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Toomates Coolección 
 

Los libros de Toomates son materiales digitales y gratuitos. Son digitales porque están pensados para ser consultados mediante un ordenador, 

tablet o móvil. Son gratuitos porque se ofrecen a la comunidad educativa sin coste alguno. Los libros de texto pueden ser digitales o en papel, 
gratuitos o en venta, y ninguna de estas opciones es necesariamente mejor o peor que las otras. Es más: Suele suceder que los mejores docentes 

son los que piden a sus alumnos la compra de un libro de texto en papel, esto es un hecho. Lo que no es aceptable, por inmoral y mezquino, es 

el modelo de las llamadas "licencias digitales" con las que las editoriales pretenden cobrar a los estudiantes, una y otra vez, por acceder a los 
mismos contenidos (unos contenidos que, además, son de una bajísima calidad). Este modelo de negocio es miserable, pues impide el 

compartir un mismo libro, incluso entre dos hermanos, pretende convertir a los estudiantes en un mercado cautivo, exige a los estudiantes y a 

las escuelas costosísimas líneas de Internet, pretende pervertir el conocimiento, que es algo social, público, convirtiéndolo en un producto de 
propiedad privada, accesible solo a aquellos que se lo puedan permitir, y solo de una manera encapsulada, fragmentada, impidiendo el derecho 

del alumno de poseer todo el libro, de acceder a todo el libro, de moverse libremente por todo el libro. 
Nadie puede pretender ser neutral ante esto: Mirar para otro lado y aceptar el modelo de licencias digitales es admitir un mundo más injusto, es 

participar en la denegación del acceso al conocimiento a aquellos que no disponen de medios económicos, y esto en un mundo en el que las 

modernas tecnologías actuales permiten, por primera vez en la historia de la Humanidad, poder compartir el conocimiento sin coste alguno, con 
algo tan simple como es un archivo "pdf". El conocimiento no es una mercancía. 

El proyecto Toomates tiene como objetivo la promoción y difusión entre el profesorado y el colectivo de estudiantes de unos materiales 

didácticos libres, gratuitos y de calidad, que fuerce a las editoriales a competir ofreciendo alternativas de pago atractivas aumentando la calidad 
de unos libros de texto que actualmente son muy mediocres, y no mediante retorcidas técnicas comerciales. 

Estos libros se comparten bajo una licencia “Creative Commons 4.0 (Atribution Non Commercial)”: Se permite, se promueve y se fomenta 

cualquier uso, reproducción y edición de todos estos materiales siempre que sea sin ánimo de lucro y se cite su procedencia. Todos los libros se 
ofrecen en dos versiones: En formato “pdf” para una cómoda lectura y en el formato “doc” de MSWord para permitir y facilitar su edición y 

generar versiones parcial o totalmente modificadas. 

 

¡Libérate de la tiranía y mediocridad de las editoriales! Crea, utiliza y comparte tus propios materiales didácticos 

 

Toomates Coolección Problem Solving (en español):  

Geometría Axiomática  ,  Problemas de Geometría 1  ,  Problemas de Geometría 2 

Introducción a la Geometría ,  Álgebra ,  Teoría de números  ,  Combinatoria  ,  Probabilidad  

Trigonometría  , Desigualdades  ,  Números complejos , Funciones  
 

Toomates Coolección Llibres de Text (en catalán): 

Nombres (Preàlgebra) , Àlgebra , Proporcionalitat , Mesures geomètriques , Geometria analítica

 Combinatòria i Probabilitat , Estadística , Trigonometria , Funcions , Nombres Complexos , 

Àlgebra Lineal , Geometria Lineal , Càlcul Infinitesimal , Programació Lineal , Mates amb Excel 
 

Toomates Coolección Compendiums:  

PAU España: Cataluña TEC  Cataluña CCSS  Valencia  Galicia  País Vasco  
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¡Genera tus propias versiones de este documento! Siempre que es posible se ofrecen las versiones editables “MS 

Word” de todos los materiales, para facilitar su edición.  
 

¡Ayuda a mejorar! Envía cualquier duda, observación, comentario o sugerencia a toomates@gmail.com 
 

¡No utilices una versión anticuada! Todos estos libros se revisan y amplían constantemente. Descarga totalmente 

gratis la última versión de estos documentos en los correspondientes enlaces superiores, en los que siempre 

encontrarás la versión más actualizada. 
 

Consulta el Catálogo de libros de la biblioteca Toomates Coolección en http://www.toomates.net/biblioteca.htm 

Encontrarás muchos más materiales para el aprendizaje de las matemáticas en mi web  www.toomates.net 
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Presentación. 
 

Organización del Bachillerato Internacional. 

La Organización del Bachillerato Internacional (OBI, o bien IBO en inglés: International 

Baccalaureate Organization) es una fundación sin ánimo de lucro con sede en Ginebra, Suiza, 

creada en 1968. Tiene oficinas en todo el mundo: Washington DC, Cardiff, Singapur… Y es 

responsable del currículo, los exámenes y la formación docente de los programas del 

Bachillerato Internacional, famosos en todo el mundo por su calidad. 

El International Baccalaureate (IB) es un programa educativo presente en todo el mundo que, 

entre sus muchas ventajas, forma para el aprendizaje permanente. Nació en 1968 en Ginebra, 

Suiza, para crear un diploma con reconocimiento en todas las universidades del mundo. Todo 

ello, con esta declaración de principios: 

«formar jóvenes solidarios, informados y ávidos de conocimiento, capaces de contribuir a 

crear un mundo mejor y más pacífico, en el marco del entendimiento mutuo y el respeto  

intercultural». 

 

Los 4 programas del IB 

De hecho, la misión de formar una mentalidad internacional se logra con sus 4 programas desde 

los 3 a los 19 años: 

PEP: Programa de la Escuela Primaria del IB para niños de 3 a 12 años, con una pedagogía 

innovadora centrada en la indagación y la colaboración. 

PAI: Programa de los Años Intermedios del IB para alumnos de 11 a 16 años, equivalente a 

secundaria, cuya marca distintiva es la interdisciplinariedad y el servicio. 

POP: Programa de Orientación Profesional del IB para jóvenes de 16 a 19 años, equivalente a 

una FP. 

PD: Programa del Diploma del IB para jóvenes de 16 a 19 años, el programa de Bachillerato 

famoso por asignaturas como Teoría del Conocimiento. 

 

Asignaturas de matemáticas. 

A partir del año 2021 las matemáticas del Bachillerato Internacional se dividen en dos 

asignaturas: 

AA: Mathematics: analysis and approaches (Análisis y Enfoques ) 

Pensada para carreras como Matemáticas, Física, Ingenierí a… Énfasis en 

métodos algébricos y pensamiento abstracto. 

AI: Mathematics: applications and interpretation (Aplicaciones e Interpretación) 

Pensada para carreras de ciencias sociales como Estadística, Economía, 

Finanzas, psicología, diseño… Énfasis en modelización y estadística, y en la 

resolución de problemas usando herramientas tecnológicas. 

 

Cada una de esas dos asignaturas se divide a su vez en dos niveles de carga horaria: HL (240 

horas) y SL (150 horas). 

 

Temario 
Horas de clase 

AA 
Horas de clase 

AI 

SL HL SL HL 
Números y álgebra 19 39 16 29 

Funciones 21 32 31 42 

Geometría y trigonometría 25 51 18 46 

Estadística y probabilidad 27 33 36 52 

Cálculo diferencial 28 55 19 41 

Trabajo de investigación 30 30 30 30 

Total de horas de clase 150 240 150 240 



Pruebas. 

Se presentan cuatro pruebas diferentes: AA HL, AA SL, AI HL y AI SL.  

Cada prueba HL consta de 3 “Papers” P1, P2, P3 . 

Las pruebas SL constan de 2 “Papers”: P1 , P2. 

Puesto que las pruebas se realizan el mismo día en todo el mundo, existen varias versiones 

diferentes, “Time Zone” (TZ1, TZ2, …) en función del huso horario en el que se encuentre el 

examinado. 

Estas pruebas se ofrecen en los cuatro idiomas oficiales: Inglés, Francés, Alemán y Español. 

Hay dos convocatorias anuales: en mayo y noviembre. 

 

Estructura de la prueba AA: 

 

Prueba AA 
Tiempo (horas) Peso en la nota (%) 

SL HL SL HL 
Paper 1: 

Calculadora no permitida 

Section A: Preguntas cortas 

Section B: Preguntas más largas 

1.5 2 40 30 

Paper 2: 

Calculadora Gráfica necesaria 

Section A: Preguntas cortas 

Section B: Preguntas más largas 

1.5 2 40 30 

Paper 3: 

Calculadora Gráfica necesaria 

Dos problemas con desarrollo extendido 

 1  20 

“Exploration” (Evalución interna) 15 15 20 20 

 

Estructura de la prueba AI: 

 

Prueba AI 
Tiempo (horas) Peso en la puntuación 

SL HL SL HL 
Paper 1: 

Calculadora Gráfica necesaria 

Preguntas cortas 

1.5 2 40 30 

Paper 2: 

Calculadora Gráfica necesaria 

Preguntas más largas 

1.5 2 40 30 

Paper 3: 

Calculadora Gráfica necesaria 

Dos problemas con desarrollo extendido 

 1  20 

“Exploration” (Evalución interna) 15 15 20 20 

 

 

En todas las pruebas se permite al estudiante tener una tabla (homologada) de fórmulas 

“formula booklet”. Se pueden encontrar en las páginas 7 y 8 de este Compendium. 



Índice. 
 

    
P1 P2 P3 

   

    
ENUN SOL ENUN SOL ENUN SOL 

   

Specimen 
papers 

AA 
HL 11 27 41 55 71 76 

   SL 85 97 108 120     
   

AI 
HL 132 156 172 180 194 202 

   SL 212 232 246 256     
   

      

 
 

      

    
TZ1 TZ2 

# 

    
ENUN SOL ENUN SOL FRANCÉS ALEMÁN ESPAÑOL SOL ESP 

2021 MAY 

AA 

HL P1 268 282 307 325 353 370 387   12 

  P2 404 422 443 461 488 505 522 
 

12 

  P3 539 546 569 577 599 606 614 
 

2 

SL P1 621 635 652 666 685 698 711   9 

  P2 724 742 758 772 792 805 822   9 

AI 

HL P1 835 861 879 901 922 
 

943 
 

16 

  P2 964 976 994 1004 1021 
 

1031 
 

7 

  P3 1041 1049 1061 1070 1085 
 

1093 
 

2 

SL P1 1101 1123 1139 1161 1176   1201   13 

  P2 1222 1232 1247 1256 1272   1280   5 

2021 NOV 

AA 

HL P1 1288 1306     1343 1360 1377   12 

  P2 1394 1412 
  

1443 1460 1477 
 

11 

  P3 1494 1499 
  

1514 1518 1522 
 

2 

SL P1 1526 1539     1562 1575 1588   9 

  P2 1601 1614     1634 1647 1660   9 

AI 

HL P1 1673 1702 
  

1723 1672 1752 
 

17 

  P2 1781 1793 
  

1811 1672 1822 
 

7 

  P3 1833 1841 
  

1852 1672 1859 
 

2 

SL P1 1866 1892     1908 1865 1933 1959 13 

  P2 1974 1984     1998 1865 2007 2017 5 

2022 MAY 

AA 

HL P1 2032 2046 2081 2099 2129 2146 2163   12 

  P2 2180 2198 2229 2247 2281 2298 2315 
 

12 

  P3 2332 2339 2365 2372 2391 2397 2403 
 

2 

SL P1 2409 2423 2447 2465 2486 2503 2520   9 

  P2 2537 2551 2573 2587 2609 2622 2635   9 

AI 

HL P1 2648 2669 2692 2722 2745 
 

2774 
 

15 

  P2 2803 2817 2836 2846 2866 
 

2875 
 

7 

  P3 2884 2891 2905 2914 2929 
 

2937 
 

2 

SL P1 2945 2963 2978 3004 3022   3047   13 

  P2 3072 3085 3099 3109 3124   3133   13 

 



 

2022 NOV 

AA 

HL P1   3142         3171   12 

  P2   3185 
    

3216 
 

12 

  P3   3230 
    

3249 
 

2 

SL P1             3256 3270 9 

  P2             3296 3310 6 

AI 

HL P1   3334 
    

3354 
 

17 

  P2   3380 
    

3395 
 

7 

  P3   3409 
    

3422 
 

2 

SL P1             3434 3456 13 

  P2             3470 3483 5 

2023 MAY 

AA 

HL P1 3498 3516 3546 3564 3592 3609 3626   12 

  P2 3643 3661 3691 3709 3737 3754 3771 
 

12 

  P3 3788 3795 3809 3816 3847 3853 3859 
 

2 

SL P1 3865 3879 3896 3914 3935 3952 3969   9 

  P2 3986 4000 4025 4039 4057 4070 4083   9 

AI 

HL P1 4096 4122 4153 4179 4201 
 

4226 
 

17 

  P2 4251 4264 4286 4298 4318 
 

4329 
 

7 

  P3 4340 4349 4363 4371 4386 
 

4393 
 

2 

SL P1 4400 4422 4445 4467 4486   4507   13 

  P2 4528 4539 4559 4569 4584   4593   5 

 



    Mathematics: Analysis & Approaches SL & HL 
1 Page Formula Sheet – First Examinations 2021 – Updated Version 1.3 

 

Prior Learning SL & HL 

Area: Parallelogram 𝐴 = 𝑏ℎ ,  𝑏 = base, ℎ = height 

Area: Triangle 𝐴 =
1

2
(𝑏ℎ) ,  𝑏 = base, ℎ = height 

Area: Trapezoid 𝐴 =
1

2
(𝑎 + 𝑏)ℎ , 𝑎, 𝑏 = parallel sides, ℎ = height 

Area: Circle 𝐴 = 𝜋𝑟2 ,  𝑟 = radius 

Circumference: Circle 𝐶 = 2𝜋𝑟, 𝑟 = radius 

Volume: Cuboid 𝑉 = 𝑙𝑤ℎ ,  𝑙 = length, 𝑤 = width, ℎ = height 

Volume: Cylinder 𝑉 = 𝜋𝑟2ℎ ,  𝑟 = radius, ℎ = height 

Volume: Prism 𝑉 = 𝐴ℎ ,  𝐴 = cross-section area, ℎ = height 

Area: Cylinder curve 𝐴 = 2𝜋𝑟ℎ ,  𝑟 = radius, ℎ = height 

Distance between two 
points (𝒙𝟏, 𝒚𝟏) , (𝒙𝟐, 𝒚𝟐) 𝑑 = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2  

Coordinates of midpoint (
𝑥1+𝑥2

2
,

𝑦1+𝑦2

2
), for endpoints (𝑥1, 𝑦1), (𝑥2, 𝑦2) 

 

Topic 1: Number and algebra - SL & HL 

The 𝒏th term of an 
arithmetic sequence 

𝑢𝑛 = 𝑢1 + (𝑛 − 1)𝑑 

Sum of 𝒏 terms of an 
arithmetic sequence 

𝑠𝑛 =
𝑛

2
(2𝑢1 + (𝑛 − 1)𝑑)  =

𝑛

2
(𝑢1 + 𝑢𝑛) 

The 𝒏th term of a 
geometric sequence 

𝑢𝑛 = 𝑢1𝑟𝑛−1 

Sum of 𝒏 terms of a 
finite geometric seq. 𝑠𝑛 =

𝑢1(𝑟𝑛 − 1)

𝑟 − 1
=

𝑢1(1 − 𝑟𝑛)

1 − 𝑟
 , 𝑟 ≠ 1 

Compound interest 

𝐹𝑉 =  𝑃𝑉 × (1 +  
𝑟

100𝑘
)

𝑘 𝑛

 

𝐹𝑉 is future value, 𝑃𝑉 is present value, 𝑛 is 
the number of years, 𝑘 is the number of 
compounding periods per year, 𝑟% is the 
nominal annual rate of interest 

Exponents & logarithms 𝑎𝑥 = 𝑏 ⇔  𝑥 = log𝑎 𝑏  ,  𝑎, 𝑏 > 0, 𝑎 ≠ 1 

Exponents & logarithms 

log𝑎 𝑥𝑦 = log𝑎 𝑥 + log𝑎 𝑦 

log𝑎

𝑥

𝑦
= log𝑎 𝑥 − log𝑎 𝑦 

log𝑎 𝑥𝑚 = 𝑚 log𝑎 𝑥 

log𝑎 𝑥 =
log𝑏 𝑥

log𝑏 𝑎
 

The sum of an infinite 
geometric sequence 

𝑠∞ =
𝑢1

1 − 𝑟
 , |𝑟| < 1 

Binomial Theorem  
for 𝑛 ∈ ℕ,  (𝑎 + 𝑏)𝑛 = 

𝑎𝑛 + (𝑛

1
)𝑎𝑛−1𝑏+. . . +(𝑛

𝑟
)𝑎𝑛−𝑟𝑏𝑟+. . . + 𝑏𝑛   

Binomial coefficient (
𝑛
𝑟

) = nCr =
𝑛!

𝑟!(𝑛−𝑟)!
 

Topic 1: Number and algebra - HL only 

Combinations; 

Permutations 
nCr =

𝑛!

𝑟!(𝑛−𝑟)!
    ;     nPr =

𝑛!

(𝑛−𝑟)!
    

Extension of Binomial 
Theorem,  𝑛 ∈ ℚ 

(𝑎 + 𝑏)𝑛 = 

    𝑎𝑛 (1 + 𝑛 (
𝑏

𝑎
) +

𝑛(𝑛 − 1)

2!
(

𝑏

𝑎
)

2

+. . . ) 

Complex numbers 𝑧 = 𝑎 + 𝑏𝑖 

Modulus-argument (polar) 
& Exponential (Euler) form 

𝑧 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) = 𝑟𝑒𝑖𝜃 = 𝑟cis𝜃 

De Moivre’s theorem 
[𝑟(cos 𝜃 + 𝑖 sin 𝜃)]𝑛 = 

𝑟𝑛(cos 𝑛𝜃 + 𝑖 sin 𝑛𝜃) = 𝑟𝑛𝑒𝑖𝑛𝜃 = 𝑟𝑛cis𝑛𝜃  
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Equations of a  
straight line 

  𝑦 = 𝑚𝑥 + 𝑐  ;    𝑎𝑥 + 𝑏𝑦 + 𝑑 = 0  ; 

  𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)  

Gradient formula 𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1

 

Axis of symmetry of a 
quadratic function 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 ⇒   𝑥 = −

𝑏

2𝑎
 

Solutions of a quadratic 
equation in the form 

𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 
𝑥 =

−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
 , 𝑎 ≠ 0 

Discriminant ∆ = 𝑏2 − 4𝑎𝑐 

Exponential and 
logarithmic functions 

𝑎𝑥 = 𝑒𝑥 ln 𝑎  ;   log𝑎 𝑎𝑥 = 𝑥 = 𝑎log𝑎 𝑥 
  where 𝑎, 𝑥 > 0 , 𝑎 ≠ 1 
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Sum & product of the 
roots of polynomial 
equations of the form 

∑ 𝑎𝑟𝑥𝑟 = 0

𝑛

𝑟=0

⇒ Sum is 
−𝑎𝑛−1

𝑎𝑛

 ; product is 
(−1)𝑛𝑎0

𝑎𝑛
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Distance between 2 points 
(𝒙𝟏, 𝒚𝟏, 𝒛𝟏) , (𝒙𝟐, 𝒚𝟐, 𝒛𝟐) 

𝑑 = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 + (𝑧1 − 𝑧2)2  

Coordinates of midpoint of 
a line with endpoints 
(𝒙𝟏, 𝒚𝟏, 𝒛𝟏) , (𝒙𝟐, 𝒚𝟐, 𝒛𝟐) 

(
𝑥1 + 𝑥2

2
,
𝑦1 + 𝑦2

2
,
𝑧1 + 𝑧2

2
) 

Volume: Right-pyramid 𝑉 =
1

3
𝐴ℎ , 𝐴 = base area, ℎ = height 

Volume: Right cone 𝑉 =
1

3
𝜋𝑟2ℎ , 𝑟= radius, ℎ = height 

Area: Cone curve 𝐴 = 𝜋𝑟𝑙 , 𝑟= radius, 𝑙 = slant height 

Volume: Sphere 𝑉 =
4

3
𝜋𝑟3  , 𝑟 = radius 

Surface area: Sphere 𝐴 = 4𝜋𝑟2 , 𝑟 = radius 

Sine rule 
𝑎

sin𝐴
=

𝑏

sin𝐵
=

𝑐

sin𝐶
  

Cosine rule 
𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶 

cos 𝐶 =
𝑎2 + 𝑏2 − 𝑐2

2𝑎𝑏
 

Area: Triangle 𝐴 =
1

2
𝑎𝑏 sin 𝐶 

Length of an arc 𝑙 = 𝑟𝜃 ,  𝑟 = radius,  𝜃 = angle in radians  

Area of a sector 𝐴 =
1

2
𝑟2𝜃 , 𝑟 = radius, 𝜃 = angle in radians 

Identity for 𝐭𝐚𝐧 𝜽 tan 𝜃 =  
sin 𝜃

cos 𝜃
  

Pythagorean identity cos2 𝜃 + sin2 𝜃 = 1  

Double angle identities 

sin 2𝜃 = 2 sin 𝜃 cos 𝜃  

cos 2𝜃 = cos2 𝜃 − sin2 𝜃  
              = 2 cos2 𝜃 − 1  
              = 1 − 2 sin2 𝜃  
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Reciprocal trigonometric 
identities sec 𝜃 =  

1

cos 𝜃
   ;     cosec 𝜃 =  

1

sin 𝜃
    

Pythagorean identities 1 + tan2 𝜃 = sec2 𝜃  ;   1 + cot2 𝜃 = cosec2 𝜃 

Compound angle 
identities 

sin(𝐴 ± 𝐵) = sin 𝐴 cos 𝐵 ± cos 𝐴 sin 𝐵     

cos(𝐴 ± 𝐵) = cos 𝐴 cos 𝐵 ∓ sin 𝐴 sin 𝐵  

tan(𝐴 ± 𝐵) =
tan 𝐴 ± tan 𝐵

1 ∓ tan 𝐴 tan 𝐵
 

Double angle identity 
for tan 

tan 2𝜃 =
2 tan 𝜃

1 − tan2 𝜃
 

Magnitude of a vector |𝒗| = √𝑣1
2 + 𝑣2

2 + 𝑣3
2  

Scalar product 

𝒗 ∙ 𝒘 = 𝑣1𝑤1 + 𝑣2𝑤2 + 𝑣3𝑤3  

𝒗 ∙ 𝒘 = |𝒗||𝒘| cos 𝜃  
where 𝜃 is the angle between 𝒗 and 𝒘 

Angle between two 
vectors 

cos 𝜃 =
𝑣1𝑤1 + 𝑣2𝑤2 + 𝑣3𝑤3

|𝒗||𝒘|
 

Vector equ. of a line 𝒓 = 𝒂 + 𝜆𝒃  

Parametric form of the 
equation of a line 

𝑥 = 𝑥0 + 𝜆𝑙, 𝑦 = 𝑦0 + 𝜆𝑚,  𝑧 = 𝑧0 + 𝜆𝑛  

Cartesian equations of 
a line 

𝑥 − 𝑥0

𝑙
=

𝑦 − 𝑦
0

𝑚
=

𝑧 − 𝑧0

𝑛
 

Vector product 

𝒗 × 𝒘 = (

𝑣2𝑤3 − 𝑣3𝑤2

𝑣3𝑤1 − 𝑣1𝑤3

𝑣1𝑤2 − 𝑣2𝑤1

)    

|𝒗 × 𝒘| = |𝒗||𝒘| sin 𝜃  
where 𝜃 is the angle between 𝒗 and 𝒘 

Area of a 
parallelogram 

𝐴 = |𝒗 × 𝒘|  ,  where 𝒗 and 𝒘 form two 
adjacent sides of a parallelogram 

Vector equ. of a plane 𝒓 = 𝒂 + 𝜆𝒃 + 𝜇𝒄 

Equation of a plane   𝒓 ∙ 𝒏 = 𝒂 ∙ 𝒏    (using the normal vector) 

Cartesian equ. of a plane 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 𝑑 
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Interquartile range IQR = 𝑄3 − 𝑄1 

Mean, �̅� , of a set of 
data �̅� =

∑ 𝑓𝑖𝑥𝑖
𝑘
𝑖=1

𝑛
  , where 𝑛 = ∑ 𝑓𝑖

𝑘
𝑖=1  

Probability of an event A P(𝐴) =
𝑛(𝐴)

𝑛(𝑢)
 

Complementary events P(𝐴) + P(𝐴′) = 1  

Combined events P(𝐴 ∪ 𝐵) = P(𝐴) + P(𝐵) − P(𝐴 ∩ 𝐵)  

Mutually exclusive 
events 

P(𝐴 ∪ 𝐵) = P(𝐴) + P(𝐵)  

Conditional probability P(𝐴|𝐵) =
P(𝐴 ∩ 𝐵)

P(𝐵)
 

Independent events P(𝐴 ∩ 𝐵) = P(𝐴)P(𝐵)  

Expected value: Discrete 
random variable X 

E(𝑋) = ∑ 𝑥 P(𝑋 = 𝑥)  

Binomial distribution 

Mean  ;  Variance 

𝑋~B(𝑛, 𝑝)  

E(𝑋) = 𝑛𝑝   ;    Var(𝑋) = 𝑛𝑝(1 − 𝑝)  

Standardized normal 
variable 

𝑧 =
𝑥 − 𝜇

𝜎
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Bayes’ theorem 

P(𝐵|𝐴) =
P(𝐵)P(𝐴|𝐵)

P(𝐵)P(𝐴|𝐵) + P(𝐵′)P(𝐴|𝐵′)
 

P(𝐵𝑖|𝐴) = 
P(𝐵𝑖)P(𝐴|𝐵𝑖)

P(𝐵1)P(𝐴|𝐵1) + P(𝐵2)P(𝐴|𝐵2) + P(𝐵3)P(𝐴|𝐵3)
 

Variance 𝝈𝟐  𝜎2 =
∑ 𝑓𝑖(𝑥𝑖−𝜇)2𝑘

𝑖=1

𝑛
=

∑ 𝑓𝑖𝑥𝑖
2𝑘

𝑖=1

𝑛
− 𝜇2  

Standard Deviation 𝝈  𝜎 = √
∑ 𝑓𝑖(𝑥𝑖−𝜇)2𝑘

𝑖=1

𝑛
  

Linear transformation of 
a single random variable 

 E(𝑎𝑋 + 𝑏) = 𝑎E(𝑋) + 𝑏  

 Var(𝑎𝑋 + 𝑏) = 𝑎2Var(𝑋)  

Expected value: Continuous 
random variable X 

 E(𝑋) = 𝜇 = ∫ 𝑥𝑓(𝑥)d𝑥
∞

−∞
  

Variance  Var(𝑋) = E[(𝑋 − 𝜇)2] = E(𝑋2) − [E(𝑋)]2  

Variance of a discrete 
random variable X 

 Var(𝑋) = ∑(𝑥 − 𝜇)2 P(𝑋 = 𝑥)  

               = ∑ 𝑥2 P(𝑋 = 𝑥) − 𝜇2   

Variance of a continuous 
random variable X 

 Var(𝑋) = ∫ (𝑥 − 𝜇)2𝑓(𝑥)d𝑥
∞

−∞
  

               = ∫ 𝑥2𝑓(𝑥)d𝑥
∞

−∞
− 𝜇2   
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Derivative of 𝒙𝒏 𝑓(𝑥) = 𝑥𝑛   ⇒   𝑓′(𝑥) = 𝑛𝑥𝑛−1 

Integral of 𝒙𝒏 ∫ 𝑥𝑛𝑑𝑥 =
𝑥𝑛+1

𝑛 + 1
+ 𝐶 , 𝑛 ≠ −1 

Area between curve 
𝒚 = 𝒇(𝒙)  &  𝒙-axis 

𝐴 = ∫ 𝑦
𝑏

𝑎

𝑑𝑥  , where 𝑓(𝑥) > 0 

Derivative of 𝐬𝐢𝐧 𝒙 𝑓(𝑥) = sin 𝑥   ⇒   𝑓′(𝑥) = cos 𝑥 

Derivative of 𝐜𝐨𝐬 𝒙 𝑓(𝑥) = cos 𝑥   ⇒   𝑓′(𝑥) = − sin 𝑥 

Derivative of 𝒆𝒙 𝑓(𝑥) = 𝑒𝑥   ⇒   𝑓′(𝑥) = 𝑒𝑥 

Derivative of 𝐥𝐧 𝒙 𝑓(𝑥) = ln 𝑥   ⇒   𝑓′(𝑥) =
1

𝑥
 

Chain rule 𝑦 = 𝑔(𝑢) , 𝑢 = 𝑓(𝑥) ⇒  
𝑑𝑦

𝑑𝑥
=  

𝑑𝑦

𝑑𝑢
× 

𝑑𝑢

𝑑𝑥
 

Product rule 𝑦 = 𝑢𝑣 ⇒    
𝑑𝑦

𝑑𝑥
= 𝑢 

𝑑𝑣

𝑑𝑥
+ 𝑣 

𝑑𝑢

𝑑𝑥
 

Quotient rule 
𝑦 =

𝑢

𝑣
  ⇒    

𝑑𝑦

𝑑𝑥
=

𝑣 
𝑑𝑢
𝑑𝑥 − 𝑢 

𝑑𝑣
𝑑𝑥

𝑣2
 

Acceleration 𝑎 =
d𝑣

d𝑡
=

d2𝑠

d𝑡2
 

Distance; Displacement 

travelled from 𝒕𝟏 to 𝒕𝟐 
dist = ∫ |𝑣(𝑡)|

𝑡2

𝑡1

𝑑𝑡    ;     disp = ∫ 𝑣(𝑡)
𝑡2

𝑡1

𝑑𝑡    

Standard integrals 

∫
1

𝑥
𝑑𝑥 = ln|𝑥| + 𝐶 

∫ sin 𝑥 𝑑𝑥 = − cos 𝑥 + 𝐶 

∫ cos 𝑥 𝑑𝑥 = sin 𝑥 + 𝐶 

∫ 𝑒𝑥 𝑑𝑥 = 𝑒𝑥 + 𝐶 

Area enclosed by a 
curve and 𝒙-axis 

𝐴 = ∫ |𝑦|
𝑏

𝑎

𝑑𝑥   
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Derivative of 𝒇(𝒙) 
from first principles 

d𝑦

d𝑥
= 𝑓′(𝑥) = lim

ℎ→0
(

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
) 

Standard  

derivatives 

𝑓(𝑥) = tan 𝑥 ⇒ 𝑓′(𝑥) = sec2 𝑥 

𝑓(𝑥) = sec 𝑥 ⇒ 𝑓′(𝑥) = sec 𝑥 tan 𝑥 

𝑓(𝑥) = cosec 𝑥 ⇒ 𝑓′(𝑥) = −cosec 𝑥 cot 𝑥 

𝑓(𝑥) = cot 𝑥 ⇒ 𝑓′(𝑥) = −cosec2 𝑥 

𝑓(𝑥) = 𝑎𝑥 ⇒ 𝑓′(𝑥) = 𝑎𝑥 (ln 𝑎) 

𝑓(𝑥) = log𝑎 𝑥 ⇒ 𝑓′(𝑥) =
1

𝑥 ln 𝑎
 

𝑓(𝑥) = arcsin 𝑥 ⇒ 𝑓′(𝑥) =
1

√1 − 𝑥2
 

𝑓(𝑥) = arccos 𝑥 ⇒ 𝑓′(𝑥) = −
1

√1 − 𝑥2
 

𝑓(𝑥) = arctan 𝑥 ⇒ 𝑓′(𝑥) =
1

1 + 𝑥2
 

Standard  

integrals 

∫ 𝑎𝑥d𝑥 =
1

ln 𝑎
𝑎𝑥 + 𝐶  

∫
1

𝑎2+𝑥2
d𝑥 =

1

𝑎
arctan (

𝑥

𝑎
) + 𝐶  

∫
1

√𝑎2−𝑥2
d𝑥 = arcsin (

𝑥

𝑎
) + 𝐶 , |𝑥| < 𝑎  

Integration by parts ∫ 𝑢
d𝑣

d𝑥
𝑑𝑥 = 𝑢𝑣 − ∫ 𝑣

d𝑢

d𝑥
𝑑𝑥  

Area enclosed by a 
curve and 𝒚-axis 

𝐴 = ∫ |𝑥|
𝑏

𝑎
𝑑𝑦  

Volume of revolution 
about 𝒙 or 𝒚-axes 𝑉 = ∫ 𝜋𝑦2𝑏

𝑎
𝑑𝑥   or    𝑉 = ∫ 𝜋𝑥2𝑏

𝑎
𝑑𝑦   

Euler’s method 
𝑦𝑛+1 = 𝑦𝑛 + ℎ × 𝑓(𝑥𝑛, 𝑦𝑛); 𝑥𝑛+1 = 𝑥𝑛 + ℎ  
where ℎ is a constant (step length) 

Integrating factor for 
𝒚′ + 𝑷(𝒙)𝒚 = 𝑸(𝒙) 𝑒∫ 𝑃(𝑥)d𝑥 

Maclaurin series 𝑓(𝑥) = 𝑓(0) + 𝑥𝑓′(0) +
𝑥2

2!
𝑓′′(0)+ . ..  

Maclaurin series for 
special functions 

∙ 𝑒𝑥 = 1 + 𝑥 +
𝑥2

2!
+ ...   ∙ ln(1 + 𝑥) = 𝑥 −

𝑥2

2
+

𝑥3

3
− ...  

∙ sin 𝑥 = 𝑥 −
𝑥3

3!
+

𝑥5

5!
− ...    ∙ cos 𝑥 = 1 −

𝑥2

2!
+

𝑥4

4!
− ... 

∙ arctan 𝑥 = 𝑥 −
𝑥3

3
+

𝑥5

5
− ...     
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Prior Learning SL & HL 

Area: Parallelogram 𝐴 = 𝑏ℎ ,  𝑏 = base, ℎ = height 

Area: Triangle 𝐴 = 12 (𝑏ℎ) ,  𝑏 = base, ℎ = height 

Area: Trapezoid 𝐴 = 12 (𝑎 + 𝑏)ℎ , 𝑎, 𝑏 = parallel sides, ℎ = height 

Area: Circle 𝐴 = 𝜋𝑟2 ,  𝑟 = radius 

Circumference: Circle 𝐶 = 2𝜋𝑟, 𝑟 = radius 

Volume: Cuboid 𝑉 = 𝑙𝑤ℎ ,  𝑙 = length, 𝑤 = width, ℎ = height 

Volume: Cylinder 𝑉 = 𝜋𝑟2ℎ ,  𝑟 = radius, ℎ = height 

Volume: Prism 𝑉 = 𝐴ℎ ,  𝐴 = cross-section area, ℎ = height 

Area: Cylinder curve 𝐴 = 2𝜋𝑟ℎ ,  𝑟 = radius, ℎ = height 

Distance between two 

points (𝒙𝟏, 𝒚𝟏) , (𝒙𝟐, 𝒚𝟐) 
𝑑 = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2  

Coordinates of midpoint (𝑥1+𝑥22 , 𝑦1+𝑦22 ), for endpoints (𝑥1, 𝑦1), (𝑥2, 𝑦2) 
Prior Learning HL only 

Solutions of a quadratic 

equation in the form 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 
𝑥 = −𝑏 ± √𝑏2 − 4𝑎𝑐2𝑎  , 𝑎 ≠ 0 
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The 𝒏th term of an 

arithmetic sequence 
𝑢𝑛 = 𝑢1 + (𝑛 − 1)𝑑 

Sum of 𝒏 terms of an 

arithmetic sequence 
𝑠𝑛 = 𝑛2 (2𝑢1 + (𝑛 − 1)𝑑)  = 𝑛2 (𝑢1 + 𝑢𝑛) 

The 𝒏th term of a 

geometric sequence 
𝑢𝑛 = 𝑢1𝑟𝑛−1 

Sum of 𝒏 terms of a 

finite geometric seq. 
𝑠𝑛 = 𝑢1(𝑟𝑛 − 1)𝑟 − 1 = 𝑢1(1 − 𝑟𝑛)1 − 𝑟  , 𝑟 ≠ 1 

Compound interest 

 

𝐹𝑉 =  𝑃𝑉 × (1 + 𝑟100𝑘)𝑘 𝑛
 𝐹𝑉 is future value, 𝑃𝑉 is present value, 𝑛 

is the number of years, 𝑘 is the number of 

compounding periods per year, 𝑟% is the 

nominal annual rate of interest 

Exponents & logarithms 𝑎𝑥 = 𝑏 ⇔  𝑥 = log𝑎 𝑏  ,  𝑎, 𝑏 > 0, 𝑎 ≠ 1 

Percentage error 
𝜀 = |𝑣𝐴 − 𝑣𝐸𝑣𝐸 | × 100% 𝑣𝐴 = approximate value, 𝑣𝐸 = exact value 

Topic 1: Number and algebra - HL only 

Laws of logarithms 

for 𝑎, 𝑥, 𝑦 > 0 

log𝑎 𝑥𝑦 = log𝑎 𝑥 + log𝑎 𝑦 log𝑎 𝑥𝑦 = log𝑎 𝑥 − log𝑎 𝑦 log𝑎 𝑥𝑚 = 𝑚 log𝑎 𝑥 

The sum of an infinite 

geometric sequence 
𝑠∞ = 𝑢11 − 𝑟 , |𝑟| < 1 

Complex numbers 𝑧 = 𝑎 + 𝑏𝑖 

Discriminant ∆ = 𝑏2 − 4𝑎𝑐 

Modulus-argument 

(polar) & Exponential 

(Euler) form 

𝑧 = 𝑟(cos 𝜃 + 𝑖 sin 𝜃) = 𝑟𝑒𝑖𝜃 = 𝑟cis𝜃 

Determinant of a  

2×2 matrix 
𝑨 = (𝑎 𝑏𝑐 𝑑)  ⇒  det 𝑨 = |𝑨| = 𝑎𝑑 − 𝑏𝑐 

Inverse of a 

2×2 matrix 
𝑨 = (𝑎 𝑏𝑐 𝑑) ⇒  𝑨−1 = 1det 𝑨 ( 𝑑 −𝑏−𝑐 𝑎 ) 

Power formula for a 

matrix 

𝑴𝑛 = 𝑷𝑫𝑛𝑷−1 , where 𝑷 is the matrix of 

eigenvectors and 𝑫 is the diagonal matrix 

of eigenvalues 
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Equations of a  

straight line 

  𝑦 = 𝑚𝑥 + 𝑐 ;    𝑎𝑥 + 𝑏𝑦 + 𝑑 = 0 ;   𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)  

Gradient formula 𝑚 = 𝑦2 − 𝑦1𝑥2 − 𝑥1 

Axis of symmetry of a 

quadratic function 
𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐 ⇒   𝑥 = − 𝑏2𝑎 

Topic 2: Functions – HL only 

Logistic function 𝑓(𝑥) = 𝐿1 + 𝐶𝑒−𝑘𝑥   ,  𝐿, 𝑘, 𝐶 > 0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Topic 3: Geometry and trigonometry – SL & HL 

Distance between 2 points (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) , (𝒙𝟐, 𝒚𝟐, 𝒛𝟐) 
𝑑 = √(𝑥1 − 𝑥2)2 + (𝑦1 − 𝑦2)2 + (𝑧1 − 𝑧2)2  

Coordinates of midpoint 

of a line with endpoints (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) , (𝒙𝟐, 𝒚𝟐, 𝒛𝟐) 

(𝑥1 + 𝑥22 , 𝑦1 + 𝑦22 , 𝑧1 + 𝑧22 ) 

Volume: Right-pyramid 𝑉 = 13 𝐴ℎ , 𝐴 = base area, ℎ = height 

Volume: Right cone 𝑉 = 13 𝜋𝑟2ℎ , 𝑟= radius, ℎ = height 

Area: Cone curve 𝐴 = 𝜋𝑟𝑙 , 𝑟= radius, 𝑙 = slant height 

Volume: Sphere 𝑉 = 43 𝜋𝑟3  , 𝑟 = radius 

Surface area: Sphere 𝐴 = 4𝜋𝑟2 , 𝑟 = radius 

Sine rule 
𝑎sin𝐴 = 𝑏sin𝐵 = 𝑐sin𝐶  

Cosine rule 

𝑐2 = 𝑎2 + 𝑏2 − 2𝑎𝑏 cos 𝐶 cos 𝐶 = 𝑎2 + 𝑏2 − 𝑐22𝑎𝑏  

Area: Triangle 𝐴 = 12 𝑎𝑏 sin 𝐶 

Length of an arc 
𝑙 = 𝜃360 × 2𝜋𝑟   

 𝜃 = angle in degrees, 𝑟 = radius 

Area of a sector 
𝐴 = 𝜃360 × 𝜋𝑟2  𝜃 = angle in degrees, 𝑟 = radius 

Topic 3: Geometry and trigonometry – HL only 

Length of an arc 
𝑙 = 𝑟𝜃 

 𝑟 = radius, 𝜃 = angle in radians 

Area of a sector 
𝐴 = 12 𝑟2𝜃 

 𝑟 = radius, 𝜃 = angle in radians 

Identities 

cos2 𝜃 + sin2 𝜃 = 1  tan 𝜃 =  sin 𝜃cos 𝜃 

Transformation 

matrices 

(cos 2𝜃 sin 2𝜃sin 2𝜃 −cos 2𝜃)  

˒ reflection in the line 𝑦 = (tan 𝜃)𝑥 (𝑘 00 1)  

˒ horizontal stretch by scale factor of 𝑘 (1 00 𝑘)  

˒ vertical stretch with scale factor of 𝑘 (𝑘 00 𝑘)  ,  centre (0,0) 

˒ enlargement with scale factor of 𝑘 (cos 𝜃 − sin 𝜃sin 𝜃 cos 𝜃 ) , anticlockwise rotation 

of angle 𝜃 about the origin (𝜃 > 0) ( cos 𝜃 sin 𝜃−sin 𝜃 cos 𝜃) , clockwise rotation 

of angle 𝜃 about the origin (𝜃 > 0) 

Magnitude of a vector |𝒗| = √𝑣12 + 𝑣22 + 𝑣32  

Vector equ. of a line 𝒓 = 𝒂 + 𝜆𝒃  

Parametric form of the 

equation of a line 
𝑥 = 𝑥0 + 𝜆𝑙, 𝑦 = 𝑦0 + 𝜆𝑚,  𝑧 = 𝑧0 + 𝜆𝑛  

Scalar product 

𝒗 ∙ 𝒘 = 𝑣1𝑤1 + 𝑣2𝑤2 + 𝑣3𝑤3  𝒗 ∙ 𝒘 = |𝒗||𝒘| cos 𝜃  

where 𝜃 is the angle between 𝒗 and 𝒘 

Angle between two 

vectors 
cos 𝜃 = 𝑣1𝑤1 + 𝑣2𝑤2 + 𝑣3𝑤3|𝒗||𝒘|  

Vector product 

𝒗 × 𝒘 = (𝑣2𝑤3 − 𝑣3𝑤2𝑣3𝑤1 − 𝑣1𝑤3𝑣1𝑤2 − 𝑣2𝑤1)    |𝒗 × 𝒘| = |𝒗||𝒘| sin 𝜃  

where 𝜃 is the angle between 𝒗 and 𝒘 

Area of a 

parallelogram 

𝐴 = |𝒗 × 𝒘|  ,  where 𝒗 and 𝒘 form two 

adjacent sides of a parallelogram 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Topic 4: Statistics and probability - SL & HL 

Interquartile range IQR = 𝑄3 − 𝑄1 

Mean, �̅� , of a set of data �̅� = ∑ 𝑓𝑖𝑥𝑖𝑘𝑖=1𝑛   , where 𝑛 = ∑ 𝑓𝑖𝑘𝑖=1  

Probability of an event 𝑨 P(𝐴) = 𝑛(𝐴)𝑛(𝑢) 

Complementary events P(𝐴) + P(𝐴′) = 1  

Combined events P(𝐴 ∪ 𝐵) = P(𝐴) + P(𝐵) − P(𝐴 ∩ 𝐵)  

Mutually exclusive events P(𝐴 ∪ 𝐵) = P(𝐴) + P(𝐵)  

Conditional probability P(𝐴|𝐵) = P(𝐴 ∩ 𝐵)P(𝐵)  

Independent events P(𝐴 ∩ 𝐵) = P(𝐴)P(𝐵)  

Expected value of a  

discrete random variable X 
E(𝑋) = ∑ 𝑥 P(𝑋 = 𝑥)  

Binomial distribution 

Mean  ;  Variance 

𝑋~B(𝑛, 𝑝)  E(𝑋) = 𝑛𝑝   ;    Var(𝑋) = 𝑛𝑝(1 − 𝑝)  

Topic 4: Statistics and probability – HL only 

Linear transformation of a 

single random variable 

E(𝑎𝑋 + 𝑏) = 𝑎E(𝑋) + 𝑏  Var(𝑎𝑋 + 𝑏) = 𝑎2Var(𝑋)  

Linear combinations of 𝒏 

independent random 

variables,  𝑿𝟏, 𝑿𝟐, … . 𝑿𝒏 

E(𝑎1𝑋1 ± 𝑎2𝑋2±. . . ±𝑎𝑛𝑋𝑛) =𝑎1E(𝑋1) ± 𝑎2E(𝑋2)± . . . ±𝑎𝑛E(𝑋𝑛)  Var(𝑎1𝑋1 ± 𝑎2𝑋2±. . . ±𝑎𝑛𝑋𝑛) =𝑎12Var(𝑋1) + 𝑎22Var(𝑋2) + ⋯ +𝑎𝑛2Var(𝑋𝑛)  

Unbiased estimate of 

population variance 
𝑠𝑛−12 = 𝑛𝑛 − 1  𝑠𝑛2     Sample statistics 

Poisson distribution 

Mean  ;  Variance 

𝑋~Po(𝑚)  E(𝑋) = 𝑚   ;    Var(𝑋) = 𝑚  

Transition matrices 𝑻𝑛𝒔0 = 𝒔𝑛 , where 𝒔0 is the initial state 
 

Topic 5: Calculus - SL & HL 

Derivative of 𝒙𝒏 𝑓(𝑥) = 𝑥𝑛   ⇒   𝑓′(𝑥) = 𝑛𝑥𝑛−1 

Integral of 𝒙𝒏 ∫ 𝑥𝑛𝑑𝑥 = 𝑥𝑛+1𝑛 + 1 + 𝐶 , 𝑛 ≠ −1 

Area enclosed by a 

curve and the 𝒙-axis 
𝐴 = ∫ 𝑦𝑏

𝑎 𝑑𝑥  , where 𝑓(𝑥) > 0 

The trapezoidal rule  where ℎ = 𝑏−𝑎𝑛   

∫ 𝑦𝑏
𝑎 𝑑𝑥 ≈ 12 ℎ((𝑦0 + 𝑦𝑛) + 2(𝑦1 + 𝑦2+. . . +𝑦𝑛−1)) 

Topic 5: Calculus – HL only 

Derivative of 𝐬𝐢𝐧 𝒙 𝑓(𝑥) = sin 𝑥   ⇒   𝑓′(𝑥) = cos 𝑥 

Derivative of 𝐜𝐨𝐬 𝒙 𝑓(𝑥) = cos 𝑥   ⇒   𝑓′(𝑥) = − sin 𝑥 

Derivative of 𝐭𝐚𝐧 𝒙 𝑓(𝑥) = tan 𝑥   ⇒   𝑓′(𝑥) = 1cos2 𝑥 

Derivative of 𝒆𝒙 𝑓(𝑥) = 𝑒𝑥   ⇒   𝑓′(𝑥) = 𝑒𝑥 

Derivative of 𝐥𝐧 𝒙 𝑓(𝑥) = ln 𝑥   ⇒   𝑓′(𝑥) = 1𝑥 

Chain rule 𝑦 = 𝑔(𝑢) , 𝑢 = 𝑓(𝑥) ⇒  𝑑𝑦𝑑𝑥 =  𝑑𝑦𝑑𝑢 × 𝑑𝑢𝑑𝑥 

Product rule 𝑦 = 𝑢𝑣 ⇒    𝑑𝑦𝑑𝑥 = 𝑢 𝑑𝑣𝑑𝑥 + 𝑣 𝑑𝑢𝑑𝑥 

Quotient rule 𝑦 = 𝑢𝑣   ⇒    𝑑𝑦𝑑𝑥 = 𝑣 𝑑𝑢𝑑𝑥 − 𝑢 𝑑𝑣𝑑𝑥𝑣2  

Standard integrals 

∫ 1𝑥 𝑑𝑥 = ln|𝑥| + 𝐶  ∫ sin 𝑥 𝑑𝑥 = − cos 𝑥 + 𝐶 ∫ cos 𝑥 𝑑𝑥 = sin 𝑥 + 𝐶 ∫ 1cos2𝑥 𝑑𝑥 = tan 𝑥 + 𝐶 ∫ 𝑒𝑥 𝑑𝑥 = 𝑒𝑥 + 𝐶 

Area enclosed by a 

curve and 𝒙 or 𝒚-axes 
𝐴 = ∫ |𝑦|𝑏

𝑎 𝑑𝑥   or    𝐴 = ∫ |𝑥|𝑏
𝑎 𝑑𝑦    

Volume of revolution 

about 𝒙 or 𝒚-axes 
𝑉 = ∫ 𝜋𝑦2𝑏

𝑎 𝑑𝑥   or    𝑉 = ∫ 𝜋𝑥2𝑏
𝑎 𝑑𝑦  

Acceleration 𝑎 = d𝑣d𝑡 = d2𝑠d𝑡2 = 𝑣 d𝑣d𝑠 

Distance; Displacement 

travelled from 𝒕𝟏  to 𝒕𝟐 
dist = ∫ |𝑣(𝑡)|𝑡2𝑡1 𝑑𝑡   ;  disp = ∫ 𝑣(𝑡)𝑡2𝑡1 𝑑𝑡     

Euler’s method 
𝑦𝑛+1 = 𝑦𝑛 + ℎ × 𝑓(𝑥𝑛, 𝑦𝑛); 𝑥𝑛+1 = 𝑥𝑛 + ℎ  

where ℎ is a constant (step length) 

Euler’s method for 
coupled systems 

𝑥𝑛+1 = 𝑥𝑛 + ℎ × 𝑓1(𝑥𝑛, 𝑦𝑛, 𝑡𝑛)  𝑦𝑛+1 = 𝑦𝑛 + ℎ × 𝑓2(𝑥𝑛, 𝑦𝑛, 𝑡𝑛)  𝑡𝑛+1 = 𝑡𝑛 + ℎ  

where ℎ is a constant (step length) 

Exact solution for 

coupled linear 

differential equations 

𝒙 = 𝐴𝑒𝜆1𝑡𝒑1 + 𝐵𝑒𝜆2𝑡𝒑2  
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Let  A  and  B  be events such that  P (A) = 0.5 , P (B) = 0.4  and  P (A ∪ B) = 0.6 . 
Find  P (A | B) .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Maximum mark: 5]

(a) Show that  (2n - 1)2 + (2n + 1)2 = 8n2 + 2 , where  n ∈  . [2]

(b) Hence, or otherwise, prove that the sum of the squares of any two consecutive odd 
integers is even. [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximum mark: 5]

Let ′ =
+

f x
x

x
( )

8

2 12
. Given that  f (0) = 5 , find  f (x) .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Maximum mark: 5]

The following diagram shows the graph of  y =  f (x) . The graph has a horizontal asymptote 
at  y = -1 . The graph crosses the  x-axis at  x = -1  and  x = 1 , and the  y-axis at  y = 2 .

y

x
1

1

−1

−1

−2

−2−3−4 2

2

3 4

3

4

y = f (x)

On the following set of axes, sketch the graph of  y = [ f (x)]2 + 1 , clearly showing any 
asymptotes with their equations and the coordinates of any local maxima or minima.

y

x
1

1

−1 0

−1

−2

−2−3−4 2

2

3 4

3

4

5

6

Turn over
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5. [Maximum mark: 5]

The functions  f  and  g  are defined such that  f x
x

( ) =
+ 3

4
 and  g (x) = 8x + 5 .

(a) Show that  ( g   f )(x) = 2x + 11 . [2]

(b) Given that  ( g   f )-1(a) = 4 , find the value of  a . [3]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximum mark: 8]

(a) Show that log (cos ) log cos9 32 2 2 2x x+ = + . [3]

(b) Hence or otherwise solve  log3 (2 sin x) = log9 (cos 2x + 2)  for 0
2

< <x
�

. [5]
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7. [Maximum mark: 7]

A continuous random variable  X  has the probability density function  f  given by

f x

x x
x

( )
sin ,

,

=






 ≤ ≤








� �
36 6

0 6

0 otherwise

.

Find   P (0 ≤ X ≤ 3).
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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8. [Maximum mark: 7]

The plane  П  has the Cartesian equation  2x + y + 2z = 3 .

The line  L  has the vector equation r = −















+ −

















3

5

1

1

2µ
p

,  µ , p ∈  . The acute angle between 

the line  L  and the plane  П  is  30 .

Find the possible values of  p .
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9. [Maximum mark: 8]

The function  f  is defined by  f (x) = e2x - 6ex + 5 , x ∈  , x ≤ a . The graph of  y =  f (x)  is 
shown in the following diagram.

x

y

2

0

−2

−2 2

−4

4

5

(a) Find the largest value of  a  such that  f  has an inverse function. [3]

(b) For this value of  a , find an expression for  f -1 (x) , stating its domain. [5]

(This question continues on the following page)
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(Question 9 continued)
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Turn over
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

Let f x
x

kx
( )

ln
=

5
 where  x > 0 , k ∈ + .

(a) Show that ′ =
−

f x
x

kx
( )

ln1 5
2

. [3]

The graph of  f  has exactly one maximum point  P .

(b) Find the  x-coordinate of  P . [3]

The second derivative of  f  is given by ′′ =
−

f x
x

kx
( )

ln2 5 3
3

. The graph of  f  has exactly one 

point of inflexion  Q .

(c) Show that the  x-coordinate of  Q  is 
1

5

3

2e . [3]

The region  R  is enclosed by the graph of  f , the  x-axis, and the vertical lines through the 
maximum point  P  and the point of inflexion  Q .

y

x

R

P Q

(d) Given that the area of  R  is  3 , find the value of  k . [7]
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Do not write solutions on this page.

11. [Maximum mark: 18]

(a) Express − +3 3i  in the form  reiθ , where  r > 0  and  -π < θ ≤ π . [5]

Let the roots of the equation z3 3 3= − + i  be  u , v  and  w .

(b) Find  u , v  and  w  expressing your answers in the form  reiθ , where  r > 0  and  -π < θ ≤ π . [5]

On an Argand diagram,  u , v  and  w  are represented by the points  U , V  and  W  respectively.

(c) Find the area of triangle  UVW . [4]

(d) By considering the sum of the roots  u , v  and  w , show that  

cos cos cos
5

18

7

18

17

18
0

� � �
+ + = . [4]

12. [Maximum mark: 21]

The function  f  is defined by  f (x) = esin x .

(a) Find the first two derivatives of  f (x)  and hence find the Maclaurin series for  f (x)  up to 
and including the  x2  term. [8]

(b) Show that the coefficient of  x3  in the Maclaurin series for  f (x)  is zero. [4]

(c) Using the Maclaurin series for  arctan x  and  e3x - 1 , find the Maclaurin series 
for  arctan (e3x - 1)  up to and including the  x3  term. [6]

(d) Hence, or otherwise, find  lim
( )

arctanx x

f x
→

−
−( )0 3

1

1e
. [3]
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Please do not write on this page.

Answers written on this page  
will not be marked. 
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg  M1,  A2. 
 
 
2 Method and Answer/Accuracy marks 
 

 Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

 It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

 Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

 Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

 Where the markscheme specifies M2, A2, etc., do not split the marks, unless there is a note.   

 Once a correct answer to a question or part-question is seen, ignore further correct working.  
However, if further working indicates a lack of mathematical understanding do not award the final 
A1.  An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal.  However, if the incorrect decimal is carried through to a subsequent part, 
and correct working shown, award FT marks as appropriate but do not award the final A1 in that 
part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1 sin 4
4

x  sin x  Do not award the final A1 

3. log loga b  log ( )a b  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
 Normally the correct work is seen or implied in the next line. 

 Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
 Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   

 If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks. 

 If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r   for the 
sum of an infinite GP, sin 1.5  , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

 The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   

 Exceptions to this rule will be explicitly noted on the markscheme. 

 If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the question says hence.  It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR).  Apply a MR 
penalty of 1 mark to that question  

 
 If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 

 If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5  , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 

 Miscopying of candidates’ own work does not constitute a misread, it is an error. 

 The MR penalty can only be applied when work is seen.  For calculator questions with no 
working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
 Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

 Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

 As this is an international examination, accept all alternative forms of notation. 

 In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 

 In the markscheme, simplified answers, (which candidates often do not write in examinations),  
will generally appear in brackets.  Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).   

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy.  There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
 Rounding errors: only applies to final answers not to intermediate steps. 

 Level of accuracy: when this is not specified in the question the general rule applies to final 
answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

No calculator is allowed.  The use of any calculator on paper 1 is malpractice, and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.  Examples: finding an angle, given a trig ratio of 0.4235. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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Section A 
 
1. attempt to substitute into        P P P PA B A B A B      (M1) 
 
Note: Accept use of Venn diagram or other valid method. 

 0.6 0.5 0.4 P( )A B     (A1) 

  P 0.3A B   (seen anywhere) A1 

 attempt to substitute into    
 

P
P |

P
A B

A B
B


  (M1) 

 0.3
0.4

  

  P |A B
30.75
4

   
 

 A1 

Total [5 marks] 
 
 
2. (a) attempting to expand the LHS (M1) 
     2 2LHS 4 4 1 4 4 1n n n n       A1 

   28 2 RHSn    AG 

[2 marks] 
 

 (b) METHOD 1 

  recognition that 2 1n  and 2 1n  represent two consecutive odd  
integers (for all odd integers n ) R1 

   2 28 2 2 4 1n n    A1 

  valid reason eg divisible by 2 (2 is a factor) R1 

  so the sum of the squares of any two consecutive odd integers is even AG 
[3 marks] 

 
  METHOD 2 

  recognition, eg that n  and 2n  represent two consecutive odd integers  
(for n )  R1 

     22 22 2 2 2n n n n      A1 

  valid reason eg divisible by 2 (2 is a factor) R1 

  so the sum of the squares of any two consecutive odd integers  
is even AG 

[3 marks] 
 

Total [5 marks] 
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3. attempt to integrate (M1) 

 2 d2 1 4
d
u

u x x
x

     

 
2

8 2d d
2 1

x
x u

ux



   (A1) 

 
 EITHER 

  4 u C   A1 

 
 OR 

  24 2 1x C    A1 

 
 THEN 

 correct substitution into their integrated function (must have C ) (M1) 
 5 4 1C C     

   24 2 1 1f x x    A1 

Total [5 marks] 
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4. 

 
 no y values below 1 A1 
 horizontal asymptote at 2y   with curve approaching from below as x    A1 

  1,1  local minima A1 

  0,5  local maximum A1 

 smooth curve and smooth stationary points A1 
Total [5 marks] 

 
 
5. (a) attempt to form composition M1 

  correct substitution 
3 38 5

4 4
x x

g
        

   
 A1 

     2 11g f x x   AG 
[2 marks] 

 
 (b) attempt to substitute 4 (seen anywhere) (M1) 
  correct equation 2 4 11a     (A1) 
  19a   A1 

[3 marks] 
 

Total [5 marks] 
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6. (a) attempting to use the change of base rule M1 

  3
9

3

log (cos 2 2)log (cos 2 2)
log 9

x
x


   A1 

  3
1 log (cos 2 2)
2

x   A1 

  3log cos 2 2x   AG 
[3 marks] 

 
 (b) 3 3log (2sin ) log cos 2 2x x   

  2sin cos2 2x x   M1 

  24sin cos 2 2x x   (or equivalent) A1 
  use of 2cos 2 1 2sinx x   (M1) 
  26sin 3x   

    1sin
2

x    A1 

  
π
4

x   A1 

 

Note: Award A0 if solutions other than 
π
4

x   are included. 

[5 marks] 
 

Total [8 marks] 
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7. attempting integration by parts, eg 

 π π π 6 π,d d ,d sin d , cos
36 36 6 π 6

x x x
u u x v x v

          
   

 (M1) 

  
3 3

00

π 6 π 6 πP 0 3 cos cos d
36 π 6 π 6

x x x
X x

                    
  (or equivalent) A1A1 

 
Note: Award A1 for a correct uv  and A1 for a correct  dv u . 

 attempting to substitute limits M1 

 
3

0

π 6 πcos 0
36 π 6

x x       
 (A1) 

 so  
3

0

1 πP 0 3 sin
π 6

x
X

         
 (or equivalent) A1 

 1
π

  A1 

Total [7 marks] 
 
 
8. recognition that the angle between the normal and the line is 60 (seen anywhere) R1 
 attempt to use the formula for the scalar product M1 

 
2

2 1
1 2
2

cos60
9 1 4

p

p

   
      
   
    
  



 A1 

 
2

21
2 3 5

p

p



 A1 

 23 5 4p p   
 attempt to square both sides M1 
  2 2 29 5 16 7 45p p p     

 53
7

p    (or equivalent) A1A1 

Total [7 marks] 
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9. (a) attempt to differentiate and set equal to zero M1 

  2( ) 2e 6e 2e (e 3) 0x x x xf x        A1 
  minimum at ln3x   
  ln3a   A1 

[3 marks] 
 

(b) Note: Interchanging x  and y  can be done at any stage. 

   2
e 3 4xy     (M1) 

  e 3 4x y     A1 

  as ln3x  ,  ln 3 4x y    R1 

  so    1 ln 3 4f x x     A1 

  domain of 1f   is , 4 5x x     A1 
[5 marks] 

 
Total [8 marks] 

  



 – 11 – SPEC/5/MATAA/HP1/ENG/TZ0/XX/M 

 

Section B 
 
10. (a) attempt to use quotient rule (M1) 
  correct substitution into quotient rule 

   
 2

15 ln 5
5

kx k x
x

f x
kx

   
    (or equivalent) A1 

   2 2
ln 5 ,k k x

k
k x


   A1 

  2
1 ln 5x

kx


  AG 

[3 marks] 
 
 (b)   0f x   M1 

  2
1 ln 5 0x

kx


  

  ln 5 1x   (A1) 

  
e
5

x   A1 

[3 marks] 
 
 (c)   0f x   M1 

  3
2 ln 5 3 0x

kx


  

  
3ln 5
2

x   A1 

  
3
25 ex   A1 

  so the point of inflexion occurs at 
3
21 e

5
x   AG 

[3 marks] 
 
 

continued… 
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Question 10 continued 
 
 (d) attempt to integrate (M1) 

  
d 1ln 5
d
u

u x
x x

    

  
ln 5 1d  dx

x u u
kx k

   (A1) 

 
  EITHER 

  
2

2
u

k
  A1 

  so 

3 3
22 2

1 1

1  d
2
u

u u
k k

 
  
 

  A1 

 
  OR 

  
 2ln5

2
x

k
  A1 

  so 
 

33
22 11 ee 2 55

e e
5 5

ln 5ln 5 d
2

xx
x

kx k

 
  
  

  A1 

 
  THEN 

  
1 9 1

2 4k
   
 

 

  
5

8k
  A1 

  setting their expression for area equal to 3 M1 

  
5 3

8k
  

  
5
24

k   A1 

[7 marks] 
 

Total [16 marks] 
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11. (a) attempt to find modulus (M1) 
   2 3 12r    A1 

  attempt to find argument in the correct quadrant (M1) 

  
3π arctan

3


 
    

 
 A1 

  
5π
6

  A1 

  
5πi 5πi
6 63 3i 12e 2 3e
 

    
 

 

[5 marks] 
 
 (b) attempt to find a root using de Moivre’s theorem M1 

  
1 5πi
6 1812 e  A1 

  attempt to find further two roots by adding and subtracting 
2π
3

 to  

the argument M1 

  
1 7πi
6 1812 e


 A1 

  
1 17πi
6 1812 e  A1 

 
Note: Ignore labels for ,u v  and w  at this stage. 

[5 marks] 
 
 

continued… 
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Question 11 continued 
 
 (c) METHOD 1 

  attempting to find the total area of (congruent) triangles UOV,VOW   
and UOW  M1 

  
1 1
6 61 2πArea 3 12 12 sin

2 3
       

   
 A1A1 

 

Note: Award A1 for 
1 1
6 612 12

  
  
  

 and A1 for 
2πsin
3

. 

  
1
33 3 12

4
 

  
 

 (or equivalent) A1 

[4 marks] 
 
  METHOD 2 

  
2 21 1 1 1

2 6 6 6 6 2πUV 12 12 2 12 12 cos
3

      
        
      

 (or equivalent) A1 

  
1
6UV 3 12

 
  

 
 (or equivalent) A1 

  attempting to find the area of UVW using 
1Area UV VW sin
2

      

for example M1 

  
1 1
6 61 πArea 3 12 3 12 sin

2 3
  

    
  

 

  
1
33 3 12

4
 

  
 

 (or equivalent) A1 

[4 marks] 
 

 (d) 0u v w    R1 

  
1
6 7π 7π 5π 5π 17π 17π12 cos isin cos isin cos isin 0

18 18 18 18 18 18
                   

 A1 

  consideration of real parts M1 

  
1
6 7π 5π 17π12 cos cos cos 0

18 18 18
         

 

  
7π 7πcos cos
18 18

   
 

 explicitly stated A1 

  
5π 7π 17πcos cos cos 0
18 18 18

    AG 

[4 marks] 
 

Total [18 marks] 
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12. (a) attempting to use the chain rule to find the first derivative M1 
      sincos e xf x x   A1 

  attempting to use the product rule to find the second derivative M1 
     sin 2e cos sinxf x x x    (or equivalent) A1 

  attempting to find  0f ,  0f   and  0f   M1 

   0 1f  ;     sin 00 cos0 e 1f    ;    sin 0 20 e cos 0 sin 0 1f      A1 

  substitution into the Maclaurin formula 
2

( ) (0) (0) (0) ...
2!
x

f x f xf f      M1 

  so the Maclaurin series for  f x  up to and including the 2x  term is 
2

1
2
x

x   A1 

[8 marks] 
 
 (b) METHOD 1 

  attempting to differentiate ( )f x  M1 

           sin 2 sincos e cos sin cos e 2sin 1x xf x x x x x x      (or equivalent) A2 

  substituting 0x   into their  f x  M1 

       0 1 1 0 1 0 1 0f        

  so the coefficient of 3x  in the Maclaurin series for  f x  is zero AG 

 
  METHOD 2 

  substituting sin x  into the Maclaurin series for ex   (M1) 

  
2 3

sin sin sine 1 sin ...
2! 3!

x x x
x      

  substituting Maclaurin series for sin x  M1 

  

2 33 3

3
sin

... ...
3! 3!

e 1 ... ...
3! 2! 3!

x

x x
x x

x
x

   
                  

 
 A1 

  coefficient of 3x  is 
1 1 0
3! 3!

    A1 

  so the coefficient of 3x  in the Maclaurin series for  f x  is zero AG 
[4 marks] 

 
 

continued… 
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Question 12 continued 
 
 (c) substituting 3x  into the Maclaurin series for ex   M1 

  
   2 3

3 3 3
e 1 3 ...

2! 3!
x x x

x      A1 

  substituting  3e 1x   into the Maclaurin series for arctan x    M1 

         3 53 3
3 3

e 1 e 1
arctan e 1 e 1 ...

3 5

x x

x x
 

       

  
   

   
32 3

2 3

3 3
3

2! 3!3 3
3 ...

2! 3! 3

x x
x

x x
x

 
               

 
 

 A1 

  selecting correct terms from above  M1 

  
     2 3 33 3 3

3
2! 3! 3
x x x

x
 

    
 
 

 

  
2 39 93

2 2
x x

x    A1 

[6 marks] 
 
 (d) METHOD 1 

  substitution of their series  M1 

  

2

20

...
2lim

93 ...
2

x

x
x

x
x



 

 
 A1 

  
0

1 ...
2lim 93 ...
2

x

x

x

 


 
 

  
1
3

  A1 

 
  METHOD 2 

  use of l’Hôpital’s rule M1 

   

 

sin

30

23

cos e
lim

3e
1 e 1

x

xx

x

x


 

 (or equivalent) A1 

  
1
3

  A1 

[3 marks] 
 

Total [21 marks] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

The following diagram shows part of a circle with centre  O  and radius 4 cm .

O

B
A

θ4 cm

5 cm

Chord  AB  has a length of  5 cm  and  AÔB = θ .

(a) Find the value of  θ , giving your answer in radians. [3]

(b) Find the area of the shaded region. [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Maximum mark: 6]

On 1st January 2020, Laurie invests  $P  in an account that pays a nominal annual interest 
rate of  5.5 % , compounded quarterly.

The amount of money in Laurie’s account at the end of each year follows a geometric 
sequence with common ratio,  r .

(a) Find the value of  r , giving your answer to four significant figures. [3]

Laurie makes no further deposits to or withdrawals from the account.

(b) Find the year in which the amount of money in Laurie’s account will become double the 
amount she invested. [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximum mark: 6]

A six-sided biased die is weighted in such a way that the probability of obtaining a “six” is 
7

10
.

The die is tossed five times. Find the probability of obtaining

(a) at most three “sixes”. [3]

(b) the third “six” on the fifth toss. [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Maximum mark: 7]

The following table below shows the marks scored by seven students on two different 
mathematics tests.

Test 1 (x) 15 23 25 30 34 34 40
Test 2 ( y) 20 26 27 32 35 37 35

Let  L1  be the regression line of  x  on  y . The equation of the line  L1  can be written in the 
form  x = ay + b .

(a) Find the value of  a  and the value of  b . [2]

Let  L2  be the regression line of  y  on  x . The lines  L1  and  L2  pass through the same point 
with coordinates  ( p , q) .

(b) Find the value of  p  and the value of  q . [3]

(c) Jennifer was absent for the first test but scored 29 marks on the second test. Use an 
appropriate regression equation to estimate Jennifer’s mark on the first test. [2]
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5. [Maximum mark: 7]

The displacement, in centimetres, of a particle from an origin, O, at time  t  seconds, is given 
by  s (t) = t 2 cos t + 2t sin t , 0 ≤ t ≤ 5 .

(a) Find the maximum distance of the particle from O. [3]

(b) Find the acceleration of the particle at the instant it first changes direction. [4]
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6. [Maximum mark: 6]

In a city, the number of passengers,  X , who ride in a taxi has the following probability distribution.

x 1 2 3 4 5
P (X = x) 0.60 0.30 0.03 0.05 0.02

After the opening of a new highway that charges a toll, a taxi company introduces a charge 
for passengers who use the highway. The charge is $ 2.40 per taxi plus $ 1.20 per passenger. 
Let  T  represent the amount, in dollars, that is charged by the taxi company per ride.

(a) Find  E (T ) . [4]

(b) Given that  Var (X ) = 0.8419 , find  Var (T ) . [2]
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7. [Maximum mark: 5]

Two ships,  A  and  B , are observed from an origin  O . Relative to  O , their position vectors at 
time  t  hours after midday are given by

rA =







 +










4

3

5

8
t

rB = −








 +











7

3

0

12
t

where distances are measured in kilometres.

Find the minimum distance between the two ships.
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8. [Maximum mark: 7]

The complex numbers  w  and  z  satisfy the equations

w

z
= 2i

 
z∗ - 3w = 5 + 5i .

Find  w  and  z  in the form  a + bi  where  a , b ∈  .
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9. [Maximum mark: 5]

Consider the graphs of y
x

x
=

−

2

3
 and  y = m (x + 3) , m ∈  .

Find the set of values for  m  such that the two graphs have no intersection points.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]

The length,  X mm , of a certain species of seashell is normally distributed with mean 25 and 
variance,  σ2 .

The probability that  X  is less than 24.15 is 0.1446 .

(a) Find  P (24.15 < X < 25) . [2]

(b) (i) Find  σ , the standard deviation of  X .

(ii) Hence, find the probability that a seashell selected at random has a length  
greater than 26 mm . [5]

A random sample of 10 seashells is collected on a beach. Let  Y  represent the number of 
seashells with lengths greater than 26 mm .

(c) Find  E (Y ) . [3]

(d) Find the probability that exactly three of these seashells have a length greater  
than 26 mm . [2]

A seashell selected at random has a length less than 26 mm .

(e) Find the probability that its length is between 24.15 mm and 25 mm . [3]
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Do not write solutions on this page.

11. [Maximum mark: 21]

A large tank initially contains pure water. Water containing salt begins to flow into the tank 
The solution is kept uniform by stirring and leaves the tank through an outlet at its base. 
Let  x  grams represent the amount of salt in the tank and let  t  minutes represent the time 
since the salt water began flowing into the tank. 

The rate of change of the amount of salt in the tank, 
d
d
x

t
, is described by the differential 

equation 
d

d
e

x

t

x

t

t

= −
+

−
10

1
4 .

(a) Show that  t + 1  is an integrating factor for this differential equation. [2]

(b) Hence, by solving this differential equation, show that x t
t

t

t

( )
( )

=
− +

+

−
200 40 5

1

4e
. [8]

(c) Sketch the graph of  x  versus  t  for  0 ≤ t ≤ 60  and hence find the maximum amount of 
salt in the tank and the value of  t  at which this occurs. [5]

(d) Find the value of  t  at which the amount of salt in the tank is decreasing most rapidly. [2]

The rate of change of the amount of salt leaving the tank is equal to 
x

t + 1
.

(e) Find the amount of salt that left the tank during the first 60 minutes. [4]

12. [Maximum mark: 19]

(a) Show that cot
tan

tan
2

1

2

2

θ
θ

θ
=

−
. [1]

(b) Verify that  x = tan θ  and  x = - cot θ  satisfy the equation  x2 + (2 cot 2θ) x - 1 = 0 . [7]

(c) Hence, or otherwise, show that the exact value of tan �
12

2 3= − . [5]

(d) Using the results from parts (b) and (c) find the exact value of tan cot� �
24 24

− . 

Give your answer in the form a b+ 3  where  a , b ∈  . [6]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

 Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

 It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

 Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

 Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

 Where the markscheme specifies M2, A2, etc., do not split the marks, unless there is a note.  

 Once a correct answer to a question or part-question is seen, ignore further correct working. 
However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct working shown, award FT marks as appropriate but do not award the final A1 in that 
part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1 sin 4
4

x  sin x  Do not award the final A1 

3. log loga b  log ( )a b  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
 Normally the correct work is seen or implied in the next line. 

 Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
 Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  

 If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks. 

 If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r   for the 
sum of an infinite GP, sin 1.5  , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

 The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

 Exceptions to this rule will be explicitly noted on the markscheme. 

 If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
 If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 

 If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5  , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 

 Miscopying of candidates’ own work does not constitute a misread, it is an error. 

 The MR penalty can only be applied when work is seen. For calculator questions with no 
working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
 Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

 Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

 As this is an international examination, accept all alternative forms of notation. 

 In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 

 In the markscheme, simplified answers, (which candidates often do not write in examinations),  
will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
 Rounding errors: only applies to final answers not to intermediate steps. 

 Level of accuracy: when this is not specified in the question the general rule applies to final 
answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for paper 2, but calculators with symbolic manipulation features/ CAS functionality 
are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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Section A 
 
1. (a) METHOD 1 

  attempt to use the cosine rule (M1) 

  
2 2 24 4 5cos
2 4 4

  


 
 (or equivalent) A1 

  1.35   A1 
[3 marks] 

 
  METHOD 2 

  attempt to split triangle AOB into two congruent right triangles (M1) 

  
2.5sin

2 4
   
 

 A1 

  1.35    A1 
[3 marks] 

 
 (b) attempt to find the area of the shaded region (M1) 

  1 4 4 (2
2
      A1 

  39.5 (cm2) A1 
[3 marks] 

 
Total [6 marks] 

 
 

2. (a) 
45.51

4 100
   

 (M1)(A1) 

  1.056  A1 
[3 marks] 

 
 

continued… 
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Question 2 continued 
 
 (b) EITHER 

  
45.52 1

100 4

n

P P
     

 OR  2 their ( ) m
P P a   (M1)(A1) 

 
Note:  Award (M1) for substitution into loan payment formula. Award (A1) for correct substitution. 

 
  OR 

  PV 1   
  FV 2   
  I% 5.5  
  P/Y  4 
  C/Y  4 
  50.756n   (M1)(A1) 
 

  OR 

  PV 1   
  FV 2   
  I% 100 (their ( ) 1)a   
  P/Y  1 
  C/Y  1 (M1)(A1) 
 

  THEN 

   12.7 years 
  Laurie will have double the amount she invested during 2032 A1 

[3 marks] 
 

Total [6 marks] 
 
 
3. (a) recognition of binomial (M1) 
  ~ B(5, 0.7)X  

  attempt to find  P 3X   M1 

   0.472 0.47178   A1 

[3 marks] 
 
 (b) recognition of 2 sixes in 4 tosses (M1) 

       2 24
P 3rd six on the 5th toss 0.7 0.3 0.7( 0.2646 0.7)

2
  

       
  

 A1 

   0.185 0.18522   A1 

[3 marks] 
 

Total [6 marks] 
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4. (a) 1.29a   and 10.4b    A1A1 
[2 marks] 

 
 (b) recognising both lines pass through the mean point (M1) 
  28.7 , 30.3p q   A2 

[3 marks] 
 
 (c) substitution into their x on y equation (M1) 
  1.29082(29) 10.3793x     
  27.1x   A1 
 

Note: Accept 27. 
[2 marks] 

 
Total [7 marks] 

 
 
5. (a) use of a graph to find the coordinates of the local minimum (M1) 
  16.513...s    (A1) 
  maximum distance is 16.5 cm (to the left of O) A1 

[3 marks] 
 
 (b) attempt to find time when particle changes direction eg considering the  

first maximum on the graph of s  or the first t – intercept on the graph of .s  (M1) 
  1.51986...t   (A1) 

  attempt to find the gradient of s  for their value of t,  1.51986...s  (M1) 

  8.92   (cm/s2) A1 
[4 marks] 

 
Total [7 marks] 
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6. (a) METHOD 1 

  attempting to use the expected value formula (M1) 
             E 1 0.60 2 0.30 3 0.03 4 0.05 5 0.02X            

     E 1.59 $X   (A1) 

  use of    E 1.20 2.40 1.20E 2.40X X    (M1) 

     E 1.20 1.59 2.40T    

   4.31 $  A1 

 
  METHOD 2 

  attempting to find the probability distribution for T (M1) 
 

t  3.60 4.80 6.00 7.20 8.40 
 P T t  0.60 0.30 0.03 0.05 0.02 

    (A1) 
  attempting to use the expected value formula (M1) 
             E 3.60 0.60 4.80 0.30 6.00 0.03 7.20 0.05 8.40 0.02T            

   4.31 $  A1 

[4 marks] 
 
 (b) METHOD 1 

  using      2Var 1.20 2.40 1.20 VarX X   with  Var 0.8419X   (M1) 

   Var 1.21T   A1 

 
  METHOD 2 

  finding the standard deviation for their probability distribution found  
in part (a) (M1) 

     2Var 1.101...T   

  1.21  A1 
 

Note: Award M1A1 for    2Var 1.093... 1.20T   . 
[2 marks] 

 
Total [6 marks] 
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7. attempting to find B Ar r  for example (M1) 

 B A

3 5
6 4

t
   

        
r r  

 attempting to find B Ar r  M1 

 distance      2 2 2( ) 3 5 4 6 41 78 45d t t t t t        A1 

 using a graph to find the d  coordinate of the local minimum M1 

 the minimum distance between the ships is    11 412.81 km  km
41

 
  
 

 A1 

Total [5 marks] 
 
 
8. substituting 2iw z  into 3 5 5iz w     M1 
 6i 5 5iz z     A1 
 let iz x y   

 comparing real and imaginary parts of    i 6i i 5 5ix y x y      M1 

 to obtain 6 5x y   and 6 5x y    A1 

 attempting to solve for x  and y  M1 

 1x    and 1y   and so 1 iz   A1 

 hence 2 2iw     A1 
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9. METHOD 1 

 sketching the graph of 
2

3
x

y
x




 ( 93
3

y x
x

  


) M1 

 the (oblique) asymptote has a gradient equal to 1  
and so the maximum value of m  is 1 R1 

 consideration of a straight line steeper than the horizontal line joining  
 3,0  and  0,0  M1 

 so 0m    R1 
 hence 0 1m   A1 
 
 METHOD 2 

 attempting to eliminate y to form a quadratic equation in x  M1 
  2 2 9x m x   

   21 9 0m x m     A1 

 
 EITHER 

 attempting to solve   4 1 9 0m m     for m  M1 

 
 OR 

 attempting to solve 2 0x  ie  9 0 1
1

m
m

m
 


 for m  M1 

 
 THEN 

 0 1m    A1 
 a valid reason to explain why 1m   gives no solutions eg if 1m  ,  

  21 9 0 9 0m x m     and so 0 1m   R1 

 
Total [5 marks] 
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Section B 
 
10. (a) attempt to use the symmetry of the normal curve (M1) 
  eg diagram, 0.5 0.1446 

   P 24.15 25 0.3554X    A1 

[2 marks] 
 

(b) (i) use of inverse normal to find z score (M1) 
   1.0598z    

   correct substitution 24.15 25 1.0598



   (A1) 

   0.802   A1 
 

  (ii)  P 26 0.106X    (M1)A1 

[5 marks] 
 
 (c) recognizing binomial probability (M1) 
  E( ) 10 0.10621Y   (A1) 
   1.06  A1 

[3 marks] 
 

(d)  P 3Y   (M1) 
  0.0655  A1 

[2 marks] 
 

(e) recognizing conditional probability (M1) 
  correct substitution A1 

  
 

0.3554
1 0.10621  

   0.398  A1 
[3 marks] 

 
Total [15 marks] 
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11. (a) METHOD 1 

  using    de P t t
I t   M1 

  
1 d

1e
t

t  
   ln 1e t  A1 
  1t   AG 
 
  METHOD 2 

  attempting product rule differentiation on   d 1
d

x t
t

  M1 

      d d1 1
d d

x
x t t x

t t
     

    d1
d 1
x x

t
t t

     
 A1 

  so 1t   is an integrating factor for this differential equation AG 
[2 marks] 

 
 

continued… 
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Question 11 continued 
 
 (b) attempting to multiply through by  1t  and rearrange to give (M1) 

      4d1 10 1 e
d

tx
t x t

t


     A1 

       4d 1 10 1 e
d

t

x t t
t


    

      41 10 1 e  d
t

x t t t


    A1 

  attempting to integrate the RHS by parts M1 

    4 440 1 e 40 e  d
t t

t t
 

      

    4 440 1 e 160e
t t

t C
 

      A1 
 

Note: Condone the absence of C . 
 
  EITHER 

  substituting 0, 0t x  200C   M1 

  
  4 440 1 e 160e 200

1

t t

t
x

t

 
   




 A1 

  using 440e
t


  as the highest common factor of   440 1 e

t

t


   and 4160e
t


  M1 

 
  OR 

  using 440e
t


  as the highest common factor of   440 1 e

t

t


   and 4160e
t


  giving 

   41 40e 5
t

x t t C


      (or equivalent) M1A1 

  substituting 0, 0t x  200C   M1 
 
  THEN 

     4200 40e 5
1

t

t
x t

t


 




 AG 

[8 marks] 
 
 

continued… 
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Question 11 continued 
 
 (c)  

 
  graph starts at the origin and has a local maximum (coordinates not required) A1 
  sketched for 0 60t   A1 
  correct concavity for 0 60t   A1 
  maximum amount of salt is 14.6 (grams) at 6.60t   (minutes) A1A1 

[5 marks] 
 

(d) using an appropriate graph or equation (first or second derivative) M1 
  amount of salt is decreasing most rapidly at 12.9t   (minutes) A1 

[2 marks] 
 
 (e) EITHER 
  attempting to form an integral representing the amount of salt that left  

the tank M1 

  
60

0

( ) d
1

x t
t

t   

   
 

60 4

2
0

200 40e 5
d

1

t

t
t

t


 

  A1 

 
  OR 
  attempting to form an integral representing the amount of salt that entered the  

tank minus the amount of salt in the tank at 60t  (minutes) M1 

  amount of salt that left the tank is  
60

4

0

10e  d 60
t

t x


  A1 

 
  THEN 

  36.7  (grams) A2 
[4 marks] 

 
Total [21 marks] 
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12. (a) stating the relationship between cot and tan and stating the identity  
for tan 2  M1 

  1cot 2
tan 2




  and 
2

2 tantan 2
1 tan







 

  
21 tancot2

2tan




   AG 

[1 mark] 
 
 (b) METHOD 1 

  attempting to substitute tan  for x and using the result from (a) M1 

  
2

2 1 tanLHS tan 2 tan 1
2 tan

 


 
   

 
 A1 

   2 2tan 1 tan 1 0 RHS       A1 

  so tanx   satisfies the equation AG 
  attempting to substitute cot  for x and using the result from (a) M1 

  
2

2 1 tanLHS cot 2cot 1
2 tan

 


 
   

 
 A1 

  
2

2 2
1 1 tan 1

tan tan


 
 

   
 

 A1 

   2 2
1 1 1 1 0 RHS

tan tan 
      A1 

  so cotx    satisfies the equation AG 
 
  METHOD 2 

  let tan   and cot    
  attempting to find the sum of roots M1 

  1tan
tan

  


    

   
2tan 1

tan




  A1 

   2cot 2   (from part (a)) A1 
  attempting to find the product of roots M1 
   tan cot      A1 

  1   A1 
  the coefficient of x and the constant term in the quadratic are 2cot 2 and  

1 respectively R1 
  hence the two roots are tan   and cot    AG 

[7 marks] 
 
 

continued… 
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Question 12 continued 
 
 (c) METHOD 1 

  πtan
12

x   and πcot
12

x    are roots of 2 π2cot 1 0
6

x x    
 

 R1 

 

Note: Award R1 if only πtan
12

x   is stated as a root of 2 π2cot 1 0
6

x x    
 

. 

  2 2 3 1 0x x    A1 
  attempting to solve their quadratic equation M1 
  3 2x     A1 

  πtan 0
12

  ( πcot 0
12

  ) R1 

  so πtan 2 3
12

   AG 

 
  METHOD 2 

  attempting to substitute π
12

   into the identity for tan 2  M1 

  
2

π2tanπ 12tan π6 1 tan
12




 

  2 π πtan 2 3 tan 1 0
12 12

    A1 

  attempting to solve their quadratic equation M1 

  πtan 3 2
12

    A1 

  πtan 0
12

  R1 

  so πtan 2 3
12

   AG 

[5 marks] 
 

 (d) π πtan cot
24 24

  is the sum of the roots of 2 π2cot 1 0
12

x x    
 

 R1 

  π π πtan cot 2 cot
24 24 12

    A1 

  
2

2 3





 A1 

  attempting to rationalise their denominator (M1) 
  4 2 3    A1A1 

[6 marks] 
 

Total [19 marks] 
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 30]

This question asks you to investigate regular  n-sided polygons inscribed and circumscribed 
in a circle, and the perimeter of these as  n  tends to infinity, to make an approximation for  π .

(a) Consider an equilateral triangle ABC of side length,  x  units, inscribed in a circle of 
radius 1 unit and centre O as shown in the following diagram.

O

BC

A

x

x

x

The equilateral triangle ABC can be divided into three smaller isosceles triangles, each 

subtending an angle of 
2

3

�
 at O, as shown in the following diagram.

2π
3

11

O

BC x

Using right-angled trigonometry or otherwise, show that the perimeter of the equilateral 

triangle ABC is equal to 3 3  units. [3]

(b) Consider a square of side length,  x  units, inscribed in a circle of radius 1 unit. 
By dividing the inscribed square into four isosceles triangles, find the exact perimeter of 
the inscribed square. [3]

(This question continues on the following page)
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(Question 1 continued)

(c) Find the perimeter of a regular hexagon, of side length,  x  units, inscribed in a circle of 
radius 1 unit. [2]

Let  Pi (n)  represent the perimeter of any  n-sided regular polygon inscribed in a circle of 
radius 1 unit.

(d) Show that P n n
ni ( ) sin= 






2

�
. [3]

(e) Use an appropriate Maclaurin series expansion to find lim ( )
n

iP n
→∞

 and interpret this 

result geometrically. [5]

Consider an equilateral triangle ABC of side length,  x  units, circumscribed about a circle of 
radius 1 unit and centre O as shown in the following diagram.

x x

A

BC

O

x

1

Let  Pc (n)  represent the perimeter of any  n-sided regular polygon circumscribed about a 
circle of radius 1 unit.

(f) Show that P n n
nc ( ) tan= 






2

�
. [4]

Consider the function P x x
x

( ) tan= 





2

�
 where  x ∈  , x > 2 .

(g) (i)  By writing  P (x)  in the form 

2

1

tan
�
x

x









, find lim ( )
x

P x
→∞

.

(ii) Hence state the value of lim ( )
n

cP n
→∞

 for integers  n > 2 . [5]

(This question continues on the following page)

Turn over
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(Question 1 continued)

(h) Use the results from part (d) and part (f) to determine an inequality for the value of  π  in 
terms of  n . [2]

The inequality found in part (h) can be used to determine lower and upper bound 
approximations for the value of  π .

(i) Determine the least value for  n  such that the lower bound and upper bound 
approximations are both within 0.005 of  π . [3]
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2. [Maximum mark: 25]

This question asks you to investigate some properties of the sequence of functions of the 
form  fn (x) = cos (n arccos x) , -1 ≤ x ≤ 1  and  n ∈ + .

Important: When sketching graphs in this question, you are not required to find the 
coordinates of any axes intercepts or the coordinates of any stationary points unless requested.

(a) On the same set of axes, sketch the graphs of  y =  f1 (x)  and  y =  f3 (x)  for  -1 ≤ x ≤ 1 . [2]

(b) For odd values of  n > 2 , use your graphic display calculator to systematically vary the 
value of  n . Hence suggest an expression for odd values of  n  describing, in terms of  n , 
the number of

(i) local maximum points;

(ii) local minimum points. [4]

(c) On a new set of axes, sketch the graphs of  y =  f2 (x)  and  y =  f4 (x)  for  -1 ≤ x ≤ 1 . [2]

(d) For even values of  n > 2 , use your graphic display calculator to systematically vary 
the value of  n . Hence suggest an expression for even values of  n  describing, in terms 
of  n , the number of

(i) local maximum points;

(ii) local minimum points. [4]

(e) Solve the equation  fn' (x) = 0  and hence show that the stationary points on the graph 

of  y =  fn (x)  occur at x
k

n
= cos

�
 where  k ∈ +  and  0 < k < n . [4]

The sequence of functions,  fn (x) , defined above can be expressed as a sequence of 
polynomials of degree  n .

(f) Use an appropriate trigonometric identity to show that  f2 (x) = 2x2 - 1 . [2]

Consider  fn + 1 (x) = cos ((n + 1) arccos x) .

(g) Use an appropriate trigonometric identity to show that   
fn + 1 (x) = cos (n arccos x) cos (arccos x) - sin (n arccos x) sin (arccos x) . [2]

(h) Hence

(i) show that  fn + 1 (x) + fn - 1 (x) = 2xfn(x) , n ∈ + ;

(ii) express  f3 (x)  as a cubic polynomial. [5]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

 Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

 It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

 Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

 Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

 Where the markscheme specifies M2, A2, etc., do not split the marks, unless there is a note.  

 Once a correct answer to a question or part-question is seen, ignore further correct working. 
However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct working shown, award FT marks as appropriate but do not award the final A1 in that 
part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1 sin 4
4

x  sin x  Do not award the final A1 

3. log loga b  log ( )a b  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
 Normally the correct work is seen or implied in the next line. 

 Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
 Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  

 If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks. 

 If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r  for the 
sum of an infinite GP, sin 1.5  , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

 The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

 Exceptions to this rule will be explicitly noted on the markscheme. 

 If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
 If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 

 If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5  , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 

 Miscopying of candidates’ own work does not constitute a misread, it is an error. 

 The MR penalty can only be applied when work is seen. For calculator questions with no 
working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
 Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

 Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

 As this is an international examination, accept all alternative forms of notation. 

 In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 

 In the markscheme, simplified answers, (which candidates often do not write in examinations),  
will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
 Rounding errors: only applies to final answers not to intermediate steps. 

 Level of accuracy: when this is not specified in the question the general rule applies to final 
answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for paper 3, but calculators with symbolic manipulation features/ CAS functionality 
are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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1. (a) METHOD 1 

  consider right-angled triangle OCX where CX
2
x

  

  π 2sin
3 1

x

  M1A1 

  
3 3

2 2
x

x     A1 

  3 3 3iP x    AG 
 

  METHOD 2 

  eg use of the cosine rule   2 2 2 2π1 1 2 1 1 cos
3

x     M1A1 

  3x   A1 

  3 3 3iP x    AG 
 

Note: Accept use of sine rule. 
[3 marks] 

 

 (b) π 1sin
4 x
  where x  side of square M1 

  2x    A1 

  4 2iP    A1 
[3 marks] 

 
 (c) 6 equilateral triangles 1x   A1 
  6iP   A1 

[2 marks] 
 

 (d) in right-angled triangle 
π 2sin

1

x

n
   
 

 M1 

  
π2sinx
n

    
 

 A1 

  iP n x   

  
π2siniP n
n

    
 

 M1 

  
π2 siniP n
n

   
 

 AG 

[3 marks] 
 
 

continued… 
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Question 1 continued 
 

 (e) consider 
πlim 2 sin

n
n

n

 
 
 

 

  use of 
3 5

sin
3! 5!
x x

x x    M1 

  
3 5

3 5
π π π π2 sin 2

6 120
n n

n n n n

        
   

 (A1) 

  
3 5

2 4
π π2 π

6 120n n

 
    

 
 A1 

  
πlim 2 sin 2π

n
n

n

   
 

 A1 

  as n   polygon becomes a circle of radius 1 and 2πiP   R1 
[5 marks] 

 
 (f) consider an n-sided polygon of side length x  

  2n right-angled triangles with angle 2π π
2n n

  at centre M1A1 

  opposite side 
π πtan 2tan

2
x

x
n n

        
   

 M1A1 

  Perimeter 
π2 tancP n
n

   
 

 AG 

[4 marks] 
 

 (g) (i)  

π2 tan
0lim lim 1 0x x

x
P x

x

 

 
 
    R1 

   attempt to use L’Hôpital’s rule M1 

    
2

2

2

2π πsec
lim lim 1x x

x x
P x

x

 

   
 


 A1 

    lim 2π
x

P x


  A1 

 
  (ii)  lim 2πcn

P n


  A1 

[5 marks] 
 
 

continued… 
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Question 1 continued 
 
 (h) 2πi cP P   

  
π π2 sin 2π 2 tann n
n n

       
   

 M1 

  
π πsin π tann n
n n

       
   

 A1 

[2 marks] 
 
 (i) attempt to find the lower bound and upper bound approximations within  

0.005 of π  (M1) 
  46n   A2 

[3 marks] 
 

Total [30 marks] 
 
 

2. (a) correct graph of 1( )y f x  A1 

  correct graph of 3( )y f x  A1 

   
[2 marks] 

 
 (b) (i) graphical or tabular evidence that n has been systematically varied M1 
   eg 3n  , 1 local maximum point and 1 local minimum point 
   5n  , 2 local maximum points and 2 local minimum points 
   7n  , 3 local maximum points and 3 local minimum points (A1) 

   1
2

n   local maximum points A1 

 

 (ii) 1
2

n   local minimum points A1 
 

Note: Allow follow through from an incorrect local maximum formula expression. 
[4 marks] 

 
 

continued… 
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Question 2 continued 
 
 (c) correct graph of 2( )y f x  A1 

  correct graph of 4( )y f x  A1 

   
[2 marks] 

 
 (d) (i) graphical or tabular evidence that n has been systematically varied M1 
    
   eg 2n  , 0 local maximum point and 1 local minimum point 
   4n  , 1 local maximum points and 2 local minimum points 
   6n  , 2 local maximum points and 3 local minimum points (A1) 

   2
2

n   local maximum points A1 

 

  (ii) 
2
n  local minimum points A1 

[4 marks] 
 
 (e)     cos arccosnf x n x  

      
2

sin arccos

1
n

n n x
f x

x
 


 M1A1 

 
Note: Award M1 for attempting to use the chain rule. 

