {2,3,4,...}.
Show that every composite is expressible as xy + xz +
yz+ 1, with x,y, z positive integers.

B-2 Prove or disprove: If x and y are real numbers with y >0
and y(y+1) < (x+1)% then y(y — 1) < x.

B-3 For every n in the set N = {1,2,...} of positive inte-
gers, let r, be the minimum value of |c — dv/3 | for all
nonnegative integers c¢ and d with c+d = n. Find, with
proof, the smallest positive real number g with r,, < g
for alln € N.

B—4 Prove that if }” | a, is a convergent series of positive
real numbers, then so is Y2, (a, )"/ 1),

B-5 For positive integers n, let M, be the 2n+ 1 by 2n+ 1
skew-symmetric matrix for which each entry in the first
n subdiagonals below the main diagonal is 1 and each
of the remaining entries below the main diagonal is -1.
Find, with proof, the rank of M,. (According to one
definition, the rank of a matrix is the largest k such that
there is a k x k submatrix with nonzero determinant.)

One may note that

0 —1 1
M= 1 0 -1
11 0

0 -1 -1 1 1
1 0 -1 -1 1
M, = 1 1 0 -1 -1
-1 1 1 0 -1
-1-11 1 0

B-6 Prove that there exist an infinite number of ordered pairs
(a,b) of integers such that for every positive integer ¢,
the number at + b is a triangular number if and only if ¢

is a triangular number. (The triangular numbers are the
ty =n(n+1)/2 withnin {0,1,2,...}.)



The Fiftieth Annual William Lowell Putnam Competition
Saturday, December 2, 1989

A-1 How many primes among the positive integers, written
as usual in base 10, are alternating 1’s and 0’s, begin-
ning and ending with 1?

a rb P22 a2y2
A-2 Evaluate / / MY} gy dx where a and b are
Jo Jo

positive.
A-3 Prove that if
112'9 4+ 10iz° +10iz — 11 = 0,
then |z| = 1. (Here z is a complex number and i = —1.)

A-4 If «a is an irrational number, 0 < o < 1, is there a fi-
nite game with an honest coin such that the probabil-
ity of one player winning the game is a? (An honest
coin is one for which the probability of heads and the
probability of tails are both % A game is finite if with
probability 1 it must end in a finite number of moves.)

A-5 Let m be a positive integer and let & be a regular
(2m 4 1)-gon inscribed in the unit circle. Show that
there is a positive constant A, independent of m, with
the following property. For any points p inside ¢ there
are two distinct vertices v and v, of ¢ such that

=l =lp=val| < -~ =
—vi|—|p—v ———.
PV PRl s
Here |s — | denotes the distance between the points s
and 7.

A6 Let a = 1 +ajx+axx>+--- be a formal power series
with coefficients in the field of two elements. Let

if every block of zeros in the binary
1 expansion of n has an even number
a, = of zeros in the block

0 otherwise.

(For example, a3 = 1 because 36 = 100100, and ayg =
0 because 20 = 10100,.) Prove that &> + x4+ 1 = 0.

B-1 A dart, thrown at random, hits a square target. Assum-
ing that any two parts of the target of equal area are
equally likely to be hit, find the probability that the point
hit is nearer to the center than to any edge. Express your

a\/l;—i—c
d

answer in the form
gers.

, where a, b, ¢, d are inte-

B-2 Let S be a non-empty set with an associative operation
that is left and right cancellative (xy = xz implies y = z,
and yx = zx implies y = z). Assume that for every a in §
the set {a" : n=1,2,3,...} is finite. Must S be a group?

B-3 Let f be a function on [0, ), differentiable and satisfy-
ing

f'(x) = =3f(x) +6f(2x)

for x > 0. Assume that |f(x)| < e~ V* for x > 0 (so that
f(x) tends rapidly to O as x increases). For n a non-
negative integer, define

Un = /Ooox"f(x)dx

(sometimes called the nth moment of f).

a) Express y, in terms of L.

b) Prove that the sequence {, fl—',l} always converges,
and that the limit is 0 only if gy = 0.

B—4 Can a countably infinite set have an uncountable collec-
tion of non-empty subsets such that the intersection of
any two of them is finite?

B-5 Label the vertices of a trapezoid T (quadrilateral with
two parallel sides) inscribed in the unit circle as
A, B,C, D so that AB is parallel to CD and A, B,C, D
are in counterclockwise order. Let 51, 57, and d denote
the lengths of the line segments AB, CD, and OF, where
E is the point of intersection of the diagonals of 7', and
O is the center of the circle. Determine the least upper
bound of =2 over all such T for which d # 0, and

d
describe all cases, if any, in which it is attained.

B-6 Let (x1, x2, ... X,) be a point chosen at random from the
n-dimensional region defined by 0 < x; <x < -+ <
x, < 1. Let f be a continuous function on [0, 1] with
f(1)=0. Set xo =0 and x,+; = 1. Show that the ex-
pected value of the Riemann sum

n

Y (i1 —xi) f(xi1)

i=0

is fol Sf(£)P(t)dt, where P is a polynomial of degree n,
independent of f, with 0 < P(¢) < 1 for0 <t <.



The 51st William Lowell Putnam Mathematical Competition
Saturday, December 8, 1990

A-1 Let
To=2,T1=3,T, =6,
and for n > 3,
T,=n+4)T,_ —4nT,_»+ (4n—8)T,_3.
The first few terms are
2,3,6,14,40,152,784,5168,40576.

Find, with proof, a formula for 7;, of the form 7, = A,, +
B, where {A,} and {B,} are well-known sequences.

A-2 Is /2 the limit of a sequence of numbers of the form

n—ymmm=0,1,2,...)?

A-3 Prove that any convex pentagon whose vertices (no
three of which are collinear) have integer coordinates
must have area greater than or equal to 5/2.

A—4 Consider a paper punch that can be centered at any point
of the plane and that, when operated, removes from the
plane precisely those points whose distance from the
center is irrational. How many punches are needed to
remove every point?

A-5 If A and B are square matrices of the same size such
that ABAB = 0, does it follow that BABA = (?

A-6 If X is a finite set, let X denote the number of ele-
ments in X. Call an ordered pair (S,T) of subsets of
{1,2,...,n} admissible if s > |T| for each s € S, and
t > |S| for each t € T. How many admissible ordered
pairs of subsets of {1,2,...,10} are there? Prove your
answer.

B-1 Find all real-valued continuously differentiable func-
tions f on the real line such that for all x,

(@) = [ 107+ (£ 1)) dr + 1990.

JO

B-2 Prove that for |x| < 1, |z| > 1,

1+ Y (1+x)P; =0,

where P; is

(1-2)(1—zx)(1 —2x?) - (1 -2/ )
(z=x)(z—=x%)(z—x3) - (z— )

B-3 Let S be a set of 2 X 2 integer matrices whose entries a;;
(1) are all squares of integers and, (2) satisfy a;; < 200.
Show that if S has more than 50387 (= 15* — 152 — 15+
2) elements, then it has two elements that commute.

B—4 Let G be a finite group of order n generated by a and b.
Prove or disprove: there is a sequence

81,82,83,---,82n
such that

(1) every element of G occurs exactly twice, and

(2) gi+1 equals gja or g;b for i = 1,2,...,2n. (Inter-
pret g2,+1 as g1.)

B-5 Is there an infinite sequence ag,daj,as,... of nonzero
real numbers such that forn =1,2,3, ... the polynomial

pn(x) =agp +ayx+ax® + -+ apx”
has exactly n distinct real roots?

B-6 Let S be a nonempty closed bounded convex set in the
plane. Let K be a line and ¢ a positive number. Let L
and L; be support lines for S parallel to K7, and let L be
the line parallel to K and midway between L; and L.
Let Bs(K,t) be the band of points whose distance from
L is at most (¢/2)w, where w is the distance between L;
and L,. What is the smallest 7 such that

SN(\Bs(K,1) #0
K

for all §? (K runs over all lines in the plane.)



The 52nd William Lowell Putnam Mathematical Competition
Saturday, December 7, 1991

A-1 A2 x3rectangle has vertices as (0,0),(2,0), (0,3), and
(2,3). It rotates 90° clockwise about the point (2,0). It
then rotates 90° clockwise about the point (5,0), then
90° clockwise about the point (7,0), and finally, 90°
clockwise about the point (10,0). (The side originally
on the x-axis is now back on the x-axis.) Find the area of
the region above the x-axis and below the curve traced
out by the point whose initial position is (1,1).

A-2 Let A and B be different n x n matrices with real entries.
If A3 = B3 and A?B = B2A, can A2 + B2 be invertible?

A-3 Find all real polynomials p(x) of degree n > 2 for which
there exist real numbers r; < rp < --- < ry, such that

L. p(ri) =0,
2 p () =0

where p’(x) denotes the derivative of p(x).

i=1,2,...,n,and

i=1,2,...,n—1,

A-4 Does there exist an infinite sequence of closed discs
Dy,D,,Ds, ... in the plane, with centers cy,cz,c3,...,
respectively, such that

1. the ¢; have no limit point in the finite plane,
2. the sum of the areas of the D; is finite, and

3. every line in the plane intersects at least one of the
D;?

A-5 Find the maximum value of

[+ o-ras

for0<y<1.
A-6 Let A(n) denote the number of sums of positive integers
ay+ay+---+ar
which add up to n with

ay > az+as,ax > asz +aa,...,
ar—2 > ar—1+ar,ar—1 > ay.

Let B(n) denote the number of by + by + - - - + by which
add up to n, with

1.by >by > -+ > by,

2. each b; isin the sequence 1,2,4,...,g;,... defined
bygl = 1,g2:2, andgj:gj,1+gj,2+1,and

3. if b; = g then every element in {1,2,4,... g}
appears at least once as a b;.
Prove that A(n) = B(n) for each n > 1.

(For example, A(7) = 5 because the relevant sums are
7,6+1,5+2,4+3,442+1,and B(7) = 5 because the
relevant sums are 4 +2+1,24+2424+1,2+2+14+1+
124141411411 +1+1+1+1+1+1)

B-1 For each integern > 0, let S(n) =n— m?, where m is the
greatest integer with m? < n. Define a sequence (ax)7_,
by ap = A and a1 = a; + S(ax) for k > 0. For what
positive integers A is this sequence eventually constant?

B-2 Suppose f and g are non-constant, differentiable, real-
valued functions defined on (—eo,e0). Furthermore,
suppose that for each pair of real numbers x and y,

fx+y) =) f) —g(x)gy),
glx+y) = f(x)g(y) +g(x)f(y).

If £/(0) = 0, prove that (f(x))?+ (g(x))*> = 1 for all x.

B-3 Does there exist a real number L such that, if m and n are
integers greater than L, then an m X n rectangle may be
expressed as a union of 4 x 6 and 5 x 7 rectangles, any
two of which intersect at most along their boundaries?

B—4 Suppose p is an odd prime. Prove that

£

=0 \J

B-5 Let p be an odd prime and let Z, denote (the field of)
integers modulo p. How many elements are in the set

{(FPixezZ}n{y?+1:y€2,}?

B-6 Let a and b be positive numbers. Find the largest num-
ber ¢, in terms of a and b, such that

sinhu(l —x)

sinh ux
a— -
sinhu sinhu

axbl—x <

for all u with 0 < |u| < c and for all x, 0 < x < 1. (Note:
sinhu = (e —e™")/2.)



The 53rd William Lowell Putnam Mathematical Competition
Saturday, December 5, 1992

A-1 Prove that f(n) = 1 —n is the only integer-valued func-
tion defined on the integers that satisfies the following
conditions.

(1) f(f(n)) = n, for all integers n;
() f(f(n+2)+2)=nfor all integers n;
(iil) f(0)=1.

A-2 Define C(«) to be the coefficient of x!%°? in the power
series about x = 0 of (1 +x)%. Evaluate

1 1992 1
/0 (C(yl)kzly_i_k> dy.

A-3 For a given positive integer m, find all triples (n,x,y)
of positive integers, with n relatively prime to m, which
satisfy

(52" = ()"

A—4 Let f be an infinitely differentiable real-valued function
defined on the real numbers. If

n=123,...,

compute the values of the derivatives f*)(0),k =
1,2,3,....

A-5 For each positive integer n, let a, = 0 (or 1) if the num-
ber of 1’s in the binary representation of » is even (or
odd), respectively. Show that there do not exist positive
integers k and m such that

Ak+j = Ak+m+j = Ak+2m+
for0<j<m—1.

A—-6 Four points are chosen at random on the surface of a
sphere. What is the probability that the center of the
sphere lies inside the tetrahedron whose vertices are at
the four points? (It is understood that each point is in-
dependently chosen relative to a uniform distribution on
the sphere.)

B-1 Let S be a set of n distinct real numbers. Let Ag be the
set of numbers that occur as averages of two distinct
elements of S. For a given n > 2, what is the smallest
possible number of elements in Ag?

B-2 For nonnegative integers n and k, define Q(n,k) to be
the coefficient of x* in the expansion of (1 +x+x? +
x3)". Prove that

where (i) is the standard binomial coefficient. (Re-

a!

minder: For integers a and b with a > 0, (}) = ; D]
for 0 < b < a, with (}) = 0 otherwise.)

B-3 For any pair (x,y) of real numbers, a sequence
(an(x,y))n>0 is defined as follows:

aO(xvy> =X,

(an(x,))* +?

ant1(x,y) = o forn > 0.

Find the area of the region
{6, 9)[(@n(x,))n>0 converges}.

B—4 Let p(x) be a nonzero polynomial of degree less than

1992 having no nonconstant factor in common with

x> —x. Let

412 (p(x) ) W

dx192 \ 3 —x ) g(x)

for polynomials f(x) and g(x). Find the smallest possi-

ble degree of f(x).
B-5 Let D, denote the value of the (n— 1) x (n— 1) deter-
minant
3111 - 1
1411 1
1151 1
1116 - 1
1111 . n+1
Is the set {22 } 4 bounded?

B-6 Let ./ be a set of real n x n matrices such that

(1) I € 4, where I is the n X n identity matrix;

(ii) if A € A and B € ., then either AB € .4 or
—AB € ., but not both;

(iii) if A € .# and B € ., then either AB = BA or
AB = —BA;

(iv) if A € A and A # I, there is at least one B € .4
such that AB = —BA.

Prove that .# contains at most n? matrices.



The 54th William Lowell Putnam Mathematical Competition
Saturday, December 4, 1993

A—1 The horizontal line y = ¢ intersects the curve y = 2x —
3x3 in the first quadrant as in the figure. Find ¢ so that
the areas of the two shaded regions are equal. [Figure
not included. The first region is bounded by the y-axis,
the line y = ¢ and the curve; the other lies under the
curve and above the line y = ¢ between their two points
of intersection.]

A-2 Let (x,),>0 be a sequence of nonzero real numbers such
that x2 —x,_1x,11 = 1 for n = 1,2,3,.... Prove there
exists a real number a such that x,+; = ax, — x,— for
alln > 1.

A-3 Let &, be the set of subsets of {1,2,...,n}. Let c(n,m)
be the number of functions f : &, — {1,2,...,m} such

that f(ANB) = min{f(A), f(B)}. Prove that
m
c(n,m) =Y j".
j=1
A—4 Let x1,x2,...,Xx19 be positive integers each of which is

less than or equal to 93. Let y,ys,...,Y93 be positive
integers each of which is less than or equal to 19. Prove
that there exists a (nonempty) sum of some x;’s equal to
a sum of some y;’s.

A-5 Show that
10
/100<
il o2-x \°
/111 ( —3x Jrl) dt
1

10
100

EES 5\‘
N
=
(3]
2
=
_|_><
—_
N———
(3%
&

is a rational number.

A-6 The infinite sequence of 2’s and 3’s

2,3,3,2,3,3,3,2,3,3,3,2,3,3,2,3,3,
3,2,3,3,3,2,3,3,3,2,3,3,2,3,3,3,2, ..

has the property that, if one forms a second sequence
that records the number of 3’s between successive 2’s,
the result is identical to the given sequence. Show that
there exists a real number r such that, for any n, the nth
term of the sequence is 2 if and only if n = 1+ |rm]
for some nonnegative integer m. (Note: | x| denotes the
largest integer less than or equal to x.)

B-1 Find the smallest positive integer n such that for every
integer m with 0 < m < 1993, there exists an integer k
for which

m k m+1

< - .
. 1993 “n S T994
B-2 Consider the following game played with a deck of 2n

cards numbered from 1 to 2n. The deck is randomly
shuffled and n cards are dealt to each of two players.
Beginning with A, the players take turns discarding one
of their remaining cards and announcing its number.
The game ends as soon as the sum of the numbers on the
discarded cards is divisible by 2n+ 1. The last person
to discard wins the game. Assuming optimal strategy
by both A and B, what is the probability that A wins?

B-3 Two real numbers x and y are chosen at random in the
interval (0,1) with respect to the uniform distribution.
What is the probability that the closest integer to x/y is
even? Express the answer in the form r + s, where r
and s are rational numbers.

B—4 The function K (x,y) is positive and continuous for 0 <
x < 1,0 <y <1, and the functions f(x) and g(x) are
positive and continuous for 0 < x < 1. Suppose that for
allx, 0 <x <1,

/f K(x,y)dy = g(x)

and

[ ey =0

Show that f(x) = g(x) for0 <x < 1.

B-5 Show there do not exist four points in the Euclidean
plane such that the pairwise distances between the
points are all odd integers.

B-6 Let S be a set of three, not necessarily distinct, posi-
tive integers. Show that one can transform § into a set
containing 0 by a finite number of applications of the
following rule: Select two of the three integers, say x
and y, where x <y and replace them with 2x and y — x.



The 55th William Lowell Putnam Mathematical Competition
Saturday, December 3, 1994

A-1 Suppose that a sequence ay,a»,as, ... satisfies 0 < a, <
az, + azny for all n > 1. Prove that the series Y., | a,
diverges.

A-2 Let A be the area of the region in the first quadrant
bounded by the line y = %x, the x-axis, and the ellipse
%xz +y? = 1. Find the positive number m such that A
is equal to the area of the region in the first quadrant
bounded by the line y = mux, the y-axis, and the ellipse
L2321
oX" Ty :

A-3 Show that if the points of an isosceles right triangle of
side length 1 are each colored with one of four colors,
then there must be two points of the same color whch
are at least a distance 2 — /2 apart.

A—4 Let A and B be 2 x 2 matrices with integer entries such
that A,A+ B,A+2B,A+ 3B, and A + 4B are all invert-
ible matrices whose inverses have integer entries. Show
that A 4 5B is invertible and that its inverse has integer
entries.

A-5 Let (r,;)n>0 be a sequence of positive real numbers such
that lim,,_,. r;, = 0. Let S be the set of numbers repre-
sentable as a sum

Fiy +Tiy + -+ Fijggys

with iy <ip <--- <ij994. Show that every nonempty in-
terval (a,b) contains a nonempty subinterval (c,d) that
does not intersect S.

A-6 Let f1,..., fio be bijections of the set of integers such
that for each integer n, there is some composition f;, o
fi, 0--- 0o f;, of these functions (allowing repetitions)
which maps 0 to n. Consider the set of 1024 functions

°fi0’}s

e;=0o0r1forl1<i<10. ( fio is the identity function
and fi1 = fi.) Show that if A is any nonempty finite set

gzz{fflo 2620...

of integers, then at most 512 of the functions in .% map
A to itself.

B-1 Find all positive integers n that are within 250 of exactly
15 perfect squares.

B-2 For which real numbers c is there a straight line that
intersects the curve

493 e +9x+4
in four distinct points?

B-3 Find the set of all real numbers k with the following
property: For any positive, differentiable function f that
satisfies f’(x) > f(x) for all x, there is some number N
such that f(x) > e for all x > N.

B—4 For n > 1, let d,, be the greatest common divisor of the
entries of A" — I, where

32 10
A:(4 3> and I:(O 1).

Show that lim,, e d,, = oo.

B-5 For any real number ¢, define the function fy(x) =
|ax|. Let n be a positive integer. Show that there exists
an o such that for 1 <k <n,

fa(n?) =n® —k= fou(n?).
B-6 For any integer n, set
ng = 10la—100-2°.

Show that for 0 < a,b,c,d <99, n,+n, = n. +ny
(mod 10100) implies {a,b} = {c,d}.



A-1

The 56th William Lowell Putnam Mathematical Competition
Saturday, December 2, 1995

Let S be a set of real numbers which is closed under
multiplication (that is, if @ and b are in S, then so is ab).
Let T and U be disjoint subsets of S whose union is
S. Given that the product of any three (not necessarily
distinct) elements of T is in T and that the product of
any three elements of U is in U, show that at least one
of the two subsets T, U is closed under multiplication.

A-2 For what pairs (a,b) of positive real numbers does the

A-3

improper integral

[ (Vvara— iV vao) ax

converge?

The number did,...do has nine (not necessarily dis-
tinct) decimal digits. The number eje; . .. eg is such that
each of the nine 9-digit numbers formed by replacing
just one of the digits d; is did> . . . dg by the correspond-
ing digit e; (1 <i <9) is divisible by 7. The number
fifa... fo is related to ejes...e9 is the same way: that
is, each of the nine numbers formed by replacing one of
the e; by the corresponding f; is divisible by 7. Show
that, for each i, d; — f; is divisible by 7. [For example,
ifdid,...do = 199501996, then e may be 2 or 9, since
199502996 and 199509996 are multiples of 7.]

A-4 Suppose we have a necklace of n beads. Each bead is

labeled with an integer and the sum of all these labels
is n — 1. Prove that we can cut the necklace to form a
string whose consecutive labels x1,xy,...,x, satisfy

k
Y xi<k—1 for k=1,2,...,n.
=1

Let x1,x,...,x, be differentiable (real-valued) func-
tions of a single variable f which satisfy

dX]
2 apxy+apxy+- -+ apxn
d)CQ
2 a1 X1 +anxy+- -+ axuxy
dx,
Z =amX1 +apxy+ -+ appXy

for some constants a;; > 0. Suppose that for all i,
xi(t) = 0 ast — oo. Are the functions xj,x,...,x, nec-
essarily linearly dependent?

Suppose that each of n people writes down the numbers
1,2,3 in random order in one column of a 3 X n matrix,
with all orders equally likely and with the orders for
different columns independent of each other. Let the

row sums a,b,c of the resulting matrix be rearranged
(if necessary) so that a < b < c¢. Show that for some
n > 1995, it is at least four times as likely that both
b=a+landc=a+2asthata=>b=c.

For a partition @ of {1,2,3,4,5,6,7,8,9}, let m(x) be
the number of elements in the part containing x. Prove
that for any two partitions 7 and 7/, there are two dis-
tinct numbers x and y in {1,2,3,4,5,6,7,8,9} such that
7(x) = w(y) and 7' (x) = 7'(y). [A partition of a set §
is a collection of disjoint subsets (parts) whose union is
S.]

B-2 An ellipse, whose semi-axes have lengths a and b, rolls

without slipping on the curve y = csin (). How are
a,b,c related, given that the ellipse completes one rev-
olution when it traverses one period of the curve?

To each positive integer with n”> decimal digits, we asso-
ciate the determinant of the matrix obtained by writing
the digits in order across the rows. For example, for n =
8 6

17 )= 50.
Find, as a function of 7, the sum of all the determinants
associated with n>-digit integers. (Leading digits are as-
sumed to be nonzero; for example, for n = 2, there are
9000 determinants.)

2, to the integer 8617 we associate det

B—4 Evaluate

B-5

B-6

1
82207 - ——————.
2207 - 2207—...

Express your answer in the form %‘/E

are integers.

, Wwhere a,b,c,d

A game starts with four heaps of beans, containing 3,4,5
and 6 beans. The two players move alternately. A move
consists of taking either

a) one bean from a heap, provided at least two beans
are left behind in that heap, or
b) a complete heap of two or three beans.
The player who takes the last heap wins. To win the

game, do you want to move first or second? Give a
winning strategy.

For a positive real number ¢, define
S(a) ={|no] :n=1,2,3,...}.

Prove that {1,2,3,...} cannot be expressed as the dis-
joint union of three sets S(),S(f) and S(7). [As usual,
|x] is the greatest integer < x.]



A-1

A-2

Solutions to the 56th William Lowell Putnam Mathematical Competition
Saturday, December 2, 1995

Kiran Kedlaya

Suppose on the contrary that there exist #1,tp € T
with 716, € U and uy,up € U with ujuy € T. Then
(t1t2)uruy € U while t115(ujup) € T, contradiction.

The integral converges iff @ = b. The easiest proof uses
“big-O notation and the fact that (1+x)'/2 =14x/2+
O(x?) for |x| < 1. (Here O(x?) means bounded by a
constant times x2.)

So

Vita—Ve=2(/T+a/x-1)
=x"2(1+a/2x+ 0(x72)),

hence

Vita—x=x"*a/4x+0(x7?))

and similarly

Vi—vVx—b=x"*b/4x+0(x7?)).

Hence the integral we’re looking at is
|34 (a=b) a5+ 02 .
b

The term x'/*O(x~2) is bounded by a constant times
x~7/*, whose integral converges. Thus we only have to
decide whether x3/4(a — b) /4 converges. But x3/*
has divergent integral, so we get convergence if and
only if @ = b (in which case the integral telescopes any-
way).

Let D and E be the numbers d;...dg and e ...e9, re-
spectively. We are given that (e; —d;)10°~" + D = 0
(mod 7) and (f; —e;)10° "+ E =0 (mod 7) for i =
1,...,9. Sum the first relation over i = 1,...,9 and we
get E—D+9D =0 (mod 7), or E+ D=0 (mod 7).
Now add the first and second relations for any partic-
ular value of i and we get (f; —d;)10° "+ E+D =0
(mod 7). But we know E + D is divisible by 7, and 10
is coprime to 7, so d; — f; =0 (mod 7).

A4 Letsy=x1+ - +x,—k(n—1)/n, so that s, = 5o = 0.

These form a cyclic sequence that doesn’t change when
you rotate the necklace, except that the entire sequence
gets translated by a constant. In particular, it makes
sense to choose x; for which s; is maximum and make
that one x,,; this way s; < 0 for all i, which gives x; +
-+-4x; <i(n—1)/n, but the right side may be replaced
by i — 1 since the left side is an integer.

A-5

A-6

Everyone (presumably) knows that the set of solutions
of a system of linear first-order differential equations
with constant coefficients is n-dimensional, with ba-
sis vectors of the form f;(¢)V; (i.e. a function times
a constant vector), where the V; are linearly indepen-
dent. In particular, our solution X(¢) can be written as
Y cifi(t)vr.

Choose a vector w orthogonal to Vs, . .., V, but not to Vj.
Since X(¢) — 0 as t — oo, the same is true of w - X; but
that is simply (w - V1)cy fi(¢). In other words, if ¢; # 0,
then f;(¢) must also go to 0.

However, it is easy to exhibit a solution which does
not go to 0. The sum of the eigenvalues of the matrix
A = (ajj), also known as the trace of A, being the sum
of the diagonal entries of A, is nonnegative, so A has
an eigenvalue A with nonnegative real part, and a cor-
responding eigenvector V. Then €M7 is a solution that
does not go to 0. (If A is not real, add this solution to
its complex conjugate to get a real solution, which still
doesn’t go to 0.)

Hence one of the ¢;, say cy, is zero, in which case X(z) -
w =0 for all ¢.

View this as a random walk/Markov process with states
(i,],k) the triples of integers with sum 0, correspond-
ing to the difference between the first, second and third
rows with their average (twice the number of columns).
Adding a new column adds on a random permutation
of the vector (1,0,—1). I prefer to identify the triple
(i, j,k) with the point (i — j) + (j — k)@ + (k— i)®* in
the plane, where @ is a cube root of unity. Then adding
a new column corresponds to moving to one of the six
neighbors of the current position in a triangular lattice.

What we’d like to argue is that for large enough n, the
ratio of the probabilities of being in any two particular
states goes to 1. Then in fact, we’ll see that eventually,
about six times as many matrices have a = b — 1,b =
c— 1 than a = b = c¢. This is a pain to prove, though,
and in fact is way more than we actually need.

Let C, and A,, be the probability that we are at the ori-
gin, or at a particular point adjacent to the origin, re-
spectively. Then C,+1 = A,,. (In fact, C,4 is 1/6 times
the sum of the probabilities of being at each neighbor of
the origin at time n, but these are all A,.) So the desired
result, which is that C,/A, > 2/3 for some large n, is
equivalent to A, /A, >2/3.

Suppose on the contrary that this is not the case; then
Ap < ¢(2/3)" for some constant n. However, if n = 6m,
the probability that we chose each of the six types
of moves m times is already (6m)!/[m!®6°"], which



by Stirling’s approximation is asymptotic to a constant
times m /2. This term alone is bigger than ¢(2/3)", so
we must have A, /A, > 2/3 for some n. (In fact, we
must have A,y /A, > 1 — ¢ for any € > 0.)

For a given &, no more than three different values of
7(x) are possible (four would require one part each of
size at least 1,2,3,4, and that’s already more than 9 el-
ements). If no such x,y exist, each pair (7(x), 7' (x))
occurs for at most 1 element of x, and since there are
only 3 x 3 possible pairs, each must occur exactly once.
In particular, each value of 7(x) must occur 3 times.
However, clearly any given value of 7(x) occurs k7m(x)
times, where k is the number of distinct partitions of that
size. Thus 7(x) can occur 3 times only if it equals 1 or
3, but we have three distinct values for which it occurs,
contradiction.

B-2 For those who haven’t taken enough physics, “rolling

without slipping” means that the perimeter of the ellipse
and the curve pass at the same rate, so all we’re saying
is that the perimeter of the ellipse equals the length of
one period of the sine curve. So set up the integrals:

2
/ \/(—asin 0)2+ (bcos6)?d6
Jo

[

- /Ozm \/1 + (c/acosx/a)?dx.

Let & = x/a in the second integral and write 1 as
sin” @ + cos? 6 and you get

T
\/a2 sin2 0 + b2 cos2 6 dO

2
:/ \/a2 sin® 8 + (a2 + %) cos2 0.d6.
0

Since the left side is increasing as a function of b, we
have equality if and only if »* = a® 4 ¢2.

For n = 1 we obviously get 45, while for n = 3 the
answer is 0 because it both changes sign (because de-
terminants are alternating) and remains unchanged (by
symmetry) when you switch any two rows other than
the first one. So only n = 2 is left. By the multilinear-
ity of the determinant, the answer is the determinant of
the matrix whose first (resp. second) row is the sum of
all possible first (resp. second) rows. There are 90 first
rows whose sum is the vector (450,405), and 100 sec-
ond rows whose sum is (450,450). Thus the answer is
450 x 450 — 450 x 405 = 45 x 450 = 20250.

B—4 The infinite continued fraction is defined as the limit

of the sequence Ly = 2207,L,+ = 2207 — 1/L,. No-
tice that the sequence is strictly decreasing (by induc-
tion) and thus indeed has a limit L, which satisfies L =
2207 — 1/L, or rewriting, L*> —2207L+ 1 = 0. More-
over, we want the greater of the two roots.

Now how to compute the eighth root of L? Notice that
if x satisfies the quadratic x> —ax+ 1 = 0, then we have

0=(x*—ax+1)(x* +ax+1)
=x'— (> -2) +1.

Clearly, then, the positive square roots of the quadratic
x2 — bx+ 1 satisfy the quadratic x*> — (b +2)'/2x4+1 =
0. Thus we compute that L'/2 is the greater root of x2 —
47x+1=0, LY/* is the greater root of x> —7x+1 =0,
and L'/8 is the greater root of x> — 3x+ 1 = 0, otherwise
known as (3 ++/5)/2.

This problem is dumb if you know the Sprague-
Grundy theory of normal impartial games (see Conway,
Berlekamp and Guy, Winning Ways, for details). I’ll de-
scribe how it applies here. To each position you assign
a nim-value as follows. A position with no moves (in
which case the person to move has just lost) takes value
0. Any other position is assigned the smallest number
not assigned to a valid move from that position.

For a single pile, one sees that an empty pile has value
0, a pile of 2 has value 1, a pile of 3 has value 2, a pile
of 4 has value 0, a pile of 5 has value 1, and a pile of 6
has value 0.

You add piles just like in standard Nim: the nim-value
of the composite of two games (where at every turn you
pick a game and make a move there) is the “base 2 ad-
dition without carries” (i.e. exclusive OR) of the nim-
values of the constituents. So our starting position, with
piles of 3, 4, 5, 6, has nim-value 26 0H 160 = 3.

A position is a win for the player to move if and only if
it has a nonzero value, in which case the winning strat-
egy is to always move to a 0 position. (This is always
possible from a nonzero position and never from a zero
position, which is precisely the condition that defines
the set of winning positions.) In this case, the winning
move is to reduce the pile of 3 down to 2, and you can
easily describe the entire strategy if you so desire.

B-6 Obviously «, 3,y have to be greater than 1, and no two

can both be rational, so without loss of generality as-
sume that o and [ are irrational. Let {x} = x — |x]
denote the fractional part of x. Then m € S(a) if and
only if f(m/o) € (1—1/a,1)U{0}. In particular, this
means that S(a) N {1,...,n} contains [(n+1)/a] —1
elements, and similarly. Hence for every integer n,

Fﬁﬂ Vﬂw [’HW

n= + + -3.

o B Y

Dividing through by n and taking the limit as n — oo

shows that 1/a¢+1/8 +1/y = 1. That in turn implies
that for all #,

N

Our desired contradiction is equivalent to showing that
the left side actually takes the value 1 for some n. Since




the left side is an integer, it suffices to show that {—(n+
)/a}+{—(n+1)/B} < 1 for some n.

A result in ergodic theory (the two-dimensional version
of the Weil equidistribution theorem) states that if 1,7, s
are linearly independent over the rationals, then the
set of points ({nr},{ns} is dense (and in fact equidis-
tributed) in the unit square. In particular, our claim def-
initely holds unless @/ + b/ = ¢ for some integers
a,b,c.

On the other hand, suppose that such a relation

does hold. Since o and 8 are irrational, by the
one-dimensional Weil theorem, the set of points
({—n/a},{—n/B} is dense in the set of (x,y) in the
unit square such that ax+ by is an integer. It is simple
enough to show that this set meets the region {(x,y) €
[0,1]? : x+y < 1} unless a+ b is an integer, and that
would imply that 1 /04 1/, a quantity between 0 and
1, is an integer. We have our desired contradiction.



The 57th William Lowell Putnam Mathematical Competition
Saturday, December 7, 1996

A-1 Find the least number A such that for any two squares of
combined area 1, a rectangle of area A exists such that
the two squares can be packed in the rectangle (without
interior overlap). You may assume that the sides of the
squares are parallel to the sides of the rectangle.

A-2 Let C; and C;, be circles whose centers are 10 units
apart, and whose radii are 1 and 3. Find, with proof,
the locus of all points M for which there exists points X
on Cj and Y on C; such that M is the midpoint of the
line segment XY

A-3 Suppose that each of 20 students has made a choice of
anywhere from 0 to 6 courses from a total of 6 courses
offered. Prove or disprove: there are 5 students and 2
courses such that all 5 have chosen both courses or all 5
have chosen neither course.

A-4 Let S be the set of ordered triples (a,b,c) of distinct
elements of a finite set A. Suppose that
(a,b,c) € Sif and only if (b,c,a) € S;
a,b,c) € Sif and only if (c,b,a) ¢ S;
)

(
(a,b,c) and (c,d,a) are both in S if and only if
(b,c,d) and (d,a,b) are both in S.

1.
2.
3.

Prove that there exists a one-to-one function g from A
to R such that g(a) < g(b) < g(c) implies (a,b,c) € S.
Note: R is the set of real numbers.

A-5 If p is a prime number greater than 3 and k = |2p/3],
prove that the sum

(1) (2) ()

of binomial coefficients is divisible by p?.

A—-6 Let ¢ > 0 be a constant. Give a complete description,
with proof, of the set of all continuous functions f :
R — R such that f(x) = f(x> +¢) for all x € R. Note
that R denotes the set of real numbers.

B-1 Define a selfish set to be a set which has its own cardi-
nality (number of elements) as an element. Find, with
proof, the number of subsets of {1,2,...,n} which are

minimal selfish sets, that is, selfish sets none of whose
proper subsets is selfish.

B-2 Show that for every positive integer n,

2n—1 2n+1
2

— 2 2
(2" 1) <1.3.5...(2n1)<(2”+1)
e e

B-3 Given that {x1,x3,...,x,} = {1,2,...,n}, find, with
proof, the largest possible value, as a function of n (with
n>2),of

X1X2 +X2X3 4+ -+ + Xp— 1 X, + XpX1-

B-4 For any square matrix A, we can define sinA by the
usual power series:

= ()" e

Prove or disprove: there exists a 2 x 2 matrix A with
real entries such that

. 1 1996
smA:(O 1 )

B-5 Given a finite string S of symbols X and O, we write
A(S) for the number of X’s in S minus the number of
O’s. For example, A(XOOX00X) = —1. We call a
string S balanced if every substring T of (consecutive
symbols of) S has —2 < A(T) < 2. Thus, XOOX 00X
is not balanced, since it contains the substring OOX OO0.
Find, with proof, the number of balanced strings of
length n.

B-6 Let (ay,b1),(a2,b2),...,(an,b,) be the vertices of a
convex polygon which contains the origin in its inte-
rior. Prove that there exist positive real numbers x and y
such that

(a1,b1)xM Y2 + (az, by)x2yP2 4 - -
+(an, ba)xy"" = (0,0).
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If x and y are the sides of two squares with combined
area 1, then x> +y> = 1. Suppose without loss of gen-
erality that x > y. Then the shorter side of a rectangle
containing both squares without overlap must be at least
x, and the longer side must be at least x+y. Hence the
desired value of A is the maximum of x(x+y).

To find this maximum, we let x = cos 8,y = sin 6 with
0 € [0,7/4]. Then we are to maximize

1
cos® 0 +sin@cosh = 5(1 ~+c0s260 +5in20)

= %Jr gcos(ze —m/4)

142
2 b

<

with equality for 8 = 7/8. Hence this value is the de-
sired value of A.

A-2 Let O and O; be the centers of C| and C,, respectively.

(We are assuming C| has radius 1 and C, has radius
3.) Then the desired locus is an annulus centered at the
midpoint of O10;, with inner radius 1 and outer radius
2.

For a fixed point Q on C,, the locus of the midpoints of
the segments PQ for P lying on Cj is the image of C;
under a homothety centered at Q of radius 1/2, which
is a circle of radius 1/2. As Q varies, the center of this
smaller circle traces out a circle C3 of radius 3/2 (again
by homothety). By considering the two positions of Q
on the line of centers of the circles, one sees that C5 is
centered at the midpoint of O10,, and the locus is now
clearly the specified annulus.

The claim is false. There are (g’) = 20 ways to choose

3 of the 6 courses; have each student choose a different
set of 3 courses. Then each pair of courses is chosen by
4 students (corresponding to the four ways to complete
this pair to a set of 3 courses) and is not chosen by 4
students (corresponding to the 3-element subsets of the
remaining 4 courses).

Note: Assuming that no two students choose the same
courses, the above counterexample is unique (up to per-
muting students). This may be seen as follows: Given a
group of students, suppose that for any pair of courses
(among the six) there are at most 4 students taking both,
and at most 4 taking neither. Then there are at most
120 = (4+4) ((2’) pairs (s, p), where s is a student, and
p is a set of two courses of which s is taking either both
or none. On the other hand, if a student s is taking k
courses, then he/she occurs in f(k) = (5) + (°,%) such

pairs (s,p). As f(k) is minimized for k = 3, it follows
that every student occurs in at least 6 = (g) + (;) such
pairs (s, p). Hence there can be at most 120/6 = 20 stu-
dents, with equality only if each student takes 3 courses,
and for each set of two courses, there are exactly 4 stu-
dents who take both and exactly 4 who take neither.
Since there are only 4 ways to complete a given pair
of courses to a set of 3, and only 4 ways to choose 3
courses not containing the given pair, the only way for
there to be 20 students (under our hypotheses) is if all
sets of 3 courses are in fact taken. This is the desired
conclusion.

However, Robin Chapman has pointed out that the so-
lution is not unique in the problem as stated, because a
given selection of courses may be made by more than
one student. One alternate solution is to identify the 6
courses with pairs of antipodal vertices of an icosahe-
dron, and have each student pick a different face and
choose the three vertices touching that face. In this ex-
ample, each of 10 selections is made by a pair of stu-
dents.

A—4 In fact, we will show that such a function g exists with

the property that (a,b,c) € S if and only if g(d) <
g(e) < g(f) for some cyclic permutation (d,e, f) of
(a,b,c). We proceed by induction on the number of
elements in A. If A = {a,b,c} and (a,b,c) € S, then
choose g with g(a) < g(b) < g(c), otherwise choose g
with g(a) > g(b) > g(c).

Now let z be an element of A and B = A — {z}. Let
ai,...,a, be the elements of B labeled such that g(a;) <
glap) < --- < g(ay). We claim that there exists a unique
i€{l,...,n} suchthat (a;,z,ai+1) € S, where hereafter
Aptk = k-

We show existence first. Suppose no such i exists; then
for all i,k € {1,...,n}, we have (a;ix,z,a;) ¢ S. This
holds by property 1 for k = 1 and by induction on k in
general, noting that

(Qiks1,2,Qivk)(Gigk,2,ai) €S
= (@ivk,Qiyrr1,2), (2,aiai41) €S
= (a,-+k+1,z,a,-) es.

Applying this when k = n, we get (a;_1,z,a;) € S, con-
tradicting the fact that (a;,z,a,—1) € S. Hence existence
follows.

Now we show uniqueness. Suppose (a;,z,di+1) €
S; then for any j # i — l,i;i + 1, we have
(ai,aiy1,aj),(aj,ajy1,a;) € S by the assumption on G.



Therefore
(ai,z,ai+1), (aiy1,aj,a;) € S = (aj,a;,z) € S
(ai,z,aj),(aj,ajr1,a;) € S = (z,aj,aj1+1),
so (aj,z,aj+1) ¢ S. The case j =i+ 1 is ruled out by
(ai,2,ai1+1), (@1, ai42,0i) € S = (2,ai41,ai12) €S

and the case j =i— 1 is similar.

Finally, we put g(z) in (g(as),+e0) if i = n, and
(g(ai),g(ai+1)) otherwise; an analysis similar to that
above shows that g has the desired property.

A-5 (due to Lenny Ng) For 1 <n < p—1, p divides (”) and

L(p\ 1p—1p-2 p—n+l
p\n) n 1 2 n—1

(1!

(mod p),

where the congruence x =y (mod p) means that x —y is
a rational number whose numerator, in reduced form, is
divisible by p. Hence it suffices to show that

k (_1\n—1
)y % =0 (modp).
n=1

We distinguish two cases based on p (mod6). First sup-
pose p = 6r+1, so that k = 4r. Then

4r -1 4r 2r
—1)" 1 1
Ct o E
n=1 n n=1" n:lzn
2r 3r
1 1 1 1
= \n n neari \n - 6r+1—n
3r p

since p = 6r+ 1.
Now suppose p = 6r+35, so that k = 4r+ 3. A similar
argument gives

4r43 (71)}1—1 4r+31 2r+-1 1

L, —L,t?L;,

n=1 n=1
2r+1 1 1 3r42 1 1
E () E e
n=1 \" n n=2r+2 n 6r+5—n
3r42
= Z LEO(modp).

n=2r+2 n(p - n)

A-6 We first consider the case ¢ < 1/4; we shall show in this
case f must be constant. The relation

f@) = f(@@+e) = f((—x)* +¢) = f(-)

proves that f is an even function. Let r; < rp be the
roots of xZ + ¢ — x, both of which are real. If x > r,

define xo = x and x| = /x,, — ¢ for each positive in-
teger x. By induction on n, r» < x,41 < X, for all n, so
the sequence {x,} tends to a limit L which is a root of
x4+ ¢ = x not less than r,. Of course this means L = r5.
Since f(x) = f(x,) for all n and x,, — 5, we conclude
f(x) = f(r2), so f is constant on x > r;.

If ry <x < ry and x, is defined as before, then by in-
duction, x, < x,+1 < r2. Note that the sequence can be
defined because r; > c; the latter follows by noting that
the polynomial x> — x + ¢ is positive at x = ¢ and has
its minimum at 1/2 > ¢, so both roots are greater than
c. In any case, we deduce that f(x) is also constant on
rn <x<rn.

Finally, suppose x < r;. Now define xp = x,x,41 =
x% + c. Given that x,, < ry, we have x,,;1 > x;,,. Thus if
we had x,, < r; for all n, by the same argument as in the
first case we deduce x,, — ry and so f(x) = f(r]). Actu-
ally, this doesn’t happen; eventually we have x,, > ry, in
which case f(x) = f(x,) = f(r1) by what we have al-
ready shown. We conclude that f is a constant function.
(Thanks to Marshall Buck for catching an inaccuracy in
a previous version of this solution.)

Now suppose ¢ > 1/4. Then the sequence x, defined
by xo = 0 and x,41 = xﬁ + ¢ is strictly increasing and
has no limit point. Thus if we define f on [x¢,x] as any
continuous function with equal values on the endpoints,
and extend the definition from [x,, X, 1] tO [Xnt1,Xn+2]
by the relation f(x) = f(x* 4 c), and extend the defini-
tion further to x < 0 by the relation f(x) = f(—x), the
resulting function has the desired property. Moreover,
any function with that property clearly has this form.

B-1 Let [n] denote the set {1,2,...,n}, and let f, denote
the number of minimal selfish subsets of [n]. Then the
number of minimal selfish subsets of [n] not containing
n is equal to f,—1. On the other hand, for any mini-
mal selfish subset of [n] containing n, by subtracting 1
from each element, and then taking away the element
n — 1 from the set, we obtain a minimal selfish subset
of [n—2] (since 1 and n cannot both occur in a selfish
set). Conversely, any minimal selfish subset of [n — 2]
gives rise to a minimal selfish subset of [n] containing
n by the inverse procedure. Hence the number of mini-
mal selfish subsets of [n] containing 7 is f,—>. Thus we
obtain f, = f,—1 + fu_2. Since fi = f>» = 1, we have
Jn = F,, where F,, denotes the nth term of the Fibonacci
sequence.

B-2 By estimating the area under the graph of Inx using up-
per and lower rectangles of width 2, we get

2n—1
/ Inxdx < 2(In(3) +---+In(2n— 1))
1
2n+1
g/ Inxdx.
3

Since [Inxdx = xInx—x+ C, we have, upon exponen-



tiating and taking square roots,

2n—1
2n—1\ z -
( n ) <@n-1)"T et
e
<1:3---(2n—1)
M€7n+l
2n+1
(2n+1) 2
< )
e
using the fact that 1 < e < 3.
View xi,...,Xx, as an arrangement of the numbers

1,2,...,n on a circle. We prove that the optimal ar-
rangement is

.oan—4n—-2nn—1n-3,...

To show this, note that if @, b is a pair of adjacent num-
bers and c,d is another pair (read in the same order
around the circle) with a < d and b > ¢, then the seg-
ment from b to ¢ can be reversed, increasing the sum
by

ac+bd—ab—cd = (d—a)(b—c) > 0.

Now relabel the numbers so they appear in order as fol-
lows:

ceeyQp—4,dp—2,0n = N,dp—1,dp-3, ...

where without loss of generality we assume a,_; >
an—s. By considering the pairs a,—»,a, and a,_1,a,—_3
and using the trivial fact a, > a,_1, we deduce a,_, >
a,—3. We then compare the pairs a,—4,a,—p and
an—1,a,—3, and using that a,—; > a,—», we deduce
ap—3 > an—4. Continuing in this fashion, we prove that
a, >a, 1 >--->a andso aqy =k fork=1,2,...,n,
i.e. that the optimal arrangement is as claimed. In par-
ticular, the maximum value of the sum is

1-24+(n—1)-n+1-342-44---+(n—2)-n

=241 —n+(P=1)+-+[(n—1)=1]

—1)n(2n—1
=n2—n+2—(n—l)+%
23 43n2—11n+18

6

Alternate solution: We prove by induction that the value
given above is an upper bound; it is clearly a lower
bound because of the arrangement given above. As-
sume this is the case for n — 1. The optimal arrange-
ment for 7 is obtained from some arrangement for n — 1
by inserting n between some pair x,y of adjacent terms.
This operation increases the sum by nx + ny — xy =
n? — (n—x)(n—y), which is an increasing function of
both x and y. In particular, this difference is maximal

when x and y equal n — 1 and n — 2. Fortunately, this
yields precisely the difference between the claimed up-
per bound for » and the assumed upper bound for n — 1,
completing the induction.

B—4 Suppose such a matrix A exists. If the eigenvalues of

A (over the complex numbers) are distinct, then there
exists a complex matrix C such that B = CAC~! is
diagonal. Consequently, sinB is diagonal. But then
sinA = C~!(sin B)C must be diagonalizable, a contra-
diction. Hence the eigenvalues of A are the same, and A
has a conjugate B = CAC~! over the complex numbers

of the form
Xy
0x )’

A direct computation shows that

. sinx y-cosx
sinB = Y . .
0 sinx

Since sinA and sinB are conjugate, their eigenvalues
must be the same, and so we must have sinx = 1. This
implies cosx = 0, so that sin B is the identity matrix, as
must be sinA, a contradiction. Thus A cannot exist.

Alternate solution (due to Craig Helfgott and Alex
Popa): Define both sinA and cosA by the usual power
series. Since A commutes with itself, the power series
identity

sin®A +cos’A =1

holds. But if sinA is the given matrix, then by the above

identity, cos” A must equal 0 —2-1996 ) which is a

0 0
nilpotent matrix. Thus cosA is also nilpotent. How-
ever, the square of any 2 x 2 nilpotent matrix must be
zero (e.g., by the Cayley-Hamilton theorem). This is a
contradiction.

B-5 Consider a 1 x n checkerboard, in which we write an

n-letter string, one letter per square. If the string is
balanced, we can cover each pair of adjacent squares
containing the same letter with a 1 x 2 domino, and
these will not overlap (because no three in a row can
be the same). Moreover, any domino is separated from
the next by an even number of squares, since they must
cover opposite letters, and the sequence must alternate
in between.

Conversely, any arrangement of dominoes where ad-
jacent dominoes are separated by an even number of
squares corresponds to a unique balanced string, once
we choose whether the string starts with X or O. In
other words, the number of balanced strings is twice
the number of acceptable domino arrangements.

We count these arrangements by numbering the squares
0,1,...,n— 1 and distinguishing whether the dominoes
start on even or odd numbers. Once this is decided, one



simply chooses whether or not to put a domino in each
eligible position. Thus we have 2 n/2] arrangements in
the first case and 2L"=1)/2] in the second, but note that
the case of no dominoes has been counted twice. Hence
the number of balanced strings is

2l(r42)/2] | oltet1)/2] _y

B-6 We will prove the claim assuming only that the convex

hull of the points (a;,b;) contains the origin in its inte-
rior. (Thanks to Marshall Buck for pointing out that the
last three words are necessary in the previous sentence!)
Let u = logx,v = logy so that the left-hand side of the
given equation is

(a1,b1)exp(aiu—+bv) + (az,by) exp(azu + byv)+

oo+ (an,by) explagu+b,yv). (1)
Now note that (1) is the gradient of the function

flu,v) = exp(aju+byv) + exp(azu + byv)+
-t exp(apu+byv),

and so it suffices to show f has a critical point. We will
in fact show f has a global minimum.

Clearly we have

f(u,v) >exp (max(a,-u —&—b,-v)) .

4

Note that this maximum is positive for (u,v) # (0,0): if
we had a;u+ b;v < 0 for all i, then the subset ur+vs <0
of the rs-plane would be a half-plane containing all of
the points (a;,b;), whose convex hull would then not
contain the origin, a contradiction.

The function max;(a;u + b;v) is clearly continuous on
the unit circle u? +v? = 1, which is compact. Hence it
has a global minimum M > 0, and so for all u,v,

max (a;u+ bv) > M/ u® +12.
l

In particular, f > n+ 1 on the disk of radius
\/(n+1)/M. Since f(0,0) = n, the infimum of f is the
same over the entire uv-plane as over this disk, which
again is compact. Hence f attains its infimal value at
some point in the disk, which is the desired global min-
imum.

Noam Elkies has suggested an alternate solution as fol-
lows: for r > 0, draw the loop traced by (1) as (u,v)
travels counterclockwise around the circle u? 4+-v? = r2.
For r = 0, this of course has winding number 0 about
any point, but for r large, one can show this loop has
winding number 1 about the origin, so somewhere in
between the loop must pass through the origin. (Prov-
ing this latter fact is a little tricky.)



The 58th William Lowell Putnam Mathematical Competition
Saturday, December 6, 1997

A-1 A rectangle, HOMF, has sides HO = 11 and OM = 5.
A triangle ABC has H as the intersection of the altitudes,
O the center of the circumscribed circle, M the midpoint
of BC, and F the foot of the altitude from A. What is
the length of BC?

A-2 Players 1,2,3,...,n are seated around a table, and each
has a single penny. Player 1 passes a penny to player
2, who then passes two pennies to player 3. Player 3
then passes one penny to Player 4, who passes two pen-
nies to Player 5, and so on, players alternately passing
one penny or two to the next player who still has some
pennies. A player who runs out of pennies drops out
of the game and leaves the table. Find an infinite set
of numbers n for which some player ends up with all n
pennies.

A-3 Evaluate
/.oo x3+ o 7 .
x— 4=
Jo 2 24 2-4-6
2 4 6

X X X
Heteptpeet )%

A—4 Let G be a group with identity e and ¢ : G — G a func-
tion such that

$(21)9(82)9(g3) = ¢ (1) (h2) 9 (h3)

whenever g122g3 = e = h1hphs. Prove that there exists
an element a € G such that y(x) = a¢(x) is a homo-
morphism (i.e. Y(xy) = y(x)y(y) forall x,y € G).

A-5 Let N,, denote the number of ordered n-tuples of pos-
itive integers (aj,as,...,a,) such that 1/a; + 1/ay +
...+ 1/a, = 1. Determine whether N is even or odd.

A-6 For a positive integer n and any real number c, define x;
recursively by xo =0, x; = 1, and for k > 0,

X — (n—k)x;
MR T

Fix n and then take c to be the largest value for which
Xpt1 =0. Find x; in terms of n and k, 1 <k <n.

B-1 Let {x} denote the distance between the real number
x and the nearest integer. For each positive integer n,
evaluate

6n—1 m m
F,= Z mln<{a}a{§})

m=1

(Here min(a,b) denotes the minimum of a and b.)
B-2 Let f be a twice-differentiable real-valued function sat-
isfying

fE)+f"(x) = —xg(x)f' (x),

where g(x) > 0 for all real x. Prove that |f(x)| is
bounded.

B-3 For each positive integer n, write the sum Y, _, 1/m in
the form p, /q,, where p, and g, are relatively prime
positive integers. Determine all n such that 5 does not
divide gj,.

B-4 Let a,, , denote the coefficient of x” in the expansion of
(1 +x+x2)’”. Prove that for all [integers] £ > 0,

B-5 Prove that for n > 2,

nterms n— 1 terms
= =
> >
2 = 2 (mod n).

B-6 The dissection of the 3—4-5 triangle shown below (into
four congruent right triangles similar to the original) has
diameter 5/2. Find the least diameter of a dissection of
this triangle into four parts. (The diameter of a dissec-
tion is the least upper bound of the distances between
pairs of points belonging to the same part.)



Solutions to the 58th William Lowell Putnam Mathematical Competition
Saturday, December 6, 1997

Manjul Bhargava, Kiran Kedlaya, and Lenny Ng

A-1 The centroid G of the triangle is collinear with H and O
(Euler line), and the centroid lies two-thirds of the way
from A to M. Therefore H is also two-thirds of the way
from A to F, so AF = 15. Since the triangles BFH and
AFC are similar (they’re right triangles and

/HBC =1t/2— /C = /CAF),

we have
BF/FH = AF/FC
or
BF -FC=FH-AF =175.
Now

BC* = (BF +FC)?* = (BF — FC)* +-4BF - FC,
but
BF —FC = BM +MF — (MC — MF) = 2MF =22,

N
BC =+/2224+4-75 =784 =28.

A-2 We show more precisely that the game terminates with
one player holding all of the pennies if and only if n =
2™ 41 or n =2"+72 for some m. First suppose we are in
the following situation for some k > 2. (Note: for us, a
“move” consists of two turns, starting with a one-penny

pass.)

— Except for the player to move, each player has k
pennies;

— The player to move has at least k pennies.

We claim then that the game terminates if and only if
the number of players is a power of 2. First suppose
the number of players is even; then after m complete
rounds, every other player, starting with the player who
moved first, will have m more pennies than initially, and
the others will all have 0. Thus we are reduced to the
situation with half as many players; by this process, we
eventually reduce to the case where the number of play-
ers is odd. However, if there is more than one player,
after two complete rounds everyone has as many pen-
nies as they did before (here we need m > 2), so the
game fails to terminate. This verifies the claim.

Returning to the original game, note that after one com-
plete round, L%J players remain, each with 2 pennies
except for the player to move, who has either 3 or 4 pen-
nies. Thus by the above argument, the game terminates
if and only if L”;—lj is a power of 2, that is, if and only
ifn=2"+1orn=2"+42 for some m.

A-3 Note that the series on the left is simply xexp(—x>/2).

By integration by parts,
/mxz”“e"‘z/zdx — /mxzn—le—;@/zdx
0 0

and so by induction,

/ e 2y — 2 x4 .- % 20,
0

Thus the desired integral is simply

=1
Z 2"n!

n=0

- e

A—4 Tn order to have y(x) = a¢(x) for all x, we must in par-
ticular have this for x = e, and so we take a = ¢(e) .
We first note that

P(g)p(e)d(g™") =(e)d(g)o (")

and so ¢(g) commutes with ¢(e) for all g. Next, we
note that

PO x) =d(e)p(xy)o(y 'x )

and using the commutativity of ¢ (e), we deduce
9(e) " 9(x)p(e) "' o() = 9(e) " P (xy)
or Y(xy) = y(x)y(y), as desired.

A-5 We may discard any solutions for which a; # a,, since
those come in pairs; so assume a; = ap. Similarly, we
may assume that a3 = a4, as = ag, a7 = ag, a9 = ajy.
Thus we get the equation

2/ay+2/az+2/as+2/a7+2/ag = 1.

Again, we may assume a; = a3 and as = a7, so we get
4/ay+4/as+2/ag = 1;and a; = as, so 8/a; +2/ag =
1. This implies that (a; — 8)(ag — 2) = 16, which by
counting has 5 solutions. Thus Ny is odd.

A—6 Clearly x,,+; is a polynomial in ¢ of degree n, so it suf-
fices to identify n values of ¢ for which x,4; = 0. We
claim these are c=n—1—-2r for r =0,1,...,n—1;
in this case, xy is the coefficient of ~! in the polyno-
mial f(t) = (1 —#)"(141¢)""'=". This can be verified
by noticing that f satisfies the differential equation

fie) n—=1—r r
fo)  1+r 11—t




(by logarithmic differentiation) or equivalently,

(L= f' (1) = fO)[(n=1=r)(1—1) = r(1+1)]
=fOl(n=1=2r)=(n—1)]

and then taking the coefficient of #* on both sides:

(k+ Dxiz — (k—1)xe =
(n—1=2r)xp41 — (n—1)xg.

In particular, the largest such ¢ is n — 1, and x; = (’Z:})
fork=1,2,....n

Greg Kuperberg has suggested an alternate approach to
show directly that ¢ = n— 1 is the largest root, without
computing the others. Note that the condition x| =0
states that (xj,...,x,) is an eigenvector of the matrix

i j=i+1
A,’j: n—j j:i—l
0  otherwise

with eigenvalue c. By the Perron-Frobenius theorem,
A has a unique eigenvector with positive entries, whose
eigenvalue has modulus greater than or equal to that of
any other eigenvalue, which proves the claim.

It is trivial to check that 2t = {£} < {{}} for 1 <
m < 2n, that 1 — 5+ = {3’1}<{6 }f0r2n<m<3n
that - — 1 = {5 }<{ "~} for 3n < m < 4n, and that
1—5—{6”}§{ }f0r4n§m§6n Therefore the
desired sum is

2n—1 3n—1
Lo L5
Jr4n21 (771)+6n211 (177>

m=3n

B-2 It suffices to show that | f(x)| is bounded for x > 0, since

f(—x) satisfies the same equation as f(x). But then

4 ((F)? + (' (0)%) =2 () (f(x) + " (x))

dx
= —2xg(x)(f'(x))* <0,

so that (£(x))? < (£(0))* + (f(0))? for x > 0.

B-3 The only such n are the numbers 1-4, 20-24, 100-104,

and 120-124. For the proof let
~y L
m=1"

and introduce the auxiliary function

1

1<m<n,(m,5)=

It is immediate (e.g., by induction) that I, =
1,0,0 (mod 5) forn=1,2,3,4,5 (mod 5) respec-
tively, and moreover, we have the equality

|
Hy =Y slinsm)s

m=0

where k = k(n) denotes the largest integer such that
5K <'n. We wish to determine those n such that the
above sum has nonnegative 5—valuation. (By the 5—
valuation of a number a we mean the largest integer v
such that a/5" is an integer.)

If |n/5F] < 3, then the last term in the above sum
has 5-valuation —k, since I;, I», I3 each have valua-
tion 0; on the other hand, all other terms must have 5—
valuation strictly larger than —k. It follows that H,, has
S5—valuation exactly —k; in particular, H, has nonneg-
ative 5—valuation in this case if and only if k =0, i.e.,
n=1,2,or3.

Suppose now that |n/5 | = 4. Then we must also have
20< |n/ Sk’lj < 24. The former condition implies that
the last term of the above sum is Iy /5F = 1/(12-5¢72),
which has 5—valuation —(k —2).

It is clear that Iy = L4 = 0 (mod 25); hence if [n/5%!]
equals 20 or 24, then the second—-to-last term of the
above sum (if it exists) has valuation at least —(k —
3). The third-to-last term (if it exists) is of the form
I,/ 5%=2 50 that the sum of the last term and the third to
last term takes the form (I, + 1/12)/5¥=2. Since I, can
be congruent only to 0,1, or -1 (mod 5), and 1/12 =3
(mod 5), we conclude that the sum of the last term
and third-to-last term has valuation —(k — 2), while
all other terms have valuation strictly higher. Hence
H, has nonnegative 5—valuation in this case only when
k < 2, leading to the values n = 4 (arising from k = 0),
20,24 (arising from k = 1 and [n/5*"'] =20 and 24
resp.), 101, 102, 103, and 104 (arising from k = 2,
|n/551| = 20) and 120, 121, 122, 123, and 124 (aris-
ing from k =2, |n/5F"1| = 24).

Finally, suppose |n/5%| =4 and [n/5*'| = 21, 22,
or 23. Then as before, the first condition implies that
the last term of the sum in (*) has valuation —(k — 2),
while the second condition implies that the second—to—
last term in the same sum has valuation —(k—1). Hence
all terms in the sum (*) have 5—valuation strictly higher
than —(k — 1), except for the second—to—last term, and
therefore H, has 5-valuation —(k — 1) in this case. In
particular, H,, is integral (mod 5) in this case if and only
if kK < 1, which gives the additional values n = 21, 22,
and 23.

B—4 Let sy =Y;(—1)'ax_1, be the given sum (note that a1 ;

is nonzero precisely fori =0,...,| % |). Since

Am+10 = Qmp T Anp—1 1 Amn—2,



we have

Sk = Sk—1 + k2 = 3 (= 1) (an—ii + Gnijip1 + aniit2)
i

= Z(—l)ian7i+1,i+z = Sk43-
i

By computing so = 1,51 = 1,50 = 0, we may easily
verify by induction that s4; = s4j41 = 1 and s4j40 =
s4j43 =0forall j > 0. (Alternate solution suggested by
John Rickert: write S(x,y) = Y= o (y +xy* +x%y*)/, and
note note that sy is the coefficient of y* in S(—1,y) =
(1+y)/(1=y*).)

B-5 Define the sequence x| = 2, x, = 2*-1 for n > 1. It suf-

fices to show that for every n, x,, = xp+1 =--- (mod n)
for some m < n. We do this by induction on n, with
n = 2 being obvious.

Write n = 2b, where b is odd. It suffices to show that
X, = --- modulo 24 and modulo b, for some m < n.
For the former, we only need x,_; > a, but clearly
Xp,—1 > n by induction on n. For the latter, note that
Xm = Xm1 = --- (mod b) as long as xp—] =X = -+
(mod ¢ (b)), where ¢(n) is the Euler totient function.
By hypothesis, this occurs for some m < ¢(b) +1 < n.
(Thanks to Anoop Kulkarni for catching a lethal typo in
an earlier version.)

B—6 The answer is 25/13. Place the triangle on the cartesian

plane so that its vertices are at C = (0,0),A = (0,3),B=
(4,0). Define also the points D = (20/13,24/13), and
E = (27/13,0). We then compute that

25

— =AD=BE =DE

13

27

EzBC—CE:BE<BC

39

IE =AC < VAC?+CE? =AE
40

IE] =AB—-AD =BD < AB

and that AD < CD. In any dissection of the triangle
into four parts, some two of A, B,C, D, E must belong to
the same part, forcing the least diameter to be at least
25/13.

We now exhibit a dissection with least diameter 25/13.
(Some variations of this dissection are possible.) Put
F = (15/13,19/13), G = (15/13,0), H = (0,19/13),
J =(32/15,15/13), and divide ABC into the convex
polygonal regions ADFH, BEJ, CGFH, DFGEJ. To
check that this dissection has least diameter 25/13, it
suffices (by the following remark) to check that the dis-
tances

AD,AF,AH,BE,BJ,DE,CF,CG,CH,
DF,DG,DH,DJ,EF,EG,EJ,FG,FH,FJ,GJ

are all at most 25/13. This can be checked by a long
numerical calculation, which we omit in favor of some
shortcuts: note that ADFH and BEJ are contained in
circular sectors centered at A and B, respectively, of ra-
dius 25/13 and angle less than 7/3, while CGFH is a
rectangle with diameter CF < 25/13.

Remark. The preceding argument uses implicitly the
fact that for P a simple closed polygon in the plane, if
we let S denote the set of points on or within P, then the
maximum distance between two points of S occurs be-
tween some pair of vertices of P. This is an immediate
consequence of the compactness of S (which guarantees
the existence of a maximum) and the convexity of the
function taking (x,y) € S X S to the squared distance be-
tween x and y (which is obvious in terms of Cartesian
coordinates).
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A-1 A right circular cone has base of radius 1 and height 3.
A cube is inscribed in the cone so that one face of the
cube is contained in the base of the cone. What is the
side-length of the cube?

A-2 Let s be any arc of the unit circle lying entirely in the
first quadrant. Let A be the area of the region lying be-
low s and above the x-axis and let B be the area of the
region lying to the right of the y-axis and to the left of
s. Prove that A + B depends only on the arc length, and
not on the position, of s.

A-3 Let f be areal function on the real line with continuous
third derivative. Prove that there exists a point a such
that

fla)-f'(a)- f"(a)- f"(a) = 0.

A-4 LetA; =0and A, = 1. For n > 2, the number A,, is de-
fined by concatenating the decimal expansions of A,
and A, _, from left to right. For example A3 = AA| =
10,A4 =A3A, =101, A5 = A4A3 = 10110, and so forth.
Determine all n such that 11 divides A,,.

A-5 Let .Z be a finite collection of open discs in R? whose
union contains a set E C R2. Show that there is a pair-
wise disjoint subcollection Dy, ...,D, in % such that

Here, if D is the disc of radius r and center P, then 3D
is the disc of radius 37 and center P.

A—6 Let A,B,C denote distinct points with integer coordi-
nates in R2. Prove that if

(JAB|+|BC|)* < 8- [ABC] + 1

then A,B,C are three vertices of a square. Here |XY|
is the length of segment XY and [ABC] is the area of
triangle ABC.

B-1 Find the minimum value of

(x+1/x)° = (x®+1/x8) -2
G 107+ P 17)

forx > 0.

B-2 Given a point (a,b) with 0 < b < a, determine the min-
imum perimeter of a triangle with one vertex at (a,b),
one on the x-axis, and one on the line y = x. You may
assume that a triangle of minimum perimeter exists.

B-3 let H be the unit hemisphere {(x,y,z) : x> +y* + 27> =
1,z > 0}, C the unit circle {(x,y,0) : x> +y*> = 1}, and
P the regular pentagon inscribed in C. Determine the
surface area of that portion of H lying over the pla-
nar region inside P, and write your answer in the form
Asina+ Bcos B, where A, B, o, B are real numbers.

B-4 Find necessary and sufficient conditions on positive in-
tegers m and n so that

mn—1
Z (_I)Li/mj—ﬂi/nj —0.
i=0

B-5 Let N be the positive integer with 1998 decimal digits,
all of them 1; that is,

N=1111---11.

Find the thousandth digit after the decimal point of v/N.

B-6 Prove that, for any integers a, b, c, there exists a positive
integer n such that v/n3 + an? + bn + ¢ is not an integer.
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A-1 Consider the plane containing both the axis of the cone

and two opposite vertices of the cube’s bottom face.
The cross section of the cone and the cube in this plane
consists of a rectangle of sides s and sv/2 inscribed in
an isosceles triangle of base 2 and height 3, where s is
the side-length of the cube. (The sv/2 side of the rect-
angle lies on the base of the triangle.) Similar triangles

yield s/3 = (1 —sv/2/2)/1, 0rs = (9v/2—6)/17.

A-2 First solution: to fix notation, let A be the area of re-

gion DEF G, and B be the area of DEIH; further let C
denote the area of sector ODE, which only depends on
the arc length of 5. If [XYZ] denotes the area of trian-
gle [XYZ], then we have A = C + [OEG] — [ODF] and
B = C+ [ODH| — [OEI]. But clearly [OEG] = [OEI]
and [ODF| = [ODH], and so A+ B = 2C.

D

Second solution: We may parametrize a point in s by
any of x, y, or @ =tan~!(y/x). Then A and B are just the
integrals of ydx and xdy over the appropriate intervals;
thus A + B is the integral of xdy — ydx (minus because
the limits of integration are reversed). But d6 = xdy —
ydx, and so A + B = A0 is precisely the radian measure
of 5. (Of course, one can perfectly well do this problem
by computing the two integrals separately. But what’s
the fun in that?)

A-3 1If at least one of f(a), f'(a), f”(a), or f”(a) vanishes

at some point a, then we are done. Hence we may as-
sume each of f(x), f/(x), f"(x), and f"(x) is either
strictly positive or strictly negative on the real line. By
replacing f(x) by —f(x) if necessary, we may assume
f"(x) > 0; by replacing f(x) by f(—x) if necessary,
we may assume f’(x) > 0. (Notice that these substitu-
tions do not change the sign of f(x)f’(x)f” (x)f" (x).)
Now f”(x) > 0 implies that f’(x) is increasing, and
f"(x) > 0 implies that f'(x) is convex, so that f(x+
a) > f'(x) +af” (x) for all x and a. By letting a increase
in the latter inequality, we see that f’(x + a) must be
positive for sufficiently large a; it follows that f’(x) >0

for all x. Similarly, f’(x) > 0 and f”(x) > 0 imply that
f(x) > 0 for all x. Therefore f(x)f"(x)f” (x)f" (x) >0
for all x, and we are done.

A—4 The number of digits in the decimal expansion of A, is

the Fibonacci number F,, where Fj = 1, F, = 1, and
F,=F, |+ F, » for n > 2. It follows that the se-
quence {A,}, modulo 11, satisfies the recursion A, =
(—1)f2A,_| +A,_». (Notice that the recursion for A,
depends only on the value of F,_, modulo 2.) Using
these recursions, we find that A7 = 0 and Ag = 1 modulo
11, and that 5 = 1 and F3 = 1 modulo 2. It follows that
Ap =A,i6 (mod 11) for all n > 1. We find that among
A1,A2,A3,A4,As5, and Ag, only A vanishes modulo 11.
Thus 11 divides A, if and only if n = 6k + 1 for some
nonnegative integer k.

A-5 Define the sequence D; by the following greedy algo-

rithm: let D; be the disc of largest radius (breaking ties
arbitrarily), let D, be the disc of largest radius not meet-
ing D1, let D3 be the disc of largest radius not meeting
D1 or Dy, and so on, up to some final disc D,. To see
that E C U"_, 3D, consider a point in E; if it lies in one
of the D;, we are done. Otherwise, it lies in a disc D of
radius r, which meets one of the D; having radius s > r
(this is the only reason a disc can be skipped in our al-
gorithm). Thus the centers lie at a distance ¢ < s+ r, and
so every point at distance less than r from the center of
D lies at distance at most r+¢ < 3s from the center of
the corresponding D;.

A—6 Recall the inequalities |AB|?> 4 |BC|*> > 2|AB||BC| (AM-

GM) and |AB||BC| > 2[ABC] (Law of Sines). Also re-
call that the area of a triangle with integer coordinates
is half an integer (if its vertices lie at (0,0), (p,q), (1,s),
the area is | ps — gr|/2), and that if A and B have integer
coordinates, then |AB|? is an integer (Pythagoras). Now
observe that

8[ABC] < |AB|? +|BC|* +4[ABC]
< |AB|* + |BC|* +2|AB||BC|
< 8[ABC] +1,

and that the first and second expressions are both in-
tegers. We conclude that 8]ABC] = |AB|* + |BC|*> +
4[ABC), and so |AB|*> + |BC|? = 2|AB||BC| = 4[ABC];
that is, B is a right angle and AB = BC, as desired.

B-1 Notice that

(x+1/x) — (x®+1/x5) —
(x+1/x)3+(3+1/x3)
(x41/x)° = (3 +1/x°) =3(x+ 1/x)




(difference of squares). The latter is easily seen (e.g., by
AM-GM) to have minimum value 6 (achieved at x = 1).

B-2 Consider a triangle as described by the problem; label

its vertices A, B, C so that A = (a, b), B lies on the x-axis,
and C lies on the line y = x. Further let D = (a,—b) be
the reflection of A in the x-axis, and let E = (b,a) be
the reflection of A in the line y = x. Then AB = DB and
AC = CE, and so the perimeter of ABC is DB + BC +
CE > DE = +\/(a—b)*+ (a+b)? = V24> +2b%. 1tis
clear that this lower bound can be achieved; just set B
(resp. C) to be the intersection between the segment
DE and the x-axis (resp. line x = y); thus the minimum

perimeter is in fact v/2a? + 2b2.

B-3 We use the well-known result that the surface area of

the “sphere cap” {(x,y,z) |¥* +y* + 2> = 1,z > z0} is
simply 27(1 —zp). (This result is easily verified using
calculus; we omit the derivation here.) Now the desired
surface area is just 27 minus the surface areas of five
identical halves of sphere caps; these caps, up to isome-
try, correspond to zp being the distance from the center
of the pentagon to any of its sides, i.e., zo = cos Z. Thus
the desired area is 27 — 3 (270(1 —cos Z)) = 5mcos £ —
37 (i.e., B=m/2).

B—4 For convenience, define f,,(i) = ||+ |L], so that

m n
the given sum is S(m,n) = Y (—1)/mn (@) If m and
n are both odd, then S(m,n) is the sum of an odd num-
ber of +1’s, and thus cannot be zero. Now consider
the case where m and n have opposite parity. Note that
| L]+ [k— L) =k—1 for all integers i,k,m. Thus
I_mJ + I—mnmz IJ —n—1and LﬁJ + I_mn:,FIJ =m—1;
this implies that fy, , (i) + finn(mn—i—1) =m+n—2is
odd, and so (—1)/mn() = —(—1)fmalmn=i=1) for all . 1t
follows that S(m,n) = 0 if m and n have opposite parity.
Now suppose that m = 2k and n = 2/ are both even.

Then |_22r{1J sz HJ for all j, so S can be computed as
twice the sum over only even indices:

2kl—1
S(2k,21) =2 Z 1)/t = §(k, 1) (1+ (—1)KH).

Thus S(2k,21) vanishes if and only if S(k,!) vanishes (if
1+ (—=1)¥! =0, then k and [ have opposite parity and
so S(k,!) also vanishes).

Piecing our various cases together, we easily deduce
that S(m,n) = 0 if and only if the highest powers of 2
dividing m and n are different.

B-5 Write N = (10'%® —1)/9. Then

10999
VN = V11— 10198

3
1 0999
T3

1
(1—510*1998+r),

where r < 107290, Now the digits after the decimal

point of 10°°%/3 are given by .3333..., while the dig-
its after the decimal point of 1107%% are given by
.00000...1666666.. .. It follows that the first 1000 dig-
its of /N are given by .33333...3331; in particular, the
thousandth digit is 1.

B—6 First solution: Write p(n) = n® 4+ an® +bn + c. Note

that p(n) and p(n+ 2) have the same parity, and recall
that any perfect square is congruent to 0 or 1 (mod 4).
Thus if p(n) and p(n+2) are perfect squares, they are
congruent mod 4. But p(n+2) — p(n) = 2n* +2b (mod
4), which is not divisible by 4 if n and b have opposite
parity.

Second solution: We prove more generally that for any
polynomial P(z) with integer coefficients which is not
a perfect square, there exists a positive integer n such
that P(n) is not a perfect square. Of course it suffices
to assume P(z) has no repeated factors, which is to say
P(z) and its derivative P'(z) are relatively prime.

In particular, if we carry out the Euclidean algorithm
on P(z) and P'(z) without dividing, we get an integer
D (the discriminant of P) such that the greatest com-
mon divisor of P(n) and P'(n) divides D for any n.
Now there exist infinitely many primes p such that p
divides P(n) for some n: if there were only finitely
many, say, pi,..., Pk, then for any n divisible by m =
P(0)p1p2- - pr, we have P(n) = P(0) (mod m), that is,
P(n)/P(0) is not divisible by py, ..., px, so must be +1,
but then P takes some value infinitely many times, con-
tradiction. In particular, we can choose some such p not
dividing D, and choose n such that p divides P(n). Then
P(n+kp) = P(n)+kpP'(n)(mod p) (write out the Tay-
lor series of the left side); in particular, since p does not
divide P'(n), we can find some k such that P(n+ kp)
is divisible by p but not by p?, and so is not a perfect
square.

Third solution: (from David Rusin, David Savitt, and
Richard Stanley independently) Assume that n* +an” +
bn+c is a square for all n > 0. For sufficiently large n,

1
(n3/2—|—§an1/2 —1)? <P tan’ +bn+tc
1
<+ Ean1/2—|— )%

thus if n is a large even perfect square, we have n’> +
an? +bn+c = (n’/? + San'/?)2. We conclude this is an
equality of polynomials, but the right-hand side is not a
perfect square for n an even non-square, contradiction.
(The reader might try generalizing this approach to ar-
bitrary polynomials. A related argument, due to Greg
Kuperberg: write v/n® +an? +bn+c as n*/? times a
power series in 1/n and take two finite differences to
get an expression which tends to 0 as n — oo, contradic-
tion.)

Note: in case n° +an® + bn + ¢ has no repeated factors,
it is a square for only finitely many n, by a theorem



of Siegel; work of Baker gives an explicit (but large)
bound on such n. (I don’t know whether the graders
will accept this as a solution, though.)



The 60th William Lowell Putnam Mathematical Competition
Saturday, December 4, 1999

A-1 Find polynomials f(x),g(x), and h(x), if they exist, such
that for all x,

-1 ifx<—1
1F)| = lg()| +h(x) = 3x+2 if-1<x<0
—2x+2 ifx>0.

A-2 Let p(x) be a polynomial that is nonnegative for all
real x. Prove that for some k, there are polynomials

S1(x),- .., fr(x) such that
k

@=;mwﬂ
j=

A-3 Consider the power series expansion

- Y

Prove that, for each integer n > 0, there is an integer m
such that

1—2x—x2

2, 2
ay iy = dm.
A—4 Sum the series

Llv

2

m(n3m 4+ m3")

A-5 Prove that there is a constant C such that, if p(x) is a
polynomial of degree 1999, then

|<C/' x)|dx.

A-6 The sequence (a,),>1 is defined by a; = 1,a, =2,a3 =
24, and, for n > 4,

2 2
6a,_,a,—3—8an_1a;,_,
a, = .

ap—20dn-3

Show that, for all n, g, is an integer multiple of n.

B-1 Right triangle ABC has right angle at C and ZBAC = 0;
the point D is chosen on AB so that |[AC| = |AD| = 1;
the point E is chosen on BC so that ZCDE = 6. The
perpendicular to BC at E meets AB at F. Evaluate
limgﬁo |EF|

B-2 Let P(x) be a polynomial of degree n such that P(x) =
Q(x)P"(x), where Q(x) is a quadratic polynomial and
P"(x) is the second derivative of P(x). Show that if
P(x) has at least two distinct roots then it must have n
distinct roots.

B-3 Let A= {(x,y) : 0 <x,y < 1}. For (x,y) €A, let

Y
152
where the sum ranges over all pairs (m,n) of positive
integers satisfying the indicated inequalities. Evaluate

lim 1—xy?) (1 —x%y)S(x,y).
(L”A%LU(LwGA( y)( ¥)S(x,y)

B—4 Let f be a real function with a continuous third deriva-
tive such that f(x), f'(x), /" (x), " (x) are positive for
all x. Suppose that f/(x) < f(x) for all x. Show that
f(x) <2f(x) for all x.

B-5 For an integer n > 3, let 0 = 27 /n. Evaluate the de-
terminant of the n X n matrix I +A, where I is the
n x n identity matrix and A = (ajx) has entries aj; =
cos(jO + k0) for all j, k.

B-6 Let S be a finite set of integers, each greater than 1.
Suppose that for each integer # there is some s € S such
that gcd(s,n) = 1 or ged(s,n) = s. Show that there exist
s,t € S such that ged(s, ) is prime.



Solutions to the 60th William Lowell Putnam Mathematical Competition
Saturday, December 4, 1999

Manjul Bhargava, Kiran Kedlaya, and Lenny Ng

A-1 Note that if r(x) and s(x) are any two functions, then
max(r,s) = (r+s+|r—s|)/2.

Therefore, if F(x) is the given function, we have

F(x) = max{—3x—3,0} —max{5x,0} +3x+2
=(-3x—-3+3x+3|)/2
— (5x+15x])/2+3x+2

1
=1(3x+3)/2| —|5x/2| —x+ 5
so we may set f(x) = (3x+3)/2, g(x) = 5x/2, and

h(x) = —x+1.

A-2 First solution: First factor p(x) = ¢(x)r(x), where ¢ has
all real roots and r has all complex roots. Notice that
each root of ¢ has even multiplicity, otherwise p would
have a sign change at that root. Thus ¢(x) has a square
root s(x).

Now write r(x) = H’;ZI(x —aj)(x —aj) (possible be-
cause 7 has roots in complex conjugate pairs). Write

H’;:l (x—aj) =t(x)+iu(x) with 7, x having real coeffi-
cients. Then for x real,
p(x) = q(x)r(x)
= 5(0) (1 (x) + iu(x)) (1 (x) + iu(x))
= (s(x)1(x))* + (s(x)u(x)).

(Alternatively, one can factor r(x) as a product of
quadratic polynomials with real coefficients, write each
as a sum of squares, then multiply together to get a sum
of many squares.)

Second solution: We proceed by induction on the de-
gree of p, with base case where p has degree 0. As in
the first solution, we may reduce to a smaller degree in
case p has any real roots, so assume it has none. Then
p(x) > 0 for all real x, and since p(x) — oo for x — oo,
p has a minimum value c. Now p(x) — ¢ has real roots,
so as above, we deduce that p(x) — ¢ is a sum of squares.
Now add one more square, namely (1/c)?, to get p(x)
as a sum of squares.
A-3 First solution: Computing the coefficient of x"*! in the
identity (1 —2x—x?) Yo _ya,x™ = 1 yields the recur-
rence au+1 = 2a, + an—1; the sequence {a,} is then
characterized by this recurrence and the initial condi-
tions ap = 1,a; = 2.

Define the sequence {b,} by by, = ail +a, by =

an(an—1 + ay+1). Then

2b2n+1 + b2n = ZananJrl + 2anflan +a271 + a;%
2
=2ayap 41 + an-1a911 +a,
2 2
= ay4 +an = b2n+27
and similarly 2b,, 4+ ba,—1 = bay+1, so that {b,} satis-
fies the same recurrence as {a,}. Since further by =
1,by = 2 (where we use the recurrence for {a,} to cal-

culate a_; = 0), we deduce that b,, = a,, for all n. In
particular, a2 + a2 | = by 42 = aonio.

Second solution: Note that

1
1—2x—x2
1 V2+1 V2-1
S22\ 1-(1+v2)x  1—(1—V2)x
and that
1
TV ;aif)
so that
a, = 2\/» (([+1)n+l (1—\/§)n+]).

A simple computation (omitted here) now shows that
dy+dy ) = .
Third solution (by Richard Stanley): Let A be the matrix

(0 1) . A simple induction argument shows that

12
A2 an  Qp+l
ani1 Ani2 )’
The desired result now follows from comparing the top
left corner entries of the equality A" T2A" 2 = A2 4,

A—4 Denote the series by S, and let a, = 3" /n. Note that

O e 1
S— -
”;] n; am(am + ay)

1

I
[ ngk
 agki

an(am +ay)’

3
[}
=
)

where the second equality follows by interchanging m



and n. Thus
1 1
28 = +
;; (am(am+an) an(am+an))

since, e.g., it’s f'(1), where
B > X" _ 3
&3 3-x

f(x)

and we conclude that S =9/32.

A-5 First solution: (by Reid Barton) Let rq,...,r1999 be the

roots of P. Draw a disc of radius € around each r;,
where € < 1/3998; this disc covers a subinterval of
[—1/2,1/2] of length at most 2¢, and so of the 2000 (or
fewer) uncovered intervals in [—1/2,1/2], one, which
we call 7, has length at least 6 = (1 —3998¢) /2000 > 0.
We will exhibit an explicit lower bound for the integral
of |P(x)|/P(0) over this interval, which will yield such
a bound for the entire integral.

Note that
PL] 2% =i

o U

i=1

Also note that by construction, |x — r;| > € for each x €
LIf |ri| < 1, then we have 211 > ¢ If |;| > 1, then

|7l
|x —ri|
ril
We conclude that f;|P(x)/P(0)|dx > de, independent
of P.

Second solution: It will be a bit more convenient to
assume P(0) = 1 (which we may achieve by rescal-
ing unless P(0) = 0, in which case there is nothing to
prove) and to prove that there exists D > 0 such that
Lll |P(x)|dx > D, or even such that [01 |P(x)|dx > D.

We first reduce to the case where P has all of its roots
in [0, 1]. If this is not the case, we can factor P(x) as
QO(x)R(x), where Q has all roots in the interval and R has
none. Then R is either always positive or always neg-
ative on [0, 1]; assume the former. Let & be the largest
positive real number such that R(x) — kx > 0 on [0, 1];
then

1 1
[ 1Pwldr= [ 10tRE)|ax

=|1—x/r|>1—|x/r| >=1/2>¢.

> [ 100)(RE) k) ax,

and Q(x)(R(x) — kx) has more roots in [0, 1] than does P
(and has the same value at 0). Repeating this argument
shows that fol |P(x)|dx is greater than the correspond-
ing integral for some polynomial with all of its roots in
[0,1].

Under this assumption, we have

1999

Px)=c H (x—r)

i=1

for some r; € (0,1]. Since

P(0) = —CH”i =1,

we have
el >l ' =1

Thus it suffices to prove that if Q(x) is a monic polyno-
mial of degree 1999 with all of its roots in [0, 1], then
Jo 1Q(x)|dx > D for some constant D > 0. But the in-

tegral of fol 129 |x — ri| dx is a continuous function for
ri € [0,1]. The product of all of these intervals is com-
pact, so the integral achieves a minimum value for some
r;. This minimum is the desired D.

Third solution (by Abe Kunin): It suffices to prove the
stronger inequality

1
sup ]|P(x)| < C/4 |P(x)|dx

xe[—1,1

holds for some C. But this follows immediately from
the following standard fact: any two norms on a finite-
dimensional vector space (here the polynomials of de-
gree at most 1999) are equivalent. (The proof of this
statement is also a compactness argument: C can be
taken to be the maximum of the L1-norm divided by
the sup norm over the set of polynomials with L1-norm

1)

Note: combining the first two approaches gives a con-
structive solution with a constant that is better than that
given by the first solution, but is still far from optimal. I
don’t know offhand whether it is even known what the
optimal constant and/or the polynomials achieving that
constant are.

A-6 Rearranging the given equation yields the much more

tractable equation

dn _3 an—2

ap—1 an—2 an-3

Let b, = ay/a,—1; with the initial conditions b, =
2,b3 = 12, one easily obtains b, = 2"~1(2""2 — 1), and
SO

n—1
ap=2"""V2T@2 - 1).
i=1



To see that n divides a,, factor n as 25m, with m odd.
Then note that k <n < n(n—1)/2, and that there exists
i < m— 1 such that m divides 2/ — 1, namely i = ¢ (m)
(Euler’s totient function: the number of integers in
{1,...,m} relatively prime to m).

B-1 The answer is 1/3. Let G be the point obtained by re-

flecting C about the line AB. Since ZADC = %6, we

find that ZBDE = m — 6 — ZADC = %3¢ = /ADC =

n— 4/BDC = 1t — /BDG, so that E,D,G are collinear.
Hence

|BE| |BE|  sin(6/2)

|BC|  |BG| sin(30/2)’

EF| =

where we have used the law of sines in ABDG. But by
I’Hopital’s Rule,

sin(6/2) . cos(6/2)

SIMOTZ) i - SOE) 3,
i n(G0/2) ~ 0 3cos30/2)

B-2 First solution: Suppose that P does not have n dis-

tinct roots; then it has a root of multiplicity at least 2,
which we may assume is x = 0 without loss of general-
ity. Let x* be the greatest power of x dividing P(x), so
that P(x) = x*R(x) with R(0) # 0; a simple computation
yields

P (x) = (K* — k)xX* 2R (x) + 2kx* 'R’ (x) + ¥*R" (x).

Since R(0) # 0 and k > 2, we conclude that the great-
est power of x dividing P”(x) is x*"2. But P(x) =
Q(x)P"(x), and so x> divides Q(x). We deduce (since Q
is quadratic) that Q(x) is a constant C times x?; in fact,
C =1/(n(n—1)) by inspection of the leading-degree
terms of P(x) and P”(x).

Now if P(x) =Y’ ga jx/, then the relation P(x) =
Cx?P"(x) implies that a; = Cjj(j— 1)a; for all j; hence
a;j=0for j <n—1, and we conclude that P(x) = a,x",
which has all identical roots.

Second solution (by Greg Kuperberg): Let f(x) =
P"(x)/P(x) = 1/Q(x). By hypothesis, f has at most
two poles (counting multiplicity).

Recall that for any complex polynomial P, the roots of
P’ lie within the convex hull of P. To show this, it suf-
fices to show that if the roots of P lie on one side of a
line, say on the positive side of the imaginary axis, then
P’ has no roots on the other side. That follows because

if r1,...,r, are the roots of P,
P(z) & 1

and if z has negative real part, so does 1/(z—r;) for
i=1,...,n, so the sum is nonzero.

