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Presentacion.

La KIMO (Olimpiada Coreana Juvenil de Matematicas) es la version juvenil de
la Olimpiada Coreana de Matematicas, una competencia crucial para estudiantes
que aspiran a ser admitidos en escuelas secundarias para superdotados y de
ciencias, o institutos para superdotados en matematicas. Se centra en evaluar el
razonamiento matematico, la creatividad y las habilidades de resolucién de
problemas, y esta dirigida principalmente a estudiantes de primaria superior a
primer afio de secundaria.

La prueba consta de 20 preguntas de respuesta cor ta , con 120 minutos de
duracion y cada pregunta vale 5 puntos.

Caracteristicas de los tipos de problemas de la KIMO:

Tipo A (Bésico/Avanzado): Estos problemas se pueden resolver dentro del
curriculo y evallan la capacidad de comprender y aplicar con precision
conceptos basicos.

Tipo B (Aplicado/Creativo): Estos problemas requieren razonamiento légico,
busqueda de reglas y pensamiento creativo basado en condiciones dadas. Suelen
incluir conceptos avanzados como "sucesiones", "divisores/multiplos", "teoria de
nimeros™ y "geometria”.

Fuente de estos documentos:

https://www.kms.or.kr/board/list.html?code=junior2&num=25428

Indice.
2005 - 2015 (by rkm0959) 4
A B Respuestas
2019 16 20 24
2020 25 27
2021 29 32 35

2022 36 40
2023 44 48
2024 52 56
2025 60 64

Cuando no se indica lo contrario, las respuestas correctas se presentan al lado del
enunciado correspondiente.


https://www.kms.or.kr/board/list.html?code=junior2&num=25428

Korean Junior Mathematical Olympiad
Translation by rkm0959, problems written by KMS.

Latex revision by Leon.

Time limit is 2 hours and 30 minutes for each day.

Each problem is worth 7 points.



KJMO 2005
Day 1

. Find a irreducible fraction with denominator not greater than 2005 that is closest to % but is not 2%.

. For triangle ABC, P and @ satisfy /BPA + ZAQC = 90°. It is provided that the vertices of the triangle
BAP and ACQ are ordered counterclockwise(or clockwise). Let the intersection of the circumecircles of the two
triangles be N (4 # N, however if A is the only intersection A = N), and the midpoint of segment BC be M.
Show that the length of M N does not depend on P and Q.

. For a positive integer K, define a sequence, {a,}, as following: a; = K and

a, — 1, if a, is even
Apt1 = _ . .
Q"Tl, if a,, is odd

for all n > 1. Find the smallest value of K, which makes asgg5 the first term equal to 0.

. 11 students take a test. For any two question in a test, there are at least 6 students who solved exactly one of
those two questions. Prove that there are no more than 12 questions in this test. Showing the equality case is
not needed.

Day 2

. In AABC, let the bisector of ZBAC hit the circumcircle at M. Let P = CM N AB. The line passing P and
perpendicular to AM meets AC at X. The line passing P and perpendicular to AC' meets AM at Y. The line
passing P and perpendicular to BC meets M B at Z. Prove that X,Y, Z are collinear.

. For two different prime numbers p, ¢, define S, , = {p, ¢, pg}. If two elements in S, , are numbers in the form
of % + 2005y?, (z,y € Z), prove that all three elements in S, , are in such form.

n
. If positive reals 1, xa, ..., 2, satisfy > z; = 1, prove that
i=1

1=

. A group of 6 students decided to make study groups and service activity groups according to the following
principle:

Each group must have exactly 3 members. For any pair of students, there are same number of study groups
and service activity groups that both of the students are members.

Supposing there are at least one group and no three students belong to the same study group and service
activity group, prove that the minimum number of groups is 8.



