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Toomates Coolección 
 

Los libros de Toomates son materiales digitales y gratuitos. Son digitales porque están pensados para ser consultados mediante un ordenador, tablet o móvil. Son 

gratuitos porque se ofrecen a la comunidad educativa sin coste alguno. Los libros de texto pueden ser digitales o en papel, gratuitos o en venta, y ninguna de estas 

opciones es necesariamente mejor o peor que las otras. Es más: Suele suceder que los mejores docentes son los que piden a sus alumnos la compra de un libro de 
texto en papel, esto es un hecho. Lo que no es aceptable, por inmoral y mezquino, es el modelo de las llamadas "licencias digitales", “licencias de uso” y en 

general cualquier forma de “pago por el acceso a los materiales didácticos”, con las que algunas empresas pretenden cobrar a los estudiantes, una y otra vez, por 

acceder a los mismos contenidos (unos contenidos que, además, son de una bajísima calidad). Este modelo de negocio es miserable, pues impide el compartir un 
mismo material, incluso entre dos hermanos, pretende convertir a los estudiantes en un mercado cautivo, exige a los estudiantes y a las escuelas costosísimas líneas 

de Internet, pretende pervertir el conocimiento, que es algo social, público, convirtiéndolo en un producto de propiedad privada, accesible solo a aquellos que se lo 

puedan permitir, y solo de una manera encapsulada, fragmentada, impidiendo el derecho del alumno de poseer todo el libro, de acceder a todo el libro, de moverse 
libremente por todo el libro. 

Nadie puede pretender ser neutral ante esto: Mirar para otro lado y aceptar el modelo de pago por acceso a los materiales es admitir un mundo más injusto, es 

participar en la denegación del acceso al conocimiento a aquellos que no disponen de medios económicos, y esto en un mundo en el que las modernas tecnologías 
actuales permiten, por primera vez en la historia de la Humanidad, poder compartir el conocimiento sin coste alguno, con algo tan simple como es un archivo 

"pdf". El conocimiento no es una mercancía. 

El proyecto Toomates tiene como objetivo la promoción y difusión entre el profesorado y el colectivo de estudiantes de unos materiales didácticos libres, gratuitos 
y de calidad, que fuerce a las empresas comerciales a competir ofreciendo alternativas de pago atractivas aumentando la calidad de los materiales que ofrecen, (que 

son muy mediocres) y no mediante retorcidas técnicas comerciales. 

Estos libros se comparten bajo una licencia “Creative Commons 4.0 (Atribution Non Commercial)”: Se permite, se promueve y se fomenta cualquier uso, 
reproducción y edición de todos estos materiales siempre que sea sin ánimo de lucro y se cite su procedencia. Todos los libros se ofrecen en dos versiones: En 

formato “pdf” para una cómoda lectura y en el formato “doc” de MSWord para permitir y facilitar su edición y generar versiones parcial o totalmente 

modificadas. ¡Libérate de la tiranía y mediocridad de los productos comerciales! Crea, utiliza y comparte tus propios materiales didácticos. 

Problem Solving (en español):  

Geometría Axiomática    Problemas de Geometría Volumen 1    Volumen 2    Volumen 3 

Introducción a la Geometría   Álgebra   Teoría de números   Combinatoria   Probabilidad 

Trigonometría   Desigualdades   Números complejos    Calculus & Precalculus  

Libros de texto para ESO y bachillerato (en español y en catalán): 

Cálculo infinitesimal ESP  CAT     Álgebra Lineal ESP  CAT     Geometría Lineal ESP  CAT 

Números Complejos ESP  CAT   Combinatoria y probabilidad ESP CAT  Estadística ESP  CAT 

Programación Lineal ESP  CAT    Álgebra ESP CAT    Trigonometria ESP  CAT 

Geometria analítica ESP   CAT  Funciones ESP  CAT   

Nombres (Preàlgebra)    Proporcionalitat     Mesures geomètriques     Mates amb Excel 

PAU españolas: 

Cataluña TEC    Cataluña CCSS     Valencia     Galicia     País Vasco     Baleares 

Reválidas internacionales: 

Portugal   Italia   Francia   Rumanía   Hungría   Polonia   Pearson Edexcel International A Level 

China Gaokao    Pearson Edexcel IGCSE    Cambridge International A Level 

Cambridge IGCSE    AQA GCSE    International Baccalaureate (IB)  

Evaluación diagnóstica y pruebas de acceso: 

 ACM6EP      ACM4      CFGS     PAP 

Competiciones matemáticas: 