      0 sin arccos 0nf x n n x     M1 

   arccos πn x k  ( k   ) A1 

  leading to 

  πcos k
x

n
  ( k    and 0 k n  ) AG 

[4 marks] 
 
 

continued… 
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Question 2 continued 
 
 (f)    2 cos 2arccosf x x  

    2
2 cos arccos 1x   M1 

  stating that   cos arccos x x  A1 

  so   2
2 2 1f x x   AG 

[2 marks] 
 
 (g)     1 cos 1 arccosnf x n x    

   cos arccos arccosn x x   A1 

  use of  cos cos cos sin sinA B A B A B    leading to M1 

         cos arccos cos arccos sin arccos sin arccosn x x n x x   AG 

[2 marks] 
 
 (h) (i)     1 cos 1 arccosnf x n x    A1 

          cos arccos cos arccos sin arccos sin arccosn x x n x x   M1 

          1 1 2cos arccos cos arccosn nf x f x n x x    A1 

    2 nxf x  AG 
 
  (ii)      3 2 12f x xf x f x   (M1) 

    22 2 1x x x    

   34 3x x   A1 
[5 marks] 

 
Total [25 marks] 

 
 
 

 



Candidate session number

Mathematics: analysis and approaches
Standard level
Paper 1

10 pages

Specimen

1 hour 30 minutes

Instructions to candidates

• Write your session number in the boxes above.
• Do not open this examination paper until instructed to do so.
• You are not permitted access to any calculator for this paper.
• Section A: answer all questions. Answers must be written within the answer boxes provided.
• Section B:  answer all questions in the answer booklet provided. Fill in your session number 

on the front of the answer booklet, and attach it to this examination paper and your 
cover sheet using the tag provided.

• Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures.

• A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

• The maximum mark for this examination paper is [80 marks].

12EP01

© International Baccalaureate Organization 2019

SPEC/5/MATAA/SP1/ENG/TZ0/XX



Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

The following diagram shows triangle ABC, with  AB = 6  and  AC = 8 .

diagram not to scale
B

CA
8

6

(a) Given that cos A =
5

6
, find the value of  sin cos A =

5

6
 . [3]

(b) Find the area of triangle ABC . [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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12EP02

SPEC/5/MATAA/SP1/ENG/TZ0/XX– 2 –



2. [Maximum mark: 5]

Let  A  and  B  be events such that  P (A) = 0.5 , P (B) = 0.4  and  P (A ∪ B) = 0.6 . 
Find  P (A | B) .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over
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3. [Maximum mark: 5]

(a) Show that  (2n - 1)2 + (2n + 1)2 = 8n2 + 2 , where  n ∈  . [2]

(b) Hence, or otherwise, prove that the sum of the squares of any two consecutive odd 
integers is even. [3]
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4. [Maximum mark: 5]

Let ′ =
+

f x
x

x
( )

8

2 12
. Given that  f (0) = 5 , find  f (x) .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over
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5. [Maximum mark: 5]

The functions  f  and  g  are defined such that f x
x

( ) =
+ 3

4
 and  g (x) = 8x + 5 .

(a) Show that  ( g   f )(x) = 2x + 11 . [2]

(b) Given that  ( g   f )-1(a) = 4 , find the value of  a . [3]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximum mark: 8]

(a) Show that log (cos ) log cos9 32 2 2 2x x+ = + . [3]

(b) Hence or otherwise solve  log3 (2 sin x) = log9 (cos 2x + 2)  for 0
2

< <x
�

. [5]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 15]

A large company surveyed 160 of its employees to find out how much time they spend 
traveling to work on a given day. The results of the survey are shown in the following 
cumulative frequency diagram.
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(This question continues on the following page)
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Do not write solutions on this page.

(Question 7 continued)

(a) Find the median number of minutes spent traveling to work. [2]

(b) Find the number of employees whose travelling time is within 15 minutes of the median. [3]

Only 10% of the employees spent more than  k  minutes traveling to work.

(c) Find the value of  k . [3]

The results of the survey can also be displayed on the following box-and-whisker diagram.

a b475

travelling times (minutes)

(d) Write down the value of  b . [1]

(e) (i) Find the value of  a .

(ii) Hence, find the interquartile range. [4]

Travelling times of less than  p  minutes are considered outliers.

(f) Find the value of  p . [2]

8. [Maximum mark: 16]

Let f x x x x( ) = + − +
1

3
15 173 2 .

(a) Find  f ' (x) . [2]

The graph of  f  has horizontal tangents at the points where  x = a  and  x = b , a < b .

(b) Find the value of  a  and the value of  b . [3]

(c) (i) Sketch the graph of  y =  f ' (x) .

(ii) Hence explain why the graph of  f  has a local maximum point at  x = a . [2]

(d) (i) Find  f " (b) .

(ii) Hence, use your answer to part (d)(i) to show that the graph of  f  has a local 
minimum point at  x = b . [4]

The normal to the graph of  f  at  x = a  and the tangent to the graph of  f  at  x = b  intersect at 
the point  ( p , q) .

(e) Find the value of  p  and the value of  q . [5]

Turn over
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Do not write solutions on this page.

9. [Maximum mark: 16]

Let f x
x

kx
( )

ln
=

5
 where  x > 0 , k ∈ + .

(a) Show that ′ =
−

f x
x

kx
( )

ln1 5
2

. [3]

The graph of  f  has exactly one maximum point  P .

(b) Find the  x-coordinate of  P . [3]

The second derivative of  f  is given by ′′ =
−

f x
x

kx
( )

ln2 5 3
3

. The graph of  f  has exactly one 

point of inflexion  Q .

(c) Show that the  x-coordinate of  Q  is 
1

5

3

2e . [3]

The region  R  is enclosed by the graph of  f , the  x-axis, and the vertical lines through the 
maximum point  P  and the point of inflexion  Q .

y

x

R

P Q

(d) Given that the area of  R  is 3, find the value of  k . [7]
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Please do not write on this page.

Answers written on this page  
will not be marked. 
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

 Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

 It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

 Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

 Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

 Where the markscheme specifies M2, A2, etc., do not split the marks, unless there is a note.  

 Once a correct answer to a question or part-question is seen, ignore further correct working. 
However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct working shown, award FT marks as appropriate but do not award the final A1 in that 
part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1 sin 4
4

x  sin x  Do not award the final A1 

3. log loga b  log ( )a b  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
 Normally the correct work is seen or implied in the next line. 

 Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
 Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  

 If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks. 

 If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r  for the 
sum of an infinite GP, sin 1.5  , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

 The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

 Exceptions to this rule will be explicitly noted on the markscheme. 

 If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
 If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 

 If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5  , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 

 Miscopying of candidates’ own work does not constitute a misread, it is an error. 

 The MR penalty can only be applied when work is seen. For calculator questions with no 
working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
 Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

 Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

 As this is an international examination, accept all alternative forms of notation. 

 In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 

 In the markscheme, simplified answers, (which candidates often do not write in examinations),  
will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
 Rounding errors: only applies to final answers not to intermediate steps. 

 Level of accuracy: when this is not specified in the question the general rule applies to final 
answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

No calculator is allowed. The use of any calculator on paper 1 is malpractice, and will result in no 
grade awarded. If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice. Examples: finding an angle, given a trig ratio of 0.4235. 

 
 
 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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Section A 
 
1. (a) valid approach using Pythagorean identity (M1) 

  
2

2 5sin + 1
6

A
   
 

 (or equivalent) (A1) 

  
11sin =
6

A  A1 

[3 marks] 
 

(b) 
1 118 6
2 6
    (or equivalent) (A1) 

  area=4 11 A1 
[2 marks] 

 
Total [5 marks] 

 
 
2. attempt to substitute into        P P P PA B A B A B      (M1) 
 
Note: Accept use of Venn diagram or other valid method. 

 0.6 0.5 0.4 P( )A B     (A1) 

  P 0.3A B   (seen anywhere) A1 

 attempt to substitute into    
 

P
P |

P
A B

A B
B


  (M1) 

 0.3
0.4

  

  P |A B
30.75
4

   
 

 A1 

Total [5 marks] 
 
 
  



 – 6 – SPEC/5/MATAA/SP1/ENG/TZ0/XX/M 

 

3. (a) attempting to expand the LHS (M1) 
     2 2LHS 4 4 1 4 4 1n n n n       A1 

   28 2 RHSn    AG 

[2 marks] 
 

 (b) METHOD 1 

  recognition that 2 1n  and 2 1n  represent two consecutive odd  
integers (for n ) R1 

   2 28 2 2 4 1n n    A1 

  valid reason eg divisible by 2 (2 is a factor) R1 

  so the sum of the squares of any two consecutive odd integers is even AG 
[3 marks] 

 
  METHOD 2 

  recognition, eg that n  and 2n   represent two consecutive odd integers  
(for n )  R1 

     22 22 2 2 2n n n n      A1 

  valid reason eg divisible by 2 (2 is a factor) R1 

  so the sum of the squares of any two consecutive odd integers is even AG 
[3 marks] 

 
Total [5 marks] 

 
 
4. attempt to integrate (M1) 

 2 d2 1 4
d
u

u x x
x

     

 
2

8 2d d
2 1

x
x u

ux



   (A1) 

 
 EITHER 

  4 u C   A1 

 
 OR 

  24 2 1x C    A1 

 
 THEN 

 correct substitution into their integrated function (must have C ) (M1) 
 5 4 1C C     

   24 2 1 1f x x    A1 

Total [5 marks] 
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5. (a) attempt to form composition M1 

  correct substitution 
3 38 5

4 4
x x

g
        

   
 A1 

     2 11g f x x   AG 
[2 marks] 

 
 (b) attempt to substitute 4 (seen anywhere) (M1) 
  correct equation 2 4 11a     (A1) 
  19a   A1 

[3 marks] 
 

Total [5 marks] 
 
 
6. (a) attempting to use the change of base rule M1 

  3
9

3

log (cos2 2)log (cos2 2)
log 9

x
x


   A1 

  3
1 log (cos 2 2)
2

x   A1 

  3log cos2 2x   AG 
[3 marks] 

 
 (b) 3 3log (2sin ) log cos2 2x x   

  2sin cos2 2x x   M1 
  24 sin cos 2 2x x   (or equivalent) A1 
  use of 2cos 2 1 2 sinx x   (M1) 
  26 sin 3x   

    1sin
2

x    A1 

  π
4

x   A1 

 

Note: Award A0 if solutions other than π
4

x   are included. 

[5 marks] 
 

Total [8 marks] 
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Section B 
 
7. (a) evidence of median position (M1) 
  80th employee 
  40 minutes A1 

[2 marks] 
 
 (b) valid attempt to find interval (2555) (M1) 
  18 (employees), 142 (employees) A1 
  124   A1 

[3 marks] 
 
 (c) recognising that there are 16 employees in the top 10% (M1) 
  144 employees travelled more than k minutes (A1) 
    A1 

[3 marks] 
 
 (d) 70b    A1 

[1 mark] 
 
 (e) (i) recognizing a is first quartile value (M1) 
   40 employees 
    A1 
 
  (ii) 47 33  (M1) 
   IQR 14  A1 

[4 marks] 
 
 (f) attempt to find 1.5 IQR their  (M1) 

  33 21  
  12    (A1) 

[2 marks] 
 

[Total 15 marks] 
 
 

8. (a) 2( ) 2 15f x x x     (M1)A1 
[2 marks] 

 
 (b) correct reasoning that ( ) 0f x   (seen anywhere) (M1) 
  2 2 15 0x x    
  valid approach to solve quadratic M1 
  ( 3)( 5)x x  , quadratic formula 
  correct values for x 
   3, 5 
  correct values for a and b 

  5a    and 3b   A1 
[3 marks] 

 
 

continued… 
  

56k 

33a 
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Question 8 continued 
 
 (c) (i)  

    A1 
 
  (ii) first derivative changes from positive to negative at x a  A1 
 
   so local maximum at x a  AG 

[2 marks] 
 
 (d) (i) ( ) 2 2f x x    A1 
 
   substituting their b into their second derivative (M1) 
   (3) 2 3 2f      
   ( ) 8f b   (A1) 
  
  (ii) ( )f b  is positive so graph is concave up R1 

   so local minimum at x  b  AG 
[4 marks] 

 
 (e) normal to  f  at x a  is 5x    (seen anywhere) (A1) 
  attempt to find y-coordinate at their value of b (M1) 
  (3) 10f    (A1) 
  tangent at x b  has equation 10y    (seen anywhere) A1 

  intersection at  5, 10   
  5p    and 10q    A1 

[5 marks] 
 

[Total 16 marks] 
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9. (a) attempt to use quotient rule (M1) 
  correct substitution into quotient rule 

   
 2

15 ln5
5

kx k x
x

f x
kx

  
    (or equivalent) A1 

   2 2
ln 5 ,k k x

k
k x


   A1 

  
2

1 ln 5x

kx


  AG 

[3 marks] 
 
 (b)   0f x   M1 

  
2

1 ln 5 0x

kx


  

  ln 5 1x   (A1) 

  e
5

x   A1 

[3 marks] 
 
 (c)   0f x   M1 

  
3

2 ln 5 3 0x

kx


  

  3ln 5
2

x   A1 

  
3
25 ex   A1 

  so the point of inflexion occurs at 
3
21 e

5
x   AG 

[3 marks] 
 
 

continued… 
  



 – 11 – SPEC/5/MATAA/SP1/ENG/TZ0/XX/M 

 

Question 9 continued 
 
 (d) attempt to integrate (M1) 

  d 1ln 5
d
u

u x
x x

    

  
ln 5 1d  dx

x u u
kx k

   (A1) 

 
  EITHER 

  
2

2
u

k
  A1 

  so 

3 3
22 2

1 1

1  d
2
u

u u
k k

 
  
 

  A1 

 
  OR 

  
 2ln5

2
x

k
  A1 

  so  
33
22 11 ee 2 55

e e
5 5

ln 5ln 5 d
2

xx
x

kx k

 
  
  

  A1 

 
  THEN 

  
1 9 1

2 4k
   
 

 

  5
8k

  A1 

  setting their expression for area equal to 3 M1 

  5 3
8k

  

  5
24

k   A1 

[7 marks] 
 

Total [16 marks] 
 
 
 

 



12EP01

Candidate session number

Mathematics: analysis and approaches
Standard level
Paper 2

10 pages

Specimen

1 hour 30 minutes

Instructions to candidates

• Write your session number in the boxes above.
• Do not open this examination paper until instructed to do so.
• A graphic display calculator is required for this paper.
• Section A: answer all questions. Answers must be written within the answer boxes provided.
• Section B:  answer all questions in the answer booklet provided. Fill in your session number 

on the front of the answer booklet, and attach it to this examination paper and your 
cover sheet using the tag provided.

• Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures.

• A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

• The maximum mark for this examination paper is [80 marks].

© International Baccalaureate Organization 2019

SPEC/5/MATAA/SP2/ENG/TZ0/XX



Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

A metal sphere has a radius 12.7 cm.

(a) Find the volume of the sphere expressing your answer in the form  a × 10k , 1 ≤ a < 10  
and  k ∈  . [3]

The sphere is to be melted down and remoulded into the shape of a cone with a height of 14.8 cm.

(b) Find the radius of the base of the cone, correct to 2 significant figures. [3]
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2. [Maximum mark: 6]

The following diagram shows part of a circle with centre  O  and radius 4 cm .

O

B
A

θ4 cm

5 cm

Chord  AB  has a length of  5 cm  and  AÔB = θ .

(a) Find the value of  θ , giving your answer in radians. [3]

(b) Find the area of the shaded region. [3]
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3. [Maximum mark: 6]

On 1st January 2020, Laurie invests  $P  in an account that pays a nominal annual interest 
rate of  5.5 % , compounded quarterly.

The amount of money in Laurie’s account at the end of each year follows a geometric 
sequence with common ratio,  r .

(a) Find the value of  r , giving your answer to four significant figures. [3]

Laurie makes no further deposits to or withdrawals from the account.

(b) Find the year in which the amount of money in Laurie’s account will become double the 
amount she invested. [3]
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4. [Maximum mark: 6]

A six-sided biased die is weighted in such a way that the probability of obtaining a “six” is 
7

10
.

The die is tossed five times. Find the probability of obtaining

(a) at most three “sixes”. [3]

(b) the third “six” on the fifth toss. [3]
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5. [Maximum mark: 5]

The following table below shows the marks scored by seven students on two different 
mathematics tests.

Test 1 (x) 15 23 25 30 34 34 40
Test 2 ( y) 20 26 27 32 35 37 35

Let  L1  be the regression line of  x  on  y . The equation of the line  L1  can be written in the 
form  x = ay + b .

(a) Find the value of  a  and the value of  b . [2]

Let  L2  be the regression line of  y  on  x . The lines  L1  and  L2  pass through the same point 
with coordinates  ( p , q) .

(b) Find the value of  p  and the value of  q . [3]
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6. [Maximum mark: 7]

The displacement, in centimetres, of a particle from an origin, O, at time  t  seconds, is given 
by  s (t) = t 2 cos t + 2t sin t , 0 ≤ t ≤ 5 .

(a) Find the maximum distance of the particle from O. [3]

(b) Find the acceleration of the particle at the instant it first changes direction. [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 16]

Adam sets out for a hike from his camp at point  A . He hikes at an average speed of 4.2 km/h 
for 45 minutes, on a bearing of  035  from the camp, until he stops for a break at point  B .

(a) Find the distance from point  A  to point  B . [2]

35

A

B
N

Adam leaves point  B  on a bearing of  114  and continues to hike for a distance of 4.6 km until 
he reaches point  C .

35

A

B

C

N

N

(b) (i) Show that  AB̂C  is  101 .

(ii) Find the distance from the camp to point  C . [5]

(c) Find  BĈA . [3]

Adam’s friend Jacob wants to hike directly from the camp to meet Adam at point  C .

(d) Find the bearing that Jacob must take to point  C . [3]

Jacob hikes at an average speed of 3.9 km/h.

(e) Find, to the nearest minute, the time it takes for Jacob to reach point  C . [3]

12EP08
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Do not write solutions on this page.

8. [Maximum mark: 15]

The length,  X  mm , of a certain species of seashell is normally distributed with mean 25 and 
variance,  σ2 .

The probability that  X  is less than 24.15 is 0.1446 .

(a) Find  P (24.15 < X < 25) . [2]

(b) (i) Find  σ , the standard deviation of  X .

(ii) Hence, find the probability that a seashell selected at random has a length  
greater than 26 mm . [5]

A random sample of 10 seashells is collected on a beach. Let  Y  represent the number of 
seashells with lengths greater than 26 mm .

(c) Find  E (Y ) . [3]

(d) Find the probability that exactly three of these seashells have a length greater  
than 26 mm . [2]

A seashell selected at random has a length less than 26 mm .

(e) Find the probability that its length is between 24.15 mm and 25 mm . [3]
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Do not write solutions on this page.

9. [Maximum mark: 13]

Consider a function  f , such that f x x b x b( ) . sin ( ) , ,= +





 + ≤ ≤ ∈5 8

6
1 0 10�

 .

(a) Find the period of  f . [2]

The function  f  has a local maximum at the point  (2 , 21.8) , and a local minimum at  (8 , 10.2) .

(b) (i) Find the value of  b .

(ii) Hence, find the value of  f (6) . [4]

A second function  g  is given by g x q x p q( ) sin ( . ) , ; ,= −





 + ≤ ≤ ∈

2

9
3 75 0 10

�
p x .

The function  g  passes through the points  (3 , 2.5)  and  (6 , 15.1) .

(c) Find the value of  p  and the value of  q . [5]

(d) Find the value of  x  for which the functions have the greatest difference. [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

 Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

 It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

 Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

 Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

 Where the markscheme specifies M2, A2, etc., do not split the marks, unless there is a note.  

 Once a correct answer to a question or part-question is seen, ignore further correct working. 
However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct working shown, award FT marks as appropriate but do not award the final A1 in that 
part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1 sin 4
4

x  sin x  Do not award the final A1 

3. log loga b  log ( )a b  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
 Normally the correct work is seen or implied in the next line. 

 Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
 Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  

 If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks. 

 If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r   for the 
sum of an infinite GP, sin 1.5  , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

 The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

 Exceptions to this rule will be explicitly noted on the markscheme. 

 If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
 If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 

 If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5  , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 

 Miscopying of candidates’ own work does not constitute a misread, it is an error. 

 The MR penalty can only be applied when work is seen. For calculator questions with no 
working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
 Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

 Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

 As this is an international examination, accept all alternative forms of notation. 

 In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 

 In the markscheme, simplified answers, (which candidates often do not write in examinations),  
will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
 Rounding errors: only applies to final answers not to intermediate steps. 

 Level of accuracy: when this is not specified in the question the general rule applies to final 
answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for paper 2, but calculators with symbolic manipulation features/ CAS functionality 
are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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Section A 
 

1. (a)  34 π 12.7
3

 (or equivalent) A1 

  8580.24  (A1) 

  V  8.58 103  A1 
[3 marks] 

 
 (b) recognising volume of the cone is same as volume of their sphere (M1) 

   21 π 14.8 8580.24
3

r   (or equivalent) A1 

  r  23.529  
  24r  (cm) correct to 2 significant figures A1 

[3 marks] 
 

Total [6 marks] 
 
 
2. (a) METHOD 1 

  attempt to use the cosine rule (M1) 

  
2 2 24 4 5cos
2 4 4

  


 
 (or equivalent) A1 

  1.35   A1 
[3 marks] 

 
  METHOD 2 

  attempt to split triangle AOB into two congruent right triangles (M1) 

  2.5sin
2 4
   
 

 A1 

  1.35    A1 
 [3 marks] 

 
 (b) attempt to find the area of the shaded region (M1) 

  1 4 4 (2
2
      A1 

  39.5 (cm2 ) A1 
[3 marks] 

 
Total [6 marks] 

 
 

3. (a) 
45.51

4 100
   

 (M1)(A1) 

  1.056  A1 
[3 marks] 

 
 

continued… 
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Question 3 continued 
 
 (b) EITHER 

  
45.52 1

100 4

n

P P
     

 OR  2 their ( ) m
P P a   (M1)(A1) 

 
Note:  Award (M1) for substitution into loan payment formula. Award (A1) for correct substitution. 

 
  OR 

  PV 1   
  FV 2   
  I% 5.5  
  P/Y  4 
  C/Y  4 
  50.756n   (M1)(A1) 
 

  OR 

  PV 1   
  FV 2   
  I% 100(their ( ) 1)a   
  P/Y  1 
  C/Y  1 (M1)(A1) 
 

  THEN 

    12.7 years 
  Laurie will have double the amount she invested during 2032 A1 

[3 marks] 
 

Total [6 marks] 
 
 
4. (a) recognition of binomial (M1) 
  ~ B(5, 0.7)X  
  attempt to find P ( 3)X   M1 
  0.472( 0.47178)   A1 

[3 marks] 
 
 (b) recognition of 2 sixes in 4 tosses (M1) 

       2 24
P 3rd six on the 5th toss 0.7 0.3 0.7( 0.2646 0.7)

2
  

       
  

 A1 

   0.185 0.18522   A1 

[3 marks] 
 

Total [6 marks] 
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5. (a) 1.29a   and 10.4b    A1A1 
[2 marks] 

 
 (b) recognising both lines pass through the mean point (M1) 
  28.7 , 30.3p q   A2 

[3 marks] 
 

Total [5 marks] 
 
 
6. (a) use of a graph to find the coordinates of the local minimum (M1) 
  16.513...s    (A1) 
  maximum distance is 16.5 cm (to the left of O) A1 

[3 marks] 
 
 (b) attempt to find time when particle changes direction eg considering the  

first maximum on the graph of s  or the first t – intercept on the graph of .s  (M1) 
  1.51986...t   (A1) 

  attempt to find the gradient of s for their value of t,  1.51986...s  (M1) 

  8.92   (cm/s2) A1 
[4 marks] 

 
Total [7 marks] 
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Section B 
 

7. (a) 
 
4.2
60

 45  A1 

 AB  3.15 (km)  A1 
[2 marks] 

 
 (b) (i)  or 180 114   A1 

   35 66 A1 
   ˆABC 101   AG 
 
  (ii) attempt to use cosine rule (M1) 
   2 22 4.6 cos 1AC 3.15 4.6 2 3.15 01      (or equivalent) A1 

   AC 6.05  (km) A1 
[5 marks] 

 
 (c) valid approach to find angle BCA  (M1) 
  eg sine rule 

  correct substitution into sine rule A1 

  eg 
sin BĈA 

3.15


sin101
6.0507...

 

  BĈA  30.7 A1 
[3 marks] 

 
 (d) BÂC  48.267  (seen anywhere) A1 
  valid approach to find correct bearing (M1) 
  eg 48.267  35 

  bearing  83.3  (accept 083) A1 
[3 marks] 

 

 (e) attempt to use time distance
speed

  M1 

  
 
6.0507

3.9
 or 0.065768 km/min (A1) 

  t  93 (minutes) A1 
[3 marks] 

 
Total [16 marks] 
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8. (a) attempt to use the symmetry of the normal curve (M1) 

  eg diagram, 0.5 0.1446 
   P 24.15 25 0.3554X    A1 

[2 marks] 
 

(b) (i) use of inverse normal to find z score (M1) 
   1.0598z    

   correct substitution 
24.15 25 1.0598




   (A1) 

   0.802   A1 
 
  (ii)  P 26 0.106X    (M1)A1 

[5 marks] 
 
 (c) recognizing binomial probability (M1) 
  E( ) 10 0.10621Y   (A1) 
   1.06  A1 

[3 marks] 
 

(d)  P 3Y   (M1) 
  0.0655  A1 

[2 marks] 
 

(e) recognizing conditional probability (M1) 
  correct substitution A1 

  
 

0.3554
1 0.10621

 

   0.398  A1 
[3 marks] 

 
Total [15 marks] 

 
 
9. (a) correct approach A1 

  eg 
2

6 period

 
  (or equivalent) 

  period 12  A1 
[2 marks] 

 
 (b) (i) valid approach (M1) 

   eg max + min
2

 max amplitudeb    

   21.8 10.2
2
 , or equivalent 

   16b   A1 
 
 

continued… 
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Question 9 continued 
 
  (ii) attempt to substitute into their function (M1) 

    π5.8sin 6 1 16
6

   
 

 

   (6) 13.1f   A1 
[4 marks] 

 
 (c) valid attempt to set up a system of equations (M1) 
  two correct equations A1 

   2πsin 3 3.75 2.5
9

p q    
 

,  2πsin 6 3.75 15.1
9

p q    
 

 

  valid attempt to solve system (M1) 
  8.4; 6.7p q   A1A1 

[5 marks] 
 
 (d) attempt to use ( ) ( )f x g x  to find maximum difference (M1) 

  1.64x   A1 
[2 marks] 

 
Total [13 marks] 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 6]

At the end of a school day, the Headmaster conducted a survey asking students in how many 
classes they had used the internet.

The data is shown in the following table.

Number of classes in which 
the students used the internet 0 1 2 3 4 5 6

Number of students 20 24 30 k 10 3 1

(a) State whether the data is discrete or continuous. [1]

The mean number of classes in which a student used the internet is 2.

(b) Find the value of  k . [4]

It was not possible to ask every person in the school, so the Headmaster arranged the 
student names in alphabetical order and then asked every 10th person on the list.

(c) Identify the sampling technique used in the survey. [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Maximum mark: 5]

The perimeter of a given square  P  can be represented by the function ( ) 4P A A= , 0A ≥ , 
where  A  is the area of the square. The graph of the function  P  is shown for 0 25A≤ ≤ .

10 20

10

20

Area (A)

P
er

im
et

er
 (P

)

(a) Write down the value of (25)P . [1]

(b) On the axes above, draw the graph of the inverse function, 1P- . [3]

(c) In the context of the question, explain the meaning of 1(8) 4P- = . [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximum mark: 6]

Professor Vinculum investigated the migration season of the Bulbul bird from their natural 
wetlands to a warmer climate.

He found that during the migration season their population,  P  could be modelled by 
1350 400(1.25) tP -= + ,  t ≥ 0 , where  t  is the number of days since the start of the 

migration season.

(a) Find the population of the Bulbul birds,

(i) at the start of the migration season.

(ii) in the wetlands after 5 days. [3]

(b) Calculate the time taken for the population to decrease below 1400. [2]

(c) According to this model, find the smallest possible population of Bulbul birds during the 
migration season. [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP05

Turn over

SPEC/5/MATAI/HP1/ENG/TZ0/XX– 5 –



4. [Maximum mark: 6]

Points  A (3 , 1) ,  B (3 , 5) ,  C (11 , 7) ,  D (9 , 1)  and  E (7 , 3)  represent snow shelters in the 
Blackburn National Forest. These snow shelters are illustrated in the following coordinate axes.

Horizontal scale: 1 unit represents 1 km.

Vertical scale: 1 unit represents 1 km.

2 4 6 8 10 12 14 16
−2

−4

0

2

4

6

8

10

12

B

C

E

DA

x

y

(a) Calculate the gradient of the line segment AE. [2]

(This question continues on the following page)
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(Question 4 continued)

The Park Ranger draws three straight lines to form an incomplete Voronoi diagram.

2 4 6 8 10 12 14 16
−2

−4

0

2

4

6

8

10

12

B

C

E

DA

x

y

(b) Find the equation of the line which would complete the Voronoi cell containing site E. 
Give your answer in the form  ax + by + d = 0  where  a , b , d∈ . [3]

(c) In the context of the question, explain the significance of the Voronoi cell containing site E. [1]
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5. [Maximum mark: 5]

Helen is building a cabin using cylindrical logs of length 2.4 m and radius 8.4 cm. A wedge is 
cut from one log and the cross-section of this log is illustrated in the following diagram.

diagram not to scale

B
A

O

508.4 cm

2.4 m

(a) Find  50  in radians. [1]

(b) Find the volume of this log. [4]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximum mark: 6]

Jae Hee plays a game involving a biased six-sided die.
The faces of the die are labelled -3, -1, 0, 1, 2 and 5.
The score for the game,  X , is the number which lands face up after the die is rolled. 
The following table shows the probability distribution for  X .

Score x -3 -1 0 1 2 5

P (X = x)
1

18
p

3
18

1
18

2
18

7
18

(a) Find the exact value of  p . [1]

Jae Hee plays the game once.

(b) Calculate the expected score. [2]

Jae Hee plays the game twice and adds the two scores together.

(c) Find the probability Jae Hee has a total score of -3. [3]
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7. [Maximum mark: 5]

A particle, A, moves so that its velocity (v ms-1) at time  t  is given by  v = 2 sin t ,  t ≥ 0 .

The kinetic energy (E) of the particle A is measured in joules (J) and is given by  E = 5v2 .

(a) Write down an expression for  E  as a function of time. [1]

(b) Hence find d
d
E

t
. [2]

(c) Hence or otherwise find the first time at which the kinetic energy is changing at  
a rate of 5 J s-1. [2]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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8. [Maximum mark: 8]

Ollie has installed security lights on the side of his house that are activated by a sensor. 
The sensor is located at point C directly above point D. The area covered by the sensor 
is shown by the shaded region enclosed by triangle ABC. The distance from A to B is 
4.5 m and the distance from B to C is 6 m. Angle  AĈB  is  15.

diagram not to scale

6 

4.5

side view

15

C

A B D E

(a) Find CÂB. [3]

Point B on the ground is 5 m from point E at the entrance to Ollie’s house. He is 1.8 m tall and 
is standing at point D, below the sensor. He walks towards point B.

(b) Find the distance Ollie is from the entrance to his house when he first activates 
the sensor. [5]
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9. [Maximum mark: 5]

A manager wishes to check the mean weight of flour put into bags in his factory. He randomly 
samples 10 bags and finds the mean weight is 1.478 kg and the standard deviation of the 
sample is 0.0196 kg.

(a) Find  sn-1  for this sample. [2]

(b) Find a 95 % confidence interval for the population mean, giving your answer to  
4 significant figures. [2]

(c) The bags are labelled as being 1.5 kg weight. Comment on this claim with reference to 
your answer in part (b). [1]
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10. [Maximum mark: 6]

In a coffee shop, the time it takes to serve a customer can be modelled by a normal distribution 
with a mean of 1.5 minutes and a standard deviation of 0.4 minutes.

Two customers enter the shop together. They are served one at a time.

Find the probability that the total time taken to serve both customers will be less than 4 minutes.

Clearly state any assumptions you have made.
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11. [Maximum mark: 6]

A particle  P  moves with velocity 

15
2
4

- 
 =  
 
 

v  in a magnetic field, 
0

1
d d

 
 = ∈ 
 
 

, B .

(a) Given that v is perpendicular to  B , find the value of  d . [2]

The force,  F , produced by  P  moving in the magnetic field is given by the vector 
equation  F = av × B ,  a ∈ + .

(b) Given that 14=F , find the value of  a . [4]
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12. [Maximum mark: 7]

Product research leads a company to believe that the revenue (R) made by selling its goods 
at a price ( p) can be modelled by the equation.

( ) edpR p cp c d= ∈, , 

There are two competing models, A and B with different values for the parameters  c  and  d .

Model A has  c = 3 ,  d = -0.5  and model B has  c = 2.5 ,  d = -0.6 .

The company experiments by selling the goods at three different prices in three similar areas 
and the results are shown in the following table.

Area Price ( p) Revenue (R)

1 1 1.5

2 2 1.8

3 3 1.5

The company will choose the model with the smallest value for the sum of square residuals.

Determine which model the company chose.
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13. [Maximum mark: 6]

The rates of change of the area covered by two types of fungi, X and Y,on a particular tree 
are given by the following equations, where x is the area covered by X and  y  is the area 
covered by Y.

d 3 2
d
x

x y
t
= -

d 2 2
d
y

x y
t
= -

The matrix 
3 2
2 2

- 
 - 

 has eigenvalues of 2 and -1 with corresponding eigenvectors 
2
1
 
 
 

 and 
1
2
 
 
 

.

Initially  x = 8 cm2  and  y = 10 cm2 .

(a) Find the value of 
d
d
y

x
 when  t = 0 . [2]

(b) On the following axes, sketch a possible trajectory for the growth of the two fungi, 
making clear any asymptotic behaviour. [4]

y

x

(This question continues on the following page)
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(Question 13 continued)
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Please do not write on this page.

Answers written on this page  
will not be marked. 

24EP18

SPEC/5/MATAI/HP1/ENG/TZ0/XX– 18 –



14. [Maximum mark: 8]

(a) The graph of  y = -x3  is transformed onto the graph of  y = 33 - 0.08x3  by a translation 
of  a  units vertically and a stretch parallel to the  x-axis of scale factor  b .

(i) Write down the value of  a .

(ii) Find the value of  b . [3]

(b) The outer dome of a large cathedral has the shape of a hemisphere of diameter 32 m, 
supported by vertical walls of height 17 m. It is also supported by an inner dome which 
can be modelled by rotating the curve  y = 33 - 0.08x3  through 360 about the  y-axis 
between  y = 0  and  y = 33 , as indicated in the diagram.

−16 16

17

33

y

x0

Find the volume of the space between the two domes. [5]
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15. [Maximum mark: 7]

Let 
i

4ew a
π

= , where  a ∈ + .

(a) For  a = 2 ,

(i) find the values of  w2 ,  w3 , and  w4 ;

(ii) draw  w ,  w2 ,  w3  and  w4  on the following Argand diagram. [5]

−6 −4 −2 Re

−2

−4

0

2

4

6

8

10

12

Im

−8−10−12−14−16−18−20 2 4 86

Let 
2 i

w
z =

-
.

(b) Find the value of  a  for which successive powers of  z  lie on a circle. [2]

(This question continues on the following page)
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(Question 15 continued)
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16. [Maximum mark: 6]

The number of fish that can be caught in one hour from a particular lake can be modelled by 
a Poisson distribution.

The owner of the lake, Emily, states in her advertising that the average number of fish caught 
in an hour is three.

Tom, a keen fisherman, is not convinced and thinks it is less than three. He decides to set 
up the following test. Tom will fish for one hour and if he catches fewer than two fish he will 
reject Emily’s claim.

(a) State a suitable null and alternative hypotheses for Tom’s test. [1]

(b) Find the probability of a Type I error. [2]

The average number of fish caught in an hour is actually 2.5.

(c) Find the probability of a Type II error. [3]
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17. [Maximum mark: 6]

Mr Burke teaches a mathematics class with 15 students. In this class there are 6 female 
students and 9 male students.

Each day Mr Burke randomly chooses one student to answer a homework question.

In the first month, Mr Burke will teach his class 20 times.

(a) Find the probability he will choose a female student 8 times. [2]

The Head of Year, Mrs Smith, decides to select a student at random from the year group to 
read the notices in assembly. There are 80 students in total in the year group. Mrs Smith 
calculates the probability of picking a male student 8 times in the first 20 assemblies is 
0.153357 correct to 6 decimal places.

(b) Find the number of male students in the year group. [4]
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18. [Maximum mark: 6]

The rate,  A , of a chemical reaction at a fixed temperature is related to the concentration of 
two compounds,  B  and  C , by the equation

A = kB x C y , where  x ,  y ,  k ∈  .

A scientist measures the three variables three times during the reaction and obtains the 
following values.

Experiment A (mol l-1 s-1) B (mol l-1) C (mol l-1)

1 5.74 2.1 3.4

2 2.88 1.5 2.4

3 0.980 0.8 1.9

Find  x ,  y  and  k .
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg  M1,  A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies M2, A3, etc., do not split the marks, unless there is a note.  
• Once a correct answer to a question or part-question is seen, ignore further correct working. 

However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in 
that part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  
5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1
sin 4

4
x  sin x  Do not award the final A1 

3. log loga b−  log ( )a b−  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
• Normally the correct work is seen or implied in the next line. 
• Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  
• If the question becomes much simpler because of an error then use discretion to award fewer 

FT marks. 
• If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r >  for the 

sum of an infinite GP, sin 1.5θ = , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

• Exceptions to this rule will be explicitly noted on the markscheme. 
• If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 

award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
• If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 
• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 

value where integer required), do not award the mark(s) for the final answer(s). 
• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
• The MR penalty can only be applied when work is seen. For calculator questions with no 

working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation. 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 
• In the markscheme, simplified answers, (which candidates often do not write in examinations),  

will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
• Rounding errors: only applies to final answers not to intermediate steps. 
• Level of accuracy: when this is not specified in the question the general rule applies to final 

answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for this examination, but calculators with symbolic manipulation features/  
CAS functionality are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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1. (a) discrete  A1 
[1 mark] 

 (b) 
24 60 3 40 15 6

2
88

k

k

+ + + + +
=

+
 M1A1 

Note:  Award M1 for substitution into the formula for 
the mean, award A1 for a correct equation. 

  attempt to solve their equation (M1) 

  31k =   A1 
[4 marks] 

 (c) systematic  A1 
[1 mark] 

Total [6 marks] 

2. (a) 20   A1 
[1 mark] 

 (b)  

 
     (M1)A1A1 

Note: Award (M1) for reflection in the line P A= , award A1 for 
endpoint at (20 , 25), award A1 for passing through (16 , 16). 

[3 marks] 

 (c) when the perimeter is 8, the area is 4 A1 
[1 mark] 

Total [5 marks]  
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3. (a) (i) 1750  A1 

  (ii) 51350 400 (1.25)−+  (M1) 

   1480=   A1 

Note: Accept 1481. 

[3 marks] 

 (b) 1400 1350 400 (1.25) t−= +  (M1) 

  9.32 (days (9.31885…) (days)) A1 
[2 marks] 

 (c) 1350   A1 

Note: Accept 1351 as a valid interpretation of the model as  1 350P =  
is an asymptote. 

[1 mark] 

Total [6 marks] 

4. (a) 
3 1

7 3

−
−

  (M1) 

  0.5=    A1 
[2 marks] 

 (b) 2 2( 5)y x− = − −  (A1)(M1) 

Note: Award (A1) for their 2−  seen, award (M1) for the correct substitution 
of (5 , 2) and their normal gradient in equation of a line. 

  2 12 0x y+ − =  A1 
[3 marks] 

 (c) every point in the cell is closer to E than any other snow shelter A1 
[1 mark] 

Total [6 marks]  
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5. (a) 
50 π

0.873 (0.872664 )
180

×
=   A1 

[1 mark] 

 (b) volume 2 21
240 8.4 8.4 0.872664

2
 = π× − × × 
 

  M1M1M1 

Note: Award M1 240 area× , award M1 for correctly substituting area sector formula, 
award M1 for subtraction of the angles or their areas. 

  45800 ( 45811.96071)= =   A1 
[4 marks] 

Total [5 marks] 

6. (a) 
4 2

18 9
 
 
 

  A1 

[1 mark] 

(b) 
1 4 3 7

3 ( 1) 0 5
18 18 18 18

− × + − × + × + … + ×  (M1) 

Note:  Award (M1) for their correct substitution into the formula for expected value. 

 
33

1.83 , 1.83333
18

 = … 
 

 A1 

[2 marks] 

(c) 
1 3

2
18 18

× ×  (M1)(M1) 

Note:  Award (M1) for 
1 3

18 18
× , award (M1) for multiplying their product by 2. 

 
1 6

, 0.0185185 , 1.85%
54 324

 = … 
 

 A1 

[3 marks] 

Total [6 marks]  
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7. (a) ( )2 25(2sin ) 20sinE t t= =  A1 

[1 mark] 

(b) 
d

40sin cos
d

E
t t

t
=  (M1)A1 

[2 marks] 

(c) 0.126t =   (M1)A1 
[2 marks] 

Total [5 marks] 

8. (a) 
ˆsin CAB sin15

6 4.5
=



 (M1)(A1) 

  ˆCA B 20.2 (20.187415 )= …  A1 

Note: Award (M1) for substituted sine rule formula 
and award (A1) for correct substitutions. 

[3 marks] 

 (b) C B̂ D = 20.2 + 15 = 35.2   A1 
  (let X be the point on BD where Ollie activates the sensor) 

  
1.8

tan35.18741
BX

=   (M1) 

Note: Award A1 for their correct angle C B̂ D. Award M1 for 
correctly substituted trigonometric formula. 

  BX = 2.55285… A1 

  5 − 2.55285… (M1) 

  = 2.45 (m) (2.44714…) A1 
[5 marks] 

Total [8 marks]  



 – 9 – SPEC/5/MATAI/HP1/ENG/TZ0/XX/M 

 

9. (a) 1

10
0.0196 0.02066

9ns − = × = … (M1)A1 

[2 marks] 

(b) (1.463 , 1.493) (M1)A1 

Note:  If ns  used answer is (1.464 , 1.492), award M1A0. 

[2 marks] 

(c) 95 % of the time these results would be produced by a population  
with mean of less than 1.5 kg, so it is likely the mean weight is  
less than 1.5 kg R1 

[1 mark] 

Total [5 marks] 

10. let T be the time to serve both customers and iT  the time to serve the i th customer 

 assuming independence of 1T  and 2T  R1 

 T is normally distributed and 1 2T T T= +  (M1) 

 ( ) 1.5 1.5 3E T = + =  A1 

 2 2Var ( ) 0.4 0.4 0.32T = + =  M1A1 

 ( 4) 0.961P T < =  A1 
Total [6 marks]  
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11. (a) 15 0 2 4 0d× + + =  (M1) 

2d = −   A1 
[2 marks] 

(b) 

15 0

2 2

4 1

a

−   
   × −   
   
   

 (M1) 

 

10 2

15 5 3

30 6

a a

    
    = =    

        

 A1 

 magnitude is 2 2 25 2 3 6 14a + + =  M1 

 
14

( 0.4)
35

a = =  A1 

[4 marks] 

Total [6 marks] 
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12. (Model A) 

0.53 e pR p −=   M1 

 predicted values 

p R 

1 1.8196 

2 2.2073 

3 2.0082 

     (A1) 

 2 2 2(1.8196 1.5) (2.2073 1.8) (2.0082 1.5)resSS = − + − + −  (M1) 

 = 0.5263…   A1 

 (Model B) 

 0.62.5 e pR p −=  

 predicted values 

p R 

1 1.372 

2 1.506 

3 1.2397 

     (A1) 

 0.170576resSS = …  A1 

 chose model B  A1 

Note: Method marks can be awarded if seen for either model A or model B. 
 Award final A1 if it is a correct deduction from their calculated values 

for A and B. 

Total [7 marks] 
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13. (a) 
d 16 20

d 24 20

y

x
=
−
−

  M1 

  1= −    A1 
[2 marks] 

 (b) asymptote of trajectory along 
2

1
k
 =    

r  M1A1 

Note: Award M1A0 if asymptote along 
1

2

 
 
 

. 

  trajectory begins at (8, 10)  with negative gradient A1A1

 [4 marks] 

Total [6 marks] 

14. (a) (i) 33a =  A1 

 (ii) 
3

1
2.32

0.08
=   M1A1 

[3 marks] 

(b) volume within outer dome 

 3 22 π 16 π 16 17 22250.85
3

× + × × =  M1A1 

volume within inner dome 

2

333

0

3
344

3π d
0.08

6.92
y

y
− 

 
 

=∫  M1A1 

volume between = 22 250.85 − 3446.92 = 18 803.93 m3 A1 
[5 marks] 

Total [8 marks] 
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15. (a) (i) ( )
π 3π

i i πi2 44e , 8e , 16e 4i , 4 2 4 2i , 16= − + −  (M1)A1 

 (ii) 

 
    A3 

Note: Award A1 for correct arguments, award A1 for 4i and −16 clearly indicated, 

award A1 for | | 4w <  and 34 | | 16w< < . 

 
[5 marks] 

 (b) 2 2 22 1 a+ =  M1 

 5 ( 2.24)a = =  A1 
[2 marks] 

Total [7 marks] 
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16. (a) 0 1H : 3, H : 3m m= <  A1 

Note: Accept equivalent statements in words. 

[1 mark] 

(b) (let X be the number of fish caught) 
 P( 1| 3) 0.199X m≤ = =  M1A1 

[2 marks] 

(c) P( 2 | 2.5) ( 1 P( 1| 2.5))X m X m≥ = = − ≤ =  M1A1 

Note: Award M1 for using 2.5m = to evaluate a probability, 
award A1 for also having 2X ≥ . 

 = 0.713  A1 
[3 marks] 

Total [6 marks] 

17. (a) P ( 8)X =   (M1) 

Note:  Award (M1) for evidence of recognizing binomial probability.  

eg, 
6

P ( 8) , ~ B 20,
15

X X
 =  
 

. 

   0.180 (0.179705 )= …  A1 
[2 marks] 

  (b) let  x  be the number of male students 

 recognize that probability of selecting a male is equal to 
80

x
 (A1) 

 
8 12

20
8

80
C 0.153357

80 80

x x −    =         
set up equation   (M1) 

 number of male students = 37 (M1)A1 

Note: Award (M1)A0 for 27. 

[4 marks] 

Total [6 marks]  
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18. log log log logA x B y C k= + +  (M1) 

 log5.74 log 2.1 log3.4 logx y k= + +  

 log 2.88 log1.5 log 2.4 logx y k= + +  

 log 0.980 log 0.8 log1.9 logx y k= + +  M1A1 

Note: Allow any consistent base, allow numerical equivalents. 

 attempting to solve their system of equations (M1) 

 1.53, 0.505x y= =  A1 

 0.997k =    A1 
Total [6 marks] 
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 15]

The Happy Straw Company manufactures drinking straws.

The straws are packaged in small closed rectangular boxes, each with length 8 cm, width 4 cm 
and height 3 cm. The information is shown in the diagram.

H G

C

BA

E

D

F

8
4

3

(a) Calculate the surface area of the box in cm2. [2]

(b) Calculate the length AG. [2]

Each week, the Happy Straw Company sells  x  boxes of straws. It is known that 
d

2 220
d

P
x

x
= - + ,   

x ≥ 0 , where  P  is the weekly profit, in dollars, from the sale of  x  thousand boxes.

(c) Find the number of boxes that should be sold each week to maximize the profit.  [3]

The profit from the sale of 20 000 boxes is $1700.

(d) Find  P (x) . [5]

(e) Find the least number of boxes which must be sold each week in order to make a profit.  [3]
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2. [Maximum mark: 12]

Slugworth Candy Company sell a variety pack of colourful, shaped sweets.

The sweets are produced such that 80 % are star shaped and 20 % are shaped like a 
crescent moon. It is known that 10 % of the stars and 30 % of the crescent moons are 
coloured yellow.

(a) A sweet is selected at random.

(i) Find the probability that the sweet is yellow.

(ii) Given that the sweet is yellow, find the probability it is star shaped.  [4]

According to manufacturer specifications, the colours in each variety pack should be 
distributed as follows.

Colour Brown Red Green Orange Yellow Purple

Percentage (%) 15 25 20 20 10 10

Mr Slugworth opens a pack of 80 sweets and records the frequency of each colour.

Colour Brown Red Green Orange Yellow Purple

Observed Frequency 10 20 16 18 12 4

To investigate if the sample is consistent with manufacturer specifications, Mr Slugworth 
conducts a  χ 2  goodness of fit test. The test is carried out at a 5 % significance level.

(b) Write down the null hypothesis for this test. [1]

(c) Copy and complete the following table in your answer booklet. [2]

Colour Brown Red Green Orange Yellow Purple

Expected Frequency

(d) Write down the number of degrees of freedom. [1]

(e) Find the  p-value for the test. [2]

(f) State the conclusion of the test. Give a reason for your answer. [2]

Turn over
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3. [Maximum mark: 18]

In this question, give all answers to two decimal places.

Bryan decides to purchase a new car with a price of €14 000, but cannot afford the full amount. 
The car dealership offers two options to finance a loan.

Finance option A:

A 6 year loan at a nominal annual interest rate of 14 % compounded quarterly.  
No deposit required and repayments are made each quarter.

(a) (i)  Find the repayment made each quarter.

(ii) Find the total amount paid for the car.

(iii) Find the interest paid on the loan. [7]

Finance option B:

A 6 year loan at a nominal annual interest rate of  r % compounded monthly. Terms of the 
loan require a 10 % deposit and monthly repayments of €250.

(b) (i)  Find the amount to be borrowed for this option.

(ii) Find the annual interest rate,  r . [5]

(c) State which option Bryan should choose. Justify your answer. [2]

Bryan chooses option B. The car dealership invests the money Bryan pays as soon as they 
receive it.

(d) If they invest it in an account paying 0.4 % interest per month and inflation is 0.1 % 
per month, calculate the real amount of money the car dealership has received by 
the end of the 6 year period.  [4]
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4. [Maximum mark: 14]

An aircraft’s position is given by the coordinates  (x , y , z) , where  x  and  y  are the aircraft’s 
displacement east and north of an airport, and  z  is the height of the aircraft above the ground. 
All displacements are given in kilometres.

The velocity of the aircraft is given as 1

150

50  km h

20

-

- 
 - 
 - 

.

At 13:00 it is detected at a position 30 km east and 10 km north of the airport, and at a height 
of 5 km. Let  t  be the length of time in hours from 13:00.

(a) Write down a vector equation for the displacement,  r  of the aircraft in terms of  t . [2]

(b) If the aircraft continued to fly with the velocity given

(i) verify that it would pass directly over the airport;

(ii) state the height of the aircraft at this point;

(iii) find the time at which it would fly directly over the airport.  [4]

When the aircraft is 4 km above the ground it continues to fly on the same bearing but adjusts 
the angle of its descent so that it will land at the point  (0 , 0 , 0) .

(c) (i)  Find the time at which the aircraft is 4 km above the ground.

(ii) Find the direct distance of the aircraft from the airport at this point. [5]

(d) Given that the velocity of the aircraft, after the adjustment of the angle of descent,  

is 1

150

50  km h

a

-

- 
 - 
 
 

, find the value of  a .  [3]

HS is 13:00
French 13 h 00
Spanish 13.00

Turn over
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5. [Maximum mark: 17]

The following table shows the costs in US dollars (US$) of direct flights between six cities. 
Blank cells indicate no direct flights. The rows represent the departure cities. The columns 
represent the destination cities.

Destination city

A B C D E F

D
ep

ar
tu

re
 c

it
y

A 90 150

B 90 80 70 140

C 150 80

D 70 100 180

E 140 100 210

F 180 210

(a) Show the direct flights between the cities as a graph.  [2]

(b) Write down the adjacency matrix for this graph.  [2]

(c) Using your answer to part (b), find the number of different ways to travel from and 
return to city A in exactly 6 flights.  [2]

(d) State whether or not it is possible to travel from and return to city A in exactly 6 flights, 
having visited each of the other 5 cities exactly once. Justify your answer. [2]

The following table shows the least cost to travel between the cities.

Destination city

A B C D E F

D
ep

ar
tu

re
 c

it
y

A 0 90 150 160 a b

B 90 0 80 70 140 250

C 150 80 0 150 220 330

D 160 70 150 0 100 180

E a 140 220 100 0 210

F b 250 330 180 210 0

(e) Find the values of a and b. [2]

A travelling salesman has to visit each of the cities, starting and finishing at city A.

(f) Use the nearest neighbour algorithm to find an upper bound for the cost of the trip.  [3]

(g) By deleting vertex A, use the deleted vertex algorithm to find a lower bound for the cost 
of the trip.  [4]
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6. [Maximum mark: 14]

A city has two cable companies, X and Y. Each year 20 % of the customers using company X 
move to company Y and 10 % of the customers using company Y move to company X. 
All additional losses and gains of customers by the companies may be ignored.

(a) Write down a transition matrix  T  representing the movements between the two 
companies in a particular year. [2]

(b) Find the eigenvalues and corresponding eigenvectors of  T .  [4]

(c) Hence write down matrices  P  and  D  such that  T = PDP -1 . [2]

Initially company X and company Y both have 1200 customers.

(d) Find an expression for the number of customers company X has after  n  years, 
where  n ∈  . [5]

(e) Hence write down the number of customers that company X can expect to have 
in the long term. [1]

Turn over
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7. [Maximum mark: 20]

An object is placed into the top of a long vertical tube, filled with a thick viscous fluid,  
at time  t = 0 .

Initially it is thought that the resistance of the fluid would be proportional to the velocity of 
the object. The following model was proposed, where the object’s displacement,  x , from 
the top of the tube, measured in metres, is given by the differential equation

2

2

d d
9.81 0.9

d d

x x

t t
 = -  
 

.

(a) By substituting 
d

d

x
v

t
=  into the equation, find an expression for the velocity of the 

particle at time  t . Give your answer in the form  v =  f (t) . [7]

The maximum velocity approached by the object as it falls is known as the terminal velocity. 

(b) From your solution to part (a), or otherwise, find the terminal velocity of the object 
predicted by this model. [2]

An experiment is performed in which the object is placed in the fluid on a number of occasions 
and its terminal velocity recorded. It is found that the terminal velocity was consistently smaller 
than that predicted by the model used. It was suggested that the resistance to motion is actually 
proportional to the velocity squared and so the following model was set up.

22

2

d d
9.81 0.9

d d

x x

t t
 = -  
 

(c) Write down the differential equation as a system of first order differential equations.  [2]

(d) Use Euler’s method, with a step length of 0.2, to find the displacement and velocity of 
the object when  t = 0.6 .  [4]

(e) By repeated application of Euler’s method, find an approximation for the terminal velocity, 
to five significant figures.  [1]

At terminal velocity the acceleration of an object is equal to zero.

(f) Use the differential equation to find the terminal velocity for the object.  [2]

(g) Use your answers to parts (d), (e) and (f) to comment on the accuracy of the Euler 
approximation to this model. [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg  M1,  A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies M2, A3, etc., do not split the marks, unless there is a note.  
• Once a correct answer to a question or part-question is seen, ignore further correct working. 

However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in 
that part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1
sin 4

4
x  sin x  Do not award the final A1 

3. log loga b−  log ( )a b−  Do not award the final A1 
 
  



 – 3 – SPEC/5/MATAI/HP2/ENG/TZ0/XX/M 

 

3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
• Normally the correct work is seen or implied in the next line. 
• Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  
• If the question becomes much simpler because of an error then use discretion to award fewer 

FT marks. 
• If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r >  for the 

sum of an infinite GP, sin 1.5θ = , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

• Exceptions to this rule will be explicitly noted on the markscheme. 
• If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 

award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
• If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 
• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 

value where integer required), do not award the mark(s) for the final answer(s). 
• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
• The MR penalty can only be applied when work is seen. For calculator questions with no 

working and incorrect answers, examiners should not infer that values were read incorrectly. 
  



 – 4 – SPEC/5/MATAI/HP2/ENG/TZ0/XX/M 

 

6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation. 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 
• In the markscheme, simplified answers, (which candidates often do not write in examinations),  

will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
• Rounding errors: only applies to final answers not to intermediate steps. 
• Level of accuracy: when this is not specified in the question the general rule applies to final 

answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for this examination, but calculators with symbolic manipulation features/  
CAS functionality are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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1. (a) 2(8 4 3 4 3 8)× + × + ×  M1 

  136=  (cm2) A1 
[2 marks] 

 (b) 2 2 28 4 3+ +  M1 

  (AG ) 9.43 (cm) (9.4339 , 89)= …  A1 
[2 marks] 

 (c) 2 220 0x− + =   M1 

  110x =   A1 

  110 000 (boxes) A1 
[3 marks] 

 (d) ( ) 2 220dP x x x= − +∫  M1 

Note: Award M1 for evidence of integration. 

  2( ) 220P x x x c= − + +  A1A1 

Note: Award A1 for either 2x−  or 220x  award A1 for 
both correct terms and constant of integration. 

  21700 (20) 220(20)= − + + c  M1 

  2300c = −  

  2( ) 220 2300= − + −P x x x  A1 
[5 marks] 

 (e) 2 220 2300 0x x− + − =  M1 

  11.005x =    A1 

  11 006 (boxes) A1 

Note: Award M1 for their ( ) 0P x = , award A1 for their correct solution to x. 
Award the final A1 for expressing their solution to the minimum number 
of boxes. Do not accept 11 005, the nearest integer, nor 11 000, the 
answer expressed to 3 significant figures, as these will not satisfy the 
demand of the question. 

[3 marks] 

Total [15 marks]  
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2. (a) (i) P( ) 0.8 0.1 0.2 0.3= × + ×Y  M1 

   0.14=  A1 

  (ii) 
0.8 0.1

P (Star | )
0.14

Y
×

=  M1 

   
4

0.571 , 0.571428
7

 = … 
 

 A1 

[4 marks] 

 (b) the colours of the sweets are distributed according to  
manufacturer specifications A1 

[1 mark] 

 (c) 

Colour Brown Red Green Orange Yellow Purple 

Expected Frequency 12 20 16 16 8 8 

     A2 

Note: Award A2 for all 6 correct expected values, 
A1 for 4 or 5 correct values, A0 otherwise. 

[2 marks] 

 (d) 5   A1 
[1 mark] 

 (e) 0.469 (0.4688117…) A2 
[2 marks] 

 (f) since 0.469 0.05>  R1 

fail to reject the null hypothesis. There is insufficient evidence to  
reject the manufacturer’s specifications A1 

Note: Award R1 for a correct comparison of their correct p-value to the 
test level, award A1 for the correct result from that comparison. 
Do not award R0A1. 

[2 marks] 

Total [12 marks]  
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3. (a) (i) N = 24 

   I % = 14 

   PV 14000= −   

   FV = 0 

   P/Y = 4 

   C/Y = 4 (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct. Accept PV 14000= . 

   (€)871.82   A1 

  (ii) 4 6 871.82× ×   (M1) 

   (€)20923.68   A1 

  (iii) 20923.68 14000−   (M1) 

   (€)6923.68  A1 
[7 marks] 

 (b) (i) 0.9 14000× ( 14000 0.10 14000)= − ×  M1 

   (€)12600.00  A1 

  (ii)  N = 72 

   PV 12600=  

   PMT 250= −   

    FV = 0 

    P/Y = 12 

    C/Y = 12 (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology, award 
A1 for all entries correct. Accept PV 12600= −  provided PMT 250= . 

   12.56(%)  A1 
[5 marks] 

continued…  
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Question 3 continued 

 (c)  EITHER 

  Bryan should choose Option A A1 

  no deposit is required R1 

Note: Award R1 for stating that no deposit is required. Award A1 
for the correct choice from that fact. Do not award R0A1. 

  OR 

  Bryan should choose Option B A1 

  cost of Option A (6923.69) >  cost of Option B (72 250 12600 5400)× − =  R1 

Note: Award R1 for a correct comparison of costs. Award A1 for the correct choice 
from that comparison. Do not award R0A1. 

[2 marks] 

 (d) real interest rate is 0.4 0.1 0.3%− =  (M1) 

  value of other payments 71250 250 1.003 250 1.003+ × +…+ ×  
  use of sum of geometric sequence formula or financial app on a GDC (M1) 

  = 20 058.43 

  value of deposit at the end of 6 years  

  ( )72
1400 1.003 1736.98× =  (A1) 

  Total value is (€) 21 795.41  A1 

Note: Both M marks can awarded for a correct use of the GDC’s financial app: 
  N = 72 (6 12)×  

  I % = 3.6 (0.3 12)×  

  PV = 0 
  PMT = −250 
  FV = 
  P/Y = 12 
  C/Y = 12 

 

  OR 
 

  N = 72 (6 12)×  
  I % = 0.3 
  PV = 0 
  PMT = −250 
  FV =  
  P/Y = 1 
  C/Y = 1 

[4 marks] 

Total [18 marks]  
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4. (a) 

30 150

10 50

5 20

t

−   
   = + −   
   −   

r  A1A1 

[2 marks] 

 (b) (i) when 
30

0, 0.2
150

= = =x t  M1 

   EITHER 

    when 
10

0, 0.2
150

= = =y t  A1 

   since the two values of  t  are equal the aircraft passes directly  
over the airport 

   OR 

   0.2, 0= =t y  A1 

  (ii) height 5 0.2 20 1km= − × =  A1 

  (iii) time 13:12 A1 
[4 marks] 

 (c) (i) 
1

5 20 4
20

t t− = ⇒ =  (3 minutes) (M1) 

   time 13:03 A1 

  (ii) displacement is 

22.5

7.5

4

 
 
 
 
 

 A1 

   distance is 2 2 222.5 7.5 4+ +  (M1) 

   24.1km=  A1 
[5 marks] 

continued…  
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Question 4 continued 

 (d) METHOD 1 

  time until landing is 12 − 3 = 9 minutes M1 

  height to descend = 4 km 

  
4

9
60

a
−

=   M1 

  26.7= −   A1 

  METHOD 2 

  

150 22.5

50 7.5

4

s

a

−   
   − =   
   
   

  M1 

  
20

150 22.5
3

s s− = ⇒ = −   M1 

  
20

4
3

a = − ×  

  26.7= −    A1 
[3 marks] 

Total [14 marks]  
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5. (a)  

   A2 
[2 marks] 

 
 (b) attempt to form an adjacency matrix M1 

  

0 1 1 0 0 0

1 0 1 1 1 0

1 1 0 0 0 0

0 1 0 0 1 1

0 1 0 1 0 1

0 0 0 1 1 0

 
 
 
 
 
 
 
  
 

 A1 

[2 marks] 

 (c) raising the matrix to the power six (M1) 

  50   A1 
[2 marks] 

 (d) not possible  A1 

  because you must pass through B twice  R1 

Note: Do not award A1R0. 

[2 marks] 

 (e) 230, 340a b= =  A1A1 
[2 marks] 

 (f) A B D E F C A→ → → → → →   (M1) 

  90 + 70 + 100 + 210 + 330 + 150 (A1) 

  (US$) 950  A1 
[3 marks] 

continued…  
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Question 5 continued 

 (g) finding weight of minimum spanning tree M1 

  70 + 80 + 100 + 180 = (US$) 430 A1 

  adding in two edges of minimum weight M1 

  430 + 90 + 150 = (US$) 670 A1 
[4 marks] 

Total [17 marks] 

6. (a) 
0.8 0.1

0.2 0.9

 
 
 

  M1A1 

[2 marks] 

 (b) 
0.8 0.1

0
0.2 0.9

λ
λ

−
=

−
 M1 

  1λ =  and 0.7 A1 

  eigenvectors 
1

2

 
 
 

 and 
1

1

 
 − 

 (M1)A1 

Note: Accept any scalar multiple of the eigenvectors. 

[4 marks] 

 (c) EITHER 

  
1 1

2 1

 
=  − 

P  
1 0

0 0.7
D

 
=  

 
 A1A1 

  OR 

  
1 1

1 2

 
=  − 

P  
0.7 0

0 1
D

 
=  

 
 A1A1 

[2 marks] 

 (d) -1 1 11

2 13

 
=  − 

P  A1 

  
1 1 1 0 1 1 12001

2 1 0 0.7 2 1 12003 n

    
    − −    

 M1A1 

  attempt to multiply matrices M1 

  so in company A, after n years, ( )400 2 0.7n+  A1 

[5 marks] 

 (e) 400 2 800× =  A1 
[1 mark] 

Total [14 marks]  
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7. (a) 
d

9.81 0.9
d

v
v

t
= −  M1 

  
1

d 1d
9.81 0.9

v t
v

=
−∫ ∫  M1 

  ( )1
ln 9.81 0.9

0.9
v t c− − = +  A1 

  0.99.81 0.9 e tv A −− =  A1 

  
0.99.81 e

0.9

tA
v

−−
=  A1 

  when 0t = , 0v =  hence 9.81A =  A1 

  
( )0.99.81 1 e

0.9

t

v
−−

=  

  ( )0.910.9 1 e tv −= −  A1 

[7 marks] 

 (b) either let t tend to infinity, or 
d

0
d

v

t
=  (M1) 

  10.9v =   A1 
[2 marks] 

 (c) 
d

d

x
y

t
=   M1 

  2d
9.81 0.9

d

y
y

t
= −  A1 

[2 marks] 

 (d) 1 0.2+ = +n n nx x y , 2
1 0.2(9.81 0.9( ) )n n ny y y+ = + −  (M1)(A1) 

  
d

1.04, 3.31
d

x
x

t
= =  (M1)A1 

[4 marks] 

 (e) 3.3015  A1 
[1 mark] 

 (f) 20 9.81 0.9( )v= −  M1 

  ( )9.81
3.301511 3.30

0.9
⇒ = = … =v  A1 

[2 marks] 

continued…  



 – 14 – SPEC/5/MATAI/HP2/ENG/TZ0/XX/M 

 

Question 7 continued 

 (g) the model found the terminal velocity very accurately, so good approximation R1 

  intermediate values had object exceeding terminal velocity so not  
good approximation R1 

[2 marks] 

Total [20 marks] 
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Answer both questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 27]

Two IB schools, A and B, follow the IB Diploma Programme but have different teaching methods. 
A research group tested whether the different teaching methods lead to a similar final result.

For the test, a group of eight students were randomly selected from each school. Both samples 
were given a standardized test at the start of the course and a prediction for total IB points was 
made based on that test; this was then compared to their points total at the end of the course.

Previous results indicate that both the predictions from the standardized tests and the final 
IB points can be modelled by a normal distribution.

It can be assumed that:
 y the standardized test is a valid method for predicting the final IB points
 y that variations from the prediction can be explained through the circumstances of 

the student or school.

(a) Identify a test that might have been used to verify the null hypothesis that the 
predictions from the standardized test can be modelled by a normal distribution. [1]

(b) State why comparing only the final IB points of the students from the two schools  
would not be a valid test for the effectiveness of the two different teaching methods.  [1]

(This question continues on the following page)
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(Question 1 continued)

The data for school A is shown in the following table.

School A

Student number Gender Predicted IB points ( p) Final IB points ( f )

1 male 43.2 44

2 male 36.5 34

3 female 37.1 38

4 male 30.9 28

5 male 41.1 39

6 female 35.1 39

7 male 36.4 40

8 male 38.2 38

Mean 37.31 37.5

(c) For each student, the change from the predicted points to the final points ( f - p) 
was calculated.

(i) Find the mean change.

(ii) Find the standard deviation of the changes. [3]

(d) Use a paired  t-test to determine whether there is significant evidence that the students 
in school A have improved their IB points since the start of the course. [4]

(This question continues on the following page)

Turn over
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(Question 1 continued)

The data for school B is shown in the following table.

School B

Student number Gender
Final IB points– 

Predicted IB points ( f - p)

1 male 8.7

2 female -1.1

3 female 4.8

4 female -1.5

5 male 2.5

6 female 3.2

7 female -1.3

8 female 3.1

Mean 2.3

(e) (i)  Use an appropriate test to determine whether there is evidence, at the 5 % 
significance level, that the students in school B have improved more than  
those in school A.

(ii) State why it was important to test that both sets of points were normally distributed. [6]

(This question continues on the following page)

SPEC/5/MATAI/HP3/ENG/TZ0/XX– 4 –



(Question 1 continued)

School A also gives each student a score for effort in each subject. This effort score is based 
on a scale of 1 to 5 where 5 is regarded as outstanding effort.

Student number Gender Predicted IB points Final IB points Average effort score

1 male 43.2 44 4.4

2 male 36.5 34 4.2

3 female 37.1 38 4.7

4 male 30.9 28 4.3

5 male 41.1 39 3.9

6 female 35.1 39 4.9

7 male 36.4 40 4.9

8 male 38.2 38 4.3

Mean 37.31 37.5 4.45

It is claimed that the effort put in by a student is an important factor in improving upon their 
predicted IB points.

(f) (i)  Perform a test on the data from school A to show it is reasonable to assume a linear 
relationship between effort scores and improvements in IB points. You may assume 
effort scores follow a normal distribution.

(ii) Hence, find the expected improvement between predicted and final points for an 
increase of one unit in effort grades, giving your answer to one decimal place.  [4]

A mathematics teacher in school A claims that the comparison between the two schools is not 
valid because the sample for school B contained mainly girls and that for school A, mainly boys. 
She believes that girls are likely to show a greater improvement from their predicted points to 
their final points.

She collects more data from other schools, asking them to class their results into four categories 
as shown in the following table.

( f - p) < -2 -2 ≤ ( f - p) < 0 0 ≤ ( f - p) < 2 ( f - p) ≥ 2

Male 6 8 10 9

Female 3 8 14 8

(g) Use an appropriate test to determine whether showing an improvement is independent 
of gender. [6]

(h) If you were to repeat the test performed in part (e) intending to compare the quality of 
the teaching between the two schools, suggest two ways in which you might choose 
your sample to improve the validity of the test. [2]

Turn over
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2. [Maximum mark: 28]

The number of brown squirrels,  x , in an area of woodland can be modelled by the following 
differential equation.

d
(2000 )

d 1000

x x
x

t
= - , where  x > 0 

(a) (i)  Find the equilibrium population of brown squirrels suggested by this model.

(ii) Explain why the population of squirrels is increasing for values of  x  less than 
this value. [3]

One year conservationists notice that some black squirrels are moving into the woodland. 
The two species of squirrel are in competition for the same food supplies. Let  y  be the 
number of black squirrels in the woodland.

Conservationists wish to predict the likely future populations of the two species of squirrels. 
Research from other areas indicates that when the two populations come into contact the 
growth can be modelled by the following differential equations, in which  t  is measured in 
tens of years.

d
(2000 2 ) 0

d 1000
d

(3000 3 ) 0
d 1000

x x
x y x y

t
y y

x y x y
t

= - - ≥

= - - ≥

, ,

, ,

An equilibrium point for the populations occurs when both 
d

0
d

x

t
=  and 

d
0

d

y

t
= .

(b) (i)  Verify that  x = 800 ,  y = 600  is an equilibrium point.

(ii) Find the other three equilibrium points. [6]

(This question continues on the following page)
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(Question 2 continued)

When the two populations are small the model can be reduced to the linear system

d
2

d
d

3
d

x
x

t
y

y
t

=

= .

(c) (i)  By using separation of variables, show that the general solution of 
d

2
d
d

3
d

x
x

t
y

y
t

=

= .

 
is  x = Ae2t .

(ii) Write down the general solution of 

d
2

d
d

3
d

x
x

t
y

y
t

=

= .

(iii) If both populations contain 10 squirrels at  t = 0  use the solutions to parts (c) (i) 
and (ii) to estimate the number of black and brown squirrels when  t = 0.2 . 
Give your answers to the nearest whole numbers. [7]

For larger populations, the conservationists decide to use Euler’s method to find the long‑term 
outcomes for the populations. They will use Euler’s method with a step length of 2 years (t = 0.2).

(d) (i)  Write down the expressions for  xn+1  and  yn+1  that the conservationists will use.

(ii) Given that the initial populations are  x = 100 ,  y = 100 , find the populations of 
each species of squirrel when  t = 1 .

(iii) Use further iterations of Euler’s method to find the long‑term population for each 
species of squirrel from these initial values.

(iv) Use the same method to find the long‑term populations of squirrels when the 
initial populations are  x = 400 ,  y = 100 . [7]

(e) Use Euler’s method with step length 0.2 to sketch, on the same axes, the approximate 
trajectories for the populations with the following initial populations.

(i) x = 1000 ,  y = 1500

(ii) x = 1500 ,  y = 1000 [3]

(f) Given that the equilibrium point at (800 , 600) is a saddle point, sketch the phase portrait 
for  x ≥ 0 ,  y ≥ 0  on the same axes used in part (e). [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg  M1,  A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies M2, A3, etc., do not split the marks, unless there is a note.  
• Once a correct answer to a question or part-question is seen, ignore further correct working. 

However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in 
that part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1
sin 4

4
x  sin x  Do not award the final A1 

3. log loga b−  log ( )a b−  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
• Normally the correct work is seen or implied in the next line. 
• Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  
• If the question becomes much simpler because of an error then use discretion to award fewer 

FT marks. 
• If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r >  for the 

sum of an infinite GP, sin 1.5θ = , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

• Exceptions to this rule will be explicitly noted on the markscheme. 
• If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 

award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
• If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 
• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 

value where integer required), do not award the mark(s) for the final answer(s). 
• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
• The MR penalty can only be applied when work is seen. For calculator questions with no 

working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation. 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 
• In the markscheme, simplified answers, (which candidates often do not write in examinations),  

will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
• Rounding errors: only applies to final answers not to intermediate steps. 
• Level of accuracy: when this is not specified in the question the general rule applies to final 

answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for this examination, but calculators with symbolic manipulation features/  
CAS functionality are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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1. (a) 
2χ  (goodness of fit) A1 

[1 mark] 

(b) EITHER 

 because aim is to measure improvement  

OR 

because the students may be of different ability in the two schools  R1 
[1 mark] 

(c) (i) 0.1875 (accept 0.188 , 0.19) A1 

  (ii) 2.46  (M1)A1 

Note: Award (M1)A0 for 2.63. 

[3 marks] 

 (d) 0H : there has been no improvement 

  1H : there has been an improvement A1 

  attempt at a one-tailed paired  t-test (M1) 

  - 0.423p =value  A1 

  there is no significant evidence that the students have improved R1 

Note: If the hypotheses are not stated award a maximum of A0M1A1R0. 

[4 marks] 

 (e) (i) 0H : there is no difference between the schools 

   1H : school B did better than school A A1 

   one-tailed 2 sample  t-test (M1) 

   - 0.0984p =value  A1 

0.0984 0.05>  (not significant at the 5 % level) so do not reject the  
null hypothesis R1A1 

Note: The final A1 cannot be awarded following an incorrect reason. 
 The final R1A1 can follow through from their incorrect  p-value. 
 Award a maximum of A1(M1)A0R1A1 for - 0.0993p =value . 

(ii) sample too small for the central limit theorem to apply (and  t-tests  
assume normal distribution) R1 

[6 marks] 

continued…  
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Question 1 continued 

 (f) (i) 0H : 0ρ =  

  1H : 0ρ >  A1 

Note: Allow hypotheses to be expressed in words. 

p-value = 0.00157 A1 

(0.00157 < 0.01) there is a significant evidence of a (linear) correlation  
between effort and improvement (so it is reasonable to assume a  
linear relationship) R1 

(ii) (gradient of line of regression =) 6.6 A1 
[4 marks] 

(g) 0H : improvement and gender are independent 

 1H : improvement and gender are not independent A1 

 choice of 
2χ  test for independence (M1) 

 groups first two columns as expected values in first column less than 5 M1 

 new observed table 
 

 ( ) 0f p− <  0 ( ) 2f p≤ − <  ( ) 2f p− ≥  

Male 14 10 9 

Female 11 14 8 

    (A1) 

 - 0.581p =value  A1 

 no significant evidence that gender and improvement are dependent R1 
[6 marks] 

(h) For example: 
 larger samples / include data from whole school 
 take equal numbers of boys and girls in each sample 
 have a similar range of abilities in each sample 
 (if possible) have similar ranges of effort R1R1 

Note: Award R1 for each reasonable suggestion to improve the validity of the test. 

[2 marks] 

Total [27 marks]  
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2. (a) (i) 2000  (M1)A1 

 (ii) because the value of d

d

x

t
 is positive (for 0x > ) R1 

[3 marks] 

(b) (i) substitute 800 600,= =x y  into both equations M1 

  both equations equal 0  A1 

  hence an equilibrium point AG 

 (ii) 0, 0x y= =  A1 

  2000, 0x y= = , 0, 3000x y= =  M1A1A1 

Note: Award M1 for an attempt at solving the system 
provided some values of x and y are found. 

[6 marks] 

(c) (i) 1
d 2dx t

x
=∫ ∫   M1 

  ln 2x t c= +   A1A1 

Note: Award A1 for RHS, A1 for LHS. 

  2e ec tx =  M1 

  2e tx A=  ( )ecA =where   AG 

 (ii) 
3e ty B=  A1 

Note: Allow any letter for the constant term, including A. 

 (iii) 15, 18x y= =   (M1)A1 
[7 marks] 

continued…  
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Question 2 continued 

(d) (i) 
1 0.2 (2000 2 )

1000
n

n n n n

x
x x x y+ = + − −  

  
1 0.2 (3000 3 )

1000
n

n n n n

y
y y x y+ = + − −  M1A1 

Note: Accept equivalent forms. 

 (ii) 319, 617x y= =   (M1)A1A1 

 (iii) number of brown squirrels go down to 0,  
black squirrels to a population of 3000 A1 

 (iv) number of brown squirrels go to 2000,  
number of black squirrels goes down to 0  A1 

[7 marks] 

(e) (i)  AND  (ii) 

 
     M1A1A1 

[3 marks] 

continued…  
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Question 2 continued 

(f) 

 
     A1A1 
 

Note: Award A1 for a trajectory beginning close to (0 , 0) and going to (0 , 3000) and A1 
for a trajectory beginning close to (0 , 0) and going to (2000 , 0) in approximately 
the correct places. 

[2 marks] 

Total [28 marks] 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 6]

Palvinder breeds Labrador puppies at his farm. Over many years he recorded the weight (g) 
of the puppies.

The data is illustrated in the following box and whisker diagram.

80 100 120 140 160 180 200 220 240 260 280 300 320

Weight of Labrador puppies (g)

(a) Write down the median weight of the puppies. [1]

(b) Write down the upper quartile. [1]

(c) Find the interquartile range. [2]

The weights of these Labrador puppies are normally distributed.

(d) Find the weight of the heaviest possible puppy that is not an outlier. [2]

(This question continues on the following page)
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(Question 1 continued)
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2. [Maximum mark: 6]

The Osaka Tigers basketball team play in a multilevel stadium.

The most expensive tickets are in the first row. The ticket price, in Yen (¥), for each row forms 
an arithmetic sequence. Prices for the first three rows are shown in the following table.

Ticket pricing per game

1st row 6800 Yen

2nd row 6550 Yen

3rd row 6300 Yen

(a) Write down the value of the common difference, d [1]

(b) Calculate the price of a ticket in the 16th row. [2]

(c) Find the total cost of buying 2 tickets in each of the first 16 rows. [3]
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3. [Maximum mark: 6]

At the end of a school day, the Headmaster conducted a survey asking students in how many 
classes they had used the internet.

The data is shown in the following table.

Number of classes in which 
the students used the internet 0 1 2 3 4 5 6

Number of students 20 24 30 k 10 3 1

(a) State whether the data is discrete or continuous. [1]

The mean number of classes in which a student used the internet is 2.

(b) Find the value of  k . [4]

It was not possible to ask every person in the school, so the Headmaster arranged the 
student names in alphabetical order and then asked every 10th person on the list.

(c) Identify the sampling technique used in the survey. [1]
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4. [Maximum mark: 6]

The perimeter of a given square  P  can be represented by the function ( ) 4P A A= , 0A ≥ , 
where  A  is the area of the square. The graph of the function  P  is shown for 0 25A≤ ≤ .

10 20

10

20

Area (A)

P
er

im
et

er
 (P

)

(a) Write down the value of (25)P . [1]

The range of ( )P A  is 0 ( )≤ ≤P A n .

(b) Hence write down the value of  n . [1]

(c) On the axes above, draw the graph of the inverse function, 1P- . [3]

(d) In the context of the question, explain the meaning of 1(8) 4P- = . [1]

(This question continues on the following page)
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(Question 4 continued)
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5. [Maximum mark: 6]

Professor Vinculum investigated the migration season of the Bulbul bird from their natural 
wetlands to a warmer climate.

He found that during the migration season their population,  P  could be modelled by 
1350 400(1.25) tP -= + ,  t ≥ 0 , where  t  is the number of days since the start of the 

migration season.

(a) Find the population of the Bulbul birds,

(i) at the start of the migration season.

(ii) in the wetlands after 5 days. [3]

(b) Calculate the time taken for the population to decrease below 1400. [2]

(c) According to this model, find the smallest possible population of Bulbul birds during the 
migration season. [1]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximum mark: 5]

As part of a study into healthy lifestyles, Jing visited Surrey Hills University. Jing recorded a 
person’s position in the university and how frequently they ate a salad. Results are shown 
in the table.

Salad meals per week

0 1 – 2 3 – 4 > 4

Students 45 26 18 6

Professors 15 8 5 12

Staff and Administration 16 13 10 6

Jing conducted a  χ2  test for independence at a 5 % level of significance.

(a) State the null hypothesis. [1]

(b) Calculate the  p-value for this test. [2]

(c) State, giving a reason, whether the null hypothesis should be accepted. [2]
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7. [Maximum mark: 6]

Points  A (3 , 1) ,  B (3 , 5) ,  C (11 , 7) ,  D (9 , 1)  and  E (7 , 3)  represent snow shelters in the 
Blackburn National Forest. These snow shelters are illustrated in the following coordinate axes.

Horizontal scale: 1 unit represents 1 km.

Vertical scale: 1 unit represents 1 km.
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(a) Calculate the gradient of the line segment AE. [2]

(This question continues on the following page)
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(Question 7 continued)

The Park Ranger draws three straight lines to form an incomplete Voronoi diagram.

2 4 6 8 10 12 14 16
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(b) Find the equation of the line which would complete the Voronoi cell containing site E. 
Give your answer in the form  ax + by + d = 0  where  a , b , d∈ . [3]

(c) In the context of the question, explain the significance of the Voronoi cell containing site E. [1]
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8. [Maximum mark: 4]

The intensity level of sound,  L  measured in decibels (dB), is a function of the sound 
intensity,  S  watts per square metre (W m-2). The intensity level is given by the following formula.

L = 10 log10 (S × 1012), S ≥ 0

(a) An orchestra has a sound intensity of  6.4 × 10-3 W m-2 . Calculate the intensity level,   
L  of the orchestra. [2]

(b) A rock concert has an intensity level of 112 dB. Find the sound intensity,  S . [2]
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9. [Maximum mark: 6]

Ms Calhoun measures the heights of students in her mathematics class. She is interested 
to see if the mean height of male students,  µ1 , is the same as the mean height of female 
students,  µ2 . The information is recorded in the table.

Male height (cm) 150 148 143 152 151 149 147  

Female height (cm) 148 152 154 147 146 153 152 150

At the 10 % level of significance, a  t-test was used to compare the means of the two groups. 
The data is assumed to be normally distributed and the standard deviations are equal between 
the two groups.

(a) (i)  State the null hypothesis.

(ii) State the alternative hypothesis. [2]

(b) Calculate the  p-value for this test. [2]

(c) State, giving a reason, whether Ms Calhoun should accept the null hypothesis. [2]
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10. [Maximum mark: 5]

The following diagram shows part of the graph of  f (x) = (6 - 3x) (4 + x) ,  x∈ . The shaded 
region  R  is bounded by the  x-axis,  y-axis and the graph of  f .

y

x

R

(a) Write down an integral for the area of region  R . [2]

(b) Find the area of region  R . [1]

The three points  A (0 , 0) ,  B (3 , 10)  and  C (a , 0)  define the vertices of a triangle.

y

xA C

B

(c) Find the value of  a , the  x-coordinate of  C , such that the area of the triangle is equal to 
the area of region  R . [2]

(This question continues on the following page)
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(Question 10 continued)
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11. [Maximum mark: 4]

Helen is building a cabin using cylindrical logs of length 2.4 m and radius 8.4 cm. A wedge is 
cut from one log and the cross-section of this log is illustrated in the following diagram.

diagram not to scale

B
A

O

508.4 cm

2.4 m

Find the volume of this log.
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12. [Maximum mark: 6]

Jae Hee plays a game involving a biased six-sided die.
The faces of the die are labelled -3, -1, 0, 1, 2 and 5.
The score for the game,  X , is the number which lands face up after the die is rolled. 
The following table shows the probability distribution for  X .

Score x -3 -1 0 1 2 5

P (X = x)
1

18
p

3
18

1
18

2
18

7
18

(a) Find the exact value of  p . [1]

Jae Hee plays the game once.

(b) Calculate the expected score. [2]

Jae Hee plays the game twice and adds the two scores together.

(c) Find the probability Jae Hee has a total score of -3. [3]
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13. [Maximum mark: 6]

Mr Burke teaches a mathematics class with 15 students. In this class there are 6 female 
students and 9 male students.

Each day Mr Burke randomly chooses one student to answer a homework question.

(a) Find the probability that on any given day Mr Burke chooses a female student to 
answer a question. [1]

In the first month, Mr Burke will teach his class 20 times.

(b) Find the probability he will choose a female student 8 times. [2]

(c) Find the probability he will choose a male student at most 9 times. [3]
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14. [Maximum mark: 8]

Ollie has installed security lights on the side of his house that are activated by a sensor. 
The sensor is located at point C directly above point D. The area covered by the sensor 
is shown by the shaded region enclosed by triangle ABC. The distance from A to B is 
4.5 m and the distance from B to C is 6 m. Angle  AĈB  is  15.

diagram not to scale

6 

4.5

side view

15

C

A B D E

(a) Find CÂB. [3]

Point B on the ground is 5 m from point E at the entrance to Ollie’s house. He is 1.8 m tall and 
is standing at point D, below the sensor. He walks towards point B.

(b) Find the distance Ollie is from the entrance to his house when he first activates 
the sensor. [5]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg  M1,  A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies M2, A3, etc., do not split the marks, unless there is a note.  
• Once a correct answer to a question or part-question is seen, ignore further correct working. 

However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in 
that part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  
5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1
sin 4

4
x  sin x  Do not award the final A1 

3. log loga b−  log ( )a b−  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
• Normally the correct work is seen or implied in the next line. 
• Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  
• If the question becomes much simpler because of an error then use discretion to award fewer 

FT marks. 
• If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r >  for the 

sum of an infinite GP, sin 1.5θ = , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

• Exceptions to this rule will be explicitly noted on the markscheme. 
• If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 

award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
• If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 
• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 

value where integer required), do not award the mark(s) for the final answer(s). 
• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
• The MR penalty can only be applied when work is seen. For calculator questions with no 

working and incorrect answers, examiners should not infer that values were read incorrectly. 
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6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation. 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 
• In the markscheme, simplified answers, (which candidates often do not write in examinations),  

will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
• Rounding errors: only applies to final answers not to intermediate steps. 
• Level of accuracy: when this is not specified in the question the general rule applies to final 

answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for this examination, but calculators with symbolic manipulation features/  
CAS functionality are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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1. (a) 210g   A1 
[1 mark] 

(b) 240g  A1 
[1 mark] 

(c) 240 190−  (M1) 

 50g=   A1 
[2 marks] 

(d) 240 1.5 (50)+ ×  M1 

 315g=   A1 
[2 marks] 

Total [6 marks] 

2. (a) ( ) 250d = −  A1 
[1 mark] 

 (b) ( )16 6800 (16 1)( 250)u = + − −  M1 

  (¥)3050  A1 
[2 marks] 

 (c) ( ) ( )16

16
2 6800 (16 1)( 250) 2

2
S

 = × + − − × 
 

 M1M1 

Note: Award M1 for correct substitution into arithmetic series formula. 
Award M1 for multiplication by 2 seen. 

OR 

( )16

16
(6800 3050) 2

2
S

 = + × 
 

 M1M1 

Note: Award M1 for correct substitution into arithmetic series formula. 
Award M1 for multiplication by 2 seen. 

  (¥)158000 (157600)  A1 

[3 marks] 

Total [6 marks] 
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3. (a) discrete  A1 
[1 mark] 

 (b) 
24 60 3 40 15 6

2
88

k

k

+ + + + +
=

+
 M1A1 

Note:  Award M1 for substitution into the formula for 
the mean, award A1 for a correct equation. 

  attempt to solve their equation (M1) 

  31k =   A1 
[4 marks] 

 (c) systematic  A1 
[1 mark] 

Total [6 marks] 
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4. (a) 20   A1 
[1 mark] 

 (b) 20n =   A1 

Note: Follow through from part (a). 

[1 mark] 

 (c)  

 
     (M1)A1A1 

Note: Award (M1) for reflection in the line P A= , award A1 for 
endpoint at (20 , 25), award A1 for passing through (16 , 16). 

[3 marks] 

 (d) when the perimeter is 8, the area is 4 A1 
[1 mark] 

Total [6 marks]  
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5. (a) (i) 1750  A1 

  (ii) 51350 400 (1.25)−+  (M1) 

   1480=   A1 

Note: Accept 1481. 

[3 marks] 

 (b) 1400 1350 400(1.25) t−= +  (M1) 

  9.32 (days (9.31885…) (days)) A1 
[2 marks] 

 (c) 1350   A1 

Note: Accept 1351 as a valid interpretation of the model as 1350P =  
is an asymptote. 

[1 mark] 

Total [6 marks] 

6. (a) number of salad meals per week is independent of a person’s position  
in the university A1 

Note: Accept “not associated” instead of independent. 

[1 mark] 

 (b) 0.0201 (0.0201118 )…  A2 
[2 marks] 

 (c) 0.0201 0.05<  R1 

  the null hypothesis is rejected A1 
[2 marks] 

Note: Award (R1) for a correct comparison of their p-value to the test level, 
award (A1) for the correct interpretation from that comparison.  
Do not award (R0)(A1). 

Total [5 marks] 
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7. (a) 
3 1

7 3

−
−

  (M1) 

  0.5=   A1 
[2 marks] 

 (b) 2 2( 5)y x− = − −  (A1)(M1) 

Note: Award (A1) for their 2−  seen, award (M1) for the correct substitution 
of (5 , 2) and their normal gradient in equation of a line. 

  2 12 0x y+ − =  A1 
[3 marks] 

 (c) every point in the cell is closer to E than any other snow shelter A1 
[1 mark] 

Total [6 marks] 

8. (a) ( )3 12
1010 log 6.4 10 10−× ×  (M1) 

  98.1(dB) (98.06179 )= …  A1 
[2 marks] 

 (b) ( )12
10112 10log 10S= ×  (M1) 

  ( ) ( )( )2 20.158 W m 0.158489 W m− −…  A1 

[2 marks] 

Total [4 marks]  
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9. (a) (i) 1 2 0µ µ− =  A1 

  (ii) 1 2 0µ µ− ≠  A1 

Note: Accept equivalent statements in words. 

[2 marks] 

 (b) 0.296 (0.295739 )…  A2 
[2 marks] 

 (c) 0.296 0.1>  R1 

fail to reject the null hypothesis, there is no difference between the mean  
height of male and female students A1 

Note: Award (R1) for a correct comparison of their p-value to the test level, 
award (A1) for the correct interpretation from that comparison.  
Do not award R0A1. 

[2 marks] 

Total [6 marks] 

10. (a) 
2

0
(6 3 )(4 )dA x x x= − +∫  A1A1 

Note: Award A1 for the limits 0, 2x x= = . Award A1 for an integral of ( )f x . 

[2 marks] 

 (b) 28   A1 
[1 mark] 

 (c) 28 0.5 10a= × ×  M1 

  
28

5.6
5

 
 
 

 A1 

[2 marks] 

Total [5 marks] 
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11. volume 2 21 50
240 8.4 8.4

2 180

 
=  −   

 
 M1M1M1 

Note: Award M1 240area , award M1 for correctly substituting area sector formula, 
award M1 for subtraction of their area of the sector from area of circle. 

 45800 ( 45811.96071)= =   A1 
Total [4 marks] 

12. (a) 
4 2

18 9
 
 
 

  A1 

[1 mark] 

(b) 
1 4 3 7

3 ( 1) 0 5
18 18 18 18

−  + −  +  +  +   (M1) 

Note:  Award (M1) for their correct substitution into the formula for expected value. 

 
33

1.83 , 1.83333
18
 

=  
 

 A1 

[2 marks] 

(c) 
1 3

2
18 18

   (M1)(M1) 

Note:  Award (M1) for 
1 3

18 18
 , award (M1) for multiplying their product by 2. 

 
1 6

, 0.0185185 , 1.85%
54 324

 
=  

 
 A1 

[3 marks] 

Total [6 marks]  
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13. (a) 
6 2

0.4,
15 5

 
 
 

 A1 

[1 mark] 

 (b) P ( 8)X =   (M1) 

Note:  Award (M1) for evidence of recognizing binomial probability.  

eg, 
6

P ( 8) , ~ B 20,
15

X X
 =  
 

. 