The above argument also carries through if z lies on the
imaginary axis, provided that z is not equal to a root of

P. Thus we also have that no roots of P’ lie on the sides
of the convex hull of P, unless they are also roots of P.

From this we conclude that if 7 is a root of P which is
a vertex of the convex hull of the roots, and which is
not also a root of P/, then f has a single pole at r (as r
cannot be a root of P”). On the other hand, if r is a root
of P which is also a root of P/, it is a multiple root, and
then f has a double pole at r.

If P has roots not all equal, the convex hull of its roots
has at least two vertices.

B-3 We first note that

Xy
xmyn _ )
m,nZ>0 (1-)(3)(1—)/)

Subtracting S from this gives two sums, one of which is
x2n+l

3
m..n n xy
X y = y =
mz;H Zﬂ: I—x  (1—x)(1—x2y)

and the other of which sums to xy*/[(1 —y)(1 —xy?)].
Therefore

S(x,y) = 1—x)(1—y) (1—x)(l—x2)’)
xy?

(I—y)(1—-x?)

_ xy(l +x+y+xy—x2y2)

(I—=x2y)(1—xy?)

and the desired limit is

lim  xy(1+x+y+xy—x%y?) =3.
(ey)=(11)

B-4 (based on work by Daniel Stronger) We make repeated

use of the following fact: if f is a differentiable function
on all of R, limy,_ f(x) >0, and f'(x) > 0 for all
x € R, then f(x) > 0 for all x € R. (Proof: if f(y) <0
for some x, then f(x) < f(y) for all x < y since f’ >0,
but then lim,—, .. f(x) < f(y) <0.)

From the inequality f"(x) < f(x) we obtain
FI1" () < F10FG) < £ F )+ f (x)°
since f’(x) is positive. Applying the fact to the differ-

ence between the right and left sides, we get

S0 < S0 (). m

On the other hand, since f(x) and f/(x) are both posi-
tive for all x, we have

21 (x) " (x) < 2" () f" (x) + 2f (x) £ (x).-

Applying the fact to the difference between the sides
yields

)2 <2f(x)f" (). )



Combining (1) and (2), we obtain

1 f/(x)z ? |
5 (Zf(x)) < E(f ()
< f(x)f (),

or (f'(x))* < 8f(x)*. We conclude f(x) < 2f(x), as
desired.

Note: one can actually prove the result with a smaller
constant in place of 2, as follows. Adding %f’(x)f’”(x)
to both sides of (1) and again invoking the original
bound f"(x) < f(x), we get

S @+ (W) < A0+ 570

2
3 /
PO ),
Applying the fact again, we get
1 3
I () < L f ().
2 4
Multiplying both sides by f’(x) and applying the fact
once more, we get

1, 1
() < /0P

From this we deduce f(x) < (3/2)'3f(x) < 2f(x), as
desired.

<

I don’t know what the best constant is, except that it
is not less than 1 (because f(x) = ¢* satisfies the given
conditions).

B-5 First solution: We claim that the eigenvalues of A are
0 with multiplicity n — 2, and n/2 and —n/2, each with
multiplicity 1. To prove this claim, define vectors v("),
0 <m < n— 1, componentwise by (v(")); = ¢ and
note that the v(") form a basis for C". (If we arrange the
V") into an n x n matrix, then the determinant of this
matrix is a Vandermonde product which is nonzero.)
Now note that

(Av™); = Y cos(jO +k6)ekm®

k=1
ijo n —ijé n
e ; e ;
_ ik(m-+1)6 ik(m—1)6
= E e +— E e .
2 k=1 2 k=1

Since Y;_,e*® = 0 for integer ¢ unless n|l, we
conclude that Av™ = 0 for m = 0 or for 2 <
m < n—1. In addition, we find that (Av()); =
%e_ije = %(v(”_l))j and (Av"~1); = 2el/0 = %(v(l))j,
so that A(v() £v0=) = £2(u(1) £ =1y Thus
O v@ y3) L p0=2) (1) =) (1) =10 g
a basis for C" of eigenvectors of A with the claimed
eigenvalues.

Finally, the determinant of 7+ A is the product of (1 +
A) over all eigenvalues A of A; in this case, det(/+A) =
(14+n/2)(1—n/2) =1-n?/4.

4

Second solution (by Mohamed Omar): Set x = ¢ and

write
_ 1T 1T _l T T\ (Y
A—zu u+ZVV—2(u v) N
for
uz(x X2 x"),v=(x’l x 2 x")

We now use the fact that for R an n x m matrix and S an
m X n matrix,

det(I, + RS) = det(I,, + SR).
This yields

det(Iy +A)

1
= det (In +3 (ul vT) (’:))
1
=det <Iz+ 5 <5) (MT vT))
- ldet 24uu’ wT
T4 wl 24wl

e 24 (X% 4+ 27 n
T4 n 24 (x 24 a2

1 2 n n*

B-6 First solution: Choose a sequence pjp, pz,... of primes
as follows. Let p; be any prime dividing an element of
S. To define p;;1 given py,...,pj, choose an integer
N; € § relatively prime to py---p; and let p;| be a
prime divisor of N;, or stop if no such N; exists.

Since S is finite, the above algorithm eventually termi-
nates in a finite sequence p1, ..., pr. Let m be the small-
est integer such that p; - - - p,, has a divisor in S. (By the
assumption on S with n = py - - - py, m = k has this prop-
erty, so mis well-defined.) If m = 1, then p; € §, and we
are done, so assume m > 2. Any divisor d of py--- py,
in S must be a multiple of p,,, or else it would also be
a divisor of pj--- py,—_1, contradicting the choice of m.
But now gcd(d,Ny—1) = pm, as desired.

Second solution (from sci.math): Let n be the small-
est integer such that ged(s,n) > 1 for all s in n; note
that » obviously has no repeated prime factors. By the
condition on S, there exists s € § which divides n.

On the other hand, if p is a prime divisor of s, then by
the choice of n, n/p is relatively prime to some ele-
ment ¢ of S. Since n cannot be relatively prime to ¢, ¢
is divisible by p, but not by any other prime divisor of
n (as those primes divide n/p). Thus gcd(s,t) = p, as
desired.



The 61st William Lowell Putnam Mathematical Competition
Saturday, December 2, 2000

A-1 Let A be a positive real number. What are the possi-
ble values of }.77 x?, given that xg,x1,... are positive
numbers for which }.77 o x; = A?

A-2 Prove that there exist infinitely many integers n such
that n,n+ 1,n+ 2 are each the sum of the squares of
two integers. [Example: 0 =0>40%, 1 =0>+12,2=
12 +12]

A-3 The octagon P, P,P;P4PsPsP; P is inscribed in a circle,
with the vertices around the circumference in the given
order. Given that the polygon P;P;PsP; is a square of
area 5, and the polygon P,P4PsP; is a rectangle of area
4, find the maximum possible area of the octagon.

A-4 Show that the improper integral

B
lim [ sin(x)sin(x?)dx
B— J(

converges.

A-5 Three distinct points with integer coordinates lie in the
plane on a circle of radius » > 0. Show that two of these
points are separated by a distance of at least r!/3.

A-6 Let f(x) be a polynomial with integer coefficients. De-
fine a sequence agp,ay, ... of integers such that ag = 0
and a,1 = f(a,) for all n > 0. Prove that if there exists
a positive integer m for which a,, = 0 then either a; =0
ora; =0.

B-1 Letaj,b;j,c; beintegers for 1 < j <N. Assume for each
J» at least one of a;,bj,c; is odd. Show that there exist
integers r, s, ¢ such that ra; +sb; +tc; is odd for at least
4N /7 values of j, 1 < j <N.

B-2 Prove that the expression

sedlnn) ()

is an integer for all pairs of integers n > m > 1.

B-3 Let f(t) = Z’]-V:l ajsin(2mjt), where each a; is real and
ay is not equal to 0. Let Nj, denote the number of zeroes

(including multiplicities) of % Prove that

No<N; <N, <---and ]}imezzN.
—yo0

[Editorial clarification: only zeroes in [0, 1) should be
counted. ]

B—4 Let f(x) be a continuous function such that f(2x* —
1) = 2xf(x) for all x. Show that f(x) =0 for —1 <
x<1.

B-5 Let Sy be a finite set of positive integers. We define
finite sets S1,S7,. .. of positive integers as follows: the
integer a is in S, if and only if exactly one of @ — 1 or
aisin S,. Show that there exist infinitely many integers
N for which Sy = SoU{N+a:a € Sy}

B-6 Let B be a set of more than 2"*!/n distinct points
with coordinates of the form (£1,%+1,...,£1) in n-
dimensional space with n > 3. Show that there are three
distinct points in B which are the vertices of an equilat-
eral triangle.
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The possible values comprise the interval (0,A2).

To see that the values must lie in this interval, note that
Z x5+ Z 2x jxy,
0<j<k<m

SO ZT:OX? < A% — 2xpx;.
Y7 ox; <A —2xox; < A%

Letting m — oo, we have

To show that all values in (0,A?) can be obtained, we
use geometric progressions with xj /xo =xp/x] = -+ =
d for variable d. Then Y7 x; =xo/(1 —d) and

2
Foe - (5
- - i
ST 1+d \ &

As d increases from 0 to 1, (1 —d)/(1 +d) decreases
from 1 to 0. Thus if we take geometric progressions
with Y7 gx; =A, Y7 x? ranges from 0 to A%. Thus the
possible values are indeed those in the interval (0,A?),
as claimed.

A-2 First solution: Let a be an even integer such that a> + 1

is not prime. (For example, choose ¢ =2 (mod 5), so
that @ + 1 is divisible by 5.) Then we can write a>+ 1 as
a difference of squares x> — b%, by factoring a®>+ 1 as rs
with r > s > 1, and setting x = (r+s)/2, b = (r —s) /2.
Finally, put n = x> —1,sothatn =a?>+b*, n+1=x2,
n+2=x>+1.

Second solution: It is well-known that the equation
x> —2y? = 1 has infinitely many solutions (the so-
called “Pell” equation). Thus setting n = 2y> (so that
n=y*+y*, n+1=x>+0% n+2 = x>+ 1?) yields
infinitely many n with the desired property.

Third solution: As in the first solution, it suffices to ex-
hibit x such that x> — 1 is the sum of two squares. We
will take x = 32" , and show that x2 — 1 is the sum of two
squares by induction on n: if 32" — 1 = a® + b2, then

on+l

@ —)=3"-D3E"+1)

=3 a+b)?+(a—3"" b

Fourth solution (by Jonathan Weinstein): Let n = 4k* 4
4k* = (2k*)* + (2k)? for any integer k. Then n+1 =
(22 +1)2+0*and n+2 = (2> +1)> + 12

The maximum area is 3v/5.

We deduce from the area of P,P;PsP; that the radius
of the circle is \/5/2. An easy calculation using the

Pythagorean Theorem then shows that the rectangle
PP, PsPg has sides v/2 and 2+/2. For notational ease,
denote the area of a polygon by putting brackets around
the name of the polygon.

By symmetry, the area of the octagon can be expressed
as

[P2P4P6Pg] + 2[P2P3P4] + 2[P4P5P6] .

Note that [P>P3Py] is 4/2 times the distance from P; to
PPy, which is maximized when P; lies on the midpoint
of arc PyPy; similarly, [P4PsPg] is v/2/2 times the dis-
tance from P5 to P4P;, which is maximized when Ps
lies on the midpoint of arc P4Ps. Thus the area of
the octagon is maximized when P3 is the midpoint of
arc PPy and Ps is the midpoint of arc P4Ps. In this
case, it is easy to calculate that [P,P3Py] = V5 —1 and
[P4PsPs) = \/5/2 — 1, and so the area of the octagon is

3v/5.

A—-4 To avoid some improper integrals at 0, we may as well

replace the left endpoint of integration by some € > 0.
We now use integration by parts:
B B i
L sinx
/ 51nxs1nx2dx:/ —— sinx?(2xdx)
€ € 2x

. B
sinx 2
= ———CO0SX

2 €

cosx sinx )
+ Yo cosx“dx.
2x
smx

Now 3= cosx? tends to 0 as B — oo, and the integral
2

of Smx cosx~ converges absolutely by comparison with
1 /x Thus it suffices to note that

B B
/g C(Z)i COSX dx—/s %cosxz(bcdx)

cosx . ,|B
= sinx

42 €
/ 2xcosx — sinx
€ 4x3

sinx? dx,

and that the final integral converges absolutely by com-
parison to 1/x3.
2

An alternate approach is to first rewrite sinxsinx” as

1 (cos(x* —x) — cos(x? +x)). Then

B . ) B
5 sin(x* 4 x)
d = — -
/8 cos(x” +x)dx el

_/BZSin(x2+x)d
£ (2}C+ 1)2

€



converges absolutely, and f(f cos(x?

similarly.

—x) can be treated

Let a,b, c be the distances between the points. Then the
area of the triangle with the three points as vertices is
abc/4r. On the other hand, the area of a triangle whose
vertices have integer coordinates is at least 1/2 (for ex-
ample, by Pick’s Theorem). Thus abc/4r > 1/2, and
SO

max{a,b,c} > (abc)'® > (2r)'3 > 7113,

A-6 Recall that if f(x) is a polynomial with integer coeffi-

B-2

cients, then m — n divides f(m) — f(n) for any integers
m and n. In particular, if we put b, = a,+| — ay, then b,
divides b, for all n. On the other hand, we are given
that ap = a,, = 0, which implies that a; = a,,+1 and so

by = b,,. If bo =0, then a9 = ay = --- = a,, and we are
done. Otherwise, |by| = |b1| = |ba| = ---, s0 b, = £by
for all n.

Now by + -+ by, 1 = a, —ag = 0, so half of the inte-
gers by, ...,b,,—1 are positive and half are negative. In
particular, there exists an integer 0 < k < m such that
by_1 = —by, which is to say, ay_| = ay|. From this it
follows that a, = a,, for all n > k — 1; in particular,
for m = n, we have

apo =am = dm+2 = f(f(ao)) =az.

Consider the seven triples (a,b,c) with a,b,c € {0,1}
not all zero. Notice that if r;,s;,¢; are not all even, then
four of the sums arj+bs;+ct; with a,b,c € {0,1} are
even and four are odd. Of course the sum witha =b =
¢ =0 is even, so at least four of the seven triples with
a,b,c not all zero yield an odd sum. In other words, at
least 4N of the tuples (a,b,c, j) yield odd sums. By the
pigeonhole principle, there is a triple (a,b,c) for which
at least 4N /7 of the sums are odd.

Since gecd(m,n) is an integer linear combination of m
and n, it follows that

sedln) ()

is an integer linear combination of the integers

2= () =)= ()
— = and — =

n \m m—1 n\m m
and hence is itself an integer.

Put fi.(¢) = i—ﬁ. Recall Rolle’s theorem: if f(¢) is dif-
ferentiable, then between any two zeroes of f(¢) there
exists a zero of f’(¢). This also applies when the zeroes
are not all distinct: if f has a zero of multiplicity m at
t = x, then f’ has a zero of multiplicity at least m — 1
there.

B—4 For ¢ real and not a multiple of &, write g(¢) =

Therefore, if 0 < ayp < a; <--- <a, <1 are the roots
of f in [0,1), then fi,; has a root in each of the in-
tervals (ao,a1),(a1,a2),...,(ar—1,a,), so long as we
adopt the convention that the empty interval (z,7) ac-
tually contains the point ¢ itself. There is also a root in
the “wraparound” interval (a,,ap). Thus Ny, 1 > N;.

Next, note that if we set z = >™; then
(AR ;
far(t) = 5 Zj aj(z —z77)

=

is equal to z " times a polynomial of degree 2N. Hence
as a function of z, it has at most 2N roots; therefore f (¢)
has at most 2N roots in [0,1]. That is, Ny < 2N for all
N.

To establish that Ny — 2N, we make precise the obser-
vation that

N
fit) =Y j*a;sin(2mjt)
j=1

is dominated by the term with j = N. At the points
t = (2i+1)/(2N) for i = 0,1,...,N — 1, we have
N*aysin(2aNt) = +N*ay. If k is chosen large
enough so that

lan|N* > |ay 1%+ + |ay_1 | (N — 1)*,

then fi((2i + 1)/2N) has the same sign as
aysin(2nNat), which is to say, the sequence
fi(1/2N), fr(3/2N),... alternates in sign. Thus be-
tween these points (again including the “wraparound”
interval) we find 2N sign changes of f;. Therefore
1imkﬁo<, Nk =2N.

f(cost)

sint °
Then g(¢t + n) = g(¢); furthermore, the given equballrtlion
implies that

f(2cos?t —1)
8(21) = sin(2t) -

2(cost) f(cost)
sin(2r)

=g(1).
In particular, for any integer n and k, we have
g(1+nm/2%) = g(2 4+ nm) = 4(2) = 5(1).

Since f is continuous, g is continuous where it is de-
fined; but the set {1+ n7x/2%|n,k € Z} is dense in the
reals, and so g must be constant on its domain. Since
g(—t) = —g(¢) for all ¢, we must have g(t) = 0 when ¢
is not a multiple of 7. Hence f(x) =0 forx € (—1,1).
Finally, setting x = 0 and x = 1 in the given equation
yields f(—1) = f(1) =0.

B-5 We claim that all integers N of the form 2k with k a

positive integer and N > max{Sy}, satisfy the desired
conditions.



It follows from the definition of S,, and induction on #,
that

Z x/ = (14x) Z x/
JESn JESn-1
=(1+x)" Y, x/ (mod 2).

J€So

From the identity (x4 y)?> = x*> +y*> (mod 2) and in-
duction on n, we have (x+y)>' = x> +y* (mod 2).
Hence if we choose N to be a power of 2 greater than
max{So}, then

Z =(1+Y) ij

JESn J€So

and Sy = SoU{N+a:a € Sy}, as desired.

B-6 For each point P in B, let Sp be the set of points with

all coordinates equal to 1 which differ from P in ex-
actly one coordinate. Since there are more than 2"*! /n
points in B, and each Sp has n elements, the cardinali-
ties of the sets Sp add up to more than 2"+!, which is to
say, more than twice the total number of points. By the
pigeonhole principle, there must be a point in three of
the sets, say Sp,Sp,Sg. But then any two of P, Q, R dif-
fer in exactly two coordinates, so POR is an equilateral
triangle, as desired.
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Al Consider a set S and a binary operation #, i.e., for each
a,beS,axbeS. Assume (axb)xa=bforalla,b € S.
Prove that ax (bxa) = b forall a,b € S.

A2 You have coins C;,(3,...,C,. For each k, C; is biased
so that, when tossed, it has probability 1/(2k+ 1) of
falling heads. If the n coins are tossed, what is the
probability that the number of heads is odd? Express
the answer as a rational function of 7.

A3 For each integer m, consider the polynomial
Pu(x) =x* — (2m+4)x* + (m—2)2.

For what values of m is P,(x) the product of two non-
constant polynomials with integer coefficients?

A4 Triangle ABC has an area 1. Points E, F, G lie, respec-
tively, on sides BC, CA, AB such that AE bisects BF at
point R, BF bisects CG at point S, and CG bisects AE
at point 7'. Find the area of the triangle RST .

AS Prove that there are unique positive integers a, n such
that @' — (a+1)" = 2001.

A6 Can an arc of a parabola inside a circle of radius 1 have
a length greater than 47

B1 Let n be an even positive integer. Write the numbers
1,2,...,n% in the squares of an n x n grid so that the
k-th row, from left to right, is

(k—Dn+1,(k—1)n+2,...,(k—Dn+n.

Color the squares of the grid so that half of the squares
in each row and in each column are red and the other
half are black (a checkerboard coloring is one possi-
bility). Prove that for each coloring, the sum of the

numbers on the red squares is equal to the sum of the
numbers on the black squares.

B2 Find all pairs of real numbers (x,y) satisfying the sys-
tem of equations

1 1 2 2 2 2
= 3y2)(3
x+2y (" +3y7) (3x" +y7)
11

LI VAT S
Y2y O —x")

B3 For any positive integer n, let (n) denote the closest in-
teger to /n. Evaluate

= 2 42—
=1 2" '
B4 Let S denote the set of rational numbers different from
{-1,0,1}. Define f : S — S by f(x) =x—1/x. Prove
or disprove that

where f (") denotes f composed with itself n times.

B5 Let a and b be real numbers in the interval (0,1/2),
and let g be a continuous real-valued function such that
g(g(x)) = ag(x) + bx for all real x. Prove that g(x) = cx
for some constant c.

B6 Assume that (a,),>; is an increasing sequence of pos-
itive real numbers such that lima,/n = 0. Must there
exist infinitely many positive integers n such that a,_; +
i <2apfori=1,2,....n—1?
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The hypothesis implies ((b*a) xb)x (bxa) = b for all
a,b € S (by replacing a by b*a), and hence a* (bxa) =
b for all a,b € S (using (bxa)*xb = a).

A-2 Let P, denote the desired probability. Then P, = 1/3,

and, forn > 1,

Po= (2 Ve 4+ (—— ) (1-Py)
"\ 1) 7 T e "

_(2n—1 - 1

“\2n+1) " 1
The recurrence yields P, =2/5, P; =3/7, and by a sim-
ple induction, one then checks that for general n one has
P,=n/(2n+1).
Note: Richard Stanley points out the following nonin-
ductive argument. Put f(x) = [Tj_ (x +2k)/(2k + 1);
then the coefficient of x' in f(x) is the probability of
getting exactly i heads. Thus the desired number is

(f(1) = f(—1))/2, and both values of f can be com-
puted directly: f(1) =1, and

1 3 2n—1 1
— X = X X =
35

n+1 2n+1°

fl=1)=

By the quadratic formula, if P,,(x) = 0, then x> = m+
2+/2m + 2, and hence the four roots of B, are given by
S = {4+/m=++/2}. If P, factors into two nonconstant
polynomials over the integers, then some subset of S
consisting of one or two elements form the roots of a
polynomial with integer coefficients.

First suppose this subset has a single element, say
N \/2; this element must be a rational number.
Then (y/m+ \/5)2 =2+ m=+22m is an integer, so
m is twice a perfect square, say m = 2n”>. But then
Vm++/2 = (n£1)v/2 is only rational if n = +1, i.e.,
ifm=2.

Next, suppose that the subset contains two elements;
then we can take it to be one of {y/m=+ 2}, {V2+
/m} or {£(y/m++/2)}. In all cases, the sum and the
product of the elements of the subset must be a rational
number. In the first case, this means 2/m € Q, so m is
a perfect square. In the second case, we have 232 € Q,
contradiction. In the third case, we have (y/m++v/2)? €
Q,orm+2+ 2/2m e @, which means that m is twice
a perfect square.

We conclude that P, (x) factors into two nonconstant
polynomials over the integers if and only if m is either
a square or twice a square.

Note: a more sophisticated interpretation of this argu-
ment can be given using Galois theory. Namely, if m

is neither a square nor twice a square, then the number
fields Q( /m) and Q(+/2) are distinct quadratic fields,
so their compositum is a number field of degree 4,
whose Galois group acts transitively on {4/m 4 v/2}.
Thus P,, is irreducible.

A-4 Choose r,s,t so that EC = rBC,FA = sCA,GB = tCB,

and let [XYZ] denote the area of triangle XYZ. Then
[ABE] = [AFE] since the triangles have the same alti-
tude and base. Also [ABE| = (BE/BC)[ABC] =1—r,
and [ECF] = (EC/BC)(CF /CA)[ABC] =r(1—3s) (e.g.,
by the law of sines). Adding this all up yields

1 = [ABE]| + [ABF] + [ECF]
=2(l—-r)+r(l=s)=2—r—rs

or r(1+4s) = 1. Similarly s(1+¢) =t(14+7r) = 1.

Let f: [0,00) — [0,00) be the function given by f(x) =
1/(14+x); then f(f(f(r))) =r. However, f(x) is
strictly decreasing in x, so f(f(x)) is increasing and
F(f(f(x))) is decreasing. Thus there is at most one x
such that f(f(f(x))) = x; in fact, since the equation
f(z) = z has a positive root z = (—1 ++/5)/2, we must
haver=s=t=z

We now compute [ABF| = (AF /AC)[ABC] =z, [ABR] =
(BR/BF)[ABF| = z/2, analogously [BCS] = [CAT] =
z/2, and [RST] = |[ABC] — [ABR] — [BCS] — [CAT]| =
1—3z/2] = I=3Y5,

Note: the key relation (1 +s) = 1 can also be derived
by computing using homogeneous coordinates or vec-
tors.

Suppose a"*! — (a+1)" = 2001. Notice that a"*! +
[(a+1)" — 1] is a multiple of a; thus a divides 2002 =
2x7Tx11x13.

Since 2001 is divisible by 3, we must have a = 1
(mod 3), otherwise one of a"*! and (a+1)" is a multi-
ple of 3 and the other is not, so their difference cannot
be divisible by 3. Now "*! =1 (mod 3), so we must
have (a+1)" =1 (mod 3), which forces n to be even,
and in particular at least 2.

If ais even, then @"™' — (a+1)" = —(a+1)" (mod 4).
Since n is even, —(a+ 1)" = —1 (mod 4). Since
2001 =1 (mod 4), this is impossible. Thus a is odd,
and so must divide 1001 = 7 x 11 x 13. Moreover,
a!'—(a+1)"=a (mod 4),s0a=1 (mod 4).

Of the divisors of 7 x 11 x 13, those congruent to 1 mod
3 are precisely those not divisible by 11 (since 7 and 13
are both congruent to 1 mod 3). Thus a divides 7 x 13.
Now a =1 (mod 4) is only possible if a divides 13.



We cannot have a = 1, since 1 —2" # 2001 for any n.
Thus the only possibility is @ = 13. One easily checks
that a = 13,n = 2 is a solution; all that remains is to
check that no other n works. In fact, if n > 2, then
13" =2001 =1 (mod 8). But 13"*! =13 (mod 8)
since n is even, contradiction. Thus a = 13,n = 2 is the
unique solution.

Note: once one has that n is even, one can use that
2002 = @' +1— (a+1)" is divisible by a + 1 to rule
out cases.

A-6 The answer is yes. Consider the arc of the parabola

V1+xt—x=

y = Ax? inside the circle x> 4 (y — 1)*> = 1, where we
initially assume that A > 1/2. This intersects the circle
in three points, (0,0) and (£v2A — 1/A, (24 — 1)/A).
We claim that for A sufficiently large, the length L of
the parabolic arc between (0,0) and (/24 — 1 /A, (2A —
1)/A) is greater than 2, which implies the desired result
by symmetry. We express L using the usual formula for
arclength:

VIA=T/A
L= / 1+ (2Ax)2dx
0

1 2\/2A71\/72
= ﬂ/o 1+x%dx
1 2¢/2A—1
:2+</ (\/1+x2—x)dx—2>,
0

where we have artificially introduced —x into the inte-
grand in the last step. Now, for x > 0,

1 1 1
> > ;
Vi+aZ+x 2V1+x2 7 2(x+1)

since [ dx/(2(x+ 1)) diverges, so does [y (V1 +x* —
x)dx. Hence, for sufficiently large A, we have

JEVAA (VT 422 —x)dx > 2, and hence L > 2.
Note: a numerical computation shows that one must

take A > 34.7 to obtain L > 2, and that the maximum
value of L is about 4.0027, achieved for A ~ 94.1.

Let R (resp. B) denote the set of red (resp. black) squares
in such a coloring, and for s € RUB, let f(s)n+g(s)+1
denote the number written in square s, where 0 <
f(s),g(s) <n—1. Then it is clear that the value of
f(s) depends only on the row of s, while the value of
g(s) depends only on the column of s. Since every row
contains exactly n/2 elements of R and n/2 elements of
B,

Y fs) =} f(s).

SER seB

Similarly, because every column contains exactly n/2
elements of R and n/2 elements of B,

Y gls) =Y s(s).

SER seB

It follows that

Y f(s)ntgls)+1=} fls)n+gls)+1,

SER seB

as desired.

Note: Richard Stanley points out a theorem of Ryser
(see Ryser, Combinatorial Mathematics, Theorem 3.1)
that can also be applied. Namely, if A and B are 0 —
1 matrices with the same row and column sums, then
there is a sequence of operations on 2 X 2 matrices of

the form
01 . 10
10 01

or vice versa, which transforms A into B. If we iden-
tify O and 1 with red and black, then the given color-
ing and the checkerboard coloring both satisfy the sum
condition. Since the desired result is clearly true for the
checkerboard coloring, and performing the matrix op-
erations does not affect this, the desired result follows
in general.

B-2 By adding and subtracting the two given equations, we

obtain the equivalent pair of equations

2/x= x4 100%y% + 5y

1/y = 5x* + 10x%y% +y*.
Multiplying the former by x and the latter by y, then
adding and subtracting the two resulting equations, we

obtain another pair of equations equivalent to the given
ones,

1= (x—y)s.

It follows that x = (3> +1)/2 and y = (3'/° — 1) /2 is
the unique solution satisfying the given equations.

3=(x+y)°,

B-3 Since (k—1/2)> =k* —k+1/4 and (k+1/2)> =k*+

k+1/4, we have that (n) = k if and only if kK> —k+1 <
n < k* + k. Hence

= o) 4 2= > 2(m) 4 p—(m)
L= L XL
n=1 k=1n,(n)=k

o K2tk 2k+27k
k=1 p=k2—k+1

(2k + 271{) (27k2+k _ 27k27k)
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Alternate solution: rewrite the sum as Y27, 2~ ("+(%) 4
Yoo, 2= (=) Note that (n) # (n+ 1) if and only if
n = m?+m for some m. Thus n+ (n) and n — (n) each
increase by 1 except at n = m? +m, where the former
skips from m? +2m to m? +2m+-2 and the latter repeats
the value m?. Thus the sums are

oo

Suppose g is strictly increasing. If ¢; # 0 for some
choice of xp, then x, is dominated by r; for n suffi-
ciently negative. But taking x,, and x,4, for n suffi-
ciently negative of the right parity, we get 0 < x,, < xp42
but g(x,) > g(xn+2), contradiction. Thus ¢; = 0; since
xo = c¢1 and x| = c1ry, we have g(x) = ryx for all x.
Analogously, if g is strictly decreasing, then ¢o = 0 or
else x, is dominated by r| for n sufficiently positive.

Y2 YooY o Yoo
n=1 m=1

fr ot But taking x, and x,, for n sufficiently positive of the

right parity, we get 0 < x,2 < x, but g(x,12) < g(x4),

B—4 For a rational number p/q expressed in lowest terms, contradiction. Thus in that case, g(x) = rax for all x.

define its height H(p/q) to be |p[+]g|. Then for B-6 Yes, there must exist infinitely many such n. Let S be

any p/q € S expressed in lowest terms, we have

H{f(p/q)) = I¢* — p*| + Ipql; since by assumption p
and g are nonzero integers with |p| # |g|, we have

H(f(p/a)—H(p/a) = |¢* = P*| +|pal — | —d]
>3+ |pgl—|pl—lql
=(lpl=1D)(lgl-1)+2>2.

It follows that f(")(S) consists solely of numbers of
height strictly larger than 2n + 2, and hence

m;():1]((”) (S)=0.

Note: many choices for the height function are possible:
one can take H(p/q) = max|p|,|q|, or H(p/q) equal to
the total number of prime factors of p and ¢, and so
on. The key properties of the height function are that
on one hand, there are only finitely many rationals with
height below any finite bound, and on the other hand,
the height function is a sufficiently “algebraic” function
of its argument that one can relate the heights of p/q

and f(p/q)-

B-5 Note that g(x) = g(y) implies that g(g(x)) = g(g(y))

and hence x = y from the given equation. That is, g is
injective. Since g is also continuous, g is either strictly
increasing or strictly decreasing. Moreover, g cannot
tend to a finite limit L as x — oo, or else we’d have
g(g(x)) — ag(x) = bx, with the left side bounded and
the right side unbounded. Similarly, g cannot tend to
a finite limit as x — —oo. Together with monotonicity,
this yields that g is also surjective.

Pick x( arbitrary, and define x,, for all n € Z recursively
by X1 = g(x,) forn>0,and x, | = g~ ' (x,) forn < 0.
Letry = (a+Va2+4b)/2 and ry = (a—Va? +4b)/2
and r, be the roots of X2 —ax—b =0, so that r; > 0> ry
and 1 > |ri| > |r2]. Then there exist c1,c2 € R such that
Xp = c1r{ +cory foralln € Z.

the convex hull of the set of points (n,a,) for n > 0. Ge-
ometrically, S is the intersection of all convex sets (or
even all halfplanes) containing the points (n,a,); alge-
braically, S is the set of points (x,y) which can be writ-
ten as ¢y (ny,an, ) + -+ ck(ng, ay, ) for some cy,...,cx
which are nonnegative of sum 1.

We prove that for infinitely many n, (n,a,) is a vertex
on the upper boundary of S, and that these n satisfy the
given condition. The condition that (n,a,) is a vertex on
the upper boundary of S is equivalent to the existence of
a line passing through (n,a,) with all other points of §
below it. That is, there should exist m > 0 such that

ay < ap+m(k—n) Vk>1. (1)

We first show that n = 1 satisfies (1). The condition
ag/k — 0 as k — oo implies that (ax —a;)/(k—1) = 0
as well. Thus the set {(ay —a;)/(k— 1)} has an upper
bound m, and now a; < a; +m(k— 1), as desired.

Next, we show that given one n satisfying (1), there ex-
ists a larger one also satisfying (1). Again, the condition
ag/k — 0 as k — oo implies that (ax —a,)/(k—n) = 0
as k — oo, Thus the sequence {(ay — a,)/(k —n)}isn
has a maximum element; suppose k = r is the largest
value that achieves this maximum, and put m = (a, —
ay)/(r—n). Then the line through (r,a,) of slope m lies
strictly above (k,ay) for k > r and passes through or lies
above (k,ay) for k < r. Thus (1) holds for n = r with m
replaced by m — € for suitably small € > 0.

By induction, we have that (1) holds for infinitely many
n. For any such n there exists m > 0 such that for i =
l,...,n—1, the points (n—i,a,—;) and (n+1i,a,4;) lie
below the line through (n,a,) of slope m. That means
an+i < ap+miand a,_; < a, —mi; adding these together
gives a,_; + an+; < 2ay, as desired.
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Al Let k be a fixed positive integer. The n-th derivative of

x,(%l has the form ( ka:’ 5))(,)1 — where P, (x) is a polynomial.

Find P,(1).

A2 Given any five points on a sphere, show that some four
of them must lie on a closed hemisphere.

A3 Let n > 2 be an integer and 7, be the number of non-
empty subsets S of {1,2,3,...,n} with the property that
the average of the elements of S is an integer. Prove that
T, —n is always even.

A4 In Determinant Tic-Tac-Toe, Player 1 enters a 1 in an
empty 3 x 3 matrix. Player O counters with a 0 in a va-
cant position, and play continues in turn until the 3 x 3
matrix is completed with five 1’s and four 0’s. Player
0 wins if the determinant is 0 and player 1 wins other-
wise. Assuming both players pursue optimal strategies,
who will win and how?

A5 Define a sequence by ag = 1, together with the rules
ayp+1 = ay and axp42 = ap+a,41 for each integer n > 0.
Prove that every positive rational number appears in the

set
oy, oo\ _f11213
PP B R AR R EA

A6 Fix an integer b > 2. Let f(1) =1, f(2) =2, and for
each n > 3, define f(n) = nf(d), where d is the number
of base-b digits of n. For which values of b does

=1

converge?

B1 Shanille O’Keal shoots free throws on a basketball
court. She hits the first and misses the second, and
thereafter the probability that she hits the next shot is
equal to the proportion of shots she has hit so far. What
is the probability she hits exactly 50 of her first 100
shots?

B2 Consider a polyhedron with at least five faces such that
exactly three edges emerge from each of its vertices.
Two players play the following game:

Each player, in turn, signs his or her
name on a previously unsigned face. The
winner is the player who first succeeds in
signing three faces that share a common
vertex.

Show that the player who signs first will always win by
playing as well as possible.
B3 Show that, for all integers n > 1,

1 1 ( 1)” 1
— < ——1—-=) <—.
2ne e n ne

B4 An integer n, unknown to you, has been randomly
chosen in the interval [1,2002] with uniform probabil-
ity. Your objective is to select n in an odd number of
guesses. After each incorrect guess, you are informed
whether 7 is higher or lower, and you must guess an in-
teger on your next turn among the numbers that are still
feasibly correct. Show that you have a strategy so that
the chance of winning is greater than 2/3.

B5 A palindrome in base b is a positive integer whose base-
b digits read the same backwards and forwards; for ex-
ample, 2002 is a 4-digit palindrome in base 10. Note
that 200 is not a palindrome in base 10, but it is the 3-
digit palindrome 242 in base 9, and 404 in base 7. Prove
that there is an integer which is a 3-digit palindrome in
base b for at least 2002 different values of b.

B6 Let p be a prime number. Prove that the determinant of
the matrix

X 'y z

xP yP P
2 2 2

Xy P

is congruent modulo p to a product of polynomials of
the form ax + by + cz, where a,b,c are integers. (We
say two integer polynomials are congruent modulo p if
corresponding coefficients are congruent modulo p.)
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Kiran Kedlaya and Lenny Ng

A-1 By differentiating P,(x)/(x* — 1)"*!, we find that
Bi1(x) = (& — 1)P.(x) — (n + 1)kx*"'P,(x); substi-
tuting x = 1 yields P,41(1) = —(n+ 1)kP,(1). Since
Py(1) = 1, an easy induction gives P,(1) = (—k)"n! for
alln > 0.

Note: one can also argue by expanding in Taylor series
around 1. Namely, we have
1 1 1
= = —(x—1 -1 e
Py b vy s sl A B

o)

a 1 (=1)n!

dx"xk =1 k(x—1)—n"1
and

dam 1
Py(x) = (x* — 1)
()= ="

= (k(r— 1) 4--- )" ((_1]3"’“()5—1)—"—1+...>
= (—k)"nl+--- .

A-2 Draw a great circle through two of the points. There are

A4

two closed hemispheres with this great circle as bound-
ary, and each of the other three points lies in one of
them. By the pigeonhole principle, two of those three
points lie in the same hemisphere, and that hemisphere
thus contains four of the five given points.

Note: by a similar argument, one can prove that among
any n+ 3 points on an n-dimensional sphere, some n+2
of them lie on a closed hemisphere. (One cannot get by
with only n+ 2 points: put them at the vertices of a reg-
ular simplex.) Namely, any # of the points lie on a great
sphere, which forms the boundary of two hemispheres;
of the remaining three points, some two lie in the same
hemisphere.

Note that each of the sets {1},{2},...,{n} has the de-
sired property. Moreover, for each set S with inte-
ger average m that does not contain m, SU {m} also
has average m, while for each set 7 of more than
one element with integer average m that contains m,
T\ {m} also has average m. Thus the subsets other than
{1},{2},...,{n} can be grouped in pairs, so T,, — n is
even.

(partly due to David Savitt) Player 0 wins with opti-
mal play. In fact, we prove that Player 1 cannot prevent
Player O from creating a row of all zeroes, a column of
all zeroes, or a 2 x 2 submatrix of all zeroes. Each of
these forces the determinant of the matrix to be zero.

For i, j=1,2,3, let A;; denote the position in row i and
column j. Without loss of generality, we may assume
that Player 1’s first move is at A1;. Player O then plays
at Ap:

1
*
*

* O *
* % ¥

After Player 1’s second move, at least one of A>3 and
Az remains vacant. Without loss of generality, assume
Az remains vacant; Player O then plays there.

After Player 1’s third move, Player O wins by playing
at A if that position is unoccupied. So assume instead
that Player 1 has played there. Thus of Player 1’s three
moves so far, two are at Aj; and Ay;. Hence for i equal
to one of 1 or 3, and for j equal to one of 2 or 3, the
following are both true:

(a) The 2 x 2 submatrix formed by rows 2 and i and
by columns 2 and 3 contains two zeroes and two
empty positions.

(b) Column j contains one zero and two empty posi-
tions.

Player 0 next plays at A;;. To prevent a zero column,
Player 1 must play in column j, upon which Player 0
completes the 2 x 2 submatrix in (a) for the win.

Note: one can also solve this problem directly by mak-
ing a tree of possible play sequences. This tree can be
considerably collapsed using symmetries: the symme-
try between rows and columns, the invariance of the
outcome under reordering of rows or columns, and the
fact that the scenario after a sequence of moves does
not depend on the order of the moves (sometimes called
“transposition invariance”).

Note (due to Paul Cheng): one can reduce Determi-
nant Tic-Tac-Toe to a variant of ordinary tic-tac-toe.
Namely, consider a tic-tac-toe grid labeled as follows:

Ay | A | A3z
Arz |Az1 |Ar2
Azp | A3 | Ay

Then each term in the expansion of the determinant oc-
curs in a row or column of the grid. Suppose Player
1 first plays in the top left. Player O wins by playing
first in the top row, and second in the left column. Then
there are only one row and column left for Player 1 to
threaten, and Player 1 cannot already threaten both on
the third move, so Player 0 has time to block both.



A-5 It suffices to prove that for any relatively prime positive

integers r,s, there exists an integer n with a, = r and
an+1 = s. We prove this by induction on r + s, the case
r—+s =2 following from the fact that ag = a; = 1. Given
r and s not both 1 with ged(r,s) = 1, we must have r #
s. If r > s, then by the induction hypothesis we have
a, =r—s and a,4+1 = s for some n; then az,42 = r and
a3 =s. Ifr<s,thenwehavea, =randa, 1 =s—r
for some n; then az,4+1 = r and a2 = 5.

Note: a related problem is as follows. Starting with the
sequence

—1 O

1
) 67
repeat the following operation: insert between each pair
5 and 7 the pair ﬁf] Prove that each positive rational
number eventually appears.

Observe that by induction, if 7 and 7 are consecutive
terms in the sequence, then bc —ad = 1. The same holds
for consecutive terms of the n-th Farey sequence, the
sequence of rational numbers in [0, 1] with denominator
(in lowest terms) at most 7.

A—-6 The sum converges for b = 2 and diverges for b > 3. We

first consider b > 3. Suppose the sum converges; then
the fact that f(n) = nf(d) whenever b~! <n <b? —1
yields

= 1 & 1 Vsl
— =Yy - 1
g’f d;f ZJ n M

However, by comparing the integral of 1/x with a Rie-
mann sum, we see that

bl g v dx

e

n=>bd-1 n bl X
= log(h?) —log(b*™") =logh,

where log denotes the natural logarithm. Thus (1) yields
d 1 d 1
—— > (logh) } —
L~ 0 &

a contradiction since logb > 1 for b > 3. Therefore the
sum diverges.

For b = 2, we have a slightly different identity because
f(2) #2f(2). Instead, for any positive integer i, we
have

201 1 1 1 i 1 241 1
n=1

Again comparing an integral to a Riemann sum, we see

that for d > 3,
Zdi o1 /2" dx
S 247020 Jpat x

1
= 7 +log2

1
§+log2<0 125+0.7 < 1.

Putc:8+log2andL71+ +6< )Thenwecan

prove that Zn 1 f y < L for all i > 2 by induction on i.
The case i =2 is clear. For the induction, note that by

2,

201 i
1 11 1
—~<lt-+otc) —
,,;1 (n) 2.6 a;f(d)
<lpiglic 1
276 “6(1—0)

1 1
Tatsi—o "

as desired. We conclude that )" | f 7y Converges to a
limit less than or equal to L.

Note: the above argument proves that the sum for b = 2
is at most L < 2.417. One can also obtain a lower
bound by the same technique, namely 1 + % + ﬁ

with ¢/ = log2. This bound exceeds 2.043. (By con-
trast, summing the first 100000 terms of the series only
yields a lower bound of 1.906.) Repeating the same ar-
guments with d > 4 as the cutoff yields the upper bound
2.185 and the lower bound 2.079.

The probability is 1/99. In fact, we show by induction
on n that after n shots, the probability of having made
any number of shots from 1 to n— 1 is equal to 1/(n—
1). This is evident for n = 2. Given the result for n,
we see that the probability of making i shots after n+ 1
attempts is

i—1 1 +<1_i> I (i=D+(n—i)

n n—1 n)n—1 n(n—1)

?

1
n

as claimed.

B-2 (Note: the problem statement assumes that all polyhe-

dra are connected and that no two edges share more than
one face, so we will do likewise. In particular, these are
true for all convex polyhedra.) We show that in fact
the first player can win on the third move. Suppose the
polyhedron has a face A with at least four edges. If the
first player plays there first, after the second player’s
first move there will be three consecutive faces B,C,D
adjacent to A which are all unoccupied. The first player
wins by playing in C; after the second player’s second



move, at least one of B and D remains unoccupied, and
either is a winning move for the first player.

It remains to show that the polyhedron has a face with
at least four edges. (Thanks to Russ Mann for suggest-
ing the following argument.) Suppose on the contrary
that each face has only three edges. Starting with any
face F} with vertices vy, vy, vs3, let v4 be the other end-
point of the third edge out of v;. Then the faces ad-
jacent to F; must have vertices vy, vy, v4; vi,v3,vs; and
v2,v3,v4. Thus vy, vp,v3,v4 form a polyhedron by them-
selves, contradicting the fact that the given polyhedron
is connected and has at least five vertices. (One can also
deduce this using Euler’s formulaV —E+ F =2 —2g,
where V E,F are the numbers of vertices, edges and
faces, respectively, and g is the genus of the polyhe-
dron. For a convex polyhedron, g = 0 and you get the
“usual” Euler’s formula.)

Note: Walter Stromquist points out the following coun-
terexample if one relaxes the assumption that a pair of
faces may not share multiple edges. Take a tetrahedron
and remove a smaller tetrahedron from the center of an
edge; this creates two small triangular faces and turns
two of the original faces into hexagons. Then the sec-
ond player can draw by signing one of the hexagons,
one of the large triangles, and one of the small trian-
gles. (He does this by “mirroring”: wherever the first
player signs, the second player signs the other face of
the same type.)

B-3 The desired inequalities can be rewritten as

1 1 1
1—<exp(1+nlog<l—>) <1l——.
n n 2n

By taking logarithms, we can rewrite the desired in-
equalities as

1 1
—log (1 —) <—1 —nlog(l —)
2n n
1

Rewriting these in terms of the Taylor expansion of
—log(1—x), we see that the desired result is also equiv-
alent to

> 1 > 1 > 1
Z i2int < Z (i+1)n <

i=1 i=1

i=1 in'’
which is evident because the inequalities hold term by
term.

Note: David Savitt points out that the upper bound can
be improved from 1/(ne) to 2/(3ne) with a slightly
more complicated argument. (In fact, for any ¢ > 1/2,
one has an upper bound of ¢/(ne), but only for n above
a certain bound depending on c.)

B—4 Use the following strategy: guess 1,3,4,6,7,9,... until

the target number 7 is revealed to be equal to or lower

B-5

than one of these guesses. If n =1 (mod 3), it will be
guessed on an odd turn. If n =0 (mod 3), it will be
guessed on an even turn. If n =2 (mod 3), then n+ 1
will be guessed on an even turn, forcing a guess of n on
the next turn. Thus the probability of success with this
strategy is 1335/2002 > 2/3.

Note: for any positive integer m, this strategy wins
when the number is being guessed from [I,m]| with
probability %L#J We can prove that this is best
possible as follows. Let a,, denote m times the proba-
bility of winning when playing optimally. Also, let b,
denote m times the corresponding probability of win-
ning if the objective is to select the number in an even
number of guesses instead. (For definiteness, extend the

definitions to incorporate agp = 0 and by = 0.)

We first claim that a,, = 1 + max;<g<m{bx—1 + bm—i }
and by, = maxj<k<pm{ar—1 + am—r} for m > 1. To
establish the first recursive identity, suppose that our
first guess is some integer k. We automatically win if
n = k, with probability 1/m. If n < k, with probability
(k—1)/m, then we wish to guess an integer in [1,k — 1]
in an even number of guesses; the probability of success
when playing optimally is b;_; /(k— 1), by assumption.
Similarly, if n < k, with probability (m — k)/m, then the
subsequent probability of winning is b,,_/(m — k). In
sum, the overall probability of winning if & is our first
guess is (1 + bg_1 + by ) /m. For optimal strategy, we
choose k such that this quantity is maximized. (Note
that this argument still holds if k = 1 or k = m, by our
definitions of ag and by.) The first recursion follows,
and the second recursion is established similarly.

We now prove by induction that a,, = | (2m+1)/3] and
by = |2m/3] for m > 0. The inductive step relies on the
inequality |x| + |y| < |x+y], with equality when one
of x,y is an integer. Now suppose that a; = | (2i+1)/3]
and b; = |2i/3] for i < m. Then

2(k3— 1) J s {2(1113— k) J

1+bk71 +bm7k: 1+ \‘

2m
< | 2=
— 13
and similarly a;_ + a,,—x < [ (2m+1)/3], with equal-

ity in both cases attained, e.g., when k = 1. The induc-
tive formula for a,, and b,,, follows.

(due to Dan Bernstein) Put N = 2002!. Then for d =
1,...,2002, the number N? written in base b = N/d—1
has digits d*,2d?,d?. (Note that these really are digits
because 2(2002)? < (2002!)2/2002 — 1.)

Note: one can also produce an integer N which has base
b digits 1,%,1 for n different values of b, as follows.
Choose ¢ with 0 < ¢ < 2!/ For m a large positive in-
teger, put N = 1+ (m+1)---(m+n)|cm|"~2. For m
sufficiently large, the bases

N-—-1
= ————=|]m+))
(m+i)mn—2 };Il I



for i = 1,...,n will have the properties that N = 1
(mod b) and b> < N < 2b? for m sufficiently large.

Note (due to Russ Mann): one can also give a “noncon-
structive” argument. Let N be a large positive integer.
For b € (N?,N?), the number of 3-digit base-b palin-
dromes in the range [b?, N® — 1] is at least

N6 — p? NS¢
1> _p2
ek
since there is a palindrome in each interval [kb, (k +
1)b—1] for k =b,...,b*> — 1. Thus the average num-
ber of bases for which a number in [I,N® — 1] is at least

1 N3Z—1 (N6

— —b—2)>10g(N)—c
6 iy

N b=N2+1 b

for some constant ¢ > 0. Take N so that the right side
exceeds 2002; then at least one number in [1,N® — 1] is
a base-b palindrome for at least 2002 values of b.

B-6 We prove that the determinant is congruent modulo p to

p—1 p—1
[JOo+ix) [T +ix+ jy). (3)
i=0 i,j=0
‘We first check that
p—1
[To+i) =y —x""y (mod p). )
i=0

Since both sides are homogeneous as polynomials in x
and y, it suffices to check (4) for x = 1, as a congruence
between polynomials. Now note that the right side has
0,1,...,p—1 as roots modulo p, as does the left side.
Moreover, both sides have the same leading coefficient.
Since they both have degree only p, they must then co-
incide.

We thus have

which is precisely the desired determinant.

Note: a simpler conceptual proof is as follows. (Every-
thing in this paragraph will be modulo p.) Note that
for any integers a,b,c, the column vector [ax + by +
cz,(ax + by + c2)?, (ax + by + cz)pz] is a linear com-
bination of the columns of the given matrix. Thus
ax + by + cz divides the determinant. In particular, all
of the factors of (3) divide the determinant; since both
(3) and the determinant have degree p? + p + 1, they
agree up to a scalar multiple. Moreover, they have the
same coefficient of z7° yPx (since this term only appears
in the expansion of (3) when you choose the first term
in each factor). Thus the determinant is congruent to
(3), as desired.

Either argument can be used to generalize to a corre-
sponding n x n determinant, called a Moore determi-
nant; we leave the precise formulation to the reader.
Note the similarity with the classical Vandermonde de-
terminant: if A is the n X n matrix with A;; = x{ for
i,j=0,...,n—1, then

det(A) = H (x.,' 7xi).

1<i<j<n

p—1 p—1
xH(y+ix) H (z+ix+ jy)
i=0 i.j=0
p—1
=x(" ="y [T+ )" ="~ 2+ jy))
Jj=0
p—1
= (" =2y [T =1t P = 1y)
=0

(0 = xPy) (& ="~ 12)P
— (" =P )
= (0 —a?y) (& =2 P2P)
—x(yP =Py (P =Pl
= xyP7P’ — xPyzl” — xP PP g P
_xypzzp _|_x172*17+1yl7z!7 +xpypzz _xpzypz
Exypzpz +yszp2 +pryp2

2 2 2
— Xy — PP — PP
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Al Let n be a fixed positive integer. How many ways are
there to write n as a sum of positive integers,

n=a)+a;+---+a,

with k an arbitrary positive integer and a; < ap < --- <
ay < a;+ 1?7 For example, with n = 4 there are four
ways: 4, 242, 1+1+2, 1+1+1+1.

A2 Let ay,as,...,a, and by,b,,...,b, be nonnegative real
numbers. Show that

(alaz---an)l/"—i— (ble"'bn)l/n
< [(@1+b1)(az +b2) -+~ (an +by)]' /"

A3 Find the minimum value of
| sinx + cosx + tanx + cotx + secx + csc x|

for real numbers x.

A4 Suppose that a,b,c,A,B,C are real numbers, a # 0 and
A # 0, such that

lax* + bx +c| < |Ax* + Bx+C|
for all real numbers x. Show that

|b* — 4ac| < |B> —4AC|.

A5 A Dyck n-path is a lattice path of n upsteps (1,1) and n
downsteps (1,—1) that starts at the origin O and never
dips below the x-axis. A return is a maximal sequence
of contiguous downsteps that terminates on the x-axis.
For example, the Dyck 5-path illustrated has two re-
turns, of length 3 and 1 respectively.

0

Show that there is a one-to-one correspondence be-
tween the Dyck n-paths with no return of even length
and the Dyck (n — 1)-paths.

A6 For a set S of nonnegative integers, let rg(n) denote the
number of ordered pairs (s1,s2) such thats; €S, s, € S,
s1 # s2, and 51 + s, = n. Is it possible to partition the
nonnegative integers into two sets A and B in such a way
that r4(n) = rg(n) forall n ?

B1 Do there exist polynomials a(x),b(x),c(y),d(y) such
that

14+ xy+x2% = a(x)c(y) +b(x)d(y)

holds identically?

B2 Let n be a positive integer. Starting with the sequence
1,41 L form a new sequence of n— 1 entries

32930
3 5 2n—1 :
SRR VIRRERE mirs ) by taking the averages of two consec-

utive entries in the first sequence. Repeat the averaging
of neighbors on the second sequence to obtain a third
sequence of n — 2 entries, and continue until the final se-
quence produced consists of a single number x,,. Show
that x, < 2/n.

B3 Show that for each positive integer n,
n
n!=[Jlem{1,2,...,[n/i]}.
i=1

(Here Icm denotes the least common multiple, and |x]|
denotes the greatest integer < x.)

B4 Let f(z) = az* + bz’ + 2 +dz+e=a(z—r)(z—
r2)(z—r3)(z—r4) where a,b,c,d, e are integers, a # 0.
Show that if r| + r; is a rational number and r) + r, #
r3 + r4, then rirp is a rational number.

B5 Let A, B, and C be equidistant points on the circumfer-
ence of a circle of unit radius centered at O, and let P
be any point in the circle’s interior. Let a,b,c be the
distance from P to A, B, C, respectively. Show that there
is a triangle with side lengths a,b, ¢, and that the area of
this triangle depends only on the distance from P to O.

B6 Let f(x) be a continuous real-valued function defined
on the interval [0, 1]. Show that

/0‘ /01 |f(x) + f(y)|dxdy > /01 f(x)|dx.
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A1 There are n such sums. More precisely, there is exactly

one such sum with & terms for each of k =1,...,n (and
clearly no others). To see this, note thatif n =a; +ax +
ceotawithay <ay <--- <ap <ap+1, then

kai=a1+a1+---+a
<n<art(ar+1)+-+(ar+1)
=ka;+k—1.

However, there is a unique integer a; satisfying these
inequalities, namely a; = |n/k|. Moreover, once a; is
fixed, there are k different possibilities for the sum a; +
ay +---+ay: if i is the last integer such that a; = ay,
then the sum equals ka; + (i — 1). The possible values
of i are 1,...,k, and exactly one of these sums comes
out equal to n, proving our claim.

Note: In summary, there is a unique partition of n with
k terms that is “as equally spaced as possible”. One
can also obtain essentially the same construction induc-
tively: except for the all-ones sum, each partition of n is
obtained by “augmenting” a unique partition of n — 1.

A2 First solution: Assume without loss of generality that

a;+b; > 0 for each i (otherwise both sides of the desired
inequality are zero). Then the AM-GM inequality gives

1/n
a---dy
a1+b1)“'(an+bn)>

< 1 ap i a,
“n\a;+b; an+by )’
and likewise with the roles of a and b reversed. Adding

these two inequalities and clearing denominators yields
the desired result.

Second solution: Write the desired inequality in the
form

(a1 +b1) - (an+by) > [(ar---an)"/" + (by - by) /",

expand both sides, and compare the terms on both sides
in which k of the terms are among the a;. On the
left, one has the product of each k-element subset of
{1,...,n}; on the right, one has

(Z) (a1 -an) - (by ...y,

which is precisely (Z) times the geometric mean of

the terms on the left. Thus AM-GM shows that the
terms under consideration on the left exceed those on
the right; adding these inequalities over all k yields the
desired result.

Third solution: Since both sides are continuous in each
a;, it is sufficient to prove the claim with ay,...,a, all
positive (the general case follows by taking limits as
some of the a; tend to zero). Put r; = b;/a;; then the
given inequality is equivalent to

(1+r1)1/n--'(1+rn)l/n > l+(r1...rn)l/".

In terms of the function

f(x) =1log(l+¢")

and the quantities s; = logr;, we can rewrite the desired
inequality as
1 si+--+s
L) (o) 2 £ (M),

This will follow from Jensen’s inequality if we can ver-
ify that f is a convex function; it is enough to check that
f"(x) > 0 for all x. In fact,

e* 1

- 1+e* _l+ex

f')

is an increasing function of x, so f”(x) > 0 and Jensen’s
inequality thus yields the desired result. (As long as the
a; are all positive, equality holds when s1 = --- = s,
i.e., when the vectors (ay,...,a,) and (b1,...,b,). Of
course other equality cases crop up if some of the a;
vanish, i.e., if a; = b; =0.)

Fourth solution: We apply induction on n, the case n =
1 being evident. First we verify the auxiliary inequality

(a11+b11)(crz+dn)n—1 > (acn—l +bdn—l)n
for a,b,c,d > 0. The left side can be written as
ancn(n—l) +bndn(n—l)
n—1
n—1 . :
+ Z < ' >bncmdn(n—1—z)
i=1 \ 1
n—1
n—1 n n(i—1) —i
dn(n 1).
+,§{ (l__1>a c

Applying the weighted AM-GM inequality between
matching terms in the two sums yields

(an+bn)(6n _'_dn)nfl Zancn<"71>—|—bndn(n71)

n—1

+ Z (’Z) aibn—ic(n—l)id(n—l)(n—i),
i=1



proving the auxiliary inequality.

Now given the auxiliary inequality and the n — 1 case
of the desired inequality, we apply the auxiliary in-

equality with a = ai/n, b= b}/n, c=(ay-- ~an)1/”<"’1>,
d = (by...b,)"/""=1) The right side will be the n-th
power of the desired inequality. The left side comes out
to

(a1 +b1)((az---an)"/" D 4 (by - - by) /=Dyt

and by the induction hypothesis, the second factor is
less than (ay +by) -+ (an + by,). This yields the desired
result.

Note: Equality holds if and only if a; = b; = 0 for
some i or if the vectors (ay,...,a,) and (by,...,by)
are proportional. As pointed out by Naoki Sato, the
problem also appeared on the 1992 Irish Mathematical
Olympiad. It is also a special case of a classical in-
equality, known as Holder’s inequality, which general-
izes the Cauchy-Schwarz inequality (this is visible from
the n = 2 case); the first solution above is adapted from
the standard proof of Holder’s inequality. We don’t
know whether the declaration “Apply Holder’s inequal-
ity” by itself is considered an acceptable solution to this
problem.

A3 First solution: Write

f(x) = sinx+ cosx+ tanx + cotx + secx + cscx
1 sinx + cosx
_|_

=sinx+ cosx+ — - .
sinxcosx sinxcosx

We can write sinx +cosx = v/2cos(7/4 — x); this sug-
gests making the substitution y = 7/4 — x. In this new
coordinate,

1 1
sinxcosx = 3 sin2x = 5 cos 2y,

and writing ¢ = v/2cosy, we have

2

fO)=(1+c) (1+62_1> -1
2

c—1

=c-+

We must analyze this function of ¢ in the range
[—v/2,V/2]. Tts value at ¢ = —/2 is 2 —3v/2 < —2.24,
and at ¢ = V2 is 24 3v2 > 6.24. Its derivative is
1 —2/(c— 1)?, which vanishes when (c — 1)?> =2, i.e.,
where ¢ = 1 ++/2. Only the value ¢ = 1 —+/2 is in
bounds, at which the value of fis 1 — 2v/2 > —1.83.
As for the pole at ¢ = 1, we observe that f decreases as
¢ approaches from below (so takes negative values for
all ¢ < 1) and increases as ¢ approaches from above (so
takes positive values for all ¢ > 1); from the data col-
lected so far, we see that f has no sign crossings, so the
minimum of |f| is achieved at a critical point of f. We
conclude that the minimum of |f| is 2v/2 — 1.

Alternate derivation (due to Zuming Feng): We can also
minimize |¢ +2/(c — 1)| without calculus (or worrying
about boundary conditions). For ¢ > 1, we have

2
1+(c—1)+—121+2f2
-

by AM-GM on the last two terms, with equality for ¢ —
1 = v/2 (which is out of range). For ¢ < 1, we similarly
have

2
71+17c+1—z—1+2f2,
—C

here with equality for 1 — ¢ = /2.
Second solution: Write

1 a+b
b) = b+ — .
fla,b) =a+ +ab+ b

Then the problem is to minimize |f(a,b)| subject to
the constraint a®> + 5> — 1 = 0. Since the constraint re-
gion has no boundary, it is enough to check the value
at each critical point and each potential discontinuity
(i.e., where ab = 0) and select the smallest value (after
checking that f has no sign crossings).

We locate the critical points using the Lagrange mul-
tiplier condition: the gradient of f should be parallel
to that of the constraint, which is to say, to the vector
(a,b). Since

of 1 1

da @b &
and similarly for b, the proportionality yields
v - +ad b +d b =0.

The irreducible factors of the left side are 1+4a, 1+ b,
a—b, and ab—a—b. So we must check what happens
when any of those factors, or a or b, vanishes.

If 14+a =0, then b =0, and the singularity of f be-
comes removable when restricted to the circle. Namely,
we have

1 b+1
f=a+b+—+——

a ab
and a® +b> — 1 =0 implies (1+b)/a=a/(1 —b). Thus
we have f = —2; the same occurs when 1 +b = 0.
Ifa—b=0,thena=5b= :I:ﬁ/Z and either f =2+
3v2>6.24,0r f=2-3V2< —2.24.
If a = 0, then either » = —1 as discussed above, or b =
1. In the latter case, f blows up as one approaches this
point, so there cannot be a global minimum there.

Finally, if ab—a —b =0, then

a’b* = (a+b)* =2ab+1



and so ab = 14+/2. The plus sign is impossible since
lab| < 1,0 ab=1—+/2 and

1
b)=ab+— +1
f(a?) a +ab+

=1-2v2>—1.83.

This yields the smallest value of |f| in the list (and in-
deed no sign crossings are possible), so 2v/2 — 1 is the
desired minimum of | f|.

Note: Instead of using the geometry of the graph of f
to rule out sign crossings, one can verify explicitly that
f cannot take the value 0. In the first solution, note that
c+2/(c—1) =0 implies ¢ — ¢ +2 = 0, which has no
real roots. In the second solution, we would have

a*b+ab*+a+b=—1.
Squaring both sides and simplifying yields
2a°b® + 5a*b* +4ab =0,

whose only real root is ab = 0. But the cases with ab =
0 do not yield f =0, as verified above.

A4 We split into three cases. Note first that |A| > |a|, by

applying the condition for large x.

Case 1: B2 —4AC > 0. In this case Ax> + Bx+C has two
distinct real roots r; and r,. The condition implies that
ax? + bx + ¢ also vanishes at r; and r», so b — 4ac > 0.
Now

B> —4AC = A%(r| — 1y)?
>a*(r —n)?

= b* — 4ac.

Case 2: B2 —4AC < 0 and b? — 4ac < 0. Assume with-
out loss of generality that A > a > 0, and that B =0 (by
shifting x). Then A2 +Bx+C > ax® +bx+c >0 for
all x; in particular, C > ¢ > 0. Thus

4AC — B> = 4AC
> 4ac
>4dac — b
Alternate derivation (due to Robin Chapman): the el-
lipse Ax?> + Bxy+Cy? = 1 is contained within the ellipse

ax® + bxy +cy* = 1, and their respective enclosed areas
are 11/(4AC — B?) and 7t/ (4ac — b*).

Case 3: B2 —4AC < 0 and b* — 4ac > 0. Since Ax* +

Bx+C has a graph not crossing the x-axis, so do (Ax* +

Bx+C) + (ax? + bx+c). Thus
(B—b)*—4(A—a)(C—c)
(B+b)* —4(A+a)(C+c) <

IN

0,
0
and adding these together yields

2(B* —4AC) +2(b* — 4ac) < 0.

Hence b? — 4ac < 4AC — B2, as desired.

A5 First solution: We represent a Dyck n-path by a

sequence aj ---ap,, where each q; is either (1,1) or
(1,—1).

Given an (n— 1)-path P = qaj - - ag,—2, we distinguish
two cases. If P has no returns of even-length, then let
f(P) denote the n-path (1,1)(1,—1)P. Otherwise, let
ajaiy1---aj denote the rightmost even-length return in
P,and let f(P) = (1,1)ajaz---a;(1,—1)aj1---ax—s.
Then f clearly maps the set of Dyck (n— 1)-paths to the
set of Dyck n-paths having no even return.

We claim that f is bijective; to see this, we simply
construct the inverse mapping. Given an n-path P, let
R = ag;ai;...a; denote the leftmost return in P, and let
g(P) denote the path obtained by removing a; and a;
from P. Then evidently fog and go f are identity maps,
proving the claim.

Second solution: (by Dan Bernstein) Let C,, be the
number of Dyck paths of length 7, let O, be the number
of Dyck paths whose final return has odd length, and let
X, be the number of Dyck paths with no return of even
length.

We first exhibit a recursion for O,; note that Oy = 0.
Given a Dyck n-path whose final return has odd length,
split it just after its next-to-last return. For some k (pos-
sibly zero), this yields a Dyck k-path, an upstep, a Dyck
(n—k — 1)-path whose odd return has even length, and
a downstep. Thus forn > 1,

n—1
0, = Z Cr(Cpi—1 — Op—k—1)-
k=0

We next exhibit a similar recursion for X,,; note that
Xo = 1. Given a Dyck n-path with no even return, split-
ting as above yields for some k a Dyck k-path with no
even return, an upstep, a Dyck (n — k — 1)-path whose
final return has even length, then a downstep. Thus for
n>1,

1

.
Xy =Y Xe(Cok—1 — Op—i—1).
k=0

To conclude, we verify that X,, = C,_; for n > 1, by
induction on n. This is clear for n = 1 since X; =Cy = 1.
Given X, = C;_ for k < n, we have

n—1
Xy =Y Xi(Cok1 = Onr1)
k=0

n—1

=Ci1=0n 14 Y, G 1(Crt1 = Oni1)

k=1
=Ln-1— On—l +0n—1
=Lp-1,
as desired.

Note: Since the problem only asked about the existence
of a one-to-one correspondence, we believe that any



proof, bijective or not, that the two sets have the same
cardinality is an acceptable solution. (Indeed, it would
be highly unusual to insist on using or not using a spe-
cific proof technique!) The second solution above can
also be phrased in terms of generating functions. Also,
the C, are well-known to equal the Catalan numbers
— (*"); the problem at hand is part of a famous exer-
cise in Richard Stanley’s Enumerative Combinatorics,
Volume 1 giving 66 combinatorial interpretations of the
Catalan numbers.

A6 First solution: Yes, such a partition is possible. To

achieve it, place each integer into A if it has an even
number of 1s in its binary representation, and into B if
it has an odd number. (One discovers this by simply
attempting to place the first few numbers by hand and
noticing the resulting pattern.)

To show that r4(n) = rp(n), we exhibit a bijection be-
tween the pairs (aj,ay) of distinct elements of A with
a) +ay = n and the pairs (by,b;) of distinct elements
of B with by 4+ by = n. Namely, given a pair (a;,a2)
with a; + ap = n, write both numbers in binary and
find the lowest-order place in which they differ (such
a place exists because a; # a). Change both numbers
in that place and call the resulting numbers by, b>. Then
aj +ap = by + by = n, but the parity of the number of
Is in by is opposite that of a;, and likewise between b,
and a,. This yields the desired bijection.

Second solution: (by Micah Smukler) Write b(n) for
the number of Is in the base 2 expansion of n, and
f(n) = (=1)?")_ Then the desired partition can be
described as A = f~!(1) and B = f~'(—1). Since
f(2n)+ f(2n+1) = 0, we have

0 n odd

L= {f(n)

If p,q are both in A, then f(p)+ f(q) = 2; if p,q are
both in B, then f(p)+ f(q) = —2; if p, q are in different
sets, then f(p) + f(g) = 0. In other words,

20ra(m)—rs(m) =}, (f(p)+f(q))

p+q=n,p<q

n even.

and it suffices to show that the sum on the right is always
zero. If n is odd, that sum is visibly Y f(i) =0. If n
is even, the sum equals

<i)f(i)> — £(n)2) = f(n) — f(n/2) = 0.

This yields the desired result.

Third solution: (by Dan Bernstein) Put f(x) =Y, x"
and g(x) =Y,cpx"; then the value of r4 (n) (resp. rg(n))
is the coefficient of x” in f(x)? — f(x?) (resp. g(x)> —

Bl

g(x?)). From the evident identities

We deduce that f(x)> — g(x)? = f(x?) — g(x?), yielding
the desired equality.

Note: This partition is actually unique, up to inter-
changing A and B. More precisely, the condition that
0cAandrs(n)=rp(n)forn=1,...,muniquely deter-
mines the positions of 0, ..., m. We see this by induction
on m: given the result for m — 1, switching the location
of m changes r4(m) by one and does not change rg(m),
so it is not possible for both positions to work. Robin
Chapman points out this problem is solved in D.J. New-
man’s Analytic Number Theory (Springer, 1998); in that
solution, one uses generating functions to find the par-
tition and establish its uniqueness, not just verify it.

No, there do not.

First solution: Suppose the contrary. By setting y =
—1,0,1 in succession, we see that the polynomials
1 —x+x2,1,14x+x? are linear combinations of a(x)
and b(x). But these three polynomials are linearly inde-
pendent, so cannot all be written as linear combinations
of two other polynomials, contradiction.

Alternate formulation: the given equation expresses a
diagonal matrix with 1, 1,1 and zeroes on the diagonal,
which has rank 3, as the sum of two matrices of rank 1.
But the rank of a sum of matrices is at most the sum of
the ranks of the individual matrices.

Second solution: It is equivalent (by relabeling and
rescaling) to show that 1 + xy +x?y? cannot be writ-
ten as a(x)d(y) — b(x)c(y). Write a(x) = Y ax', b(x) =
Ybix', c(y) =Y.c;3/, d(y) = L d;y’. We now start com-
paring coefficients of 14 xy +x*y*>. By comparing co-
efficients of 1+ xy +x%y? and a(x)d(y) — b(x)c(y), we
get

1= Cl,’dj — biCi
0= a,'dj — b,'Cj

(i=0,1,2)
(i #J)-

The first equation says that a; and b; cannot both vanish,
and ¢; and d; cannot both vanish. The second equation
says that a;/b; = c;/d; when i # j, where both sides
should be viewed in R U {eo} (and neither is undeter-
mined if i, j € {0,1,2}). But then

ao/bo = Cl/dl = az/bz = Co/d()



contradicting the equation agdy — boco = 1.

Third solution: We work over the complex numbers,
in which we have a primitive cube root ® of 1. We also
use without further comment unique factorization for
polynomials in two variables over a field. And we keep
the relabeling of the second solution.

Suppose the contrary. Since 1+ xy 4+ x*y* = (1 —
xy/®)(1 — xy/®?), the rational function a(w/y)d(y) —
b(w/y)c(y) must vanish identically (that is, coefficient
by coefficient). If one of the polynomials, say a, van-
ished identically, then one of b or ¢ would also, and the
desired inequality could not hold. So none of them van-
ish identically, and we can write

c(y) alo)y)

d(y)  blo/y)

Likewise,

c(y) _a(0?/y)

d(y)  b(@?/y)

Put f(x) = a(x)/b(x); then we have f(wx) = f(x)
identically. That is, a(x)b(wx) = b(x)a(wx). Since a
and b have no common factor (otherwise 1+ xy + x?y?
would have a factor divisible only by x, which it doesn’t
since it doesn’t vanish identically for any particular x),
a(x) divides a(wx). Since they have the same degree,
they are equal up to scalars. It follows that one of
a(x),xa(x),x*a(x) is a polynomial in x> alone, and like-
wise for b (with the same power of x).

If xa(x) and xb(x), or x*a(x) and x*b(x), are polyno-
mials in x°, then a and b are divisible by x, but we
know a and b have no common factor. Hence a(x)
and b(x) are polynomials in x>. Likewise, c(y) and
d(y) are polynomials in y3. But then 1+ xy 4 x°y> =
a(x)d(y) — b(x)c(y) is a polynomial in x> and y3, con-
tradiction.

Note: The third solution only works over fields of char-
acteristic not equal to 3, whereas the other two work
over arbitrary fields. (In the first solution, one must re-

place —1 by another value if working in characteristic
2.)

B2 It is easy to see by induction that the j-th entry

of the k-th sequence (where the original sequence is
k=1 is X5, D/ i+ j—1)), and so x, =
e T2 (1) /i Now () /i = (1) ence

on
1
Xn = 2n12<> 2n1<2/n

as desired.

B3 First solution: It is enough to show that for each prime

p, the exponent of p in the prime factorization of both

sides is the same. On the left side, it is well-known that
the exponent of p in the prime factorization of n! is

Els)

(To see this, note that the i-th term counts the multiples
of p' among 1,...,n, so that a number divisible exactly
by p' gets counted exactly i times.) This number can
be reinterpreted as the cardinality of the set S of points
in the plane with positive integer coordinates lying on
or under the curve y = np~: namely, each summand is
the number of points of S with x = i.

On the right side, the exponent of p in the prime
factorization of lem(l,...,[n/i]) is [log,|n/i]] =
|log,(n/i)|. However, this is precisely the number of
points of S with y =i. Thus

n

i

Second solution: We prove the result by induction on
n, the case n = 1 being obvious. What we actually show
is that going from n — 1 to n changes both sides by the
same multiplicative factor, that is,

n

Y llog, |n/i]] i L

i=1 i=1

and the desired result follows.

_nfl ]Cm{l,z,..-7Ln/iJ}
n= chm{1,27...,|_(n_1)/ij}.

Note that the i-th term in the product is equal to 1 if n/i
is not an integer, i.e., if n/i is not a divisor of n. It is
also equal to 1 if n/i is a divisor of n but not a prime
power, since any composite number divides the lcm of
all smaller numbers. However, if n/i is a power of p,
then the i-th term is equal to p.

Since n/i runs over all proper divisors of n, the product
on the right side includes one factor of the prime p for
each factor of p in the prime factorization of n. Thus
the whole product is indeed equal to n, completing the
induction.

B4 First solution: Put g =r; +ry, h=r34+r4, u=riry,

v = r3r4. We are given that g is rational. The following
are also rational:

7:g+h

=gh+u+v

|
Q‘&m\ma

=gv+hu

From the first line, % is rational. From the second line,
u+ v is rational. From the third line, g(u+v) — (gv+
hu) = (g — h)u is rational. Since g # h, u is rational, as
desired.

Second solution: This solution uses some basic Galois
theory. We may assume r| # rp, since otherwise they
are both rational and so then is | r;.



B5

Let 7 be an automorphism of the field of algebraic num-
bers; then T maps each r; to another one, and fixes
the rational number r| 4+ r,. If 7(r) equals one of r
or rp, then 7(r) must equal the other one, and vice
versa. Thus 7 either fixes the set {ri,r} or moves it
to {rs,r4}. But if the latter happened, we would have
r1 +ry = r3 + r4, contrary to hypothesis. Thus 7 fixes
the set {ry,r,} and in particular the number r;r,. Since
this is true for any 7, ryr, must be rational.

Note: The conclusion fails if we allow r{ +ry = r3 +r4.
For instance, take the polynomial x* — 2 and label its
roots so that (x —ry)(x —r2) =x> —v/2 and (x —r3)(x —

ry) = x> +2.

First solution: Place the unit circle on the complex
plane so that A,B,C correspond to the complex num-
bers 1, @, ®?, where ® = e2mi/ 3 and let P correspond
to the complex number x. The distances a, b, c are then
lx— 1|, |x — @/, |x — ®?|. Now the identity

x—D+ox—0)+o*(x—0*)=0

implies that there is a triangle whose sides, as vec-
tors, correspond to the complex numbers x — 1, @ (x —
®), 0*(x — @?); this triangle has sides of length a, b, c.

To calculate the area of this triangle, we first note a more
general formula. If a triangle in the plane has vertices
at 0, vi = sy + iy, vo = s + itp, then it is well known
that the area of the triangle is |si7 — s211|/2 = |v1v2 —
voV7|/4. In our case, we have vi =x— 1 and v, = ow(x—
); then

V73 — it = (0% — 0) (X — 1) = iv/3(|x]> - 1).

Hence the area of the triangle is v/3(1 — |x|?) /4, which
depends only on the distance |x| from P to O.

Second solution: (by Florian Herzig) Let A’, B, C’/
be the points obtained by intersecting the lines AP,
BP, CP with the unit circle. Let d denote OP. Then
A'P = (1 —d?)/a, etc., by using the power of the point
P. As triangles A’B'P and BAP are similar, we get
that A'B' = AB-A’'P/b = \/3(1 — d?)/(ab). 1t follows
that triangle A’B'C’ has sides proportional to a, b, c,
by a factor of v/3(1 —d?)/(abc). In particular, there
is a triangle with sides a, b, ¢, and it has circumra-
dius R = (abc)/(v/3(1 —d?)). Its area is abc/(4R) =
V3(1—d?)/4.

Third solution: (by Samuel Li) Consider the rotation
by the angle /3 around A carrying B to C, and let P4
be the image of P; define Py, Pc similarly. Let A’ be the
intersection of the tangents to the circle at B,C; define
B',C’, similarly. Put / = AB = BC = CA; we then have

AB'=AC' =BC'=BA'=CA'=CB' =/
PA=PPy =P A=PC' =PA' =a
PB=PP3=PsB=PA' =P,.C'=b
PC=PPc=P.C=P,B =PA =c.

The triangle AA’B'C’ has area four times that of AABC.
We may dissect it into twelve triangles by first split-
ting it into three quadrilaterals PAC'B, PBC'A,PCA’B,
then splitting each of these in four around the respec-
tive interior points Pg, Pc,P4. Of the resulting twelve
triangles, three have side lengths a, b, ¢, while three are
equilateral triangles of respective sides lengths a,b,c.
The other six are isomorphic to two copies each of
APAB, APBC, APCA, so their total area is twice that
of AABC.

It thus suffices to compute a® + b* + ¢? in terms of the
radius of the circle and the distance OP. This can be
done readily in terms of OP using vectors, Cartesian
coordinates, or complex numbers as in the first solution.

B6 First solution: (composite of solutions by Feng Xie
and David Pritchard) Let u denote Lebesgue measure
on [0,1]. Define

E, ={xe[0,1]: f(x) >0}

E_={x€][0,1]: f(x) <0};

then E,, E_ are measurable and u(E;)+ u(E-) = 1.
Write p; and y_ for u(E,) and u(E_). Also define

L=/ 1)l
L= [ 17w,

so that [y | f(x)|dx =1, +1_.

From the triangle inequality |a + b| > £(|a| — |b]), we
have the inequality

// () + £(y)] dxdy
- i//EE (£ = [£)) dxdy

=+ (U-1y — pyd),

and likewise with + and — switched. Adding these in-
equalities together and allowing all possible choices of
the signs, we get

1/ £6)+ £ dxdy
(E4+xE_)U(E-xEy)
> max {0,2(u-I — I ), 2(py - — p-14y)}.

To this inequality, we add the equalities
I 1@+ r)ldxdy =201,
E{xE
J[ 1)+ )y =21
E_xE_

[ @l =~ o 41



to obtain

/01/01 \f()c)+f(y)ldxdy—/01 |f (x)| dx

= max{(py — p)(I4 +1-) +2u_(I- — 1),
(Mg —p) (I = 1),
(M- = p ) (I + 1) +2p4 (1 — 1)}

Now simply note that for each of the possible compar-
isons between u and p_, and between I and I_, one
of the three terms above is manifestly nonnegative. This
yields the desired result.

Second solution: We will show at the end that it is
enough to prove a discrete analogue: if xi,...,x, are
real numbers, then

n

i +x] > = ) |l
— 2 it Z

i,j=1 ni3

In the meantime, we concentrate on this assertion.

Let f(x1,...,x,) denote the difference between the two
sides. We induct on the number of nonzero values of
|x;|. We leave for later the base case, where there is at
most one such value. Suppose instead for now that there
are two or more. Let s be the smallest, and suppose
without loss of generality that x| =--- =x; =5, X441 =

-+ =X44p = —, and for i > a+b, either x; = 0 or |x;| >
s. (One of a,b might be zero.)

Now consider

aterms b terms
—N

—
f(ta"'at7_ta"'a_taxa+h+17"'axn)

as a function of 7. It is piecewise linear near s; in fact,
it is linear between O and the smallest nonzero value
among |Xg4pt1l,---,]x.| (Which exists by hypothesis).
Thus its minimum is achieved by one (or both) of those
two endpoints. In other words, we can reduce the num-
ber of distinct nonzero absolute values among the x;
without increasing f. This yields the induction, pending
verification of the base case.

As for the base case, suppose thatx; =--- =x, =5 >0,
Xgpl = 0 = Xgyp = —S, and Xgtbt] = "+ = Xy =0.
(Here one or even both of a,b could be zero, though the
latter case is trivial.) Then

FR1seesXn) = =5 (2% + 267 + (a+b) (n—a—b))

n
2
n(a+b) n2(a —2ab+b") > 0.

This proves the base case of the induction, completing
the solution of the discrete analogue.

To deduce the original statement from the discrete ana-
logue, approximate both integrals by equally-spaced
Riemann sums and take limits. This works because
given a continuous function on a product of closed in-
tervals, any sequence of Riemann sums with mesh size

tending to zero converges to the integral. (The domain
is compact, so the function is uniformly continuous.
Hence for any € > 0 there is a cutoff below which any
mesh size forces the discrepancy between the Riemann
sum and the integral to be less than €.)

Alternate derivation (based on a solution by Dan Bern-
stein): from the discrete analogue, we have

n72 u
Z ‘f(xl)‘i‘ij Z|f x;)|
1<i<j<n
for all xj,...,x, € [0,1]. Integrating both sides as
(x1,...,%,) runs over [0, 1]" yields

D s+ ) ava

n(n—2) r!
> 22 [l

[ [ 1w+ soldva =222 [ o

or

Taking the limit as n — oo now yields the desired result.

Third solution: (by David Savitt) We give an argument
which yields the following improved result. Let i, and
W, be the measure of the sets {x : f(x) >0} and {x :
f(x) <0} respectively, and let p1 < 1,/2 be min(up, Up).

Then
[ [ 1o+ slaxa
0 Jo
1
> (1+(1=2u) [ 1£(0)]a.

Note that the constant can be seen to be best possible
by considering a sequence of functions tending towards
the step function which is 1 on [0, u] and —1 on (, 1].

Suppose without loss of generality that @ = p,,. As in
the second solution, it suffices to prove a strengthened
discrete analogue, namely

nlzg,|a,~+aj|2 <1+<1—2p> ) ( Z|az|>

where p < n/2 is the number of ay,...,a, which are
positive. (We need only make sure to choose meshes so
that p/n — U as n — «.) An equivalent inequality is

2
Z lai+aj| > <n—1—2p+ 5) Z\ai\.

1<i<j<n i=1

Write 7; = |a;|, and assume without loss of generality
that 7; > r;y| for each i. Then fori < j, |aj+a;| =ri+r;
if a; and a; have the same sign, and is r; — r; if they have
opposite signs. The left-hand side is therefore equal to

™=

(n—1i) r,JrZ‘rC]7
j=1

Il
—_



where

Cj=#{i<j :sgn(a;) = sgn(a;)}

—#{i < j:sgn(a;) # sgn(a;)}.

Consider the partial sum P, = ):’j‘-zl C;. If exactly py of
ai,...,a; are positive, then this sum is equal to

(3) (%) -16)- () - (5]

which expands and simplifies to

—2pi(k— pr) + (];) :

For k£ < 2p even, this partial sum would be minimized

with p = &, and would then equal —%; for k < 2p odd,

this partial sum would be minimized w1th pr= @ ,and

would then equal —*>—. Either way, P, > L |. On the
other hand, if £ > 2p, then

—2pi(k—pi) + (l;) > —2p(k—p)+ (S)

since py is at most p. Define Qy to be —L%J ifk<2p

and —2p(k — p) + () if k > 2p, so that P, > Qy. Note
that Q0 = 0.

Partial summation gives
n n
Z }’jCj = l"nPn + Z (V./;l — r,)Pj,1
j=1 j=2
n
> raQn+ Y (rjio1 = rj)Qj-1
j=2
n
=) ri(Q;—0Qj-1)
j=2

=—ry—r4——rp+ Z j—1-2p)r;
Jj=2p+1

It follows that

n

n
Z |a,-+aj|:Z(n—i)ri+erC]

1<i<j<n i=1 j=1

)
=

> Y (n—i—1Jieven])r;
1

n

Z (n—1-2p)r;

=2p+

=(n—1-2p)

M:

i
2p
+Y (2p+1—i—lieven])r;

i=1
+pzrl
n

Z

i=1 =1

(n—1—2p

M: 7 M:

>((n—1-2p)

as desired. The next-to-last and last inequalities each
follow from the monotonicity of the r;’s, the former by
pairing the i term with the (2p + 1 — i)™,

Note: Compare the closely related Problem 6 from the
2000 USA Mathematical Olympiad: prove that for any
nonnegative real numbers ay,...,a,,by,...,b,, one has

Z min{a;a;,b;b;} < Z min{a;b;,a;b;}.
i,j=1 i,j=1



The 65th William Lowell Putnam Mathematical Competition
Saturday, December 4, 2004

Al Basketball star Shanille O’Keal’s team statistician
keeps track of the number, S(N), of successful free
throws she has made in her first N attempts of the sea-
son. Early in the season, S(N) was less than 80% of N,
but by the end of the season, S(N) was more than 80%
of N. Was there necessarily a moment in between when
S(N) was exactly 80% of N?

A2 Fori=1,2let T; be a triangle with side lengths a;, b;, c;,
and area A;. Suppose that a; < ap,b; < by,c1 < ¢, and
that 73 is an acute triangle. Does it follow that A < A,?

A3 Define a sequence {u,};_, by uo = uy = up =1, and
thereafter by the condition that

det( tn ”"“) —n!

Un+2 Un+3

for all n > 0. Show that u, is an integer for all n. (By
convention, 0! = 1.)

A4 Show that for any positive integer n there is an integer N
such that the product xx; - - - x;,, can be expressed iden-
tically in the form

N
X1xp Xy = Y ci(ainxy + apXa+ -+ ainXy )"
i=1

where the ¢; are rational numbers and each a;; is one of
the numbers —1,0, 1.

A5 An m x n checkerboard is colored randomly: each
square is independently assigned red or black with
probability 1/2. We say that two squares, p and g, are
in the same connected monochromatic region if there is
a sequence of squares, all of the same color, starting at
p and ending at g, in which successive squares in the
sequence share a common side. Show that the expected
number of connected monochromatic regions is greater
than mn/8.

A6 Suppose that f(x,y) is a continuous real-valued func-
tion on the unit square 0 <x < 1,0 <y < 1. Show that

/01 (/Olf(x,y)dx>2dy+/01 </01f(x,y)dy)2dx
< (/01/01f(x,y)a’xa’y>24_/0'1/01 £ (e dxdy.

BI Let P(x) = c,x" + ¢, 1x" ' +--- 4+ ¢o be a polynomial
with integer coefficients. Suppose that r is a rational
number such that P(r) = 0. Show that the n numbers

2 3 2
Cply Cpl™ +Cp—11, Cpl™ + Cp—1 ¥~ + Cp—2F,

~1
o IR} (L SRR Sy

are integers.
B2 Let m and n be positive integers. Show that

(m+n)! m! n!
(m+n)mtn = gmpn’
B3 Determine all real numbers a > 0 for which there exists
a nonnegative continuous function f(x) defined on [0, d]
with the property that the region

R={(xy):0<x<a,0<y<f(x)}

has perimeter k units and area k square units for some
real number k.

B4 Let n be a positive integer, n > 2, and put 8 = 27 /n. De-
fine points P, = (k,0) in the xy-plane, fork=1,2,...,n.
Let Ry be the map that rotates the plane counterclock-
wise by the angle 0 about the point F;. Let R denote
the map obtained by applying, in order, Ry, then R», ...,
then R,. For an arbitrary point (x,y), find, and simplify,
the coordinates of R(x,y).

X
o 1+xn+l

li _ .
xsfl-ﬂ)( T

B6 Let o be a non-empty set of positive integers, and let
N(x) denote the number of elements of .27 not exceed-
ing x. Let Z denote the set of positive integers b that
can be written in the form b = a — a’ with a € &/ and
a € /. Letb) < by < --- be the members of %, listed
in increasing order. Show that if the sequence b;| — b;
is unbounded, then

BS5 Evaluate

lim N(x)/x = 0.

X—>o0



Solutions to the 65th William Lowell Putnam Mathematical Competition
Saturday, December 4, 2004

Kiran Kedlaya and Lenny Ng

A-1 Yes. Suppose otherwise. Then there would be an N

such that S(V) < .8N and S(N+1) > .8(N +1); that is,
O’Keal’s free throw percentage is under 80% at some
point, and after one subsequent free throw (necessarily
made), her percentage is over 80%. If she makes m
of her first N free throws, then m/N < 4/5 and (m+
1)/(N+1) > 4/5. This means that 5m < 4n < 5m+1,
which is impossible since then 4# is an integer between
the consecutive integers Sm and 5m + 1.

Remark: This same argument works for any fraction
of the form (n— 1)/n for some integer n > 1, but not
for any other real number between 0 and 1.

A-2 First solution: (partly due to Ravi Vakil) Yes, it does

follow. For i = 1,2, let P;,Q;,R; be the vertices of T;
opposide the sides of length a;, b;, c;, respectively.