KJMO 2006

Day 1

. ai,as,...,a06 is a permutation of 1,2,...,2006. Prove that
2006
[T -1
i=1

is a multiple of 3. (0 is counted as a multiple of 3)

. Find all positive integers that can be written in the following way.
a b

+ =+ -
c ¢

c,
b b

Also, a, b, c are positive integers that are pairwise relatively prime.

b ¢
-+ -+
a a

. In a circle O, there are six points, A, B,C, D, E, F in a counterclockwise order. BD | CF, and CF, BE, AC
are concurrent. Let the perpendicular from B to AC be M, and the perpendicular from D to CE be N. Prove
that AE | MN.

. In the coordinate plane, define M = {(a,b)|a,b € Z}. A transformation S, which is defined on M, sends (a,b)
to (a + b,b). Transformation T, also defined on M, sends (a,b) to (—b,a). Prove that for all (a,b) € M, we
can use S, T finitely to map it to (g,0).

Day 2

. Find all positive integers that can be written in the following way.

m? + 20mn + n?
m3 +n3

Also, m,n are relatively prime positive integers.
. For all reals a, b, ¢, d, prove the following inequality:

a+b+c+d
(+a)1+ )0+ A1+ P)

<1

. A line through point P outside of circle O meets the said circle at B,C. (PB < PC') Let PO meet circle O at
Q, D (with PQ < PD). Let the line passing @ and perpendicular to BC meet circle O at A. If BD? = AD-CP,
prove that PA is a tangent to O.

. Define the set F' as the following.
F = {(al, az, ..., a2006) Vi = 17 2, ceey 2006, a; € {*1, 1}}

Prove that there exists a subset of F', called S which satisfies the following.

S| = 2006
2006
and for all (ay,as,...,as006) € F there exists (by,ba, ..., bages) € S, such that > a;b; = 0.
i=1



KJMO 2007
Day 1

. A sequence aq,as,...,as07 where a; € {2,3} for i = 1,2,...,2007 and an integer sequence x1, s, ..., T2007
satisfies the following;:
a;z; + Tiyo =0 (mod 5)

where the indices are taken modulo 2007. Prove that x, s, ..., T2907 are all multiples of 5.
. If n is a positive integer and a, b are relatively prime positive integers, calculate (a + b, a™ + b").

. Consider the string of length 6 composed of three characters a, b, c¢. For each string, if two as are next to each
other, or two bs are next to each other, then replace aa by b, and replace bb by a. Also, if a and b are next
to each other, or two c¢s are next to each other, remove all two of them (i.e. delete ab, ba, cc). Determine the
number of strings that can be reduced to ¢, the string of length 1, by the reducing processes mentioned above.

. Let P be a point inside AABC. Let the perpendicular bisectors of PA, PB, PC be {1,05,{3. Let D =
Nl E=0N43,F=43N¥. If A, B,C,D, E,F lie on a circle, prove that C, P, D are collinear.

Day 2

. For all positive real numbers a, b, ¢, prove the folllowing inequality:

a n b n c >1
c+5 a+5c b+ba 2

. Let T = {1,2,...,10}. Find the number of bijective functions f : T'— T that satisfies the following for all
zeT:

f(f(@) ==
|f(z) — 2| >2

. Let the incircle of AABC meet BC,CA,AB at J,K,L. Let D(# B,J),E(# C,K),F(# A, L) be points on
BJ,CK, AL. If the incenter of AABC' is the circumcenter of ADEF and /BAC = ZDEF, prove that AABC
and ADEF are isosceles triangles.

2007)

. Prime p is called Prime of the Year if there exists a positive integer n such that n?+1 =0 (mod p . Prove

that there are infinite number of Prime of the Year.



KJMO 2008

Day 1

. Ina AXYZ, points A, B lie on segment ZX, C, D lie on segment XY, F, F lie on segment YZ. A, B,C, D lie

on a circle, and
AZ-EY -ZB-YF

EZ-CY-ZF-YD
Let L=ZXNDE,M=XYNAF,N=YZnNBC. Prove that L, M, N are collinear.

1

. For reals > 2,y > 3, find the minimum of

(z+y)*
Va2 —4+/y> -9

. For all positive integers n, prove that there are integers z, y relatively prime to 5 such that 22 + y? = 5™.