   0.180 (0.179705 )…  A1 
[2 marks] 

 (c) ( ) 9
(0.6)

1
P

5
=male  A1 

 P( 9) 0.128 (0.127521 )X ≤ = …   (M1)A1 

Note: Award (M1) for evidence of correct approach eg, P ( 9)X ≤ . 

[3 marks] 

Total [6 marks]  



 – 13 – SPEC/5/MATAI/SP1/ENG/TZ0/XX/M 

 

14. (a) 
ˆsin CAB sin15

6 4.5
=



 (M1)(A1) 

  ˆCA B 20.2 (20.187415 )= …  A1 

Note: Award (M1) for substituted sine rule formula 
and award (A1) for correct substitutions. 

[3 marks] 

 (b) C B̂ D = 20.2 + 15 = 35.2  A1 
  (let X be the point on BD where Ollie activates the sensor) 

  
1.8

tan35.18741
BX

=   (M1) 

Note: Award A1 for their correct angle C B̂ D. Award M1 for 
correctly substituted trigonometric formula. 

  BX = 2.55285… A1 

  5 − 2.55285… (M1) 

  = 2.45 (m) (2.44714…) A1 
[5 marks] 

Total [8 marks] 
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 17]

In this question, give all answers to two decimal places.

Bryan decides to purchase a new car with a price of €14 000, but cannot afford the full amount. 
The car dealership offers two options to finance a loan.

Finance option A:

A 6 year loan at a nominal annual interest rate of 14 % compounded quarterly.  
No deposit required and repayments are made each quarter.

(a) (i)  Find the repayment made each quarter.

(ii) Find the total amount paid for the car.

(iii) Find the interest paid on the loan. [7]

Finance option B:

A 6 year loan at a nominal annual interest rate of  r % compounded monthly. Terms of the 
loan require a 10 % deposit and monthly repayments of €250.

(b) (i)  Find the amount to be borrowed for this option.

(ii) Find the annual interest rate,  r . [5]

(c) State which option Bryan should choose. Justify your answer. [2]

Bryan’s car depreciates at an annual rate of 25 % per year.

(d) Find the value of Bryan’s car six years after it is purchased. [3]

Turn over
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2. [Maximum mark: 14]

Slugworth Candy Company sell a variety pack of colourful, shaped sweets.

The sweets are produced such that 80 % are star shaped and 20 % are shaped like a 
crescent moon. It is known that 10 % of the stars and 30 % of the crescent moons are 
coloured yellow.

(a) Using the given information, copy and complete the following tree diagram. [2]

yellow

not yellow

yellow

not yellow

star shaped

crescent moon
shaped

0.10

0.80

0.20

(b) A sweet is selected at random.

(i) Find the probability that the sweet is yellow.

(ii) Given that the sweet is yellow, find the probability it is star shaped.  [4]

(This question continues on the following page)
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(Question 2 continued)

According to manufacturer specifications, the colours in each variety pack should be distributed 
as follows.

Colour Brown Red Green Orange Yellow Purple

Percentage (%) 15 25 20 20 10 10

Mr Slugworth opens a pack of 80 sweets and records the frequency of each colour.

Colour Brown Red Green Orange Yellow Purple

Observed Frequency 10 20 16 18 12 4

To investigate if the sample is consistent with manufacturer specifications, Mr Slugworth 
conducts a  χ 2  goodness of fit test. The test is carried out at a 5 % significance level.

(c) Write down the null hypothesis for this test. [1]

(d) Copy and complete the following table in your answer booklet. [2]

Colour Brown Red Green Orange Yellow Purple

Expected Frequency

(e) Write down the number of degrees of freedom. [1]

(f) Find the  p-value for the test. [2]

(g) State the conclusion of the test. Give a reason for your answer. [2]

Turn over
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3. [Maximum mark: 17]

The Malvern Aquatic Center hosted a 3 metre spring board diving event. The judges, Stan and 
Minsun awarded 8 competitors a score out of 10. The raw data is collated in the following table.

Competitors A B C D E F G H

Stan’s score (x) 4.1 3 4.3 6 7.1 6 7.5 6

Minsun’s score ( y) 4.7 4.6 4.8 7.2 7.8 9 9.5 7.2

(a) (i)   Write down the value of the Pearson’s product–moment correlation coefficient,  r .

(ii) Using the value of  r , interpret the relationship between Stan’s score and 
Minsun’s score. [4]

(b) Write down the equation of the regression line  y  on  x . [2]

(c) (i)  Use your regression equation from part (b) to estimate Minsun’s score when Stan 
awards a perfect 10.

(ii) State whether this estimate is reliable. Justify your answer. [4]

The Commissioner for the event would like to find the Spearman’s rank correlation coefficient.

(d) Copy and complete the information in the following table. [2]

Competitors A B C D E F G H

Stan’s Rank 8 1 4

Minsun’s Rank 8 1 4.5

(e) (i)  Find the value of the Spearman’s rank correlation coefficient,  rs .

(ii) Comment on the result obtained for  rs . [4]

The Commissioner believes Minsun’s score for competitor G is too high and so decreases 
the score from 9.5 to 9.1.

(f) Explain why the value of the Spearman’s rank correlation coefficient  rs  does not change. [1]
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4. [Maximum mark: 15]

The Happy Straw Company manufactures drinking straws.

The straws are packaged in small closed rectangular boxes, each with length 8 cm, width 4 cm 
and height 3 cm. The information is shown in the diagram.

H G

C

BA

E

D

F

8
4

3

(a) Calculate the surface area of the box in cm2. [2]

(b) Calculate the length AG. [2]

Each week, the Happy Straw Company sells  x  boxes of straws. It is known that 
d

2 220
d

P
x

x
= - + ,   

x ≥ 0 , where  P  is the weekly profit, in dollars, from the sale of  x  thousand boxes.

(c) Find the number of boxes that should be sold each week to maximize the profit.  [3]

The profit from the sale of 20 000 boxes is $1700.

(d) Find  P (x) . [5]

(e) Find the least number of boxes which must be sold each week in order to make a profit.  [3]

Turn over
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5. [Maximum mark: 17]

The braking distance of a vehicle is defined as the distance travelled from where the brakes 
are applied to the point where the vehicle comes to a complete stop.

The speed,  s m s-1 , and braking distance,  d m , of a truck were recorded. This information is 
summarized in the following table.

Speed,  s m s-1 0 6 10

Braking distance,  d m 0 12 60

This information was used to create Model A, where  d  is a function of  s ,  s ≥ 0 .

Model A:  d (s) = ps2 + qs , where  p , q∈

At a speed of  6 m s-1 , Model A can be represented by the equation  6 p + q = 2 .

(a) (i)  Write down a second equation to represent Model A, when the speed is  10 m s-1 .

(ii) Find the values of p and q [4]

(b) Find the coordinates of the vertex of the graph of  y = d (s) . [2]

(c) Using the values in the table and your answer to part (b), sketch the graph of  y = d (s)  
for  0 ≤ s ≤ 10  and  -10 ≤ d ≤ 60 , clearly showing the vertex. [3]

(d) Hence, identify why Model A may not be appropriate at lower speeds. [1]

Additional data was used to create Model B, a revised model for the braking distance of a truck.

Model B:  d (s) = 0.95 s2 - 3.92 s

(e) Use Model B to calculate an estimate for the braking distance at a speed of  20 m s-1 . [2]

The actual braking distance at  20 m s-1  is  320 m .

(f) Calculate the percentage error in the estimate in part (e). [2]

(This question continues on the following page)
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(Question 5 continued)

It is found that once a driver realizes the need to stop their vehicle, 1.6 seconds will elapse, 
on average, before the brakes are engaged. During this reaction time, the vehicle will 
continue to travel at its original speed.

A truck approaches an intersection with speed  s m s-1 . The driver notices the intersection’s 
traffic lights are red and they must stop the vehicle within a distance of 330 m.

diagram not to scale

330

(g) Using model B and taking reaction time into account, calculate the maximum possible 
speed of the truck if it is to stop before the intersection. [3]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg  M1,  A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.  

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies M2, A3, etc., do not split the marks, unless there is a note.  
• Once a correct answer to a question or part-question is seen, ignore further correct working. 

However, if further working indicates a lack of mathematical understanding do not award the final 
A1. An exception to this may be in numerical answers, where a correct exact value is followed by 
an incorrect decimal. However, if the incorrect decimal is carried through to a subsequent part, 
and correct FT working shown, award FT marks as appropriate but do not award the final A1 in 
that part. 

 
Examples 

 
 Correct answer seen Further working seen Action 
1. 

8 2  5.65685...  
(incorrect decimal value) 

Award the final A1 
(ignore the further working) 

2. 1
sin 4

4
x  sin x  Do not award the final A1 

3. log loga b−  log ( )a b−  Do not award the final A1 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or if 
implied in subsequent working. 
 
• Normally the correct work is seen or implied in the next line. 
• Marks without brackets can only be awarded for work that is seen. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) or subpart(s). Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if the only marks awarded in a subpart are for the answer (i.e. there is no working 
expected), then FT marks should be awarded if appropriate. 

 
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.  
• If the question becomes much simpler because of an error then use discretion to award fewer 

FT marks. 
• If the error leads to an inappropriate value (e.g. probability greater than 1, use of 1r >  for the 

sum of an infinite GP, sin 1.5θ = , non integer value where integer required), do not award the 
mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.  

• Exceptions to this rule will be explicitly noted on the markscheme. 
• If a candidate makes an error in one part, but gets the correct answer(s) to subsequent part(s), 

award marks as appropriate, unless the question says hence. It is often possible to use a 
different approach in subsequent parts that does not depend on the answer to previous parts.  

 
 
5 Mis-read 
 

If a candidate incorrectly copies information from the question, this is a mis-read (MR). Apply a MR 
penalty of 1 mark to that question  

 
• If the question becomes much simpler because of the MR, then use discretion to award 

fewer marks. 
• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 

value where integer required), do not award the mark(s) for the final answer(s). 
• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
• The MR penalty can only be applied when work is seen. For calculator questions with no 

working and incorrect answers, examiners should not infer that values were read incorrectly. 
  



 – 4 – SPEC/5/MATAI/SP2/ENG/TZ0/XX/M 

 

6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for part-questions are indicated by EITHER . . . OR. 

 
 
7 Alternative forms 
 
 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation. 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 
• In the markscheme, simplified answers, (which candidates often do not write in examinations),  

will generally appear in brackets. Marks should be awarded for either the form preceding the 
bracket or the form in brackets (if it is seen).  

 
 
8 Accuracy of Answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. There are two types of accuracy errors, and the final answer mark should not be 
awarded if these errors occur. 

 
• Rounding errors: only applies to final answers not to intermediate steps. 
• Level of accuracy: when this is not specified in the question the general rule applies to final 

answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures. 

 
 
9 Calculators 
 

A GDC is required for this examination, but calculators with symbolic manipulation features/  
CAS functionality are not allowed. 

 
Calculator notation 
The subject guide says: 
 Students must always use correct mathematical notation, not calculator notation. 
 
Do not accept final answers written using calculator notation. However, do not penalize the use of 
calculator notation in the working. 

 
 
  

 Candidates will sometimes use methods other than those in the markscheme. Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme 
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1. (a) (i)  N = 24 

    I % = 14 

   PV 14000= −   

    FV = 0 

    P/Y = 4 

    C/Y = 4 (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct. Accept PV 14000= . 

   (€)871.82  A1 

  (ii) 4 6 871.82× ×  (M1) 

   (€)20923.68  A1 

  (iii) 20923.68 14000−  (M1) 

   (€)6923.68  A1 
[7 marks] 

 (b) (i) 0.9 14000× ( 14000 0.10 14000)= − ×  M1 

   (€)12600.00  A1 

  (ii) N 72=   

   PV 12600=  

   PMT 250= −   

   FV 0=   

   P/Y 12=   

   C/Y 12=   (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology, award 
A1 for all entries correct. Accept PV 12600= −  provided PMT 250= . 

   12.56(%)  A1 
[5 marks] 

continued…  
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Question 1 continued 

 (c) EITHER  

  Bryan should choose Option A A1 
  no deposit is required R1 

Note: Award R1 for stating that no deposit is required. Award A1 
for the correct choice from that fact. Do not award R0A1. 

  OR 

  Bryan should choose Option B A1 
  cost of Option A (6923.69) >  cost of Option B (72 250 12600 5400)× − =  R1 

Note: Award R1 for a correct comparison of costs. Award A1 for the correct choice 
from that comparison. Do not award R0A1. 

[2 marks] 

 (d) 
6

25
14000 1

100
 − 
 

 (M1)(A1) 

Note: Award M1 for substitution into compound interest formula. 
Award A1 for correct substitutions. 

  2491.70 (USD)=   A1 

  OR 

N 6=  

I% 25= −  

PV 14000= ±  

P/Y 1=  

C/Y 1=   (A1)(M1) 

Note: Award A1 for PV 14000= ± , M1 for other entries correct. 

  2491.70 (USD)  A1 
[3 marks] 

Total [17 marks]  
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2. (a) 

 
     A1A1 

Note: Award A1 for each correct pair of branches. Accept decimal 
or percentage responses as equivalent forms on branches. 

[2 marks] 

 (b) (i) P( ) 0.8 0.1 0.2 0.3= × + ×Y  M1 

   0.14=  A1 

  (ii) 
0.8 0.1

P (Star | )
0.14

Y
×

=  M1 

   
4

0.571 , 0.571428
7

 = … 
 

 A1 

[4 marks] 

 (c) the colours of the sweets are distributed according to  
manufacturer specifications A1 

[1 mark] 

 (d) 

Colour Brown Red Green Orange Yellow Purple 

Expected Frequency 12 20 16 16 8 8 

     A2 

Note: Award A2 for all 6 correct expected values, 
A1 for 4 or 5 correct values, A0 otherwise. 

[2 marks] 

 (e) 5   A1 
[1 mark] 

 (f) 0.469 (0.4688117…) A2 
[2 marks] 

continued…  
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Question 2 continued 

 (g) since 0.469 0.05>  R1 

fail to reject the null hypothesis. There is insufficient evidence to  
reject the manufacturer’s specifications A1 

Note: Award R1 for a correct comparison of their correct p-value to the 
test level, award A1 for the correct result from that comparison. 
Do not award R0A1. 

[2 marks] 

Total [14 marks] 
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3. (a) (i) 0.909 (0.909181…) A2 

  (ii) (very) strong and positive  A1A1 

Note: Award A1 for (very) strong A1 for positive. 

[4 marks] 

 (b) 1.14 0.578 ( 1.14033 0.578183 )y x y x= + = … + …   A1A1 

Note: Award A1 for 1.14x, A1 for 0.578. Award a maximum of A1A0 
if the answer is not an equation in the form y mx c= + . 

[2 marks] 

(c) (i) 1.14 10 0.578× +   M1 

  12.0 (11.9814…) A1 

 (ii) no the estimate is not reliable A1 

  outside the known data range  R1 

  OR 

  a score greater than 10 is not possible R1 

Note: Do not award A1R0. 

[4 marks] 

 (d)     

Competitors A B C D E F G H 

Stan’s rank 7 8 6 4 2 4 1 4 

Minsun’s rank 7 8 6 4.5 3 2 1 4.5 

      A1A1  

Note: Award A1 for correct ranks for Stan. Award A1 for correct ranks for Minsun. 

[2 marks] 

 (e) (i) 0.933 (0.932673…) A2 

  (ii) Stan and Minsun strongly agree on the ranking of competitors. A1A1 

Note: Award A1 for “strongly agree”, A1 for reference to a rank order. 

[4 marks] 

 (f) decreasing the score to 9.1, does not change the rank of competitor G  A1 
[1 mark] 

Total [17 marks]  
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4. (a) 2(8 4 3 4 3 8)× + × + × M1 

=136 A1 
[2 marks] 

(b) 2 2 28 4 3+ +  M1 

(AG ) 9.43 (cm) (9.4339 , 89)= …  A1 
[2 marks] 

(c) 2 220 0x− + = M1 

110x = A1 

110 000 (boxes) A1 
[3 marks] 

(d) ( ) 2 220dP x x x= − +∫ M1 

Note: Award M1 for evidence of integration. 

2( ) 220P x x x c= − + +  A1A1 

Note: Award A1 for either 2x−  or 220x  award A1 for 
both correct terms and constant of integration. 

21700 (20) 220(20)= − + + c  M1 

2300c = −  

2( ) 220 2300= − + −P x x x  A1 
[5 marks] 

(e) 2 220 2300 0x x− + − = M1 

11.005x = A1 

11 006 (boxes) A1 

Note: Award M1 for their ( ) 0P x = , award A1 for their correct solution to x. 
Award the final A1 for expressing their solution to the minimum number 
of boxes. Do not accept 11 005, the nearest integer, nor 11 000, the 
answer expressed to 3 significant figures, as these will not satisfy the 
demand of the question. 

[3 marks] 

Total [15 marks] 

(cm2) 



 – 11 – SPEC/5/MATAI/SP2/ENG/TZ0/XX/M 

 

5. (a) (i) 2(10) (10) 60p q+ =  M1 

   10 6 (100 10 60)p q p q+ = + =  A1 

  (ii) 1, 4p q= = −  A1A1 

Note: If p and q are both incorrect then award M1A0 for an attempt 
to solve simultaneous equations. 

[4 marks] 
 (b) (2, 4)−   A1A1 

Note: Award A1 for each correct coordinate. 
Award A0A1 if parentheses are missing. 

  [2 marks] 
 (c) 

 
     A3 

Note: Award A1 for smooth quadratic curve on labelled axes and within correct window. 
Award A1 for the curve passing through (0 , 0) and (10 , 60). Award A1 for the 
curve passing through their vertex. Follow through from part (b). 

[3 marks] 

 (d) the graph indicates there are negative stopping distances (for low speeds)  R1 

Note: Award R1 for identifying that a feature of their graph results in negative 
stopping distances (vertex, range of stopping distances…). 

[1 mark] 

 continued…  
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Question 5 continued 

(e) 20.95 20 3.92 20× − ×  (M1) 

  302(m) (301.6 )= …   A1 
[2 marks] 

 (f) 
301.6 320

100
320

−
×  M1 

  5.75(%)=    A1 
[2 marks] 

 (g) 2330 1.6 0.95 3.92s s s= × + × − ×  M1A1 

Note: Award M1 for an attempt to find an expression including stopping 
distance (model B) and reaction distance, equated to 330.  
Award A1 for a completely correct equation. 

  119.9(ms ) (19.8988 )− …  A1 
[3 marks] 

Total [17 marks] 
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 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

 y The maximum mark for this examination paper is [110 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.

y

x

8

6

4

2

2 4 60−2

−2

−4

−6

−4

(a) Write down the value of

(i)  f (2) ;

(ii) ( f  f )(2) . [2]

(b) Let 
1

( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g . [3]
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Turn over

2. [Maximum mark: 5] 

Consider an arithmetic sequence where  u8 = S8 = 8 . Find the value of the first term,  u1 , and 
the value of the common difference,  d .
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3. [Maximum mark: 5]

A research student weighed lizard eggs in grams and recorded the results. The following  
box and whisker diagram shows a summary of the results where  L  and  U  are the lower  
and upper quartiles respectively.

diagram not to scale

10 L 40 75U

The interquartile range is 20 grams and there are no outliers in the results.

(a) Find the minimum possible value of  U . [3]

(b) Hence, find the minimum possible value of  L . [2]
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Turn over

4. [Maximum mark: 7]

Consider the functions  f (x) = -(x - h)2 + 2k  and  g (x) = ex-2 + k  where  h ,  k ∈  .

(a) Find  f ′(x) . [1]

The graphs of  f  and  g  have a common tangent at  x = 3 .

(b) Show that 
e 6

2
h

+
= . [3]

(c) Hence, show that 
2e

e
4

k = + . [3]
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5. [Maximum mark: 8]

(a) Show that  sin 2x + cos 2x - 1 = 2 sin x (cos x - sin x) . [2]

(b) Hence or otherwise, solve  sin 2x + cos 2x - 1 + cos x - sin x = 0  for  0 < x < 2π . [6]
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Turn over

6. [Maximum mark: 4]

It is given that cosec� � 3

2
, where 

� �
2

3

2
� �� . Find the exact value of cot  θ .
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7. [Maximum mark: 8]

Consider the quartic equation  z4 + 4z3 + 8z2 + 80z + 400 = 0 ,  z ∈  .

Two of the roots of this equation are  a + bi  and  b + ai , where  a ,  b ∈  .

Find the possible values of  a .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12EP08



– 9 –

M21/5/MATHX/HP1/ENG/TZ1/XX

2221 – 7106

Turn over

8. [Maximum mark: 5]

Use l’Hôpital’s rule to find 
0

arctan 2
lim

tan 3x

x

x→

 
 
 

.
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9. [Maximum mark: 8]

A farmer has six sheep pens, arranged in a grid with three rows and two columns as shown 
in the following diagram.

Five sheep called Amber, Brownie, Curly, Daisy and Eden are to be placed in the pens. Each 
pen is large enough to hold all of the sheep. Amber and Brownie are known to fight. 

Find the number of ways of placing the sheep in the pens in each of the following cases:

(a) Each pen is large enough to contain five sheep. Amber and Brownie must not be 
placed in the same pen. [4]

(b) Each pen may only contain one sheep. Amber and Brownie must not be placed in pens 
which share a boundary. [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

A biased four-sided die, A, is rolled. Let  X  be the score obtained when die A is rolled. The 
probability distribution for  X  is given in the following table.

x 1 2 3 4

P (X = x) p p p
1

2
p

(a) Find the value of  p . [2]

(b) Hence, find the value of  E (X ) . [2]

A second biased four-sided die, B, is rolled. Let  Y  be the score obtained when die B is rolled. 
The probability distribution for  Y  is given in the following table.

y 1 2 3 4

P (Y = y) q q q r

(c) (i)  State the range of possible values of  r .

(ii) Hence, find the range of possible values of  q . [3]

(d) Hence, find the range of possible values for  E (Y ) . [3]

Agnes and Barbara play a game using these dice. Agnes rolls die A once and Barbara rolls 

die B once. The probability that Agnes’ score is less than Barbara’s score is 
1

2
.

(e) Find the value of  E (Y ) . [6]
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Do not write solutions on this page.

11. [Maximum mark: 19]

Consider the line  L1  defined by the Cartesian equation 
1

3
2

x
y z

+
= = − .

(a) (i)  Show that the point  (-1, 0, 3)  lies on  L1 .

(ii) Find a vector equation of  L1 . [4]

Consider a second line  L2  defined by the vector equation 

0

1 1

2 1

a

t

   
   = +   
   −   

r , 

where  t ∈  and  a ∈  .

(b) Find the possible values of  a  when the acute angle between  L1  and  L2  is 45°. [8]

It is given that the lines  L1  and  L2  have a unique point of intersection, A, when  a ≠ k .

(c) Find the value of  k , and find the coordinates of the point  A  in terms of  a . [7]

12. [Maximum mark: 20] 

Let ( ) 1f x x= +  for  x > -1 .

(a) Show that 
3

1
( )

4 (1 )
f x

x
′′ = −

+
. [3]

(b) Use mathematical induction to prove that f x
n

n
xn

n
n� �

�
�

� ��
�
�

�
�
�

�� �
�

�( )
!

( )!
( )

1

4

2 3

2
1

1 1
2

for  n ∈  ,  n ≥ 2 . [9]

Let  g (x) = emx ,  m ∈  .

Consider the function  h  defined by  h (x) = f (x) × g (x)  for  x > -1 .

It is given that the  x2  term in the Maclaurin series for  h (x)  has a coefficient of 
7

4
.

(c) Find the possible values of  m . [8]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen 
or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent
parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners
are asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written as 

.  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left 

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any  
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless an
explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) (i) ( )2 6f = A1 

(ii) ( )( )2 2f f = − A1 

[2 marks] 

(b) 

M1A1A1 

Note: Award M1 for an attempt to apply any vertical stretch or vertical translation, 
A1 for a correct horizontal line segment between −4 and 0 
(located roughly at 3y = ),  
A1 for a correct concave down parabola including max point at (2,4) and for 
correct end points at (0,3) and (6,0) (within circles). Points do not need to be 
labelled. 

[3 marks] 
Total [5 marks] 

2 METHOD 1 (finding 
1u first, from S8)

( )14 8 8u + = (A1) 

1 6u = − A1 

1 7 8u d+ = OR ( )14 2 7 8u d+ =  (may be seen with their value of 
1u ) (A1) 

attempt to substitute their 
1u (M1) 

2d = A1 

METHOD 2 (solving simultaneously) 

1 7 8u d+ = (A1) 

( )14 8 8u + = OR ( )14 2 7 8u d+ =  OR  1 3u d= −  (A1) 

attempt to solve linear or simultaneous equations (M1) 

1 6, 2u d= − = A1A1 

 [5 marks] 
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3. (a) attempt to use definition of outlier 

31.5 20 Q + (M1) 

1.5 20 75U +  ( 45U  , accept )45U   OR 31.5 20 75Q + = A1 

minimum value of 45U =  A1 

 [3 marks] 

(b) attempt to use interquartile range (M1) 
20U L− =  (may be seen in part (a)) OR 25L   (accept 25L  ) 

minimum value of 25L =  A1 

[2 marks] 
Total [5 marks] 
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4. (a) ( ) ( )2f x x h = − − A1 

[1 mark] 

(b) ( ) 2exg x − = OR ( ) 3 23 eg − =   (may be seen anywhere) A1 

Note: The derivative of g  must be explicitly seen, either in terms of x  or 3. 

recognizing ( ) ( )3 3f g = (M1) 

( ) ( )3 22 3 e  eh −− − = =

6 2 eh− + =   OR  
e

3
2

h− = − A1 

Note: The final A1 is dependent on one of the previous marks being awarded. 

e 6

2
h

+
= AG 

[3 marks] 

(c) ( ) ( )3 3f g= (M1) 

( )
2 3 23 2 eh k k−− − + = +

correct equation in k

EITHER 

2
3 2e 6

3 2 e
2

k k−+ 
− − + = + 
 

A1 

2 2
6 e 6 e

e e
2 2

k
− − −   

= + +   


 
=

   



A1 

OR 

2
e 6

e 3
2

k
+ 

= + − 
 

A1 

2e 12e 36
e 9 3e 18

4
k

+ +
= + − − + A1 

THEN 
2e

e
4

k = + AG 

[3 marks] 
Total [7 marks] 
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5. (a)
Note:  Do not award the final A1 for proofs which work from both sides to find a 

common expression other than 22sin cos 2sinx x x− . 

METHOD 1 (LHS to RHS) 
attempt to use double angle formula for sin 2x  or cos2x M1 
LHS= 2sin cos cos2 1x x x+ −  OR 

2sin 2 1 2sin 1x x+ − − OR 
22sin cos 1 2sin 1x x x+ − −

22sin cos 2sinx x x= − A1 
sin 2 cos 2 1 2sin (cos sin )x x x x x+ − = − =RHS AG 

METHOD 2 (RHS to LHS) 
RHS 22sin cos 2sinx x x= −

attempt to use double angle formula for sin 2x  or cos2x M1 
2sin 2 1 2sin 1x x= + − − A1 

sin 2 cos2 1x x= + − =LHS AG 
[2 marks] 

(b) attempt to factorise M1 

( )(cos sin ) 2sin 1 0x x x− + =  A1 

recognition of 
sin

cos sin tan 1
cos

x
x x x

x
=  = = OR 

1
sin

2
x = − (M1) 

one correct reference angle seen anywhere, accept degrees (A1) 
π

4
 OR 

π

6
(accept 

π 7π
,

6 6
− )  

Note: This (M1)(A1) is independent of the previous M1A1. 

7π 11π π 5π
, , ,

6 6 4 4
x = A2 

Note: Award A1 for any two correct (radian) answers. 
Award A1A0 if additional values given with the four correct (radian) 
answers. Award A1A0 for four correct answers given in degrees. 

[6 marks] 
Total [8 marks] 
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6. METHOD 1

attempt to use a right angled triangle M1 

correct placement of all three values and   seen in the triangle (A1) 

cot 0  (since cosec 0  puts  in the second quadrant) R1 

5
cot

2
 = − A1 

Note: Award M1A1R0A0 for 
5

cot
2

 =  seen as the final answer 

The R1 should be awarded independently for a negative value only given as a final 
answer. 

 [4 marks] 

METHOD 2 
Attempt to use 2 21 cot cosec + =  M1 

2 9
1 cot

4
+ =

2 5
cot

4
 = (A1) 

5
cot

2
 = 

cot 0   (since cosec 0  puts  in the second quadrant) R1 

5
cot

2
 = − A1 

Note: Award M1A1R0A0 for 
5

cot
2

 =  seen as the final answer 

The R1 should be awarded independently for a negative value only given as a final 
answer. 
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METHOD 3 
2

sin
3

 =

attempt to use 2 2sin cos 1 + = M1 

24
cos 1

9
+ =

2 5
cos

9
 = (A1) 

5
cos

3
 = 

cos 0   (since cosec 0  puts  in the second quadrant) R1 

5
cos

3
 = −

5
cot

2
 = − A1 

Note: Award M1A1R0A0 for 
5

cot
2

 =  seen as the final answer 

The R1 should be awarded independently for a negative value only given as a final 
answer. 
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7. METHOD 1
other two roots are ia b−  and ib a−  A1 

sum of roots 4= −  and product of roots 400=  A1 

attempt to set sum of four roots equal to 4−  or 4  OR
attempt to set product of four roots equal to 400 M1

i + i + i i = 4a b a b b a b a+ − + + − −  

( )2 2 = 4 2a b a b+ −  + = − A1 

( ) ( ) ( )( )i i i i = 400a b a b b a b a+ − + −

( )
22 2+ = 400a b A1 

2 2+ =20a b
attempt to solve simultaneous equations (M1) 

2a =  or 4a = − A1A1 
[8 marks] 

METHOD 2 
other two roots are ia b−  and ib a− A1 

( )( ) ( )( ) ( )( ) ( )( )( )i i i i 0z a b z a b z b a z b a− + − − − + − − = A1 

( )( )( )2 2 2 2( ) ( ) 0z a b z b a− + − + =

( )( )( )2 2 2 2 2 22 2 0z az a b z bz b a− + + − + + = A1 

Attempt to equate coefficient of 3z and constant with the given quartic equation M1 

2 2 4a b− − =  and ( )
22 2 400a b+ = A1 

attempt to solve simultaneous equations (M1) 
2a = or 4a = − A1A1 

[8 marks] 
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8. attempt to differentiate numerator and denominator M1 

0

arctan 2
lim

tan 3x

x

x→

 
 
 

2

20

2
1 4

lim
3sec 3x

x
x→

 
 
+ = A1A1 

Note: A1 for numerator and A1 for denominator. Do not condone absence of limits. 

attempt to substitute 0x = (M1) 
2

3
= A1 

Note: Award a maximum of M1A1A0M1A1 for absence of limits. 
[5 marks] 



– 16 – M21/5/MATHX/HP1/ENG/TZ1/XX/M 

9. (a) METHOD 1 
B has one less pen to select (M1) 
EITHER 
A and B can be placed in 6 5  ways (A1) 
C, D, E have 6 choices each (A1) 
OR 
A (or B), C, D, E have 6 choices each (A1) 
B (or A)  has only 5 choices (A1) 
THEN  

( )45 6 6480 = A1 

METHOD 2 
total number of ways 56= (A1) 

number of ways with Amber and Brownie together 46= (A1) 
attempt to subtract (may be seen in words) (M1) 

5 46 6−

( )45 6 6480=  = A1 

[4 marks] 
(b) METHOD 1

total number of ways ( )6! 720= = (A1) 

number of ways with Amber and Brownie sharing a boundary

( )2 7 4! 336=   = (A1) 

attempt to subtract (may be seen in words) (M1) 
720 336− 384= A1 

METHOD 2 
case 1: number of ways of placing A in corner pen 
3 4 3 2 1   

Four corners total no of ways is ( ) ( )4 3 4 3 2 1 12 4! 288     =  = (A1) 

case 2: number of ways of placing A in the middle pen 
2 4 3 2 1     

two middle pens so ( ) ( )2 2 4 3 2 1 4 4! 96     =  = (A1) 

attempt to add (may be seen in words) (M1) 
total no of ways 288 96= +

( )16 4! 384=  = A1 

[4 marks] 
Total [8 marks] 
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Section B 

10. (a) recognising probabilities sum to 1 (M1) 
1

1
2

p p p p+ + + =

2

7
p = A1 

[2 marks] 

(b) valid attempt to find E( )X  (M1) 

( )
1

1 2 3 4 8
2

p p p p p +  +  +  =

16
E( )

7
X = A1 

[2 marks] 

(c) (i) 0 1r  A1 

(ii) Attempt to find a value of q (M1) 

0 1 3 1q −    OR  
1

0
3

r q=  =  OR  1 0r q=  =     

1
0

3
q  A1 

[3 marks] 

(d) ( )ORE( ) 1 2 3 4 2 2 4 6Y q q q r r q=  +  +  +  = + − (A1) 

one correct boundary value A1 

( )
1 1 1

1 2 3 4 0 2
3 3 3

 +  +  +  = OR 

( )1 0 2 0 3 0 4 1 4 +  +  +  = OR 

( )2 2(0) 2+ = OR 

( )2 2(1) 4+ = OR 

( )4 6(0) 4− = OR ( )
1

4 6 2
3

 
− = 

 
2 E( ) 4Y  A1 

[3 marks] 

continued… 
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Question 10 continued 

(e) METHOD 1

evidence of choosing at least four correct outcomes from 
1&2, 1&3, 1&4, 2&3, 2&4, 3&4 (M1) 

6 6

7 7
q r+  OR 3 3pq pr+  OR ( ) ( ) ( )1 3 1 3 1 3pq pq p q pq p q p q+ + − + + − + −  (A1) 

solving for either q or r M1 

6 1
( 1 3 )

7 2
q q+ − = OR 

6 1 1

7 3 2

r
r

− 
+ = 

 
OR ( )

1
3 3 1 3

2
pq p q+ − =

OR 
1 1

3 3
3 2

r
p pr

− 
+ = 

 
 

EITHER  two correct values 
5

24
q =   and  

3

8
r = A1A1 

OR one correct value 
5

24
q =  OR 

3

8
r = A1 

substituting their value for q or r A1 
5

4 6
24

 
−  

 
OR 

3
2 2

8
 

+  
 

THEN 

11
E( )

4
Y = A1 

[6 marks] 

continued… 
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Question 10 continued 

METHOD 2 (solving for E( )Y ) 
evidence of choosing at least four correct outcomes from 
1&2, 1&3, 1&4, 2&3, 2&4, 3&4 (M1) 

6 6

7 7
q r+  OR 3 3pq pr+  OR ( ) ( ) ( )1 3 1 3 1 3pq pq p q pq p q p q+ + − + + − + −  (A1) 

rearranging to make q  the subject M1 

4 E( )

6

Y
q

−
=

( )
1

3 3 1 3
2

pq p q+ − = M1 

6 4 E( ) 6 4 E( ) 1
1 3

7 6 7 6 2

Y Y−  −    
 + − =    
    

A1 

( )2 E( ) 1 1

7 2

Y −
=

11
E( )

4
Y = A1 

[6 marks] 
Total [16 marks] 
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11. (a) (i) 
1 1

0 3 3
2

− +
= = − A1 

the point ( )1,0,3− lies on 1L . AG 

(ii) attempt to set equal to a parameter or rearrange cartesian form (M1) 
1

3 2 1, , 3
2

x
y z x y z   

+
= = − =  = − = = − OR 

1 0 3

2 1 1

x y z+ − −
= =

−

correct direction vector 

2

1

1

 
 
 
 − 

 or equivalent seen in vector form (A1) 

1 2

0 1

3 1



−   
   

= +   
   −   

r ( or equivalent ) A1 

Note: Award A0 if =r  is omitted. 
[4 marks] 

(b) attempt to use the scalar product formula (M1) 

( ) 2

2

1 1 6 2 cos 45

1 1

a

a

   
   

=  +   
   − −   

(A1)(A1) 

Note:  Award A1 for LHS and A1 for RHS 

( )
( )( )

2
26 2 2

2 2 2 2 3 2
2

a
a a a

 +
+ =  + =  + A1A1 

Note: Award A1 for LHS and A1 for RHS 

2 24 8 4 3 6a a a+ + = +
2 8 2 0a a+ − = A1 

attempt to solve their quadratic M1 

( )8 64 8 8 72
4 3 2

2 2
a

−  + − 
= = = −  A1 

[8 marks] 

continued… 
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Question 11 continued 

(c) METHOD 1

attempt to equate the parametric forms of 1L  and 2L (M1) 

2 1

1

3 2

ta

t

t







− =


= +
 − = −

A1 

attempt to solve equations by eliminating   or t   (M1) 

( )2 2 1 1 2t ta t a+ − =  = −  or ( ) ( )2 1 1 1 2a a a  − = −  − = −

Solutions exist unless 2 0a− =  

2k = A1 

Note: This A1 is independent of the following marks. 

1

2
t

a
=

−
  or 

1

2

a

a


−
=

−
A1 

A has coordinates 
1 1

,1 , 2
2 2 2

a

a a a
 

+ − 
− − − 

1 2 5
, , 

2 2 2

a a a

a a a

 − − 
=   

− − −  
A2 

Note: Award A1 for any two correct coordinates seen or final answer in vector 
form.  

METHOD 2 

no unique point of intersection implies direction vectors of 1L and 2L parallel 

2k = A1 

Note: This A1 is independent of the following marks. 

attempt to equate the parametric forms of 1L  and 2L (M1) 

2 1

1

3 2

ta

t

t







− =


= +
 − = −

A1 

attempt to solve equations by eliminating   or t  (M1) 

( )2 2 1 1 2t ta t a+ − =  = − or ( ) ( )2 1 1 1 2a a a  − = −  − = −

1

2
t

a
=

−
  or 

1

2

a

a


−
=

−
A1 

A has coordinates 
1 1

,1 , 2
2 2 2

a

a a a
 

+ − 
− − − 

1 2 5
, , 

2 2 2

a a a

a a a

 − − 
=   

− − −  
A2 

continued… 
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Question 11 continued 

Note: Award A1 for any two correct coordinates seen or final answer in vector 
form.  

[7 marks] 
Total [19 marks] 

12. (a) attempt to use the chain rule M1 

( ) ( )
1

2
1

1
2

f x x
−

 = + A1 

( )
3

2
1

( ) 1
4

f x x
−

 = − + A1 

3

1

4 (1 )x
= −

+
AG 

Note: Award M1A0A0 for 1
( )

1
f x

x
 =

+
 or equivalent seen 

[3 marks] 
(b) let 2n =  

( )
1 1

2
2

3

1 1 1!
(1 )

4 0!4 (1 )
f x x

x

−  
  = − = − +   + 

R1 

Note: Award R0 for not starting at 2n = . Award subsequent marks as 
appropriate. 

assume true for n k= , (so ( ) ( )1 1

2
2 3 !1

( ) (1 )
4 ( 2)!

k
kk k

f x x
k

−
−− 

= − + 
− 

) M1 

Note: Do not award M1 for statements such as “let n k= ” or “ n k= is true”. 

Subsequent marks can still be awarded. 

consider 1n k= +  

( )

( )( )1
( )

LHS ( )

k

k
d f x

f x
dx

+
= = M1 

( )1 1
1

2
2 3 !1 1

(1 )
4 ( 2)! 2

k
kk

k x
k

−
− −−   

= − − +   
−   

  (or equivalent) A1 

EITHER 

( ) 1
1( 1) 2

2 1 !1
RHS ( ) (1 )

4 ( 1)!

k
kk k

f x x
k

− −
+

− 
= = − + 

− 
 (or equivalent) A1 

( ) 1
1

2
2 1 (2 2)(2 3)!1

(1 )
4 ( 1)( 2)!

k
kk k k

x
k k

− −− − − 
= − + 

− − 
A1 

continued… 
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Question 12 continued 

Note: Award A1 for 
( ) ( ) ( )2 1 ! 2 1 (2 2)(2 3)! 2 2 1 (2 3)!

( 1)! ( 1)( 2)! ( 2)!

k k k k k k

k k k k

− − − − − − 
= = 

− − − − 

( )1 1
1

2
2 1 (2 2)(2 3)!1 1

(1 )
4 4 ( 1)( 2)!

k
kk k k

x
k k

−
− −− − −  

= − − +  
− −  

A1 

( )1 1
1

2
2 1 (2 3)!1 1

(1 )
2 4 ( 2)!

k
kk k

x
k

−
− − − −  

= − − +    −   

 

Note: Award A1 for leading coefficient of 
1

4
− .

1 1
1

2
1 1 (2 3)!

(1 )
2 4 ( 2)!

k
kk

k x
k

−
− −−  

= − − +  
−  

A1 

OR 

Note: The following A marks can be awarded in any order. 

( )1 1
1

2
2 3 !1 1 2

(1 )
4 ( 2)! 2

k
kk k

x
k

−
− −− −   

= − +   
−   

( )( )1 1
1

2
2 1 2 3 !1 1

(1 )
2 4 ( 2)!

k
kk k

x
k

−
− −− −  

= − − +  
−  

A1 

Note: Award A1 for isolating ( )2 1k −  correctly.

( )1 1
1

2
2 1 !1 1

(1 )
2 4 (2 2)( 2)!

k
kk

x
k k

−
− −−  

= − − +  
− −  

A1 

Note: Award A1 for multiplying top and bottom by ( )1k − or ( )2 1k − .

( )1 1
1

2
2 1 !1 1

(1 )
4 4 ( 1)( 2)!

k
kk

x
k k

−
− −−  

= − − +  
− −  

A1 

Note: Award A1 for leading coefficient of 
1

4
− . 

( ) 1
1

2
2 1 !1

(1 )
4 ( 1)!

k
kk

x
k

− −− 
= − + 

− 
A1 

continued… 
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Question 12 continued 

( ) ( )( )
( )

( )
1 1 1

1
2

2 1 3 !1
(1 ) RHS

4 ( 1 2)!

k
kk

x
k

+ −
− ++ − 

= − + = 
+ − 

THEN 
since true for 2n = , and true for 1n k= +  if true for n k= , the statement is 
true for all , 2n n   by mathematical induction R1 

Note: To obtain the final R1, at least four of the previous marks must have been 
awarded. 

[9 marks] 

(c) METHOD 1

( ) 1 emxh x x= +

using product rule to find ( )h x (M1) 

( )
1

1 e e
2 1

mx mxh x x m
x

 = + +
+

A1 

( )
3

1 1 1
( ) 1 e e e e

2 1 2 1 4 1

mx mx mx mxh x m x m m
x x x

 
 = + + + − 

+ +  +

A1 

substituting 0x = into ( )h x M1 

2 21 1 1 1
(0)

2 2 4 4
h m m m m m 
 = + + − = + − 

 
A1 

( ) ( ) ( ) ( )
2

0 0 0 ...
2!

x
h x h xh h = + + +

equating 2x coefficient to 
7

4
M1 

( )
( )

0 7 7
0

2! 4 2

h
h

  
=  = 

 

24 4 15 0m m+ − = A1 

( )( )2 5 2 3 0m m+ − =  

5

2
m = − or 

3

2
m = A1 

[8 marks] 

continued… 
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Question 12 continued 

METHOD 2 

EITHER 

attempt to find ( )0f , ( )0f   , ( )0f  (M1) 

( ) ( )
1

21f x x= + ( )0 1f =

( ) ( )
1

2
1

1
2

f x x
−

 = + ( )
1

0
2

f  =

( )
3

2
1

( ) 1
4

f x x
−

 = − + ( )
1

0
4

f  = −

( ) 21 1
1

2 8
f x x x= + − + A1 

OR 

attempt to apply binomial theorem for rational exponents (M1) 

( ) ( )
1

22

1 1
1 2 2

1 1
2 2!

f x x x x

  
−  

  = + = + + +

( ) 21 1
1

2 8
f x x x= + − + A1 

THEN 

( )
2

21
2

m
g x mx x= + + + (A1) 

( )
2

2 21 1
1 1

2 8 2

m
h x x x mx x

  
= + − + + + +  
  

(M1) 

coefficient of 2x is 
2 1

2 2 8

m m
+ − A1 

attempt to set equal to 
7

4
 and solve M1 

2 1 7

2 2 8 4

m m
+ − =

24 4 15 0m m+ − = A1 

( )( )2 5 2 3 0m m+ − =  

5

2
m = −  or 

3

2
m = A1 

[8 marks] 

continued… 
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Question 12 continued 

METHOD 3 

( ) emxg x m = and ( ) 2emxg x m = (A1) 

( ) ( ) ( ) ( )
2

0 0 0 ...
2!

x
h x h xh h = + + +

equating 2x coefficient to 
7

4
M1 

( )
( )

0 7 7
0

2! 4 2

h
h

  
=  = 

 

using product rule to find ( )h x  and ( )h x  (M1) 

( ) ( ) ( ) ( ) ( )h x f x g x f x g x  = +

( ) ( ) ( ) ( ) ( ) ( ) ( )2h x f x g x f x g x f x g x    = + + A1 

substituting 0x = into ( )h x  M1 

( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 0 2 0 0 0 0h f g g f g f    = + +

2 21 1 1
1 2 1   

2 4 4
m m m m   

=  +  +  − = + −   
   

A1 

24 4 15 0m m+ − = A1 

( )( )2 5 2 3 0m m+ − =  

5

2
m = − or 

3

2
m = A1 

[8 marks] 

Total [20 marks] 
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1. [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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2. [Maximum mark: 7]

Solve the equation  2 cos2 x + 5 sin x = 4 ,  0 ≤ x ≤ 2π .
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Turn over

3. [Maximum mark: 5] 

In the expansion of  (x + k)7, where  k ∈  , the coefficient of the term in  x5  is 63 .

Find the possible values of  k .
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4. [Maximum mark: 9]

Consider the function  f  defined by  f (x) = ln (x2 - 16)  for  x > 4 .

The following diagram shows part of the graph of  f  which crosses the  x-axis at point  A, with 
coordinates ( a ,  0 ). The line  L  is the tangent to the graph of  f  at the point  B. 

B

x = 4

L

f

x

y

A(a, 0)

(a) Find the exact value of  a . [3]

(b) Given that the gradient of  L  is 
1

3
, find the  x-coordinate of B. [6]
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Turn over

5. [Maximum mark: 4]

Given any two non-zero vectors,  a  and  b , show that  | a × b |2 = | a |2 | b |2 - (a ⋅ b)2 .
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6. [Maximum mark: 7]

The following diagram shows triangle ABC, with AB = 10 ,  BC = x  and  AC = 2x .

diagram not to scale

10 B

C

x

2x

A

Given that 
3ˆcos C
4

= , find the area of the triangle.

Give your answer in the form 
2

p q
 where  p , q ∈ + .
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Turn over

7. [Maximum mark: 5]

The cubic equation  x3 - kx2 + 3k = 0  where  k > 0  has roots  α , β  and  α + β .

Given that �� � � k 2

4
, find the value of  k .
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8. [Maximum mark: 8]

The lines  l1  and  l2  have the following vector equations where  λ , µ ∈  .

l1 1

3

2

1

2

2

2

: r �
�

�

�

�
�
�

�

�

�
�
�
� �

�

�

�
�
�

�

�

�
�
�

�

l2 2

2

0

4

1

1

1

: r �
�

�

�
�
�

�

�

�
�
�
� �

�

�

�
�
�

�

�

�
�
�

�

(a) Show that  l1  and  l2  do not intersect. [3]

(b) Find the minimum distance between  l1  and  l2 . [5]
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Turn over

9. [Maximum mark: 7]

By using the substitution u = sin x , find 
2

sin cos
d

sin sin 2− −∫
x x

x
x x

.
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 6 + 6 cos x , for  0 ≤ x ≤ 4π .

The following diagram shows the graph of  y =  f (x) .

A B
x

y

f

The graph of  f  touches the  x-axis at points A and B, as shown. The shaded region is 
enclosed by the graph of  y =  f (x)  and the  x-axis, between the points A and B.  

(a) Find the  x-coordinates of A and B. [3] 

(b) Show that the area of the shaded region is 12π . [5]

(This question continues on the following page)
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(Question 10 continued)

The right cone in the following diagram has a total surface area of 12π , equal to the shaded 
area in the previous diagram.

The cone has a base radius of 2, height  h , and slant height  l .

diagram not to scale

l
h

2

(c) Find the value of  l . [3]

(d) Hence, find the volume of the cone. [4]
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11. [Maximum mark: 20]

The acceleration,  a ms-2 , of a particle moving in a horizontal line at time  t  seconds,  t ≥ 0 , is 
given by  a = - (1+v)  where  v ms-1  is the particle’s velocity and  v > -1.

At  t = 0 , the particle is at a fixed origin  O  and has initial velocity  v0 ms-1 .

(a) By solving an appropriate differential equation, show that the particle’s velocity at time  t  
is given by  v ( t ) = (1 + v0) e

-t - 1 . [6]

(b) Initially at O, the particle moves in the positive direction until it reaches its maximum 
displacement from O. The particle then returns to O.

Let  s  metres represent the particle’s displacement from O and  smax  its maximum 
displacement from O.

(i) Show that the time  T  taken for the particle to reach  smax  satisfies the 
equation  eT = 1 + v0 .

(ii) By solving an appropriate differential equation and using the result from part 
(b) (i), find an expression for  smax  in terms of v0 . [7]

Let  v (T - k)  represent the particle’s velocity  k  seconds before it reaches  smax , where 

v (T - k) = (1 + v0) e
-(T - k) - 1 .

(c) By using the result to part (b) (i), show that  v (T - k) = ek - 1 . [2]

Similarly, let  v (T + k)  represent the particle’s velocity  k  seconds after it reaches  smax .

(d) Deduce a similar expression for  v (T + k)  in terms of  k . [2]

(e) Hence, show that  v (T - k) + v (T + k) ≥ 0 . [3]
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12. [Maximum mark: 19]

The following diagram shows the graph of y x� �� � �arctan 2 1
4

�
 for  x ∈  , with asymptotes 

at 
4

π
= −y  and 

3

4

π
=y .

y

x

π
4

y = −

3π
4

y =

(a) Describe a sequence of transformations that transforms the graph of  y = arctan x  to the 

graph of y x� �� � �arctan 2 1
4

�
 for  x ∈  . [3]

(b) Show that arctan arctan arctan
1

 +
+ ≡  − 

p q
p q

pq
 where  p ,  q > 0  and  pq < 1 . [4]

(c) Verify that arctan arctan2 1
1 4

x
x

x
�� � �

�
�
�
�

�
�
� �

�
 for  x ∈  ,  x > 0 . [3]

(d) Using mathematical induction and the result from part (b), prove that 

2
1

1
arctan arctan

2 1=

   =   +   
∑

n

r

n

r n
 for  n ∈ + . [9]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen 
or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent
parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =

M21/5/MATHX/HP1/ENG/TZ2/XX/M 
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners
are asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written as 

.  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left 

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any  
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless an
explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.

M21/5/MATHX/HP1/ENG/TZ2/XX/M 
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Section A 

1. attempt to subtract squares of integers (M1)

( )
2 21+ −n n

EITHER 

correct order of subtraction and correct expansion of ( )
2

1+n , seen anywhere A1A1

( )2 22 1 2 1= + + − = +n n n n  

OR  
correct order of subtraction and correct factorization of difference of squares A1A1 

( )( )( )1 1 2 1= + − + + = +n n n n n

THEN 
1= + +n n  =RHS A1 

Note:  Do not award final A1 unless all previous working is correct. 

which is the sum of n  and 1+n AG 

Note:  If expansion and order of subtraction are correct, award full marks for 
candidates who find the sum of the integers as 2 1+n  and then show that 
the difference of the squares (subtracted in the correct order) is  2 1+n  .  

[4 marks] 
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2. (a) attempt to use 2 2cos 1 sinx x= − M1 

22sin 5sin 2 0x x− + = A1 

EITHER 
attempting to factorise M1 

( )( )2sin 1 sin 2x x− − A1 

OR 

attempting to use the quadratic formula M1 
25 5 4 2 2 5 3

sin
4 4

x
 −    

= = 
 

A1 

THEN 
1

sin
2

x = (A1) 

π 5π
,

6 6
x = A1A1 

Total [7 marks] 
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3. EITHER

attempt to use the binomial expansion of ( )
7

x k+ (M1) 
7 7 0 7 6 1 7 5 2

0 1 2 ...C x k C x k C x k+ + + (or 7 7 0 7 5 1 7 5 2
0 1 2 ...C k x C k x C k x+ + + ) 

identifying the correct term 7 5 2
2C x k (or 7 2 5

5C k x ) (A1) 

OR 

attempt to use the general term 7 7r r
rC x k − (or 7 7r r

rC k x − ) (M1) 

2r =  (or 5r = ) (A1) 

THEN 

7
2 21C =  (or 7

5 21C = ) (seen anywhere) (A1) 
5 2 521 63x k x=

2(21 63k = , 2 3)k = A1 

3k =  A1 

Note:  If working shown, award M1A1A1A1A0 for 3k = . 

[5 marks] 
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4. (a) ( )2ln 16 0x − = (M1) 

( )0 2e 16 1x= − =

2 17x =  OR 17x =  (A1) 

17a = A1 

 [3 marks] 

(b) attempt to differentiate (must include 2x  and/or 2

1

16x −
) (M1) 

( ) 2

2

16

x
f x

x
 =

−
A1  

setting their derivative 
1

3
= M1 

2

2 1

16 3

x

x
=

−

2 16 6x x− = OR  2 6 16 0x x− − = (or equivalent) A1 

valid attempt to solve their quadratic (M1) 

8x = A1 

Note:  Award A0 if the candidate’s final answer includes additional solutions 
(such as 2, 8x = − ). 

[6 marks] 
Total [9 marks] 
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5. METHOD 1

use of sin =a b a b  on the LHS (M1) 

2 2 2 2sin  =a b a b A1 

( )
2 2 21 cos = −a b M1 

2 2 2 2 2cos = −a b a b OR ( )
22 2

cos= −a b a b A1 

( )
2 2 2

= − a b a b AG 

METHOD 2 

use of cos =a b a b  on the RHS (M1) 

2 2 2 2 2cos = −a b a b A1 

( )
2 2 21 cos = −a b M1 

2 2 2sin = a b OR ( )
2

sin= a b A1 

2
= a b AG 

Note:  If candidates attempt this question using cartesian vectors, e.g 

1

2

3

a

a

a

 
 
 
 
 

a =  and 
1

2

3

b

b

b

 
 
 
 
 

b =  , 

award full marks if fully developed solutions are seen. 
Otherwise award no marks. 

[4 marks] 
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6. METHOD 1

attempt to use the cosine rule to find the value of x (M1) 

( )( )2 2 3
100 4 2 2  

4
x x x x  

= + −  
 

A1 

22 100x =

2 50x =  OR ( )50 5 2x = = A1 

attempt to find ˆsin C (seen anywhere) (M1) 
2

2 3ˆsin 1
4

C
 

+ = 
 

or 2 2 23 4x + =  OR right triangle with side 3 and hypotenuse 4 

7ˆsin
4

C = (A1) 

Note:  The marks for finding ˆsin C may be awarded independently of the first three
marks for finding x . 

correct substitution into the area formula using their value of x  (or 2x ) 

and their value of ˆsin C (M1) 

1 7
5 2 10 2

2 4
A =    or 

1 7
50 2 50

2 4
A =   

25 7

2
A = A1 

continued… 
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METHOD 2 

attempt to find the height, h , of the triangle in terms of x (M1) 

2
2 23

4
h x x 
+ = 
 

OR 
2

2 25
10

4
h x 
+ = 
 

 OR 
7

4
h x= A1 

equating their expressions for either 2h or h (M1) 

2 2
2 23 5

10
4 4

x x x   
− = −   
   

OR 225 7
100

16 4
x x− = (or equivalent) A1 

2 50x = OR ( )50 5 2x = = A1 

correct substitution into the area formula using their value of x  (or 2x ) (M1) 

1 7
2 50 50

2 4
A =   OR ( )1 7

2 5 2 5 2
2 4

A
 

=    
 

25 7

2
A = A1 

Total [7 marks] 
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7. k   + + + = (A1) 

2

k
 + =

( ) 3k  + = − (A1) 

2 3

3  3
4 2 8

k k k
k k

    
− = − − = −    

    
M1 

attempting to solve 
3

3 0
8

k
k− + = (or equivalent) for k (M1) 

( )( )2 6 24 0k k= =  A1 

Note:  Award A0 for ( )2 6 24k =   . 

[5 marks] 
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8. (a) METHOD 1 
setting at least two components of 1l and 2l equal M1 

( )

( )

( )

3 2 2   1

2 2      2

1 2 4   3

 

 

 

+ = +

− = −

− + = +

attempt to solve two of the equations eg. adding ( )1  and ( )2  M1 

gives a contradiction (no solution), eg 5 2=  R1 

so 1l and 2l do not intersect AG 

Note:  For an error within the equations award M0M1R0. 
Note:  The contradiction must be correct to award the R1. 

[3 marks] 
 METHOD 2 

1l and 2l are parallel, so 1l and 2l are either identical or distinct. R1 

Attempt to subtract two position vectors from each line, 

e.g. 

3 2 1

2 0 2

1 4 5

      
      

− =      
      − −      

M1 

3 1

2 1

1 1

k

   
   

 −   
   −   

 A1 

[3 marks] 

(b) METHOD 1

1l and 2l are parallel (as 

2

2

2

 
 
− 
 
 

 is a multiple of 

1

1

1

 
 
− 
 
 

) 

let A  be ( )3,2, 1− on 1l and let B  be ( )2,0,4 on 2l

Attempt to find vector 

1

AB 2

5

→
 −  
  
= −  
  
  

(M1) 

Distance required is 

AB
→

v

v
M1 

continued… 
Question 8 continued 



– 17 – M21/5/MATHX/HP1/ENG/TZ2/XX/M 

1 1
1

1 2
3

1 5

−   
   
−  −   
   
   

= (A1) 

3
1

6
3

3

 
 
 
 
 

= A1 

minimum distance is ( )18 3 2= A1 

[5 marks] 
METHOD 2 

1l and 2l are parallel (as 

2

2

2

 
 
− 
 
 

 is a multiple of 

1

1

1

 
 
− 
 
 

) 

let A  be a fixed point on 1l eg ( )3,2, 1− and let B  be a general point on 2l ( )2 , ,4  + − +

attempt to find vector AB
→

 (M1) 

( )

1 1

AB 2 1  

5 1

 
→

−   
   

= − + −    
   
   

A1 

( ) ( ) ( ) ( )2 2 2 2AB 1 2 5  3 12 30    
→

= − + + − − + + = + + M1 

EITHER 

2d
AB 0 6 12 0 2

d
 



→ 
=  + =  = −  

 
A1 

OR 

( )
2

AB 3 2 18
→

= + + to obtain 2 = − A1 

THEN 

minimum distance is ( )18 3 2= A1 

[5 marks] 

continued… 
Question 8 continued 
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METHOD 3 

let A  be ( )3,2, 1−  on 1l and let B  be ( )2 , ,4  + − +  on 2l (M1) 

(or let A  be ( )2,0,4  on 2l and let B  be ( )3 2 ,2 2 , 1 2  + − − + on 1l )

( )

1 1

AB 2 1  

5 1

 
→

−   
   

= − + −    
   
   

 (or 

2 1

AB 2 2

2 5







→
+ 

 
= − + 
 − 

) A1 

1 1

2 . 1 0

5 1







−   
   
− − − =   
   +   

 (or 
2 1 1

2 2 . 1 0

2 5 1







+   
   
− + − =   
   −   

) M1 

2 = − or 1 =  A1 

minimum distance is ( )18 3 2= A1 

[5 marks] 
Total [8 marks] 
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9. sin d cos  du x u x x=  = (or equivalent) A1 

2
d

2

u
u

u u
=

− − A1 

attempt to use partial fractions M1 

( )( )
( ) ( )2 1

1 2 1 2

u A B
u A u B u

u u u u

 
 +   − + +  + − + − 

Valid attempt to solve for A  and B  (M1) 

1

3
A = and 2

3
B = A1 

( )( ) ( ) ( )
1 2

1 2 3 1 3 2

u

u u u u
 +

+ − + −

( ) ( )
( )

1 2 1 2
 d ln 1 ln 2

3 1 3 2 3 3
u u u C

u u

 
+ = + + − +  + − 

 (or equivalent) A1 

Note:  Condone the absence of C+ or lack of moduli here but not in the final answer. 

1 2
ln sin 1 ln sin 2

3 3
x x C= + + − + A1 

Note:  Condone further simplification of the correct answer. 

[7 marks] 
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Section B 

10. (a) 6 6cos 0x+ = (or setting their ( ) 0f x = ) (M1) 

 cos 1x = − (or sin 0x = ) 
π, 3πx x= = A1A1 

 [3 marks] 

(b) attempt to integrate ( )
3π

π

6 6cos dx x+ (M1) 

 
3π

π
6 6sinx x= + A1A1 

substitute their limits into their integrated expression and subtract (M1) 

( ) ( )18π 6sin3π 6π 6sin π= + − +

( )( ) ( )6 3π 0 6π 0= + − +  ( )18π 6π= − A1 

area 12π=  AG 
[5 marks] 

(c) attempt to substitute into the formula for surface area (including base) (M1) 

( ) ( )( )2π 2 π 2 12πl+ = (A1) 

4π 2π 12πl+ =

2π 8πl =

4l =  A1 

[3 marks] 

continued… 
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Question 10 continued 

(d) valid attempt to find the height of the cone (M1) 

e.g. ( )
22 22 theirh l+ =  

( )12 2 3h = = (A1) 

attempt to use 21

3
V r h=  with their values substituted M1 

( )( )21
π 2 12

3
 
 
 

4π 12 8π 3 8π
volume

3 3 3

 
= = =  

 
A1 

[4 marks] 
Total [15 marks] 

11. (a) ( )
d

1
d

v
v

t
= − + (A1) 

1
1d  d

1
t v

v
= −

+   (or equivalent / use of integrating factor) M1 

( )( )ln 1t v C= − + + A1 

EITHER 

attempt to find C  with initial conditions 00,t v v= = M1 

( )0ln 1C v= +

( ) ( )0ln 1 ln 1t v v= + − +

0 01 1
ln e

1 1
tv v

t
v v

+ + 
=  = 

+ + 
A1 

( ) 0e 1 1t v v+ = +

( )01 1 e tv v −+ = + A1 

( ) ( )01 e 1tv t v −= + − AG 

continued… 
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OR 

( )
( )

1
ln 1 e

1
t Ct C v

v
−− = − +  =

+

Attempt to find C with initial conditions 00,t v v= = M1 

( )
( )0

0

1
e ln 1

1
C C v

v
− =  = +

+

( ) ( )0 0ln(1 ) ln 1 ln(1 ) ln 1t v v t v v− + = − +  = + − +

0 01 1
ln e

1 1
tv v

t
v v

+ + 
=  = 

+ + 
A1 

( ) 0e 1 1t v v+ = +

( )01 1 e tv v −+ = + A1 

( ) ( )01 e 1tv t v −= + − AG 

OR 

( )ln 1 e 1t Ct C v v− +− = − +  = +  A1 

e 1tk v− − =  
Attempt to find k  with initial conditions 00,t v v= =   M1 

01k v= +

( )0e 1 1t v v− + = + A1 

( ) ( )01 e 1tv t v −= + − AG 

Note:  condone use of modulus within the ln function(s) 
[6 marks] 

continued… 
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Question 11 continued 

(b) (i) recognition that when , 0t T v= =  M1 

( )0
0

1
1 e 1 0 e

1
T Tv

v
− −+ − =  =

+
A1 

0e 1T v= + AG 

Note:  Award M1A0 for substituting 0 e 1Tv = −  into v and showing that 0v = . 

(ii) ( ) ( ) ( )( )( )0 d  1 e 1 dts t v t t v t−= = + −  (M1) 

( ) ( )01 e tv t D−= − + − + A1 

( 0, 0t s= = so) 01D v= + A1 

( ) ( )0 01 e 1ts t v t v−= − + − + +

at maxs , ( )0 0e 1 ln 1T v T v= +  = +

Substituting into ( ) ( )( )0 01 e 1ts t v t v−= − + − + +  M1 

( ) ( )max 0 0 0
0

1
1 ln 1 1

1
s v v v

v

 
= − + − + + + 

+ 
A1 

( )( )max 0 0ln 1s v v= − +

[7 marks] 

(c) METHOD 1

( ) ( )01 e e 1T kv T k v −− = + − (M1) 

( )0
0

1
1 e 1

1
kv

v

 
= + − 

+ 
 A1 

e 1k= − AG 

[2 marks] 
METHOD 2 

( ) ( ) ( )
01 e 1T kv T k v − −

− = + −

( )e 1T kTe − −
= −  M1 

1T T ke − += − A1 

e 1k= − AG 

[2 marks] 
continued… 
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Question 11 continued 

(d) METHOD 1

( ) ( )01 e e 1T kv T k v − −+ = + − (A1) 

e 1k−= − A1 

[2 marks] 

METHOD 2 

( ) ( ) ( )
01 e 1T kv T k v − +

+ = + − (A1) 
( )e 1T kTe − +

= −  

1T T ke − −= −  

e 1k−= − A1 

[2 marks] 

(e) METHOD 1

( ) ( ) e e 2k kv T k v T k −− + + = + − A1 

attempt to express as a square M1 

( )
2

2 2e e 0
k k

− 
= −  
 

A1 

so ( ) ( ) 0v T k v T k− + +   AG 

[3 marks] 

METHOD 2 

( ) ( ) e e 2k kv T k v T k −− + + = + − A1 

Attempt to solve ( )
d

e e 0
d

k k

k
−+ = ( )0k = M1 

minimum value of 2, (when 0k = ), hence e e 2k k−+  R1 

so ( ) ( ) 0v T k v T k− + +   AG 

[3 marks] 
Total [20 marks] 
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12. (a) EITHER  

horizontal stretch/scaling with scale factor 
1

2

Note:  Do not allow ‘shrink’ or ‘compression’ 

followed by a horizontal translation/shift 
1

2
units to the left A2 

Note:  Do not allow ‘move’ 

OR 

horizontal translation/shift 1 unit to the left 

followed by horizontal stretch/scaling with scale factor 
1

2
A2 

THEN 

vertical translation/shift up by 
π

4
 (or translation through

0

4



 
 
 
 

)  A1 

(may be seen anywhere) 

[3 marks] 

(b) let arctan p =  and arctan q =  M1 

tanp = and tanq =  (A1) 

( )tan
1

p q

pq
 

+
+ =

−
A1 

arctan
1

p q

pq
 

 +
+ =  

− 
A1 

so arctan arctan arctan
1

p q
p q

pq

 +
+   

− 
 where , 0p q   and 1pq   AG 

[4 marks] 

continued… 
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Question 12 continued 

(c) METHOD 1
π

arctan1
4
=  (or equivalent) A1 

( )

1
1arctan arctan1 arctan

1 1 1
1

x
x x

xx
x

 
+   ++ =   

+   −
+ 

A1 

1
1arctan

1
1

x x
x

x x
x

+ + 
 +=  

+ −
 

+ 

A1 

( )arctan 2 1x= + AG 

[3 marks] 

METHOD 2 
π

tan 1
4
= (or equivalent) A1 

Consider ( )arctan 2 1 arctan
1 4

x
x

x

 
+ − = 

+ 

( )tan arctan 2 1 arctan
1

x
x

x

  
+ −   

+  

( )

2 1
1arctan

2 1
1

1

x
x

x
x x

x

 
+ − 

+=  
+ + 

+ 

A1 

( )( )

( )

2 1 1
arctan

1 2 1

x x x

x x x

 + + −
=   + + + 

A1 

arctan1= AG 

[3 marks] 

continued… 
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Question 12 continued 

METHOD 3 

( )( )tan arctan 2 1 tan arctan
1 4

x
x

x

  
+ = +  

+  

π
tan 1

4
= (or equivalent) A1 

LHS = 2 1x+  A1 

RHS = ( )
1

1 2 1
1

1

x
x x

x

x

+
+ = +

−
+

A1 

[3 marks] 
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Question 12 continued 

(d) let ( )P n  be the proposition that 2
1

1
arctan arctan

2 1

n

r

n

r n=

   
=   

+   
  for n +

consider ( )P 1 :

when 1n = , 
1

2
1

1 1
arctan arctan RHS

2 2r r=

   
= =   

   
 and so ( )P 1  is true R1 

assume ( )P k is true, ie. ( )2
1

1
arctan arctan  

2 1

k

r

k
k

r k
+

=

   
=    

+   
 M1 

Note:  Award M0 for statements such as “let n k= ”. 
Note:  Subsequent marks after this M1 are independent of this mark and can be 

awarded. 

consider ( )P 1k + : 

( )

1

22 2
1 1

1 1 1
arctan arctan arctan

2 2 2 1

k k

r rr r k

+

= =

    
= +           + 

  (M1) 

( )
2

1
arctan arctan

1 2 1

k

k k

  
= +     +  + 

A1 

( )

( )

2

2

1
1 2 1

arctan
1

1
1 2 1

k
k k

k
k k

 
 +

+ +
=  

   
−     +  +  

M1 

( )( )
( )

2

3

1 2 2 1
arctan  

2 1

k k k

k k

 + + +
 =
 + − 

A1 

Note:  Award A1 for correct numerator, with (k + 1) factored. Denominator does not 
need to be simplified 

( )( )2

3 2

1 2 2 1
arctan

2 6 5 2

k k k

k k k

 + + +
 =
 + + +
 

A1 

Note:  Award A1 for denominator correctly expanded. Numerator does not need to 
be simplified. These two A marks may be awarded in any order 

( )( )
( )( )

2

2

1 2 2 1 1
arctan arctan

22 2 2 1

k k k k

kk k k

 + + + + 
 = =    ++ + +   

A1 

Note:  The word ‘arctan’ must be present to be able to award the last three A marks 
continued… 
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Question 12 continued 

( )P 1k + is true whenever ( )P k  is true and ( )P 1  is true, so

( )P n is true for n + R1 

Note:  Award the final R1 mark provided at least four of the previous marks have 
been awarded. 

Note:  To award the final R1, the truth of ( )P k  must be mentioned. ‘ ( )P k  implies

( )P 1k + ’ is insufficient to award the mark. 

[9 marks] 
Total [19 marks] 
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Tournez la page

Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
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Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 4]

Considérez deux entiers positifs consécutifs,  n  et  n + 1 .

Montrez que la différence de leurs carrés est égale à la somme de ces deux entiers.

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP03



– 4 –

M21/5/MATHX/HP1/FRE/TZ0/XX

2221 – 7116

2. [Note maximale : 7]

Résolvez l’équation  2 cos2 x + 5 sin x = 4 ,  0 ≤ x ≤ 2π .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Note maximale : 5] 

Dans le développement de  (x + k)7, où  k ∈  , le coefficient du terme en  x5  est 63 .

Trouvez les valeurs possibles de  k .
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4. [Note maximale : 9]

Considérez la fonction  f  définie par  f (x) = ln (x2 - 16)  pour  x > 4 .

Le diagramme suivant montre une partie de la représentation graphique de  f  qui coupe l’axe 
des abscisses au point  A, dont les coordonnées sont ( a ;  0 ). La droite  L  est la tangente à la 
représentation graphique de  f  au point  B. 

B

x = 4

L

f

x

y

A(a, 0)

(a) Trouvez la valeur exacte  a . [3]

(b) Étant donné que la pente de  L  est 
1

3
, trouvez l’abscisse de B. [6]
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5. [Note maximale : 4]

Étant donné deux vecteurs non nuls quelconques,  a  et  b , montrez 
que  | a × b |2 = | a |2 | b |2 - (a ⋅ b)2 .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP07



– 8 –

M21/5/MATHX/HP1/FRE/TZ0/XX

2221 – 7116

6. [Note maximale : 7]

Le diagramme suivant montre le triangle ABC, avec AB = 10 ,  BC = x  et  AC = 2x .

le diagramme n’est pas à l’échelle

10 B

C

x

2x

A

Étant donné que 
3ˆcos C
4

= , trouvez l’aire du triangle.

Donnez votre réponse sous la forme 
2

p q
, où  p , q ∈ + .
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Tournez la page

7. [Note maximale : 5]

L’équation cubique  x3 - kx2 + 3k = 0 , où  k > 0 , possède les racines  α , β  et  α + β .

Étant donné que �� � � k 2

4
, trouvez la valeur de  k .
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8. [Note maximale : 8]

Les droites  l1  et  l2  ont les équations vectorielles suivantes, où  λ , µ ∈  .

l1 1
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2

1

2

2

2
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l2 2

2

0

4
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1

: r �
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�
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�
�
� �

�

�

�
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�

�

�

�
�
�

�

(a) Montrez que  l1  et  l2  n’ont pas de point d’intersection. [3]

(b) Trouvez la distance minimale entre  l1  et  l2 . [5]
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9. [Note maximale : 7]

En utilisant la substitution  u = sin x , trouvez 
2

sin cos
d

sin sin 2− −∫
x x

x
x x

.
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

10. [Note maximale : 15]

Considérez la fonction  f  définie par  f (x) = 6 + 6 cos x , pour  0 ≤ x ≤ 4π .

Le diagramme suivant montre la représentation graphique de  y =  f (x) .

A B
x

y

f

La représentation graphique de  f  touche l’axe des abscisses aux points A et B, tel que 
montré dans le diagramme. La région grisée est délimitée par la représentation graphique 
de  y =  f (x)  et par l’axe des abscisses, entre les points A et B.

(a) Trouvez les abscisses de A et B. [3] 

(b) Montrez que l’aire de la région grisée est 12π . [5]

(Suite de la question à la page suivante)
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Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 10)

L’aire de la surface totale du cône droit dans le diagramme suivant est 12π , ce qui est égal à 
l’aire de la région grisée dans le diagramme précédent.

Le rayon de la base du cône est 2, sa hauteur est  h , et son apothème (sa hauteur oblique) est  l .

le diagramme n’est pas à l’échelle

l
h

2

(c) Trouvez la valeur de  l . [3]

(d) À partir de là, trouvez le volume du cône. [4]
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11. [Note maximale : 20]

L’accélération,  a ms-2 , d’une particule se déplaçant sur une droite horizontale au temps 
t  secondes,  t ≥ 0 , est donnée par  a = - (1 + v) , où  v ms-1  est la vitesse algébrique de la 
particule et  v > -1.

Lorsque  t = 0 , la particule se trouve sur une origine fixe  O  et sa vitesse algébrique initiale 
est  v0 ms-1 .

(a) En résolvant une équation différentielle appropriée, montrez que la vitesse algébrique 
de la particule au temps  t  est donnée par  v ( t ) = (1 + v0) e

-t - 1 . [6]

(b) Initialement en O, la particule se déplace dans la direction positive jusqu’à ce qu’elle 
atteigne son déplacement maximal à partir de O. La particule revient ensuite à O.

Soit  s  mètres le déplacement de la particule à partir de O et  smax  son déplacement 
maximal à partir de O.

(i) Montrez que le temps  T  pris par la particule pour atteindre  smax  satisfait 
l’équation  eT = 1 + v0 .

(ii) En résolvant une équation différentielle appropriée et en utilisant le résultat de la 
partie (b) (i), trouvez une expression pour  smax  en fonction de v0 . [7]

Soit  v (T - k)  la vitesse algébrique de la particule  k  secondes avant qu’elle atteigne  smax , où 

v (T - k) = (1 + v0) e
-(T - k) - 1 .

(c) En utilisant le résultat de la partie (b) (i), montrez que  v (T - k) = ek - 1 . [2]

De façon similaire, soit  v (T + k)  la vitesse algébrique de la particule  k  secondes après avoir 
atteint  smax .

(d) Déduisez une expression similaire pour  v (T + k)  en fonction de  k . [2]

(e) À partir de là, montrez que  v (T - k) + v (T + k) ≥ 0 . [3]
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12. [Note maximale : 19]

Le diagramme suivant montre la représentation graphique de y x� �� � �arctan 2 1
4

�
 

pour  x ∈  , ayant comme asymptotes 
4

π
= −y  et 

3

4

π
=y .

y

x

π
4

y = −

3π
4

y =

(a) Décrivez une suite de transformations qui transforment la représentation graphique 

de  y = arctan x  en la représentation graphique de y x� �� � �arctan 2 1
4

�
 pour  x ∈  . [3]

(b) Montrez que arctan arctan arctan
1

 +
+ ≡  − 

p q
p q

pq
, où  p ,  q > 0  et  pq < 1 . [4]

(c) Vérifiez que arctan arctan2 1
1 4

x
x

x
�� � �

�
�
�
�

�
�
� �

�
 pour  x ∈  ,  x > 0 . [3]

(d) En utilisant la récurrence et le résultat de la partie (b), prouvez que 

2
1

1
arctan arctan

2 1=

   =   +   
∑

n

r

n

r n
 pour  n ∈ + . [9]
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1. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur dürfen Sie keinen Taschenrechner nutzen.
 y Abschnitt A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen 

Felder geschrieben werden.
 y Abschnitt B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit 
dieser Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer 
zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [110 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 4]

Betrachten Sie zwei aufeinanderfolgende positive ganze Zahlen  n  und  n + 1 .

Zeigen Sie, dass die Differenz ihrer Quadrate gleich der Summe dieser beiden ganzen Zahlen ist.
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2. [Maximale Punktzahl: 7]

Lösen Sie die Gleichung  2 cos2 x + 5 sin x = 4 ,  0 ≤ x ≤ 2π .
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3. [Maximale Punktzahl: 5] 

In der Entwicklung von  (x + k)7, mit  k ∈  , ist der Koeffizient des  x5-Terms 63 .

Finden Sie die möglichen Werte von  k .
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4. [Maximale Punktzahl: 9]

Betrachten Sie die Funktion  f  mit  f (x) = ln (x2 - 16)  für  x > 4 .

Das folgende Diagramm zeigt einen Teil des Graphen von  f , der die  x-Achse im Punkt  A  
mit Koordinaten ( a ,  0 ) schneidet. Die Gerade  L  ist die Tangente an den Graphen von  f  
im Punkt  B. 

L

f

x

y

B

x = 4

A(a, 0)

(a) Finden Sie den genauen Wert von  a . [3]

(b) Die Steigung von  L  ist 
1

3
. Finden Sie damit die  x-Koordinate von B. [6]
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5. [Maximale Punktzahl: 4]

Gegeben sind zwei beliebige Vektoren  a  und  b  ungleich dem Nullvektor. Zeigen Sie, 
dass gilt:  | a × b |2 = | a |2 | b |2 - (a ⋅ b)2 .
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6. [Maximale Punktzahl: 7]

Die folgende Zeichnung zeigt das Dreieck ABC, mit AB = 10 ,  BC = x  und  AC = 2x .

Zeichnung nicht maßstabsgerecht

10 B

C

x

2x

A

Es gilt: 
3ˆcos C
4

= . Finden Sie damit den Flächeninhalt des Dreiecks.

Stellen Sie Ihre Antwort in der Form 
2

p q
 dar, mit  p , q ∈ + .
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7. [Maximale Punktzahl: 5]

Die kubische Gleichung  x3 - kx2 + 3k = 0  mit  k > 0  habe die Lösungen  α , β  und  α + β .

Es gelte: �� � � k 2

4
. Finden Sie damit den Wert von  k .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP09



– 10 –

M21/5/MATHX/HP1/GER/TZ0/XX

2221 – 7126

8. [Maximale Punktzahl: 8]

Die Geraden  l1  und  l2  haben die folgenden Vektorgleichungen, mit  λ , µ ∈  .

l1 1

3

2

1

2

2

2

: r �
�

�

�

�
�
�

�

�

�
�
�
� �

�

�

�
�
�

�

�

�
�
�

�

l2 2

2

0

4

1

1

1

: r �
�

�

�
�
�

�

�

�
�
�
� �

�

�

�
�
�

�

�

�
�
�

�

(a) Zeigen Sie, dass sich  l1  und  l2  nicht schneiden. [3]

(b) Finden Sie den kürzesten Abstand zwischen  l1  und  l2 . [5]
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9. [Maximale Punktzahl: 7]

Finden Sie unter Verwendung der Substitution u = sin x  das folgende Integral: 

2

sin cos
d

sin sin 2− −∫
x x

x
x x

.
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

10. [Maximale Punktzahl: 15]

Betrachten Sie die Funktion  f  mit  f (x) = 6 + 6 cos x , für  0 ≤ x ≤ 4π .

Das folgende Diagramm zeigt den Graphen von  y =  f (x) .

A B
x

y

f

Der Graph von  f  berührt die  x-Achse an den Punkten A und B, wie dargestellt. Die 
schattierte Fläche wird begrenzt vom Graphen von  y =  f (x) , der  x-Achse sowie den Punkten 
A und B.  

(a) Finden Sie die  x-Koordinaten von A und B. [3] 

(b) Zeigen Sie, dass der Inhalt der schattierten Fläche 12π  beträgt. [5]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 10)

Der senkrechte Kegel in der folgenden Zeichnung hat eine Gesamtoberfläche von 12π , wie 
die schattierte Fläche im vorherigen Diagramm.

Der Kegel hat einen Grundradius von 2, die Höhe  h  und die Höhe der Seitenlinie  l .

Zeichnung nicht maßstabsgerecht

l
h

2

(c) Finden Sie den Wert von  l . [3]

(d) Finden Sie unter Nutzung der Vorarbeit das Volumen des Kegels. [4]

16EP13



– 14 –

M21/5/MATHX/HP1/GER/TZ0/XX

2221 – 7126

Schreiben Sie keine Lösungen auf diese Seite.

11. [Maximale Punktzahl: 20]

Die Beschleunigung  a in ms-2  eines sich horizontal bewegenden Körpers ist zum Zeitpunkt  t  
Sekunden,  t ≥ 0 , gegeben durch  a = - (1 + v) , wobei  v in ms-1  die Geschwindigkeit des 
Körpers ist und  v > -1  gilt.

Zum Zeitpunkt  t = 0  befindet sich der Körper im Ursprung  O  und hat die 
Anfangsgeschwindigkeit  v0 ms-1 .

(a) Zeigen Sie durch Lösen einer geeigneten Differentialgleichung, dass die 
Geschwindigkeit des Körpers zum Zeitpunkt  t  sich durch  v ( t ) = (1 + v0) e

-t - 1  
darstellen lässt. [6]

(b) Ausgehend vom Ursprung O bewegt sich der Körper in positiver Richtung, bis er den 
größten Abstand zu O erreicht. Anschließend bewegt sich der Körper zu O zurück.

Sei  s  (in Meter) die Entfernung des Körpers von O und  smax  seine größte Entfernung  
von O.

(i) Zeigen Sie, dass die Zeit  T , die der Körper bis zum Erreichen von  smax  braucht, 
die Gleichung  eT = 1 + v0  erfüllt.

(ii) Finden Sie durch Lösen einer geeigneten Differentialgleichung und unter 
Verwendung des Ergebnisses aus Teil (b)(i) einen Ausdruck für  smax ,  
der von  v0  abhängig ist. [7]

Sei  v (T - k)  die Geschwindigkeit des Körpers  k  Sekunden, bevor er  smax erreicht. Dann gilt: 

v (T - k) = (1 + v0) e
-(T - k) - 1 .

(c) Zeigen Sie unter Verwendung des Ergebnisses aus Teil (b)(i), dass  v (T - k) = ek - 1  gilt. [2]

Sei nun analog  v (T + k)  die Geschwindigkeit des Körpers  k  Sekunden, nachdem er  smax  
erreicht hat.

(d) Deduzieren Sie einen ähnlichen Ausdruck für  v (T + k)  abhängig von  k . [2]

(e) Zeigen Sie unter Nutzung der Vorarbeit, dass  v (T - k) + v (T + k) ≥ 0 . [3]
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Schreiben Sie keine Lösungen auf diese Seite.

12. [Maximale Punktzahl: 19]

Das folgende Diagramm zeigt den Graphen von y x� �� � �arctan 2 1
4

�
 für  x ∈  , mit 

Asymptoten bei 
4

π
= −y  und 

3

4

π
=y .

y

x

π
4

y = −

3π
4

y =

(a) Beschreiben Sie eine Abfolge von Transformationen zum Überführen des Graphen 

von  y = arctan x  in den Graphen von y x� �� � �arctan 2 1
4

�
 für  x ∈  . [3]

(b) Zeigen Sie, dass arctan arctan arctan
1

 +
+ ≡  − 

p q
p q

pq
 mit  p ,  q > 0  und  pq < 1 . [4]

(c) Validieren Sie, dass arctan arctan2 1
1 4

x
x

x
�� � �

�
�
�
�

�
�
� �

�
 für  x ∈  ,  x > 0 . [3]

(d) Beweisen Sie durch vollständige Induktion und mit Hilfe des Ergebnisses aus Teil (b) 

die Gültigkeit von: 
2

1

1
arctan arctan

2 1=

   =   +   
∑

n

r

n

r n
 für  n ∈ + . [9]
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Antworten, die auf dieser Seite geschrieben 
werden, werden nicht bewertet.
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su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: Análisis 
y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 4]

Considere dos números enteros positivos consecutivos,  n  y  n + 1 .

Muestre que la diferencia de sus cuadrados es igual a la suma de esos dos enteros.

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Puntuación máxima: 7]

Resuelva la ecuación  2 cos2 x + 5 sen x = 4 ,  0 ≤ x ≤ 2π .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

3. [Puntuación máxima: 5] 

En el desarrollo de  (x + k)7, donde  k ∈  , el coeficiente del término en  x5  es 63 .

Halle los posibles valores de  k .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Puntuación máxima: 9]

Considere la función  f  que viene dada por  f (x) = ln (x2 - 16)  para  x > 4 .

La siguiente figura muestra una parte del gráfico de  f , que corta al eje  x  en el punto  A de 
coordenadas ( a ,  0 ). La recta  L  es la tangente al gráfico de  f  en el punto  B. 

B

x = 4

L

f

x

y

A(a, 0)

(a) Halle el valor exacto de  a . [3]

(b) Sabiendo que la pendiente de  L  es igual a  
1

3
, halle la coordenada  x  de B. [6]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Puntuación máxima: 4]

Dados dos vectores no nulos cualesquiera,  a  y  b , muestre que  | a × b |2 = | a |2 | b |2 - (a ⋅ b)2 .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Puntuación máxima: 7]

La siguiente figura muestra el triángulo ABC, donde AB = 10 ,  BC = x  y  AC = 2x .

la figura no está dibujada a escala

10 B

C

x

2x

A

Sabiendo que 
3ˆcos C
4

= , halle el área del triángulo.

Dé la respuesta en la forma 
2

p q
, donde  p , q ∈ + .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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7. [Puntuación máxima: 5]

La ecuación cúbica  x3 - kx2 + 3k = 0 , donde  k > 0 , tiene por raíces  α , β  y  α + β .

Sabiendo que �� � � k 2

4
, halle el valor de  k .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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8. [Puntuación máxima: 8]

Las rectas  l1  y  l2  vienen dadas por las siguientes ecuaciones vectoriales, donde  λ , µ ∈  .

l1 1

3

2

1

2

2

2

: r �
�

�

�

�
�
�

�

�

�
�
�
� �

�

�

�
�
�

�

�

�
�
�

�

l2 2

2

0

4

1

1

1

: r �
�

�

�
�
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(a) Muestre que  l1  y  l2  no se cortan. [3]

(b) Halle la distancia mínima entre  l1  y  l2 . [5]
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Véase al dorso

9. [Puntuación máxima: 7]

Utilizando la sustitución u = sen x , halle 
sen cos

sen sen

x x

x x
x

2 2� �� d .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP11



– 12 –

M21/5/MATHX/HP1/SPA/TZ0/XX

2221 – 7121

No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 15]

Considere la función  f  que viene dada por  f (x) = 6 + 6 cos x , para  0 ≤ x ≤ 4π .

La siguiente figura muestra el gráfico de  y =  f (x) .

A B
x

y

f

El gráfico de  f  toca el eje  x  en los puntos A y B, tal y como se muestra en la figura.  
La región sombreada está delimitada por el gráfico de  y =  f (x)  y el eje  x , entre los puntos A y B.

(a) Halle las coordenadas  x  de A y B. [3] 

(b) Muestre que el área de la región sombreada es igual a 12π . [5]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

No escriba soluciones en esta página.

(Pregunta 10: continuación)

En la siguiente figura se muestra un cono recto. El área total de su superficie es 12π , igual 
que el área sombreada de la figura anterior.

En dicho cono, el radio de la base mide 2, la altura  h , y la generatriz  l .

la figura no está dibujada a escala

l
h

2

(c) Halle el valor de  l . [3]

(d) A partir de lo anterior, halle el volumen del cono. [4]
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No escriba soluciones en esta página.

11. [Puntuación máxima: 20]

La aceleración ( a ms-2 ) de una partícula que se mueve a lo largo de una recta horizontal en 
el instante  t  segundos ( t ≥ 0) viene dada por  a = - (1+v) , donde  v ms-1  es la velocidad de la 
partícula, siendo  v > -1.

En  t = 0 , la partícula se encuentra en un origen fijo  O  y tiene una velocidad inicial igual a  v0 ms-1 .

(a) Resolviendo una ecuación diferencial adecuada, muestre que la velocidad de la 
partícula en el instante  t  viene dada por  v ( t ) = (1 + v0) e

-t - 1 . [6]

(b) La partícula, que inicialmente se encuentra en O, se mueve en sentido positivo hasta 
que alcanza el máximo desplazamiento respecto a O. A continuación la partícula 
regresa a O.

Sea  s  (en metros) el desplazamiento de la partícula respecto a O y sea  smáx  su 
máximo desplazamiento respecto a O.

(i) Muestre que el tiempo  T  que tarda la partícula en alcanzar  smáx  satisface la 
ecuación  eT = 1 + v0 .

(ii) Resolviendo una ecuación diferencial adecuada y utilizando el resultado obtenido 
en el subapartado (b) (i), halle una expresión para  smáx  en función de v0 . [7]

La expresión  v (T - k)  representa la velocidad de la partícula  k  segundos antes de 
alcanzar  smáx , donde 

v (T - k) = (1 + v0) e
-(T - k) - 1 .

(c) Utilizando el resultado obtenido en el subapartado (b) (i), muestre que  v (T - k) = ek - 1 . [2]

De modo similar, la expresión  v (T + k)  representa la velocidad de la partícula  k  segundos 
después de haber alcanzado  smáx .

(d) Deduzca una expresión similar que dé  v (T + k)  en función de  k . [2]

(e) A partir de lo anterior, muestre que  v (T - k) + v (T + k) ≥ 0 . [3]
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12. [Puntuación máxima: 19]

La siguiente figura muestra el gráfico de y x� �� � �arctan 2 1
4

�
 para  x ∈  , cuyas asíntotas 

son 
4

π
= −y  y 

3

4

π
=y .

y

x

π
4

y = −

3π
4

y =

(a) Describa una secuencia de transformaciones que transforme el gráfico de  y = arctan x  

en el gráfico de y x� �� � �arctan 2 1
4

�
 para  x ∈  . [3]

(b) Muestre que  arctan arctan arctan
1

 +
+ ≡  − 

p q
p q

pq
, donde  p ,  q > 0  y  pq < 1 . [4]

(c) Verifique que arctan arctan2 1
1 4

x
x

x
�� � �

�
�
�
�

�
�
� �

�
 para  x ∈  ,  x > 0 . [3]

(d) Utilizando la inducción matemática y el resultado obtenido en el apartado (b), 

demuestre que 
2

1

1
arctan arctan

2 1=

   =   +   
∑

n

r

n

r n
 para  n ∈ + . [9]

 

Fuentes:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 7] 

The following table shows the data collected from an experiment.

x 3.3 6.9 11.9 13.4 17.8 19.6 21.8 25.3

y 6.3 8.1 8.4 11.6 10.3 12.9 13.1 17.3

The data is also represented on the following scatter diagram.

25

20
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10

5

0 5 10 15 20 25 30

y

x

(This question continues on the following page)
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Turn over

(Question 1 continued)

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b , where  a ,  b ∈  .

(a) Write down the value of  a  and the value of  b . [2]

(b) Use this model to predict the value of  y  when  x = 18 . [2]

(c) Write down the value of x  and the value of y . [1]

(d) Draw the line of best fit on the scatter diagram. [2]
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2. [Maximum mark: 6] 

A company produces bags of sugar whose masses, in grams, can be modelled by a normal 
distribution with mean 1000 and standard deviation 3.5. A bag of sugar is rejected for sale if 
its mass is less than 995 grams.

(a) Find the probability that a bag selected at random is rejected.  [2]

(b) Estimate the number of bags which will be rejected from a random sample of 100 bags. [1]

(c) Given that a bag is not rejected, find the probability that it has a mass greater than 
1005 grams. [3]
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Turn over

3. [Maximum mark: 5] 

A Ferris wheel with diameter 110 metres rotates at a constant speed. The lowest point on 
the wheel is 10 metres above the ground, as shown on the following diagram. P is a point on 
the wheel. The wheel starts moving with P at the lowest point and completes one revolution 
in 20 minutes.

diagram not to scale

110  m

10  m

P

The height,  h  metres, of P above the ground after  t  minutes is given by h (t ) = a cos (bt ) + c , 
where  a ,  b ,  c ∈  .

Find the values of  a ,  b  and  c .
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4. [Maximum mark: 6]

A particle moves in a straight line. The velocity,  v ms-1 , of the particle at time  t  seconds is 
given by  v (t ) = t sin t - 3 , for  0 ≤ t ≤ 10 .

The following diagram shows the graph of  v .

2

0 2 4 6 8 10

−2

−4

−6

−8

4

6

v

t

(a) Find the smallest value of  t  for which the particle is at rest. [2]

(b) Find the total distance travelled by the particle. [2]

(c) Find the acceleration of the particle when  t = 7 . [2]
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5. [Maximum mark: 5]

Consider the expansion of  (3 + x2)n + 1 , where  n ∈ + . 

Given that the coefficient of  x4  is 20 412, find the value of  n .
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6. [Maximum mark: 5]

Consider the planes  Π1  and  Π2  with the following equations.

Π1 :  3x + 2y + z = 6

Π2 :  x - 2y + z = 4

(a) Find a Cartesian equation of the plane  Π3  which is perpendicular to  Π1  and  Π2  and 
passes through the origin (0, 0, 0). [3]

(b) Find the coordinates of the point where  Π1 ,  Π2  and  Π3  intersect. [2]
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7. [Maximum mark: 7]

A continuous random variable  X  has the probability density function  f  given by

f x

x

x k
x

� � � �� �
� ��

�
��

�
�
�

2 3
0 4

0 otherwise

where  k ∈ + .

(a) Show that 16 16k k k k+ − = + . [5]

(b) Find the value of  k . [2]
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8. [Maximum mark: 7]

Consider the complex numbers 2 cos i sin
5 5

z
π π = + 

 
 and 

2 2
8 cos i sin

5 5

k k
w

π π = − 
 

, 
where  k ∈ + .

(a) Find the modulus of  zw . [1]

(b) Find the argument of  zw  in terms of  k . [2]

Suppose that  zw ∈  .

(c) (i)  Find the minimum value of  k .

(ii) For the value of  k  found in part (i), find the value of  zw . [4]
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Turn over

9. [Maximum mark: 7]

Two boats  A  and  B  travel due north. 