We first check the case where a; = ap (or by = by or
c1 = c2, by the same argument after relabeling). Imag-
ine T, as being drawn with the base Q>R; horizontal
and the point P, above the line Q>R,. We may then po-
sition 77 so that Q; = Q», R; = R», and P; lies above
the line Q1R; = Q»R,. Then P; also lies inside the re-
gion bounded by the circles through P> centered at Q5
and R,. Since Z(Q» and ZR; are acute, the part of this
region above the line Q>R; lies within 7. In particu-
lar, the distance from P; to the line Q»R, is less than or
equal to the distance from P, to the line Q>R;; hence
Al <A,

To deduce the general case, put
r= max{al/az,bl/bz,cl/cz}.

Let T3 be the triangle with sides ray, by, rco, which has
area r°A,. Applying the special case to T} and T3, we
deduce that A; < r?A,; since r < 1 by hypothesis, we
have A1 < A, as desired.

Remark: Another geometric argument in the case a; =
a is that since angles ZQ» and ZR; are acute, the per-
pendicular to Q,R, through P, separates O, from R».
If Ay > Aj, then P; lies above the parallel to O»R;
through P»; if then it lies on or to the left of the vertical
line through P, we have ¢ > ¢, because the inequality
holds for both horizontal and vertical components (pos-
sibly with equality for one, but not both). Similarly, if
Py lies to the right of the vertical, then by > b,.

Second solution: (attribution unknown) Retain nota-
tion as in the first paragraph of the first solution. Since
the angle measures in any triangle add up to 7, some
angle of 77 must have measure less than or equal to its
counterpart in 7>. Without loss of generality assume

that ZP; < ZP,. Since the latter is acute (because T is
acute), we have sin ZP| < sin ZP,. By the Law of Sines,

1 1
Ar=5bicrsinZP < ShycasinZPy = Aa.

Remark: Many other solutions are possible; for in-
stance, one uses Heron’s formula for the area of a tri-
angle in terms of its side lengths.

Define a sequence v, by v, = (n—1)(n—3)---(4)(2) if
nisodd and v, = (n—1)(n—3)---(3)(1) if n is even;
it suffices to prove that u, = v, for all n > 2. Now
Vnt3vy = (n+2)(n)(n—1)! and vyovp = (n+ 1),
and S0 v, 13V, — V2V 1 = nl. Since we can check that
u, = v, for n =2,3,4, and u, and v, satisfy the same
recurrence, it follows by induction that u,, = v, for all
n > 2, as desired.

A—4 It suffices to verify that

X100 X

X1

e Xy = —

1
n= np! (el"'en)(elx1+"'+enxn)”.
n: GIE{*],I}

To check this, first note that the right side vanishes iden-
tically for x; = 0, because each term cancels the corre-
sponding term with e; flipped. Hence the right side, as
a polynomial, is divisible by x;; similarly it is divisi-
ble by x2,...,x,. Thus the right side is equal to xj - - - x,
times a scalar. (Another way to see this: the right side is
clearly odd as a polynomial in each individual variable,
but the only degree n monomial in xp,...,x, with that
property is xj ---x,.) Since each summand contributes
2‘—,,x1 -+ X, to the sum, the scalar factor is 1 and we are
done.

Remark: Several variants on the above construction are
possible; for instance,

p (_l)nfe,f...fe,,(elxl _|_“_+e”xn)n
" e;€{0,1}

by the same argument as above.

Remark: These construction work over any field of
characteristic greater than n (at least for n > 1). On
the other hand, no construction is possible over a field
of characteristic p < n, since the coefficient of x; - - - x;,
in the expansion of (ejx| + -+ 4 epx,)" is zero for any
e;.

Remark: Richard Stanley asks whether one can use
fewer than 2" terms, and what the smallest possible
number is.



A-5 First solution: First recall that any graph with n ver-

tices and e edges has at least n — e connected com-
ponents (add each edge one at a time, and note that
it reduces the number of components by at most 1).
Now imagine the squares of the checkerboard as a
graph, whose vertices are connected if the correspond-
ing squares share a side and are the same color. Let A
be the number of edges in the graph, and let B be the
number of 4-cycles (formed by monochromatic 2 x 2
squares). If we remove the bottom edge of each 4-cycle,
the resulting graph has the same number of connected
components as the original one; hence this number is at
least

mn—A-+B.

By the linearity of expectation, the expected number of
connected components is at least

mn—E(A)+E(B).

Moreover, we may compute E(A) by summing over
the individual pairs of adjacent squares, and we may
compute E(B) by summing over the individual 2 x 2
squares. Thus

E(4) = 5 (m(n— 1)+ (m— ),
E(B) = (m—1)(n—1),

and so the expected number of components is at least

mn—%(m(n—1)+(m—l)n)+%(m—l)(n—1)

mn+3m+3n+1 mn

Remark: A “dual” approach is to consider the graph
whose vertices are the corners of the squares of the
checkerboard, with two vertices joined if they are ad-
jacent and the edge between then does not separate two
squares of the same color. In this approach, the 4-cycles
become isolated vertices, and the bound on components
is replaced by a call to Euler’s formula relating the ver-
tices, edges and faces of a planar figure. (One must be
careful, however, to correctly handle faces which are
not simply connected.)

Second solution: (by Noam Elkies) Number the
squares of the checkerboard 1, ..., mn by numbering the
first row from left to right, then the second row, and so
on. We prove by induction on i that if we just consider
the figure formed by the first i squares, its expected
number of monochromatic components is at least i/8.
For i = 1, this is clear.

Suppose the i-th square does not abut the left edge or
the top row of the board. Then we may divide into three
cases.

— With probability 1/4, the i-th square is opposite in
color from the adjacent squares directly above and
to the left of it. In this case adding the i-th square
adds one component.

— With probability 1/8, the i-th square is the same
in color as the adjacent squares directly above and
to the left of it, but opposite in color from its diag-
onal neighbor above and to the left. In this case,
adding the i-th square either removes a component
or leaves the number unchanged.

— In all other cases, the number of components re-
mains unchanged upon adding the i-th square.

Hence adding the i-th square increases the expected
number of components by 1/4 —1/8 =1/8.

If the i-th square does abut the left edge of the board,
the situation is even simpler: if the i-th square differs in
color from the square above it, one component is added,
otherwise the number does not change. Hence adding
the i-th square increases the expected number of com-
ponents by 1/2; likewise if the i-th square abuts the top
edge of the board. Thus the expected number of com-
ponents is at least i/8 by induction, as desired.

Remark: Some solvers attempted to consider adding
one row at a time, rather than one square; this must be
handled with great care, as it is possible that the num-
ber of components can drop rather precipitously upon
adding an entire row.

A-6 By approximating each integral with a Riemann sum,

we may reduce to proving the discrete analogue: for
xj; €Rfori,j=1,...,n,

n n 2 n n 2
nZ (inj> Jri’lZ’ <Zx,'j>
i=1 \J=1 =1 \i=1

1

= (2": Zn:xw>2+"2

i=1j=1

I ag

- 2
inj-
j=1

The difference between the right side and the left side
is

n
Z (Xij + X — xit —ij)27
ijl=1

Bl

which is evidently nonnegative. If you prefer not to dis-
cretize, you may rewrite the original inequality as

1,1 p1 ,1
////F(x,y,z,w)zdxdydzdwzo
0o Jo Jo JO

for

F(x,y,z,w) =f(x,y) +f(sz) _f(wi) —f(z,y)~

Remark: (by Po-Ning Chen) The discrete inequality
can be arrived at more systematically by repeatedly ap-
plying the following identity: for any real ay,...,a,,

2
Z (x,'—xj)zznz;x,-z—<z]’x,-> .

1<i<j<n =



Remark: (by David Savitt) The discrete inequality can
also be interpreted as follows. For ¢,d € {1,...,n—1}
and &, = ¢2™/" put

i
Zed = Y 6 V).
irJ
Then the given inequality is equivalent to

n—1
Z ‘Zc,d|2 > 0.
c,d=1

B-1 Let k be an integer, 0 < k < n— 1. Since P(r)/rk =0,

we have

Y R TR,

= —(cr+cpir T4 Heor ™).

Write r = p/q where p and g are relatively prime. Then
the left hand side of the above equation can be written as
a fraction with denominator q"_k , while the right hand
side is a fraction with denominator p*. Since p and ¢
are relatively prime, both sides of the equation must be
an integer, and the result follows.

Remark: If we write » = a/b in lowest terms, then
P(x) factors as (bx — a)Q(x), where the polynomial Q
has integer coefficients because you can either do the
long division from the left and get denominators divis-
ible only by primes dividing b, or do it from the right
and get denominators divisible only by primes dividing
a. The numbers given in the problem are none other
than a times the coefficients of . More generally, if
P(x) is divisible, as a polynomial over the rationals, by
a polynomial R(x) with integer coefficients, then P/R
also has integer coefficients; this is known as “Gauss’s
lemma” and holds in any unique factorization domain.

B-2 First solution: We have

(m+n)in+n > (m+n>mmnn
m

because the binomial expansion of (n+n)™*" includes
the term on the right as well as some others. Rearrang-
ing this inequality yields the claim.

Remark: One can also interpret this argument combi-
natorially. Suppose that we choose m + n times (with
replacement) uniformly randomly from a set of m +n
balls, of which m are red and 7 are blue. Then the proba-
bility of picking each ball exactly once is (m+n)!/(m—+
n)™*". On the other hand, if p is the probability of pick-
ing exactly m red balls, then p < 1 and the probability
of picking each ball exactly once is p(m™/m!)(n" /n!).

Second solution: (by David Savitt) Define

Sp={i/k:i=1,... k}

and rewrite the desired inequality as

HxHy> H Z.

XESm  YESh 2ESm+n

To prove this, it suffices to check that if we sort the
multiplicands on both sides into increasing order, the i-
th term on the left side is greater than or equal to the i-th
term on the right side. (The equality is strict already for
i =1, so you do get a strict inequality above.)

Another way to say this is that for any i, the number of
factors on the left side which are less than i/(m+n) is
less than i. But since j/m < i/(m+n) is equivalent to
J <im/(m+n), that number is

im in
FEAR R
m—+n m—+n

m M =i-1.

“m+n m+n

Third solution: Put f(x) = x(log(x+ 1) —logx); then
forx > 0,

70 =log(1+1/%) ~ —
1

i _
f (X)— X(X—f-l)z.

Hence f”(x) < 0 for all x; since f'(x) — 0 as x — oo,
we have f’(x) > 0 for x > 0, so f is strictly increasing.

Put g(m) = mlogm — log(m!); then g(m+ 1) — g(m) =
f(m), so g(m+ 1) — g(m) increases with m. By induc-
tion, g(m+n) — g(m) increases with n for any positive
integer n, so in particular

g(m+n)—g(m) > g(n) —g(1) + f(m)
> g(n)

since g(1) = 0. Exponentiating yields the desired in-
equality.

Fourth solution: (by W.G. Boskoff and Bogdan
Suceavd) We prove the claim by induction on m + n.
The base case is m = n = 1, in which case the de-
sired inequality is obviously true: 2!/22 = 1/2 < 1 =
(1!/11(1!/1"). To prove the induction step, suppose
m+n > 2; we must then have m > 1 or n > 1 or both.
Because the desired result is symmetric in m and n, we
may as well assume n > 1. By the induction hypothesis,
we have

(m+n—1)! m! (n—1)!
(m+n—1)mtn=1 = g (p—1)n=1"

To obtain the desired inequality, it will suffice to check
that

(n— 1)"‘1 n!

(n=1)! (n)"

(m+n—1)""=1" (m+n)!
(m+n-1)!  (m+n)mtn




or in other words

1 m+n—1 1 n—1
1— 1—- .
() <(=3)

To show this, we check that the function f(x) = (1 —
1/x)*~ ! is strictly decreasing for x > 1; while this can
be achieved using the weighted arithmetic-geometric
mean inequality, we give a simple calculus proof in-
stead. The derivative of log f(x) is log(1 — 1/x) + 1/x,
so it is enough to check that this is negative for x > 1.
An equivalent statement is that log(1 —x) +x < 0 for
0 < x < 1; this in turn holds because the function g(x) =
log(1 —x) +x tends to 0 as x — 0™ and has derivative
1- & <0for0<x<1.

B-3 The answer is {a|a > 2}. If a > 2, then the func-
tion f(x) = 2a/(a —2) has the desired property; both
perimeter and area of R in this case are 2a”/(a — 2).
Now suppose that a < 2, and let f(x) be a nonnega-
tive continuous function on [0,a]. Let P = (xg,y0) be a
point on the graph of f(x) with maximal y-coordinate;
then the area of R is at most ayq since it lies below the
line y = yp. On the other hand, the points (0,0), (a,0),
and P divide the boundary of R into three sections. The
length of the section between (0,0) and P is at least the
distance between (0,0) and P, which is at least yo; the
length of the section between P and (a,0) is similarly
at least yo; and the length of the section between (0,0)
and (a,0) is a. Since a < 2, we have 2yy +a > ayp and
hence the perimeter of R is strictly greater than the area
of R.

B—4 First solution: Identify the xy-plane with the complex
plane C, so that P is the real number k. If z is sent to
7 by a counterclockwise rotation by 6 about P, then
7 —k = e'%(z—k); hence the rotation Ry sends z to {z+
k(1 —¢), where & = 2™/ 1t follows that R; followed
by Ry sends z to §(Sz+ (1—-¢))+2(1 &) =%z +
(1=8)(&+2), and so forth; an easy induction shows
that R sends z to

'+ (1=-0)(8" 420" 24+ (n—1){ +n).

Expanding the product (1 — {)({" 1 428" 2+ +

(n—1){ +n) yields =" — "' —...— { +n=n. Thus
R sends z to z+n; in cartesian coordinates, R(x,y) =
(x+n,y).

Second solution: (by Andy Lutomirski, via Ravi Vakil)
Imagine a regular n-gon of side length 1 placed with
its top edge on the x-axis and the left endpoint of that
edge at the origin. Then the rotations correspond to
rolling this n-gon along the x-axis; after the n rotations,
it clearly ends up in its original rotation and translated
n units to the right. Hence the whole plane must do so
as well.

Third solution: (attribution unknown) Viewing each
Ry as a function of a complex number z as in the first
solution, the function R, oR,_jo---oR|(z) is linear in

4

z with slope {" = 1. Tt thus equals z+ T for some T € C.
Since f1(1) =1, we can write | + 7 = R, 0---oR(1).
However, we also have

Ryo---oR(1)=Ry_10R1(0)+1
by the symmetry in how the R; are defined. Hence
R,(1+T)=R,oR1(0)+R,(1) =T +Ry(1);
that is, R,(T) = T. Hence T = n, as desired.

B-5 First solution: By taking logarithms, we
see that the desired limit is exp(L), where

L = limg - Yo ox" (In(14+x""") —In(1 +x7)).
Now

N

Z ¥ (In(1 +x" —In(1 +x"))

n=0

N N
=1/x Z:x”+1 In(1+x""1) — Zx”ln(l +x")
n=0 n=0

=N In(1+xN) 2+ (1/x—1) ix"ln(l—kx”);

n=1
since limy oo (XN In(1 + V1)) =0 for 0 < x < 1, we
conclude that L = —In2 + lim,_, - f(x), where

Fx)=(1/x—1) ix"ln(ler”)

n=1

— (l/x— 1) il il(_l)m—‘rlxn-‘rmn/m'

This final double sum converges absolutely when 0 <
x < 1, since

f:l ilx”m”/m: f:lx"(—ln(l —x"))
< ix"(ln(lx)),

which converges. (Note that —In(1 —x) and —In(1 —
x") are positive.) Hence we may interchange the sum-
mations in f(x) to obtain

(_1)m+1x(m+l)n

) = (1/x—1)

ngk
s

m=1n=1 m
& (=) (1 —x
:(ux_1)§%< J (1<ij).

This last sum converges absolutely uniformly in x, so
it is legitimate to take limits term by term. Since



xXMl—x

lim,_,- == = for fixed m, we have

[—xmt] m+1
oo 1 m+1
lim
xﬁl*f m; (m+1)

i m+1 17 1
i m m+1

oo m+l
(25
=221,

and hence L =1In2 — 1 and the desired limit is 2/e.

Remark: Note that the last series is not absolutely con-
vergent, so the recombination must be done without re-
arranging terms.

Second solution: (by Greg Price, via Tony Zhang and
Anders Kaseorg) Put #,(x) = In(1 +x"); we can then
write X" = exp(,(x)) — 1, and

oo

L= lim Y (ta(x) = tus1(x)) (1 — exp(ta(x))).

x—1- =0

The expression on the right is a Riemann sum approxi-
mating the integral [, 021 — ¢') dt, over the subdivision
of [0,In(2)) given by the #,(x). As x — 1, the max-
imum difference between consecutive #,(x) tends to 0,
so the Riemann sum tends to the value of the integral.
Hence L = [;"*(1—¢')dt =In2 — 1, as desired.

B-6 First solution: (based on a solution of Dan Bernstein)

Note that for any b, the condition that b ¢ % already
forces limsup N (x) /x to be at most 1/2: pair off 2mb+n
with (2m+1)b+nforn=1,...,b, and note that at most
one member of each pair may belong to .o7. The idea of
the proof is to do something similar with pairs replaced
by larger clumps, using long runs of excluded elements
of B.

Suppose we have positive integers bg = 1,by,...,b,
with the following properties:

(a) Fori=1,...,n,¢; =b;/(2b;_1) is an integer.
(b) Fore; € {—1,0,1}, |e1b1 +--- +enby| ¢ B.

Each nonnegative integer a has a unique “base expan-
sion”

=aopby+ -+ ay_1b,—1 +mb, (0 <a; <2¢);

if two integers have expansions with the same value
of m, and values of qg; differing by at most 1 for i =
0,...,n— 1, then their difference is not in 4, so at
most one of them lies in /. In particular, for any
d; €{0,...,¢;— 1}, any mg € {0,2¢o — 1} and any m,,
the set

{mobo + (2d1 + el)bo + -

+ (Zdnfl +en71)bn71 + (zmn + en)bn}a

where each ¢; runs over {0,1}, contains at most one
element of .«/; consequently, limsup N (x)/x < 1/2".

We now produce such b; recursively, starting with by =
1 (and both (a) and (b) holding vacuously). Given
by, ...,b, satisfying (a) and (b), note that by + --- +
b,—1 < b, by induction on n. By the hypotheses of the
problem, we can find a set S, of 6b, consecutive in-
tegers, none of which belongs to %. Let b,,| be the
second-smallest multiple of 2b, in S,; then b, +x €
Sy for —2b,, < x < 0 clearly, and also for 0 < x < 2b,
because there are most 4b, — 1 elements of S, preced-
ing by4+1. In particular, the analogue of (b) with n re-
placed by n+ 1 holds for e, | # 0; of course it holds for
en+1 = 0 because (b) was already known. Since the ana-
logue of (a) holds by construction, we have completed
this step of the construction and the recursion may con-
tinue.

Since we can construct by, .. .,b, satisfying (a) and (b)
for any n, we have limsupN(x)/x < 1/2" for any n,
yielding lim N (x)/x = 0 as desired.

Second solution: (by Paul Pollack) Let S be the set
of possible values of limsupN(x)/x; since S C [0, 1]
is bounded, it has a least upper bound L. Suppose by
way of contradiction that L > 0; we can then choose
o | # satisfying the conditions of the problem such that
limsupN(x)/x > 3L/4.

To begin with, we can certainly find some positive inte-
ger m ¢ A, so that 7 is disjoint from o/ +m = {a+m:
ac d}. Put /' =/ U (< +m) and let N'(x) be the
size of &' N{1,...,x}; then limsupN'(x)/x =3L/2 >
L, so &/ cannot obey the conditions of the problem
statement. That is, if we let %’ be the set of positive
integers that occur as differences between elements of
&', then there exists an integer n such that among any
n consecutive integers, at least one lies in %’. But

B C{b+em:be B,ec{—1,0,1}}

so among any n + 2m consecutive integers, at least one
lies in Z. This contradicts the condition of the problem
statement.

We conclude that it is impossible to have L > 0,so L =0
and lim N (x) /x = 0 as desired.

Remark: A hybrid between these two arguments is
to note that if we can produce ci,...,c, such that
lci—cj| ¢ #fori,j=1,...,n, then the translates o7 +
c1,...,9 +c, are disjoint and so limsup N (x) /x < 1/n.
Given c¢; < --- < ¢, as above, we can then choose ¢,
to be the largest element of a run of ¢, + 1 consecutive
integers, none of which lie in 4.



The 66th William Lowell Putnam Mathematical Competition
Saturday, December 3, 2005

A1l Show that every positive integer is a sum of one or more
numbers of the form 2"3°, where r and s are nonnegative
integers and no summand divides another. (For exam-
ple,23=9+8+6.)

A2 Let S ={(a,b)la=1,2,...,n,b=1,2,3}. A rook tour
of S is a polygonal path made up of line segments con-
necting points py, pa,. .., p3, in sequence such that

@ pi €S,
(i1) p; and p;y1 are a unit distance apart, for 1 <i <
3n,

(ii1) for each p € S there is a unique 7 such that p; = p.
How many rook tours are there that begin at (1,1)
and end at (n,1)?

(An example of such a rook tour for n = 5 was depicted
in the original.)

A3 Let p(z) be a polynomial of degree n all of whose zeros
have absolute value 1 in the complex plane. Put g(z) =
p(z)/2"/?. Show that all zeros of g’(z) = 0 have absolute
value 1.

A4 Let H be an n x n matrix all of whose entries are +1
and whose rows are mutually orthogonal. Suppose H
has an a x b submatrix whose entries are all 1. Show
that ab < n.

A5 Evaluate [ hl(f:ll La

A6 Let n be given, n > 4, and suppose that Py, P,...,P,
are n randomly, independently and uniformly, chosen
points on a circle. Consider the convex n-gon whose
vertices are the P;. What is the probability that at least
one of the vertex angles of this polygon is acute?

Bl Find a nonzero polynomial P(x,y) such that
P(la],|2a]) = 0 for all real numbers a. (Note:
| v] is the greatest integer less than or equal to v.)

B2 Find all positive integers n,ky, ..., k, such that k; +- - -+
k, =5n—4 and

Loyl
kl kn_.

B3 Find all differentiable functions f : (0,00) — (0,e0) for
which there is a positive real number a such that

()=
for all x > 0.

B4 For positive integers m and n, let f(m,n) denote the
number of n-tuples (x,xz,...,x,) of integers such that
lx1|+ x2|+ - - -+ |x,| < m. Show that f(m,n) = f(n,m).

B5 Let P(xy,...,x,) denote a polynomial with real coeffi-
cients in the variables xi, ..., x,, and suppose that
9? 22
<8x% +-- 4 8x5) P(x1,...,x,) =0 (identically)
and that

X2+ 422 divides P(x1,...,x,).
Show that P = 0 identically.

B6 Let S, denote the set of all permutations of the numbers
1,2,...,n. ForweS,, let 6(w) =1 if 7 is an even
permutation and o () = —1 if 7 is an odd permutation.
Also, let v(7r) denote the number of fixed points of 7.
Show that

o®) a1 M
ngnv(n)—i-l_( I +1n+1'



Solutions to the 66th William Lowell Putnam Mathematical Competition
Saturday, December 3, 2005

Manjul Bhargava, Kiran Kedlaya, and Lenny Ng

A-1 We proceed by induction, with base case 1 = 2°3°. Sup-

pose all integers less than n — 1 can be represented. If
n is even, then we can take a representation of n/2 and
multiply each term by 2 to obtain a representation of 7.
If n is odd, put m = |logyn], so that 3" < n < 3"*+1 If
3™ = n, we are done. Otherwise, choose a representa-
tion (n—3™)/2 = s+ -+ sy in the desired form. Then

n=3"4+2s;+---+ 25,

and clearly none of the 2s; divide each other or 3™.
Moreover, since 2s; < n— 3™ < 3"T1 3" we have
s; < 3™, so 3™ cannot divide 2s; either. Thus »n has a
representation of the desired form in all cases, complet-
ing the induction.

Remarks: This problem is originally due to Paul Erdés.
Note that the representations need not be unique: for
instance,

11=2+9=3+8.

A—2 We will assume n > 2 hereafter, since the answer is 0

forn=1.

First solution: We show that the set of rook tours from
(1,1) to (n,1) is in bijection with the set of subsets of
{1,2,...,n} that include n and contain an even number
of elements in total. Since the latter set evidently con-
tains 2”2 elements, so does the former.

We now construct the bijection. Given a rook tour P
from (1,1) to (n,1), let S = S(P) denote the set of
all i € {1,2,...,n} for which there is either a directed
edge from (i,1) to (i,2) or from (i,3) to (i,2). It is
clear that this set § includes n and must contain an
even number of elements. Conversely, given a subset
S={ay,az,...,ap,=n} C{1,2,...,n} of this type with
a; < ap < --- < ayr, we notice that there is a unique path
P containing (a;,2 + (—1)),(a1,2) fori = 1,2,...,2r.
This establishes the desired bijection.

Second solution: Let A,, denote the set of rook tours
beginning at (1,1) and ending at (n, 1), and let B, de-
note the set of rook tours beginning at (1,1) and ending
at (n,3).

For n > 2, we construct a bijection between A, and
Ap—1UB,_1. Any path P in A, contains either the line
segment P} between (n—1,1) and (n, 1), or the line seg-
ment P, between (n,2) and (n, 1). In the former case, P
must also contain the subpath P| which joins (n— 1,3),
(n,3), (n,2), and (n— 1,2) consecutively; then deleting
Py and P{ from P and adding the line segment joining
(n—1,3) to (n—1,2) results in a path in A,_;. (This

construction is reversible, lengthening any path in A,_
to a path in A,.) In the latter case, P contains the sub-
path Pj which joins (n— 1,3), (n,3), (n,2), (n,1) con-
secutively; deleting P results in a path in B,_;, and
this construction is also reversible. The desired bijec-
tion follows.

Similarly, there is a bijection between B, and A,,_; U
B, for n > 2. It follows by induction that for n > 2,
|An| = |Ba| = 2""2(|A1| +|B1)). Buch|—-Oand|B1\—
1, and hence the desired answer is |A,,| = 2" 2.

Remarks: Other bijective arguments are possible: for
instance, Noam Elkies points out that each element
of A, UB, contains a different one of the possible
sets of segments of the form (i,2),(i+ 1,2) for i =
1,...,n—1. Richard Stanley provides the reference:
K.L. Collins and L.B. Krompart, The number of Hamil-
tonian paths in a rectangular grid, Discrete Math. 169
(1997), 29-38. This problem is Theorem 1 of that
paper; the cases of 4 x n and 5 x n grids are also
treated. The paper can also be found online at the URL
kcollins.web.wesleyan.edu/vita.htm.

Note that it is implicit in the problem that p is noncon-
stant, one may take any branch of the square root, and
that z = 0 should be ignored.

First solution: Write p(z) = c[]j_,(z—r;), so that

Lozt
glz) 2245 z—rj

Now if z # r; for all j,then

chr_ @Hr)E-F) _ |- 142mm(er)
2= = rjl? e—ril>
and so
g (z) _ [z* 1 1
Re = Z 5 |-
8(2) 2 T lz—r;

Since the quantity in parentheses is positive, g'(z)/g(z)
can be 0 only if |z| = 1. If on the other hand z = r; for
some j, then |z| = 1 anyway.

Second solution: Write p(z) = c[Tj_;(z—

w0 L)

j=1

rj), so that

We first check that g'(z) # 0 whenever z is real and z >
1. In this case, for r; = = ¢'%, we have 7 — ri=(z—



cos(8;)) +sin(8;)i, so the real part of - L 2

z—cos(0)) 1 2-1

A—4 First solution: Choose a set of a rows ry,...

= > 0.
2z(z2 —2zcos(6;) +1)

2 —2zcos(6;)+1 2z
Hence g'(z)/g(z) has positive real part, so g'(z)/g(z)
and hence g(z) are nonzero.

Applying the same argument after replacing p(z) by
p(e®z), we deduce that g’ cannot have any roots out-
side the unit circle. Applying the same argument after
replacing p(z) by 2’p(1/z), we also deduce that g’ can-
not have any roots inside the unit circle. Hence all roots
of g’ have absolute value 1, as desired.

Third solution: Write p(z) = c[]j_,(z —r;) and put
rj = ¢*%. Note that g(¢*®) is equal to a nonzero con-
stant times

n ,i(0+6;) _ ,—i(6+6;) n
e J e J .

j=1 j=1

Since h has at least 2n roots (counting multiplicity) in
the interval [0,27), &’ does also by repeated application
of Rolle’s theorem. Since g’(e*?) = 2?01/ (0), g' (%)
has at least 27 roots on the unit circle. Since g'(z?) is
equal to z7"~! times a polynomial of degree 2n, g'(z?)
has all roots on the unit circle, as then does g’(z).

Remarks: The second solution imitates the proof of
the Gauss-Lucas theorem: the roots of the derivative of
a complex polynomial lie in the convex hull of the roots
of the original polynomial. The second solution is close
to problem B3 from the 2000 Putnam. A hybrid be-
tween the first and third solutions is to check that on the
unit circle, Re(zg'(z)/g(z)) = 0 while between any two
roots of p, Im(zg'(z)/g(z)) runs from oo to —oo and so
must have a zero crossing. (This only works when p has
distinct roots, but the general case follows by the con-
tinuity of the roots of a polynomial as functions of the
coefficients.) One can also construct a solution using
Rouché’s theorem.

,Fq con-
taining an a X b submatrix whose entries are all 1. Then
fori,j € {1,...,a}, we have r;-rj =nif i = j and 0
otherwise. Hence

a
Z r,‘-rj =dan.

i,j=1

On the other hand, the term on the left is the dot product
of ri +---+r, with itself, i.e., its squared length. Since
this vector has a in each of its first b coordinates, the dot
product is at least a®b. Hence an > a*b, whence n > ab
as desired.

Second solution: (by Richard Stanley) Suppose with-
out loss of generality that the a X b submatrix occupies
the first a rows and the first b columns. Let M be the
submatrix occupying the first @ rows and the last n — b

columns. Then the hypothesis implies that the matrix
MMT has n— b’s on the main diagonal and —b’s else-
where. Hence the column vector v of length a consist-
ing of all 1’s satisfies MMTv = (n — ab)v, so n—ab is
an eigenvalue of MM”. But MM" is semidefinite, so
its eigenvalues are all nonnegative real numbers. Hence
n—ab > 0.

Remarks: A matrix as in the problem is called
a Hadamard matrix, because it meets the equality
condition of Hadamard’s inequality: any n X n matrix
with £1 entries has absolute determinant at most n*/2,
with equality if and only if the rows are mutually
orthogonal (from the interpretation of the determinant
as the volume of a paralellepiped whose edges are
parallel to the row vectors). Note that this implies
that the columns are also mutually orthogonal. A
generalization of this problem, with a similar proof,
is known as Lindsey’s lemma: the sum of the entries
in any a x b submatrix of a Hadamard matrix is at
most Vabn. Stanley notes that Ryser (1981) asked
for the smallest size of a Hadamard matrix contain-
ing an r x s submatrix of all 1’s, and refers to the
URL www3.interscience.wiley.com/cgi-bin/
abstract/110550861/ABSTRACT for more informa-
tion.

A-5 First solution: We make the substitution x = tan0,
rewriting the desired integral as
/4
/ log(tan(0) +1)d6.
0
Write
log(tan(6) + 1) = log(sin(0) +cos(0)) —log(cos(6))

V2cos(m/4—0).

and then note that sin(6) +cos(6) =
We may thus rewrite the integrand as

%log(Z) +1log(cos(m/4— 6)) —log(cos()).

But over the interval [0,7/4], the integrals of
log(cos(0)) and log(cos(m/4 — 0)) are equal, so their
contributions cancel out. The desired integral is then
just the integral of §log(2) over the interval [0,7/4],

which is wlog(2)/8.

Second solution: (by Roger Nelsen) Let / denote the
desired integral. We make the substitution x = (1 —
u)/(1+ u) to obtain

1+u)’log(2/(14+u)) 2du
_/ 2(1+u?) (1+u)?
_/1 log(2) —log(1+u) .
1+ u?

L du
=log(2 — 1
w0 |, e



yielding

1 L' du mlog(2)
I = —log(2 = .
2 gl )/o 1+u? 8

Third solution: (attributed to Steven Sivek) Define the

function
Uog(xt+1)
1) = ——d
U /0 2+1 “

so that f(0) = 0 and the desired integral is f(1). Then
by differentiation under the integral,

X

1
£ :/0 TN

By partial fractions, we obtain

2rarctan(x) — 2log(tx+ 1) 4+ log(x + 1) |" !

fie)=
2(2+1) =0
_ mt+2log(2) —4log(t+1)
N 4(r2+1) ’
whence

log(2)arctan(t) =~ mlog(t>+ 1) /t log(r+1)
- — 22y
f) 2 T o 2r1 ¢
and hence
_ mlog(2) Tlog(r+1)
7y =T [ ar

But the integral on the right is again the desired integral
f(1), so we may move it to the left to obtain

mlog(2)

2/(1) ==,

and hence f(1) = wlog(2)/8 as desired.
Fourth solution: (by David Rusin) We have

Tog(x+1) , [ & (—1)n 1y
/0 2 +1 dx*/o <,§’1 n(x2—|—1)>dx'

We next justify moving the sum through the integral
sign. Note that

Z/ nlndx

is an alternating series whose terms strictly decrease to
zero, so it converges. Moreover, its partial sums alter-
nately bound the previous integral above and below, so
the sum of the series coincides with the integral.

Put
U x"dx
Jn= -
" /ox2—|—1

then Jo = arctan(1) = Z and J; = log(2). Moreover,
lx” 1
Jn+ 2 = dx = .
'+ Jnt2 /O X nt1
Write
m (71)i—1
A =
" ,; 2i—1
m (_1)1'71
By, = ;
" I; 2i
then

Jan = (—=1)"(Jo —An)
Joni1 = (=1)"(J1 = By).

Now the 2N-th partial sum of our series equals

-G

=An(J1 —Bn-1) +Bn(Jo —An) +AnBn.

(JO_An)

As N — oo, Ay — Jg and By — Ji, so the sum tends to
JoJ1 = mlog(2)/8.

Fifth solution: (suggested by Alin Bostan) Note that

U xdy

0o 1+xy’

log(1+x) =

so the desired integral / may be written as

// _ xdydx
(T+xy)(1422)°

We may interchange x and y in this expression, then use
Fubini’s theorem to interchange the order of summa-
tion, to obtain

/ / ydydx
(T+xy)(1+y2)

We then add these expressions to obtain

Ll x y dydx
21 =
// <1+x2+1+y2>1+xy
_/ / x+y+xy*> +x%y dydx
(1+x2)(1+y?) 1+xy

_// (x+y)dydx
(T+x2)(1+y2)

By another symmetry argument, we have

o — 2// xdydx
(1+22)(14y2)’




SO

=35 ([ ) e
y

Remarks: The first two solutions are related by the
fact that if x = tan(0), then 1 —x/(1 +x) = tan(xw/4 —
0). The strategy of the third solution (introducing
a parameter then differentiating it) was a favorite of
physics Nobelist (and Putnam Fellow) Richard Feyn-
man. The fifth solution resembles Gauss’s evaluation
of [ exp(—x?)dx. Noam Elkies notes that this inte-
gral is number 2.491#8 in Gradshteyn and Ryzhik, 7a-
ble of integrals, series, and products. The Mathemat-
ica computer algebra system (version 5.2) successfully
computes this integral, but we do not know how.

A—6 First solution: The angle at a vertex P is acute if and

only if all of the other points lie on an open semicir-
cle. We first deduce from this that if there are any
two acute angles at all, they must occur consecutively.
Suppose the contrary; label the vertices Q1,...,0, in
counterclockwise order (starting anywhere), and sup-
pose that the angles at Q; and Q; are acute for some
i with 3 <i<n—1. Then the open semicircle start-
ing at 0, and proceeding counterclockwise must con-

tain all of Q3,...,0,, while the open semicircle start-
ing at Q; and proceeding counterclockwise must contain
Qit1y--,0n,01,...,0i—1. Thus two open semicircles

cover the entire circle, contradiction.

It follows that if the polygon has at least one acute an-
gle, then it has either one acute angle or two acute an-
gles occurring consecutively. In particular, there is a
unique pair of consecutive vertices Q1,(Q> in counter-
clockwise order for which ZQ, is acute and ZQ; is
not acute. Then the remaining points all lie in the arc
from the antipode of Q; to Oy, but Q> cannot lie in the
arc, and the remaining points cannot all lie in the arc
from the antipode of Q; to the antipode of Q,. Given
the choice of Q1, 0>, let x be the measure of the coun-
terclockwise arc from Q; to Q;; then the probability
that the other points fall into position is 272 — x*~2 if
x < 1/2 and 0 otherwise.

Hence the probability that the polygon has at least one
acute angle with a given choice of which two points will
actas Q and Q» is

/ P ot e 22
JO

n—1

Since there are n(n — 1) choices for which two points
act as O and Q», the probability of at least one acute
angle is n(n —2)27"+1,

Second solution: (by Calvin Lin) As in the first solu-
tion, we may compute the probability that for a particu-
lar one of the points O, the angle at Q; is not acute but
the following angle is, and then multiply by n. Imag-
ine picking the points by first choosing Qg, then pick-
ing n — 1 pairs of antipodal points and then picking one

member of each pair. Let Ry, ..., R, be the points of the
pairs which lie in the semicircle, taken in order away
from Qj, and let S,...,S, be the antipodes of these.
Then to get the desired situation, we must choose from
the pairs to end up with all but one of the S;, and we can-
not take R, and the other §; or else ZQ; will be acute.
That gives us (n —2) good choices out of 2"~!; since
we could have chosen Q; to be any of the n points, the
probability is again n(n —2)27"+1,

Take P(x,y) = (y —2x)(y —2x —1). To see that this
works, first note that if m = |a|, then 2m is an integer
less than or equal to 2a, so 2m < [2a]. On the other
hand, m+ 1 is an integer strictly greater than a, so 2m+
2 is an integer strictly greater than 2a, so |2a| <2m+1.

B-2 By the arithmetic-harmonic mean inequality or the

Cauchy-Schwarz inequality,

1 1
kit k) — o — ) > 2
(ki + +,,)<kl+ +kn)_n

We must thus have 51 — 4 > n2, so n < 4. Without loss
of generality, we may suppose that k; < --- < k.

If n = 1, we must have k; = 1, which works. Note that
hereafter we cannot have k| = 1.

If n =2, we have (k1,k2) € {(2,4),(3,3)}, neither of
which work.

If n =3, we have ki +ky + k3 = 11, so 2 < k; < 3.
Hence

(k],kz,k3) € {(27277)7 (27376)’ (2’475)»(3»3a5)a (3a4a4)}7

B-3

and only (2,3,6) works.

If n = 4, we must have equality in the AM-HM inequal-
ity, which only happens when k; = ky = k3 = k4 =4.

Hence the solutions are n = 1 and k; = 1, n = 3 and
(k1,ko,k3) is a permutation of (2,3,6), and n = 4 and
(k17k27k37k4) = (47474a4)

Remark: In the cases n = 2,3, Greg Kuperberg sug-
gests the alternate approach of enumerating the solu-
tions of 1/ky +---+1/k, = 1 with k; < --- <k,. This is
easily done by proceeding in lexicographic order: one
obtains (2,2) for n = 2, and (2,3,6),(2,4,4),(3,3,3)
for n = 3, and only (2,3,6) contributes to the final an-
swer.

First solution: The functions are precisely f(x) = cx“
for ¢,d > 0 arbitrary except that we must take ¢ = 1 in
case d = 1. To see that these work, note that f’(a/x) =
dc(a/x)% " and x/f(x) = 1/(cx?~1), so the given equa-
tion holds if and only if dc?a?~! = 1. If d # 1, we may
solve for a no matter what c is; if d = 1, we must have
¢ = 1. (Thanks to Brad Rodgers for pointing out the
d = 1 restriction.)

To check that these are all solutions, put b = log(a) and
y =log(a/x); rewrite the given equation as

f@)f (@)=



Put

g(y) =logf(e);

then the given equation rewrites as

gb—y)+logg' (y)+g(y) —y=b—y,

or

logg'(y) =b—g(y) —g(b—y).

By the symmetry of the right side, we have g'(b—y) =
g (y). Hence the function g(y) + g(b —y) has zero
derivative and so is constant, as then is g’(y). From this
we deduce that f(x) = cx? for some c,d, both necessar-
ily positive since f(x) > 0 for all x.

Second solution: (suggested by several people) Substi-
tute a/x for x in the given equation:

Differentiate:

__a a*f'(a/x)
2f(afx) B f(af

Now substitute to eliminate evaluations at a/x:

£ )2
FERTN

fx) =

() =—
Clear denominators:

xf () () + f0)f (x) = xf (x)*

Divide through by f(x)? and rearrange:

o L) 1)
fx) - flx) fx)F

The right side is the derivative of xf”(x)/f(x), so that

quantity is constant. That is, for some d,

Integrating yields f(x) = cx?, as desired.

B—4 First solution: Define f(m,n,k) as the number of n-

tuples (x1,x2,...,x,) of integers such that |x;|+---+
|x,| < m and exactly k of xi,...,x, are nonzero. To
choose such a tuple, we may choose the k nonzero posi-
tions, the signs of those k numbers, and then an ordered
k-tuple of positive integers with sum < m. There are
(Z) options for the first choice, and 2* for the second.
As for the third, we have () options by a “stars and
bars” argument: depict the k-tuple by drawing a num-
ber of stars for each term, separated by bars, and adding
stars at the end to get a total of m stars. Then each tuple

corresponds to placing k bars, each in a different posi-
tion behind one of the m fixed stars.

We conclude that

rnn) =2 (7) (1) = nmb;

summing over k gives f(m,n) = f(n,m). (One may also
extract easily a bijective interpretation of the equality.)

Second solution: (by Greg Kuperberg) It will be con-
venient to extend the definition of f(m,n) to m,n > 0,
in which case we have f(0,m) = f(n,0) = 1.

Let S,,, be the set of n-tuples (x,...,x,) of inte-
gers such that |x;|+ -+ |x,| < m. Then elements of
S can be classified into three types. Tuples with
|x1| -+ =+ |xn| < m also belong to S, ,. Tuples with
|x1|+ - -+ |xs| = m and x,, > 0 correspond to elements
of Syu.n—1 by dropping x,,. Tuples with |x;|+---+ |x,| =
m and x, < O correspond to elements of S,_1,-1 by
dropping x,,. It follows that

f(m’n):f(m_17n)+f(m7n_1)+f(m_]7n_ 1),

so f satisfies a symmetric recurrence with symmetric
boundary conditions f(0,m) = f(n,0) = 1. Hence f is
symmetric.

Third solution: (by Greg Martin) As in the second so-
lution, it is convenient to allow f(m,0) = f(0,n) = 1.
Define the generating function

o oo

Gx,y)=Y Y f(mn)x"y".
m=0n=0
As equalities of formal power series (or convergent se-
ries on, say, the region [x[, [y| < 1), we have

Gy =) Yy )y 1
m>0n>0 kiy...,kn€Z
[kt [+ |ken| <m

_ n m
=L X Y x
n>0 ki, ...,kn€Zm>ky |+ |ky|

xlktl [k

[
%
g

n>0 ki, kn€Z I—x
_ ! Zyn<zx|k)"
I=x.5" \{&Z
1 I+x\"
()
—X 120 1—x
o 1
S l—x 1—y(14+x)/(1—x)
- 1
S l—x—y—xy’

Since G(x,y) = G(y,x), it follows that f(m,n) =
f(n,m) for all m,n > 0.



B-5 First solution: Put Q = x} +--- 4 x2.

Since Q is ho-
mogeneous, P is divisible by Q if and only if each of
the homogeneous components of P is divisible by Q. It
is thus sufficient to solve the problem in case P itself is
homogeneous, say of degree d.

Suppose that we have a factorization P = Q™R for some
m > 0, where R is homogeneous of degree d and not
divisible by Q; note that the homogeneity implies that

" OJR
i:ZI.XiE =dR

1

Write V2 as shorthand for ;—22 +-e %; then
x| X5
0=V?P
JdR

n
=2mnQ" 'R+ Q"V’R+2Y 2mx; 0" EP
=1 i

= Q"V?R+ (2mn+4md)Q" " 'R.

Since m > 0, this forces R to be divisible by Q, contra-
diction.

Second solution: (by Noam Elkies) Retain notation as
in the first solution. Let P; be the set of homogeneous
polynomials of degree d, and let H; be the subset of
P, of polynomials killed by V2, which has dimension
> dim(P;) — dim(P,_,); the given problem amounts to
showing that this inequality is actually an equality.

Consider the operator QV? (i.e., apply V2 then multiply
by Q) on Fy; its zero eigenspace is precisely H;. By the
calculation from the first solution, if R € P, then

VZ(QR) —

Consequently, Qde,zj is contained in the eigenspace
of QV? on P; of eigenvalue

OV’R = (2n+4d)R.

(2n+4(d —2j)) +---+ (2n+4(d —2)).

In particular, the Q/H?~%/ lie in distinct eigenspaces,
so are linearly independent within P;. But by dimen-
sion counting, their total dimension is at least that of Py.
Hence they exhaust P;, and the zero eigenspace cannot
have dimension greater than dim(P;) — dim(P,_,), as
desired.

Third solution: (by Richard Stanley) Write x =
(x1,-.-,%,) and V = (ax] - ..,a%n). Suppose that

P(x) = Q(x)(x} +---+x2). Then
P(V)P(x) = Q(V)(V?)P(x) = 0.

On the other hand, if P(x) = Y ,cqx® (where a0 =
(ai,...,0,) and x* = x?l ---x%), then the constant
term of P(V)P(x) is seen to be Y;, c%. Hence cq =0
for all a.

Remarks: The first two solutions apply directly over
any field of characteristic zero. (The result fails

B-6

in characteristic p > 0 because we may take P =
(34 4x2)P =x” +---+x2".) The third solution
can be extended to complex coefficients by replacing
P(V) by its complex conjugate, and again the result
may be deduced for any field of characteristic zero.
Stanley also suggests Section 5 of the arXiv e-print
math.C0/0502363 for some algebraic background for
this problem.

First solution: Let / be the identity matrix, and let J, be
the matrix with x’s on the diagonal and 1’s elsewhere.
Note that J, — (x— 1)1, being the all 1’s matrix, has rank
1 and trace n, so has n — 1 eigenvalues equal to 0 and
one equal to n. Hence J; has n — 1 eigenvalues equal to
x—1 and one equal to x+n — 1, implying

detJy = (x+n—1)(x—1)""!

On the other hand, we may expand the determinant as a
sum indexed by permutations, in which case we get

det/y =) sgn(m)x" ™),

TES)

Integrating both sides from O to 1 (and substituting y =
1 —x) yields

) S(g“)(?l :/()1(x+n—l)(x—1)”_1dx

nesy viT
_/ n+1 n y)yn—ldy
1 nrl I
=(=D n+l’

as desired.

Second solution: We start by recalling a form of the
principle of inclusion-exclusion: if f is a function on

the power set of {1,...,n}, then
£8) =Y (=)TBEY )
T2S UT

In this case we take f(S) to be the sum of ¢ (7) over all
permutations 7 whose fixed points are exactly S. Then
Yuor f(U)=1if |T| > n—1 and 0 otherwise (since a
permutation group on 2 or more symbols has as many
even and odd permutations), so

£8)=(=1"Fla

The desired sum can thus be written, by grouping over
fixed point sets, as

—n+1S]).

_ lfo(—l)”" <’f) —lio(‘”"iiil (rzl)




Third solution: (by Richard Stanley) The cycle indica-
tor of the symmetric group S, is defined by

Zn(x]’“_7xn) = Z xil(ﬂ)...xfln(ﬂ)7
nES),

where ¢;(7) is the number of cycles of 7 of length i. Put

Fo=Y o(m)x"™ =2Z,(x,~1,1,-1,1,...)

nESy
and
1
f(n)= ﬂ;ﬂ V@) +1 = /0 F,(x)dx.

A standard argument in enumerative combinatorics (the
Exponential Formula) gives

Zn(xla 7xn)7 =©€Xp 2 Xk
n=0 n! -k
yielding
oo " 1 2‘2 l3
nzof(n)n!:/oexp(xt—2+3—~~->dx

Expanding the right side as a Taylor series and compar-
ing coefficients yields the desired result.

Fourth solution (sketch): (by David Savitt) We prove
the identity of rational functions

o(r) _ (=D)"nlx+n—1)
Z v(im)+x  x(x+1)---(x+n)

neSy,

by induction on n, which for x = 1 implies the desired
result. (This can also be deduced as in the other solu-
tions, but in this argument it is necessary to formulate
the strong induction hypothesis.)

Let R(n,x) be the right hand side of the above equation.
It is easy to verify that

R(x,n) =R(x+1,n— 1)—|—(n— l)l(_lxi+1
= n—1)!
+lzé(l)1—l((n_l))!R(x,nl),

since the sum telescopes. To prove the desired equality,
it suffices to show that the left hand side satisfies the
same recurrence. This follows because we can classify
each w € S, as either fixing n, being an n-cycle, or hav-
ing n in an [-cycle for one of / =2,...,n— 1; writing
the sum over these classes gives the desired recurrence.



The 67th William Lowell Putnam Mathematical Competition
Saturday, December 2, 2006

A-1 Find the volume of the region of points (x,y,z) such that
(42 +224+8)2 < 36(x* 7).

A-2 Alice and Bob play a game in which they take turns
removing stones from a heap that initially has » stones.
The number of stones removed at each turn must be one
less than a prime number. The winner is the player who
takes the last stone. Alice plays first. Prove that there
are infinitely many » such that Bob has a winning strat-
egy. (For example, if n = 17, then Alice might take 6
leaving 11; then Bob might take 1 leaving 10; then Al-
ice can take the remaining stones to win.)

A-3 Let 1,2,3,...,2005,2006,2007,2009,2012,2016,...
be a sequence defined by x; = k for k = 1,2,...,2006
and X1 = X + Xx;—2005 for kK > 2006. Show that the
sequence has 2005 consecutive terms each divisible by
2006.

A4 Let S ={1,2,...,n} for some integer n > 1. Say a per-
mutation 7 of S has a local maximum at k € S if

(i) m(k)>nm(k+1)fork=1;
(i) mw(k—1) <m(k) and w(k) > mw(k+1) for 1 <k <
n;

(iii) w(k—1) < 7(k) for k = n.

(For example, if n = 5 and 7 takes values at 1,2,3,4,5
of 2,1,4,5,3, then 7 has a local maximum of 2 at k =
1, and a local maximum of 5 at k = 4.) What is the
average number of local maxima of a permutation of S,
averaging over all permutations of S?

A-5 Let n be a positive odd integer and let 8 be a real num-
ber such that 6 /7 is irrational. Set a; = tan(6 +kx/n),
k=1,2,...,n. Prove that

ay+ay+---+ay
alaz...an

is an integer, and determine its value.

A-6 Four points are chosen uniformly and independently at
random in the interior of a given circle. Find the proba-
bility that they are the vertices of a convex quadrilateral.

B-1 Show that the curve x* 4+ 3xy+y* = 1 contains only one
set of three distinct points, A, B, and C, which are ver-
tices of an equilateral triangle, and find its area.

B-2 Prove that, for every set X = {x,x2,...,x,} of n real
numbers, there exists a non-empty subset S of X and an
integer m such that

m+) s| < .
SEZS “n+1

B-3 Let S be a finite set of points in the plane. A linear parti-
tion of S is an unordered pair {A, B} of subsets of S such
that AUB=S,ANB =0, and A and B lie on opposite
sides of some straight line disjoint from S (A or B may
be empty). Let Lg be the number of linear partitions of
S. For each positive integer n, find the maximum of Lg
over all sets S of n points.

B—4 Let Z denote the set of points in R” whose coordinates
are 0 or 1. (Thus Z has 2" elements, which are the ver-
tices of a unit hypercube in R".) Given a vector sub-
space V of R”, let Z(V) denote the number of members
of Z that lie in V. Let k be given, 0 < k < n. Find the
maximum, over all vector subspaces V C R" of dimen-
sion k, of the number of points in V NZ. [Editorial note:
the proposers probably intended to write Z(V) instead
of “the number of points in V N Z”, but this changes
nothing.]

B-5 For each continuous function f : [0,1] — R, let I(f) =
Jo X2 f(x)dx and J(x) = [y x(f(x))* dx. Find the maxi-
mum value of I(f) — J(f) over all such functions f.

B-6 Let k be an integer greater than 1. Suppose ap > 0, and

define
1
ap+1 =an+ =
ap
for n > 0. Evaluate
k+1
. a
lim "—k
n—oo pn



Solutions to the 67th William Lowell Putnam Mathematical Competition
Saturday, December 2, 2006

Kiran Kedlaya and Lenny Ng

A-1 We change to cylindrical coordinates, i.e., we put r =

\/)ﬁy2 . Then the given inequality is equivalent to
rP+7+8<6n

or
(r=32%+22<1.

This defines a solid of revolution (a solid torus); the
area being rotated is the disc (x —3)%+2z> < 1 in the
xz-plane. By Pappus’s theorem, the volume of this
equals the area of this disc, which is 7, times the dis-
tance through which the center of mass is being rotated,
which is (27)3. That is, the total volume is 672

A-2 Suppose on the contrary that the set B of values of

n for which Bob has a winning strategy is finite; for
convenience, we include n = 0 in B, and write B =
{b1,...,bm}. Then for every nonnegative integer n not
in B, Alice must have some move on a heap of n stones
leading to a position in which the second player wins.
That is, every nonnegative integer not in B can be writ-
ten as b+ p — 1 for some b € B and some prime p. How-
ever, there are numerous ways to show that this cannot
happen.

First solution: Let ¢ be any integer bigger than all of
the b € B. Then it is easy to write down ¢ consecutive
composite integers, e.g., (r+ 1)1 +2,... ¢+ 1) +7+1.
Take n = (t+1)! +7; then foreachb € B,n—b+1 is
one of the composite integers we just wrote down.

Second solution: Let py,...,py, be any prime num-
bers; then by the Chinese remainder theorem, there ex-
ists a positive integer x such that

x—by=~-1 (mod pipm+1)

x—by,=—1 (mod pppon)-

For each b € B, the unique integer p such that x = b+
p — 1 is divisible by at least two primes, and so cannot
itself be prime.

Third solution: (by Catalin Zara) Put b; = 0, and take
n=(by—1)---(by —1); then n is composite because
3,8 € B, and for any nonzero b € B, n — b; 4+ 1 is di-
visible by but not equal to b; — 1. (One could also take
n=>by---by,—1,sothatn—b;+ 1 is divisible by b;.)

A-3 We first observe that given any sequence of integers

X1,X2,... satisfying a recursion

X = f(—1,- > Xk—n) (k> n),

where n is fixed and f is a fixed polynomial of n vari-
ables with integer coefficients, for any positive integer
N, the sequence modulo N is eventually periodic. This
is simply because there are only finitely many possible
sequences of n consecutive values modulo N, and once
such a sequence is repeated, every subsequent value is
repeated as well.

We next observe that if one can rewrite the same recur-
sion as

Xk—n :g(xk—n+lv'“axk) (k>l’l),

where g is also a polynomial with integer coefficients,
then the sequence extends uniquely to a doubly infi-
nite sequence ...,x_1,Xg,X],... which is fully periodic
modulo any N. That is the case in the situation at hand,
because we can rewrite the given recursion as

Xk—2005 = Xk+1 — Xk-

It thus suffices to find 2005 consecutive terms divisible
by N in the doubly infinite sequence, for any fixed N
(so in particular for N = 2006). Running the recursion
backwards, we easily find

xl:xO:...:x72004:1

X_2005 = -+ = X_4009 = 0,

yielding the desired result.

A—4 First solution: By the linearity of expectation, the av-

erage number of local maxima is equal to the sum of
the probability of having a local maximum at k over
k=1,...,n. For k =1, this probability is 1/2: given
the pair {m(1),7(2)}, it is equally likely that (1) or
m(2) is bigger. Similarly, for k = n, the probability is
1/2. For 1 < k < n, the probability is 1/3: given the pair
{m(k—1),m(k),n(k+ 1)}, it is equally likely that any
of the three is the largest. Thus the average number of
local maxima is

_n+1
3

1

Q| —

Second solution: Another way to apply the linear-
ity of expectation is to compute the probability that
i € {l,...,n} occurs as a local maximum. The most
efficient way to do this is to imagine the permutation as
consisting of the symbols 1,...,n,* written in a circle
in some order. The number i occurs as a local maxi-
mum if the two symbols it is adjacent to both belong to
the set {*,1,...,i—1}. There are i(i — 1) pairs of such
symbols and n(n — 1) pairs in total, so the probability of



i occurring as a local maximum is i(i — 1)/(n(n— 1)),
and the average number of local maxima is

Zi ;_—11 - n(n2— 1) Z (é)

i=1

(1)
:n—&-l.

3

One can obtain a similar (if slightly more intricate) so-
lution inductively, by removing the known local maxi-
mum 7 and splitting into two shorter sequences.

Remark: The usual term for a local maximum in this
sense is a peak. The complete distribution for the num-
ber of peaks is known; Richard Stanley suggests the ref-
erence: F. N. David and D. E. Barton, Combinatorial
Chance, Hafner, New York, 1962, p. 162 and subse-
quent.

Since the desired expression involves symmetric func-
tions of ay, . ..,a,, we start by finding a polynomial with
ai,...,a as roots. Note that

1+itan 0 = e sec O
so that
1+itan® = *®(1 —itan@).

Consequently, if we put @ = "9

On(x) = (1+ix)"— (1 —ix)"

, then the polynomial

has among its roots ay,...,a,. Since these are distinct
and O, has degree n, these must be exactly the roots.

If we write
On(x) =cp" + -+ c1x+co,

thena; +---+a, = —cy—1/cy, and a; -+ -a, = —co/cn,
so the ratio we are seeking is ¢,—1/co. By inspection,

" on(=i)" ! =ni" (1 - o)
co=1—w

Ch_1 =ni

SO

ai+---+a, Jn n=1 (mod4)
l-n n=3 (mod4).

a---ay

Remark: The same argument shows that the ratio be-
tween any two odd elementary symmetric functions of
ai,...,an is independent of 6.

First solutlon (by Daniel Kane) The probability is

12 35 We start with some notation and simplifica-
tions. For simplicity, we assume without loss of gen-
erality that the circle has radius 1. Let E denote the

expected value of a random variable over all choices of
P,Q,R. Write [XY Z] for the area of triangle XY Z.

If P,Q,R,S are the four points, we may ignore the case
where three of them are collinear, as this occurs with
probability zero. Then the only way they can fail to
form the vertices of a convex quadrilateral is if one of
them lies inside the triangle formed by the other three.
There are four such configurations, depending on which
point lies inside the triangle, and they are mutually ex-
clusive. Hence the desired probability is 1 minus four
times the probability that S lies inside triangle POR.
That latter probability is simply E([PQOR]) divided by
the area of the disc.

Let O denote the center of the circle, and let P',Q’, R’
be the projections of P, Q, R onto the circle from O. We
can write

[POR] = +£[OPQ] £ [OQOR] = [ORP]

for a suitable choice of signs, determined as follows.
If the points P',Q’,R’ lie on no semicircle, then all of
the signs are positive. If P’,Q’, R’ lie on a semicircle
in that order and Q lies inside the triangle OPR, then
the sign on [OPR] is positive and the others are nega-
tive. If P/, Q', R’ lie on a semicircle in that order and Q
lies outside the triangle OPR, then the sign on [OPR] is
negative and the others are positive.

We first calculate

E([OPQ] +

Write r| = OP,rp, =

[OOR] + [ORP]) = 3E([OPQ)]).

00,0 = ZPOQ, so that

1
[OPQ] = frlrz(sm 0).
The distribution of 7| is given by 2r| on [0,1] (e.g., by
the change of variable formula to polar coordinates),
and similarly for r,. The distribution of 0 is uniform on
[0, 7r]. These three distributions are independent; hence

E([OPQ])

and

E([OPQ] +[OQR] + [ORP]) =

3n

We now treat the case where P’,Q’, R’ lie on a semicir-
cle in that order. Put 6; = ZPOQ and 8, = ZQOR; then
the distribution of 8y, 6, is uniform on the region

0<6, 056, 6 +6,<m.

In particular, the distribution on 6 = 0; + 6, is & on

[0,7]. Put rp = OP,rg = OQ,rg = OR. Again, the dis-
tribution on rp is given by 2rp on [0,1], and similarly



for ro,7g; these are independent from each other and
from the joint distribution of 6;,6,. Write E'(X) for
the expectation of a random variable X restricted to this
part of the domain.

Let x be the random variable with value 1 if Q is inside
triangle OPR and O otherwise. We now compute

E'(x|OPR))
= E'(2[0PR}?/6)

1 2 T
1(/ 2r3dr> (/ fge—lsinz(e)de>
0 0

_ 1
87

[\

Also recall that given any triangle XYZ, if T is cho-
sen uniformly at random inside XY Z, the expectation
of [TXY] is the area of triangle bounded by XY and the
centroid of XYZ, namely 1[XYZ].

Let x be the random variable with value 1 if Q is inside
triangle OPR and O otherwise. Then

E'([0PQ] + [OQR] + [ORP] — [POR])
=2E'(x ([OPQ] [OOR]) +2E'((1 - x)[OPR])

=2E' ( X [OPR]) +2E'([OPR]) — 2E' (x[OPR))

29

— 2E'(|OPR)) — %E’(x[OPRD 36om

Finally, note that the case when P, Q’, R’ lie on a semi-
circle in some order occurs with probability 3/4. (The
case where they lie on a semicircle proceeding clock-
wise from P’ to its antipode has probability 1/4; this
case and its two analogues are exclusive and exhaus-
tive.) Hence

E([POR])
= E([OPQ] + [OQR] + [ORP])

_ %E’([OPQ] +[OQR] + [ORP] — [PQR])

4 29 35
~ 3m 48m 487’
so the original probability is

X 4E([PQR])71 35
B T T 12xY

Second solution: (by David Savitt) As in the first so-
lution, it suffices to check that for P,Q,R chosen uni-

formly at random in the disc, E([PQR]) = 487r Draw

the lines PQ, OR,RP, which with probability 1 divide
the interior of the circle into seven regions. Put a =
[POR], let b;,b;,b3 denote the areas of the three other
regions sharing a side with the triangle, and let ¢y, c2,¢3
denote the areas of the other three regions. Put A =
E(a),B=E(b)),C=E(c;),sothat A+3B+3C=m.

Note that ¢y + ¢ + ¢3 +a is the area of the region in
which we can choose a fourth point S so that the quadri-
lateral PORS fails to be convex. By comparing expecta-
tions, we have 3C+A =4A,soA=Cand4A+3B=r.

We will compute B +2A = B + 2C, which is the ex-
pected area of the part of the circle cut off by a chord
through two random points D,E, on the side of the
chord not containing a third random point . Let & be
the distance from the center O of the circle to the line
DE. We now determine the distribution of 4.

Put r = OD; the distribution of  is 2r on [0, 1]. Without
loss of generality, suppose O is the origin and D lies
on the positive x-axis. For fixed r, the distribution of
h runs over [0,7], and can be computed as the area of
the infinitesimal region in which E can be chosen so the
chord through DF has distance to O between & and /1 +
dh, divided by 7. This region splits into two symmetric
pieces, one of which lies between chords making angles
of arcsin(h/r) and arcsin((h + dh)/r) with the x-axis.
The angle between these is d0 = dh/(r* — h*). Draw
the chord through D at distance 4 to O, and let L, L, be
the lengths of the parts on opposite sides of D; then the
area we are looking for is §(L? +L3)d6. Since

{Li,La} = V1-R £ V/r? -
the area we are seeking (after doubling) is

1472 —2hn?
22

2

Dividing by 7, then integrating over r, we compute the
distribution of % to be

1 2 Ap2
l/ zum
Ny

16 2y3/2.
—h
=37 1=)

We now return to computing B+ 2A. Let A(h) denote
the smaller of the two areas of the disc cut off by a
chord at distance 4. The chance that the third point
is in the smaller (resp. larger) portion is A(h) /7 (resp.
1 — A(h)/m), and then the area we are trying to com-
pute is T — A(h) (resp. A(h)). Using the distribution on
h, and the fact that

2/ V1—idh
=3 —arcsm(h) h1—h?



we find

B+2A
2 ! 16 -
==/a —A(h)) —(1—h?)*/?
— [ At —aw) 3 (1) an
3542477

T2r

Since 4A + 3B = &, we solve to obtain A = % as in the

first solution.

Third solution: (by Noam Elkies) Again, we reduce
to computing the average area of a triangle formed by
three random points A, B, C inside a unit circle. Let O be
the center of the circle, and put ¢ = max{OA, OB, OC};
then the probability that ¢ < r is (r?)*, so the distribu-
tion of ¢ is 6¢°dc on [0,1].

Given c, the expectation of [ABC] is equal to ¢? times X,

the expected area of a triangle formed by two random

points P, Q in a circle and a fixed point R on the bound-
ary. We introduce polar coordinates centered at R, in

which the circle is given by r = 2sin for 0 € [0, x].

The distribution of a random point in that circle is

Lrdrd® over 6 € [0,7] and r € [0,2sin6]. If (,0)

and (r/,0") are the two random points, then the area is

1rr’sin|6 —6/.

Performing the integrals over r and # first, we find
32
- 9x2
64
~ 9x2

T T
/ / sin® Osin® 0’ sin |0 — 6| 46’ d6
0 JO
T 0
/ / sin® 0'sin® 0’ sin(6 — 6')d6’ 6.
0o Jo

This integral is unpleasant but straightforward; it
yields X = 35/(36x), and E([PQR]) = [y 6¢’X dc =
35/(48), giving the desired result.

Remark: This is one of the oldest problems in geo-
metric probability; it is an instance of Sylvester’s four-
point problem, which nowadays is usually solved us-
ing a device known as Crofton’s formula. We de-
fer to http://mathworld.wolfram.com/ for further
discussion.

The “curve” x> +3xy+y> — 1 = 0 is actually reducible,
because the left side factors as

(Fy— D —xy+y" +x+y+1).
Moreover, the second factor is

S+ 41 (-0,
so it only vanishes at (—1,—1). Thus the curve in ques-
tion consists of the single point (—1,—1) together with
the line x+y = 1. To form a triangle with three points
on this curve, one of its vertices must be (—1,—1).
The other two vertices lie on the line x+y = 1, so the
length of the altitude from (—1,—1) is the distance from

B-2

B-3

4

(=1,—1) to (1/2,1/2), or 33/2/2. The area of an equi-
lateral triangle of height £ is /3 /3, so the desired
area is 3v/3/2.

Remark: The factorization used above is a special case
of the fact that

X —|—y3 +2 —3xyz
= (x+y+2)(x+ 0y+ 0°2) (x + 0%y + 02),

where @ denotes a primitive cube root of unity. That
fact in turn follows from the evaluation of the determi-
nant of the circulant matrix

Xy z
Z XYy
x

by reading off the eigenvalues of the eigenvectors
(1,0, @*) fori =0,1,2.

Let {x} = x — | x| denote the fractional part of x. For
i=0,...,n, puts; =x;+---+x; (so that so = 0). Sort
the numbers {so},...,{s,} into ascending order, and
call the result #y,...,¢,. Since 0 =1 <---<t, <1,
the differences

151 _t07"'atn_tf’17]al_tn

are nonnegative and add up to 1. Hence (as in the pi-
geonhole principle) one of these differences is no more
than 1/(n+ 1); if it is anything other than 1 — g, it
equals +({s;} — {s;}) for some 0 <i < j <n. Put
S = {xit1,...,x;} and m = |5;| — |'sj]; then

m+2s = |m+s;— sl
ses
= s} = {si}l
1
< 7
“n+1

as desired. In case 1 —1, < 1/(n+1), we take S =
{x1,...,x,} and m = —[s,], and again obtain the de-
sired conclusion.

The maximum is (;) + 1, achieved for instance by a
convex n-gon: besides the trivial partition (in which all
of the points are in one part), each linear partition oc-
curs by drawing a line crossing a unique pair of edges.

First solution: We will prove that Lg = (;) +1in any
configuration in which no two of the lines joining points
of § are parallel. This suffices to imply the maximum
in all configurations: given a maximal configuration,
we may vary the points slightly to get another maximal
configuration in which our hypothesis is satisfied. For
convenience, we assume n > 3, as the cases n = 1,2 are
easy.

Let P be the line at infinity in the real projective plane;
i.e., P is the set of possible directions of lines in the



plane, viewed as a circle. Remove the directions cor-
responding to lines through two points of S; this leaves
behind (g) intervals.

Given a direction in one of the intervals, consider the
set of linear partitions achieved by lines parallel to that
direction. Note that the resulting collection of partitions
depends only on the interval. Then note that the collec-
tions associated to adjacent intervals differ in only one
element.

The trivial partition that puts all of S on one side is in ev-
ery such collection. We now observe that for any other
linear partition {A,B}, the set of intervals to which
{A,B} is:

(a) a consecutive block of intervals, but
(b) not all of them.

For (a), note that if ¢, ¢, are nonparallel lines achieving
the same partition, then we can rotate around their point
of intersection to achieve all of the intermediate direc-
tions on one side or the other. For (b), the case n = 3
is evident; to reduce the general case to this case, take
points P, Q, R such that P lies on the opposite side of the
partition from Q and R.

It follows now that that each linear partition, except for
the trivial one, occurs in exactly one place as the parti-
tion associated to some interval but not to its immediate
counterclockwise neighbor. In other words, the num-
ber of linear partitions is one more than the number of
intervals, or (5) + 1 as desired.

Second solution: We prove the upper bound by induc-
tion on n. Choose a point P in the convex hull of S. Put
S" = S\ {P}; by the induction hypothesis, there are at
most (";1) + 1 linear partitions of §’. Note that each
linear partition of S restricts to a linear partition of §'.
Moreover, if two linear partitions of S restrict to the
same linear partition of §’, then that partition of S’ is
achieved by a line through P.

By rotating a line through P, we see that there are at
most n — 1 partitions of S’ achieved by lines through
P: namely, the partition only changes when the rotating
line passes through one of the points of S. This yields
the desired result.

Third solution: (by Noam Elkies) We enlarge the plane
to a projective plane by adding a line at infinity, then
apply the polar duality map centered at one of the points
O € S. This turns the rest of S into a set §" of n— 1 lines
in the dual projective plane. Let O’ be the point in the
dual plane corresponding to the original line at infinity;
it does not lie on any of the lines in §’.

Let ¢ be a line in the original plane, corresponding to a
point P in the dual plane. If we form the linear partition
induced by ¢, then the points of S\ {O} lying in the
same part as O correspond to the lines of §" which cross
the segment O'P. If we consider the dual affine plane
as being divided into regions by the lines of §’, then the

lines of §’ crossing the segment O'P are determined by
which region P lies in.

Thus our original maximum is equal to the maximum
number of regions into which n — 1 lines divide an affine
plane. By induction on 7, this number is easily seen to
be 1+ (3).

Fourth solution: (by Florian Herzig) Say that an S-line
is a line that intersects S in at least two points. We claim
that the nontrivial linear partitions of S are in natural bi-
jection with pairs (¢,{X,Y}) consisting of an S-line ¢
and a nontrivial linear partition {X,Y} of /N S. Since
an S-line ¢ admits precisely |[{NS] —1 < (\igs ‘) nontriv-
ial linear partitions, the claim implies that Lg < (’21) +1
with equality iff no three points of S are collinear.

Let P be the line at infinity in the real projective plane.
Given any nontrivial linear partition {A, B} of S, the set
of lines inducing this partition is a proper, open, con-
nected subset I of P. (It is proper because it has to omit
directions of S-lines that pass through both parts of the
partition and open because we can vary the separating
line. It is connected because if we have two such lines
that aren’t parallel, we can rotate through their point of
intersection to get all intermediate directions.) Among
all S-lines that intersect both A and B choose a line ¢
whose direction is minimal (in the clockwise direction)
with respect to the interval /; also, pick an arbitrary line
¢’ that induces {A,B}. By rotating ¢ clockwise to ¢
about their point of intersection, we see that the direc-
tion of £ is the least upper bound of 1. (We can’t hit any
point of § during the rotation because of the minimality
property of £.) The line Z is in fact unique because if the
(parallel) lines pg and rs are two choices for ¢, with p,
q € A; r, s € B, then one of the diagonals ps, gr would
contradict the minimality property of ¢. To define the
above bijection we send {A,B} to (¢,{AN{¢,BN{}).

Conversely, suppose that we are given an S-line ¢ and
a nontrivial linear partition {X,Y} of £NS. Pick any
point p € ¢ that induces the partition {X,Y}. If we ro-
tate the line ¢ about p in the counterclockwise direction
by a sufficiently small amount, we get a nontrivial lin-
ear partitition of S that is independent of all choices. (It
is obtained from the partition of S — ¢ induced by ¢ by
adjoining X to one part and Y to the other.) This defines
a map in the other direction.

By construction these two maps are inverse to each
other, and this proves the claim.

Remark: Given a finite set S of points in R”, a non-
Radon partition of S is a pair (A,B) of complementary
subsets that can be separated by a hyperplane. Radon’s
theorem states that if #S > n+ 2, then not every (A, B)
is a non-Radon partition. The result of this problem has
been greatly extended, especially within the context of
matroid theory and oriented matroid theory. Richard
Stanley suggests the following references: T. H. Bry-
lawski, A combinatorial perspective on the Radon con-
vexity theorem, Geom. Ded. 5§ (1976), 459-466; and T.



Zaslavsky, Extremal arrangements of hyperplanes, Ann.
N. Y. Acad. Sci. 440 (1985), 69-87.

B—4 The maximum is 2%, achieved for instance by the sub-

space

{(x1y...yxn) ER":x; =+ =x,4 =0}.

First solution: More generally, we show that any affine
k-dimensional plane in R” can contain at most 2 points
in Z. The proof is by induction on k + n; the case k =
n = 0 is clearly true.

Suppose that V is a k-plane in R”. Denote the hyper-
planes {x, = 0} and {x, = 1} by V; and V;, respec-
tively. If VNVy and V NV, are each at most (k — 1)-
dimensional, then VN VyNZ and VNV NZ each have
cardinality at most 2¥~! by the induction assumption,
and hence V NZ has at most 2F elements. Otherwise,
if VNVy or VNV, is k-dimensional, then V C Vj or
V C Vi; now apply the induction hypothesis on V,
viewed as a subset of R"~! by dropping the last coordi-
nate.

Second solution: Let S be a subset of Z contained in
a k-dimensional subspace of V. This is equivalent to
asking that any f1, ..., € S satisfy a nontrivial linear
dependence cit; +- - - +cpr1frr1 =0 withey,...,cppp €
R. Since 11,...,5:4+1 € Q", given such a dependence
we can always find another one with cy,...,crr1 € Q;
then by clearing denominators, we can find one with
C1,-.-,Ck+1 € Z and not all having a common factor.

Let F, denote the field of two elements, and let S C I3
be the reductions modulo 2 of the points of S. Then any
f1,..-,trs1 € S satisfy a nontrivial linear dependence,
because we can take the dependence from the end of
the previous paragraph and reduce modulo 2. Hence S
is contained in a k-dimensional subspace of F», and the
latter has cardinality exactly 2€. Thus S has at most 2¥
elements, as does S.

Variant (suggested by David Savitt): if S contained k+ 1
linearly independent elements, the (k+ 1) x n matrix
formed by these would have a nonvanishing maximal
minor. The lift of that minor back to R would also not
vanish, so S would contain k + 1 linearly independent
elements.

Third solution: (by Catalin Zara) Let V be a k-
dimensional subspace. Form the matrix whose rows are
the elements of V N Z; by construction, it has row rank
at most k. It thus also has column rank at most k; in
particular, we can choose k coordinates such that each
point of V N Z is determined by those k of its coordi-
nates. Since each coordinate of a point in Z can only
take two values, V NZ can have at most 2% elements.

Remark: The proposers probably did not
realize that this problem appeared online
about three months before the exam, at
http://www.artofproblemsolving.com/
Forum/viewtopic.php?t=105991. (It may very
well have also appeared even earlier.)

B-5 The answer is 1/16. We have
/lxzf(x)dx—/le(x)zdx
0 0
1
= [ (@/a=2(r() ~x/27)dx
1
3 —
g/o x’[4dx=1/16,

with equality when f(x) = x/2.

B-6 First solution: We start with some easy upper and
lower bounds on a,. We write O(f(n)) and Q(f(n))
for functions g(n) such that f(n)/g(n) and g(n)/f(n),
respectively, are bounded above. Since a, is a non-
decreasing sequence, a,1| — a, is bounded above, so

an = O(n). That means a, /" = Q(n~1/%), so
an=Q (ii”") = Q(n*=1/k),
i=1

In fact, all we will need is that a,, — o« as n — .

By Taylor’s theorem with remainder, for 1 < m <2 and

x>0,
—1
[(14+x)"—1—mx| < %xz.
Taking m = (k-+1)/k and x = a1 /a, = 1+a; V%,
we obtain

ka1)/k (ke k+1) k+1 gy
a*t — gtk _ - < Zkza"( )k

In particular,

(k1)/k _ (k) /k _ k+1

lim A, " —an k

n—oo

In general, if x, is a sequence with lim,_,.x, = ¢, then
also

n
lim — in =c
R D

by Cesaro’s lemma. Explicitly, for any € > 0, we can
find N such that |x, —c| < €/2 for n > N, and then

N

Z(c—x,-)

i=1

n—N¢eg N
=+

IN

i

n 2 n

for n large, the right side is smaller than €.

In our case, we deduce that

; a,(lk+1)/k B
ngrolo n Tk

_att ket k
nse pk\ k ’

and so

lim




as desired.

Remark: The use of Cesaro’s lemma above is the spe-
cial case b, = n of the Cesaro-Stolz theorem: if a,,b,
are sequences such that b, is positive, strictly increas-
ing, and unbounded, and
. a —a
lim 21— %

=L
n—e by — by

)

then

. ap
jim o =L

Second solution: In this solution, rather than applying
Taylor’s theorem with remainder to (1+x)™ for 1 <
m < 2 and x > 0, we only apply convexity to deduce
that (1 +x)™ > 1+ mx. This gives

(k+1)/k _  (k+1)/k > k+1

an+1 n k )
and so

NSV kz 1

n—+c

for some ¢ € R. In particular,
SUEDE

1
liminf — > el
n—yoo n k

a kb 1\ K/
n—soo  pk/(k+1) Z( k > ’

and so

liminf 1

But turning this around, the fact that

ap41 —dan

—1/k
:a}’l/

k1) V@D
: (Z) n VD (1 o(1)),

where o(1) denotes a function tending to 0 as n — oo,
yields

dn

ko1 —1/(k+1) n
< <Z> Y i/ (14 (1))
=1

k+1 (k+1) Y/
== ( ; ) D (140(1))

k/(k+1)
B (T) D (140(1)),

SO

li ay < k+1 k/(k+1)
MSp ke =\ "k

and this completes the proof.

Third solution: We argue that a, — oo as in the first
solution. Write b, = a,, — Ln*/**1_ for a value of L to
be determined later. We have
bn+1
— b, +a;1/k —L((n+ 1)k/(k+1) _nk/(k+l))
=e1+ey,
where
e = bn+a;1/k _ [ V/ky =1/ (kD)
e = L((n—|— l)k/(kJrl) _nk/(k+l))
Wk 1)
We first estimate e;. For —1 < m < 0, by the convexity
of (14+x)™ and (1+4x)'~", we have
L+mx < (l+x)"
< 14mx(1+x)" 1.

Hence

_%Lf(kJrl)/knflbn <ei—b,

< _%bna;(kﬂ)/@

Note that both bounds have sign opposite to b,; more-
over, by the bound a,, = Q(n(k_w k), both bounds have
absolutely value strictly less than that of b, for n suffi-
ciently large. Consequently, for n large,

ler] < 1bal.

We now work on e;. By Taylor’s theorem with remain-
der applied to (1 +x)" forx >0and 0 <m < 1,

L+mx>(1+x)"
(m—1) 5

m
21+mx+72 x°.

The “main term” of L((n + 1)K/ K1) — pk/(k+1))
is Lk%n_l/ (k+1), To make this coincide with
L Vkp=1/k+1) e take

k/(k+1)
L— <k+1> ,
k

‘We then find that
le2| = O(n™?),

and because b, = ej + ez, we have |b,y1| < |by| +

lea|. Hence
i—2> =0(1),
1

|bn|0<
i

D=



and so

k
lim ﬁ — [kt — k+1
n—es pk k '

Remark: The case k = 2 appeared on the 2004 Roma-
nian Olympiad (district level).

Remark: One can make a similar argument for any se-
quence given by a,+1 = a, + f(an), when f is a de-
creasing function.

Remark: Richard Stanley suggests a heuristic for de-

termining the asymptotic behavior of sequences of this
type: replace the given recursion

1k
dp+1 —dp =4ap

by the differential equation

y/ :yfl/k

and determine the asymptotics of the latter.



The 68th William Lowell Putnam Mathematical Competition
Saturday, December 1, 2007

A-1 Find all values of & for which the curves y = ax® +
ax-+ ﬁ and x = ay> + oy + i are tangent to each other.

A-2 Find the least possible area of a convex set in the plane
that intersects both branches of the hyperbola xy = 1
and both branches of the hyperbola xy = —1. (A set S
in the plane is called convex if for any two points in S
the line segment connecting them is contained in S.)

A-3 Let k be a positive integer. Suppose that the integers
1,2,3,...,3k+ 1 are written down in random order.
What is the probability that at no time during this pro-
cess, the sum of the integers that have been written up
to that time is a positive integer divisible by 3?7 Your
answer should be in closed form, but may include fac-
torials.

A—4 A repunit is a positive integer whose digits in base 10
are all ones. Find all polynomials f with real coeffi-
cients such that if n is a repunit, then so is f(n).

A-5 Suppose that a finite group has exactly n elements of
order p, where p is a prime. Prove that either n = 0 or
p divides n+ 1.

A-6 A triangulation  of a polygon P is a finite collection
of triangles whose union is P, and such that the inter-
section of any two triangles is either empty, or a shared
vertex, or a shared side. Moreover, each side is a side
of exactly one triangle in .77. Say that .7 is admissible
if every internal vertex is shared by 6 or more triangles.
For example, [figure omitted.] Prove that there is an in-
teger M,,, depending only on n, such that any admissible
triangulation of a polygon P with n sides has at most M,,
triangles.

B-1 Let f be a polynomial with positive integer coefficients.
Prove that if n is a positive integer, then f(n) divides

f(f(n)+1) if and only if n = 1. [Editor’s note: one
must assume f is nonconstant.]

B-2 Suppose that f : [0,1] — R has a continuous derivative
and that [ f(x)dx = 0. Prove that for every a € (0,1),

/Oaf(x)dx

B-3 Let xo = 1 and for n > 0, let x,, 1 = 3x, + [x,v/5]. In
particular, x; = 5, xp =26, x3 = 136, x4 = 712. Find a
closed-form expression for x097. (| @ | means the largest
integer < a.)

1
< - "(x)].
< g max, |f (x)]

B—4 Let n be a positive integer. Find the number of pairs
P, Q of polynomials with real coefficients such that

(P(X))* +(Q(X))* =X +1

and degP > deg Q.

B-5 Let k be a positive integer. Prove that there exist polyno-
mials Py(n),P;(n),...,P—i(n) (which may depend on
k) such that for any integer n,

n

{%Jk = Py(n) +Pi(n) LkJ + 4 P_1(n) {%Jkil,

(|a] means the largest integer < a.)

B-6 For each positive integer n, let f(n) be the number of
ways to make ! cents using an unordered collection of
coins, each worth k! cents for some k, 1 < k < n. Prove
that for some constant C, independent of #n,

nnz/Z—Cne—n2/4 < f(n) < nn2/2+Cne—nz/4'



Solutions to the 68th William Lowell Putnam Mathematical Competition
Saturday, December 1, 2007

Manjul Bhargava, Kiran Kedlaya, and Lenny Ng

A-1 The only such « are 2/3,3/2,(13++/601)/12.

First solution: Let C; and C; be the curves y = ox® +
ox+ i and x = ay® + oy + ﬁ, respectively, and let L
be the line y = x. We consider three cases.

If C) is tangent to L, then the point of tangency (x,x)
satisfies

1
2x+a =1, x:axZJraerﬁ;

by symmetry, C; is tangent to L there, so C; and C, are
tangent. Writing oo = 1/(2x+ 1) in the first equation

and substituting into the second, we must have

2 4x n 1
x= —
2x+1 24’

which simplifies to 0 = 24x? —2x — 1 = (6x + 1)(dx —
1),orx e {1/4,—1/6}. This yields ¢ =1/(2x+1) €
{2/3,3/2}.

If C; does not intersect L, then C; and C; are separated
by L and so cannot be tangent.

If C intersects L in two distinct points Py, P, then it
is not tangent to L at either point. Suppose at one of
these points, say P;, the tangent to C; is perpendicular
to L; then by symmetry, the same will be true of C;, so
Cy and C; will be tangent at P;. In this case, the point
Py = (x,x) satisfies

2 l
X=0x"+0ox+ —;

20 o=-—1
ot : 24

writing o = —1/(2x+ 1) in the first equation and sub-
stituting into the second, we have

X% +x —I—i
2x+1 24’

X =

or x = (—23++/601)/72. This yields o = —1/(2x+
1) = (134 /601)/12.

If instead the tangents to Cy at P, P> are not perpen-
dicular to L, then we claim there cannot be any point
where C| and C, are tangent. Indeed, if we count in-
tersections of C; and C> (by using Cj to substitute for y
in C,, then solving for y), we get at most four solutions
counting multiplicity. Two of these are P; and P, and
any point of tangency counts for two more. However,
off of L, any point of tangency would have a mirror im-
age which is also a point of tangency, and there cannot
be six solutions. Hence we have now found all possible
o.

Second solution: For any nonzero value of «, the two
conics will intersect in four points in the complex pro-
jective plane P?(C). To determine the y-coordinates of
these intersection points, subtract the two equations to
obtain

(y—x)=alx—y)(x+y)+alx—y).

Therefore, at a point of intersection we have either x =
y,orx=—1/a— (y+1). Substituting these two pos-
sible linear conditions into the second equation shows
that the y-coordinate of a point of intersection is a root
of either Q1 (y) = ay? + (o — 1)y +1/24 or Qs(y) =
ay* +(a+1)y+25/24+1/a.

If two curves are tangent, then the y-coordinates of at
least two of the intersection points will coincide; the
converse is also true because one of the curves is the
graph of a function in x. The coincidence occurs pre-
cisely when either the discriminant of at least one of
Q) or Q» is zero, or there is a common root of Q
and @,. Computing the discriminants of Q and Q;
yields (up to constant factors) fi (o) = 6a® — 13+ 6
and f(a) = 6a* — 1300 — 18, respectively. If on the
other hand Q; and Q5 have a common root, it must be
also a root of Q»(y) — 01(y) =2y+ 1+ 1/a, yielding
y=—(14+a)/(2a)and 0=0;(y) = —fo(a)/(24a).

Thus the values of o for which the two curves are tan-

gent must be contained in the set of zeros of f] and f>,
namely 2/3, 3/2, and (13 £+v/601)/12.

Remark: The fact that the two conics in P?(C) meet in
four points, counted with multiplicities, is a special case
of Bézout’s theorem: two curves in P?(C) of degrees
m,n and not sharing any common component meet in
exactly mn points when counted with multiplicity.

Many solvers were surprised that the proposers chose
the parameter 1/24 to give two rational roots and two
nonrational roots. In fact, they had no choice in the
matter: attempting to make all four roots rational by
replacing 1/24 by 8 amounts to asking for 2+ B and
B? + B+ 1 to be perfect squares. This cannot happen
outside of trivial cases (8 = 0,—1) ultimately because
the elliptic curve 24A1 (in Cremona’s notation) over Q
has rank 0. (Thanks to Noam Elkies for providing this
computation.)

Howeyver, there are choices that make the radical milder,
e.g, B=1/3 gives B2+ =4/9 and B>+ B +1 =
13/9, while B = 3/5 gives B2 + B = 24/25 and B? +
B+1=49/25.

A-2 The minimum is 4, achieved by the square with vertices

(£1,£1).



1
2

First solution: To prove that 4 is a lower bound, let S be
a convex set of the desired form. Choose A,B,C,D € S
lying on the branches of the two hyperbolas, with A in
the upper right quadrant, B in the upper left, C in the
lower left, D in the lower right. Then the area of the
quadrilateral ABCD is a lower bound for the area of S.
Write A = (a,1/a), B= (=b,1/b), C = (—c,—1/c),
D = (d,—1/d) with a,b,c,d > 0. Then the area of the
quadrilateral ABCD is

(a/b+b/c+c/d+d/a+b/a+c/b+d/c+a/d),

which by the arithmetic-geometric mean inequality is at
least 4.

Second solution: Choose A,B,C,D as in the first solu-
tion. Note that both the hyperbolas and the area of the
convex hull of ABCD are invariant under the transfor-
mation (x,y) — (xm,y/m) for any m > 0. For m small,
the counterclockwise angle from the line AC to the line
BD approaches 0; for m large, this angle approaches
7. By continuity, for some m this angle becomes 7 /2,
that is, AC and BD become perpendicular. The area of
ABCD is then AC - BD.

It thus suffices to note that AC > 2+/2 (and similarly for
BD). This holds because if we draw the tangent lines to
the hyperbola xy = 1 at the points (1,1) and (—1,—1),
then A and C lie outside the region between these lines.
If we project the segment AC orthogonally onto the line
x =y =1, the resulting projection has length at least
2+/2, so AC must as well.

Third solution: (by Richard Stanley) Choose A, B,C,D
as in the first solution. Now fixing A and C, move B and
D to the points at which the tangents to the curve are
parallel to the line AC. This does not increase the area
of the quadrilateral ABCD (even if this quadrilateral is
not convex).

Note that B and D are now diametrically opposite; write
B=(—x,1/x) and D = (x,—1/x). If we thus repeat the
procedure, fixing B and D and moving A and C to the
points where the tangents are parallel to BD, then A and
C must move to (x,1/x) and (—x,—1/x), respectively,
forming a rectangle of area 4.

Remark: Many geometric solutions are possible. An
example suggested by David Savitt (due to Chris
Brewer): note that AD and BC cross the positive and
negative x-axes, respectively, so the convex hull of
ABCD contains O. Then check that the area of trian-
gle OAB is at least 1, et cetera.

Assume that we have an ordering of 1,2,...,3k+ 1 such
that no initial subsequence sums to 0 mod 3. If we omit
the multiples of 3 from this ordering, then the remain-
ing sequence mod 3 must look like 1,1,—1,1,—1,...
or —1,—1,1,—1,1,.... Since there is one more integer
in the ordering congruent to 1 mod 3 than to —1, the
sequence mod 3 must look like 1,1,—1,1,—1,....