Canguro:  España    Cataluña   Francia    USA    Reino Unido    Austria 

USA: Mathcounts  AMC 8  10  12  AIME  USAJMO  USAMO  TSTST  TST  ELMO  Putnam 

España:  OME    OMEFL    OMEEX    OMC    OMEA    OMEM    OMA    CDP 

Europa:  OMI    Arquimede    HMMT    BMO    Balkan MO    JBMO    OPM 

Internacional:  IMO    IGO    SMT    INMO    CMO    HMMT    EGMO  

AHSME:  Book 1   Book 2   Book 3   Book 4   Book 5   Book 6   Book 7   Book 8   Book 9 

Otros materiales: 

 Pizzazz! Book A  Book B  Book C  Book D  Book E  Pre-Algebra  Algebra , REOIM , Llibre3r 
 
¡Genera tus propias versiones de este documento! Siempre que es posible se ofrecen las versiones editables “MS Word” de todos los materiales para facilitar su 

edición.  

¡Ayuda a mejorar! Envía cualquier duda, observación, comentario o sugerencia a toomates@gmail.com 
¡No utilices una versión anticuada! Todos estos libros se revisan y amplían constantemente. Descarga totalmente gratis la última versión de estos documentos en 

los correspondientes enlaces superiores, en los que siempre encontrarás la versión más actualizada. 

Consulta el catálogo de libros completo en http://www.toomates.net 

¿Problemas para descargar algún documento? Descarga toda la biblioteca Toomates Aquí  

Visita mi Canal de Youtube: https://www.youtube.com/c/GerardRomo  

Visita mi blog: https://toomatesbloc.blogspot.com/ 
 

Versión de este documento: 06/09/2025  
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 

working. 

Section A 

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary. 

1... [Maximum mark: 5] 

4x3 
Consider the function f(x) = 368 , where xe R. 

The graph of y = f(x) has a local minimum point at (p, g) where p > 0. 

Find the value of p and the value of q. 

16EP02 
_ 
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[Maximum mark: 7] 

Bob invests 1000 dinar in an account which pays a nominal annual interest rate of 4% 

compounded quarterly. 

The amount of money in the account after one complete year can be written as 1000(1 + 4)‘ 
where ke Q. 

(a) Write down the value of k. 

(b) Expand and simplify (1 +x)’. 

(c) Hence or otherwise, find the amount of money in the account after one complete year, 
giving your answer correct to the nearest dinar. 

[1] 

[2] 

[4] 

16EP03 
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3. [Maximum mark: 4] 

Find the area completely enclosed by the curves y=e", y= —e*, and the lines x =-1 andx=1. 

ll e IM 
16EP04 
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[Maximum mark: 6] 

Consider events A and B such that P(A') = P(AUB) == and P(B|A) -+ ; 

(a) Find P(A B). [3] 

(b) Show that events A and B are independent. . [3] 

16EP05 
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5. [Maximum mark: 8] 

Consider a sequence of ten rectangular picture frames F’, F,, ... , Fy, Fio- 

Picture frame F’, has width 4cm and height 5cm. 

The width and height of picture frame F’,, are each increased by 50% to generate the width 

and height of the next picture frame F.,, forne Z, 1<n<9. 
n+l? 

n-l 

(a) (i) Show that the area of picture frame F’, is 20( 3 cm’. 

(ii) | Hence, find the mean area of the ten picture frames, giving your answer in the 

(8) -1 

(b) Find the median area of the ten picture frames, giving your answer in 

9 
(2 | 

| : 
16EP06 
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[Maximum mark: 6] 

The line LZ, has vector equation r= 4i—k + A(aj+k), where a,AeER. 

The line L, has vector equation r=i— bk + u(it+2j+ 3k), where b,uneER. 

The lines L, and L, are perpendicular and intersect at a unique point. 

Find the value of a and the value of b. 

L
16EP07 



-8- 2225-7106 

7. [Maximum mark: 5] 

Consider the complex number z = 3°". 

(a) Write the integer 3 in the form e* where ae R. [1] 

(b) Hence, giving your answers in the form pcos(Ing) where p, q € Q’, find 

(i) Re@); 

(ii) Re( +}. [4] 

16EP08 
MN : 
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[Maximum mark: 7] 

Seema claims that n > log,n for n € Z’. 

(a) Show that 1 +log,n2>log,(n+1) forne Z’. [2] 

(b) Use mathematical induction and the result from part (a) to prove that Seema’s claim 
is valid. [5] 

16EP09 
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9. [Maximum mark: 8] 

ay a2 
dx x+y 

Consider the homogeneous differential equation , where x > 0 and y#—x. 