Initially, boat  B  is positioned 50 metres due east of boat A. 

The distances travelled by boat A and boat B, after  t  seconds, are  x  metres and  y  metres 
respectively. The angle  θ  is the radian measure of the bearing of boat B from boat A. 
This information is shown on the following diagram.

diagram not to scale

θ

N

N

50m

y m

x m

boat A

boat B

(a) Show that  y = x + 50 cot θ . [1]

At time  T , the following conditions are true.

Boat B has travelled 10 metres further than boat A.  
Boat B is travelling at double the speed of boat A.  
The rate of change of the angle  θ  is -0.1 radians per second.

(b) Find the speed of boat A at time  T . [6]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 90 e-0.5x  for  x ∈ + .

The graph of  f  and the line  y = x  intersect at point P.

(a) Find the  x-coordinate of P. [2]

The line  L  has a gradient of -1 and is a tangent to the graph of  f  at the point Q.

(b) Find the exact coordinates of Q. [4]

(c) Show that the equation of  L  is  y = -x + 2 ln 45 + 2 . [2]

The shaded region  A  is enclosed by the graph of  f  and the lines  y = x  and  L .

y

x

A

P

Q

L

f

y x=

(d) (i)  Find the  x-coordinate of the point where  L  intersects the line  y = x .

(ii) Hence, find the area of  A . [5]

(This question continues on the following page)
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Turn over

Do not write solutions on this page.

(Question 10 continued)

The line  L  is tangent to the graphs of both  f  and the inverse function  f -1 .

y

x

L

f1f −

(e) Find the shaded area enclosed by the graphs of  f  and  f -1  and the line  L . [2]

11. [Maximum mark: 20]

The function  f  is defined by  f (x) = 
2

3 2

4 1

x

x

+
−

, for  x ∈  ,  x ≠ p ,  x ≠ q .

(a) Find the value of  p  and the value of  q . [2]

(b) Find an expression for  f ′(x) . [3]

The graph of  y = f (x)  has exactly one point of inflexion.

(c) Find the  x-coordinate of the point of inflexion. [2]

(d) Sketch the graph of  y = f (x)  for  -3 ≤ x ≤ 3 , showing the values of any axes intercepts,
the coordinates of any local maxima and local minima, and giving the equations of
any asymptotes. [5]

The function  g  is defined by  g (x) = 
24 1

3 2

x

x

−
+

, for  x ∈  , 
2

3
x ≠ − .

(e) Find the equations of all the asymptotes on the graph of  y = g (x) . [4]

(f) By considering the graph of  y = g (x) - f (x) , or otherwise, solve  f (x) < g (x)  for  x ∈  . [4]
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Do not write solutions on this page.

12. [Maximum mark: 20]

The function  f  has a derivative given by �� � �
�� �

f x
x k x

1
,  x ∈  ,  x ≠ 0 ,  x ≠ k  where  k  is 

a positive constant.

(a) The expression for  f ′(x)  can be written in the form 
a b

x k x
+

−
, where  a ,  b ∈  .  

Find  a  and  b  in terms of  k. [3]

(b) Hence, find an expression for  f (x) . [3]

Consider  P , the population of a colony of ants, which has an initial value of 1200.

The rate of change of the population can be modelled by the differential equation 
d

d

P

t

P k P

k
�

�� �
5

,

where  t  is the time measured in days,  t ≥ 0 , and  k  is the upper bound for the population.

(c) By solving the differential equation, show that P
k

k
t�

�� � �
�

1200

1200 12005e

. [8]

At  t = 10  the population of the colony has doubled in size from its initial value. 

(d) Find the value of  k , giving your answer correct to four significant figures. [3]

(e) Find the value of  t  when the rate of change of the population is at its maximum. [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   

M21/5/MATHX/HP2/ENG/TZ1/XX/M 
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.

M21/5/MATHX/HP2/ENG/TZ1/XX/M 
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Section A 

1. (a) ,  

,  A1A1 

 [2 marks] 

(b) attempt to substitute  into their equation (M1) 

 A1 
[2 marks] 

(c)  , A1 
[1 mark] 

(d) 

A1A1 

Note: Award marks as follows: 
A1 for a straight line going through (15, 11) 

A1 for intercepting the y-axis between their  (when their line is 
extended), which includes all the data for . 

If the candidate does not use a ruler, award A0A1 where appropriate. 

[2 marks] 
Total [7 marks] 

a = 0.433156... b = 4.50265...

0.433a = 4.50b =

18x =

0.433 18 4.50y = ´ +
= 12.2994...
12.3=

15x = 11y =

b±1.5
3.3≤ x ≤ 25.3



– 9 – M21/5/MATHX/HP2/ENG/TZ1/XX/M 

2. 
Note: In this question, do not penalise incorrect use of strict inequality signs. 

Let  = mass of a bag of sugar 

(a) evidence of identifying the correct area (M1) 

A1 
[2 marks] 

(b)  
A1 

[1 mark] 

Note: Accept 7.66 . 

(c) recognition that is required (M1) 

 (A1) 

A1 

 [3 marks] 
Total [6 marks] 

X

P( X < 995) = 0.0765637...

= 0.0766

0.0766 100´
8»

( )P 1005| 995X X> ³

( )
( )

P 995 1005
P 995

X X
X

³ Ç >
³

P( 1005)
P( 995)
X
X
>
³

0.07656…
1− 0.07656…

= 0.07656…
0.9234…

⎛
⎝⎜

⎞
⎠⎟

= 0.0829
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3. Amplitude is  (A1) 

A1 

A1 

 OR (M1) 

A1 

Total [5 marks] 

4. (a) recognising   

 

 (sec) A1 
Note: Do not award A1 if additional values are given. 

[2 marks] 

(b)  OR  (A1) 

 (m) A1 
[2 marks] 

(c) recognising acceleration at  is given by  (M1) 

acceleration 

 (ms-2) A1 
 [2 marks] 

Total [6 marks] 

110 55
2

=

55a = -

65c =

2 20
b
p
= −55cos(20b)+ 65= 10

( )0.314
10

b p
= =

0v =

t = 6.74416...

= 6.74

( )
10

0
dv t tò − v(t)

0

6.74416...

∫ dt + v(t)
6.74416...

9.08837...

∫ dt − v(t)
9.08837...

10

∫ dt

= 37.0968...

37.1=

7t = '(7)v

= 5.93430...

5.93=

(M1) 
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5. METHOD 1

product of a binomial coefficient, a power of 3 (and a power of ) seen (M1) 
evidence of correct term chosen (A1) 

 OR  

equating their coefficient to 20412 or their term to  (M1) 

EITHER 

(A1) 

OR 

(A1) 

THEN 

A1 

METHOD 2 

product of a binomial coefficient and a power of  OR  seen (M1) 

evidence of correct term chosen (A1) 

equating their coefficient to 20412 or their term to  (M1) 

(A1) 

 A1 

Total [5 marks] 

2x

n+1C
2
× 3n+1−2 × x2( )2

= n(n+1)

2
× 3n−1 × x4⎛

⎝⎜
⎞
⎠⎟

n− r = 1

420412x

1 1
2 3 20412n nC+ -´ =

2 3 20412 6r r
rC r+ ´ = Þ =

7n =

3n+1 1+ x2

3

⎛
⎝⎜

⎞
⎠⎟

n+1

2

3
x 1

3

22
1 1 41

2
( 1)3 3

3 2
nn nx n xnC+ + -æ ö +æ ö=ç ÷ ç ÷

è
´
è

´
øø

420412x

3n−1 × n(n+1)

2
= 20412

7n =
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6 (a) attempt to find a vector perpendicular to  and  
using a cross product (M1) 

 

 (A1) 

equation is A1 
[3 marks] 

(b) attempt to solve 3 simultaneous equations in 3 variables (M1) 

A1 

 [2 marks] 
Total [5 marks] 

7. (a) recognition of the need to integrate (M1) 

EITHER 

 (or equivalent) (A1) 

 

A1 

continued… 

1Π 2Π

( )( ) ( ) ( )
3 1
2 2 2 2 1 3 6 2
1 1

æ ö æ ö
ç ÷ ç ÷´ - = - - + - + - -ç ÷ ç ÷
ç ÷ ç ÷
è ø è ø

i j k

4 2
2 2 1
8 4

æ öæ ö æ ö
ç ÷ç ÷ ç ÷= - = -ç ÷ç ÷ ç ÷

ç ÷ ç ÷ç ÷- -è ø è øè ø

( )4 2 8 0 2 4 0x y z x y z- - = Þ - - =

( )( )41 10 23, , 1.95, 0.476,1 .10
21 21 21

æ ö- = -ç ÷
è ø

( )32

x

x k+

( )
( )

32
d 1

k

x

x
x

+
=ò

2 d 2
d
uu x k x
x

= + Þ =

( )

3
2

32

1d d
2

x x u
k

u
x

-
=

+
ò ò

( ) ( ) ( )
1 1

22 2u c x k c
- -æ ö

= - + = - + +ç ÷
è ø
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Question 7 continued 

OR 

 (A1) 

A1 
THEN 
attempt to use correct limits for their integrand and set equal to 1 M1 

 OR  

A1 

AG 

 [5 marks] 

(b) attempt to solve (M1) 

A1 
[2 marks] 

Total [7 marks] 

8. (a) A1 
[1 mark] 

(b) attempt to find (M1) 

 A1 

 [2 marks] 

continued… 

( ) ( )3 32 2

1 2d d
2x k k

xx
x

x x
+ +

=ò ò

( ) ( )
1

2 2x k c
-

= - + +

161
2 1

k

k

u
+

-é ù
- =ê ú
ë û

( )
41

2 2

0

1x k
-é ù

- + =ê ú
ë û

( )
11
22

1 116 1 1
16

k k
k k

-- æ ö- + + = Þ - =ç ÷+è ø

16 16k k k k+ - = +

16 16k k k k+ - = +
0.645038...k =
0.645=

( )16zw =

( ) ( )arg argz w+

( ) ( ) ( )arg arg argzw z w= +

( )1 2 ππ 2 π
5 5 5

kk æ ö-
= - =ç ÷

è ø
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Question 8 continued 

(c) (i)  is a multiple of  (M1) 

 is a multiple of 5 (M1) 
A1 

(ii) 

A1 
 [4 marks] 

Total [7 marks] 

9. (a)  OR A1 

 AG 
Note:  𝑦 − 𝑥 may be identified as a length on a diagram, and not written explicitly. 

[1 mark] 

(b) attempt to differentiate with respect to t (M1) 

 A1 

attempt to set speed of B equal to double the speed of A (M1) 

 

 A1 

 OR  (A1) 

Note:  This A1 can be awarded independently of previous marks. 

 

So the speed of boat A is 5.2 (ms-1) A1 

Note:  Accept 5.20 from the use of inexact values. 

[6 marks] 
Total [7 marks] 

( )argzw zwÎ ÞZ π
1 2kÞ -
3k =

( ) ( )( )16 cos π isin πzw= - + -

16-

50tan
y x

q =
-

cot
50
y xq -

=

50coty x q= +

( )2d d d50 cosec
d d d
y x
t t t

qq= -

( )2d d d2 50 cosec
d d d
x x
t t t

qq= -

( )2d d50 cosec
d d
x
t t

qq= -

( )arctan5 1.373 78.69q = = …= …° 2 2
21 261

5
cose t

5
1

2
c coq q æ ö= + =ç

è
= ÷

ø
+

26 0.1
25

d 50
d
x
t

æ ö
ç ÷

ø
´-= -

è
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Section B. 

10. (a) attempt to find the point of intersection of the graph of  and the line (M1) 
 

 A1 

 [2 marks] 

(b) A1 
attempt to set the gradient of  equal to (M1) 

Q has coordinates  (accept A1A1 

Note: Award A1 for each value, even if the answer is not given as a coordinate pair.  

Do not accept  as a final value for .  Do not accept 2.0 or 2.00 

as a final value for .

[4 marks] 

(c) attempt to substitute coordinates of Q ( in any order)
into an appropriate equation (M1) 

 OR A1 
equation of  is AG 

[2 marks] 

continued… 

f y x=
5.56619...x =

5.57=

0.5( ) 45e xf x -¢ = -
f 1-

0.545e 1x-- = -

( )2ln 45,2 1( 2ln ,2)
45

-

1ln ln 4545  or 
0.5 0.5-

x

y

( )2 2ln45y x- = - - 2 2ln 45 c= - +
L 2ln 45 2y x= - + +
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Question 10 continued 

(d) (i) A1 

(ii) appropriate method to find the sum of two areas using integrals of the difference
of two functions (M1)

Note: Allow absent or incorrect limits. 

(A1)(A1) 

Note: Award A1 for one correct integral expression including correct limits 
and integrand. 
Award A1 for a second correct integral expression including correct limits and 
integrand. 

 
 A1 

[5 marks] 

(e) by symmetry  (M1) 

A1 
Note: Accept any answer that rounds to 3.0 (but do not accept 3). 

[2 marks] 
Total [15 marks] 

( )ln 45 1 4.81x = + =

( )( ) ( )( )5.566... 7.613... 0.5

4.806... 5.566...
2 ln 45 2 d 90e 2ln 45 2 dxx x x x x-- - + + + - - + +ò ò

1.51965...=
1.52=

2 1.52´
3.03930...=
3.04=
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11. (a) attempt to solve  e.g. by factorising    (M1) 

 or vice versa A1 

 [2 marks] 

(b) attempt to use quotient rule or product rule (M1) 

EITHER 

A1A1 

Note:  Award A1 for each term in the numerator with correct signs, provided correct 
denominator is seen. 

OR 

A1A1 

Note:  Award A1 for each term. 

[3 marks] 

(c) attempt to find the local min point on  OR solve (M1) 

A1 
[2 marks] 

continued… 

24 1 0x - = 24 1x -
1 1,
2 2

p q= = -

( ) ( ) ( )
( ) ( )

2 2

2 22 2

3 4 1 8 3 2 12 16 3'
4 1 4 1

x x x x xf x
x x

æ ö- - + - - -ç ÷= =
ç ÷- -è ø

( ) ( )( ) ( )2 12 2' 8 3 2 4 1 3 4 1f x x x x x
- -

= - + -+-

( )y f x¢= ( ) 0f x¢¢ =
1.60x = -
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Question 11 continued 

(d) 

A1A1A1A1A1 

Note:  Award A1 for both vertical asymptotes with their equations, award A1 for 
horizontal asymptote with equation, award A1 for each correct branch including 
asymptotic behaviour, coordinates of minimum and maximum points (may be 
seen next to the graph) and values of axes intercepts.   

  If vertical asymptotes are absent (or not vertical) and the branches overlap as a 
consequence, award maximum A0A1A0A1A1. 

[5 marks] 

continued… 
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Question 11 continued 

e) A1 

(oblique asymptote has) gradient (A1) 

appropriate method to find complete equation of oblique asymptote M1 

 

A1 

Note: Do not award the final A1 if the answer is not given as an equation. 

[4 marks] 

f) attempting to find at least one critical value  (M1) 

 OR  OR A1A1A1 

Note: Only penalize once for use of  rather than . 

[4 marks] 
Total [20 marks] 

( )2 0.667
3

x = - = -

( )4 1.33
3
=

2

4 8
3 9

3 2 4 0 1

x

x x x

-

+ + -

2 84
3

8 1
3
8 16
3 9

x x

x

x

+

- -

- -

7
9

( )4 1.33 0.8898
3 9

y x x= - = -

( )0.568729..., 1.31872...x x= - =
2 0.569
3

x- < < - 0.5 0.5x- < < 1.32x >

£ <
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12. (a)

(A1) 

attempt to compare coefficients OR substitute  and  and solve (M1) 

 and A1 

[3 marks] 

(b) attempt to integrate their (M1) 

A1A1 

[3 marks] 

Note: Award A1 for each correct term. Award A1A0 for a correct answer without modulus 
 signs. Condone the absence of +c. 

continued… 
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x k x x k x
º +

- -

( ) 1a k x bx- + =
x k= 0x =

1a
k

=
1b
k

=

( ) ( )
1 1'f x
kx k k x

= +
-

a b
x k x
+

-

( ) 1 1 1 df x x
k x k x

æ ö= +ç ÷-è øò

( )( ) ( )1 1ln ln ln xx k x c c
k k k x

æ ö
= - - + = +ç ÷-è ø



– 21 – M21/5/MATHX/HP2/ENG/TZ1/XX/M 

Question 12 continued 

(c) attempt to separate variables and integrate both sides M1 

A1 

Note: There are variations on this which should be accepted, such as 

  Subsequent marks for these variations should be awarded as 

appropriate. 

EITHER 

attempt to substitute ,  into an equation involving  M1 

 A1 

A1 

A1 

OR 

 A1 

attempt to substitute ,  M1 

 A1 

A1 

continued… 
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Question 12 continued 

THEN  

attempt to rearrange and isolate M1 

 OR  

OR  

 OR  A1 

AG 

[8 marks] 

(d) attempt to substitute ,  (M1) 

(A1) 

 
  A1 

Note:  Award (M1)(A1)A0 for any other value of  which rounds to 2850 
[3 marks] 

(e) attempt to find the maximum of the first derivative graph OR zero

of the second derivative graph OR that (M1) 

 
 (days) A2 

Note:  Accept any value which rounds to 1.6. 
[3 marks] 

Total [20 marks] 

P
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t t

Pk P k P 5 5e 1200 e 1200 1200
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t t

Pk P k P
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12001
1200e
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2
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1.58=
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a) (i)  Find the value of  a  and the value of  b .

(ii) Write down the value of Pearson’s product-moment correlation coefficient,  r . [3]

(b) Interpret, in context, the value of  a  found in part (a)(i). [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c) Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee. [2]
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2. [Maximum mark: 5]

An arithmetic sequence has first term 60 and common difference -2.5.

(a) Given that the  k th term of the sequence is zero, find the value of  k . [2]

Let  Sn  denote the sum of the first  n  terms of the sequence.

(b) Find the maximum value of  Sn . [3]
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3. [Maximum mark: 8]

At a school, 70 % of the students play a sport and 20 % of the students are involved in 
theatre. 18 % of the students do neither activity.

A student is selected at random.

(a) Find the probability that the student plays a sport and is involved in theatre. [2]

(b) Find the probability that the student is involved in theatre, but does not play a sport. [2]

At the school 48 % of the students are girls, and 25 % of the girls are involved in theatre.

A student is selected at random. Let  G  be the event “the student is a girl” and let  T  be the 
event “the student is involved in theatre”.

(c) Find P (G ∩ T ) . [2]

(d) Determine if the events  G  and  T  are independent. Justify your answer. [2]
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4. [Maximum mark: 6]

The functions  f  and  g  are defined for  x ∈   by  f (x) = 6x2 - 12x + 1  and  g (x) = -x + c , 
where  c ∈  .

(a) Find the range of  f . [2]

(b) Given that  (g  f ) (x) ≤ 0  for all  x ∈  , determine the set of possible values for  c . [4]
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5. [Maximum mark: 7]

All living plants contain an isotope of carbon called carbon-14. When a plant dies, the isotope 
decays so that the amount of carbon-14 present in the remains of the plant decreases. The 
time since the death of a plant can be determined by measuring the amount of carbon-14 still 
present in the remains.

The amount,  A , of carbon-14 present in a plant  t  years after its death can be modelled by 
A = A0e

-k t  where  t ≥ 0  and  A0 ,  k  are positive constants.

At the time of death, a plant is defined to have 100 units of carbon-14.

(a) Show that  A0 = 100 . [1]

The time taken for half the original amount of carbon-14 to decay is known to be 5730 years.

(b) Show that 
ln 2

5730
=k . [3]

(c) Find, correct to the nearest 10 years, the time taken after the plant’s death for 25 % of 
the carbon-14 to decay. [3]
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6. [Maximum mark: 6]

A continuous random variable  X  has the probability density function  f n  given by

f x
n x x

n

n

� � � �� � � ��
�
�

1 0 1

0

,

, otherwise

where  n ∈  ,  n ≥ 0 .

(a) Show that E X
n

n
� � � �

�
1

2
. [2]

(b) Show that Var X
n

n n
� � � �

�� � �� �
1

2 3
2 . [4]
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7. [Maximum mark: 5]

Eight runners compete in a race where there are no tied finishes. Andrea and Jack are two of 
the eight competitors in this race.

Find the total number of possible ways in which the eight runners can finish if Jack finishes

(a) in the position immediately after Andrea; [2]

(b) in any position after Andrea. [3]
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Turn over

8. [Maximum mark: 5]

Consider  z = cos θ + i sin θ  where  z ∈  ,  z ≠ 1 .

Show that 
1

Re 0
1

+  = − 
z

z
.
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9. [Maximum mark: 8]

(a) Write down the first three terms of the binomial expansion of  (1 + t)-1  in ascending 
powers of  t. [1]

(b) By using the Maclaurin series for  cos x  and the result from part (a), show that the 

Maclaurin series for  sec x  up to and including the term in  x4  is 
2 45

1
2 24

+ +
x x

. [4]

(c) By using the Maclaurin series for  arctan x  and the result from part (b), find 

0

arctan 2
lim

sec 1→

 
 − x

x x

x
. [3]
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]

The flight times,  T  minutes, between two cities can be modelled by a normal distribution with 
a mean of 75 minutes and a standard deviation of  σ  minutes.

(a) Given that 2 % of the flight times are longer than 82 minutes, find the value of  σ . [3]

(b) Find the probability that a randomly selected flight will have a flight time of more than 
80 minutes. [2]

(c) Given that a flight between the two cities takes longer than 80 minutes, find the 
probability that it takes less than 82 minutes. [4]

On a particular day, there are 64 flights scheduled between these two cities.

(d) Find the expected number of flights that will have a flight time of more than 80 minutes. [3]

(e) Find the probability that more than 6 of the flights on this particular day will have a flight 
time of more than 80 minutes. [3]
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Do not write solutions on this page.

11. [Maximum mark: 18]

A function  f  is defined by f x
k

x

x� � �
�
e

e

2

1
 where  x ∈  ,  x ≥ 0  and  k ∈ + .

The region enclosed by the graph of  y = f (x) , the  x-axis, the  y-axis and the line  x = ln 16  is 
rotated 360° about the  x-axis to form a solid of revolution.

(a) Show that the volume of the solid formed is 
215

34

πk
 cubic units. [6]

Pedro wants to make a small bowl with a volume of 300 cm3 based on the result from part (a). 
Pedro’s design is shown in the following diagrams.

y

x

A

A

B
B

C

C
O

O

ln16

( )y f x=

The vertical height of the bowl, BO, is measured along the  x-axis. The radius of the bowl’s 
top is OA and the radius of the bowl’s base is BC. All lengths are measured in cm.

(b) Find the value of  k  that satisfies the requirements of Pedro’s design. [2]

(c) Find

(i) OA;

(ii) BC. [4]

For design purposes, Pedro investigates how the cross-sectional radius of the bowl changes.

(d) (i)  By sketching the graph of a suitable derivative of  f , find where the 
cross-sectional radius of the bowl is decreasing most rapidly.

(ii) State the cross-sectional radius of the bowl at this point. [6]
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Do not write solutions on this page.

12. [Maximum mark: 21]

A function  f  is defined by f x
x

x
� � � �

�
�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  .

(a) Show that  f  is an even function. [1]

(b) By considering limits, show that the graph of  y = f (x)  has a horizontal asymptote and 
state its equation. [2]

(c) (i)  Show that �� � �
�� �

f x
x

x x

2

12 2
 for  x ∈  ,  x ≠ 0 .

(ii) By using the expression for  f ′(x)  and the result 2 =x x=x, show that  f  is 
decreasing for  x < 0 . [9]

A function  g  is defined by g x
x

x
� � � �

�
�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  ,  x ≥ 0 .

(d) Find an expression for  g-1(x) , justifying your answer. [5]

(e) State the domain of  g-1 . [1]

(f) Sketch the graph of  y = g-1(x) , clearly indicating any asymptotes with their equations 
and stating the values of any axes intercepts. [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) (i) 0.805084...a = and 2.88135...b =
0.805a =  and 2.88b = A1A1 

(ii) 0.97777...r =
0.978r =  A1 

 [3 marks] 

(b) a represents the (average) increase in waiting time ( 0.805  mins) per
additional customer (waiting to receive their coffee) R1 

[1 mark] 

(c) attempt to substitute 7x = into their equation (M1) 

8.51693...
8.52  (mins) A1 

[2 marks] 
Total [6 marks] 
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2. (a) attempt to use ( )1 1 0u n d+ − = (M1) 

( )60 2.5 1 0k− − =

25k = A1 
[2 marks] 

(b) METHOD 1

attempting to express nS  in terms of n (M1) 

use of a graph or a table to attempt to find the maximum sum (M1) 

750=  A1 

METHOD 2

EITHER
recognizing maximum occurs at 25n = (M1) 

( ) ( )25 25

25 25
60 0 ,  2 60 24 2.5

2 2
S S= + =  + − (A1) 

OR 
attempting to calculate 24S (M1) 

( )24

24
2 60 23 2.5

2
S =  + − (A1) 

THEN 
750= A1 

[3 marks] 
Total [5 marks] 
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3. (a) EITHER 

( ) ( )P( ) P( ) P P 1S T S T S T + +  −  = OR ( ) ( )( )P P 'S T S T  =  (M1)

( )0.7 0.2 0.18 P 1S T+ + −  =  OR ( )P 1 0.18S T = −

OR 
a clearly labelled Venn diagram (M1) 

THEN 

( )P 0.08S T = (accept 8%) A1 

Note: To obtain the M1 for the Venn diagram all labels must be correct and in the correct sections. 
 For example, do not accept 0.7 in the area corresponding to S T  . 

[2 marks] 

(b) EITHER

( ) ( ) ( )( )P P P 0.2 0.08T S T T S = −  = −  OR

( ) ( ) ( )( )P P P 0.82 0.7T S T S S =  − = − (M1) 

OR

a clearly labelled Venn diagram including ( ) ( ) ( )P , P and PS T S T (M1) 

THEN
0.12=  (accept 12%) A1 

 [2 marks] 

(c) ( ) ( ) ( )P P PG T T G G = ( 0.25 0.48 ) (M1) 

0.12= A1 
[2 marks] 

continued… 
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Question 3 continued 

(d) METHOD 1

( ) ( )( )P P 0.48 0.2 0.096G T =  =  A1 

( ) ( ) ( )P P PG T G T    G and T are not independent R1 

METHOD 2 

( )P | 0.25T G = A1 

( ) ( )P | PT G T  G and T are not independent R1 

Note:  Do not award A0R1. 

[2 marks] 
Total [8 marks] 
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4. (a) attempting to find the vertex (M1) 

1x = OR 5y = − OR ( ) ( )
2

6 1 5f x x= − −

range is 5y  − A1 

[2 marks] 

(b) METHOD 1

( )( ) ( ) ( )( )( )226 12 1  6 1 5g f x x x c x c= − − + + = − − − + (A1) 

EITHER 

relating to the range of f OR attempting to find ( )5g − (M1) 

5 0c+     (A1) 

OR 

attempting to find the discriminant of ( )( )g f x (M1) 

( ) ( )144 24 1 0 120 24 0c c+ −  +   (A1) 

THEN 
5c  −  A1 

[4 marks] 

METHOD 2 
vertical reflection followed by vertical shift (M1) 

new vertex is ( )1,5 c+ (A1) 

5 0c+    (A1) 

5c  −  A1 

[4 marks] 
Total [6 marks] 
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5. (a) 0
0100 e= A A1 

0 100=A AG 
 [1 mark] 

(b) correct substitution of values into exponential equation (M1) 
573050 100e k−= OR 5730 1

e
2

k− =

EITHER 
1

5730 ln
2

k− = A1 

1
ln ln 2

2
= −  OR 1

ln ln 2
2

− = A1 

OR 
5730e 2k = A1 

5730 ln 2k = A1 

THEN 
ln 2

5730
k = AG 

Note:  There are many different ways of showing that ln 2

5730
k =  which involve showing different 

steps. Award full marks for at least two correct algebraic steps seen. 
[3 marks] 

(c) if 25 % of the carbon-14 has decayed, 75% remains ie, 75  units remain
ln 2

573075 100e
t−

= (A1) 

EITHER 
using an appropriate graph to attempt to solve for t (M1) 

OR 
manipulating logs to attempt to solve for t (M1) 

ln 2
ln 0.75

5730
t= −

2378.164...t =

THEN 

2380t = (years) (correct to the nearest 10 years) A1 

 [3 marks] 
Total [7 marks] 
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6. (a) ( )
1

1

0

E ( 1) dnX n x x+= +  M1 

( )
12

0

1
2

nx
n

n

+ 
= +  

+ 
A1 

leading to ( )
1

E
2

n
X

n

+
=

+
AG 

[2 marks] 

(b) METHOD 1

use of ( ) ( ) ( )
22Var E E= −   X X X M1 

( ) ( )
21

2

0

1
Var 1 d

2
+ + 

= + − 
+ 


n n

X n x x
n

( )
1 2

3

0

1 1
1

3 2
+ +   

= + −  + +   

n n
n x

n n

2
1 1

3 2

+ + 
= −  

+ + 

n n

n n
A1 

( )( ) ( ) ( )

( ) ( )

2 2

2

1 2 1 3

2 3

+ + − + +
=

+ +

n n n n

n n
M1 

EITHER 

( ) ( )( )
( ) ( )

2 2

2

1 4 4 4 3

2 3

n n n n n

n n

+ + + − + +
=

+ +
A1 

OR 

( ) ( )
( ) ( )

3 2 3 2

2

5 8 4 5 7 3

2 3

n n n n n n

n n

+ + + − + + +
=

+ +
A1 

THEN 

so ( )
( ) ( )

2

1
Var

2 3

n
X

n n

+
=

+ +
AG 

continued… 
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Question 6 continued 

METHOD 2 

use of ( ) ( )( )
2

Var E EX X X= − M1 

( ) ( )
21

0

1
Var 1 d

2
nn

X n x x x
n

+ 
= + − 

+ 
  

( )
( )

( ) ( )

1

3 2 1
2 2

0

2 11 1
1

3 2 2
n n nn n

n x x x
n n n

+ + +
 + +

= + − + 
+ + +  

2
1 1

3 2

n n

n n

+ + 
= −  

+ + 
A1 

( ) ( ) ( )( )( )
( ) ( )

2

2

1 2 1 3

2 3

n n n n

n n

+ + − + +
=

+ +
M1 

EITHER 

( ) ( )( )
( ) ( )

2 2

2

1 4 4 4 3

2 3

n n n n n

n n

+ + + − + +
=

+ +
A1 

OR 

( ) ( )
( ) ( )

3 2 3 2

2

5 8 4 5 7 3

2 3

n n n n n n

n n

+ + + − + + +
=

+ +
A1 

THEN 

so ( )
( ) ( )

2

1
Var

2 3

n
X

n n

+
=

+ +
AG 

[4 marks] 
Total [6 marks] 
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7. (a) Jack and Andrea finish in that order (as a unit) so we are considering the 
arrangement of 7 objects (M1) 

( )7! 5040=  ways A1 

[2 marks] 

(b) METHOD 1

the number of ways that Andrea finishes in front of Jack is equal to the number of
ways that Jack finishes in front of Andrea (M1) 

total number of ways is  8! (A1) 

( )
8!

20160
2

=  ways A1 

[3 marks] 

METHOD 2 

the other six runners can finish in ( )6! 720=  ways (A1) 

when Andrea finishes first, Jack can finish in 7 different positions 

when Andrea finishes second, Jack can finish in 6 different positions etc 

( )7 6 5 4 3 2 1 28+ + + + + + = ways (A1) 

hence there are ( )7 6 5 4 3 2 1 6!+ + + + + +   ways

( )28 6! 20160 = ways A1 

[3 marks] 
Total [5 marks] 
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8. 1 1 cos isin

1 1 cos isin

z

z

 

 

+ + +
=

− − −

attempt to use the complex conjugate of their denominator M1 

( )( )

( )( )

1 cos isin 1 cos isin

1 cos isin 1 cos isin

   

   

+ + − +
=

− − − +
A1 

( )

2 2 2 2

2 2

1 1 cos sin 1 cos sin
Re  

1 2 2cos1 cos sin

z

z

   

 

 + − − − − 
= =  

− −  − +  
M1A1 

Note:  Award M1 for expanding the numerator and A1 for a correct numerator. Condone 
either an incorrect denominator or the absence of a denominator. 

using 2 2cos sin 1 + = to simplify the numerator (M1) 

1
Re 0

1

z

z

+ 
= 

− 
 AG 

[5 marks] 
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9. (a) 21 t t− + A1 

Note: Accept 1, t−  and 2t . 

[1 mark] 

(b) 

( )
( )

1
2 4

2 4

1
sec 1 ...

2! 4!
1 ...

2! 4!

x x
x

x x

−   
 = = − + −  
   − + −  

(M1) 

cos 1t x= − or ( )
2

sec 1 (cos 1) cos 1x x x= − − + − (M1) 

( ) ( )
22 4 2 4

1 ... ...
2! 4! 2! 4!

x x x x   
= − − + − + − + −   

   
A1 

2 4 4

1
2 24 4

x x x
= + − + A1 

so the Maclaurin series for sec x  up to and including the term in 4x is 
2 45

1
2 24

x x
+ + AG 

[4 marks] 
Note: Condone the absence of ‘…’ 

(c) 
( )

3
2

arctan 2 2 ...
3

x
x x= − +

( )
3

2 40 0

2
2 ...

3arctan 2
lim lim

sec 1 5
1 1

2 24

x x

x
x x

x x

x x x→ →

  
 − + 

     =   
−     + + −   

 

M1 

4
2

2 40

8
2 ...

3lim
5

2 24

x

x
x

x x→

 
− + 

=  
 + 
 

A1 

2
2

2 20

4
2 1

3
lim

5
1

2 12

x

x
x

x x→

  
−  

  =
  

+  
  

4= A1 

Note:  Condone missing ‘lim’ and errors in higher derivatives. 
  Do not award M1 unless x is replaced by 2x in arctan. 

[3 marks] 
Total [8 marks] 
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Section B 

10. (a) use of inverse normal to find z-score (M1) 

2.0537...z =

82 75
2.0537...



−
= (A1) 

3.408401... =

3.41 = A1 

[3 marks] 

(b) evidence of identifying the correct area under the normal curve (M1) 

( )P 80 0.071193...T  =  

( )P 80 0.0712T  = A1 

[2 marks] 

(c) recognition that ( )P 80 82T   is required (M1) 

( )
( )
( )

P 80 82 0.051193...
82 80

P 80 0.071193...

T
P T T

T

   
  = =  

  
(M1)(A1) 

 0.719075...=  

 0.719=  A1 

[4 marks] 

continued… 
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Question 10 continued 

(d) recognition of binomial probability (M1) 

( )B 64,0.071193...X  or ( )E 64 0.071193...X =   (A1) 

( )E 4.556353...X =  

( )E 4.56X =  (flights) A1 

 [3 marks] 

(e) ( ) ( ) ( )P 6 7 1 P 6X P X X =  = −  (M1) 

1 0.83088...= − (A1) 

0.1691196...=

0.169=  A1 
 [3 marks] 

Total [15 marks] 
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11. (a) attempt to use ( )( )
2

π d

b

a

V f x x=  (M1) 

( )

2

ln16 ln162
2

2
0 0

e e
π d  π d

1 e 1 e

x
x

x x

k
V x V k x

   
   = =
   + +    

 

EITHER 

applying integration by recognition (M1) 

ln16
2

0

1
π

1 ex
k

 
= − + 

A3 

OR 

1 e d e dx xu u x= +  = (A1) 

attempt to express the integral in terms of u (M1) 

when 0x = , 2u = and when ln16x = , 17u =

17
2

2
2

1
π dV k u

u
=  (A1) 

17
2

2

1
πk

u
 

= − 
 

A1 

OR 
e d e dx xu u x=  = (A1) 

attempt to express the integral in terms of u (M1) 

when 0x = , 1u =  and when ln16x = , 16u =

( )

16
2

2
1

1
π d

1
V k u

u
=

+
 (A1) 

16
2

1

1
π

1
k

u
 

= − + 
A1 

Note: Accept equivalent working with indefinite integrals and original limits for x. 

THEN 

2 1 1
π

2 17
k  

= − 
 

A1 

so the volume of the solid formed is 
215 π

34

k  cubic units AG 

Note: Award (M1)(A0)(M0)(A0)(A0)(A1) when 15

34
is obtained from GDC 

[6 marks] 
continued… 
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Question 11 continued 

(b) a valid algebraic or graphical attempt to find k (M1) 

2 300 34

15π


=k

170 680
14.7 2

π π

 
= = =  

 
k  (as +k ) A1 

Note:  Candidates may use their GDC numerical solve feature. 

[2 marks] 

(c) (i) attempting to find ( )OA 0
2

= =
k

f

with 
170 680

14.712... 2
π π

 
= = =  

 
k (M1) 

170
OA 7.36 

π

 
= =  

 
A1 

(ii) attempting to find ( )
4

BC ln16
17

= =
k

f

with 
170 680

14.712... 2
π π

 
= = =  

 
k (M1) 

8 170 8 10
BC 3.46 

17 π 17π

 
= = =  

 
A1 

[4 marks] 

continued… 
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Question 11 continued 

(d) (i) EITHER 

recognising to graph ( )y f x= (M1) 

Note:  Award M1 for attempting to use quotient rule or product rule differentiation. 

( )
( )

( )

2

2

e 1 e

2 1 e

x
x

x

k
f x

−
 =

+

for 0x  graph decreasing to the local minimum A1 

before increasing towards the x-axis A1 

continued… 
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Question 11 continued 

OR 

recognising to graph ( )y f x= (M1) 

Note: Award M1 for attempting to use quotient rule or product rule differentiation. 

( )
( )

( )

22

3

e e 6e 1

4 1 e

x
x x

x

k
f x

− +
 =

+

for 0x  , graph increasing towards and beyond the x-intercept A1 

recognising ( ) 0f x =  for maximum rate (A1) 

THEN 

( )( )1.76 ln 2 2 3x = = + A1 

Note: Only award A marks if either graph is seen. 

(ii) attempting to find ( )1.76...f (M1) 

the cross-sectional radius at this point is 5.20  
85

π

 
  
 

(cm) A1 

[6 marks] 
Total [18 marks] 
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12. (a) EITHER 

( )
( )

( )
( )

2 2

2 2

1 1
arcsin arcsin

11

x x
f x f x

xx

 − −  −
− = = =     +− +   

R1 

OR 

a sketch graph of ( )y f x=  with line symmetry in the y-axis indicated R1 

THEN 

so ( )f x  is an even function AG 

[1 mark] 

(b) as x→ , ( )
π

arcsin1 
2

f x  
→ → 

 
A1 

so the horizontal asymptote is π

2
y = A1 

[2 marks] 

continued… 
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Question 12 continued 

(c) (i) attempting to use the quotient rule to find 
2

2

d 1

d 1

x

x x

 −
 

+ 
M1 

( ) ( )

( ) ( )

2 22

2 22 2 2

2 1 2 1d 1 4
 

d 1 1 1

x x x xx x

x x x x

 + − − −  = = 
 +  + +
 

A1 

attempting to use the chain rule to find 
2

2

d 1
arcsin

d 1

x

x x

  −
  

+  
M1 

let 
2

2

1

1

x
u

x

−
=

+
 and so arcsiny u= and 

2

d 1

d 1

y

u u
=

−

( )
( )

22 22

2

1 4

11
1

1

x
f x

xx
x

 = 
+ −

− 
+ 

M1 

( ) ( ) ( )22 22 2

4 1

11 1

x

xx x
= 

++ − −

A1 

( )22

4 1

14

x

xx
= 

+
A1 

( )2 2

2

1

x

x x
=

+
AG 

(ii) ( )
( )2

2

1

x
f x

x x
 =

+

EITHER 

for 0x  , x x= − (A1) 

so ( ) 2

2

1
f x

x
 = −

+
A1 

OR 

0x  and 2 1 0x +  A1 

2 0, 0x x  A1 
THEN 

( ) 0f x  R1 

Note:  Award R1 for stating that in ( )f x , the numerator is negative, and the

denominator is positive. 

so f  is decreasing for 0x  AG 
Note:  Do not accept a graphical solution. 

[9 marks] 
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Question 12 continued 

(d) 
2

2

1
arcsin

1

y
x

y

 −
=  

+ 
M1 

2
2 2

2

1
sin sin sin 1

1

y
x y x x y

y

−
=  + = −

+
A1 

2 1 sin

1 sin

x
y

x

+
=

−
A1 

domain of g  is , 0x x   and so the range of 
1g−

must be , 0y y 

hence the positive root is taken (or the negative root is rejected) R1 

Note:  The R1 is dependent on the above A1. 

so ( )( )1 1 sin

1 sin

x
g x

x
− +

=
−

A1 

Note: The final A1 is not dependent on R1 mark. 

[5 marks] 

(e) domain is π π

2 2
x−   A1 

Note:  Accept correct alternative notations, for example, 
π π

,
2 2

 
− 
 

or 
π π

,
2 2

 
− 
 

. 

Accept  1.57,1.57− if correct to 3 s.f.

[1 mark] 

continued… 
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31 

Question 12 continued 

(f) 

A1A1A1 

Note: A1 for correct domain and correct range and y-intercept at 1y =

 A1 for asymptotic behaviour π

2
x →

 A1 for π

2
x =

Coordinates are not required.
 Do not accept 1.57=x or other inexact values. 

[3 marks] 
Total [21 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
raisonnement adéquat. Par exemple, si des représentations graphiques sont utilisées pour trouver la 
solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 6]

Dans un café, le temps d’attente entre la commande et la réception d’une tasse de café 
dépend du nombre de clients ayant déjà commandé leur café et qui attendent de le recevoir.

Sarah, une cliente régulière, a visité ce café cinq jours consécutifs. Le tableau suivant 
montre le nombre de clients,  x , devant Sarah, ayant déjà commandé leur café et qui 
attendent de le recevoir ainsi que le temps d’attente de Sarah,  y  minutes.

Nombre de clients (x) 3 9 11 10 5

Temps d’attente de Sarah (y) 6 10 12 11 6

La relation entre  x  et  y  peut être modélisée par la droite de régression pour  y  en fonction 
de  x  dont l’équation est  y = ax + b .

(a) (i)  Trouvez la valeur de  a  et la valeur de  b .

(ii) Écrivez la valeur du coefficient de corrélation de Pearson,  r . [3]

(b) Interprétez, dans le contexte, la valeur de  a  trouvée dans la partie (a)(i). [1]

Lors d’un autre jour, Sarah se rend dans ce même café pour commander une tasse de café. 
Sept clients ont déjà commandé leur café et attendent de le recevoir.

(c) Utilisez le résultat de la partie (a)(i) pour estimer le temps d’attente de Sarah avant de 
recevoir son café. [2]
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2. [Note maximale : 5]

Le premier terme d’une suite arithmétique est 60 et sa raison est -2,5.

(a) Étant donné que le  k ième terme de la suite est zéro, trouvez la valeur de  k . [2]

Soit  Sn  la somme des  n  premiers termes de la suite.

(b) Trouvez la valeur maximale de  Sn . [3]
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3. [Note maximale : 8]

Dans un établissement scolaire, 70 % des élèves pratiquent un sport et 20 % des élèves font 
du théâtre. 18 % des élèves ne font aucune de ces deux activités.

Un élève est choisi au hasard.

(a) Trouvez la probabilité que cet élève pratique un sport et fasse du théâtre. [2]

(b) Trouvez la probabilité que cet élève fasse du théâtre, mais qu’il ne pratique pas un sport. [2]

Dans cet établissement scolaire, 48 % des élèves sont des filles et 25 % des filles font du théâtre.

Un élève est choisi au hasard. Soit  G  l’événement « l’élève est une fille » et soit  T  
l’événement « l’élève fait du théâtre ».

(c) Trouvez P (G ∩ T ) . [2]

(d) Déterminez si les événements  G  et  T  sont indépendants. Justifiez votre réponse. [2]
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4. [Note maximale : 6]

Les fonctions  f  et  g  sont définies pour  x ∈   par  f (x) = 6x2 - 12x + 1  et  g (x) = -x + c ,  
où  c ∈  .

(a) Trouvez l’image de  f . [2]

(b) Étant donné que  (g  f ) (x) ≤ 0  pour tout  x ∈  , déterminez l’ensemble des valeurs 
possibles pour  c . [4]
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5. [Note maximale : 7]

Toutes les plantes vivantes contiennent un isotope de carbone appelé carbone-14. 
Lorsqu’une plante meurt, l’isotope se désintègre, de sorte que la quantité de carbone-14 
présente dans les restes de la plante diminue. Le temps écoulé depuis la mort de la plante 
peut être déterminé en mesurant la quantité de carbone-14 qui est encore présente dans les 
restes de la plante.

La quantité,  A , de carbone-14 présente dans une plante  t  années après sa mort peut être 
modélisée par A = A0e

-k t , où  t ≥ 0  et  A0 ,  k  sont des constantes positives.

Au moment de sa mort, une plante est considérée comme ayant 100 unités de carbone-14.

(a) Montrez que  A0 = 100 . [1]

On sait que le temps nécessaire pour que la moitié de la quantité initiale de carbone-14 se 
désintègre est de 5730 années.

(b) Montrez que 
ln 2

5730
=k . [3]

(c) Trouvez, en arrondissant à la dizaine d’années la plus proche, le temps nécessaire 
pour que 25 % du carbone-14 se désintègre après la mort de la plante. [3]
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6. [Note maximale : 6]

Une variable aléatoire continue  X  a la fonction de densité  f n  donnée par

f x
n x x

n

n

� � � �� � � ��
�
�

1 0 1

0

,

, autrement

où  n ∈  ,  n ≥ 0 .

(a) Montrez que E X
n

n
� � � �

�
1

2
. [2]

(b) Montrez que Var X
n

n n
� � � �

�� � �� �
1

2 3
2 . [4]
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7. [Note maximale : 5]

Huit coureurs participent à une course où il n’y a pas d’ex æquo à l’arrivée. Andrea et Jack 
sont deux des huit participants à cette course.

Trouvez le nombre total de façons possibles dont les huit coureurs peuvent finir si Jack termine

(a) dans la position immédiatement après Andrea ; [2]

(b) dans n’importe quelle position après Andrea. [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP08



– 9 –

M21/5/MATHX/HP2/FRE/TZ0/XX

2221 – 7117
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8. [Note maximale : 5]

Considérez  z = cos θ + i sin θ , où  z ∈  ,  z ≠ 1 .

Montrez que 
1

Re 0
1

+  = − 
z

z
.
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9. [Note maximale : 8]

(a) Écrivez les trois premiers termes du développement de  (1 + t)-1  en puissances 
ascendantes de  t. [1]

(b) En utilisant la série de Maclaurin pour  cos x  et le résultat de la partie (a), montrez 
que la série de Maclaurin pour  sec x  jusqu’au terme en  x4  et incluant ce dernier est 

2 45
1

2 24
+ +

x x
. [4]

(c) En utilisant la série de Maclaurin pour  arctan x  et le résultat de la partie (b), trouvez 

0

arctan 2
lim

sec 1→

 
 − x

x x

x
. [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP10



– 11 –

M21/5/MATHX/HP2/FRE/TZ0/XX

2221 – 7117

Tournez la page

N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

10. [Note maximale : 15]

Les temps de vol,  T  minutes, entre deux villes peuvent être modélisés par une distribution 
normale de moyenne 75 minutes et d’écart type  σ  minutes.

(a) Étant donné que 2 % des temps de vol prennent plus de 82 minutes, trouvez la valeur 
de  σ . [3]

(b) Trouvez la probabilité qu’un vol choisi au hasard ait un temps de vol supérieur à  
80 minutes. [2]

(c) Étant donné qu’un vol entre les deux villes prend plus de 80 minutes, trouvez la 
probabilité qu’il prenne moins de 82 minutes. [4]

Un jour donné, 64 vols sont prévus entre ces deux villes.

(d) Trouvez le nombre espéré de vols qui auront un temps de vol supérieur à 80 minutes. [3]

(e) Trouvez la probabilité que plus de 6 des vols au cours de ce jour donné aient un temps 
de vol supérieur à 80 minutes. [3]
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N’écrivez pas vos solutions sur cette page.

11. [Note maximale : 18]

Une fonction  f  est définie par f x
k

x

x� � �
�
e

e

2

1
, où  x ∈  ,  x ≥ 0  et  k ∈ + .

La région délimitée par la représentation graphique de  y = f (x) , l’axe des abscisses, l’axe 
des ordonnées et la droite  x = ln 16  subit une rotation de 360° autour de l’axe des abscisses 
pour former un solide de révolution.

(a) Montrez que le volume du solide formé est de 
215

34

πk
 unités cubes. [6]

Pedro souhaite fabriquer un petit bol dont le volume sera de 300 cm3 en se basant sur le 
résultat de la partie (a). Le modèle de Pedro est illustré dans les diagrammes suivants.

y

x

A

A

B
B

C

C
O

O

ln16

( )y f x=

La hauteur verticale du bol, BO, est mesurée le long de l’axe des abscisses. Le rayon 
du dessus du bol est OA et le rayon de la base du bol est BC. Toutes les longueurs sont 
mesurées en cm.

(b) Trouvez la valeur de  k  qui satisfait aux exigences du modèle de Pedro. [2]

(c) Trouvez

(i) OA ;

(ii) BC. [4]

À des fins de conception, Pedro étudie comment le rayon de la section transversale du  
bol change.

(d) (i)  En esquissant la représentation graphique d’une dérivée appropriée de  f , 
trouvez où le rayon de la section transversale du bol diminue le plus rapidement.

(ii) Indiquez le rayon de la section transversale du bol en ce point. [6]

16EP12



– 13 –

M21/5/MATHX/HP2/FRE/TZ0/XX

2221 – 7117

N’écrivez pas vos solutions sur cette page.

12. [Note maximale : 21]

Une fonction  f  est définie par f x
x

x
� � � �

�
�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  .

(a) Montrez que  f  est une fonction paire. [1]

(b) En considérant des limites, montrez que la représentation graphique de  y = f (x)  
possède une asymptote horizontale et indiquez son équation. [2]

(c) (i)  Montrez que �� � �
�� �

f x
x

x x

2

12 2
 pour  x ∈  ,  x ≠ 0 .

(ii) En utilisant l’expression pour  f ′(x)  et le résultat 2 =x x=x, montrez que  f  est 
décroissante pour  x < 0 . [9]

Une fonction  g  est définie par g x
x

x
� � � �

�
�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  ,  x ≥ 0 .

(d) Trouvez une expression pour  g-1(x) , en justifiant votre réponse. [5]

(e) Indiquez le domaine de  g-1 . [1]

(f) Esquissez la représentation graphique de  y = g-1(x) , en indiquant clairement toute 
asymptote avec son équation et les valeurs de tout point d’intersection avec les axes. [3]

 

Références :

© Organisation du Baccalauréat International 2021

16EP13



Veuillez ne pas écrire sur cette page.

Les réponses rédigées sur cette page 
ne seront pas corrigées.

16EP14



Veuillez ne pas écrire sur cette page.

Les réponses rédigées sur cette page 
ne seront pas corrigées.

16EP15



Veuillez ne pas écrire sur cette page.

Les réponses rédigées sur cette page 
ne seront pas corrigées.

16EP16



© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



Prüfungsnummer des Kandidaten

© International Baccalaureate Organization 2021

M21/5/MATHX/HP2/GER/TZ0/XX

2221 – 7127
14 Seiten

Freitag, 7. Mai 2021 (Vormittag)

2 Stunden  

Mathematik: Analyse und Ansätze
Leistungsstufe
2. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Abschnitt A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen 

Felder geschrieben werden.
 y Abschnitt B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit 
dieser Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer 
zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [110 Punkte].

16EP01



– 2 –

M21/5/MATHX/HP2/GER/TZ0/XX

2221 – 7127

Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 6]

In einem Café hängt die Wartezeit zwischen der Bestellung und dem Erhalt einer Tasse 
Kaffee von der Anzahl der Kunden ab, die ihren Kaffee bereits vorher bestellt haben und 
noch darauf warten.

Die Stammkundin Sarah hat das Café an fünf aufeinander folgenden Tagen besucht. Die 
folgende Tabelle zeigt die Anzahl  x  der Kunden, die am jeweiligen Tag bereits vor Sarah 
bestellt hatten und noch auf ihren Kaffee warteten, sowie Sarahs Wartezeit  y  in Minuten. 

Anzahl der Kunden (x) 3 9 11 10 5

Sarahs Wartezeit (y) 6 10 12 11 6

Die Beziehung zwischen  x  und  y  kann modelliert werden durch die Regressionsgerade 
von  y  auf  x  mit der Gleichung  y = ax + b .

(a) (i)  Finden Sie die Werte von  a  und  b .

(ii) Notieren Sie den Wert des Pearsonschen Produkt-Moment-
Korrelationskoeffizienten  r . [3]

(b) Interpretieren Sie in diesem Kontext den in Teil (a)(i) ermittelten Wert von  a . [1]

An einem anderen Tag besucht Sarah erneut das Café und bestellt einen Kaffee. Sieben 
Kunden haben vor ihr einen Kaffee bestellt und warten noch darauf.

(c) Verwenden Sie das Ergebnis aus Teil (a)(i) und schätzen Sie damit Sarahs Wartezeit, 
bis sie ihren Kaffee erhält. [2]
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2. [Maximale Punktzahl: 5]

Eine arithmetische Folge hat den ersten Term 60 und eine gemeinsame Differenz von -2,5.

(a) Der  k -te Term der Folge sei Null. Finden Sie den Wert von  k . [2]

Sei  Sn  die Summe der ersten  n  Folgenterme.

(b) Finden Sie den Maximalwert von  Sn . [3]
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3. [Maximale Punktzahl: 8]

An einer Schule üben 70 % der Schülerinnen und Schüler eine Sportart aus, und 20 % der 
Schülerinnen und Schüler spielen in der Theater-AG mit. 18 % der Schülerinnen und Schüler 
üben keine dieser beiden Tätigkeiten aus.

Eine Schülerin bzw. ein Schüler wird nach dem Zufallsprinzip ausgewählt.

(a) Finden Sie die Wahrscheinlichkeit, dass der/die ausgewählte Schüler(in) einen Sport 
ausübt und Theater spielt. [2]

(b) Finden Sie die Wahrscheinlichkeit, dass der/die ausgewählte Schüler(in) zwar Theater 
spielt, jedoch keinen Sport ausübt. [2]

An dieser Schule gibt es 48 % Mädchen, und 25 % der Mädchen spielen Theater.

Wieder wird eine Schülerin bzw. ein Schüler nach dem Zufallsprinzip ausgewählt. Sei  G  
das Ereignis „ein Mädchen wurde ausgewählt“ und  T  das Ereignis „der/die Ausgewählte 
spielt Theater“.

(c) Finden Sie P (G ∩ T ) . [2]

(d) Bestimmen Sie, ob die Ereignisse  G  und  T  unabhängig sind. Begründen Sie  
Ihre Antwort. [2]
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4. [Maximale Punktzahl: 6]

Die Funktionen  f  und  g  sind definiert für  x ∈   durch  f (x) = 6x2 - 12x + 1  bzw. 
g (x) = -x + c , mit  c ∈  .

(a) Finden Sie den Wertebereich von  f . [2]

(b) Sei  (g  f ) (x) ≤ 0  für alle  x ∈  . Bestimmen Sie die Menge aller möglichen Werte für  c . [4]
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5. [Maximale Punktzahl: 7]

Alle lebenden Pflanzen enthalten ein Kohlenstoffisotop namens C-14. Wenn eine Pflanze 
stirbt, zerfällt das Isotop, so dass die in den Pflanzenresten vorhandene Menge an C-14 
abnimmt. Die Zeit seit dem Absterben einer Pflanze kann bestimmt werden, indem die in den 
Überresten vorhandene Menge an C-14 gemessen wird.

Die Menge  A an C-14-Atomen, die in einer Pflanze  t  Jahre nach ihrem Absterben noch 
vorhanden ist, kann modelliert werden durch A = A0e

-k t  mit  t ≥ 0  und positiven Konstanten  A0 ,  k .

Zum Zeitpunkt des Absterbens enthalte eine Pflanze 100 Einheiten C-14.

(a) Zeigen Sie, dass  A0 = 100 . [1]

Man weiß, dass die Zeit bis zum Zerfall der Hälfte der ursprünglichen Menge an C-14 etwa 
5730 Jahre beträgt.

(b) Zeigen Sie, dass 
ln 2

5730
=k . [3]

(c) Finden Sie mit einer Genauigkeit von 10 Jahren die Zeitdauer nach dem Absterben der 
Pflanze, bis 25 % des C-14-Gehalts zerfallen sind. [3]
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6. [Maximale Punktzahl: 6]

Eine stetige Zufallsvariable  X  besitze die folgende Wahrscheinlichkeitsdichte-Funktion  f n :

f x
n x x

n

n

� � � �� � � ��
�
�

1 0 1

0

,

, sonst

mit  n ∈  ,  n ≥ 0 .

(a) Zeigen Sie, dass E X
n

n
� � � �

�
1

2
. [2]

(b) Zeigen Sie, dass Var X
n

n n
� � � �

�� � �� �
1

2 3
2 . [4]
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7. [Maximale Punktzahl: 5]

Acht Läuferinnen und Läufer nehmen an einem Rennen teil, bei dem es keinen 
unentschiedenen Ausgang (gleichzeitiger Zieleinlauf) gibt. Andrea und Jack sind zwei der 
acht Teilnehmer dieses Rennens.

Finden Sie die Gesamtzahl der Möglichkeiten, wie die acht Läufer ins Ziel kommen können, 
wenn gilt:

(a) Jack kommt in der Position unmittelbar nach Andrea ins Ziel; [2]

(b) Jack kommt in einer beliebigen Position nach Andrea ins Ziel. [3]
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8. [Maximale Punktzahl: 5]

Es sei  z = cos θ + i sin θ  mit  z ∈  ,  z ≠ 1 .

Zeigen Sie, dass für den Realteil Re gilt: 
1

Re 0
1

+  = − 
z

z
.

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP10



– 11 –

M21/5/MATHX/HP2/GER/TZ0/XX

2221 – 7127

Bitte umblättern

9. [Maximale Punktzahl: 8]

(a) Notieren Sie die ersten drei Terme der Binomialentwicklung von  (1 + t)-1  in 
ansteigenden Potenzen von  t . [1]

(b) Zeigen Sie unter Verwendung der Maclaurinschen Reihe für  cos x  und Ihrem Ergebnis 
aus Teil (a), dass die Maclaurinsche Reihe für  sec x  bis einschließlich  x4  der Term 

2 45
1

2 24
+ +

x x
 ist. [4]

(c) Finden Sie unter Verwendung der Maclaurinschen Reihe für  arctan x  und Ihrem 

Ergebnis aus Teil (b) den Grenzwert für: 
0

arctan 2
lim

sec 1→

 
 − x

x x

x
. [3]
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

10. [Maximale Punktzahl: 15]

Die Flugzeiten  T  in Minuten zwischen zwei Städten können durch eine Normalverteilung mit 
einem Mittelwert von 75 Minuten und einer Standardabweichung von  σ  Minuten modelliert werden.

(a) Angenommen, 2 % der Flugzeiten seien länger als 82 Minuten. Finden Sie hieraus den 
Wert von  σ . [3]

(b) Finden Sie die Wahrscheinlichkeit, dass ein zufällig ausgewählter Flug länger als 
80 Minuten dauern wird. [2]

(c) Angenommen, ein Flug zwischen den beiden Städten dauere länger als 80 Minuten. 
Finden Sie dann die Wahrscheinlichkeit, dass er weniger als 82 Minuten dauert. [4]

An einem bestimmten Tag sind 64 Flüge zwischen diesen beiden Städten geplant.

(d) Finden Sie die zu erwartende Anzahl an Flügen, die länger als 80 Minuten  
dauern werden. [3]

(e) Finden Sie die Wahrscheinlichkeit, dass mehr als 6 der Flüge an diesem Tag länger als 
80 Minuten dauern werden. [3]
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Schreiben Sie keine Lösungen auf diese Seite.

11. [Maximale Punktzahl: 18]

Die Funktion  f  ist definiert durch f x
k

x

x� � �
�
e

e

2

1
 mit  x ∈  ,  x ≥ 0  und  k ∈ + .

Die Fläche zwischen dem Graphen von  y = f (x) , der  x-Achse, der  y-Achse und der 
Geraden  x = ln 16  wird um 360° um die  x-Achse rotiert, wodurch ein Rotationskörper entsteht.

(a) Zeigen Sie, dass das Volumen dieses Rotationskörpers 
215

34

πk
 Volumeneinheiten beträgt. [6]

Mit dem Ergebnis aus Teil (a) möchte Pedro eine kleine Schale mit einem Volumen von 
300 cm3 herstellen. Pedros Entwurf ist in den folgenden Zeichnungen dargestellt.

y

x

A

A

B
B

C

C
O

O

ln16

( )y f x=

Die Höhe BO der Schale wird entlang der  x-Achse gemessen. Der Radius der 
Schalenoberseite ist OA und der Radius der Schalenunterseite ist BC. Alle Längen werden 
in cm gemessen.

(b) Finden Sie den Wert von  k , der die Anforderungen von Pedros Entwurf erfüllt. [2]

(c) Finden Sie die folgenden Längen:

(i) OA;

(ii) BC. [4]

Während des Entwurfs untersucht Pedro, wie sich der Querschnittsradius der Schale verändert.

(d) (i)  Skizzieren Sie den Graphen einer geeigneten Ableitung von  f , und finden Sie 
den Punkt, an dem der Querschnittsradius der Schale am schnellsten abnimmt.

(ii) Geben Sie den Querschnittsradius der Schale an diesem Punkt an. [6]
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Schreiben Sie keine Lösungen auf diese Seite.

12. [Maximale Punktzahl: 21]

Die Funktion  f  ist definiert durch f x
x

x
� � � �

�
�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  .

(a) Zeigen Sie, dass  f  eine gerade Funktion ist. [1]

(b) Zeigen Sie durch Grenzwertuntersuchungen, dass der Graph von  y = f (x)  eine 
horizontale Asymptote besitzt, und geben Sie deren Gleichung an. [2]

(c) (i)  Zeigen Sie, dass �� � �
�� �

f x
x

x x

2

12 2
 für  x ∈  ,  x ≠ 0 .

(ii) Zeigen Sie unter Verwendung des Terms von  f ′(x)  und der Tatsache 2 =x x=x, 
dass  f  für  x < 0  abnimmt. [9]

Die Funktion  g  ist definiert durch g x
x

x
� � � �

�
�

�
�

�

�
�arcsin

2

2

1

1
,  x ∈  ,  x ≥ 0 .

(d) Finden Sie einen Ausdruck für  g-1(x) , und begründen Sie Ihre Antwort. [5]

(e) Geben Sie die Definitionsmenge von  g-1  an. [1]

(f) Skizzieren Sie den Graphen von  y = g-1(x) , und geben Sie dabei alle Asymptoten mit 
ihren Gleichungen sowie die Werte der Schnittpunkte mit den Achsen klar an. [3]

 

Quellen:
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Matemáticas: Análisis y Enfoques
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Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: Análisis 
y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 6]

En una cafetería, el tiempo de espera desde que uno pide un café hasta que se lo sirven 
depende del número de clientes que ya han pedido un café y están esperando a que se lo sirvan.

Sarah, que es cliente habitual, va a la cafetería cinco días seguidos. La siguiente tabla 
muestra el número de clientes ( x ) que han pedido un café antes que Sarah y están 
esperando a que se lo sirvan, y el tiempo de espera de Sarah ( y  minutos).

Número de clientes (x) 3 9 11 10 5

Tiempo de espera de Sarah (y) 6 10 12 11 6

La relación entre  x  e  y  se puede modelizar mediante una recta de regresión de  y  sobre  x , 
de ecuación  y = ax + b .

(a) (i)  Halle el valor de  a  y el valor de  b .

(ii) Escriba el valor del coeficiente de correlación momento-producto de Pearson ( r ). [3]

(b) Interprete, en el contexto de la pregunta, el valor de  a  que halló en el subapartado (a)(i). [1]

Sarah acude a esa cafetería unos días más tarde para pedir un café. Hay siete clientes que 
ya han pedido un café y están esperando a que se lo sirvan.

(c) Utilice el resultado del subapartado (a)(i) para estimar el tiempo de espera que tendrá 
Sarah hasta que le sirvan el café. [2]
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Véase al dorso

2. [Puntuación máxima: 5]

En una progresión aritmética, el primer término es 60 y la diferencia común es -2,5.

(a) Sabiendo que el término  k-ésimo de la progresión es cero, halle el valor de  k . [2]

Sea  Sn  la suma de los  n  primeros términos de la progresión.

(b) Halle el valor máximo de  Sn . [3]
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3. [Puntuación máxima: 8]

En un colegio, el 70 % de los alumnos practican algún deporte y el 20 % de los alumnos van 
a teatro. El 18 % de los alumnos no realizan ninguna de las dos actividades.

Se elige un alumno al azar.

(a) Halle la probabilidad de que el alumno practique algún deporte y vaya a teatro. [2]

(b) Halle la probabilidad de que el alumno vaya a teatro pero no practique ningún deporte. [2]

En ese mismo colegio, el 48 % de los alumnos son chicas y el 25 % de las chicas van a teatro.

Se elige un alumno al azar. Sea  G  el suceso “el alumno es una chica” y sea  T  el suceso 
“el alumno va a teatro”.

(c) Halle P (G ∩ T ) . [2]

(d) Determine si los sucesos  G  y  T  son independientes. Justifique su respuesta. [2]
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4. [Puntuación máxima: 6]

Las funciones  f  y  g  se definen para  x ∈   como  f (x) = 6x2 - 12x + 1  y  g (x) = -x + c , 
donde  c ∈  .

(a) Halle el recorrido de  f . [2]

(b) Sabiendo que  (g  f ) (x) ≤ 0  para todo  x ∈  , determine el conjunto de posibles 
valores de  c . [4]
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5. [Puntuación máxima: 7]

Todas las plantas que están vivas contienen un isótopo del carbono llamado carbono-14. 
Cuando una planta se muere el isótopo empieza a desintegrarse, de modo que la cantidad 
de carbono-14 que está presente en los restos de la planta va disminuyendo. El tiempo 
que ha transcurrido desde la muerte de una planta dada se puede determinar midiendo la 
cantidad de carbono-14 que aún está presente en los restos.

La cantidad ( A ) de carbono-14 que está presente en una planta  t  años después de su 
muerte se puede modelizar mediante A = A0e

-k t , donde  t ≥ 0  y  A0 ,  k  son constantes positivas.

Por definición, una planta tiene 100 unidades de carbono-14 en el momento de su muerte.

(a) Muestre que  A0 = 100 . [1]

Se sabe que el tiempo que tarda en desintegrarse la mitad de la cantidad inicial de 
carbono-14 es igual a 5730 años.

(b) Muestre que 
ln 2

5730
=k . [3]

(c) Halle, redondeando al múltiplo de 10 años más próximo, el tiempo que tarda en 
desintegrarse el 25 % del carbono-14 tras la muerte de la planta. [3]
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6. [Puntuación máxima: 6]

Sea  X  una variable aleatoria continua y sea  f n  su función densidad de probabilidad, que 
viene dada por

f x
n x x

n

n

� � � �� � � ��
�
�

1 0 1

0

,

, resto de valores

donde  n ∈  ,  n ≥ 0 .

(a) Muestre que E X
n

n
� � � �

�
1

2
. [2]

(b) Muestre que Var X
n

n n
� � � �

�� � �� �
1

2 3
2 . [4]
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7. [Puntuación máxima: 5]

Ocho corredores participan en una carrera donde no puede haber empates. Andrea y Jack 
son dos de los ocho participantes en esta carrera.

Halle el número total de maneras posibles en las que pueden llegar a meta estos ocho 
corredores, sabiendo que Jack llega:

(a) Justo una posición después de Andrea [2]

(b) En cualquier posición después de Andrea [3]
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8. [Puntuación máxima: 5]

Considere  z = cos θ + i sen θ , donde  z ∈  ,  z ≠ 1 .

Muestre que 
1

Re 0
1

+  = − 
z

z
.
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9. [Puntuación máxima: 8]

(a) Escriba los tres primeros términos del desarrollo del binomio  (1 + t)-1  en potencias 
ascendentes de  t . [1]

(b) Utilizando la serie de Maclaurin para  cos x  y el resultado obtenido en el apartado (a), 
muestre que la serie de Maclaurin para  sec x  hasta (e incluido) el término en  x4  es 

2 45
1

2 24
+ +

x x
. [4]

(c) Utilizando la serie de Maclaurin para  arctan x  y el resultado obtenido en el 

apartado (b), halle 
0

arctan 2
lim

sec 1→

 
 − x

x x

x
. [3]
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 15]

Los tiempos de vuelo ( T  minutos) entre dos ciudades dadas siguen una distribución normal 
de media 75 minutos y desviación típica igual a  σ  minutos.

(a) Sabiendo que el 2 % de los tiempos de vuelo son superiores a 82 minutos, halle el 
valor de  σ . [3]

(b) Halle la probabilidad de que un vuelo elegido al azar tenga un tiempo de vuelo de más 
de 80 minutos. [2]

(c) Sabiendo que un vuelo dado entre esas dos ciudades ha durado más de 80 minutos, 
halle la probabilidad de que haya durado menos de 82 minutos. [4]

En un día concreto, hay 64 vuelos programados entre esas dos ciudades.

(d) Halle el número esperado de vuelos que tendrán un tiempo de vuelo de más de 
80 minutos. [3]

(e) Halle la probabilidad de que más de 6 de los vuelos programados en ese día concreto 
tengan un tiempo de vuelo de más de 80 minutos. [3]
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No escriba soluciones en esta página.

11. [Puntuación máxima: 18]

La función  f  viene dada por f x
k

x

x� � �
�
e

e

2

1
, donde  x ∈  ,  x ≥ 0  y  k ∈ + .

La región delimitada por el gráfico de  y = f (x) , el eje  x , el eje  y  y la recta  x = ln 16  
se rota 360° alrededor del eje  x  para generar un sólido de revolución.

(a) Muestre que el volumen del sólido así formado es igual a 
215

34

πk
 unidades cúbicas. [6]

Pedro quiere hacer un pequeño cuenco de 300 cm3 de volumen, basándose en el resultado 
del apartado (a). El diseño de Pedro se muestra en los siguientes diagramas.

y

x

A

A

B
B

C

C
O

O

ln16

( )y f x=

La altura vertical del cuenco (BO) se mide a lo largo del eje  x . El radio de la parte superior 
del cuenco es OA y el radio de la base del cuenco es BC. Todas las longitudes se miden en cm.

(b) Halle el valor de  k  que satisface los requisitos del diseño de Pedro. [2]

(c) Halle:

(i) OA

(ii) BC [4]

De cara al diseño, Pedro decide investigar cómo va cambiando el radio de una sección 
transversal del cuenco.

(d) (i)  Dibujando aproximadamente el gráfico de una derivada de  f  que resulte 
apropiada, halle dónde disminuye más deprisa el radio de la sección transversal 
del cuenco.

(ii) Indique cuál es el radio de la sección transversal del cuenco en ese punto. [6]
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No escriba soluciones en esta página.

12. [Puntuación máxima: 21]

La función  f  viene dada por f x
x

x
� � � �

�
�

�
�

�

�
�arcsen

2

2

1

1
,  x ∈  .

(a) Muestre que  f  es una función par. [1]

(b) Utilizando límites, muestre que el gráfico de  y = f (x)  tiene una asíntota horizontal. 
Indique la ecuación de dicha asíntota. [2]

(c) (i)  Muestre que �� � �
�� �

f x
x

x x

2

12 2
 para  x ∈  ,  x ≠ 0 .

(ii) Utilizando la expresión de  f ′(x)  y el resultado 2 =x x=x, muestre que  f  es 
decreciente para  x < 0 . [9]

La función  g  viene dada por g x
x

x
� � � �

�
�

�
�

�

�
�arcsen

2

2

1

1
,  x ∈  ,  x ≥ 0 .

(d) Halle una expresión para  g-1(x) . Justifique la respuesta que ha dado. [5]

(e) Indique el dominio de  g-1 . [1]

(f) Dibuje aproximadamente el gráfico de  y = g-1(x) , indicando claramente todas las 
asíntotas que haya, junto con sus ecuaciones, y las coordenadas de todas las 
intersecciones con los ejes. [3]
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 27]

This question asks you to explore the behaviour and key features of cubic 
polynomials of the form  x3 - 3cx + d .

Consider the function  f (x) = x3 - 3cx + 2  for  x ∈   and where  c  is a parameter,  c ∈  .

The graphs of  y = f (x)  for  c = -1  and  c = 0  are shown in the following diagrams.

y

x

(0, 2)

c = 0

y

x

(0, 2)

c = −1

(a) On separate axes, sketch the graph of  y = f (x)  showing the value of the  y-intercept 
and the coordinates of any points with zero gradient, for

(i) c = 1 ; [3]

(ii) c = 2 . [3]

(b) Write down an expression for  f ′(x) . [1]

(This question continues on the following page)
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Turn over

(Question 1 continued)

(c) Hence, or otherwise, find the set of values of  c  such that the graph of  y = f (x)  has

(i) a point of inflexion with zero gradient; [1]

(ii) one local maximum point and one local minimum point; [2]

(iii) no points where the gradient is equal to zero. [1]

(d) Given that the graph of  y = f (x)  has one local maximum point and one local minimum 
point, show that

(i) the  y-coordinate of the local maximum point is 
3

22 2c + ; [3]

(ii) the  y-coordinate of the local minimum point is 
3

22 2c− + . [1]

(e) Hence, for  c > 0 , find the set of values of c such that the graph of  y = f (x)  has

(i) exactly one  x-axis intercept; [2]

(ii) exactly two  x-axis intercepts; [2]

(iii) exactly three  x-axis intercepts. [2]

Consider the function  g (x) = x3 - 3cx + d   for  x ∈   and where  c ,  d ∈  .

(f) Find all conditions on  c  and  d  such that the graph of  y = g (x)  has exactly one  x-axis 
intercept, explaining your reasoning. [6]
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2. [Maximum mark: 28]

This question asks you to examine various polygons for which the numerical value 
of the area is the same as the numerical value of the perimeter. For example, a 3 by 6 
rectangle has an area of 18 and a perimeter of 18.

For each polygon in this question, let the numerical value of its area be  A  and let the 
numerical value of its perimeter be  P .

(a) Find the side length,  s , where  s > 0 , of a square such that  A = P . [3]

An  n-sided regular polygon can be divided into  n  congruent isosceles triangles. Let  x  be the 
length of each of the two equal sides of one such isosceles triangle and let  y  be the length of 

the third side. The included angle between the two equal sides has magnitude 
2

n

π
.

Part of such an  n-sided regular polygon is shown in the following diagram.

2

n

π

x

x

y

(b) Write down, in terms of  x  and  n , an expression for the area,  AT , of one of these 
isosceles triangles. [1]

(c) Show that 2 siny x
n

π
= . [2]

Consider a  n-sided regular polygon such that  A = P .

(d) Use the results from parts (b) and (c) to show that 4 tanA P n
n

π
= = . [7]

(This question continues on the following page)
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(Question 2 continued)

The Maclaurin series for  tan x  is 
3 52

...
3 15

x x
x + + +

(e) (i)  Use the Maclaurin series for  tan x  to find lim 4 tan
n

n
n→∞

π 
 
 

. [3]

(ii) Interpret your answer to part (e)(i) geometrically. [1]

Consider a right-angled triangle with side lengths  a ,  b  and 2 2a b+ , where  a ≥ b , such 
that  A = P.

(f) Show that 
8

4
4

a
b

= +
−

. [7]

(g) (i)  By using the result of part (f) or otherwise, determine the three side lengths of the 
only two right-angled triangles for which  a ,  b ,  A ,  P ∈  . [3]

(ii) Determine the area and perimeter of these two right-angled triangles. [1]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+

M21/5/MATHX/HP3/ENG/TZ1/XX/M 



– 7 –

9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.

M21/5/MATHX/HP3/ENG/TZ1/XX/M 
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1. (a) (i)

: positive cubic with correct y-intercept labelled A1 
local maximum point correctly labelled A1 
local minimum point correctly labelled A1 

[3 marks] 

continued… 

1c =



– 9 – M21/5/MATHX/HP3/ENG/TZ1/XX/M 

Question 1 continued 

(ii) 

: positive cubic with correct y-intercept labelled A1 

local maximum point correctly labelled A1 
local minimum point correctly labelled A1 

Note:  Accept the following exact answers: 

Local maximum point coordinates . 

Local minimum point coordinates . 

[3 marks] 
continued… 

2c =

( )2,2 4 2- +

( )2,2 4 2-
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Question 1 continued 

(b) A1 

Note: Accept  (an expression). 

[1 mark] 

(c) (i)  A1 
[1 mark] 

(ii) considers the number of solutions to their (M1) 

A1 
[2 marks] 

(iii) A1 

Note: The (M1) in part (c)(ii) can be awarded for work shown in either (ii) or (iii). 

[1 mark] 

( ) 23 3f x x c¢ = -

23 3x c-

0c =

( ) 0f x¢ =

23 3 0x c- =

0c >

0c <
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(d) attempts to solve their  for (M1) 

(A1) 

Note:  Award (A1) if either  or  is subsequently considered. 

Award the above (M1)(A1) if this work is seen in part (c). 

(i) correctly evaluates A1 

the coordinate of the local maximum point is  AG 

[3 marks] 

(ii) correctly evaluates A1 

the coordinate of the local minimum point is AG 

[1 mark] 
continued… 

( ) 0f x¢ = x

x c= ±

x c= - x c=

( )f c-

( ) ( )
3 3
2 23 2 3 2f c c c c c c c- = - + + = - + +

-y
3
22 2c +

( )f c

( ) ( )
3 3
2 23 2 3 2f c c c c c c c= - + = - +

-y
3
22 2c- +
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Question 1 continued 

(e) (i) the graph of  will have one axis intercept if 

EITHER 

 (or equivalent reasoning) R1 

OR 
the minimum point is above the axis R1 

Note:  Award R1 for a rigorous approach that does not (only) refer to sketched graphs. 

THEN 
 A1 

Note:  Condone . The A1 is independent of the R1. 

[2 marks] 

(ii) the graph of  will have two axis intercepts if 

EITHER

 (or equivalent reasoning) (M1) 
OR 
evidence from the graph in part(a)(i) (M1) 
THEN 

 A1 

[2 marks] 
continued… 

( )y f x= x -

3
22 2 0c- + >

x -

0 1c< <

1c <

( )y f x= x -

3
22 2 0c- + =

1c =
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Question 1 continued 

(iii) the graph of  will have three axis intercepts if 

EITHER

 (or equivalent reasoning) (M1) 

OR
reasoning from the results in both parts (e)(i) and (e)(ii) (M1) 
THEN

A1 

[2 marks] 

continued… 

( )y f x= x -

3
22 2 0c- + <

1c >
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Question 1 continued 

(f) case 1:

 (independent of the value of ) A1 

EITHER 

 does not have two solutions (has no solutions or 1 solution) R1 

OR 

 for R1 

OR 

the graph of  has no local maximum or local minimum points, 

hence any vertical translation of this graph ( ) will also have
no local maximum or local minimum points R1 
THEN 

therefore there is only one axis intercept AG 

Note:  Award at most A0R1 if only  is considered. 

continued… 

0c £ d

( ) 0g x¢ =

( ) 0g x¢Þ ³ xÎ!

( )y f x=

( )y g x=

-x

0c <



– 15 – M21/5/MATHX/HP3/ENG/TZ1/XX/M 

Question 1 continued 

case 2 

 

 is a local maximum point and  is a 

local minimum point (A1) 

Note: Award (A1) for a correct coordinate seen for either the maximum or the 
minimum. 

considers the positions of the local maximum point and/or the local minimum point (M1) 

EITHER 
considers both points above the axis or both points below the axis 

OR 
considers either the local minimum point only above the axis OR 
the local maximum point only below the axis 

THEN 

 (both points above the axis) A1 

 (both points below the axis) A1 

Note: Award at most (A1)(M1)A0A0 for case 2 if  is not clearly stated. 

[6 marks] 
Total [27 marks] 

0c >
3
2, 2c c d

æ ö
- +ç ÷
è ø

3
2, 2c c d

æ ö
- +ç ÷

è ø

-y

-x -x

-x
-x

3
22d c> -x
3
22d c< - -x

0c >
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2. (a)  and (A1) 

(M1) 

A1 

Note:  Award A1M1A0 if both  and  are stated as final answers. 

[3 marks] 

(b) A1 

Note:  Award A1 for a correct alternative form expressed in terms of  and  only. 

For example, using Pythagoras’ theorem, or 

 or . 

[1 mark] 
continued… 

2A s= 4P s=
2 4A P s s= Þ =

( )4 0s s - =

( )4 0s sÞ = >

4s = 0s =

21 2πsin
2TA x

n
=

x n

2 2 2π πsin sinTA x x x
n n

= -

1 π π2 sin cos
2TA x x

n n
æ öæ öæ ö= ç ÷ç ÷ç ÷è øè øè ø

2 π πsin cosTA x
n n

=
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Question 2 continued 

(c) METHOD 1

uses (M1) 

A1 

AG 

[2 marks] 

METHOD 2 

uses Pythagoras’ theorem and (M1) 

 

A1 

AG 

[2 marks] 
continued… 

oppsin
hyp

q =

π2 sin

y

x n
=

π2 siny x
n

=

2
2 2

2
y h xæ ö + =ç ÷

è ø
πcosh x
n

=

2 2
2 2 2 2π πcos  4 1 cos

2
y x x y x

n n
æ öæ ö æ ö æ ö+ = = -ç ÷ ç ÷ ç ÷ç ÷è ø è ø è øè ø

2 2 π4 sinx
n

=

π2 siny x
n

=



– 18 – M21/5/MATHX/HP3/ENG/TZ1/XX/M 

Question 2 continued 

METHOD 3 
uses the cosine rule (M1) 

 

A1 

AG 

[2 marks] 

METHOD 4 
uses the sine rule (M1) 

A1 

AG 

[2 marks] 

continued… 

2 2 2 22π 2π2 2 cos  2 1 cosy x x x
n n

æ öæ ö= - = -ç ÷ç ÷è øè ø

2 2 π4 sinx
n

=

π2 siny x
n

=

2π π πsin sin
2

y x

n n

=
æ ö-ç ÷
è ø

π π πcos 2 sin cosy x
n n n
=

π2 siny x
n

=
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Question 2 continued 

(d) (M1) 

Note:  Award M1 for equating correct expressions for  and . 

 

 A1 

uses  (seen anywhere in part (d) or in part (b)) (M1) 

attempts to either factorise or divide their expression (M1) 

 

(or equivalent) A1 

continued… 

TA P nA ny= Þ =

A P

2 21 2π π π π πsin 2 sin  sin cos 2 sin
2
nx nx nx nx

n n n n n
æ ö= =ç ÷
è ø

2 21 2π π π π πsin 2 sin  sin cos 2 sin
2
x x x x

n n n n n
æ ö= =ç ÷
è ø

2π π πsin 2sin cos
n n n
=

2 π π πsin cos 2 sinx x
n n n

=

π πsin cos 2 0x x
n n
æ ö- =ç ÷
è ø

2 π, sin 0πcos
x x

n
n

æ ö= ¹ç ÷
è ø
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Question 2 continued 

EITHER 

substitutes  (or equivalent) into  (M1) 

 A1 

Note:  Other approaches are possible. For example, award A1 for 

and M1 for substituting  into .

OR 

substitutes  (or equivalent) into (M1) 

 

 A1 

THEN 

AG 

[7 marks] 

continued… 

2
πcos

x

n

= P ny=

2 π2 sinπcos
P n

n
n

æ ö
ç ÷æ ö= ç ÷ç ÷

è øç ÷
è ø

π π2 cos tanP nx
n n

=

2
πcos

x

n

= P

2
πcos

x

n

= TA nA=

2

1 2 2πsinπ2 cos
A n

n
n

æ ö
ç ÷ æ ö= ç ÷ ç ÷

è øç ÷
è ø

2

1 2 π π2sin cosπ2 cos
A n

n n
n

æ ö
ç ÷ æ ö= ç ÷ ç ÷

è øç ÷
è ø

π4 tanA P n
n

= =
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Question 2 continued 

(e) (i) attempts to use the Maclaurin series for  with (M1) 

 (or equivalent) A1 

A1 

Note:  Award a maximum of M1A1A0 if  is not stated anywhere. 

[3 marks] 

(ii) (as ,  and )

the polygon becomes a circle of radius  R1 

Note:  Award R1 for alternative responses such as: 

the polygon becomes a circle of area  OR 

the polygon becomes a circle of perimeter  OR 

the polygon becomes a circle with . 

Award R0 for polygon becomes a circle. 

[1 mark] 

tan x πx
n

=

( )

3 5π π2
π πtan ...

3 15
n n

n n

æ ö æ ö
ç ÷ ç ÷
è ø è ø= + + +

( )
3 5

3 5

π π π 2π4 tan 4 ...
3 15

n n
n n n n

æ ö
= + + +ç ÷

è ø
3 5

2 4

π 2π4 π ...
3 15n n

æ ö
= + + +ç ÷

è ø

πlim 4 tan 4π
n

n
n®¥

æ öÞ =ç ÷
è ø

lim
n®¥

n®¥ 4πP® 4πA®

2

4π

4π

4πA P= =
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(f)  and (A1)(A1) 

equates their expressions for  and M1 

M1 

Note:  Award M1 for isolating  or . This step may be seen later. 

M1 

Note:  Award M1 for attempting to expand their RHS of either  

or . 

EITHER 

A1 

 

 

OR 

 

A1 

continued… 

1
2

A ab= 2 2P a b a b= + + +

A P

2 2 1
2

A P a b a b ab= Þ + + + =

( )2 2 1
2

a b ab a b+ = - +

2 2a b+ 2 22 a b± +

( )
2

2 2 1
2

a b ab a bæ ö+ = - +ç ÷
è ø

( ) ( )22 2 2 21 12
4 2

a b a b ab a b a bæ ö+ = - + + +ç ÷
è ø

2 2 2 2 2 21 2
4
a b a b ab a ab bæ ö= - - + + +ç ÷

è ø

2 2 ...a b+ =

( )2 24 ...a b+ =

( )1 2 0 0
4

ab ab a b abæ ö- - + = ¹ç ÷
è ø

1 2 0
4
ab a b- - + =

4 4 8ab a b- = -

2 2 2 21 2 0
4
a b a b ab ab- - + =

( ) ( ) ( )( )2 2 2 21 2 0 4 8 4 0
4

a b b b b a b b b bæ ö- + - = - + - =ç ÷
è ø

2

2
4 8

4
b ba
b b

-
=

-
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Question 2 continued 

THEN 

 A1 

 

 AG 

Note:  Award a maximum of A1A1M1M1M0A0A0 for attempting to verify. 

For example, verifying that  gains 4 of the 7 marks. 

[7 marks] 
continued… 

4 8
4

ba
b
-

Þ =
-

4 16 8
4

ba
b
- +

=
-

8 4
4

a
b

= +
-

16 2 4
4

A P b
b

= = + +
-
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Question 2 continued 

(g) (i) using an appropriate method (M1) 
eg substituting values for  or using divisibility properties 

 and A1A1 

Note:  Award A1A0 for either one set of three correct side lengths or two sets of two 
correct side lengths. 

[3 marks] 
(ii)  and  A1 

Note:  Do not award A1FT. 

[1 mark] 
Total [28 marks] 

b

( )5,12,13 ( )6,8,10

30A P= = 24A P= =



© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



© International Baccalaureate Organization 2021

M21/5/MATHX/HP3/ENG/TZ2/XX

2221 – 7113
6 pages

Tuesday 11 May 2021 (morning)

1 hour  

Mathematics: analysis and approaches
Higher level
Paper 3

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 31]

This question asks you to explore the behaviour and some key features of the 
function  fn (x) = xn(a - x)n , where  a ∈ +

  and  n ∈ + .

In parts (a) and (b), only consider the case where  a = 2 .

Consider  f1 (x) = x (2 - x) .

(a) Sketch the graph of  y = f1 (x) , stating the values of any axes intercepts and the 
coordinates of any local maximum or minimum points. [3]

Consider  fn (x) = xn(2 - x)n, where  n ∈ + ,  n > 1 .

(b) Use your graphic display calculator to explore the graph of  y = fn (x)  for

• the odd values  n = 3  and  n = 5 ;

• the even values  n = 2  and  n = 4 .

Hence, copy and complete the following table. [6]

Number of local 
maximum points

Number of local 
minimum points

Number of points of 
inflexion with zero gradient

n = 3  and  n = 5

n = 2  and  n = 4 

Now consider  fn (x) = xn(a - x)n  where  a ∈ +
  and  n ∈ + ,  n > 1 .

(c) Show that  fn′(x) = nxn-1(a - 2x) (a - x)n-1 . [5]

(d) State the three solutions to the equation  fn′(x) = 0 . [2]

(e) Show that the point ,
2 2

  
    

n

a a
f  on the graph of  y = fn (x)  is always above the 

horizontal axis. [3]

(This question continues on the following page)
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Turn over

(Question 1 continued)

(f) Hence, or otherwise, show that 0
4

 ′ > 
 

n

a
f , for  n ∈ + . [2]

(g) By using the result from part (f) and considering the sign of  fn′(-1) , show that the 
point (0, 0) on the graph of  y = fn (x)  is

(i) a local minimum point for even values of  n , where  n > 1  and  a ∈ + ; [3]

(ii) a point of inflexion with zero gradient for odd values of n , where  n > 1  and  a ∈ + . [2]

Consider the graph of  y = xn(a - x)n - k , where  n ∈ + ,  a ∈ +  and  k ∈  .

(h) State the conditions on  n  and  k  such that the equation  xn(a - x)n = k  has four solutions 
for  x . [5]
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2. [Maximum mark: 24]

This question asks you to investigate and prove a geometric property involving the 
roots of the equation  zn = 1  where  z ∈   for integers  n , where  n ≥ 2 .

The roots of the equation  zn = 1  where  z ∈   are  1 , ω , ω2 , ... , ωn-1 , where � � e
i2�

n . Each 
root can be represented by a point  P0, P1, P2, ... , Pn-1 , respectively, on an Argand diagram. 

For example, the roots of the equation  z2 = 1  where  z ∈   are 1 and  ω . On an Argand 
diagram, the root  1  can be represented by a point  P0  and the root  ω  can be represented by 
a point  P1 .

Consider the case where  n = 3 .

The roots of the equation  z3 = 1  where  z ∈   are  1 , ω  and  ω2 . On the following Argand 
diagram, the points  P0 ,  P1  and  P2  lie on a circle of radius 1 unit with centre  O (0 , 0) .

(a) (i)  Show that  (ω - 1)(ω2 + ω + 1) = ω3 - 1 . [2]

(ii) Hence, deduce that  ω2 + ω + 1 = 0 . [2]

(This question continues on the following page)
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Turn over

(Question 2 continued)

Line segments  [P0P1]  and  [P0P2]  are added to the Argand diagram in part (a) and are shown 
on the following Argand diagram.

Re

Im

0P

2P

1P

P0P1  is the length of  [P0P1]  and  P0P2  is the length of  [P0P2] .

(b) Show that  P0P1 × P0P2 = 3 . [3]

Consider the case where  n = 4 .

The roots of the equation  z4 = 1  where  z ∈   are  1 , ω , ω2  and  ω3 .

(c) By factorizing  z4 - 1 , or otherwise, deduce that  ω3 + ω2 + ω + 1 = 0 . [2]

(This question continues on the following page)
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(Question 2 continued)

On the following Argand diagram, the points  P0 , P1 , P2  and  P3  lie on a circle of radius 1 unit 
with centre  O (0, 0) .  [P0P1], [P0P2]  and  [P0P3]  are line segments.

Re

Im

0P

3P

1P

2P

(d) Show that  P0P1 × P0P2 × P0P3 = 4 . [4]

For the case where  n = 5 , the equation  z5 = 1 where  z ∈   has roots  1 , ω , ω2 , ω3  and  ω4 .

It can be shown that  P0P1 × P0P2 × P0P3 × P0P4 = 5 .

Now consider the general case for integer values of  n , where  n ≥ 2 .

The roots of the equation  zn = 1 where  z ∈   are  1 , ω , ω2 , ... , ωn-1 . On an Argand diagram,  
these roots can be represented by the points  P0 , P1 , P2 , ... , Pn-1  respectively where   
[P0P1] , [P0P2] , ... , [P0Pn-1]  are line segments. The roots lie on a circle of radius 1 unit  
with centre  O (0 , 0) .

(e) Suggest a value for  P0P1 × P0P2 × ... × P0Pn-1 . [1]

P0P1  can be expressed as | 1 - ω |.

(f) (i)  Write down expressions for  P0P2  and  P0P3  in terms of  ω . [2]

(ii) Hence, write down an expression for  P0Pn-1  in terms of  n  and  ω . [1]

Consider  zn - 1 = (z - 1)(zn-1 + zn-2 + … + z + 1)  where  z ∈  .

(g) (i)  Express  zn-1 + zn-2 + … + z + 1  as a product of linear factors over the set   . [3]

(ii) Hence, using the part (g)(i) and part (f) results, or otherwise, prove your 
suggested result to part (e). [4]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
 

 
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72

M21/5/MATHX/HP3/ENG/TZ2/XX/M 
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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1. (a)

inverted parabola extended below the axis A1 

axis intercept values  A1 

Note:  Accept a graph passing through the origin as an indication of . 

local maximum at A1 

Note:  Coordinates must be stated to gain the final A1.

Do not accept decimal approximations. 

[3 marks] 

-x

-x 0,2x =

0x =

( )1,1
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(b) 

Number of 
local 
maximum 
points 

Number of 
local 
minimum 
points 

Number of 
points of 
inflexion 
with zero 
gradient 

 
and 

 
1 0 2 

 
and 

 
1 2 0 

A1A1A1A1A1A1 

Note:  Award A1 for each correct value. 

For a table not sufficiently or clearly labelled, assume that their values are 
in the same order as the table in the question paper and award marks 
accordingly. 

[6 marks] 

3n =

5n =

2n =

4n =
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(c) METHOD 1
attempts to use the product rule (M1) 

( ) ( ) ( )
1 1n nn n

nf x nx a x nx a x
− − = − − + − A1A1 

Note:  Award A1 for a correct  and A1 for a correct . 

EITHER 

attempts to factorise ( )nf x (involving at least one of 1nnx − or ( )
1n

a x
−

− ) (M1) 

A1 

OR 

attempts to express ( )nf x as the difference of two products with each product

containing at least one of 1nnx − or ( )
1n

a x
−

− (M1) 

( )( )( ) ( )( )( )
1 11 1n nn nx nx a x a x nx a x
− −− −= − − + − − A1 

THEN 

AG 

Note:  Award the final (M1)A1 for obtaining any of the following forms: 

( ) ( )
( )

;
nn

n

a x x
f x nx a x

x a x

 − − = −   − 
( )

( )

( )
( );

nn

n

nx a x
f x a x x

x a x

−
 = − −

−

( ) ( ) ( )( )11 ;
n nn

nf x nx a x x a x
−− = − − −

( ) ( ) ( )( )1 1n nn n
nf x a x nx a x nx

− − = − − −

METHOD 2 

( ) ( )( )
n

nf x x a x= − (M1) 

( )2 n
ax x= − A1 

attempts to use the chain rule (M1) 

( ) ( )( )
122

n

nf x n a x ax x
−

 = − − A1A1 

d

d

v
u

x

d

d

u
v

x

( ) ( )( )
11 nnnx a x a x x
−−= − − −

( ) ( )( )
11 2

nn
nf x nx a x a x

−− = − −
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Note:  Award A1 for ( )2n a x− and A1 for ( )
12 n

ax x
−

− . 