It follows that the ordering satisfies the given condition
if and only if the following two conditions hold: the
first element in the ordering is not divisible by 3, and
the sequence mod 3 (ignoring zeroes) is of the form
1,1,—1,1,—1,.... The two conditions are independent,

and the probability of the firstis (2k+1)/(3k+ 1) while

the probability of the second is 1/(*"), since there

are (Zk/jl) ways to order (k4 1) 1’s and k —1’s. Hence

the desired probability is the product of these two, or
Kl (k+1)!
Gk+1) (261

A—4 Note that n is a repunit if and only if 9n+ 1 = 10™ for

some power of 10 greater than 1. Consequently, if we
put

el =97 ("5 +1,

then f takes repunits to repunits if and only if g takes
powers of 10 greater than 1 to powers of 10 greater than
1. We will show that the only such functions g are those
of the form g(n) = 1004 for d > 0, ¢ > 1 —d (all of
which clearly work), which will mean that the desired
polynomials f are those of the form

f(n) = %(106(9n+1)d—1)

for the same c,d.

It is convenient to allow “powers of 10” to be of the
form 10* for any integer k. With this convention, it suf-
fices to check that the polynomials g taking powers of
10 greater than 1 to powers of 10 are of the form 10n¢
for any integers c,d with d > 0.

First solution: Suppose that the leading term of g(x)
is ax?, and note that @ > 0. As x — oo, we have
g(x)/x? — a; however, for x a power of 10 greater than
1, g(x)/x? is a power of 10. The set of powers of 10 has
no positive limit point, so g(x)/x? must be equal to a
for x = 10* with k sufficiently large, and we must have
a = 10¢ for some c. The polynomial g(x) — 10°x? has
infinitely many roots, so must be identically zero.

Second solution: We proceed by induction on d =
deg(g). If d =0, we have g(n) = 10° for some c. Oth-
erwise, g has rational coefficients by Lagrange’s inter-
polation formula (this applies to any polynomial of de-
gree d taking at least d 4 1 different rational numbers
to rational numbers), so g(0) = ¢ is rational. More-
over, g takes each value only finitely many times, so the
sequence g(10%),g(10"),... includes arbitrarily large
powers of 10. Suppose that ¢  0; then we can choose
a positive integer & such that the numerator of ¢ is not
divisible by 10”. But for ¢ large enough, g(10°) —¢ has
numerator divisible by 10? for some b > h, contradic-
tion.

Consequently, t = 0, and we may apply the induction
hypothesis to g(n)/n to deduce the claim.



Remark: The second solution amounts to the fact that
g, being a polynomial with rational coefficients, is con-
tinuous for the 2-adic and 5-adic topologies on Q. By
contrast, the first solution uses the “co-adic” topology,
i.e., the usual real topology.

In all solutions, let G be a finite group of order m.

First solution: By Lagrange’s theorem, if m is not di-
visible by p, then n = 0. Otherwise, let S be the set of
p-tuples (ao,...,ap—1) € G” such that ap---a,_| = e;
then S has cardinality m”~!, which is divisible by p.
Note that this set is invariant under cyclic permutation,
that is, if (ao,...,a,—1) € S, then (ay,...,ap_1,a0) €S
also. The fixed points under this operation are the tuples
(a,...,a) with a” = e; all other tuples can be grouped
into orbits under cyclic permutation, each of which has
size p. Consequently, the number of a € G with a” = e
is divisible by p; since that number is n+ 1 (only e has
order 1), this proves the claim.

Second solution: (by Anand Deopurkar) Assume that
n >0, and let H be any subgroup of G of order p. Let S
be the set of all elements of G\ H of order dividing p,
and let H act on G by conjugation. Each orbit has size
p except for those which consist of individual elements
g which commute with H. For each such g, g and H
generate an elementary abelian subgroup of G of order
p>. However, we can group these g into sets of size
p? — p based on which subgroup they generate together
with H. Hence the cardinality of S is divisible by p;
adding the p — 1 nontrivial elements of H gives n = —1
(mod p) as desired.

Third solution: Let S be the set of elements in G hav-
ing order dividing p, and let H be an elementary abelian
p-group of maximal order in G. If |H| = 1, then we are
done. So assume |H| = pX for some k > 1, and let H
act on S by conjugation. Let T C S denote the set of
fixed points of this action. Then the size of every H-
orbit on S divides p¥, and so S| = |T| (mod p). On the
other hand, H C T, and if T contained an element not
in H, then that would contradict the maximality of H.
It follows that H = T, and so |S| = |T| = |H| = p* =0
(mod p), i.e., |S| =n+11is a multiple of p.

Remark: This result is a theorem of Cauchy; the first
solution above is due to McKay. A more general (and
more difficult) result was proved by Frobenius: for any
positive integer m, if G is a finite group of order divis-
ible by m, then the number of elements of G of order
dividing m is a multiple of m.

A—6 For an admissible triangulation .77, number the vertices

of P consecutively vi,...,v,, and let a; be the number
of edges in 7 emanating from v;; note that a; > 2 for
all i.

We first claim that a; +---4+a, <4n—6. Let V.E,F
denote the number of vertices, edges, and faces in 7.

By Euler’s Formula, (F+1) —E +V =2 (one must add
1 to the face count for the region exterior to P). Each

face has three edges, and each edge but the n outside
edges belongs to two faces; hence F = 2E —n. On the
other hand, each edge has two endpoints, and each of
the V — n internal vertices is an endpoint of at least 6
edges; hence a; + -+ +a, +6(V —n) < 2E. Combining
this inequality with the previous two equations gives

aj+---+a, <2E+6n—6(1—F+E)
=4n—06,

as claimed.

Now set A3 =1and A, =A,_; +2n—3 forn > 4; we
will prove by induction on n that .7 has at most A,, trian-
gles. Forn=3,sincea; +ay+a3=6,a1 =a, =az =2
and hence .7 consists of just one triangle.

Next assume that an admissible triangulation of an
(n— 1)-gon has at most A, triangles, and let .7 be
an admissible triangulation of an n-gon. If any a; = 2,
then we can remove the triangle of .7 containing vertex
v; to obtain an admissible triangulation of an (n — 1)-
gon; then the number of triangles in 7 is at most
Ap—1+1 <A, by induction. Otherwise, all a; > 3. Now
the average of ay,...,a, is less than 4, and thus there
are more a; = 3 than a; > 5. It follows that there is a se-
quence of k consecutive vertices in P whose degrees are
3,4,4,...,4,3 in order, for some k with 2 <k <n—1
(possibly k = 2, in which case there are no degree 4
vertices separating the degree 3 vertices). If we remove
from .7 the 2k — 1 triangles which contain at least one
of these vertices, then we are left with an admissible tri-
angulation of an (n — 1)-gon. It follows that there are at
most A,—1+2k—1<A,_| +2n—3 =A, triangles in
7. This completes the induction step and the proof.

Remark: We can refine the bound A, somewhat. Sup-
posing that a; > 3 for all i, the fact that a; +--- +a, <
4n — 6 implies that there are at least six more indices
i with a; = 3 than with a; > 5. Thus there exist six
sequences with degrees 3,4,...,4,3, of total length at
most n+ 6. We may thus choose a sequence of length
k < |%]+1, so we may improve the upper bound to
Ap=A,1+2]5] +1, or asymptotically %nz.

However (as noted by Noam Elkies), a hexagonal
swatch of a triangular lattice, with the boundary as close
to regular as possible, achieves asymptotically énz tri-
angles.

The problem fails if f is allowed to be constant, e.g.,
take f(n) = 1. We thus assume that f is nonconstant.
Write f(n) = Y& a;n’ with a; > 0. Then

d .
f(fm)+1) =Y ai(f(n)+1)
i=0
= /(1) (mod f(n)).
If n = 1, then this implies that f(f(n)+ 1) is divisible
by f(n). Otherwise, 0 < f(1) < f(n) since f is non-

constant and has positive coefficients, so f(f(n)+1)
cannot be divisible by f(n).



B-2 Put B = maxo<,<1 |f’(x)| and g(x) = [5 f(y)dy. Since

g(0) = g(1) = 0, the maximum value of |g(x)| must oc-
cur at a critical point y € (0, 1) satisfying g'(y) = f(y) =
0. We may thus take o = y hereafter.

Since [ f(x)dx=— [y~ * f(1 —x) dx, we may assume
that oo < 1/2. By then substituting —f(x) for f(x) if
needed, we may assume that [y f(x)dx > 0. From the
inequality f’(x) > —B, we deduce f(x) < B(a — x) for
0<x<a,so

/Of(x)dxg/o B(o—x)dx
:—%B(Oc—x)2

0
—a23<13
2 8

as desired.

B-3 First solution: Observing that x»/2 = 13, x3/4 = 34,

x4/8 = 89, we guess that x, = 2”_1F2,,+3, where Fj, is

the k-th Fibonacci number. Thus we claim that x, =

%(O{z”+3 — a_(2"+3)), where o0 = 1%5 to make the
L\;’gﬁ(aww . 0F3997).

We prove the claim by induction; the base case xo = 1 is

true, and so it suffices to show that the recursion x,+; =

3x, + [x,V/5] is satisfied for our formula for x,,. Indeed,

aAnNsSwWer X007 =

since o = 3%5, we have
2n71
X1 — B34+ VS)x, = 7 (202" — o~ (2n+3))
_ (3 + \fs)(a2n+3 _ a7(2n+3)))
=g~ (2t3)

Now 2"q~(27+3) = (“7‘6)3(3 —+/5)" is between —1
and 0; the recursion follows since x;,, X, are integers.

Second solution: (by Catalin Zara) Since x,, is rational,
we have 0 < x,v/5 — [x,v/5] < 1. We now have the
inequalities

Xpt1 — 3x, < x,,\@ < Xpy1—3x,+1

B+V5)x, — 1 <xpp1 < (3+V5)x,

4x, — (3— \G) <(3- \E)xnﬂ < 4x,
3xpi1 — 4xp < Xpi1 V5 < 3xpp1 —4x, + (3- \6)

Since 0 < 3 —+/5 < 1, this yields |x,41v/5] = 3x,41 —
4x,, so we can rewrite the recursion as x,+; = 6x, —
4x,_1 for n > 2. It is routine to solve this recursion to
obtain the same solution as above.

Remark: With an initial 1 prepended, this
becomes sequence A018903 in Sloane’s On-
Line  Encyclopedia of Integer  Sequences:
(http://www.research.att.com/"njas/

sequences/). Therein, the sequence is described as
the case S(1,5) of the sequence S(ap,a;) in which a2
is the least integer for which a,i/a,11 > an+1/an.
Sloane cites D. W. Boyd, Linear recurrence relations
for some generalized Pisot sequences, Advances in
Number Theory (Kingston, ON, 1991), Oxford Univ.
Press, New York, 1993, p. 333-340.

B—4 The number of pairs is 2"*!. The degree condition

forces P to have degree n and leading coefficient +1;
we may count pairs in which P has leading coefficient
1 as long as we multiply by 2 afterward.

Factor both sides:

(P(X) +0(X)i)(P(X) — Q(X)i)
n—1

= O(X —exp(2mi(2j+1)/(4n)))

~.
Il

n—1

JTX +exp(27i(2j+1)/(4n))).
j=0

-

Then each choice of P,Q corresponds to equating
P(X) + Q(X)i with the product of some n factors on
the right, in which we choose exactly of the two fac-
tors for each j =0,...,n— 1. (We must take exactly n
factors because as a polynomial in X with complex co-
efficients, P(X) + Q(X)i has degree exactly n. We must
choose one for each j to ensure that P(X) + Q(X)i and
P(X) — Q(X)i are complex conjugates, so that P,Q have
real coefficients.) Thus there are 2" such pairs; multi-
plying by 2 to allow P to have leading coefficient —1
yields the desired result.

Remark: If we allow P and Q to have complex coeffi-
cients but still require deg(P) > deg(Q), then the num-
ber of pairs increases to 2( :), as we may choose any n
of the 2n factors of X*" + 1 to use to form P(X )+ Q(X ).

n

B-5 For n an integer, we have || = 2 for j the unique

integer in {0,...,k— 1} congruent to n modulo k; hence

(-7 -

Jj=0

By expanding this out, we obtain the desired polynomi-
als P()(I’l)7 e ,Pk,] (I’l)

Remark: Variants of this solution are possible that con-
struct the P, less explicitly, using Lagrange interpolation
or Vandermonde determinants.

B-6 (Suggested by Oleg Golberg) Assume n > 2, or else the

problem is trivially false. Throughout this proof, any C;
will be a positive constant whose exact value is imma-
terial. As in the proof of Stirling’s approximation, we
estimate for any fixed c € R,

D=

1 1
(i+c)logi= Enz logn — an + O(nlogn)
1



by comparing the sum to an integral. This gives
nnz/szlngfnz/ét < 11+L‘22+c copitte

< nn2/2+Czne—n2/4

We now interpret f(n) as counting the number of n-
tuples (ay,...,a,) of nonnegative integers such that

ayl!l+---4a,n! =n!.

For an upper bound on f(n), we use the inequalities
0 < a; < n!/i! to deduce that there are at most n!/i! +
1 <2(n!/i!) choices for a;. Hence

n! n!
n
S T
:2}12132“.”1171

< nn2/2+C3ne—n2/4

For a lower bound on f(n), we note that if 0 < a; <
(n—1)1/it fori=2,...,n—1 and a, = 0, then 0 <
a2+ ---+aun! < n!, so there is a unique choice of a;
to complete this to a solution of a; 1!+ --- +a,n! =n!.
Hence

(n—1)! (n—1)!
F) = ==
:3142-“(1/171)"_3

> nn2/2+C4ne—n2/4
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Al Let f: R? — R be a function such that f(x,y) + f(y,z) +
f(z,x) = 0 for all real numbers x, y, and z. Prove that
there exists a function g : R — R such that f(x,y) =
g(x) — g() for all real numbers x and y.

A2 Alan and Barbara play a game in which they take turns
filling entries of an initially empty 2008 x 2008 array.
Alan plays first. At each turn, a player chooses a real
number and places it in a vacant entry. The game ends
when all the entries are filled. Alan wins if the determi-
nant of the resulting matrix is nonzero; Barbara wins if
it is zero. Which player has a winning strategy?

A3 Start with a finite sequence a,as, .. .,a, of positive in-
tegers. If possible, choose two indices j < k such that a;
does not divide ai, and replace a; and a; by ged(a;,ax)
and lem(aj,ax), respectively. Prove that if this process
is repeated, it must eventually stop and the final se-
quence does not depend on the choices made. (Note:
gcd means greatest common divisor and lem means
least common multiple.)

A4 Define f: R — R by

ifx<e

o) = {xf(lnx) ifx>e.

Does Y7 ﬁ converge?

A5 Let n > 3 be an integer. Let f(x) and g(x) be poly-
nomials with real coefficients such that the points
(F(1),8(1), (£(2),8(2)); .. (f(n),g(n)) in R are the
vertices of a regular n-gon in counterclockwise order.
Prove that at least one of f(x) and g(x) has degree
greater than or equal ton — 1.

A6 Prove that there exists a constant ¢ > 0 such that in ev-
ery nontrivial finite group G there exists a sequence of
length at most clog|G| with the property that each el-
ement of G equals the product of some subsequence.

(The elements of G in the sequence are not required to
be distinct. A subsequence of a sequence is obtained
by selecting some of the terms, not necessarily consec-
utive, without reordering them; for example, 4,4,2 is a
subsequence of 2,4,6,4,2, but 2,24 is not.)

B1 What is the maximum number of rational points that can
lie on a circle in R? whose center is not a rational point?
(A rational point is a point both of whose coordinates
are rational numbers.)

B2 Let Fy(x) = Inx. For n >0 and x > 0, let F,;1(x) =
[y Fu(t) dt. Evaluate

n!F,(1)

. noe Inn : .
B3 What is the largest possible radius of a circle contained

in a 4-dimensional hypercube of side length 1?

B4 Let p be a prime number. Let i(x) be a polynomial with
integer coefficients such that 4(0),%(1),...,h(p* — 1)
are distinct modulo p?. Show that 2(0),h(1),...,h(p> —
1) are distinct modulo p?.

BS5 Find all continuously differentiable functions f: R — R
such that for every rational number ¢, the number f(q)
is rational and has the same denominator as g. (The
denominator of a rational number ¢ is the unique posi-
tive integer b such that ¢ = a/b for some integer a with
gcd(a,b) = 1.) (Note: gcd means greatest common di-
visor.)

B6 Let n and k be positive integers. Say that a permutation
o of {1,2,...,n} is k-limited if |c (i) —i| < k for all
i. Prove that the number of k-limited permutations of
{1,2,...,n}isodd ifand only if n =0 or I (mod 2k+1).



Solutions to the 69th William Lowell Putnam Mathematical Competition
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Kiran Kedlaya and Lenny Ng

A-1 The function g(x) = f(x,0) works.  Substituting

(x,,2) = (0,0,0) into the given functional equa-
tion yields f(0,0) = 0, whence substituting (x,y,z) =
(x,0,0) yields f(x,0)+ f(0,x) = 0. Finally, substi-
tuting (x,y,z) = (x,»,0) yields f(x,y) = —f(»,0) —
f(0,x) = g(x) —g()-

Remark: A similar argument shows that the possible
functions g are precisely those of the form f(x,0)+ ¢
for some c.

A-2 Barbara wins using one of the following strategies.

First solution: Pair each entry of the first row with the
entry directly below it in the second row. If Alan ever
writes a number in one of the first two rows, Barbara
writes the same number in the other entry in the pair. If
Alan writes a number anywhere other than the first two
rows, Barbara does likewise. At the end, the resulting
matrix will have two identical rows, so its determinant
will be zero.

Second solution: (by Manjul Bhargava) Whenever
Alan writes a number x in an entry in some row, Bar-
bara writes —x in some other entry in the same row. At
the end, the resulting matrix will have all rows summing
to zero, so it cannot have full rank.

A-3 We first prove that the process stops. Note first that

the product a; - --a, remains constant, because a;a; =
ged(aj,ar)lem(aj,ar). Moreover, the last number in
the sequence can never decrease, because it is always
replaced by its least common multiple with another
number. Since it is bounded above (by the product of
all of the numbers), the last number must eventually
reach its maximum value, after which it remains con-
stant throughout. After this happens, the next-to-last
number will never decrease, so it eventually becomes
constant, and so on. After finitely many steps, all of the
numbers will achieve their final values, so no more steps
will be possible. This only happens when a; divides ay
for all pairs j < k.

We next check that there is only one possible final se-
quence. For p a prime and m a nonnegative integer, we
claim that the number of integers in the list divisible
by p™ never changes. To see this, suppose we replace
aj,ar by ged(aj,ar),lem(a;j,ay). If neither of a;,ay is
divisible by p™, then neither of ged(aj,ax),lem(a;,ax)
is either. If exactly one aj,ay is divisible by p™, then
lem(a;, ar) is divisible by p™ but ged(a;,ax) is not.

ged(aj,ar),lem(aj,ay) are as well.

If we started out with exactly & numbers not divisible
by p™, then in the final sequence df,...,d,, the num-
bersay,, ,...,a, are divisible by p" while the numbers

ay,...,a, are not. Repeating this argument for each pair
(p,m) such that p™ divides the initial product ay, ..., a,,
we can determine the exact prime factorization of each
of d},...,d,. This proves that the final sequence is
unique.

Remark: (by David Savitt and Noam Elkies) Here are
two other ways to prove the termination. One is to ob-
serve that []; aj- is strictly increasing at each step, and
bounded above by (a;---a,)". The other is to notice
that a; is nonincreasing but always positive, so even-
tually becomes constant; then a; is nonincreasing but
always positive, and so on.

Reinterpretation: For each p, consider the sequence
consisting of the exponents of p in the prime factoriza-
tions of ay,...,a,. At each step, we pick two positions
i and j such that the exponents of some prime p are in
the wrong order at positions i and j. We then sort these
two position into the correct order for every prime p
simultaneously.

It is clear that this can only terminate with all se-
quences being sorted into the correct order. We must
still check that the process terminates; however, since
all but finitely many of the exponent sequences consist
of all zeroes, and each step makes a nontrivial switch
in at least one of the other exponent sequences, it is
enough to check the case of a single exponent sequence.
This can be done as in the first solution.

Remark: Abhinav Kumar suggests the following proof
that the process always terminates in at most (g) steps.
(This is a variant of the worst-case analysis of the bub-
ble sort algorithm.)

Consider the number of pairs (k,/) with 1 <k <l <n
such that @; does not divide a; (call these bad pairs).
At each step, we find one bad pair (i, j) and eliminate
it, and we do not touch any pairs that do not involve
either i or j. If i < k < j, then neither of the pairs (i,k)
and (k, j) can become bad, because a; is replaced by a
divisor of itself, while a; is replaced by a multiple of
itself. If k < i, then (k,i) can only become a bad pair if
ay divided g; but not a;, in which case (k, j) stops being
bad. Similarly, if k > j, then (i,k) and (j,k) either stay
the same or switch status. Hence the number of bad
pairs goes down by at least 1 each time; since it is at
most (g) to begin with, this is an upper bound for the
number of steps.

Remark: This problem is closely related to the clas-
sification theorem for finite abelian groups. Namely,
if a,...,a, and d},...,d), are the sequences obtained
at two different steps in the process, then the abelian



groups Z/a\Z X --- X L)ayZ and Z)d\Z X - -- X L] a),
are isomorphic. The final sequence gives a canonical
presentation of this group; the terms of this sequence
are called the elementary divisors or invariant factors
of the group.

Remark: (by Tom Belulovich) A lattice is a partially
ordered set L in which for any two x,y € L, there is a
unique minimal element z with z > x and z > y, called
the join and denoted x Ay, and there is a unique max-
imal element z with z < x and z < y, called the meet
and denoted x V' y. In terms of a lattice L, one can pose
the following generalization of the given problem. Start
with ay,...,a, € L. If i < j but a; £ aj, it is permit-
ted to replace a;,a; by a;V a;j,a; \aj, respectively. The
same argument as above shows that this always termi-
nates in at most (g) steps. The question is, under what
conditions on the lattice L is the final sequence uniquely
determined by the initial sequence?

It turns out that this holds if and only if L is distributive,
i.e., for any x,y,z € L,
AyVz)=(xAY)V(xAZ).

(This is equivalent to the same axiom with the oper-
ations interchanged.) For example, if L is a Boolean
algebra, i.e., the set of subsets of a given set S under in-
clusion, then A is union, V is intersection, and the dis-
tributive law holds. Conversely, any finite distributive
lattice is contained in a Boolean algebra by a theorem
of Birkhoff. The correspondence takes each x € L to
the set of y € L such that x > y and y cannot be written
as a join of two elements of L\ {y}. (See for instance
Birkhoff, Lattice Theory, Amer. Math. Soc., 1967.)

On one hand, if L is distributive, it can be shown that
the j-th term of the final sequence is equal to the meet
of a;, A+ Naj; over all sequences 1 <ij <---<i; <n.
For instance, this can be checked by forming the small-
est subset L' of L containing ay, ... ,a, and closed under
meet and join, then embedding L’ into a Boolean alge-
bra using Birkhoff’s theorem, then checking the claim
for all Boolean algebras. It can also be checked di-
rectly (as suggested by Nghi Nguyen) by showing that
for j =1,...,n, the meet of all joins of j-element sub-
sets of ay,...,a, is invariant at each step.

On the other hand, a lattice fails to be distributive if
and only if it contains five elements a, b, ¢, 0, 1 such that
either the only relations among them are implied by

1>a,b,c>0

(this lattice is sometimes called the diamond), or the
only relations among them are implied by

1>a>b2>0, 1>¢>0

(this lattice is sometimes called the pentagon). (For a
proof, see the Birkhoff reference given above.) For each
of these examples, the initial sequence a, b, ¢ fails to de-
termine the final sequence; for the diamond, we can end

A-4 The sum diverges.

up with 0, *, 1 for any of * = a, b, ¢, whereas for the pen-
tagon we can end up with 0, x, 1 for any of x = a,b.

Consequently, the final sequence is determined by the
initial sequence if and only if L is distributive.

From the definition, f(x) = x on
[1,e], xInx on (e,e°], xInxlnlnx on (e°,¢*], and so
forth. It follows that on [1,e), f is positive, continu-
ous, and increasing. Thus Y, f 7 if it converges, is

bounded below by [;* -4 f
integral diverges.

; it suffices to prove that the

Write In'x = Inx and Infx = In(In*'x)
for k > 2; similarly write exp'x = ¢' and
expkx = ee"pkfl". If we write y = lnkx, then
x = exp"y and dx = (exp*y)(exp*~'y)--- (exp' y)dy =

x(In'x) - (In*"'x)dy. Now on [exp*~'1,expX1], we
have f(x) = x(In'x)--- (In*~'x), and thus substituting
y = In* x yields

- for=t

expkl
/ k— 11f
expl
Z:k lfexpk llf

It follows that ;" ; °° dx
desired.

dlverges as

Form the polynomial P(z) = f(z) + ig(z) with complex
coefficients. It suffices to prove that P has degree at
least n — 1, as then one of f, g must have degree at least
n—1.

By replacing P(z) with aP(z) + b for suitable a,b €
C, we can force the regular n-gon to have vertices
£, C2,..., ¢ for &, = exp(2mi/n). It thus suffices to
check that there cannot exist a polynomial P(z) of de-
gree at most n— 2 such that P(i) = (i fori=1,...,n

We will prove more generally that for any complex
number ¢ ¢ {0, 1}, and any integer m > 1, any polyno-
mial Q(z) for which Q(i) =t fori=1,...,m has degree
at least m — 1. There are several ways to do this.

First solution: If O(z) has degree d and leading coeffi-
cient ¢, then R(z) = Q(z+ 1) —rQ(z) has degree d and
leading coefficient (1 —#)c. However, by hypothesis,
R(z) has the distinct roots 1,2,...,m — 1, so we must
haved >m— 1.

Second solution: We proceed by induction on m. For
the base case m = 1, we have Q(1) = ¢! # 0, so Q must
be nonzero, and so its degree is at least 0. Given the
assertion for m — 1, if Q(i) = ¢/ for i = 1,...,m, then
the polynomial R(z) = (t — 1)"'(Q(z+ 1) — Q(z)) has
degree one less than that of Q, and satisfies R(i) = !
fori=1,...,m—1. Since R must have degree at least
m — 2 by the induction hypothesis, Q must have degree
at least m — 1.

Third solution: We use the method of finite differ-
ences (as in the second solution) but without induction.



Namely, the (m — 1)-st finite difference of P evaluated
at 1 equals

m—1

Y <1>f’<’"j 1)Q<mj> — (-0t 40,

which is impossible if Q has degree less than m — 1.

Remark: One can also establish the claim by comput-
ing a Vandermonde-type determinant, or by using the
Lagrange interpolation formula to compute the leading
coefficient of Q.

A-6 For notational convenience, we will interpret the prob-

lem as allowing the empty subsequence, whose product
is the identity element of the group. To solve the prob-
lem in the interpretation where the empty subsequence
is not allowed, simply append the identity element to
the sequence given by one of the following solutions.

First solution: Put n = |G|. We will say that a sequence
S produces an element g € G if g occurs as the product
of some subsequence of S. Let H be the set of elements
produced by the sequence S.

Start with S equal to the empty sequence. If at any point
the set H'H = {hihy : h{',hp € H} fails to be all of G,
extend S by appending an element g of G notin H~'H.
Then Hg N H must be empty, otherwise there would be
an equation of the form h;g = hy with hy,hy € G, or
g= hflhg, a contradiction. Thus we can extend S by
one element and double the size of H.

After k < log, n steps, we must obtain a sequence S =
ai,...,a; for which H"'H = G. Then the sequence

a;’,... ,a1_17a1, ..., ay produces all of G and has length
at most (2/1n2)Inn.

Second solution:
Put m = |H|. We will show that we can append one
element g to S so that the resulting sequence of k + 1

elements will produce at least 2m — m? /n elements of
G. To see this, we compute

Y |[HUHg|=)  (|H|+|Hg|-|HNHg|)
geG geG

=2mn — Z |HNHg|
gcG

=2mn—|{(g,h) € G>:h € HNHg}|
=2mn— Y |{g€G:heHg}

heH
=2mn — Z |H'h|
heH
= 2mn —m>.

By the pigeonhole principle, we have |[H UHg| > 2m —
m? /n for some choice of g, as claimed.
In other words, by extending the sequence by one ele-

ment, we can replace the ratio s = 1 —m/n (i.e., the frac-
tion of elements of G not generated by S) by a quantity

no greater than
1—(2m—m?*/n)/n= s>

We start out with k = 0 and s = | — 1 /n; after k steps,

we have s < (1 — 1/n)2k. It is enough to prove that for
some ¢ > 0, we can always find an integer k < clnn

such that
k
N> 1
e
n n

as then we have n —m < 1 and hence H = G.

To obtain this last inequality, put
k={2log,n| < (2/In2)Inn,

so that 2*1 > 52, From the facts that Inn < In2 + (n —
2)/2<n/2and In(1 —1/n) < —1/n for all n > 2, we

have
1 n? n
m(1--)<-——=-Z<—
n< n> 2n 2

yielding the desired inequality.

Remark: An alternate approach in the second solution
is to distinguish betwen the cases of H small (i.e., m <
n'/2, in which case m can be replaced by a value no
less than 2m — 1) and H large. This strategy is used in a
number of recent results of Bourgain, Tao, Helfgott, and
others on small doubling or small tripling of subsets of
finite groups.

In the second solution, if we avoid the rather weak in-
equality Inn < n/2, we instead get sequences of length
log,(nlnn) = log,(n) 4+ log, (Inn). This is close to op-
timal: one cannot use fewer than log, n terms because
the number of subsequences must be at least n.

There are at most two such points. For example,
the points (0,0) and (1,0) lie on a circle with center
(1/2,x) for any real number x, not necessarily rational.

On the other hand, suppose P = (a,b),0 = (¢,d),R =
(e, f) are three rational points that lie on a circle. The
midpoint M of the side PQ is ((a+c)/2,(b+d)/2),
which is again rational. Moreover, the slope of the line
PQis (d—b)/(c—a), so the slope of the line through M
perpendicular to PQ is (a—c)/(b—d), which is rational
or infinite.

Similarly, if N is the midpoint of OR, then N is a rational
point and the line through N perpendicular to QR has
rational slope. The center of the circle lies on both of
these lines, so its coordinates (g,h) satisfy two linear
equations with rational coefficients, say Ag+ Bh = C
and Dg+ Eh = F. Moreover, these equations have a
unique solution. That solution must then be

g = (CE —BD)/(AE — BD)
h = (AF — BC)/(AE — BD)



(by elementary algebra, or Cramer’s rule), so the center
of the circle is rational. This proves the desired result.

Remark: The above solution is deliberately more ver-
bose than is really necessary. A shorter way to say this
is that any two distinct rational points determine a ra-
tional line (a line of the form ax+ by +c¢ =0 with a,b,c
rational), while any two nonparallel rational lines inter-
sect at a rational point. A similar statement holds with
the rational numbers replaced by any field.

Remark: A more explicit argument is to show that
the equation of the circle through the rational points
()C] ayl)a (XZayZ)a ()Cg,yg) is
xi—s—y% xr oy 1
1
0=det| 373 ¥ 22
x3+y3 x3 y3 1
X4y oxoy 1

which has the form a(x?> 4+ y?) +dx+ey+ f =0
for a,d,e,f rational. The center of this circle is
(—d/(2a),—e/(2a)), which is again a rational point.

We claim that F,(x) = (Inx — a,)x"/n!, where a, =
Y ;1/k. Indeed, temporarily write G,(x) = (Inx —
a,)x" /n! for x > 0 and n > 1; then lim,_,0G,(x) =0
and G, (x) = (Inx —a, + 1/n)x" ' /(n—1)! = G,_1 (x),
and the claim follows by the Fundamental Theorem of
Calculus and induction on n.

Given the claim, we have F,(1) = —a,/n! and so we
need to evaluate —lim,, . ]’r’]—"n But since the function
1/x is strictly decreasing for x positive, Y3_, 1 /k=a, —
1 is bounded below by [} dx/x = Inn —In2 and above
by [{'dx/x =Inn. It follows that lim, .. ;= = 1, and
the desired limit is —1.

V2

B-3 The largest possible radius is *5=. It will be convenient

to solve the problem for a hypercube of side length 2
instead, in which case we are trying to show that the
largest radius is V2.

Choose coordinates so that the interior of the hypercube
is the set H = [—1,1]* in R*. Let C be a circle centered
at the point P. Then C is contained both in H and its
reflection across P; these intersect in a rectangular par-
alellepiped each of whose pairs of opposite faces are at
most 2 unit apart. Consequently, if we translate C so
that its center moves to the point O = (0,0,0,0) at the
center of H, then it remains entirely inside H.

This means that the answer we seek equals the largest
possible radius of a circle C contained in H and
centered at O. Let vi = (vi1,...,via) and vy =
(va1,...,v24) be two points on C lying on radii perpen-
dicular to each other. Then the points of the circle can
be expressed as v cos 0 4+, sin 0 for 0 < 60 < 2x. Then
C lies in H if and only if for each i, we have
[viicos O +vy;sin 0] < 1 (0< 6 <2nm).

In geometric terms, the vector (vi;,vy) in R? has
dot product at most 1 with every unit vector. Since

this holds for the unit vector in the same direction as
(v14,v2;), we must have

Vv <l (i=1,...,4).

Conversely, if this holds, then the Cauchy-Schwarz in-
equality and the above analysis imply that C lies in H.

If 7 is the radius of C, then

4 4

2 _ 2 2

2r- = ZV]I+ZV21
i=1 i=1

~

2,2
=) (vii+vy)

IN
AT

)

so r < /2. Since this is achieved by the circle through
(1,1,0,0) and (0,0, 1, 1), it is the desired maximum.

Remark: One may similarly ask for the radius of the
largest k-dimensional ball inside an n-dimensional unit
hypercube; the given problem is the case (n,k) = (4,2).
Daniel Kane gives the following argument to show that
the maximum radius in this case is %\/% . (Thanks for
Noam Elkies for passing this along.)

We again scale up by a factor of 2, so that we are trying
to show that the maximum radius r of a k-dimensional
ball contained in the hypercube [—1,1]" is \/F. Again,
there is no loss of generality in centering the ball at the
origin. Let T : R — R” be a similitude carrying the
unit ball to this embedded k-ball. Then there exists a
vector v; € R¥ such that for ey, ... ,en the standard basis
of R”, x-v; = T(x) - ¢; for all x € R¥. The condition of
the problem is equivalent to requiring |v;| < 1 for all i,
while the radius r of the embedded ball is determined
by the fact that for all x € R,

Pxx)=Tx)-Tx) = zn;x V.

Let M be the matrix with columns vy,...,v;; then
MMT = 21, for I, the k x k identity matrix. We then
have

kr? = Trace(r’I;) = Trace(MMT)
n
= Trace(M' M) = Z vil?
i=1
<n

)

yielding the upper bound r < \/% .

To show that this bound is optimal, it is enough to show
that one can find an orthogonal projection of R” onto R¥
so that the projections of the e; all have the same norm
(one can then rescale to get the desired configuration
of vi,...,v,). We construct such a configuration by a
“smoothing” argument. Startw with any projection. Let



wi,...,w, be the projections of ey, ..., e,. If the desired
condition is not achieved, we can choose i, j such that

il < (el 4+ baf?) < o P
By precomposing with a suitable rotation that fixes
ey for h # i, j, we can vary |w;|,|w;| without varying
lwi|? + || or [wp| for h #i,j. We can thus choose
such a rotation to force one of |w;|?,|w;|* to become
equal to 1 (|wi[>+--+|w,|?). Repeating at most n — 1
times gives the desired configuration.

B-4 We use the identity given by Taylor’s theorem:

deg(h) 1 (i)
h(x+y) =Y, )

i=0

i

y.

i

In this expression, 4()(x)/i! is a polynomial in x with
integer coefficients, so its value at an integer x is an
integer.

Forx=0,...,p— 1, we deduce that

h(x+p) = h(x) + pi'(x) (mod p?).

(This can also be deduced more directly using the bino-
mial theorem.) Since we assumed A(x) and h(x + p)
are distinct modulo p?, we conclude that 4'(x) # 0
(mod p). Since /' is a polynomial with integer coef-
ficients, we have i'(x) = I’ (x +mp) (mod p) for any
integer m, and so h'(x) # 0 (mod p) for all integers x.

Now forx=0,...,p>—1landy=0,...,p— 1, we write
h(x+yp®) = h(x) + p*yl'(x)  (mod p?).

Thus h(x),h(x+p?),...,h(x+ (p—1)p?) run over all of
the residue classes modulo p* congruent to /(x) mod-
ulo p?. Since the h(x) themselves cover all the residue
classes modulo p?, this proves that 4(0),...,h(p> — 1)
are distinct modulo p3.

Remark: More generally, the same proof shows that
for any integers d,e > 1, h permutes the residue classes
modulo p? if and only if it permutes the residue classes
modulo p¢. The argument used in the proof is related
to a general result in number theory known as Hensel’s
lemma.

The functions f(x) = x+n and f(x) = —x+n for any
integer n clearly satisfy the condition of the problem;
we claim that these are the only possible f.

Let ¢ = a/b be any rational number with ged(a,b) = 1
and b > 0. For n any positive integer, we have

PO I () g (2)

1 bn

bn

is an integer by the property of f. Since f is differ-
entiable at a/b, the left hand side has a limit. It fol-
lows that for sufficiently large n, both sides must be

equal to some integer ¢ = f/(4): f(4t) = f(4)+ £.
Now ¢ cannot be 0, since otherwise f(%1) = f(4) for
sufficiently large n has denominator b rather than bn.
Similarly, |c| cannot be greater than 1: otherwise if we
take n = k|c| for k a sufficiently large positive integer,
then f(§) + 5. has denominator bk, contradicting the

fact that f (‘”}’}—:1) has denominator bn. It follows that

c=f'(§) ==L
Thus the derivative of f at any rational number is £1.
Since f is continuously differentiable, we conclude that

f'(x)=1forall real x or f’(x) = —1 for all real x. Since
/(0) must be an integer (a rational number with denom-
inator 1), f(x) =x+nor f(x) = —x+n for some integer
n.

Remark: After showing that f’(g) is an integer for each
g, one can instead argue that f’ is a continuous function
from the rationals to the integers, so must be constant.
One can then write f(x) = ax+ b and check that b € Z
by evaluation at a = 0, and that @ = +1 by evaluation at
x=1/a.

B-6 In all solutions, let F;,; be the number of k-limited per-

mutations of {1,...,n}.

First solution: (by Jacob Tsimerman) Note that any
permutation is k-limited if and only if its inverse is k-
limited. Consequently, the number of k-limited per-
mutations of {1,...,n} is the same as the number of
k-limited involutions (permutations equal to their in-
verses) of {1,...,n}.

We use the following fact several times: the number of
involutions of {1,...,n}is odd if n =0, 1 and even oth-
erwise. This follows from the fact that non-involutions
come in pairs, so the number of involutions has the same
parity as the number of permutations, namely n!.

For n < k+ 1, all involutions are k-limited. By the pre-
vious paragraph, Fy; is odd for n = 0,1 and even for
n=2,....,k+1.

For n > k+ 1, group the k-limited involutions into
classes based on their actions on k + 2,...,n. Note
that for C a class and o € C, the set of elements of
A={1,...,k+ 1} which map into A under o depends
only on C, not on ¢. Call this set S(C); then the size of
C is exactly the number of involutions of S(C). Conse-
quently, |C| is even unless S(C) has at most one element.
However, the element 1 cannot map out of A because we
are looking at k-limited involutions. Hence if S(C) has
one element and ¢ € C, we must have (1) = 1. Since
0 is k-limited and ¢ (2) cannot belong to A, we must
have 0(2) = k+ 2. By induction, for i =3,...,k+1,
we must have o (i) = k+1.

If n < 2k + 1, this shows that no class C of odd cardi-
nality can exist, so F;, ; must be even. If n > 2k +1,
the classes of odd cardinality are in bijection with k-
limited involutions of {2k +2,...,n}, so F,; has the
same parity as F,_o;_1 x. By induction on n, we deduce
the desired result.



Second solution: (by Yufei Zhao) Let M,, ; be the n x n
matrix with

1 |i—j| <k
(Mn,k)ijZ{ li=jl<

0 otherwise.

Write det(M, ;) as the sum over permutations ¢ of
{1,...,n} of (Mur)i6(1)* (Mni)no(n) times the signa-
ture of 0. Then o contributes +1 to det(M, ;) if o is
k-limited and O otherwise. We conclude that

det(M, x) = F,x (mod 2).

For the rest of the solution, we interpret M,, ; as a matrix
over the field of two elements. We compute its determi-
nant using linear algebra modulo 2.

We first show that forn > 2k+1,
Fox=Fy -1 (mod 2),

provided that we interpret Fpx = 1. We do this by com-
puting det(M,, x) using row and column operations. We
will verbally describe these operations for general k,
while illustrating with the example k£ = 3.

To begin with, M), ; has the following form.

SO = ===
S| = = = = = = =
== = == O
N[ mEEm = =0 O
O === O O O

v vV eS S S S

SO O O M = = =
S| O O = o= = = =

*

In this presentation, the first 2k + 1 rows and columns
are shown explicitly; the remaining rows and columns
are shown in a compressed format. The symbol 0 in-
dicates that the unseen entries are all zeroes, while the
symbol ? indicates that they are not. The symbol * in
the lower right corner represents the matrix Fj,_o;_1 4.
We will preserve the unseen structure of the matrix by
only adding the first k4 1 rows or columns to any of the
others.

We first add row 1 to each of rows 2,...,k+ 1.

11110000
00001000
000011O0/0
00001110
01r11i1r1t11?
oo0o1rt1i111)?
0001 11T1|?
0000777

We next add column 1 to each of columns 2,...,k+ 1.

SO O = O O O O
SO = = O O O O
S:|—= = = O O O O

0
1
1
1
1
1
1
?

B N e = R e
Q= = = = OO O
v v v S S S S

SO O O O O O

*

Fori=2, foreachof j=i+1,...,2k+ 1 for which the
(j,k+i)-entry is nonzero, add row i to row j.

10000000
00001000
00000100
000001 1|0
011101 1]?
001101T1|?
000101T1|?
O00007? 7|
Repeat the previous step for i = 3,...,k+ 1 in succes-
sion.
10000000
00001000
00000100
00000010
0111000]?
0011000]?
0001000]|?
O00000O0|x

Repeat the two previous steps with the roles of the rows
and columns reversed. That is, for i =2,...,k+ 1, for
eachof j=i+1,...,2k+ 1 for which the (j,k+i)-entry
is nonzero, add row i to row j.

(S EESEESEESERS P

S| O O = O O O O
SO = O O O O O
S~ O O O O O O
S| O O O O O = O

SO O O O o O
SO O O O = O O
S| O O O = O O O

ES3

We now have a block diagonal matrix in which the top
left block is a (2k+ 1) x (2k + 1) matrix with nonzero
determinant (it results from reordering the rows of the



identity matrix), the bottom right block is M, _»;_1,
and the other two blocks are zero. We conclude that

det(M, ) = det(My,_2k—14) (mod 2),

proving the desired congruence.

To prove the desired result, we must now check that
Kok, F1  are odd and Fy,...,Fo  are even. For n =
0,...,k+ 1, the matrix M, ; consists of all ones, so its
determinant is 1 if » = 0,1 and O otherwise. (Alter-
natively, we have F, ; = n! for n =0,...,k+ 1, since
every permutation of {1,...,n} is k-limited.) For n =
k+2,...,2k, observe that rows k and k+1 of M,, ; both
consist of all ones, so det(M,, ;) = 0 as desired.

Third solution: (by Tom Belulovich) Define M, as
in the second solution. We prove det(M,, ) is odd for
n=0,1 (mod 2k+ 1) and even otherwise, by directly
determining whether or not M,, ; is invertible as a matrix
over the field of two elements.

Let r; denote row i of M, ;. We first check that if n =
2,...,2k (mod 2k + 1), then M, is not invertible. In
this case, we can find integers 0 < a < b < k such that
n+a+b=0 (mod 2k+1). Put j=(n+a+b)/(2k+
1). We can then write the all-ones vector both as

j—1
Z Tkt 1—a+(2k+1)i
i=0

and as
j—1
Z Pkt 1—b+(2k+1)i-
i=0

Hence M, is not invertible.

We next check that if n = 0,1 (mod 2k + 1), then M), x
is invertible. Suppose that ay,...,a, are scalars such
that ayr; + - -+ + a,r, is the zero vector. The m-th co-
ordinate of this vector equals a,,_ + - - - + dy, 1, Where
we regard a; as zero if i ¢ {1,...,n}. By comparing
consecutive coordinates, we obtain

Ak = ket ] (1<m<n).

In particular, the a; repeat with period 2k + 1. Taking
m=1,...,k further yields that

Qg =+ =az+1 =0
while takingm =n—k,...,n— 1 yields
anop =+ =ap1=0.
Forn =0 (mod 2k + 1), the latter can be rewritten as
a==a=0
whereas forn =1 (mod 2k + 1), it can be rewritten as

ajy = -+ = ag41 =0.
In either case, since we also have

ay+-+ays1 =0

from the (k4 1)-st coordinate, we deduce that all of the
a; must be zero, and so M, ; must be invertible.

Remark: The matrices M, are examples of banded
matrices, which occur frequently in numerical appli-
cations of linear algebra. They are also examples of
Toeplitz matrices.
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Al Let f be areal-valued function on the plane such that for
every square ABCD in the plane, f(A) + f(B) + f(C) +
f(D) =0. Does it follow that f(P) = 0 for all points P
in the plane?

A2 Functions f, g,h are differentiable on some open inter-
val around 0 and satisfy the equations and initial condi-
tions

F=2%h+ = f0)=1,

gh
¢ = feh+—, g(0)=1
fl’[’ )
1
W =3fgh*+—, h(0)=1
fg I (0)

Find an explicit formula for f(x), valid in some open
interval around 0.

A3 Let d, be the determinant of the n X n matrix whose
entries, from left to right and then from top to bottom,
are cos 1,cos2,...,cosn?. (For example,

cosl cos2 cos3
dz = |cos4 cos5 cos6|.
cos7 cos8 cos9

The argument of cos is always in radians, not degrees.)
Evaluate lim,, .. d,,.

A4 Let S be a set of rational numbers such that

(a) 0€s;
(b) IfxeSthenx+1€Sandx—1€S; and

(¢) Ifxe Sandx ¢ {0,1}, then x(xli_l) €Ss.

Must S contain all rational numbers?

AS Is there a finite abelian group G such that the product of
the orders of all its elements is 2200%?

A6 Let f:]0,1]> — R be a continuous function on the
closed unit square such that % and g—]; exist and are

continuous on the interior (0,1)%. Leta = jol f(0,y)dy,

b= Jy f(1,5)dy, ¢ = Jy f(x,0)dx, d = fy f(x,1)dx.
Prove or disprove: There must be a point (xg,yo) in
(0,1)? such that

d d
a—i(xmyo) =b—a and a—;c(xo,yo) =d—c.

B1 Show that every positive rational number can be written
as a quotient of products of factorials of (not necessarily
distinct) primes. For example,

10 2150
9 313130

B2 A game involves jumping to the right on the real number
line. If a and b are real numbers and b > a, the cost of
jumping from a to b is b> — ab®. For what real numbers
¢ can one travel from O to 1 in a finite number of jumps
with total cost exactly ¢?

B3 Call asubset S of {1,2,...,n} mediocre if it has the fol-
lowing property: Whenever a and b are elements of S
whose average is an integer, that average is also an ele-
ment of S. Let A(n) be the number of mediocre subsets
of {1,2,...,n}. [For instance, every subset of {1,2,3}
except {1,3} is mediocre, so A(3) = 7.] Find all posi-
tive integers n such that A(n+2) —2A(n+ 1)+ A(n) =
1.

B4 Say that a polynomial with real coefficients in two vari-
ables, x,y, is balanced if the average value of the poly-
nomial on each circle centered at the origin is 0. The
balanced polynomials of degree at most 2009 form a
vector space V over R. Find the dimension of V.

B5 Let f: (1,00) — R be a differentiable function such that

y . x? _f(x)2
PO = 2Ger )

Prove that lim,_,. f(x) = 0.

forall x > 1.

B6 Prove that for every positive integer n, there is a se-
quence of integers ag,ai,...,axo09 With a9 = 0 and
arpo9 = n such that each term after ag is either an ear-
lier term plus 2% for some nonnegative integer k, or of
the form b mod ¢ for some earlier positive terms b and c.
[Here bmod ¢ denotes the remainder when b is divided
by ¢, 500 < (bmodc) < ¢.]
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Kiran Kedlaya and Lenny Ng

A-1 Yes, it does follow. Let P be any point in the plane. Let A-3 The limit is 0; we will show this by checking that

ABCD be any square with center P. Let E,F,G,H be
the midpoints of the segments AB,BC,CD, DA, respec-
tively. The function f must satisfy the equations

d, = 0 for all n > 3. Starting from the given matrix,
add the third column to the first column; this does not
change the determinant. However, thanks to the identity

COsx4cosy =2cos % cos =52, the resulting matrix has

0=f(A)+f(B)+f(C)+f(D) the form

0=f(E)+/(F)+£(G)+/(H) 2cos2cos 1 cos?2
0=f(A)+f(E)+f(P)+ f(H) 2cos(n+2)cosl  cos(n+2)
0=fB)+f(F)+f(P)+f(E) 2cos(2n+2)cos1 2cos(2n+2) ---
0=f(C)+f(G)+ f(P)+ f(F) : :
0=f(D)+f(H)+f(P)+f(G)

If we add the last four equations, then subtract the first
equation and twice the second equation, we obtain 0 =
4f(P), whence f(P) = 0.

Remark. Problem 1 of the 1996 Romanian IMO team
selection exam asks the same question with squares re-

placed by regular polygons of any (fixed) number of
vertices.

A-2 Multiplying the first differential equation by gh, the sec-

ond by fh, and the third by fg, and summing gives

(fgh)' =6(fgh)*+6.

Write k(x) = f(x)g(x)h(x); then K’ = 6k*> +6 and k(0) =
1. One solution for this differential equation with this
initial condition is k(x) = tan(6x + 7 /4); by standard
uniqueness, this must necessarily hold for x in some
open interval around 0. Now the first given equation
becomes

f'/f =2k(x) + 1/k(x)
= 2tan(6x+ /4) + cot(6x+ w/4);

integrating both sides gives

_ —2Incos(6x+/4) +1Insin(6x+ 7 /4)

A4

with the first column being a multiple of the second.
Hence d, = 0.

Remark. Another way to draw the same conclu-
sion is to observe that the given matrix is the sum of
the two rank 1 matrices Aj = cos(j — 1)ncosk and
Bjx = —sin(j — 1)nsink, and so has rank at most 2.

One can also use the matrices A j; = /(U=+k) B, =
efi(jfl)n+k.

The answer is no; indeed, S = Q\ {n+2/5|n € Z} sat-
isfies the given conditions. Clearly S satisfies (a) and
(b); we need only check that it satisfies (c). It suffices
to show that if x = p/q is a fraction with (p,q) = 1 and
p > 0, then we cannot have 1/(x(x— 1)) =n+2/5 for
an integer n. Suppose otherwise; then

(5n+2)p(p—q) = 54"

Since p and ¢ are relatively prime, and p divides
5¢%, we must have p|5,s0 p=1or p=5. On the
other hand, p — ¢ and g are also relatively prime, so
p — ¢q divides 5 as well, and p — ¢ must be £1 or
+5. This leads to eight possibilities for (p,q): (1,0),
(5.0). (5,10), (1,~4). (1,2), (1,6). (5,4). (5,6). The
first three are impossible, while the final five lead to
Sn+2 =16,-20,—36,16,—36 respectively, none of

In(f(x)) 7z +c, which holds for integral .
Remark. More generally, no rational number of the
i 1/6 oo form m/n, where m,n are relatively prime and neither
h = C(M) . Substitut orm m/m, LI are yP :
whence f(x) = e cos (6x+7/4) ubshituting of +m is a quadratic residue mod n, need be in S. If

f(0) =1 gives ¢ = 27112 and thus flx) =

—1/12 ( sin(6x+m/4) 1/6
271/ (cosz(6x+7r/4)> :

Remark. The answer can be put in alternate forms
using trigonometric identities. One particularly simple
one is

Sf(x) = (sec 12x)1/12(sec 12x+tan 12x)1/4.

x=p/qisinlowest terms and 1/(x(x—1)) =m/n+k
for some integer k, then p(p — g) is relatively prime to
7> ¢*/(p(p —q)) = (m+kn) /n then implies that m +
kn = £q~ and so £m must be a quadratic residue mod
n.

No, there is no such group. By the structure theorem
for finitely generated abelian groups, G can be written
as a product of cyclic groups. If any of these factors has
odd order, then G has an element of odd order, so the



product of the orders of all of its elements cannot be a
power of 2.

We may thus consider only abelian 2-groups hereafter.
For such a group G, the product of the orders of all of
its elements has the form 2%(%) for some nonnegative
integer G, and we must show that it is impossible to
achieve k(G) = 2009. Again by the structure theorem,
we may write

o

G=[z/2z)

i=1

for some nonnegative integers ey, e», ..., all but finitely
many of which are 0.

For any nonnegative integer m, the elements of G of
order at most 2" form a subgroup isomorphic to

(Z/zmin{hm}z)e; ,

s

i=1

which has 2°¢ elements for s, = Y~ min{i,m}e;.
Hence

=

k(G) =Y (2 —2%1).

i=1

Since 51 <3 <---, k(G) + 1 is always divisible by 2°1.
In particular, k(G) = 2009 forces s; < 1.

However, the only cases where s; < 1 are where all of
the ¢; are 0, in which case k(G) = 0, or where ¢; = 1 for
some i and e; = 0 for j # i, in which case k(G) = (i —
1)2/ + 1. The right side is a strictly increasing function
of i which equals 1793 for i = 8 and 4097 fori =9, so
it can never equal 2009. This proves the claim.

Remark. One can also arrive at the key congruence
by dividing G into equivalence classes, by declaring
two elements to be equivalent if they generate the same
cyclic subgroup of G. For i > 0, an element of order
2" belongs to an equivalence class of size 2"~!, so the
products of the orders of the elements of this equiva-
lence class is 2/ for j = h2"~!. This quantity is divisible
by 4 as long as h > 1; thus to have k(G) =1 (mod 4),
the number of elements of G of order 2 must be con-
gruent to 1 modulo 4. However, there are exactly 2¢ — 1
such elements, for e the number of cyclic factors of G.
Hence e = 1, and one concludes as in the given solution.

A—6 We disprove the assertion using the example

flxy) =3(1+y)(2x—1)*—y.

We have b —a = d — ¢ = 0 because the identity f(x,y) =
f(1 —x,y) forces a = b, and because

1
c:/ 3(2x—1)%dx =1,
0

d:/o'](6(2x— 02— 1)dx=1.

B-2

Moreover, the partial derivatives

%(X(wo) =3(14y0)(8x0 —4)

d
aijc(xm)’o) =3(2x 1)1

have no common zero in (0,1)2. Namely, for the first
partial to vanish, we must have xo = 1/2 since 1 + yy is
nowhere zero, but for xo = 1/2 the second partial cannot
vanish.

Remark. This problem amounts to refuting a potential
generalization of the Mean Value Theorem to bivariate
functions. Many counterexamples are possible. Kent
Merryfield suggests ysin(27x), for which all four of the
boundary integrals vanish; here the partial derivatives
are 2mycos(27x) and sin(27x). Catalin Zara suggests
x!'/3y2/3 Qingchun Ren suggests xy(1 — y).

Every positive rational number can be uniquely written
in lowest terms as a/b for a,b positive integers. We
prove the statement in the problem by induction on the
largest prime dividing either a or b (where this is con-
sidered to be 1 if @ = b = 1). For the base case, we
can write 1/1 = 2!/2!. For a general a/b, let p be the
largest prime dividing either a or b; then a/b = p*a’ /b’
for some k # 0 and positive integers a’, b’ whose largest
prime factors are strictly less than p. We now have
a/b = (p!)kﬁl)!kb” and all prime factors of a' and
(p— 1)!%b' are strictly less than p. By the induction as-
al
(p—1)1%p!
ucts of prime factorials, and so a/b = (p!)* m can

sumption, can be written as a quotient of prod-

as well. This completes the induction.

Remark. Noam Elkies points out that the representa-
tions are unique up to rearranging and canceling com-
mon factors.

The desired real numbers c are precisely those for which
1/3 < ¢ < 1. For any positive integer m and any se-
quence 0 =xp < x1 < -+ < X,y = 1, the cost of jumping
along this sequence is Y™, (x; — x;—1)x?. Since

we can only achieve costs ¢ for which 1/3 < ¢ < 1.

It remains to check that any such ¢ can be achieved.
Suppose 0 = xp < -+ < x,, = 1 is a sequence with m >

1. Fori=1,...,m, let ¢; be the cost of the sequence
0,xi,Xi+1,-..,%n. Fori>1and 0 <y <x;_1, the cost of
the sequence 0,y,x;, ..., X, is

ity + (5 —y)f —x =i —y(x] =),



which is less than ¢; but approaches c; as y — 0. By
continuity, for i = 2,...,m, every value in the interval
[ci—1,¢;) can be achieved, as can ¢,, = 1 by the sequence
0,1.

To show that all costs ¢ with 1/3 < ¢ < 1 can be
achieved, it now suffices to check that for every € > 0,
there exists a sequence with cost at most 1/3 + €. For
instance, if we take x; = i/m for i = 0,...,m, the cost
becomes

(m+1)(2m+1)

1 2 2
(P m?) = e,

which converges to 1/3 as m — 0.

Reinterpretation. The cost of jumping along a partic-
ular sequence is an upper Riemann sum of the function
t2. The fact that this function admits a Riemann inte-
gral implies that for any € > 0, there exists dy such that
the cost of the sequence xo, ..., X, is at most 1 /3+¢€ as
long as max;{x; —x;—1} < €. (The computation of the
integral using the sequence x; = i/m was already known
to Archimedes.)

B-3 The answer is n = 2% — 1 for some integer k > 1. There

is a bijection between mediocre subsets of {1,...,n}
and mediocre subsets of {2,...,n+ 1} given by adding
1 to each element of the subset; thus A(n+ 1) —A(n)
is the number of mediocre subsets of {1,...,n+ 1}
that contain 1. It follows that A(n + 2) — 2A(n +
D+A4,=An+2)—A(n+1)) — (A(n+1) —A(n))
is the difference between the number of mediocre sub-
sets of {1,...,n+2} containing 1 and the number of
mediocre subsets of {1,...,n+ 1} containing 1. This
difference is precisely the number of mediocre subsets
of {1,...,n+ 2} containing both 1 and n+ 2, which
we term “mediocre subsets containing the endpoints.”
Since {1,...,n+ 2} itself is a mediocre subset of itself
containing the endpoints, it suffices to prove that this
is the only mediocre subset of {1,...,n+2} containing
the endpoints if and only if n = 2X — 1 for some k.

If 7 is not of the form 2% — 1, then we can write n+ 1 =
27p for odd b > 1. In this case, the set {1 +mb |0 <m <
27} is amediocre subset of {1,...,n+2} containing the
endpoints: the average of 1 +m b and 1+ myb, namely
1+ %b, is an integer if and only if m; +m; is even,
in which case this average lies in the set.

It remains to show that if n = 2% — 1, then the only
mediocre subset of {1,...,n+ 2} containing the end-
points is itself. This is readily seen by induction on
k. For k = 1, the statement is obvious. For general
k, any mediocre subset S of {I,...,n+2 =2k 41}
containing 1 and 2¥ + 1 must also contain their aver-
age, 2=+ 1. By the induction assumption, the only
mediocre subset of {1,...,2¥=1 4+ 1} containing the
endpoints is itself, and so S must contain all integers
between 1 and 21 4+ 1. Similarly, a mediocre subset
of {21 4-1,...,2¥ 41} containing the endpoints gives
a mediocre subset of {1,...,2¥"! 4- 1} containing the

endpoints by subtracting 2¢~! from each element. By
the induction assumption again, it follows that S must
contain all integers between 2~ ! + 1 and 2 + 1. Thus
S ={1,...,25 4+ 1} and the induction is complete.

Remark. One can also proceed by checking that a
nonempty subset of {1,...,n} is mediocre if and only if
it is an arithmetic progression with odd common differ-
ence. Given this fact, the number of mediocre subsets
of {1,...,n+ 2} containing the endpoints is seen to be
the number of odd factors of n+ 1, from which the de-
sired result is evident. (The sequence A(n) appears as
sequence A124197 in the Encyclopedia of Integer Se-
quences.)

B—4 Any polynomial P(x,y) of degree at most 2009 can be

written uniquely as a sum Y 7°0° P;(x,y) in which P;(x,y)
is a homogeneous polynomial of degree i. For r > 0,
let C, be the path (rcos8,rsin0) for 0 < 6 < 2m. Put
A(P) = $c, P:; then for r > 0,

2009

frP: igor%(m.

For fixed P, the right side is a polynomial in r, which
vanishes for all »r > O if and only if its coefficients
vanish. In other words, P is balanced if and only if
A(P)=0fori=0,...,2009.

For i odd, we have P(—x,—y) = —Pi(x,y). Hence
A(P,) =0, e.g., because the contributions to the integral
from 6 and 6 + 7 cancel.

For i even, A(P,) is a linear function of the coefficients
of P,.. This function is not identically zero, e.g., because
for P, = (x> +y?)"/2, the integrand is always positive
and so A(P;) > 0. The kernel of A on the space of ho-
mogeneous polynomials of degree i is thus a subspace
of codimension 1.

It follows that the dimension of V is

(14---42010) — 1005 = (2011 — 1) x 1005 = 2020050.

B-5 First solution. If f(x) > x for all x > 1, then the desired

conclusion clearly holds. We may thus assume hereafter
that there exists xop > 1 for which f(xg) < xo.

Rewrite the original differential equation as

B ¥4+1 f(x)?

A

Put ¢o = min{0, f(xo) — 1/x0}. For all x > xo, we have
f'(x) > —1/x* and so

10 = fx0) = [ dt/i*> co.

J X0

In the other direction, we claim that f(x) < x for all
x > xp. To see this, suppose the contrary; then by con-
tinuity, there is a least x > xo for which f(x) > x, and



this least value satisfies f(x) = x. However, this forces
f/(x)=0<1andso f(x—¢€) >x—¢ for € >0 small,
contradicting the choice of x.

Put x; = max{xg, —co }. For x > x;, we have |f(x)| < x
and so f’(x) > 0. In particular, the limit limy_, e f (x) =
L exists.

Suppose that L < +oo; then limy_, 4o f'(x) = 1/(1 +
L?) > 0. Hence for any sufficiently small € > 0, we can
choose x; > x; so that f/(x) > € for x > x,. But then
F(x) > f(x2) + €(x — x2), which contradicts L < 0.
Hence L = +o0, as desired.

Variant. (by Leonid Shteyman) One obtains a similar
argument by writing

1 f(x)?

SO = 1767 ~ 20+ 0

_12 < fl(x) !

X

YO

Hence f'(x) — 1/(1+ f(x)?) tends to 0 as x — oo, 50
f(x) is bounded below, and tends to +oo if and only if
the improper integral [ dx/(1+ f(x)?) diverges. How-
ever, if the integral were to converge, then as x — oo
we would have 1/(1+ f(x)?) — 0; however, since f is
bounded below, this again forces f(x) — +co.

Second solution. (by Catalin Zara) The function g(x) =
f(x) +x satisfies the differential equation

R e Vs

N B P

This implies that g’(x) > 0 for all x > 1, so the limit
L; = limy_, 4. g(x) exists. In addition, we cannot have
L < +oo, or else we would have lim,_, g (x) =0
whereas the differential equation forces this limit to be
1. Hence g(x) — 40 as x — 0.

Similarly, the function h(x) = —f(x) + x satisfies the
differential equation

1— (h(x)/x—1)?

W) = = G = 1

This implies that 4'(x) > O for all x, so the limit L, =
lim,_, 4o h(x) exists. In addition, we cannot have L, <
+oo, or else we would have lim,_, ;o /' (x) = 0 whereas
the differential equation forces this limit to be 1. Hence
h(x) — o0 as x — oo,

For some x; > 1, we must have g(x),s(x) > 0 for all
x > x;. For x > xj, we have |f(x)| < x and hence
f(x) >0, so the limit L = lim,_, . f(x) exists. Once
again, we cannot have L < +oo, or else we would
have lim,_, 1. f’(x) = 0 whereas the original differen-
tial equation (e.g., in the form given in the first so-
lution) forces this limit to be 1/(1 4 L?) > 0. Hence
f(x) — o0 as x — oo, as desired.

Third solution. (by Noam Elkies) Consider the func-
tion g(x) = f(x) + %f(x)3, for which

f(x)?

2

g =1+ fx)H)=1-

forx > 1. Since evidently g’(x) < 1, g(x) —x is bounded
above for x large. As in the first solution, f(x) is
bounded below for x large, so % f(x)3 —x is bounded
above by some ¢ > 0. For x > ¢, we obtain f(x) <
(6x)'/3.

Since f(x)/x — 0 as x — 4o, g'(x) — 1 and so
g(x)/x — 1. Since g(x) tends to +eo, so does f(x).
(With a tiny bit of extra work, one shows that in fact
F(x)/(3x)13 = 1 as x — +oo.)

B-6 First solution. (based on work of Yufei Zhao) Since

any sequence of the desired form remains of the desired
form upon multiplying each term by 2, we may reduce
to the case where n is odd. In this case, take x = 2" for
some positive integer /4 for which x > n, and set

aon

a1:1
ar=2x+1=a;+2x

a3 = (x+1)?> =a +x*
ag=x"+1=a; +x"
as=n(x+1)=as modas
ag =X

a7 =n=as mod ag.

We may pad the sequence to the desired length by tak-
ing ag = - = axpp9 = n.

Second solution. (by James Merryfield) Suppose first
that » is not divisible by 3. Recall that since 2 is a primi-
tive root modulo 32, it is also a primitive root modulo 3h
for any positive integer h. In particular, if we choose A
so that 32" > n, then there exists a positive integer ¢ for
which 2¢ mod 3% = n. We now take b to be a positive
integer for which 2° > 3% and then put

a():O

a1:1
a=3=a+2
a3:3+2b

ay = 22

as = 32h = as mod as
ae = 2¢

a7 =n=ag modas.

If n is divisible by 3, we can force a7 =n —1 as in the
above construction, then put ag = a7 + 1 = n. In both
cases, we then pad the sequence as in the first solution.

Remark. Hendrik Lenstra, Ronald van Luijk, and
Gabriele Della Torre suggest the following variant of



the first solution requiring only 6 steps. For n odd and x
as in the first solution, set

a0:O

aq =1

a=x+1=a;+x

az=x"+x+1=a,+x"

a, = Kn=1)(9(a3z)—-1)
X1

as = P =a4 modas

ag=n=as moday.

It seems unlikely that a shorter solution can be con-
structed without relying on any deep number-theoretic
conjectures.



The 71st William Lowell Putnam Mathematical Competition
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Al Given a positive integer n, what is the largest k such that
the numbers 1,2,...,n can be put into k boxes so that
the sum of the numbers in each box is the same? [When
n = 8, the example {1,2,3,6},{4,8},{5,7} shows that
the largest & is at least 3.]

A2 Find all differentiable functions f : R — R such that

f’(x) _ f(ernBL*f(x)

for all real numbers x and all positive integers n.

A3 Suppose that the function 4 : R — R has continuous
partial derivatives and satisfies the equation

oh oh

h(xvy) = a%(xvy) +b7y(x’y)

for some constants a,b. Prove that if there is a constant
M such that |h(x,y)| < M for all (x,y) € R?, then A is
identically zero.

A4 Prove that for each positive integer n, the number
1019 4+ 101" + 10" — 1 is not prime.
AS Let G be a group, with operation *. Suppose that
(i) G is a subset of R3 (but * need not be related to

addition of vectors);

(i) Foreach a,b € G, eitheraxb=axboraxb=0

(or both), where x is the usual cross product in
R3.

Prove thata x b =0 for all a,b € G.

A6 Let f:[0,00) — R be a strictly decreasing continu-
ous function such that lim, . f(x) = 0. Prove that

I's W dx diverges.

B1 Is there an infinite sequence of real numbers
ap,ap,as,... such that

al'+ay +ad3+---=m
for every positive integer m?

B2 Given that A, B, and C are noncollinear points in the
plane with integer coordinates such that the distances
AB, AC, and BC are integers, what is the smallest possi-
ble value of AB?

B3 There are 2010 boxes labeled Bj,B»,...,Bp10, and
2010n balls have been distributed among them, for
some positive integer n. You may redistribute the balls
by a sequence of moves, each of which consists of
choosing an i and moving exactly i balls from box B;
into any one other box. For which values of n is it possi-
ble to reach the distribution with exactly n balls in each
box, regardless of the initial distribution of balls?

B4 Find all pairs of polynomials p(x) and g(x) with real
coefficients for which

p(X)q(x+1) = px+1)g(x) = 1.

B5 Is there a strictly increasing function f : R — R such

that f'(x) = f(f(x)) for all x?

B6 Let A be an n X n matrix of real numbers for some n >
1. For each positive integer k, let A be the matrix
obtained by raising each entry to the kth power. Show
thatif AX = AK fork=1,2,...,n+1, then A¥ = AW for
allk > 1.
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A-1 The largestsuchkis | | =
is achieved by the partition

{1,n},{2,n—1},...;

for n odd, it is achieved by the partition

{n},{l,n—1},{2,n—-2},....

One way to see that this is optimal is to note that the
common sum can never be less than n, since n itself
belongs to one of the boxes. This implies that k < (1 +

-+n)/n= (n+1)/2. Another argument is that if k >
(n+1)/2, then there would have to be two boxes with
one number each (by the pigeonhole principle), but such
boxes could not have the same sum.

[5]. For neven, this value

Remark. A much subtler question would be to find
the smallest k (as a function of n) for which no such
arrangement exists.

A-2 The only such functions are those of the form f(x) =
cx +d for some real numbers c,d (for which the prop-
erty is obviously satisfied). To see this, suppose that f
has the desired property. Then for any x € R,

2f'(x) = f(x+2) — f(x
= (fx+2) = fx+ 1)+ (fx+1) = f(x))
=f(x+1)+ f(x).
Consequently, f/(x+1) = f'(x).
Define the function g : R — R by g(x) = f(x+1) —
f(x), and put ¢ = g(0), d = f(0). For all x € R,

gx) = f(x+1)— f'(x) =0, so g(x) = c identically,
and f'(x) = f(x+1)— f(x) =g(x) =c,s0 f(x) =cx+d
identically as desired.

A-3 If a = b =0, then the desired result holds trivially, so
we assume that at least one of a,b is nonzero. Pick
any point (ag,bo) € R?, and let L be the line given by
the parametric equation L() = (ag,bo) + (a,b)t for t €
R. By the chain rule and the given equation, we have
4(hoL)=hoL. If we write f =hoL:R — R, then
f(¢) = f(z) for all £. It follows that f(r) = Ce' for some
constant C. Since |f(z)| < M for all ¢, we must have
C = 0. It follows that h(ag,bo) = 0; since (ap,bp) was
an arbitrary point,  is identically 0 over all of R.

A—4 Put
N=10""" 410" 410" — 1.

Write n = 2™k with m a nonnegative integer and k a
positive odd integer. For any nonnegative integer j,

102" = (=1)/  (mod 10" +1).

Since 10" > n > 2™ > m+ 1, 10" is divisible by 2" and
hence by 2t!, and similarly 10'%" is divisible by 2!"
and hence by 2!, Tt follows that

N=1+1+(=1)4(=1)=0 (mod 10*" +1).

Since N > 10'"" > 10" +1 > 10%" + 1, it follows that N
is composite.

A-5 We start with three lemmas.

Lemma 1. If x,y € G are nonzero orthogonal vectors, then
X *X Is parallel to y.

Proof. Putz=xxy # 0, so that x,y, and Z = x*y are nonzero
and mutually orthogonal. Then w =x Xz # 0, so W =X*Z is
nonzero and orthogonal to x and z. However, if (x+x) Xy # 0,
then w = x* (Xxy) = (X*X) xy = (X*X) X y is also orthogonal
to y, a contradiction. O

Lemma 2. Ifx € G is nonzero, and there exists y € G nonzero
and orthogonal to X, then xxx = (.

Proof. Lemma 1 implies that x xx is parallel to both y and
X Xy, S0 it must be zero. O

Lemma 3. Ifx,y € G commute, then x X y = Q.

Proof. If x x 'y # 0, then y X x is nonzero and distinct from
x xy. Consequently, xxy=xxXyandyxx =y XX #xxy. [

We proceed now to the proof. Assume by way of con-
tradiction that there exist a,b € G with a x b # 0. Put
c=axb =axb, so that a,b,c are nonzero and lin-
early independent. Let e be the identity element of G.
Since e commutes with a,b,¢, by Lemma 3 we have
exa=exb=exc=0. Sincea,b,cspanR3, exx=0
forallx € R3, soe=0.

Since b, ¢, and b x ¢ = b * ¢ are nonzero and mutually
orthogonal, Lemma 2 implies

bxb=cxc=(bxc)x(bxc)=0=e.

Hence b ¢ = cxb, contradicting Lemma 3 because b x
¢ # 0. The desired result follows.

A-6 First solution. Note that the hypotheses on f imply
that f(x) > 0 for all x € [0,+o0), so the integrand is a
continuous function of f and the integral makes sense.
Rewrite the integral as

I8 (1 - f%_)l)) d"’




and suppose by way of contradiction that it converges
to a finite limit L. For n > 0, define the Lebesgue mea-
surable set

fletnt1) _
flx+n)

Then L > ¥r° o 5(1 — u(l,)), so the latter sum con-
verges. In particular, there exists a nonnegative integer
N for which Y»_ (1 — u(1,)) < 1; the intersection

1=Uh=0.1- (0.1~ 1)
n=N

n=N

L, ={xe0,1]:1— <1/2}.

then has positive Lebesgue measure.

By Taylor’s theorem with remainder, for ¢ € [0,1/2],

flog(lft)<t+ﬁ sup {1}
T 20y LI=1)?
=r+27 <21

For each nonnegative integer n > N, we then have

o [ (1)
1
Y/ (1- L) ax
flx+i)
( fx+i+1) ) .
fx+1i)
n—1
> = ————d
2L / x+l+l *
1 nl flx+i)
= log———=1]d
2/(2 Cratrity )
1 / f erN
2
For each x € I, logf(x+ N)/f(x+n) is a strictly
increasing unbounded function of n. By the mono-
tone convergence theorem, the integral [,log(f(x+
N)/f(x+n))dx grows without bound as n — +oo, a
contradiction. Thus the original integral diverges, as
desired.

I
o -

\ V
B
1 g
\\

Remark. This solution is motivated by the commonly-
used fact that an infinite product (14 x)(1+x2)---
converges absolutely if and only if the sum x; +x, + - - -
converges absolutely. The additional measure-theoretic
argument at the beginning is needed because one cannot
bound —log(1—7) by a fixed multiple of # uniformly for
allr €[0,1).

Greg Martin suggests a variant solution that avoids use
of Lebesgue measure. Note first that if f(y) > 2f(y +
1), then either f(y) > v2f(y+1/2) or f(y+1/2) >
V2f(y+1), and in either case we deduce that

PR = fat) L Y
Ll/z f(x) a >2<1 ﬂ)>7'

/f x—H

If there exist arbitrarily large values of y for which
F) >2f(y+1), we deduce that the original integral is
greater than any multiple of 1/7, and so diverges. Oth-
erwise, for x large we may argue that

fO) =) 3 S

() 5 8 P+ 1)

as in the above solution, and again get divergence using
a telescoping sum.

Second solution. (Communicated by Paul Allen.) Let
b > a be nonnegative integers. Then

flx+k)— flx+k+1)
Z/ flx+k) dx
U k) — fx+k+ 1)
~Jo k; fx+k) da
Pl f(x+k) — fx+k+1)
Zﬁkq fGx+a)

:/1 Ff(x+a)—f(x+b)
flx+a)

Now since f(x) — 0, given a, we can choose an in-
teger I(a) > a for which f(I(a)) < f(a+1)/2; then
frt+a)—f(x+i(a)) f(l(a))

% > 1 _J"(Tfl) > 1/2 for all x € [0,1].
Thus if we define a sequence of integers a, by ag = 0,
ant1 = Il(ay), then

dx

dx.

S B [ - fa )
e e %A ¢

o fx)
>HZ;)/01(1/2)dx

and the final sum clearly diverges.

Third solution. (By Joshua Rosenberg, communicated
by Catalin Zara.) If the original integral converges, then
on one hand the integrand (f(x) — f(x+1))/f(x) =1—
Ff(x+1)/f(x) cannot tend to 1 as x — co. On the other
hand, for any a > 0,

f(a—H)
0< f
1
f(a/ us
- 1 (@ = s+ 1) ax
/ f x—|—1) dx

and the last expression tends to 0 as a — co. Hence by
the squeeze theorem, f(a+1)/f(a) = 0 as a — o, a
contradiction.



B-1 First solution. No such sequence exists. If it did, then

the Cauchy-Schwartz inequality would imply

8=(at+az+-)(al+a3+-)
(a1—|—az—|— )2 97

contradiction.

Second solution.
Suppose that such a sequence exists. If a% €

all k, then aj: < ai for all k, and so

(Communicated by Catalin Zara.)
[0,1] for

4:a‘1‘—|—a‘2‘+~~- Sa%—l—a%—i—--- =2,
contradiction. There thus exists a positive integer k for
which a,% > 1. However, in this case, for m large, a,%m >

2m and so a3 +a3" + -+ # 2m.

Third solution. We generalize the second solution to
show that for any positive integer k, it is impossible for
a sequence aj,day, ... of complex numbers to satisfy the
given conditions in case the series a% + a5 + -+ con-
verges absolutely. This includes the original problem
by taking k = 2, in which case the series a% + a% 4+
consists of nonnegative real numbers and so converges
absolutely if it converges at all.

Since the sum Y |a;|¥ converges by hypothesis, we
can find a positive integer n such that ¥° . | a;[¥ < 1.
For each positive integer d, we then have

kd — Z af

i=

< Z |a;* < 1.
i=n+1

We thus cannot have |aj|,...,|a,| < 1, or else the sum
Y-, a* would be bounded in absolute value by n inde-
pendently of d. But if we put r = max{|ay|,...,|an|} >
1, we obtain another contradiction because for any € >
0,

limsup(r —
d—oo

For instance, this follows from applying the root test to
the rational function

n

fr-L(Ee)

which has a pole within the circle |z| < r~'/%. (An ele-
mentary proof is also possible.)

Fourth solution. (Communicated by Noam Elkies.)
Since Y a,% = 2, for each positive integer k we have
a; <2 and so a} < 2a;, with equality only for a7 €
{0,2}. Thus to have ¥, af = 4, there must be a single
index k for which a,% =2, and the other a; must all equal
0. But then Y a,%m = 2" =£ 2m for any positive integer
m>2.

B-2

Remark. Manjul Bhargava points out it is easy to con-
struct sequences of complex numbers with the desired
property if we drop the condition of absolute conver-
gence. Here is an inductive construction (of which sev-
eral variants are possible). Forn=1,2,... and z € C,
define the finite sequence

1 oo
Snz= (Zesz/”:j—O,...,n—l>.

This sequence has the property that for any positive in-
teger j, the sum of the j-th powers of the terms of s, ;
equals 1/7/ if jis divisible by n and 0 otherwise. More-
over, any partial sum of j-th powers is bounded in ab-
solute value by n/|z|/.

The desired sequence will be constructed as follows.
Suppose that we have a finite sequence which has the
correct sum of j-th powers for j = 1,...,m. (For in-
stance, for m = 1, we may start with the singleton
sequence 1.) We may then extend it to a new se-
quence which has the correct sum of j-th powers for
j=1,...,m+1, by appending k copies of s,,,1, for
suitable choices of a positive integer k and a complex
number z with |z| < m~2. This last restriction ensures
that the resulting infinite sequence aj,ay, . .. is such that
for each positive integer m, the series a' +- a3 +--- is
convergent (though not absolutely convergent). Its par-
tial sums include a subsequence equal to the constant
value m, so the sum of the series must equal m as de-
sired.

The smallest distance is 3, achieved by A = (0,0), B =
(3,0), C = (0,4). To check this, it suffices to check
that AB cannot equal 1 or 2. (It cannot equal 0 because
if two of the points were to coincide, the three points
would be collinear.)

The triangle inequality implies that |AC — BC| < AB,
with equality if and only if A, B, C are collinear. If AB =
1, we may assume without loss of generality that A =
(0,0), B=(1,0). To avoid collinearity, we must have
AC = BC, but this forces C = (1/2,y) for some y € R,
a contradiction. (One can also treat this case by scaling
by a factor of 2 to reduce to the case AB = 2, treated in
the next paragraph.)

If AB = 2, then we may assume without loss of gener-
ality that A = (0,0),B = (2,0). The triangle inequal-
ity implies |JAC — BC| € {0,1}. Also, for C = (x,y),
AC? = x* +y* and BC? = (2 —x)? +y? have the same
parity; it follows that AC = BC. Hence ¢ = (1,y) for
some y € R, so y? and y*> + 1 = BC? are consecutive
perfect squares. This can only happen for y = 0, but
then A, B, C are collinear, a contradiction again.

Remark. Manjul Bhargava points out that more gener-
ally, a Heronian triangle (a triangle with integer sides
and rational area) cannot have a side of length 1 or 2
(and again it is enough to treat the case of length 2).
The original problem follows from this because a tri-
angle whose vertices have integer coordinates has area



B-3

equal to half an integer (by Pick’s formula or the ex-
plicit formula for the area as a determinant).

It is possible if and only if n > 1005. Since

L4 ee e 12009 — 2009 x 2010

=2010 x 1004.5,

for n < 1004, we can start with an initial distribution
in which each box B; starts with at most i — 1 balls (so
in particular B is empty). From such a distribution, no
moves are possible, so we cannot reach the desired final
distribution.

Suppose now that n > 1005. By the pigeonhole prin-
ciple, at any time, there exists at least one index i for
which the box B; contains at least i balls. We will de-
scribe any such index as being eligible. The following
sequence of operations then has the desired effect.

(a) Find the largest eligible index i. If i = 1, proceed
to (b). Otherwise, move i balls from B; to B, then
repeat (a).

(b) At this point, only the index i = 1 can be eligi-
ble (so it must be). Find the largest index j for
which B; is nonempty. If j =1, proceed to (c).
Otherwise, move 1 ball from By to Bj; in case this
makes j eligible, move j balls from B; to B;. Then

repeat (b).
(c) At this point, all of the balls are in B;. For i =
2,...,2010, move one ball from B; to B; n times.

After these operations, we have the desired distribution.

B—4 First solution. The pairs (p,q) satisfying the given

equation are those of the form p(x) = ax+ b,q(x) =
cx+d for a,b,c,d € R such that bc —ad = 1. We will
see later that these indeed give solutions.

Suppose p and g satisfy the given equation; note that
neither p nor g can be identically zero. By subtracting
the equations

p(xX)g(x+1) = px+1)q(x)

=1
px—1)g(x) = p(x)g(x—1) =1,

we obtain the equation

p)(g(x+1) +glx—1)) = g(x)(p(x+1) + p(x —1)).

The original equation implies that p(x) and g(x) have
no common nonconstant factor, so p(x) divides p(x+
1)+ p(x—1). Since each of p(x+1) and p(x— 1) has
the same degree and leading coefficient as p, we must
have

px+1)+px—1)=2p(x).
If we define the polynomials r(x) = p(x+ 1) — p(x),
s(x) = g(x+1) — g(x), we have r(x+ 1) = r(x), and
similarly s(x+ 1) = s(x). Put

a=r(0),b=p(0),c =5(0),d = q(0).

4

Then r(x) = a,s(x) = ¢ for all x € Z, and hence identi-
cally; consequently, p(x) = ax+b,q(x) = cx+d for all
X € Z, and hence identically. For p and ¢ of this form,

px)gq(x+1) = p(x+1)q(x) = be — ad,

so we get a solution if and only if bc —ad =1, as
claimed.

Second solution. (Communicated by Catalin Zara.)
Again, note that p and ¢ must be nonzero. Write

p(x) =po+pix+---+ pux"
q(x) =qo+qix+---+gux"

with p,,,qn # 0, so that m = deg(p),n = deg(q). It
is enough to derive a contradiction assuming that
max{m,n} > 1, the remaining cases being treated as in
the first solution.

PutR(x) = p(x)g(x+1)— p(x+1)q(x). Sincem+n>2
by assumption, the coefficient of ¥~ in R(x) must
vanish. By easy algebra, this coefficient equals (m —
1) Pmqn, SO We must have m =n > 1.

For k= 1,...,2m — 2, the coefficient of x* in R(x) is

S ((kj—l) B (ki)) (pidj = piai)

and must vanish. For k = 2m — 2, the only summand is
for (laj) = (m_ lvm)7 SO Pm—19m = Pm9m—1-

Suppose now that 4 > 1 and that p;q; = p;q; is known to
vanish whenever j > i > h. (By the previous paragraph,
we initially have this forh=m—1.) Take k=m+h—2
and note that the conditions i+ j > h, j < m force i >
h — 1. Using the hypothesis, we see that the only possi-
ble nonzero contribution to the coefficient of x* in R(x)
is from (i,j) = (h— 1,m). Hence py_1qm = Pmqn-1;
since pm,qm # 0, this implies p,_1q; = pjqn—1 when-
ever j >h—1.

By descending induction, we deduce that p;q; = p;q;
whenever j > i > 0. Consequently, p(x) and g(x) are
scalar multiples of each other, forcing R(x) = 0, a con-
tradiction.

Third solution. (Communicated by David Feldman.)
As in the second solution, we note that there are no so-
lutions where m = deg(p),n = deg(q) are distinct and
m+n > 2. Suppose p,q form a solution withm =n > 2.
The desired identity asserts that the matrix

(p(X) plx+ 1))

q(x) q(x+1)

has determinant 1. This condition is preserved by re-
placing g(x) with ¢(x) —#p(x) for any real number ¢. In
particular, we can choose ¢ so that deg(g(x) —tp(x)) <
m; we then obtain a contradiction.



B-5 First solution. The answer is no. Suppose otherwise.

For the condition to make sense, f must be differen-
tiable. Since f is strictly increasing, we must have
f'(x) >0 for all x. Also, the function f’(x) is strictly
increasing: if y > x then f'(y) = f(f()) > f(f(x)) =
f'(x). In particular, f'(y) > 0 forall y € R.

For any xo > —1, if f(xo) = b and f'(xo) = a > 0, then
f(x) > a for x > xq and thus f(x) > a(x —xg) + b for
x > xo. Then either b < xp or a = f'(x9) = f(f(x0)) =
f(b) > a(b—xp) +b. In the latter case, b < a(xp +
1)/(a+1) <xp+1. We conclude in either case that
f(xo) <xo+1forall xg > —1.

It must then be the case that f(f(x)) = f'(x) <1 for
all x, since otherwise f(x) > x+ 1 for large x. Now
by the above reasoning, if f(0) = by and f(0) =
ap > 0, then f(x) > apx + by for x > 0. Thus for
x> max{0,—bo/ao}, we have f(x) >0 and f(f(x)) >
apx+ bo. But then f(f(x)) > 1 for sufficiently large x,
a contradiction.

Second solution. (Communicated by Catalin Zara.)
Suppose such a function exists. Since f is strictly
increasing and differentiable, so is fo f = f. In
particular, f is twice differentiable; also, f”(x) =
F(f(x))f(x) is the product of two strictly increasing
nonnegative functions, so it is also strictly increasing
and nonnegative. In particular, we can choose o > 0
and M € R such that f”(x) > 4a for all x > M. Then
forallx > M,

F(x) > f(M)+ f' (M) (x— M) +20a(x— M)*.
In particular, for some M’ > M, we have f(x) > ox? for

allx > M.

Pick 7 > 0 so that «72 > M’. Then for x > T, f(x) >
M’ and so f'(x) = f(f(x)) > af(x)*. Now

1 1 B 2T f/(t) 2T .
7l jupd ), e

however, as T — oo, the left side of this inequality tends
to 0 while the right side tends to 4o, a contradiction.

Third solution. (Communicated by Noam Elkies.)
Since f is strictly increasing, for some yp, we can de-
fine the inverse function g(y) of f for y > yp. Then

x = g(f(x)), and we may differentiate to find that
1= (f(x))f(x) = g (f(x))f(f(x)). It follows that
g (y) = 1/f(y) for y > yo; since g takes arbitrarily large
values, the integral [(”dy/f(y) must diverge. One then
gets a contradiction from any reasonable lower bound
on f(y) for y large, e.g., the bound f(x) > ax? from the
second solution. (One can also start with a linear lower
bound f(x) > Bx, then use the integral expression for g
to deduce that g(x) < ylogx, which in turn forces f(x)
to grow exponentially.)

B-6 For any polynomial p(x), let [p(x)]A denote the n x n

matrix obtained by replacing each entry A;; of A by
p(A;); thus AR = KA. Let P(x) = ¥ + a1 +
---+ag denote the characteristic polynomial of A. By
the Cayley-Hamilton theorem,
0=A-P(A)

=An+1+a,,,]A"+---—|—a0A

— Al+1] _~_an7]A[n] + .. _|_a0Am

= [xp(x)]A.

Thus each entry of A is a root of the polynomial xp(x).
Now suppose m > n+ 1. Then

0= [ 17"P(x)]A
= Alm+] +an_1A[’”] + ... +a0A[m+1*”]

since each entry of A is a root of ¥"*!="P(x). On the
other hand,

0 :Am—H—n P(A)
:Am+1 _,'_an_lAm_,'_“._’_aoAer]fn.

Therefore if AK = AKX for m+1—n < k < m, then
At = Alm+1] The desired result follows by induction
on m.

Remark. David Feldman points out that the result is
best possible in the following sense: there exist ex-
amples of n x n matrices A for which A% = Al for
k=1,...,nbut A1 £ Al+1],
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Al Define a growing spiral in the plane to be a sequence
of points with integer coordinates Py = (0,0),Py,..., P,
such that n > 2 and:

— the directed line segments PyPy,P1P,...,P,_1P,
are in the successive coordinate directions east
(for PyPy), north, west, south, east, etc.;

— the lengths of these line segments are positive and
strictly increasing.

[Picture omitted.] How many of the points (x,y) with
integer coordinates 0 < x <2011,0 <y <2011 cannot
be the last point, P, of any growing spiral?

A2 Let aj,az,... and by,by,... be sequences of positive
real numbers such thata; =b; =1 and b, = b,_1a, —2

for n =2,3,.... Assume that the sequence (b;) is
bounded. Prove that
= 1
S =
r; aj...ay

converges, and evaluate S.

A3 Find a real number ¢ and a positive number L for which

n/2 .
R 0/ x"sinxdx
lim A =
e [y T X cosxdx

A4 For which positive integers n is there an n X n matrix
with integer entries such that every dot product of a row
with itself is even, while every dot product of two dif-
ferent rows is odd?