It is given that y=0 when x =2. 

By using the substitution y = vx, show that the solution of the differential equation 

is x —2xy-y =4. 

| 7 
16EP10 

iM 
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Do not write solutions on this page. 

10. [Maximum mark: 18] 

The function /# is defined by f(x) =5(x + 1)(x +3), where x e R. 

(a) Write f(x) in the form a(x —h)’ +k, where a,h, ke Z. 

-W- 

Section B 

2225-7106 

Answer all questions in the answer booklet provided. Please start each question on a new page. 

[4] 

(b) Sketch the graph of y = f(x), showing the values of any intercepts with the axes and 
the coordinates of the vertex. 

(c) Solve the inequality f(x) < 40. 

The function g is defined by g(x) =Inx, where x ¢ R, x>0. 

(d) (i) | Write down an expression for (fo g)(x) . 

(ii) | Solve the inequality (fo g)(x) < 40. 

(e) Find the domain of go/f. 

16EP11 

[4] 

[4] 
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Do not write solutions on this page. 

11. [Maximum mark: 17] 

The plane IT, has equation x + 2y +z =0 and the plane I, has equation x — y- 2z= 0. 

The acute angle between the planes II, and II, is 0. 

(a) Show that 0=60°. [6] 

A third plane II, is perpendicular to both IT, and I1,. 

The unique point of intersection of all three planes is the point R(5,—5, 5). 

(b) Find the Cartesian equation of II,. [4] 

Each of the planes II, and II, contains a mirror. 

A ray of light is directed towards the mirror in II, . The ray of light forms an angle of 45° 

with II, and meets it at the point P. 

The ray of light is then reflected towards the mirror in II,, and meets IT, at the point Q. 

The points P and Q are contained in II,. 

It is given that PR = 5cm. 

This information is shown on the following diagram. 

-- 
-- 

- 
wie = 

4 a= - 

ray of light 

(This question continues on the following page) 
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Do not write solutions on this page. 

(Question 11 continued) 

(c) (i) | Using an appropriate compound angle identity, show that sin 75° = siol6, 

(ii) Find QR, giving your answer in the form p(Ja-1)om where p,g,reZ. [7] 

16EP13 
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Do not write solutions on this page. 

12. [Maximum mark: 19] 

Consider the family of functions f(x) = cos’x, where x e R andneN. 

(a) By writing cos”x as cos” x cosx, show that 

[cos"x dx = cos” x sinx + (n— 1) feos” *x dx —(n- 1) [cos'xdx forn>1. [4] 

n- 

(b) Hence, show that | F,(x)dx =neae™ xsinx+ =| F,5(x)dx for n> 1. [2] 
nN n 

(c) Hence, find an expression for [cos'xde, giving your answer in 

the form pcos’xsinx + gcosxsinx + rx +c where p,g,re Q. [4] 

The region R is enclosed by the graph of y = cos’x and the x-axis where ankgz x as 
shown in the following diagram. 2 2 

m
h
 & 

The region R is rotated by 27 radians around the x-axis to form a solid of revolution. 

(d) Find the volume of the solid. [4] 

(e) (i) Find the Maclaurin series of f(x) up to the term in x. 

(ii) | Hence or otherwise, find tim) x> B 

in terms of 7. [5] 

Mo : 
1 6EP14 





























































Diploma Programme 
Programme du dipléme 
Programa del Diploma 

Mathematics: analysis and approaches 

Higher level 

Paper 2 

16 May 2025 

ZoneA morning | Zone B morning | Zone C morning 
Candidate session number 

2 hours 

Instructions to candidates 

e Write your session number in the boxes above. 
¢ Do not open this examination paper until instructed to do so. 
e Agvraphic display calculator is required for this paper. 
e Section A: answer all questions. Answers must be written within the answer boxes provided. 
e Section B: answer all questions in the answer booklet provided. Fill in your session number on 

the front of the answer booklet, and attach it to this examination paper and your cover 
sheet using the tag provided. 

e Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures. 

° Aclean copy of the mathematics: analysis and approaches HL formula booklet is required 
for this paper. 

e The maximum mark for this examination paper is [110 marks]. 

2225-7107 

16 pages © International Baccalaureate Organization 2025 

L_ 
A | a International Baccalaureate” 

k - Baccalaureat International 16EP01 i Bachillerato Internacional 



- 
-~2- 2225-7107 

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 

supported by suitable working. For example, if graphs are used to find a solution, you should sketch 

these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working. 

Section A 

Answer all questions. Answers must be written within the answer boxes provided. Working may be 

continued below the lines, if necessary. 