. Let N be the set of positive integers. If A, B,C # @, ANB=BNC=CNA=g and AUBUC =N, we say
that A, B, C are partitions of N. Prove that there are no partitions of N, A, B, C, that satisfies the following.

(i) Vae A,be B, wehavea+b+1€C
(ii) Vbe B,ce C, we have b+c+1€ A
(iii) Vee C,a € A, we have c+a+1€ B

Day 2

. Let there be a pentagon ABC DF inscribed in a circle O. The tangent to O at E is parallel to AD. A point
F' lies on O and it is in the opposite side of A with respect to C'D, and satisfies

AB-BC-DF = AE-ED -CF, LCFD =2/BFE
Prove that the tangent to O at B, F and line AF concur at one point.

. If di,da,. .., dy are all distinct positive divisors of n, we define fs(n) = df +d5 + --- + dj,. For example, we
have f1(3) =1+ 3 =4, fo(4) = 1 + 22 4 42 = 21. Prove that for all positive integers n,

n3f1(n) — 2nfo(n) + n?f3(n)
is divisible by 8.

. Find all pairs of functions f, g : R — R such that for all reals z,y # 0,
fary)=g( =+ =) oy
r -y

. There are 12 members in a club. The members created some small groups, which satisfy the following. The
small group consists of 3 or 4 people. Also, for two arbitrary members, there exists exactly one small group
that has both members. Prove that all members are in the same number of small groups.



KJMO 2009
Day 1

. For primes a, b, c that satisfies the following, calculate abc. b+ 8 is a multiple of a, and b?> — 1 is a multiple of
a and c¢. Also, b+c=a’—1.

. In an acute triangle AABC, let A’, B’,C’" be the reflection of A, B,C with respect to BC,CA, AB. Let
D=BCNBC,E=CANC'A,F=ABnNAB’. Prove that AD, BE,CF are concurrent.

. For two arbitrary reals =,y which are larger than 0 and less than 1, prove that

2 2 )2
z er(lary)Z

1
x+y+1—x 1—y 2

. There are n clubs composed of 4 students out of all 9 students. For two arbitrary clubs, there are no more
than 2 students who are a member of both clubs. Prove that n < 18.
TRANSLATOR’S NOTE. We can prove n < 12, and we can prove that the bound is tight.

Day 2

. Acute triangle AABC satisfies AB < AC. Let the circumcircle of this triangle be O, and the midpoint of
BC,CA,AB be D, E, F. Let P be the intersection of the circle with AB as its diameter and line DF', which is
in the same side of C with respect to AB. Let @ be the intersection of the circle with AC' as its diameter and
the line DFE, which is in the same side of B with respect to AC. Let PQ N BC = R, and let the line passing
through R and perpendicular to BC meet AO at X. Prove that AX = XR.

. If positive reals a, b, ¢, d satisfy abcd = 1, prove the following inequality.

b c d a
1 <2
< ab+b+1+bc+c+1+cd+d+1+da+a+1

. There are 3 students from Korea, China, and Japan, so total of 9 students are present. How many ways are
there to make them sit down in a circular table, with equally spaced and equal chairs, such that the students
from the same country do not sit next to each other? If array A can become array B by rotation, these two
arrays are considered equal.

. Prove that there exists positive integers x,y, z, u, v such that

2?4 2% 4l = ol
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Day 1

. For all positive integers k, prove that 22" 1 927" 11 has at least k prime divisors.

. Let there be a n x n board. Write down 0 or 1 in all n? squares. For 1 < k < n, let A;, be the product of all
numbers in the kth row. How many ways are there to write down the numbers so that Ay + Ay + -+ + A, is
even?

. In an acute triangle AABC, let there be point D on segment AC, E on segment AB such that ZADE = ZABC.
Let the bisector of ZA hit BC at K. Let the foot of the perpendicular from K to DE be P, and the foot of
the perpendicular from A to DE be L. Let @ be the midpoint of AL. If the incenter of AABC lies on the
circumcircle of AADE, prove that P,(Q and the incenter of AADE are collinear.