A5 Let F:R? - R and g: R — R be twice continuously
differentiable functions with the following properties:

- F(u,u) =0 forevery u € R;

— for every x € R, g(x) > 0 and x’>g(x) < 1;

— for every (u,v) € R?, the vector VF (u,v) is either
0 or parallel to the vector (g(u), —g(v)).

Prove that there exists a constant C such that for every
n > 2 and any x,...,Xx,+1 € R, we have

c
in|F(x;,x;)| < =.
rggjnl (xux,)l_n

A6 Let G be an abelian group with n elements, and let

{s1=e82,. . &k} GG

be a (not necessarily minimal) set of distinct generators
of G. A special die, which randomly selects one of the
elements g1, g2, ..., g With equal probability, is rolled m
times and the selected elements are multiplied to pro-
duce an element g € G. Prove that there exists a real
number b € (0,1) such that

.1 1\*
nlzgrgom Z <Pr0b(g = x) — n>

xeG
is positive and finite.

B1 Let & and k be positive integers. Prove that for every
€ > 0, there are positive integers m and n such that

£ < |hy/m —ky/n| < 2e.

B2 Let S be the set of all ordered triples (p,q,r) of prime
numbers for which at least one rational number x satis-
fies px? + gx -+ r = 0. Which primes appear in seven or
more elements of S?

B3 Let f and g be (real-valued) functions defined on an
open interval containing 0, with g nonzero and contin-
uous at 0. If fg and f/g are differentiable at 0, must f
be differentiable at 0?

B4 In a tournament, 2011 players meet 2011 times to play
a multiplayer game. Every game is played by all 2011
players together and ends with each of the players either
winning or losing. The standings are kept in two 2011 x
2011 matrices, T = (Tj) and W = (Wyy ). Initially, T =
W = 0. After every game, for every (h, k) (including for
h = k), if players & and k tied (that is, both won or both
lost), the entry Ty is increased by 1, while if player &
won and player k lost, the entry Wy, is increased by 1
and Wy, is decreased by 1.

Prove that at the end of the tournament, det(7 +iW) is
a non-negative integer divisible by 22010,

B5 Let aj,as, ... be real numbers. Suppose that there is a
constant A such that for all n,

2
oo n ]
— > dx < An.
/700 <zzl 1+ (x—ai)z)

Prove there is a constant B > 0 such that for all n,

n
Z (14 (a; —a;)*) > Bn.
ij=1

B6 Let p be an odd prime. Show that for at least (p+1)/2
values of nin {0,1,2,...,p—1},

p—1
Y kin* s not divisible by p.
k=0
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A1l We claim that the set of points with 0 <x <2011 and

0 <y <2011 that cannot be the last point of a growing
spiral are as follows: (0,y) for 0 <y <2011; (x,0) and
(x,1) for 1 < x <2011; (x,2) for 2 < x < 2011; and
(x,3) for 3 <x <2011. This gives a total of

20124-2011+2011+20104-2009 = 10053

excluded points.

The complement of this set is the set of (x,y) with 0 <
x <y, along with (x,y) with x >y > 4. Clearly the
former set is achievable as P in a growing spiral, while
a point (x,y) in the latter set is Py in a growing spiral
with successive lengths 1,2, 3, x+1,x+2, and x+y—
1.

We now need to rule out the other cases. Write x; <
y1 < x2 <yp < ... for the lengths of the line segments
in the spiral in order, so that P; = (x1,0), P» = (x1,y1),
P; = (x; —x2,y1), and so forth. Any point beyond Py
has x-coordinate of the form x; —xp +--- + (—1)""x,
for n > 1; if n is odd, we can write this as x; + (—x, +
x3)+ -+ (—xp—1 +x,) > 0, while if n is even, we can
write this as (x; —x2) + -+ + (x,—1 —x) < 0. Thus no
point beyond Py can have x-coordinate 0, and we have
ruled out (0,y) for 0 <y <2011.

Next we claim that any point beyond P3 must have
y-coordinate either negative or > 4. Indeed, each
such point has y-coordinate of the form y; —y, +---+
(—1)""1y, for n > 2, which we can write as (y; —y>) +
o+ 4 (Yyu—1 —yu) < 0if nis even, and

Vid (=y24y3) A (Y1) >y +2>4

if n > 3 is odd. Thus to rule out the rest of the forbidden
points, it suffices to check that they cannot be P> or P;
for any growing spiral. But none of them can be P3 =
(x1 —x2,y1) since x; — x; < 0, and none of them can
be P, = (x1,y1) since they all have y-coordinate at most
equal to their x-coordinate.

A2 For m > 1, write

g _3(1_ by by )
) (b142)--(bn+2))"
Then S} = 1 = 1/a; and a quick calculation yields

g _ by by _ 1
" by +2) - (bn+2)  ap--

Sm
“Am

form>2,sincea; = (b;j+2)/bj_ for j > 2. It follows
that S, =Y, 1/(a;---ay).

A3

Now if (b;) is bounded above by B, then bfﬁ < BL_;Z
for all j, and so 3/2 > S, > 3/2(1 — (%)m) Since

BL;Z < 1, it follows that the sequence (S,,) converges to

S=3/2.
We claim that (¢,L) = (—1,2/x) works. Write f(r) =

foﬂ/ * X sinxdx. Then

(77:/2)”'1

/2 .
f(r)</0 xX'dx= p—

while since sinx > 2x/7 for x < /2,

"T/2 1
f(r) >/ e dx =

JO T

(n/z)H»l
r+2

It follows that

r+l1
limr<2> fr)=1,

r—eo

whence

f(r) r/m ) 201 2

lim

r—eo f

) PRI D@D

Now by integration by parts, we have

/2 1 /2 1
/ x" cosxdx = —/ ¥ Hsinxdx = flr+ )
0 r+1Jo

A4

r+1

Thus setting ¢ = —1 in the given limit yields

(r+1)f(r) 2

rose rfr+1) =@

i

as desired.

The answer is n odd. Let / denote the n x n identity
matrix, and let A denote the n x n matrix all of whose
entries are 1. If n is odd, then the matrix A — I satisfies
the conditions of the problem: the dot product of any
row with itself is n — 1, and the dot product of any two
distinct rows is n — 2.

Conversely, suppose 7 is even, and suppose that the ma-
trix M satisfied the conditions of the problem. Consider
all matrices and vectors mod 2. Since the dot product
of a row with itself is equal mod 2 to the sum of the en-
tries of the row, we have Mv = O where v is the vector
(1,1,...,1), and so M is singular. On the other hand,
MMT = A —T; since

(A—1)2=A>-24+1=(n-2)A+I1=1,

we have (detM)? = det(A —I) = 1 and detM = 1, con-
tradicting the fact that M is singular.



A5 (by Abhinav Kumar) Define G : R — R by G(x) =

Jo &(t)dt. By assumption, G is a strictly increasing,
thrice continuously differentiable function. It is also
bounded: for x > 1, we have

0<G(x) —G(1) = /lxg(t)dt < /lxdt/tz _1,

and similarly, for x < —1, we have 0 > G(x) — G(—1) >
—1. It follows that the image of G is some open interval
(A,B) and that G~! : (A, B) — R is also thrice continu-
ously differentiable.

Define H : (A,B) x (A,B) — R by H(x,y) =
F(G'(x),G"!(y)); it is twice continuously dif-
ferentiable since F and G~! are. By our assumptions
about F,

H OH _OF oy iy !
+<9y = 8x(G (x),G(y) g(G1(x))
IF 1 oo L
+ 5, (670,67 0) s =0

Therefore H is constant along any line parallel to the
vector (1,1), or equivalently, H(x,y) depends only on
x—y. We may thus write H(x,y) = h(x —y) for some
function & on (—(B—A),B—A), and we then have
F(x,y) = h(G(x) — G(y)). Since F(u,u) =0, we have
h(0) = 0. Also, h is twice continuously differentiable
(since it can be written as h(x) = H((A+B+x)/2,(A+
B —x)/2)), so |I'| is bounded on the closed interval
[-(B—A)/2,(B—A)/2], say by M.

Given xi,...,X,+1 € R for some n > 2, the numbers
G(x1),...,G(xy41) all belong to (A,B), so we can
choose indices i and j so that |G(x;) — G(x;)| < (B—
A)/n < (B—A)/2. By the mean value theorem,

B—A
|F (xi,x7)| = [A(G(xi) = Glx)))| < M——,
so the claim holds with C = M (B —A).
A6 Choose some ordering hy,...,h, of the elements of G

with i) = e. Define an n X n matrix M by settting M;; =
1/k if hj = h;g for some g € {g1,...,8} and M;; =0
otherwise. Let v denote the column vector (1,0,...,0).
The probability that the product of m random elements
of {g1,...,8r} equals h; can then be interpreted as the
i-th component of the vector M™v.

Let G denote the dual group of G, i.e., the group
of complex-valued characters of G. Let é € G de-
note the trivial character. For each y € G, the vector
vy = (x(hi))", is an eigenvector of M with eigenvalue
Ay = (x(g1)+---+ x(gk))/k. In particular, ve is the
all-ones vector and A; = 1. Put

b=max{|Ay|: x € G—{e}};

we show that b € (0, 1) as follows. First suppose b = 0;
then

k n
1= Y A= ) X xle) =7

xeG i=lyeé

because er(G)X(gi) equals n for i = 1 and O oth-
erwise. However, this contradicts the hypothesis that
{g1,--.,gx} is not all of G. Hence b > 0. Next suppose
b =1, and choose x € G — {¢} with [1,| = 1. Since
each of x(g1),-.-,x(gk) is a complex number of norm
1, the triangle inequality forces them all to be equal.
Since x(g1) = x(e) = 1, x must map each of gy,...,gx
to 1, but this is impossible because y is a nontrivial
character and gi,...,g; form a set of generators of G.
This contradiction yields b < 1.

Since v= 1Y _~v, and Mv, = A;v,, we have
1

e
M _ 1 A’m
V— —vp = - Z Vi
xeG-{¢}

Since the vectors v, are pairwise orthogonal, the limit
we are interested in can be written as

S 1
lHm —— (M™v — —v;) - (M™v — —vp).

m—soo0 h2m n n

and then rewritten as

1 , )
e Y P =#{xeG: Ay =b}
reG—{¢e}

By construction, this last quantity is nonzero and finite.

Remark. It is easy to see that the result fails if we do
not assume g = e: take G =7/2Z,n=1,and g; = 1.

Remark. Harm Derksen points out that a similar ar-
gument applies even if G is not assumed to be abelian,
provided that the operator g; + - - - + g in the group al-
gebra Z[G] is normal, i.e., it commutes with the op-
erator gfl + -4 gk’I. This includes the cases where
the set {g1,...,8x} is closed under taking inverses and
where it is a union of conjugacy classes (which in turn
includes the case of G abelian).

Remark. The matrix M used above has nonnegative
entries with row sums equal to 1 (i.e., it corresponds to
a Markov chain), and there exists a positive integer m
such that M™ has positive entries. For any such matrix,
the Perron-Frobenius theorem implies that the sequence
of vectors M™v converges to a limit w, and there exists
b €10,1) such that

n

1
limsup o Z((va — w)i)2

m—yoo i=1

is nonzero and finite. (The intended interpretation in
case b = 0 is that M™v = w for all large m.) However,
the limit need not exist in general.



Bl

B2

B3

Since the rational numbers are dense in the reals, we
can find positive integers a, b such that

3¢ < b < 4e

hk " a  hk’
By multiplying @ and b by a suitably large positive in-
teger, we can also ensure that 3a% > b. We then have

£ b b
—<—<-———=Vd+b—a
hk 3a  a?2+b+a

and

b b £
_ < —<2—.
\/a2+b+a_261< hk

We may then take m = k*(a® +b),n = h*a®.

Va+b—a=

Only the primes 2 and 5 appear seven or more times.
The fact that these primes appear is demonstrated by
the examples

(2,5,2),(2,5,3),(2,7,5),(2,11,5)

and their reversals.

It remains to show that if either / = 3 or ¢ is a prime
greater than 5, then ¢ occurs at most six times as an
element of a triple in S. Note that (p,q,r) € S if and
only if g> — 4pr = a* for some integer a; in particular,
since 4pr > 16, this forces g > 5. In particular, ¢ is odd,
as then is ¢, and so ¢> =a> =1 (mod 8); consequently,
one of p,r must equal 2. If r = 2, then 8p = ¢*> —a®> =
(g +a)(g— a); since both factors are of the same sign
and their sum is the positive number 2¢, both factors are
positive. Since they are also both even, we have g+a €
{2,4,2p,4p} and so g € {2p+ 1,p+2}. Similarly, if
p =2, then g € {2r+ 1,r+2}. Consequently, ¢ occurs
at most twice as many times as there are prime numbers
in the list

2€+1,€+2,€_T17€—2.

For { =3,{—2 =1 is not prime. For £ > 7, the numbers
{—2.0,¢+2 cannot all be prime, since one of them is
always a nontrivial multiple of 3.

Remark. The above argument shows that the cases
listed for 5 are the only ones that can occur. By con-
trast, there are infinitely many cases where 2 occurs if
either the twin prime conjecture holds or there are in-
finitely many Sophie Germain primes (both of which
are expected to be true).

Yes, it follows that f is differentiable.

First solution. Note first that at 0, f/g and g are both
continuous, as then is their product f. If £(0) # 0, then
in some neighborhood of 0, f is either always positive
or always negative. We can thus choose € € {+1} so
that £ f is the composition of the differentiable function

B4

BS5

(fg)- (f/g) with the square root function. By the chain
rule, f is differentiable at 0.

If £(0) =0, then (f/g)(0) =0, so we have

(/) (©) = lim 19

=0 xg(x)

Since g is continuous at 0, we may multiply limits to
deduce that lim,_,o f(x)/x exists.

Second solution. Choose a neighborhood N of 0 on
which g(x) # 0. Define the following functions on N \

0(x)—f(0)g(0 (0)—f(0)g
{0}: Iy (x) = f(X)s(X)xf( )20). ha(x) = f(ﬂz;fg()());((x)%(xn
ha(x) = g(0)g(x); ha(x) = m. Then by assump-
tion, hy,hy, h3, hs all have limits as x — 0. On the other
hand,

f(x) = £(0)

X

= (h1(x) +ha(x)h3(x))ha(x),

SX)=f(0)

< exists, as desired.

and it follows that lim,_.g

Number the games 1,...,2011, and let A = (a ;) be the
2011 x 2011 matrix whose jk entry is 1 if player k wins
game j and i = \/—1 if player k loses game j. Then
ayjaji is 1 if players h and k tie in game j; i if player &
wins and player k loses in game j; and —i if / loses and
k wins. It follows that T +iW = A’ A.

Now the determinant of A is unchanged if we subtract
the first row of A from each of the other rows, pro-
ducing a matrix whose rows, besides the first one, are
(1 —i) times a row of integers. Thus we can write
detA = (1 —i)?°1%(a + bi) for some integers a,b. But

then det(T +iW) = det(XTA) =2%2019(42 4 p?) is a non-
negative integer multiple of 2210, as desired.
Define the function
0 dx
)= /m T+ (1 + (422

For y > 0, in the range —1 < x <0, we have

(1+22) (14 (x+9)?) < A+ D)1+ (1+y)%) = 2" +4y+4

)
2 2 2
<2y +442(y"+1) <646y°.

We thus have the lower bound

1

f(Y)Zm;

the same bound is valid for y < 0 because f(y) = f(—y).

The original hypothesis can be written as

Z flai—aj) <An
ij=1

and thus implies that

n

1
—— < 6An.
Z 1+(a,-—aj)2 = ban

i,j=1



By the Cauchy-Schwarz inequality, this implies

n

Y (1+(ai—a))*) > Bn®

i,j=1

for B=1/(6A).

Remark. One can also compute explicitly (using par-
tial fractions, Fourier transforms, or contour integra-

tion) that f(y) = 4%

Remark. Praveen Venkataramana points out that the
lower bound can be improved to Bn* as follows. For
eachzeZ,put Q.,={ie{l,....n}:a,€[z,z+1)}
and ¢, , =#Q,,. Then Y, q., = n and

1
>Z2qzn

€L

1

6An > B T
" Z 1+ (a;i—aj)?

i,j=1

If exactly k of the g, are nonzero, then } .y qin >

n? [k by Jensen’s inequality (or various other methods),
so we must have k > n/(6A). Then

n k
Y (4 (ai—aj)*) = n*+ Y max{0, (i —j| - 1)*}
ij=1 ij=1
K2 Skr k
w4 -

6 3 6 3

This is bounded below by Bn* for some B > 0.

In the opposite direction, one can weaken the initial up-
per bound to An*/3 and still derive a lower bound of
Bn?. The argument is similar.

B6 In order to interpret the problem statement, one must
choose a convention for the value of 0°; we will take it
to equal 1. (If one takes 0° to be 0, then the problem
fails for p = 3.)

First solution. By Wilson’s theorem,
Ki(p—1-K)!= (=D (p—1)!= (=" (mod p),

so we have a congruence of Laurent polynomials

1)k
Zk')g( Z _1_ )‘ (mod p)
71}77l (—x)*
=—x') x (mod p).
k=0

Replacing x with —1/x, we reduce the original problem
to showing that the polynomial

p=l k

g(x)=) -
= k!

over I, has at most (p — 1) /2 nonzero roots in IF,,. To
see this, write

h(x) =x —x+ g(x)

and note that by Wilson’s theorem again,

p—1 x" 1
—1+Z —xp_1—1+g(x).
If z € F, is such that g(z) = 0, then z # 0 because g(0) =

1. Therefore, z2~! =1, so h(z) = h'(z) = 0 and so z is
at least a double root of /. Since & is a polynomial of
degree p, there can be at most (p — 1)/2 zeroes of g in
F,, as desired.

Second solution. (By Noam Elkies) Define the polyno-
mial f over I, by

p—1
X) = Z kixk,
k=0

Put 7 = (p — 1)/2; the problem statement is that f has
at most ¢ roots modulo p. Suppose the contrary; since
f(0) = 1, this means that f(x) is nonzero for at most

t— 1 values of x € F},. Denote these values by x1, ..., X,
where by assumption m < ¢, and define the polynomial
Q over IF, by
m t—1
= H(x xm) = Z Opx
k=1 k=0
Then we can write
P(x) -1
flx 1—xf
)= 55—

where P(x) is some polynomial of degree at most m.
This means that the power series expansions of f(x) and
P(x)/Q(x) coincide modulo x”~!, so the coefficients of
x,...,x* Vin f(x)Q(x) vanish. In other words, the
product of the square matrix

A= ((+j+1) L

with the nonzero column vector (Q;_1,...,Qp) is zero.
However, by the following lemma, det(A) is nonzero
modulo p, a contradiction.

Lemma 1. For any nonnegative integer m and any integer n,
det((i+j+n))}—o = Hk' (k+n)!

Proof. Define the (m+1) x (m+1) matrix A,, , by (Amn)ij =
(’ﬂ ), the desired result is then that det(A,, ,) = 1. Note that

i=0
mn)(i-1)j 1> 0;

that is, A;, ,—1 can be obtained from A,, , by elementary row
operations. Therefore, det(A,, ) = det(A,, ,—1), so det(A,,,)
depends only on m. The claim now follows by observing that
Agp is the 1 x 1 matrix with entry 1 and that A,, | has the

. 1 *
block tat . O
ock representation (0 A, 10)



Remark. Elkies has given a more detailed http://mathoverflow.net/questions/82648.
discussion of the origins of this solution in
the theory of orthogonal polynomials; see
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Al Let dy,ds,...,d1> be real numbers in the open interval
(1,12). Show that there exist distinct indices i, j, k such
that d;,d;,dy are the side lengths of an acute triangle.

A2 Let % be acommutative and associative binary operation
on a set S. Assume that for every x and y in S, there
exists z in S such that x «z =y. (This z may depend on
x and y.) Show that if a@,b,c are in S and axc = bx*c,
then a = b.

A3 Let f:[—1,1] — R be a continuous function such that

) fx)= 2’2)‘2]‘ (zfzxz) for every x in [—1,1],
(ii) f(0)=1, and
(iii) lim,_,;- % exists and is finite.

Prove that f is unique, and express f(x) in closed form.

A4 Let g and r be integers with g > 0, and let A and B be
intervals on the real line. Let T be the set of all b+ mgq
where b and m are integers with b in B, and let S be
the set of all integers a in A such that ra is in 7. Show
that if the product of the lengths of A and B is less than
g, then S is the intersection of A with some arithmetic
progression.

AS Let IF,, denote the field of integers modulo a prime p,
and let n be a positive integer. Let v be a fixed vec-
tor in IE"Z, let M be an n x n matrix with entries of I,
and define G : F), — F, by G(x) = v+ Mx. Let G®
denote the k-fold composition of G with itself, that is,
G (x) = G(x) and G*HV (x) = G(GW (x)). Determine
all pairs p,n for which there exist v and M such that the
p" vectors G (0), k= 1,2,..., p" are distinct.

A6 Let f(x,y) be a continuous, real-valued function on R?.
Suppose that, for every rectangular region R of area 1,
the double integral of f(x,y) over R equals 0. Must
f(x,y) be identically 0?

B1 Let S be a class of functions from [0, ) to [0,ec) that
satisfies:

(i) The functions fi(x) =¢*—1and f>(x) =In(x+1)
are in S;

(ii) If f(x) and g(x) are in S, the functions f(x) + g(x)
and f(g(x)) are in S;

(iii) If f(x) and g(x) are in S and f(x) > g(x) for all
x > 0, then the function f(x) — g(x) isin S.

Prove that if f(x) and g(x) are in S, then the function
f(x)g(x) is also in S.

B2 Let P be a given (non-degenerate) polyhedron. Prove
that there is a constant ¢(P) > 0 with the following
property: If a collection of n balls whose volumes sum
to V contains the entire surface of P, then n > ¢(P)/V>.

B3 A round-robin tournament of 2n teams lasted for 2n — 1
days, as follows. On each day, every team played one
game against another team, with one team winning and
one team losing in each of the n games. Over the course
of the tournament, each team played every other team
exactly once. Can one necessarily choose one winning
team from each day without choosing any team more
than once?

B4 Suppose that ag = 1 and that a4 = a, + e % forn =
0,1,2,.... Does a, —logn have a finite limit as n — co?
(Here logn =log,n =Inn.)

B5 Prove that, for any two bounded functions g;,g> : R —
[1,00), there exist functions 41,4, : R — R such that, for
every x € R,

sup(g1(s)*ga(s)) = I}le%g(x’ll (1) +ha(2)).

seR

B6 Let p be an odd prime number such that p =2 (mod 3).
Define a permutation 7 of the residue classes modulo p
by 7(x) = (mod p). Show that 7 is an even permu-
tation if and only if p =3 (mod 4).
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Without loss of generality, assume d| < dp < --- < dj».
If di2+2 < a’i2 —|—all-2+1 for some i < 10, then d;,d;11,d;12
are the side lengths of an acute triangle, since in this
case d? < di2+1 +dl-2+2 and dl-2+1 <d? —i—diz+2 as well. Thus
we may assume d7,, > d? +d?, | for all i. But then
by induction, dl.2 > F,-dl2 for all i, where F; is the i-th
Fibonacci number (with /1 = F, = 1): i =l is clear, i =
2 follows from d» > d, and the induction step follows
from the assumed inequality. Setting i = 12 now gives
d?, > 14442, contradicting d; > 1 and dy, < 12.

Remark. A materially equivalent problem appeared on
the 2012 USA Mathematical Olympiad and USA Junior
Mathematical Olympiad.

A2 Writed foraxc=bxcc S. Forsomeee€ S,dxe—=a,

A3

A4

and thus for f =cxe,axf =a*xc+xe=dx*e=a and
bxf=bxcxe=dxe=a. Let g € S satisfy gxa =b;
thenb=gxa=gx*(axf)=(g+xa)xf=bxf=a,as
desired.

Remark. With slightly more work, one can show that
S forms an abelian group with the operation .

We will prove that f(x) = v/1 —x? for all x € [—1,1].
Define g: (—1,1) = R by g(x) = f(x)/v1 —x2. Plug-
ging f(x) = g(x)v/1 — x% into equation (i) and simplify-

ing yields
2
X
= 1
8(x) g(2x2) (1)

for all x € (—1,1). Now fix x € (—1,1) and define a
sequence {a,}>_; by aj = x and @, = ﬁ Then
a, € (—1,1) and thus |a, 1| < |a,|* for all n. It follows
that {|a,|} is a decreasing sequence with |a,| < |x|" for
all n, and so lim,_,.a, = 0. Since g(a,) = g(x) for
all n by (1) and g is continuous at 0, we conclude that
g(x) =¢g(0) = f(0) = 1. This holds for all x € (—1,1)
and thus for x = +1 as well by continuity. The result
follows.

Remark. As pointed out by Noam Elkies, condition
(iii) is unnecessary. However, one can use it to derive
a slightly different solution by running the recursion in
the opposite direction.

We begin with an easy lemma.

Proof. We may assume #S > 3, as otherwise S is trivially an
arithmetic progression. Let aj,a; be the smallest and second-
smallest elements of S, respectively, and put d = a; —a;. Let
m be the smallest positive integer such that a; +md ¢ S. Sup-
pose that there exists an integer n contained in S but not in
{ai,a1+d,...,a; + (m—1)d}, and choose the least such n.
By the hypothesis applied with (a,b,¢) = (ay,az,n), we see
that n — d also has the property, a contradiction. [

We now return to the original problem. By dividing
B,q,r by gcd(g,r) if necessary, we may reduce to the
case where gcd(g,r) = 1. We may assume #S > 3, as
otherwise S is trivially an arithmetic progression. Let
ap,az,as be any three distinct elements of S, labeled
so that a; < ap < a3, and write ra; = b; + m;q with
bij,m; € Z and b; € B. Note that by, b;,b3 must also be
distinct, so the differences by — by,bs — by,b3 — b, are
all nonzero; consequently, two of them have the same
sign. If b; — b; and by — b; have the same sign, then we
must have

(ai —aj)(bx —by) = (bi — bj)(ar — ar)

because both sides are of the same sign, of absolute
value less than ¢, and congruent to each other modulo
g. In other words, the points (a1,b1),(a2,b2),(as,bs)
in R? are collinear. It follows that a4 = a; + a3 — a»
also belongs to S (by taking by = by + b3 — by), so S
satisfies the conditions of the lemma. It is therefore an
arithmetic progression.

Reinterpretations. One can also interpret this argu-
ment geometrically using cross products (suggested by
Noam Elkies), or directly in terms of congruences (sug-
gested by Karl Mahlburg).

Remark. The problem phrasing is somewhat confus-
ing: to say that “S is the intersection of [the interval]
A with an arithmetic progression” is the same thing as
saying that “S is the empty set or an arithmetic progres-
sion” unless it is implied that arithmetic progressions
are necessarily infinite. Under that interpretation, how-
ever, the problem becomes false; for instance, for

q=5,r=1A=[1,3],B=0,2],
we have

T={-,0,125,67...}5={12}.

Lemma. Let S be a finite set of integers with the following
property: for all a,b,c € S with a < b < ¢, we also have a+

AS The pairs (p,n) with the specified property are those
c—b € S. Then S is an arithmetic progression. P (p,n) P Property

pairs with n = 1, together with the single pair (2,2).
We first check that these do work. For n = 1, it is clear
that taking v = (1) and M = (0) has the desired effect.



For (p,n) = (2,2), we take v= (0 1) and M = ((1) D

and then observe that

o000 () () 1o

We next check that no other pairs work, keeping in mind
that the desired condition means that G acts on ), as a
cyclic permutation. Assume by way of contradiction
that (p,n) has the desired property but does not appear
in our list. In particular, we have n > 2.

Let I be the n x n identity matrix over F,. Decom-
pose [} as a direct sum of two subspaces V, W such that
M — I is nilpotent on V and invertible on W. Suppose
that W =£ 0. Split v as vy +v, withv; € V, v, € W. Since
M —1I is invertible on W, there exists a unique w € W
such that (M —I)w = —v. Then G®)(w) —w € V for
all nonnegative integers k. Let k be the least positive in-
teger such that G (w) = w; then k is at most the cardi-
nality of V, which is strictly less than p” because W # 0.
This gives a contradiction and thus forces W = 0.

In other words, the matrix N = M — [ is nilpotent; con-
sequently, N" = 0. For any positive integer k, we have

GPO0) =v+Mv+---+MTy
k—1n—1 N
“L ¥ (1w
j=0i=0 \!
n—1
k .
= ( )N’v.
=\l

If n>2 and (p,n) # (2,2), then p"~' > n and so
G*(0) = 0 for k = p"~! (because all of the binomial
coefficients are divisible by p). This contradiction com-
pletes the proof.

A6 First solution. Yes, f(x,y) must be identically 0. We
proceed using a series of lemmas.

Lemma 1. Let R be a rectangular region of area 1 with
corners A,B,C,D labeled in counterclockwise order. Then

f(A)+f(C) = f(B)+ f(D).
Proof. We may choose coordinates so that for some ¢ > 0,
A=(0,0),B=(c,0),C=(c,1/c),D=(0,1/c).
Define the functions
X+C
g(x,y) = / f(t,y)dt
X
y
ny) = [ gy du
0

For any x,y € R,

X

Wy +1/e)—hey) = [ /y”” ftwydidu=0

by hypothesis, so h(x,y+ 1/c) = h(x,y). By the fundamental
theorem of calculus, we may differentiate both sides of this
identity with respect to y to deduce that g(x,y+1/c) = g(x,y).
Differentiating this new identity with respect to x yields the
desired equality. O

Lemma 2. Let C be a circle whose diameter d is at least v/2,
and let AB and A’'B' be two diameters of C. Then f(A)+

f(B) = f(A") + f(B).

Proof. By continuity, it suffices to check the case where o =
arcsin 25 is an irrational multiple of 27. Let B be the ra-
dian measure of the counterclockwise arc from A to A’. By
Lemma 1, the claim holds when 8 = «. By induction, the
claim also holds when 8 =na (mod 27) for any positive in-
teger n. Since o is an irrational multiple of 27, the positive
multiples of « fill out a dense subset of the real numbers mod-
ulo 27, so by continuity the claim holds for all . O

Lemma 3. Let R be a rectangular region of arbitrary (posi-
tive) area with corners A,B,C,D labeled in counterclockwise
order. Then f(A)+ f(C) = f(B) + f(D).

Proof. Let EF be a segment such that AEFD and BEFC

are rectangles whose diagonals have length at least v/2. By
Lemma 2,

yielding the claim. O

Lemma 4. The restriction of f to any straight line is constant.

Proof. We may choose coordinates so that the line in question
is the x-axis. Define the function g(y) by

By Lemma 3, for all x € R,

fxy) = f(x,0)+g().

For any ¢ > 0, by the original hypothesis we have

O—/:H/yyﬂ/cf(u,v)dudv
x+c  py+1/c
=[] (Fw0)+gv)) dudv
X y

1 pxtc y+1/c
= 7/ f(u,O)du+c/ g(v)dv.
C Jx y

In particular, the function F(x) = [**° f(u,0)du is constant.
By the fundamental theorem of calculus, we may differentiate
to conclude that f(x+c¢,0) = f(x,0) for all x € R. Since ¢
was also arbitrary, we deduce the claim. O



To complete the proof, note that since any two points in
R? are joined by a straight line, Lemma 4 implies that f
is constant. This constant equals the integral of f over
any rectangular region of area 1, and hence must be 0
as desired.

Second solution (by Eric Larson, communicated by
Noam Elkies). In this solution, we fix coordinates and
assume only that the double integral vanishes on each
rectangular region of area 1 with sides parallel to the
coordinate axes, and still conclude that f must be iden-
tically 0.

Lemma. Let R be a rectangular region of area 1 with sides
parallel to the coordinate axes. Then the averages of [ over
any two adjacent sides of R are equal.

Proof. Without loss of generality, we may take R to have cor-
ners (0,0),(c,0),(c,1/c¢),(0,1/c) and consider the two sides
adjacent to (c, 1 /c). Differentiate the equality

x+c py+1/c
0:/ / Sf(u,v)dudv
X y

with respect to ¢ to obtain

y+1/c 1 [xte
O:/ f(x—l—c,v)dv——2/ Sflu,y+1/c)du.
y = Jx

Rearranging yields

y+1/c 1 fxte
c/ flx+c,v)dv= f/ Sflu,y+1/c)du,
y CJx

which asserts the desired result. O

Returning to the original problem, given any ¢ > 0, we
can tile the plane with rectangles of area 1 whose ver-
tices lie in the lattice {(mec,n/c) : m,n € Z}. By re-
peated application of the lemma, we deduce that for any
positive integer n,

¢ (n+1)c
/ f(u,O)du:/ Sf(u,0)du.
0 n

C

Replacing ¢ with ¢/n, we obtain

re/n rc+1/n
/ f(u,0)du =/ f(u,0)du.
0 c

Fixing ¢ and taking the limit as n — oo yields f(0,0) =
f(c,0). By similar reasoning, f is constant on any hor-
izontal line and on any vertical line, and as in the first
solution the constant value is forced to equal 0.

Third solution. (by Sergei Artamoshin) We retain the
weaker hypothesis of the second solution. Assume by
way of contradiction that f is not identically zero.

We first exhibit a vertical segment PQ with f(P) > 0
and f(Q) < 0. It cannot be the case that f(P) < 0 for all

{(x,y):S<X<S+ TR

P, as otherwise the vanishing of the zero over any rect-
angle would force f to vanish identically. By continuity,
there must exist an open disc U such that f(P) > 0 for
all P € U. Choose a rectangle R of area 1 with sides
parallel to the coordinate axes with one horizontal edge
contained in U. Since the integral of f over R is zero,
there must exist a point Q € R such that f(Q) < 0. Take
P to be the vertical projection of Q onto the edge of R
contained in U.

By translating coordinates, we may assume that P =
(0,0) and Q = (0,a) for some a > 0. For s sufficiently
small, f is positive on the square of side length 2s cen-
tered at P, which we call S, and negative on the square
of side length 2s centered at Q, which we call §’. Since
the ratio 2s/(1 —4s?) tends to 0 as s does, we can choose
s 5o that 25/ (1 —4s%) = a/n for some positive integer n.

For i € Z, let A; be the rectangle

1 — 452

s <x<
fissnssr 152

4 2s <y < 2s
ST g2 =Y T g

and let B; be the rectangle

1—4s°

A

Y 2s <y< st (it1) 2s
ST g2 =Y =0T T T2 [

Then forall i € Z,
SUAp, Ay US/,A,'UB,',B,'UA,;H

are all rectangles of area 1 with sides parallel to the co-
ordinate axes, so the integral over f over each of these
rectangles is zero. Since the integral over S is positive,
the integral over Ay must be negative; by induction, for
all i € Z the integral over A; is negative and the integral
over B; is positive. But this forces the integral over S’
to be positive whereas f is negative everywhere on ', a
contradiction.

Each of the following functions belongs to § for the rea-
sons indicated.

f(x),g(x) given
In(x+1)

In(f(x)+1),In(g(x)+1) (ii) plus two previous lines
In(f(x)+1)+In(g(x)+1) (i)

O]

F 1 ()
(f(x)+1)(g(x)+1)—1 (i) plus two previous lines
Fx)gx)+ f(x)+g(x) previous line

x)+g(x) (i) plus first line

x)g(x) (iii) plus two previous lines

B2 Fix a face F of the polyhedron with area A. Suppose F

is completely covered by balls of radii ry,...,r, whose



B3

volumes sum to V. Then on one hand,

D=

i

4
' 57‘[}’3:‘/.

1

Il
—_

On the other hand, the intersection of a ball of radius r
with the plane containing F' is a disc of radius at most r,
which covers a piece of F of area at most 7r?; therefore

n
Z 7”1‘2 >A.
i=1

By writingn as }! | 1 and applying Holder’s inequality,
we obtain

2 no (4 N\ 16 3
Vs> —TTrs > —A°.
nv? > i§1<3ml) 2 on

Consequently, any value of ¢(P) less than %A3 works.

The answer is yes. We first note that for any collection
of m days with 1 < m < 2n — 1, there are at least m
distinct teams that won a game on at least one of those
days. If not, then any of the teams that lost games on
all of those days must in particular have lost to m other
teams, a contradiction.

If we now construct a bipartite graph whose vertices are
the 2n teams and the 2n — 1 days, with an edge linking
a day to a team if that team won their game on that day,
then any collection of m days is connected to a total of at
least m teams. It follows from Hall’s Marriage Theorem
that one can match the 2n — 1 days with 2n — 1 distinct
teams that won on their respective days, as desired.

B4 First solution. We will show that the answer is yes.

First note that for all x > —1, ¢* > 1 +x and thus
x >log(1+x). ()

We next claim that a, > log(n+ 1) (and in particular
that a, —logn > 0) for all n, by induction on n. For
n = 0 this follows from @y = 1. Now suppose that
a, > log(n+1), and define f(x) = x+ e, which is
an increasing function in x > 0; then

an+1 = f(an) > f(log(n+1))
=log(n+1)+1/(n+1) >log(n+2),

where the last inequality is (2) with x = 1/(n+1). This
completes the induction step.

It follows that a, —logn is a decreasing function in n:
we have

(ans1 —log(n+1)) — (an — logn)
=e “+log(n/(n+1))
<1/(n+1)+log(n/(n+1)) <0,

where the final inequality is (2) with x = —1/(n+1).

Thus {a, —logn};_, is a decreasing sequence of posi-
tive numbers, and so it has a limit as 7 — oo.

4

Second solution. Put b, = ¢, so that by, | = bye'/?n.
In terms of the b, the problem is to prove that b, /n has
a limit as n — oo; we will show that the limit is in fact
equal to 1.

Expanding el/tn asa Taylor series in 1/b,, we have

bn+1 =b,+1+R,

where 0 < R, < ¢/b,, for some absolute constant ¢ > 0.
By writing

n—1
by=n+e+ ) R
i=0
we see first that b,, > n+ e. We then see that

b

0<——1
n
n—1
R.
< € + Z _t
n =n
e "¢
<-+) —
n = nb;
e "¢
<-4+
n l;’)n(z—i—e)
e clogn
n n

It follows that b, /n — 1 as n — oo.

Remark. This problem is an example of the general
principle that one can often predict the asymptotic be-
havior of a recursive sequence by studying solutions of
a sufficiently similar-looking differential equation. In
this case, we start with the equation a4+ —a, = e~ %,
then replace a,, with a function y(x) and replace the dif-
ference a, | — a, with the derivative y'(x) to obtain the
differential equation y’ = e, which indeed has the so-
lution y = log x.

B5 Define the function

f(x) = sup{xloggi(s) +loggs(s)}-

seR

As a function of x, f is the supremum of a collection of
affine functions, so it is convex. The function e/ @) is
then also convex, as may be checked directly from the
definition: for xj,x; € R and ¢ € [0, 1], by the weighted
AM-GM inequality

1ol @) (1 = f)ef(2) > ) +(1-1)1 (x2)
S o +(1-1x)

For each t € R, draw a supporting line to the graph of
e/ at x = t; it has the form y = xh; (t) 4 hy(t) for some
hi(t),hy(t) € R. For all x, we then have

sup {1 (s)'82(9)) 2 51 (1) + (1)



with equality for x = ¢. This proves the desired equality
(including the fact that the maximum on the right side
is achieved).

Remark. This problem demonstrates an example of du-
ality for convex functions.

B6 First solution. Since fixed points do not affect the sig-

nature of a permutation, we may ignore the residue class
of 0 and consider 7 as a permutation on the nonzero
residue classes modulo p. These form a cyclic group of
order p — 1, so the signature of 7 is also the signature
of multiplication by 3 as a permutation ¢ of the residue
classes modulo p — 1. If we identify these classes with
the integers O,...,p — 2, then the signature equals the
parity of the number of inversions: these are the pairs
(i,7) with 0 <i < j < p—2 for which (i) > o(j). We
may write

(i) =3i—(p—1) Lf_ilJ

from which we see that (7, j) cannot be an inversion un-
less L%j > L%J In particular, we only obtain in-
versions when i < 2(p—1)/3.

If i < (p—1)/3, the elements j of {0,...,p—2} for
which (i, j) is an inversion correspond to the elements
of {0,...,3i} which are not multiples of 3, which are
2i in number. This contributes a total of 0 +24---- +

2(p—2)/3=(p—2)(p+1)/9 inversions.

If (p—1)/3<i<?2(p-1)/3, the elements j of
{0,...,p—2} for which (i, j) is an inversion correspond
to the elements of {0,...,3i — p+ 1} congruent to 1
modulo 3, which are (3i —p+2)/3=i—(p—2)/3 in
number. This contributes a total of 1 +---+ (p—2)/3 =
(p—2)(p+1)/18 inversions.

Summing up, the total number of inversions is (p —
2)(p + 1)/6, which is even if and only if p =3
(mod 4). This proves the claim.

Second solution (by Noam Elkies). Recall that the sign

of w (which is +1 if 7 is even and —1 if 7 is odd) can
be computed as

m(x) —x(y)

<

0<x<y<p

(because composing 7 with a transposition changes the
sign of the product). Reducing modulo p, we get a con-
gruence with

x3—y3 2 2
I1 = [I &E+x+y).

0<x<y<p * 7Y 0<x<y<p

It thus suffices to count the number of times each pos-
sible value of xZ 4+ xy + y? occurs. Each nonzero value
¢ modulo p occurs p+ 1 times as x> +xy+ y* with 0 <
x,y < p and hence (p+ x(c/3))/2 times with 0 < x <
y < p, where ) denotes the quadratic character modulo

p. Since p =2 (mod 3), by the law of quadratic reci-
procity we have x(—3) = +1, so x(c/3) = x(—c¢). It
thus remains to evaluate the product Hf;ll cPr(=0))/2
modulo p.

If p=3 (mod 4), this is easy: each factor is a quadratic
residue (this is clear if ¢ is a residue, and otherwise
x(=c) = +1 so p+ x(—c) is divisible by 4) and —1
is not, so we must get 41 modulo p.

If p=1 (mod 4), we must do more work: we choose a
primitive root g modulo p and rewrite the product as

p=2 ;
Hgt(ﬁ(fl) )2

i=0

The sum of the exponents, split into sums over i odd
and i even, gives

(r-3)/2 ;
. 2j+D)p-1)
];) (J(p+ 1+ 5 )

which simplifies to

(p=3)p=Dlp+1)  (p=1) p-1 (p21 _p)

8 ) 2
Hence the product we are trying to evaluate is congruent
to g»~1/2 = —1 modulo p.

Third solution (by Mark van Hoeij). We compute the
parity of & as the parity of the number of cycles of even
length in the cycle decomposition of 7. For x a nonzero
residue class modulo p of multiplicative order d, the
elements of the orbit of x under 7 also have order d
(because d divides p — 1 and hence is coprime to 3).
Since the group of nonzero residue classes modulo p
is cyclic of order p — 1, the elements of order d fall
into @(d)/f(d) orbits under m, where ¢ is the Euler
phi function and f(d) is the multiplicative order of 3
modulo d. The parity of 7 is then the parity of the sum
of (d)/f(d) over all divisors d of p— 1 for which f(d)
is even.

If d is odd, then ¢(d)/f(d) = @(2d)/f(2d), so the
summands corresponding to d and 2d coincide. It thus
suffices to consider those d divisible by 4. If p =3
(mod 4), then there are no such summands, so the sum
is trivially even.

If p=1 (mod 4), then d = 4 contributes a summand
of o(4)/f(4) =2/2 = 1. For each d which is a larger
multiple of 4, the group (Z/dZ)* is isomorphic to the
product of Z /27 with another group of even order,
so the maximal power of 2 dividing f(d) is strictly
smaller than the maximal power of 2 dividing d. Hence
¢©(d)/f(d) is even, and so the overall sum is odd.

Remark. Note that the second proof uses quadratic
reciprocity, whereas the first and third proofs are sim-
ilar to several classical proofs of quadratic reciprocity.
Abhinav Kumar notes that the problem itself is a spe-
cial case of the Duke-Hopkins quadratic reciprocity



law for abelian groups (Quadratic reciprocity in a finite pdf).
group, Amer. Math. Monthly 112 (2005), 251-256; see
also http://math.uga.edu/~pete/morequadrec.



The 74th William Lowell Putnam Mathematical Competition
Saturday, December 7, 2013

Al Recall that a regular icosahedron is a convex polyhe-
dron having 12 vertices and 20 faces; the faces are con-
gruent equilateral triangles. On each face of a regular
icosahedron is written a nonnegative integer such that
the sum of all 20 integers is 39. Show that there are
two faces that share a vertex and have the same integer
written on them.

A2 Let S be the set of all positive integers that are not
perfect squares. For n in S, consider choices of inte-
gers aj,ay,...,ar suchthatn < a; <ay < --- < a, and
n-ap-ax---a, is a perfect square, and let f(n) be the
minumum of a, over all such choices. For example,
2-3-6is a perfect square, while 2-3,2-4,2-5,2-3-4,
2:3:5,2-4-5,and 2-3-4-5 are not, and so f(2) =6.
Show that the function f from S to the integers is one-
to-one.

A3 Suppose that the real numbers ag,ay,...,a, and x, with
0 < x < 1, satisfy

ao ai An

T Y
1—x 1—x2+ +1—x’“rl

Prove that there exists a real number y with 0 <y < 1
such that

ap+aiy+---+apy" =0.

A4 A finite collection of digits 0 and 1 is written around a
circle. An arc of length L > 0 consists of L consecutive
digits around the circle. For each arc w, let Z(w) and
N(w) denote the number of 0’s in w and the number of
1’s in w, respectively. Assume that |Z(w) —Z(w')| < 1
for any two arcs w,w’ of the same length. Suppose that
some arcs wi,. .., w; have the property that

1 1 ¢
Z= % ;Z(wj) and N = z ;N(wj)
Jj= Jj=
are both integers. Prove that there exists an arc w with

Z(w)=Zand N(w) = N.

A5 Form >3, alist of (';) real numbers a; (1 <i<< j<
k < m) is said to be area definite for R" if the inequality

Z Ajjk Area(AAiAjAk) > 0

1<i<j<k<m
holds for every choice of m points Ay, ...,A,, in R". For
example, the list of four numbers @23 = aj4 = aj34 =
1, az3s = —1 is area definite for R2. Prove that if a list

of (') numbers is area definite for R?, then it is area
definite for R3.

A6 Define a function w : Z x Z — Z as follows. For
la],|b| < 2, let w(a,b) be as in the table shown; oth-
erwise, let w(a,b) = 0.

For every finite subset S of Z x Z, define

A(S) =
(s,8")eSxS

w(s—s).

Prove that if S is any finite nonempty subset of
Z x Z, then A(S) > 0. (For example, if § =
{(0,1),(0,2),(2,0),(3,1)}, then the terms in A(S) are
12,12,12,12,4,4,0,0,0,0,—1,—1,—-2, -2, —4,—4.)

B1 For positive integers n, let the numbers c(n) be de-
termined by the rules ¢(1) = 1, ¢(2n) = ¢(n), and
¢(2n+1) = (—1)"c(n). Find the value of

2013

; c(n)e(n+2).

B2 Let C = Uy_; Cn, where Cy denotes the set of those
‘cosine polynomials’ of the form

N
fx)=1+ Z a, cos(2mnx)
n=1

for which:

(i) f(x) > 0 for all real x, and

(ii) a, = 0 whenever n is a multiple of 3.

Determine the maximum value of f(0) as f ranges
through C, and prove that this maximum is attained.

B3 Let & be a nonempty collection of subsets of {1,...,n}
such that:
(1) if S,8 € &, then SUS € Z and SNS' € £, and

(ii) if S € & and S # 0, then there is a subset 7 C S
such that T € &2 and T contains exactly one fewer
element than S.

Suppose that f: & — R is a function such that f(0) =0
and

F(SUS) = £(S)+ £(S) — f(SNS') for all S, 8" € 2.

Must there exist real numbers f, ..., f, such that
f8)=Yf
icS

for every S € #?



B4 For any continuous real-valued function f defined on
the interval [0, 1], let

p(r) = [ rtas var(n) = [ (700 (e
M) = max |£(3).

0<x<1

Show that if f and g are continuous real-valued func-
tions defined on the interval [0, 1], then

Var(fg) < 2Var(f)M(g)* +2Var(g)M(f)?.

B5 Let X = {1,2,...,n}, and let kK € X. Show that there
are exactly k- n"~! functions f : X — X such that for
every x € X there is a j > 0 such that (/) (x) < k. [Here
fU) denotes the j™ iterate of f, so that f(¥)(x) = x and

FUD(x) = (D (x)).]

B6 Letn > 1 be an odd integer. Alice and Bob play the fol-
lowing game, taking alternating turns, with Alice play-

ing first. The playing area consists of n spaces, arranged
in a line. Initially all spaces are empty. At each turn, a
player either

— places a stone in an empty space, or

— removes a stone from a nonempty space s, places
a stone in the nearest empty space to the left of
s (if such a space exists), and places a stone in
the nearest empty space to the right of s (if such a
space exists).

Furthermore, a move is permitted only if the resulting
position has not occurred previously in the game. A
player loses if he or she is unable to move. Assuming
that both players play optimally throughout the game,
what moves may Alice make on her first turn?
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Suppose otherwise. Then each vertex v is a vertex for
five faces, all of which have different labels, and so the
sum of the labels of the five faces incident to v is at least
04 1+42+344=10. Adding this sum over all vertices
v gives 3 x 39 = 117, since each face’s label is counted
three times. Since there are 12 vertices, we conclude
that 10 x 12 < 117, contradiction.

Remark: One can also obtain the desired result by
showing that any collection of five faces must contain
two faces that share a vertex; it then follows that each
label can appear at most 4 times, and so the sum of all
labels is at least 4(0+ 1 +2+3+4) =40 > 39, contra-
diction.

A2 Suppose to the contrary that f(n) = f(m) with n < m,

A3

andletn-ay---a,, m-by---bs be perfect squares where
n<ay <---<a,m<by <---<by, a,,bs; are minimal
and a, = b;. Then (n-ay---a,)-(m-by---by) is also a
perfect square. Now eliminate any factor in this product
that appears twice (i.e., if a; = b; for some i, j, then
delete a; and b from this product). The product of what
remains must also be a perfect square, but this is now a
product of distinct integers, the smallest of which is n
and the largest of which is strictly smaller than a, = b;.
This contradicts the minimality of a,.

Remark: Sequences whose product is a perfect square
occur naturally in the quadratic sieve algorithm for fac-
toring large integers. However, the behavior of the func-
tion f(n) seems to be somewhat erratic. Karl Mahlburg
points out the upper bound f(n) < 2n for n > 5, which
holds because the interval (n,2n) contains an integer of
the form 2m?. A trivial lower bound is f(n) > n+p
where p is the least prime factor of n. For n = p prime,
the bounds agree and we have f(p) = 2p. For more
discussion, see https://oeis.org/A006255.

Suppose on the contrary that ag +ajy+ --- 4+ apy" is
nonzero for 0 < y < 1. By the intermediate value theo-
rem, this is only possible if ag+a;y+-- -+ a,y" has the
same sign for 0 < y < 1; without loss of generality, we
may assume that ag+a;y+---+a,y" >0for0 <y < 1.
For the given value of x, we then have

apX" + a1 X" + - 4 apx "M > 0

form=0,1,..., with strict inequality for m > 0. Taking
the sum over all m is absolutely convergent and hence
valid; this yields

ao aip An
1 —xt+

>0
1-x 1—x ’

a contradiction.

A4 Let wi,...,w; be arcs such that: w'; has the same length

as wj; wj is the same as wy; and W,l/‘+1 is adjacent to
w'; (i.e., the last digit of w'; comes right before the first
digit of w’; ;). Since w; has length Z(w;) +N(w;), the
sum of the lengths of wy, ..., wy is k(Z+ N), and so the
concatenation of w},...,w; is a string of k(Z+ N) con-
secutive digits around the circle. (This string may wrap
around the circle, in which case some of these digits
may appear more than once in the string.) Break this
string into k arcs w/,...,w} each of length Z+ N, each
adjacent to the previous one. (Note that if the num-
ber of digits around the circle is m, then Z+N < m
since Z(w;) + N(w;j) < m for all j, and thus each of
w!,...,w/ is indeed an arc.)

We claim that for some j = 1,...,k, Z(w]) = Z and
N(wj) = N (where the second equation follows from
the first since Z(w}) + N(w7) = Z+ N). Otherwise,
since all of the Z(w/) differ by at most 1, either
Z(wj) <Z—1 for all j or Z(W}]) > Z+1 for all j.
In either case, [kZ —Y;Z(w})| = [kZ — ¥;Z(W})| >
k. But since wi = w), we have [kZ —¥;Z(w})| =
[ T51(Z(w)) = Z(W))| = |Efa(Z(w)) — Z(W)))] <
2];:2 |Z(w;) = Z(W})| < k— 1, contradiction.

AS Let Ay,...,A,; be points in R3, and let fijjr denote a

unit vector normal to AA;A;A; (unless A;,A;,Ay are
collinear, there are two possible choices for 71; ;). If 71 is
a unit vector in R3, and IT; is a plane perpendicular to
i, then the area of the orthogonal projection of AA;A ;A
onto I is Area(AA;A jAy)|fjjk - Ai|. Thus if {a;j } is area
definite for R2, then for any 7,

Zai jkArea(AAiA jAk)\ﬁijk | > 0.

Note that integrating |f;;x - 72| over A € S, the unit
sphere in R?, with respect to the natural measure on
§? gives a positive number c, which is independent of
fl;jk since the measure on $? is rotation-independent.
Thus integrating the above inequality over 7 gives
cY ajjrArea(AA;A jAy) > 0. It follows that {a; j } is area
definite for R3, as desired.

Remark: It is not hard to check (e.g., by integration
in spherical coordinates) that the constant ¢ occurring
above is equal to 27. It follows that for any convex body
C in R3, the average over 7 of the area of the projection
of C onto IT; equals 1/4 of the surface area of C.

More generally, let C be a convex body in R". For 7
a unit vector, let I'l; denote the hyperplane through the
origin perpendicular to 7. Then the average over 7i of the



volume of the projection of C onto IT; equals a constant
(depending only on n) times the (n — 1)-dimensional
surface area of C.

Statements of this form inhabit the field of inverse prob-
lems, in which one attempts to reconstruct information
about a geometric object from low-dimensional sam-
ples. This field has important applications in imaging
and tomography.

A6 (by Harm Derksen) Consider the generating functions

=y

(a,b)eS

gxy)= Y wlabx’y

(u,b)eZ2
Then A(S) is the constant coefficient of the Laurent

polynomial A(x,y) = f(x,y) f(x~",y~")g(x,y). We may
compute this coefficient by averaging over unit circles:

2n 2@
/ h(e™,e)dt ds

2 27r
*// ee’geedtds

Consequently, it is enough to check that g(e,e) is a
nonnegative real number for all s,z € R. But g(e”*, ) =
16G(coss,cost) for

(27)2A(S)

2 2 2.2

G(z,w) = aw+ 22 +w? — 22w — zw* — 22w,

If z,w € [—1,1] and zw > 0O, then

G(z,w) = zw(1 —zw) +22(1 —w) +w*(1 —z) > 0.

If z,w € [—1,1] and zw < 0, then

G(z,w) = (z+w)? —zw(1+2)(1+w) > 0.

Hence g(e,e'") > 0 as desired.

Note that

c(2k+1)e (2k+3) (

It follows that ¥ 2°U c(n)c(n +2) =
2)+c(2k+1)c(2k+3)) =

c(1)e(3)=-1.

Remark: Karl Mahlburg points out the general formula

c(n) = (—1)bobr+bibrt+biibi for p having binary rep-

resentation by - - - by.

L (c(2k)e(2k+
0, and so the desired sum is

B2 We claim that the maximum value of f(0) is 3. This

is attained for N = 2, a1 = %, a; = %: in this case
f(x) =1+ % cos(27mx) + 3 cos(47x) = 1+ cos(27x) +
2(2cos?(27x) — 1) = 4 (2cos(27x) +1)? is always non-
negative.

Now suppose that f = 1+ YN | a,cos(27nx) € C.
When 7 is an integer, cos(27nn/3) equals 0 if 3|n and
—1/2 otherwise. Thus @y cos(2nn/3) = —ay,/2 for all
n, and f(1/3) =1-YN  (a,/2). Since £(1/3) >0,
):In\': a, < 2, whence f( ) = 1+Zn:l a, <3.

B3 Yes, such numbers must exist. To define them, we make
the following observations.

Lemma 1. For any i € {1,...,n}, if there exists any S € P
containing i, then there exist S, T € P such that S is the disjoint
union of T with {i}.

Proof. Let S be an element of P containing i of minimum car-
dinality. By (ii), there must be a subset T C S containing P
with exactly one fewer element than S. These sets have the
desired form. O

Lemma 2. Suppose S1,5,,T1,T>» € P have the property that
for some i € {1,...,n}, Sy is the disjoint union of Ty with {i}
and Sy is the disjoint union of T with {i}. Then

f(81) = f(Th) = £(S2) — f(T2).
Proof. By (i) we have

F(MUTU{i}) = f(S1)+f(T2) - f(TiNT>)
F(MUnU{i}) = f(T)+ f(S2) — f(TT NT2),

from which the claim follows immediately. O

We now define fi,..., f, as follows. If i does not ap-
pear in any element of P, we put f; = 0. Otherwise, by
Lemma 1, we can find S, T € P such that § is the disjoint
union of T with {i}. We then set f; = f(S) — f(T); by
Lemma 2, this does not depend on the choice of S, 7.

To check that f(S) =Y cs fi for S € P, note first that @ €
P by repeated application of (ii) and that f(0) = 0 by
hypothesis. This provides the base case for an induction
on the cardinality of S; for any nonempty S € P, we may
apply (ii) to find T C S such that S is the disjoint union
of T and some singleton set {j}. By construction and
the induction hypothesis, we have f(S) = f(T)+ f; =

J+Yicer fi = Yies fi as desired.

B4 Write fo(x) = f(x) — u(f) and go(x) = g(x) — u(g).
so that [} fo(x)2dx = Var(f), [y go(x)2dx = Var(g),
and [} fo(x)dx = [ go(x)dx = 0. Now since |g(x)| <
M(g) for all x, 0 < [ fo(x)2(M(g)? — g(x)?)dx =
Var(f)M(g)? fo fo(x)?g(x)?dx, and similarly 0 <
Var(g)M(f)? — Jy f(x)g

o(x)?dx. Summing gives

Var( Mg+ Var(@M()? = [ (o83 (0 (x))

(1

Now

x)%g0(x)?) dx — Var(fg)

- / (g0 + 1000 = (F08(0) — [ 70)g0)d)?

i



substituting fo(x) + u(f) for f(x) everywhere and
go(x) + u(g) for g(x) everywhere, and using the fact
that f) fo(x)dx = [, go(x)dx =0, we can expand and
simplify the right hand side of this equation to obtain

[ Gole?s(x + 73 g000%) dx—Var( )

= /01 fo(x)?go(x)*dx

(@) [ Azt ([ 0

> =20 (f)u(g) /0] Jo(x)go(x) dx

Because of (1), it thus suffices to show that

2(Pie) [ folw)goe)d < Var(F)M(a)? + Var(g) ()"

2)
Now since (u(g)fo(x) — 1(f)go(x))* > 0 for all x, we

have

2(N(s) [ fotsoars [ 2 n0? +

= Var(f)p(g)* + Var(g)u(f)?
< Var(f)M(g)* + Var(g)M(f)?,

establishing (2) and completing the proof.

B5 First solution: We assume n > 1 unless otherwise spec-
ified. For T a set and S1,S5, two subsets of 7', we say
that a function f: T — T iterates S; into S, if for each
x € Sy, there is a j > 0 such that f)(x) € S».

Lemma 1. Fixk € X. Let f,g: X — X be two functions such
that f iterates X into {1,...,k} and f(x) = g(x) for x € {k+
1,...,n}. Then g also iterates X into {1,...,k}.

Proof. For x € X, by hypothesis there exists a nonnegative in-
teger j such that f/)(x) e {1 .,k}. Choose the integer j as
small as possible; then f)(x ) e{k+1,....,n} for 0 <i<j.
By induction onl we have £ (x) = g (x )fori:O,...,j, SO
in particular g'/)(x) € {1,...,k}. This proves the claim.  [J

We proceed by induction on n —k, the case n —k = 0 be-
ing trivial. For the induction step, we need only confirm
that the number x of functions f : X — X which iter-
ate X into {1,...,k+ 1} but not into {1,...,k} is equal
to n"~!. These are precisely the functions for which
there is a unique cycle C containing only numbers in
{k+1,...,n} and said cycle contains k + 1. Suppose C
has length ¢ € {1,...,n —k}. For a fixed choice of /,
we may choose the underlying set of C in (”;f?l) ways
and the cycle structure in (¢ — 1)! ways. Given C, the
functions f we want are the ones that act on C as speci-
fied and iterate X into {1,...,k} UC. By Lemma 1, the
number of such functions is n~¢ times the total num-
ber of functions that iterate X into {1,...,k}UC. By

1 (f) go(x)*)dx

the induction hypothesis, we compute the number of
functions which iterate X into {1,...,k+ 1} but not into

{1,...,k} to be
n—k
Y (n—k—1)(n—k—L+1)(k+On""!
(=1

By rewriting this as a telescoping sum, we get

(n—k—1)---(n—k—£+1)(n)n" !

M \

Il
= -
|

k(n k—=1)---(n—k—0+1)(n—k—)n""!

I4

Il
—_

—k—1
Z n—k—1)---(n—k—0)n""!

£=0
n—k
Y (n—k=1)--(n—k—0)n"""!
(=1
nn 1
as desired.

Second solution: For T aset, f : T — T a function, and
S a subset of T, we define the contraction of f at S as
the function g : {*} U(T —S) — {*} U (T —S) given by

glx)=1¢ % x#£x* f(x)€S
fx) x#xf(x) ¢S

Lemma 2. For S C X of cardinality £ > 0, there are -1
functions f : {x} UX — {x}UX with f~1(x) = {x} US which
iterate X into {x}.

Proof. We induct on n. If £ = n then there is nothing to check.
Otherwise, put T = f~!(S), which must be nonempty. The
contraction g of f at {*}US is then a function on {*} U (X — )
with f~!(%) = {*} UT which iterates X — S into {x}. More-
over, for given T, each such g arises from *T functions of the
desired form. Summing over 7 and invoking the induction
hypothesis, we see that the number of functions f is

as claimed. ]

We now count functions f : X — X which iterate X
into {1,...,k} as follows. By Lemma 1 of the first
solution, this count equals n* times the number of
functions with f(1) = --- = f(k) = 1 which iterate X

into {1,...,k}. For such a function f, put § = {k+
Ln}Nf7Y({1,...,k}) and let g be the contraction
of fat{l,...,k}; then g~ (%) = * U {S} and g iterates



its domain into *. By Lemma 2, for ¢ = #S, there are
{(n — k)" %=1 such functions g. For given S, each
such g gives rise to k functions f with f(1) = --- =
f(k) =1 which iterate X into {1,...,k}. Thus the num-
ber of such functions f is

n—k _ )
Z <” , k) k“f(n _ k)nfkflfl

=0
n—k —k—1

-y (” )kf(n — k)t
s\ -1

_ knnfkfl )

The desired count is this times ¥, or kn~! as desired.

Remark: Functions of the sort counted in Lemma 2 can
be identified with rooted trees on the vertex set {*} UX
with root *. Such trees can be counted using Cayley’s
formula, a special case of Kirchoff’s matrix tree theo-
rem. The matrix tree theorem can also be used to show
directly that the number of rooted forests on n vertices
with k fixed roots is kn" %1 the desired count follows
immediately from this formula plus Lemma 1. (One
can also use Priifer sequences for a more combinatorial
interpretation.)

B6 We show that the only winning first move for Alice is

to place a stone in the central space. We start with some
terminology.

By a block of stones, we mean a (possibly empty) se-
quence of stones occupying consecutive spaces. By the
extremal blocks, we mean the (possibly empty) max-
imal blocks adjacent to the left and right ends of the
playing area.

We refer to a legal move consisting of placing a stone in
an empty space as a move of type I, and any other legal
move as being of type 2. For i =0,...,n, let P; be the
collection of positions containing i stones. Define the
end zone as the union Z = P,_; UP,. In this language,
we make the following observations.

— Any move of type 1 from P, ends in Py.
— Any move of type 2 from P, ends in P,_;.

— For i < n, any move of type 2 from P; ends in P, U
Py

— At this point, we see that the number of stones
cannot decrease until we reach the end zone.

— For i < n—1, if we start at a position in P, where
the extremal blocks have length a, b, then the only
possible moves to P; decrease one of a,b while
leaving the other unchanged (because they are
separated by at least two empty spaces). In par-
ticular, no repetition is possible within P;, so the
number of stones must eventually increase to i+ 1.

— From any position in the end zone, the legal moves
are precisely to the other positions in the end

zone which have not previously occurred. Con-
sequently, after the first move into the end zone,
the rest of the game consists of enumerating all
positions in the end zone in some order.

— At this point, we may change the rules without
affecting the outcome by eliminating the rule on
repetitions and declaring that the first player to
move into the end zone loses (because #Z =n + 1
is even).

To determine who wins in each position, number the
spaces of the board 1, ... ,n from left to right. Define the
weight of a position to be the sum of the labels of the
occupied spaces, reduced modulo 7+ 1. For any given
position outside of the end zone, for each s = 1,...,n
there is a unique move that adds s to the weight: if s is
empty that a move of type 1 there does the job. Other-
wise, s inhabits a block running from i+ 1 to j — 1 with
i and j empty (or equal to 0 or n+ 1), so the type 2 move
at i + j — s (which belongs to the same block) does the
job.

We now verify that a position of weight s outside of
the end zone is a win for the player to move if and
only if s £ (n+1)/2. We check this for positions in
P, for i =n—2,...,0 by descending induction. For
positions in P,_», the only safe moves are in the ex-
tremal blocks; we may thus analyze these positions
as two-pile Nim with pile sizes equal to the lengths
of the extremal blocks. In particular, a position is a
win for the player to move if and only if the extremal
blocks are unequal, in which case the winning move
is to equalize the blocks. In other words, a position is
a win for the player to move unless the empty spaces
are at s and n+ 1 —s for some s € {1,...,(n—1)/2},
and indeed these are precisely the positions for which
the weight equals (14+---+n)—(n+1)=(n+1)/2
(mod n+ 1). Given the analysis of positions in Py
for some i, it is clear that if a position in P, has weight
s# (n+1)/2, there is a winning move of weight 7 where
s+t =(n+1)/2 (mod n), whereas if s = (n+1)/2
then no move leads to a winning position.

It thus follows that the unique winning move for Al-
ice at her first turn is to move at the central space, as
claimed.

Remark: Despite the existence of a simple description
of the winning positions, it is nonetheless necessary to
go through the preliminary analysis in order to establish
the nature of the end zone and to ensure that the repe-
tition clause does not affect the availability of moves
outside of the end zone. However, it is not strictly nec-
essary to study P,_, separately: none of the positions
in P,_; has weight (n+ 1)/2, so following the strategy
of forcing the weight to equal (n+ 1)/2 cannot force a
first move into the end zone.

Remark: It is easy to see that Alice’s winning strategy
is to ensure that after each of her moves, the stones are
placed symmetrically and the central space is occupied.



However, it is somewhat more complicated to describe
Bob’s winning strategy without the modular interpreta-
tion.

Remark: To resolve a mild ambiguity in the problem
statement, it should be clarified that the initial position
(with no stones placed) should be treated as having oc-
curred previously once the first move has been made.
This only affects the case n = 1.

Remark: For the analogous problem with n even,
David Savitt has conjectured (based on the cases n = 2
and n = 4) that Alice has a winning strategy, and her
possible winning moves at her first turn are to place a
stone in one of the two central spaces. We give a par-
tial analysis based on an argument from Art of Problem
Solving user gnayijoag, with some clarification from
Savitt.

We first revise the endgame analysis from the original
solution. Define the sets P, and the end zone Z as be-
fore. The first six observations from the previous solu-
tion remain correct; however, now the number of posi-
tions in Z is odd, so the first player to move into Z wins.
That is, every position in P,_ is a winning position for
the player to move. Consequently, the positions in B,_3
can be identified with two-player Nim on the extremal
blocks (the subdivision between the two internal blocks
being immaterial).

This suggests that if we want to introduce a numeri-
cal invariant that detects the difference between win-
ning and losing positions for the player to move, we
must consider a formula that selectively discards some
information about some of the stones. To this end, for
a position x € P, for kK > 2 with vacant spaces at
ap > -+ > ag— (or ap(x) > --- > ay_1(x) if this needs
to be clarified), define

Ax)=ap+--+ap
fxt)=A—a;—t(n+1) (t=0,....k—1);

note that f(x,0) > --- > f(x,k—1). We say that x is
balanced if f(x,t) = 0 for some (necessarily unique)
choice of ¢, in which case we refer to a; as the balance
point of x; otherwise, we say that x is unbalanced. This
definition then has the following properties.

— The property of being balanced is invariant under
left-right symmetry. This will permit some sim-
plification in the following arguments.

— Every position in P,_» is unbalanced, because
ap <ap+a; <aj+((n+1).

— For a position x € P; to be balanced, in order
to have f(x,7) =0 (mod n+ 1) for some ¢, the
unique occupied space must be n 4+ 1 —1. We
must then have A(x) —r=1+---+n—(n+1) =
(n/2—1)(n+1), so x is balanced if and only if
f(x,n/2—1) = 0. This occurs if and only if the
occupied space is n/2 orn/2+ 1.

— From every balanced position x € P, for k > 3,
every move leads to an unbalanced position. To
check this, we need only consider moves at or to
the left of the balance point a; of x. Let y be the
result of a move from x. If the move is at a;, then

ft') = flx,r) —ap(y) = —ay(y) (mod n+1)

and the latter is not a nonzero residue because
ay €{1,...,n}. For amove to the left of a,, the va-
cant spaces to the right of @; remain at ag, ...,a,—1
and 0 < A(x) —A(y) < a; consequently,

Ot —1) = flxi— 1)~ (A) - A))
> (ft)+a—a 1+ (n+1)) —(a,— 1)
=n+2—-a_1>0.

Meanwhile, either a; remains vacant, or a; and
a;+1 are filled while some space b in between be-
comes vacant; in either case, we have f(y,7) <
f(x,£) =0. Since f(y,t) <0< f(y,t—1), yis
unbalanced.

To complete the analysis, one would need to show that
from every unbalanced position in P,_; for k > 3, there
is a move to some balanced position; this would then
show that a position in the game is a win for the player
to move if and only if it is unbalanced, from which the
conjecture of Savitt would follow.
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Al Prove that every nonzero coefficient of the Taylor series
of

(1—x+x%)e*

about x = 0 is a rational number whose numerator (in
lowest terms) is either 1 or a prime number.

A2 Let A be the n X n matrix whose entry in the i-th row
and j-th column is

1
min(, j)
for 1 <i,j <n. Compute det(A).

A3 Letag=5/2 and ay = a?_, —2 for k > 1. Compute
> 1
(-2
k=0 Ak

A4 Suppose X is a random variable that takes on only non-
negative integer values, with E [X] = 1, E [X?] =2, and
E [X3] =5. (Here E [y] denotes the expectation of the
random variable Y.) Determine the smallest possible
value of the probability of the event X = 0.

in closed form.

AS Let
Po(x) = 14+ 2x 432> 4 +mx" L.

Prove that the polynomials P;(x) and P (x) are relatively
prime for all positive integers j and k with j # k.

A6 Let n be a positive integer. What is the largest k
for which there exist n X n matrices M,...,M; and
N1, ...,N; with real entries such that for all i and j, the
matrix product M;N; has a zero entry somewhere on its
diagonal if and only if i # j?

B1 A base 10 over-expansion of a positive integer N is an
expression of the form

N=d 10" +d,_1105 T +... +dy10°

with dy # 0 and d; € {0,1,2,...,10} for all i. For
instance, the integer N = 10 has two base 10 over-
expansions: 10 = 10-10° and the usual base 10 expan-
sion 10 =1-10'40-10°. Which positive integers have
a unique base 10 over-expansion?

B2 Suppose that f is a function on the interval [1,3] such
that —1 < f(x) < 1 for all x and fﬁf(x)dx: 0. How
large can [ @ dx be?

B3 Let A be an m x n matrix with rational entries. Sup-
pose that there are at least m + n distinct prime numbers
among the absolute values of the entries of A. Show that
the rank of A is at least 2.

B4 Show that for each positive integer n, all the roots of the
polynomial

Z": Skn—k) &
k=0

are real numbers.

B5 In the 75th annual Putnam Games, participants compete
at mathematical games. Patniss and Keeta play a game
in which they take turns choosing an element from the
group of invertible n X n matrices with entries in the
field Z/pZ of integers modulo p, where n is a fixed
positive integer and p is a fixed prime number. The
rules of the game are:

(1) A player cannot choose an element that has been
chosen by either player on any previous turn.

(2) A player can only choose an element that com-
mutes with all previously chosen elements.

(3) A player who cannot choose an element on his/her
turn loses the game.

Patniss takes the first turn. Which player has a winning
strategy? (Your answer may depend on n and p.)

B6 Let f: [0,1] — R be a function for which there exists a
constant K > 0 such that | f(x) — f(y)| <K |x —y| for all
x,y € [0,1]. Suppose also that for each rational number
r € 10, 1], there exist integers a and b such that f(r) =
a+ br. Prove that there exist finitely many intervals
I1,...,1, such that f is a linear function on each I; and
01 = U 1
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A1l The coefficient of x" in the Taylor series of (1 —x+ For example, for n =5,

A2 Letvy,...

xz)e" forn=0,1,21s 1,0, %, respectively. For n > 3,
the coefficient of x" is

1 2 0 0 0

2 -8 6 0 0
ot v lontn-l) B=|0 6 —18 12 0
n (n=1)! (n—2)! n! 0 0 12 =32 20
n—1 0 0 0 20 -20

n(n—2)!"

If n—1 is prime, then the lowest-terms numerator is
clearly either 1 or the prime n — 1 (and in fact the latter,
since n— 1 is relatively prime to n and to (n—2)!). If n—
1 is composite, either it can be written as ab for some
a # b, in which case both a and b appear separately in
(n—2)! and so the numerator is 1, or n— 1 = p? for
some prime p, in which case p appears in (n —2)! and
so the numerator is either 1 or p. (In the latter case,
the numerator is actually 1 unless p = 2, as in all other
cases both p and 2p appear in (n—2)!.)

, v, denote the rows of A. The determinant is
unchanged if we replace v, by v,, —v,,_1, and then v,
by v,—1 —vy—2, and so forth, eventually replacing v by
vi — vi—1 for k > 2. Since v;_| and vy agree in their first
k — 1 entries, and the k-th entry of vy —vg_ is ,1( = 1 I»
the result of these row operatlons is an upper trlangular
matrix with diagonal entries 1,5 — 1,3 — 3
The determinant is then

2*71

A3

Let C denote the matrix obtained from B by replacing
the bottom-right entry with —2n? (for consistency with
the rest of the diagonal). Expanding in minors along
the bottom row produces a second-order recursion for
det(C) solving to det(C) = (—1)"(n!)?; a similar ex-
pansion then yields det(B) = (—1)""!n!(n—1)!.

Remark: This problem and solution are due to one of
us (Kedlaya). The statement appears in the comments
on sequence A010790 (i.e., the sequence (n— 1)!n!) in
the On-Line Encyclopedia of Integer Sequences (http:
//oeis.org), attributed to Benoit Cloitre in 2002.

First solution: Using the identity

(x+x N2 —2=x24x2,

. . k k.
we may check by induction on k that a; = 2> +272; in
particular, the product is absolutely convergent. Using
the identities

n n x2—|—1—|—x*2 = 1+ -1

H(]_]>:H(_l) X+1+X_1 X X

s \k k=1 i) k(k—1) 2 x2 »
(=~ x—x! =xhx

 (n—1)n!"

Note that a similar calculation can be made whenever
A has the form A;; = min{a;,a;} for any monotone se-

we may telescope the product to obtain

f[(l 1 ) _ﬁzzk—ljuzfz"
o 2% 42

quence ay,...,a,. Note also that the standard Gaussian =0 ag

elimination algorithm leads to the same upper triangu- YA IP S L  Sp e 4
lar matrix, but the nonstandard order of operations used - H - — = —
here makes the computations somewhat easier. o 2% 14272 27 -2

Remark: The inverse of A can be identified explicitly:
for n > 2, it is the matrix B given by

22 -2 3

T2 2 T

-1 i=j=1 Second solution: (by Catalin Zara) In this solution, we
-2 Il<i=j<n do not use the explicit formula for a;. We instead note
Bij=¢—(n—1)n i=j=n first that the a; form an increasing sequence which can-
ij i—jl=1 not approach a finite limit (since the equation L = L> —2
. has no real solution L > 2), and is thus unbounded. Us-

0 otherwise.

ing the identity

a1 +1= (ak— 1)(ak+ 1),



Ad

A5

one checks by induction on n that

ﬁ<1_1>_2 apy1+1

=0 ay Tapay---ay
Using the identity
2 _ 4 2
Upyp =4 =y =40,

one also checks by induction on # that

aoalman:% a£+1—4.
Hence

Z (11)3 1 + 1

k=0 “ ! pyy —4

tends to % as ap+1 tends to infinity, hence as » tends to
infinity.

The answer is %

First solution: Let a, = P(X = n); we want the min-
imum value for ag. If we write S =3, n*a,, then
the given expectation values imply that S} =1, Sp =2,
S3 =5. Now define f(n) = 11n— 6n% +n3, and note
that £(0) =0, f(1) = f(2) = f(3) =6, and f(n) > 6
forn>4; thus 4 =115, - 65 +S3 =Y, f(n)a, >
6, an. Since Y5> ga, = 1, it follows that ap > 1.
Equality is achieved when ay = %, a) = % az = %, and

a, = 0 for all other n, and so the answer is %

Second solution: (by Tony Qiao) Define the probabil-
ity generating function of P as the power series

We compute that G(1) =G'(1) = G"(1) =G"(1) = 1.
By Taylor’s theorem with remainder, for any x € [0, 1],
there exists ¢ € [x, 1] such that

(x_ 1)2 (x_ 1)3 G////(C)
2! + 3! * 4!

=1+(x—1)+ (x—1)*%
In particular, G(0) = § + % G""(c) for some ¢ € [0,1].
However, since G has nonnegative coefficients and ¢ >
0, we must have G”(c) > 0, and so G(0) > 1. Asiin the
first solution, we see that this bound is best possible.

First solution: Suppose to the contrary that there exist
positive integers i # j and a complex number z such that
P,(z) = Pj(z) = 0. Note that z cannot be a nonnegative
real number or else Pi(z),P;j(z) > 0; we may put w =
77 '#0,1. Forn € {i+1,j+ 1} we compute that

w'=nw—n+1, W=nw—n+1;

note crucially that these equations also hold for n €
{0,1}. Therefore, the function f : [0,4+) — R given
by

F(E) = P = wl? 421 — 1)Re(w) — (1 — 1)?

satisfies f(#) =0fors € {0,1,i+1, j+1}. On the other
hand, for all + > 0 we have

£"(6) = 2log|wl)’ [w]* >0,

s0 by Rolle’s theorem, the equation fG~%)(¢) = 0 has at
most k distinct solutions for k = 0,1,2,3. This yields
the desired contradiction.

Remark: By similar reasoning, an equation of the form
¢* = P(x) in which P is a real polynomial of degree
d has at most d 4 1 real solutions. This turns out to
be closely related to a concept in mathematical logic
known as o-minimality, which in turn has deep conse-
quences for the solution of Diophantine equations.

Second solution: (by Noam Elkies) We recall a result
commonly known as the Enestrom-Kakeya theorem.

Lemma 1. Let
Fx)=ao+ax+---+ax"

be a polynomial with real coefficients such that 0 < ag < a; <
-+ < ay. Then every root 7 € C of f satisfies |z] < 1.

Proof. If f(z) = 0, then we may rearrange the equality 0 =
f(z)(z—1) to obtain

an?"! = (ay — an-1)2" + -+ + (a1 — ao)z+ a.
Butif |z] > 1, then
a1 < (g = ant| + -+ oy — a0 Jel" < Jan2"],
contradiction. H
Corollary 2. Let
fx)=ap+aix+---+ax"

be a polynomial with positive real coefficients. Then every
root 7 € C of f satisfies r < |z| <R for

r=min{ap/ai,...,an—1/an}
R =max{ap/ai,...,an—1/an}.

Proof. The bound |z| < R follows by applying the lemma to
the polynomial f(x/R). The bound |z| > r follows by applying
the lemma to the reverse of the polynomial f(x/7). O

Suppose now that P;(z) = Pj(z) = 0 for some z € C and
some integers i < j. We clearly cannot have j=i+1, as
then P(0) # 0 and so Pj(z) — P:(z) = (i+ 1)z # 0; we
thus have j —i > 2. By applying Corollary 2 to P;(x),
we see that |z] < 1 — % On the other hand, by applying



Corollary 2 to (P;(x) — P,(x))/x'~!, we see that |z| >
1— H—%’ contradiction.

Remark: Flkies also reports that this problem is his
submission, dating back to 2005 and arising from work
of Joe Harris. It dates back further to Example 3.7 in:
Hajime Kaji, On the tangentially degenerate curves, J.
London Math. Soc. (2) 33 (1986), 430-440, in which
the second solution is given.

Remark: Elkies points out a mild generalization which
may be treated using the first solution but not the sec-
ond: for integers a < b < ¢ < d and z € C which is
neither zero nor a root of unity, the matrix

(SR

1
d

1 1
a b
achd

" Z

]

has rank 3 (the problem at hand being the case a =
0,b=1,c=i+1,d=j+1).

Remark: It seems likely that the individual polynomi-
als P;(x) are all irreducible, but this appears difficult to
prove.

Third solution: (by David Feldman) Note that
Po(x)(1—x) = 1+4x+4-- 42" —nx".

If |z > 1, then
g > " 1> | 41,

with the first equality occurring only if |z| = 1 and the
second equality occurring only if z is a positive real
number. Hence the equation £,(z)(1 —z) = 0 has no so-
lutions with |z| > 1 other than the trivial solution z = 1.
Since

Py(x)(1—x)2 =1—(n4 )x" +nx"1,
it now suffices to check that the curves
Co={zeC:0< |zl < 1,|z|"|n+1—2zn| =1}

are pairwise disjoint as n varies over positive integers.

Write z = u+ iv; we may assume without loss of gener-
ality that v > 0. Define the function

E.(n) =nlog|z|+log|n+ 1 —zn|.
One computes that for n € R, E(n) < 0 if and only if

u+v—1
(1—u)?4+v?

u—v—1 en<
n
(1—u)2 412

In addition, E,(0) = 0 and
1
EL(0) = Elog(u2 +v2) + (1 —u) > log(u) +1—u>0

since log(u) is concave. From this, it follows that the
equation E,(n) = 0 can have at most one solution with
n>0.

A6 The largest such k is n".

Bl

Remark: The reader may notice a strong similarity be-
tween this solution and the first solution. The primary
difference is we compute that E(0) > 0 instead of dis-
covering that E,(—1) = 0.

Remark: It is also possible to solve this prob-
lem using a p-adic valuation on the field of alge-
braic numbers in place of the complex absolute value;
however, this leads to a substantially more compli-
cated solution. In lieu of including such a solution
here, we refer to the approach described by Victor
Wang here: http://www.artofproblemsolving.
com/Forum/viewtopic.php?f=80&t=616731.

We first show that this
value can be achieved by an explicit construction. Let
ei,...,e, be the standard basis of R". For ij,...,i, €
{1,...,n}, let M;, _;, be the matrix with row vectors
ei,,-..,e,, and let N;, _; be the transpose of M;, ;..
Then M;, . i Nj, .. j, has k-th diagonal entry ¢; -¢;,,
proving the claim.

We next show that for any families of matrices M;,N; as
described, we must have k < n". Let V be the n-fold ten-
sor product of R", i.e., the vector space with orthonor-
mal basis ¢;, ®---®e;, foriy,...,i, € {1,...,n}. Letm;
be the tensor product of the rows of M;; that is,

n

Z (Mi)l,il

it in=1

m; = (M) ei, @ ®Qej,.

Similarly, let n; be the tensor product of the columns of
N;. One computes easily that m; - n; equals the product
of the diagonal entries of M;N;, and so vanishes if and
only if i # j. For any ¢; € R such that };¢;m; = 0, for
each j we have

0= (Zcm) nj= ZC:’(’":""/) =¢j.

Therefore the vectors my,...,my in V are linearly inde-
pendent, implying k < n"* as desired.

Remark: Noam Elkies points out that similar argument
may be made in the case that the M; are m X n matrices
and the N; are n X m matrices.

These are the integers with no 0’s in their usual base
10 expansion. If the usual base 10 expansion of N is
di 105 + - - 4+ dy10° and one of the digits is 0, then there
exists an i < k— 1 such that d; = 0 and d;;; > 0O; then
we can replace d; 110771 4 (0)107 by (d; 1 — 1)107+! 4
(10)10 to obtain a second base 10 over-expansion.

We claim conversely that if N has no 0’s in its usual
base 10 expansion, then this standard form is the unique
base 10 over-expansion for N. This holds by induc-
tion on the number of digits of N: if 1 <N <9,
then the result is clear. Otherwise, any base 10 over-
expansion N = d 10X+ --- +d;10 + dp10° must have
dp =N (mod 10), which uniquely determines d, since



N is not a multiple of 10; then (N — dy)/10 inherits the
base 10 over-expansion di 105! + ... 4+ d,10°, which
must be unique by the induction hypothesis.

Remark: Karl Mahlburg suggests an alternate proof of
uniqueness (due to Shawn Williams): write the usual
expansion N = d; 10% + --- +dy10° and suppose d; # 0
for all i. Let M = ¢;10' 4+ --- + ¢910° be an over-
expansion with at least one 10. To have M = N, we
must have [ < k; we may pad the expansion of M with
zeroes to force | = k. Now define e¢; = ¢; — d;; since
1 <d;<9and 0 <¢; <10, we have 0 < |¢;| < 9. More-
over, there exists at least one index i with e; # 0, since
any index for which ¢; = 10 has this property. But if i is
the largest such index, we have

i—1
10° < |€;10| = |lZe,-10"
j=0

i—1
<Y le|107 <9107 +---+9-10°,
j=0

a contradiction.

B2 In all solutions, we assume that the function f is inte-

grable.

First solution: Let g(x) be 1 for 1 <x <2 and —1
for 2 < x < 3, and define h(x) = g(x) — f(x). Then
f] h(x)dx =0 and h(x) > 0 for 1 <x <2, h(x) <0

for 2 < x <3. Now
/3 Zam

/3@61)6:/2 [l dx—
o /12 |hfl |h _
2 ) 0,

and thus [ L8 gx < [} @dxzzlogz—logﬁlogg.
Since g(x) achieves the upper bound, the answer is
log %.

Reformulation: (by Karl Mahlburg and Karthik
Adimurthi) Since f is integrable, it can be expressed
in terms of the Hadamard basis

1 xell,2)
Ho(x)=<¢ -1 x€[2,3]
0 x¢[1,3]
Hyp1(x) =H,2(x—1)+1)+H,(2(x—2)+1)

More precisely, we have f(x) =Y, ¢, ,,( ) for some ¢,

with [co| + |c1]+ |-+ < 1. Let g, = [ (Ha(x)/x) dx; it
is easy to show that the g, are strictly decreasing in n.
Thus

3 4
[ U /0dx = cogo+erg oo < 10 = Tog 5.

Second solution: (Art of Problem Solving, user
libra_gold) Define the function F(x) = [} f(¢)dt for

4

1<x<3; thenF( )=F(3)=0and F(x) < min{x—
1,3— } Using integration by parts, we obtain

P f(x) 3 F(x)
/1 . d)c:/1 2 dx
2x—-1 33
< a2 ax
1 X 2 X

4
=log-.
Og3

(Some minor adjustment is needed to make this com-
pletely rigorous, e.g., approximating f uniformly by
continuous functions.)

B3 First solution: Assume by way of contradiction that A

has rank at most 1; in this case, we can find rational
numbers ap,...,ay, bi,...,b, such that A;; = a;b; for
all i, j. By deleting rows or columns, we may reduce to
the case where the ¢;’s and b;’s are all nonzero.

Recall that any nonzero rational number ¢ has a unique
prime factorization

g = £2013025% ...
with exponents in Z. Set

c(q) = (c1,02,¢3,...).

Note that |a;b;| is prime if and only if ¢(a;) +c(b;) has
one entry equal to 1 and all others equal to 0. The con-
dition that m + n distinct primes appear in the matrix
implies that the vector space

{le clai +Zyl “XiyYj eR, th Zyj}
J

i
contains a linearly independent set of size m +n. But
that space evidently has dimension at most m+n — 1,
contradiction.

Second solution: In this solution, we use standard
terminology of graph theory, considering only sim-
ple undirected graphs (with no self-loops or multiple
edges). We first recall the quick induction proof that
that a graph on k vertices with no cycles contains at
most k — 1 edges: for k = 1, the claim is trivially true
because there can be no edges. For k > 1, choose any
vertex v and let d be its degree. Removing the vertex v
and the edges incident to it leaves a disjoint union of d
different graphs, each having no cycles. If the numbers
of vertices in these graphs are ki,...,k;, by induction
the total number of edges in the original graph is at most
(ki =1) 44 (kg—1)+d=k—1.

Returning to the original problem, suppose that A has
rank at most 1. Draw a bipartite graph whose vertices
correspond to the rows and columns of A, with an edge
joining a particular row and column if the entry where
they intersect has prime absolute value. By the previ-
ous paragraph, this graph must contain a cycle. Since



the graph is bipartite, this cycle must be of length 2k for
some integer k > 2 (we cannot have k = 1 because the
graph has no repeated edges). Without loss of gener-
ality, we may assume that the cycle consists of row 1,
column 1, row 2, column 2, and so on. There must then
exist distinct prime numbers py, ..., pa; such that

|A11] = p1,|A21] = p2,- - -, |Aik| = Pok—1,1A1k] = P

However, since A has rank 1, the 2 X 2 minor Ay1A;; —
Aj1A1j must vanish for all i, j. If we put r; = |A;;| and
Cj= |Aij/A11 , WE have

p1--pau = (ricr)(racr) -~ (reer) (rick)
= (ric1 - rper)?,
which contradicts the existence of unique prime factor-
izations for positive rational numbers: the prime p; oc-
curs with exponent 1 on the left, but with some even
exponent on the right. This contradiction completes the
proof.

B4 Define the polynomial f;(x) = Y7_, 2K "% x* Since

fix) =14x,fo(x) = 1+2x+x> = (14x)%,

the claim holds for for n = 1,2. For n > 3, we show that
the quantities

ﬁl(*z_n),fn(fz_n—’—z)’ cee afn(fzn)

alternate in sign; by the intermediate value theorem, this
will imply that f, has a root in each of the n intervals
(—27" =272y (=272 2", forcing f, to have
as many distinct real roots as its degree.