AG 

[5 marks] 

(d) A2 

Note:  Award A1 for either two correct solutions or for obtaining 

. 

Award A0 otherwise. 

[2 marks] 

(e) attempts to find an expression for
2n

a
f  
 
 

(M1)

2 2 2

n n

n

a a a
f a     

= −     
     

 

22

 ,
2 2 2 2

n n n n
a a a a            = = =                         

A1 

EITHER 

since a + , 
2

0
2

n
a 

 
 

 (for , 1n n+   and so 0
2n

a
f  

 
 

) R1 

Note:   Accept any logically equivalent conditions/statements on a  and n . 

Award R0 if any conditions/statements specified involving a , n  or both 
are incorrect. 

OR 

(since a + ), 
2

a
 raised to an even power ( 2n ) (or equivalent reasoning) is always 

positive (and so 0
2n

a
f  

 
 

) R1 

Note:   The condition a +  is given in the question. Hence some candidates 

will assume a +  and not state it. In these instances, award R1 for a 
convincing argument. 

Accept any logically equivalent conditions/statements on a  and n . 

Award R0 if any conditions/statements specified involving a , n  or both 
are incorrect. 

( ) ( )( )
11 2

nn
nf x nx a x a x

−− = − −

0, ,  
2

a
x x x a= = =

0, ,
2

a
x x a x= = − = −
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THEN 

so ,
2 2n

a a
f

  
  
  

 is always above the horizontal axis AG 

Note:  Do not award (M1)A0R1. 

[3 marks] 

(f) METHOD 1
1 1 1 1

3
 

4 4 2 4 4 2 4

n n n n

n

a a a a a a a
f n a a n

− − − −             = − − =                         

A1 

EITHER 
1 1

3
0

4 2 4

n n
a a a

n
− −

    
    

    
 as a +  and n + R1 

OR 
1

,
4 2

n
a a

n a
−

   
−   

   
 and

1

4

n
a

a
−

 
− 

 
 are all 0  R1 

Note:  Do not award A0R1. 

Accept equivalent reasoning on correct alternative expressions for 

4n

a
f  
 
 

 and accept any logically equivalent conditions/statements on a

and n . 

Exceptions to the above are condone  1n   and condone 0.n   

An alternative form for 
4n

a
f  
 
 

is ( )( )
2 1

1
2 3

4

n
n a

n
−

−  
 
 

. 

THEN 

hence AG 

[2 marks] 

METHOD 2 

 and A1 

0
4n

a
f    
 

(0) 0nf = 0
2n

a
f  
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(since  is continuous and there are no stationary points between  and 

) 

the gradient (of the curve) must be positive between  and R1 

Note:  Do not award A0R1. 

hence AG 

[2 marks] 

(g) (i)

for n  even: 

( ) ( )
1

1 0
n

n n
−

− = −   (and ( ) ( )
1

2 , 1
n

a a
−

+ + are both 0 ) R1 

( )1 0nf  −  A1 

( )0 0nf  = and 0
4n

a
f    
 

 (seen anywhere) A1 

Note:  Candidates can give arguments based on the sign of ( )
1

1
n−

−  to obtain the 

R mark. 

For example, award R1 for the following: 

If n   is even, then 1n− is odd and hence ( ) ( )
1

1 0 1
n−

−  = − . 

Do not award R0A1. 

The second A1 is independent of the other two marks. 

The A marks can be awarded for correct descriptions expressed in words. 

Candidates can state ( )0,0  as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that ( )0 0nf  = . The last A 

mark can be awarded for a clearly labelled diagram showing changes in 
the sign of the gradient. 

The last A1 can be awarded for use of a specific case (e.g. 2n = ). 

hence  is a local minimum point AG 

[3 marks] 

nf 0x =

2

a
x =

0x =
2

a
x =

0
4n

a
f    
 

1 1( 1) ( 1) ( 2)( 1)n n
nf n a a− − − = − + +

( )0,0
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(ii) for n  odd:

( ) ( )
1

1 0
n

n n
−

− =  , (and ( )2 ,a + ( )
1

1
n

a
−

+ are both 0  ) so ( )1 0nf  −   R1 

Note:  Candidates can give arguments based on the sign of ( )
1

1
n−

−  to obtain the 

R mark. 

For example, award R1 for the following: 

If n  is odd, then 1n− is even and hence ( ) ( )
1

1 0 1
n−

−  = . 

( )0 0nf  = and 0
4n

a
f    
 

 (seen anywhere) A1 

Note:  The A1 is independent of the R1. 

Candidates can state ( )0,0 as a point of zero gradient from part (d) or

show, state or explain (words or diagram) that ( )0 0nf  = . The last A mark 

can be awarded for a clearly labelled diagram showing changes in the 
sign of the gradient. 

The last A1 can be awarded for use of a specific case (e.g. 3n = ). 

hence  is a point of inflexion with zero gradient AG 

[2 marks] 

( )0,0
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(h) considers the parity of n (M1) 

Note:  Award M1 for stating at least one specific even value of n . 

n must be even (for four solutions) A1 

Note:  The above 2 marks are independent of the 3 marks below. 

A1A1A1 

Note:  Award A1 for the correct lower endpoint, A1 for the correct upper endpoint 
and A1 for strict inequality signs. 

The third A1 (strict inequality signs) can only be awarded if A1A1 has 
been awarded. 

For example, award A1A1A0 for 
2

0
2

n
a

k  
   

 
. Award A1A0A0 for 0k  . 

Award A1A0A0 for  0
2n

a
k f  

   
 

. 

[5 marks] 

Total [31 marks] 

2

0
2

n
a

k
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2. (a) (i) METHOD 1

attempts to expand ( )( )21 1  − + + (M1) 

3 2 2 1    = + + − − −  A1 

 AG 

[2 marks] 

METHOD 2 

attempts polynomial division on 
3 1

1





−

−
M1 

2 1 = + +  A1 

so ( )( )2 31 1 1   − + + = − AG 

[2 marks] 

(ii) (since  is a root of  R1 

and 1   R1 

 AG 

Note:  In part (a), award marks as appropriate where  has been converted into 
Cartesian, modulus-argument (polar) or Euler form. 

[2 marks] 

3 1= −

 3 31) 1 0z =  − =

2 1 0  + + =
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(b) METHOD 1

attempts to find either  or  (M1) 

accept any valid method 

e.g. 
π

2sin
3

, 2 2 2π
1 1 2cos

3
+ − , 0 11 P P

π 2π
sin sin

6 3

=  from either 0 1OP P  or 0 2OP P

e.g. use of Pythagoras’ theorem

e.g.
2π

i
31 e− , 

1 3
1 i

2 2

 
− − + 
 

 by calculating the distance between 2 points 

A1 

A1 

Note:  Award a maximum of M1A1A0 for any decimal approximation seen in the 
calculation of either 0 1P P  or 0 2P P or both. 

so  AG 

METHOD 2 

attempts to find  (M1) 

A1 

 and since  R1 

so  AG 

[3 marks] 

0 1P P 0 2P P

0 1P P 3 =

0 2P P 3=

0 1 0 2P P P P 3 =

2
0 1 0 2P P P P 1 1  = − −

3 2
0 1 0 2P P P P 1   = − − +

( )21 1 2 = − + + +
2 1 0 + + =

0 1 0 2P P P P 3 =



– 18 – M21/5/MATHX/HP3/ENG/TZ2/XX/M 

(c) METHOD 1

A1 

(  is a root hence)  and  R1 

 AG 

Note:  Condone the use of   throughout. 

[2 marks] 

METHOD 2 

considers the sum of roots of 4 1 0z − =  (M1) 

the sum of roots is zero (there is no  term) A1 

 AG 

[2 marks] 

METHOD 3 
substitutes for   (M1) 

e.g. LHS 
3π π

i i
πi2 2e e e 1= + + +  

i 1 i 1= − − + +  A1 

Note:  This can be demonstrated geometrically or by using vectors. 

Accept Cartesian or modulus-argument (polar) form. 

 AG 

[2 marks] 

METHOD 4 
4

3 2 1
1

1


  



−
+ + + =

−
A1 

0
0

1
= =

−
 as 1   R1 

 AG 

[2 marks] 

( )( )4 3 21 1 1z z z z z− = − + + +

 4 1 0 − = 1 

3 2 1 0   + + + =

3z
3 2 1 0   + + + =

3 2 1 0   + + + =

3 2 1 0   + + + =
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(d) METHOD 1

A1 

attempts to find either  or  (M1) 

Note:  For example,  and . 

Various geometric and trigonometric approaches can be used by 
candidates. 

, A1A1 

Note:  Award a maximum of A1M1A1A0 if labels such as 0 1P P  are not clearly 

shown. 
Award full marks if the lengths are shown on a clearly labelled diagram. 
Award a maximum of A1M1A1A0 for any decimal approximation seen in 
the calculation of either 0 1P P  or 0 3P P or both.

AG 

[4 marks] 

METHOD 2 

attempts to find M1 

A1 

 since  and  A1 

 and since  R1 

so  AG 

[4 marks] 

0 2P P 2=

0 1P P 0 3P P

0 1P P 1 i= − 0 3P P 1 i= +

0 1P P 2= 0 3P P 2 =

0 1 0 2 0 3P P P P P P 4  =

2 3
0 1 0 2 0 3P P P P P P 1 1 1    = − − −

6 5 4 2
0 1 0 2 0 3P P P P P P 1      = − + + − − +

( ) ( )51 1 1 1 = − − + + − − − + 6 2 1 = = − 4 1 =

5 4 = − + 5 =

0 1 0 2 0 3P P P P P P 4  =
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METHOD 3 

 A1 

attempts to find  M1 

A1 

 since  and  R1 

so  AG 

[4 marks] 

0 2P P 2=

3
0 1 0 3P P P P 1 1  = − −

4 3
0 1 0 3P P P P 1   = − − +

( )2  = − − − 4 1 = 3 = −

0 1 0 2 0 3P P P P P P 4  =
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(e) ( )0 1 0 2 0 n-1P P P P ... P P n   = A1 

[1 mark] 

(f) (i) , A1A1 

[2 marks] 

(ii) A1 

Note:  Accept  from symmetry. 

[1 mark] 

2
0 2P P 1 = − 3

0 3P P 1 = −

1
0 1P P 1 n

n  −

− = −

1 −
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(g) (i)

considers the equation  (M1) 

the roots are (A1) 

so  A1 

[3 marks] 

(ii) METHOD 1

substitutes  into  

M1 

(A1) 

takes modulus of both sides M1 

 A1 

so  AG 

Note:  Award a maximum of M1A1FTM1A0 from part (e). 

[4 marks] 

( )( )1 21 1 ... 1n n nz z z z z− −− = − + + + +

1 2 ... 1 0n nz z z− −+ + + + =

2 1, ,..., n   −

( )( ) ( )2 1... nz z z   −− − −

1z = ( )( ) ( )2 1 1 2... ... 1n n nz z z z z z   − − −− − −  + + + +

( )( ) ( )2 11 1 ... 1 n n   −− − − =

( )( ) ( )2 11 1 ... 1 n n   −− − − =

2 11 1 ... 1 n n   −− − − =

0 1 0 2 0 1P P P P ... P Pn n−   =
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METHOD 2 

( ) ( ) ( )2 11 , 1 ,..., 1 n   −− − −  are the roots of 

M1 

coefficient of  is  and the coefficient of  is A1 

product of the roots is A1 

 A1 

so  AG 

[4 marks] 

Total[24 marks] 

( ) ( ) ( )
1 2

1 1 ... 1 1 0
− −

− + − + + − + =
n n

v v v

1−nv ( )
1

1
−

−
n

1 n

( )

( )

1

1

1

1

−

−

−
=

−

n

n

n
n

2 11 1 ... 1   −− − − =n n

0 1 0 2 0 1P P P P ... P P −   =n n
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1 heure  

Mathématiques : analyse et approches
Niveau supérieur
Épreuve 3

Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour les cours de mathématiques : analyse 

et approches est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 31]

Cette question vous demande d’explorer le comportement et certaines 
caractéristiques principales de la fonction  fn (x) = xn(a - x)n , où  a ∈ +

  et  n ∈ + .

Dans les parties (a) et (b), considérez seulement le cas où  a = 2 .

Considérez  f1 (x) = x (2 - x) .

(a) Esquissez la représentation graphique de  y = f1 (x) , en indiquant les valeurs 
de tout point d’intersection avec les axes et les coordonnées de tout maximum ou  
minimum relatif. [3]

Considérez  fn (x) = xn(2 - x)n, où  n ∈ + ,  n > 1 .

(b) Utilisez votre calculatrice à écran graphique pour explorer la représentation graphique 
de  y = fn (x)  pour

• les valeurs impaires  n = 3  et  n = 5 ;

• les valeurs paires  n = 2  et  n = 4 .

À partir de là, recopiez et complétez le tableau suivant. [6]

Nombre de 
maximums relatifs

Nombre de 
minimums relatifs

Nombre de points d’inflexion  
de pente nulle

n = 3  et  n = 5

n = 2  et  n = 4 

Considérez maintenant  fn (x) = xn(a - x)n , où  a ∈ +
  et  n ∈ + ,  n > 1 .

(c) Montrez que  fn′(x) = nxn-1(a - 2x) (a - x)n-1 . [5]

(d) Indiquez les trois solutions de l’équation  fn′(x) = 0 . [2]

(e) Montrez que le point  ;
2 2n

a a
f

  
    

 sur la représentation graphique de  y = fn (x)  est 

toujours au-dessus de l’axe horizontal. [3]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

(f) À partir de là, ou par toute autre méthode, montrez que 0
4

 ′ > 
 

n

a
f , pour  n ∈ + . [2]

(g) En utilisant le résultat de la partie (f) et en considérant le signe de  fn′(-1) , montrez que 
le point (0 ; 0) sur la représentation graphique de  y = fn (x)  est

(i) un minimum relatif pour les valeurs paires de  n , où  n > 1  et  a ∈ + ; [3]

(ii) un point d’inflexion de pente nulle pour les valeurs impaires de  
n , où  n > 1  et  a ∈ + . [2]

Considérez la représentation graphique de  y = xn(a - x)n - k , où  n ∈ + ,  a ∈ +  et  k ∈  .

(h) Indiquez les conditions sur  n  et  k  pour que l’équation  xn(a - x)n = k  admette 
quatre solutions pour  x . [5]
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2. [Note maximale : 24]

Cette question vous demande d’explorer et de prouver une propriété géométrique 
faisant intervenir les racines de l’équation  zn = 1 , où  z ∈   pour des entiers  n , où  n ≥ 2 .

Les racines de l’équation  zn = 1 , où  z ∈  , sont  1 , ω , ω2 , ... , ωn-1 , où � � e
i2�

n . Chaque 
racine peut être représentée respectivement par un point  P0, P1, P2, ... , Pn-1  sur un 
diagramme d’Argand. 

Par exemple, les racines de l’équation  z2 = 1 , où  z ∈  , sont 1 et  ω . Sur un diagramme 
d’Argand, la racine  1  peut être représentée par un point  P0  et la racine  ω  peut être 
représentée par un point  P1 .

Considérez le cas où  n = 3 .

Les racines de l’équation  z3 = 1 , où  z ∈  , sont  1 , ω  et  ω2 . Sur le diagramme d’Argand 
suivant, les points  P0 ,  P1  et  P2  se situent sur un cercle de rayon 1 unité dont le centre 
est  O (0 ; 0) .

(a) (i)  Montrez que  (ω - 1)(ω2 + ω + 1) = ω3 - 1 . [2]

(ii) À partir de là, déduisez que  ω2 + ω + 1 = 0 . [2]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 2)

Les segments de droite  [P0P1]  et  [P0P2]  sont ajoutés au diagramme d’Argand de la partie (a) 
et sont montrés sur le diagramme d’Argand suivant.

Re

Im

0P

2P

1P

P0P1  est la longueur de  [P0P1]  et  P0P2  est la longueur de  [P0P2] .

(b) Montrez que  P0P1 × P0P2 = 3 . [3]

Considérez le cas où  n = 4 .

Les racines de l’équation  z4 = 1 , où  z ∈  , sont  1 , ω , ω2  et  ω3 .

(c) En factorisant  z4 - 1 , ou par toute autre méthode, déduisez que  ω3 + ω2 + ω + 1 = 0 . [2]

(Suite de la question à la page suivante)
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(Suite de la question 2)

Sur le diagramme d’Argand suivant, les points  P0 , P1 , P2  et  P3  se situent sur un cercle de 
rayon 1 unité dont le centre est  O (0 ; 0) .  [P0P1], [P0P2]  et  [P0P3]  sont des segments de droite.

Re

Im

0P

3P

1P

2P

(d) Montrez que  P0P1 × P0P2 × P0P3 = 4 . [4]

Pour le cas où  n = 5 , l’équation  z5 = 1, où  z ∈  , possède les racines  1 , ω , ω2 , ω3  et  ω4 .

Il peut être démontré que  P0P1 × P0P2 × P0P3 × P0P4 = 5 .

Considérez maintenant le cas général pour des valeurs entières de  n , où  n ≥ 2 .

Les racines de l’équation  zn = 1, où  z ∈  , sont  1 , ω , ω2 , ... , ωn-1 .  
Sur un diagramme d’Argand, ces racines peuvent être représentées respectivement par 
les points  P0 , P1 , P2 , ... , Pn-1 , où  [P0P1] , [P0P2] , ... , [P0Pn-1]  sont des segments de droite. 
Les racines se situent sur un cercle de rayon 1 unité dont le centre est  O (0 ; 0) .

(e) Suggérez une valeur pour  P0P1 × P0P2 × ... × P0Pn-1 . [1]

P0P1  peut être exprimé comme | 1 - ω |.

(f) (i)  Écrivez des expressions pour  P0P2  et  P0P3  en fonction de  ω . [2]

(ii) À partir de là, écrivez une expression pour  P0Pn-1  en fonction de  n  et  ω . [1]

Considérez  zn - 1 = (z - 1)(zn-1 + zn-2 + … + z + 1) , où  z ∈  .

(g) (i)  Exprimez  zn-1 + zn-2 + … + z + 1  comme un produit de facteurs linéaires sur 
l’ensemble   . [3]

(ii) À partir de là, en utilisant les résultats de la partie (g)(i) et de la partie (f), ou par 
toute autre méthode, prouvez votre résultat suggéré à la partie (e). [4]
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1 Stunde  

Mathematik: Analyse und Ansätze
Leistungsstufe
3. Klausur

Hinweise für die Kandidaten

 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Beantworten Sie alle Fragen im beigefügten Antwortheft.
 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 

exakt oder auf drei signifikante Stellen genau angegeben werden.
 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 

Analyse und Ansätze erforderlich.
 y Die Höchstpunktzahl für diese Prüfungsklausur ist [55 Punkte].
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Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite. Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl 
anerkannt. Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. 
Lösungen, die mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, müssen von einem 
passenden Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung 
verwenden, sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte 
für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar 
wird. Deshalb sollten Sie alle Rechenwege offenlegen.

1. [Maximale Punktzahl: 31]

In dieser Frage sollen Sie das Verhalten und einige wesentliche Eigenschaften der 
Funktion  fn (x) = xn(a - x)n , mit  a ∈ +

  und  n ∈ + , untersuchen.

Betrachten Sie bitte in den Teilen (a) und (b) nur den Fall für  a = 2 .

Betrachten Sie  f1 (x) = x (2 - x) .

(a) Skizzieren Sie den Graphen von  y = f1 (x) , und geben Sie dabei die Werte aller 
Schnittpunkte mit den Achsen sowie ggf. die Koordinaten aller lokalen Maxima und 
Minima an. [3]

Betrachten Sie nun  fn (x) = xn(2 - x)n, mit  n ∈ + ,  n > 1 .

(b) Untersuchen Sie mit Hilfe Ihres grafikfähigen Taschenrechners (GTR) den Graphen 
von  y = fn (x)  für die folgenden beiden Fälle:

• die ungeraden Werte  n = 3  und  n = 5 ;

• die geraden Werte  n = 2  und  n = 4 .

Übertragen Sie unter Nutzung der Vorarbeit die folgende Tabelle in das Antwortheft und 
tragen Sie Ihre Ergebnisse ein. [6]

Anzahl der 
lokalen Maxima 
(Hochpunkte)

Anzahl der 
lokalen Minima 
(Tiefpunkte)

Anzahl der Wendepunkte 
mit Steigung Null

n = 3  und  n = 5

n = 2  und  n = 4 

Betrachten Sie nun  fn (x) = xn(a - x)n  mit  a ∈ +
  und  n ∈ + ,  n > 1 .

(c) Zeigen Sie, dass  fn′(x) = nxn-1(a - 2x) (a - x)n-1 . [5]

(d) Geben Sie die drei Lösungen der Gleichung  fn′(x) = 0  an. [2]

(e) Zeigen Sie, dass der Punkt ,
2 2

  
    

n

a a
f  auf dem Graphen von  y = fn (x)  stets 

oberhalb der horizontalen Achse liegt. [3]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 1)

(f) Zeigen Sie unter Nutzung der Vorarbeit oder mittels einer anderen Methode,  

dass 0
4

 ′ > 
 

n

a
f , für  n ∈ + . [2]

(g) Verwenden Sie Ihr Ergebnis aus Teil (f) und betrachten Sie das Vorzeichen  
von  fn′(-1) . Zeigen Sie damit, dass für den Punkt (0, 0) auf dem Graphen von  y = fn (x)  
Folgendes gilt:

(i) Er ist ein lokales Minimum für gerade Werte von  n , mit  n > 1  und  a ∈ + ; [3]

(ii) Er ist ein Wendepunkt mit Steigung Null für ungerade Werte von  n , mit  n > 1  
und  a ∈ + . [2]

Betrachten Sie den Graphen von  y = xn(a - x)n - k , mit  n ∈ + ,  a ∈ +  und  k ∈  .

(h) Geben Sie die Bedingungen für  n  und  k  an, so dass die Gleichung  xn(a - x)n = k  
vier Lösungen für  x  besitzt. [5]
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2. [Maximale Punktzahl: 24]

In dieser Aufgabe sollen Sie die Lösungen der Gleichung  zn = 1  mit  z ∈   für ganze 
Zahlen  n  mit  n ≥ 2  untersuchen und eine zugehörige geometrische Eigenschaft beweisen.

Die Lösungen der Gleichung  zn = 1  mit  z ∈   sind  1 , ω , ω2 , ... , ωn-1 , mit � � e
i2�

n . Auf 
einem Argand-Diagramm kann jede Lösung durch jeweils einen Punkt  P0, P1, P2, ... , Pn-1  
dargestellt werden. 

Beispielsweise sind die Lösungen der Gleichung  z2 = 1  mit  z ∈   1 und  ω . Auf einem 
Argand-Diagramm kann die Lösung  1  durch einen Punkt  P0  und die Lösung  ω  durch einen 
Punkt  P1  dargestellt werden.

Betrachten Sie nun den Fall für  n = 3 .

Die Lösungen der Gleichung  z3 = 1  mit  z ∈   sind  1 , ω  und  ω2 . Auf dem folgenden 
Argand-Diagramm liegen die Punkte  P0 ,  P1  und  P2  auf einem Kreis mit Radius 1 und dem 
Mittelpunkt  O (0 , 0) .

(a) (i)  Zeigen Sie, dass  (ω - 1)(ω2 + ω + 1) = ω3 - 1 . [2]

(ii) Deduzieren Sie unter Nutzung der Vorarbeit, dass  ω2 + ω + 1 = 0 . [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 2)

Die Strecken  [P0P1]  und  [P0P2]  werden in das Argand-Diagramm aus Teil (a) eingezeichnet, 
wie folgt im Argand-Diagramm dargestellt.

Re

Im

0P

2P

1P

P0P1  ist die Länge von  [P0P1]  und  P0P2  ist die Länge von  [P0P2] .

(b) Zeigen Sie, dass gilt:  P0P1 × P0P2 = 3 . [3]

Betrachten Sie nun den Fall für  n = 4 .

Die Lösungen der Gleichung  z4 = 1  mit  z ∈   sind  1 , ω , ω2  und  ω3 .

(c) Deduzieren Sie durch Faktorisierung von  z4 - 1  oder auf andere Weise,  
dass gilt:  ω3 + ω2 + ω + 1 = 0 . [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 2)

Auf dem folgenden Argand-Diagramm liegen die Punkte  P0 , P1 , P2  und  P3  auf einem Kreis 
mit Radius 1 und dem Mittelpunkt  O (0, 0) .  [P0P1], [P0P2]  und  [P0P3]  sind Strecken.

Re

Im

0P

3P

1P

2P

(d) Zeigen Sie, dass gilt:  P0P1 × P0P2 × P0P3 = 4 . [4]

Für den Fall  n = 5  hat die Gleichung  z5 = 1 mit  z ∈   die Lösungen  1 , ω , ω2 , ω3  und  ω4 .

Man kann zeigen, dass  P0P1 × P0P2 × P0P3 × P0P4 = 5 .

Betrachten Sie nun den allgemeinen Fall für ganzzahlige Werte von  n , mit  n ≥ 2 .

Die Lösungen der Gleichung  zn = 1 mit  z ∈   sind  1 , ω , ω2 , ... , ωn-1 . Auf einem  
Argand-Diagramm können diese Lösungen durch die Punkte  P0 , P1 , P2 , ... , Pn-1  dargestellt 
werden, und [P0P1] , [P0P2] , ... , [P0Pn-1]  sind Strecken. Die Lösungen liegen auf einem Kreis 
mit Radius 1 und dem Mittelpunkt  O (0 , 0) .

(e) Schlagen Sie einen Wert für  P0P1 × P0P2 × ... × P0Pn-1  vor. [1]

P0P1  kann als | 1 - ω | ausgedrückt werden.

(f) (i)  Notieren Sie Ausdrücke für  P0P2  und  P0P3  abhängig von  ω . [2]

(ii) Notieren Sie unter Nutzung der Vorarbeit einen Ausdruck für  P0Pn-1  abhängig 
von  n  und  ω . [1]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 2)

Betrachten Sie  zn - 1 = (z - 1)(zn-1 + zn-2 + … + z + 1)  mit  z ∈  .

(g) (i)  Drücken Sie  zn-1 + zn-2 + … + z + 1  als Produkt von Linearfaktoren über der 
Menge    aus. [3]

(ii) Verwenden Sie Ihre Ergebnisse aus Teil (g)(i) und Teil (f) und beweisen 
Sie unter Nutzung der Vorarbeit oder mittels einer anderen Methode Ihren 
Ergebnisvorschlag zu Teil (e). [4]
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 y No abra esta prueba hasta que se lo autoricen.
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Por favor comience cada 
pregunta en una página nueva. No se otorgará necesariamente la máxima puntuación a una respuesta 
correcta que no esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en 
un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla 
gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención; por ejemplo, si se 
utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de 
la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

1. [Puntuación máxima: 31]

En esta pregunta le pediremos que analice el comportamiento y algunas 
características clave de la función  fn (x) = xn(a - x)n , donde  a ∈ +

  y  n ∈ + .

En los apartados (a) y (b), considere únicamente el caso en el que  a = 2 .

Considere  f1 (x) = x (2 - x) .

(a) Dibuje aproximadamente el gráfico de  y = f1 (x) , e indique las coordenadas de todas 
las intersecciones con los ejes y de todos los máximos y mínimos locales que haya. [3]

Considere  fn (x) = xn(2 - x)n, donde  n ∈ + ,  n > 1 .

(b) Utilice la calculadora de pantalla gráfica para analizar el gráfico de  y = fn (x)  
correspondiente a:

• Los valores impares  n = 3  y  n = 5

• Los valores pares  n = 2  y  n = 4 

A partir de lo anterior, copie y complete la siguiente tabla. [6]

Número de 
máximos locales

Número de 
mínimos locales

Número de puntos de 
inflexión con pendiente cero

n = 3  y  n = 5

n = 2  y  n = 4 

Ahora considere  fn (x) = xn(a - x)n , donde  a ∈ +
  y  n ∈ + ,  n > 1 .

(c) Muestre que  fn′(x) = nxn-1(a - 2x) (a - x)n-1 . [5]

(d) Indique las tres soluciones de la ecuación  fn′(x) = 0 . [2]

(e) Muestre que el punto ,
2 2

  
    

n

a a
f  del gráfico de  y = fn (x) siempre está por encima del 

eje horizontal. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

(f) A partir de lo anterior, o de cualquier otro modo, muestre que 0
4

 ′ > 
 

n

a
f , para  n ∈ + . [2]

(g) Utilizando el resultado del apartado (f) y considerando cuál es el signo de  fn′(-1) , 
muestre que el punto (0, 0) del gráfico de  y = fn (x)  es:

(i) Un mínimo local para valores pares de  n , donde  n > 1  y  a ∈ +  [3]

(ii) Un punto de inflexión con pendiente cero para valores impares de  n , 
donde  n > 1  y  a ∈ +  [2]

Considere el gráfico de  y = xn(a - x)n - k , donde  n ∈ + ,  a ∈ +  y  k ∈  .

(h) Indique las condiciones que han de cumplir  n  y  k  para que la ecuación  xn(a - x)n = k  
tenga cuatro soluciones para  x . [5]
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2. [Puntuación máxima: 24]

En esta pregunta le pediremos que investigue y demuestre una propiedad geométrica 
que cumplen las raíces de la ecuación  zn = 1, donde  z ∈  , para los valores enteros 
de  n , donde  n ≥ 2 .

Las raíces de la ecuación  zn = 1, donde  z ∈  , son  1 , ω , ω2 , ... , ωn-1 , donde � � e
i2�

n .  
Estas raíces se pueden representar en un diagrama de Argand mediante 
puntos  P0, P1, P2, ... , Pn-1 , respectivamente. 

Por ejemplo, las raíces de la ecuación  z2 = 1, donde  z ∈  , son 1 y  ω . En un diagrama 
de Argand, la raíz  1  se puede representar mediante el punto  P0  y la raíz  ω  se puede 
representar mediante el punto  P1 .

Considere ahora el caso  n = 3 .

Las raíces de la ecuación  z3 = 1, donde  z ∈  , son  1 , ω  y  ω2 . En el siguiente diagrama de 
Argand, los puntos  P0 ,  P1  y  P2  están sobre la circunferencia de radio 1 unidad con centro 
en  O (0 , 0) .

(a) (i)  Muestre que  (ω - 1)(ω2 + ω + 1) = ω3 - 1 . [2]

(ii) A partir de lo anterior, deduzca que  ω2 + ω + 1 = 0 . [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

Ahora añadimos los segmentos de recta  [P0P1]  y  [P0P2]  al diagrama de Argand del apartado 
(a); el resultado se muestra en el siguiente diagrama de Argand.

Re

Im

0P

2P

1P

P0P1  es la longitud de  [P0P1]  y  P0P2  es la longitud de  [P0P2] .

(b) Muestre que  P0P1 × P0P2 = 3 . [3]

Considere ahora el caso  n = 4 .

Las raíces de la ecuación  z4 = 1, donde  z ∈  , son  1 , ω , ω2  y  ω3 .

(c) Descomponiendo en factores  z4 - 1,  o de cualquier otro modo, deduzca 
que  ω3 + ω2 + ω + 1 = 0 . [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

En el siguiente diagrama de Argand, los puntos  P0 , P1 , P2  y  P3  están sobre la circunferencia 
de radio 1 unidad con centro en  O (0, 0) .  [P0P1], [P0P2]  y  [P0P3]  son segmentos de recta.

Re

Im

0P

3P

1P

2P

(d) Muestre que  P0P1 × P0P2 × P0P3 = 4 . [4]

Para el caso  n = 5 , la ecuación  z5 = 1, donde  z ∈  , tiene por raíces  1 , ω , ω2 , ω3  y  ω4 .

Se puede demostrar que  P0P1 × P0P2 × P0P3 × P0P4 = 5 .

Considere ahora el caso general para valores enteros de  n , donde  n ≥ 2 .

Las raíces de la ecuación  zn = 1, donde  z ∈  , son  1 , ω , ω2 , ... , ωn-1 . En un diagrama 
de Argand, estas raíces se pueden representar mediante los puntos  P0 , P1 , P2 , ... , Pn-1  
respectivamente, donde  [P0P1] , [P0P2] , ... , [P0Pn-1]  son segmentos de recta. Las raíces 
están sobre la circunferencia de radio 1 unidad con centro en  O (0 , 0) .

(e) Sugiera un valor para  P0P1 × P0P2 × ... × P0Pn-1 . [1]

P0P1  se puede expresar como | 1 - ω |.

(f) (i)  Escriba expresiones para  P0P2  y  P0P3  en función de  ω . [2]

(ii) A partir de lo anterior, escriba una expresión para  P0Pn-1  en función de  n  y de  ω . [1]

Considere  zn - 1 = (z - 1)(zn-1 + zn-2 + … + z + 1) , donde  z ∈  .

(g) (i)  Exprese  zn-1 + zn-2 + … + z + 1  como un producto de factores lineales sobre el 
conjunto   . [3]

(ii) A partir de lo anterior, y utilizando los resultados del subapartado (g)(i) y del 
apartado (f), o de cualquier otro modo, demuestre el resultado que ha sugerido 
en el apartado (e). [4]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

The graph of  y = f (x)  for  -4 ≤ x ≤ 6  is shown in the following diagram.

y

x

8

6

4

2

2 4 60−2

−2

−4

−6

−4

(a) Write down the value of

(i)  f (2) ;

(ii) ( f  f )(2) . [2]

(b) Let 
1

( ) ( ) 1
2

g x f x= +  for  -4 ≤ x ≤ 6 . On the axes above, sketch the graph of  g . [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over

2. [Maximum mark: 4]

The diameter of a spherical planet is  6 × 104 km .

(a) Write down the radius of the planet. [1]

The volume of the planet can be expressed in the form  π(a × 10k) km3  where  1 ≤ a <10  
and  k ∈  .

(b) Find the value of  a  and the value of  k . [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximum mark: 5] 

Consider an arithmetic sequence where  u8 = S8 = 8 . Find the value of the first term,  u1 , and 
the value of the common difference,  d .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over

4. [Maximum mark: 5]

A research student weighed lizard eggs in grams and recorded the results. The following  
box and whisker diagram shows a summary of the results where  L  and  U  are the lower  
and upper quartiles respectively.

diagram not to scale

10 L 40 75U

The interquartile range is 20 grams and there are no outliers in the results.

(a) Find the minimum possible value of  U . [3]

(b) Hence, find the minimum possible value of  L . [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Maximum mark: 7]

Consider the functions  f (x) = -(x - h)2 + 2k  and  g (x) = ex-2 + k  where  h ,  k ∈  .

(a) Find  f ′(x). [1]

The graphs of  f  and  g  have a common tangent at  x = 3 .

(b) Show that 
e 6

2
h

+
= . [3]

(c) Hence, show that 
2e

e
4

k = + . [3]
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Turn over

6. [Maximum mark: 8]

(a) Show that  sin 2x + cos 2x - 1 = 2 sin x (cos x - sin x) . [2]

(b) Hence or otherwise, solve  sin 2x + cos 2x - 1 + cos x - sin x = 0  for  0 < x < 2π . [6]
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Do not write solutions on this page. 

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 14]

Let  f (x) = mx2 - 2mx , where  x ∈   and  m ∈  . The line  y = mx - 9  meets the graph of  f  
at exactly one point.

(a) Show that  m = 4 . [6]

The function  f  can be expressed in the form  f (x) = 4(x - p)(x - q) , where  p ,  q  ∈  .

(b) Find the value of  p  and the value of  q . [2]

The function  f  can also be expressed in the form  f (x) = 4(x - h)2 + k , where  h ,  k ∈  .

(c) Find the value of  h  and the value of  k . [3]

(d) Hence find the values of  x  where the graph of  f  is both negative and increasing. [3]

8. [Maximum mark: 16]

Let 
4

ln x
y

x
=  for  x > 0.

(a) Show that 
5

d 1 4ln

d

y x

x x

−
= . [3]

Consider the function defined by 
4

ln
( )

x
f x

x
=  for  x > 0  and its graph  y = f (x) . 

(b) The graph of  f  has a horizontal tangent at point  P. Find the coordinates of  P. [5]

(c) Given that 
6

20 ln 9
( )

x
f x

x

−′′ = , show that  P  is a local maximum point. [3]

(d) Solve  f (x) > 0  for  x > 0. [2]

(e) Sketch the graph of  f , showing clearly the value of the  x-intercept and the 
approximate position of point  P. [3]
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Do not write solutions on this page. 

9. [Maximum mark: 16]

A biased four-sided die, A, is rolled. Let  X  be the score obtained when die A is rolled. The 
probability distribution for  X  is given in the following table.

x 1 2 3 4

P (X = x) p p p
1

2
p

(a) Find the value of  p . [2]

(b) Hence, find the value of  E (X ) . [2]

A second biased four-sided die, B, is rolled. Let  Y  be the score obtained when die B is rolled. 
The probability distribution for  Y  is given in the following table.

y 1 2 3 4

P (Y = y) q q q r

(c) (i)  State the range of possible values of  r .

(ii) Hence, find the range of possible values of  q . [3]

(d) Hence, find the range of possible values for  E (Y ) . [3]

Agnes and Barbara play a game using these dice. Agnes rolls die A once and Barbara rolls 

die B once. The probability that Agnes’ score is less than Barbara’s score is 
1

2
.

(e) Find the value of  E (Y ) . [6]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen 
or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent
parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners
are asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written as 

.  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left 

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any  
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless an
explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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1. (a) (i) ( )2 6f = A1 

(ii) ( )( )2 2f f = − A1 

[2 marks] 

(b) 

M1A1A1 

Note: Award M1 for an attempt to apply any vertical stretch or vertical translation, 
A1 for a correct horizontal line segment between −4 and 0 
(located roughly at 3y = ),  
A1 for a correct concave down parabola including max point at (2,4) and for 
correct end points at (0,3) and (6,0) (within circles). Points do not need to be 
labelled. 

[3 marks] 
Total [5 marks] 

2. (a) 43 10  OR  30000 (km)  (accept 43 10 ) A1 
[1 mark] 

(b) ( )
344

π 3 10
3

  OR ( )
34

π 30000
3

(A1) 

124
π 27 10

3
=   ( )( )12π 36 10=  OR 

4
π 27000000000000

3
=  (A1) 

( )13π 3.6 10=  (km3) OR 3.6, 13a k= = A1 

 [3 marks] 
Total [4 marks] 
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3. METHOD 1 (finding 1u first, from S8)

( )14 8 8u + =   (A1) 

1 6u = − A1 

1 7 8u d+ = OR ( )14 2 7 8u d+ = (may be seen with their value of 1u ) (A1) 

attempt to substitute their 1u (M1) 

2d = A1 

METHOD 2 (solving simultaneously) 

1 7 8u d+ =   (A1) 

( )14 8 8u + = OR ( )14 2 7 8u d+ = OR  1 3u d= −  (A1) 

attempt to solve linear or simultaneous equations (M1) 

1 6, 2u d= − =  A1A1 

 [5 marks] 

4. (a) attempt to use definition of outlier 

31.5 20 Q +  (M1) 

1.5 20 75U +  ( 45U  , accept )45U   OR 31.5 20 75Q + = A1 

minimum value of 45U =  A1 

 [3 marks] 

(b) attempt to use interquartile range (M1) 
20U L− =  (may be seen in part (a)) OR 25L   (accept 25L  ) 

minimum value of 25L =  A1 

 [2 marks] 
Total [5 marks] 
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5. (a) ( ) ( )2f x x h = − − A1 

[1 mark] 

(b) ( ) 2exg x − = OR ( ) 3 23 eg − =  (may be seen anywhere) A1 

Note: The derivative of g  must be explicitly seen, either in terms of x  or 3. 

recognizing ( ) ( )3 3f g = (M1) 

( ) ( )3 22 3 e  h e−− − = =

6 2 eh− + =   OR  
e

3
2

h− = − A1 

Note: The final A1 is dependent on one of the previous marks being awarded. 

e 6

2
h

+
= AG 

[3 marks] 

(c) ( ) ( )3 3f g= (M1) 

( )
2 3 23 2 eh k k−− − + = +

correct equation in k

EITHER 

2
3 2e 6

3 2 e
2

k k−+ 
− − + = + 
 

A1 

2 2
6 e 6 e

e e
2 2

k
− − −   

= + +   


 
=

   



A1 

OR 

2
e 6

e 3
2

k
+ 

= + − 
 

A1 

2e 12e 36
e 9 3e 18

4
k

+ +
= + − − + A1 

THEN 
2e

e
4

k = + AG 

[3 marks] 
Total [7 marks] 
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6. (a)
Note: Do not award the final A1 for proofs which work from both sides to find a 

common expression other than 22sin cos 2sinx x x− . 

METHOD 1 (LHS to RHS) 
attempt to use double angle formula for sin 2x  or cos2x M1 
LHS= 2sin cos cos2 1x x x+ −  OR 

2sin 2 1 2sin 1x x+ − − OR 
22sin cos 1 2sin 1x x x+ − −

22sin cos 2sinx x x= − A1 
sin 2 cos 2 1 2sin (cos sin )x x x x x+ − = − =RHS AG 

METHOD 2 (RHS to LHS) 
RHS 22sin cos 2sinx x x= −

attempt to use double angle formula forsin 2x  or cos2x M1 
2sin 2 1 2sin 1x x= + − − A1 

sin 2 cos2 1x x= + − =LHS AG 
[2 marks] 

(b) attempt to factorise M1 

( )(cos sin ) 2sin 1 0x x x− + =  A1 

recognition of 
sin

cos sin tan 1
cos

x
x x x

x
=  = = OR 

1
sin

2
x = − (M1) 

one correct reference angle seen anywhere, accept degrees (A1) 
π

4
 OR 

π

6
(accept 

π 7π
,

6 6
− ) 

Note: This (M1)(A1) is independent of the previous M1A1. 

7π 11π π 5π
, , ,

6 6 4 4
x = A2 

Note: Award A1 for any two correct (radian) answers. 
Award A1A0 if additional values given with the four correct (radian) answers. 

Award A1A0 for four correct answers given in degrees. 

[6 marks] 
Total [8 marks] 
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7. (a) METHOD 1 (discriminant)  
2 2 9mx mx mx− = −  (M1) 
2 3 9 0mx mx− + =

recognizing 0 = (seen anywhere) M1 

( ) ( )( )
2

3 4 9m m = − −     (do not accept only in quadratic formula for x ) A1 

valid approach to solve quadratic for m (M1) 

( )9 4 0m m− = OR  
236 36 4 9 0

2 9
m

 −  
=



both solutions 0,4m = A1 

0m  with a valid reason R1 
the two graphs would not intersect OR 0 9 −

4m = AG 

METHOD 2 (equating slopes) 
2 2 9mx mx mx− = − (seen anywhere) (M1) 

( ) 2 2f x mx m = − A1 

equating slopes, ( )f x m =   (seen anywhere) M1 

2 2mx m m− =
3

2
x = A1 

substituting their x value (M1) 
2

3 3 3
2 9

2 2 2
m m m 
−  =  − 

 

9 12 6
9

4 4 4
m m m− = − A1 

9
9

4

m−
= −

4m = AG 

continued… 
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Question 7(a) continued 

METHOD 3 (using 
2

b

a

−
) 

2 2 9mx mx mx− = − (M1) 
2 3 9 0mx mx− + =

attempt to find x -coord of vertex using 
2

b

a

−
(M1) 

( )3

2

m

m

− −
A1 

3

2
x = A1 

substituting their x value (M1) 
2

3 3
3 9 0

2 2
m m

 
−  + = 

 

9 9
9 0

4 2
m m− + = A1 

9 36m− = −

4m = AG 

[6 marks] 

(b) ( )4 2x x − (A1) 

0p =  and 2q = OR 2p = and 0q =  A1 
[2 marks] 

(c) attempt to use valid approach (M1) 
0 2

2

+
, 

( )8

2 4

− −


, ( )1f , 8 8 0x− =  OR ( ) ( )( )224 2 1 1 4 1 4x x x− + − = − −

1,  4h k= = − A1A1 
[3 marks] 

(d) EITHER

recognition x h=  to 2 (may be seen on sketch) (M1) 

OR 

recognition that ( ) 0f x   and ( ) 0f x   (M1) 

THEN 

1 2x  A1A1 

Note: Award A1 for two correct values, A1 for correct inequality signs. 
[3 marks] 

Total [14 marks] 
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8. (a) attempt to use quotient or product rule (M1) 

( )( )

( )

4 3

24

1
ln 4

d

d

x x x
y x
x x

 
− 

 = OR  ( )( ) ( )5 4 1
ln 4x x x

x
− −  

− +  
 

A1 

correct working A1 

( )3

8

1 4lnx x

x

−
=   OR  cancelling 3x OR 

5 5

4ln 1x

x x

−
+

5

1 4ln x

x

−
= AG 

[3 marks] 

(b) 
d

( ) 0
d

y
f x

x
 = = (M1) 

5

1 4ln
0

x

x

−
=

1
ln

4
x = (A1) 

1
4ex = A1 

substitution of their x  to find  y (M1) 
1

4

41

4

ln e

e

y =
 
 
 

11 1
e

4e 4
− 

= = 
 

A1 

1

4
1

P e ,
4e

 
 
 

[5 marks] 

continued… 
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Question 8 continued 

(c) 

1
1 4
4

61
4

20ln e 9
e

e

f
  −
 = 

  
 
 

(M1) 

1.5 1.5

5 9 4
   

e e

−  
= = − 

 
A1 

which is negative R1 

hence  P is a local maximum AG 

Note: The R1 is dependent on the previous A1 being awarded. 

[3 marks] 

(d) ln 0x  (A1) 

1x  A1 
[2 marks] 

(e) 

A1A1A1 

Note: Award A1 for one x -intercept only, located at 1 
A1 for local maximum, P , in approximately correct position 
A1 for curve approaching x -axis as x →  (including change in concavity). 

 [3 marks] 
Total [16 marks] 



– 16 – M21/5/MATHX/SP1/ENG/TZ1/XX/M 

9. (a) recognising probabilities sum to 1 (M1) 
1

1
2

p p p p+ + + =

2

7
p = A1 

[2 marks] 

(b) valid attempt to find E( )X  (M1) 

( )
1

1 2 3 4 8
2

p p p p p +  +  +  =

16
E( )

7
X = A1 

[2 marks] 

(c) (i) 0 1r  A1 

(ii) attempt to find a value of q (M1) 

0 1 3 1q −    OR  
1

0
3

r q=  =  OR  1 0r q=  =

1
0

3
q  A1 

[3 marks] 

(d) ( )ORE( ) 1 2 3 4 2 2 4 6Y q q q r r q=  +  +  +  = + − (A1) 

one correct boundary value A1 

( )
1 1 1

1 2 3 4 0 2
3 3 3

 +  +  +  = OR 

( )1 0 2 0 3 0 4 1 4 +  +  +  = OR 

( )2 2(0) 2+ = OR 

( )2 2(1) 4+ = OR 

( )4 6(0) 4− = OR ( )
1

4 6 2
3

 
− = 

 

2 E( ) 4Y  A1 
[3 marks] 

continued… 
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Question 9 continued 

(e) METHOD 1

evidence of choosing at least four correct outcomes from 
1&2, 1&3, 1&4, 2&3, 2&4, 3&4 (M1) 

6 6

7 7
q r+  OR 3 3pq pr+  OR ( ) ( ) ( )1 3 1 3 1 3pq pq p q pq p q p q+ + − + + − + −  (A1) 

solving for either q or r M1 
6 1

( 1 3 )
7 2

q q+ − = OR   
6 1 1

7 3 2

r
r

− 
+ = 

 
  OR  ( )

1
3 3 1 3

2
pq p q+ − =

OR 
1 1

3 3
3 2

r
p pr

− 
+ = 

 
 

EITHER  two correct values 
5

24
q = and

3

8
r = A1A1 

OR one correct value 
5

24
q = OR 

3

8
r = A1 

substituting their value for q or r A1 
5

4 6
24

 
−  

 
OR 

3
2 2

8
 

+  
 

THEN 

11
E( )

4
Y = A1 

[6 marks] 

continued… 
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Question 9 continued 

METHOD 2 (solving for E( )Y ) 
evidence of choosing at least four correct outcomes from 
1&2, 1&3, 1&4, 2&3, 2&4, 3&4 (M1) 

6 6

7 7
q r+  OR 3 3pq pr+  OR ( ) ( ) ( )1 3 1 3 1 3pq pq p q pq p q p q+ + − + + − + −  (A1) 

rearranging to make q  the subject M1 

4 E( )

6

Y
q

−
=

( )
1

3 3 1 3
2

pq p q+ − = M1 

6 4 E( ) 6 4 E( ) 1
1 3

7 6 7 6 2

Y Y−  −    
 + − =    
    

A1 

( )2 E( ) 1 1

7 2

Y −
=

11
E( )

4
Y = A1 

[6 marks] 
Total [16 marks] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  r .

diagram not to scale

1
O

B

A

r

Points  A  and  B  lie on the circumference of the circle, and ˆAOB = 1 radian .

The perimeter of the shaded region is  12. 

(a) Find the value of  r . [3]

(b) Hence, find the exact area of the non-shaded region. [3]
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Turn over

2. [Maximum mark: 4]

Consider two consecutive positive integers,  n  and  n + 1 .

Show that the difference of their squares is equal to the sum of the two integers.
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3. [Maximum mark: 6]

(a) Show that the equation  2 cos2 x + 5 sin x = 4  may be written in the form 
2 sin2 x - 5 sin x + 2 = 0 . [1]

(b) Hence, solve the equation  2 cos2 x + 5 sin x = 4 ,  0 ≤ x ≤ 2π . [5]
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Turn over

4. [Maximum mark: 5]

In the expansion of  (x + k)7, where  k ∈  , the coefficient of the term in  x5  is 63 .

Find the possible values of  k .
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5. [Maximum mark: 9]

Consider the function  f  defined by  f (x) = ln (x2 - 16)  for  x > 4 . 

The following diagram shows part of the graph of  f  which crosses the  x-axis at point  A, with 
coordinates (a, 0).The line  L  is the tangent to the graph of  f  at the point B. 

B

x = 4

L

f

x

y

A(a, 0)

(a) Find the exact value of  a . [3]

(b) Given that the gradient of  L  is 
1

3
, find the  x-coordinate of B. [6]
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Turn over

6. [Maximum mark: 7]

The following diagram shows triangle ABC, with AB = 10 , BC = x and  AC = 2x .

diagram not to scale

10 B

C

x

2x

A

Given that 
3ˆcos C
4

= , find the area of the triangle.

Give your answer in the form 
2

p q
 where  p , q ∈ + .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 14]

A large school has students from Year 6 to Year 12.

A group of 80 students in Year 12 were randomly selected and surveyed to find out how 
many hours per week they each spend doing homework. Their results are represented by 
the following cumulative frequency graph.
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(This question continues on the following page)

12EP08



– 9 –

M21/5/MATHX/SP1/ENG/TZ2/XX

2221 – 7114

Turn over

Do not write solutions on this page.

(Question 7 continued)

(a) Find the median number of hours per week these Year 12 students spend  
doing homework. [2]

(b) Given that 10 % of these Year 12 students spend more than  k  hours per week doing 
homework, find the value of  k . [3]

This same information is represented by the following table.  

Hours (h) spent 
doing homework 2 < h ≤ 7 7 < h ≤ 15 15 < h ≤ 21 21 < h ≤ 24

Frequency 4 p 16 q

(c) Find the value of  p  and the value of  q . [4]

There are 320 students in Year 12 at this school.

(d) Estimate the number of Year 12 students that spend more than 15 hours each week 
doing homework. [3]

(e) (i)  Explain why this sampling method might not provide an accurate representation 
of the amount of time all of the students in the school spend doing homework.

(ii) Suggest a more appropriate sampling method. [2]
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8. [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 6 + 6 cos x , for  0 ≤ x ≤ 4π .

The following diagram shows the graph of  y =  f (x) .

A B
x

y

f

The graph of  f  touches the  x-axis at points A and B, as shown. The shaded region is 
enclosed by the graph of  y =  f (x)  and the  x-axis, between the points A and B.

(a) Find the  x-coordinates of A and B. [3] 

(b) Show that the area of the shaded region is 12π . [5]

The right cone in the following diagram has a total surface area of 12π , equal to the shaded 
area in the previous diagram.

The cone has a base radius of 2, height  h , and slant height  l .

diagram not to scale

l
h

2

(c) Find the value of  l . [3]

(d) Hence, find the volume of the cone. [4]
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9. [Maximum mark: 14]

Particle A travels in a straight line such that its displacement,  s  metres, from a fixed origin 
after  t  seconds is given by  s (t) = 8t - t2 , for  0 ≤ t ≤ 10 , as shown in the following diagram.

t

s

Particle A starts at the origin and passes through the origin again when  t = p .

(a) Find the value of  p . [2]

Particle A changes direction when  t = q .

(b) (i)  Find the value of  q .

(ii) Find the displacement of particle A from the origin when  t = q . [4]

(c) Find the distance of particle A from the origin when  t = 10 . [2]

The total distance travelled by particle A is given by  d . 

(d) Find the value of  d . [2]

A second particle, particle B, travels along the same straight line such that its velocity is given 
by  v (t) = 14 - 2t , for  t ≥ 0 .

When  t = k , the distance travelled by particle B is equal to  d .

(e) Find the value of  k . [4] 
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen 
or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent
parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners
are asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written as 

.  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left 

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any  
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless an
explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) minor arc AB has length r (A1) 

recognition that perimeter of shaded sector is 3r (A1) 

3 12r =  

4r =   A1 

[3 marks] 

(b) EITHER

( )ˆ2π AOB 2π 1 = − = − (M1) 

Area of non-shaded region ( )( )21
2π 1 4

2
= − (A1) 

OR 

area of circle - area of shaded sector (M1) 

21
16π 1 4

2
 

−   
 

(A1) 

THEN 

area 16π 8= − ( )( )8 2π 1= −  A1 

[3 marks] 

Total [6 marks] 
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2. attempt to subtract squares of integers (M1) 

( )
2 21n n+ −

EITHER 

correct order of subtraction and correct expansion of ( )
2

1n + , seen anywhere A1A1 

( )2 22 1 2 1n n n n= + + − = +

OR  

correct order of subtraction and correct factorization of difference of squares A1A1 

( )( )( )1 1 2 1n n n n n= + − + + = +

THEN 

1n n= + + =RHS A1 

Note:  Do not award final A1 unless all previous working is correct. 

which is the sum of n  and 1n+ AG 

Note:  If expansion and order of subtraction are correct, award full marks for 
candidates who find the sum of the integers as 2 1n+  and then show that 
the difference of the squares (subtracted in the correct order) is  2 1n+  .  

[4 marks] 
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3. (a) METHOD 1 

correct substitution of 2 2cos 1 sinx x= − A1 

( )22 1 sin 5sin 4x x− + =

22sin 5sin 2 0x x− + = AG 

METHOD 2 

correct substitution using double-angle identities A1 

( )22cos 1 5sin 3x x− + =

21 2sin 5sin 3x x− + =

22sin 5sin 2 0x x− + = AG 

[1 mark] 

continued… 
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Question 3 continued 

(b) EITHER

attempting to factorise M1 

( )( )2sin 1 sin 2x x− −  A1 

OR 

attempting to use the quadratic formula M1 

25 5 4 2 2 5 3
sin

4 4
x

 −    
= = 

 
A1 

THEN 

1
sin

2
x = (A1) 

π 5π
,

6 6
x = A1A1 

[5 marks] 

Total [6 marks] 
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4. EITHER

attempt to use the binomial expansion of ( )
7

x k+ (M1) 

7 7 0 7 6 1 7 5 2
0 1 2 ...C x k C x k C x k+ + + (or 7 7 0 7 5 1 7 5 2

0 1 2 ...C k x C k x C k x+ + + ) 

identifying the correct term 7 5 2
2C x k (or 7 2 5

5C k x ) (A1) 

OR 

attempt to use the general term 7 7r r
rC x k − (or 7 7r r

rC k x − ) (M1) 

2r =  (or 5r = ) (A1) 

THEN 

7
2 21C =  (or 7

5 21C = ) (seen anywhere) (A1) 

5 2 521 63x k x= 2(21 63k = , 2 3)k = A1 

3k =  A1 

Note:  If working shown, award M1A1A1A1A0 for 3k = . 

[5 marks] 
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5. (a) ( )2ln 16 0x − = (M1) 

( )0 2e 16 1x= − =

2 17x =  OR 17x =  (A1) 

17a = A1 

[3 marks] 

(b) attempt to differentiate (must include 2x  and/or
2

1

16x −
) (M1) 

( ) 2

2
16

x
f x

x
 =

−
A1 

setting their derivative 
1
3

= M1 

2

2 1
16 3

x

x
=

−

2 16 6x x− = OR 2 6 16 0x x− − = (or equivalent) A1 

valid attempt to solve their quadratic (M1) 

8x = A1 

Note:  Award A0 if the candidate’s final answer includes additional solutions 

(such as 2, 8x = − ). 

[6 marks] 

Total [9 marks] 
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6. METHOD 1

attempt to use the cosine rule to find the value of x (M1) 

( )( )2 2 3
100 4 2 2  

4
x x x x  

= + −  
 

A1 

22 100x =

2 50x = OR ( )50 5 2x = = A1 

attempt to find ˆsinC  (seen anywhere) (M1) 

2
2 3ˆsin 1

4
C  
+ = 
 

 OR 2 2 23 4x + = or right triangle with side 3 and hypotenuse 4 

7ˆsin
4

C = (A1) 

Note:  The marks for finding ˆsinC may be awarded independently of the first 
three marks for finding x . 

correct substitution into the area formula using their value of x  (or 2x ) and their 

value of ˆsinC (M1) 

1 7
5 2 10 2

2 4
A =    or 

1 7
50 2 50

2 4
A =   

25 7

2
A = A1 

continued… 
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Question 6 continued 

METHOD 2 

attempt to find the height, h , of the triangle in terms of x (M1) 
2

2 23

4
h x x 
+ = 
 

OR 
2

2 25
10

4
h x 
+ = 
 

 OR 
7

4
h x= A1 

equating their expressions for either 2h or h (M1) 
2 2

2 23 5
10

4 4
x x x   
− = −   
   

 OR 225 7
100

16 4
x x− = (or equivalent) A1 

2 50x =  OR ( )50 5 2x = = A1 

correct substitution into the area formula using their value of x  (or 2x ) (M1) 

1 7
2 50 50

2 4
A =   OR ( )1 7

2 5 2 5 2
2 4

A
 

=   
 

25 7

2
A = A1 

Total [7 marks] 
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Section B 

7. (a) evidence of median position (M1) 

40 students 

median 14 (hours)=  A1 

[2 marks] 

(b) recognizing there are 8 students in the top 10% (M1) 

72 students spent less than k hours (A1) 

18 (hours)k = A1 

[3 marks] 

(c) 15 hours is 60 students OR 60 4p = −  (M1) 

56p = A1 

21 hours is 76 students OR 80 76q = −  OR 80 4 56 16q = − − − (A1) 

4q = A1 

[4 marks] 

(d) 20 of the 80 students OR
1
4

 spend more than 15 hours doing homework (A1) 

20
80 320

x
= OR 

1
320

4
  OR 4 20  (A1) 

80 (students) A1 

[3 marks] 

(e) (i) only year 12 students surveyed OR amount of homework might be different for 
different year levels R1 

(ii) stratified sampling OR survey students in all years R1 

[2 marks] 

Total [14 marks] 
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8. (a) 6 6cos 0x+ = (or setting their ( ) 0f x = ) (M1) 

 cos 1x = −  (or sin 0x = ) 

π, 3πx x= = A1A1 

[3 marks] 

(b) attempt to integrate ( )
3π

π

6 6cos dx x+ (M1) 

 
3π

π
6 6sinx x= + A1A1 

substitute their limits into their integrated expression and subtract (M1) 

( ) ( )18π 6sin3π 6π 6sin π= + − +

( )( ) ( )6 3π 0 6π 0= + − +  ( )18π 6π= −  A1 

area 12π=  AG 

[5 marks] 

continued… 
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Question 8 continued 

(c) attempt to substitute into formula for surface area (including base) (M1) 

( ) ( )( )2π 2 π 2 12πl+ =  (A1) 

4π 2π 12πl+ =

2π 8πl =

4l =  A1 

[3 marks] 

(d) valid attempt to find the height of the cone (M1) 

e.g. ( )
22 22 theirh l+ =  

( )12 2 3h = = (A1) 

attempt to use 21
3

V r h= with their values substituted M1 

( )( )21
π 2 12

3
 
 
 

4π 12 8π 3 8π
volume

3 3 3

 
= = =  

 
A1 

[4 marks] 

Total [15 marks] 
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9. (a) setting ( ) 0s t = (M1) 

28 0t t− =

( )8 0t t− =

8p =   (accept 8t = , ( )8,0 ) A1 

Note:  Award A0 if the candidate’s final answer includes additional solutions 

(such as 0, 8p = ). 

[2 marks] 

(b) (i) recognition that when particle changes direction 0v =  OR local maximum on 
graph of s OR vertex of parabola (M1) 

4q =   (accept 4t = ) A1 

(ii) substituting their value of q into ( )s t OR integrating ( )v t from 0t =  to 4t = (M1) 

displacement 16=  (m) A1 

[4 marks] 

(c) ( )10 20s = − OR ( )distance= s t OR integrating ( )v t from 0t =  to 10t = (M1) 

distance=20 (m) A1 

[2 marks] 

(d) 16 forward + 36 backward OR 16 16 20+ +  OR ( )
10

0

v t dt (M1) 

=52d  (m) A1 

[2 marks] 

continued… 
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Question 9 continued 

(e) METHOD 1

graphical method with triangles on ( )v t graph M1 

( )2
49

2

x x 
+  
 

(A1) 

249 52x+ = , 3x = (A1) 

7 3k = + A1 

[4 marks] 

METHOD 2 

recognition that ( )distance= dv t t M1 

( ) ( )
7

0 7

14 2 d 2 14 d
k

t t t t− + − 

72 2

0 7
14 14

k
t t t t   − + −    (A1) 

( ) ( ) ( )( )( )2 2 214 7 7 14 7 14 7 52k k− + − − − = (A1) 

7 3k = + A1 

[4 marks] 

Total [14 marks] 
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Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 6]

Le diagramme suivant montre un cercle de centre  O  et de rayon  r .

le diagramme n’est pas à l’échelle

1
O

B

A

r

Les points  A  et  B  se situent sur la circonférence du cercle et ˆAOB = 1 radian .

Le périmètre de la région grisée est  12. 

(a) Trouvez la valeur de  r . [3]

(b) À partir de là, trouvez l’aire exacte de la région qui n’est pas grisée. [3]
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2. [Note maximale : 4]

Considérez deux entiers positifs consécutifs,  n  et  n + 1 .

Montrez que la différence de leurs carrés est égale à la somme de ces deux entiers.
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3. [Note maximale : 6]

(a) Montrez que l’équation  2 cos2 x + 5 sin x = 4  peut s’écrire sous la forme 
2 sin2 x - 5 sin x + 2 = 0 . [1]

(b) À partir de là, résolvez l’équation  2 cos2 x + 5 sin x = 4 ,  0 ≤ x ≤ 2π . [5]
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4. [Note maximale : 5]

Dans le développement de  (x + k)7, où  k ∈  , le coefficient du terme en  x5  est 63 .

Trouvez les valeurs possibles de  k .
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5. [Note maximale : 9]

Considérez la fonction  f  définie par  f (x) = ln (x2 - 16)  pour  x > 4 .

Le diagramme suivant montre une partie de la représentation graphique de  f  qui coupe l’axe 
des abscisses au point  A, dont les coordonnées sont ( a ;  0 ). La droite  L  est la tangente à la 
représentation graphique de  f  au point  B. 

B

x = 4

L

f

x

y

A(a, 0)

(a) Trouvez la valeur exacte  a . [3]

(b) Étant donné que la pente de  L  est 
1

3
, trouvez l’abscisse de B. [6]
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Tournez la page

6. [Note maximale : 7]

Le diagramme suivant montre le triangle ABC, avec AB = 10 ,  BC = x  et  AC = 2x .

le diagramme n’est pas à l’échelle

10 B

C

x

2x

A

Étant donné que 
3ˆcos C
4

= , trouvez l’aire du triangle.

Donnez votre réponse sous la forme 
2

p q
, où  p , q ∈ + .
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 14]

Un grand établissement scolaire accueille des élèves de la 6e à la 12e année.

Un groupe de 80 élèves de 12e année ont été choisis au hasard et ont été questionnés afin 
de savoir combien d’heures par semaine ils consacrent à leurs devoirs. Les résultats sont 
représentés par la courbe des effectifs cumulés suivante.

2 4 6 8 10 12 14 16 18 20 22 24
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Nombre d’heures

(Suite de la question à la page suivante)
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Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 7)

(a) Trouvez la médiane du nombre d’heures par semaine que ces élèves de 12e année 
consacrent à leurs devoirs. [2]

(b) Étant donné que 10 % de ces élèves de 12e année consacrent plus de  k  heures par 
semaine à leurs devoirs, trouvez la valeur de  k . [3]

Ces mêmes informations sont représentées par le tableau suivant.

Heures (h) consacrées 
aux devoirs 2 < h ≤ 7 7 < h ≤ 15 15 < h ≤ 21 21 < h ≤ 24

Effectif 4 p 16 q

(c) Trouvez la valeur de  p  et la valeur de  q . [4]

Il y a 320 élèves en 12e année dans cet établissement scolaire.

(d) Estimez le nombre d’élèves de 12e année qui consacrent plus de 15 heures par 
semaine à leurs devoirs. [3]

(e) (i)  Expliquez pourquoi cette technique d’échantillonnage pourrait ne pas fournir 
une représentation précise du temps que tous les élèves de l’établissement 
scolaire consacrent à leurs devoirs.

(ii) Suggérez une technique d’échantillonnage plus appropriée. [2]
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N’écrivez pas vos solutions sur cette page. 

8. [Note maximale : 15]

Considérez la fonction  f  définie par  f (x) = 6 + 6 cos x , pour  0 ≤ x ≤ 4π .

Le diagramme suivant montre la représentation graphique de  y =  f (x) .

A B
x

y

f

La représentation graphique de  f  touche l’axe des abscisses aux points A et B, tel que 
montré dans le diagramme. La région grisée est délimitée par la représentation graphique 
de  y =  f (x)  et par l’axe des abscisses, entre les points A et B.

(a) Trouvez les abscisses de A et B. [3] 

(b) Montrez que l’aire de la région grisée est 12π . [5]

(Suite de la question à la page suivante)
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Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 8)

L’aire de la surface totale du cône droit dans le diagramme suivant est 12π , ce qui est égal à 
l’aire de la région grisée dans le diagramme précédent.

Le rayon de la base du cône est 2, sa hauteur est  h , et son apothème (sa hauteur oblique) est  l .

le diagramme n’est pas à l’échelle

l
h

2

(c) Trouvez la valeur de  l . [3]

(d) À partir de là, trouvez le volume du cône. [4]
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N’écrivez pas vos solutions sur cette page.

9. [Note maximale : 14]

La particule A se déplace en ligne droite de telle sorte que son déplacement,  s  mètres, à 
partir d’une origine fixe après  t  secondes est donné par  s (t) = 8t - t2 , pour  0 ≤ t ≤ 10 , tel 
que montré dans le diagramme suivant.

t

s

La particule A part de l’origine et passe de nouveau par l’origine lorsque  t = p .

(a) Trouvez la valeur de  p . [2]

La particule A change de direction lorsque  t = q .

(b) (i)  Trouvez la valeur de  q .

(ii) Trouvez le déplacement de la particule A à partir de l’origine lorsque  t = q . [4]

(c) Trouvez la distance parcourue par la particule A à partir de l’origine lorsque  t = 10 . [2]

La distance totale parcourue par la particule A est donnée par  d . 

(d) Trouvez la valeur de  d . [2]

Une deuxième particule, la particule B, se déplace le long de la même ligne droite de telle 
sorte que sa vitesse algébrique est donnée par  v (t) = 14 - 2t , pour  t ≥ 0 .

Lorsque  t = k , la distance parcourue par la particule B est égale à  d .

(e) Trouvez la valeur de  k . [4] 
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Kreis mit Mittelpunkt  O  und Radius  r .

Zeichnung nicht maßstabsgerecht

1
O

B

A

r

Die Punkte  A  und  B  liegen auf der Kreislinie des Kreises, und im Bogenmaß beträgt der 

Winkel ˆAOB = 1 radian.

Der Umfang der schattierten Fläche ist  12. 

(a) Finden Sie den Wert von  r . [3]

(b) Finden Sie unter Nutzung der Vorarbeit den Flächeninhalt der nichtschattierten Fläche. [3]
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Bitte umblättern

2. [Maximale Punktzahl: 4]

Betrachten Sie zwei aufeinanderfolgende positive ganze Zahlen  n  und  n + 1 .

Zeigen Sie, dass die Differenz ihrer Quadrate gleich der Summe dieser beiden ganzen Zahlen ist.
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3. [Maximale Punktzahl: 6]

(a) Zeigen Sie, dass die Gleichung  2 cos2 x + 5 sin x = 4  sich in der Form 
2 sin2 x - 5 sin x + 2 = 0  darstellen lässt. [1]

(b) Lösen Sie unter Nutzung der Vorarbeit die Gleichung  2 cos2 x + 5 sin x = 4 ,  0 ≤ x ≤ 2π . [5]
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4. [Maximale Punktzahl: 5]

In der Entwicklung von  (x + k)7, mit  k ∈  , ist der Koeffizient des  x5-Terms 63 .

Finden Sie die möglichen Werte von  k .
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5. [Maximale Punktzahl: 9]

Betrachten Sie die Funktion  f  mit  f (x) = ln (x2 - 16)  für  x > 4 .

Das folgende Diagramm zeigt einen Teil des Graphen von  f , der die  x-Achse im Punkt  A  
mit Koordinaten ( a ,  0 ) schneidet. Die Gerade  L  ist die Tangente an den Graphen von  f  
im Punkt  B. 

L

f

x

y

B

x = 4

A(a, 0)

(a) Finden Sie den genauen Wert von  a . [3]

(b) Die Steigung von  L  ist 
1

3
. Finden Sie damit die  x-Koordinate von B. [6]
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6. [Maximale Punktzahl: 7]

Die folgende Zeichnung zeigt das Dreieck ABC, mit AB = 10 ,  BC = x  und  AC = 2x .

Zeichnung nicht maßstabsgerecht

10 B

C

x

2x

A

Es gilt: 
3ˆcos C
4

= . Finden Sie damit den Flächeninhalt des Dreiecks.

Stellen Sie Ihre Antwort in der Form 
2

p q
 dar, mit  p , q ∈ + .
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

7. [Maximale Punktzahl: 14]

Eine große Schule hat Schüler von der 6. bis zur 12. Klasse.

Eine Gruppe von 80 Schülerinnen und Schülern der 12. Klasse wurde nach dem 
Zufallsprinzip ausgewählt und danach gefragt, wie viele Stunden pro Woche sie jeweils 
mit Hausaufgaben verbringen. Die Ergebnisse der Umfrage sind in der folgenden 
Häufigkeitsverteilungskurve dargestellt.

2 4 6 8 10 12 14 16 18 20 22 24
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Anzahl der Stunden

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 7)

(a) Finden Sie die mittlere Anzahl der Stunden pro Woche, welche die Schülerinnen und 
Schüler der 12. Klasse mit Hausaufgaben verbringen. [2]

(b) Von diesen Schülerinnen und Schülern der 12. Klasse verbringen 10 % mehr 
als  k  Stunden pro Woche mit Hausaufgaben. Finden Sie den Wert von  k . [3]

Dieselben Informationen sind in der folgenden Tabelle zusammengestellt:

Zeit für Hausaufgaben 
in Stunden (h) 2 < h ≤ 7 7 < h ≤ 15 15 < h ≤ 21 21 < h ≤ 24

Häufigkeit 4 p 16 q

(c) Finden Sie die Werte von  p  und  q . [4]

In dieser Schule gibt es 320 Schülerinnen und Schüler in der 12. Klasse.

(d) Schätzen Sie die Zahl der Schülerinnen und Schüler der 12. Klasse, die mehr als 
15 Stunden pro Woche mit Hausaufgaben verbringen. [3]

(e) (i)  Erklären Sie, warum diese Stichprobenmethode womöglich keine genaue 
Darstellung der Zeitdauer liefert, die alle Schülerinnen und Schüler in der Schule 
mit Hausaufgaben verbringen.

(ii) Schlagen Sie eine geeignetere Stichprobenmethode vor. [2]
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Schreiben Sie keine Lösungen auf diese Seite. 

8. [Maximale Punktzahl: 15]

Betrachten Sie die Funktion  f  mit  f (x) = 6 + 6 cos x , für  0 ≤ x ≤ 4π .

Das folgende Diagramm zeigt den Graphen von  y =  f (x) .

A B
x

y

f

Der Graph von  f  berührt die  x-Achse an den Punkten A und B, wie dargestellt. Die 
schattierte Fläche wird begrenzt vom Graphen von  y =  f (x) , der  x-Achse sowie den Punkten 
A und B.  

(a) Finden Sie die  x-Koordinaten von A und B. [3] 

(b) Zeigen Sie, dass der Inhalt der schattierten Fläche 12π  beträgt. [5]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)

12EP10



– 11 –

M21/5/MATHX/SP1/GER/TZ0/XX

2221 – 7129

Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 8)

Der senkrechte Kegel in der folgenden Zeichnung hat eine Gesamtoberfläche von 12π , wie 
die schattierte Fläche im vorherigen Diagramm.

Der Kegel hat einen Grundradius von 2, die Höhe  h  und die Höhe der Seitenlinie  l .

Zeichnung nicht maßstabsgerecht

l
h

2

(c) Finden Sie den Wert von  l . [3]

(d) Finden Sie unter Nutzung der Vorarbeit das Volumen des Kegels. [4]
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Schreiben Sie keine Lösungen auf diese Seite.

9. [Maximale Punktzahl: 14]

Der Körper A bewegt sich entlang einer Geraden so, dass für seine Entfernung  s  von 
einem festen Ursprung in Meter nach  t  Sekunden gilt:  s (t) = 8t - t2 , für  0 ≤ t ≤ 10 , wie im 
folgenden Schaubild dargestellt.

t

s

Der Körper A beginnt am Ursprung und durchläuft den Ursprung zum Zeitpunkt  t = p  erneut.

(a) Finden Sie den Wert von  p . [2]

Der Körper A ändert seine Richtung zum Zeitpunkt  t = q .

(b) (i)  Finden Sie den Wert von  q .

(ii) Finden Sie den Abstand des Körpers A vom Ursprung zum Zeitpunkt  t = q . [4]

(c) Finden Sie den Abstand des Körpers A vom Ursprung zum Zeitpunkt  t = 10 . [2]

Sei  d  die zurückgelegte Gesamtstrecke des Körpers A.

(d) Finden Sie den Wert von  d . [2]

Ein zweiter Körper B bewegt sich entlang der gleichen Geraden. Für seine Geschwindigkeit 
gilt:  v (t) = 14 - 2t , für  t ≥ 0 .

Zum Zeitpunkt  t = k  ist der von Körper B zurückgelegte Weg gleich  d .

(e) Finden Sie den Wert von  k . [4] 
 
Quellen:
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Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas

1. [Puntuación máxima: 6]

La siguiente figura muestra un círculo de centro  O  y radio  r .

la figura no está dibujada a escala

1
O

B

A

r

Los puntos  A  y  B  pertenecen a la circunferencia del círculo y ˆAOB = 1 radianradián.

El perímetro de la región sombreada es igual a  12. 

(a) Halle el valor de  r . [3]

(b) A partir de lo anterior, halle el área exacta de la región no sombreada. [3]
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2. [Puntuación máxima: 4]

Considere dos números enteros positivos consecutivos,  n  y  n + 1 .

Muestre que la diferencia de sus cuadrados es igual a la suma de esos dos enteros.
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3. [Puntuación máxima: 6]

(a) Muestre que la ecuación  2 cos2 x + 5 sen x = 4  se puede escribir en la forma 
2 sen2 x - 5 sen x + 2 = 0 . [1]

(b) A partir de lo anterior, resuelva la ecuación  2 cos2 x + 5 sen x = 4 ,  0 ≤ x ≤ 2π . [5]
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4. [Puntuación máxima: 5]

En el desarrollo de  (x + k)7, donde  k ∈  , el coeficiente del término en  x5  es 63 .

Halle los posibles valores de  k .
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5. [Puntuación máxima: 9]

Considere la función  f  que viene dada por  f (x) = ln (x2 - 16)  para  x > 4 .

La siguiente figura muestra una parte del gráfico de  f , que corta al eje  x  en el punto  A de 
coordenadas ( a ,  0 ). La recta  L  es la tangente al gráfico de  f  en el punto  B. 

B

x = 4

L

f

x

y

A(a, 0)

(a) Halle el valor exacto de  a . [3]

(b) Sabiendo que la pendiente de  L  es igual a  
1

3
, halle la coordenada  x  de B. [6]
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6. [Puntuación máxima: 7]

La siguiente figura muestra el triángulo ABC, donde AB = 10 ,  BC = x  y  AC = 2x .

la figura no está dibujada a escala

10 B

C

x

2x

A

Sabiendo que 
3ˆcos C
4

= , halle el área del triángulo.

Dé la respuesta en la forma 
2

p q
, donde  p , q ∈ + .
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 14]

Un colegio de gran tamaño tiene alumnos desde el curso 6 hasta el curso 12.

Se escogió aleatoriamente a un grupo de 80 alumnos del curso 12 y se les hizo una 
encuesta para saber cuántas horas a la semana dedica cada uno de ellos a hacer deberes. 
Los resultados obtenidos se representan en el siguiente gráfico de frecuencias acumuladas.
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(Esta pregunta continúa en la página siguiente)
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Véase al dorso

No escriba soluciones en esta página.

(Pregunta 7: continuación)

(a) Halle la mediana del número de horas a la semana que dedican estos alumnos del 
curso 12 a hacer deberes. [2]

(b) Sabiendo que el 10 % de estos alumnos del curso 12 dedican más de  k  horas a la 
semana a hacer deberes, halle el valor de  k . [3]

Esta misma información aparece representada en la siguiente tabla.  

Horas (h) dedicadas a 
hacer deberes 2 < h ≤ 7 7 < h ≤ 15 15 < h ≤ 21 21 < h ≤ 24

Frecuencia 4 p 16 q

(c) Halle el valor de  p  y el valor de  q . [4]

En este colegio hay 320 alumnos en el curso 12.

(d) Estime el número de alumnos del curso 12 que dedican cada semana más de 15 horas 
a hacer deberes. [3]

(e) (i)  Explique por qué es posible que este método de muestreo no ofrezca una 
representación precisa de la cantidad de horas que la totalidad de los alumnos 
de este colegio dedican a hacer deberes.

(ii) Sugiera un método de muestreo más apropiado. [2]
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8. [Puntuación máxima: 15]

Considere la función  f  que viene dada por  f (x) = 6 + 6 cos x , para  0 ≤ x ≤ 4π .

La siguiente figura muestra el gráfico de  y =  f (x) .

A B
x

y

f

El gráfico de  f  toca el eje  x  en los puntos A y B, tal y como se muestra en la figura.  
La región sombreada está delimitada por el gráfico de  y =  f (x)  y el eje  x , entre los puntos A y B.

(a) Halle las coordenadas  x  de A y B. [3] 

(b) Muestre que el área de la región sombreada es igual a 12π . [5]

(Esta pregunta continúa en la página siguiente)
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No escriba soluciones en esta página.

(Pregunta 8: continuación)

En la siguiente figura se muestra un cono recto. El área total de su superficie es 12π , igual 
que el área sombreada de la figura anterior.

En dicho cono, el radio de la base mide 2, la altura  h , y la generatriz  l .

la figura no está dibujada a escala

l
h

2

(c) Halle el valor de  l . [3]

(d) A partir de lo anterior, halle el volumen del cono. [4]
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9. [Puntuación máxima: 14]

La partícula A se mueve en línea recta, de modo tal que su desplazamiento ( s  metros) 
respecto a un origen fijo al cabo de  t  segundos viene dado por  s (t) = 8t - t2 , 
para  0 ≤ t ≤ 10 , tal y como se muestra en la siguiente figura.

t

s

La partícula A comienza en el origen y vuelve a pasar por el origen cuando  t = p .

(a) Halle el valor de  p . [2]

La partícula A cambia de sentido cuando  t = q .

(b) (i)  Halle el valor de  q .

(ii) Halle el desplazamiento de la partícula A respecto al origen cuando  t = q . [4]

(c) Halle a qué distancia del origen está la partícula A cuando  t = 10 . [2]

Sea  d  la distancia total que ha recorrido la partícula A.

(d) Halle el valor de  d . [2]

Una segunda partícula (la partícula B) se desplaza a lo largo de la misma recta, de modo tal 
que su velocidad viene dada por  v (t) = 14 - 2t , para  t ≥ 0 .

Cuando  t = k , la distancia que ha recorrido la partícula B es igual a  d .

(e) Halle el valor de  k . [4] 
 

Fuentes:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be
continued below the lines, if necessary.

1. [Maximum mark: 6]

(a) Find 6 7x x�� �� d . [3]

(b) Given  f ′(x) = 6x + 7  and  f (1.2) = 7.32 , find  f (x) . [3]
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2. [Maximum mark: 7]

The following table shows the data collected from an experiment.

x 3.3 6.9 11.9 13.4 17.8 19.6 21.8 25.3

y 6.3 8.1 8.4 11.6 10.3 12.9 13.1 17.3

The data is also represented on the following scatter diagram.

25

20

15

10

5

0 5 10 15 20 25 30

y

x

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b , where  a ,  b ∈  .

(a) Write down the value of  a  and the value of  b . [2]

(b) Use this model to predict the value of  y  when  x = 18 . [2]

(c) Write down the value of x  and the value of y . [1]

(d) Draw the line of best fit on the scatter diagram. [2]

(This question continues on the following page)
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(Question 2 continued)
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3. [Maximum mark: 6]

A company produces bags of sugar whose masses, in grams, can be modelled by a normal 
distribution with mean 1000 and standard deviation 3.5. A bag of sugar is rejected for sale if 
its mass is less than 995 grams.

(a) Find the probability that a bag selected at random is rejected. [2]

(b) Estimate the number of bags which will be rejected from a random sample of 100 bags. [1]

(c) Given that a bag is not rejected, find the probability that it has a mass greater than 
1005 grams. [3]
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4. [Maximum mark: 5]

A Ferris wheel with diameter 110 metres rotates at a constant speed. The lowest point on 
the wheel is 10 metres above the ground, as shown on the following diagram. P is a point on 
the wheel. The wheel starts moving with P at the lowest point and completes one revolution 
in 20 minutes.

diagram not to scale

110  m

10  m

P

The height,  h  metres, of  P  above the ground after  t  minutes is given by h (t ) = a cos (bt ) + c , 
where  a ,  b , c ∈  .

Find the values of  a ,  b  and  c .
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5. [Maximum mark: 6] 

A particle moves in a straight line. The velocity,  v ms-1 , of the particle at time  t  seconds is 
given by  v (t ) = t sin t - 3 , for  0 ≤ t ≤ 10 .

The following diagram shows the graph of  v .

2

0 2 4 6 8 10

−2

−4

−6

−8

4

6

v

t

(a) Find the smallest value of  t  for which the particle is at rest. [2]

(b) Find the total distance travelled by the particle. [2]

(c) Find the acceleration of the particle when  t = 7 . [2]
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6. [Maximum mark: 5]

Consider the expansion of  (3 + x2)n + 1 , where  n ∈ + . 

Given that the coefficient of  x4  is 20 412, find the value of  n .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 16]

Two friends Amelia and Bill, each set themselves a target of saving $20 000. They each have 
$9000 to invest. 

(a) Amelia invests her $9000 in an account that offers an interest rate of 7 % per annum 
compounded annually. 

(i) Find the value of Amelia’s investment after 5 years to the nearest hundred dollars.

(ii) Determine the number of years required for Amelia’s investment to reach the target. [5]

(b) Bill invests his $9000 in an account that offers an interest rate of  r % per annum 
compounded monthly, where  r  is set to two decimal places.

Find the minimum value of  r  needed for Bill to reach the target after 10 years. [3]

(c) A third friend Chris also wants to reach the $20 000 target. He puts his money in a safe 
where he does not earn any interest. His system is to add more money to this safe 
each year. Each year he will add half the amount added in the previous year. 

(i) Show that Chris will never reach the target if his initial deposit is $9000. 

(ii) Find the amount Chris needs to deposit initially in order to reach the target after 
5 years. Give your answer to the nearest dollar. [8]
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Do not write solutions on this page.

8. [Maximum mark: 14]

Two straight fences meet at point  A  and a field lies between them. 

A horse is tied to a post, P, by a rope of length  r  metres. Point D is on one fence and  
point E is on the other, such that  PD = PE = PA = r  and ˆDPE q== θ  radians. This is shown in 
the following diagram.

P

A

E

D
r

θ

r

r

The length of the arc  DE  shown in the diagram is 28 m. 

(a) Write down an expression for  r  in terms of  θ . [1]

(b) Show that the area of the field that the horse can reach is 
392

2�
� ��� �sin . [4]

(c) The area of field that the horse can reach is 460 m2. Find the value of θ . [2]

(d) Hence, find the size of ˆDAE . [2]

(This question continues on the following page)
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Do not write solutions on this page.

(Question 8 continued)

A new fence is to be constructed between points B and C which will enclose the field,  
as shown in the following diagram.

fence

800 m

C
B

A

N

Point C is due west of B and  AC = 800 m . The bearing of B from A is 195°.

(e) (i)  Find the size of ˆABC .

(ii) Find the length of new fence required. [5]

16EP13



– 14 –

M21/5/MATHX/SP2/ENG/TZ1/XX

2221 – 7110

Do not write solutions on this page.

9. [Maximum mark: 15]

Consider the function  f  defined by  f (x) = 90 e-0.5x  for  x ∈ + .

The graph of  f  and the line  y = x  intersect at point P. 

(a) Find the  x-coordinate of P. [2]

The line  L  has a gradient of -1 and is a tangent to the graph of  f  at the point Q.

(b) Find the exact coordinates of Q. [4]

(c) Show that the equation of  L  is  y = -x + 2 ln 45 + 2 . [2]

The shaded region  A  is enclosed by the graph of  f  and the lines  y = x  and  L .

y

x

A

P

Q

L

f

y x=

(d) (i)  Find the  x-coordinate of the point where  L  intersects the line  y = x . 

(ii) Hence, find the area of  A . [5]

(This question continues on the following page)
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(Question 9 continued)

The line  L  is tangent to the graphs of both  f  and the inverse function  f -1 .

y

x

L

f1f −

(e) Find the shaded area enclosed by the graphs of  f  and  f -1 and the line  L . [2]

References:
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =

M21/5/MATHX/SP2/ENG/TZ1/XX/M 
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   

M21/5/MATHX/SP2/ENG/TZ1/XX/M 
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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– 7 –

9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.

M21/5/MATHX/SP2/ENG/TZ1/XX/M 
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Section A 

1. (a) correct integration A1A1A1 

Note: Award A1 for , A1 for  and A1 for 

[3 marks] 
(b) recognition that (M1) 

 (A1) 
 

A1 
[3 marks] 

Total [6 marks] 

3x2 + 7x + c

23x 7x c+

( ) '( )df x f x x= ò

( ) ( )23 1.2 7 1.2 7.32c+ + =
5.4c = -

( ) 23 7 5.4f x x x= + -
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2. (a) ,  

,  A1A1 

 [2 marks] 

(b) attempt to substitute  into their equation (M1) 

 A1 
[2 marks] 

(c)  ,  A1 
[1 mark] 

(d) 

A1A1 

Note: Award marks as follows: 
A1 for a straight line going through  
A1 for intercepting the y-axis between their  (when 

their line is extended), which includes all the data for . 

If the candidate does not use a ruler, award A0A1 where appropriate. 

[2 marks] 
Total [7 marks] 

a = 0.433156... b = 4.50265...

0.433a = 4.50b =

x = 18

0.433 18 4.50y = ´ +

= 12.2994...

12.3=

15x = 11y =

(15,11)
b±1.5

3.3≤ x ≤ 25.3
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3. 
Note: In this question, do not penalise incorrect use of strict inequality signs. 

Let  = mass of a bag of sugar 

(a) evidence of identifying the correct area (M1) 

A1 
[2 marks] 

(b)  
A1 

[1 mark] 

Note: Accept 7.66. 

(c) recognition that  is required (M1) 

(A1) 

A1 

 [3 marks] 
Total [6 marks] 

X

P( X < 995) = 0.0765637...

= 0.0766

0.0766×100
≈ 8

P X >1005|X ≥ 995( )
P X ≥ 995∩ X >1005( )

P X ≥ 995( )

P( X >1005)
P( X ≥ 995)

0.0765637…
1− 0.0765637…

= 0.0765637…
0.923436…

⎛
⎝⎜

⎞
⎠⎟

= 0.0829
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4 . amplitude is  (A1) 

 A1 

 A1 

  OR (M1) 

A1 

Total [5 marks] 

5. (a) recognising  (M1)

 

 (sec) A1 

Note: Do not award A1 if additional values are given. 

[2 marks] 

(b)  OR  (A1) 

 (m) A1 
[2 marks] 

(c) recognizing acceleration at  is given by  (M1) 

acceleration 

 (ms-2) A1 
[2 marks] 

Total [6 marks] 

110 55
2

=

55a = -

65c =

2 20
b
p
= −55cos(20b)+ 65= 10

( )0.314
10

b p
= =

0v =

t = 6.74416...

= 6.74

( )
10

0
dv t tò − v(t)

0

6.74416...

∫ dt + v(t)
6.74416...

9.08837...

∫ dt − v(t)
9.08837...

10

∫ dt

= 37.0968...

37.1=

t = 7 ′v (7)

= 5.93430...

5.93=
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6. METHOD 1
product of a binomial coefficient, a power of 3 (and a power of ) seen (M1) 

evidence of correct term chosen (A1) 

 OR  

equating their coefficient to 20412 or their term to  (M1) 

EITHER 

 (A1) 

OR 

 (A1) 

THEN 

A1 

METHOD 2 

product of a binomial coefficient, and a power of  OR  seen (M1) 

evidence of correct term chosen (A1) 

equating their coefficient to 20412 or their term to  (M1) 

 (A1) 

 A1 

Total [5 marks] 

2x

n+1C
2
× 3n+1−2 × x2( )2

= n(n+1)

2
× 3n−1 × x4⎛

⎝⎜
⎞
⎠⎟

n− r = 1

420412x

n+1C
2
× 3n−1 = 20412

2 3 20412 6r r
rC r+ ´ = Þ =

7n =

3n+1 1+ x2

3

⎛
⎝⎜

⎞
⎠⎟

n+1

2

3
x 1

3

3n+1 × n(n+1)

2!
× x2

3

⎛
⎝⎜

⎞
⎠⎟

2

= 3n−1

2
n(n+1)x4⎛

⎝⎜
⎞
⎠⎟

420412x

3n−1 × n(n+1)

2
= 20412

7n =
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Section B 

7. (a) (i) EITHER

(A1) 

 (A1) 

OR 

  
 

 
  

 (A1) 
(A1) 

THEN 

 A1 

(ii) EITHER

 (A1) 

OR 

 
 
 

 
 (A1) 

THEN 

(years) A1 

 [5 marks] 

579000 1
100

æ ö´ +ç ÷
è ø

12622.965...

5n =
I% 7=
PV 9000= !
P/Y 1=
C/Y 1=
±12622.965...

($)12600

79000 1 20000
100

x
æ ö+ =ç ÷
è ø

I% 7=
PV 9000= !
FV 20000= ±
P/Y 1=
C/Y 1=

= 12
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(b) METHOD 1
attempt to substitute into compound interest formula (condone
absence of compounding periods) (M1) 

 

 (A1) 

(%) A1 

METHOD 2 

  
  
 

 
 

 (M1)(A1) 

Note:  Award M1 for an attempt to use a financial app in their 
technology, award A1 for ( ) 8.01170… 

(%) A1 

(c) (i) recognising geometric series (seen anywhere) (M1) 

    (A1) 

EITHER 

considering (M1) 

A1 

correct reasoning that  R1 

12 10

9000 1 20000
100 12
r ´

æ ö+ =ç ÷´è ø

8.01170...

8.02r =

10n =
PV 9000= ±
FV 20000= !
P/Y 1=
C/Y 12=
r = 8.01170...

r =

8.02r =

4500
9000

r =
1
2

æ ö=ç ÷
è ø

S∞

( )9000  18000
1 0.5

=
-

18000 20000<
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Note: Accept  only if  has been calculated. 

OR 
considering  for a large value of n,  (M1) 

Note: Award M1 only if the candidate gives a valid reason for 
choosing a value of n, where . 

correct value of  for their n A1 

valid reason why Chris will not reach the target, which involves their 
choice of n, their value of  and Chris’ age OR using two large 

values of n to recognize asymptotic behaviour of  as . R1 

Note: Do not award the R mark without the preceding A 
mark. 

THEN 
Therefore, Chris will never reach the target. AG 

(ii) recognising geometric sum M1 

(A1) 

 

 A1 
[8 marks] 

Total [16 marks] 

8. (a) A1 

[1 mark] 

(b) recognising sum of area of sector and area of triangle required (M1) 

A1 

  (substitution seen anywhere) A1 

  OR   A1 

S∞ < 20000 S∞

nS n ≥ 80

50 ≤ n < 80

S
n

S
n

S
n

n→∞

u
1

1− 0.55( )
0.5

= 20000

10322.58...

($)10323

28r
q

=

1

2
r 2θ + 1

2
r × r × sin π −θ( ) = r 2

2
(θ + sin(π −θ )

⎛
⎝⎜

⎞
⎠⎟

( )sin π sinq q- =

2 21 28 1 28 sin
2 2

q q
q q

æ ö æ ö+ç ÷ ç ÷
è ø è ø

1

2

28

θ
⎛
⎝⎜

⎞
⎠⎟

2

θ + sinθ( )
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area  AG 

[4 marks] 

(c) (M1) 

 A1 

 [2 marks] 

(d) OR  (M1) 

 
A1 

 [2 marks] 

(e) (i) (A1) 
 A1 

(ii) choosing sine rule (M1) 

 OR A1 

 A1 
[5 marks] 

Total [14 marks] 

( )2

392 sinq q
q

= +

( )2

392 sin 460q q
q

+ =

θ = 1.43917...