. Let there be a sequence a,, such that a; = 2,a2 = 0,a3 = 1,a4 = 0, and for n > 1, a,44 is the remainder
when a, + 2a,41 + 3an42 + 4a,43 is divided by 9. Prove that there are no positive integer k£ such that
ag = 0,ak11 =1, ap42 =0, ak43 = 2.

Day 2

. If reals x,y, 2 satisfies tanx + tany +tanz = 2 and 0 < z,y, 2z < 7, prove that

sin? x + sin?y 4+ sin? 2z < 1

. For a positive integer n and an odd prime p, we know that n? — n is not a multiple of p. Define a sequence a,,
such that
ay=pn+1lagy1 =n-ap+1

Prove that a,_ is not a prime number.

. Let ABCD be a cyclic convex quadrilateral. Let E be the intersection of lines AB,C'D. P is the intersection
of line passing B and perpendicular to AC', and line passing C and perpendicular to BD. @ is the intersection
of line passing D and perpendicular to AC, and line passing A and perpendicular to BD. Prove that three
points E, P, () are collinear.

. In a rectangle with vertices (0, 0), (0,2), (n,0), (n,2), (n is a positive integer) find the number of longest paths
starting from (0,0) and arriving at (n,2) which satisfies the following. At each movement, you can move right,
up, left, down by 1. You cannot visit a point you visited before. You cannot move outside the rectangle.
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Day 1
. Reals a,b,c (a,b,c # 1) satisfies abc = 1 and
2,72, 2 1 1 Ly
a®+b"+c° — (§+b—2+c—2) =8(a+b+c)—8(ab+ bc + ca)
Find all possible values of
1 1 1

a—1 + b—1 + c—1

. Let ABCD be a cyclic quadrilateral inscirbed in circle O. Let the tangent to O at A meet BC at S, and the
tangent to O at B meet CD at T. Circle with S as its center and passing A meets BC at E, and AE meets
O again at F(# A). The circle with T as its center and passing B meets CD at K. Let P = BK N AC. Prove
that P, F, D are collinear if and only if AB = AP.

. Let z,y be positive integers such that ged(z,y) = 1 and x + 3y? is a perfect square. Prove that x2 + 9y* can’t
be a perfect square.

. For a positive integer n, (n > 2), find the number of sets with 2n + 1 points Py, Py, ..., Pa, in the coordinate
plane satisfying the following as its elements.

P() = (070)7 P2n = (nvn)

Forallt=1,2,...,2n — 1, line P, P;; is parallel to z-axis or y-axis and its length is 1.
Out of 2n lines PyPy, P\ Ps, ..., Pop_1 Pay,, there are exactly 4 lines that are enclosed in the domain y < x.
Day 2

. In triangle ABC, (AB # AC), let the orthocenter be H, circumcenter be O, and the midpoint of BC be M.
Let HM N AO = D. Let P,Q, R, S be the midpoints of AB,CD,AC,BD. Let X = PQNRS. Find AH/OX.

. For a positive integer n, define the set S, as
Sn = {(a,b)|a,b € N,lem[a, b] = n}

Let f(n) be the sum of ¢(a)p(b) for all (a,b) € S,,. If a prime p relatively prime to n is a divisor of f(n), prove
that there exists a prime g|n such that p|¢? — 1.

. If reals x1,xo,...,29011 satisfy 0 < z; <1 for all i =1,2,...,2011, find the maximum of

3, .3 3
Ty 4Ty - 25y — (T12223 + ToT3Ty 4 - -+ T0112122)

. There are n students each having r positive integers. Their nr positive integers are all different. Prove that we
can divide the students into k classes satisfying the following conditions.
(a) k<d4r

(b) If a student A has the number m, then the student B in the same class can’t have a number ¢ such that

m-1l<l<(m+1)+1
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Day 1

. If positive reals a, b, ¢ satisfy ab + bc 4+ ca = 1, prove that

&

a+b L b+c n c+a <
Vab(l —ab)  /be(1 —bc) +/ca(l —ca) ~ a

. A pentagon ABCDE is inscribed in a circle O, and satisfies /A = 90°, AB = CD. Let F be a point on
segment AE. Let BF hit O again at J(#£ B), CENDJ = K, BDNFK = L. Prove that B, L, E, F are cyclic.
TRANSLATOR’S NOTE. Condition ZA = 90° is not needed for this problem.