For j € {0,...,n}, group the terms of f,(x) as

4 2U=5)(1=45) =5 | p(j~4)n—j+4) 4
4 U343 =3 | p(j=D)(n—j42) =2
U1 =1y (=) i 4 oG+ (—j=1) 41
4 QU (=j=2) (42 | (j+3)(n—j=3) j+3

QU n—j=4) 4 | (+5) (=] =5) (45

Depending on the parity of j and of n — j, there may
be a single monomial left on each end. When evaluat-
ing at x = —2-"%2j the trinomial evaluates to 0. In the
binomials preceding the trinomial, the right-hand term
dominates, so each of these binomials contributes with
the sign of /=%, which is (—1)/. In the binomials fol-
lowing the trinomial, the left-hand term dominates, so
again the contribution has sign (—1)/.

Any monomials which are left over on the ends also
contribute with sign (—1)/. Since n > 3, there ex-
ists at least one contribution other than the trinomial,

B5

s0 fu(—27"*2/) has overall sign (—1)/, proving the
claimed alternation.

Remark: Karl Mahlburg suggests an alternate interpre-
tation of the preceding algebra: write 27" f,,(27"+2/) as

2

2= _2*(1’*1)2_,_..._,_(_1)}'*12*1_~_(_1)j2*1
_"_(_1)]271+(_1)]+1271+(_1)]+2272+,

where the two central terms (—1)/2~! arise from split-
ting the term arising from x/. Then each row is an alter-
nating series whose sum carries the sign of (—1)7/ unless
it has only two terms. Since n > 3, one of the two sums
is forced to be nonzero.

Remark: One of us (Kedlaya) received this problem
and solution from David Speyer in 2009 and submitted
it to the problem committee.

We show that Patniss wins if p = 2 and Keeta wins if
p > 2 (for all n). We first analyze the analogous game
played using an arbitrary finite group G. Recall that for
any subset S of G, the set of elements g € G which com-
mute with all elements of S forms a subgroup Z(S) of
G, called the centralizer (or commutant) of S. At any
given point in the game, the set S of previously cho-
sen elements is contained in Z(S). Initially S = 0 and
Z(S) = G; after each turn, S is increased by one ele-
ment and Z(S) is replaced by a subgroup. In particular,
if the order of Z(S) is odd at some point, it remains
odd thereafter; conversely, if S contains an element of
even order, then the order of Z(S) remains even there-
after. Therefore, any element g € G for which Z({g})
has odd order is a winning first move for Patniss, while
any other first move by Patniss loses if Keeta responds
with some i € Z({g}) of even order (e.g., an element of
a 2-Sylow subgroup of Z({g})). In both cases, the win
is guaranteed no matter what moves follow.

Now let G be the group of invertible n X n matrices with
entries in Z/pZ. If p > 2, then Z(S) will always contain
the scalar matrix —1 of order 2, so the win for Keeta is
guaranteed. (An explicit winning strategy is to answer
any move g with the move —g.)

If p =2, we establish the existence of g € G such that
Z({g}) has odd order using the existence of an irre-
ducible polynomial P(x) of degree n over Z/pZ (see
remark). We construct an n X n matrix over Z/pZ with
characteristic polynomial P(x) by taking the companion
matrix of P(x): write P(x) =x" + P, X" ' +---+ Ry
and set

00 -0 —P
10 -0 —P
g |01 0 —p
00 - 1 —Py

In particular, det(g) = (—1)"Py #0, so g € G. Over
an algebraic closure of Z/pZ, g becomes diagonaliz-



able with distinct eigenvalues, so any matrix commut-
ing with g must also be diagonalizable, and hence of
odd order. In particular, Z({g}) is of odd order, so Pat-
niss has a winning strategy.

Remark: It can be shown that in the case p = 2, the
only elements g € G for which Z({g}) has odd order
are those for which g has distinct eigenvalues: in any
other case, Z({g}) contains a subgroup isomorphic to
the group of k x k invertible matrices over Z/27Z for
some k > 1, and this group has order (2% — 1)(2% —
2)---(2k—2k1,

Remark: We sketch two ways to verify the existence
of an irreducible polynomial of degree n over Z/ pZ for
any positive integer n and any prime number p. One
is to use Mobius inversion to count the number of ir-
reducible polynomials of degree n over Z/pZ and then
give a positive lower bound for this count. The other
is to first establish the existence of a finite field F of
cardinality p", e.g., as the set of roots of the polynomial
x”" — 1 inside a splitting field, and then take the minimal
polynomial of a nonzero element of F over Z/pZ which
is a primitive (p" — 1)-st root of unity in F (which exist
because the multiplicative group of F contains at most
one cyclic subgroup of any given order). One might be
tempted to apply the primitive element theorem for F
over Z/pZ, but in fact one of the preceding techniques
is needed in order to verify this result for finite fields,
as the standard argument that “most” elements of the
upper field are primitive breaks down for finite fields.

One may also describe the preceding analysis in terms
of an identification of F as a Z/pZ-vector space with
the space of column vectors of length n. Under such
an identification, if we take g to be an element of F —
{0} generating this group, then any element of Z({g})
commutes with all of F — {0} and hence must define an
F-linear endomorphism of F. Any such endomorphism
is itself multiplication by an element of F, so Z({g})
is identified with the multiplicative group of I, whose
order is the odd number 2" — 1.

B6 Let us say that a linear function g on an interval is infe-

gral if it has the form g(x) = a + bx for some a,b € Z,
and that a piecewise linear function is integral if on ev-
ery interval where it is linear, it is also integral.

For each positive integer n, define the n-th Farey se-
quence F, as the sequence of rational numbers in [0, 1]
with denominators at most n. It is easily shown by in-
duction on n that any two consecutive elements f,%ﬁ
of F,, written in lowest terms, satisfy ged(s,s’) = 1,
s+s >n, and s —rs’ = 1. Namely, this is obvious

for n =1 because F| = %7 1. To deduce the claim for

Fy, from the claim for F, i, let £, ’, be consecutive el-
ements of F,_ 1 Ifs+s =n, thenform—r+r we
have { <70 < 5 ~ and the pairs ¢, % and 7 satisfy the

des1red cond1t10ns. Conversely, if s+s > n, then we
J . .
cannot have { < %t < 5 for a € Z, as this yields the

contradiction
n=(ms—nr)s +('n—ms') >s+s >n;

/ . . .
hence {, 7 remain consecutive in F,.

Let f, : [0,1] = R be the piecewise linear function
which agrees with f at each element of F, and is linear

between any two consecutive elements of F;,. Between

. / . .
any two consecutive elements £, % of F,, f, coincides
CRE n

with some linear function a+ bx. Since sf(%),s'f (A’f:) €
7., we deduce first that

is an integer of absolute value at most K, and second

that both as = sf(%) —br and as’ = 5’ f(% ) — br' are
integral. It follows that fn 1s integral.

We now check that if n > 2K, then f, = f,,_;. For this,
it sufﬁces to check that for any consecutive elements

PO Y, in Fn, the linear function ag + box matching f, |

from £ to = ; has the property that f() = ao + bo’;.
Define the integer t = nf(%) —apn — bom We then

compute that the slope of f,, from L to 7 is bo + st,

while the slope of f,, from 2 a2 to 5 is at most by — s't.
In order to have |b0 +st|, |bo -5 t| < K, we must have
(s+5') || <2K; since s+5 = n > 2K, this is only pos-
sible if + = 0. Hence f,, = f,—1, as claimed.

It follows that for any n > 2K, we must have f, =
fu+1 =---. Since the condition on f and K implies that
f is continuous, we must also have f, = f, completing
the proof.

Remark: The condition on f and K is called Lipschitz
continuity.

Remark: An alternate approach is to prove that for
each x € [0, 1), there exists € € (0,1 —x) such that the
restriction of f to [x,x + €) is linear; one may then de-
duce the claim using the compactness of [0, 1]. In this
approach, the role of the Farey sequence may also be
played by the convergents of the continued fraction of x
(at least in the case where x is irrational).

Remark: This problem and solution are due to one
of us (Kedlaya). Some related results can be proved
with the Lipschitz continuity condition replaced by suit-
able convexity conditions. See for example: Kiran S.
Kedlaya and Philip Tynan, Detecting integral polyhe-
dral functions, Confluentes Mathematici 1 (2009), 87—
109. Such results arise in the theory of p-adic differen-
tial equations; see for example: Kiran S. Kedlaya and
Liang Xiao, Differential modules on p-adic polyannuli,
J. Inst. Math. Jusssieu 9 (2010), 155-201 (errata, ibid.,
669-671).
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Al Let A and B be points on the same branch of the hyper-
bola xy = 1. Suppose that P is a point lying between
A and B on this hyperbola, such that the area of the tri-
angle APB is as large as possible. Show that the re-
gion bounded by the hyperbola and the chord AP has
the same area as the region bounded by the hyperbola
and the chord PB.

A2 letay =1, ay =2, and a,, = 4a,_| —a,_» for n > 2.
Find an odd prime factor of a;q;s.

A3 Compute
log, (201_115201_115 27riab/2015)>
a=1b
Here i is the imaginary unit (that is, i> = —1).

A4 For each real number x, let

=¥ 5

neSy

where Sy is the set of positive integers n for which | nx|
is even. What is the largest real number L such that
f(x) > Lforall x€[0,1)? (As usual, |z| denotes the
greatest integer less than or equal to z.)

AS Let g be an odd positive integer, and let N, denote
the number of integers a such that 0 < a < ¢/4 and
ged(a,q) = 1. Show that N, is odd if and only if ¢ is
of the form p* with k a positive integer and p a prime
congruent to 5 or 7 modulo 8.

A6 Letn be a positive integer. Suppose that A, B, and M are
n X n matrices with real entries such that AM = MB, and
such that A and B have the same characteristic polyno-
mial. Prove that det(A — MX) = det(B — XM) for every
n X n matrix X with real entries.

B1 Let f be a three times differentiable function (defined
on R and real-valued) such that f has at least five dis-
tinct real zeros. Prove that f+6f" +12f” + 8" has at
least two distinct real zeros.

B2 Given a list of the positive integers 1,2,3,4,. .., take the
first three numbers 1,2,3 and their sum 6 and cross all

four numbers off the list. Repeat with the three smallest
remaining numbers 4,5,7 and their sum 16. Continue
in this way, crossing off the three smallest remaining
numbers and their sum, and consider the sequence of
sums produced: 6,16,27,36,.... Prove or disprove that
there is some number in the sequence whose base 10
representation ends with 2015.

B3 Let S be the set of all 2 x 2 real matrices

ab
)
whose entries a, b, ¢,d (in that order) form an arithmetic

progression. Find all matrices M in S for which there is
some integer k > 1 such that M* is also in S.

B4 Let T be the set of all triples (a, b, ¢) of positive integers
for which there exist triangles with side lengths a, b, c.
Express

2[1
L 3

(ab,c)eT
as a rational number in lowest terms.

B5 Let B, be the number of permutations 7 of {1,2,...,n}
such that
li—j| =1 implies | (i) — m(j)| < 2

foralli, jin {1,2,...
tity

,n}. Show that for n > 2, the quan-

Pn+5 7Pn+4*Pn+3 +FB
does not depend on 7, and find its value.

B6 For each positive integer k, let A(k) be the number of
odd divisors of k in the interval [1,v/2k). Evaluate

e

klAk)
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Al First solution: Without loss of generality, assume that

A and B lie in the first quadrant with A = (t,1/#), B=
(t2,1/t7), and 1} < 1. If P = (¢,1/1) with t; <1 <1,
then the area of triangle APB is

11 1 —
—| 1 b |==—(ti+n—t—th/t).

2\ 0 1t 1| 22

When #,1, are fixed, this is maximized when ¢ + 11, /t
is minimized, which by AM-GM exactly holds when

t = \/t1r.
t+t—x

The line AP is given by y = T and so the area of
the region bounded by the hyperbola and AP is

/’ H+t—x 1 d t H o t
20 2 = — — — — Z
Jt 251 X 21 2t £ I ’

which at ¢t = \/tif, is equal to 2?/;]'7‘2 —log(\/t2/11).
Similarly, the area of the region bounded by the hyper-

bola and PB is % — 2’72 —log 2, which at t = \/fi1; is
also 2’3/% —log(\/t2/t1), as desired.

Second solution: For any A > 0, the map (x,y) —
(Ax,A~1y) preserves both areas and the hyperbola xy =
1. We may thus rescale the picture so that A, B are sym-
metric across the line y = x, with A above the line. As
P moves from A to B, the area of APB increases until P
passes through the point (1,1), then decreases. Conse-
quently, P = (1, 1) achieves the maximum area, and the
desired equality is obvious by symmetry. Alternatively,
since the hyperbola is convex, the maximum is uniquely
achieved at the point where the tangent line is parallel
to AB, and by symmetry that point is P.

A2 First solution: One possible answer is 181. By in-

duction, we have a, = ((2++/3)"+ (2 —+/3)")/2 =
(o' + B")/2 for all n, where a =2 ++/3 and B =
2 —+/3. Now note that if k is an odd positive integer

kn kn
and a, # 0, then % = Lanign = gqk=Dn _ g(k=2)ngn 4.

o — "Bk 4 gk=Dn_ This expression is both ra-
tional (because a, and ay, are integers) and of the form
a+ by/3 for some integers a,b by the expressions for
o, f3; it follows that it must be an integer, and so ay, is
divisible by a,. Applying this to n =5 and k = 403, we
find that a5 is divisible by as = 362 and thus by 181.

Second solution: By rewriting the formula for a, as
ay—o = 4a,_1 —a,, we may extend the sequence back-
wards to define a, for all integers n. Since a_; = 2,
we may see by induction that a_, = a, for all n. For

any integer m and any prime p dividing a,,, p also di-
vides a_,,; on the other hand, p cannot divide a_,,+1,
as otherwise p would also divide a_,,42,...,a0 =1, a
contradiction. We can thus find an integer k such that
am+1 = ka_p,+1 (mod p); by induction on n, we see
that a, = ka,_2,, (mod p) for all n. In particular, if k is
odd, then p also divides ay,,; we thus conclude (again)
that ayg5 is divisible by as = 362 and thus by 181.
Remark: Although it was not needed in the solution,
we note in passing that if ¢, =0 (mod p), then az, 1 =
—ay (mod p) for all k.

Remark: One can find other odd prime factors of a5
in the same manner. For example, a5 is divisible by
each of the following quantities. (The prime factoriza-

tions were computed using the Magma computer algebra
system.)

a3 =2 x 6811741
az1 = 2 x 373 x 360250962984637
asq3 =2 x 181 x 6811741
x 3045046274679316654761356161
asa = 1215497709121 x 28572709494917432101
x 13277360555506179816997827126375881581
a1331 =2 % 373 x 193441 x 6811741 x 360250962984637
x 16866100753000669
x 79988387992470656916594531961 x ;56

where pisg is a prime of 156 decimal digits. Dividing
ayo15 by the product of the primes appearing in this list
yields a number N of 824 decimal digits which is defi-
nitely not prime, because N #2 (mod N), but whose
prime factorization we have been unable to establish.
Note that N is larger than a 2048-bit RSA modulus, so
the difficulty of factoring it is not surprising.

One thing we can show is that each prime factor of N is
congruent to 1 modulo 6 x 2015 = 12090, thanks to the
following lemma.

Lemma. Let n be an odd integer. Then any odd prime factor
p of a, which does not divide a,, for any divisor m of n is
congruent to 1 modulo lem(6,n). (By either solution of the
original problem, p also does not divide a,, for any positive
integer m < n.)

Proof. We first check that p =1 (mod 3). In F, = F,(1/3)
we have (a/B)" = —1. If p=2 (mod 3), then ¢ = p* and
o and B are conjugate in p; consequently, the equality o =
—B" in qu means that o = c/3, " = —c+/3 for some ¢ €
F,. But then —3c?> = o " = 1 in F,, and hence in F,, which
contradicts p =2 (mod 3) by quadratic reciprocity.



By the previous paragraph, a and  may be identified with
elements of IF,,, and we have (a/)" = —1, but the same does
not hold with n replaced by any smaller value. Since F i
a cyclic group of order p — 1, this forces p =1 (mod ng as
claimed. O

A3 The answer is 13725. We first claim that if » is odd,
then [T7_, (1 + ¢?™iab/n) = pgedlan) - To see this, write
d = gcd(a,n) and a = day, n = dn; with ged(ag,n;) =
1. Then ay,2ay,...,n1a; modulo n; is a permutation
of 1,2,...,n; modulo n;, and so @%,®*“,..., &M%
is a permutation of ®,®?,..., ™" ; it follows that for
o= ezn’i/nl ,

]

. 0| . 0|
H(l +6‘277:zab/n) _ H(l +€2malb/nl H 1+ CO
b=1

b=1 b=1
Now since the roots of "1 — 1 are @, ®?, ..., ™", it fol-
lows that 2" — 1 =[];L, (z— @”). Setting z= —1 and

using the fact that n; is odd gives HZ‘:I (1+ wb) =2.

Finally, [T7_, (1 4 e2%ib/n) = (ITpL, (1 4 €2miab/ny)d
29, and we have proven the claim.

From the claim, we find that

20152015 )
10g2 H H(l _|_62mab/2015)

a=1 b=1
2015 2015 )
— Z 10g2 <H(1 _|_e2mab/2015)>
a=1 b=1
2015
= Z ged(a,2015).

Now for each divisor d of 2015, there are ¢(2015/d)
integers between 1 and 2015 inclusive whose gcd with
2015 is d. Thus

2015

Y ged(a,2015)= Y d-¢(2015/d).
a=1 d[2015

We factor 2015 = pgr with p =5, g = 13, and r = 31,
and calculate

Y d-¢(pgr/d)

d|pgr

=1-(p—D@g-D0r-D)+p-(g-1)(r—1)
+q-(p—=D)(r=1)+r-(p=1)(g—1)+pg-(r—1)
+pr-(g—1)+qr-(p—1)+pgr-1
=2p-1)(2¢g—-1)2r—1).

When (p,q,r) = (5,13,31), this is equal to 13725.

Remark: Noam Elkies suggests the following similar
but shorter derivation of the equality [T, (1+ ") = 2:
write

n11 n111_ 2b
oy T (1= 0™)

ﬁl mﬁ% — )

2

and note (as above) that ®, ®*,...,@*"~1 is a per-
mutation of ®,...,®" !, so the two products in the
fraction are equal.

Remark: The function f(n) =Y 4, d - ¢(n/d) is multi-
plicative: for any two coprime positive integers m,n, we
have f(mn) = f(m) f(n). This follows from the fact that
f(n) is the convolution of the two multiplicative func-
tions n — n and n — @(n); it can also be seen directly
using the Chinese remainder theorem.

A4 The answer is L = 4/7. For S C N, let F(S) =
Yes1/2", so that f(x) = F(Sy). Note that for T =
{1,4,7,10,...}, we have F(T) = 4/7.

We first show by contradiction that for any x € [0, 1),
f(x) > 4/7. Since each term in the geometric series
Y. 1/2" is equal to the sum of all subsequent terms, if
S, 8" are different subsets of N and the smallest positive
integer in one of S,S’ but not in the other is in S, then
F(S) > F(S'). Assume f(x) < 4/7; then the smallest
integer in one of Sy, T but not in the other is in 7. Now
1 € Sy for any x € [0,1), and we conclude that there
are three consecutive integers n,n + 1,n+ 2 that are not
in S,: thatis, |nx|, |(n+1)x], [ (n+2)x] are all odd.
Since the difference between consecutive terms in nx,
(n+1)x, (n+2)x is x < 1, we conclude that |nx| =
|[(n+1)x] =[(n+2)x| and sox < 1/2. Butthen2 € S,
and so f(x) > 3/4, contradicting our assumption.

It remains to show that 4/7 is the greatest lower bound
for f(x), x € [0,1). For any n, choose x =2/3 — € with
0 < &< 1/(9n); then for 1 <k < n, we have 0 < me <
1/3 for m < 3n, and so

[(3k—2)x]
[(B3k—1)x| =
L(3k)x] =

It follows that Sy is a subset of S = {1,4,7,...,3n—
2,3n+1,3n4+2,3n+3,...}, and so f(x) = (Sx)<
F(S) = (1/2+1/2% 4 ... 41/23+1) 4 1/23+1 This
last expression tends to 4/7 as n — oo, and so no num-
ber greater than 4/7 can be a lower bound for f(x) for
allx € [0,1).

|(2k—2)+2/3 — (3k—2)e| =2k —2
[(2k—1)+1/3—(3k—1)e] =2k -1
|(2k—1)+1—3ke| =2k—1.

A5 First solution: By inclusion-exclusion, we have

M= Tuto) |4

dlg

ol

dlq

T MdJ (mod 2),

d|q squarefree

where u is the Mobius function. Now

g/d| _]0 (mod?2) ifg/d=1,3 (mod 8)
{4J: 1 (mod2) ifg/d=5,7 (mod 8).



So N, is odd if and only if ¢ has an odd number of
squarefree factors ¢/d congruent to 5 or 7 (mod 8).

If ¢ has a prime factor p congruent to 1 or 3 (mod 8),
then the squarefree factors d of ¢ occur in pairs c, pc,
which are either both 1 or 3 (mod 8) or both 5 or 7
(mod 8). Hence ¢ must have an even number of factors
that are congruent to 5 or 7 (mod 8), and so N, is even
in this case.

If g has two prime factors p; and p,, each congruent to
either 5 or 7 (mod 8), then the squarefree factors d of g
occur in quadruples d, p1d,q1d, p1g1d, which are then
congruent respectively to some permutation of 1,3,5,7
(mod 8) (if p; and p, are distinct mod 8) or are congru-
ent respectively to d, p1d, p1d,d (mod 8). Either way,
we see that exactly two of the four residues are congru-
ent to 5 or 7 (mod 8). Thus again ¢ must have an even
number of factors that are 5 or 7 (mod 8), and so N, is
even in this case as well.

If g = 1, then N, = O is even. The only case that remains
is that ¢ = p¥ is a positive power of a prime p congruent
to 5 or 7 (mod 8). In this case, g has two squarefree
factors, 1 and p, of which exactly one is congruent to 5
or 7 (mod 8). We conclude that N, is odd in this case,
as desired.

Second solution:

Consider the set S of all integers in {1,...,q— 1} that
are even and relatively prime to g. Then the product of
all elements in S is

202 ] a

1<a<(¢—1)/2
(a.q)=1

On the other hand, we can rewrite the set of ele-
ments in S (mod g) as a set T of residues in the in-
terval [—(¢—1)/2,(¢—1)/2]. Then for each 1 <a <
(g —1)/2 with (a,q) = 1, T contains exactly one el-
ement from {a,—a}: if —2r = 2s (mod g) for some
rnse{l,...,(g—1)/2},thenr= —s (mod g), which is
impossible given the ranges of r and s. Thus the product
of all elements in T is

GV [
1<a<(q—1)/2
(a.g)=1

where n denotes the number of elements of S greater
than (¢ — 1)/2. We conclude that (—1)" = 29(9)/2
(mod gq).

However, note that the number of elements of S less
than (¢ —1)/2 is equal to N, since dividing these num-
bers by 2 gives exactly the numbers counted by Nj.
Hence the total cardinality of S is N, + n; however,
this cardinality also equals ¢(g)/2 because the num-
bersin {1,...,q— 1} relatively prime to ¢ come in pairs
{a,q— a} in each of which exactly one member is even.
We thus obtain

(-1 =
= (—1)2@/220@)/2 = (_2)9@)/2 (mod g).

(—1)9@/2n

If ¢ =1, then N, is even. If g has more than one
prime factor, then the group (Z/gZ)* has exponent di-
viding ¢(g)/2, so (—1)¥ = (=2)?@/2 =1 (mod q),
and thus N, must be even in this case as well. Fi-
nally, suppose that ¢ is a prime power p* with p odd
and k positive. Since (Z/qZ)* is a cyclic group of
order ¢(q) = p*~!(p — 1), in which the only square
roots of unity are %1, it follows that (—2)?(9)/2 = +1
(mod ¢) in accordance with whether (—2)(P~1/2 = +1
(mod p), i.e., whether —2 is a quadratic residue or non-
residue. But recall that —2 is a quadratic residue mod-
ulo p if and only if p = 1,3 (mod 8). Thus N, is odd
in this case if and only if p =5 or 7 (mod 8).

We conclude that for any odd integer g > 1, the quantity
N, is odd if and only if g = P with k positive and p a
prime that is 5 or 7 (mod 8).

Remark: The combination of the two solutions recov-

ers Gauss’s criterion for when —2 is a quadratic residue
modulo p, with essentially the original proof.

A6 First solution: (by Noam Elkies) Using row and col-

A

~

umn operations, we may construct invertible matrices
U,V such that U~'MV is a block diagonal matrix of

the form
10
00/

Put A’ = U 'AUM =U"'MV,B =V~'BV, X' =
V-IXU, so that A'M' = M'B’, det(A — MX) =
det(U~1(A — MX)U) = det(A’ — M'X’), and det(B —
XM) = det(V~!(B—XM)V) = det(B' — X'M’"). Form
the corresponding block decompositions

_ (A A p_ (Bu B\ 4 (X X
Ay An )’ By Bxn )’ Xo1 X )~

We then have

g (A1 O 1 (B11 Bi2
AM_(A21 0)’ MB_(O o>’

so we must have A} = B; and A>; = B> = 0; in partic-
ular, the characteristic polynomial of A is the product of
the characteristic polynomials of Aj; and Aj,, and the
characteristic polynomial of B is the product of the char-
acteristic polynomials of By and By;. Since Aj; = By,
it follows that Ay, and B> have the same characteristic
polynomial. Since

g (X1 O v (X111 Xi2
XM_(X21 O), MX_<O 0)7



det(A, — MX) =

we conclude that

det(A —MX) = det(A' — M'X")

. An—Xi Anp—Xi2
det< 0 Ar )

= det(An —X“) det(Agz)
= det(B11 —XU) det(Bzz)

Bii—Xii 0
= det
<321 —X>1 Bzz)
=det(B'—X'M")
=det(B—XM),
as desired. (By similar arguments, A —MX and B— XM

have the same characteristic polynomial.)

Second solution: We prove directly that A — MX and
B — XM have the same characteristic polynomial, i.e.,
for any t € R, writing A, = A —tI, B, = B—tI, we have

For fixed A, B, M, the stated result is a polynomial iden-

tity in ¢ and the entries of X. It thus suffices to check

it assuming that A;, B;, X are all invertible. Since AM =

MB, we also have A,M = MB;, so AtMB,*1 = M. Since

det(A;) = det(B;) by hypothesis,
det(A; —A,MB; 'X)

= det(A,)det(1 — MB, 'X)

= det(A;) det(X)det(B,)~

= det(X)det(X'B, — M)

= det(B, — XM).

Ydet(X !B, — M)

Remark: One can also assert directly that det(1 —
MB;'X) = det(1 — XMB; ") using the fact that for any
square matrices U and V, UV and VU have the same
characteristic polynomial; the latter is again proved by
reducing to the case where one of the two matrices is
invertible, in which case the two matrices are similar.

Third solution: (by Lev Borisov) We will check that
for each positive integer &,

Trace((A — MX)*) = Trace((B—XM)").
This will imply that A — MX and B — XM have the same

characteristic polynomial, yielding the desired result.

We establish the claim by expanding both sides
and comparing individual terms. By hypothesis, A
and B* have the same characteristic polynomial, so
Trace(A*) = Trace(B¥). To compare the other terms,
it suffices to check that for any sequence i1,1is,...,i, of
nonnegative integers,

Trace(A"" MXA2MX --- A1 MXAlm)
= Trace(B"XMB2XM --- B XMB™).

Bl

1
mey L

To establish this equality, first apply the remark follow-
ing the previous solution to write

Trace(A MXA2MX - - - Aln-1 MXA'm)
= Trace(A" ™ MXA2MX --- A"~ MX).

Then apply the relation AM = MB repeatedly to com-
mute M past A, to obtain

Trace(MBim+i1XMBiZXM. . .XMBiUHX).

Finally, apply the remark again to shift MB™ from the
left end to the right end.

Remark: The conclusion holds with R replaced by an
arbitrary field. In the second solution, one must reduce
to the case of an infinite field, e.g., by replacing the orig-
inal field with an algebraic closure. The third solution
only applies to fields of characteristic 0 or positive char-
acteristic greater than n.

Remark: It is tempting to try to reduce to the case
where M is invertible, as in this case A — MX and
B — XM are in fact similar. However, it is not clear how
to make such an argument work.

Let g(x) = ¢*/2f(x). Then g has at least 5 distinct real
zeroes, and by repeated applications of Rolle’s theorem,
g',¢",¢" have at least 4,3, 2 distinct real zeroes, respec-
tively. But

2 (f(x)+ 6 (x) + 121" (x) + 81" (x))

x/2

and €'/~ is never zero, so we obtain the desired result.

B2 We will prove that 42015 is such a number in the se-

quence. Label the sequence of sums sg,s1,..., and let
an, by, c, be the summands of s, in ascending order. We
prove the following two statements for each nonnega-
tive integer n:

(a), The sequence

a3n,b30,C30,83011,03011,C3n 41,830 12, 03012, C3n 12

is obtained from the sequence 10n+1,...,10n+
10 by removing one of 10n+5,10n+6,10n+17.

(b),, We have

s3, =30n+6,
$3n+1 € {30n+15,30n+16,30n+ 17},
S3p+2 = 30n+27.

These statements follow by induction from the follow-
ing simple observations:

— by computing the table of values

n‘a,, b, ¢, sy
0|1 2 3 6
114 5 7 16
28 9 10 27

we see that (a)g holds;



B3

- (@), implies (b)y;

- (a), and (b)y, ..., (b), together imply (a),+1-

To produce a value of n for which s, = 2015
(mod 10000), we take n = 3m + 1 for some nonnega-
tive integer m for which 53,41 = 30m + 15. We must
also have 30m = 2000 (mod 10000), or equivalently
m =400 (mod 1000). By taking m = 1400, we ensure
that m =2 (mod 3), so s,, = 10m+7; this ensures that
s, does indeed equal 30m + 15 = 42015, as desired.

Remark: With a bit more work, we can give a complete
description of s,, and in particular find the first term in
the sequence whose decimal expansion ends in 2015.
Define the function on nonnegative integers

f(n) =s3,41 — (30n+16)

which takes values in {—1,0, 1}; we then have

0 n=0 (mod 3)
f(n)=<¢—f((n—1)/3) n=1 (mod 3)
—1 n=2 (mod 3).

Consequently, if we write n in base 3, then f(n) =0
unless the expansion ends with 2 followed by a string
of 1s of length k > 0, in which case f(n) = (—1)F1,

In this notation, we have s, = 2015 (mod 10000) if and
only if n = 3m + 1 for some nonnegative integer m for
which m = 400 (mod 1000) and f(m) = —1. Since
400 = 112211 3)> the first such term in the sequence is
in fact s129; = 12015.

First solution: Any element of S can be written as M =
oA+ BB, where A = ({ {),B: (’13 ’31), and o, 3 €R.
Note that A> = (4 %) and B> = (3* ;%) are both in S,
and so any matrix of the form oA or 8B, o, € R,

satisfies the given condition.

We claim that these are also the only matrices in S
satisfying the given condition. Indeed, suppose M =

oA+ BB where o, # 0. Let C = (Jl :;g) with in-
12 —1/2

_ 1
1/ﬂ1/ﬁ)~ If we define D = C~'MC,

then D = 2o ((; 71/) where ¥ = —%ﬁ. Now suppose
that M* is in S with k > 2. Since (1-1)A()) =
(1-1)B(1;) =0, we have (1 -1)M*(!}) =0, and
so the upper left entry of C~'M*C = DF is 0. On the
other hand, from the expression for D, an easy induc-

. 2
tion on k shows that D¥ = (2a)* (7 Pk—1 YPk ) where
Yk Pi+1

pr is defined inductively by pg =0, p1 =1, pxi2 =
Y2 pi + prs1- In particular, it follows from the inductive
definition that p; > 0 when k > 1, whence the upper left
entry of D* is nonzero when k > 2, a contradiction.

verse C~! = (

Remark: A variant of this solution can be obtained by
diagonalizing the matrix M.

Second solution: If a,b,c,d are in arithmetic progres-
sion, then we may write

a=r—3s,b=r—s,c=r+s,d=r+3s

for some r,s. If s = 0, then clearly all powers of M are
in xS. Also, if r = 0, then one easily checks that M3 is
in S.

We now assume rs # 0, and show that in that case M
cannot be in S. First, note that the characteristic polyno-
mial of M is x*> — 2rx — 85, and since M is nonsingular
(as s # 0), this is also the minimal polynomial of M by
the Cayley-Hamilton theorem. By repeatedly using the
relation M? = 2rM + 8521, we see that for each positive
integer, we have M* = 1M + w,J for unique real con-
stants fy, uy, (uniqueness follows from the independence
of M and I). Since M is in S, we see that MF lies in S
only if u; = 0.

On the other hand, we claim that if k > 1, then rt; > 0
and u; > 0 if k is even, and 7, > 0 and ru; > 0 if k is
odd (in particular, u; can never be zero). The claim is
true for k = 2 by the relation M> = 2rM + 8s°I. Assum-
ing the claim for k, and multiplying both sides of the
relation M* = 1M + u I by M, yields

MM = 1(2rM + 857 1) + wM = (2rti + u )M + 857

implying the claim for k + 1.

Remark: (from artofproblemsolving.com, user
hoeij) Once one has u; = 0, one can also finish using
the relation M - MK = M* - M.

B4 First solution: The answer is 17/21. For fixed b,c,

there is a triangle of side lengths a,b,c if and only if
|b—c| < a<b+c. It follows that the desired sum is

obte _ plb—c|+1

1 b+c—1 ;
S:Zﬁ Z 2 :Z 3b5¢

b,c a=|b—c|+1 b,c

We write this as S = S1 + S, where S| sums over positive
integers b, c with b < ¢ and S, sums over b > c. Then

o oo 2h+c _207h+1
S] = Z 3b56



Similarly,
o w  obtc_pb—ctl
Sz = Z Z 3h5c
c=1b=c+1

S
Il
—_

|
[ agk

I
gk
N TN T/

[
Il

34
77
We conclude that S = S| + 85> = %
Second solution: Recall that the real numbers a,b,c

form the side lengths of a triangle if and only if

a+b+c
§=———

s—a,s—b,s—c>0 > ,

and thatif we putx=2(s—a),y=2(s—b),z=2(s—c¢),

y+z
a =

_ztx  x+y
> = = .

) b 2 ) c 2

To generate all integer triples (a,b,c) which form the
side lengths of a triangle, we must also assume that
x,y,z are either all even or all odd. We may therefore
write the original sum as

2(3+2)/2
3(z+x)/25(x+y)/2 +

x,y,z>00dd x,y,z>0even

2(y+2)/2
3(z4x)/25(x+y) /2"

To unify the two sums, we substitute in the first case
x=2u+1,y=2v+1,z7=2w+ 1 and in the second
case x =2u+2,y =2v+2,7=2w+2 to obtain

na o 2v+w 271
Z 3b5c = Z . JIwtugutv (1 + 3151)

(a,b,c)eT u,y,w=

=250 1) 26

17 1/15 0 2/5 23
T2 1-1/151-2/51-2/3
17
=7

B5 The answer is 4.

Assume n > 3 for the moment. We write
the permutations 7 counted by P, as sequences
n(1),7(2),...,m(n). Let U, be the number of permuta-
tions counted by P, that end with n — 1,n; let V,, be the
number ending in n,n — 1; let W,, be the number starting
with n — 1 and ending in n — 2, n; let 7}, be the number
ending in n — 2, n but not starting with n — 1; and let S,

be the number which has n — 1,7 consecutively in that
order, but not at the beginning or end. It is clear that
every permutation 7 counted by P, either lies in exactly
one of the sets counted by U,,V,,W,,T,,S,, or is the
reverse of such a permutation. Therefore

P =2Uy+Vy+Wy+T,+S,).

By examining how each of the elements in the sets
counted by U,+1,Vit1,Wht1,Th+1,5.+1 can be ob-
tained from a (unique) element in one of the sets
counted by U,,,V,,, W,,, T,,, S,, by suitably inserting the el-
ement n + 1, we obtain the recurrence relations

Un+l = Un +Wn+Tn7

Vi1 = Uy,
W1 = W,
Thy1 = Va,
Sn+1=Sn+Vy.

Also, it is clear that W,, = 1 for all n.

So far we have assumed n > 3, but it is straightforward
to extrapolate the sequences P,,U,,V,,,W,,T,,S, back
to n = 2 to preserve the preceding identities. Hence for
alln > 2,

Puis =2(Upis+ Vs +Wais + Thps +Suys)
=2((Ups4 +Woga + Tyia) + Upia
+Waia+Viga + (Snia +Viia))
= Poia +2(Upsa +Wiisa + Viia)
= PB4+ 2((Ung3z +Wais + Toy3) + W3 +Unys)
= PB4+ Pz +2(Uns3 — Vs + Wiz — Sni3)
=Poia+Pui3 +2((Up2 + Waia + Tuy2) — Ui
+ W2 = (Sns2 = Var2))
= PB4+ Pz +22Wa 0+ T2 — Suy2 — Vir2)
= Popa+ Pz +22Wop1 + Vs
- (SnJrl +Vn+1) - Un+1)
= P4+ Pz +202W, + U, — (S, + V) — Uy
- (Un +Wn + Tn))
=Popa+ Pz — B +4,

as desired.

Remark: There are many possible variants of the
above solution obtained by dividing the permutations
up according to different features. For example, Karl
Mahlburg suggests writing
Py=2F,  P,=0,+R,

where P, counts those permutations counted by P, for
which 1 occurs before 2, and Q; counts those permuta-
tions counted by P, for which 7(1) = 1. One then has
the recursion

0, =0, 1+0, 3+1



corresponding to the cases where 7(1),7(2) = 1,2;
where 7(1),7(2),7(3) = 1,3,2; and the unique case
1,3,5,...,6,4,2. Meanwhile, one has

R, =R, 1+0,

corresponding to the cases containing 3,1,2,4 (where
removing 1 and reversing gives a permutation counted
by R/_,); and where 4 occurs before 3,1,2 (where re-
moving 1,2 and reversing gives a permutation counted
by Q;_2)~

Remark: The permutations counted by P, are known as
key permutations, and have been studied by E.S. Page,
Systematic generation of ordered sequences using re-
currence relations, The Computer Journal 14 (1971),
no. 2, 150-153. We have used the same notation for
consistency with the literature. The sequence of the P,
also appears as entry A003274 in the On-line Encyclo-
pedia of Integer Sequences (http://oeis.org).

B6 (from artofproblemsolving.com) We will prove
that the sum converges to 72/16. Note first that the
sum does not converge absolutely, so we are not free to
rearrange it arbitrarily. For that matter, the standard al-
ternating sum test does not apply because the absolute
values of the terms does not decrease to 0, so even the
convergence of the sum must be established by hand.

Setting these issues aside momentarily, note that the el-
ements of the set counted by A(k) are those odd posi-
tive integers d for which m = k/d is also an integer and
d < v/2dm; if we write d = 2¢ — 1, then the condition
on m reduces to m > £. In other words, the original sum
equals

in which both sums converge by the alternating sum
test. In fact a bit more is true: we have

so the outer sum converges absolutely. In particular, S
is the limit of the truncated sums

1 & (-
Son= Y, ) .
020—1)<n 2-1,= m

To see that S| converges to the same value as S,, write

1 oo

n _1\ym—1
e TS

k=1 020-1)<n <7 1 m=| 57 +1]
The expression on the right is bounded above in abso-
lute value by the sum Y yo¢_ 1)<, 5, 1 'in which the number

of summands is at most /n (since /n(2y/n—1) > n),
and so the total is bounded above by 1/+/n. Hence the
difference converges to zero as n — oo; that is, S| con-
verges and equals S5.

We may thus focus hereafter on computing S>. We be-
gin by writing

oo | oo

1
$5=Y — Y (-1 m*‘/ " dr.
2 ;2#1 L)

m={
Our next step will be to interchange the inner sum and
the integral, but again this requires some justification.

Lemma 1. Let fy, f1,... be a sequence of continuous func-
tions on [0, 1] such that for each x € 0, 1], we have

fo(x) > fi(x)>--->0.

Then

1 1 e
) /O fn(t)dt:/() (r;)(—l) f,,(t)> dt

provided that both sums converge.

Proof. Put g,(t) = fan(t)
the desired equality as

w L/
n;)/o g,,(t)dt:/o (r;)g,,(t)> dt

which is a case of the Lebesgue monotone convergence theo-

rem. O
By Lemma 1, we have

ml -1
S = 2(—1/( " )dt

o —r)-!
= dt-
422'126—1/0 141

Since the outer sum is absolutely convergent, we may
freely interchange it with the integral:

B 1 o 1 (7I)Z—1
Sz—/o (/2122_1 141 )dt
= (1)1
/\/l+t (Z 201 )dt

— fon+1(t) > 0; we may then rewrite

= | —=——arctan(Vv't)dt
/o \ﬁ(l +1) (V1)
-1 2
= 52 arctan(u) du (u= 1)
2
= arctan(1)? —arctan(0)* = 16
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Al Find the smallest positive integer j such that for every
polynomial p(x) with integer coefficients and for every
integer k, the integer

. d’
D) = 2
PV = 5 p()

x=k
(the j-th derivative of p(x) at k) is divisible by 2016.

A2 Given a positive integer n, let M(n) be the largest inte-
ger m such that

() (")

lim M)

n—e

Evaluate

A3 Suppose that f is a function from R to R such that

fx)+f (1 - i) = arctanx

for all real x # 0. (As usual, y = arctanx means —7/2 <
y < m/2 and tany = x.) Find

/01 S(x)dx.

A4 Consider a (2m — 1) x (2n — 1) rectangular region,
where m and n are integers such that m,n > 4. This
region is to be tiled using tiles of the two types shown:

(The dotted lines divide the tiles into 1 x 1 squares.)
The tiles may be rotated and reflected, as long as their
sides are parallel to the sides of the rectangular region.
They must all fit within the region, and they must cover
it completely without overlapping.

What is the minimum number of tiles required to tile
the region?

A5 Suppose that G is a finite group generated by the two
elements g and &, where the order of g is odd. Show
that every element of G can be written in the form

gml hnlng hnz .. gmrhnr

with 1 < r < |G| and my,ny,mp,ny,...,mpn, €
{—1,1}. (Here |G| is the number of elements of G.)

A6 Find the smallest constant C such that for every real
polynomial P(x) of degree 3 that has a root in the in-
terval [0, 1],

1
/ |P(x)| dx < C max |P(x)].
0 x€[0,1]

B1 Let xg,x1,x2,... be the sequence such that xo = 1 and
forn >0,

Xnt1 = In(e™ —xp)

(as usual, the function In is the natural logarithm). Show
that the infinite series

Xo+x1+x2+---

converges and find its sum.

B2 Define a positive integer n to be squarish if either n is
itself a perfect square or the distance from n to the near-
est perfect square is a perfect square. For example, 2016
is squarish, because the nearest perfect square to 2016
is 452 = 2025 and 2025 — 2016 = 9 is a perfect square.
(Of the positive integers between 1 and 10, only 6 and
7 are not squarish.)

For a positive integer N, let S(N) be the number of
squarish integers between 1 and N, inclusive. Find pos-
itive constants & and 8 such that

lim SI) =B,

N—oo N

or show that no such constants exist.

B3 Suppose that S is a finite set of points in the plane such
that the area of triangle AABC is at most 1 whenever A,
B, and C are in S. Show that there exists a triangle of
area 4 that (together with its interior) covers the set S.

B4 Let A be a 2n x 2n matrix, with entries chosen indepen-
dently at random. Every entry is chosen to be O or 1,
each with probability 1/2. Find the expected value of
det(A — A") (as a function of n), where A’ is the trans-
pose of A.

B35 Find all functions f from the interval (1,00) to (1,00)
with the following property: if x,y € (1,%0) and x*> <
y <0, then (f(x))* < f(y) < (f(x))°.

B6 Evaluate

1 o 1

y Y o
k=1 k n=0k2n+]
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Kiran Kedlaya and Lenny Ng

Al The answer is j = 8. First suppose that j satisfies the
given condition. For p(x) = x/, we have pU/)(x) = ;!
and thus j! is divisible by 2016. Since 2016 is divisible
by 23 and 7! is not, it follows that j > 8. Conversely, we
claim that j = 8 works. Indeed, let p(x) = Y _amx™
be a polynomial with integer coefficients; then if k is
any integer,

i m(m (m—"T)a,k" 8

m=8

;( )8‘a k8

20-2016, and so p(® (k) is divisible

=

is divisible by 8! =
by 2016.

Remark: By the same reasoning, if one replaces 2016
in the problem by a general integer N, then the min-
imum value of j is the smallest one for which N di-
vides j!. This can be deduced from Pdlya’s observation
that the set of integer-valued polynomials is the free Z-
module generated by the binomial polynomials (“}: ) for
n=0,1,.... That statement can be extended to polyno-
mials evaluated on a subset of a Dedekind domain using
Bhargava’s method of P-orderings; we do not know if
this generalization can be adapted to the analogue of
this problem, where one considers polynomials whose
Jj-th derivatives take integral values on a prescribed sub-
set.

A2 The answer is 3%5 Note that for m > n+ 1, both bi-
nomial coefficients are nonzero and their ratio is

)/ ) = G iy

nmn

 (m—n+1)(m—n)

mn!(m—n—1)!

Thus the condition (,",) > (") is equivalent to (m —
n+1)(m—n) —mn < 0. The left hand side of this last
inequality is a quadratic function of m with roots

3n—1+vV5n2-2n+1

aln) = >
3n—1—v5n2-2n+1
Bn) = > ,

both of which are real since 5n> —2n+ 1 = 4n> + (n —
1)2 > 0; it follows that m satisfies the given inequality
if and only if B(n) < m < a(n). (Note in particular that
since ot(n) — B(n) = V50> —2n+ 1 > 1, there is always

some integer m between f3(n) and o/(n).)

We conclude that M(n) is the greatest integer strictly
less than o(n), and thus that a(n) — 1 < M(n) < a(n).

Now

1 2, 1
a3 atdTata 3445
lim —= = lim =

and similarly lim,HmM = M, and so by the

n
M
sandwich theorem, hmn_,oo—" 3+\f

A3 The given functional equation, along with the same
equation but with x replaced by )%1 and ﬁ respec-
tively, yields:

f(x)+f(1i) — tan ' (x)
ol ()
f(lix> + F(x) = tan ™! (1;).

Adding the first and third equations and subtracting the
second gives:

2£(x) = tan~ (x) + tan~! <1ix> —tan”! <x;1> .

Now tan~!(¢) +tan~!(1/¢) is equal to /2 if # > 0 and
—n/2if t < 0; it follows that for x € (0, 1),

2((x) + £(1 =) = (tan~ (x) + tan ™" (1/))

+ (tanl(l —x)+tan”! <1ix>)
- (r () et ()

_71? T T
“27272
_3m
)

Thus
4/ dx—2/ +f1—))d=377r

and finally fol fx)dx= %”.

Remark: Once one has the formula for f(x), one can
also (with some effort) directly evaluate the integral of
each summand over [0, 1] to obtain the same result. A



much cleaner variant of this approach (suggested on
AoPS, user henrikjb) is to write

tan~! (x) /y ! d
x) = —
0 1127

and do a change of variable on the resulting double in-
tegral.

A4 The minimum number of tiles is mn. To see that this

many are required, label the squares (i, j) with 1 <i <
2m—1and 1 < j <2n—1, and for each square with i, j
both odd, color the square red; then no tile can cover
more than one red square, and there are mn red squares.

It remains to show that we can cover any (2m — 1) X
(2n — 1) rectangle with mn tiles when m,n > 4. First
note that we can tile any 2 x (2k — 1) rectangle with
k > 3 by k tiles: one of the first type, then k — 2 of the
second type, and finally one of the first type. Thus if we
can cover a 7 x 7 square with 16 tiles, then we can do the
general (2m— 1) x (2n— 1) rectangle, by decomposing
this rectangle into a 7 x 7 square in the lower left corner,
along with m — 4 (2 x 7) rectangles to the right of the
square, and n —4 ((2m — 1) x 2) rectangles above, and
tiling each of these rectangles separately, for a total of
16+4(m—4)+m(n—4) = mn tiles.

To cover the 7 x 7 square, note that the tiling must con-
sist of 15 tiles of the first type and 1 of the second type,
and that any 2 x 3 rectangle can be covered using 2 tiles
of the first type. We may thus construct a suitable cov-
ering by covering all but the center square with eight
2 x 3 rectangles, in such a way that we can attach the
center square to one of these rectangles to get a shape
that can be covered by two tiles. An example of such
a covering, with the remaining 2 x 3 rectangles left in-
tact for visual clarity, is depicted below. (Many other
solutions are possible.)

- -7

L —

AS First solution: For s € G and r a positive integer, define

a representation of s of length r to be a sequence of

values my,ny,...,mp,n, € {—1,1} for which
§ = gmlhl’ll .. .gmrhl’lr‘

We first check that every s € G admits at least one rep-
resentation of some length; this is equivalent to saying
that the set S of s € G which admit representations of
some length is equal to G itself. Since S is closed un-
der the group operation and G is finite, S is also closed
under formation of inverses and contains the identity
element; that is, S is a subgroup of G. In particular, S
contains not only gh but also its inverse 4~ 'g~!; since
S also contains g~ 'h, we deduce that S contains g~2.
Since g is of odd order in G, g~ is also a generator of
the cyclic subgroup containing g; it follows that g € §
and hence i € S. Since we assumed that g,/ generate
G, we now conclude that S = G, as claimed.

To complete the proof, we must now check that for each
s € G, the smallest possible length of a representation of
s cannot exceed |G|. Suppose the contrary, and let

§= gmlhnl .. .gmrhn,
be a representation of the smallest possible length. Set

si=g"n" ... gmip (i=0,...,r—1),
interpreting so as e; since r > |G| by hypothesis, by the
pigeonhole principle there must exist indices 0 < i <
J <r—1suchthats; =s;. Then

s = gm] hn| .. .gmihnigmj+] hn.H’l e gmrhnr

is another representation of s of length strictly less than
r, a contradiction.

Remark: If one considers si,...,s, instead of
50,---,8—1, then the case s = e must be handled sep-
arately: otherwise, one might end up with a represen-
tation of length O which is disallowed by the problem
statement.

Reinterpretation: Note that the elements
gh,gh™',g7'h,g"'h™" generate gh(g~'n)~' = ¢
and hence all of G (again using the hypothesis that g
has odd order, as above). Form the Cayley digraph on
the set G, i.e., the directed graph with an edge from s; to
so whenever s, = s1* for * € {gh,gh™ ', ¢ 'h,g"'h~1}.
Since G is finite, this digraph is strongly connected:
there exists at least one path from any vertex to any
other vertex (traveling all edges in the correct direc-
tion). The shortest such path cannot repeat any vertices
(except the starting and ending vertices in case they
coincide), and so has length at most |G|.

Second solution: For r a positive integer, let S, be the
set of s € G which admit a representation of length at
most r (terminology as in the first solution); obviously
S, C S,11. We will show that S, # S, unless S, = G;
this will imply by induction on r that #S, > min{r, |G|}
and hence that S, = G for some r < |G].



Suppose that S, = S,11. Then the map s — sgh de-
fines an injective map S, — S,+1 = Sy, so S, is closed
under right multiplication by gh. By the same to-
ken, S, is closed under right multiplication by each of
gh ', ¢ 'h,g 'h='. Since gh,gh~',g7'h,g"'h~! gen-
erate G as in the first solution, it follows that S, = G as
claimed.since r+ 1 < |G|, we are done in this case also.

Remark: The condition on the order of g is needed
to rule out the case where G admits a (necessarily nor-
mal) subgroup H of index 2 not containing either g or
h; in this case, all products of the indicated form be-
long to H. On the other hand, if one assumes that both
g and & have odd order, then one can say a bit more:
there exists some positive integer r with 1 < r < |G|
such that every element of G has a representation of
length exactly . (Namely, the set of such elements for
a given r strictly increases in size until it is stable un-
der right multiplication by both gh(g~'h)~! = ¢ and
gh(gh™')~! = gh’g~!, but under the present hypothe-
ses these generate G.)

A6 We prove that the smallest such value of C is 5/6.

First solution: (based on a suggestion of Daniel Kane)

We first reduce to the case where P is nonnegative in
[0,1] and P(0) = 0. To achieve this reduction, suppose
that a given value C obeys the inequality for such P.
For P general, divide the interval [0, 1] into subintervals
Ii,...,I at the roots of P. Write £(I;) for the length of
the interval [;; since each interval is bounded by a root
of P, we may make a linear change of variable to see
that

AW@MH@%M%%W@\U:Lmk)

Summing over i yields the desired inequality.

Suppose now that P takes nonnegative values on [0, 1],
P(0) =0, and max,c[o ) P(x) = 1. Write P(x) = ax’ +
bx* + cx for some a,b, ¢ € R; then

/lp( Jdx=tatipg L
0 X x—4a 3 2C
2/1 1 1 1
=Z(za+-b+=c)+—(at+b
3 (8a+4 +26>+6(a+ +c)
2 (1) 1
=Zp(=)+-P(1
3 <2)_%6 M
L2 15
=3 6 6

Consequently, the originally claimed inequality holds
with C = 5/6. To prove that this value is best possi-
ble, it suffices to exhibit a polynomial P as above with
Jo P(x)dx = 5/6; we will verify that

P(x) = 4x> — 8x* +5x

3

has this property. It is apparent that jol P(x)dx =5/6.
Since P'(x) = (2x—1)(6x—5) and

P@%z&P(é)zLP(Z)zi?PO):L

it follows that P increases from 0 at x =0 to 1 at x =
1/2, then decreases to a positive value at x = 5/6, then
increases to 1 at x = 1. Hence P has the desired form.

Remark: Here is some conceptual motivation for the
preceding solution. Let V be the set of polynomials
of degree at most 3 vanishing at 0, viewed as a three-
dimensional vector space over R. Let S be the subset
of V consisting of those polynomials P(x) for which
0 < P(x) <1 for all x € [0,1]; this set is convex and
compact. We may then compute the minimal C as the
maximum value of fol P(x)dx over all P € S, provided
that the maximum is achieved for some polynomial of
degree exactly 3. (Note that any extremal polynomial
must satisfy max e, P(x) = 1, as otherwise we could
multiply it by some constant ¢ > 1 so as to increase

Jo P(x)dx.)

Let f: V — R be the function taking P(x) to fol P(x)dx.
This function is linear, so we can characterize its ex-
trema on S easily: there exist exactly two level surfaces
for f which are supporting planes for S, and the inter-
sections of these two planes with S are the minima and
the maxima. It is obvious that the unique minimum is
achieved by the zero polynomial, so this accounts for
one of the planes.

It thus suffices to exhibit a single polynomial P(x) € §
such that the level plane of f through P is a support-
ing plane for S. The calculation made in the solution
amounts to verifying that

P(x) = 4x> —8x* +5x

has this property, by interpolating between the con-
straints P(1/2) < 1and P(1) < 1.

This still leaves the matter of correctly guessing the op-
timal polynomial. If one supposes that it should be
extremized both at x = 1 and at an interval value of
the disc, it is forced to have the form P(x) = 14 (x —
1)(cx — 1)? for some ¢ > 0; the interpolation property
then pins down c uniquely.

Second solution: (by James Merryfield, via AoPS) As
in the first solution, we may assume that P is nonnega-
tive on [0, 1] and P(0) = 0. Since P has degree at most 3,
Simpson’s rule for approximating fol P(x)dx is an exact
formula:

[:m@dxzéwmyww(;)+Pa»

This immediately yields the claimed inequality for C =
5/6. Again as in the first solution, we obtain an example
showing that this value is best possible.



B1 Note that the function e* — x is strictly increasing for

x > 0 (because its derivative is ¢* — 1, which is positive
because ¢* is strictly increasing), and its value at O is 1.
By induction on n, we see that x,, > 0 for all n.

By exponentiating the equation defining x,41, we ob-
tain the expression

Xy =€ — el

We use this equation repeatedly to acquire increasingly
precise information about the sequence {x,}.
— Since x, > 0, we have " > e“+1, 50 x, > X1 1.

- Since the sequence {x,} is decreasing and
bounded below by 0, it converges to some limit
L.

— Taking limits in the equation yields L = e — e’
whence L = 0.

— Since L = 0, the sequence {e* } converges to 1.

We now have a telescoping sum:

xo+...+xn:(exO_exl)+...+(eXn_exn+l>

— ex() _exn+l —e— eer»l .

By taking limits, we see that the sum xg +x; +--- con-
verges to the value e — 1.

B2 We prove that the limit exists for & = %, B= %.

For any given positive integer n, the integers which are
closer to n? than to any other perfect square are the ones
in the interval [n> —n — 1,n” +n]. The number of squar-
ish numbers in this interval is 1+ [vn—1] + [/n].
Roughly speaking, this means that

VN 4
S(N) ~ / 2\/xdx = gN3/4.
0

To make this precise, we use the bounds x— 1 < | x| <x,
and the upper and lower Riemann sum estimates for the
integral of \/x, to derive upper and lower bounds on
S(N):

S(N)

\%

[VN]-1
Y @vn-1-1)
n=1

L

3

o ade— VN
(VN-3)—VN

%
S—

Wl &

[VN]
SW < Y @vat)

[VN]+1
g/ 2/xdx+ VN +1
0

< g(\/ﬁ+2)3/2+\/ﬁ+1.

B3

4

Remark: John Rickert points out that when N = nt,
one can turn the previous estimates into exact calcula-
tions to obtain the formula

4 4 2
sy =7 (n+ g) = SN NI

For general N, one can then use the estimates

TN 2N ) < SN

< S(N)

S(IN'41%)
4
3

IA

IN

(N+1)3/4+§(N+1)1/4

to obtain the desired limit.

Since S is finite, we can choose three points A, B,C in
S so as to maximize the area of the triangle ABC. Let
A’ B',C’ be the points in the plane such that A, B,C are
the midpoints of the segments B'C',C’A’ A’B’; the tri-
angle A’B'C’ is similar to ABC with sides twice as long,
so its area is 4 times that of ABC and hence no greater
than 4.

We claim that this triangle has the desired effect; that
is, every point P of S is contained within the triangle
A’B'C’. (To be precise, the problem statement requires
a triangle of area exactly 4, which need not be the case
for A’B'C’, but this is trivially resolved by scaling up by
a homothety.) To see this, note that since the area of the
triangle PBC is no more than that of ABC, P must lie
in the half-plane bounded by B'C’ containing B and C.
Similarly, P must lie in the half-plane bounded by C'A’
containing C and A, and the half-plane bounded by A’B’
containing A and B. These three half-planes intersect
precisely in the region bounded by the triangle A’B'C’,
proving the claim.

B4 The expected value equals

(2n)!
4np!

First solution:

Write the determinant of A — A’ as the sum over permu-
tations o of {1,...,2n} of the product

2n 2n

sgn(0) [ [(A—A")is() = sen(0) [ [Ais() — As(iy);

i=1 i=1

then the expected value of the determinant is the sum
over o of the expected value of this product, which we
denote by Eg.

Note that if we partition {1,...,2n} into orbits for the
action of o, then partition the factors of the product
accordingly, then no entry of A appears in more than
one of these factors; consequently, these factors are in-
dependent random variables. This means that we can



det(M) = Z sgn(o)sgn(B)M;, j, M, My

compute Es as the product of the expected values of
the individual factors.

It is obvious that any orbit of size 1 gives rise to the
zero product, and hence the expected value of the cor-
responding factor is zero. For an orbit of size m > 3,
the corresponding factor contains 2m distinct matrix en-
tries, so again we may compute the expected value of
the factor as the product of the expected values of the
individual terms A;s(;) —Ag(;);- However, the distribu-
tion of this term is symmetric about 0, so its expected
value is 0.

We conclude that E; = 0 unless ¢ acts with n orbits of
size 2. To compute E in this case, assume without loss
of generality that the orbits of ¢ are {1,2},...,{2n—
1,2n}; note that sgn(c) = (—1)". Then Es is the ex-
pected value of [T —(A¢2i—1)2i —A2i(2i_1))2, which is
(—=1)" times the n-th power of the expected value of
(A12 —Az1)?. Since Aj; — Ay takes the values —1,0, 1
with probabilities i, %, %, its square takes the values 0, 1
with probabilities %, %; we conclude that

Es=2"".
The permutations ¢ of this form correspond to un-

ordered partitions of {1,...,2n} into n sets of size 2,
so there are

such permutations. Putting this all together yields the
claimed result.

Second solution: (by Manjul Bhargava) Note that the
matrix A — A’ is skew-symmetric:

(A=A =A'—A=—(A—A").

The determinant of a 2n x 2n skew-symmetric matrix
M is the square of the Pfaffian of M, which is a polyno-
mial of degree n in the entries of M defined as follows.
Define a perfect matching of {1,...,2n} to be a per-
mutation of {1,...,2n} that is the product of n disjoint
transpositions. Then the Pfaffian of M is given by

Y sen(a)M;, j, -+ M;, j, 6]
o

where the sum is over perfect matchings a =
(i1,j1) - (in, ju), and sgn(a) denotes the sign of the

1234 (2n-1) 2."). The determinant
iy o e a

of M is then the square of (1), i.e.,

permutation

My, j,

2

a’ﬁ

where the sum is now over ordered pairs

(a = (ilvjl)'”(inajn)vﬁ = (1/17]/1)(1117];1))

of perfect matchings.

B5

Taking M = A — A’ so that M;; = A;; —Aj;, we wish
to find the expected value of (2); again, this is the sum
of the expected values of each summand in (2). Note
that each M;; with i < j is an independent random vari-
able taking the values —1,0, 1 with probabilities §, 1, 1,
respectively.

Consider first a summand in (2) with a # 8. Then some
factor M;; occurs with exponent 1; since the distribution
of M;; is symmetric about 0, any such summand has
expected value 0.

Consider next a summand in (2) with & = 3. This sum-
mand is a product of distinct factors of the form Mizj;
from the distributions of the M;;, we see that the ex-
pected value of each of these terms is 1/2".

Since the total number of perfect matchings o is
(2n)!/(2"n!), the expected value of (2) is therefore
(2n)!/(2"n!)-1/2" = (2n)!/(4"n!), as desired.

It is obvious that for any ¢ > 0, the function f(x) = x°
has the desired property; we will prove that conversely,
any function with the desired property has this form for
some c.

Define the function g : (0,0) — (0,0) given by g(x) =
log f(e*); this function has the property that if x,y €
(0,00) and 2x <y < 3x, then 2g(x) < g(y) < 3g(x). It
will suffice to show that there exists ¢ > 0 such that
g(x) = cxforall x > 0.

Similarly, define the function 4 : R — R given by h(x) =
log g(e*); this function has the property that if x,y € R
and x+log2 <y < x+log3, then h(x) +1og2 < A(y) <
h(x) +1log3. It will suffice to show that there exists ¢ >
0 such that i(x) =x+ ¢ for all x € R (as then h(x) = ex
for all x > 0).

By interchanging the roles of x and y, we may restate the
condition on £ as follows: if x —log3 <y < x—log2,
then i(x) —log3 < h(y) < h(x) —log2. This gives us the
cases a+b = 0,1 of the following statement, which we
will establish in full by induction on a + b, we deduce
the following: for any nonnegative integers a, b, for all
x,y € R such that

x+alog2—blog3 <y <x+alog3—blog2,

we have

h(x)+alog2 —blog3 < h(y) < h(x)+alog3 — blog?2.

log2 <t <log3

To this end, suppose that a + b > 0 and that the claim
is known for all smaller values of a + b. In particular,
either a > 0 or b > 0; the two cases are similar, so we
treat only the first one. Define the function

(a+b—1)t—b(log2+1log3)

i) = a+b

)

so that

j(alog2 —blog3) = alog2 — blog3,
Jj(alog3 —blog2) = (a—1)log3 — blog2,
(t € [alog2 —blog3,alog3 —blog2]).



For 7 € [alog2 —blog3,alog3 —blog2] and y = x +1,
we then have

(a—1)log2—blog3 < h(x+ j(t)) —h(x) < (a—1)log3 —blog2

log2 < h(y) —h(x+ j(t)) <log3

and thus the desired inequalities.

Now fix two values x,y € R with x <y. Since log2
and log3 are linearly independent over Q, the fractional
parts of the nonnegative integer multiples of log3/log2
are dense in [0,1). (This result is due to Kronecker;
a stronger result of Weyl shows that the fractional parts
are uniformly distributed in [0, 1).) In particular, for any
€ > 0and any N > 0, we can find integers a,b > N such
that

y—x<alog3—blog2 <y—x+e¢.

By writing

log2
alog2 —blog3 = 12; (alog3 — blog?2)

_ ,(log3) — (log2)?
log3

i

we see that this quantity tends to —eo as N — oo} in par-
ticular, for N sufficiently large we have that alog2 —
blog3 <y —x. We thus have h(y) < h(x)+alog2 —
blog3 < y—x+¢&; since € > 0 was chosen arbitrarily,
we deduce that h(y) — h(x) < y—x. A similar argu-
ment shows that h(y) — h(x) > y —x; we deduce that
h(y) —h(x) =y —x, or equivalently h(y) —y = h(x) —
In other words, the function x — /(x) — x is constant, as
desired.

B6 Let S denote the desired sum. We will prove that S = 1.

First solution: Write

= -
Zkzn 1 & 1+Zk2” 1
n=0 + + n=1 +

then we may write S = S; + 5, where

— 1)kt

(k+1)
— 1)kt

k

»
I

o

1
Z’k2”-|—1'

n=1

@

I

gk
/-\ »/-\

N
I
gk

a-
1|

The rearrangement is valid because both S; and S con-
verge absolutely in k, by comparison to Y"1/ k2.

To compute Sy, note that

No(—nEt 11
)3 (k+1) (=1 1(k k+1)

k=1
(_1)N N (_l)kfl
+ N+1 * k;l k

ban
IMz

converges to 2In2 —1 as N — oo, and so S| =2In2—1.

: 1 _ 1 1
To compute >, write 7777 = 17 - T 2 the geo-

( l)l‘ﬂ

m—0 T Ty » Whence

metric series Y

k+m 1

Z ; ; +22mn+n '

(This step requires n > 1, as otherwise the geometric
series would not converge for k = 0.) Now note that
this triple sum converges absolutely: we have

1 1
Z km+22mn+n k22n ) 1— W
ot
~ k(k2n—1) T k22n!
and so
=== km+22mn+ - == k2on—1
Ly
k=1 k2

Thus we can rearrange the sum to get

> = 1 = (—1)kt
§r = Z (=)™ (nle 2mn+n> <Z ( kmz-Z )

m=0

The sum in # is the geometric series

1 1
2m+1(17 ) :2m+171'

27n+1
If we write the sum in k as S3, then note that

R | > 1 1 & 1
k;l km+2 3+ kg] (2k)m+2 3+ om+1 1; 2

(where we can rearrange terms in the first equality be-
cause all of the series converge absolutely), and so

1 |
S3 = (1 o 2m+1)l;1 km+2'

It follows that




Finally, we have S = S1+ S5, = 1.
Second solution (by Tewodros Amdeberhan) Since

X dx= 1+t for any ¢ > 1, we also have

0 oo k 1 lku"
:gg A dx

Again by absolute convergence, we are free to permute
the integral and the sums:

—1
&

n=0k=
—/ dx Zlog(1+x2")
0 n=0

Due to the uniqueness of binary expansions of nonneg-
ative integers, we have the identity of formal power se-
ries

ﬁ 1+x2ﬂ );

the product converges absolutely for 0 < x < 1. We thus

have
1
7/ log(1 —x)dx

= ((1=x)log(1 —x) = (1-x),
1.

Third solution: (by Serin Hong) Again using absolute
convergence, we may write

where k runs over all positive integers for which m =
k2" +1 for some n. If we write e for the 2-adic valuation
of m—1and j = (m— 1)27¢ for the odd part of m — 1,
then the values of k are j2/ for i =0,...,e. The inner
sum can thus be evaluated as

1 i] 1
J g2 2 S om—1

‘We thus have
> 1 > 1 1
s—y L ()1
mzz’zm(m—l) mz='2 m—1 m

Fourth solution: (by Liang Xiao) Let Sy and S| be the
sums ) %):;":0 ﬁ with k running over all odd and
all even positive integers, respectively, so that

S=3S80—S;.
In S1, we may write k = 2/ to obtain
=1 & 1
Si=) —
1 Elzen:oeznﬂﬂ
1 > 1
Z*(So—FS])—
2 e;%(ﬁ-i—l)
1 1
=—(So+S1)— =
2( 0+S1) 3

because the last sum telescopes; this immediately yields
S=1.



The 78th William Lowell Putnam Mathematical Competition
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Al Let S be the smallest set of positive integers such that

(a) 2isin S,

(b) nis in S whenever n?

isin S, and
(c) (n+5)?%isin S whenever n is in S.

Which positive integers are not in S?

(The set S is “smallest” in the sense that S is contained
in any other such set.)

A2 Let Qp(x) =1, Q1(x) = x, and
(anl(x))z —1
Qn—2(x)

for all n > 2. Show that, whenever # is a positive integer,
On(x) is equal to a polynomial with integer coefficients.

On(x) =

A3 Let a and b be real numbers with a < b, and let f and
g be continuous functions from [a, b] to (0,e0) such that

[P f(x)dx = [P g(x)dx but f # g. For every positive
integer n, define

U
A Py

Show that I1,h,1,. ..

limnﬂw In = 0o,

is an increasing sequence with

A4 A class with 2N students took a quiz, on which the pos-
sible scores were 0,1,...,10. Each of these scores oc-
curred at least once, and the average score was exactly
7.4. Show that the class can be divided into two groups
of N students in such a way that the average score for
each group was exactly 7.4.

A5 Each of the integers from 1 to n is written on a separate
card, and then the cards are combined into a deck and
shuffled. Three players, A, B, and C, take turns in the
order A,B,C,A, ... choosing one card at random from
the deck. (Each card in the deck is equally likely to
be chosen.) After a card is chosen, that card and all
higher-numbered cards are removed from the deck, and
the remaining cards are reshuffled before the next turn.
Play continues until one of the three players wins the
game by drawing the card numbered 1.

Show that for each of the three players, there are arbi-
trarily large values of n for which that player has the
highest probability among the three players of winning
the game.

A6 The 30 edges of a regular icosahedron are distinguished
by labeling them 1,2,...,30. How many different ways

are there to paint each edge red, white, or blue such that
each of the 20 triangular faces of the icosahedron has
two edges of the same color and a third edge of a dif-
ferent color? [Note: the top matter on each exam paper
included the logo of the Mathematical Association of
America, which is itself an icosahedron.]

B1 Let L; and L, be distinct lines in the plane. Prove that
L, and L, intersect if and only if, for every real number
A # 0 and every point P not on L; or L;, there exist

— —
points A; on L; and A; on L, such that PA; = APA;.

B2 Suppose that a positive integer N can be expressed as
the sum of k consecutive positive integers

N=a+(a+1)+(a+2)+ -+ (a+k—1)

for k = 2017 but for no other values of kK > 1. Consid-
ering all positive integers N with this property, what is
the smallest positive integer a that occurs in any of these
expressions?

B3 Suppose that f(x) = Y, cix' is a power series for
which each coefficient ¢; is 0 or 1. Show that if
f(2/3) =3/2, then f(1/2) must be irrational.

B4 Evaluate the sum

> (3. In(4k+2) In(4k+3) In(4k+4) ln(4k+5)>

)

= 4k +2 4k +3 dk+4 4k+5
_3.In2_In3_ Ind In5 . In6 In7
7 T3 T4 s 6 7

g8 "9 1o
(As usual, Inx denotes the natural logarithm of x.)

B5 A line in the plane of a triangle T is called an equal-
izer if it divides T into two regions having equal area
and equal perimeter. Find positive integers a > b > c,
with a as small as possible, such that there exists a trian-
gle with side lengths a, b, c that has exactly two distinct

equalizers.
B6 Find the number of ordered 64-tuples (xq,xi,...,%s3)
such that xg,xp,...,x¢3 are distinct elements of

{1,2,...,2017} and
xo+x1+2x+3x34 -+ 63x43

is divisible by 2017.



Solutions to the 78th William Lowell Putnam Mathematical Competition
Saturday, December 2, 2017

Kiran Kedlaya and Lenny Ng

A1l We claim that the positive integers not in S are 1 and all

multiples of 5. If S consists of all other natural numbers,
then S satisfies the given conditions: note that the only
perfect squares not in S are 1 and numbers of the form
(5k)? for some positive integer k, and it readily follows
that both (b) and (c) hold.

Now suppose that T is another set of positive integers
satisfying (a), (b), and (c). Note from (b) and (c) that if
neT thenn+5 T, and so T satisfies the following
property:

(d) ifneT,thenn+5k €T forall k> 0.

The following must then be in 7', with implications la-
beled by conditions (b) through (d):

254955424562 8 564 121 2 11
14162449243
1643626

Since 2,3,4,6 € T, by (d) S C T, and so S is smallest.

A2 First solution. Define P,(x) for Py(x) = 1, P (x) = x,

and P,(x) = xP,—1(x) — P,—2(x). We claim that P,(x) =
On(x) for all n > 0; since P, (x) clearly is a polynomial
with integer coefficients for all n, this will imply the
desired result.

Since {P,} and {Q,} are uniquely determined by their
respective recurrence relations and the initial conditions
Py, Py or Qp,Qi, it suffices to check that {P,} satis-
fies the same recurrence as Q: that is, (P,_1(x))* —
P,(x)P,—2(x) = 1 for all n > 2. Here is one proof of
this: for n > 1, define the 2 x 2 matrices

[ Puoi(x)  Py(x) _(x —1
M" o <P,,2(x) Pnfl x) ’ r= 1 0
with P_;(x) = O (this value being consistent with the

recurrence). Then det(T) = 1 and TM,, = M,,;1, so by
induction on n we have

(Pi—1 (x))2 — B, (x)P—2(x) = det(M,,) = det(M;) = 1.

Remark: A similar argument shows that any second-
order linear recurrent sequence also satisfies a quadratic
second-order recurrence relation. A familiar example
is the identity F,_1F,.1 — F? = (—1)" for F, the n-
th Fibonacci number. More examples come from var-
ious classes of orthogonal polynomials, including the
Chebyshev polynomials mentioned below.

Second solution. We establish directly that Q,(x) =
xQp—1(x) — On—2(x), which again suffices. From the
equation

1= 0, 1(x)? = 0u(¥)Qp—2(x) = Qu(x)* = Qur1(x) Q1 (x)

we deduce that

On—1(X)(Qn-1(x) + On+1(x)) = On(x)(Qn(x) + On—2(x))-

Since deg(Q,(x)) = n by an obvious induction, the
polynomials Q,(x) are all nonzero. We may thus
rewrite the previous equation as

On+1 (x) +On-1 (X) _ On (x) + Qn72(x)
On (x ) On-1 (x )

On(¥)+0p2(x)
. On—1 (x>

equal to a constant value. By taking n = 2 and comput-
ing from the definition that Q> (x) = x> — 1, we find the

constant value to be x; this yields the desired recurrence.

meaning that the rational functions are all

Remark: By induction, one may also obtain the ex-
plicit formula

0n(x) = L’fJ(_l)k <n—k>xn_zk’

k=0 k

Remark: In light of the explicit formula for Q,(x),
Karl Mahlburg suggests the following bijective inter-
pretation of the identity Q,, 1 (x)? — Qu(x)Qn_2(x) = 1.
Consider the set C,, of integer compositions of n with
all parts 1 or 2; these are ordered tuples (cy, ..., cx) such
thatc; 4+ +c¢x =nand ¢; € {1,2} for all i. For a given
composition ¢, let o(c) and d(c) denote the number of
I’s and 2’s, respectively. Define the generating function

R,(x) = Z x0(€);

ceCy,

then R,(x) = Y, (";/)x"’zj, so that Q,(x) =

i/?R,(ix).  (The polynomials R,(x) are some-
times called Fibonacci polynomials; they satisfy
R,(1) = F,. This interpretation of F, as the cardinality
of C, first arose in the study of Sanskrit prosody,
specifically the analysis of a line of verse as a sequence
of long and short syllables, at least 500 years prior to
the work of Fibonacci.)

The original identity is equivalent to the identity

Rt (9)Ry1 () = Ro(x) = (=1)" .



This follows because if we identify the composition ¢
with a tiling of a 1 x n rectangle by 1 x 1 squares and
1 x 2 dominoes, it is almost a bijection to place two
tilings of length n on top of each other, offset by one
square, and hinge at the first possible point (which is
the first square in either). This only fails when both
tilings are all dominoes, which gives the term (—1)""!.

Remark: This problem appeared on the
2012 India National Math Olympiad; see
https://artofproblemsolving.com/community/
c6h1219629. Another problem based on the same idea
is problem A2 from the 1993 Putnam.

A3 First solution. Extend the definition of I, to n = 0, so

that Io = [” f(x)dx > 0. Since [°(f(x) —g(x))dx =0,
we have

L Iy= ”f(??

o )~ ()
(x )?
—/ dx >0,

where the inequality follows from the fact that the in-
tegrand is a nonnegative continuous function on [a,b]
that is not identically 0. Now for n > 0, the Cauchy—
Schwarz inequality gives

e ) ( b (fx)"
= ([ U s
o o (g (8(x))"*2
(f(x))"*2
> ([ i) =hn
It follows that the sequence {/,,11 /I, };;_ is nondecreas-
ing. Since I/l > 1, this implies that [,; > I, for

all n; also, I,/lp = HZ;(I)(IkH/Ik) > (I1 /1Ip)", and so
limy,_,e0 [, = oo since I} /Iy > 1 and Iy > 0.

Remark: Noam Flkies suggests the following vari-
ant of the previous solution, which eliminates the need
to separately check that I} > Iy. First, the proof that
Lo > 12 .1 applies also for n = —1 under the con-

vention that I_| = [a g(x)dx (as in the fourth solution
below). Second, this equality must be strict for each
n > —1: otherwise, the equality condition in Cauchy—
Schwarz would imply that g(x) = ¢f(x) identically for
some ¢ > 0, and the equality f: fx)dx = fah g(x)dx
would then force ¢ = 1, contrary to assumption. Con-
sequently, the sequence 1,11/, is strictly increasing;
since Ip/I_; = 1, it follows that for n > 0, we again
have I,1/I, > I, /Ip > 1 and so on.

Second solution. (from Art of Problem Solving, user

MSTang) Since fab( F(x) —g(x))dx =0, we have

The integrand is continuous, nonnegative, and not iden-
tically zero; hence I, — I, > 0.

To prove that lim, .. [, = oo, note that we cannot
have f(x) < g(x) identically, as then the equality
fah F(x)dx = f:g(x) dx would imply f(x) = g(x) iden-
tically. That is, there exists some ¢ € [a,b] such that
f(t) > g(z). By continuity, there exist a quantity ¢ > 1
and an interval J = [fg,#1] in [a, b] such that f(x) > cg(x)
for all x € J. We then have

1 X n+1 1
I,,Z/to (](Cé())c)))”dxzcn,/,o F(x)dx;

since f(x) > 0 everywhere, we have ftf)l f(x)dx>0and
hence I, is bounded below by a quantity which tends to

Remark: One can also give a variation of the second
half of the solution which shows directly that [, —

I, > c"d for some ¢ > 1,d > 0, thus proving both asser-
tions at once.

Third solution. (from David Savitt, via Art of Problem
Solving) Extend the definition of I, to all real n, and
note that

. :/abg(x)dXZ/ahf(x)dleo.

By writing

b
1= [ exp((n+1)log f(x) ~ nlogg(x))dx.

we see that the integrand is a strictly convex function of
n, as then is I,. It follows that I, is strictly increasing
and unbounded for n > 1.

Fourth solution. (by David Rusin) Again, extend the
definition of I, to n = —1. Now note that for n > 0 and
x € [a,b], we have

FEONT ()
fx)—gx < — | == >0
(/) ~8()) ( e e
because both factors have the same sign (depending
on the comparison between f(x) and g(x)); moreover,

equality only occurs when f(x) = g(x). Since f and g
are not identically equal, we deduce that

InJrl _In > In_Infl



and so in particular
Ly —L,>L—1Iy>1lh—1-1=0.

This proves both claims.

Remark: This problem appeared in 2005 on
an undergraduate math olympiad in Brazil.  See
https://artofproblemsolving.com/community/
c7h57686p354392 for discussion.

A4 First solution. Let ay,...,apy be the scores in non-

decreasing order, and define the sums s; = Z’ng 149
for i =0,...,N. Then 59 < --- < sy and 59+ sy =

?Zﬁlj = 7.4(2N), so so < 7.4N < sy. Let i be the
largest index for which s; < 7.4N; note that we can-
not have i = N, as otherwise so = sy = 7.4N and hence
a; = --- = apy = 7.4, contradiction. Then 7.4N —s; <

Sit1—8; = @jtN+1 — a; and 5O
a; <si+aijynyt1—T.4N < ajenits

since all possible scores occur, this means that we can
find N scores with sum 7.4N by taking a;41,...,qi1N+1
and omitting one occurrence of the value s; + a; 1 n11 —
7.4N.

Remark: David Savitt (via Art of Problem Solving)
points out that a similar argument applies provided that
there are an even number of students, the total score is
even, and the achieved scores form a block of consecu-
tive integers.

Second solution. We first claim that for any integer m
with 15 < m < 40, we can find five distinct elements
of the set {1,2,...,10} whose sum is m. Indeed, for
0<k<4and1</<6, we have

(i/) +(k+€)+< i j> =34-5k+¢,

j=1 Jj=k+7

and for fixed k this takes all values from 35 — 5k to 40 —
5k inclusive; then as k ranges from O to 4, this takes all
values from 15 to 40 inclusive.

Now suppose that the scores are ay,...,azy, where we
order the scores so that a; = k for k < 10 and the subse-
quence ajp,djp,...,azy is nondecreasing. For 1 <k <
N —4, define S = Zﬁikle‘t) aj. Note that for each k,
Sk+1 - Sk = Ak4+N+5 — Ak+10 and so 0 < Sk+1 7Sk < 10.
Thus Sy, ...,Sy_4 is a nondecreasing sequence of inte-
gers where each term is at most 10 more than the previ-

ous one. On the other hand, we have

2N
S1+Sy-a= Z aj
j=11
10
= (7.4)(2N) — Zla,»
=

= (7.4)(2N) — 55,

whence S| < 7.4N —27.5 < Sy_4. It follows that there
is some k such that Sy € [7.4N —40,7.4N — 15], since
this interval has length 25 and 7.4N —27.5 lies inside it.

For this value of k, note that both S; and 7.4N are inte-
gers (the latter since the sum of all scores in the class is
the integer (7.4)(2N) and so N must be divisible by 5).
Thus there is an integer m with 15 < m < 40 for which
Sy = 7.4N —m. By our first claim, we can choose five
scores from ay,...,a;o whose sum is m. When we add
these to the sum of the N — 5 scores ay 19, - - -, dxk+N+4>
we get precisely 7.4N. We have now found N scores
whose sum is 7.4N and thus whose average is 7.4.

Third solution. It will suffices to show that given any
partition of the students into two groups of N, if the
sums are not equal we can bring them closer together by
swapping one pair of students between the two groups.
To state this symbolically, let S be the set of students
and, for any subset T of S, let X7 denote the sum of
the scores of the students in 7'; we then show that if
S =AUB is a partition into two N-element sets with
YA > YB, then there exist students a € A,B € B such
that the sets

A=A\ {a} U {b},

satisfy

B =A\{b}U{a}

0<YA'—¥YB < YA—XB.

In fact, this argument will apply at the same level of
generality as in the remark following the first solution.

To prove the claim, let a,...,a, be the scores in A and
let by,...,b, be the scores in B (in any order). Since
YA—XB=XS (mod 2) and the latter is even, we must
have XA —XB > 2. In particular, there must exist in-
dices i, j € {1,...,n} such that a; > b;. Consequently,
if we sort the sequence ay,...,ay,by,...,b, into nonde-
creasing order, it must be the case that some term b; is
followed by some term a;. Moreover, since the achieved
scores form a range of consecutive integers, we must in
fact have a; = b; + 1. Consequently, if we take a = a;,
b =b;, we then have YA’ —¥'B = ¥A — B — 2, which
proves the claim.

AS First solution. Let a,,b,,c, be the probabilities that

players A, B, C, respectively, will win the game. We
compute these by induction on n, starting with the val-
ues

a1:1, b1:0, 61:0.

If player A draws card k, then the resulting game state
is that of a deck of k — 1 cards with the players taking
turns in the order B,C,A, B, . ... In this state, the proba-
bilities that players A, B,C will win are c;_1,a;_1,bg_1
provided that we adopt the convention that

a():(), b():(), C():l.



We thus have

1 & 1 &
=—Y a1, ==Y a1, ==Y b
Ly} Ly} n

Put
Xn=0an—buy, Yn=bp—cCn, Zn=cp—ay;

we then have

n 1
Xn4+1 = mxn‘FmZm
1
it = myﬁm""’
Gl = +1 wt

Note that if a,,+1 = by +1 = cp-1 =0, then

Xy = —nz, =Ny, = —nx, = n'z,

and so x, = z, = 0, or in other words a, = b, = ¢,. By
induction on n, we deduce that a,,b,,c, cannot all be
equal. That is, the quantities x,,y,,z, add up to zero
and at most one of them vanishes; consequently, the
quantity r, = \/x2 +y2 +z2 is always positive and the
quantities

¥ = Xn 1 Yn 7 = Zn

n rn Y n rn ) n rn

form the coordinates of a point P, on a fixed circle C in
R3.
Let P, be the point (zn,xn,yn) obtained from P, by a
clockw1se rotation of angle 2% 5. The point F, 1 then lies
on the ray through the origin passing through the point
dividing the chord from P, to P, in the ratio 1 : n. The
(clockwise) arc from P, to P, therefore has a measure
of

Vi _ 3

t
B T B T

o(n™);

these measures form a null sequence whose sum di-
verges. It follows that any arc of C contains infinitely
many of the P,; taking a suitably short arc around the
point (‘f 0,— ‘f) we deduce that for infinitely many
n, A has the highest winning probability, and similarly
for B and C.

Remark: From the previous analysis, we also deduce
that

rn+1_\/n2—n+l_1_ 3
rm on+l  2n+1)

+0(n?),

3/2

from which it follows that r,, ~ cn™>/< for some ¢ > 0.

Second solution. (by Noam Elkies) In this approach,
we instead compute the probability p,(m) that the game
ends after exactly m turns (the winner being determined

by the residue of m mod 3). We use the convention that
po(0) =1, po(m) = 0 for m > 0. Define the generating
function B, (X) =Y _ pa(m)x™. We will establish that

X(X+1) - (X+n—1)

n!

Pn(X):

(which may be guessed by computing p,(m) for small
n by hand). There are several ways to do this; for in-
stance, this follows from the recursion

Pn(X) = %Xpn—l(X)—i_@Pn—l(X)'

(In this recursion, the first term corresponds to condi-
tional probabilities given that the first card drawn is
n, and the second term corresponds to the remaining
cases.)

Let @ be a primitive cube root of 1. With notation as in
the first solution, we have

Py(®) =an+b,0+c,0

combining this with the explicit formula for P,(X) and
the observation that

arg(w+n) = arctan

2n—1

recovers the geometric description of a,, b,,c, given in
the first solution (as well as the remark following the
first solution).

Third solution. For this argument, we use the auxiliary
quantities

~
—
—_

~
—_

/ .
a,=an—=, b,=b,—=, c,=cn—3;

these satisfy the relations

12 1 & 1 &
/ / / /
= — C b, = — a C, = — b
2, k—1> n ];’1 k—1> n kZ] k—1

as well as

We now show that Z:f | @, cannot diverge to +oo (and
likewise for Y°_, b, and Y7, ¢, by similar reasoning).
Suppose the contrary; then there exists some € > 0
and some ng > 0 such that Y7, a; > ¢ for all n > ny.
For n > ng, we have b;, > g; this in turn implies that
Yoo b, diverges to +oo. Continuing around the cir-
cle, we deduce that for n sufficiently large, all three of
a,, b, c, are positive; but this contradicts the identity



al, + b, +cl, = 0. We thus conclude that ¥, a), does
not d1verge to +-oo; in particular, liminf, . a, <0.

By the same token, we may see that ), a/, cannot con-
verge to a positive limit L (and likewise for Yo, b, and
Yo ¢, by similar reasoning). Namely, this would im-
ply that b/, > L/2 for n sufficiently large, contradicting
the previous argument.

By similar reasoning, Y, @, cannot diverge to —eo or
converge to a negative limit L (and likewise for Y, b},
and Y, ¢, by similar reasoning).

We next establish that there are infinitely many n for
which @), > 0 (and likewise for ), and ¢], by similar
reasoning). Suppose to the contrary that for n suffi-
ciently large, we have @), < 0. By the previous argu-
ments, the sum Y7, a), cannot diverge to e or con-
verge to a nonzero limit; it must therefore converge
to 0. In particular, for n sufficiently large, we have
b, =Y}_,a,_, > 0. Iterating the construction, we see
that for n sufficiently large, we must have ¢/, <0, al, > 0,
b, <0, and ¢}, > 0. As a result, for n sufficiently large
we must have a,, = b}, = ¢}, = 0; but we may rule this
out as in the original solution.

By similar reasoning, we may deduce that there are in-
finitely many n for which a}, < 0 (and likewise for &),
and ¢}, by similar reasoning). We now continue us-
ing a suggestion of Jon Atkins. Define the values of
the sequence X, according to the relative comparison of
al,, b, ¢! (using the fact that these cannot all be equal):

n~“nr-n
xp=1: a,<b,<c,
x,=2: b, <c <d,
x=3: ¢, <d, <b,
Xp=4: d,<c,<b,
x=5: b,<d, <,
X=6: c,<b,<d,

We consider these values as states and say that there is
a transition from state i to state j, and write i = j, if for
every n > 2 with x,, = i there exists #’ > n with x,; = j.
(In all cases when we use this notation, it will in fact be
the case that the first value of n’ > n for which x,; # i
satisfes x,; = j, but this is not logically necessary for
our final conclusion.)

Suppose that x, = 1. By the earlier discussion, we must
have a/, > 0 for some n’ > n, and so we cannot have
Xy =1 for all ”’ > n. On the other hand, as long as
x, = 1, we have

1
Cl,’H»l_b;H»l:C b’—i-ﬁ(Zb/—a —C)
n—1
= +1(c;—b;)+n+1(c’n—a;)>0
Chl = gy = €y — ), ‘|‘ l(a +by,—2c;)
n—1
:n—I—l( ) (b’fa)>0.