1.44q =

( )π π
2

q- -
2
q

DÂE=0.719588...
ˆDAE=0.720

ˆABC 195 180 90= - +
105= °

BC 800
ˆ sin105sin DAE

=
BC 800
ˆ sin1.83sin DAE

=

BC=546 (m)



– 17 – M21/5/MATHX/SP2/ENG/TZ1/XX/M 

9. (a) Attempt to find the point of intersection of the graph of  and the line  (M1) 
 

A1 

 [2 marks] 

(b)  A1 
attempt to set the gradient of  equal to (M1) 

Q has coordinates  (accept A1A1 

Note: Award A1 for each value, even if the answer is not given as a coordinate 
pair. 

Do not accept  as a final value for .  Do not accept 2.0 or 

2.00 as a final value for .

 [4 marks] 

(c) attempt to substitute coordinates of Q (in any order)
into an appropriate equation (M1) 

 OR A1 
equation of  is  AG 

[2 marks] 

(d) (i) A1 

(ii) appropriate method to find the sum of two areas using integrals of the difference of two
functions (M1)

Note: Allow absence of incorrect limits. 

(A1)(A1) 

Note: Award A1 for one correct integral expression including correct limits 
and integrand. 
Award A1 for a second correct integral expression including correct limits 
and integrand. 

A1 
[5 marks] 

(e) by symmetry  (M1) 
A1 

Note: Accept any answer that rounds to 3.0 (but do not accept 3). 

[2 marks] 
Total [15 marks] 

f y x=
x = 5.56619...

= 5.57

′f (x) = −45e−0.5x

f 1-
0.545e 1x-- = -

( )2ln 45,2 1( 2ln ,2)
45

-

1ln ln 4545  or 
0.5 0.5-

x

y

( )2 2ln45y x- = - - 2 2ln 45 c= - +
L 2ln 45 2y x= - + +

( )ln 45 1 4.81x = + =

x − −x + 2ln45+ 2( )( )dx
4.806...

5.566...

∫ + 90e−0.5x − −x + 2ln45+ 2( )( )dx
5.566...

7.613...

∫

= 1.52196...
= 1.52

2×1.52...
= 3.04
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

At a café, the waiting time between ordering and receiving a cup of coffee is dependent upon 
the number of customers who have already ordered their coffee and are waiting to receive it.

Sarah, a regular customer, visited the café on five consecutive days. The following table 
shows the number of customers,  x , ahead of Sarah who have already ordered and are 
waiting to receive their coffee and Sarah’s waiting time,  y  minutes. 

Number of customers (x) 3 9 11 10 5

Sarah’s waiting time (y) 6 10 12 11 6

The relationship between  x  and  y  can be modelled by the regression line of  y  on  x  with 
equation  y = ax + b .

(a) (i)  Find the value of  a  and the value of  b .

(ii) Write down the value of Pearson’s product-moment correlation coefficient,  r . [3]

(b) Interpret, in context, the value of  a  found in part (a)(i). [1]

On another day, Sarah visits the café to order a coffee. Seven customers have already 
ordered their coffee and are waiting to receive it.

(c) Use the result from part (a)(i) to estimate Sarah’s waiting time to receive her coffee. [2]
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2. [Maximum mark: 5] 

Let  f (x) = 3x - 40.15x2

  for 0 ≤ x ≤ 3 .

(a) Sketch the graph of  f  on the grid below. [3] 

1

−2

−3

0

−1

1

2

4

3

5

2 3

y

x

(b) Find the value of  x  for which  f ′(x) = 0 . [2]
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3. [Maximum mark: 5]

An arithmetic sequence has first term 60 and common difference -2.5.

(a) Given that the  kth term of the sequence is zero, find the value of  k . [2]

Let  Sn  denote the sum of the first  n  terms of the sequence.

(b) Find the maximum value of  Sn . [3]
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4. [Maximum mark: 8]

At a school, 70 % of the students play a sport and 20 % of the students are involved in 
theatre. 18 % of the students do neither activity.

A student is selected at random.

(a) Find the probability that the student plays a sport and is involved in theatre. [2]

(b) Find the probability that the student is involved in theatre, but does not play a sport. [2]

At the school 48 % of the students are girls, and 25 % of the girls are involved in theatre.

A student is selected at random. Let  G  be the event “the student is a girl” and let  T  be the 
event “the student is involved in theatre”.

(c) Find P (G ∩ T ) . [2]

(d) Determine if the events  G  and  T  are independent. Justify your answer. [2]
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5. [Maximum mark: 6]

The functions  f  and  g  are defined for  x ∈   by  f (x) = 6x2 - 12x + 1  and  g (x) = -x + c , 
where  c ∈  .

(a) Find the range of  f . [2]

(b) Given that  (g  f ) (x) ≤ 0  for all  x ∈  , determine the set of possible values for  c . [4]
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6. [Maximum mark: 7]

All living plants contain an isotope of carbon called carbon-14. When a plant dies, the isotope 
decays so that the amount of carbon-14 present in the remains of the plant decreases. The 
time since the death of a plant can be determined by measuring the amount of carbon-14 still 
present in the remains.

The amount,  A , of carbon-14 present in a plant  t  years after its death can be modelled by 
A = A0e

-k t  where  t ≥ 0  and  A0 ,  k  are positive constants.

At the time of death, a plant is defined to have 100 units of carbon-14.

(a) Show that  A0 = 100 . [1]

The time taken for half the original amount of carbon-14 to decay is known to be 5730 years.

(b) Show that 
ln 2

5730
=k . [3]

(c) Find, correct to the nearest 10 years, the time taken after the plant’s death for 25 % of 
the carbon-14 to decay. [3]
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Do not write solutions on this page. 

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 13]

The six blades of a windmill rotate around a centre point C. Points A and B and the base of 
the windmill are on level ground, as shown in the following diagram.

C
D

A B0.6

12 m

From point A the angle of elevation of point C is 0.6 radians. 

(a) Given that point A is 12 metres from the base of the windmill, find the height of point C 
above the ground. [2]

An observer walks 7 metres from point A to point B.

(b) Find the angle of elevation of point C from point B. [2]

The observer keeps walking until he is standing directly under point C. The observer has a 
height of 1.8 metres, and as the blades of the windmill rotate, the end of each blade passes 
2.5 metres over his head.

(c) Find the length of each blade of the windmill. [2]

One of the blades is painted a different colour than the others. The end of this blade is 
labelled point D. The height  h , in metres, of point D above the ground can be modelled 

by the function  h t p t q� � � �
�
�

�
�
� �cos

3

10

�
, where  t  is in seconds and  p , q ∈  . When  t = 0 , 

point D is at its maximum height.

(d) Find the value of  p  and the value of  q . [4]

If the observer stands directly under point C for one minute, point D will pass over his 
head  n times.

(e) Find the value of  n . [3]
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Do not write solutions on this page.

8. [Maximum mark: 15]

The flight times,  T  minutes, between two cities can be modelled by a normal distribution with 
a mean of 75 minutes and a standard deviation of  σ  minutes.

(a) Given that 2 % of the flight times are longer than 82 minutes, find the value of  σ . [3]

(b) Find the probability that a randomly selected flight will have a flight time of more than 
80 minutes. [2]

(c) Given that a flight between the two cities takes longer than 80 minutes, find the 
probability that it takes less than 82 minutes. [4]

On a particular day, there are 64 flights scheduled between these two cities.

(d) Find the expected number of flights that will have a flight time of more than 80 minutes. [3]

(e) Find the probability that more than 6 of the flights on this particular day will have a flight 
time of more than 80 minutes. [3]
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9. [Maximum mark: 15]

All answers in this question should be given to four significant figures. 

In a local weekly lottery, tickets cost $2 each.  

In the first week of the lottery, a player will receive $D for each ticket, with the probability 
distribution shown in the following table. For example, the probability of a player 
receiving $10 is 0.03. The grand prize in the first week of the lottery is $1000.

d 0 2 10 50 Grand 
Prize 

P (D = d ) 0.85 c 0.03 0.002 0.0001

(a) Find the value of  c. [2]

(b) Determine whether this lottery is a fair game in the first week. Justify your answer. [4]

If nobody wins the grand prize in the first week, the probabilities will remain the same, but the 
value of the grand prize will be $2000 in the second week, and the value of the grand prize 
will continue to double each week until it is won. All other prize amounts will remain the same.

(c) Given that the grand prize is not won and the grand prize continues to double, write an 
expression in terms of  n  for the value of the grand prize in the  nth week of the lottery. [2]

The  wth week is the first week in which the player is expected to make a profit. Ryan knows 
that if he buys a lottery ticket in the  wth week, his expected profit is $p .

(d) Find the value of  p . [7]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on
the preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using
the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if

this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these candidates
will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in
a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second part.
In this situation, award FT marks as appropriate but do not award the final A1 in the first part.
Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 
1. 

 
 

(incorrect 
decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 
 

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

8 2
5.65685...

35
72
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question 
is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or 
incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be 
working present and not just a final answer based on an incorrect answer to a previous part. 
However, if all the marks awarded in a subsequent part are for the answer or are implied, then 
FT marks should be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where 
the markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their 
correct answer, without working being seen. For longer questions where all but the answer 
marks are implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• The markscheme may use the word “their” in a description, to indicate that candidates may
be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

sin 1.5q =
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR stamp 
to indicate that this has been a misread and do not award the first mark, even if this is an M 
mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, , non- 
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of
accuracy than given in the question, this is NOT a misread and full marks may be scored in
the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

sin 1.5q =

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example
1.9 and 1,9 or 1000 and 1,000 and .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, 

and any values that lead to integers should be simplified; for example,  should be written 

as .  An exception to this is simplifying fractions, where lowest form is not required 

(although the numerator and the denominator must be integers); for example, may be left

in this form or written as . However,  should be written as 2, as it simplifies to an 

integer. 

Algebraic expressions should be simplified by completing any operations such as addition 
and multiplication, e.g.  should be simplified to , and  should 
be simplified to .  Unless specified in the question, expressions do not need to be 
factorized, nor do factorized expressions need to be expanded, so  and  are 
both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

1.000

25
4

5
2

10
4

5
2

10
5

2 34e ex x´ 54e x 2 3 44e e e ex x x x´ - ´
53e x

( 1)x x + 2x x+
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) (i) 0.805084...a =  and 2.88135...b =

0.805a = and 2.88b = A1A1 

(ii) 0.97777...r =

0.978r =  A1 

[3 marks] 

(b) a represents the (average) increase in waiting time ( 0.805  mins) per additional 
customer (waiting to receive their coffee) R1 

[1 mark] 

(c) attempt to substitute 7x = into their equation (M1) 

8.51693...

8.52  (mins) A1 

[2 marks] 

Total [6 marks] 
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2. (a)

A1A1A1 

Note:  Award A1 for a smooth concave down curve with generally correct 
shape.  If first mark is awarded, award A1 for local maximum and x- 
intercept in approximately correct position, award A1 for endpoints at 0x =
and 3x =  with approximately correct y-coordinates. 

[3 marks] 

(b) recognizing that ( ) 0f x =   at local maximum (M1) 

2.33084...x =

2.33x = A1 

[2 marks] 

Total [5 marks] 
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3. (a) attempt to use ( )1 1 0u n d+ − = (M1) 

( )60 2.5 1 0k− − =

25k = A1 

[2 marks] 

(b) METHOD 1

attempting to express nS in terms of n (M1) 

use of a graph or a table to attempt to find the maximum sum (M1) 

750=  A1 

METHOD 2 

EITHER 

recognizing maximum occurs at 25n = (M1) 

( ) ( )25 25

25 25
60 0 ,  2 60 24 2.5

2 2
S S= + =  + − (A1) 

OR 

attempting to calculate 24S (M1) 

( )24

24
2 60 23 2.5

2
S =  + − (A1) 

THEN 

750= A1 

[3 marks] 

Total [5 marks] 
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4. (a) EITHER 

( ) ( )P( ) P( ) P P 1S T S T S T + +  −  = OR ( ) ( )( )P P 'S T S T  =  (M1) 

( )0.7 0.2 0.18 P 1S T+ + −  =  OR ( )P 1 0.18S T = −

OR 

a clearly labelled Venn diagram (M1) 

THEN 

( )P 0.08S T = (accept 8%) A1 

Note: To obtain the M1 for the Venn diagram all labels must be correct and in the 
correct sections. For example, do not accept 0.7 in the area corresponding to S T . 

[2 marks] 

(b) EITHER

( ) ( ) ( )( )P P P 0.2 0.08T S T T S = −  = −  OR

( ) ( ) ( )( )P P P 0.82 0.7T S T S S =  − = −

(M1) 

OR 

a clearly labelled Venn diagram including ( ) ( ) ( )P , P and PS T S T (M1) 

THEN 

0.12=  (accept 12%) A1 

[2 marks] 

continued… 
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Question 4 continued 

(c) ( ) ( ) ( )P P / PG T T G G = ( 0.25 0.48 ) (M1) 

0.12= A1 

[2 marks] 

(d) METHOD 1

( ) ( )( )P P 0.48 0.2 0.096G T =  =  A1 

( ) ( ) ( )P P PG T G T    G and T are not independent R1 

METHOD 2 

( )P | 0.25T G = A1 

( ) ( )P | PT G T  G and T are not independent R1 

Note:  Do not award A0R1. 

[2 marks] 

Total [8 marks] 
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5. (a) attempting to find the vertex (M1) 

1x = OR 5y = − OR ( ) ( )
2

6 1 5f x x= − −

range is 5y  − A1 

[2 marks] 

(b) METHOD 1

( )( ) ( ) ( )( )( )226 12 1  6 1 5g f x x x c x c= − − + + = − − − + (A1) 

EITHER 

relating to the range of f OR attempting to find ( )5g − (M1) 

5 0c+    (A1) 

OR 

attempting to find the discriminant of ( )( )g f x (M1) 

( ) ( )144 24 1 0 120 24 0c c+ −  +  (A1) 

THEN 

5c  − A1 

[4 marks] 

METHOD 2 

vertical reflection followed by vertical shift (M1) 

new vertex is ( )1,5 c+ (A1) 

5 0c+   (A1) 

5c  −  A1 

[4 marks] 

Total [6 marks] 
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6. (a) 0
0100 eA= A1 

0 100A = AG 

[1 mark] 

(b) correct substitution of values into exponential equation (M1) 

573050 100e k−=   OR  5730 1
e

2
k− =

EITHER 

1
5730 ln

2
k− = A1 

1
ln ln 2

2
= −  OR 

1
ln ln 2

2
− = A1 

OR 
5730e 2k = A1 

5730 ln2k = A1 

THEN 

ln 2

5730
k = AG 

Note: There are many different ways of showing that 
ln 2

5730
k =  which involve 

showing different steps. Award full marks for at least two correct algebraic 
steps seen. 

[3 marks] 

continued… 
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Question 6 continued 

(c) if 25 % of the carbon-14 has decayed, 75% remains ie, 75  units remain (A1) 

ln 2
573075 100e

t−

=

EITHER 

using an appropriate graph to attempt to solve for t (M1) 

OR 

manipulating logs to attempt to solve for t (M1) 

ln 2
ln0.75

5730
t= −

2378.164...t =  

THEN 

2380t =  (years) (correct to the nearest 10 years) A1 

[3 marks] 

Total [7 marks] 
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Section B 

7. (a) tan0.6
12
h

= (M1) 

8.20964...

8.21 (m) A1 

[2 marks] 

(b) 
8.2096...

tan
5

B =  OR 1tan 1.6419...− (A1) 

1.02375… 

1.02 (radians) (accept 58.7°) A1 

[2 marks] 

(c) 1.8 2.5 8.20964...x+ + = (or equivalent) (A1) 

3.90964… 

3.91 (m) A1 

[2 marks] 

(d) METHOD 1

recognition that blade length = amplitude, 
max min

2
p

−
= (M1) 

3.91p = A1 

centre of windmill = vertical shift, 
max min

2
q

+
= (M1) 

8.21q = A1 

METHOD 2 

attempting to form two equations in terms of p and q (M1) (M1) 

3π
12.1192... cos 0

10
p q 

=  + 
 

, 
3π 10

4.3000... cos
10 3

p q 
=  + 

 
  

3.91p = A1 

8.21q = A1 

[4 marks] 
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(e) appropriate working towards finding the period (M1) 

( )
2

period 6.6666...
3π
10


= =

rotations per minute 
60

their period
= (M1) 

9n = (must be an integer) (accept 10n = , 18n = , 19n = ) A1 

 [3 marks] 

Total [13 marks] 
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8. (a) use of inverse normal to find z-score (M1) 

2.0537...z =

82 75
2.0537...



−
= (A1) 

3.408401... =

3.41 = A1 

[3 marks] 

(b) evidence of identifying the correct area under the normal curve (M1) 

( )P 80 0.071193...T  =  

( )P 80 0.0712T  = A1 

[2 marks] 

(c) recognition that ( )P 80 82T   is required (M1) 

( )
( )
( )

P 80 82 0.051193...
82 80

P 80 0.071193...

T
P T T

T

   
  = =  

  
(M1)(A1) 

0.719075...=

0.719=  A1 

[4 marks] 

continued… 
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Question 8 continued 

(d) recognition of binomial probability (M1) 

( )B 64,0.071193...X or ( )E 64 0.071193...X =   (A1) 

( )E 4.556353...X =

( )E 4.56X =  (flights) A1 

[3 marks] 

(e) ( ) ( ) ( )P 6 7 1 P 6X P X X =  = −  (M1) 

1 0.83088...= − (A1) 

0.1691196...=

0.169=  A1 

 [3 marks] 

Total [15 marks] 
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9.  (a) considering that sum of probabilities is 1 (M1) 

0.85 0.03 0.002 0.0001 1c+ + + + =  

0.1179  A1 

[2 marks] 

(b) valid attempt to find ( )E D (M1) 

( ) ( ) ( ) ( ) ( ) ( )E 0 0.85 2 0.1179 10 0.03 50 0.002 1000 0.0001D =  +  +  +  + 

( )E 0.7358D = A1 

No, not a fair game A1 

for a fair game, ( )E D  would be $2 OR players expected winnings

are 1.264 R1 

[4 marks] 

(c) recognition of GP with 2r =  (M1) 

11000 2n− OR  ( )500 2n A1 

[2 marks] 

continued… 
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Question 9 continued 

(d) recognizing ( )E 2D   (M1) 

correct expression for wth week (or nth week) (A1) 

( ) ( ) ( ) ( ) ( )10 0.85 2 0.1179 10 0.03 50 0.002 1000 2 0.0001w− +  +  +  +  

correct inequality (accept equation) (A1) 

( )10.6358 1000 2 0.0001 2w−+    OR 12 13.642n− 

EITHER 

1 3.76998n−   OR 4.76998...w = (A1) 

OR 

( )E 1.4358D = in week 4 or ( )E 2.2358D =  in week 5 (A1) 

THEN 

5w =  A1 

expected profit per ticket their E( ) 2D= −  (M1) 

0.2358=   A1 

[7 marks] 

Total [15 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
raisonnement adéquat. Par exemple, si des représentations graphiques sont utilisées pour trouver la 
solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 6]

Dans un café, le temps d’attente entre la commande et la réception d’une tasse de café 
dépend du nombre de clients ayant déjà commandé leur café et qui attendent de le recevoir.

Sarah, une cliente régulière, a visité ce café cinq jours consécutifs. Le tableau suivant 
montre le nombre de clients,  x , devant Sarah, ayant déjà commandé leur café et qui 
attendent de le recevoir ainsi que le temps d’attente de Sarah,  y  minutes.

Nombre de clients (x) 3 9 11 10 5

Temps d’attente de Sarah (y) 6 10 12 11 6

La relation entre  x  et  y  peut être modélisée par la droite de régression pour  y  en fonction 
de  x  dont l’équation est  y = ax + b .

(a) (i)  Trouvez la valeur de  a  et la valeur de  b .

(ii) Écrivez la valeur du coefficient de corrélation de Pearson,  r . [3]

(b) Interprétez, dans le contexte, la valeur de  a  trouvée dans la partie (a)(i). [1]

Lors d’un autre jour, Sarah se rend dans ce même café pour commander une tasse de café. 
Sept clients ont déjà commandé leur café et attendent de le recevoir.

(c) Utilisez le résultat de la partie (a)(i) pour estimer le temps d’attente de Sarah avant de 
recevoir son café. [2]
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2. [Note maximale : 5] 

Soit  f (x) = 3x - 40,15x2

  pour 0 ≤ x ≤ 3 .

(a) Esquissez la représentation graphique de  f  sur le repère ci-dessous. [3] 
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(b) Trouvez la valeur de  x  pour laquelle  f ′(x) = 0 . [2]
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3. [Note maximale : 5]

Le premier terme d’une suite arithmétique est 60 et sa raison est -2,5.

(a) Étant donné que le  k ième terme de la suite est zéro, trouvez la valeur de  k . [2]

Soit  Sn  la somme des  n  premiers termes de la suite.

(b) Trouvez la valeur maximale de  Sn . [3]
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4. [Note maximale : 8]

Dans un établissement scolaire, 70 % des élèves pratiquent un sport et 20 % des élèves font 
du théâtre. 18 % des élèves ne font aucune de ces deux activités.

Un élève est choisi au hasard.

(a) Trouvez la probabilité que cet élève pratique un sport et fasse du théâtre. [2]

(b) Trouvez la probabilité que cet élève fasse du théâtre, mais qu’il ne pratique pas un sport. [2]

Dans cet établissement scolaire, 48 % des élèves sont des filles et 25 % des filles font du théâtre.

Un élève est choisi au hasard. Soit  G  l’événement « l’élève est une fille » et soit  T  
l’événement « l’élève fait du théâtre ».

(c) Trouvez P (G ∩ T ) . [2]

(d) Déterminez si les événements  G  et  T  sont indépendants. Justifiez votre réponse. [2]
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5. [Note maximale : 6]

Les fonctions  f  et  g  sont définies pour  x ∈   par  f (x) = 6x2 - 12x + 1  et  g (x) = -x + c ,  
où  c ∈  .

(a) Trouvez l’image de  f . [2]

(b) Étant donné que  (g  f ) (x) ≤ 0  pour tout  x ∈  , déterminez l’ensemble des valeurs 
possibles pour  c . [4]
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6. [Note maximale : 7]

Toutes les plantes vivantes contiennent un isotope de carbone appelé carbone-14. 
Lorsqu’une plante meurt, l’isotope se désintègre, de sorte que la quantité de carbone-14 
présente dans les restes de la plante diminue. Le temps écoulé depuis la mort de la plante 
peut être déterminé en mesurant la quantité de carbone-14 qui est encore présente dans les 
restes de la plante.

La quantité,  A , de carbone-14 présente dans une plante  t  années après sa mort peut être 
modélisée par A = A0e

-k t , où  t ≥ 0  et  A0 ,  k  sont des constantes positives.

Au moment de sa mort, une plante est considérée comme ayant 100 unités de carbone-14.

(a) Montrez que  A0 = 100 . [1]

On sait que le temps nécessaire pour que la moitié de la quantité initiale de carbone-14 se 
désintègre est de 5730 années.

(b) Montrez que 
ln 2

5730
=k . [3]

(c) Trouvez, en arrondissant à la dizaine d’années la plus proche, le temps nécessaire 
pour que 25 % du carbone-14 se désintègre après la mort de la plante. [3]
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N’écrivez pas vos solutions sur cette page. 

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 13]

Les six pales (ou ailes) d’un moulin à vent tournent autour d’un point central C. Les points A 
et B ainsi que la base du moulin sont au niveau du sol, tel que montré dans le diagramme suivant.

0,6

12 m

C
D

A B

À partir du point A, l’angle d’élévation du point C est de 0,6 radian. 

(a) Étant donné que le point A se situe à 12 mètres de la base du moulin, trouvez la 
hauteur du point C au-dessus du sol. [2]

Un observateur marche 7 mètres du point A au point B.

(b) Trouvez l’angle d’élévation du point C à partir du point B. [2]

L’observateur continue à marcher jusqu’à ce qu’il se tienne debout directement en dessous 
du point C. La taille de l’observateur est de 1,8 mètre et lorsque les pales du moulin tournent, 
le bout de chaque pale passe à 2,5 mètres au-dessus de sa tête.

(c) Trouvez la longueur de chaque pale du moulin. [2]

(Suite de la question à la page suivante)
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Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 7)

Une des pales est peinte d’une couleur différente des autres. Le bout de cette pale est 
identifié par le point D. La hauteur  h , en mètres, du point D au-dessus du sol peut être 

modélisée par la fonction h t p t q� � � �
�
�

�
�
� �cos

3

10

�
, où  t  est en secondes et  p , q ∈  . 

Lorsque  t = 0 , le point D se situe à sa hauteur maximale.

(d) Trouvez la valeur de  p  et la valeur de  q . [4]

Si l’observateur se trouve directement en dessous du point C durant une minute, le point D 
passera au-dessus de sa tête  n fois.

(e) Trouvez la valeur de  n . [3]
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N’écrivez pas vos solutions sur cette page.

8. [Note maximale : 15]

Les temps de vol,  T  minutes, entre deux villes peuvent être modélisés par une distribution 
normale de moyenne 75 minutes et d’écart type  σ  minutes.

(a) Étant donné que 2 % des temps de vol prennent plus de 82 minutes, trouvez la valeur 
de  σ . [3]

(b) Trouvez la probabilité qu’un vol choisi au hasard ait un temps de vol supérieur à  
80 minutes. [2]

(c) Étant donné qu’un vol entre les deux villes prend plus de 80 minutes, trouvez la 
probabilité qu’il prenne moins de 82 minutes. [4]

Un jour donné, 64 vols sont prévus entre ces deux villes.

(d) Trouvez le nombre espéré de vols qui auront un temps de vol supérieur à 80 minutes. [3]

(e) Trouvez la probabilité que plus de 6 des vols au cours de ce jour donné aient un temps 
de vol supérieur à 80 minutes. [3]
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N’écrivez pas vos solutions sur cette page.

9. [Note maximale : 15]

Dans cette question, toutes les réponses doivent être données avec quatre chiffres 
significatifs. 

Dans une loterie hebdomadaire, les billets coûtent 2 $ chacun.  

Lors de la première semaine de la loterie, un joueur recevra D $ pour chaque billet, avec une 
distribution de probabilité indiquée dans le tableau suivant. Par exemple, la probabilité qu’un 
joueur reçoive 10 $ est de 0,03. Le grand prix lors de la première semaine de la loterie est de 
1 000 $.

d 0 2 10 50 Grand 
prix 

P (D = d ) 0,85 c 0,03 0,002 0,0001

(a) Trouvez la valeur de  c. [2]

(b) Déterminez si cette loterie est un jeu équitable lors de la première semaine. Justifiez 
votre réponse. [4]

Si personne ne remporte le grand prix lors de la première semaine, les probabilités resteront 
les mêmes, mais la valeur du grand prix sera de 2 000 $ lors la deuxième semaine, et la 
valeur du grand prix continuera de doubler chaque semaine jusqu’à ce qu’il soit gagné. Tous 
les autres montants des prix resteront les mêmes.

(c) Étant donné que le grand prix n’est pas gagné et que le grand prix continue  
de doubler, écrivez une expression en fonction de  n  pour la valeur du grand prix  
lors de la  nième semaine de la loterie. [2]

La  wième semaine est la première semaine lors de laquelle un joueur peut espérer réaliser un 
profit. Ryan sait que s’il achète un billet de loterie lors de la wième semaine, son profit espéré 
est de p $ .

(d) Trouvez la valeur de  p . [7]
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Mathematik: Analyse und Ansätze
Grundstufe
2. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Abschnitt A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen 

Felder geschrieben werden.
 y Abschnitt B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit 
dieser Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer 
zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [80 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 6]

In einem Café hängt die Wartezeit zwischen der Bestellung und dem Erhalt einer Tasse 
Kaffee von der Anzahl der Kunden ab, die ihren Kaffee bereits vorher bestellt haben und 
noch darauf warten.

Die Stammkundin Sarah hat das Café an fünf aufeinander folgenden Tagen besucht. Die 
folgende Tabelle zeigt die Anzahl  x  der Kunden, die am jeweiligen Tag bereits vor Sarah 
bestellt hatten und noch auf ihren Kaffee warteten, sowie Sarahs Wartezeit  y  in Minuten. 

Anzahl der Kunden (x) 3 9 11 10 5

Sarahs Wartezeit (y) 6 10 12 11 6

Die Beziehung zwischen  x  und  y  kann modelliert werden durch die Regressionsgerade 
von  y  auf  x  mit der Gleichung  y = ax + b .

(a) (i)  Finden Sie die Werte von  a  und  b .

(ii) Notieren Sie den Wert des Pearsonschen Produkt-Moment-
Korrelationskoeffizienten  r . [3]

(b) Interpretieren Sie in diesem Kontext den in Teil (a)(i) ermittelten Wert von  a . [1]

An einem anderen Tag besucht Sarah erneut das Café und bestellt einen Kaffee. Sieben 
Kunden haben vor ihr einen Kaffee bestellt und warten noch darauf.

(c) Verwenden Sie das Ergebnis aus Teil (a)(i) und schätzen Sie damit Sarahs Wartezeit, 
bis sie ihren Kaffee erhält. [2]
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2. [Maximale Punktzahl: 5] 

Sei   f (x) = 3x - 40,15x2

  für 0 ≤ x ≤ 3 .

(a) Skizzieren Sie den Graphen von  f  im nachstehenden Koordinatensystem. [3] 

1

−2

−3

0

−1

1

2

4

3

5

2 3

y

x

(b) Finden Sie den Wert von  x  , für den gilt:  f ′(x) = 0 . [2]
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3. [Maximale Punktzahl: 5]

Eine arithmetische Folge hat den ersten Term 60 und eine gemeinsame Differenz von -2,5.

(a) Der  k -te Term der Folge sei Null. Finden Sie den Wert von  k . [2]

Sei  Sn  die Summe der ersten  n  Folgenterme.

(b) Finden Sie den Maximalwert von  Sn . [3]
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4. [Maximale Punktzahl: 8]

An einer Schule üben 70 % der Schülerinnen und Schüler eine Sportart aus, und 20 % der 
Schülerinnen und Schüler spielen in der Theater-AG mit. 18 % der Schülerinnen und Schüler 
üben keine dieser beiden Tätigkeiten aus.

Eine Schülerin bzw. ein Schüler wird nach dem Zufallsprinzip ausgewählt.

(a) Finden Sie die Wahrscheinlichkeit, dass der/die ausgewählte Schüler(in) einen Sport 
ausübt und Theater spielt. [2]

(b) Finden Sie die Wahrscheinlichkeit, dass der/die ausgewählte Schüler(in) zwar Theater 
spielt, jedoch keinen Sport ausübt. [2]

An dieser Schule gibt es 48 % Mädchen, und 25 % der Mädchen spielen Theater.

Wieder wird eine Schülerin bzw. ein Schüler nach dem Zufallsprinzip ausgewählt. Sei  G  
das Ereignis „ein Mädchen wurde ausgewählt“ und  T  das Ereignis „der/die Ausgewählte 
spielt Theater“.

(c) Finden Sie P (G ∩ T ) . [2]

(d) Bestimmen Sie, ob die Ereignisse  G  und  T  unabhängig sind. Begründen Sie  
Ihre Antwort. [2]
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5. [Maximale Punktzahl: 6]

Die Funktionen  f  und  g  sind definiert für  x ∈   durch  f (x) = 6x2 - 12x + 1  bzw. 
g (x) = -x + c , mit  c ∈  .

(a) Finden Sie den Wertebereich von  f . [2]

(b) Sei  (g  f ) (x) ≤ 0  für alle  x ∈  . Bestimmen Sie die Menge aller möglichen Werte für  c . [4]
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Bitte umblättern

6. [Maximale Punktzahl: 7]

Alle lebenden Pflanzen enthalten ein Kohlenstoffisotop namens C-14. Wenn eine Pflanze 
stirbt, zerfällt das Isotop, so dass die in den Pflanzenresten vorhandene Menge an C-14 
abnimmt. Die Zeit seit dem Absterben einer Pflanze kann bestimmt werden, indem die in den 
Überresten vorhandene Menge an C-14 gemessen wird.

Die Menge  A an C-14-Atomen, die in einer Pflanze  t  Jahre nach ihrem Absterben noch 
vorhanden ist, kann modelliert werden durch A = A0e

-k t  mit  t ≥ 0  und positiven Konstanten  A0 ,  k .

Zum Zeitpunkt des Absterbens enthalte eine Pflanze 100 Einheiten C-14.

(a) Zeigen Sie, dass  A0 = 100 . [1]

Man weiß, dass die Zeit bis zum Zerfall der Hälfte der ursprünglichen Menge an C-14 etwa 
5730 Jahre beträgt.

(b) Zeigen Sie, dass 
ln 2

5730
=k . [3]

(c) Finden Sie mit einer Genauigkeit von 10 Jahren die Zeitdauer nach dem Absterben der 
Pflanze, bis 25 % des C-14-Gehalts zerfallen sind. [3]
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

7. [Maximale Punktzahl: 13]

Die sechs Rotorblätter einer Windmühle drehen sich um den Mittelpunkt C. Die Punkte 
A und B sowie der Fußpunkt der Windmühle befinden sich auf ebenem Boden, wie in der 
folgenden Abbildung dargestellt.

0,6

12 m

C
D

A B

Von Punkt A aus betrachtet beträgt der Blickwinkel im Bogenmaß zum Punkt C 0,6. 

(a) Der Punkt A sei 12 Meter vom Fußpunkt der Windmühle entfernt. Finden Sie die Höhe 
des Punkts C über dem Boden. [2]

Ein Beobachter geht 7 Meter von Punkt A nach Punkt B.

(b) Finden Sie den Blickwinkel von Punkt B zu Punkt C. [2]

Der Beobachter geht weiter, bis er direkt unter Punkt C steht. Der Beobachter ist 1,80 groß, 
und bei Drehung der Rotorblätter der Windmühle bewegt sich der Endpunkt jedes Rotorblatts 
2,5 Meter über seinem Kopf vorbei.

(c) Finden Sie die Länge der Rotorblätter der Windmühle. [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 7)

Eines der Rotorblätter ist in einer anderen Farbe lackiert als die anderen. Das Ende dieses 
Rotorblatts sei mit Punkt D gekennzeichnet. Die Höhe  h  des Punkts D über dem Boden 

(in Metern) kann durch die Funktion h t p t q� � � �
�
�

�
�
� �cos

3

10

�
 modelliert werden, mit  t  in 

Sekunden und  p , q ∈  . Für  t = 0  befindet sich Punkt D an seiner maximalen Höhe.

(d) Finden Sie die Werte von  p  und  q . [4]

Steht der Beobachter eine Minute lang direkt unter Punkt C, bewegt sich Punkt D  n  Mal über 
seinen Kopf hinweg.

(e) Finden Sie den Wert von  n . [3]
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Schreiben Sie keine Lösungen auf diese Seite.

8. [Maximale Punktzahl: 15]

Die Flugzeiten  T  in Minuten zwischen zwei Städten können durch eine Normalverteilung mit 
einem Mittelwert von 75 Minuten und einer Standardabweichung von  σ  Minuten modelliert werden.

(a) Angenommen, 2 % der Flugzeiten seien länger als 82 Minuten. Finden Sie hieraus den 
Wert von  σ . [3]

(b) Finden Sie die Wahrscheinlichkeit, dass ein zufällig ausgewählter Flug länger als 
80 Minuten dauern wird. [2]

(c) Angenommen, ein Flug zwischen den beiden Städten dauere länger als 80 Minuten. 
Finden Sie dann die Wahrscheinlichkeit, dass er weniger als 82 Minuten dauert. [4]

An einem bestimmten Tag sind 64 Flüge zwischen diesen beiden Städten geplant.

(d) Finden Sie die zu erwartende Anzahl an Flügen, die länger als 80 Minuten  
dauern werden. [3]

(e) Finden Sie die Wahrscheinlichkeit, dass mehr als 6 der Flüge an diesem Tag länger als 
80 Minuten dauern werden. [3]
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Schreiben Sie keine Lösungen auf diese Seite.

9. [Maximale Punktzahl: 15]

Alle Antworten in dieser Aufgabe sind auf vier signifikante Stellen genau anzugeben. 

Bei einer örtlichen Wochenlotterie kostet jedes Los 2 $.

In der ersten Woche der Lotterie gewinnt ein Spieler D $ für jedes Los, gemäß der in 
folgender Tabelle dargestellten Wahrscheinlichkeitsverteilung. Beispielsweise beträgt die 
Wahrscheinlichkeit, dass ein Spieler 10 $ gewinnt, 0,03. Der Hauptgewinn in der ersten 
Woche der Lotterie beträgt 1000 $.

d 0 2 10 50 Hauptgewinn 

P (D = d ) 0,85 c 0,03 0,002 0,0001

(a) Finden Sie den Wert von  c. [2]

(b) Bestimmen Sie, ob diese Lotterie in der ersten Woche ein faires Spiel ist. Begründen 
Sie Ihre Antwort. [4]

Wenn in der ersten Woche niemand den Hauptgewinn erhält, bleiben die 
Wahrscheinlichkeiten gleich, aber der Wert des Hauptgewinns steigt in der zweiten Woche 
auf 2000 $ und verdoppelt sich weiterhin jede Woche, bis ihn jemand gewinnt. Alle anderen 
Gewinnbeträge bleiben gleich.

(c) Angenommen, der Hauptgewinn wird nicht ausgeschüttet und verdoppelt sich 
weiterhin. Schreiben Sie in Abhängigkeit von  n  einen Ausdruck für den Wert des 
Hauptgewinns in der  n-ten Woche der Lotterie. [2]

Die  w-te Woche ist die erste Woche, in welcher der Spieler voraussichtlich die 
Gewinnschwelle überschreitet. Ryan weiß, dass, wenn er in der  w-ten Woche ein Lotterielos 
kauft, sein erwarteter Gewinn p $  beträgt.

(d) Finden Sie den Wert von  p . [7]

 

Quellen:
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Antworten, die auf dieser Seite geschrieben 
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 6]

En una cafetería, el tiempo de espera desde que uno pide un café hasta que se lo sirven 
depende del número de clientes que ya han pedido un café y están esperando a que se lo sirvan.

Sarah, que es cliente habitual, va a la cafetería cinco días seguidos. La siguiente tabla 
muestra el número de clientes ( x ) que han pedido un café antes que Sarah y están 
esperando a que se lo sirvan, y el tiempo de espera de Sarah ( y  minutos).

Número de clientes (x) 3 9 11 10 5

Tiempo de espera de Sarah (y) 6 10 12 11 6

La relación entre  x  e  y  se puede modelizar mediante una recta de regresión de  y  sobre  x , 
de ecuación  y = ax + b .

(a) (i)  Halle el valor de  a  y el valor de  b .

(ii) Escriba el valor del coeficiente de correlación momento-producto de Pearson ( r ). [3]

(b) Interprete, en el contexto de la pregunta, el valor de  a  que halló en el subapartado (a)(i). [1]

Sarah acude a esa cafetería unos días más tarde para pedir un café. Hay siete clientes que 
ya han pedido un café y están esperando a que se lo sirvan.

(c) Utilice el resultado del subapartado (a)(i) para estimar el tiempo de espera que tendrá 
Sarah hasta que le sirvan el café. [2]
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Véase al dorso

2. [Puntuación máxima: 5] 

Sea  f (x) = 3x - 40,15x2

  para 0 ≤ x ≤ 3 .

(a) Dibuje aproximadamente el gráfico de  f  en la siguiente cuadrícula. [3] 

1

−2

−3

0

−1

1

2

4

3

5

2 3

y

x

(b) Halle el valor de  x  para el cual  f ′(x) = 0 . [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12EP03



– 4 –

M21/5/MATHX/SP2/SPA/TZ0/XX

2221 – 7125

3. [Puntuación máxima: 5]

En una progresión aritmética el primer término es 60 y la diferencia común es -2,5.

(a) Sabiendo que el término  k-ésimo de la progresión es cero, halle el valor de  k . [2]

Sea  Sn  la suma de los  n  primeros términos de la progresión.

(b) Halle el valor máximo de  Sn . [3]
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4. [Puntuación máxima: 8]

En un colegio, el 70 % de los alumnos practican algún deporte y el 20 % de los alumnos van 
a teatro. El 18 % de los alumnos no realizan ninguna de las dos actividades.

Se elige un alumno al azar.

(a) Halle la probabilidad de que el alumno practique algún deporte y vaya a teatro. [2]

(b) Halle la probabilidad de que el alumno vaya a teatro pero no practique ningún deporte. [2]

En ese mismo colegio, el 48 % de los alumnos son chicas y el 25 % de las chicas van a teatro.

Se elige un alumno al azar. Sea  G  el suceso “el alumno es una chica” y sea  T  el suceso 
“el alumno va a teatro”.

(c) Halle P (G ∩ T ) . [2]

(d) Determine si los sucesos  G  y  T  son independientes. Justifique su respuesta. [2]
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5. [Puntuación máxima: 6]

Las funciones  f  y  g  se definen para  x ∈   como  f (x) = 6x2 - 12x + 1  y  g (x) = -x + c , 
donde  c ∈  .

(a) Halle el recorrido de  f . [2]

(b) Sabiendo que  (g  f ) (x) ≤ 0  para todo  x ∈  , determine el conjunto de posibles 
valores de  c . [4]
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6. [Puntuación máxima: 7]

Todas las plantas que están vivas contienen un isótopo del carbono llamado carbono-14. 
Cuando una planta se muere el isótopo empieza a desintegrarse, de modo que la cantidad 
de carbono-14 que está presente en los restos de la planta va disminuyendo. El tiempo 
que ha transcurrido desde la muerte de una planta dada se puede determinar midiendo la 
cantidad de carbono-14 que aún está presente en los restos.

La cantidad ( A ) de carbono-14 que está presente en una planta  t  años después de su 
muerte se puede modelizar mediante A = A0e

-k t , donde  t ≥ 0  y  A0 ,  k  son constantes positivas.

Por definición, una planta tiene 100 unidades de carbono-14 en el momento de su muerte.

(a) Muestre que  A0 = 100 . [1]

Se sabe que el tiempo que tarda en desintegrarse la mitad de la cantidad inicial de 
carbono-14 es igual a 5730 años.

(b) Muestre que 
ln 2

5730
=k . [3]

(c) Halle, redondeando al múltiplo de 10 años más próximo, el tiempo que tarda en 
desintegrarse el 25 % del carbono-14 tras la muerte de la planta. [3]
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Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 13]

Las seis palas de un molino de viento giran alrededor de un punto central C. Los puntos 
A y B y la base del molino están en una superficie horizontal, tal y como se muestra en la 
siguiente figura.

0,6

12 m

C
D

A B

Desde el punto A, el ángulo de elevación del punto C es de 0,6 radianes. 

(a) Sabiendo que el punto A se encuentra a 12 metros de la base del molino de viento, 
halle la altura del punto C sobre la superficie. [2]

Un observador camina 7 metros desde el punto A, hasta llegar al punto B.

(b) Halle el ángulo de elevación del punto C desde el punto B. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 7: continuación)

El observador sigue caminando hasta que se encuentra justo debajo del punto C. El 
observador mide 1,8 metros de alto y, al ir girando las palas del molino de viento, el extremo 
de cada pala pasa 2,5 metros por encima de su cabeza.

(c) Halle la longitud de cada pala del molino de viento. [2]

Una de las palas se pinta de un color distinto a las otras. El extremo de esta pala se rotula 
como punto D. La altura (h  metros) del punto D sobre la superficie se puede modelizar 

mediante la función h t p t q� � � �
�
�

�
�
� �cos

3

10

�
, donde  t  está en segundos y  p , q ∈  . 

Cuando  t = 0 , el punto D se encuentra a su máxima altura.

(d) Halle el valor de  p  y el valor de  q . [4]

Si el observador se queda de pie justo debajo del punto C durante un minuto, el punto D 
pasará  n  veces por encima de su cabeza.

(e) Halle el valor de  n . [3]
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8. [Puntuación máxima: 15]

Los tiempos de vuelo ( T  minutos) entre dos ciudades dadas siguen una distribución normal 
de media 75 minutos y desviación típica igual a  σ  minutos.

(a) Sabiendo que el 2 % de los tiempos de vuelo son superiores a 82 minutos, halle el 
valor de  σ . [3]

(b) Halle la probabilidad de que un vuelo elegido al azar tenga un tiempo de vuelo de más 
de 80 minutos. [2]

(c) Sabiendo que un vuelo dado entre esas dos ciudades ha durado más de 80 minutos, 
halle la probabilidad de que haya durado menos de 82 minutos. [4]

En un día concreto, hay 64 vuelos programados entre esas dos ciudades.

(d) Halle el número esperado de vuelos que tendrán un tiempo de vuelo de más de 
80 minutos. [3]

(e) Halle la probabilidad de que más de 6 de los vuelos programados en ese día concreto 
tengan un tiempo de vuelo de más de 80 minutos. [3]
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9. [Puntuación máxima: 15]

En esta pregunta, todas las respuestas deben darse redondeando a cuatro cifras 
significativas. 

En una lotería semanal que organiza un pueblo, los billetes cuestan 2 $ cada uno.

En la primera semana de esta lotería, los jugadores recibirán D $ por cada billete que 
tengan, con la distribución de probabilidad que se muestra en la siguiente tabla. Por ejemplo, 
la probabilidad de que un jugador reciba 10 $ es 0,03. El  premio gordo de la lotería en esta 
primera semana es de 1000 $.

d 0 2 10 50 Premio 
gordo  

P (D = d ) 0,85 c 0,03 0,002 0,0001

(a) Halle el valor de  c. [2]

(b) Determine si, en la primera semana, esta lotería es un juego justo. Justifique su 
respuesta. [4]

Si en esa primera semana no hay nadie que gane el premio gordo, las probabilidades 
seguirán siendo las mismas, pero el valor del premio gordo será de 2000 $ en la segunda 
semana, y el valor del premio gordo seguirá duplicándose cada semana hasta que alguien lo 
gane. Los valores del resto de los premios se mantendrán igual.

(c) Sabiendo que nadie gana el premio gordo y que su valor se sigue duplicando, escriba 
una expresión en función de  n  que dé el valor del premio gordo en la  n-ésima semana 
de la lotería. [2]

La  w-ésima semana es la primera semana en la que se espera que los jugadores 
obtengan un beneficio. Ryan sabe que si compra un billete de lotería en la semana  w-ésima, 
su beneficio esperado será de  p $.

(d) Halle el valor de  p . [7]

 

Fuentes:
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 4]

George goes fishing. From experience he knows that the mean number of fish he catches 
per hour is 1.1. It is assumed that the number of fish he catches can be modelled by a 
Poisson distribution.

On a day in which George spends 8 hours fishing, find the probability that he will catch more 
than 9 fish.
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2. [Maximum mark: 6]

The Voronoi diagram below shows three identical cellular phone towers, T1, T2 and T3. 
A fourth cellular phone tower, T4 is located in the shaded region. The dashed lines in the 
diagram below represent the edges in the Voronoi diagram.

Horizontal scale: 1 unit represents 1 km. 
Vertical scale: 1 unit represents 1 km.

y

x

−2

−15

A BT1

T2

T3

1

10

Tim stands inside the shaded region.

(a) Explain why Tim will receive the strongest signal from tower T4. [1]

Tower T2 has coordinates  (−9 , 5)  and the edge connecting vertices A and B has  
equation  y = 3 .

(b) Write down the coordinates of tower T4. [2]

Tower T1 has coordinates  (−13 , 3) .

(c) Find the gradient of the edge of the Voronoi diagram between towers T1 and T2. [3]

(This question continues on the following page)
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(Question 2 continued)
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3. [Maximum mark: 8]

Charlie and Daniella each began a fitness programme. On day one, they both ran 500 m. 
On each subsequent day, Charlie ran 100 m more than the previous day whereas Daniella 
increased her distance by 2 % of the distance ran on the previous day.

(a) Calculate how far

(i) Charlie ran on day 20 of his fitness programme.

(ii) Daniella ran on day 20 of her fitness programme. [5]

On day n of the fitness programmes Daniella runs more than Charlie for the first time.

(b) Find the value of  n . [3]
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4. [Maximum mark: 6]

Professor Wei observed that students have difficulty remembering the information presented 
in his lectures.

He modelled the percentage of information retained,  R , by the function   R(t) = 100  e   −pt   ,  t ≥ 0 , 
where  t  is the number of days after the lecture.

He found that 1 day after a lecture, students had forgotten 50 % of the information presented.

(a) Find the value of  p . [2]

(b) Use this model to find the percentage of information retained by his students 36 hours 
after Professor Wei’s lecture. [2]

Based on his model, Professor Wei believes that his students will always retain some 
information from his lecture.

(c) State a mathematical reason why Professor Wei might believe this. [1]

(d) Write down one possible limitation of the domain of the model. [1]
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5. [Maximum mark: 6]

A garden has a triangular sunshade suspended from three points  A(2 , 0 , 2) ,  B(8 , 0 , 2)   
and  C(5 , 4 , 3) , relative to an origin in the corner of the garden. All distances are measured 
in metres.

(a) (i)  Find     
⟶

 CA   .

(ii) Find     
⟶

 CB   . [2]

(b) Find     
⟶

 CA  ×   
⟶

 CB   . [2]

(c) Hence find the area of the triangle ABC. [2]
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6. [Maximum mark: 5]

A triangular field ABC is such that  AB = 56 m  and  BC = 82 m , each measured correct to the 
nearest metre, and the angle at B is equal to 105, measured correct to the nearest 5.

diagram not to scale

C

A

B 82

56

105

Calculate the maximum possible area of the field.
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7. [Maximum mark: 8]

Ellis designs a gift box. The top of the gift box is in the shape of a right-angled triangle GIK.

A rectangular section HIJL is inscribed inside this triangle. The lengths of GH, JK, HL, 
and LJ are  p cm,  q cm, 8 cm and 6 cm respectively.

diagram not to scale

H

G L K

J

I

q
p 8

6

The area of the top of the gift box is  A cm2.

(a) (i)  Find  A  in terms of  p  and  q .

(ii) Show that   A =   192 ___ q   + 3q + 48  . [4]

(b) Find    dA ___ 
dq

   . [2]

Ellis wishes to find the value of  q  that will minimize the area of the top of the gift box.

(c) (i)  Write down an equation Ellis could solve to find this value of  q .

(ii) Hence, or otherwise, find this value of  q . [2]

(This question continues on the following page)
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(Question 7 continued)
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8. [Maximum mark: 7]

A game is played where two unbiased dice are rolled and the score in the game is the 
greater of the two numbers shown. If the two numbers are the same, then the score in the 
game is the number shown on one of the dice. A diagram showing the possible outcomes is 
given below.

First die

1 2 3 4 5 6
S

ec
o

n
d

 d
ie

1

2

3

4

5

6

Let  T  be the random variable “the score in a game”.

(a) Complete the table to show the probability distribution of  T . [2]

t 1 2 3 4 5 6

 P  (  T == t )    

(b) Find the probability that

(i) a player scores at least 3 in a game.

(ii) a player scores 6, given that they scored at least 3. [3]

(c) Find the expected score of a game. [2]

(This question continues on the following page).
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Turn over

(Question 8 continued)
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9. [Maximum mark: 8]

Consider  w = i z + 1 , where  w , z∈ℂ .

(a) Find  w  when

(i) z = 2i .

(ii) z = 1 + i . [3]

Point  z  on the Argand diagram can be transformed to point  w  by two transformations.

(b) Describe these two transformations and give the order in which they are applied. [3]

(c) Hence, or otherwise, find the value of  z  when w = 2 − i . [2]
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Turn over

10. [Maximum mark: 7]

An engineer plans to visit six oil rigs (A–F) in the Gulf of Mexico, starting and finishing at A. 
The travelling time, in minutes, between each of the rigs is shown in the table.

A B C D E F

A 55 63 79 87 93

B 55 46 58 88 92

C 63 46 87 77 66

D 79 58 87 23 70

E 87 88 77 23 47

F 93 92 66 70 47

The data above can be represented by a graph  G .

(a) (i)  Use Prim’s algorithm to find the weight of the minimum spanning tree of the 
subgraph of G obtained by deleting A and starting at B. List the order in which 
the edges are selected.

(ii) Hence find a lower bound for the travelling time needed to visit all the oil rigs. [6]

(b) Describe how an improved lower bound might be found. [1]
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11. [Maximum mark: 7]

A factory, producing plastic gifts for a fast food restaurant’s Jolly meals, claims that just 1 % of 
the toys produced are faulty.

A restaurant manager wants to test this claim. A box of 200 toys is delivered to the restaurant. 
The manager checks all the toys in this box and four toys are found to be faulty.

(a) Identify the type of sampling used by the restaurant manager. [1]

The restaurant manager performs a one-tailed hypothesis test, at the 10 % significance level, 
to determine whether the factory’s claim is reasonable. It is known that faults in the toys 
occur independently.

(b) Write down the null and alternative hypotheses. [2]

(c) Find the  p-value for the test. [2]

(d) State the conclusion of the test. Give a reason for your answer. [2]
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Turn over

12. [Maximum mark: 8]

A tank of water initially contains 400 litres. Water is leaking from the tank such that after 
10 minutes there are 324 litres remaining in the tank.

The volume of water,  V  litres, remaining in the tank after  t  minutes, can be modelled by the 
differential equation

   dV ___ 
dt

   = −k  √ 
_

 V    , where  k  is a constant.

(a) Show that   V =   (20 −   t __ 5  )    
2

   . [6]

(b) Find the time taken for the tank to empty. [2]
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13. [Maximum mark: 7]

A submarine is located in a sea at coordinates (0.8 , 1.3 , −0.3) relative to a ship positioned 
at the origin O. The  x  direction is due east, the y direction is due north and the  z  direction is 
vertically upwards.

All distances are measured in kilometres.

The submarine travels with direction vector    (   
−2

  −3  
1
   )     .

(a) Assuming the submarine travels in a straight line, write down an equation for the line 
along which it travels. [2]

The submarine reaches the surface of the sea at the point P.

(b) (i)  Find the coordinates of P.

(ii) Find OP. [5]
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Turn over

14. [Maximum mark: 6]

The weights of apples from Tony’s farm follow a normal distribution with mean 158 g and 
standard deviation 13 g. The apples are sold in bags that contain six apples.

(a) Find the mean weight of a bag of apples. [2]

(b) Find the standard deviation of the weights of these bags of apples. [2]

(c) Find the probability that a bag selected at random weighs more than 1 kg. [2]
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15. [Maximum mark: 5]

The diagram shows the slope field for the differential equation

    
dy

 ___ 
dx

   = sin (x + y)  ,   −4 ≤ x ≤ 5  ,   0 ≤ y ≤ 5  .

The graphs of the two solutions to the differential equation that pass through points (0 , 1) 
and (0 , 3) are shown.

y

x

2

4

3

0 2 4 531−1−2−3−4

1

5

For the two solutions given, the local minimum points lie on the straight line   L  1   .

(a) Find the equation of   L  1   , giving your answer in the form  y = mx + c . [3]

For the two solutions given, the local maximum points lie on the straight line   L  2   .

(b) Find the equation of   L  2   . [2]

(This question continues on the following page)
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Turn over

(Question 15 continued)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP21



– 22 –

M21/5/MATHY/HP1/ENG/TZ1/XX

2221 – 7206

16. [Maximum mark: 5]

An ant is walking along the edges of a wire frame in the shape of a triangular prism.

The vertices and edges of this frame can be represented by the graph below.

C

BA

D E

F

(a) Write down the adjacency matrix,  M , for this graph. [3]

(b) Find the number of ways that the ant can start at the vertex A, and walk along exactly 
6 edges to return to A. [2]

(This question continues on the following page)
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Turn over

(Question 16 continued)
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17. [Maximum mark: 7]

The graph of the function   f (x) = ln x   is translated by     (   
a
  b  )      so that it then passes through the 

points   (0 , 1)   and   ( e   3  , 1 + ln 2)  .

Find the value of  a  and the value of  b .
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1.  ~ Po(8.8)X   (M1) 

Note: Award (M1) for calculating the mean, 8.8, of the distribution 

 
 P ( 9) P ( 10)X X> = ≥    OR   P ( 9) 1 P ( 9)X X> = − ≤  (M1) 
 P ( 9) 0.386 (0.386260...)X > =  (M1)A1 

Note: Award (M1)(M0)(M1)A0 for finding P ( 9) 0.518 (0.517719...)X ≥ =  

OR P ( 9) 0.614 (0.613740...)X ≤ = . 

     Total [4 marks] 
 
 
 
2. (a) every point in the shaded region is closer to tower T4  R1 

Note: Specific reference must be made to the closeness of tower T4. 

[1 mark] 
 
 (b) ( 9, 1)−    A1A1 

Note: Award A1 for each correct coordinate. Accept 9x = −  and 1y = . 
Award at most A0A1 if parentheses are missing. 

     [2 marks] 
 
 (c) correct use of gradient formula (M1) 

  e.g.  
5 3 1

( )
9 13 2

m
−  = = − − −  

  

 
  taking negative reciprocal of their m (at any point) (M1) 
 
  edge gradient 2= −   A1 
 

     [3 marks] 
 

     Total [6 marks] 
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3. (a)  (i) attempt to find 20u using an arithmetic sequence (M1) 

    e.g. 1 500 100u d= =and    OR   20 500 1900u = +    OR   500,600,700,…  
 
   (Charlie ran)  2400 m A1 
   
  (ii) ( ) 1.02r =  (A1) 

   attempt to find 20u using a geometric sequence (M1) 

   e.g. identifying 1 500u =  and a value for r   OR   19500 r×    OR   500, 510, 520.2,  

 
   (Daniella ran) 728 m (728.405...)  A1 
     [5 marks] 
 
 (b) ( )1500 1.02 500 1 100n n−× > + − ×  (M1) 

 
  attempt to solve inequality  (M1) 
  184.215...n >  
  185n =   A1 
     [3 marks] 
 
     Total [8 marks]  
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4. (a) 150 100e p− ×=    OR   10.5 e p− ×=   (M1) 
   
  OR 

   (M1) 
 
  0.693 (0.693147..., ln 2)   A1 

     [2 marks] 
 
 (b) 0.693147... 1.5(1.5) 100eR − ×=   (M1) 
 
  35.4(%) (35.3553...)  A1 

     [2 marks] 
 
 (c) ( ) 0R t >    OR   ( )R t has a horizontal asymptote  R1 

     [1 mark] 
 
 (d) Award A1 for one reasonable limitation of the domain: A1 
   small values of t produce unrealistic results  
   (0) 100%R =    

   large values of t are not possible 
   people do not live forever 
   model is not valid at small or large values of t 
    
  The reason should focus on the domain 0t ≥ . Do not accept answers such as: 
   recollection varies for different people 
   memories are discrete not continuous  
   the nature of the information will change how easily it is recalled 
   emotional/physical stress can affect recollection/concentration 

Note: Do not accept 0t ≥ as this is a limitation that has been given in the question. 

     [1 mark] 
 

     Total [6 marks]  
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5. (a)  (i)  

3

CA 4

1

− 
 = − 
 − 



 A1 

 

  (ii) 

3

CB 4

1

 
 = − 
 − 



 A1 

     [2 marks] 
 

 (b) 

0

CA CB 6

24

 
 × = − 
 
 

 

 (M1)A1 

Note: Do not award (M1) if less than 2 entries are correct. 

 
     [2 marks] 
 

  (c)  area is 2 2 21
6 24 12.4 m (12.3693..., 3 17)

2
+ =  (M1)A1 

     [2 marks] 
 
     Total [6 marks] 
 
 
6. attempt to find any relevant maximum value (M1) 
 largest sides are 56.5 and 82.5 (A1) 
 smallest possible angle is 102.5 (A1) 
  
 attempt to substitute into area of a triangle formula (M1)  

 
1

56.5 82.5 sin (102.5 )
2
× × ×   

 
 22280 m (2275.37...)=  A1 
     Total [5 marks] 
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7. (a) (i) 
1 1

6 8 48
2 2

A q p= × × + × × +   OR   
1

( 6)( 8)
2

A p q= + +   OR    

   3 4 48A q p= + +  A1 
 
  (ii) valid attempt to link p and q, using tangents, similar triangles or other method 
     (M1) 

   eg. 
8

tan tan
6

q

p
θ θ= =and    OR   

6
tan tan

8

p

q
θ θ= =and    OR   

8

6

q

p
=  

 
   correct equation linking p and q  A1 

   eg. 48pq =    OR   
48

p
q

=    OR   
48

q
p

=  

 

   substitute 
48

p
q

=  into a correct area expression M1 

   eg. ( ) 1 1 48
6 8 48

2 2
A q

q
= × × + × × +    OR   ( ) ( )1 48

6 8
2

A q
q

 
= + + 

 
  

 

   
192

3 48A q
q

= + +   AG 

Note: The AG line must be seen with no incorrect, intermediate working, for 
the final M1 to be awarded. 

     [4 marks] 
 

 (b) 
2

192
3

q

−
+    A1A1 

Note: Award A1 for 
2

192

q

−
, A1 for 3 . Award A1A0 if extra terms are seen. 

     [2 marks] 
 

 (c) (i) 
2

192
3 0

q

−
+ =   A1 

 
  (ii) 8 cmq =   A1 

     [2 marks] 
 

     Total [8 marks] 
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8. (a) 

t  1 2 3 4 5 6 

( )P T t=  
1

36
 

(0.027777…) 

3

36
 

(0.083333…) 

5

36
 

(0.138888…) 

7

36
 

(0.194444…) 

9

36
 

(0.25) 

11

36
 

(0.305555…) 
     A2 

Note: Award A1 if three to five probabilities are correct. 

     [2 marks] 
 

 (b) (i) 
32 8

, 0.888888..., 88.9%
36 9

 
 
 

  (A1) 

 
  (ii) use of conditional probability  (M1) 
    e.g. denominator of 32   OR   denominator of 0.888888…, etc. 

   ( )11
0.34375, 34.4%

32
 A1 

     [3 marks] 
 

 (c) 
1 1 3 2 5 3 ... 11 6

36

× + × + × + + ×
  (M1) 

  ( )17
36

161
4 , 4.47 , 4.47222...

36
=  A1 

     [2 marks] 
 
     Total [7 marks]  
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9. (a)  (i)  2i 1= −   (M1) 
   2 1 1w = − + = −  A1 
 
  (ii)  1 i 1 iw = − + + =  A1 
     [3 marks] 
 
 (b) EITHER 
  rotation of 90  (anticlockwise, centre at the origin) A1A1 

Note: Award A1 for “rotation” and A1 for “90 ”. 

  followed by a translation of 
1

0

 
 
 

  A1 

  OR 

  translation of 
0

1

 
 − 

 A1 

  followed by rotation of 90  (anticlockwise, centre at the origin) A1A1 

Note: Award A1 for “rotation” and A1 for “90 ”. 

     [3 marks] 
 
 (c) EITHER 
  move 1 to left to 1 i−  (M1) 
  then rotate by 90−   to  
   1 i− −   A1 
 
  OR 
  i 1 2 iz + = −  
  i 1 iz = −   

  
1 i

i
z

−
=    (M1) 

  1 i− −   A1 
     [2 marks] 

 
     Total [8 marks] 
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10. (a)  (i) use of Prim’s algorithm M1 
   BC 46 A1 
    BD  58 A1 
    DE  23 
   EF  47 
    Total 174 A1 

Note: Award M0A0A0A1 for 174 without correct working e.g. use of Kruskal’s, or 
with no working. 

 Award M1A0A0A1 for 174 by using Prim’s from an incorrect starting point. 

 
  (ii) AB AC 55 63 118+ = + =  (M1) 
   174 118 292+ =  minutes A1 
     [6 marks] 
 (b)  delete a different vertex A1 

     [1 mark] 
 

     Total [7 marks] 
 
 
 

11. (a)  Convenience A1 
     [1 mark] 
 
  (b)  0H : 1% of the toys produced are faulty A1 

   1H : More than 1% are faulty A1 
     [2 marks] 
 
  (c)  B(200, 0.01)X   (M1) 
   P ( 4) 0.142X ≥ =  A1 

Note: Any attempt using Normal approximation to find p-value is awarded M0A0. 

     [2 marks] 
 
  (d)  14% > 10%  R1 
  so there is insufficient evidence to reject 0H .  A1 

Note: Do not award R0A1. Accept “fail to reject 0H ” or “accept 0H ”. 

     [2 marks] 
 
     Total [7 marks] 
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12.  (a)  
1
2

d

d

V
kV

t
= −   

  use of separation of variables (M1) 

  
1
2 d dV V k t−⇒ = −∫ ∫  A1 

    
1
22 ( )V kt c= − +  A1 

    considering initial conditions 40 c=  A1 

  2 324 10 40k= − +  
  0.4k⇒ =   A1 

  2 0.4 40V t= − +  

  20 0.2V t⇒ = −  A1 

Note: Award A1 for any correct intermediate step that leads to the AG. 

  
2

20
5

t
V

 ⇒ = − 
 

 AG 

Note: Do not award the final A1 if the AG line is not stated. 

     [6 marks] 
 

 (b)  
2

0 20 100
5

t
t

 = − ⇒ = 
 

minutes (M1)A1 

     [2 marks] 
 
     Total [8 marks] 
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13. (a)  

0.8 2

1.3 3

0.3 1

λ
−   

   = + −   
   −   

r  A1A1 

Note: Award A1 for each correct vector.  Award A0A1 if their “ =r ” is omitted. 

     [2 marks] 
 
 (b)  (i)  0.3 0λ− + =  (M1) 
   0.3λ⇒ =  

   

0.8 2 0.2

1.3 0.3 3 0.4

0.3 1 0

−     
     = + − =     
     −     

r  (M1) 

    P has coordinates ( )0.2, 0.4, 0  A1 

Note: Accept the coordinates of P in vector form. 

 

  (ii)  2 20.2 0.4+  (M1) 
    0.447 km (=447 m)=  A1 
     [5 marks] 
 
     Total [7 marks] 
 
 
 
14. (a)  158 6 948(g)× =  (M1)A1 
     [2 marks] 
 
 (b)  variance 26 13×   (M1) 

  SD 31.8(g)=  (13 6 , 31.8433…)  A1 
     [2 marks] 
 
  (c)  2~ N (948, 31.8433... )X  

  P ( 1000)X > = 0.0512   (0.0512350…) (M1)A1 

Note: Accept 0.0510 (0.0510014…) if 3 sf value 31.8 is used. 
 

Award (M1)A1FT if the answer is correct for their SD, even if no 
working is shown. e.g. If the SD is 78 then accept 0.252. 

 
     [2 marks] 
 
     Total [6 marks] 
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15.  (a)  sin ( ) 0x y+ =  A1 
  0x y⇒ + =  (M1) 

  (the equation of 1L  is) y x= −  A1 
   
     [3 marks] 
 
  (b)  πx y+ =    OR   πy x= − +  (M1)A1 
     [2 marks] 
 
     Total [5 marks] 
 
 
 

16.  (a)  

0 1 1 1 0 0

1 0 1 0 1 0

1 1 0 0 0 1

1 0 0 0 1 1

0 1 0 1 0 1

0 0 1 1 1 0

 
 
 
 

=  
 
 
  
 

M  A1A1A1 

Note: Award A1 for each two correct rows. 

     [3 marks] 
 
  (b)  calculating 6M   (M1) 
  143   A1 
     [2 marks] 
 
     Total [6 marks] 
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17.  new function is ( )( ) ln ( )f x a b x a b− + = − +  (M1) 

  (0) ln ( ) 1f a b= − + =  A1 

  3 3(e ) ln (e ) 1 ln 2f a b= − + = +  A1 

  3ln ( ) ln (e ) ln 2a a− = − −  (M1) 

  
3e

ln ( ) ln
2

a
a

 −
− =  

 
 

  
3e

2

a
a

−
− =   

  32 ea a− = −   

  3e ( 20.0855...)a = − = −  A1 

  31 ln e 1 3 2b = − = − = −  (M1)A1 
     Total [7 marks] 
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Instructions to candidates
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 y A graphic display calculator is required for this paper.
 y Answer all questions.
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 7]

Two schools are represented by points  A(2 ,   20)  and  B (14 ,   24)  on the graph below. A road, 
represented by the line  R  with equation  − x + y = 4 , passes near the schools. An architect 
is asked to determine the location of a new bus stop on the road such that it is the same 
distance from the two schools.

y

x
4 8 12 16

4

8

12

20

16

B

A

0

20

24

28

24
0

R

(a) Find the equation of the perpendicular bisector of  [AB] . Give your equation in the  
form   y = mx + c  . [5]

(b) Determine the coordinates of the point on  R  where the bus stop should be located. [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Maximum mark: 7]

A function is defined by   f (x) = 2 −   12 ____ x + 5     for   −7 ≤ x ≤ 7 ,   x ≠ −5  .

(a) Find the range of  f . [3]

(b) Find an expression for the inverse function    f    −1 (x)  . The domain is not required. [3]

(c) Write down the range of    f    −1 (x)  . [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximum mark: 6]

At Springfield University, the weights, in kg, of 10 chinchilla rabbits and 10 sable rabbits 
were recorded. The aim was to find out whether chinchilla rabbits are generally heavier 
than sable rabbits. The results obtained are summarized in the following table.

Weight of chinchilla rabbits, kg 4.9 4.2 4.1 4.4 4.3 4.6 4.0 4.7 4.5 4.4

Weight of sable rabbits, kg 4.2 4.1 4.1 4.2 4.5 4.4 4.5 3.9 4.2 4.0

A  t-test is to be performed at the 5 % significance level.

(a) Write down the null and alternative hypotheses. [2]

(b) Find the  p-value for this test. [2]

(c) Write down the conclusion to the test. Give a reason for your answer. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Maximum mark: 6]

The diagram below shows a helicopter hovering at point H, 380 m vertically above a lake. 
Point A is the point on the surface of the lake, directly below the helicopter.

diagram not to scale

25

380

40
Minta

H

CBA

helicopter

Minta is swimming at a constant speed in the direction of point A. Minta observes the helicopter 
from point C as she looks upward at an angle of 25. After 15 minutes, Minta is at point B and 
she observes the same helicopter at an angle of 40.

(a) Find the distance from A to C. [2]

(b) Find the distance from B to C. [3]

(c) Find Minta’s speed, in metres per hour. [1]
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5. [Maximum mark: 5]

Roger buys a new laptop for himself at a cost of £495. At the same time, he buys his 
daughter Chloe a higher specification laptop at a cost of £2200.

It is anticipated that Roger’s laptop will depreciate at a rate of 10 % per year, whereas 
Chloe’s laptop will depreciate at a rate of 15 % per year.

(a) Estimate the value of Roger’s laptop after 5 years. [2]

Roger and Chloe’s laptops will have the same value  k  years after they were purchased.

(b) Find the value of  k . [2]

(c) Comment on the validity of your answer to part (b). [1]
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6. [Maximum mark: 7]

Consider the function   f (x) = a x   2  + bx + c  . The graph of  y = f (x)  is shown in the diagram. 
The vertex of the graph has coordinates   (0.5 ,   −12.5)  . The graph intersects the  x-axis at 
two points,  (−2 ,   0)  and  ( p ,   0) .

diagram not to scale
y

x

(0.5 ,  –12.5)

(–2 ,  0) (p ,  0)

(a) Find the value of  p . [1]

(b) Find the value of

(i) a .

(ii) b .

(iii) c . [5]

(c) Write down the equation of the axis of symmetry of the graph. [1]

(This question continues on the following page)
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(Question 6 continued)
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7. [Maximum mark: 6]

A meteorologist models the height of a hot air balloon launched from the ground. The model 
assumes the balloon travels vertically upwards and travels 450 metres in the first minute.

Due to the decrease in temperature as the balloon rises, the balloon will continually slow down. 
The model suggests that each minute the balloon will travel only 82 % of the distance travelled 
in the previous minute.

(a) Find how high the balloon will travel in the first 10 minutes after it is launched. [3]

(b) The balloon is required to reach a height of at least 2520 metres.

Determine whether it will reach this height. [2]

(c) Suggest a limitation of the given model. [1]
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8. [Maximum mark: 7]

Two lines    L  1     and    L  2     are given by the following equations, where   p∈ℝ  .

   L  1   :   r =   
(

    
2
  p + 9  

−3
   
)

    + λ  
(

    
p
  2p  

4
   
)

    

   L  2   :   r =   
(

    
14

  7  
p + 12

  
)

    + μ  
(

   
p + 4

  4  
−7

   
)

    

It is known that    L  1     and    L  2     are perpendicular.

(a) Find the possible value(s) for  p . [3]

(b) In the case that  p < 0 , determine whether the lines intersect. [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

20EP11



– 12 –

M21/5/MATHY/HP1/ENG/TZ2/XX

2221 – 7211

9. [Maximum mark: 8]

A newspaper vendor in Singapore is trying to predict how many copies of The Straits Times 
they will sell. The vendor forms a model to predict the number of copies sold each weekday. 
According to this model, they expect the same number of copies will be sold each day.

To test the model, they record the number of copies sold each weekday during a particular week. 
This data is shown in the table.

Day Monday Tuesday Wednesday Thursday Friday

Number of copies sold  74  97  91  86 112

A goodness of fit test at the 5 % significance level is used on this data to determine whether 
the vendor’s model is suitable. The critical value for the test is 9.49.

(a) Find an estimate for how many copies the vendor expects to sell each day. [1]

(b) (i)  State the null and alternative hypotheses for this test.

(ii) Write down the degrees of freedom for this test.

(iii) Write down the conclusion to the test. Give a reason for your answer. [7]
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10. [Maximum mark: 6]

A manufacturer of chocolates produces them in individual packets, claiming to have an 
average of 85 chocolates per packet.

Talha bought 30 of these packets in order to check the manufacturer’s claim.

Given that the number of individual chocolates is  x , Talha found that, from his 30 packets,   
∑ x = 2506   and   ∑  x   2  = 209 738  .

(a) Find an unbiased estimate for the mean number   ( μ )   of chocolates per packet. [1]

(b) Use the formula    s  n − 1  
2   =   

∑  x   2  −   
  (  ∑ x )     2 

 _ n  
 _________ n − 1     to determine an unbiased estimate for the variance 

of the number of chocolates per packet. [2]

(c) Find a 95 % confidence interval for   μ  . You may assume that all conditions for a 
confidence interval have been met. [2]

(d) Suggest, with justification, a valid conclusion that Talha could make. [1]
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11. [Maximum mark: 7]

The diagram below shows a network of roads in a small village with the weights indicating 
the distance of each road, in metres, and junctions indicated with letters.
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Musab is required to deliver leaflets to every house on each road. He wishes to minimize his 
total distance.

(a) Musab starts and finishes from the village bus-stop at A. Determine the total distance 
Musab will need to walk. [5]

Instead of having to catch the bus to the village, Musab’s sister offers to drop him off at any 
junction and pick him up at any other junction of his choice.

(b) Explain which junctions Musab should choose as his starting and finishing points. [2]
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12. [Maximum mark: 8]

It is given that    z  1   = 3 cis  (    3π __ 4   )      and    z  2   = 2 cis  (    nπ __ 16   )     ,   n∈ ℤ   +   .

(a) In parts (a)(i) and (a)(ii), give your answers in the form   r e   iθ   ,   r ≥ 0  ,   − π < θ ≤ π  .

(i) Find the value of     z  1      
3   .

(ii) Find the value of     (    
 z  1   __  z  2  

   )     
4
    for  n = 2 . [5]

(b) Find the least value of  n  such that    z  1    z  2  ∈ ℝ   +   . [3]
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13. [Maximum mark: 8]

The graph below shows a small maze, in the form of a network of directed routes. The vertices 
A to F show junctions in the maze and the edges show the possible paths available from one 
vertex to another.

A mouse is placed at vertex A and left to wander the maze freely. The routes shown by 
dashed lines indicate paths sprinkled with sugar.

When the mouse reaches any junction, she rests for a constant time before continuing.

At any junction, it may also be assumed that
 y the mouse chooses any available normal path with equal probability
 y if the junction includes a path sprinkled with sugar, the probability of choosing this path is 

twice that of a normal path.

A

B

C

E

D

F

(a) Determine the transition matrix for this graph. [3]

(b) If the mouse was left to wander indefinitely, use your graphic display calculator to 
estimate the percentage of time that the mouse would spend at point F. [3]

(c) Comment on your answer to part (b), referring to at least one limitation of the model. [2]

(This question continues on the following page)
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(Question 13 continued)
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14. [Maximum mark: 7]

A geometric transformation   T :   (   
x
  y  )    ↦   (   

 x ′  
   y ′    )      is defined by

 T :   (   
 x ′  

   y ′    )    =   (   7  −10  
2
  
−3

   )     (   
x
  y  )    +   (   −5  

4
   )    .

(a) Find the coordinates of the image of the point     (  6 ,   −2 )     . [2]

(b) Given that   T :   (   
p
  q  )    ↦ 2  (   

p
  q  )     , find the value of  p  and the value of  q . [3]

(c) A triangle  L  with vertices lying on the  xy  plane is transformed by  T .

Explain why both  L  and its image will have exactly the same area. [2]
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15. [Maximum mark: 7]

The number of coffees sold per hour at an independent coffee shop is modelled by a Poisson 
distribution with a mean of 22 coffees per hour.

Sheila, the shop’s owner wants to increase the number of coffees sold in the shop. She 
decides to offer a discount to customers who buy more than one coffee.

To test how successful this strategy is, Sheila records the number of coffees sold over a 
single 5-hour period. Sheila decides to use a 5 % level of significance in her test.

(a) State the null and alternative hypotheses for the test. [1]

(b) Find the probability that Sheila will make a type I error in her test conclusion. [4]

Sheila finds 126 coffees were sold during the 5-hour period.

(c) State Sheila’s conclusion to the test. Justify your answer. [2]
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16. [Maximum mark: 8]

A particle  P  moves in a straight line, such that its displacement  x  at time   t   (  t ≥ 0 )      is defined 

by the differential equation    x ˙   = x cos t  (   e   −sin t  )     . At time   t = 0  ,   x =   1 __ e    .

(a) By using Euler’s method with a step length of 0.1, find an approximate value 
for  x  when   t = 0.3  . [3]

(b) By solving the differential equation, find the percentage error in your approximation 
for  x  when   t = 0.3  . [5]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) gradient 
4 1

AB
12 3

 =  
 

 (A1) 

  midpoint AB : (8, 22)  (A1) 
 

  gradient of bisector 
1

3
 AB

= − = −
gradient

 (M1) 

  perpendicular bisector: 22 3 8 b= − × +   OR  ( 22) 3( 8)y x− = − −  (M1) 

    
  perpendicular bisector:  3 46y x= − +  A1 

[5 marks] 
 

 (b)  attempt to solve simultaneous equations (M1) 
  4 3 46x x+ = − +  
  (10.5, 14.5)    A1 

 [2 marks] 
      Total [7 marks] 

 
 

2. (a) ( )( 7) 8f − =  and ( )(7) 1f =  (A1) 

  range is ( ) 1,  ( ) 8f x f x≤ ≥   A1A1 

Note: Award at most A1A1A0 if strict inequalities are used. 

      [3 marks] 
 (b) interchanging x, y at any stage  (A1) 

  
12

2
5

y
x

= −
+

 

  
12

2
5

y
x

= −
+

 

  
12

5
2

x
y
= +

−
 (A1) 

  
12

5
2

x
y
− =

−
 

  ( )1 12 2 5
( ) 5

2 2

x
f x

x x
− + = − = − − 

 A1 

[3 marks] 
 

 (c) range is 1 17 ( ) 7 , ( ) 5f x f x− −− ≤ ≤ ≠ −  A1 

[1 mark] 
 

      Total [7 marks]  
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3. (a) (let cµ =  population mean for chinchilla rabbits, sµ =  population mean for sable rabbits) 

  0 c sH : µ µ=   A1 

  1 c sH : µ µ>  A1 

Note: Accept an equivalent statement in words, must include mean and reference 
to “population mean” / “mean for all chinchilla rabbits” for the first A1 to be 
awarded.  The terms “on average” and “generally” are also acceptable to 
indicate populations.   

 Do not accept an imprecise “the means are equal”. 

     [2 marks] 
 
 (b) - 0.0408 (0.0408065...)p =value  A2 

Note: Award A1 for an answer of 0.041565…, from “unpooled” settings on GDC. 

     [2 marks] 
 
 (c) 0.0408 0.05<  . R1 
 
  (there is sufficient evidence to) reject (or not accept) 0H  A1 

  (there is sufficient evidence to suggest that chinchilla rabbits are (generally) heavier  
  than sable rabbits) 

Note: Do not award R0A1.  Accept ‘accept 1H ’.  

    [2 marks] 
 

   Total [6 marks] 
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4. (a) 
380

AC
tan 25

=


  OR  
2

2380
AC 380

sin 25
 = − 
 

  OR  
380 AC

sin 25 sin 65
=

 

  (M1) 

 
  AC 815 m 814. 912 )(= …   A1 

[2 marks] 
 
 (b) METHOD 1 
  attempt to find AB (M1) 

  
380

AB
tan 40

=


  

  453 m (452.866 )= …   (A1) 
  
  BC 814. 912 452.866= …− …   
  362 m 362.046 )(= …   A1 
 
  METHOD 2 
  attempt to find HB  (M1) 

  
380

HB
sin 40

=


     

  591 m ( 591.175...)=  (A1)  

  
591.175... sin15

BC
sin 25

×
=





 

  362 m (362.046...)=  A1 
      [3 marks] 
 
 (c)  362.046 4…×   

  1 )(1450 m h 1448.18−= …         A1 
 [1 mark] 

 
      Total [6 marks] 
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5. (a) 5£495 0.9 £292 (£292.292...)× =   (M1)A1 

 [2 marks] 
 

 (b) 495 0.9 2200 0.85k k× = ×  (M1) 
  26.1 (26.0968...)k =  A1 

Note: Award M1A0 for 1k −  in place of k. 

 [2 marks] 
 
 (c) depreciation rates unlikely to be constant (especially over a long time period) 
     R1 

Note: Accept reasonable answers based on the magnitude of k or the fact 
that “value” depends on factors other than time. 

[1 mark] 
 

      Total [5 marks]  



 – 12 – M21/5/MATHY/HP1/ENG/TZ2/XX/M 

 

6. (a) 3    A1 

Note: Accept (3, 0) seen. 

 [1 mark] 

 
 (b) METHOD 1 

  0 4 2a b c= − + , 0 9 3a b c= + + , 
25 1 1

2 4 2
a b c− = + +   (M1)(A1) 

 
  (i) 2   A1 
 
  (ii)  2−     A1 
 
  (iii) 12−     A1 

Note: Award the (M1)(A1) if at least one correct value is seen. 
Do not apply FT form part (a) if workings are not shown. 

 
  METHOD 2 
 
  12.5 0.5 2) 0.5 – 3)( (a− = +   (M1) 

 
  (i) 2a =    A1 
 

   20 2 (3) 3x b c= + +    

   20 2 2)( ( 2)x b c= − + − +     (M1) 

 
  (ii)  2b = −   A1 
 
  (iii)  12c = −    A1 

[5 marks] 
 
 (c)  0.5x =    A1 

Note: Do not FT from their part (b), this is a contradiction with the diagram. 

[1 mark] 
 

      Total [7 marks] 
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7. (a) recognition of geometric sequence eg 0.82r =  (M1) 

  
( )10

10

450 1 0.82

1 0.82
S

−
=

−
 (A1) 

  2160 m (2156.37...)=   A1 

[3 marks] 
 

 (b) 
450

1 0.82
S∞ = −

  (M1) 

  2500 2520= <  so the balloon will not reach the required height. A1 
 [2 marks] 

 
 (c) horizontal motion not taken into account, 
  rate of cooling will not likely be linear, 
  balloon is considered a point mass / size of balloon not considered,  
  effects of wind/weather unlikely to be consistent, 
  a discrete model has been used, whereas a continuous one may 
  offer greater accuracy R1 

Note:  Accept any other sensible answer. 

[1 mark] 
 

 Total [6 marks] 
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8. (a) setting a dot product of the direction vectors equal to zero (M1) 

  

4

2 . 4 0

4 7

p p

p

+   
    =   
   −   

 

   

  ( )4 8 28 0p p p+ + − =   (A1) 

  2 12 28 0p p+ − =   

  ( )( )14 2 0p p+ − =   

  14p = − , 2p =   A1 
[3 marks] 

 
 (b) 14p = − ⇒   

  1

2 14

: 5 28

3 4

L r λ
−   

   = − + −   
   −   

  

  2

14 10

: 7 4

2 7

L r µ
−   

   = +   
   − −   

 

 
  a common point would satisfy the equations 
   2 14 14 10λ µ− = −  

   5 28 7 4λ µ− − = +  (M1) 

   3 4 2 7λ µ− + = − −  

 
  METHOD 1 
  solving the first two equations simultaneously 

  
1 1

,
2 2

λ µ= − =   A1 

  substitute into the third equation: M1 

  ( )1 1
3 4 2 7

2 2
 − + − ≠ − + − 
 

  

  so lines do not intersect. R1 

Note: Accept equivalent methods based on the order in which the equations 
are considered. 

 
  METHOD 2  
  attempting to solve the equations using a GDC M1  
  GDC indicates no solution A1 
  so lines do not intersect R1  
     [4 marks] 

 
Total [7 marks]  
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9. (a) 
74 97 91 86 112

92
5

+ + + +  = 
 

  A1 

[1 mark] 
 
 (b) (i) 0H :  The data satisfies the model A1 

   1H :  The data does not satisfy the model A1 

Note: Do not accept “ 0H :  The same number of copies will be sold each day” but accept 

a similar statement if the word ‘expect’ or ‘expected’ is included.  Similarly for 1H . 

 
  (ii) 4  A1 
 
  (iii) 2

calc 8.54 (8.54347...)χ =  OR -value 0.0736 (0.0735802...)p =  A2 
 
   8.54 9.49<   OR  0.0736 0.05>   R1 
   therefore there is insufficient evidence to reject 0H   A1 

   (i.e. the data satisfies the model) 

Note: Do not award R0A1. Accept “accept” or “do not reject” in 
place of “insufficient evidence to reject”. 
Award the R1 for comparing their p-value with 0.05 or their 

2χ  value with 9.49 and then FT their final conclusion. 

[7 marks] 
 

Total [8 marks]  
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10. (a) ( )2506
83.5  83.5333

30

x
x

n
= = =∑

   A1 

[1 mark] 
 

 (b) 

( )2
2

2

2
1

2506
209738

30
1 29n

x
x

ns
n−

 
 − −
 = = −
  
 

∑∑
 (M1) 

  13.9 (13.9126...)=   A1 
[2 marks] 

 

 (c) ( ) ( )82.1, 84.9 82.1405..., 84.9261...   A2 

[2 marks] 
 

 (d) 85 is outside the confidence interval and therefore Talha would suggest  
  that the manufacturer’s claim is incorrect R1 

Note: The conclusion must refer back to the original claim. 
 
Allow use of a two sided t-test giving a p-value rounding to 0.04 0.05<  and 
therefore Talha would suggest that the manufacturer’s claims in incorrect. 

 [1 mark] 
 

Total [6 marks]  
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11. (a) Odd vertices are A, B, D, H A1 
  Consider pairings: M1 

Note: Award (M1) if there are four vertices not necessarily all correct. 

 
  AB DH has shortest route AD, DE, EB and DE, EH, 
  so repeated edges 7( (19 16 19) 16 27) 9+ + + + =  

Note: Condone AB in place of AD, DE, EB giving 56 16 27) 99(+ + = . 

 
  AD BH has shortest route AD and BE, EH, 
  so repeated edges 19 (19 27) 65+ + =   

 
  AH BD has shortest route AD, DE, EH and BE, ED, 
  so repeated edges (19 16 27) (19 16) 97+ + + + =  A2 

  

Note: Award A1 if only one or two pairings are correctly considered. 

 
  so best pairing is AD, BH  
  weight of route is therefore 582 65 647+ =   A1 

[5 marks] 
 
 (b) least value of the pairings is 19 therefore repeat AD R1 
 
  B and H  A1 

Note: Do not award R0A1. 

[2 marks] 
 

Total [7 marks]  
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12. (a) (i) 
i

 3 0.785398... i4
1 )27e 27e(z

π

= =  A1A1 

Note: Award A1 for 27 and A1 for the angle in the correct form. 

 

  (ii) 
4 i

1.57079... i1 2

2

( )
81

e 5.0625e
16

z

z

π   
  


= 
 

=  A1A2 

Note: Award A1 for 
81

16
, A2 for the angle in the correct form and 

A1 for the angle in incorrect form e.g. cis
2

π
 and/or 

2

5π
. 

Award A1 if i is given in place of cis
2

π
. 

 [5 marks] 
 

 (b) 1 2

3
6cis

4 16

n
z z

π π = + 
 

 (M1) 

  
12

6cis
16

nπ+ π =  
 

 

  12 32nπ+ π = π  (M1) 
  20n =    A1 

[3 marks] 
 

Total [8 marks]  
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13. 

 (a) transition matrix is 

1 1
3 2

1 1
3 5

2 1 1 1
3 2 2 5

1 1 2
2 2 5

1 1
3 5

1 1
3 2

   

0 0 0 0

0 0 0 0

0 0

0 0 0

0 0 0 0

0 0 0 0

A B C D E F

A

B

C

D

E

F

 
 
 
 
 
 
 
  
 

 M1A1A1 

 

Note: Allow the transposed matrix. 
 
Award M1 for a 6x6 matrix with all values between 0 and 1, and all columns 
(or rows if transposed) adding up to 1, award A1 for one correct row (or 
column if transposed) and A1 for all rows (or columns if transposed ) 
correct. 

[3 marks] 
 
 (b) attempting to raise the transition matrix to a large power  (M1) 

  steady state vector is 

(0.157)

(0.0868)

(0.256)

(0.241)

(0.0868)

0.173

 
 
 
 
 
 
 
  
 

 (A1) 

 
  so percentage of time spent at vertex F is 17.3% A1 
  

Note: Accept 17.2%.  

[3 marks] 
 
 (c) the model assumes instantaneous travel from junction to junction, R1 
  and hence the answer obtained would be an overestimate R1 
  OR 
  the mouse may eat the sugar over time R1 
  and hence the probabilities would change R1 

Note: Accept any other sensible answer. 

 
[2 marks] 

   
Total [7 marks] 
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14. (a) 
7 10 6 5

2 3 2 4

− −    
+    − −    

 (M1) 

  
57

22

 
=  
 

  OR  (57 , 22)  A1 

[2 marks] 
 

 (b) 
2 7 10 5

2 2 3 4

p p

q q

− −      
= +      −      

 (M1) 

  7 10 5 2p q p− − =   

  2 3 4 2p q q− + =   (A1) 

  solve simultaneously: 
  13, 6p q= =   A1 

Note: Award A0 if 13 and 6 are not labelled or are labelled the other way around. 

[3 marks] 
 

 (c) 
7 10

det 1
2 3

− 
= − − 

 
7 10

 det 1
2 3

 − 
=   −  

OR  A1 

  scale factor of image area is therefore ( )1 1− =  (and the translation does not affect the area) 

     A1 
[2 marks] 

 
Total [7 marks]  
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15. (a) 0H : 110m = , 1H : 110m >  A1 

Note: Accept other appropriate variables for the mean. 
Accept 22 in place of 110. 

 [1 mark] 
 
 (b) P ( 128) 0.05024X ≥ =  (M1)(A1) 

  P ( 129) 0.04153X ≥ =   (M1) 

  (probability of making a type I error is)   0.0415   A1 

Note: If other probabilities are seen, the final A1 cannot be awarded 
unless 0.0415 is clearly identified as the final answer. 

[4 marks] 
 

 (c) ~ Po(110)X   

  P ( 126) 0.072 0.05X ≥ = >    OR   recognizing 126 < 129 or 128≤  R1 

  so there is insufficient evidence to reject 0H   A1 

  (ie there is insufficient evidence to suggest that the number of coffees being  
  sold has increased) 

Note: Accept ‘Accept 0H ’.  

Do not award R0A1. 

     [2 marks] 
 

      Total [7 marks] 
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16. (a) 1 1 1( , )n n n nx x h f x t− − −= +   

  sin0.1, ( , ) cos (e )th f x t x t −= =  

 

  1sin
1 1 10.1 cos (e )nt

n n n nx x x t −−
− − −= +   (M1) 

Note: Award M1 for a valid start. 

 

n nt  nx  

0 0 0.367879 
1 0.1 0.404667 
2 0.2 0.441106 
3 0.3 0.476548 

     (A1) 

Note:  Award A1 for a correct x value when 1n = .  

 
  (0.3) 0.477 (0.476548...)x ≈   A1 

[3 marks] 
 
 (b) EITHER 

  sind
cos (e ) d  ( )tx

t t c
x

−= +∫ ∫   M1 

  sinln e tx c−= − +   A1 

  0t = , 
1

0
e

x c= ⇒ =  M1 

  
sin( e )e

t

x
−−=   

  (0.3) 0.475140...x ≈  A1 

 
  OR 

  
0.3

sin

1/e 0

d
cos (e )d

x
tu

t t
u

−=∫ ∫  M1 

  1/e[ln ] 0.255855...xu = (from GDC) A1 

  ln 1 0.255855...x + =  
  ln  – 0.744145...x =  A1 

  0.744145e 0.475140....x −= =  A1 
 
  THEN 

  percentage error 
0.476548... 0.475140...

100 0.296% (2.96192...)
0.475140...

−
= × =   A1 

Note: If candidates do not attempt to find c , they may score M1A0M0A1A1. 

[5 marks] 
 

Total [8 marks] 
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Instructions destinées aux candidats

 y Écrivez votre numéro de session dans les cases ci-dessus.
 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions.
 y Rédigez vos réponses dans les cases prévues à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [110 points].
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 7]

Deux établissements scolaires sont représentés par les points  A(2  ;   20)  et  B (14  ;   24)  
sur la représentation graphique ci-dessous. Une route, représentée par la droite  R  
d’équation  − x + y = 4 , passe près de ces établissements scolaires. On demande à un 
architecte de déterminer l’emplacement d’un nouvel arrêt d’autobus sur la route de telle 
sorte qu’il soit à la même distance des deux établissements scolaires.

y

x
4 8 12 16

4

8

12

20

16

B

A

0

20

24

28

24
0

R

(a) Trouvez l’équation de la médiatrice de  [AB] . Donnez votre équation sous la forme   
y = mx + c  . [5]

(b) Déterminez les coordonnées du point sur  R  où l’arrêt d’autobus devrait être situé. [2]

(Suite de la question à la page suivante)
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(Suite de la question 1)
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2. [Note maximale : 7]

Une fonction est définie par   f (x) = 2 −   12 ____ x + 5     pour   −7 ≤ x ≤ 7 ,   x ≠ −5  .

(a) Trouvez l’image de  f . [3]

(b) Trouvez une expression pour la fonction réciproque    f    −1 (x)  . Le domaine n’est pas exigé. [3]

(c) Écrivez l’image de    f    −1 (x)  . [1]
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3. [Note maximale : 6]

À l’Université de Springfield, les poids, en kg, de 10 lapins chinchilla et 10 lapins sablés ont 
été enregistrés. L’objectif était de savoir si les lapins chinchilla sont généralement plus lourds 
que les lapins sablés. Les résultats obtenus sont résumés dans le tableau suivant.