S
()

. Find all positive integers ¢, m,n such that 5¢43™ 4+ 1 = n?.

. There are n students A, A, ..., A, and some of them shaked hands with each other. (A4; and A; can shake
hands more than one time.) Let the student A; shaked hands d; times. Suppose d; +ds + -+ + d,, > 0. Prove
that there exist 1 <1i < j < n satisfying the following conditions:

(a) Two students A; and A; shaked hands each other.

(b) Wttt < g,

Day 2

. Let ABCD be a cyclic quadrilateral inscirbed in a circle O (AB > AD), and let E be a point on segment AB
such that AE = AD. Let ACNDE = F, and DENO = K(# D). The tangent to the circle passing through
C,F,F at F hits AK at L. Prove that AL = AD if and only if /KCFE = ZALE.

. p > 3 is a prime number such that p|2P~! — 1 and p f2% — 1 for x = 1,2,--- ,p — 2. Let p = 2k + 3. Now we
define sequence {a,} as

a; = Qi+ = 21(1 S 7 S k), aj+2k = ajaj+k (j Z 1)

Prove that there exist 2k consecutive terms of sequence @41, Gzy2,- - -, Gz12k such that for all 1 <1 < j < 2k,
Qgpti # Qgyj (mod p).

. Ifall o (B =1,2,3,4,5) are positive reals, and {a1, az,as,a4,a5} = {1,2,3,4,5}, find the maximum of

(V/S121 + \/52%2 + \/53T3 + \/S4%4 + /55T5)°
a1T1 + a2 + azTs + a4x4 + a525

(sk = a1 +az+ - +ayg)

. Let there be n students, numbered 1 through n. Let there be n cards with numbers 1 through n written on
them. Each student picks a card from the stack, and two students are called a pair if they pick each other’s
number. Let the probability that there are no pairs be p,. Prove that p, — p,—1 is 0 is n is odd, and prove

that
1

Pn —Pn-1= W
if n = 2k.
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Day 1

. Compare the size of the following three numbers.

s/25 5/1148 \3/2
3’ 1357
. A pentagon ABCDEF is inscribed in a circle O, and satisfies AB = BC, AE = DE. The circle that is tangent

to DE at E and passing A hits EC at F' and BF at G(# F). Let DGNO = H(# D). Prove that the tangent
to O at E is perpendicular to HA.

. {a,} is a positive integer sequence such that a;12 = a;41 + a; (for all ¢ > 1). For positive integer n, define {b, }

as
4n—2

_ S a

a2n+1 im1

Prove that b,, is positive integer.

. Prove that there exists a prime number p such that the minimum positive integer n such that p|2" —1 is 32013,

Day 2

. In an acute triangle AABC, /A > /B. Let the midpoint of AB be D, and let the foot of the perpendiculat
from A to BC be F, and B from C'A be F. Let the circumcenter of ADEF be O. A point J on segment BFE
satisfies ZODC = ZFEAJ. Prove that AJ N DC lies on the circumcircle of ABDE.

. Find all functions f : N — N satisfying
f(mn) =lem(m, n) - ged(f(m), f(n))
for all positive integer m, n.
. A strictly increasing function f: N — N satisfies f(f(n)) = 2n + 2. Calculate f(2013).

. Drawing all diagonals in a regular 2013-gon, the regular 2013-gon is divided into non-overlapping polygons.
Prove that there exist exactly one 2013-gon out of all such polygons.

10
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Day 1

. Let the incenter of AABC be I. Let AI N BC be D. The line passing through D and the incenter of AABD
hits BI at E, and hits the circumcircle of ABCE at P(# E). The line passing through D and the incenter of
AACD hits CT at F, and hits the circumcircle of ABCF at Q(# F). Prove that the midpoint of BC' lies on
the circumcircle of ADPQ).