A6 The number of such colorings is

Consequently, for n’ the smallest value for which x,y #
Xn, we must have x,, = 2. By this and two similar argu-
ments, we deduce that

1=5 2=6 3=4

Suppose that x,, = 4. By the earlier discussion, we must
have a;/ < 0 for some n’ > n, and so we cannot have
x,y = 4 for all n’ > n. On the other hand, as long as
x, =4, we have

1
bpsy =y = b’fa;qtﬁ(Za;fb;—c;)

1
n—1 1
:n+l(b:’_ ;)+m(b2—02)>0
n+1 n+1 C;_a;"‘ 1(“:1‘”’;:_%:;)
n—1
= a4 (B - > 0

Consequently, for n’ the smallest value for which x,, #
Xn, we must have x,, = 1. By this and two similar argu-
ments, we deduce that

4=1, 5=2, 6=3.
Combining, we obtain
1=5=22=6=>3=4=1

and hence the desired result.
220310 —
61917364224.

First solution: Identify the three colors red, white, and
blue with (in some order) the elements of the field [F3 of
three elements (i.e., the ring of integers mod 3). The set
of colorings may then be identified with the F3-vector
space IE‘%E generated by the set E of edges. Let F be
the set of faces, and let IF? be the F3-vector space on
the basis F'; we may then define a linear transformation
T : FY — FY taking a coloring to the vector whose com-
ponent corresponding to a given face equals the sum of
the three edges of that face. The colorings we wish to
count are the ones whose images under 7 consist of vec-
tors with no zero components.

We now show that T is surjective. (There are many pos-
sible approaches to this step; for instance, see the fol-
lowing remark.) Let I" be the dual graph of the icosa-
hedron, that is, I" has vertex set F' and two elements of
F are adjacent in I if they share an edge in the icosa-
hedron. The graph I" admits a hamiltonian path, that is,
there exists an ordering f1,.. ., f2o of the faces such that
any two consecutive faces are adjacent in I'. For exam-
ple, such an ordering can be constructed with fi,..., f5
being the five faces sharing a vertex of the icosahedron
and fie, ..., f20 being the five faces sharing the antipo-
dal vertex.

Fori=1,...,19, let ¢; be the common edge of f; and
fi+1; these are obviously all distinct. By prescribing



B

—_—

components for eq,...,ej9 in turn and setting the oth-
ers to zero, we can construct an element of Ff whose
image under T matches any given vector of ]FéF in the
components of fi,..., fig. The vectors in ]F3F obtained
in this way thus form a 19-dimensional subspace; this
subspace may also be described as the vectors for which
the components of fi,..., fi9 have the same sum as the
components of f7,..., f2.

By performing a mirror reflection, we can construct a
second hamiltonian path gi,...,g20 with the property
that

8&1=/1,82=f5,83 = fa,84 = f3,85 = J2.

Repeating the previous construction, we obtain a differ-
ent 19-dimensional subspace of F which is contained
in the image of 7. This implies that T is surjective, as
asserted earlier.

Since T is a surjective homomorphism from a 30-
dimensional vector space to a 20-dimensional vector
space, it has a 10-dimensional kernel. Each of the 2%°
elements of F§ with no zero components is then the im-
age of exactly 3'° colorings of the desired form, yield-
ing the result.

Remark: There are many ways to check that T is sur-
jective. One of the simplest is the following (from Art
of Problem Solving, user Ravi12346): form a vector in
FE with components 2,1,2, 1,2 at the five edges around
some vertex and all other components 0. This maps to
a vector in F¥ with only a single nonzero component;
by symmetry, every standard basis vector of F/ arises
in this way.

Second solution: (from Bill Huang, via Art of Problem
Solving user superpi83) Let v and w be two antipodal
vertices of the icosahedron. Let S, (resp. Sy,) be the set
of five edges incident to v (resp. w). Let 7, (resp. T,,) be
the set of five edges of the pentagon formed by the op-
posite endpoints of the five edges in S,, (resp. S,,,). Let U
be the set of the ten remaining edges of the icosahedron.

Consider any one of the 3! possible colorings of U.
The edges of 7, UU form the boundaries of five faces
with no edges in common; thus each edge of 7, can be
colored in one of two ways consistent with the given
condition, and similarly for 7,. That is, there are 3!021°
possible colorings of T, UT,, UU consistent with the
given condition.

To complete the count, it suffices to check that there are
exactly 2 ways to color S, consistent with any given
coloring of 7,. Using the linear-algebraic interpretation
from the first solution, this follows by observing that
(by the previous remark) the map from IF‘§“ to the F3-
vector space on the faces incident to v is surjective, and
hence an isomorphism for dimensional reasons. A di-
rect combinatorial proof is also possible.

Recall that L; and L, intersect if and only if they are not
parallel. In one direction, suppose that L; and L, inter-
sect. Then for any P and A, the dilation (homothety) of

the plane by a factor of A with center P carries L; to
another line parallel to L; and hence not parallel to L,.
Let A, be the unique intersection of L, with the image
of Ly, and let A| be the point on L; whose image under

the dilation is A;; then PA, = APA;.

In the other direction, suppose that L and L, are par-
allel. Let P be any point in the region between L; and
L, and take A = 1. Then for any point A| on L; and
any point A, on L, the vectors PA| and PA; have com-
ponents perpendicular to L; pointing in opposite direc-
tions; in particular, the two vectors cannot be equal.

Reinterpretation: (by Karl Mahlburg) In terms of vec-
tors, we may find vectors V1,V and scalars cy,c such
that L; = {¥ € R? : %; - ¥ = ¢;}. The condition in the
problem amounts to finding a vector w and a scalar ¢
such that P+w € Li,P+ Aw € Ly; this comes down to
solving the linear system

Vi-(P+w)=c
B (P+A) = 2

which is nondegenerate and solvable for all A if and
only if ¥, ¥, are linearly independent.

B2 We prove that the smallest value of a is 16.

B3

Note that the expression for N can be rewritten as
k(2a+k—1)/2, so that 2N = k(2a+k —1). In this
expression, k > 1 by requirement; k < 2a+k — 1 be-
cause a > 1; and obviously k and 2a + k — 1 have oppo-
site parity. Conversely, for any factorization 2N = mn
with 1 < m < n and m,n of opposite parity, we obtain
an expression of N in the desired form by taking k = m,
a=n+1-—m)/2.

We now note that 2017 is prime. (On the exam, solvers
would have had to verify this by hand. Since 2017 <
452, this can be done by trial division by the primes up
to 43.) For 2N = 2017(2a + 2016) not to have another
expression of the specified form, it must be the case that
2a + 2016 has no odd divisor greater than 1; that is,
2a+ 2016 must be a power of 2. This first occurs for
2a+2016 = 2048, yielding the claimed result.

Reinterpretation: (by Karl Mahlburg) To avoid N hav-

ing another representation, for k =2,...,2016, we must
have
N % k/2 k=0 (mod 2)
0 k=1 (mod 2).

Consequently, N £ 0 (mod p) for any odd prime p <
2017and N =0 (mod 1024). Since N must be divisible
by 2017, this again yields the claimed value of a.

Suppose by way of contradiction that f(1/2) is rational.
Then Y7 yc;27" is the binary expansion of a rational
number, and hence must be eventually periodic; that is,
there exist some integers m, n such that ¢; = ¢,,; for all



i > n. We may then write

Evaluating at x = 2/3, we may equate f(2/3) = 3/2
with

pn3m m—1

i,
—3n+m71(3m ) Z(’) Cnyi2'3" Y
i=

1 n—1 ) -
3n71 Z ci213n717 +
i=0
since all terms on the right-hand side have odd denomi-
nator, the same must be true of the sum, a contradiction.

Remark: Greg Marks asks whether the assumption that
f(2/3) = 3/2 further ensures that f(1/2) is transcen-
dental. We do not know of any existing results that
would imply this. However, the following result fol-
lows from a theorem of T. Tanaka (Algebraic indepen-
dence of the values of power series generated by linear
recurrences, Acta Arith. 74 (1996), 177-190), building
upon work of Mahler. Let {a,};_ be a linear recurrent
sequence of positive integers with characteristic poly-
nomial P. Suppose that P(0),P(1),P(—1) # 0 and that
no two distinct roots of P have ratio which is a root
of unity. Then for f(x) =Y~ ,x%, the values f(1/2)
and f(2/3) are algebraically independent over Q. (Note
that for f as in the original problem, the condition on
ratios of roots of P fails.)

B4 We prove that the sum equals (log2)?; as usual, we
write logx for the natural logarithm of x instead of In.x.
Note that of the two given expressions of the original
sum, the first is absolutely convergent (the summands
decay as log(x)/x%) but the second one is not; we must
thus be slightly careful when rearranging terms.

First solution. Define a; = % logk(fq) The infinite

sum Y';°_; ax converges to 0 since Y}, ay telescopes to

__log(n+1)
n+1

a; > 0 for k > 3 since is a decreasing function of x
for x > e, and so the convergence of } 7, ai is absolute.

and this converges to 0 as n — co. Note that
logx .

Write S for the desired sum. Then since 3asx42 +

20443 + Gaksa = (Aapi2 + Askrs) + 2(Aaps2 + asps3),
we have

8

S=Y (Bass2+2a413 + asrs)
0

~
Il

8

=Y an+ Y 2aui2+amn3),
k=1 k=0

where we are allowed to rearrange the terms in the
infinite sum since ) a; converges absolutely. Now

log(4k+2)  log(4k+4

2(ags2 + Aapy3) = ng(kﬂ L _ ng(kJ ) — k41 +

(log 2)(2kJrl TIH), and summing over k gives
o = (1)l
Y 2(asio+asy3) Z axye+1 + (log2) Z
k=0 k=0 k=1

= Z ax i1+ (log2)*.
k=0

Finally, we have

S=Y an+ Y auii+(log2)®
k=1 k=0

oo

=Y a+ (log2)? = (log2)>.
k=1

Second solution. We start with the following observa-
tion: for any positive integer n,

d S

—n" = —(logn)n™".

e (logn)
(Throughout, we view s as a real parameter, but see the
remark below.) For s > 0, consider the absolutely con-
vergent series

oo

L(s)= Y (3(4k+2) " — (4k+3) " — (4k+4) " — (4k+5)");
k=0
in the same range we have
oy (Llog(4k+2)  log(4k+3)
Ee) ;;a(s @127 (4k13)
log(4k+4) log(4k+5)
(4k+4)  (4k+5) )

so we may interchange the summation with taking the
limit at s = 1 to equate the original sum with —L'(1).

To make further progress, we introduce the Riemann
zeta function {(s) = Y. ; n~*, which converges abso-
lutely for s > 1. In that region, we may freely rearrange
sums to write

L(s)+8(s) =14427+6°+10"+--+)
= 142251437545 5+--1)
=14225(8(s) -2 -4 —...)
=1 +227SC(S) — 22725C(s).

In other words, for s > 1, we have
L(s) =1+ &(s) (=1 42> —22%),

Now recall that {(s) — -*7 extends to a C* function for
s >0, e.g., by applying Abel summation to obtain

s s
—Zn s—1
- —sl S
g’l /n dx Cos—1

/ x— |[x])x5 .

Also by writing 22~ = 2exp((1 — s)log2 and
exp(2(1 — s)log2), we may use the exponential series
to compute the Taylor expansion of

(n+1)"%)—

2272s —

1+ 22—5 _ 22—2s

s—1

fls)=



B5

ats =1; we get
f(s) = —(log2)*(s— 1>+ O((s — 1)*).

Consequently, if we rewrite the previous expression for
L(s) as

-1 + 227& _ 2272s

s—1 ’

L(s)=1+(s—1)¢(s)

then we have an equality of C* functions for s > 1, and
hence (by continuity) an equality of Taylor series about
s = 1. That is,

L(s) =1~ (log2)*(s = 1)+ O((s = 1)*),

which yields the desired result.
Remark:

The use of series } 7 c,n* as functions of a real pa-
rameter s dates back to Euler, who observed that the di-
vergence of {(s) as s — 1 gives a proof of the infinitude
of primes distinct from Euclid’s approach, and Dirich-
let, who upgraded this idea to prove his theorem on the
distribution of primes across arithmetic progressions. It
was Riemann who introduced the idea of viewing these
series as functions of a complex parameter, thus mak-
ing it possible to use the tools of complex analysis (e.g.,
the residue theorem) and leading to the original proof
of the prime number theorem by Hadamard and de la
Vallée Poussin.

In the language of complex analysis, one may handle
the convergence issues in the second solution in a dif-
ferent way: use the preceding calculation to establish
the equality

L(s) = 14 {(s)(—1 4227 —227%)

for Real(s) > 1, then observe that both sides are holo-
morphic for Real(s) > 0 and so the equality extends to
that larger domain.

The desired integers are (a,b,c) = (9,8,7).

Suppose we have a triangle T = AABC with BC = aq,
CA =b, AB=c and a > b > c¢. Say that a line is
an area equalizer if it divides T into two regions of
equal area. A line intersecting 7 must intersect two of
the three sides of 7T'. First consider a line intersecting
the segments AB at X and BC at Y, and let BX = x,
BY =y. This line is an area equalizer if and only if
xysinB = 2area(AXBY) = area(AABC) = %acsinB,
that is, 2xy = ac. Since x < ¢ and y < q, the area equal-
izers correspond to values of x,y with xy = ac/2 and
x € [¢/2,c]. Such an area equalizer is also an equal-
izer if and only if p/2 = x+y, where p=a+b+c
is the perimeter of 7. If we write f(x) = x+ ac/(2x),
then we want to solve f(x) = p/2 for x € [c/2,c]. Now
note that f is convex, f(c/2) =a+c/2 > p/2, and
flc) =a/2+c < p/2; it follows that there is exactly
one solution to f(x) = p/2 in [¢/2,c]. Similarly, for

equalizers intersecting 7 on the sides AB and AC, we
want to solve g(x) = p/2 where g(x) = x+ bc/(2x)
and x € [¢/2,c]; since g is convex and g(c/2) < p/2,
g(c) < p/2, there are no such solutions.

It follows that if 7" has exactly two equalizers, then it
must have exactly one equalizer intersecting 7' on the
sides AC and BC. Here we want to solve h(x) = p/2
where h(x) = x+ab/(2x) and x € [a/2,a]. Now h is
convex and i(a/2) > p/2, h(a) > p/2; thus h(x) = p/2
has exactly one solution x € [a/2,q] if and only if there
is xo € [a/2,a] with &' (xo) = 0 and h(xo) = p/2. The
first condition implies xo = \/ab/2, and then the sec-
ond condition gives 8ab = p*. Note that /ab/2 is in
[a/2,a] since a>band a < b+c < 2b.

We conclude that T has two equalizers if and only if
8ab = (a+b+c)?. Note that (a,b,c) = (9,8,7) works.
We claim that this is the only possibility whena > b > ¢
are integers and a < 9. Indeed, the only integers (a,b)
such that 2 < b < a <9 and 8ab is a perfect square
are (a,b) = (4,2), (6,3), (8,4), (9,2), and (9,8), and
the first four possibilities do not produce triangles since
they do not satisfy a < 2b. This gives the claimed result.

B6 First solution. The desired count is %gég: —63!-2016,

which we compute using the principle of inclusion-
exclusion. As in A2, we use the fact that 2017 is prime;
this means that we can do linear algebra over the field
F2017. In particular, every nonzero homogeneous linear
equation in n variables over o017 has exactly 2017"~!
solutions.

For 7 a partition of {0,...,63}, let |x| denote the num-
ber of distinct parts of 7, Let 7y denote the partition of
{0,...,63} into 64 singleton parts. Let m; denote the
partition of {0,...,63} into one 64-element part. For
7,0 two partitions of {0,...,63}, write 7|o if 7 is a re-
finement of ¢ (that is, every part in © is a union of parts
in 7). By induction on ||, we may construct a collec-
tion of integers Uy, one for each 7, with the properties
that

Z _J1 o=m
ﬂ\cﬂn 0 o#m

Define the sequence cy,...,ce3 by setting cp = 1 and
c; =1 fori> 1. Let N; be the number of ordered 64-
tuples (xo, ... ,x¢3) of elements of 297 such that x; = x;
whenever i and j belong to the same part and Z?io cix; 8
divisible by 2017. Then N equals 2017/%1=" unless for
each part S of &, the sum Y ;cgc; vanishes; in that case,
Ny instead equals 2017/*l. Since o, - - - ,Cp3 are positive
integers which sum to 1 + % =2017, the second out-

come only occurs for 7 = m;. By inclusion-exclusion,
the desired count may be written as

Y 1zNz = 2016 pir, + Y 12201771,
T T



Similarly, the number of ordered 64-tuples with no re-
peated elements may be written as

2017
64!
(o)
2016! +

The desired quantity may thus be written as g3,
20164y, .

It remains to compute tz, . We adopt an approach sug-
gested by David Savitt: apply inclusion-exclusion to
count distinct 64-tuples in an arbitrary set A. As above,
this yields

=Y ux20177.

T

Al(IAl=1) - (JA] =

Zu |17,

Viewing both sides as polynomials in |A| and comparing
coefficients in degree 1 yields p; = —63! and thus the
claimed answer.

Second solution. (from Art of Problem Solving, user
ABCDE) We first prove an auxiliary result.

Lemma. Fix a prime p and define the function f(k) on posi-
tive integers by the conditions

f(1,p)=0
(-

(p— k)

Then for any positive integers ay, ... ,ag withay +---+a; < p,
there are exactly f(p) solutions to the equation ayx; +---+
arxy = 0 with x1,...,x; € F, nonzero and pairwise distinct.

kfk—1p) (k> 1).

Proof. We check the claim by induction, with the base case
k = 1 being obvious. For the induction step, assume the claim
for k—1. Let S be the set of k-tuples of distinct elements of
IF); it consists of (p o elements. This set is stable under the

action of i € F, by translation:

(X1 oo ey ) = (1 44y + ).
Since 0 < a; ---+a; < p, exactly one element of each orbit
gives a solution of a;x| + - - - + axx = 0. Each of these solu-

tions contributes to f(k) except for those in which x; = 0 for

some i. Since then x; # O for all j # i, we may apply the in-
duction hypothesis to see that there are f(k — 1, p) solutions
that arise this way for a given i (and these do not overlap).
This proves the claim. O

To compute f(k, p) explicitly, it is convenient to work
with the auxiliary function

pf(k,p) .

g(kap): X! 5

by the lemma, this satisfies g(1,p) =0 and

g(k,p) = (i) —g(k—1,p)

= (pkl) + (Z_i) —glk=1,p)  (k>1).

By induction on k, we deduce that

o) - (") =0t (sm-("71)

= (~D)¥p—1)
"N+ (=D p-1).

We now set p = 2017 and count the tuples in ques-
tion. Define cy,...,cq3 as in the first solution. Since
co+---+ce3 = p, the translation action of I, preserves
the set of tuples; we may thus assume without loss of
generality that xo = 0 and multiply the count by p at the
end. That is, the desired answer is

and hence g(k,p) =

2017£(63,2017) = 631g(63,2017)

2016
= 63! —2016

as claimed.
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Al Find all ordered pairs (a,b) of positive integers for
which

113
a b 2018

A2 Let S1,5,...,8m_1 be the nonempty subsets of
{1,2,...,n} in some order, and let M be the (2" — 1) x
(2" — 1) matrix whose (i, j) entry is

0 ifS;N Sj =0,
m;; =
Y 1 otherwise.

Calculate the determinant of M.

A3 Determine the greatest possible value of z}gl cos(3x;)
for real numbers x1,x, .. .,x]q satisfying }21 cos(x;) =
0.

A4 Letm and n be positive integers with ged(m,n) = 1, and

let
k k—1
o 2]
n n
fork=1,2,...,n. Suppose that g and & are elements in
a group G and that

gh* gh® ... gh™ = e,

where e is the identity element. Show that gh = hg. (As
usual, | x| denotes the greatest integer less than or equal
to x.)

A5 Let f: R — R be an infinitely differentiable function
satisfying f(0) =0, f(1) =1, and f(x) >0 forall x €
R. Show that there exist a positive integer n and a real
number x such that £ (x) < 0.

A6 Suppose that A, B,C, and D are distinct points, no three
of which lie on a line, in the Euclidean plane. Show that
if the squares of the lengths of the line segments AB,
AC, AD, BC, BD, and CD are rational numbers, then the
quotient

area( AABC)
area( AABD)

is a rational number.

B1 Let & be the set of vectors defined by

P = { (Z)‘O§a§2,0§b§ 100, anda,beZ}.
Find all v € & such that the set & \ {v} obtained by
omitting vector v from &2 can be partitioned into two
sets of equal size and equal sum.

B2 Let n be a positive integer, and let f,(z) =n+(n—1)z+
(n—2)z>+---+7""!. Prove that f, has no roots in the
closed unit disk {z € C: |z] < 1}.

B3 Find all positive integers n < 10'% for which simulta-
neously n divides 2", n — 1 divides 2" — 1, and n — 2
divides 2" — 2.

B4 Given a real number a, we define a sequence by xo = 1,
X1 =xp =a, and x,41 = 2x,X,—1 — X, forn > 2. Prove
that if x,, = O for some n, then the sequence is periodic.

B5 Let f = (fi1, f>) be a function from R? to R? with con-
tinuous partial derivatives % that are positive every-
J
where. Suppose that

dfi dfs 1<af1 af2>2>0

8x1 &xz 4

5+
8x2 8x1
everywhere. Prove that f is one-to-one.

B6 Let S be the set of sequences of length 2018 whose
terms are in the set {1,2,3,4,5,6,10} and sum to 3860.
Prove that the cardinality of S is at most

s 2018 2018
2048 .



Solutions to the 79th William Lowell Putnam Mathematical Competition
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Kiran Kedlaya and Lenny Ng

While preparing these solutions, we learned of the Novem-
ber 27 death of Kent Merryfield, who moderated the Put-
nam discussions on the Art of Problem Solving Forums and
thereby contributed directly and indirectly to these solutions
over many years. His presence will be dearly missed.

A1l By clearing denominators and regrouping, we see that
the given equation is equivalent to

(3a —2018)(3b —2018) = 2018>.

Each of the factors is congruent to 1 (mod 3). There
are 6 positive factors of 2018> = 2% . 10092 that are
congruent to 1 (mod 3): 1, 22, 1009, 2% - 1009,
10092, 22-1009%. These lead to the 6 possible pairs:
(a,b) = (673,1358114), (674,340033), (1009,2018),
(2018,1009), (340033,674), and (1358114, 673).

As for negative factors, the ones that are congruent to 1
(mod 3) are —2,—2-1009, —2- 1009. However, all of
these lead to pairs where a < 0or b <0.

A2 The answeris 1 if n =1 and —1 if n > 1. Write M,
fora (2" — 1) x (2" — 1) matrix of the given form, and
note that detM,, does not depend on the ordering of the
subsets: transposing two subsets has the effect of trans-
posing two rows and then transposing two columns in
M,,, and this does not change the determinant.

Clearly detM; = 1. We claim that for n > 1, detM, =
—(detM,_1)?, and the desired answer will follow by in-

duction. Let S},...,S), ; , denote the nonempty sub-
sets of {1,...,n— 1} in any order, with resulting matrix

M,_. Let mgj denote the (i, j) entry of M,_;. Now or-
der the nonempty subsets Si,...,S»_; of {1,...,n} as

follows:
S! i<l
Si=4S8 s U{n} 271 <i<2n—2
{n} i=2"—1.
(For example, if Sj,...,S), ; , are ordered in lex-

icographic order as binary strings, then so are
Sty...,8m_1.) Let M,, be the resulting matrix. Then

we have:
0
Mn—l Mn—l
0
M, = 1 111
M, ik
1 111
0 01 111

A3

In M, perform the following operations, which do not
change the determinant: subtract the final row from
rows 21 through 2" — 2, and then subtract the final
column from columns 2"~! through 2" — 2. The result
is the matrix

0

Mnfl Mnfl
0

0 00

My i
0 0]0

0 00 01

We can remove the final row and column with-
out changing the determinant. Now swap the
first 2! — 1 rows with the final 2"~' — 1 rows:
this changes the determinant by an overall factor

of (=1)@'=D® = 1. The result is the block-
M, O

Mp—1 My—y
(detM,,_1)?. Thus detM, = —(detM, ;)? as desired.

diagonal matrix < >, whose determinant is

The maximum value is 480/49. Since cos(3x;) =
4cos(x;)® — 3cos(x;), it is equivalent to maximize
4y10, v for yi,...,y10 € [~1,1] with ©}°, y; = 0; note
that this domain is compact, so the maximum value
is guaranteed to exist. For convenience, we establish
something slightly stronger: we maximize 4) 1, y? for
Yi,---,¥n € [—1,1] with ¥}, y; = 0, where n may be
any even nonnegative integer up to 10, and show that
the maximum is achieved when n = 10.

We first study the effect of varying y; and y; while
fixing their sum. If that sum is s, then the function
y + ¥+ (s —y)® has constant second derivative 6s,
so it is either everywhere convex or everywhere con-
cave. Consequently, if (y;,...,y,) achieves the maxi-
mum, then for any two indices i < j, at least one of the
following must be true:

— one of y;, y; is extremal (i.e., equal to 1 or —1);

- yi =Y <0 (in which case s < 0 and the local max-
imum is achieved above);

— y; = —y; (in which case s = 0 above).

In the third case, we may discard y; and y; and achieve a
case with smaller n; we may thus assume that this does
not occur. In this case, all of the non-extremal values
are equal to some common value y < 0, and moreover
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by

we cannot have both 1 and -1. We cannot omit 1, as
otherwise the condition Y/, y; = 0 cannot be achieved;
we must thus have only the terms 1 and y, occurring
with some positive multiplicities a and b adding up to
n. Since a+ b = n and a+ by = 0, we can solve for y to
obtain y = —a/b; we then have

- 3 3 a
42{)}; =a+by =4a (lbz>.
=

Since y > —1, we must have a < b. For fixed a, the
target function increases as b increases, so the optimal
case must occur when a+ b = 10. The possible pairs
(a,b) at this point are

(1,9),(2,8),(3,7),(4,6);

computing the target function for these values yields re-
spectively

32 15 480 80
97274979
yielding 480/49 as the maximum value.

Remark. Using Lagrange multipliers yields a similar
derivation, but with a slight detour required to separate
local minima and maxima. For general n, the above
argument shows that the target function is maximized
whena+b =n.

First solution. We prove the claim by induction on
m+n. For the base case, suppose that n = 1; we then
have m = 1 and the given equation becomes gh = e.
The claim then reduces to the fact that a one-sided in-
verse in G is also a two-sided inverse. (Because G is
a group, g has an inverse g‘l; since gh = e, we have
h=g '(gh)=g 'le=g ' sohg=e=gh)

Suppose now that n > 1. In case m > n, set § = gh,
h=h, and

k|| tmote )

n n

| o=t

ghbr - ghPn = gh™ ... gh™ = e,
so the induction hypothesis implies that § and & com-
mute; this implies that g and & commute.

In case m < n, note that a; € {0,1} for all k. Set § =

h ', h=g ! and

by = Uﬂ - {”“_I)J (E=1,...,m);

m
we claim that
G- gl = (gh - ghor) " =

so the induction hypothesis implies that 7z and g com-
mute; this implies that g and & commute.

To clarify this last equality, consider a lattice walk start-
ing from (0,0), ending at (n,m), staying below the line
y = mx/n, and keeping as close to this line as possible.
If one follows this walk and records the element g for
each horizontal step and & for each vertical step, one ob-
tains the word gh“! -- - gh®. Now take this walk, reflect
across the line y = x, rotate by a half-turn, then trans-
late to put the endpoints at (0,0) and (m,n); this is the
analogous walk for the pair (n,m).

Remark. By tracing more carefully through the argu-
ment, one sees in addition that there exists an element k&
of G for which g = k", h=k™".

Second solution. (by Greg Martin) Since ged(m,n) =
1, there exist integers x, y such that mx+ny = 1; we may
further assume thatx € {1,...,n}. We first establish the
identity

ar—1 ifk=0 (mod n)
apx=1a+1 ifk=1 (modn)
ay otherwise.

Namely, by writing —mx = ny — 1, we see that

gy = mk—x) | |mk—x—1)

k ) mk-’ll-nleJ{ {m(’zl)—lnle
— _mk—ri m(kfl),ln
-

and so

a2
(25l

The first parenthesized expression equals 1 if n divides
mk, or equivalently n divides k, and O otherwise. Sim-
ilarly, the second parenthesized expression equals 1 if
n divides k — 1 and O otherwise. This proves the stated
identity.

We now use the given relation gh“! --- gh“ = e to write

ghg_lh_l = gh(h®gh“ .. .ghanflghan)h—l
= ghal+lgha2 .. .ghan—lghunfl
= ghalfx . ghan—x
— (ghor 1w gl (gh - gh),

The two parenthesized expressions multiply in the
opposite order to ghl ---gh’ = e, so they must be
(two-sided) inverses of each other. We deduce that
ghg~'h~! = e, meaning that g and 4 commute.

Third solution. (by Sucharit Sarkar) Let T denote the
torus R?/Z?. The line segments from (0,0) to (1,0)
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and from (0,0) to (0,1) are closed loops in 7, and we
denote them by g and & respectively. Now let p be the
(image of the) point (&, —¢€) in T for some 0 < € < 1.
The punctured torus T\ {p} deformation retracts onto
the union of the loops g and %, and so 7; (T \ {p}), the
fundamental group of T\ {p} based at (0,0), is the free
group on two generators, (g, h).

Let ¥ and ¥ denote the following loops based at (0,0)
in T: v is the image of the line segment from (0,0) to
(n,m) under the projection R? — T, and 7 is the image
of the lattice walk from (0,0) to (n,m), staying just be-
low the line y = mx/n, that was described in the first
solution. There is a straight-line homotopy with fixed
endpoints between the two paths in R? from (0,0) to
(n,m), the line segment and the lattice walk, and this
homotopy does not pass through any point of the form
(a+¢€,b—¢) for a,b € Z by the construction of the lat-
tice walk. It follows that y and ¥ are homotopic loops
in T\ {p}. Since the class of ¥ in 7 (T \ {p}) is evi-
dently gh®1 gh® --- gh® it follows that the class of ¥ in
m (T \ {p}) is the same.

Now since gcd(m,n) = 1, there is an element ¢ €
GL,(Z) sending (n,m) to (1,0), which then sends the
line segment from (0,0) to (n,m) to the segment from
(0,0) to (1,0). Then ¢ induces a homeomorphism of T
sending ¥ to g, which in turn induces an isomorphism

0. : 1 (T\{p}) = m(T\{¢~'(p)}). Both fundamen-
tal groups are equal to (g, /), and we conclude that ¢,
sends gh® gh®2 ---gh“ to g. It follows that ¢, induces
an isomorphism

(8,h|gh"1 gh* .- gh"") — (g,h|g) = (h) = Z.

Since Z 1is abelian, g and h must commute in
(g,h|gh“1gh® ... gh%), whence they must also com-
mute in G.

First solution. Call a function f: R — R ultraconvex
if f is infinitely differentiable and £ (x) > 0 for all
n>0and all x € R, where f(*)(x) = f(x); note that if
f is ultraconvex, then so is f’. Define the set

S={f:R— R|f ultraconvex and f(0) = 0}.

For f € S, we must have f(x) =0 for all x < 0: if
f(x0) > 0 for some xy < 0, then by the mean value theo-

rem there exists x € (0,xg) for which f’(x) = %00) <0.
0, so f' € S also.
We show by induction that for all n > 0,

(0
f nfl)x" (Fes,xe01]).

In particular, f'(0) =

flx) <

We induct with base case n = 0, which holds because
any f € § is nondecreasing. Given the claim for n = m,
we apply the induction hypothesis to f’ € S to see that

- (1€ 0.1),

then integrate both sides from O to x to conclude.

Now for f € 8, we have 0 < £(1) < 22U for all n > 0.
On the other hand, by Taylor’s theorem with remainder,

x—l (x>1).

)
Applying this with x = 2, we obtain f(2) > Y7_, L (kk!(l)

for all n; this implies that lim,_.
f() < A ( ) , we must have f(1) = O.

For f € S, we proved earlier that f(x) =0 for all x <0,
as well as for x = 1. Since the function g(x) = f(cx) is
also ultraconvex for ¢ > 0, we also have f(x) = 0 for all
x > 0; hence f is identically zero.

To sum up, if f: R — R is infinitely differentiable,
f(0) =0, and f(1) = 1, then f cannot be ultraconvex.
This implies the desired result.

Variant. (by Yakov Berchenko-Kogan) Another way to
show that any f € S is identically zero is to show that
for f € S and k a positive integer,
x
fW W) (x20).
We prove this by induction on k. For the base case k =1,

note that f”(x) > 0 implies that f” is nondecreasing. For
x > 0, we thus have

:/Oxf’(t)dtg/oxf'(x)dt:xf’(x).

To pass from k to k + 1, apply the induction hypothesis
to f’ and integrate by parts to obtain

X) :/Oxkf’(t)dt

< /Axtf”(t)dt
—of' )= [ £ di=xf'() - 7).

Remark. Noam Elkies points out that one can refine
the argument to show that if f is ultraconvex, then it is
analytic (i.e., it is represented by an entire Taylor series
about any point, as opposed to a function like f(x) =
e~ 1/¥ whose Taylor series at 0 is identically zero); he
attributes the following argument to Peter Shalen. Let
gn(x) =Y 0 % %) (0)x* be the n-th order Taylor poly-
nomial of f. By Taylor’s theorem with remainder (a/k/a
Lagrange’s theorem), f(x) — g,(x) is everywhere non-
negative; consequently, for all x > 0, the Taylor series
Yoo L £01(0)x" converges and is bounded above by f.

But since f(*+1) ( ) is nondecreasing, Lagrange’s the-
orem also implies that f(x) — g,(x) < (nll)!f<n+1>(x);
for fixed x > 0, the right side tends to 0 as n — c=. Hence
f is represented by its Taylor series for x > 0, and so is




analytic for x > 0; by replacing f(x) with f(x—c), we
may conclude that f is everywhere analytic.

Remark. We record some properties of the class of
ultraconvex functions.

— Any nonnegative constant function is ultraconvex.
The exponential function is ultraconvex.

- If f is ultraconvex, then f’ is ultracon-
vex.  Conversely, if f’ is ultraconvex and
liminf, ,_. f(x) > 0, then f is ultraconvex.

— The class of ultraconvex functions is closed under
addition, multiplication, and composition.

Second solution. (by Zachary Chase) In this solution,
we use Bernstein’s theorem on monotone functions. To
state this result, we say that a function f : [0,e0) — R is
totally monotone if f is continuous, f is infinitely differ-
entiable on (0,e0), and (—1)"f")(x) is nonnegative for
all positive integers n and all x > 0. For such a function,
Bernstein’s theorem asserts that there is a nonnegative
finite Borel measure p on [0,0) such that

= [Ceraue  (x=0)

For f as in the problem statement, for any M > 0, the
restriction of f(M — x) to [0,) is totally monotone,
so Bernstein’s theorem provides a Borel measure u for
which f(M —x) = [;"e "du(r) for all x > 0. Taking
x =M, we see that [; e M du(t) = £(0) = 0; since p
is a nonnegative measure, it must be identically zero.
Hence f(x) is identically zero for x < M; varying over
all M, we deduce the desired result.

Third solution. (from Art of Problem Solving user
chronondecay) In this solution, we only consider the
behavior of f on [0,1]. We first establish the following
result. Let f:(0,1) — R be a function such that for
each positive integer 1, f")(x) is nonnegative on (0, 1),
tends to 0 as x — 0T, and tends to some limitas x — 1~.
Then for each nonnegative integer n, f(x)x " is nonde-
creasing on (0, 1).

To prove the claimed result, we proceed by induction on
n, the case n = 0 being a consequence of the assump-
tion that f’(x) is nonnegative on (0, 1). Given the claim
for some n > 0, note that since f” also satisfies the hy-
potheses of the problem, f”(x)x™" is also nondecreasing
on (0,1). Choose ¢ € (0, 1) and consider the function

f'()

cl’l

8x) = X' (xef0,1)).

For x € (0,¢), f/(x)x™" < f'(c)c™", so f/(x) < g(x);
similarly, for x € (¢, 1), f'(x) > g(x). It follows that
if f’(c) > 0, then

[ @dx _ [lgwdy i s )dx _ fr gl dx

Jo Fi(x)dx = [sex)dx 7 [l p(x)dx = [Lg(x)dx

4

and so f(c)/f(1) < "', (Here for convenience, we
extend f continuously to [0,1].) That is, f(c)/c"! <
f(1) forall ¢ € (0,1). For any b € (0, 1), we may apply
the same logic to the function f(bx) to deduce that if
f'(c) >0, then f(bc) /"' < f(b), or equivalently

flbe) _ 1)

(bc)n+l — bn+l :

This yields the claim unless f” is identically 0 on (0, 1),
but in that case the claim is obvious anyway.

We now apply the claim to show that for f as in the
problem statement, it cannot be the case that £ (x) is
nonnegative on (0, 1) for all n. Suppose the contrary;
then for any fixed x € (0, 1), we may apply the previous
claim with arbitrarily large n to deduce that f(x) = 0.
By continuity, we also then have f(1) = 0, a contradic-
tion.

Fourth solution. (by Alexander Karabegov) As in the
first solution, we may see that £(*) (0) =0 for all n. Con-
sequently, for all n we have

flx)= ! )!/Ox(x—t)"_lf(")(t)dt (xeR)

(n—1
and hence

1 1 sl
/O F(x)dx = E/o (1= £ (1) dr.

Suppose now that f is infinitely differentiable, f(1) =
1, and £ (x) > 0 for all n and all x € [0,1]. Then

: S R Y LR
/Of(x)dx—; (n—l)!/o(l 1Y () di
:%f(l):%.

Since this holds for all n, we have [, f(x)dx =0, and
so f(x) =0 for x € [0, 1]; this yields the desired contra-
diction.

A6 First solution. Choose a Cartesian coordinate sys-

tem with origin at the midpoint of AB and positive x-
axis containing A. By the condition on AB, we have
A = (y/a,0), B = (—+/a,0) for some positive rational
number a. Let (x;,y;) and (x;,y,) be the respective co-
ordinates of C and D; by computing the lengths of the
segments AC,BC,AD,BD,CD, we see that the quanti-
ties

(v =@y +y1, (v +va) +1
(2 —va)y +y3, (a++va) +y3,
(1 —x2)* + (y1 —y2)*

9



are all rational numbers. By adding and subtracting the
first two quantities, and similarly for the next two, we
see that the quantities

2 2 2 2
X1 +y17 Xl\/a, x2+y2; -)CZ\/a

are rational numbers. Since «a is a rational number, so
then are

2= (x1v/a)?
2= (xz\/&)z
2T a
rixy — SV X2Va)

) 2,2 2
yi = (X1 +y7) —x
2 2.2 2
¥ = (0 +y2) —x.

Now note that the quantity

(x1 —x2)% + (1 —y2)> =41 — 20102 +33 )7 — 2y1)2 + V3

is known to be rational, as is every summand on the
right except —2y;y»; thus y1y» is also rational. Since y%
is also rational, so then is y; /y2 = (y1y2)/(»3); since

area( NABC) = v/ayy, area( NABD) = /ay,

this yields the desired result.

Second solution. (by Manjul Bhargava) Let b, c,d be
the vectors AB,AC,AD viewed as column vectors. The
desired ratio is given by

det(b,c)  det(b,c)” det(b,c)
det(b,d)  det(b,c)” det(b,d)

~1
et <b-b b~c> et <b~b b-d) |
c-b c-c c-b c-d
The square of the length of AB is b - b, so this quantity is
rational. The square of the lengths of AC and BC are ¢- ¢
and (c—b)-(c—b)=b-b+c-c—2b-c,sob-c=c-b
is rational. Similarly, using AD and BD, we deduce that

d-d and b -d is rational; then using CD, we deduce that
c-d is rational.

Third solution. (by David Rusin) Recall that Heron’s
formula (for the area of a triangle in terms of its side
length) admits the following three-dimensional ana-
logue due to Piero della Francesca: if V denotes the
volume of a tetrahedron with vertices A,B,C,D € R3,
then

0 AB?> AC? AD? 1

AB> 0 BC? BD? 1

288V% =det | AC2 B2 0 CD* 1
AD?> BD* CD* 0 1

1 1 1 1 0

In particular, the determinant vanishes if and only if
A,B,C,D are coplanar. From the identity
64(4Area( AABC)? Area( AABD)? — 9AB*V?)
— (AB* — AB*(AC? + AD* + BC* + BD?> — 2CD?)
+(AC? — BC?)(AD? — BD?*))?
we see that Area(AABC)Area(AABD) is rational;

since each of the areas has rational square, we deduce
the claim.

Fourth solution. (by Greg Martin) Define the signed
angles o = /BAC,3 = /BAD,y= /CAD, so that o +
Y= B. By the Law of Cosines,
2AB-ACcosa = AB*>+AC?> —BC* € Q
2AB-ADcos B = AB* + AD*> —BD* € Q
2AC-ADcosy = AC? +AD? —CD? € Q.
In particular, (2AB-ACcos ®)?> € Q, and so cos’> @ € Q

and sin? & = 1 —cos? & € Q, and similarly for the other
two angles.

Applying the addition formula to cos 3, we deduce that
2AB-ADcosacosy—2AB-ADsinasiny € Q.
The first of these terms equals

(2AB-ACcos ) (2AB-ACcos &)
AC?

€Q,

so the second term must also be rational. But now

Area(AABC)  AB-ACsina
Area(AACD)  AC-ADsiny
_ 2AB-ADsinasiny
© 2AD?sin’y ©

Q

as desired.

Remark. Derek Smith observes that this result is
Proposition 1 of: M. Knopf, J. Milzman, D. Smith, D.
Zhu and D. Zirlin, Lattice embeddings of planar point
sets, Discrete and Computational Geometry 56 (2016),
693-710.

Remark. It is worth pointing out that it is indeed possi-
ble to choose points A, B,C, D satisfying the conditions
of the problem; one can even ensure that the lengths
of all four segments are themselves rational. For ex-
ample, it was originally observed by Euler that one can
find an infinite set of points on the unit circle whose
pairwise distances are all rational numbers. One way to
see this is to apply the linear fractional transformation
f(z) = ;—f’ to the Riemann sphere to carry the real axis

1
(plus o) to the unit circle, then compute that

2|z1 — 22|

\f(m)—f(zz)l=m'



Bl

Let S be the set of rational numbers z for which 2(z2 +1)
is a perfect square; the set f(S) has the desired property
provided that it is infinite. That can be checked in var-
ious ways; for instance, the equation 2(x* + 1) = (2y)?
equates to x> —2y?> = —1 (a modified Brahmagupta-
Pell equation), which has infinitely many solutions even
over the integers:

x_’_y\fz: (l _’_\/5)2114-1.

The answer is the collection of vectors (1,b5) where 0 <
b < 100 and b is even. (For ease of typography, we
write tuples instead of column vectors.)

First we show that if &2\ {v} can be partitioned into
subsets S and S, of equal size and equal sum, then v
must be of the form (1,b) where b is even. For a finite
nonempty set S of vectors in Z2, let £(S) denote the
sum of the vectors in S. Since the average x- and y-
coordinates in & are 1 and 50, respectively, and there
are 3-101 elements in &2, we have

X(P)=303-(1,50) = (303,15150).
On the other hand,
E(P) =v+X(S1)+Z(S2) = v+22(S)).

By parity considerations, the entries of v must be odd
and even, respectively, and thus v is of the claimed
form.

Next suppose v = (1,b) where b is even. Note that
2\ {(1,50)} can be partitioned into 151 pairs of (dis-
tinct) vectors (x,y) and (2 — x,100 —y), each sum-
ming to (2,100). If b # 50 then three of these
pairs are {(1,b),(1,100—5)},{(2,b),(0,100—b)}, and
{(2,25+b/2),(0,75 - b/2)}. Of the remaining 148
pairs, assign half of them to S; and half to S, and
then complete the partition of &2\ {v} by assign-
ing (0,100 — b), (2,25+b/2), and (1,50) to S; and
(1,100 — b), (2,b), and (0,75 —b/2) to S,. (Note that
the three vectors assigned to each of S; and S, have the
same sum (3,175 —b/2).) By construction, S; and S,
have the same number of elements, and X(S;) = £(S3).

For b = 50, this construction does not work be-
cause (1,b) = (100 — b), but a slight variation can
be made. In this case, three of the pairs in &2\
{(1,50)} are {(2,50),(0,50)}, {(1,51),(1,49)}, and
{(0,49),(2,51)}. Assign half of the other 148 pairs
to S; and half to S;, and complete the partition of
2\ {(1,50)} by assigning (2,50), (1,51), and (0,49)
to Sy and (0,50), (1,49), and (2,51) to S,.

B2 First solution. Note first that f,(1) > 0, so 1 is not a

root of f,. Next, note that
(=Dfalz) ="+ +z—n;

however, for |z| < 1, we have |7 +---+z| < n by the
triangle inequality; equality can only occur if z,...,z"

B3

have norm 1 and the same argument, which only hap-
pens for z = 1. Thus there can be no root of f, with
lz] < 1.

Second solution. (by Karl Mahlburg) Define the poly-
nomial

gn(z) =n" 14 42741

and note that 2"~ 'g,(z7!) = f,(z). Since £,(0) £ 0, to
prove the claim it is equivalent to show that g, has no
roots in the region |z| > 1.

Now note that g,(z) = h,(z) for

hp(z) ="+ +z+1,
a polynomial with roots 2#/("+1) for j =0,...,n. By
the Gauss-Lucas theorem, the roots of g, lie in the con-
vex hull of the roots of h,, and moreover cannot be
vertices of the convex hull because %, has no repeated
roots. This implies the claim.

Remark. Yet another approach is to use the Enestrom-
Kakeya theorem: if P,(z) = ap+ - -+ a,Z" is a polyno-
mial with real coefficients satisfying |a,| > --- > |ao| >
0, then the roots of P,(z) all satisfy |z| < 1. Namely, ap-
plying this to the polynomial g,(z/c) forc =n/(n—1)
shows that the roots of g, all satisfy |z] < 1/c.

Remark. For a related problem, see problem AS from
the 2014 Putnam competition.

The values of n with this property are 22 for £ =
1,2,4,8. First, note that n divides 2" if and only if n
is itself a power of 2; we may thus write n = 2" and
note that if n < 10'%°, then

2m =_n< 10100 < (103)34 < (210)34 — 2340.

Moreover, the case m = 0 does not lead to a solution
because forn =1, n— 1 = 0 does not divide 2" — 1 = 1;
we may thus assume 1 < m < 340.

Next, note that modulo n — 1 = 2™ — 1, the powers of
2 cycle with period m (the terms 2°,...,2"~! remain
the same upon reduction, and then the next term repeats
the initial 1); consequently, n — 1 divides 2" — 1 if and
only if m divides n, which happens if and only if m is a
power of 2. Write m = 2¢ and note that 2¢ < 340 < 512,
so £ < 9. The case £ = 0 does not lead to a solution
because for n = 2, n —2 = 0 does not divide 2" — 2 = 2;
we may thus assume 1 < ¢ < 8.

Finally, note that n —2 = 2" — 2 divides 2" — 2 if and
only if 2~! — 1 divides 2"~! — 1. By the same logic
as the previous paragraph, this happens if and only if
m— 1 divides n — 1, that is, if 2* — 1 divides 2" — 1.
This in turn happens if and only if ¢ divides m = 2¢,
which happens if and only if ¢ is a power of 2. The
values allowed by the bound ¢ < 9 are ¢ = 1,2,4,8; for
these values, m < 28 = 256 and

n= 2m S 2256 S (23)86 < 1086 < 101007

so the solutions listed do satisfy the original inequality.



B4 We first rule out the case |a| > 1. In this case, we prove

that |x,41| > |x,| for all n, meaning that we cannot have
x, = 0. We proceed by induction; the claim is true for
n = 0,1 by hypothesis. To prove the claim for n > 2,
write

[Xns1| = [2X02X0—1 — Xp—2|
> 2|x,,| \xn,1| - ‘xn72|
> x| (2xn—1] = 1) = |xa],

where the last step follows from |x,_i| > |[xp—2| > --- >
[xo| = 1.

We may thus assume hereafter that |a| < 1. We can
then write a = cos b for some b € [0, 7. Let {F,} be the
Fibonacci sequence, defined as usual by F} = F, = 1
and F,+1 = F, + F,—1. We show by induction that

x, = cos(F,b) (n>0).

Indeed, this is true for n =0, 1,2; given that it is true for
n < m, then

2xuXm—1 = 2cos(F,b) cos(F,—1D)
= coS((F — Fin—1)b) +cos((Fn + Fu-1)b)
= coS(Fp—2b) +cos(F41b)

and SO Xpt+1 = 2XpXpm—1 — Xm—2 = c08(F,41b). This
completes the induction.

Since x,, = cos(F,b), if x, = 0 for some n then F,b =
%77: for some odd integer k. In particular, we can write
b= §(2m) where ¢ = k and d = 4F, are integers.

Let x,, denote the pair (F,,F;,), where each entry in
this pair is viewed as an element of Z/dZ. Since there
are only finitely many possibilities for x,, there must
be some ny > ny such that x,;, = x,,. Now x,, uniquely
determines both x,, ] and x,_, and it follows that the
sequence {x,} is periodic: for £ = ny, —ny, Xy1p = Xn
for all n > 0. In particular, F,,, ¢ = F, (mod d) for all n.
But then % — % is an integer, and so

F,
Xn+¢ = COS <n—d~_ic(2n’))

— cos (F;C (27:)) .

for all n. Thus the sequence {x, } is periodic, as desired.

Remark. Karl Mahlburg points out that one can moti-
vate the previous solution by computing the terms

X =2a*— 1,x3 = 4a> —3a,x4 = 16a° —20a> + 5a

and recognizing these as the Chebyshev polynomials
T»,T3,Ts. (Note that T3 was used in the solution of prob-
lem A3.)

Remark. It is not necessary to handle the case |a| > 1
separately; the cosine function extends to a surjective
analytic function on C and continues to satisfy the addi-
tion formula, so one can write a = cosb for some b € C
and then proceed as above.

B5

B6

7

Let (aj,a;) and (d},a,) be distinct points in R?;
we want to show that f(aj,as) # f(d},a,). Write
(v1,v2) = (d},a3) — (a1,a2), and let ¥(t) = (a1,a2) +
t(vi,v2), t € [0,1], be the path between (a;,a) and
(d},d,). Define a real-valued function g by g(t) =
(vi,v2) - f(7(¢)). By the Chain Rule,

/ [ dfi/dx1 dfi/Ixz\ [ Vi
fy() = <3f2/8x1 3f2/8x2> <v2> .

Abbreviate d f;/dx; by fij; then

=<v1 v2) fu fiz) (n
H1 ) \n
= fuvi+ (fia + fa)viva + foova

_ fotfa o Afufe-(futfa)?,
= fu (V1+2fllvz> + 4fi )
>0

since f11 and fi1 f22 — (fi2 + f>1)? /4 are positive by as-
sumption. Since the only way that equality could hold
is if v; and v, are both 0, we in fact have g'(r) > 0 for
all r. But if f(ai,ar) = f(d},d,), then g(0) = g(1), a
contradiction.

Remark. A similar argument shows more generally
that f: R" — R" is injective if at all points in R", the
Jacobian matrix D satisfies the following property: the
quadratic form associated to the bilinear form with ma-
trix Df (or the symmetrized bilinear form with matrix
(Df + (Df)T)/2) is positive definite. In the setting of
the problem, the symmetrized matrix is

fu (fiz+ f21)/2
(fiz+/21)/2 fn ’

and this is positive definite if and only if f1; and the
determinant of the matrix are both positive (Sylvester’s
criterion). Note that the assumptions that fi2, f21 > 0
are unnecessary for the argument; it is also easy to
see that the hypotheses fi1, fi» > 0 are also superflu-
ous. (The assumption f11 f>o — (fi2 + f>1)> > 0 implies
f11f22 > 0, so both are nonzero and of the same sign;
by continuity, this common sign must be constant over
all of R2. If it is negative, then apply the same logic to

(=f1,—f2))

(by Manjul Bhargava) Let a(k,n) denote the num-
ber of sequences of length k taken from the set
{1,2,3,4,5,6,10} and having sum n. We prove that

2018\ *
n
alk,n) <2 <2048>

by double induction on n+ k and n — k. The claim is
clearly true when n — k < 0 and in particular when n =
k =1, the smallest case for n + k.



We categorize the sequences counted by a(k,n) by
whether they end in 1,2,3,4,5,6, 10; removing the last
term of such a sequence yields a sequence counted
by alk—l,n—1),alk—1,n—2),a(k—1,n—3),a(k —
I,n—4),a(k—1,n—5),a(k—1,n—6),a(k—1,n—10),
respectively. Therefore,

alkn)=alk—1,n—1)+---
+alk—1,n—6)+a(k—1,n—10)

2018\ ¢!
2048

TR . 2018\
- \2 64 1024 ) \ 2048
k-1

_on 1009 2018

1024 2048

k

_on 2018

2048

where we used directly the induction hypothesis to ob-

tain the inequality on the second line. The case k =
2018,n = 3860 yields the desired result.

Remark. K. Soundararajan suggests the following rein-
terpretation of this argument. The quantity a(k,n) can
be interpreted as the coefficient of x” in (x +x* + -+
x84 x10)* . Since this polynomial has nonnegative coef-
ficients, for any x, we have

<(ﬂkk~+2"6+2"m)<

alk,n)x" < (x+ x>+ +x0 +x10)%,

Substituting x = % yields the bound stated above.

On a related note, Alexander Givental suggests that the
value n = 3860 (which is otherwise irrelevant to the
problem) may have been chosen for the following rea-
son: as a function of x, the upper bound x~" (x + x* +
-+ +x% 4+ x1%)% is minimized when

x(14+2x+--+6x°+x%) n

x4 x0 x0Tk

In order for this to hold for x =1/2, k = 2018, one must
take n = 3860.

Remark. For purposes of comparison, the stated bound
is about 10" while the trivial upper bound given by
counting all sequences of length 2018 of positive inte-
gers that sum to 3860 is

(2017) 107

The latter can be easily derived by a “stars and bars”
argument: visualize each sequence of this form by rep-
resenting the value n by n stars and inserting a bar be-
tween adjacent terms of the sequence. The resulting
string of symbols consists of one star at the beginning,
2017 bar-star combinations, and 3860-2018 more stars.
Using a computer, it is practical to compute the exact
cardinality of S by finding the coefficient of x38 in (x4
x? 4+ x0 4 x10)2018 For example, this can be done in
Sage in a couple of seconds as follows. (The truncation
is truncated modulo x*% for efficiency.)

sage: P.<x> = PowerSeriesRing(ZZ, 4000)
sage: £ = (x + x72 + x73 + x74 + \
R x"5 + x"6 + x710)°2018

sage: m = list(f) [3860]

sage: N(m)

8.04809122940636e1146

This computation shows that the upper bound of the
problem differs from the true value by a factor of about
150.



The 80th William Lowell Putnam Mathematical Competition
Saturday, December 7, 2019

Al Determine all possible values of the expression
A*+ B3+’ —3ABC
where A, B, and C are nonnegative integers.

A2 In the triangle AABC, let G be the centroid, and let /
be the center of the inscribed circle. Let o and B be
the angles at the vertices A and B, respectively. Sup-
pose that the segment /G is parallel to AB and that
B =2tan"!(1/3). Find «.

A3 Given real numbers by, by, ...,by19 with bygr9 # 0, let
21,22,---,22019 be the roots in the complex plane of the
polynomial

2019
P(z)=Y, b
k=0

Let u = (Jz1|+--- +z2019]) /2019 be the average of the
distances from z1,z2,...,22019 to the origin. Determine
the largest constant M such that yu > M for all choices
of by, b1, ...,br19 that satisfy

1 <by<by <by<---<by9 <2019.

A4 Let f be a continuous real-valued function on R3. Sup-
pose that for every sphere S of radius 1, the integral of
f(x,y,z) over the surface of S equals 0. Must f(x,y,z)
be identically 0?

A5 Let p be an odd prime number, and let IF, denote the
field of integers modulo p. Let IF,[x] be the ring of poly-
nomials over IF,, and let ¢(x) € F,[x] be given by

p—1
Q(x) = Z akxk7
k=1
where
ar = kP2 mod p.

Find the greatest nonnegative integer n such that (x —
1)" divides g(x) in Fp[x].

A6 Let g be a real-valued function that is continuous on
the closed interval [0, 1] and twice differentiable on the
open interval (0, 1). Suppose that for some real number
r>1,

tim 8% _,

x—0+t X"

Prove that either

lim g'(x) =0 or limsupx”|g” (x)| = co.
x—0F X—0+

B1 Denote by Z? the set of all points (x,y) in the plane with
integer coordinates. For each integer n > 0, let P, be the
subset of Z? consisting of the point (0,0) together with
all points (x,y) such that x*> +y? = 2¥ for some integer
k < n. Determine, as a function of n, the number of
four-point subsets of P, whose elements are the vertices
of a square.

B2 Foralln > 1, let

n—1 sin (W)

n = (k—1)7 K\
~ 2 ( (k= 2 (kn
k=1 cos ( . )cos (5%)
Determine
. ap
llm 73
n—oo N

B3 Let Q be an n-by-n real orthogonal matrix, and let
u € R" be a unit column vector (that is, uTu = 1). Let
P =1 —2uu”, where I is the n-by-n identity matrix.
Show that if 1 is not an eigenvalue of Q, then 1 is an
eigenvalue of PQ.

B4 Let .Z be the set of functions f(x,y) that are twice con-
tinuously differentiable for x > 1, y > 1 and that satisfy
the following two equations (where subscripts denote
partial derivatives):

xfe+yfy =xyln(xy),
-xzfxx +y2fyy =Xy

For each f € .7, let

m(f)=min(f(s+1,s+1)— f(s+1,5) — f(s,s+ 1)+ f(s,5)).

s>1

Determine m(f), and show that it is independent of the
choice of f.

B5 Let F,, be the mth Fibonacci number, defined by F; =
F,=1land F,, = F,,_ + F,,_, forall m > 3. Let p(x) be
the polynomial of degree 1008 such that p(2n+ 1) =
Fopyq for n =0,1,2,...,1008. Find integers j and k
such that p(2019) = F; — Fy.

B6 Let Z" be the integer lattice in R”. Two points in Z"
are called neighbors if they differ by exactly 1 in one
coordinate and are equal in all other coordinates. For
which integers n > 1 does there exist a set of points
S C Z" satisfying the following two conditions?

(1) If pisin S, then none of the neighbors of pisin S.

(2) If p € Z" is not in §, then exactly one of the neigh-
bors of pisin S.



Solutions to the 80th William Lowell Putnam Mathematical Competition
Saturday, December 7, 2019

Kiran Kedlaya and Lenny Ng

A1 The answer is all nonnegative integers not congruent to

3 or 6 (mod 9). Let X denote the given expression;
we first show that we can make X equal to each of the
claimed values. Write B=A + b and C = A + ¢, so that

X = (b®—bc+cH)(BA+b+c).

By taking (b,c) = (0,1) or (b,c) = (1, 1), we obtain re-
spectively X = 3A+ 1 and X = 3A + 2; consequently,
as A varies, we achieve every nonnegative integer not
divisible by 3. By taking (b,c) = (1,2), we obtain
X =9A 4+ 9; consequently, as A varies, we achieve ev-
ery positive integer divisible by 9. We may also achieve
X = 0 by taking (b,c) = (0,0).

In the other direction, X is always nonnegative: either
apply the arithmetic mean-geometric mean inequality,
or write b> — be +c? = (b—c¢/2)? +3c% /4 to see that it
is nonnegative. It thus only remains to show that if X
is a multiple of 3, then it is a multiple of 9. Note that
3A+b+c=b+c (mod 3) and b> —be+c? = (b+c)?
(mod 3); consequently, if X is divisible by 3, then b+ ¢
must be divisible by 3, so each factor in X = (b2 —bc+
¢?)(3A +b+c) is divisible by 3. This proves the claim.

Remark. The factorization of X used above can be
written more symmetrically as

X = (A+B+C)(A>+ B> +C*—AB—BC —CA).

One interpretation of the factorization is that X is the
determinant of the circulant matrix

ABC
C AB
B CA

which has the vector (1,1,1) as an eigenvector (on ei-
ther side) with eigenvalue A + B+ C. The other eigen-
values are A + {B+ {2C where { is a primitive cube
root of unity; in fact, X is the norm form for the ring
Z[T)/(T? — 1), from which it follows directly that the
image of X is closed under multiplication. (This is
similar to the fact that the image of A% + B2, which is
the norm form for the ring Z[i] of Gaussian integers, is
closed under multiplication.)

One can also the unique factorization property of the
ring Z[{] of Eisenstein integers as follows. The three
factors of X over Z[3] are pairwise congruent modulo
1 — £3; consequently, if X is divisible by 3, then it is di-
visible by (1 —&3)? = —3&3(1 — £3) and hence (because
it is a rational integer) by 32.

A2 Solution 1. Let M and D denote the midpoint of AB

and the foot of the altitude from C to AB, respectively,

and let r be the inradius of AABC. Since C,G,M are
collinear with CM = 3GM, the distance from C to line
AB is 3 times the distance from G to AB, and the latter is
r since IG || AB; hence the altitude CD has length 3r. By
the double angle formula for tangent, % =tanf} = %,
and so DB = 4r. Let E be the point where the incircle

meets AB; then EB =r/ tan(%) = 3r. It follows that
ED = r, whence the incircle is tangent to the altitude
CD. This implies that D = A, ABC is a right triangle,
and a = %.

Remark. One can obtain a similar solution by fixing a
coordinate system with B at the origin and A on the pos-
itive x-axis. Since tan B _ %, we may assume without
loss of generality that / = (3,1). Then C lies on the in-
tersection of the line y = 3 (because CD = 3r as above)
with the line y = %x (because tan f§ = % as above), forc-

ing C = (4,3) and so forth.

Solution 2. Let a,b,c be the lengths of BC,CA,AB,
respectively. Let r, s, and K denote the inradius,
semiperimeter, and area of AABC. By Heron’s For-
mula,

s =K*=s(s—a)(s—b)(s—c).

If IG is parallel to AB, then

1 1 1
Sre= area( AABI) = area(AABG) = §K =37
and so ¢ = “2. Since s = M and s —c = 42, we

have 372 = (s —a)(s — b). Let E be the point at which
the incircle meets AB; thens —b=EB =r/ tan(%) and
s—a=EA=r/tan(%). It follows that tan(%) tan(%) =
1 and so tan($) = 1. This implies that o = Z.
Remark. The equality ¢ = % can also be derived
from the vector representations

_A+B+C _aA+bB+cC

G —
3 ’ a+b+c

Solution 3. (by Catalin Zara) It is straightforward to
check that a right triangle with AC =3,AB=4,BC =5
works. For example, in a coordinate system with A =
(0,0),B = (4,0),C = (0,3), we have

G:(i@), I=(1,1)

and for D = (1,0),

B _1D 1
an— = — = —.
2 BD 3



It thus suffices to suggest that this example is unique up
to similarity.

Let C’ be the foot of the angle bisector at C. Then

Cl CA+CB

IC' AB
and so /G is parallel to AB if and only if CA+ CB =
2AB. We may assume without loss of generality that A
and B are fixed, in which case this condition restricts C
to an ellipse with foci at A and B. Since the angle 8
is also fixed, up to symmetry C is further restricted to
a half-line starting at B; this intersects the ellipse in a
unique point.
Remark. Given that CA + CB = 2AB, one can also re-
cover the ratio of side lengths using the law of cosines.

A3 The answer is M = 2019~1/2019  For any choices of
by, ...,bx19 as specified, AM-GM gives

1> 21 z2010] /201 = [bo /bagre| /201 > 20197 1/2019

To see that this is best possible, consider by, ...,bo19
given by by = 2019%/2019 for all k. Then

2019 Z2020 -1
P(z/2019"/201) = ¥ 2 =
k=0 z—1

has all of its roots on the unit circle. It follows that all
of the roots of P(z) have modulus 2019~1/201% and so
w = 201971/2019 iy this case.

A4 The answer is no. Let g: R — R be any continuous
function with g(z +2) = g(t) for all # and [§ g(¢)dt =0
(for instance, g(¢) = sin(7r)). Define f(x,y,z) = g(z).
We claim that for any sphere S of radius 1, [[; fdS =0.

Indeed, let S be the unit sphere centered at (xg,yo,z0)-
We can parametrize S by S(¢,0) = (xo,y0,20) +
(sing cos 6,sin@sinO,cos @) for ¢ € [0,7n] and 6 €
[0,27]. Then we have

T iz s 9§
J[sxnzas= [ [ f(S("”e”HMXaeH‘“’d"’
= /On/ozng(zo—l-cosq))sinq)ded(])

1
= 27r/ 1 gl(zo+1)dt,

where we have used the substitution # = cos ¢; but this
last integral is O for any z(y by construction.

Remark. The solution recovers the famous observation
of Archimedes that the surface area of a spherical cap
is linear in the height of the cap. In place of spheri-
cal coordinates, one may also compute [[ f(x,y,z)dS
by computing the integral over a ball of radius r, then
computing the derivative with respect to r and evaluat-
ingatr=1.

A5

Noam Elkies points out that a similar result holds in R"
for any n. Also, there exist nonzero continuous func-
tions on R” whose integral over any unit ball vanishes;
this implies certain negative results about image recon-
struction.

The answer is 1%1 Define the operator D = x%,
where % indicates formal differentiation of polyno-
mials. For n as in the problem statement, we have
g(x) = (x—1)"r(x) for some polynomial r(x) in F,, not
divisible by x — 1. For m = 0,...,n, by the product rule
we have

(D"g)(x) = n">" (x— 1)""r(x) (mod (x—1)""+).

A6

Since r(1) # 0 and n # 0 (mod p) (because n <
deg(gq) = p— 1), we may identify n as the smallest non-
negative integer for which (D"g)(1) # 0.

Now note that ¢ = D?—1)/2¢ for

P
S(x):1+x+...+xp_1:x 1 :(x_l)l’_l
x—

since (x —1)? = x” — 1 in Fp[x]. By the same logic
as above, (D"s)(1) =0 forn =0,...,p —2 but not for
n = p— 1. This implies the claimed result.

Remark. One may also finish by checking directly that
for any positive integer m,

”ikm_ —1 (mod p) if (p—1)|m

= |0 (modp) otherwise.
If (p— 1)|m, then K" =1 (mod p) by the little Fermat
theorem, and so the sum is congruent to p — 1 = —1
(mod p). Otherwise, for any primitive root ¢ mod p,
multiplying the sum by ¢ permutes the terms modulo
p and hence does not change the sum modulo p; since
" #£1 (mod p), this is only possible if the sum is zero
modulo p.

Solution 1. (by Harm Derksen) We assume
that limsup, o+ x"|g”(x)] < o and deduce that
lim,_,o+ g’ (x) = 0. Note that

limsupx”sup{|g”(&)| : & € [x/2,x]} < oo.

x—0t

Suppose for the moment that there exists a function A
on (0, 1) which is positive, nondecreasing, and satisfies

tim 8% _ i )
x—01 h(x) x—0t X"

For some ¢ > 0, h(x) <x" < x forx € (0,c). By Taylor’s
theorem with remainder, we can find a function £ on
(0,¢) such that & (x) € [x— h(x),x] and

g(x—h(x)) = g(x) — g (x)h(x) + %g”(é (x))h(x)*.



We can thus express g'(x) as

g(x) +%Xrg//(§(x))h(X) ( ()C )h( ( ))

)
h(x) X" h(x—h(x))  h(x)
)

As x = 0%, g(x)/h(x), g(x = h(x))/h(x — h(x)), and
h(x)/x" tend to 0, while x"g"(&(x)) remains bounded

(because &(x) > x— h(x) > x—x" > x/2 for x small)
and h(x — h(x))/h(x) is bounded in (0,1]. Hence
lim, o+ g'(x) = 0 as desired.

It thus only remains to produce a function & with the
desired properties; this amounts to “inserting” a func-
tion between g(x) and x” while taking care to ensure the
positive and nondecreasmg properties. One of many op-

tions is A(x) = x"+/ f(x) where
f(x) =sup{|z"g(z)| : 2 € (0,x)},

so that
VIO Bt}

Solution 2. We argue by contradiction. Assume that
limsup,_,g+ x"|g" (x)| < oo, so that there is an M such
that |g” (x)| < Mx~" for all x; and that lim,_,o+ g’ (x) #0,
so that there is an & > 0 and a sequence x,, — 0 with
|g' (x,)| > & for all n.

Now let € > 0 be arbitrary. Since lim,_,¢+ g(x)x™" =0,
there is a 0 > 0 for which [g(x)] < ex” for all x < 4.
Choose n sufﬁ01ently large that 80 ” <xpandx, <8/2;
then x, + 22 < 2x, < §. In addltlon we have |g'(x)| >

/2 for all X € [Xn, %y M] since |g'(xn)| > & and
lg” (x)| < Mx™" < Mx," in this range. It follows that

2 r r
& X, &0X,,
2 g <o+ 30—
80
< |g(xn )|+|g(xn)‘
8())6,'; r r
<& ((x,,+ M ) +x),

<e(1+2"),

whence 4M(1+2")e > 3. Since € > 0 is arbitrary and
M, r, g are fixed, this gives the desired contradiction.

Remark. Harm Derksen points out that the “or” in the
problem need not be exclusive. For example, take

Xsin(x3)  x
=) ren

Then for x € (0,1),

g (x) = 5x*sin(x *3) —3xcos(x73)
g"(x) = (20x® —9x3)sin(x ) — 18cos(x ).

For r = 2, lim,_,o+ x "g(x) = lim,_,q+ x>

sin(x73) =0,
lim,_o+g'(x) = 0 and x¢'(x) = (20x° —
9x~1)sin(x73) — 18x?cos(x~3) is unbounded as

x — 0%, (Note that g’(x) is not differentiable at x = 0.)

B1 The answer is 5n+ 1.

We first determine the set P,. Let O, be the set of points
in Z? of the form (0,4-2%) or (£2*,0) for some k < n.
Let R, be the set of points in Z? of the form (+2*, +-2k)
for some k < n (the two signs being chosen indepen-
dently). We prove by induction on n that

By ={(0,0)}UQ /2] UR|(n-1)/2)-
We take as base cases the straightforward computations

Py=1{(0,0),(+£1,0),(0,£1)}
P =R U{(£l,£1)}.

For n > 2, itis clear that {(0,0)} UQ|n/2) UR (n-1)/2) €
P,, so it remains to prove the reverse inclusion. For
(x,y) € Py, note that x> +y> =0 (mod 4); since every
perfect square is congruent to either O or 1 modulo 4,
x and y must both be even. Consequently, (x/2,y/2) €
P,_», so we may appeal to the induction hypothesis to
conclude.

We next identify all of the squares with vertices in P,.
In the following discussion, let (a,b) and (c,d) be two
opposite vertices of a square, so that the other two ver-
tices are

a—b+c+d a+b—c+d
2 ’ 2

and

at+b+c—d —a+b+c+d
2 ’ 2 '

— Suppose that (a,b) = (0,0). Then (c,d) may be
any element of P, not contained in /. The number
of such squares is 4n.

— Suppose that (a,b), (c,d) € Qy for some k. There
is one such square with vertices

{(0,2),(0,27%),(2%,0), (27%,0)}

for k =0,...,|5], for a total of |[5]+1. To
show that there are no others, by symmetry it suf-
fices to rule out the existence of a square with
opposite vertices (a,0) and (c,0) where a > |c|.
The other two vertices of this square would be
((a+0)/2,(a—c)/2)and ((a+c)/2, (~a+c)/2).
These cannot belong to any Oy, or be equal to
(0,0), because |a+c|,|a—c| > a—|c| > 0 by the
triangle inequality. These also cannot belong to
any Ry because (a+|c|)/2> (a—|c|)/2. (One can
also phrase this argument in geometric terms.)

— Suppose that (a,b), (c,d) € Ry for some k. There
is one such square with vertices
{(2k72k)7 (Zka 72]()7 (72k72k)a (72](7 72k)}

fork=0,...,[ %], for a total of | £} ]. To show
that there are no others we may reduce to the pre-
vious case: rotating by an angle of F and then



B2 The answer is =

rescaling by a factor of /2 would yield a square
with two opposite vertices in some Qj not cen-
tered at (0,0), which we have already ruled out.

— It remains to show that we cannot have (a,b) €
Oy and (c,d) € Ry, for some k. By symmetry, we
may reduce to the case where (a,b) = (0,2%) and
(c,d) = (2°,42°). If d > 0, then the third vertex
(2k=1 2k=1 4 28} is impossible. If d < 0, then the
third vertex (—2%~1,2k=1 —2%) is impossible.

Summing up, we obtain

n n+1
4 H 1
n—+ ) + +{ )

squares, proving the claim.

J—Sn—i—l

Remark. Given the computation of P,, we can alter-
natively show that the number of squares with vertices
in P, is 5n+ 1 as follows. Since this is clearly true for
n = 1, it suffices to show that for n > 2, there are ex-
actly 5 squares with vertices in B, at least one of which
isnotin P,_1. Note that the convex hull of P, is a square
S whose four vertices are the four points in P, \ P,—;. If
v is one of these points, then a square with a vertex at
v can only lie in S if its two sides containing v are in
line with the two sides of S containing v. It follows that
there are exactly two squares with a vertex at v and all
vertices in B,: the square corresponding to S itself, and a
square whose vertex diagonally opposite to v is the ori-
gin. Taking the union over the four points in P, \ P,
gives a total of 5 squares, as desired.

8

Solution 1. By the double angle and sum-product iden-
tities for cosine, we have

s (4507) 20 (5] - (512) o5

=2sin ((Zk_ L
2n

>sin(

and it follows that the summand in a,, can be written as

1 1
- +
cos2 (%) cos? (&%)

1
sin (25)

Thus the sum telescopes and we find that

km

T

2n

1 1 1
= — -1+ = +- 3 :
sm(%) cos2 (%) sm(%) sin (%)
Finally,  since hmx_>0 siix - — 1 we have
lim,, eo (n sin 5; ) Z and thus limy,_ye0 & B = %.
Solution 2. We first substltute n — k for k to obtain

sin (W)

.2 (k+D)7 2 (kn
k=1 sin ( 522 sin (Zn)

n—1

a, =

).

)

We then use the estimate

sinx

T = 1—|—O(x2) (x € [0,75])

to rewrite the summand as

gy (7o)

2n

which simplifies to

8(2k — 1)n? n
5= +0(-).
Rk T (z)
Consequently,
an " 8(2k—1) 1
o Z (kz(k+1)2n3 +0 kn?

8 "l (2k—1) logn

40 .
7t3zk2k+1) + <n2>
Finally, note that

= (2k—1) /1 1 1
Lewar 5 (e wm) ' w

8

converges to 1, and so lim;, % =3

B3 Solution 1. We first note that P corresponds to the lin-

ear transformation on R” given by reflection in the hy-
perplane perpendicular to u: P(u) = —u, and for any v
with (u,v) =0, P(v) = v. In particular, P is an orthogo-
nal matrix of determinant —1.

We next claim that if Q is an n X n orthogonal matrix
that does not have 1 as an eigenvalue, then detQ =
(—=1)". To see this, recall that the roots of the char-
acteristic polynomial p(f) = det(¢+] — Q) all lie on the
unit circle in C, and all non-real roots occur in conju-
gate pairs (p(¢) has real coefficients, and orthogonality
implies that p(t) = +¢"p(t~')). The product of each
conjugate pair of roots is 1; thus detQ = (—1)* where
k is the multiplicity of —1 as a root of p(¢). Since 1 is
not a root and all other roots appear in conjugate pairs,
k and n have the same parity, and so detQ = (—1)".

Finally, if neither of the orthogonal matrices Q nor PQ
has 1 as an eigenvalue, then det Q = det(PQ) = (—1)",
contradicting the fact that detP = —1. The result fol-
lows.

Remark. It can be shown that any n x n orthogonal
matrix Q can be written as a product of at most n hy-
perplane reflections (Householder matrices). If equality
occurs, then det(Q) = (—1)"; if equality does not occur,
then Q has 1 as an eigenvalue. Consequently, equality
fails for one of Q and PQ, and that matrix has 1 as an
eigenvalue.



Sucharit Sarkar suggests the following topological in-
terpretation: an orthogonal matrix without 1 as an
eigenvalue induces a fixed-point-free map from the
(n— 1)-sphere to itself, and the degree of such a map
must be (—1)".

Solution 2. This solution uses the (reverse) Cayley

transform: if Q is an orthogonal matrix not having 1
as an eigenvalue, then

A=(I-0)(I+0)"!

is a skew-symmetric matrix (that is, AT = —A).

Suppose then that Q does not have 1 as an eigenvalue.
Let V be the orthogonal complement of # in R”. On one
hand, forveV,

(I-Q) '(I-QPyy=(I-Q) "(I-Qv=v.
On the other hand,
(I-=Q) '(I—=QPu=(I—0Q)""(I+Q)u=Au

and (u,Au) = (ATu,u) = (—Au,u), so Au € V. Put
w = (1 —A)u; then (1 — QP)w =0, so QP has 1 as an
eigenvalue, and the same for PQ because PQ and QP
have the same characteristic polynomial.

Remark. The Cayley transform is the following con-
struction: if A is a skew-symmetric matrix, then 7+ A is
invertible and

0=I—-A)(I+A)"!

is an orthogonal matrix.

Remark. (by Steven Klee) A related argument is
to compute det(PQ — I) using the matrix determinant
lemma: if A is an invertible n X n matrix and v,w are
1 x n column vectors, then

det(A+wvw!) = det(A) (1 +wl A1),

This reduces to the case A = I, in which case it again
comes down to the fact that the product of two square
matrices (in this case, obtained from v and w by padding
with zeroes) retains the same characteristic polynomial
when the factors are reversed.

B4 Solution 1. We compute that m(f) =2In2 — }. La-

bel the given differential equations by (1) and (2). If
we write, e.g., x%(l) for the result of differentiat-
ing (1) by x and multiplying the resulting equation by
x, then the combination x%(l) +ya%(1) —(1)—(2)
gives the equation 2xy fy, = xyIn(xy) +xy, whence f, =
1(In(x) +1In(y) +1).

Now we observe that
f(S+1,S+1)*f(S+17S)*f(S,S+1)+f(S7S)

s+1 ps+1
:/ ) fx),dyd.x
lA s+i s+1
=5 / / (In(x) + In(y) + 1) dydx
s s

1 s+1
== —|—/ In(x) dx.
2 s

Since In(x) is increasing, [*"'In(x)dx is an increasing
function of s, and so it is minimized over s € [1,)

when s = 1. We conclude that
1 2 1
m(f) = 3 —|—/ In(x)dx =2In2 — 3
1

independent of f.

Remark. The phrasing of the question suggests that
solvers were not expected to prove that .% is nonempty,
even though this is necessary to make the definition of
m(f) logically meaningful. Existence will be explicitly
established in the next solution.

Solution 2. We first verify that

flxy) = %(xyln(xy) —xy)

is an element of .%, by computing that

1
xfy = yfy = 7ovIn(xy)
xzfxx = yzfyy = Xy.
(See the following remark for motivation for this guess.)

We next show that the only elements of .%# are f+
aln(x/y) + b where a,b are constants. Suppose that
f+ g is a second element of .%. As in the first solu-
tion, we deduce that gy, = 0; this implies that g(x,y) =
u(x) +v(y) for some twice continuously differentiable
functions u and v. We also have xg, +ygy, = 0, which
now asserts that xg, = —ygy is equal to some constant
a. This yields that g = aln(x/y) + b as desired.

We next observe that
g(S+ 1,S+ 1)—g(S+ l,S)—g(S,S—‘r 1)+g(S,S) :Oa

som(f) =m(f+g). It thus remains to compute m(f).
To do this, we verify that

f(S+17S+1)—f(s+1,S)—f(S,S+1)+f(S,S)

is nondecreasing in s by computing its derivative to be
In(s + 1) — In(s) (either directly or using the integral
representation from the first solution). We thus mini-
mize by taking s = 1 as in the first solution.

Remark. One way to make a correct guess for f is to
notice that the given equations are both symmetric in x
and y and posit that f should also be symmetric. Any
symmetric function of x and y can be written in terms
of the variables u = x4y and v = xy, so in principle we
could translate the equations into those variables and
solve. However, before trying this, we observe that xy
appears explicitly in the equations, so it is reasonable to
make a first guess of the form f(x,y) = h(xy). For such
a choice, we have

xfi+yfy = 2xyh’ = xyIn(xy)

which forces us to set 4(t) = %(t In(z) —1t).



B5 Solution 1. We prove that (j,k) = (2019,1010) is a

valid solution. More generally, let p(x) be the polyno-
mial of degree N such that p(2n+ 1) = Fy, 4 for 0 <
n < N. We will show that p(2N + 3) = Foy4+3 — F 2.
Define a sequence of polynomials py(x),...,py(x) by
po(x) = p(x) and pi(x) = pr—1(x) — pg—1 (x+2) for k >
1. Then by induction on £, it is the case that py(2n+
1) = Fopy14k for 0 <n < N —k, and also that p; has
degree (at most) N —k for k > 1. Thus py(x) = Fy+1
since py(1) = Fy+ and py is constant.

We now claim that for 0 < k < N, py_;(2k+3) =
Z’;:O Fy114+j. We prove this again by induction on k:
for the induction step, we have

pN—k(2k+3) = pn—i(2k+1) + pn—k+1(2k+ 1)

k=1
=Fyii4k+ Z Fyii+j
=0

Thus we have p(2N +3) = po(2N+3) = X)L Fyi 14

Now one final induction shows that ZT:] Fi=Fy—1,
and so p(2N +3) = Fon+3 — Fy2, as claimed. In the
case N = 1008, we thus have p(2019) = F19 — Fio1o0-

Solution 2. This solution uses the Lagrange interpola-
tion formula: given xy,...,x, and yg,...,y,, the unique
polynomial P of degree at most n satisfying P(x;) = y;
fori=0,...,nis

& X—Xx;j
P(x;) ] =
Write
1 1 1—
El_i(an_ﬁin)v o = +\/§vﬁ: \fs
NG 2 2

For y € R, let py(x) be the unique polynomial of degree
at most 1008 satisfying

pin+1) =" p2n+1) =y (n=0,...,1008);

then p(x) = %(Pa (x) = pp(x)).

By Lagrange interpolation,

1008 — 1
2019 = S 2019 — (2j+1)
n=0

0<j<1008,jn (22 1) = (2j+1)

1008 .
_ et 1009 — j
n=0 0<,j<1008, j#n

:1008 n+1/_ 1)1008—n 1009
LA (")
= —y((¥ =)' — (")),

For y € {a, B} we have > = y+ 1 and so

py(2019) — ,)/2019 _ ,}/1010'

n—j

We thus deduce that p(x) = Fao19 — Fio10 as claimed.

Remark. Karl Mahlburg suggests the following variant
of this. As above, use Lagrange interpolation to write

1008 1
p(2019) =) ( 0;)9)5-;

Jj=0

it will thus suffice to verify (by substiting j — 1009 — j)

that
1009
1009
Y ( . )Fj+1:F2019~
=0\ J

This identity has the following combinatorial interpre-
tation. Recall that F,| counts the number of ways to
tile a 1 x n rectangle with 1 x 1 squares and 1 x 2 domi-
noes (see below). In any such tiling with n = 2018, let
J be the number of squares among the first 1009 tiles.

These can be ordered in (10;)9) ways, and the remaining

2018 — j —2(1009 — j) = j squares can be tiled in F
ways.

As an aside, this interpretation of F;y; is the oldest
known interpretation of the Fibonacci sequence, long
predating Fibonacci himself. In ancient Sanskrit, sylla-
bles were classified as long or short, and a long syllable
was considered to be twice as long as a short syllable;
consequently, the number of syllable patterns of total
length n equals F, .

Remark. It is not difficult to show that the solution
(j,k) = (2019,2010) is unique (in positive integers).
First, note that to have F; — F;, > 0, we must have k < j.
If j <2019, then

Fxo19 — Fio10 = F2018 + F2017 — Fio10 > Fj > Fj — Fy.

If j > 2020, then

Fi—F > Fj—Fj 1 =F; 2> Fx19 > F19 — Fioio.

Since j = 2019 obviously forces k = 1010, the only
other possible solution would be with j = 2020. But
then

(Fj — Fy) — (Fa019 — Fio10) = (F2018 — Fx) + Fio10

which is negative for k = 2019 (it equals Fio10 — F2017)
and positive for k < 2018.

B6 Such a set exists for every n. To construct an example,

define the function f : Z" — Z/(2n+ 1)Z by

fxr, .o x0) =x1+2x0+---+nx, (mod2n+1),

then let S be the preimage of 0.

To check condition (1), note that if p € S and g is a
neighbor of p differing only in coordinate i, then

flg)=f(p)xi==+i (mod2n+1)



andso g ¢ S.
To check condition (2), note that if p € Z" is not in S,
then there exists a unique choice of i € {1,...,n} such

that f(p) is congruent to one of +i or —i modulo 2n +
1. The unique neighbor g of p in S is then obtained
by either subtracting 1 from, or adding 1 to, the i-th
coordinate of p.

Remark. According to Art of Problem Solving (thread
c6h366290), this problem was a 1985 IMO submission
from Czechoslovakia. For an application to steganog-
raphy, see: J. Fridrich and P. Lisonék, Grid colorings in
steganography, IEEE Transactions on Information The-
ory 53 (2007), 1547-1549.
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A1l How many positive integers N satisfy all of the follow-
ing three conditions?

(i) N is divisible by 2020.
(i) N has at most 2020 decimal digits.

(iii) The decimal digits of N are a string of consecutive
ones followed by a string of consecutive zeros.

A2 Let k be a nonnegative integer. Evaluate

iz"—/(kﬂ)

j=0 J

A3 Let ap = /2, and let a, = sin(a,—_) for n > 1. Deter-
mine whether

=)

Y dn

n=1

converges.

A4 Consider a horizontal strip of N +2 squares in which the
first and the last square are black and the remaining N
squares are all white. Choose a white square uniformly
at random, choose one of its two neighbors with equal
probability, and color this neighboring square black if it
is not already black. Repeat this process until all the re-
maining white squares have only black neighbors. Let
w(N) be the expected number of white squares remain-
ing. Find

fim V).
N—ow N

AS Let a, be the number of sets S of positive integers for
which

Zszn,

keS

where the Fibonacci sequence (Fy)r>1 satisfies Fyp =
Fii1+F,andbegins F1 =1,F, =1,F3 =2,F; =3. Find
the largest integer n such that a,, = 2020.

A6 For a positive integer N, let fy! be the function defined
by

N+1/2—n

N
fv(x) = n;) NrD@Er]) sin((2n+1)x).

Determine the smallest constant M such that fy (x) <M
———for all N and all real x.

! Corrected from Fy in the source.

B1 For a positive integer n, define d(n) to be the sum of the
digits of n when written in binary (for example, d(13) =
1+14+0+1=3). Let

2020
S=Y (—1)1Wg.

Determine S modulo 2020.

B2 Let k and n be integers with 1 <k < n. Alice and Bob
play a game with k pegs in a line of n holes. At the
beginning of the game, the pegs occupy the k leftmost
holes. A legal move consists of moving a single peg to
any vacant hole that is further to the right. The play-
ers alternate moves, with Alice playing first. The game
ends when the pegs are in the k rightmost holes, so who-
ever is next to play cannot move and therefore loses.
For what values of n and k does Alice have a winning
strategy?

B3 Let xp = 1, and let § be some constant satisfying 0 <
0 < 1. TIteratively, for n = 0,1,2,..., a point x, is
chosen uniformly from the interval [0,x,]. Let Z be the
smallest value of n for which x, < 8. Find the expected
value of Z, as a function of .

B4 Let n be a positive integer, and let V,, be the set of inte-

ger (2n+ 1)-tuples v = (59,81, ,S2q—1,52,) for which
so =25, =0and|s;—s;j_1|=1for j=1,2,---,2n. De-
fine

2n—1

g(v)=1+ Y 3%,
=1

and let M (n) be the average of ﬁ over all veV,. Eval-
uate M (2020).

BS For j € {1,2,3,4}, let z; be a complex number with
|zj| = 1 and zj # 1. Prove that

3—u—n—un—utuznnu#o.
B6 Let n be a positive integer. Prove that

(1) [k(v2-1)] > ¢,

(ngE

k

(As usual, |x] denotes the greatest integer less than or
equal to x.)



Solutions to the 81st William Lowell Putnam Mathematical Competition
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Manjul Bhargava, Kiran Kedlaya, and Lenny Ng

A1 The values of N that satisfy (ii) and (iii) are precisely the

numbers of the form N = (109 — 10%) /9 for0 < b < a <
2020; this expression represents the integer with a digits
beginning with a string of 1’s and ending with » 0’s. A
value N of this form is divisible by 2020 = 22-5-101 if
and only if 10° (104~ — 1) is divisible by each of 32, 22-
5, and 101. Divisibility by 32 is a trivial condition since
10=1 (mod 9). Since 10°~® — 1 is odd, divisibility by
22.5 occurs if and only if b > 2. Finally, since 10> = —1
(mod 101), we see that 104" is congruent to 10, —1,
—10, or 1 (mod 101) depending on whether a — b is
congruent to 1, 2, 3, or 0 (mod 4); thus 1097% — 1 is
divisible by 101 if and only if a — b is divisible by 4.

It follows that we need to count the number of (a,b)

with 2 < b < a <2020 with 4|a — b. For given b, there

are | 2220=0 | possible values of a. Thus the answer is

504 +504 + 504 4503 +503 +-503 +503 +--- +1+1+1+1
=4(504+503+--4+1) — 504 = 504 - 1009 = 508536.

A2 The answer is 4*.

First solution. Let S; denote the given sum. Then, with
the convention that (") =0 for any n > 0, we have for
k>1,

g ()

j—1

k—1 . k .
(k-1 2%—1 (k-1
~2Y 2"‘1‘/< ,+J>+< ) >+§ 2"‘!( I
=0 j=1

J

2k—1\ Kkt
—aser+ () >+,-202 ()

J

=281+ Sk/2

and so Sy = 4S,_,. Since Sy = 1, it follows that Sj = 4*
for all .

Second solution. Consider a sequence of fair coin flips
ai,as,... and define the random variable X to be the
index of the (k+ 1)-st occurrence of heads. Then

PIX =n] = <"; 1) 2

writing n = k+ j+ 1, we may thus rewrite the given
sum as

KX < 2k+1].

It now suffices to observe that P[X < 2k+1] = 3: we
have X < 2k+ 1 if and only if there are at least k + 1

heads among the first 2k + 1 flips, and there are exactly
as many outcomes with at most k heads.

Third solution. (by Pankaj Sinha) The sum in question
in the coefficient of x* in the formal power series

zk: 2570 (1 4 x)*H = 25 (1 4 x)k Xk; 27 (14x)!

j=0
1—=1(1 k+1 2k+l
:2k(1+x)k ( +x) /
1—(1+4+x)/2
_ 2k+1(1+x)k_(1_|_x)2k+1
B 1—x

:(2k+1(1+x)k7(1+x)2k+1)(1+x+.”).

This evidently equals

k k
k 2k+1 1

Dkt y () = ( . ) _ okl (gky _ L 2k+1
j=0 \J @) 2

=\ J

— 22k+1 _ 22k — 22k _ 4/(.