Poids des lapins chinchilla, kg 4,9 4,2 4,1 4,4 4,3 4,6 4,0 4,7 4,5 4,4

Poids des lapins sablés, kg 4,2 4,1 4,1 4,2 4,5 4,4 4,5 3,9 4,2 4,0

Un test  t  sera mené au niveau de signification de 5 %.

(a) Écrivez l’hypothèse nulle et l’hypothèse alternative. [2]

(b) Trouvez la valeur  p  pour ce test. [2]

(c) Écrivez la conclusion du test. Donnez une raison pour votre réponse. [2]
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4. [Note maximale : 6]

Le diagramme ci-dessous montre un hélicoptère en vol stationnaire au point H, à une 
hauteur de 380 m au-dessus d’un lac. Le point A est le point sur la surface du lac, 
directement sous l’hélicoptère.

la figure n’est pas à l’échelle

25

380

40
Minta

H

CBA

hélicoptère

Minta nage à vitesse constante en direction du point A. Minta observe l’hélicoptère à 
partir du point C alors qu’elle regarde vers le haut avec un angle de 25. Après 15 minutes, 
Minta se trouve au point B et elle observe le même hélicoptère avec un angle de 40.

(a) Trouvez la distance entre A et C. [2]

(b) Trouvez la distance entre B et C. [3]

(c) Trouvez la vitesse de Minta, en mètres par heure. [1]
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5. [Note maximale : 5]

Roger s’achète un nouvel ordinateur portable au prix de 495 £. Au même moment, il achète 
à sa fille Chloé un ordinateur portable de plus haute gamme au prix de 2200 £.

On prévoit que l’ordinateur portable de Roger se dépréciera à un taux de 10 % par année, 
tandis que celui de Chloé se dépréciera à un taux de 15 % par année.

(a) Estimez la valeur de l’ordinateur portable de Roger après 5 années. [2]

Les ordinateurs portables de Roger et Chloé auront la même valeur  k  années après avoir 
été achetés.

(b) Trouvez la valeur de  k . [2]

(c) Commentez la validité de votre réponse à la partie (b). [1]
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6. [Note maximale : 7]

Considérez la fonction   f (x) = a x   2  + bx + c  . La représentation graphique de  y = f (x)  est 
montrée dans le diagramme. Les coordonnées du sommet de la représentation graphique 
sont   (0,5  ;   −12,5)  . La représentation graphique coupe l’axe des abscisses en deux points,   
(−2   ;    0)  et  ( p   ;    0) .

la figure n’est pas à l’échelle
y

x

(0,5  ;  –12,5)

(–2  ;  0) (p  ;  0)

(a) Trouvez la valeur de  p . [1]

(b) Trouvez la valeur de

(i) a .

(ii) b .

(iii) c . [5]

(c) Écrivez l’équation de l’axe de symétrie de la représentation graphique. [1]

(Suite de la question à la page suivante)
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(Suite de la question 6)
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7. [Note maximale : 6]

Un météorologue modélise la hauteur d’un ballon à air chaud lancé à partir du sol. Le modèle 
suppose que le ballon monte verticalement et parcourt 450 mètres au cours de la première  
minute.

En raison de la baisse de température à mesure que le ballon monte, ce dernier ralentira 
continuellement. Le modèle suggère que chaque minute, le ballon va parcourir seulement 
82 % de la distance parcourue au cours de la minute précédente.

(a) Trouvez la hauteur atteinte par le ballon 10 minutes après son lancement. [3]

(b) Le ballon doit atteindre une hauteur d’au moins 2520 mètres.

Déterminez s’il atteindra cette hauteur. [2]

(c) Suggérez une limite du modèle donné. [1]
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8. [Note maximale : 7]

Deux droites    L  1     et    L  2     sont définies par les équations suivantes, où   p∈ℝ  .

   L  1   :   r =   
(

    
2
  p + 9  

−3
   
)

    + λ  
(

    
p
  2p  

4
   
)

    

   L  2   :   r =   
(

    
14

  7  
p + 12

  
)

    + μ  
(

   
p + 4

  4  
−7

   
)

    

On sait que    L  1     et    L  2     sont perpendiculaires.

(a) Trouvez la ou les valeurs possibles pour  p . [3]

(b) Dans le cas où  p < 0 , déterminez si les droites se coupent. [4]
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9. [Note maximale : 8]

Un vendeur de journaux à Singapour tente de prédire le nombre d’exemplaires du Straits 
Times qu’il vendra. Le vendeur construit un modèle pour prédire le nombre d’exemplaires qu’il 
vendra chaque jour de la semaine. Selon ce modèle, on s’attend à ce que le même nombre 
d’exemplaires soit vendu chaque jour.

Pour tester le modèle, le nombre d’exemplaires qu’il vend chaque jour de la semaine au cours 
d’une semaine donnée est enregistré. Ces données sont présentées dans le tableau.

Jour Lundi Mardi Mercredi Jeudi Vendredi

Nombre d’exemplaires vendus  74  97  91  86 112

Un test d’ajustement, au niveau de signification de 5 %, est utilisé sur ces données afin de 
déterminer si le modèle du vendeur est approprié. La valeur critique pour ce test est de 9,49.

(a) Trouvez une estimation du nombre d’exemplaires que le vendeur espère vendre 
chaque jour. [1]

(b) (i)  Indiquez l’hypothèse nulle et l’hypothèse alternative pour ce test.

(ii) Écrivez le nombre de degrés de liberté pour ce test.

(iii) Écrivez la conclusion du test. Donnez une raison pour votre réponse. [7]
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10. [Note maximale : 6]

Un fabricant de chocolats produit ces derniers en paquets, affirmant qu’il y a en moyenne 
85 chocolats par paquet.

Talha a acheté 30 de ces paquets dans le but de vérifier l’affirmation du fabricant.

Étant donné que le nombre de chocolats individuels est  x , Talha a trouvé que, pour ses 
30 paquets,   ∑ x = 2506   et   ∑  x   2  = 209 738  .

(a) Trouvez un estimateur sans biais pour le nombre moyen   ( μ )   de chocolats par paquet. [1]

(b) Utilisez la formule    s  n − 1  
2   =   

∑  x   2  −   
  (  ∑ x )     2 

 _ n  
 _________ n − 1     pour déterminer un estimateur sans biais pour 

la variance du nombre de chocolats par paquet. [2]

(c) Trouvez un intervalle de confiance de 95 % pour   μ  . Vous pouvez supposer que toutes 
les conditions pour construire un intervalle de confiance sont satisfaites. [2]

(d) Suggérez, en donnant une justification, une conclusion valide à laquelle Talha 
pourrait arriver. [1]
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11. [Note maximale : 7]

Le diagramme ci-dessous montre un réseau de routes dans un petit village dont les poids 
indiquent la distance de chaque route, en mètres, et dont les intersections sont indiquées 
par des lettres.

C

31

F

44

L

H

19

E
D

20

19

A

49

G

50

26
27

2731

42B
56

1016

J

21K38I
36

20

Musab doit distribuer des dépliants à chaque maison sur chaque route. Il souhaite minimiser 
sa distance totale.

(a) Musab commence et finit à l’arrêt d’autobus du village situé en A. Déterminez la 
distance totale que Musab devra parcourir à pied. [5]

Au lieu de devoir prendre l’autobus pour aller au village, la sœur de Musab lui propose 
de le déposer à n’importe quelle intersection et de le reprendre à n’importe quelle autre 
intersection de son choix.

(b) Expliquez quelles intersections Musab devrait choisir comme point de départ et point 
d’arrivée. [2]
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12. [Note maximale : 8]

Soit    z  1   = 3 cis  (    3π __ 4   )      et    z  2   = 2 cis  (    nπ __ 16   )     ,   n∈ ℤ   +   .

(a) Dans les parties (a)(i) et (a)(ii), donnez vos réponses sous la forme   r e   iθ   ,   r ≥ 0  ,   − π < θ ≤ π  .

(i) Trouvez la valeur de     z  1      
3   .

(ii) Trouvez la valeur de     (    
 z  1   __  z  2  

   )     
4
    pour  n = 2 . [5]

(b) Trouvez la plus petite valeur de  n  telle que    z  1    z  2  ∈ ℝ   +   . [3]
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13. [Note maximale : 8]

Le graphe ci-dessous montre un petit labyrinthe sous la forme d’un réseau de chemins 
orientés. Les sommets A à F montrent les intersections dans le labyrinthe et les arêtes 
montrent les chemins qu’il est possible d’emprunter pour aller d’un sommet à l’autre.

Une souris est placée au sommet A et se promène librement dans le labyrinthe. Les chemins 
indiqués par des traits pointillés indiquent des chemins saupoudrés de sucre.

Lorsque la souris atteint une intersection, elle se repose pendant un temps constant avant 
de continuer.

À toute intersection, on peut également supposer que :
 y la souris choisit n’importe quel chemin normal disponible avec une probabilité égale 
 y si l’intersection comporte un chemin saupoudré de sucre, la probabilité de choisir ce 

chemin est le double de celle de choisir un chemin normal.

A

B

C

E

D

F

(a) Déterminez la matrice de transition pour ce graphe. [3]

(b) Si on laissait la souris errer indéfiniment dans le labyrinthe, utilisez votre calculatrice à 
écran graphique pour estimer le pourcentage de temps que la souris passerait au point F. [3]

(c) Commentez votre réponse à la partie (b), en faisant référence à au moins une limite 
du modèle. [2]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 13)
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14. [Note maximale : 7]

Une transformation géométrique   T :   (   
x
  y  )    ↦   (   

 x ′  
   y ′    )      est définie par

 T :   (   
 x ′  

   y ′    )    =   (   7  −10  
2
  
−3

   )     (   
x
  y  )    +   (   −5  

4
   )    .

(a) Trouvez les coordonnées de l’image du point     (  6  ;   −2 )     . [2]

(b) Sachant que   T :   (   
p
  q  )    ↦ 2  (   

p
  q  )     , trouvez la valeur de  p  et la valeur de  q . [3]

(c) Un triangle  L  dont les sommets sont situés sur le plan  xy  est transformé par  T .

Expliquez pourquoi  L  et son image auront exactement la même aire. [2]
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15. [Note maximale : 7]

Le nombre de cafés vendus par heure dans un café indépendant est modélisé par une 
distribution de Poisson avec une moyenne de 22 cafés par heure.

Sheila, la propriétaire du café, souhaite augmenter le nombre de cafés vendus dans son 
commerce. Elle décide d’offrir une réduction aux clients qui achètent plus d’un café.

Pour tester le succès de cette stratégie, Sheila enregistre le nombre de cafés vendus sur une 
période unique de 5 heures. Sheila décide d’utiliser un niveau de signification de 5 % dans 
son test.

(a) Indiquez l’hypothèse nulle et l’hypothèse alternative pour ce test. [1]

(b) Trouvez la probabilité que Sheila commette une erreur de type I dans sa conclusion. [4]

Sheila trouve que 126 cafés ont été vendus au cours de la période de 5 heures.

(c) Indiquez la conclusion de Sheila à son test. Justifiez votre réponse. [2]
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16. [Note maximale : 8]

Une particule  P  se déplace en ligne droite, de sorte que son déplacement  x  au temps  

  t   (  t ≥ 0 )      est défini par l’équation différentielle    x ˙   = x cos t  (   e   −sin t  )     . Au temps   t = 0  ,   x =   1 __ e    .

(a) En utilisant la méthode d’Euler avec un pas de longueur 0,1, trouvez une valeur 
approchée pour  x  lorsque   t = 0,3  . [3]

(b) En résolvant l’équation différentielle, trouvez le pourcentage d’erreur dans votre 
approximation pour  x  lorsque   t = 0,3  . [5]
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Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos 
con calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para 
su obtención. Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar 
aproximadamente el mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, 
podrán otorgarse algunos puntos si el método empleado es correcto, siempre que aparezca por escrito. 
Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 7]

Dos colegios aparecen representados por los puntos  A(2 ,   20)  y  B (14 ,   24)  en el siguiente 
gráfico. Una carretera, representada por la recta  R  cuya ecuación es  − x + y = 4 , pasa cerca 
de esos colegios. Le piden a un arquitecto que determine la ubicación de una nueva parada 
de autobús en esa carretera, de tal modo que esté a la misma distancia de los dos colegios.

y

x
4 8 12 16

4

8

12

20

16

B

A

0

20

24

28

24
0

R

(a) Halle la ecuación de la mediatriz de  [AB] . Dé la ecuación en la forma   y = mx + c  . [5]

(b) Determine las coordenadas del punto de  R  donde habría que colocar la parada 
de autobús. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)
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2. [Puntuación máxima: 7]

Una función viene dada por   f (x) = 2 −   12 ____ x + 5    , para   −7 ≤ x ≤ 7 ,   x ≠ −5  .

(a) Halle el recorrido de  f . [3]

(b) Halle una expresión para la función inversa    f    −1 (x)  . No es necesario indicar el dominio. [3]

(c) Escriba el recorrido de    f    −1 (x)  . [1]
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3. [Puntuación máxima: 6]

En la Universidad de Springfield, se anotaron los pesos (en kg) de 10 conejos chinchilla y de 
10 conejos sable americano. El objetivo era averiguar si, en general, los conejos chinchilla 
pesan más que los conejos sable americano. Los resultados obtenidos se resumen en la 
siguiente tabla.

Peso de los conejos chinchilla (kg) 4,9 4,2 4,1 4,4 4,3 4,6 4,0 4,7 4,5 4,4

Peso de los conejos sable 
americano (kg) 4,2 4,1 4,1 4,2 4,5 4,4 4,5 3,9 4,2 4,0

Deciden realizar una prueba  t  de Student a un nivel de significación del 5 % .

(a) Escriba la hipótesis nula y la hipótesis alternativa. [2]

(b) Halle el valor del parámetro  p  correspondiente a esta prueba. [2]

(c) Escriba la conclusión a la que se llega con esta prueba. Dé una razón que justifique 
su respuesta. [2]
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4. [Puntuación máxima: 6]

La siguiente figura muestra un helicóptero suspendido en el punto H, a una altura vertical de 
380 m sobre un lago. El punto A es el punto de la superficie del lago que se encuentra justo 
debajo del helicóptero.

la figura no está dibujada a escala

25

380

40
Minta

H

CBA

helicóptero

Minta está nadando a velocidad constante hacia el punto A. Minta ve el helicóptero desde 
el punto C cuando mira hacia arriba con un ángulo de 25. Al cabo de 15 minutos, Minta se 
encuentra en el punto B y ve el mismo helicóptero con un ángulo de 40.

(a) Halle la distancia que hay entre A y C. [2]

(b) Halle la distancia que hay entre B y C. [3]

(c) Halle la velocidad de Minta (en metros por hora). [1]
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5. [Puntuación máxima: 5]

Roger se compra una computadora portátil nueva que cuesta 495 £. Al mismo tiempo, 
le compra a su hija Chloe una computadora portátil de alta gama que cuesta 2200 £.

Se prevé que la computadora de Roger se vaya depreciando a un ritmo del 10 % anual, 
mientras que la computadora de Chloe se irá depreciando a un ritmo del 15 % anual.

(a) Estime cuál será el valor de la computadora de Roger al cabo de 5 años. [2]

Las computadoras de Roger y Chloe tendrán el mismo valor  k  años después de haberlas 
comprado.

(b) Halle el valor de  k . [2]

(c) Comente la validez de la respuesta que dio en el apartado (b). [1]
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6. [Puntuación máxima: 7]

Considere la función   f (x) = a x   2  + bx + c  . En la siguiente figura se muestra el gráfico 
de  y = f (x) . El vértice del gráfico tiene por coordenadas   (0,5 ;   −12,5)  . El gráfico corta 
al eje  x  en dos puntos,  (−2 ,   0)  y  ( p ,   0) .

la figura no está dibujada a escala
y

x

(0,5 ;  –12,5)

(–2 ,  0) (p ,  0)

(a) Halle el valor de  p . [1]

(b) Halle el valor de:

(i) a 

(ii) b 

(iii) c  [5]

(c) Escriba la ecuación del eje de simetría del gráfico. [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 6: continuación)
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7. [Puntuación máxima: 6]

Un meteorólogo decide modelizar la altura a la que se encuentra un globo aerostático que 
se ha lanzado desde el suelo. El modelo supone que el globo se mueve verticalmente hacia 
arriba y que recorre 450 metros en el primer minuto.

Debido a que la temperatura va bajando a medida que el globo asciende, la velocidad del 
globo irá disminuyendo de manera continua. El modelo sugiere que, en un minuto dado, 
el globo solo recorrerá un 82 % de la distancia recorrida en el minuto anterior.

(a) Halle a qué altura llegará el globo en los primeros 10 minutos después de ser lanzado. [3]

(b) El globo tiene que alcanzar una altura de al menos 2520 metros.

Determine si alcanzará esa altura. [2]

(c) Sugiera una limitación del modelo dado. [1]
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8. [Puntuación máxima: 7]

Dos rectas    L  1     y    L  2     vienen dadas por las siguientes ecuaciones, donde   p∈ℝ  .

   L  1   :   r =   
(

    
2
  p + 9  

−3
   
)

    + λ  
(

    
p
  2p  

4
   
)

    

   L  2   :   r =   
(

    
14

  7  
p + 12

  
)

    + μ  
(

   
p + 4

  4  
−7

   
)

    

Se sabe que    L  1     y    L  2     son perpendiculares.

(a) Halle el posible valor (o los posibles valores) de  p . [3]

(b) En el caso de que  p < 0 , determine si las rectas se cortan. [4]
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9. [Puntuación máxima: 8]

Una tienda de periódicos de Singapur está tratando de predecir cuántos ejemplares de The 
Straits Times va a vender. La tienda crea un modelo para predecir el número de ejemplares 
que se venderán cada día laborable. Según este modelo, esperan vender todos los días el 
mismo número de ejemplares.

Para poner a prueba el modelo, deciden anotar el número de ejemplares que han vendido cada 
uno de los días laborables de una semana dada. Estos datos se muestran en la siguiente tabla.

Día Lunes Martes Miércoles Jueves Viernes

Número de ejemplares vendidos  74  97  91  86 112

Con estos datos, se realiza una prueba de determinación de la bondad del ajuste a un nivel 
de significación del 5 %, para saber si el modelo de la tienda resulta adecuado. El valor 
crítico para esta prueba es 9,49.

(a) Halle una estimación de cuántos ejemplares espera vender cada día la tienda. [1]

(b) (i)  Indique la hipótesis nula y la hipótesis alternativa para esta prueba.

(ii) Escriba el número de grados de libertad de esta prueba.

(iii) Escriba la conclusión a la que se llega con esta prueba. Dé una razón que 
justifique su respuesta. [7]
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10. [Puntuación máxima: 6]

Un fabricante de bombones los envasa en cajas y afirma que cada caja contiene 
un promedio de 85 bombones.

Talha compra 30 de estas cajas para poner a prueba la afirmación del fabricante.

Siendo  x  el número de bombones individuales, Talha obtiene que, en sus 30 cajas,   
∑ x = 2506   y   ∑  x   2  = 209 738  .

(a) Halle una estimación sin sesgo del número medio   ( μ )   de bombones por caja. [1]

(b) Utilice la fórmula    s  n − 1  
2   =   

∑  x   2  −   
  (  ∑ x )     2 

 _ n  
 _________ n − 1     para determinar una estimación sin sesgo de la 

varianza del número de bombones por caja. [2]

(c) Halle un intervalo de confianza del 95 % para   μ  . Puede suponer que se cumplen 
todas las condiciones necesarias para calcular el intervalo de confianza. [2]

(d) Sugiera una conclusión válida a la que podría llegar Talha y justifique su respuesta. [1]
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11. [Puntuación máxima: 7]

La siguiente figura muestra la red de calles de un pequeño pueblo, donde los pesos representan 
la longitud (en metros) de cada calle y los cruces se indican mediante letras.

C

31

F

44

L

H

19

E
D

20

19

A

49

G

50

26
27

2731

42B
56

1016

J

21K38I
36

20

Musab tiene que repartir folletos publicitarios a todas las casas de cada calle y quiere 
minimizar la distancia total recorrida.

(a) Musab empieza y acaba en la parada de autobús del pueblo, situada en A. 
Determine la distancia total que tendrá que caminar Musab. [5]

En lugar de tomar el autobús que va al pueblo, la hermana de Musab se ofrece a llevarle 
hasta algún cruce y a recogerle luego en cualquier otro cruce que él elija.

(b) Explique qué cruces debería elegir Musab como punto de salida y punto de llegada. [2]
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12. [Puntuación máxima: 8]

Sean    z  1   = 3 cis  (    3π __ 4   )      y    z  2   = 2 cis  (    nπ __ 16   )     ,   n∈ ℤ   +   .

(a) En los subapartados (a)(i) y (a)(ii), dé las respuestas en la forma   r e   iθ   ,   r ≥ 0  ,   − π < θ ≤ π  .

(i) Halle el valor de     z  1      
3   .

(ii) Halle el valor de     (    
 z  1   __  z  2  

   )     
4
    para  n = 2 . [5]

(b) Halle el valor más pequeño de  n  para el que se cumple que    z  1    z  2  ∈ ℝ   +   . [3]
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13. [Puntuación máxima: 8]

El siguiente grafo muestra un pequeño laberinto, en forma de una red de rutas orientadas. 
Los vértices (del A al F) representan los cruces que hay en el laberinto y las aristas muestran 
los caminos que se pueden tomar para ir de un vértice a otro.

Se coloca un ratón en el vértice A y se deja que deambule libremente por el laberinto. 
Las rutas que se representan con líneas discontinuas son caminos donde se ha 
espolvoreado azúcar.

Cuando el ratón llega a un cruce cualquiera, descansa una cantidad de tiempo constante 
antes de continuar.

En todos los cruces se puede suponer también lo siguiente: 
 y El ratón tiene la misma probabilidad de elegir cualquier camino normal disponible. 
 y Si del cruce sale un camino donde se ha espolvoreado azúcar, la probabilidad de que 

escoja ese camino es el doble que la de un camino normal. 

A

B

C

E

D

F

(a) Determine la matriz de transición correspondiente a este grafo. [3]

(b) Suponiendo que al ratón se le dejara deambular indefinidamente, utilice la calculadora 
de pantalla gráfica para estimar el porcentaje del tiempo que el ratón pasaría en 
el punto F. [3]

(c) Comente la respuesta que dio en el apartado (b), mencionando al menos una 
limitación del modelo. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 13: continuación)
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14. [Puntuación máxima: 7]

Una transformación geométrica   T :   (   
x
  y  )    ↦   (   

 x ′  
   y ′    )      se define así:

 T :   (   
 x ′  

   y ′    )    =   (   7  −10  
2
  
−3

   )     (   
x
  y  )    +   (   −5  

4
   )    .

(a) Halle las coordenadas de la imagen del punto     (  6 ,   −2 )     . [2]

(b) Sabiendo que   T :   (   
p
  q  )    ↦ 2  (   

p
  q  )     , halle el valor de  p  y el valor de  q . [3]

(c) Un triángulo  L , cuyos vértices están en el plano  xy , se transforma mediante  T .

Explique por qué  L  y su imagen tendrán exactamente la misma área. [2]
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15. [Puntuación máxima: 7]

El número de cafés que se sirven cada hora en una cafetería independiente sigue una 
distribución de Poisson de media 22 cafés por hora.

Sheila, la propietaria del establecimiento, quiere aumentar el número de cafés que se sirven 
en su cafetería. Para ello, decide ofrecer un descuento a aquellos clientes que pidan más de 
un café.

Para poner a prueba la eficacia de esta estrategia, Sheila anota el número de cafés que se 
sirven a lo largo de un período de 5 horas consecutivas. Sheila decide utilizar un nivel de 
significación del 5 % en su prueba.

(a) Indique la hipótesis nula y la hipótesis alternativa para esta prueba. [1]

(b) Halle la probabilidad de que Sheila cometa un error de tipo I al extraer la conclusión 
de la prueba. [4]

Sheila halla que se han servido 126 cafés durante ese período de 5 horas.

(c) Indique a qué conclusión llega Sheila con esta prueba. Justifique su respuesta. [2]
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16. [Puntuación máxima: 8]

Una partícula  P  se mueve en línea recta, de modo tal que su desplazamiento  x  en el 

instante   t   (  t ≥ 0 )      viene dado por la ecuación diferencial    x ˙   = x cos t  (   e   −sen t  )     . En el instante   

t = 0  ,   x =   1 __ e    .

(a) Utilizando el método de Euler con un paso de 0,1, halle el valor aproximado de   
x  para   t = 0,3  . [3]

(b) Resolviendo la ecuación diferencial, halle el porcentaje de error que ha cometido en la 
aproximación de  x  para   t = 0,3  . [5]
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 19]

Give your answers in parts (a), (d)(i), (e) and (f) to the nearest dollar.

Daisy invested 37 000 Australian dollars (AUD) in a fixed deposit account with an annual 
interest rate of 6.4 % compounded quarterly.

(a) Calculate the value of Daisy’s investment after 2 years. [3]

After m months, the amount of money in the fixed deposit account has appreciated to more 
than 50 000 AUD.

(b) Find the minimum value of  m , where  mℕ . [4]

Daisy is saving to purchase a new apartment. The price of the apartment is 200 000 AUD.

Daisy makes an initial payment of 25 % and takes out a loan to pay the rest.

(c) Write down the amount of the loan. [1]

The loan is for 10 years, compounded monthly, with equal monthly payments of 1700 AUD 
made by Daisy at the end of each month.

(d) For this loan, find

(i) the amount of interest paid by Daisy.

(ii) the annual interest rate of the loan. [5]

After 5 years of paying off this loan, Daisy decides to pay the remainder in one final payment.

(e) Find the amount of Daisy’s final payment. [3]

(f) Find how much money Daisy saved by making one final payment after 5 years. [3]
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2. [Maximum mark: 16]

The cross-sectional view of a tunnel is shown on the axes below. The line [AB] represents 
a vertical wall located at the left side of the tunnel. The height, in metres, of the tunnel above 
the horizontal ground is modelled by   y = -0.1 x   3  + 0.8 x   2   ,   2 ≤ x ≤ 8  , relative to an origin O.

y

x
2 4 6 8

2

4

6

A

10

8
E

B

C

D

O

Point A has coordinates (2 , 0), point B has coordinates (2 , 2.4), and point C has 
coordinates (8 , 0).

(a) (i)  Find     
dy

 ___ 
dx

    .

(ii) Hence find the maximum height of the tunnel. [6]

(b) Find the height of the tunnel when

(i) x = 4 .

(ii) x = 6 . [3]

(c) Use the trapezoidal rule, with three intervals, to estimate the cross-sectional area of 
the tunnel. [3]

(d) (i)  Write down the integral which can be used to find the cross-sectional area of 
the tunnel.

(ii) Hence find the cross-sectional area of the tunnel. [4]
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3. [Maximum mark: 13]

The stopping distances for bicycles travelling at  20 km  h   -1   are assumed to follow a normal 
distribution with mean 6.76 m and standard deviation 0.12 m.

(a) Under this assumption, find, correct to four decimal places, the probability that a bicycle 
chosen at random travelling at  20 km  h   -1   manages to stop

(i) in less than 6.5 m.

(ii) in more than 7 m. [3]

1000 randomly selected bicycles are tested and their stopping distances when travelling  
at  20 km  h   -1   are measured.

(b) Find, correct to four significant figures, the expected number of bicycles tested that 
stop between

(i) 6.5 m and 6.75 m.

(ii) 6.75 m and 7 m. [3]

The measured stopping distances of the 1000 bicycles are given in the table.

Measured stopping distance Number of bicycles

Less than 6.5 m  12

Between 6.5 m and 6.75 m 428

Between 6.75 m and 7 m 527

More than 7 m  33

It is decided to perform a    χ   2   goodness of fit test at the 5 % level of significance to decide 
whether the stopping distances of bicycles travelling at  20 km  h   -1   can be modelled by a 
normal distribution with mean 6.76 m and standard deviation 0.12 m.

(c) State the null and alternative hypotheses. [2]

(d) Find the  p-value for the test. [3]

(e) State the conclusion of the test. Give a reason for your answer. [2]
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4. [Maximum mark: 14]

Charlotte decides to model the shape of a cupcake to calculate its volume.

From rotating a photograph of her cupcake she estimates that its cross-section passes 
through the points (0 , 3.5), (4 , 6), (6.5 , 4), (7 , 3) and (7.5 , 0), where all units are in 
centimetres. The cross-section is symmetrical in the  x-axis, as shown below:

y

x
2 4 8

−2

2

4

6

0

−4

−6

6

 (4 , 6)

 (6.5 , 4)

 (7 , 3)

She models the section from (0 , 3.5) to (4 , 6) as a straight line.

(a) Find the equation of the line passing through these two points. [2]

(This question continues on the following page)
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(Question 4 continued)

Charlotte models the section of the cupcake that passes through the points (4 , 6), (6.5 , 4), 
(7 , 3) and (7.5 , 0) with a quadratic curve.

(b) (i)  Find the equation of the least squares regression quadratic curve for these  
four points.

(ii) By considering the gradient of this curve when   x = 4  , explain why it may not be 
a good model. [3]

Charlotte thinks that a quadratic with a maximum point at (4 , 6) and that passes through 
the point (7.5 , 0) would be a better fit.

(c) Find the equation of the new model. [4]

Believing this to be a better model for her cupcake, Charlotte finds the volume of revolution 
about the  x-axis to estimate the volume of the cupcake.

(d) (i)  Write down an expression for her estimate of the volume as a sum of two integrals.

(ii) Find the value of Charlotte’s estimate. [5]
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5. [Maximum mark: 13]

Long term experience shows that if it is sunny on a particular day in Vokram, then the probability 
that it will be sunny the following day is 0.8. If it is not sunny, then the probability that it will be 
sunny the following day is 0.3.

The transition matrix  T  is used to model this information, where   T =   (   0.8  0.3  
0.2

  
0.7

  )     .

(a) It is sunny today. Find the probability that it will be sunny in three days’ time. [2]

(b) Find the eigenvalues and eigenvectors of  T . [5]

The matrix  T  can be written as a product of three matrices,  PD  P   -1  , where  D  is a  
diagonal matrix.

(c) (i)  Write down the matrix  P .

(ii) Write down the matrix  D . [2]

(d) Hence find the long-term percentage of sunny days in Vokram. [4]
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6. [Maximum mark: 18]

An ice-skater is skating such that her position vector when viewed from above at time  t  
seconds can be modelled by

   (   
x
  y  )    =   (   a  e   bt  cos t  

a  e   bt  sin t
   )    

with respect to a rectangular coordinate system from a point O, where the non-zero 
constants  a  and  b  can be determined. All distances are in metres.

(a) Find the velocity vector at time  t . [3]

(b) Show that the magnitude of the velocity of the ice-skater at time  t  is given by

 a  e   bt   √ 
_

  (  1 +  b   2  )      . [4]

At time  t = 0 , the displacement of the ice-skater is given by     (   5  
0
  )      and the velocity of the 

ice-skater is given by     (   -3.5  
5
   )     .

(c) Find the value of  a  and the value of  b . [3]

(d) Find the magnitude of the velocity of the ice-skater when  t = 2 . [2]

At a point P, the ice-skater is skating parallel to the  y-axis for the first time.

(e) Find OP. [6]
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7. [Maximum mark: 17]

A biologist introduces 100 rabbits to an island and records the size of their population (x) over 
a period of time. The population growth of the rabbits can be approximately modelled by the 
following differential equation, where  t  is time measured in years.

   dx ___ 
dt

   = 2x 

(a) Find the population of rabbits 1 year after they were introduced. [5]

A population of 100 foxes is introduced to the island when the population of rabbits has 
reached 1000. The subsequent population growth of rabbits and foxes, where  y  is the 
population of foxes at time  t , can be approximately modelled by the coupled equations:

    dx ___ 
dt

   = x  (  2 - 0.01y )    

    
dy

 ___ 
dt

   = y  (  0.0002x - 0.8 )    

(b) Use Euler’s method with a step size of 0.25, to find

(i) the population of rabbits 1 year after the foxes were introduced.

(ii) the population of foxes 1 year after the foxes were introduced. [6]

(c) The graph of the population sizes, according to this model, for the first 4 years after the 
foxes were introduced is shown below.

y

x0

B

At = 0

Describe the changes in the populations of rabbits and foxes for these 4 years at

(i) point A.

(ii) point B. [3]

(d) Find the non-zero equilibrium point for the populations of rabbits and foxes. [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding
M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently;
so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks
elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  

 
• Do not accept final answers written using calculator notation. However, M marks and 

intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  

 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 

 
• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 

equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 

  



 – 8 – M21/5/MATHY/HP2/ENG/TZ1/XX/M 

 

1. (a) EITHER 
   2N =  
  37000PV = −  

  % 6.4I =   
  / 1P Y =  
   / 4C Y =      (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct.  

 
  OR 
  8N =  
  37000PV = −  
  % 6.4I =   
  / 4P Y =  
   / 4C Y =    (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct. 

 
   OR 

   
4 2

6.4
37000 1

100 4
FV

×
 = × + × 

  (M1)(A1) 

Note: Award M1 for substitution into compound interest formula, (A1) for correct 
substitution.   

 
  42010 AUD=    A1 

Note: Award (M1)(A1)A0 for unsupported 42009.87.  

 [3 marks] 
 
 (b) EITHER 
   37000PV = −  

  50000FV =  
  % 6.4I =   
  / 1P Y =  
   / 4C Y =      (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct. The final mark can still be awarded 
for the correct number of months (multiple of 3). 

continued…  
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Question 1 continued 

  OR 
   37000PV = −  

  50000FV =  
  % 6.4I =   
  / 4P Y =  
   / 4C Y =    (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology, award 
A1 for all entries correct.  

   
  OR 
  

  
4

6.4
50000 37000 1

100 4

n×
 < × + × 

 OR   
6.4

50000 37000 1
100 4

n
 < × + × 

    (M1)(A1) 

Note: Award M1 for the correct inequality, 50000  and substituted compound 
interest formula. Allow an equation. Award A1 for correct substitution.  

 
  THEN 
  
  4.74 ( ) (4.74230...)N = years   OR  18.9692... ( )N = quarters  (A1) 
 
  57m =  months    A1 
  

Note: Award A1 for rounding their m  to the correct number of months. The final 
answer must be a multiple of 3. Follow through within this part.  

 [4 marks] 
 
 (c) 150000 AUD    A1 

[1 mark] 

continued…  
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Question 1 continued 

 (d) (i) 120 1700 150000× −  (M1) 
   54000 AUD=   A1 
 
   (ii) 120N =  
   015000PV = −  

   1700PMT =  
   0FV =  
   / 12P Y =  
    / 12C Y =     (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology or an 
attempt to use an annuity formula or 0FV =  seen. If a compound interest 
formula is equated to zero, award M1, otherwise award M0 for a substituted 
compound interest formula.   
Award A1 for all entries correct in financial app or correct substitution in 
annuity formula, but award A0 for a substituted compound interest formula. 
Follow through marks in part (d)(ii) are contingent on working seen. 

 
   6.46 (%) (6.45779...)r =    A1 

 [5 marks] 
  
 (e) 60N =  
  6.46 (6.45779...)I =  

  015000PV = −  

  1700PMT =  
  / 12P Y =  
   / 12C Y =      (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology or an attempt 
to use an annuity formula. Award (M0) for a substituted compound interest 
formula. Award A1 for all entries correct. Follow through marks in part (e) are 
contingent on working seen. 

   
  86973 AUDFV =    A1 

 [3 marks] 

continued…  
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Question 1 continued 

 
 (f) 204000 (60 1700 86973)− × +  OR  204000 188973−   (M1)(M1) 
 

Note:  Award M1 for 60 1700× . Award M1 for subtracting their 
(60 1700 86973)× + from their (204000) . Award at most M1M0 

for their 204000 (60 1700)− × or M0M0 for their 

204000 (86973)− . Follow through from parts (d)(i) and (e). 
Follow through marks in part (f) are contingent on working seen. 

 
  15027 AUD    A1 

[3 marks] 
 

 
Total [19 marks]  
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2.  (a) (i) evidence of power rule (at least one correct term seen) (M1) 

   2d
0.3 1.6

d

y
x x

x
= − +   A1 

       
  (ii) 20.3 1.6 0x x− + =     M1 
 

   
16

5.33 5.33333...,
3

x
 =  
 

  A1 

 
   3 20.1 5.33333... 0.8 5.33333...y = − × + ×   (M1) 

Note: Award M1 for substituting their zero for 
d

d

y

x
 (5.333…) into y.  

 
   7.59 m (7.58519...)     A1 
 

Note: Award M0A0M0A0 for an unsupported 7.59.  
Award at most M0A0M1A0 if only the last two lines in the solution are seen. 
Award at most M1A0M1A1 if their 5.33x =  is not seen. 

      [6 marks] 
 
 (b) One correct substitution seen (M1) 
 
  (i) 6.4 m   A1 
 
  (ii) 7.2 m   A1 

     [3 marks] 

continued…  
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Question 2 continued 

 (c)  ( )1
2 (2.4 0) 2(6.4 7.2)

2
A = × + + +   (A1)(M1) 

Note: Award A1 for 2h =  seen. Award M1 for correct substitution into the 
trapezoidal rule (the zero can be omitted in working).  

 
  229.6 m=     A1 
      [3 marks] 

 

 (d) (i) 
8 3 2

2
0.1 0.8 dA x x x= − +∫   OR  

8

2
dA y x= ∫  A1A1 

Note: Award A1 for a correct integral, A1 for correct limits in the correct location. 
Award at most A0A1 if dx is omitted. 

 
  (ii) 232.4 mA =   A2 

Note: As per the marking instructions, FT from their integral in part (d)(i). 
Award at most A1FTA0 if their area is >48, this is outside the constraints 
of the question (a 6x8 rectangle).  

 
      [4 marks] 

 
 

 Total [16 marks]  
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3. (a) (i) evidence of correct probability  (M1) 
   e.g. sketch   OR   correct probability statement P ( 6.5)X <  
 
   0.0151 A1 
 
  (ii) 0.0228 A1 

Note:  Answers should be given to 4 decimal place.   

     [3 marks] 
 
 (b) (i) multiplying their probability by 1000 (M1) 
   451.7  A1 
 
  (ii) 510.5  A1 

     [3 marks] 

Note: Answers should be given to 4 sf.   

 
 (c) 0H :  stopping distances can be modelled by 2N (6.76, 0.12 )   

  1H :  stopping distances cannot be modelled by 2N (6.76, 0.12 )  A1A1 

Note:  Award A1 for correct 0H , including reference to the mean and standard deviation. 

Award A1 for the negation of their 0H .  

      [2 marks] 
 
 (d)  15.1 or 22.8 seen (M1) 
 
   0.0727   (0.0726542…, 7.27%) A2 

      [3 marks] 
 

 (e) 0.05 0.0727<  R1 
  there is insufficient evidence to reject 0H   (or “accept 0H ”) A1 

Note:  Do not award R0A1. 

      [2 marks] 
 

Total [13 marks] 
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4. (a)  
5 7

8 2
y x= +       ( 0.625 3.5)y x= +  A1A1 

Note:  Award A1 for 0.625x, A1 for 3.5.  
  Award a maximum of A0A1 if not part of an equation. 

     [2 marks] 
 
 (b) (i) 20.975 9.56 16.7y x x= − + −  (M1)A1 

   ( 20.974630 9.55919 16.6569...y x x= − + − ) 
 
  (ii) gradient of curve is positive at 4x =   R1 

Note:  Accept a sensible rationale that refers to the gradient. 

   [3 marks] 
 
 (c)  METHOD 1 
  let 2y ax bx c= + +  

  differentiating or using 
2

b
x

a

−
=  (M1) 

  8 0a b+ =  
   
  substituting in the coordinates  
  27.5 7.5 0a b c+ + =  (A1)  
  24 4 6a b c+ + =  (A1) 

   
  solve to get  

  224 192 90

49 49 49
y x x= − + −    OR  20.490 3.92 1.84y x x= − + −  A1 

Note:  Use of quadratic regression with points using the symmetry 
of the graph is a valid method. 

 
  METHOD 2 
  2( 4) 6y a x= − +  (M1) 

  20 (7.5 4) 6a= − +  (M1) 

  
24

49
a = −   (A1) 

  224
( 4) 6

49
y x= − − +    OR   20.490( 4) 6y x= − − +  A1 

     [4 marks] 

continued…  
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Question 4 continued 

 

  (d) (i) ( )
2 2

4 7.5 2

0 4

5 24π 3.5 d π 4 6 d
8 49

x x x x
   + + − − +   
   ∫ ∫  (M1)(M1)(M1)A1 

Note:  Award (M1)(M1)(M1)A0 if π  is omitted but response is otherwise correct. 
Award (M1) for an integral that indicates volume, (M1) for their part (a) 
within their volume integral, (M1) for their part (b)(i) within their volume 
integral, A1 for their correct two integrals with all correct limits.  

 
   (ii) 3501 cm (501.189...)  A1 

     [5 marks] 
 

Total [14 marks] 
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5. (a)  finding 3T    OR   use of tree diagram (M1) 

  3 0.65 0.525

0.35 0.475

 
=  
 

T  

  the probability of sunny in three days’ time is 0.65 A1 
     [2 marks] 

  (b)  attempt to find eigenvalues (M1) 

Note:  Any indication that det ( ) 0λ− =T I  has been used is sufficient for the (M1). 

 

    ( )( )
0.8 0.3

0.8 0.7 0.06 0
0.2 0.7

λ
λ λ

λ
−

= − − − =
−

 

  2( 1.5 0.5 0)λ λ− + =  

  1λ = , 0.5λ =  A1 

 
  attempt to find either eigenvector (M1) 

  0.8 0.3 0.2 0.3 0x y x x y+ = ⇒ − + =  so an eigenvector is 
3

2

 
 
 

 A1 

   0.8 0.3 0.5 0.3 0.3 0x y x x y+ = ⇒ + =  so an eigenvector is 
1

1

 
 − 

 A1 

Note:  Accept multiples of the stated eigenvectors. 

     [5 marks] 
 

 (c) (i) 
3 1

2 1

 
=  − 

P    OR   
1 3

1 2

 
=  − 

P  A1 

Note:  Examiners should be aware that different, correct, matrices P may be seen. 

 

  (ii) 
1 0

0 0.5

 
=  
 

D    OR   
0.5 0

0 1

 
=  
 

D  A1 

Note:  P and D must be consistent with each other. 

     [2 marks] 
 

 (d) 0.5 0n →   (M1) 
 

  
1 0

0 0
n  
=  
 

D    OR   
0 0

0 1
n  
=  
 

D  (A1) 

Note:  Award A1 only if their nD  corresponds to their P. 

 

  1 0.6 0.6

0.4 0.4
n −  

=  
 

PD P  (M1) 

  60 %   A1 
     [4 marks] 

 
     Total [13 marks]  
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6. (a)  use of product rule (M1) 

  
e cos e sin

e sin e cos

bt bt

bt bt

x ab t a t

y ab t a t

 − 
=    +   





 A1A1 

     [3 marks] 
 

 (b)  
2 22 2 2 e cos e sin e sin e cosbt bt bt btx y ab t a t ab t a t   = + = − + +    v  M1 

Note:  It is more likely that an expression for v  is seen.  

  2 2x y+  is not sufficient to award the M1, their part (a) must be substituted. 

 

 2 2 2 2 2 2 2 2 2 2 2 2 2sin 2 sin cos cos cos 2 sin cos sin e bta t a b t t a b t a t a b t t a b t = − + + + +   A1 
 

  use of 2 2sin cos 1t t+ =  within a factorized expression that leads to the final answer 
     M1 
 

   ( )2 2 21 e bta b= +  A1 

   magnitude of velocity is ( )2e 1bta b+  AG 

    [4 marks] 
 

 (c) when 0t = , e cos 5bta t =   
  5a =    A1 

  e cos e sin 3.5bt btab t a t− = −  (M1) 
   0.7b = −   A1 

Note:  Use of ( )2e 1bta b+ result from part (b) is an alternative approach. 

     [3 marks] 
 

 (d)  ( )0.7 2 25e 1 ( 0.7)− × + −  (M1) 

  1.51  (1.50504…) A1 
     [2 marks] 

 
 (e) 0x =    (M1) 
 

  e ( cos sin ) 0bta b t t− =  

  tan t b=  
  2.53 (2.53086...)t =   (A1) 
 
  correct substitution of their t to find x or y (M1) 
  0.697 ( 0.696591...)x = − −    and   0.488 (0.487614...)y =   (A1) 
 
  use of Pythagoras / distance formula (M1) 
  ( ) O 0.850 m 0.850297P …=   A1 

     [6 marks] 
     Total [18 marks]  



 – 19 – M21/5/MATHY/HP2/ENG/TZ1/XX/M 

 

7.  (a) 
1

d 2dx t
x

=∫ ∫  (M1) 

 
   ln 2x t c= +  

   2e tx A=   (A1) 
 
  (0) 100 100x A= ⇒ =  (M1) 
 
   2100e tx =   (A1) 
 
  (1) 739x =   A1 

Note:  Accept 738 for the final A1. 

     [5 marks] 
 
 (b) 1 0.25n nt t+ = +  (A1) 

Note:  This may be inferred from a correct t column, where this is seen. 

 
  ( )1 0.25 2 0.01n n n nx x x y+ = + −   (A1) 

 
  ( )1 0.25 0.0002 0.8n n n ny y y x+ = + −  (A1) 
 
    
    
 
 
    (A1) 
 
 
 

Note:  Award A1 for whole line correct when 0.5t =  or 0.75t = . The t column 
may be omitted and implied by the correct x and y values. The 
formulas are implied by the correct x and y columns. 

 

  (i) 2840  (2836   OR   2837) A1 
 

  (ii)  58   OR   59 A1 
    [6 marks] 

 
  (c) (i) both populations are increasing A1 
 
  (ii) rabbits are decreasing and foxes are increasing A1A1 

     [3 marks] 
 
 (d) setting at least one DE to zero (M1) 
  4000, 200x y= =  A1A1 

     [3 marks] 
 

     Total [17 marks] 
 

t x y 
0 1000 100 

0.25 1250 85 
0.5 1609 73 
0.75 2119 65 

1 2836 58 
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Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 15]

A farmer owns a field in the shape of a triangle ABC such that   AB = 650 m  ,   AC = 1005 m   
and   BC = 1225 m  .

diagram not to scale

1005

A

C B1225

650

(a) Find the size of AĈB. [3]

The local town is planning to build a highway that will intersect the borders of the field at 
points D and E, where  DC = 210 m  and   CÊD = 100   , as shown in the diagram below.

diagram not to scale

D

E

650

F

210

100

A

C B

highway

(b) Find DE. [3]

The town wishes to build a carpark here. They ask the farmer to exchange the part of the 
field represented by triangle DCE. In return the farmer will get a triangle of equal area ADF, 
where F lies on the same line as D and E, as shown in the diagram above.

(c) Find the area of triangle DCE. [5]

(d) Estimate DF. You may assume the highway has a width of zero. [4]
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Turn over

2. [Maximum mark: 16]

It is known that the weights of male Persian cats are normally distributed with mean 6.1 kg 
and variance   0.5   2   kg   2  .

(a) Sketch a diagram showing the above information. [2]

(b) Find the proportion of male Persian cats weighing between 5.5 kg and 6.5 kg. [2]

A group of 80 male Persian cats are drawn from this population.

(c) Determine the expected number of cats in this group that have a weight of less  
than 5.3 kg. [3]

The male cats are now joined by 80 female Persian cats. The female cats are drawn 
from a population whose weights are normally distributed with mean 4.5 kg and standard 
deviation 0.45 kg.

(d) Ten female cats are chosen at random.

(i) Find the probability that exactly one of them weighs over 4.62 kg.

(ii) Let  N  be the number of cats weighing over 4.62 kg.

Find the variance of  N . [5]

A cat is selected at random from all 160 cats.

(e) Find the probability that the cat was female, given that its weight was over 4.7 kg. [4]
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3. [Maximum mark: 15]

A hollow chocolate box is manufactured in the form of a right prism with a regular hexagonal 
base. The height of the prism is  h cm, and the top and base of the prism have sides of 
length  x cm.

diagram not to scale
x

h

x

(a) Given that   sin 60   =    √ 
_

 3   ___ 2    , show that the area of the base of the box is equal to     3 √ 
_

 3   x   2  _____ 2    . [2]

(b) Given that the total external surface area of the box is 1200 cm2, show that the volume 

of the box may be expressed as   V = 300 √ 
_

 3   x −   9 __ 4    x   3   . [5]

(c) Sketch the graph of    V = 300 √ 
_

 3   x −   9 __ 4    x   3    , for   0 ≤ x ≤ 16  . [2]

(d) Find an expression for     dV ___ dx
    . [2]

(e) Find the value of  x  which maximizes the volume of the box. [2]

(f) Hence, or otherwise, find the maximum possible volume of the box. [2]
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4. [Maximum mark: 18]

In a small village there are two doctors’ clinics, one owned by Doctor Black and the other 
owned by Doctor Green. It was noted after each year that 3.5 % of Doctor Black’s patients 
moved to Doctor Green’s clinic and 5 % of Doctor Green’s patients moved to Doctor Black’s 
clinic. All additional losses and gains of patients by the clinics may be ignored.

At the start of a particular year, it was noted that Doctor Black had 2100 patients on 
their register, compared to Doctor Green’s 3500 patients.

(a) Write down a transition matrix  T  indicating the annual population movement 
between clinics. [2]

(b) Find a prediction for the ratio of the number of patients Doctor Black will have, 
compared to Doctor Green, after two years. [2]

(c) Find a matrix  P , with integer elements, such that   T = PD P   −1   , where  D  is a 
diagonal matrix. [6]

(d) Hence, show that the long-term transition matrix    T    ∞    is given by    T    ∞  =   
⎛
 ⎜ 

⎝
   
  10 ___ 17  

  
  10 ___ 17  

  
  7 ___ 17  

  
  7 ___ 17  

  
⎞
 ⎟ 

⎠
     . [6]

(e) Hence, or otherwise, determine the expected ratio of the number of patients 
Doctor Black would have compared to Doctor Green in the long term. [2]



– 6 –

M21/5/MATHY/HP2/ENG/TZ2/XX

2221 – 7212

5. [Maximum mark: 14]

Hank sets up a bird table in his garden to provide the local birds with some food. Hank notices 
that a specific bird, a large magpie, visits several times per month and he names him Bill. Hank 
models the number of times per month that Bill visits his garden as a Poisson distribution with 
mean 3.1.

(a) Using Hank’s model, find the probability that Bill visits the garden on exactly four 
occasions during one particular month. [1]

(b) Over the course of 3 consecutive months, find the probability that Bill visits the garden:

(i) on exactly 12 occasions.

(ii) during the first and third month only. [5]

(c) Find the probability that over a 12-month period, there will be exactly 3 months when 
Bill does not visit the garden. [4]

After the first year, a number of baby magpies start to visit Hank’s garden. It may be 
assumed that each of these baby magpies visits the garden randomly and independently, 
and that the number of times each baby magpie visits the garden per month is modelled by 
a Poisson distribution with mean 2.1.

(d) Determine the least number of magpies required, including Bill, in order that the 
probability of Hank’s garden having at least 30 magpie visits per month is greater  
than 0.2. [4]
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6. [Maximum mark: 15]

A particle P moves along the  x-axis. The velocity of P is   v m  s   −1    at time  t  seconds, where   
v = −2t   2   +    16t − 24   for   t ≥ 0  .

(a) Find the times when P is at instantaneous rest. [2]

(b) Find the magnitude of the particle’s acceleration at 6 seconds. [4]

(c) Find the greatest speed of P in the interval   0 ≤ t ≤ 6  . [2]

(d) The particle starts from the origin O. Find an expression for the displacement of  
P from O at time  t  seconds. [4]

(e) Find the total distance travelled by P in the interval   0 ≤ t ≤ 4  . [3]
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7. [Maximum mark: 17]

Consider the following system of coupled differential equations.

    dx ___ dt
   = −4x 

    
dy

 ___ dt
   = 3x − 2y 

(a) Find the eigenvalues and corresponding eigenvectors of the matrix     (   − 4  0  3  
− 2  )     . [6]

(b) Hence, write down the general solution of the system. [2]

(c) Determine, with justification, whether the equilibrium point (0 ,   0) is stable or unstable. [2]

(d) Find the value of     
dy

 ___ dx
  

(i) at (4 ,   0).

(ii) at (−4 ,   0). [3]

(e) Sketch a phase portrait for the general solution to the system of coupled differential 
equations for  −6 ≤ x ≤ 6 ,  −6 ≤ y ≤ 6 . [4]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
• The response to a “show that” question does not need to restate the AG line, unless a Note 

makes this explicit in the markscheme. 
• Once a correct answer to a question or part question is seen, ignore further working even if this 

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a)  use of cosine rule (M1) 

  
2 2 2

1 1005 1225 650ˆACB cos
2 1005 1225

−  + −
=  × × 

 (A1) 

  32.0 (31.9980...)=   OR   0.558 (0.558471...) A1 
[3 marks] 

 
 (b)  use of sine rule  (M1) 

  
DE 210

sin 31.9980... sin100
=

 

  (A1) 

  (DE ) 113 m (112.9937...)=   A1 
[3 marks] 

 
 (c)  METHOD 1 
  180 – 100  ( ))( a+  their part  (M1) 

   48.0019= …    OR   0.837791... (A1) 
  substituted area of triangle formula  (M1) 
 

  
1

112.9937... 210 sin 48.002
2
× × ×    (A1) 

  28820 m  (8817.18 )…  A1 
 
  METHOD 2 

  
CE 210

sin (180 100 ( )) sin100a
=

− − their part
 (M1) 

  (CE ) 158.472...=  (A1) 
  substituted area of triangle formula  (M1) 
 
  EITHER 

  
1

112.993... 158.472... sin100
2
× × ×  (A1) 

  OR 

  
1

210... 158.472... sin ( ( ))
2

a× × × their part  (A1) 

 
  THEN 
  28820 m  (8817.18 )…  A1  

continued…  
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Question 1 continued 

 
  METHOD 3 
  ( )2 2 2CE 210 112.993... 2 210 112.993... cos (180 100 ( ))a= + − × × × − − their part (M1) 

  5(CE ) 1 8.472= … (A1) 
  substituted area of triangle formula (M1) 
 

  
1

112.993... 158.472... sin100
2
× × ×  (A1) 

  28820 m  (8817.18 )…  A1  
 [5 marks] 

 

 (d)  1005 210−   OR   795 (A1) 
  equating answer to part (c) to area of a triangle formula (M1) 

  58 .817.
1

DF (100 210) sin 48.002 ..18
2

= × × − ×…   (A1)  

  (DF ) 29.8 m (29.8473...)=  A1 
 

[4 marks] 
 

Total [15 marks]  
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2. (a) 

    

    A1A1 
 

Note:  Award A1 for a normal curve with mean labelled 6.1 or µ , A1 for indication of 

SD (0.5):  marks on horizontal axis at 5.6 and/or 6.6 OR 0.5µ −  and/or 0.5µ +  
on the correct side and approximately correct position. 

 [2 marks] 
 

 (b) 2~ N (6.1, 0.5 )X  

  P (5.5 6.5)X< <   OR  labelled sketch of region 

      (M1) 
  0.673 (0.673074...)=  A1 

[2 marks] 
 

 (c) (P ( 5.3) ) 0.0547992...X < =   (A1) 

  0.0547992... 80×   (M1) 
  4.38 (4.38393...)=  A1 

[3 marks] 
 

 (d) (i) 2~ N (4.5, 0.45 )Y ,  

   (P ( 4.62) ) 0.394862...Y > =   (A1) 

   use of binomial seen or implied  (M1) 
    using B(10, 0.394862...)  (M1) 

   0.0430 (0.0429664...)   A1 
 

  (ii) ( 2.39 (2.38946...)1 )np p− =   A1 

[5 marks] 
 

 (e) ( ) ( )P ( 4.7) 0.5 0.3284 0.1642F W∩ > = × =   (A1) 

   attempt use of tree diagram  OR  use of 
( )P ( 4.7)

P ( | 4.7)
P ( 4.7)

F W
F W

W

∩ >
> =

>
  (M1) 

  
0.5 0.3284

0.5 0.9974 0.5 0.3284

×
× + ×

  (A1) 

  

  0.248 (0.247669...)=   A1 

[4 marks] 
 

Total [16 marks]  
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3. (a) evidence of splitting diagram into equilateral triangles M1 

  area 21
6 sin 60

2
x

 =  
 

   A1 

  
23 3

2

x
=     AG 

Note: The AG line must be seen for the final A1 to be awarded. 

[2 marks] 
 

 (b) total surface area of prism 2 3
1200 2 3 6

2
x xh

 
= +  

 
 M1A1 

Note: Award M1 for expressing total surface areas as a sum of areas of rectangles 
and hexagon(s), and A1 for a correctly substituted formula, equated to 1200. 

[5 marks] 
 

  
2400 3

2

x
h

x

−
=    A1 

  volume of prism 23 3

2
x h=  (A1) 

  
2

23 3 400 3

2 2

x
x

x

 −
=   

 
 A1 

   

  39
300 3

4
x x= −    (AG) 

Note: The AG line must be seen for the final A1 to be awarded. 

continued…  
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Question 3 continued 

(c)  

    A1A1 
 

Note: Award A1 for correct shape, A1 for roots in correct place with some indication 
of scale (indicated by a labelled point).  

[2 marks] 
 

 (d) 2d 27
300 3

d 4

V
x

x
= −  A1A1 

Note:  Award A1 for a correct term. 

 [2 marks] 
 

 (e) from the graph of V or 
d

d

V

x
  OR   solving 

d
0

d

V

x
=  (M1) 

  8.77 (8.77382...)x =   A1 

[2 marks] 
 
 (f) from the graph of V   OR   substituting their value for x  into V   (M1) 

  3
max 3040 cm (3039.34...)V =   A1 

[2 marks] 
 

Total [15 marks]  
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4. (a) 
0.965 0.05

0.035 0.95

 
=  
 

T   M1A1 

Note: Award M1A1 for 
0.95 0.035

0.05 0.965

 
=  
 

T .   

Award the A1 for a transposed T if used correctly in part (b) i.e. preceded 
by 1×2 matrix (2100 3500)  rather than followed by a 2×1 matrix. 

[2 marks] 
 

 (b) 
2

0.965 0.05 2100

0.035 0.95 3500

   
   
   

 (M1) 

  
2294

3306

 
=  
 

  

  so ratio is 2294 : 3306 ( 1147 :1653, 0.693889...)=  A1 

 [2 marks] 
 
 (c) to solve x xλ=A  : 
 

  
0.965 0.05

0
0.035 0.95

λ
λ

−
=

−
 (M1) 

 

  ( )( )0.965 0.95 0.05 0.035 0λ λ− − − × =  

  0.915λ =    OR   1λ =  (A1) 
 

  attempt to find eigenvectors for at least one eigenvalue  (M1) 

  when 0.915λ = , 
1

1
x

 
=  − 

 (or any real multiple) (A1) 

  when 1λ = , 
10

7
x

 
=  
 

 (or any real multiple) (A1) 

  therefore 
1 10

1 7

 
=  − 

P   (accept integer valued multiples of their eigenvectors and  

   columns in either order) A1 
[6 marks] 

continued…  
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Question 4 continued 

 (d) 
1

1 1 10 7 101

1 7 1 117

−

− −   
= =   −   

P   (A1) 

Note: This mark is independent, and may be seen anywhere in part (d). 

 

  
0.915 0

0 1

 
=  
 

D   (A1) 

   

  1 1 10 7 100.915 0 1

1 7 1 1170 1

n
n n

n

− −    
= =     −    

T PD P   (M1)A1 

Note: Award (M1)A0 for finding 1 n−P D P  correctly. 

 

  as n →∞  , 
0 00.915 0

0 10 1

n
n

n

   
= →   

  
D  R1 

 

  so n →T
1 10 0 0 7 101

1 7 0 1 1 117

−   
   −   

 A1 

  

10 10

17 17
7 7

17 17

 
 

=  
  
 

  AG  

Note: The AG line must be seen for the final A1 to be awarded. 

[6 marks] 
 
 (e) METHOD ONE 

  

10 10
2100 329417 17

7 7 3500 2306

17 17

 
    

=    
     
 

 (M1) 

  so ratio is 3294 : 2306   (1647 :1153, 1.42844..., 0.700060...)  
        A1 
 
  METHOD TWO 
  long term ratio is the eigenvector associated with the largest eigenvalue (M1) 
  10 : 7     A1 

[2 marks] 
 

Total [18 marks]  
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5. (a) 1 ~ Po (3.1)X   

  1P ( 4) 0.173 (0.173349...)X = =   A1 

[1 mark] 
 

 (b) (i) 2 ~ Po (3 3.1) Po (9.3)X × =  (M1) 

   2P ( 12) 0.0799 (0.0798950...)X = =   A1 

 

  (ii) ( )2

1 1P ( 0) P ( 0)X X> × =   (M1) 

   20.95495 0.04505×  (A1) 
   0.0411 (0.0410817...)=   A1 

[5 marks] 
 
 (c) 1P ( 0) 0.04505X = =  (A1) 

  ( )1 ~ B 12, 0.04505X  (M1)(A1) 

Note: Award M1 for recognizing binomial probability, and A1 for correct parameters. 

 
  0.0133 (0.013283....)=   A1 

[4 marks] 
 
 (d) METHOD ONE 
   

n λ  P ( 30)X ≥  

… … … 
10 24.1 0.136705 
11 26.2 0.253384 

      (M1)(A1)(A1) 
  

Note: Award M1 for evidence of a cumulative Poisson with 3.1 2.1nλ = + , 
A1 for 0.136705 and A1 for 0.253384. 

 
  so require 12 magpies (including Bill) A1 
 
  METHOD TWO 
  evidence of a cumulative Poisson with 3.1 2.1nλ = +  (M1) 
  sketch of curve and 0.2y =   (A1) 

  (intersect at)  10.5810… (A1) 
  rounding up gives 11n =    
  so require 12 magpies (including Bill) A1 

 [4 marks] 
 

Total [14 marks]  
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6. (a) solving 0v =    M1 
  2,  6t t= =    A1 

[2 marks] 
 

 (b) use of power rule  (M1) 

  
d

4 16
d

v
t

t
= − +    (A1) 

  ( 6)t =   

  8a⇒ = −    (A1) 

  magnitude 28 ms−=  A1 

[4 marks] 
 

 (c) using a sketch graph of v (M1) 

  124 ms−    A1 
[2 marks] 

 

 (d) METHOD ONE 

   dx v t= ∫  

  attempt at integration of v (M1) 

  
3

22
8 24 ( )

3

t
t t c− + − +  A1 

  attempt to find c (use of 0, 0)t x= =   (M1) 

  0c =     A1 

  
3

22
8 24

3

t
x t t

 
= − + − 

 
 

   
  METHOD TWO 

  
0

 d
t

x v t= ∫    

  attempt at integration of v (M1) 

  
3

2

0

2
8 24

3

t
t

t t
 
− + − 
 

 A1 

  attempt to substituted limits into their integral (M1) 

  
3

22
8 24

3

t
x t t= − + −  A1 

[4 marks] 
 

 (e) 
4

0
 dv t∫    (M1)(A1) 

Note: Award M1 for using the absolute value of v, or separating into two integrals, 
A1 for the correct expression. 

   
  32 m=    A1 

[3 marks] 
Total [15 marks]  
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7. (a) 
4 0

0
3 2

λ
λ

− −
=

− −
 (M1) 

  ( )( )4 2 0λ λ− − − − =   (A1) 

  4λ = −  OR 2λ = −  A1 
  4λ = −  
 

  
4 0 4

3 2 4

x x

y y

− −    
=    − −    

 (M1) 

Note: This M1 can be awarded for attempting to find either eigenvector. 

 
  3 2 4x y y− = −   

  3 2x y= −   

  possible eigenvector is 
2

3

− 
 
 

 (or any real multiple) A1 

  2λ = −  
 

  
4 0 2

3 2 2

x x

y y

− −    
=    − −    

 

  0, 1x y= =   

  possible eigenvector is 
0

1

 
 
 

 (or any real multiple) A1 

[6 marks] 
 

 (b) 4 22 0
e e

3 1
t tx

A B
y

− −−     
= +     

     
  (M1)A1 

Note: Award M1A1 for 42 e tx A −= − , 4 23 e et ty A B− −= + , M1A0 if LHS is missing or incorrect.  

[2 marks] 
 
 (c) two (distinct) real negative eigenvalues R1 
  (or equivalent (eg both 4 2e 0,e 0t t− −→ →  as t →∞  )) 

  ⇒  stable equilibrium point A1 

Note: Do not award R0A1. 

[2 marks] 

continued…  
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Question 7 continued 

 (d) 
d 3 2

d 4

y x y

x x

−
=

−
  (M1) 

  (i) 
d 3

(4, 0)
d 4

y

x
⇒ = −   A1 

  (ii) 
d 3

( 4, 0)
d 4

y

x
− ⇒ = −  A1 

[3 marks] 
 (e)  
 

   A1A1A1A1 
 

Note: Award A1 for a phase plane, with correct axes (condone omission of 
labels) and at least three non-overlapping trajectories. Award A1 for all 
trajectories leading to a stable node at (0, 0). Award A1 for showing 
gradient is negative at 4x =  and 4− . Award A1 for both eigenvectors 
on diagram. 

[4 marks] 
 

Total [17 marks] 
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Mathématiques : applications et interprétation
Niveau supérieur
Épreuve 2

Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [110 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 15]

Un agriculteur possède un champ ayant la forme d’un triangle ABC tel que   AB = 650 m  ,   
AC = 1005 m   et   BC = 1225 m  .

la figure n’est pas à l’échelle

1005

A

C B1225

650

(a) Trouvez la mesure de AĈB. [3]

La municipalité envisage de construire une autoroute qui coupera les frontières du champ 
aux points D et E, où  DC = 210 m  et   CÊD = 100   , tel que montré dans le diagramme ci-dessous.

la figure n’est pas à l’échelle

D

E

650

F

210

100

A

C B

autoroute

(b) Trouvez DE. [3]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

La municipalité souhaite également construire un parc de stationnement. On demande 
à l’agriculteur d’échanger la partie du champ représentée par le triangle DCE. En retour, 
l’agriculteur obtiendra un triangle ADF de surface égale, où F se trouve sur la même droite 
que D et E, comme indiqué dans le diagramme précédent.

(c) Trouvez l’aire du triangle DCE. [5]

(d) Estimez DF. Vous pouvez supposer que la largeur de l’autoroute est nulle. [4]
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2. [Note maximale : 16]

On sait que les poids des chats persans mâles sont normalement distribués avec une 
moyenne de 6,1 kg et une variance de   0,5   2   kg   2  .

(a) Esquissez un diagramme montrant les informations ci-dessus. [2]

(b) Trouvez la proportion de chats persans mâles qui pèsent entre 5,5 kg et 6,5 kg. [2]

Un groupe de 80 chats persans mâles est sélectionné dans cette population.

(c) Déterminez le nombre espéré de chats dans ce groupe ayant un poids inférieur à 5,3 kg. [3]

Les chats mâles sont maintenant rejoints par 80 chats persans femelles. Les chats femelles 
sont sélectionnés dans une population dont les poids sont normalement distribués avec une 
moyenne de 4,5 kg et un écart type de 0,45 kg.

(d) Dix chats femelles sont choisis au hasard.

(i) Trouvez la probabilité qu’exactement un de ces chats femelles pèse plus de 4,62 kg.

(ii) Soit  N  le nombre de chats pesant plus de 4,62 kg.

Trouvez la variance de  N . [5]

Un chat est sélectionné au hasard parmi les 160 chats.

(e) Trouvez la probabilité que le chat soit une femelle, sachant que son poids est supérieur 
à 4,7 kg. [4]
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3. [Note maximale : 15]

On fabrique une boîte de chocolats creuse ayant la forme d’un prisme droit avec une base 
hexagonale régulière. La hauteur du prisme est de  h cm, et le dessus et la base du prisme 
ont des côtés de longueur  x cm.

la figure n’est pas à l’échelle
x

h

x

(a) Sachant que   sin 60   =    √ 
_

 3   ___ 2    , montrez que l’aire de la base de la boîte est égale à     3 √ 
_

 3   x   2  _____ 2    . [2]

(b) Sachant que l’aire totale de la surface externe de la boîte est de 1200 cm2, montrez que 

le volume de la boîte peut être exprimé comme   V = 300 √ 
_

 3   x −   9 __ 4    x   3   . [5]

(c) Esquissez la représentation graphique de    V = 300 √ 
_

 3   x −   9 __ 4    x   3    , pour   0 ≤ x ≤ 16  . [2]

(d) Trouvez une expression pour     dV ___ dx
    . [2]

(e) Trouvez la valeur de  x  qui rend le volume de la boîte maximal. [2]

(f) À partir de là, ou par toute autre méthode, trouvez le volume maximal possible de la boîte. [2]
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4. [Note maximale : 18]

Dans un petit village, il y a deux cabinets médicaux, l’un appartenant au docteur Black et 
l’autre appartenant au docteur Green. On a remarqué qu’à la fin de chaque année, 3,5 % des 
patients du docteur Black passent au cabinet médical du docteur Green et 5 % des patients 
du docteur Green passent au cabinet médical du docteur Black. Toutes les autres pertes ou 
gains de patients réalisés par les cabinets médicaux peuvent être ignorés.

Au début d’une année donnée, on a remarqué que le docteur Black avait 2100 patients, alors 
que le docteur Green en avait 3500.

(a) Écrivez une matrice de transition  T  indiquant le mouvement de population annuel 
entre les cabinets médicaux. [2]

(b) Trouvez une prédiction du ratio du nombre de patients qu’aura le docteur Black par 
rapport à ceux qu’aura le docteur Green, après deux ans. [2]

(c) Trouvez une matrice  P , ayant des éléments entiers, telle que   T = PD P   −1   , où  D  est 
une matrice diagonale. [6]

(d) À partir de là, montrez que la matrice de transition à long terme,    T    ∞    est donnée par 

   T    ∞  =   
⎛
 ⎜ 

⎝
   
  10 ___ 17  

  
  10 ___ 17  

  
  7 ___ 17  

  
  7 ___ 17  

  
⎞
 ⎟ 

⎠
     . [6]

(e) À partir de là, ou par toute autre méthode, déterminez le ratio espéré du nombre 
de patients qu’aurait le docteur Black par rapport à ceux qu’aurait le docteur Green, 
à long terme. [2]
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5. [Note maximale : 14]

Hank installe une mangeoire pour oiseaux dans son jardin afin de fournir de la nourriture aux 
oiseaux locaux. Hank remarque qu’un oiseau spécifique, une grande pie, vient lui rendre visite 
plusieurs fois par mois et il le nomme Bill. Hank modélise le nombre de fois par mois que Bill 
visite son jardin par une distribution de Poisson avec une moyenne de 3,1.

(a) En utilisant le modèle de Hank, trouvez la probabilité que Bill visite le jardin exactement 
quatre fois au cours d’un mois donné. [1]

(b) Sur une période de 3 mois consécutifs, trouvez la probabilité que Bill visite le jardin :

(i) exactement 12 fois.

(ii) au cours du premier et du troisième mois seulement. [5]

(c) Trouvez la probabilité que sur une période de 12 mois, il y ait exactement 3 mois où Bill 
ne visite pas le jardin. [4]

Après la première année, un certain nombre de bébés pies commencent à visiter le jardin de 
Hank. On peut supposer que chacun de ces bébés pies visite le jardin aléatoirement et de 
façon indépendante, et que le nombre de fois par mois que chaque bébé pie visite le jardin 
est modélisé par une distribution de Poisson avec une moyenne de 2,1.

(d) Déterminez le plus petit nombre de pies nécessaires, incluant Bill, pour que la 
probabilité que le jardin de Hank reçoive au moins 30 visites de pies par mois soit 
supérieure à 0,2. [4]
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6. [Note maximale : 15]

Une particule P se déplace le long de l’axe des abscisses. La vitesse algébrique de  
P est   v m  s   −1    au temps  t  secondes, où   v = −2t   2   +    16t − 24   pour   t ≥ 0  .

(a) Trouvez les instants où P est au repos. [2]

(b) Trouvez la norme de l’accélération de la particule à 6 secondes. [4]

(c) Trouvez la plus grande vitesse de P dans l’intervalle   0 ≤ t ≤ 6  . [2]

(d) La particule part de l’origine O. Trouvez une expression pour le déplacement de  
P à partir de O au temps  t  secondes. [4]

(e) Trouvez la distance totale parcourue par P dans l’intervalle   0 ≤ t ≤ 4  . [3]
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7. [Note maximale : 17]

Considérez le système d’équations différentielles couplées suivant :

    dx ___ dt
   = −4x 

    
dy

 ___ dt
   = 3x − 2y 

(a) Trouvez les valeurs propres et les vecteurs propres correspondants de la matrice

    (   − 4  0  3  
− 2  )     . [6]

(b) À partir de là, écrivez la solution générale du système. [2]

(c) Déterminez, en justifiant votre réponse, si le point d’équilibre (0  ;   0) est stable ou instable. [2]

(d) Trouvez la valeur de     
dy

 ___ dx
  

(i) au point (4  ;   0).

(ii) au point (−4  ;   0). [3]

(e) Esquissez un portrait de phase pour la solution générale du système d’équations 
différentielles couplées pour  −6 ≤ x ≤ 6 ,  −6 ≤ y ≤ 6 . [4]
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 15]

Un agricultor posee un terreno con la forma de un triángulo ABC tal que   AB = 650 m  ,   
AC = 1005 m   y   BC = 1225 m  .

la figura no está dibujada a escala

1005

A

C B1225

650

(a) Halle el tamaño de AĈB. [3]

El ayuntamiento del pueblo tiene previsto construir una autopista que cruzará los bordes del 
terreno en los puntos D y E, donde  DC = 210 m  y   CÊD = 100   , tal y como se muestra en la 
siguiente figura.

la figura no está dibujada a escala

D

E

650

F

210

100

A

C B

autopista

(b) Halle DE. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

El ayuntamiento quiere construir allí un aparcamiento. Le piden al agricultor que les ceda 
la parte del terreno representada por el triángulo DCE. A cambio, el agricultor recibiría un 
triángulo de igual área ADF, donde F está en la misma recta que D y que E, tal y como se 
muestra en la figura anterior.

(c) Halle el área del triángulo DCE. [5]

(d) Estime DF. Puede suponer que la anchura de la autopista es igual a cero. [4]
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2. [Puntuación máxima: 16]

Se sabe que los pesos de los gatos persas macho siguen una distribución normal de media 
6,1 kg y varianza igual a   0,5   2   kg   2  .

(a) Dibuje aproximadamente una figura donde se muestre esta información. [2]

(b) Halle la proporción de gatos persas macho que pesan entre 5,5 kg y 6,5 kg. [2]

De esta población se toma un grupo de 80 gatos persas macho.

(c) Determine el número esperado de gatos de este grupo cuyo peso será menor de 5,3 kg. [3]

A esos gatos macho se les unen ahora 80 gatos persas hembra. Los gatos hembra se toman 
de una población cuyos pesos siguen una distribución normal de media 4,5 kg y desviación 
típica igual a 0,45 kg.

(d) Se escogen al azar diez gatos hembra.

(i) Halle la probabilidad de que exactamente uno de ellos pese más de 4,62 kg.

(ii) Sea  N  el número de gatos que pesan más de 4,62 kg.

Halle la varianza de  N . [5]

Se escoge al azar un gato de entre todos los 160 gatos.

(e) Halle la probabilidad de que el gato sea hembra, sabiendo que su peso es mayor 
de 4,7 kg. [4]
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3. [Puntuación máxima: 15]

Una caja de bombones hueca se fabrica con la forma de un prisma recto de base hexagonal 
regular. La altura del prisma es  h cm, y la parte superior y la base del prisma tienen lados 
de  x cm de longitud.

la figura no está dibujada a escala
x

h

x

(a) Sabiendo que   sen 60   =    √ 
_

 3   ___ 2    , muestre que el área de la base de la caja es igual a     3 √ 
_

 3   x   2  _____ 2    . [2]

(b) Sabiendo que el área total de la superficie externa de la caja es igual a 1200 cm2, 

muestre que el volumen de la caja se puede expresar así:   V = 300 √ 
_

 3   x −   9 __ 4    x   3   . [5]

(c) Dibuje aproximadamente el gráfico de    V = 300 √ 
_

 3   x −   9 __ 4    x   3     para   0 ≤ x ≤ 16  . [2]

(d) Halle una expresión para     dV ___ dx
    . [2]

(e) Halle el valor de  x  que maximiza el volumen de la caja. [2]

(f) A partir de lo anterior o de cualquier otro modo, halle el máximo volumen posible 
de la caja. [2]



– 6 –

M21/5/MATHY/HP2/SPA/TZ0/XX

2221 – 7222

4. [Puntuación máxima: 18]

En un pequeño pueblo hay dos consultorios médicos: uno es del doctor Black y el otro 
es del doctor Green. Después de cada año, se observa que el 3,5 % de los pacientes del 
doctor Black se han pasado al consultorio del doctor Green y que el 5 % de los pacientes del 
doctor Green se han pasado al consultorio del doctor Black. Se puede ignorar cualquier otra 
pérdida o ganancia de pacientes que tengan los consultorios.

Al comienzo de un año concreto, el doctor Black tenía 2100 pacientes en su consultorio, 
frente a los 3500 pacientes que tenía el doctor Green.

(a) Escriba una matriz de transición  T  que refleje el movimiento anual de pacientes entre 
los consultorios. [2]

(b) Halle una predicción para la razón entre el número de pacientes que tendrá el doctor 
Black al cabo de dos años y el que tendrá el doctor Green. [2]

(c) Halle una matriz  P , formada por elementos enteros, tal que   T = PD P   −1   , donde  D  es 
una matriz diagonal. [6]

(d) A partir de lo anterior, muestre que la matriz de transición a largo plazo    T    ∞    viene dada por

   T    ∞  =   
⎛
 ⎜ 

⎝
   
  10 ___ 17  

  
  10 ___ 17  

  
  7 ___ 17  

  
  7 ___ 17  

  
⎞
 ⎟ 

⎠
     . [6]

(e) A partir de lo anterior o de cualquier otro modo, determine la razón esperada entre 
el número de pacientes que tendría el doctor Black a largo plazo y el que tendría 
el doctor Green. [2]
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5. [Puntuación máxima: 14]

Hank monta en su jardín un comedero de pájaros para que las aves de la zona tengan alimento. 
Hank se da cuenta de que hay un ave concreta —una urraca de gran tamaño— que lo visita 
varias veces al mes, y le pone de nombre Bill. Hank modeliza el número de veces al mes que 
Bill acude a su jardín mediante una distribución de Poisson de media 3,1.

(a) Utilizando el modelo de Hank, halle la probabilidad de que Bill acuda al jardín 
exactamente cuatro veces durante un mes concreto. [1]

(b) A lo largo de 3 meses consecutivos, halle la probabilidad de que Bill acuda al jardín:

(i) Exactamente 12 veces

(ii) Únicamente durante el primer mes y el tercer mes [5]

(c) Halle la probabilidad de que, a lo largo de un período de 12 meses, haya exactamente 
3 meses en los que Bill no acude nunca al jardín. [4]

Después del primer año, una serie de crías de urraca empiezan a acudir al jardín de Hank. 
Se puede suponer que cada una de estas crías de urraca acude al jardín de manera aleatoria 
e independiente y que el número de veces al mes que cada cría de urraca visita el jardín se 
puede modelizar mediante una distribución de Poisson de media 2,1.

(d) Determine el menor número de urracas que hacen falta, incluida Bill, para que la 
probabilidad de que Hank reciba en su jardín al menos 30 visitas de urracas al mes 
sea mayor que 0,2. [4]
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6. [Puntuación máxima: 15]

Una partícula P se mueve a lo largo del eje  x . La velocidad de P es   v m  s   −1    en el instante   
t  segundos, donde   v = −2t   2   +    16t − 24  , para   t ≥ 0  .

(a) Halle los instantes en los que P está en reposo instantáneo. [2]

(b) Halle el módulo de la aceleración de la partícula a los 6 segundos. [4]

(c) Halle la mayor celeridad que alcanza P en el intervalo   0 ≤ t ≤ 6  . [2]

(d) La partícula empieza en el origen O. Halle una expresión que permita calcular el 
desplazamiento de P respecto a O en el instante  t  segundos. [4]

(e) Halle la distancia total que ha recorrido P en el intervalo   0 ≤ t ≤ 4  . [3]
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7. [Puntuación máxima: 17]

Considere el siguiente sistema de ecuaciones diferenciales acopladas.

    dx ___ dt
   = −4x 

    
dy

 ___ dt
   = 3x − 2y 

(a) Halle los valores propios y los correspondientes vectores propios de la matriz     (   − 4  0  3  
− 2  )     . [6]

(b) A partir de lo anterior, escriba la solución general del sistema. [2]

(c) Determine, justificando su respuesta, si el punto de equilibrio (0 ,   0) es estable o 
es inestable. [2]

(d) Halle el valor de     
dy

 ___ dx
   en:

(i) (4 ,   0)

(ii) (−4 ,   0) [3]

(e) Dibuje aproximadamente un retrato de fase para la solución general de ese sistema de 
ecuaciones diferenciales acopladas, para  −6 ≤ x ≤ 6 ,  −6 ≤ y ≤ 6 . [4]
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Answer both questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 27]

A suitable site for the landing of a spacecraft on the planet Mars is identified at a point, A. 
The shortest time from sunrise to sunset at point A must be found.

Radians should be used throughout this question. All values given in the question should be 
treated as exact.

Mars completes a full orbit of the Sun in 669 Martian days, which is one Martian year.

axis

Mars Sun

On day  t , where  t ∈ ℤ , the length of time, in hours, from the start of the Martian day until 
sunrise at point A can be modelled by a function,  R(t) , where

R(t) = a sin (bt) + c ,  t ∈ ℝ .

The graph of  R  is shown for one Martian year.

0 669

c

t (days)

R(t )
(hours)

(a) Show that  b ≈ 0.00939 . [2]

Mars completes a full rotation on its axis in 24 hours and 40 minutes.

(b) Find the angle through which Mars rotates on its axis each hour. [3]

(This question continues on the following page)
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Turn over

(Question 1 continued)

The time of sunrise on Mars depends on the angle,  δ , at which it tilts towards the Sun. 
During a Martian year,  δ  varies from −0.440 to 0.440 radians.

The angle,  ω , through which Mars rotates on its axis from the start of a Martian day to the 
moment of sunrise, at point A, is given by  cos ω = 0.839 tan δ ,  0 ≤ ω ≤ π .

(c) (i)  Show that the maximum value of  ω = 1.98 , correct to three significant figures. [3]

(ii) Find the minimum value of  ω . [1]

(d) Use your answers to parts (b) and (c) to find 

(i) the maximum value of  R(t ) ; [2]

(ii) the minimum value of  R(t ) . [1]

(e) Hence show that  a = 1.6 , correct to two significant figures. [2]

(f) Find the value of  c . [2]

Let  S (t )  be the length of time, in hours, from the start of the Martian day until sunset at 
point A on day  t .  S (t )  can be modelled by the function

S (t ) = 1.5 sin (0.00939t + 2.83) + 18.65 .

The length of time between sunrise and sunset at point A,  L(t) , can be modelled by the function

L(t ) = 1.5 sin (0.00939t + 2.83) − 1.6 sin (0.00939t ) + d .

(g) Find the value of  d . [2]

Let  f (t ) = 1.5 sin (0.00939t + 2.83) − 1.6 sin (0.00939t )  and hence  L(t ) =  f (t ) + d .

f (t )  can be written in the form   Im   (   z  1   −  z  2   )     , where    z  1     and    z  2     are complex functions of  t .

(h) (i)  Write down    z  1     and    z  2     in exponential form, with a constant modulus. [3]

(ii) Hence or otherwise find an equation for  L  in the form  L(t ) = p sin (qt + r) + d , 
where  p ,  q ,  r ,  d ∈ ℝ . [4]

(iii) Find, in hours, the shortest time from sunrise to sunset at point A that is predicted 
by this model. [2]
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2. [Maximum mark: 28]

A firm wishes to review its recruitment processes. This question considers the validity 
and reliability of the methods used.

Every year an accountancy firm recruits new employees for a trial period of one year from a 
large group of applicants.

At the start, all applicants are interviewed and given a rating. Those with a rating of either 
Excellent, Very good or Good are recruited for the trial period. At the end of this period, 
some of the new employees will stay with the firm.

It is decided to test how valid the interview rating is as a way of predicting which of the new 
employees will stay with the firm.

Data is collected and recorded in a contingency table.

Interview rating

Excellent Very good Good

Stay 12 20 19

Leave 10 15 24

(a) Use an appropriate test, at the 5 % significance level, to determine whether a new 
employee staying with the firm is independent of their interview rating. State the null 
and alternative hypotheses, the  p-value and the conclusion of the test. [6]

The next year’s group of applicants are asked to complete a written assessment which  
is then analysed. From those recruited as new employees, a random sample of size 18  
is selected.

The sample is stratified by department. Of the 91 new employees recruited that year,  
55 were placed in the national department and 36 in the international department.

(b) Show that 11 employees are selected for the sample from the national department. [2]

(This question continues on the following page)
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Turn over

(Question 2 continued)

At the end of their first year, the level of performance of each of the 18 employees in the 
sample is assessed by their department manager. They are awarded a score between 
1 (low performance) and 10 (high performance).

The marks in the written assessment and the scores given by the managers are shown in 
both the table and the scatter diagram.

National department International department

Employee A B C D E F G H I J K L M N O P Q R

Mark in written 
assessment 82 76 74 70 65 62 58 58 55 54 51 93 85 82 77 74 66 65

Score given by 
manager

10 10 10  9  7  8  9  8  7  8  7  8  7  6  7  6  5  4

55
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The firm decides to find a Spearman’s rank correlation coefficient,    r  s    , for this data.

(c) (i)  Without calculation, explain why it might not be appropriate to calculate a 
correlation coefficient for the whole sample of 18 employees.  [2]

(ii) Find    r  s     for the seven employees working in the international department. [4]

(iii) Hence comment on the validity of the written assessment as a measure of the 
level of performance of employees in this department. Justify your answer. [2]

(This question continues on the following page)



– 6 –

M21/5/MATHY/HP3/ENG/TZ1/XX

2221 – 7208

(Question 2 continued)

The same seven employees are given the written assessment a second time, at the end of 
the first year, to measure its reliability. Their marks are shown in the table below.

International department

L M N O P Q R

First mark 93 85 82 77 74 66 65

Second mark 90 92 85 73 79 71 65

(d) (i)  State the name of this type of test for reliability. [1]

(ii) For the data in this table, test the null hypothesis,    H  0   :  ρ = 0  , against the 
alternative hypothesis,    H  1   :  ρ > 0  , at the 5 % significance level. You may 
assume that all the requirements for carrying out the test have been met. [4]

(iii) Hence comment on the reliability of the written assessment. [1]

(e) The written assessment is in five sections, numbered 1 to 5. At the end of the year, 
the employees are also given a score for each of five professional attributes: 
V, W, X, Y and Z. 

The firm decides to test the hypothesis that there is a correlation between the mark 
in a section and the score for an attribute.

They compare marks in each of the sections with scores for each of the attributes.

(i) Write down the number of tests they carry out. [1]

(ii) The tests are performed at the 5 % significance level.

Assuming that:
 y there is no correlation between the marks in any of the sections and scores 

in any of the attributes, 
 y the outcome of each hypothesis test is independent of the outcome of the 

other hypothesis tests,

find the probability that at least one of the tests will be significant. [4]

(iii) The firm obtains a significant result when comparing section 2 of the written 
assessment and attribute X. Interpret this result. [1]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
• The response to a “show that” question does not need to restate the AG line, unless a Note 

makes this explicit in the markscheme. 
• Once a correct answer to a question or part question is seen, ignore further working even if this 

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) recognition that period 669=  (M1) 

  2

669
b

π
=     OR     b = 0.00939190… A1 

Note: Award A1 for a correct expression leading to the given value 
or for a correct value of b to 4 sf or greater accuracy. 

 
  0.00939b ≈    AG 

[2 marks] 
 

 (b) length of day = 
2

24
3

 hours (A1) 

Note: Award A1 for 
2

3
, 0.666..., 0.6  or 0.667. 

 

  

2
2

24
3

π
     (M1) 

Note: Accept 
360

2
24

3

 
 
 
 
 

. 

 

  0.255= radians  
3

0.254723..., ,14.5945...
37

π = 
 

  A1 

[3 marks] 
 
 (c) (i) substitution of either value of δ  into equation  (M1) 
   correct use of arccos to find a value for ω  (M1) 
 

Note:  Both (M1) lines may be seen in either part (c)(i) or part (c)(ii). 

 
   cos 0.839 tan ( 0.440)ω = −   A1 

   1.97684...ω =   
 
   1.98≈    AG 

Note: For substitution of 1.98 award M0A0. 

 [3 marks] 
 
  (ii) 0.440δ =   
   1.16 (1.16474...)ω =  A1 

[1 mark] 
 

continued…  
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Question 1 continued 

 (d) (i) max

1.97684...

0.25472...
R =   (M1) 

 
   7.76=  hours   (7.76075...)  A1 

Note: Accept 7.70 from use of 1.98. 

 [2 marks] 
 

  (ii) min

1.16474...

0.25472...
R =    

   4.57=   hours   (4.57258...)  A1 
[1 mark] 

Note: Accept 4.55 and 4.56 from use of rounded values. 

 

 (e) 
7.76075... 4.57258...

2
a

−
=   M1 

  1.59408...≈   A1 

Note: Award M1 for substituting their values into a correct expression.   
Award A1 for a correct value of a from their expression which has at least 
3 significant figures and rounds correctly to 1.6. 

 
  1.6≈  (correct to 2 sf) AG 

[2 marks] 
 
 (f) EITHER 
 

  
7.76075... 4.57258... 12.333...

2 2
c

+  = = 
 

 (M1) 

 
  OR 
  4.57258... 1.59408...c = +  or 7.76075... 1.59408...c = −  
 
  THEN 
  6.17 (6.16666...)=   A1 

Note: Accept 6.16 from use of rounded values. 
Follow through on their answers to part (d) and 1.6. 

[2 marks] 
 
 (g) 18.65 6.16666...d = −   (M1) 
  12.5 (12.4833...)=  A1 

Note: Follow through for 18.65 minus their answer to part (f). 

[2 marks] 

continued…  



 – 10 – M21/5/MATHY/HP3/ENG/TZ1/XX/M 

 

Question 1 continued 

 (h) (i) at least one expression in the form ( )ieg tr   (M1) 

   ( )0.00939 2.83 i
1 1.5e tz += , ( )0.00939 i

2 1.6e tz =  A1A1 

[3 marks] 
 
  (ii) EITHER 
 
   ( ) ( )0.00939 2.83 i 0.00939 i

1 2 1.5e 1.6et tz z +− = −   

 

   ( )0.00939 i 2.83ie 1.5e 1.6t= −   (M1) 

 

   ( )0.00939 i 2.99086...ie 3.06249...et=  (A1)(A1) 

    
   
   OR 
   
   graph of L  or f   
   3.06249...p =   (A1) 
   0.150729...r = −    OR   2.99086...r =  (M1)(A1) 

Note: The p and r variables (or equivalent) must be seen. 

    
   THEN 

   ( ) 3.06sin (0.00939 2.99) 12.5L t t= + +  A1 

   ( )( ) 3.06248...sin (0.00939 2.99086...) 12.4833...L t t= + +  

Note: Accept equivalent forms, e.g. ( ) 3.06sin (0.00939 0.151) 12.5L t t= − + . 

 Follow through on their answer to part (g) replacing 12.5. 

[4 marks] 
 
  (iii) shortest time between sunrise and sunset 
   12.4833... 3.06249...−   (M1) 
   9.42=  hours (9.420843...)  A1 

Note: Accept 9.44 from use of 3 sf values. 

[2 marks] 
 

      [Total 27 marks] 
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2. (a) Use of 2χ  test for independence (M1) 
 
  0H :  Staying (or leaving) the firm and interview rating are independent. 

  1H :  Staying (or leaving) the firm and interview rating are not independent A1 

Note: For 1H  accept ‘…are dependent’ in place of ‘…not independent’. 

 
  p-value 0.487 (0.487221...)=  A2 

Note: Award A1 for 2 1.438...χ =  if p-value is omitted or incorrect. 

 
  0.487 0.05>    R1 
 
  (the result is not significant at the 5% level) 
  insufficient evidence to reject the 0H   (or “accept 0H ”) A1 

Note: Do not award R0A1.  
The final R1A1 can follow through from their incorrect p-value 

 [6 marks] 
 

 (b) 
55

18 10.9 (10.8791...)
91

× =    M1A1 

Note: Award A1 for anything that rounds to 10.9. 

 
  11≈     AG 

[2 marks] 

continued…  
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Question 2 continued 

 (c) (i) there seems to be a difference between the two departments (A1) 
    
   the international department manager seems to be less generous  

than the national department manager R1 

Note: The A1 is for commenting there is a difference between the two departments 
and the R1 is for correctly commenting on the direction of the difference 

      [2 marks] 
 
  (ii) 

 L M N O P Q R 
Written assessment 
rank 1 2 3 4 5 6 7 

Manager score 
rank 1 2.5 4.5 2.5 4.5 6 7 

 
      (M1)(A1) 

Note: Award (M1) for an attempt to rank the data, and (A1) for correct ranks 
for both variables.  Accept either set of rankings in reverse. 

 
   0.909 (0.909241.....)sr =   (M1)A1 

Note: The (M1) is for calculating the PMCC for their ranks. 

 

Note: If a final answer of 0.9107  is seen, from use of 
2

2

6
1

( 1)

d

n n
−

−
∑ , award (M1)(A1)A1. 

 Accept 0.909−  if one set of ranks has been ordered in reverse. 

[4 marks] 
 
  (iii) EITHER 
   there is a (strong) association between the written assessment mark and the  

manager scores. A1 
 

   OR 
   there is a (strong) agreement in the rank order of the written assessment marks and 

the rank order of the manager scores. A1 
 

   OR 
   there is a (strong linear) correlation between the rank order of the written assessment 

marks and the rank order of the manager scores. A1 
 

Note: Follow through on a value for their value of sr  in c(ii). 

 
   THEN 
   the written assessment is likely to be a valid measure (of the level  

of employee performance) R1 
[2 marks] 

continued…  
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Question 2 continued 

 (d) (i) test-retest  A1 
[1 mark] 

 
  (ii) p-value 0.00209 (0.0020939...)=   A2 
 
   0.00209 0.05<   R1 
   (the result is significant at the 5% level) 
   (there is sufficient evidence to) reject 0H    A1 

Note: Do not award R0A1.  Accept “accept H1”. 
The final R1A1 can follow through from their incorrect p-value. 

[4 marks] 
 

  (iii) the test seems reliable A1 

Note: Follow through from their answer in part (d)(ii).  Do not award 
if there is no conclusion in d(ii). 