1... [Maximum mark: 6] 

The points A and B lie on a circle, with centre O and radius 19.5cm, such that BOA = 210°. 

A piece of paper is cut into the shape of the sector BOA. 

A hollow cone with no base is constructed from the sector by joining the points A and B. 
The sector forms the curved surface of the cone. 

This is shown in the following diagrams. 

19.5cm 

A,B 

Find 

(a) the area of the sector BOA; [3] 

(b) the radius of the cone. [3] 

(This question continues on the following page) 
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[Maximum mark: 4] 

(2n+1)x 
— 

(a) Write down the period of /. [1] 

Consider the function f(x) = atan(2x) +b, where x # ,neZanda,beR. 

12 3 

(b) Find the value of a and the value of b. [3] 

The graph of y=/(x) passes through the points G 5 and G 7), 

IMI 
16EP04 
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[Maximum mark: 6] 

A population, P, has a rate of change modelled by ae ~104000e°°"** , where t is the time 
measured in years since the start of 2022. dt 

At the start of 2022, the population was 6.78 x 10°. 

Based on this model, find the predicted population at the start of 2026. 

| lll ‘lll | 
Turn over 
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[Maximum mark: 8] 

In a study, measurements for arm span, Acm, and foot length, F'cm, are taken from a large 

group of adults. 

For this group, the regression line of F on A is found to be F = 0.3354 — 32.6, and 
the regression line of A on F is found to be A = 2.89F + 99.3. Each regression line passes 

through the mean point. 

(a) By using an appropriate regression line, find an estimate of the arm span for an adult 

with a foot length of 19.8cm. [2] 

(b) For this group of adults, find the mean arm span and the mean foot length. [3] 

The heights, Hem, of adults in the group can be modelled by a normal distribution with mean 
163cm and standard deviation ocm. 

It is found that 88% of the group have a height between 153cm and 173cm. 

(c) Find the value of o. [3] 

16EP06 
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[Maximum mark: 6] 

Consider the function /(x) =15cos (=) +15,where 0<x<50. 

The tangent, 7,, to the curve y = h(x) at the point (£, h(k)) is shown on the following diagram. 

y 

30 (k,h@®) 

qT x 

0 50 

(a) Find the gradient of 7, in terms of k. [3] 

Consider the case where the angle between 7, and the x-axis is " radians. 

(b) Find the possible values of k. [3] 

ee ee eee eee ee eee eee eee eee eee eee TT eee eee 

Turn over IMO : 
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[Maximum mark: 7] 

Consider the function f(x) = 4cotx + sinx, where 0 <x <7. 

(a) (i) Write f(x) in terms of sinx and cosx. 

(ii) | Hence or otherwise, sketch the graph of y = f(x), showing the value of 
the x-intercept. 

(b) Find the value of f7'(2). 

It is given that seca = 1.5, where 0<a<n. 

(c) Find the value of f(a). 

2225-7107 

[3] 

[1] 

[3] 

16EP08 
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[Maximum mark: 5] 

At 09:00 a helicopter is located at a point (10, 3, 0.5) relative to a point O on horizontal 

ground. The x-direction is due east, the y-direction is due north and the z-direction is 

vertically upwards. 

All distances are measured in kilometres. 

The helicopter is flying at a constant height. 

10 10 

The helicopter’s position relative to the point O is givenby r=| 3 |+4t] -—25 |, where f 
represents the time in hours since 09:00. 0.5 0 

(a) Find the speed of the helicopter. [2] 

At 10:00 the helicopter begins to descend. 

During descent the helicopter’s vertical height decreases at a constant rate of 16kmh™'and 
its horizontal velocity remains unchanged. 

The angle of descent, £, is defined as the angle between the helicopter’s direction of travel 
and the horizontal. 

(b) [3] Find £, giving your answer in degrees. 

Turn over 
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8. [Maximum mark: 7] 

Consider the functions f, g and h defined as follows for ¢ < R. 

f(t) = sin(2t + 1) 

g(t) =sin(2¢+ 3) 

A(tth=f(t) +g) 

(a) Show that A(z) = Im(e“(e' +e”). [2] 

(b) Write e’ + e” in the form re’, where r > 0 and -17< O<7. [2] 

(c) Hence or otherwise, write /(¢) in the form psin(2t + q), where p>0 and 0<q<2n. [3] 

| : 
16EP10 
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[Maximum mark: 6] 

Consider the differential equation 2 =—2* 
x+y 

The solution curve passes through the point (1, 0). 