Remark. This sum belongs to a general class that
can be evaluated mechanically using the WZ method.
See for example the book A = B by Petvoksek—Wilf—
Zeilberger.

The series diverges. First note that since sin(x) < x for
all x > 0, the sequence {a,} is positive and decreas-
ing, with a; = 1. Next, we observe that for x € [0,1],
sin(x) > x —x3/6: this follows from Taylor’s theorem
with remainder, since sin(x) = x — x> /6 + (sinc)x* /24
for some ¢ between 0 and x.

We now claim that a, > 1/+/n for all n > 1; it follows
that Y. a? diverges since ¥ 1/n diverges. To prove the
claim, we induct on n, with n = 1 being trivial. Sup-
pose that a, > 1/y/n. To prove sin(a,) > 1/v/n+1,
note that since sin(a,) > sin(1/4/n), it suffices to prove
that x —x3/6 > (n+1)~'/2 where x = 1/\/n. Squar-
ing both sides and clearing denominators, we find that
this is equivalent to (n+1)(6n — 1)? > 36n3, or 24n° —
Iln+1 > 0. But this last inequality is true since
240> — 11n+1 = (3n—1)(8n — 1), and the induction
is complete.

A4 The answer is 1/e. We first establish a recurrence for

w(N). Number the squares 1 to N +2 from left to right.
There are 2(N — 1) equally likely events leading to the
first new square being colored black: either we choose
one of squares 3,...,N + 1 and color the square to its
left, or we choose one of squares 2, ..., N and color the
square to its right. Thus the probability of square i being



the first new square colored black is m ifi=2or

i=N+1and ﬁ if 3 <i < N. Once we have changed
the first square i from white to black, then the strip di-
vides into two separate systems, squares 1 through i and
squares i through N + 2, each with first and last square
black and the rest white, and we can view the remain-
ing process as continuing independently for each sys-
tem. Thus if square i is the first square to change color,
the expected number of white squares at the end of the
process is w(i —2) +w(N + 1 —i). It follows that

() = 57— 090) + N = 1)+
1 N
N1 (lz;(w(i—ZH-w(N—i— 1 —i)))
+ 2(N1— 1 (Ww(N—1)+w(0))
and so

(N = Dw(N) =2(w(1) +---+w(N=2)) +w(N—1).

If we replace N by N — 1 in this equation and subtract
from the original equation, then we obtain the recur-
rence

w(N —2)

N)=w(N -1 _
w(V) = wN = 1)+ 0
We now claim that w(N) = (N +1) Zjlyjol (71{1!)’( for N >
0. To prove this, we induct on N. The formula holds for
N =0and N = 1 by inspection: w(0) =0and w(1) = 1.
Now suppose that N > 2 and w(N — 1) = NZkN:o (;l!)k ,
w(N—2) = (N—1)x¥ 1 C Then

k=0 ~ kI
N-—2
N (—ly N—l(_]ﬁ
=Nt L g
k=0 k=0
N—1 (—l)k N(—I)N
=N+ Y NI
k=0
N+1 (_1)k
=WN+1) ) 7
k=0
and the induction is complete.
Finally, we compute that
N N
tim YY)y V)
N—ow N N—oo N+ 1
e (=DF
7](:0 k' e

Remark. AoPS user pieater314159 suggests the fol-
lowing alternate description of w(N). Consider the

numbers {1,...,N + 1} all originally colored white.
Choose a permutation 7 € Sy4+1 uniformly at random.
For i =1,...,N+1 in succession, color 7(i) black in
case (i + 1) is currently white (regarding i + 1 mod-
ulo N + 1). After this, the expected number of white
squares remaining is w(N).

Remark. Andrew Bernoff reports that this problem
was inspired by a similar question of Jordan Ellenberg
(disseminated via Twitter), which in turn was inspired
by the final question of the 2017 MATHCOUNTS
competition. See http://bit-player.org/2017/
counting-your-chickens-before-theyre-pecked
for more discussion.

A5 The answer is n = Fyp40 — 1. In both solutions, we use
freely the identity

F1+F2+"’+En72:Fm*1 (1)

which follows by a straightforward induction on m. We
also use the directly computed values

aI:a2:2,a3 2(14:3. (2)
First solution. (by George Gilbert)
We extend the definition of a,, by setting ag = 1.
Lemma 1. Form > 0and F,,, <n < Fj,41,
anp = an-F, + AaF, 1—n—1- 3)

Proof. Consider a set S for which Y ;g Fy = n. If m € S then
S\ {m} gives a representation of n — F,,, and this construction
is reversible because n — F,, < F,—1 < F,. If m ¢ S, then

{1,...,m—1}\S gives a representation of F,,; | —n—1, and
this construction is also reversible. This implies the desired
equality. O

Lemma 2. Form > 2,

m—+2
Ay = AF,p -1 = | —5— |-

Proof. By (2), this holds for m = 2,3,4. We now proceed by
induction; for m > 5, given all preceding cases, we have by
Lemma 1 that

m m+2
aFm:aO—’—aEnfl_l:l—‘r\‘EJ - \‘ 2 J

aFerI*l:aFm—]*l_'_aO:aFm' D

Using Lemma 2, we see that a, = 2020 for n = Fips0 —
1.

Lemma 3. For F,, <n < Fyy1, a, > ag,,.

Proof. We again induct on m. By Lemma 2, we may assume
that

ISI’Z—FmS(Fer]—Z)—Fm: m—1—2. “4)



By (2), we may also assume n > 6, so that m > 5. We apply
Lemma 1, keeping in mind that

(n—En)+(Fm+1 —n— 1) =F,1—1.
If max{n — F,,Fyr1 —n—1} > F,_», then one of the sum-
mands in (5) is at least ag, , (by the induction hypothesis)
and the other is at least 2 (by (4) and the induction hypothe-
sis), SO

m+4

an 2 ar,_, +2= \‘ZJ .

Otherwise, min{n — F,,, F;,+1 —n— 1} > F,,_3 and so by the
induction hypothesis again,

m—1 m—2 m—+2
f— > > .

Combining Lemma 2 and Lemma 3, we deduce that for
n > Fys0 — 1, we have a, > ag,,, = 2021. This com-
pletes the proof.

ay > 2ar,

Second solution. We again start with a computation of
some special values of a,.

Lemma 1. Forallm>1,

m—+1
ar,—1 = T

Proof. We proceed by induction on m. The result holds for
m =1 and m = 2 by (2). For m > 2, among the sets S counted
by ag,—1, by (1) the only one not containing m — 1 is S =
{1,2,...,m—2}, and there are ag,,r, ,—i others. Therefore,

ag,—1=4ag,—fF, -1+1
m—1 m+1
I ST P2

Given an arbitrary positive integer n, define the set Sp
as follows: start with the largest k| for which £, <n,
then add the largest k, for which F;, + F;, <n, and so
on, stopping once Y ;cs, Fi = n. Then form the bitstring

1 k€S
Sn:"'€]€(), ek: 0 k¢S0

note that no two 1s in this string are consecutive. We
can thus divide s, into segments
Ty by Tty (ki t; > 1)

where the bitstring #; ¢ is given by

tre = (10)%(0)*

(that is, k repetitions of 10 followed by ¢ repetitions of
0). Note that ¢/, > 1 because e; = ¢p = 0.

Fora=1,....,kand b=0,...,[(£{—1)/2], we can re-
place # ¢ with the string of the same length

( 10)k7a (0) ( 1 )2a71 (Ol)b 1047217

to obtain a new bitstring corresponding to a set S with
Y res Fi = n. Consequently,

li+1

=) e

anp > H (
For integers k,¢ > 1, we have

€+1J

I—Hﬂ >2.

Skt V+1J

Combining this with repeated use of the inequality

xy>x+y  (xy>2),

we deduce that
" li+1 1+Y0 (ki +¢)
o o] 5 o oo

In particular, for any even m > 2, we have a, > % for
all n > F,,. Taking m = 4040 yields the desired result.

Remark. It can be shown with a bit more work that
the set Sp gives the unique representation of n as a sum
of distinct Virahanka—Fibonacci numbers, no two con-
secutive; this is commonly called the Zeckendorf repre-
sentation of n, but was first described by Lekkerkerker.
Using this property, one can show that the lower bound
in (5) is sharp.

A6 The smallest constant M is 7 /4.

We start from the expression

N1 2
fN(x)ZZz(an_

n=0

N+1) sin((2n+1)x).  (6)

Note that if sin(x) > 0, then

Z sin((2n + 1)x l (2t x _ gmilont )
n=0 2i n:0
1 2N+3 ex e—i(2N+3)x _eix
27 e2ix _ B e—2ix _ ]
1 2N+2 i(2N+2)x 1
27 e—ix _ pix
B P(N+2)x +e—z(2N+2) )
N 21 ex —eix
_ 2cos((2N+2)x) —2

2i(2isin(x))
1 —cos((2N+2)x)
o 2sin(x) 20




We use this to compare the expressions of fy(x) and
fv+1(x) given by (6). For x € (0,7) with sin((2N +
3)x) > 0, we may omit the summand n = N + 1 from
Sv+1(x) to obtain

Sv+1(x) = fiv (x)

1/ 1 1 N
> () Ysin((2n+1)x) > 0.
) <N+l N+2>,;)S‘“(( nt1)x) 2

For x € (0, 7) with sin((2N +3)x) < 0, we may insert
the summand n = N + 1 into fy(x) to obtain

Svs1(x) — fiv(x)
1 1 1 N+1
> 5 (NH - N+2) ngz)sin((Zn—k 1)x) > 0.

In either case, we deduce that for x € (0,7), the se-
quence {fy(x)}n is nondecreasing.

Now rewrite (6) as

~ &osin((2n+1)x)  1—cos((2N 42)x)
T = n;] 2n+1 4N +1)sin(x)

)

and note that the last term tends to 0 as N — . Conse-
quently, limy_,« f (x) equals the sum of the series

oo

)}

n=0

P sin((2n+1)x),

which is the Fourier series for the “square wave” func-
tion defined on (—7, 7] by

Z xe(-m0)
x € (0,m)
x=0

, T

X =

(=N

and extended periodically. Since this function is contin-
uous on (0, 7), we deduce that the Fourier series con-
verges to the value of the function; that is,

lim fiv(x) :g (x€ (0,7)).

N—oo

This is enough to deduce the desired result as follows.
Since

v(x+2m) = fn(x),  fv(=x)=—fn(x),

it suffices to check the bound fy(x) <z forx € (-, .
For x = 0,7 we have fy(x) =0 for all N. For x €
(—m,0), the previous arguments imply that

0> folx) > fi(x) = -+

For x € (0, ), the previous arguments imply that

0< folx) < filx) <-- <

INES

/
N

N
(x) = Z cos((2n+1)x) — o

4

and the limit is equal to /4. We conclude that fy(x) <
M holds for M = m/4 but not for any smaller M, as
desired.

Remark. It is also possible to replace the use of the
convergence of the Fourier series with a more direct ar-
gument; it is sufficient to do this for x in a dense subset
of (0, ), such as the rational multiples of 7.

Another  alternative  (described at  https:
//how-did-i-get-here.com/2020-putnam-a6/)
is to deduce from (7) and a second geometric series
computation (omitted here) that

d (l—cos((2N+2)x)>

= 4(N 4+ 1)sin(x)
_ sin((2N +2)x)
2sin(x)
_ (2N +2)sin((2N +2)x) — cos(x) (1 —cos((N +2)x)
4(N +1)sin(x)?
_ cos(x)(1 —cos((N +2)x)
4(N+1)sin(x)>

which is nonnegative for x € (0,7/2] and nonpositive
for x € [r/2, 7). This implies that fy(x) always has a
global maximum at x = /2, so it suffices to check the
convergence of the Fourier series for the square wave
at that point. This reduces to the Madhava—Gregory—
Newton series evaluation

1 1 1

T
1—§+§—?+---:arctan(l)zz.

B1 Note that

2047

(1=x)(1 =) (1 =2t (12" = Y (—1) 0
k=0
and
x2016<1 —x)(l _x2)...(1 —x16) _ 2%7 (—l)d(k)xk.
k=2016

Applying x% to both sides of each of these two equa-
tions three times, and then setting x = 1, shows that

2047 2047
Z (71)d(k)k3 _ Z (71)d(k)k3 _ 0,
k=0 k=2016

and therefore



Hence we may write

2020
S — Z (_l)d(k)kB
k=2016
_y (—1)“® (k+2016)?
k=0
= (9P + (D=3 + (D=2 + ()(-1)°
=—64+27+8—1
=-30=1990 (mod 2020).

Remark. The function d(n) appears in the OEIS as
sequence A000120.

B2 We refer to this two-player game, with n holes and k

B3

pegs, as the (n,k)-game. We will show that Alice has
a winning strategy for the (n,k)-game if and only if at
least one of n and k is odd; otherwise Bob has a winning
strategy.

We reduce the first claim to the second as follows. If
n and k are both odd, then Alice can move the k-th peg
to the last hole; this renders the last hole, and the peg
in it, totally out of play, thus reducing the (n,k)-game
to the (n — 1,k — 1)-game, for which Alice now has a
winning strategy by the second claim. Similarly, if 7 is
odd but k is even, then Alice may move the first peg to
the (k+ 1)-st hole, removing the first hole from play and
reducing the (n,k)-game to the (n — 1,k) game. Finally,
if n is even but k is odd, then Alice can move the first
peg to the last hole, taking the first and last holes, and
the peg in the last hole, out of play, and reducing the
(n,k)-game to the (n — 2,k — 1)-game.

We now assume 7 and k are both even and describe a
winning strategy for the (n, k)-game for Bob. Subdivide
the n holes into n/2 disjoint pairs of adjacent holes. Call
a configuration of k pegs good if for each pair of holes,
both or neither is occupied by pegs, and note that the
starting position is good. Bob can ensure that after each
of his moves, he leaves Alice with a good configuration:
presented with a good configuration, Alice must move
a peg from a pair of occupied holes to a hole in an un-
occupied pair; then Bob can move the other peg from
the first pair to the remaining hole in the second pair,
resulting in another good configuration. In particular,
this ensures that Bob always has a move to make. Since
the game must terminate, this is a winning strategy for
Bob.

Let f(0) denote the desired expected value of Z as a
function of 6. We prove that f(8) = 1 —log(0), where
log denotes natural logarithm.

For ¢ € [0,1], let g(8,c¢) denote the expected value of
Z given that x| = ¢, and note that () = fol g(8,c)de.
Clearly g(8,c) = 1 if ¢ < 8. On the other hand, if ¢ >
0, then g(J,c) is 1 more than the expected value of Z
would be if we used the initial condition xo = ¢ rather
than xo = 1. By rescaling the interval [0, c] linearly to

[0,1] and noting that this sends & to §/c, we see that
this latter expected value is equal to f(6/c). That is,
forc > 38, g(8,¢) =1+ f(8/c). It follows that we have

1(8)= [ 5(6.0)de

:6+/51(1+f(5/c))dc: l+/61f(5/c)dc.

Now define & : [1,00) — R by h(x) = f(1/x); then we
have

h(x) =1+ l

X
h(cx)de =14+ ! / h(c)dec.
1/x X J1
Rewriting this as xh(x) —x = [} h(c)dc and differenti-
ating with respect to x gives h(x) +xh'(x) — 1 = h(x),
whence #'(x) = 1/x and so h(x) = log(x) + C for some
constant C. Since h(1) = f(1) = 1, we conclude that
C =1, h(x) =1+log(x), and finally f(8) =1—1log(9).
This gives the claimed answer.

B4 The answer is 401%. We will show the following more

general fact. Let a be any nonzero number and define

qg(v) =1+ Z?Sl a’j; then the average of ﬁ over all

v €V, is equal to ﬁ independent of a.

Let W, denote the set of (2n)-tuples w = (wy,...,wa,)
such that n of the w;’s are equal to +1 and the other
n are equal to —1. Define a map ¢ : W,, — W, by
O(wi,wa,...,way) = (Wa,...,wau,wi); that is,  moves
the first entry to the end. For w € W,,, define the orbit
of w to be the collection of elements of W, of the form
¢k(w), k > 1, where ¢* denotes the k-th iterate of ¢,
and note that ¢>*(w) = w. Then W, is a disjoint union
of orbits. For a given w € W,,, the orbit of w consists
of W, (W), ...,0" ! (w), where m is the smallest posi-
tive integer with ¢ (w) = w; the list ¢(W),..., 0> (w)
runs through the orbit of w completely 2n/m times, with
each element of the orbit appearing the same number of
times.

Now define the map f: W, — V, by f(w) =v =
(50,..,82,) With s; = 2{11 wj; this is a one-to-one cor-
respondence between W,, and V,;, with the inverse map
givenby w; =s;—s; 1 for j=1,...,2n. We claim that
for any w € W, the average of ﬁ, where v runs over
vectors in the image of the orbit of w under f, is equal
to 2]7 Since W, is a disjoint union of orbits, V,, is a dis-
joint union of the images of these orbits l;nder f,and it

then follows that the overall average of 2w Overve Vi
1

2n°

To prove the claim, we compute the average of
WM over k = 1,...,2n; since ¢¥(w) for k =
1,...,2n runs over the orbit of w with each element in
the orbit appearing equally, this is equal to the desired
average. Now if we adopt the convention that the in-
dices in w; are considered mod 2n, so that wy,.+; = w;
for all i, then the i-th entry of (W) is w;,x; we can

is



q(f

then define s; = Z{:l w; for all j > 1, and s7,4; = s; for
all i since Y'2", w; = 0. We now have

2 . 2, 2
k _ . YL Witk — - Sjvk—Sk — 45k . Sj
(¢ (w)))—Zall —Zaf =a Zal.
j=1 j=1 j=1

Thus

2n 1 o "
Lo - h e -

k=1 &j=1

1 _ s
and the average of 7 overk=1,...,2nis 3

) (f(9k(w)))
as desired.

B5 First solution. (by Mitja Mastnak) It will suffice to

show that for any z1,22,23,24 € C of modulus 1 such
that |3 —z; — 20 — 23 — 24| = |z1222324], at least one of
71,22,23 is equal to 1.

To this end, let z; = eai,zz = eﬁi7z3 =¥ and
_ 2 2
flo,B,y) =13~z —2—z|"— |1 -zznzl"
A routine calculation shows that

fla,B,y) =10—6cos(a) —6cos(B) — 6¢cos(y)
+2cos(a+ B +7v)+2cos(ax— )
+2cos(B—7y)+2cos(y— ).

Since the function f is continuously differentiable, and
periodic in each variable, f has a maximum and a min-
imum and it attains these values only at points where
Vf=(0,0,0). A routine calculation now shows that

Ly 7 = 6(sin(at) +sin(B) + sin(y) —sin(a + B + 7))

atsin (S5 ) (BT (12,

Hence every critical point of f must satisfy one of
2122 = 1, 2223 = 1, or z3z; = 1. By symmetry, let us
assume that z;zp = 1. Then

2.

)

f=3—-2Re(z1)—n*—|1—2z

since 3 —2Re(z;) > 1, f is nonnegative and can be zero
only if the real part of z;, and hence also z; itself, is
equal to 1.

Remark. If z; = 1, we may then apply the same logic to
deduce that one of z5,z3,z4 isequalto 1. If z; =z, =1,
we may factor the expression

3—21—2—B3—Uu+22Bu

as (1 —z3)(1 — z4) to deduce that at least three of
Z1,...,24 are equal to 1.

Second solution. We begin with an “unsmoothing”
construction.

Lemma 1. Let z1,22,23 be three distinct complex numbers
with |zj| =1 and z1 + 20 + 23 € [0,40). Then there exist an-
other three complex numbers z),25,25, not all distinct, with
|2j| = 1 and

d+H+25 € (2 +2+23,4%), 212223 =213

Proof. Write z; = ¢'% for j=1,2,3. We are then trying to
maximize the target function

cos 0; + cos 6, + cos 63
given the constraints

0 =sin 6 +sin 6, + sin 63
x*x=01+60,+ 63

Since z1,z2,z3 run over a compact region without boundary,
the maximum must be achieved at a point where the matrix

sin@; sin6, sin0Os
cosB; cosB, cosbs
1 1 1

is singular. Since the determinant of this matrix computes (up
to a sign and a factor of 2) the area of the triangle with ver-
tices 71,22, 23, it cannot vanish unless some two of z;, 75,23 are
equal. This proves the claim. O

For n a positive integer, let H, be the hypocycloid curve
in C given by

H,={(n—1)z+z " :z€C,|z] = 1}.

In geometric terms, H, is the curve traced out by a
marked point on a circle of radius 1 rolling one full cir-
cuit along the interior of a circle of radius 1, starting
from the point z = 1. Note that the interior of H, is not
convex, but it is star-shaped: it is closed under multi-
plication by any number in [0, 1].

Lemma 2. For n a positive integer, let S, be the set of complex
numbers of the form wy + ---+wy, for some wy,...,w, € C
with |wj| =1 and wy---wy, = 1. Then for n < 4, S, is the
closed interior of Hy, (i.e., including the boundary).

Proof. By considering n-tuples of the form (z,...,z,z7""),
we see that H, C §,. It thus remains to check that S, lies
in the closed interior of H,. We ignore the easy cases n = 1
(where H; = S§; = {1}) and n =2 (where H, = S, = [-2,2])
and assume hereafter that n > 3.

By Lemma 1, for each ray emanating from the the origin, the
extreme intersection point of S,, with this ray (which exists be-
cause S, is compact) is achieved by some tuple (wy,...,wy)
with at most two distinct values. For n = 3, this immediately
implies that this point lies on H,. For n = 4, we must also
consider tuples consisting of two pairs of equal values; how-
ever, these only give rise to points in [—4,4], which are indeed
contained in Hy. O



Turning to the original problem, consider zj,...,z4 € C
with |z;| =1 and

3—za—n—uB—ut+u20324=0;

we must prove that at least one z; is equal to 1. Let z
be any fourth root of z122z3z4, put w; = z; /z, and put
s =wj + - -+ wy. In this notation, we have

—1
s=72 4371,

where s € S4 and 22 + 3z~ € Hy. That is, s is a bound-
ary point of Sy, so in particular it is the extremal point
of S4 on the ray emanating from the origin through s.
By Lemma 1, this implies that wy,..., w4 take at most
two distinct values. As in the proof of Lemma 2, we
distinguish two cases.

- If w; = wy = ws, then
wi? 43w =22+ 377"

From the geometric description of H,, we see that
this forces wl_1 = zand hence z; = 1.

— If w; = wy and ws = wy, then s € [—4,4] and hence

s = %4. This can only be achieved by taking w; =

. =wy = +1; since s = 22 +3z~! we must also
have z==+1, yieldingz; =---=z4 = 1.

Remark. With slightly more work, one can show that
Lemma 2 remains true for all positive integers n. The
missing extra step is to check that form =1,...,n—1,
the hypocycloid curve

{m"™" +(n—m)z™" :2€C,[z] =1}

is contained in the filled interior of H,. In fact, this
curve only touches H, at points where they both touch
the unit circle (i.e., at d-th roots of unity for d =
gcd(m,n)); this can be used to formulate a correspond-
ing version of the original problem, which we leave to
the reader.

B6 First solution. Define the sequence {ax};_, by ax =

|k(v/2 —1)]. The first few terms of the sequence
{(=1)%} are

1,1,1,—1,—1,1,1,1,—1,-1,1,1,1,....

Define a new sequence {c;}7 given by 3,2,3,2,3, ..

whose members alternately are the lengths of the clus-
ters of consecutive 1’s and the lengths of the clusters of
consecutive —1’s in the sequence {(—1)%}. Then for
any i, co+ -+ ¢; is the number of nonnegative inte-
gers k such that |k(v/2 — 1) is strictly less than i 4 1,
i.e., such that k(v/2 — 1) < i+ 1. This last condition is
equivalent to k < (i+1)(+/2+ 1), and we conclude that

cot-tei=[([+1)(V2+1)]+1
=243+ |(i+1)(V2-1)].

Thus fori > 0,
=2+ (+1)(V2-1)] - [i(vV2-1)]. (8)
Now note that | (i+1)(v/2—1)] — [i(v/2—1)] is either

1 or 0 depending on whether or not there is an integer j
between i(v/2 — 1) and (i 4 1)(v/2 — 1): this condition
is equivalent to i < j(v/2+1) < i+ 1. That is, for i > 0,

3 ifi=[j(v/2+1)] for some integer j,
i = ; €))
2 otherwise;
by inspection, this also holds for i = 0.
Now we are asked to prove that
n
Y (—D)%>1 (10)

k=0

for all n > 1. We will prove that if (10) holds for all
n <N, then (10) holds for all n < 4N; since (10) clearly
holds for n = 1, this will imply the desired result.

Suppose that (10) holds for n < N. To prove that (10)
holds for n < 4N, it suffices to show that the partial
sums

of the sequence {(—1)%} are positive for all m such
that co + - - -+ cp—1 < 4N + 3, since these partial sums
cover all clusters through asy. Now if co+- -+ ¢;p—1 <
4N + 3, then since each ¢; is at least 2, we must have
m < 2N + 2. From (9), we see that if m is odd, then

m m

;)(—l)ic, = Z(—l)i(ci—Z)
fz LJ (V2+1)] Z(*l)aj

J

where the sum in j is over nonnegative integers j with
JWV2+1) <myie., j<m(v/2—1); since m(v/2—1) <
m/2 <N+1,Y ;(—1)% is positive by the induction hy-
pothesis. Similarly, if m is even, then Y ((—1)'c; =
cm+Y j(—l)“f and this is again positive by the induc-
tion hypothesis. This concludes the induction step and
the proof.

Remark. More generally, using the same proof we can
establish the result with v/2 — 1 replaced by v/n?2 +1—n
for any positive integer n.

Second solution. For n > 0, define the function
flw) = Y (-

with the convention that f(0) = 0.

Define the sequence qo,q1,... by the initial conditions

q0=0,q1 =1



and the recurrence relation
qj=2q9j-1+¢qj-2-
This is OEIS sequence A000129; its first few terms are
0,1,2,5,12,29,70,....

Note that g; = j (mod 2).
We now observe that the fractions ¢ /g; are the con-

vergents of the continued fraction expansion of V2—1.
This implies the following additional properties of the

sequence.
— Forall j >0,
ﬂ < \6_ 1 < @
q2j+1 q2j+2

— There is no fraction r/s with s < g; +¢j11 such
that £ separates V2 —1 from ¢ i/qj—1. In particu-
lar, fork < gj+qjt1,

V21 = |

except when j is even and k € {g;,2¢;}, in which
case they differ by 1.

We use this to deduce a ““self-similarity” property of

f(n).

Lemma 1. Let n, j be nonnegative integers withq; <n < q;+
qj+1-

(a) If j is even, then
f(n)=f(qj) = f(n—gq;).
(b) If j is odd, then
f(n)=f(n—q;)+1.
Proof. 1f j is even, then

fo) = flan+ Y (~HvED)

k=q;+1

=flg)+ Y (~DHu-1/al 4
k=q;+1

where * equals 2 if n > 2¢; (accounting for the term k = 2g)
and O otherwise. Continuing,

nqu

fln) = flaj)+ X (=)ol g
1

nqu

=fla)- X (—1)2i-1+k(V2=D)]

= f(q;)

f(n—gq;).

If j is odd, then

f(n) = f(n—q;)+ i (—1)l(v2=1)]
k:nquJrl

=fln—gqj)-2+ )

k=n—q;+1

(—1)tkaj-1/4]

Since

|(k+qj)qj-1/q;] = lkgj-1/q;] (mod 2),

we also have

9j
Fln) = fln—g;)+ Y (=) ko,

k=1

In this sum, the summand indexed by ¢; contributes 1, and the
summands indexed by k and g; — k cancel each other out for
k=1,...,q;— 1. We thus have

f(n)=fln—gqj)+1

as claimed. O

From Lemma 1, we have

F(@2)) = f(q2j —2q2j-1) +2 = f(q2j—2) +2.

By induction on j, f(g2;) = 2j for all j > 0; by simi-
lar logic, we have f(n) < f(g2;) = 2j for all n < ¢»;.
We can now apply Lemma 1 once more to deduce that
f(n) >0forall j.

Remark. As a byproduct of the first solution, we con-
firm the equality of two sequences that were entered
separately in the OEIS but conjectured to be equal:
A097509 (indexed from 0) matches the definition of
{ci}, while A276862 (indexed from 1) matches the
characterization of {c;_1} given by (8).

Remark. We can confirm an additional conjecture
from the OEIS by showing that in the notation of the
first solution, the sequence a(n) = ¢,y indexed from
1 equals A082844: “Start with 3,2 and apply the rule
a(a(l) +a(2)+---+a(n)) = a(n), fill in any unde-
fined terms with a(t) =2 ifa(r — 1) =3 and a(r) = 3 if
a(t —1) =2 We first verify the recursion. By (10),

a(l)+---4+an)=co+--+cpr1—co—ci
= (n+2)(V2+1)| —4.
From (9), we see that a(a(l) +--- +a(n) +3) = 3.
Consequently, exactly one of a(a(l) 4 -+ +a(n)) or

a(a(1) +---+a(n) + 1) equals 3, and it is the former
if and only if

[(n+2)(V2+1)| =3 =[(n+1)(V2+1)],

i.e., if and only if a(n) = ¢, 41 = 3.



We next check that the definition correctly fills in val-
ues not determined by the recursion. If a(n) = 3, then
a(a(l)+---+a(n)+1) =2 because no two consecutive
values can both equal 3; by the same token, a(n+1) =2
and so there are no further values to fill in. If a(n) = 2,
then a(a(1)+---4a(n) + 1) = 3 by the previous para-
graph; this in turn implies a(a(1) +---+a(n) +2) = 2,
at which point there are no further values to fill in.
Remark. We can confirm an additional conjecture from
the OEIS by showing that in the notation of the first
solution, the sequence {c;} equals A245219. This de-
pends on some additional lemmas.

Lemma 2. Let k be a positive integer. Then
{iva-n}<{v2-1n}  (=0,...k-1)
ifand only if k = qj or k = q2j+q2j—1 for some j > 0.

Proof. For each j > 0, we have

q2j—2
q2j-1

. - +2 . . .
92j _ 42j-17T 492 2<\/§71<42]+1 praay

<
q2j+1 @j+2q2j-1 Dj+2 2

We also have

@iz _ 4 _ 2 +2q252  qj-1tq2j-2 o B

Dj-1  q2j+1 @i +2q2j-1 @i+ q2j-1 qQ2j

Moreover, w cannot be less than v/2 — 1, or else it
Qjtq2j-1

would be a better approximation to /2 — 1 than the conver-

gent g2j/q2j+1 With g2j41 > g2+ q2j—1. By the same token,

% cannot be a better approximation to v/2 — 1 than
J J—

q2j+1/92j+2. We thus have

92 <ﬁ_1<92j+1<92j—1+512j—2<CI2j—1.
Q2j+1 Q2j+2 Q2+ q2j-1 q2j

From this, we see that

{q2;(V2—1)} <{(q2j+q2 1) (V2= 1)} <{q2j12(V2—-1)}.

It will now suffice to show that for g»; < k < g2 +¢q2j_1,

{k(vV2-1)} < {q2;(V2—1)}

while for g2; +q2j—1 <k < q2j42,

{k(V2=1)} <{(q2j+a2;-1)(V2=1)}.

The first of these assertion is an immediate consequence of the
“best approximation” property of the convergent g2;_1/q2;.

As for the second assertion, note that for & in this range, no
fraction with denominator k can lie strictly between (hq—al and
J

1t . . .
% because these fractions are consecutive terms in a
J J—

Farey sequence (that is, their difference has numerator 1 in
lowest terms); in particular, such a fraction cannot be a better

D 1
upper approximation to /2 — 1 than 2-1792-2 O
Qjtqrj—1

Lemma 3. For j > 0, the sequence cy, ... ,cj_1 is palindromic
if and only if
J=@ivt  or =@yt Qi

for some nonnegative integer i. (That is, j must belong to one
of the sequences A001653 or A001541.) In particular, j must
be odd.

Proof. Let j be an index for which {co,...,cj—1} is palin-
dromic. In particular, ¢;_1 = ¢ = 3, so from (9), we see that
j—1=|k(~/2+1)] for some k. Given this, the sequence is
palindromic if and only if

(V24 1) |+ [ (k—i)(V2+1)| = |k(V2+1)]

(i=0,....k),

or equivalently

{iva-nh+{w-nva-nl={uv2-n} (=0,

where the braces denote fractional parts. This holds if and
only if

{i(ﬁ— 1)} < {k(\fz— 1)} (i=0,....k—1),
so we may apply Lemma 2 to identify k and hence j. O
Lemma 4. For j > O, if there exists a positive integer k such
that
(€os---sCj—2) = (Chy -y Chpj2) but cj_y # crpj—1,
then
J=@iv1 or  j=@iv1 i

for some nonnegative integer i. In particular, j is odd and (by
Lemma 3) the sequence (cy,...,cj—1) is palindromic.

Proof. Since the sequence {c;} consists of 2s and 3s, we
must have {c;_,cx4+j—1} = {2,3}. Since each pair of 3s is
separated by either one or two 2s, we must have ¢; 5 = 2,
¢j—3 = 3. In particular, by (9) there is an integer i for which

j—=3=|(i—1)(~/2+1)]; there is also an integer [ such that
k= [1(v/2+1)]. By hypothesis, we have

L+ D)(V2+1)] = [A(V2+ 1) |+ [1(V2+1)]
forh=0,...,i— 1 but not for & = i. In other words,
{nrnv2-n}={nv2-n}+{iva-n}
for h=0,...,i — 1 but not for h = i. That is, {h(v/2—1)}

belongs to the interval (0,1 —{/(v/2—1)}) forh=0,...,i—1
but not for & = i; in particular,
{h(\fz—l)} < {i(ﬁ—l)} (h=0,...,i—1),

so we may apply Lemma 2 to identify i and hence j. O

7k)



The sequence A245219 is defined as the sequence of
coefficients of the continued fraction of sup{b;} where
by=1andfori>1,

bosr — bi+1 ifi=|j\/2] for some integer j;
e 1/b;  otherwise.

It is equivalent to take the supremum over values of i
for which b; 1 = 1/b;; by Beatty’s theorem, this occurs
precisely when i = | j(2+1/2)| for some integer j. In
this case, b; has continued fraction

[ijl,...,C()].

Let K be the real number with continued fraction

[co,c1,...]; we must show that K = sup{b;}. In one
direction, by Lemma 3, there are infinitely many values
of i for which [c;_1,...,co] = [co,...,cj—1]; the corre-

sponding values b; accumulate at K, so K < sup{b;}.

In the other direction, we show that K > sup{b;} as

10

follows. It is enough to prove that K > b; when i =
|j(24+/2)| for some integer j.

- If cp,...,cj—1 is palindromic, then Lemma 3 im-
plies that j is odd; that is, the continued fraction
[cj-1,...,c0] has odd length. In this case, replac-
ing the final term co = ¢;_ by the larger quantity
[cj—1,¢j,...] increases the value of the continued
fraction.

- If cp,...,cj—1 is not palindromic, then there is
a least integer k € {0,...,j— 1} such that ¢; #
cj—1-k. By Lemma 3, the sequence co,cr,...
has arbitrarily long palindromic initial segments,
so the sequence (cj_1,...,cj—1—k) also occurs as
Chy---,Chtk for some h > 0. By Lemma 4, k is
even and ¢, = 3 > 2 = ¢;_1_; hence in the con-
tinued fraction for b;, replacing the final segment
Cj—1—ks-+++€0 DY Ck,Cry1,. .. increases the value.



The 82nd William Lowell Putnam Mathematical Competition
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Al A grasshopper starts at the origin in the coordinate plane
and makes a sequence of hops. Each hop has length 5,
and after each hop the grasshopper is at a point whose
coordinates are both integers; thus, there are 12 possible
locations for the grasshopper after the first hop. What is
the smallest number of hops needed for the grasshopper
to reach the point (2021,2021)?

A2 For every positive real number x, let

g(x) = lim((x+ 1)+ — 1),

r—0

Find lim, .. £,
A3 Determine all positive integers N for which the sphere

Y+ =N

has an inscribed regular tetrahedron whose vertices
have integer coordinates.

A4 Let
14252 1+y?
I(R)= — dxdy.
(R) //x2+y2§R2 <1—|—x4+6x2y2+y4 2+ x4yt ray
Find
lim I(R
Jlim I(R),

or show that this limit does not exist.

AS Let A be the set of all integers n such that 1 <n <2021
and ged(n,2021) = 1. For every nonnegative integer j,
let

S(j) = an.

neA

Determine all values of j such that S(j) is a multiple of
2021.

A6 Let P(x) be a polynomial whose coefficients are all ei-
ther O or 1. Suppose that P(x) can be written as a prod-
uct of two nonconstant polynomials with integer coeffi-
cients. Does it follow that P(2) is a composite integer?

B1 Suppose that the plane is tiled with an infinite checker-
board of unit squares. If another unit square is dropped
on the plane at random with position and orientation in-
dependent of the checkerboard tiling, what is the prob-
ability that it does not cover any of the corners of the
squares of the checkerboard?

B2 Determine the maximum value of the sum

> n
S = Zlg(alaz...an)l/n
—

over all sequences aj,ap,as,--- of nonnegative real
numbers satisfying

M
8
Il
I

x~
Il
—_

B3 Let h(x,y) be a real-valued function that is twice con-
tinuously differentiable throughout R?, and define

p(x,y) = yhy —xhy.

Prove or disprove: For any positive constants d and r
with d > r, there is a circle . of radius r whose cen-
ter is a distance d away from the origin such that the
integral of p over the interior of . is zero.

B4 Let Fy,Fi,... be the sequence of Fibonacci numbers,
with Fp =0, Fy =1, and F, = F,_; + F,,_, for n > 2.
For m > 2, let R,, be the remainder when the product

n 'k is divided by F,. Prove that R, is also a Fi-
bonacci number.

B5 Say that an n-by-n matrix A = (a;j)1<i, j<n With integer
entries is very odd if, for every nonempty subset S of
{1,2,...,n}, the |S|-by-|S| submatrix (g;;); jes has odd
determinant. Prove that if A is very odd, then A is very
odd for every k > 1.

B6 Given an ordered list of 3N real numbers, we can trim
it to form a list of N numbers as follows: We divide
the list into N groups of 3 consecutive numbers, and
within each group, discard the highest and lowest num-
bers, keeping only the median.

Consider generating a random number X by the follow-
ing procedure: Start with a list of 322! numbers, drawn
independently and uniformly at random between 0 and
1. Then trim this list as defined above, leaving a list
of 32020 numbers. Then trim again repeatedly until just
one number remains; let X be this number. Let u be the
expected value of |X — 1|. Show that

1/2 2021
>— (= :
#4(5)
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A1l The answer is 578.

Each hop corresponds to adding one of the 12 vectors
(0,45), (£5,0), (£3,44), (£4,4£3) to the position
of the grasshopper. Since (2021,2021) = 288(3,4) +
288(4,3) + (0,5) + (5,0), the grasshopper can reach
(2021,2021) in 288 + 288+ 1+ 1 = 578 hops.

On the other hand, let z = x +y denote the sum of the x
and y coordinates of the grasshopper, so that it starts at
z =0 and ends at z = 4042. Each hop changes the sum
of the x and y coordinates of the grasshopper by at most
7, and 4042 > 577 x 7; it follows immediately that the
grasshopper must take more than 577 hops to get from
(0,0) to (2021,2021).

Remark. This solution implicitly uses the distance
function

d((x1,y1),(x2,y2)) = [x1 —x2| + [y1 — y2|

on the plane, variously called the taxicab metric, the
Manhattan metric, or the L' -norm (or £,-norm).

A2 The limit is e.
First solution. By 1’Hopital’s Rule, we have

r+1 _ r+l
fim log((x+1) xh

r—0 r

T d r+1 r+1
= lim —log((x+1)™" —x""")

im (x+1)"Mog(x+1) —x"logx
r—0 (x4 1)+l —xr+l
= (x+1)log(x+ 1) —xlogx,

where log denotes natural logarithm. It follows that

g(x) _ e(x+l)10g(x+l)fxlogx _ (X"";)()XH . Thus

1 1"
limg(x):(limx+ )-(lim<1+) >=1-e=e.
X—e0 X X X X—ro0 X

Second solution. We first write

1)+ — g+l 1/r
tim £ _ ji g (DT =)
X—oo X X—roo r—0 X
Dx" r—1\\1/r
— Jim fimg DX HOCT) T
X—oor—0 X

We would like to interchange the order of the limits, but

this requires some justification. Using Taylor’s theorem

with remainder, for x > 1, r < 1 we can bound the error

term O(x"~!) in absolute value by (r+ 1)rx’~!. This

means that if we continue to rewrite the orginial limit as
lim lim (r+1+0(x~")!/",

r—0x—e0

the error term O(x~!) is bounded in absolute value by
(r4+1)r/x. For x > 1, r <1 this quantity is bounded
in absolute value by (r+ 1)r, independently of x. This
allows us to continue by interchanging the order of the
limits, obtaining

lim lim (r+1+0(x~")"/"

r—0x—oe0
= lim(r+1)"/"
r—0
— 1i s _
_51L%(1+1/S) =e,

where in the last step we take s = 1/r.

A3 The integers N with this property are those of the form
3m? for some positive integer .

In one direction, for N = 3m?, the points
(ma m, m)7 (m7 —m, _m)7 (_mama _m)7 (_m7 —m, m)

form the vertices of a regular tetrahedron inscribed in
the sphere x> +y*> +z> = N.

Conversely, suppose that P, = (x;,y;,z;) fori=1,...,4
are the vertices of an inscribed regular tetrahedron.
Then the center of this tetrahedron must equal the cen-
ter of the sphere, namely (0,0,0). Consequently, these
four vertices together with Q; = (—x;, —y;, —z;) for i =
1,...,4 form the vertices of an inscribed cube in the
sphere. The side length of this cube is (N/3)'/2, so its
volume is (N /3)3/2; on the other hand, this volume also
equals the determinant of the matrix with row vectors
0> — 01,03 — 01,04 — Q1, which is an integer. Hence
(N/3)3 is a perfect square, as then is N/3.

A4 The limit exists and equals %nlog 2.

We first note that we can interchange x and y to obtain

1+2y2 1+x2

I(R) = - dxdy.
( ) //x2+y2<R2(1+x4+6x2y2+y4 2+x4+y4) xay

Averaging the two expressions for I(R) yields

I(R) = //xzﬂz@z (f(x.y) —g(x,y)) dxdy

where
1 +x% +y?
floy) = 1+ x* +6x2y2 +y*
1+x2/24+y%/2
g(x,y) = pR



Now note that

f(xay) = 2g(x+y,x—y)

‘We can thus write

I(R) = ,y)dxdy.
(R) //Rzngyzgng(x y)dxdy

To compute this integral, we switch to polar coordi-
nates:

RV2 2xm
I(R) :/ g(rcos@,rsin@)rdrd6
0

RV2 (21 1472/2
:/ +r./2 rdrd®.
R Jo 24r*1—(sin"26)/2)

We rescale r to remove the factor of R from the limits
of integration:

2m 1+R?*r2)2
R_/ / 24+ R4r4(1— (sin?20)/2)

Since the integrand is uniformly bounded for R >> 0, we
may take the limit over R through the integrals to obtain

2m ,.2/2

lim I(R) = / / — rdrd®
R—eo Ji Jo rH(1—(sin"26)/2)

V2agr 2

Y A
0 2—sm 20
—1 - -
Og\[/ 1+cos229d9

21 2
:71 2 —do
2 0% /0 3+cos40

It thus remains to evaluate

2 2 T 2
——dO =2 —do
/0 3+cos40 /o 3+cosH

One option for this is to use the half-angle substitution
t =tan(6/2) to get
= ir

/ 3(1 +t2 1—12
Z\/Earctan(

=V2m.

Putting this together yields the claimed result.

R*rdrd®.

=

ﬁ)w

A5 The values of j in question are those not divisible by
either 42 or 46.

We first check that for p prime,

(mod p)< j#0 (mod p—1).

p—1
Z n =0
n=1

A6

Ifj=0 (mod p—1), then n/ =1 (mod p) for each
n,50 Y " ni=p—1 (mod p). If j#0 (mod p—1),
we can pick a primitive root m modulo p, observe that
m/ #1 (mod p), and then note that

p—1 p—1 p—1

Z n = Z (mn)) = m’ Z n/  (mod p),
n=1 n=1 n=1
which is only possible if ):Z;ll n/ =0 (mod p).

We now note that the prime factorization of 2021 is 43 x
47, so it suffices to determine when S(§) is divisible by
each of 43 and 47. We have

46Zn1
422;11

Since 46 and 42 are coprime to 43 and 47, respectively,
we have

S(j) =
S(j)

This yields the claimed result.

(mod 43)

(mod 47).

(mod 43) & j#£0
(mod 47) < j£0

(mod 42)

0
0 (mod 46).

Yes, it follows that P(2) is a composite integer. (Note:
1 is neither prime nor composite.)

Write P(x) = ap+ajx+---+a,x" witha; € {0,1} and
a, = 1. Let a be an arbitrary root of P. Since P(a) =0,
a cannot be a positive real number. In addition, if o # 0
then

206_2+"‘+a()06
<o 24 o

|1+an,1a_1\ = |an7 _n|

If o # 0 and Re() > 0, then Re(1+a,_jo~') > 1 and
1<|a|*2+---+|a\*”<i;

B 1—|al™!
this yields || < (14+/5)/2.

By the same token, if o # 0 then
t+ap 0 +ap 07 < fa| P+ +]al ™
We deduce from this that Re(ot) < 3/2 as follows.

— There is nothing to check if Re(at) < 0.

— If the argument of o belongs to [—7/4, /4], then
Re(a!),Re(a™?) >0, so

o]

1§|a|_3++|a‘_n<m

Hence |o|~! is greater than the unique positive
root of x> +x — 1, which is greater than 2/3.



Bl

— Otherwise, o has argument in (—7/2,7/4)U
(r/4,7/2), so the bound || < (14 /5)/2 im-
plies that Re(a) < (1++/5)/(2v/2) < 3/2.

By hypothesis, there exists a factorization P(x) =
QO(x)R(x) into two nonconstant integer polynomials,
which we may assume are monic. Q(x+3/2) is a prod-
uct of polynomials, each of the form x — @ where « is a
real root of P or of the form

(x+3-a) (x+3-3)

3 3
2

=X +42Re(Z—a)x+|Z—

X e<2 Ot)x ’2 o

where « is a nonreal root of P. It follows that Q(x +
3/2) has positive coefficients; comparing its values at
x=1/2 and x = —1/2 yields Q(2) > Q(1). We can-
not have Q(1) < 0, as otherwise the intermediate value
theorem would imply that Q has a real root in [1,e0);
hence Q(1) > 1 and so Q(2) > 2. Similarly R(2) > 2,
so P(2) = Q(2)R(2) is composite.

Remark. A theorem of Brillhart, Filaseta, and Odlyzko
from 1981 states that if a prime p is written as ¥; a;b’
in any base b > 2, the polynomial ¥, a;x’ is irreducible.
(The case b = 10 is an older result of Cohn.) The solu-
tion given above is taken from: Ram Murty, Prime num-
bers and irreducible polynomials, Amer. Math. Monthly
109 (2002), 452-458). The final step is due to P6lya and
Szegb.

The probability is 2 — £.

Set coordinates so that the original tiling includes the
(filled) square S = {(x,y) : 0 < x,y < 1}. It is then
equivalent to choose the second square by first choosing
a point uniformly at random in § to be the center of the
square, then choosing an angle of rotation uniformly at
random from the interval [0, /2].

For each 0 € [0,7/2], circumscribe a square Sg around
S with angle of rotation 0 relative to S; this square has
side length sin @ + cos 6. Inside Sg, draw the smaller
square Sy consisting of points at distance greater than
1/2 from each side of Sg; this square has side length
sin@ +cos6 — 1.

We now verify that a unit square with angle of rotation
0 fails to cover any corners of S if and only if its center
lies in the interior of S},. In one direction, if one of the
corners of S is covered, then that corner lies on a side of
Se which meets the dropped square, so the center of the
dropped square is at distance less than 1/2 from that
side of Sy. To check the converse, note that there are
two ways to dissect the square Sg into the square S, plus
four sin 6 X cos 0 rectangles. If 8 # 0,7 /4, then one of
these dissections has the property that each corner P of
S appears as an interior point of a side (not a corner) of
one of the rectangles R. It will suffice to check that if the
center of the dropped square is in R, then the dropped

square covers P; this follows from the fact that sin 6 and
cos O are both at most 1.

It follows that the conditional probability, given that the
angle of rotation is chosen to be 6, that the dropped
square does not cover any corners of S is (sin6 +
cos® — 1)2. We then compute the original probability
as the integral

2 (w2
—/ (sin®4cos O —1)*d6
T Jo

2 (72
:E/ (2+5sin26 —2sin 6 —2cos 0) dO
0

o) 1 /2
= — (29 - 200529+20056—2sin9)

T 0

2
=Z(m+1-2-2)=2——.
T

Al

Remark: Noam Elkies has some pictures illustrating
this problem: image 1} image 2|

B2 The answer is 2/3.
By AM-GM, we have

o+l (al B .an)l/n — ((4a1)(42a2) . (4"61,,)) 1/n
< Yioi ()

n

Thus

Y (4kak)
4}1

[N}
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Nagk
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s
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I
gk
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Il
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3
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I
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13
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and S < 2/3. Equality is achieved when a; = 437 for all
k, since in this case 4a; = 4%2a, = - - - = 4"a,, for all n.

B3 We prove the given statement.

For any circle .7 of radius r whose center is at distance
d from the origin, express the integral in polar coordi-
nates s, 0:

52 62(s)
// p:/z/ " (yhy — xhy) (s5in 8, scos 0)sd8 ds.
4 s JOy(s) i

For fixed s, the integral over 0 is a line integral of grad &,
which evaluates to h(P,) — h(P,) where Pj, P, are the
endpoints of the endpoints of the arc of the circle of ra-
dius s centered at the origin lying within .. If we now
fix r and d and integrate ([, p over all choices of .7
(this amounts to a single integral over an angle in the
range [0,27]), we may interchange the order of integra-
tion to first integrate over 6, then over the choice of .,


https://abel.math.harvard.edu/~elkies/putnam_b1a.pdf
https://abel.math.harvard.edu/~elkies/putnam_b1.pdf

B4

B5

and at this point we get O for every s. We conclude that
the integral of [/, over all choices of . vanishes; since
the given integral varies continuously in ., by the in-
termediate value theorem there must be some . where
the given integral is 0.

We can check directly that R3 = R4 = 1 are Virahanka—
Fibonacci numbers; henceforth we will assume m > 5.

Denote the product HF m 1 gk by A. Note that if F, is
composite, say F, = ab for a,b > 1 integers, then A is
divisible by a®b® and thus by F,, = ab; it follows that
R,, = 0 = Fy when F,, is composite.

Now suppose that F,, is prime. Since Fp, = F,(Fy+1 +
F,_1) for all n, F,, is composite if m > 4 is even; thus
we must have that m is odd. Write p = F;,, and use =
to denote congruence (mod p). Then we have

p—1 -

Moo =TI o e
k=1 k=1

and consequently

-1
(P*l)/Zli_I(kkkP*k)
k=1
= ()2 ((p— 1)y
(_1)11(17+1)/2

AT = (-

)

where the final congruence follows from Wilson’s The-
orem. Now observe that when m is odd, p = F,,, must be
congruent to either 1 or 2 (mod 4): this follows from
inspection of the Virahanka—Fibonacci sequence mod
4, which has period 6: 1,1,2,3,1,0,1,1,.... It follows
that A2 = (—1)P(P+1D/2 = 1,

On the other hand, by the Kepler—Cassini identity
F}=(—1)""' 4 F,_1Fyy

n

with n=m — 1, we have F2_| = (—1)" = —1. Thus
we have 0 =A2—F2 | = (A—F,_1)(A— F,_2). Since

p is prime, it must be the case that either A =
A =F,,_», and we are done.

F,_1 or

Remark. The Kepler—Cassini identity first appears in a
letter of Kepler from 1608. Noam Elkies has scanned
the relevant page of Kepler’s collected works| (slightly
NSFW if your boss can read Latin).

For convenience, throughout we work with matrices
over the field of 2 elements. In this language, if there
exists a permutation matrix P such that P~'AP is unipo-
tent (i.e., has 1s on the main diagonal and Os below
it), then A is very odd: any principal submatrix of A is
conjugate to a principal submatrix of P~'AP, which is
again unipotent and in particular nonsingular. We will
solve the problem by showing that conversely, for any
very odd matrix A, there exists a permutation matrix P
such that P~'AP is unipotent. Since the latter condi-
tion is preserved by taking powers, this will prove the
desired result.

4

To begin, we may take S = {i} to see that a; = 1. We
next form a (loopless) directed graph on the vertex set
{1,...,n} with an edge from i to j whenever g;; = 1,
and claim that this graph has no cycles. To see this,
suppose the contrary, choose a cycle of minimal length
m > 2, and let iy,...,i, be the vertices in order. The
minimality of the cycle implies that

. 1 ifk—j=0orl (modm)
i =0 otherwise.

The submatrix corresponding to S = {ij,...,i,} has
row sum 0 and hence is singular, a contradiction.

We now proceed by induction on n. Since the directed
graph has no cycles, there must be some vertex which
is not the starting point of any edge (e.g., the endpoint
of any path of maximal length). We may conjugate by
a permutation matrix so that this vertex becomes 1. We
now apply the induction hypothesis to the submatrix
corresponding to S = {2,...,n} to conclude.

Remark. A directed graph without cycles, as in our
solution, is commonly called a DAG (directed acyclic
graph). 1t is a standard fact that a directed graph is a
TAG if and only if there is a linear ordering of its ver-
tices consistent with all edge directions. See for exam-
ple https://en.wikipedia.org/wiki/Directed_
acyclic_graph.

Remark. An n x n matrix A = (a;;) for which the
value of a;; depends only on i — j (mod n) is called
a circulant matrix. The circulant matrix with first row
(1,1,0,...,0) is an example of an n x n matrix whose
determinant is even, but whose other principal minors
are all odd.

B6 First solution. (based on a suggestion of Noam Elkies)

Let f;(x) be the probability distribution of Xj, the last
number remaining when one repeatedly trims a list of
3k random variables chosen with respect to the uniform
distribution on [0, 1]; note that fy(x) =1 for x € [0, 1].
Let Fi(x) = [y fi(t)dt be the cumulative distribution
function; by symmetry, Fk( ) = 5. Let w be the ex-
pected value of X; — 2, then o = 7, so it will suffice to

%uk—l for k > 0.

j
1
4
prove that L >

By integration by parts and symmetry, we have

12 /1 1/2
/J,k:Z/ (2x> filx)dx=2 Fyi(x)dx;
0 0

that is, ; computes twice the area under the curve
y=Fi(x) for 0 <x < % Since Fj is a monotone func-
tion from [0, 1] with F(0) = 0 and Fi (%) = 3, we may
transpose the axes to obtain

1/2 /11
=2 (50 @ 1)


https://people.math.harvard.edu/~elkies/Kepler_XVI_p157.jpg
https://en.wikipedia.org/wiki/Directed_acyclic_graph
https://en.wikipedia.org/wiki/Directed_acyclic_graph

Since fi(x) is the probability distribution of the median
of three random variables chosen with respect to the dis-
tribution fi_1(x),

Ji(x) = 6fi—1 (%) Fi—1 (x) (1 — Fi—1(x)) 2)
or equivalently
Fi(x) = 3F 1 (%) —2F1 (%), 3)

By induction, F; is the k-th iterate of Fi (x) = 3x* —2x3,
SO

Fi(x) = F—1(Fi (x)). (4)
Since f1(t) =61(1—1) < 3 for1 € 0, 3],

1 1/2 3/1
_—— = — < — _— M
3 Fi(x) 6t(1—t)dt < 3 <2 x),

X
fory € [0, 1], we may take x = F, ' (y) to obtain

R0z 3 (5-R00). ®)

Using (@) and (%)), we obtain

=2 " (I—Fk‘@)) dy
3/1/2(— ))d)’—zﬂkl

as desired.

Second solution. Retain notation as in the first solution.
Again Fi(1) = 1, so @) implies

fi (;) — 61 (;) x 3% 5

By induction on k, we deduce that fi(1) = () and

fi(x) is nondecreasing on [0,1]. (More precisely, be-
sides @), the second assertlon uses that F;_;(x) in-
creases from O to 1/2 and y — y — y? is nondecreasing
on [0,1/2].)

The expected value of |X; — % equals

1/2 /1
Hk:2/0 (ZX) Ji(x)dx
:2/1/2xfk (; x) dx.
0

Define the function

gk(x) = {(g)k xXE€E [07% (%)k}

0 otherwise.

Note that for x € [0, 1/2] we have

X

| @ -s0/2-m)ar=0

with equality at x =0 or x = 1/2.  (On the in-
terval [0,(1/2)(2/3)"] the integrand is nonnegative,
so the function increases from 0O; on the interval
[(1/2)(2/3)%,1/2] the integrand is nonpositive, so the
function decreases to 0.) Hence by integration by parts,

1/2
W — 2/ xgr(x)dx

- [t (—x)—gk<x>>dx

_/'/2 (/x (1) — /fk<—t)dtdt>dx20.

(This can also be interpreted as an instance of the rear-
rangement inequality.)

We now see that
1/2
e >2 / xgr(x)dx
0

3\ (/2)@/3)F
21 = / xdx
2 0
) E l 5 (1/2)(2/3}*
2 2
NEW! z oy
2) 81\3 4\3
Remark. For comparison, if we instead take the me-

dian of a list of n numbers, the probability distribution
is given by

Y

as desired.

(2n+1)!
n'n!

Popi(x) = X(1=x)".

The expected value of the absolute difference between
1/2 and the median is

12
2/ (1/2_X)P2n+1(x)dx:2*2n72 (2714—1).
0

n

For n = 30?1 using Stirling’s approximation this can be
estimated as 1.13(0.577)202! < 0.25(0.667)%°2!. This
shows that the trimming procedure produces a quantity
that is on average further away from 1/2 than the me-
dian.



The 83rd William Lowell Putnam Mathematical Competition
Saturday, December 3, 2022

Al Determine all ordered pairs of real numbers (a,b) such
that the line y = ax+ b intersects the curve y = In(1 +
x?) in exactly one point.

A2 Letn be an integer with n > 2. Over all real polynomials
p(x) of degree n, what is the largest possible number of
negative coefficients of p(x)%?

A3 Let p be a prime number greater than 5. Let f(p) denote
the number of infinite sequences aj,az,as, ... such that
a, €{1,2,...,p—1} and aya,12 = 1 + ay+1 (mod p)
for all n > 1. Prove that f(p) is congruent to 0 or 2
(mod 5).

A4 Suppose that X|,X5,. .. are real numbers between 0 and
1 that are chosen independently and uniformly at ran-
dom. Let § = Zf‘:l X; /2!, where k is the least positive
integer such that X; < X |, or k = o if there is no such
integer. Find the expected value of S.

A5 Alice and Bob play a game on a board consisting of
one row of 2022 consecutive squares. They take turns
placing tiles that cover two adjacent squares, with Alice
going first. By rule, a tile must not cover a square that
is already covered by another tile. The game ends when
no tile can be placed according to this rule. Alice’s goal
is to maximize the number of uncovered squares when
the game ends; Bob’s goal is to minimize it. What is
the greatest number of uncovered squares that Alice can
ensure at the end of the game, no matter how Bob plays?

A6 Let n be a positive integer. Determine, in terms of n,
the largest integer m with the following property: There
exist real numbers xy,...,xy, with —1 <x; <xp <--- <
X2, < 1 such that the sum of the lengths of the » intervals

2k—1 2k—17 1.2k—1 2k—1 2%k—1 2k—1
R - Y S 7 PO L TS
is equal to 1 for all integers k with 1 <k < m.

B1 Suppose that P(x) = ajx +axx> + -+ a,x" is a poly-
nomial with integer coefficients, with a; odd. Suppose
that e’™) = by + byx+ byx? + - - - for all x. Prove that by,
is nonzero for all £ > 0.

B2 Let x represent the cross product in R®. For what posi-
tive integers n does there exist a set S C R? with exactly
n elements such that

S={vxw:vweS}?

B3 Assign to each positive real number a color, either red
or blue. Let D be the set of all distances d > 0 such
that there are two points of the same color at distance
d apart. Recolor the positive reals so that the numbers
in D are red and the numbers not in D are blue. If we
iterate this recoloring process, will we always end up
with all the numbers red after a finite number of steps?

B4 Find all integers n with n > 4 for which there exists a
sequence of distinct real numbers xi,...,x, such that
each of the sets

{x17x2ax3}7 {xz,X3,X4}, ceey
{-xn—27-xn—17-xn}7 {xn—la-xnu-xl}7 and {xmxl 7-x2}

forms a 3-term arithmetic progression when arranged in
increasing order.

B5 For 0 < p <1/2,let X;,X,,... be independent random
variables such that

1 with probability p,
X; =4 —1 with probability p,
0  with probability 1 —2p,

for all i > 1. Given a positive integer n and integers
b,ay,...,ay, let P(b,ay,...,a,) denote the probability
that a1 Xy + - - - + a,X,, = b. For which values of p is it
the case that

P(0,ay,...,ay) > P(b,ay,...,an)
for all positive integers n and all integers b,ay,...,a,?

B6 Find all continuous functions f : RT™ — R* such that

FfO)+fOf(x) =1+ f(x+y)

for all x,y > 0.



Solutions to the 83rd William Lowell Putnam Mathematical Competition
Saturday, December 3, 2022

Manjul Bhargava, Kiran Kedlaya, and Lenny Ng

Al Write f(x) = In(1+x%). We show that y = ax+ b inter-

sects y = f(x) in exactly one point if and only if (a,b)
lies in one of the following groups:
—a=b=0
- |a| > 1, arbitrary b
—0<|al<1,and b <In(l—7r_)>—l|alr_ or b >
In(1—r,)*— |a|ry, where
1EV1-a?

a

r+

Since the graph of y = f(x) is symmetric under re-
flection in the y-axis, it suffices to consider the case
a>0: y=ax+bandy= —ax+Db intersect y = f(x) the
same number of times. For a = 0, by the symmetry of
y = f(x) and the fact that f(x) > 0 for all x # 0 implies
that the only line y = b that intersects y = f(x) exactly
once is the line y = 0.

We next observe that on [0,e0), f(x) = 1«2&2 increases
on [0,1] from f’(0) = 0 to a maximum at f'(1) = 1, and
then decreases on [1,00) with limy_,. f'(x) = 0. In par-
ticular, f'(x) <1 for all x (including x < O since then
f'(x) < 0) and f'(x) achieves each value in (0,1) ex-

actly twice on [0, o).

For a > 1, we claim that any line y = ax + b inter-
sects y = f(x) exactly once. They must intersect at
least once by the intermediate value theorem: for x <0,
ax+b <0< f(x), while for x > 0, ax+b > f(x) since
lim, e M = 0. On the other hand, they cannot
intersect more than once: for a > 1, this follows from
the mean value theorem, since f’(x) < a for all x. For
a = 1, suppose that they intersect at two points (xg,yo)

and (x1,y;). Then

_ *F(x) dx
Lo yO:fxof() -

X1 —X0 X1 —X0

since f’(x) is continuous and f'(x) < 1 with equality
only at one point.

Finally we consider 0 < a < 1. The equation f(x) =
a has exactly two solutions, at x = r_ and x = ry for
r+ as defined above. If we define g(x) = f(x) — ax,
then g'(r1) = 0; g’ is strictly decreasing on (—oo,r_),
strictly increasing on (r_,ry ), and strictly decreasing
on (r4,o0); and limy_, o g(x) = oo while lim,_,. g(x) =
—oo. It follows that g(x) = b has exactly one solution
for b < g(r_) or b > g(ry), exactly three solutions for
g(r-) < b < g(ry), and exactly two solutions for b =
g(ry). Thatis, y = ax+ b intersects y = f(x) in exactly
one point if and only if b < g(r_) or b > g(r4).

A2 The answer is 2n—2. Write p(x) = a,x"+---+ajx+agp

and p(x)? = box?" + -+ byx + bo. Note that by = a(z)
and by, = a,zl. We claim that not all of the remain-
ing 2n — 1 coefficients by,...,by,—1 can be negative,
whence the largest possible number of negative coef-
ficients is < 2n — 2. Indeed, suppose b; < 0 for 1 <i <
2n—1. Since b; = 2apa;, we have ag # 0. Assume
ap > 0 (or else replace p(x) by —p(x)). We claim by
induction on i that a; < 0 for 1 < i <n. Fori =1, this
follows from 2aga; = b; < 0. Ifa; <Ofor1 <i<k-—1,
then

k—1
2apa; = by — Z a;a_; < b, <0
i=1

and thus a; < 0, completing the induction step. But now
byy—1 = 2a,_1a, > 0, contradiction.

It remains to show that there is a polynomial p(x) such
that p(x)? has 2n — 2 negative coefficients. For example,
we may take

p(x) = n(¥" +1) = 2(¢" " - 42),

so that

P2 = n (P x4 1) — 20+ 1) (" 4o+ x)

_,'_(xnfl _"_..__i_x)Z.

Forie{l,...,n—1,n+1,...,n— 1}, the coefficient of
x*in p(x)? is at most —2n (coming from the cross term)
plus —2n +2 (from expanding (x"~' 4 --- 4 x)?), and
hence negative.

A3 First solution. We view the sequence aj,ap,... as

lying in F; C F). Then the sequence is determined
by the values of a; and a,, via the recurrence a, 4, =
(14 an+1)/an. Using this recurrence, we compute

1+ap l4+a+ap
= 7614:
ai ayaz

14+a
as —

as

yae = dai, d7 = az
az

and thus the sequence is periodic with period 5. The
values for a; and a; may thus be any values in '} pro-
videdthatay #p—1,ay #p—1,and ay+ar # p—1.
The number of choices for a;,a; € {1,...,p—2} such
that a; +ay # p—1is thus (p—2)>— (p—2) = (p—
2)(p—3).

Since p is not a multiple of 5, (p —2)(p —3) is a prod-
uct of two consecutive integers a,a + 1, where a # 2
(mod 5). Now 0-1=0, 1-2=2, 3-4=2, and



4.0 =0 (mod 5). Thus the number of possible se-
quences aj,d,...is 0 or 2 (mod 5), as desired.

Second solution. Say that a sequence is admissible if
it satisfies the given conditions. As in the first solution,
any admissible sequence is 5-periodic.

Now consider the collection S of possible 5-tuples of
numbers mod p given by (ay,az,a3,as,as) for admis-
sible sequences {a,}. Each of these 5-tuples in §
comes from a unique admissible sequence, and there
is a 5-periodic action on S given by cyclic permutation:
(a,b,c,d,e) — (b,c,d,e,a). This action divides S into
finitely many orbits, and each orbit either consists of 5
distinct tuples (if a,b,c,d,e are not all the same) or 1
tuple (a,a,a,a,a). It follows that the number of admis-
sible sequences is a multiple of 5 plus the number of
constant admissible sequences.

Constant admissible sequences correspond to nonzero
numbers a (mod p) such that a> = 1 4+a (mod p).
Since the quadratic x> —x — 1 has discriminant 5, for
p > 5 it has either 2 roots (if the discriminant is a
quadratic residue mod p) or 0 roots mod p.

A4 The expected value is 2¢'/2 — 3.

A5

Extend S to an infinite sum by including zero sum-
mands for i > k. We may then compute the expected
value as the sum of the expected value of the i-th sum-
mand over all i. This summand occurs if and only
if X1,...,X;i—1 € [X;,1] and X,...,X;—; occur in non-
increasing order. These two events are independent
and occur with respective probabilities (1 —X;)"~! and

(l._l s the expectation of this summand is therefore

1 ! :
— [ (1= ar
21(1'—1)!/0 (1=0)""d

1 ! i i
:m/o((l—t) ' (1—r1)))ar

B 1 1 1 B 1
S22\ i+1) 21+ 1)
Summing over i, we obtain

oo

-3 AV
Zzi(iJrl)!_zZZii!_z(e 12)'

i=1 i=2

We show that the number in question equals 290. More
generally, let a(n) (resp. b(n)) be the optimal final score
for Alice (resp. Bob) moving first in a position with n
consecutive squares. We show that

a= |2 o= 2))
= 3] +(0-1[3])
and that the values for n < 6 are as follows:

n 0123456
an)]0 101212
b(n)|0 101010

Since 2022 =6 (mod 7), this will yield a(2022) =2 +
(25220

We proceed by induction, starting with the base cases
n < 6. Since the number of odd intervals never de-
creases, we have a(n),b(n) > n—2|%]; by looking at
the possible final positions, we see that equality holds
forn=0,1,2,3,5. For n = 4,6, Alice moving first can
split the original interval into two odd intervals, guar-
anteeing at least two odd intervals in the final position;
whereas Bob can move to leave behind one or two in-
tervals of length 2, guaranteeing no odd intervals in the
final position.

We now proceed to the induction step. Suppose that
n > 7 and the claim is known for all m < n. In particular,
this means that a(m) > b(m); consequently, it does not
change the analysis to allow a player to pass their turn
after the first move, as both players will still have an
optimal strategy which involves never passing.

It will suffice to check that

aln)=aln—"T)+1, b(n)=b(n—7)+1.

Moving first, Alice can leave behind two intervals of
length 1 and n — 3. This shows that

a(n)>14+bn—-3)=a(n—-"7)+1.

On the other hand, if Alice leaves behind intervals of
length i and n — 2 — i, Bob can choose to play in ei-
ther one of these intervals and then follow Alice’s lead
thereafter (exercising the pass option if Alice makes the
last legal move in one of the intervals). This shows that

a(n) <max{min{a(i) +b(n—2—1i),
b(iy)+an—-2—-i)}:i=0,1,...,n—2}
=an—"7)+1.

Moving first, Bob can leave behind two intervals of
lengths 2 and n — 4. This shows that

b(n)<a(n—4)=bn—-T)+1.

On the other hand, if Bob leaves behind intervals of
length i and n —2 — i, Alice can choose to play in ei-
ther one of these intervals and then follow Bob’s lead
thereafter (again passing as needed). This shows that

b(n) > min{max{a(i) +b(n —2—i),
b(iy+a(n—2—i)}:i=0,1,...,.n—2}
=bn—7)+1.

This completes the induction.

A6 First solution. The largest such m is n. To show that

m > n, we take

2n+1-j)m

Xj=cos— T

(j=1,...,2n).



It is apparent that —1 < x; < --- < xp, < 1. The sum of
the lengths of the intervals can be interpreted as

2n

_ Z ((_1)2n+17jxj)2k71

=1

2n T 2k—1
:_Z (cos 2n+1— )<7r+2 —H))

Jj=1
__i’f (2 D
N 2n+1 '
For { = ¢™i(n+1)/(@nt1) this becomes
- Z (C]+C )2k :
N2

120250 2k 1N o
__221ch2( / )CJ( )

j=11=0

_ 211 12k71 <2k— 1) ZZH é‘j(Zk*l*ZZ)
225 L) =

= (2k1>(1) .
2T & i J

using the fact that {2~ 1=2 is a nontrivial root of unity
of order dividing 2n + 1.

To show that m < n, we use the following lemma. We
say that a multiset {xj,...,x,} of complex numbers is
inverse-free if there are no two indices 1 <i < j<m
such that x; +x; = 0; this implies in particular that 0
does not occur.

Lemma. Let {xi,...,xn},{1,-.-,Yn} be two inverse-free
multisets of complex numbers such that

Zx2k Loy k=1,

i=1

max{m,n}).

Then these two multisets are equal.

Proof. We may assume without loss of generality that m < n.
Form the rational functions

m n

f) = 21—22 80 =15 S

i=1 Xz Yiz

both f(z) and g(z) have total pole order at most 2n. Mean-
while, by expanding in power series around z = 0, we see that
f(z) — g(z) is divisible by z>"*!. Consequently, the two series
are equal.

However, we can uniquely recover the multiset {xi,...,%;}
from f(z): f has poles at {1/x2,...,1/x%} and the residue of
the poleatz =1/ x,-2 uniquely determines both x; (i.e., its sign)
and its multiplicity. Similarly, we may recover {yi,...,y,}
from g(z), so the two multisets must coincide.

Now suppose by way of contradiction that we have an
example showing that m > n+ 1. We then have

12 1+Z B =Y k=lon+1).
i=1

By the lemma, this means that the multisets
{1,x1,x3,...,x0,—1} and {x2,x4,...,Xx2, } become equal
after removing pairs of inverses until this becomes im-
possible. However, of the resulting two multisets, the
first contains 1 and the second does not, yielding the
desired contradiction.

Remark. One can also prove the lemma using the in-
vertibility of the Vandermonde matrix

(x{)izo,...,n;jzo,...,n

for xo, ..., x, pairwise distinct (this matrix has determi-
nant [To<;< j<n(xi —x;) # 0). For a similar argument,
see Proposition 22 of: M. Bhargava, Galois groups
of random integer polynomials and van der Waerden’s
conjecture, arXiv:2111.06507.

Remark. The solution for m = n given above is not
unique (see below). However, it does become unique

if we add the assumption that x; = —xp,+1—; for i =
1,...,2n (i.e., the set of intervals is symmetric around
0).

Second solution. (by Evan Dummit) Define the poly-
nomial

p(x) = (x—x1)(x+x2) -+ (x = x20-1) (x +x20) (x + 1);

by hypothesis, p(x) has 2n+ 1 distinct real roots in the
interval [—1,1). Let s denote the k-th power sum of
p(x); then for any given m, the desired condition is that
so—1 =0 for k=1,...,m. Let ¢; denote the k-th ele-
mentary symmetric function of the roots of p(x); that
is,
2n+1
x _x2n+1 + Z 2n+1 k

By the Girard—Newton identities,
(2k—1)eas—1 = s1eap—2 — $2€2%—2 + -+ — $2¢€1;

hence the desired condition implies that e;;_; = O for
k=1,....m

If we had a solution with m = n+ 1, then the vanishing
of ey1,...,ex.1 would imply that p(x) is an odd poly-
nomial (that is, p(x) = —p(x) for all x), which in turn
would imply that x = 1 is also a root of p. Since we have
already identified 2n + 1 other roots of p, this yields a
contradiction.

By the same token, a solution with m = n corresponds to
a polynomial p(x) of the form xg(x?) +a for some poly-
nomial ¢(x) of degree n and some real number @ (neces-
sarily equal to ¢(1)). It will thus suffice to choose g(x)



B1

k—1)!

so that the resulting polynomial p(x) has roots consist-
ing of —1 plus 2z distinct values in (—1,1). To do this,
start with any polynomial r(x) of degree n with n dis-
tinct positive roots (e.g., r(x) = (x—1)--- (x —n)). The
polynomial xr(x?) then has 2n + 1 distinct real roots;
consequently, for &€ > 0 sufficiently small, xr(x?) + €
also has 2n + 1 distinct real roots. Let —o be the
smallest of these roots (so that & > 0); we then take
q(x) = r(xy/@) to achieve the desired result.

Remark. Brian Lawrence points out that one can also
produce solutions for m = n by starting with the degen-
erate solution

_anfla"'7_a1707a17"'7an7171

(where 0 < a; < --- < ap—1 < 1 but no other conditions
are imposed) and deforming it using the implicit func-
tion theorem. More precisely, there exists a differen-
tiable parametric solution xi(z),...,x,(t) with x;(¢) =
Xon—i(t) fori=1,...,n— 1 specializing to the previous
solution at # = 0, such that x}(0) # 0 for i = n,...,2n;
this is because the Jacobian matrix

J = ((2k—1)x;:(0)* )iz, 2mket,om

(interpreting 0° as 1) has the property that every maxi-
mal minor is nonzero (these being scaled Vandermonde
matrices). In particular we may normalize so that
x5,(0) < 0, and then evaluating at a small positive value
of ¢ gives the desired example.

In the proof that m = n+ 1 cannot occur, one can simi-
larly use the implicit function theorem (with some care)
to reduce to the case where {|xi],...,|x2,|} has cardi-
nality n+ 1. This can be extended to a complete solu-
tion, but the details are rather involved.

We prove that bik! is an odd integer for all £ > 0.

First solution. Since ¢’ = y= ( P0 the number

k! by, is the coefficient of x* in

In particular, by = 1 and b; = a; are both odd.
Now suppose k > 2; we want to show that by is odd.
The coefficient of x* in (P(x))¥ is ak. It suffices to show

that the coefficient of x* in £ (P(x))" is an even integer
for any n < k. For k even or n < k—2, this follows
immediately from the fact that % is an even integer. For
kodd and n = k— 1, we have

(PxX)* ! = k(a1x+ayx® 4 - - k!
= k(a]]‘_lxk_l + (k— l)a]]‘_zazxk +--)

and the coefficient of x* is k(k — 1)at2a,, which is
again an even integer.

Second solution. Let G be the set of power series of
the form Y°_ ¢, 7 with co = 1,¢, € Z; then G forms a
group under formal series multiplication because

> X" > x" = X"

" /n
en = Z (m) Cmdp—m-

m=0

with

By the same calculation, the subset H of series with
cp € 27 for all n > 1 is a subgroup of G.

We have ¢** € H because % € 27 for all n > 1: the
exponent of 2 in the prime factorization of n! is

= =

5[5<E5-

=1 i=1

For any integer k > 2, we have e"k € H because ('Z(!)! S
27 for all n > 1: this is clear if k =2,n =1, and in all
other cases the ratio is divisible by (n+1)(n+2).

We deduce that ¢”®—* ¢ H. By writing ") as ¢* =
n—0 7 times an element of H, we deduce that k!by is
odd for all £ > 0.

Third solution. (by David Feldman) We interpret ')
using the exponential formula for generating functions.
For each j, choose a set S; consisting of |a;| col-
ors. Then by is a weighted count over set partitions of
{1,...,k}, with each part of size j assigned a color in

S, and the weight being (—1)' where i is the number of
parts of any size j for which a; < 0.

Since we are only looking for the parity of by, we may
dispense with the signs; that is, we may assume a; > 0
for all j and forget about the weights.

Choose an involution on each §; with at most one fixed
point; this induces an involution on the partitions, so to
find the parity of by we may instead count fixed points
of the involution. That is, we may assume that a; €
{0,1}.

Let T be the set of set partitions in question with the all-
singletons partition removed; it now suffices to exhibit
a fixed-point-free involution of 7;. To wit, for each par-
tition in 7Tk, there is a smallest index i € {1,...,k—1}
for which i and i + 1 are not both singletons; we define
an involution by swapping the positions of i and i + 1.

B2 The possible values of n are 1 and 7.

Clearly the set S = {0} works. Suppose that S # {0}
is a finite set satisfying the given condition; in par-
ticular, S does not consist of a collection of collinear
vectors, since otherwise {v x w:v,w € S} = {0}. We
claim that S cannot contain any nonzero vector v with
||| # 1. Suppose otherwise, and let w € S be a vector
not collinear with v. Then S must contain the nonzero



vector u; = v X w, as well as the sequence of vec-
tors u, defined inductively by u, = v X u,_;. Since
each u, is orthogonal to v by construction, we have
Jtall = V{1 and 5o [y} = [[v]}"~"Jus]|. The se-
Uy V||[[wn—1]] and so [Juy || = [|v uy||. The se
quence ||uy|| consists of all distinct numbers and thus S
is infinite, a contradiction. This proves the claim, and
S0 every nonzero vector in S is a unit vector.

Next note that any pair of vectors v,w € S must either be
collinear or orthogonal: by the claim, v, w are both unit
vectors, and if v, w are not collinear then v X w € S must
be a unit vector, whence v L. w. Now choose any pair of
non-collinear vectors vi,v, € S, and write vz = v X v;.
Then {v,v2,v3} is an orthonormal basis of R3, and it
follows that all of these vectors are in S: 0, vy, vp, v3,
—V] =Vv3 XV, —V2 =V Xv3,and —v3 = vy X v{. On the
other hand, S cannot contain any vector besides these
seven, since any other vector w in S would have to be
simultaneously orthogonal to all of v{,vo,v3.

Thus any set S # {0} satisfying the given condi-
tion must be of the form {0,+v;,4vy,+v3} where
{v1,v2,v3} is an orthonormal basis of R3. Tt is clear that
any set of this form does satisfy the given condition. We
conclude that the answerisn=1orn="7.

B3 The answer is yes. Let Ry, By C R™ be the set of red and

blue numbers at the start of the process, and let R,,, B,
be the set of red and blue numbers after n steps. We
claim that R, = R™.

We first note that if y € By, then y/2 € R;. Namely,
the numbers y and 2y must be of opposite colors in the
original coloring, and then 3y/2 must be of the same
color as one of y or 2y.

Now suppose by way of contradiction that x € B>. Then
of the four numbers x,2x,3x,4x, every other number
must be in R; and the other two must be in By. By
the previous observation, 2x and 4x cannot both be in
Bjy; it follows that 2x,4x € Ry and x,3x € By. By the
previous observation again, x/2 and 3x/2 must both be
in Ry, but then x = 3x/2 —x/2 is in R, contradiction.
We conclude that R, = R™, as desired.

B4 The values of n in question are the multiples of 3 start-

ing with 9. Note that we interpret “distinct” in the prob-
lem statement to mean “pairwise distinct” (i.e., no two
equal). See the remark below.

We first show that such a sequence can only oc-
cur when n is divisible by 3. If d; and d, are
the common differences of the arithmetic progressions
{Xm, Xm+1,%m+2} and {Xpp1,Xm12,%m43}+ for some m,
then d, € {d;,2d;,d,/2}. By scaling we may assume
that the smallest common difference that occurs is 1;
in this case, all of the common differences are integers.
By shifting, we may assume that the x; are themselves
all integers. We now observe that any three consecutive
terms in the sequence have pairwise distinct residues
modulo 3, forcing n to be divisible by 3.

B5

We then observe that for any m > 2, we obtain a se-
quence of the desired form of length 3m+3 = (2m —
1)+ 14 (m+ 1)+ 2 by concatenating the arithmetic
progressions

(1,3,...,4m—3,4m—1),
Am—2,(4m,4m—4,...,4,0),2.

We see that no terms are repeated by noting that the
first parenthesized sequence consists of odd numbers;
the second sequence consists of multiples of 4; and the
remaining numbers 2 and 4m — 2 are distinct (because
m > 2) but both congruent to 2 mod 4.

It remains to show that no such sequence occurs with
n = 6. We may assume without loss of generality that
the smallest common difference among the arithmetic
progressions is 1 and occurs for {x;,x,x3}; by rescal-
ing, shifting, and reversing the sequence as needed, we
may assume that x; = 0 and (x,x3) € {(1,2),(2,1)}.
We then have x4 = 3 and

(x5,x6) € {(475)7(71a75)v(7177)7(574%(5’7)}'

In none of these cases does {xs,x,0} form an arith-
metic progression.

Remark. If one interprets “distinct” in the problem
statement to mean “not all equal”, then the problem be-
comes simpler: the same argument as above shows that
n must be a multiple of 3, in which case a suitable rep-
etition of the sequence —1,0, 1 works.

First solution. The answer is p < 1/4. We first
show that p > 1/4 does not satisfy the desired con-
dition. For p > 1/3, P(0,1) =1—-2p < p = P(1,1).
For p = 1/3, it is easily calculated (or follows from
the next calculation) that P(0,1,2) =1/9 < 2/9 =
P(1,1,2). Now suppose 1/4 < p < 1/3, and consider

(b,ay,az,a3,...,a,) = (1,1,2,4,...,2"~1). The only
solution to

X)+2Xy 4 +2"7'X, =0
with X; € {0,£1} is X; = --- = X, = 0; thus

P(0,1,2,...,22"" 1y =(1
solutions to

—2p)". On the other hand, the

X|+2Xp 4 +2"1X, =1
with X; € {0,%1} are
(X1.X2,...,X,) = (1,0,...,0),(—1,1,0,...,0),
(=1,-1,1,0,...,0),...,(=1,—1,...,—1,1),
and so
P(1,1,2,....2" 1
=p(1=2p)" '+ p*(1=2p)" >+ 4p"

(1-2p)"—p"
1-3p ’



It follows that the inequality P(0,1,2,...,2"" 1) >
P(1,1,2,...,2"" 1) is equivalent to

P> (4p—1)(1-2p)",

but this is false for sufficiently large n since 4p —1 > 0
and p <1—-2p.

Now suppose p < 1/4; we want to show that
for arbitrary ay,...,a, and b # 0, P(0,ay,...,a,) >
P(b,ay,...,a,). Define the polynomial

f@) =px+px ' +1-2p,

and observe that P(b,ay,...,a,) is the coefficient of x
in f(x®)f(x®)--- f(x*™). We can write

SO fR) o ) = g(x)glx )

for some real polynomial g: indeed, if we define o =
120 VIZA 0, then f(x) = £ (x+ &) (x”' + @), and
SO We can use

6= (2)" 6+ o+ ).

It now suffices to show that in g(x)g(x~!), the co-
efficient of x0 is at least as large as the coefficient
of x” for any b # 0. Since g(x)g(x~!) is symmetric
upon inverting x, we may assume that b > 0. If we
write g(x) = cox + -+ + ¢, then the coefficients
of x° and x” in g(x)g(x7!) are ¢} +c?+ -+ and
cocp+ciCpy1 + -+ Cu—_pCm, respectively. But

2(cocp +c1cprr + o CmpCm)

(22 2, 2 2 2
< (cg+cp) H(ei+cppy) +- o+ (Cpp+ i)
<234+,

and the result follows.

Second solution. (by Yuval Peres) We check that p <
1/4 is necessary as in the first solution. To check that it
is sufficient, we introduce the following concept: for X
a random variable taking finitely many integer values,
define the characteristic function
ox(0) =Y P(X =10)"?
e

(i.e., the expected value of ¢X® or the Fourier transform
of the probability measure corresponding to X). We use
two evident properties of these functions:

—If X and Y are independent, then @x,y(6) =
¢x(6) + oy (6).
— Forany b € Z,

1 m —ibB
P(X:b):i/o e 9 0y (6)d6.

In particular, if @x(6) > 0 for all 6, then P(X =
b) <P(X=0).

B6 The only such functions are the functions f(x) =

For p < 1/4, we have
¢x,(0) = (1 —2p)+2pcos(6) > 0.

Hence for ay,...,a, € Z, the random variable S =
a1 X + - -+ a,X, satisfies

(PS(G) = H(Puka(e) = H(ka(ake) Z 0.
k=1 k=1

We may thus conclude that P(S = b) < P(S = 0) for any
b € 7, as desired.
1

I+cx
for some ¢ > 0 (the case ¢ = 0 giving the constant func-

tion f(x) = 1). Note that we interpret R™ in the prob-
lem statement to mean the set of positive real numbers,
excluding 0.

For convenience, we reproduce here the given equation:
FEFO)+FOf () =1+ f(x+y) (D
We first prove that

lim f(x) = 1. )

x—0t

Set

L_ =liminf f(x), L4 =limsup f(x).

x—0t X0+

For any fixed y, we have by (T))

L, =limsup f(xf(y))

x—0t

<limsup(l1+ f(x+y)) =1+ f(y) < oo

x—0t

Consequently, xf(x) — 0 as x — 0". By (@) with y = x,

2L, = limsup2f(xf(x))

x—0t

=limsup(1+f(2x)) = 1+L,

x—0t
2L =liminf2f(xf(x))
x—0t
= liminf(1 + f(2x)) = 1 + L_
x—0t
and so L_ = L, = 1, confirming ().
We next confirm that

f(x)>1forallx>0= f(x)=1forallx>0. (3)

Suppose that f(x) > 1 for all x > 0. For 0 < ¢ < oo, put
Se =sup{f(x) : 0 < x < c}; for ¢ < oo, (2Z)) implies that
S¢ < oo, If there exists y > 0 with f(y) > 1, then from
(@ we have f(x+y) — f(xf(y)) = f0f(x)) =1 > 0;

hence
(c2a-75%)

Se = S(e—y) £y



and (since (¢ —y)f(y) —co = f(¥)(c —cp)) iterating this
construction shows that S.. = S, for any ¢ > co. In any
case, we deduce that

f(x)>1forall x > 0= S. < 0. 4

Still assuming that f(x) > 1 for all x > 0, note that from
(1) withx =y,

1
Fxf(0) = 51+ £(20).
Since xf(x) — 0 as x — 07 by @) and xf(x) — oo as
x — oo, xf(x) takes all positive real values by the inter-
mediate value theorem. We deduce that 2S.. < 1+ S..
and hence S. = 1; this proves (E[)

We may thus assume hereafter that f(x) < 1 for some
x > 0. We next check that

lim £(x) = 0. (5)

X—ro0
Put [ = inf{f(x) : x > 0} < 1, choose € € (0, (1—1)/2),

and choose y > 0 such that f(y) < I+ €. We then must
have xf(x) # y for all x, or else

11 <1+ f(2x) = 2f(y) < 21 + 2,

contradiction. Since xf(x) — 0 as x — 0" by @), we
have sup{xf(x) : x > 0} < oo by the intermediate value
theorem, yielding (3).

By @) plus @), f~!(1/2) is nonempty and compact.
We can now simplify by noting that if f(x) satisfies the
original equation, then so does f(cx) for any ¢ > 0; we
may thus assume that the least element of f~1(1/2) is

1, in which case we must show that f(x) = ﬁ

We next show that

lim xf(x) = 1. (6)

X—ro

For all x > 0, by (1) with y =x,

Ff) = 51+ 7@ > 3 = 1), @)

so in particular xf(x) # 1. As in the proof of (3)), this
implies that xf(x) < 1 for all x > 0. However, by ()
and (@) we have f(xf(x)) — % as x — oo, yielding (6).

By substituting y — xy in (1),

() + FOvf () = 1+ Fxx0),
Taking the limit as x — oo and applying (@ yields

FAM+f) =1 (®)
Combining () with () yields

S 0)) = Flet3) + f (yfl)

(x)
Multiply both sides by xf(y), then take the limit as x —
oo to obtain

1= im0 x-+) + im0 15 )

yf(x)
= f()+ lim xf (v)yf (x)
=f) +yf()

and solving for f(y) now yields f(y) as desired.

-1

I+y»
Remark. Some variants of the above approach are pos-
sible. For example, once we have (E]), we can establish
that f is monotone decreasing as follows. We first check
that

f(x) < 1forall x> 0. )

Suppose by way of contradiction that f(x) = 1 for some
x. By (I,
f(20) +1=2f(xf(x)) =2f(x) =2

and so f(2x) = 1. It follows that £~!(1) is infinite, con-
tradicting ().

We next check that

x<y=fx)>f(y) (10)

For x < y, by substituting x — y — x in (I)) we obtain

1+ () = Fef (v =x) + f((—x)f(x))
<1+ f((y—x)f(x),

whence f((y —x)f(x)) > f(y). Because (y —x)f(x) —
Oasx—y and (y—x)f(x) > yasx— 0", (y—x)f(x)
takes all values in (0,y) as x varies over (0,y); this

proves (T0).
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