. Let there be 2n positive reals a1, as,...,a2,. Let s = a; +a3+ -+ asp_1, t = as + a4 + -+ + as,, and
Tk = ag + ag1 + -+ + agyn—1 (indices are taken modulo 2n). Prove that
t s t o2n?

S t S
—F — 4+ —+ —F -+
T1 Ty T3 T4 Top—1 T2, n+1

. Let there be points Py, P», Ps, ..., Pig. Draw the following arrows:
P — P
P, — P3, Py
P; — Py, Ps
P, — Ps5, P;
P; — P, Py, Ps
Ps — P3, Py
P; — Pg
Py — Py, Py
Py — P5, Pro
Py — Fs
How many ways are there to move n times following the arrows, starting from P;7

. Positive integers p, ¢, r satisfy ged(a, b, ¢) = 1. Prove that there exists an integer a such that ged(p, g+ar) = 1.

Day 2

. For positive integers x,y, find all pairs (z,y) such that 22y + x is a multiple of zy? + 7.

.Letp=1+ % + 2% + 2% + 2%1 + 2% For nonnegative reals x,y, z satisfying
(z—-12+@y—-1>2+(z—1)>*=27

find the maximum value of 2P + yP + 2P.

. Let there be a parallelogram ABCD (AB < BC) The incircle of AABC hits BC, AC at P, Q. The incircle of
AACD hits CD at R. Let S = PQ N AD, and let T be a point on segment BC' such that AB = BT. Let
U=ARNCS. Prove that AT, BU, P(Q) are concurrent.

. Let there be n students and m clubs. The students joined the clubs so that the following is true.
For all students x, you can choose some clubs such that x is the only student who joined all of the chosen clubs.

Let the number of clubs each student joined be ai,as,..., a,. Prove that

arl(m —a)! + agl(m — a)! 4+ -+ - + ap!(m — a,)! < m!

11
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Day 1

. In an acute, scalene triangle AABC, let O be the circumcenter. Let M be the midpoint of AC. Let the
perpendicular from A to BC be D. Let the circumcircle of AOAM hit DM at P(# M). Prove that B,0O, P
are collinear.

. For a positive integer m, prove that the number of pairs of positive integers (x,y) which satisfies the following
two conditions is even or 0.

(i) 22 —3y* +2=16m
(i) 2y <z —1

. For all nonnegative integer 4, there are seven cards with 2¢ written on it. How many ways are there to select
the cards so that the numbers add up to n?

. Reals a, b, ¢, z,y satisfy a® + b? + ¢? = 22 + 32 = 1. Find the maximum value of

(az + by)? + (bx + cy)?

Day 2

. Let I be the incenter of an acute triangle AABC, and let the incircle be I'. Let the circumcircle of ATBC
hit T' at D, E, where D is closer to B and FE is closer to C. Let TN BE = K(# E), CDNBI =T, and
CDNT = L(# D). Let the line passing T' and perpendicular to BI meet I" at P, where P is inside AIBC.
Prove that the tangent to I' at P, KL, BI are concurrent.

. Find all functions f : R — R such that
(i) For different reals z,y, f(x) # f(y).
(if) For all reals z,y, f(z + f(f(=y))) = f(z) + f(f(¥))

. For a polynomial f(x) with integer coefficients and degree no less than 1, prove that there are infinitely many
primes p which satisfies the following.

There exists an integer n such that f(n) # 0 and |f(n)| is a multiple of p.

. A positive integer n is given. If there exist sets Fy, Fy, ..., F,, satisfying the following, prove that m < n. (For
sets A, B, |A| is the number of elements in A. A — B is the set of elements that are in A but not B)

(i) Forall 1 <i<m, F; C{1,2,...,n}
(ii) [Fi] < [Fa| < ..oy < Bl
(ifi) Forall 1 <i<j<m, |F,— Fj| =1.

12
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