2225-7107 

(a) Use Euler’s method with a step value of 0.25 to estimate the value of y when x =2. [3] 

Part of the solution curve is shown in the following diagram. 

y 

. > x 

0 1 

(b) (i) | Determine whether your answer to part (a) is an overestimate or an 

underestimate, justifying your answer. 

(ii) | Justify why the use of Euler’s method starting at (1, 0) does not lead to an 
estimate of the negative value of y when x =2. [3] 

epemeu ye Sear eee ey eee a eee ee aeee ue eee ep eer ep peo ae oeees peer ees 

ee | 
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Do not write solutions on this page. 

Section B 

Answer all questions in the answer booklet provided. Please start each question on a new page. 

10. [Maximum mark: 16] 

Rectangular playing cards are stacked in the shape of a pyramid with 1 rows, where n2 1. 

Some cards are placed horizontally and some cards are stacked at an angle of 60° to 
the horizontal. 

The following diagrams represent pyramid stacks forn=1, n=2 andn=3. 

n=1 n=2 n=3 

Let 7, represent the number of cards used to create a pyramid stack with 7 rows. 

(a) Write down 4. [1] 

(bo) Find ¢,. [2] 

n(3n +1) . 3] 
(c) Show that ¢, = 5 

There are 52 cards in a full pack of playing cards. 

(d) Acomplete pyramid stack is created using playing cards taken from 14 full packs. 
Find the maximum number of rows in this stack. [3] 

(e) Acomplete pyramid stack is created using playing cards taken from full packs with no 
cards left over. Find the minimum number of rows in this stack. [2] 

(This question continues on the following page) 
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Do not write solutions on this page. 

(Question 10 continued) 

The long edge of each playing card measures 88 mm as illustrated in the following diagram. 

88mm 

(f) | Find the minimum number of cards needed to create a complete pyramid stack with a 
vertical height of more than 2 metres. The thickness of the cards may be ignored. [5] 

16EP13 
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Do not write solutions on this page. 

11. [Maximum mark: 19] 

In a marathon race, the random variable 7 represents the time, in hours, taken for a runner 
to complete the race. No runner completes the race in less than 2.25 hours, and no runner 

completes it in more than 7.5 hours. 

The probability distribution function for T is modelled by /, defined by 

a(t ~cos{ (4 -225))}, 

0, otherwise. 

The graph of f has a maximum point at ¢ = 4.5 as shown in the following diagram: 

¥ 

0.44 
! 
| 
' 
| 
| 
| 
| 
I 
\ 
I 
| 
| 
\ 
] 
| 
I 
t 

2.25 4.5 75 

(a) (i) Find the value of f f() dr. 
2.25 

(ii) | Write down the mode of 7’. 

(iii) | Determine which is greater, the mode of 7 or the median of 7’, justifying 
your answer. [4] 

(This question continues on the following page) 
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Do not write solutions on this page. 

(Question 11 continued) 

The runners who finish the race in 3.5 hours or less are considered to be fast runners. 

(b) Find the probability that a runner chosen at random is a fast runner. [2] 

(c) Find the probability that a fast runner chosen at random finishes the race in 3 hours 
or less. [3] 

(d) Find the lower quartile of 7. [3] 

Each runner’s time is converted to a score which is calculated as a — bt, where ¢ represents 

their time in hours, and a, b>0. 

Consider the random variable P which represents the score of a runner. It is given 

that E(P) = 100 and the maximum possible score is 150. 

(e) Use E(T) =4.723 to determine the value of a and the value of b, giving your answers 
to the nearest integer. [5] 

(f) | Given also that Var(7) = 0.906, find Var(P). [2] 

16EP15 
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Do not write solutions on this page. 

12. [Maximum mark: 20] 

Consider the family of functions /,, defined by /,(x) => \(-2x) , where xe RandneN. 
r=0 

(a) Show that f is an even function for all values of 7. 

(b) (i) Showthat (x) =1—2x* + 4x*— 8°. 

(ii) | Write down a similar expression for 7,(x) in ascending powers of x. 

Consider the function f(x) =lim f,(x) defined over the domain —k <x <k where k>0. 

The largest possible value of & is K. 

(c) (i) Find the value of K, giving your answer in exact form. 

(ii) Express f(x) as a rational function in the form where a and b are 

constants to be determined. 
at bx?’ 

The function g is defined as g(x) = f(x) for 0<x<K. 

(d) (i) Justify that g” exists. 

(ii) Find g(x), giving its domain. 

The region R is completely enclosed by the curves y= g(x), y= g(x) and 
the x- and y-axes, as shown on the following diagram. 

y 

(e) Find the area of R. 

[3] 

[2] 

[5] 

[6] 

[4] 
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