 [1 mark] 
 
 (e) (i) 25   A1 

[1 mark] 
 
  (ii) probability of significant result given no correlation is 0.05 (M1) 
 
   probability of at least one significant result in 25 tests is  
 
   251 0.95−    (M1)(A1) 

Note: Award (M1) for use of 1 P (0)−  or the binomial distribution with 

any value of p. 

 [1 mark] 
 
   0.723 (0.722610...)=  A1 

[4 marks] 
 
  (iii) (though the result is significant) it is very likely that one significant  

result would be achieved by chance, so it should be disregarded  
or further evidence sought 

      R1 
[1 mark] 

 
[Total 28 marks] 
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Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [55 marks].
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Answer both questions in the answer booklet provided. Please start each question on a new page.  
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should  
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 24]

Juliet is a sociologist who wants to investigate if income affects happiness amongst 
doctors. This question asks you to review Juliet’s methods and conclusions.

Juliet obtained a list of email addresses of doctors who work in her city. She contacted them 
and asked them to fill in an anonymous questionnaire. Participants were asked to state their 
annual income and to respond to a set of questions. The responses were used to determine 
a happiness score out of 100. Of the 415 doctors on the list, 11 replied.

(a) (i)  Describe one way in which Juliet could improve the reliability of her investigation. [1] 

(ii) Describe one criticism that can be made about the validity of Juliet’s investigation. [1]

Juliet’s results are summarized in the following table.

Response Annual income ($) Happiness score

A      65 000 60

B      63 000 52

C      40 000 31

D     125 000 81

E     100 000 48

F     245 000 61

G      48 000 42

H      39 000 40

I      85 000 57

J      92 000 53

K 123 456 789 56

(b) Juliet classifies response K as an outlier and removes it from the data. Suggest one 
possible justification for her decision to remove it. [1]

(This question continues on the following page)
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Turn over

(Question 1 continued)

(c) For the remaining ten responses in the table, Juliet calculates the mean happiness 
score to be 52.5.

(i) Calculate the mean annual income for these remaining responses. [2]

(ii) Determine the value of  r , Pearson’s product-moment correlation coefficient, 
for these remaining responses. [2]

Juliet decides to carry out a hypothesis test on the correlation coefficient to investigate 
whether increased annual income is associated with greater happiness.

(d) (i)  State why the hypothesis test should be one-tailed. [1]

(ii) State the null and alternative hypotheses for this test. [2]

The critical value for this test, at the 5 % significance level, is 0.549. Juliet assumes that 
the population is bivariate normal.

(iii) Determine whether there is significant evidence of a positive correlation between 
annual income and happiness. Justify your answer. [2]

(This question continues on page 5)
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Turn over

(Question 1 continued)

(e) Juliet wants to create a model to predict how changing annual income might affect 
happiness scores. To do this, she assumes that annual income in dollars,  X , is the 
independent variable and the happiness score,  Y , is the dependent variable.

She first considers a linear model of the form

 Y = aX + b  .

(i) Use Juliet’s data to find the value of  a  and of  b . [1]

(ii) Interpret, referring to income and happiness, what the value of  a  represents. [1]

Juliet then considers a quadratic model of the form

 Y = c X   2  + dX + e  .

(iii) Find the value of  c , of  d  and of  e . [1]

(iv) Find the coefficient of determination for each of the two models she considers. [2]

(v) Hence compare the two models. [1]

Juliet decides to use the coefficient of determination to choose between these  
two models.

(vi) Comment on the validity of her decision. [1]

After presenting the results of her investigation, a colleague questions whether Juliet’s 
sample is representative of all doctors in the city.

A report states that the mean annual income of doctors in the city is $80 000. Juliet 
decides to carry out a test to determine whether her sample could realistically be  
taken from a population with a mean of $80 000.

(f) (i)  State the name of the test which Juliet should use. [1]

(ii) State the null and alternative hypotheses for this test. [1]

(iii) Perform the test, using a 5 % significance level, and state your conclusion  
in context. [3]
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2. [Maximum mark: 31]

Alessia is an ecologist working for Mediterranean fishing authorities. She is interested in 
whether the mackerel population density is likely to fall below 5000 mackerel per km3, as 
this is the minimum value required for sustainable fishing. She believes that the primary 
factor affecting the mackerel population is the interaction of mackerel with sharks, their 
main predator.

The population densities of mackerel ( M  thousands per km3) and sharks ( S  per km3) in the 
Mediterranean Sea are modelled by the coupled differential equations:

   dM ___ dt   = αM − βMS 

   dS ___ dt   = γMS − δS 

where  t  is measured in years, and  α ,  β ,  γ  and  δ  are parameters.

This model assumes that no other factors affect the mackerel or shark population densities.

The term  αM  models the population growth rate of the mackerel in the absence of sharks. 
The term  βMS  models the death rate of the mackerel due to being eaten by sharks.

(a) Suggest similar interpretations for the following terms.

(i) γMS [1]

(ii) δS [1]

(b) An equilibrium point is a set of values of  M  and  S , such that     dM _ dt   = 0   and     dS _ dt   = 0  .

Given that both species are present at the equilibrium point,

(i) show that, at the equilibrium point, the value of the mackerel population density is     δ _ γ    ; [3]

(ii) find the value of the shark population density at the equilibrium point. [2]

(c) The equilibrium point found in part (b) gives the average values of  M  and  S  over time.

Use the model to predict how the following events would affect the average value of  M . 
Justify your answers.

(i) Toxic sewage is added to the Mediterranean Sea. Alessia claims this reduces 
the shark population growth rate and hence the value of  γ  is halved. No other 
parameter changes. [2]

(ii) Global warming increases the temperature of the Mediterranean Sea. Alessia 
claims that this promotes the mackerel population growth rate and hence the 
value of  α  is doubled. No other parameter changes. [2]

(This question continues on the following page)
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(Question 2 continued)

(d) To estimate the value of  α , Alessia considers a situation where there are no sharks and 
the initial mackerel population density is    M  0    .

(i) Write down the differential equation for  M  that models this situation. [1]

(ii) Show that the expression for the mackerel population density after  t  years 
is   M =  M  0   e   αt   . [4]

(iii) Alessia estimates that the mackerel population density increases by a factor of 
three every two years. Show that   α = 0.549   to three significant figures. [3]

Based on additional observations, it is believed that 

 α = 0.549 ,

 β = 0.236 ,

 γ = 0.244 ,

 δ = 1.39.

Alessia decides to use Euler’s method to estimate future mackerel and shark population 
densities. The initial population densities are estimated to be    M  0   = 5.7   and   S  0   = 2 .  
She uses a step length of 0.1 years.

(e) (i)  Write down expressions for    M  n + 1     and    S  n + 1     in terms of    M  n     and    S  n    . [3]

(ii) Use Euler’s method to find an estimate for the mackerel population density 
after one year. [2]

(f) Alessia will use her model to estimate whether the mackerel population density is 
likely to fall below the minimum value required for sustainable fishing, 5000 per km3, 
during the first nine years.

(i) Use Euler’s method to sketch the trajectory of the phase portrait, for   4 ≤ M ≤ 7    
and   1.5 ≤ S ≤ 3  , over the first nine years. [3]

(ii) Using your phase portrait, or otherwise, determine whether the mackerel population 
density would be sufficient to support sustainable fishing during the first nine years. [2]

(iii) State two reasons why Alessia’s conclusion, found in part (f)(ii), might not be valid. [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) (i) Any one from:   R1 
   increase sample size / increase response rate / repeat process 
   check whether sample is representative  
   test-retest participants or do a parallel test 
   use a stratified sample 
   use a random sample 

Note: Do not condone: 
Ask different types of doctor 
Ask for proof of income 
Ask for proof of being a doctor 
Remove anonymity 
Remove response K. 

[1 mark] 
 
  (ii) Any one from:   R1 
   non-random sampling means a subset of population might be responding 
   self-reported happiness is not the same as happiness 
   happiness is not a constant / cannot be quantified / is difficult to measure 
   income might include external sources 
   Juliet is only sampling doctors in her city 
   correlation does not imply causation 
   sample might be biased 

Note: Do not condone the following common but vague responses 
unless they make a clear link to validity: 
Sample size is too small 
Result is not generalizable 
There may be other variables Juliet is ignoring 
Sample might not be representative 

[1 mark] 
 
 (b) because the income is very different / implausible / clearly contrived R1 

Note: Answers must explicitly reference "income" to get credit.  

[1 mark] 

continued…  
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Question 1 continued 

 
 (c) (i) ($) 90 200   (M1)A1 

[2 marks] 
 
  (ii) 0.558 (0.557723...)r =  A2 

 [2 marks] 
 
 (d) (i) EITHER 
   only looking for change in one direction  R1 

   OR  

   only looking for greater happiness with greater income R1 

   OR  

   only looking for evidence of positive correlation R1 
 

[1 mark] 
  (ii) 0 1H : 0; H : 0ρ ρ= >  A1A1 

Note: Award A1 for ρ  seen (do not accept r), A1 for both correct hypotheses, 

using their ρ  or r. Accept an equivalent statement in words, however 
reference to “correlation for the population” or “association for the 
population” must be explicit for the first A1 to be awarded. 
 
Watch out for a null hypothesis in words similar to “Annual income is not 
associated with greater happiness”. This is effectively saying 0ρ ≤  and 
should not be condoned. 

[2 marks] 
 

continued…  
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Question 1 continued 

  (iii) METHOD 1 – using critical value of r 
   0.558 0.549 (0.557723... 0.549)> >   R1 
   (therefore significant evidence of) a positive correlation A1 

Note: Do not award R0A1.  

   METHOD 2 – using p-value 

   0.0469 0.05 (0.0469463... 0.05)< <   A1 

Note: Follow through from their r-value from part (c)(ii). 

 
   (therefore significant evidence of) a positive correlation A1 

Note: Do not award A0A1. 

 [2 marks] 
 

 (e) (i) 0.000126 (0.000125842...)a = ,  41.1 (41.1490...)b =  A1 
 [1 mark] 

 
  (ii) EITHER 
   the amount the happiness score increases for every $1 increase in (annual) income  
       A1 
   OR 
   rate of change of happiness with respect to (annual) income A1 

Note: Accept equivalent responses e.g. an increase of 1.26 in happiness 
for every $10000 increase in salary. 

 [1 mark] 
 

  (iii) 9 92.06 10 ( 2.06191... 10 ) ,c − −= − × − ×  

   4 47.05 10 (7.05272... 10 ) ,d − −= × ×  

   12.6 (12.5878...)e =  A1 
[1 mark] 

continued…  
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Question 1 continued 

  (iv) for quadratic model: 2 0.659 (0.659145...)R =  A1 

   for linear model: 2 0.311 (0.311056...)R =  A1 

Note: Follow through from their r value from part (c)(ii). 

[2 marks] 
 
  (v) EITHER 

   quadratic model is a better fit to the data / more accurate A1 

   OR 

   quadratic model explains a higher proportion of the variance A1 
[1 mark] 

  (vi) EITHER 

   not valid, 2R  not a useful measure to compare models with different  
   numbers of parameters  A1 

   OR 

   not valid, quadratic model will always have a better fit than a  
   linear model  A1 

Note: Accept any other sensible critique of the validity of the method.  Do not 
accept any answers which focus on the conclusion rather than the method 
of model selection. 

 [1 mark] 
 

continued…  
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Question 1 continued 

 (f) (i) (single sample) t-test A1 
[1 mark] 

 
  (ii) EITHER 
   0H : 80000µ = ; 1H : 80000µ ≠  A1 
 
   OR 
   0H : (sample is drawn from a population where) the population mean is $80000  

   1H :  the population mean is not $80000  A1 

Note: Do not allow FT from an incorrect test in part (f)(i) other than a z-test. 

[1 mark] 
 
  (iii) 0.610 (0.610322...)p =   A1 

Note: For a z-test follow through from part (f)(i), either 0.578 (from biased 
estimate of variance) or 0.598 (from unbiased estimate of variance). 

 
   0.610 0.05>   R1 
 
   EITHER 
   no (significant) evidence that mean differs from $80000  A1 
 
   OR 
   the sample could plausibly have been drawn from the quoted population  A1 

Note: Allow R1FTA1FT from an incorrect p-value, but the final A1 must 
still be in the context of the original research question. 

[3 marks] 

[Total 24 marks]  
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2. (a)  (i) population growth rate / birth rate of sharks (due to eating mackerel) A1 
 [1 mark] 

 
  (ii)  (net) death rate of sharks A1 

 [1 mark] 
 
 (b) (i)  0MS Sγ δ− =  A1 
   since 0S ≠  R1 

Note: Accept 0S > . 

 
   getting to given answer without further error by either cancelling or factorizing 
      A1 

   M
δ
γ

=   AG 

[3 marks] 
 

  (ii) 
d

0
d

M

t
=   

   0M MSα β− =  (M1) 

   (since 0M ≠ ) S
α
β

=  A1 

[2 marks] 
 

 (c) (i) 2
1
2

eq eqM M
δ δ
γ γ

= ⇒ =  M1 

Note: Accept equivalent in words. 

 
   Doubles  A1 

Note: Do not accept “increases”. 

[2 marks] 
 

  (ii) eqM
δ
γ

=  is not dependent on α   R1 

Note: Award R0 for any contextual argument. 

 
   no change  A1 

Note: Do not award R0A1. 

[2 marks] 

continued…  
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Question 2 continued 

 (d) (i) 
d

d

M
M

t
α=    A1 

[1 mark] 
 

  (ii) 
1

d dM t
M

α=∫ ∫   M1 

Note: Award M1 is for an attempt to separate variables. This means 

getting to the point ( ) d ( ) df M M g t t=∫ ∫  where the integral can 

be seen or implied by further work. 

 

   ln M t cα= +   A1 

Note: Accept ln M . Condone missing constant of integration for this mark. 

 
   e tM k α=   
   when 00,t M k= =  M1 

Note: Award M1 for a clear attempt at using initial conditions to find a 
constant of integration. Only possible if the constant of integration 
exists. 0t =  or “initially” or similar must be seen.  Substitution may 
appear earlier, following the integration. 

 
   initial conditions and all other manipulations correct and clearly  

communicated to get to the final answer  A1 
   0e

tM M α=    AG 

[4 marks] 
 
  (iii) 03M M=  seen anywhere (A1) 

   substituting 02, 3t M M= =  into equation 0e
tM M α=  (M1) 

   2
0 03 eM M α=  

   
1

ln 3
2

α =    OR   0.549306...  A1 

Note: The A1 requires either the exact answer or an answer to at least 4 sf.  

 
   0.549≈    AG 

 [3 marks] 

continued…  
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Question 2 continued 

 (e) (i) an attempt to set up one recursive equation (M1) 

Note: Must include two given parameters and nM and nS  and 1nM + or 1nS +   
for the (M1) to be awarded. 

 
   1 0.1(0.549 0.236 )n n n n nM M M M S+ = + −  A1 

   1 0.1(0.244 1.39 )n n n n nS S M S S+ = + −  A1 

[3 marks] 
 
  (ii) EITHER 
   6.12 (6.11609...)   A2 
 
   OR 
   6120 (6116.09...)  (mackerel per 3km ) A2 

 [2 marks] 
 
 (f) (i) 

 
   spiral or closed loop shape A1 
   approximately 1.25 rotations (can only be awarded if a spiral) A1 
   correct shape, in approximately correct position (centred at approx. (5.5, 2.5) ) 
       A1 

Note: Award A0A0A0 for any plot of S or M against t. 

[3 marks] 
 

continued…  
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Question 2 continued 

  (ii) EITHER 

   approximate minimum is (5.07223…) 5.07  (which is greater than 5) A1 

 
   OR 
   the line 5M =  clearly labelled on their phase portrait A1 
 
   THEN 

   (the density will not fall below 5000) hence sufficient for sustainable fishing  

       A1 

Note: Do not award A0A1. Only if the minimum point is labelled on the sketch then 
a statement here that “the mackerel population is always above 5000” would 
be sufficient. Accept the value 5.07 seen within a table of values. 

[2 marks] 
 
  (iii) Any two from:  A1A1 

• Current values / parameters are only an estimate, 
• The Euler method is only an approximate method / choosing 0.1h =  might  

be too large. 
• There might be random variation / the model has no stochastic component 
• Conditions / parameters might change over the nine years,  
• A discrete system is being approximated by a continuous system, 

   Allow any other sensible critique. 

   If a candidate identifies factors which the model ignores, award A1 per factor identified.  
These factors could include: 

• Other predators 
• Seasonality 
• Temperature 
• The effect of fishing 
• Environmental catastrophe 
• Migration 

Note: Do not allow:  
  “You cannot have 5.07 mackerel”. 
  It is only a model (as this is too vague). 
  Some factors have been ignored (without specifically identifying the factors). 
 Values do not always follow the equation / model. (as this is too vague) 

[2 marks] 

[Total 31 marks] 
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Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez aux deux questions sur le livret de réponses fourni. Veuillez répondre à chaque question sur 
une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une réponse correcte 
si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement 
et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent 
être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations graphiques sont 
utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations graphiques dans 
votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode 
utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc 
de montrer tout votre raisonnement.

1. [Note maximale : 24]

Juliette est une sociologue voulant mener une enquête afin de savoir si le revenu des 
médecins affecte leur bonheur. Cette question vous demande de revoir les méthodes 
et les conclusions de Juliette.

Juliette a obtenu une liste d’adresses électroniques de médecins qui travaillent dans sa ville. 
Elle les a contactés et leur a demandé de remplir un questionnaire anonyme. Les participants 
devaient indiquer leur revenu annuel et répondre à une série de questions. Les réponses ont 
été utilisées pour déterminer un score de bonheur sur 100. Sur les 415 médecins de la liste, 
11 ont répondu.

(a) (i)  Décrivez une façon par laquelle Juliette pourrait améliorer la fiabilité de  
son enquête. [1] 

(ii) Décrivez une critique qui peut être faite sur la validité de l’enquête de Juliette. [1]

Les résultats de Juliette sont résumés dans le tableau suivant.

Réponse Revenu annuel ($) Score de bonheur

A      65 000 60

B      63 000 52

C      40 000 31

D     125 000 81

E     100 000 48

F     245 000 61

G      48 000 42

H      39 000 40

I      85 000 57

J      92 000 53

K 123 456 789 56

(b) Juliette classe la réponse K comme étant une valeur aberrante et la supprime des 
données. Suggérez une justification possible pour sa décision de la supprimer. [1]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

(c) Pour les dix autres réponses du tableau, Juliette calcule le score de bonheur moyen 
comme étant de 52,5.

(i) Calculez le revenu annuel moyen pour ces réponses restantes. [2]

(ii) Déterminez la valeur de  r , le coefficient de corrélation de Pearson, pour ces 
réponses restantes. [2]

Juliette décide de réaliser un test d’hypothèse sur le coefficient de corrélation pour rechercher 
si l’augmentation du revenu annuel est associée à un plus grand bonheur.

(d) (i)  Indiquez pourquoi le test d’hypothèse devrait être unilatéral. [1]

(ii) Indiquez l’hypothèse nulle et l’hypothèse alternative pour ce test. [2]

La valeur critique pour ce test, au niveau de signification de 5 %, est 0,549. Juliette 
suppose que la population est normale à deux variables.

(iii) Déterminez s’il existe une preuve significative d’une corrélation positive entre 
le revenu annuel et le bonheur. Justifiez votre réponse. [2]

(Suite de la question à la page 5)
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Tournez la page

(Suite de la question 1)

(e) Juliette veut créer un modèle pour prédire comment l’évolution du revenu annuel 
pourrait affecter les scores de bonheur. Pour ce faire, elle suppose que le revenu 
annuel en dollars,  X , est la variable indépendante et que le score de bonheur,  Y ,  
est la variable dépendante.

Elle considère d’abord un modèle linéaire de la forme

 Y = aX + b  .

(i) Utilisez les données de Juliette pour trouver la valeur de  a  et celle de  b . [1]

(ii) Interprétez, en faisant référence au revenu et au bonheur, ce que la valeur  
de  a  représente. [1]

Juliette considère ensuite un modèle quadratique de la forme 

 Y = c X   2  + dX + e  .

(iii) Trouvez la valeur de  c , celle de  d  et celle de  e . [1]

(iv) Trouvez le coefficient de détermination pour chaque modèle considéré. [2]

(v) À partir de là, comparez les deux modèles. [1]

Juliette décide d’utiliser le coefficient de détermination pour choisir entre ces  
deux modèles.

(vi) Commentez la validité de sa décision. [1]

Après avoir présenté les résultats de son enquête, une collègue se demande si 
l’échantillon de Juliette est représentatif de tous les médecins de la ville.

Un rapport indique que le revenu annuel moyen des médecins de la ville est de 80 000 $. 
Juliette décide de faire un test pour déterminer si son échantillon pourrait, de façon 
réaliste, avoir été prélevé dans une population dont la moyenne est de 80 000 $.

(f) (i)  Indiquez le nom du test que Juliette devrait utiliser. [1]

(ii) Indiquez l’hypothèse nulle et l’hypothèse alternative pour ce test. [1]

(iii) Réalisez le test, en utilisant un niveau de signification de 5 %, et indiquez votre 
conclusion dans le contexte. [3]
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2. [Note maximale : 31]

Alessia est une écologiste travaillant pour les autorités de pêche méditerranéennes. 
Elle voudrait savoir si la densité de la population de maquereaux risque de passer en 
dessous de 5000 maquereaux par km3, car il s’agit de la valeur minimale requise pour 
avoir une pêche durable. Elle croit que le principal facteur affectant la population de 
maquereaux est l’interaction des maquereaux avec les requins, leur principal prédateur.

Les densités des populations de maquereaux ( M  milliers par km3) et de requins ( S  par km3) 
dans la mer Méditerranée sont modélisées par les équations différentielles couplées :

   dM ___ dt   = αM − βMS 

   dS ___ dt   = γMS − δS 

où  t  est mesuré en années et  α ,  β ,  γ  et  δ  sont des paramètres.

Ce modèle suppose qu’aucun autre facteur n’affecte les densités des populations de 
maquereaux ou de requins.

Le terme  αM  modélise le taux de croissance de la population de maquereaux en l’absence 
de requins. Le terme  βMS  modélise le taux de mortalité de maquereaux dû au fait qu’ils sont 
mangés par des requins.

(a) Suggérez des interprétations similaires pour les termes suivants :

(i) γMS [1]

(ii) δS [1]

(b) Un point d’équilibre est un ensemble de valeurs de  M  et  S , tel que     dM _ dt   = 0   et     dS _ dt   = 0  .

Étant donné que les deux espèces sont présentes au point d’équilibre,

(i) montrez que, au point d’équilibre, la valeur de la densité de la population de 

maquereaux est     δ _ γ     ; [3]

(ii) trouvez la valeur de la densité de la population de requins au point d’équilibre. [2]

(c) Le point d’équilibre trouvé dans la partie (b) donne les valeurs moyennes de  M  et de  S  
au cours du temps.

Utilisez le modèle pour prédire comment les événements suivants affecteraient la 
valeur moyenne de  M . Justifiez vos réponses.

(i) Des eaux usées toxiques sont ajoutées à la mer Méditerranée. Alessia affirme 
que cela réduit le taux de croissance de la population de requins et que la valeur 
de  γ  est donc divisée par deux. Aucun autre paramètre ne change. [2]

(ii) Le réchauffement climatique augmente la température de la mer Méditerranée. 
Alessia affirme que cela favorise le taux de croissance de la population de 
maquereaux et que la valeur de  α  est donc doublée. Aucun autre paramètre 
ne change. [2]

(Suite de la question à la page suivante)
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(Suite de la question 2)

(d) Pour estimer la valeur de  α , Alessia considère une situation où il n’y a pas de requins 
et où la densité de la population de maquereaux initiale est    M  0    .

(i) Écrivez l’équation différentielle pour  M  qui modélise cette situation. [1]

(ii) Montrez que l’expression pour la densité de la population de maquereaux après   
t  années est   M =  M  0   e   αt   . [4]

(iii) Alessia estime que la densité de la population de maquereaux augmente d’un 
facteur de trois tous les deux ans. Montrez que   α = 0,549   avec trois chiffres 
significatifs. [3]

Sur la base de nouvelles observations, on croit que 

 α = 0,549 ,

 β = 0,236 ,

 γ = 0,244 ,

 δ = 1,39.

Alessia décide d’utiliser la méthode d’Euler pour estimer les futures densités des populations 
de maquereaux et de requins. Les densités des populations initiales sont estimées à    M  0   = 5,7   
et   S  0   = 2 . Elle utilise un pas de longueur égale à 0,1 année.

(e) (i)  Écrivez des expressions pour    M  n + 1     et    S  n + 1     en fonction de    M  n     et    S  n    . [3]

(ii) Utilisez la méthode d’Euler pour trouver une estimation de la densité de la 
population de maquereaux après une année. [2]

(f) Alessia utilisera son modèle pour estimer si la densité de la population de maquereaux 
est susceptible de passer en dessous de la valeur minimale requise pour avoir une 
pêche durable, 5000 par km3, au cours des neuf premières années.

(i) Utilisez la méthode d’Euler pour esquisser la trajectoire du portrait de phase,  
pour   4 ≤ M ≤ 7   et   1,5 ≤ S ≤ 3  , au cours des neuf premières années. [3]

(ii) En utilisant votre portrait de phase, ou par toute autre méthode, déterminez si la 
densité de la population de maquereaux serait suffisante pour avoir une pêche 
durable au cours des neuf premières années. [2]

(iii) Indiquez deux raisons pour lesquelles la conclusion d’Alessia, trouvée dans 
la partie (f)(ii), pourrait ne pas être valide. [2]

 

Références :
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Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [55 puntos].
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Conteste las dos preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 24]

Juliet es una socióloga que quiere investigar si los ingresos influyen en la felicidad de 
los médicos. En esta pregunta se le pide que analice los métodos y las conclusiones 
de Juliet.

Juliet consiguió una lista con las direcciones de correo electrónico de médicos que trabajan en 
su misma ciudad. Se puso en contacto con ellos y les pidió que respondieran a un cuestionario 
anónimo. A los participantes se les pidió que indicaran sus ingresos anuales y que contestaran 
a una serie de preguntas. Las respuestas se utilizaron para determinar un índice de felicidad 
sobre un máximo de 100 puntos. De los 415 médicos de la lista, contestaron 11.

(a) (i)  Describa una manera en la que Juliet podría mejorar la fiabilidad de 
esta investigación. [1] 

(ii) Describa una crítica que se pueda hacer sobre la validez de la investigación 
de Juliet. [1]

Los resultados que ha obtenido Juliet se resumen en la siguiente tabla.

Respuesta Ingresos anuales ($) Índice de felicidad

A      65 000 60

B      63 000 52

C      40 000 31

D     125 000 81

E     100 000 48

F     245 000 61

G      48 000 42

H      39 000 40

I      85 000 57

J      92 000 53

K 123 456 789 56

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

(b) Juliet considera que la respuesta K es un valor atípico y la elimina de los datos. 
Sugiera un posible argumento para justificar su decisión de eliminarla. [1]

(c) Con las diez respuestas restantes de la tabla, Juliet calcula que el índice de felicidad 
medio es igual a 52,5.

(i) Calcule los ingresos anuales medios para esas respuestas restantes. [2]

(ii) Determine el valor del coeficiente de correlación momento-producto de 
Pearson ( r ) para esas respuestas restantes. [2]

Juliet decide realizar un contraste de hipótesis sobre el coeficiente de correlación para 
investigar si unos mayores ingresos anuales se asocian con una mayor felicidad.

(d) (i)  Indique por qué ese contraste de hipótesis debería ser de una cola. [1]

(ii) Indique la hipótesis nula y la hipótesis alternativa para este contraste. [2]

El valor crítico para este contraste, a un nivel de significación del 5 %, es 0,549. 
Juliet supone que la población sigue una distribución normal bidimensional.

(iii) Determine si hay pruebas significativas de que exista una correlación positiva 
entre los ingresos anuales y la felicidad. Justifique su respuesta. [2]

(Esta pregunta continúa en la página 5)
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Véase al dorso

(Pregunta 1: continuación)

(e) Juliet quiere crear un modelo para predecir cómo puede afectar un cambio en los 
ingresos anuales al índice de felicidad. Para ello, supone que los ingresos anuales en 
dólares ( X ) son la variable independiente y que el índice de felicidad ( Y ) es la variable 
dependiente.

Primero se plantea utilizar un modelo lineal de la forma

 Y = aX + b  .

(i) Utilice los datos de Juliet para hallar el valor de  a  y el de  b . [1]

(ii) Interprete qué representa el valor de  a , haciendo referencia a los ingresos y 
a la felicidad. [1]

A continuación, Juliet se plantea utilizar un modelo cuadrático de la forma

 Y = c X   2  + dX + e  .

(iii) Halle el valor de  c , el de  d  y el de  e . [1]

(iv) Halle el coeficiente de determinación para cada uno de los dos modelos que se 
ha planteado utilizar. [2]

(v) A partir de lo anterior, compare los dos modelos. [1]

Juliet decide utilizar el coeficiente de determinación para elegir entre esos dos modelos.

(vi) Comente la validez de su decisión. [1]

Después de haber presentado los resultados de su investigación, un compañero 
de Juliet se pregunta si la muestra que ha utilizado es representativa de todos los 
médicos de la ciudad.

Un informe indica que los ingresos anuales medios de los médicos de esa ciudad 
son de 80 000 $. Juliet decide realizar una prueba (contraste) para determinar si su 
muestra, siendo realistas, podría provenir de una población cuya media es 80 000 $.

(f) (i)  Indique el nombre de la prueba que debería utilizar Juliet. [1]

(ii) Indique la hipótesis nula y la hipótesis alternativa para esta prueba. [1]

(iii) Realice la prueba, utilizando un nivel de significación del 5 %, e indique cuál es 
su conclusión en el contexto de la pregunta. [3]
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2. [Puntuación máxima: 31]

Alessia es una ecologista que trabaja para las autoridades pesqueras del Mediterráneo. 
Le interesa averiguar si es probable que la densidad de población de caballas caiga por 
debajo de 5000 caballas por km3, puesto que este es el valor mínimo necesario para que 
la pesca sea sostenible. Ella cree que el factor que más afecta a la población de caballas 
es la interacción de las caballas con los tiburones, que son su principal depredador.

La densidad de población de caballas ( M  millares por km3, del inglés mackerel) y la de 
tiburones ( S  por km3, del inglés shark) en el mar Mediterráneo se pueden modelizar 
mediante las siguientes ecuaciones diferenciales acopladas:

   dM ___ dt   = αM − βMS 

   dS ___ dt   = γMS − δS 

donde  t  se mide en años y  α ,  β ,  γ  y  δ  son parámetros.

Este modelo supone que no hay ningún otro factor que afecte a las densidades de población 
de caballas y de tiburones.

El término  αM  modeliza la tasa de crecimiento de la población de caballas en ausencia de 
tiburones. El término  βMS  modeliza la tasa de mortalidad de las caballas debida a que los 
tiburones se las comen.

(a) Sugiera una interpretación similar para cada uno de los siguientes términos:

(i) γMS [1]

(ii) δS [1]

(b) Un punto de equilibrio es un conjunto de valores de  M  y  S  tal que     dM _ dt   = 0   y     dS _ dt   = 0  .

Sabiendo que las dos especies están presentes en el punto de equilibrio:

(i) Muestre que, en el punto de equilibrio, el valor de la densidad de población de 

caballas es     δ _ γ    . [3]

(ii) Halle el valor de la densidad de población de tiburones en el punto de equilibrio. [2]

(c) El punto de equilibrio que halló en el apartado (b) da los valores promedio de  M  y de  S  
a lo largo del tiempo.

Utilice el modelo para predecir cómo afectarían los siguientes acontecimientos al valor 
promedio de  M . Justifique sus respuestas.

(i) Se vierten aguas residuales tóxicas al mar Mediterráneo. Alessia afirma que esto 
hace que disminuya la tasa de crecimiento de la población de tiburones y que, por 
consiguiente, el valor de  γ  se reduce a la mitad. No cambia ningún otro parámetro. [2]

(ii) El calentamiento global hace que aumente la temperatura del mar Mediterráneo. 
Alessia afirma que esto hace que aumente la tasa de crecimiento de la población 
de caballas y que, por consiguiente, el valor de  α  se duplica. No cambia ningún 
otro parámetro. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

(d) Para estimar el valor de  α , Alessia considera una situación en la que no hay ningún 
tiburón y la densidad de población de caballas inicial es    M  0    .

(i) Escriba una ecuación diferencial para  M  que modelice esta situación. [1]

(ii) Muestre que la expresión que da la densidad de población de caballas al cabo 
de  t  años es   M =  M  0   e   αt   . [4]

(iii) Alessia estima que la densidad de población de caballas se multiplica por tres 
cada dos años. Muestre que   α = 0,549   redondeando a tres cifras significativas. [3]

A partir de observaciones adicionales, se cree que 

 α = 0,549 ,

 β = 0,236 ,

 γ = 0,244 ,

 δ = 1,39.

Alessia decide utilizar el método de Euler para estimar las futuras densidades de población 
de caballas ( M ) y de tiburones ( S ). Se estima que las densidades de población iniciales son    
M  0   = 5,7   y   S  0   = 2 . Alessia utiliza un paso de 0,1 años.

(e) (i)  Escriba expresiones para    M  n + 1     y    S  n + 1     en función de    M  n     y    S  n    . [3]

(ii) Utilice el método de Euler para hallar una estimación de la densidad de 
población de caballas al cabo de un año. [2]

(f) Alessia va a utilizar su modelo para estimar si es probable que, durante los nueve 
primeros años, la densidad de población de caballas caiga por debajo del valor mínimo 
que se necesita para que la pesca sea sostenible (5000 por km3).

(i) Utilice el método de Euler para dibujar aproximadamente la trayectoria del retrato 
de fase, para   4 ≤ M ≤ 7   y   1,5 ≤ S ≤ 3  , durante esos nueve primeros años. [3]

(ii) Utilizando su retrato de fase, o de cualquier otro modo, determine si la densidad 
de población de caballas sería suficiente para permitir la pesca sostenible durante 
esos nueve primeros años. [2]

(iii) Indique dos motivos por los cuales la conclusión de Alessia, hallada en el 
subapartado (f)(ii), podría no ser válida. [2]
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 4]

Katya approximates p, correct to four decimal places, by using the following expression.

 3 +   1 ______ 
6 +   13 __ 

16
  
   

(a) Calculate Katya’s approximation of p, correct to four decimal places. [2]

(b) Calculate the percentage error in using Katya’s four decimal place approximation of p, 
compared to the exact value of p in your calculator. [2]
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Turn over

2. [Maximum mark: 4]

Deb used a thermometer to record the maximum daily temperature over ten consecutive days. 
Her results, in degrees Celsius (C), are shown below.

14 , 15 , 14 , 11 , 10 , 9 , 14 , 15 , 16 , 13

For this data set, find the value of

(a) the mode. [1]

(b) the mean. [2]

(c) the standard deviation. [1]
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3. [Maximum mark: 6]

A piece of candy is made in the shape of a solid hemisphere. The radius of the hemisphere 
is 6 mm.

6

(a) Calculate the total surface area of one piece of candy. [4]

The total surface of the candy is coated in chocolate. It is known that 1 gram of the chocolate 
covers an area of 240 mm2.

(b) Calculate the weight of chocolate required to coat one piece of candy. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

20EP04



– 5 –

M21/5/MATHY/SP1/ENG/TZ1/XX

2221 – 7209

Turn over

4. [Maximum mark: 7]

The price of gas at Leon’s gas station is $1.50 per litre. If a customer buys a minimum of 
10 litres, a discount of $5 is applied.

This can be modelled by the following function,  L , which gives the total cost when buying 
a minimum of 10 litres at Leon’s gas station.

L(x) = 1.50x - 5 ,  x ≥ 10

where  x  is the number of litres of gas that a customer buys.

(a) Find the total cost of buying 40 litres of gas at Leon’s gas station. [2]

(b) Find    L   -1 (70)  . [2]

The price of gas at Erica’s gas station is $1.30 per litre. A customer must buy a minimum 
of 10 litres of gas. The total cost at Erica’s gas station is cheaper than Leon’s gas station 
when   x > k  .

(c) Find the minimum value of  k . [3]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Maximum mark: 6]

The Voronoi diagram below shows three identical cellular phone towers, T1, T2 and T3. 
A fourth cellular phone tower, T4 is located in the shaded region. The dashed lines in the 
diagram below represent the edges in the Voronoi diagram.

Horizontal scale: 1 unit represents 1 km. 
Vertical scale: 1 unit represents 1 km.

y

x

−2

−15

A BT1

T2

T3

1

10

Tim stands inside the shaded region.

(a) Explain why Tim will receive the strongest signal from tower T4. [1]

Tower T2 has coordinates  (-9 , 5)  and the edge connecting vertices A and B has  
equation  y = 3 .

(b) Write down the coordinates of tower T4. [2]

Tower T1 has coordinates  (-13 , 3) .

(c) Find the gradient of the edge of the Voronoi diagram between towers T1 and T2. [3]

(This question continues on the following page)
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(Question 5 continued)
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6. [Maximum mark: 5]

Arriane has geese on her farm. She claims the mean weight of eggs from her black geese is 
less than the mean weight of eggs from her white geese.

She recorded the weights of eggs, in grams, from a random selection of geese. The data is 
shown in the table.

Weights of eggs from black geese 136 134 142 141 128 126

Weights of eggs from white geese 135 138 141 140 136 134

In order to test her claim, Arriane performs a  t-test at a 10 % level of significance. It is assumed 
that the weights of eggs are normally distributed and the samples have equal variances.

(a) State, in words, the null hypothesis. [1]

(b) Calculate the  p-value for this test. [2]

(c) State whether the result of the test supports Arriane’s claim. Justify your reasoning. [2]
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7. [Maximum mark: 6]

Professor Wei observed that students have difficulty remembering the information presented 
in his lectures.

He modelled the percentage of information retained,  R , by the function   R(t) = 100  e   -pt   ,  t ≥ 0 , 
where  t  is the number of days after the lecture.

He found that 1 day after a lecture, students had forgotten 50 % of the information presented.

(a) Find the value of  p . [2]

(b) Use this model to find the percentage of information retained by his students 36 hours 
after Professor Wei’s lecture. [2]

Based on his model, Professor Wei believes that his students will always retain some 
information from his lecture.

(c) State a mathematical reason why Professor Wei might believe this. [1]

(d) Write down one possible limitation of the domain of the model. [1]
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8. [Maximum mark: 8]

Charlie and Daniella each began a fitness programme. On day one, they both ran 500 m. 
On each subsequent day, Charlie ran 100 m more than the previous day whereas Daniella 
increased her distance by 2 % of the distance ran on the previous day.

(a) Calculate how far

(i) Charlie ran on day 20 of his fitness programme.

(ii) Daniella ran on day 20 of her fitness programme. [5]

On day n of the fitness programmes Daniella runs more than Charlie for the first time.

(b) Find the value of  n . [3]
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9. [Maximum mark: 5]

A triangular field ABC is such that  AB = 56 m  and  BC = 82 m , each measured correct to the 
nearest metre, and the angle at B is equal to 105, measured correct to the nearest 5.

diagram not to scale

C

A

B 82

56

105

Calculate the maximum possible area of the field.
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10. [Maximum mark: 7]

A game is played where two unbiased dice are rolled and the score in the game is the 
greater of the two numbers shown. If the two numbers are the same, then the score in the 
game is the number shown on one of the dice. A diagram showing the possible outcomes is 
given below.

First die

1 2 3 4 5 6
S

ec
o

n
d

 d
ie

1

2

3

4

5

6

Let  T  be the random variable “the score in a game”.

(a) Complete the table to show the probability distribution of  T . [2]

t 1 2 3 4 5 6

 P  (  T == t )    

(b) Find the probability that

(i) a player scores at least 3 in a game.

(ii) a player scores 6, given that they scored at least 3. [3]

(c) Find the expected score of a game. [2]

(This question continues on the following page).
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(Question 10 continued)
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11. [Maximum mark: 6]

If a shark is spotted near to Brighton beach, a lifeguard will activate a siren to warn swimmers.

Siren

The sound intensity,  I , of the siren varies inversely with the square of the distance,  d , from 
the siren, where  d > 0 .

It is known that at a distance of 1.5 metres from the siren, the sound intensity is 4 watts per 
square metre  (W  m   -2 ) .

(a) Show that   I =   9 __ 
 d   2 

    . [2]

(b) Sketch the curve of  I  on the axes below showing clearly the point (1.5 , 4). [2]

I

d

−5

6

20

0

(This question continues on the following page)
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(Question 11 continued)

Whilst swimming, Scarlett can hear the siren only if the sound intensity at her location is 
greater than   1.5   10   -6   Wm   -2   .

(c) Find the values of  d  where Scarlett cannot hear the siren. [2]
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12. [Maximum mark: 8]

Ellis designs a gift box. The top of the gift box is in the shape of a right-angled triangle GIK.

A rectangular section HIJL is inscribed inside this triangle. The lengths of GH, JK, HL, 
and LJ are  p cm,  q cm, 8 cm and 6 cm respectively.

diagram not to scale

H

G L K

J

I

q
p 8

6

The area of the top of the gift box is  A cm2.

(a) (i)  Find  A  in terms of  p  and  q .

(ii) Show that   A =   192 ___ q   + 3q + 48  . [4]

(b) Find    dA ___ 
dq

   . [2]

Ellis wishes to find the value of  q  that will minimize the area of the top of the gift box.

(c) (i)  Write down an equation Ellis could solve to find this value of  q .

(ii) Hence, or otherwise, find this value of  q . [2]

(This question continues on the following page)
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Turn over

(Question 12 continued)
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13. [Maximum mark: 8]

Sieun hits golf balls into the air. Each time she hits a ball she records   θ  , the angle at which 
the ball is launched into the air, and   l  , the horizontal distance, in metres, which the ball travels 
from the point of contact to the first time it lands. The diagram below represents this information.

l

θ = 75 degrees

θ = 60 degrees

θ = 45 degrees

Sieun analyses her results and concludes:

   dl _ 
dθ   = -0.2θ + 9  ,   35 ≤ θ ≤ 75  .

(a) Determine whether the graph of   l   against   θ   is increasing or decreasing at   θ = 50  . [3]

Sieun observes that when the angle is 40, the ball will travel a horizontal distance of 205.5 m.

(b) Find an expression for the function   l (θ )  . [5]

(This question continues on the following page)
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(Question 13 continued)
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 
1

3
13

6
16

π ≈ +
+

  

  16
109

343
3.14678... , 3

109
 =  
 

  (A1) 

  3.1468=    A1 

Note:  Award A1 for correct rounding to 4 decimal places. 
Follow through within this part. 

     [2 marks] 
 

 (b) 
3.1468

100
− π

×
π

  (M1) 

Note:  Award M1 for substitution of their final answer in part (a) into the percentage 
error formula. Candidates should use the exact value of π  from their GDC. 

 
  0.166(%) (0.165754...)=   A1 

 [2 marks] 
 

     Total [4 marks] 
 
 
 

2. (a) 14     A1 
[1 mark] 

 

 (b) 
14 15 ...

10

+ +
  (M1) 

  13.1=    A1 
[2 marks] 

 
 (c) 2.21 (2.21133...)   A1 

     [1 mark] 
 

     Total [4 marks] 
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3. (a) 2 21
4 6 6

2
× ×π× + π×    OR   263×π×  (M1)(A1)(M1) 

Note:  Award M1 for use of surface area of a sphere formula (or curved surface 
area of a hemisphere), A1 for substituting correct values into hemisphere 
formula, M1 for adding the area of the circle.     

 
  2339 mm (108 , 339.292...)= π     A1 

     [4 marks] 
 

 (b) 
339.292...

240
   (M1) 

 

  
9

1.41 (g) , 0.45 , 1.41371...
20

π = π 
 

  A1 

     [2 marks] 
 

     Total [6 marks] 
 
 
 

4. (a) (40) 1.50 40 5L = × −   (M1) 
 
  = $ 55  A1 

     [2 marks] 
 
 (b) 70 1.50 5x= −   (M1) 
 
  ( ) 50x =  litres A1 

     [2 marks] 
 
 (c) 1.30x   (A1)  
  1.30 1.50 5x x< −   (M1) 

Note:  Award M1 for a graph showing two intersecting linear functions, 
provided one function has a y-intercept of 0 and the other function 
has a negative y-intercept.   

 
  (minimum value of k =) 25   A1 
    

Note:  Accept 25x > .  

  
     [3 marks] 

 
     Total [7 marks] 
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5. (a) every point in the shaded region is closer to tower T4  R1 

Note: Specific reference must be made to the closeness of tower T4. 

[1 mark] 
 
 (b) ( 9, 1)−    A1A1 

Note: Award A1 for each correct coordinate. Award at most A0A1 if 
parentheses are missing. 

     [2 marks] 
 
 (c) correct use of gradient formula (M1) 

  e.g.  
5 3 1

( )
9 13 2

m
−  = = − − −  

  

 
  taking negative reciprocal of their m (at any point) (M1) 
 
  edge gradient 2= −   A1 
 

     [3 marks] 
 

     Total [6 marks]  
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6. (a) EITHER 
  H0:  The population mean weight of eggs from (her/the) black geese is equal to/the same as 

the population mean weight of eggs from (her/the) white geese.  
 
  OR 
 
  H0:  The population mean weight of eggs from (her/the) black geese is not less than 

the population mean weight of eggs from (her/the) white geese.  A1 
 

Note:  Reference to the "population mean weight" must be explicit for the A1 to be 
awarded.  The term “population” can be implied by use of “all” or “on average” or 
“generally” when relating to the weight of eggs e.g. “the mean weight of eggs for 
all (her/the) black geese”.  
Award A0 if reference is made to the mean weights from the sample or the table. 
Award A0 for a null hypothesis written in symbolic form.  

     [1 mark] 
 
 (b) -value 0.177 (0.176953...)p =   A2 

Note:  Award A1 for an answer of 0.18221…, from “unpooled” settings on GDC. 

     [2 marks] 
 
 (c) 0.177 0.1>   R1 
  (insufficient evidence to reject 0H ) 
  Arriane’s claim is not supported by the evidence A1 

Note:  Accept 0.1p >  or p >  significance level provided p is explicitly seen in part (b). 
Award A1 only if reference is specifically made to Arriane's claim.  
Do not award R0A1. 

     [2 marks] 
 

     Total [5 marks]  
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7. (a) EITHER 
  150 100e p− ×=    OR   10.5 e p− ×=   (M1) 
   
  OR 

   (M1) 
 
  THEN 
  0.693 (0.693147..., ln 2)   A1 

     [2 marks] 
 
 (b) 0.693147... 1.5(1.5) 100eR − ×=   (M1) 
 
  35.4(%) (35.3553...)  A1 

     [2 marks] 
 
 (c) ( ) 0R t >    OR   ( )R t has a horizontal asymptote  R1 

     [1 mark] 
 
 (d) Award A1 for one reasonable limitation of the domain: A1 
   small values of t produce unrealistic results  
   (0) 100%R =    

   large values of t are not possible 
   people do not live forever 
   model is not valid at small or large values of t 
    
  The reason should focus on the domain 0t ≥ . Do not accept answers such as: 
   recollection varies for different people 
   memories are discrete not continuous  
   the nature of the information will change how easily it is recalled 
   emotional/physical stress can affect recollection/concentration 

Note: Do not accept 0t ≥ as this is a limitation that has been given in the question. 

     [1 mark] 
 

     Total [6 marks]  
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8. (a)  (i) attempt to find 20u using an arithmetic sequence (M1) 

    e.g. 1 500 100u d= =and    OR   20 500 1900u = +    OR   500,600,700,…  
 
   (Charlie ran)  2400 m A1 
   
  (ii) ( ) 1.02r =  (A1) 

   attempt to find 20u using a geometric sequence (M1) 

   e.g. identifying 1 500u =  and a value for r   OR   19500 r×    OR   500, 510, 520.2,  

 
   (Daniella ran) 728 m (728.405...)  A1 
     [5 marks] 
 
 (b) ( )1500 1.02 500 1 100n n−× > + − ×  (M1) 

 
  attempt to solve inequality  (M1) 
  184.215...n >  
  185n =   A1 
     [3 marks] 

 
     Total [8 marks] 
 
 
 
9. attempt to find any relevant maximum value (M1) 
 largest sides are 56.5 and 82.5 (A1) 
 smallest possible angle is 102.5 (A1) 
  
 attempt to substitute into area of a triangle formula (M1)  

 
1

56.5 82.5 sin (102.5 )
2
× × ×   

 
 22280(m ) (2275.37...)=  A1 
     Total [5 marks] 
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10. (a) 

t  1 2 3 4 5 6 

( )P T t=  
1

36
 

(0.027777…) 

3

36
 

(0.083333…) 

5

36
 

(0.138888…) 

7

36
 

(0.194444…) 

9

36
 

(0.25) 

11

36
 

(0.305555…) 
     A2 

Note: Award A1 if three to five probabilities are correct. 

     [2 marks] 
 

 (b) (i) 
32 8

, 0.888888..., 88.9%
36 9

 
 
 

  (A1) 

 
  (ii) use of conditional probability  (M1) 
    e.g. denominator of 32   OR   denominator of 0.888888…, etc. 

   ( )11
0.34375, 34.4%

32
 A1 

     [3 marks] 
 

 (c) 
1 1 3 2 5 3 ... 11 6

36

× + × + × + + ×
  (M1) 

  ( )17
36

161
4 , 4.47 , 4.47222...

36
=  A1 

     [2 marks] 
 
     Total [7 marks] 
 
  



 – 15 – M21/5/MATHY/SP1/ENG/TZ1/XX/M 

 

11. (a) 
2

k
I

d
=    (M1) 

  

  
2

4
1.5

k
=    M1 

   

  
2

9
I

d
=   AG 

Note:  The AG line must be seen for the second M1 to be awarded.  

  Award no marks for substituting 1.5 and 4 into 
2

9
I

d
=  (i.e., working backwards). 

      [2 marks] 
 (b)   

 
     A1A1 
 

Note:  Award A1 for correct general shape (concave up) with no I-intercept, passing 
through the marked point (1.5, 4); the point must be labelled with either the 
coordinates or the values 1.5 and 4 on the x and y axes. Award A1 for the 
curve showing asymptotic behavior  (i.e. I tends to 0, as d tends to infinity), 
extending to at least 6d = ; the curve must not cross nor veer away from the 
horizontal asymptote. 

     [2 marks] 
 

 (c) 6
2

9
1.5 10

d
−× ≥   (M1) 

Note:  Award (M1) for a correct inequality. 

 
  2450 (m) (2449.48...)d ≥   A1 

Note:  Award A0 for 2450d = . 

     [2 marks] 
 

Total [6 marks]   
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12. (a) (i) 
1 1

6 8 48
2 2

A q p= × × + × × +   OR   
1

( 6)( 8)
2

A p q= + +   OR    

   3 4 48A q p= + +  A1 
 
  (ii) valid attempt to link p and q, using tangents, similar triangles or other method 
     (M1) 

   eg. 
8

tan tan
6

q

p
θ θ= =and    OR   

6
tan tan

8

p

q
θ θ= =and    OR   

8

6

q

p
=  

 
   correct equation linking p and q  A1 

   eg. 48pq =    OR   
48

p
q

=    OR   
48

q
p

=  

 

   substitute 
48

p
q

=  into a correct area expression M1 

   eg. ( ) 1 1 48
6 8 48

2 2
A q

q
= × × + × × +    OR   ( ) ( )1 48

6 8
2

A q
q

 
= + + 

 
  

 

   
192

3 48A q
q

= + +   AG 

Note: The AG line must be seen with no incorrect, intermediate working, 
for the final M1 to be awarded. 

     [4 marks] 
 

 (b) 
2

192
3

q

−
+    A1A1 

Note: Award A1 for 
2

192

q

−
, A1 for 3 . Award A1A0 if extra terms are seen. 

     [2 marks] 
 

 (c) (i) 
2

192
3 0

q

−
+ =   A1 

 
  (ii) 8 cmq =   A1 

     [2 marks] 
 

     Total [8 marks] 
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13. (a) (50) 0.2 50 9l′ = − × +   (M1) 
 
  1= −    A1 
 
  the curve is decreasing at 50θ =  . A1 

Note:  For the final A1, follow through within this question part for their (50)l′  value. 
Award A0 for an answer of "decreasing" with no work shown. 

     [3 marks] 
 
 (b) recognition of need to integrate (e.g. reverse power rule or integral symbol or  
  integrating at least one term correctly) (M1) 
  2( ) 0.1 9 ( )l cθ θ θ= − + +   A1A1 
 
  2205.5 0.1 (40) 9 (40) c= − × + × +   (M1) 

Note:  Award M1 for correct substitution of 40θ =   and 205.5l = . A constant 
of integration must be seen (can be implied by a correct answer). 

 
  5.5c =   

  ( ) 2( ) 0.1 9 5.5l θ θ θ= − + +  A1 

Note:  Accept any variable in the working, but for the final A1, the variable θ  must 
be used in the expression. 

    [5 marks] 
 

     Total [8 marks] 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

The amount, in milligrams, of a medicinal drug in the body  t  hours after it was injected is 
given by   D(t) = 23 (0.85)   t   ,   t ≥ 0  . Before this injection, the amount of the drug in the body  
was zero.

(a) Write down

(i) the initial dose of the drug.

(ii) the percentage of the drug that leaves the body each hour. [3]

(b) Calculate the amount of the drug remaining in the body 10 hours after the injection. [2]
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2. [Maximum mark: 5]

An inclined railway travels along a straight track on a steep hill, as shown in the diagram.

diagram not to scale

x y

z

B (20 , 5 , 250)

A (140 , 15 , 0)

The locations of the stations on the railway can be described by coordinates in reference 
to  x ,  y , and  z-axes, where the  x  and  y  axes are in the horizontal plane and the  z-axis 
is vertical.

The ground level station A has coordinates (140 ,  15 ,  0) and station B, located near the top 
of the hill, has coordinates (20 , 5 ,  250). All coordinates are given in metres.

(a) Find the distance between stations A and B. [2]

Station M is to be built halfway between stations A and B.

(b) Find the coordinates of station M. [2]

(c) Write down the height of station M, in metres, above the ground. [1]

(This question continues on the following page)
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(Question 2 continued)
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3. [Maximum mark: 7]

A storage container consists of a box of length 90 cm, width 42 cm and height 34 cm, and a lid 
in the shape of a half-cylinder, as shown in the diagram. The lid fits the top of the box exactly. 
The total exterior surface of the storage container is to be painted.

Find the area to be painted.

diagram not to scale

42
90

34
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4. [Maximum mark: 7]

The diagram below shows a helicopter hovering at point H, 380 m vertically above a lake. 
Point A is the point on the surface of the lake, directly below the helicopter.

diagram not to scale

25

380

40
Minta

H

CBA

helicopter

Minta is swimming at a constant speed in the direction of point A. Minta observes the helicopter 
from point C as she looks upward at an angle of 25. After 15 minutes, Minta is at point B and 
she observes the same helicopter at an angle of 40.

(a) Write down the size of the angle of depression from H to C. [1]

(b) Find the distance from A to C. [2]

(c) Find the distance from B to C. [3]

(d) Find Minta’s speed, in metres per hour. [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

20EP08



– 9 –

M21/5/MATHY/SP1/ENG/TZ2/XX

2221 – 7214

Turn over

5. [Maximum mark: 5]

The number of sick days taken by each employee in a company during a year was recorded.  
The data was organized in a box and whisker diagram as shown below:

0 5 10 15 20

Number of sick days

(a) For this data, write down 

(i) the minimum number of sick days taken during the year.

(ii) the lower quartile.

(iii) the median. [3]

Paul claims that this box and whisker diagram can be used to infer that the percentage of 
employees who took fewer than six sick days is smaller than the percentage of employees 
who took more than eleven sick days.

(b) State whether Paul is correct. Justify your answer. [2] 
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6. [Maximum mark: 7]

Two schools are represented by points  A(2 ,   20)  and  B (14 ,   24)  on the graph below. A road, 
represented by the line  R  with equation  − x + y = 4 , passes near the schools. An architect 
is asked to determine the location of a new bus stop on the road such that it is the same 
distance from the two schools.

y

x
4 8 12 16

4

8

12

20

16

B

A

0

20

24

28

24
0

R

(a) Find the equation of the perpendicular bisector of  [AB] . Give your equation in the  
form   y = mx + c  . [5]

(b) Determine the coordinates of the point on  R  where the bus stop should be located. [2]

(This question continues on the following page)
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(Question 6 continued)
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7. [Maximum mark: 5]

A function is defined by   f (x) = 2 −   12 ____ 
x + 5     for   −7 ≤ x ≤ 7 ,   x ≠ −5  .

(a) Find the range of  f . [3]

(b) Find the value of    f    −1 (0)  . [2]
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8. [Maximum mark: 6]

At Springfield University, the weights, in kg, of 10 chinchilla rabbits and 10 sable rabbits 
were recorded. The aim was to find out whether chinchilla rabbits are generally heavier 
than sable rabbits. The results obtained are summarized in the following table.

Weight of chinchilla rabbits, kg 4.9 4.2 4.1 4.4 4.3 4.6 4.0 4.7 4.5 4.4

Weight of sable rabbits, kg 4.2 4.1 4.1 4.2 4.5 4.4 4.5 3.9 4.2 4.0

A  t-test is to be performed at the 5 % significance level.

(a) Write down the null and alternative hypotheses. [2]

(b) Find the  p-value for this test. [2]

(c) Write down the conclusion to the test. Give a reason for your answer. [2]
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9. [Maximum mark: 7]

A garden includes a small lawn. The lawn is enclosed by an arc AB of a circle with  
centre O and radius 6 m, such that  AÔB = 135 . The straight border of the lawn is  
defined by chord [AB].

The lawn is shown as the shaded region in the following diagram.

diagram not to scale

O

A

B
135

6

(a) A footpath is to be laid around the curved side of the lawn. Find the length of  
the footpath. [3]

(b) Find the area of the lawn. [4]
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10. [Maximum mark: 6]

Tommaso and Pietro have each been given 1500 euro to save for college.

Pietro invests his money in an account that pays a nominal annual interest rate of 2.75 %, 
compounded half-yearly.

(a) Calculate the amount Pietro will have in his account after 5 years. Give your answer 
correct to 2 decimal places. [3]

Tommaso wants to invest his money in an account such that his investment will increase to 
1.5 times the initial amount in 5 years. Assume the account pays a nominal annual interest 
of r % compounded quarterly.

(b) Determine the value of  r . [3]
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11. [Maximum mark: 6]

A newspaper vendor in Singapore is trying to predict how many copies of The Straits Times 
they will sell. The vendor forms a model to predict the number of copies sold each weekday. 
According to this model, they expect the same number of copies will be sold each day.

To test the model, they record the number of copies sold each weekday during a particular week. 
This data is shown in the table.

Day Monday Tuesday Wednesday Thursday Friday

Number of copies sold  74  97  91  86 112

A goodness of fit test at the 5 % significance level is used on this data to determine whether 
the vendor’s model is suitable.

The critical value for the test is 9.49 and the hypotheses are

   H  0    : The data satisfies the model. 
   H  1    : The data does not satisfy the model.

(a) Find an estimate for how many copies the vendor expects to sell each day. [1]

(b) (i)  Write down the degrees of freedom for this test.

(ii) Write down the conclusion to the test. Give a reason for your answer. [5]
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12. [Maximum mark: 7]

Consider the function   f (x) = a x   2  + bx + c  . The graph of  y = f (x)  is shown in the diagram. 
The vertex of the graph has coordinates   (0.5 ,   −12.5)  . The graph intersects the  x-axis at 
two points,  (−2 ,   0)  and  ( p ,   0) .

diagram not to scale
y

x

(0.5 ,  –12.5)

(–2 ,  0) (p ,  0)

(a) Find the value of  p . [1]

(b) Find the value of

(i) a .

(ii) b .

(iii) c . [5]

(c) Write down the equation of the axis of symmetry of the graph. [1]

(This question continues on the following page)
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Turn over

(Question 12 continued)
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13. [Maximum mark: 7]

A company produces and sells electric cars. The company’s profit,  P , in thousands of dollars, 
changes based on the number of cars,  x , they produce per month.

The rate of change of their profit from producing  x  electric cars is modelled by

   dP ___ dx
   = −1.6 x + 48 ,   x ≥ 0  .

The company makes a profit of 260 (thousand dollars) when they produce 15 electric cars.

(a) Find an expression for  P  in terms of  x . [5]

The company regularly increases the number of cars it produces.

(b) Describe how their profit changes if they increase production to over 30 cars per month 
and up to 50 cars per month. Justify your answer. [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 



 – 8 – M21/5/MATHY/SP1/ENG/TZ2/XX/M 

 

1. (a)  (i) 23 mg  A1 
 

  (ii) 1 0.85−   OR  
23 19.55

23

−
  OR  0.15 (M1) 

   15 (%)   A1 
[3 marks] 

 
 (b)  1023(0.85)         (M1) 

 4.53 mg (4.52811…)  A1 
[2 marks] 

 
Total [5 marks] 

 
 
 
2. (a) attempt at substitution into 3D distance formula (M1) 

  2 2 2AB (140 20) (15 5) 250= − + − +     ( )77000=       

   277 m (10 770 , 277.488...)=  A1 
[2 marks] 

 
 (b) attempt at substitution in the midpoint formula (M1) 

  
140 20 15 5 0 250

, ,
2 2 2

+ + + 
 
 

  

  (80, 10, 125)  A1 
[2 marks] 

 
 (c) 125 m    A1 

[1 mark] 
 

Total [5 marks] 
 
 
3. 2 90 34 ( 6120)× × =    AND   2 42 34 ( 2856)× × =  (A1) 
   
 90 42 ( 3780)× =     (A1) 
 
 21r =     (A1) 
 
 221 ( 441 , 1385.44...)π× = π  (M1) 
 
 use of curved surface area formula (M1) 
 
 21π×90 (=1890π, 5937.61...)  (A1) 
  
 220100 cm (20079.0 )…   A1 

Total [7 marks] 
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4. (a) 25     A1 
[1 mark] 

  

 (b) 
380

AC
tan 25

=


  OR  
2

2380
AC 380

sin 25
 = − 
 

  OR  
380 AC

sin 25 sin 65
=

 

  (M1) 

 
  AC 815 m 814. 912 )(= …   A1 

[2 marks] 
 
  (c) METHOD 1 
  attempt to find AB (M1) 

  
380

AB
tan 40

=


  

  453 m (452.866 )= …   (A1) 
  
  BC 814. 912 452.866= …− …   
  362 m 362.046 )(= …   A1 
 
  METHOD 2 
  attempt to find HB  (M1) 

  
380

HB
sin 40

=


     

  591 m ( 591.175...)=  (A1)  

  
591.175... sin15

BC
sin 25

×
=





 

  362 m (362.046...)=  A1 
      [3 marks] 
 
 (d)  362.046 4…×   

  1 )(1450 m h 1448.18−= …  A1 
[1 mark] 

 
Total [7 marks] 
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5. (a) (i) 2   A1 
 
  (ii)  6   A1 
 
  (iii)  8   A1 

[3 marks] 
 
 (b) EITHER 
  Each of these percentages represent approximately 25% of the employees. R1 
 
  OR 
  The diagram is not explicit enough to show what is happening at the  

quartiles regarding 6 and 11 / we do not have the data points R1 
 
  OR 
  Discrete data not clear how to interpret “fewer”. R1 
 
  THEN 
  Hence, Paul is not correct (OR no such inference can be made).    A1 

Note: Do not award R0A1. 

[2 marks] 
 

Total [5 marks] 
 
 
 

6. (a) gradient 
4 1

AB
12 3

 =  
 

 (A1) 

  midpoint AB : (8, 22)  (A1) 
 

  gradient of bisector 
1

3
 AB

= − = −
gradient

 (M1) 

  perpendicular bisector: 22 3 8 b= − × +   OR  ( 22) 3( 8)y x− = − −  (M1) 

    
  perpendicular bisector:  3 46y x= − +  A1 

[5 marks] 
 

 (b)  attempt to solve simultaneous equations (M1) 
  4 3 46x x+ = − +  
  (10.5, 14.5)    A1 

[2 marks] 
 

Total [7 marks] 
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7. (a) ( )( 7) 8f − =  and ( )(7) 1f =  (A1) 

 
  range is ( ) 1,  ( ) 8f x f x≤ ≥   A1A1 

Note: Award at most A1A1A0 if strict inequalities are used.  

[3 marks] 
 

 (b) EITHER 
  sketch of f  and 0y =  or sketch of 1f −  and 0x =  (M1) 
 
  OR 

finding the correct expression of 1 2 5
( )

2

x
f x

x
− − −

=
−

  (M1) 

 
  OR 

  1 2 5(0)
(0)

0 2
f − − −

=
−

 (M1) 

 
  OR 
  ( ) 0f x =   (M1)  

 
 THEN 

  1(0) 1f − =   A1 
 [2 marks] 

 
Total [5 marks]  
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8. (a) (let cµ =  population mean for chinchilla rabbits, sµ =  population mean for sable rabbits) 

  0 c sH : µ µ=    A1 

  1 c sH : µ µ>  A1 

Note: Accept an equivalent statement in words, must include mean and reference 
to “population mean” / “mean for all chinchilla rabbits” for the first A1 to be 
awarded.  

 Do not accept an imprecise “the means are equal”. 

 
[2 marks] 

 
 (b) - 0.0408 (0.0408065...)p =value  A2 

Note: Award A1 for an answer of 0.041565…, from “unpooled” settings on GDC. 

[2 marks] 
 

 (c)  0.0408 0.05<  . R1 
 
  (there is sufficient evidence to) reject (or not accept) 0H  A1 

  (there is sufficient evidence to suggest that chinchilla rabbits are heavier  
  than sable rabbits) 

Note: Do not award R0A1.  Accept ‘accept 1H ’.  

[2 marks] 
Total [6 marks] 

 
 

 

9. (a) 
12

135
360

π
×



   (M1)(A1) 

  14.1 (m) 14.1371 )( …   A1 
[3 marks] 

 
 (b)  evidence of splitting region into two areas (M1) 

  
26 6 6 sin135

135
360 2

π × ×
× −







 (M1)(M1) 

Note: Award M1 for correctly substituting into area of sector formula, M1 for 
evidence of substituting into area of triangle formula. 

 
  42.4115 12.7279…− …   

  229.7 m (29.6835 )…   A1 
[4 marks] 

Total [7 marks]  
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10. (a) METHOD 1 
  5N =    OR 10N =  
  % 2.75I =      % 2.75I =  
  1500PV = −     1500PV = −  
  0PMT =     0PMT =  
  / 1P Y =      / 2P Y =  
  / 2C Y =     / 2C Y =  (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their 
technology, A1 for all entries correct.  

 
  METHOD 2 

  
2 5

2.75
1500 1

2 100

×
 + × 

 (M1)(A1) 

  1719.49 euro  A1 
[3 marks] 

 
 (b) METHOD 1 
  5N =     OR  20N =  
  1500PV = ±     1500PV = ±  
  2250FV =       2250FV =   
  0PMT =     0PMT =  
  / 1P Y =      / 4P Y =  
  / 4C Y =     / 4C Y =  (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology, A1 for all 
entries correct. PV and FV must have opposite signs. 

 
  METHOD 2 

  
4 5

1500 1 2250
4 100

r
×

 + = × 
   OR   

4 5

1 1.5
4 100

r
×

 + = × 
 (M1)(A1)  

Note: Award M1 for substitution in compound interest formula, A1 for correct substitution 
and for equating to 2250 (if using LHS equation) or to 1.5 (if using RHS equation). 

 
  8.19 (8.19206...)r =   A1 

 Note: Accept 8.19% r = . 
Accept a trial and error method which leads to 8.19r = . 

 [3 marks] 
 

Total [6 marks]  
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11.  (a) 
74 97 91 86 112

92
5

+ + + +  = 
 

  A1 

[1 mark] 
 

 (b) (i) 4  A1 
 
  (ii) 2

calc 8.54 (8.54347...)χ =  OR -value 0.0736 (0.0735802...)p =  A2 

 
   8.54 9.49<   OR  0.0736 0.05>   R1 
   therefore there is insufficient evidence to reject 0H   A1 

   (i.e. the data satisfies the model) 

Note: Do not award R0A1. Accept “accept” or “do not reject” in 
place of “insufficient evidence to reject”. 
Award the R1 for comparing their p-value with 0.05 or their 

2χ  value with 9.49 and then FT their final conclusion. 

[5 marks] 
 

Total [6 marks] 
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12. (a) 3    A1 

Note: Accept (3, 0) seen. 

[1 mark] 
 
 (b) METHOD 1 

  0 4 2a b c= − + , 0 9 3a b c= + + , 
25 1 1

2 4 2
a b c− = + +   (M1)(A1) 

 
  (i) 2   A1 
 
  (ii)  2−     A1 
 
  (iii) 12−     A1 

Note: Award the (M1)(A1) if at least one correct value is seen. 
Do not apply FT form part (a) if workings are not shown. 

 
  METHOD 2 
 
  12.5 0.5 2) 0.5 – 3)( (a− = +   (M1) 
 
  (i) 2a =    A1 
   
   20 2 (3) 3b c= × + +    

   20 (2 ( 2) 2)b c= × − + − +     (M1) 
 
  (ii)  2b = −   A1 
 
  (iii)  12c = −    A1 
 

 [5 marks] 
 
 (c)  0.5x =    A1 

Note: Do not FT from their part (b), this is a contradiction with the diagram. 

[1 mark] 
 

Total [7 marks] 
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13. (a) recognition of need to integrate (eg reverse power rule or integral symbol) (M1) 
  2( ) 0.8 48 ( )P x x x c= − + +   A1A1 
 
  2260 0.8 (15) 48 (15) c= − × + × +   (M1) 

Note: Award M1 for correct substitution of 15x =  and 260P = . A constant of 
integration must be seen (can be implied by a correct answer).  

 
  280c = −   

  2( ) 0.8 48 280P x x x= − + −  A1 
[5 marks] 

      
 (b) profit will decrease (with each new car produced)  A1 
 
  EITHER 
  because the profit function is decreasing / the gradient is negative / the rate  

of change of P is negative R1 
 
  OR 

  
50

30
1.6 48 (d ) 320x x− + = −∫  R1 

 
  OR 
  evidence of finding (30) 440P =  and (50) 120P =  R1 

Note: Award at most R1A0 if (30)P  or (50)P  or both have incorrect values.  

 
[2 marks] 

 
Total [7 marks] 
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 5]

La quantité d’un médicament dans le corps, en milligrammes,  t  heures après qu’il ait 
été injecté est donnée par   D(t) = 23 (0,85)   t   ,   t ≥ 0  . Avant cette injection, la quantité de 
médicament dans le corps était nulle.

(a) Écrivez

(i) la dose initiale de médicament.

(ii) le pourcentage de médicament qui sort chaque heure du corps. [3]

(b) Calculez la quantité de médicament restant dans le corps 10 heures après l’injection. [2]
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2. [Note maximale : 5]

Une voie ferrée inclinée est construite en ligne droite sur une colline escarpée, comme montré 
dans le diagramme suivant.

la figure n’est pas à l’échelle

x y

z

B (20  ; 5  ; 250)

A (140  ; 15  ; 0)

Les emplacements des gares sur la voie ferrée peuvent être décrits par des coordonnées par 
rapport aux axes  x ,  y , et  z, où les axes  x  et  y  sont sur le plan horizontal et l’axe  z  est vertical.

Les coordonnées de la gare A, située au niveau du sol, sont (140  ;  15  ;  0) et celles de la 
gare B, située près du sommet de la colline, sont (20  ; 5  ;  250). Toutes les coordonnées 
sont données en mètres.

(a) Trouvez la distance entres les gares A et B. [2]

La gare M doit être construite à mi-chemin entre les gares A et B.

(b) Trouvez les coordonnées de la gare M. [2]

(c) Écrivez  l’altitude de la gare M, en mètres, au-dessus du sol. [1]

(Suite de la question à la page suivante)
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(Suite de la question 2)
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3. [Note maximale : 7]

Un coffre de rangement est composé d’une boîte de longueur 90 cm, de largeur 42 cm et 
de hauteur 34 cm, et d’un couvercle en forme de demi-cylindre, tel que montré dans le 
diagramme. Le couvercle s’adapte exactement au-dessus de la boîte. La surface extérieure 
totale du coffre de rangement doit être peinte.

Trouvez l’aire de la surface qui doit être peinte.

la figure n’est pas à l’échelle

42
90

34
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4. [Note maximale : 7]

Le diagramme ci-dessous montre un hélicoptère en vol stationnaire au point H, à une 
hauteur de 380 m au-dessus d’un lac. Le point A est le point sur la surface du lac, 
directement sous l’hélicoptère.

la figure n’est pas à l’échelle

25

380

40
Minta

H

CBA

hélicoptère

Minta nage à vitesse constante en direction du point A. Minta observe l’hélicoptère à 
partir du point C alors qu’elle regarde vers le haut avec un angle de 25. Après 15 minutes, 
Minta se trouve au point B et elle observe le même hélicoptère avec un angle de 40.

(a) Écrivez la mesure de l’angle de dépression de H à C. [1]

(b) Trouvez la distance entre A et C. [2]

(c) Trouvez la distance entre B et C. [3]

(d) Trouvez la vitesse de Minta, en mètres par heure. [1]

(Suite de la question à la page suivante)
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(Suite de la question 4)
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5. [Note maximale : 5]

Le nombre de journées de maladie prises par chaque employé d’une entreprise au cours 
d’une année a été enregistré. Les données ont été organisées dans un diagramme en boîte 
montré ci-dessous :

0 5 10 15 20

Nombre de journées de maladie

(a) Pour ces données, écrivez 

(i) le nombre minimum de journées de maladie prises au cours de l’année.

(ii) le premier quartile.

(iii) la médiane. [3]

Paul affirme que ce diagramme en boîte peut être utilisé pour en conclure que le pourcentage 
d’employés qui ont pris moins de six journées de maladie est inférieur au pourcentage 
d’employés qui ont pris plus de onze journées de maladie.

(b) Indiquez si l’affirmation de Paul est correcte. Justifiez votre réponse. [2] 
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6. [Note maximale : 7]

Deux établissements scolaires sont représentés par les points  A(2  ;   20)  et  B (14  ;   24)  
sur la représentation graphique ci-dessous. Une route, représentée par la droite  R  
d’équation  − x + y = 4 , passe près de ces établissements scolaires. On demande à un 
architecte de déterminer l’emplacement d’un nouvel arrêt d’autobus sur la route de telle 
sorte qu’il soit à la même distance des deux établissements scolaires.

y

x
4 8 12 16

4

8

12

20

16

B

A

0

20

24

28

24
0

R

(a) Trouvez l’équation de la médiatrice de  [AB] . Donnez votre équation sous la forme   
y = mx + c  . [5]

(b) Déterminez les coordonnées du point sur  R  où l’arrêt d’autobus devrait être situé. [2]

(Suite de la question à la page suivante)
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(Suite de la question 6)
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7. [Note maximale : 5]

Une fonction est définie par   f (x) = 2 −   12 ____ x + 5     pour   −7 ≤ x ≤ 7 ,   x ≠ −5  .

(a) Trouvez l’image de  f . [3]

(b) Trouvez la valeur de    f    −1 (0)  . [2]
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8. [Note maximale : 6]

À l’Université de Springfield, les poids, en kg, de 10 lapins chinchilla et 10 lapins sablés ont 
été enregistrés. L’objectif était de savoir si les lapins chinchilla sont généralement plus lourds 
que les lapins sablés. Les résultats obtenus sont résumés dans le tableau suivant.

Poids des lapins chinchilla, kg 4,9 4,2 4,1 4,4 4,3 4,6 4,0 4,7 4,5 4,4

Poids des lapins sablés, kg 4,2 4,1 4,1 4,2 4,5 4,4 4,5 3,9 4,2 4,0

Un test  t  sera mené au niveau de signification de 5 %.

(a) Écrivez l’hypothèse nulle et l’hypothèse alternative. [2]

(b) Trouvez la valeur  p  pour ce test. [2]

(c) Écrivez la conclusion du test. Donnez une raison pour votre réponse. [2]
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9. [Note maximale : 7]

Un jardin comprend une petite pelouse. La pelouse est délimitée par un arc de cercle AB 
dont le centre est O et dont le rayon mesure 6 m, tel que  AÔB = 135 . La bordure droite 
de la pelouse est définie par la corde [AB].

La pelouse correspond à la région grisée dans le diagramme suivant.

la figure n’est pas à l’échelle

O

A

B
135

6

(a) Un sentier doit être aménagé autour du côté incurvé de la pelouse. Trouvez la longueur 
du sentier. [3]

(b) Trouvez l’aire de la pelouse. [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP16



– 17 –

M21/5/MATHY/SP1/FRE/TZ0/XX

2221 – 7219

Tournez la page

10. [Note maximale : 6]

Tommaso et Pietro ont chacun reçu 1500 euros afin d’épargner pour l’université.

Pietro investit son argent dans un compte qui paie un taux d’intérêt annuel nominal de 2,75 %, 
composé semestriellement.

(a) Calculez le montant que Pietro aura dans son compte après 5 ans. Donnez votre 
réponse correcte à 2 chiffres après la virgule près. [3]

Tommaso souhaite investir son argent dans un compte tel que son investissement augmentera 
de 1,5 fois le montant initial en 5 ans. On suppose que le compte paie un taux d’intérêt annuel 
nominal de r % composé trimestriellement.

(b) Déterminez la valeur de  r . [3]
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11. [Note maximale : 6]

Un vendeur de journaux à Singapour tente de prédire le nombre d’exemplaires du Straits 
Times qu’il vendra. Le vendeur construit un modèle pour prédire le nombre d’exemplaires qu’il 
vendra chaque jour de la semaine. Selon ce modèle, on s’attend à ce que le même nombre 
d’exemplaires soit vendu chaque jour.

Pour tester le modèle, le nombre d’exemplaires qu’il vend chaque jour de la semaine au cours 
d’une semaine donnée est enregistré. Ces données sont présentées dans le tableau.

Jour Lundi Mardi Mercredi Jeudi Vendredi

Nombre d’exemplaires vendus  74  97  91  86 112

Un test d’ajustement, au niveau de signification de 5 %, est utilisé sur ces données afin de 
déterminer si le modèle du vendeur est approprié.

La valeur critique pour ce test est de 9,49 et les hypothèses sont

   H  0    : Les données satisfont le modèle. 
   H  1    : Les données ne satisfont pas le modèle.

(a) Trouvez une estimation du nombre d’exemplaires que le vendeur espère vendre 
chaque jour. [1]

(b) (i)  Écrivez le nombre de degrés de liberté pour ce test.

(ii) Écrivez la conclusion du test. Donnez une raison pour votre réponse. [5]
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12. [Note maximale : 7]

Considérez la fonction   f (x) = a x   2  + bx + c  . La représentation graphique de  y = f (x)  est 
montrée dans le diagramme. Les coordonnées du sommet de la représentation graphique 
sont   (0,5  ;   −12,5)  . La représentation graphique coupe l’axe des abscisses en deux points,   
(−2   ;    0)  et  ( p   ;    0) .

la figure n’est pas à l’échelle
y

x

(0,5  ;  –12,5)

(–2  ;  0) (p  ;  0)

(a) Trouvez la valeur de  p . [1]

(b) Trouvez la valeur de

(i) a .

(ii) b .

(iii) c . [5]

(c) Écrivez l’équation de l’axe de symétrie de la représentation graphique. [1]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 12)
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13. [Note maximale : 7]

Une entreprise produit et vend des voitures électriques. Le profit de l’entreprise,  P , en milliers 
de dollars, change en fonction du nombre de voitures,  x , que l’entreprise produit par mois.

Le taux de variation instantané du profit de l’entreprise lorsque celle-ci produit  x  voitures 
électriques est modélisé par

   dP ___ dx
   = −1,6 x + 48 ,   x ≥ 0  .

L’entreprise réalise un profit de 260 (milliers de dollars) lorsqu’elle produit 15 voitures électriques.

(a) Trouvez une expression pour  P  en fonction de  x . [5]

L’entreprise augmente régulièrement le nombre de voitures qu’elle produit.

(b) Décrivez comment le profit de l’entreprise évolue si on augmente la production à plus 
de 30 voitures par mois et jusqu’à 50 voitures par mois. Justifiez votre réponse. [2]
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Matemáticas: aplicaciones e interpretación
Nivel medio
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con 
calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención. 
Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el 
mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos 
puntos si el método empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja 
mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 5]

La cantidad de un medicamento (en miligramos) presente en el organismo  t  horas después de 
haberlo inyectado viene dada por   D(t) = 23 (0,85)   t   ,   t ≥ 0  . Antes de esta inyección, la cantidad 
de medicamento presente en el organismo era cero.

(a) Escriba:

(i) La dosis inicial del medicamento 

(ii) El porcentaje de medicamento que abandona el organismo cada hora [3]

(b) Calcule la cantidad de medicamento que queda en el organismo 10 horas después de 
la inyección. [2]
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2. [Puntuación máxima: 5]

Una vía férrea inclinada asciende en línea recta por la ladera de una colina empinada, tal y 
como se muestra en la figura.

la figura no está dibujada a escala

x y

z

B (20 , 5 , 250)

A (140 , 15 , 0)

La ubicación de las estaciones que hay en la vía férrea se puede describir mediante 
coordenadas referidas a los ejes  x ,  y , y  z , donde los ejes  x  e  y  están contenidos en 
el plano horizontal y el eje  z  es vertical.

La estación A, a nivel del suelo, tiene por coordenadas (140 ,  15 ,  0) y la estación B, situada 
cerca de la cima de la colina, tiene por coordenadas (20 , 5 ,  250). Todas las coordenadas 
vienen dadas en metros.

(a) Halle la distancia que hay entre las estaciones A y B. [2]

Se va a construir la estación M a medio camino entre las estaciones A y B.

(b) Halle las coordenadas de la estación M. [2]

(c) Escriba a qué altura (en metros) sobre el nivel del suelo está la estación M. [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)
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3. [Puntuación máxima: 7]

Un recipiente para almacenamiento consta de una caja de 90 cm de largo, 42 cm de ancho y 
34 cm de alto, y de una tapa con forma de medio cilindro, tal y como se muestra en la figura. 
La tapa encaja exactamente en la parte superior de la caja. Se va a pintar toda la superficie 
exterior de este recipiente para almacenamiento.

Halle el área que hay que pintar.

la figura no está dibujada a escala

42
90

34
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4. [Puntuación máxima: 7]

La siguiente figura muestra un helicóptero suspendido en el punto H, a una altura vertical de 
380 m sobre un lago. El punto A es el punto de la superficie del lago que se encuentra justo 
debajo del helicóptero.

la figura no está dibujada a escala

25

380

40
Minta

H

CBA

helicóptero

Minta está nadando a velocidad constante hacia el punto A. Minta ve el helicóptero desde 
el punto C cuando mira hacia arriba con un ángulo de 25. Al cabo de 15 minutos, Minta se 
encuentra en el punto B y ve el mismo helicóptero con un ángulo de 40.

(a) Escriba el valor del ángulo de depresión desde H a C. [1]

(b) Halle la distancia que hay entre A y C. [2]

(c) Halle la distancia que hay entre B y C. [3]

(d) Halle la velocidad de Minta (en metros por hora). [1]
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5. [Puntuación máxima: 5]

Se fue anotando el número de días de permiso por enfermedad que solicitaba cada 
empleado de una empresa a lo largo de un año. Los datos se organizaron en un diagrama 
de caja y bigotes, tal y como se muestra a continuación:

0 5 10 15 20

Número de días de baja

(a) Para estos datos, escriba: 

(i) El número mínimo de días de permiso por enfermedad solicitados durante ese año

(ii) El primer cuartil 

(iii) La mediana [3]

Paul afirma que este diagrama de caja y bigotes se puede utilizar para deducir que el 
porcentaje de empleados que solicitaron menos de seis días de permiso por enfermedad 
es menor que el porcentaje de empleados que solicitaron más de once días de permiso 
por enfermedad.

(b) Indique si Paul tiene razón. Justifique su respuesta. [2] 
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6. [Puntuación máxima: 7]

Dos colegios aparecen representados por los puntos  A(2 ,   20)  y  B (14 ,   24)  en el siguiente 
gráfico. Una carretera, representada por la recta  R  cuya ecuación es  − x + y = 4 , pasa cerca 
de esos colegios. Le piden a un arquitecto que determine la ubicación de una nueva parada 
de autobús en esa carretera, de tal modo que esté a la misma distancia de los dos colegios.

y

x
4 8 12 16

4

8

12

20

16

B

A

0

20

24

28

24
0

R

(a) Halle la ecuación de la mediatriz de  [AB] . Dé la ecuación en la forma   y = mx + c  . [5]

(b) Determine las coordenadas del punto de  R  donde habría que colocar la parada 
de autobús. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 6: continuación)
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7. [Puntuación máxima: 5]

Una función viene dada por   f (x) = 2 −   12 ____ 
x + 5    , para   −7 ≤ x ≤ 7 ,   x ≠ −5  .

(a) Halle el recorrido de  f . [3]

(b) Halle el valor de    f    −1 (0)  . [2]
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8. [Puntuación máxima: 6]

En la Universidad de Springfield, se anotaron los pesos (en kg) de 10 conejos chinchilla y de 
10 conejos sable americano. El objetivo era averiguar si, en general, los conejos chinchilla 
pesan más que los conejos sable americano. Los resultados obtenidos se resumen en la 
siguiente tabla.

Peso de los conejos chinchilla (kg) 4,9 4,2 4,1 4,4 4,3 4,6 4,0 4,7 4,5 4,4

Peso de los conejos sable 
americano (kg) 4,2 4,1 4,1 4,2 4,5 4,4 4,5 3,9 4,2 4,0

Deciden realizar una prueba  t  de Student a un nivel de significación del 5 % .

(a) Escriba la hipótesis nula y la hipótesis alternativa. [2]

(b) Halle el valor del parámetro  p  correspondiente a esta prueba. [2]

(c) Escriba la conclusión a la que se llega con esta prueba. Dé una razón que justifique 
su respuesta. [2]
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9. [Puntuación máxima: 7]

Un jardín incluye un pequeño césped. El césped está delimitado por el arco AB de un círculo 
con centro en O y de 6 m de radio, de modo tal que  AÔB = 135 . El borde recto del césped 
está definido por la cuerda [AB].

El césped está representado por la región sombreada en la siguiente figura.

la figura no está dibujada a escala

O

A

B
135

6

(a) Se va a hacer un sendero que recorra el lado curvo del césped. Halle la longitud 
del sendero. [3]

(b) Halle el área del césped. [4]
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10. [Puntuación máxima: 6]

A Tommaso y a Pietro les han dado 1500 euros a cada uno para que los ahorren para la 
universidad.

Pietro invierte su dinero en una cuenta que paga un tipo de interés nominal anual del 2,75 %, 
compuesto semestralmente.

(a) Calcule la cantidad que tendrá Pietro en la cuenta al cabo de 5 años. Dé la respuesta 
redondeando a 2 cifras decimales. [3]

Tommaso quiere invertir su dinero en una cuenta, de modo tal que su inversión aumente 
hasta alcanzar 1,5 veces la cantidad inicial en un plazo de 5 años. Suponga que esa cuenta 
paga un interés nominal anual del r %, compuesto trimestralmente.

(b) Determine el valor de  r . [3]
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11. [Puntuación máxima: 6]

Una tienda de periódicos de Singapur está tratando de predecir cuántos ejemplares de The 
Straits Times va a vender. La tienda crea un modelo para predecir el número de ejemplares 
que se venderán cada día laborable. Según este modelo, esperan vender todos los días el 
mismo número de ejemplares.

Para poner a prueba el modelo, deciden anotar el número de ejemplares que han vendido cada 
uno de los días laborables de una semana dada. Estos datos se muestran en la siguiente tabla.

Día Lunes Martes Miércoles Jueves Viernes

Número de ejemplares vendidos  74  97  91  86 112

Con estos datos, se realiza una prueba de determinación de la bondad del ajuste a un nivel 
de significación del 5 %, para saber si el modelo de la tienda resulta adecuado.

El valor crítico para esta prueba es 9,49 y las hipótesis son

   H  0    : Los datos se ajustan bien al modelo. 
   H  1    : Los datos no se ajustan bien al modelo.

(a) Halle una estimación de cuántos ejemplares espera vender cada día la tienda. [1]

(b) (i)  Escriba el número de grados de libertad de esta prueba.

(ii) Escriba la conclusión a la que se llega con esta prueba. Dé una razón que 
justifique su respuesta. [5]
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12. [Puntuación máxima: 7]

Considere la función   f (x) = a x   2  + bx + c  . En la siguiente figura se muestra el gráfico 
de  y = f (x) . El vértice del gráfico tiene por coordenadas   (0,5 ;   −12,5)  . El gráfico corta 
al eje  x  en dos puntos,  (−2 ,   0)  y  ( p ,   0) .

la figura no está dibujada a escala
y

x

(0,5 ;  –12,5)

(–2 ,  0) (p ,  0)

(a) Halle el valor de  p . [1]

(b) Halle el valor de:

(i) a

(ii) b

(iii) c [5]

(c) Escriba la ecuación del eje de simetría del gráfico. [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 12: continuación)
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13. [Puntuación máxima: 7]

Una empresa fabrica y vende coches eléctricos. Los beneficios de la empresa ( P , en miles 
de dólares) cambian dependiendo del número de coches ( x ) que fabrican al mes.

La razón de cambio de los beneficios que obtienen al fabricar  x  coches eléctricos se puede 
modelizar así:

   dP ___ dx
   = −1,6 x + 48 ,   x ≥ 0  .

La empresa obtiene unos beneficios de 260 (mil dólares) cuando fabrican 15 coches eléctricos.

(a) Halle una expresión que dé  P  en función de  x . [5]

La empresa va aumentando con regularidad el número de coches que fabrica.

(b) Describa cómo cambian los beneficios si aumentan la producción por encima de 
30 coches al mes y hasta un máximo de 50 coches al mes. Justifique su respuesta. [2]
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Mathematics: applications and interpretation
Standard level
Paper 2

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [80 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 18]

As part of his mathematics exploration about classic books, Jason investigated the time taken 
by students in his school to read the book The Old Man and the Sea. He collected his data by 
stopping and asking students in the school corridor, until he reached his target of 10 students 
from each of the literature classes in his school.

(a) State which of the two sampling methods, systematic or quota, Jason has used. [1]

Jason constructed the following box and whisker diagram to show the number of hours 
students in the sample took to read this book.

0 5 10 15 20 25
Number of hours

(b) Write down the median time to read the book. [1]

(c) Calculate the interquartile range. [2]

Mackenzie, a member of the sample, took 25 hours to read the novel. Jason believes 
Mackenzie’s time is not an outlier.

(d) Determine whether Jason is correct. Support your reasoning. [4]

For each student interviewed, Jason recorded the time taken to read The Old Man and the 
Sea ( x ), measured in hours, and paired this with their percentage score on the final exam ( y ). 
These data are represented on the scatter diagram.
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(e) Describe the correlation. [1]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Jason correctly calculates the equation of the regression line  y  on  x  for these students to be

y = -1.54x + 98.8 .

He uses the equation to estimate the percentage score on the final exam for a student who 
read the book in 1.5 hours.

(f) Find the percentage score calculated by Jason. [2]

(g) State whether it is valid to use the regression line  y  on  x  for Jason’s estimate. Give a 
reason for your answer. [2]

Jason found a website that rated the ‘top 50’ classic books. He randomly chose eight of these 
classic books and recorded the number of pages. For example, Book H is rated 44th and has 
281 pages. These data are shown in the table.

Book A B C D E F G H

Number of pages (n) 4215 863 585 1225 366 209 624 281

Top 50 rating (t ) 1 2 5 7 13 22 40 44

Jason intends to analyse the data using Spearman’s rank correlation coefficient,    r  s    .

(h) Copy and complete the information in the following table. [2]

Book A B C D E F G H

Rank – Number of pages 1

Rank – Top 50 Rating 1

(i) (i)  Calculate the value of    r  s    .

(ii) Interpret your result. [3]
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2. [Maximum mark: 17]

The diagram below shows a circular clockface with centre O. The clock’s minute hand has a
length of 10 cm. The clock’s hour hand has a length of 6 cm.

At 4:00 pm the endpoint of the minute hand is at point A and the endpoint of the hour hand is
at point B.

diagram not to scale
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(a) Find the size of angle AÔB in degrees. [2]

(b) Find the distance between points A and B. [3]

Between 4:00 pm and 4:13 pm, the endpoint of the minute hand rotates through an angle,  θ , 
from point A to point C. This is illustrated in the diagram.

diagram not to scale
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(c) Find the size of angle  θ  in degrees. [2]

(d) Calculate the length of arc AC. [2]

(e) Calculate the area of the shaded sector, AOC. [2]

(This question continues on the following page)
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Turn over

(Question 2 continued)

A second clock is illustrated in the diagram below. The clock face has radius 10 cm with 
minute and hour hands both of length 10 cm. The time shown is 6:00 am. The bottom of the 
clock face is located 3 cm above a horizontal bookshelf.

diagram not to scale
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(f) Write down the height of the endpoint of the minute hand above the bookshelf
at 6:00 am. [1]

The height,  h  centimetres, of the endpoint of the minute hand above the bookshelf is 
modelled by the function

 h(θ ) = 10 cos θ + 13  ,   θ ≥ 0  ,

where  θ  is the angle rotated by the minute hand from 6:00 am.

(g) Find the value of  h  when  θ = 160 . [2]

The height,  g  centimetres, of the endpoint of the hour hand above the bookshelf is modelled 
by the function

 g(θ ) = -10 cos   (    θ ___ 12   )    + 13  ,   θ ≥ 0  ,

where  θ  is the angle in degrees rotated by the minute hand from 6:00 am.

(h) Write down the amplitude of  g(θ ) . [1]

The endpoints of the minute hand and hour hand meet when  θ = k .

(i) Find the smallest possible value of  k . [2]
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3. [Maximum mark: 19]

Give your answers in parts (a), (d)(i), (e) and (f) to the nearest dollar.

Daisy invested 37 000 Australian dollars (AUD) in a fixed deposit account with an annual 
interest rate of 6.4 % compounded quarterly.

(a) Calculate the value of Daisy’s investment after 2 years. [3]

After m months, the amount of money in the fixed deposit account has appreciated to more 
than 50 000 AUD.

(b) Find the minimum value of  m , where  mℕ . [4]

Daisy is saving to purchase a new apartment. The price of the apartment is 200 000 AUD.

Daisy makes an initial payment of 25 % and takes out a loan to pay the rest.

(c) Write down the amount of the loan. [1]

The loan is for 10 years, compounded monthly, with equal monthly payments of 1700 AUD 
made by Daisy at the end of each month.

(d) For this loan, find

(i) the amount of interest paid by Daisy.

(ii) the annual interest rate of the loan. [5]

After 5 years of paying off this loan, Daisy decides to pay the remainder in one final payment.

(e) Find the amount of Daisy’s final payment. [3]

(f) Find how much money Daisy saved by making one final payment after 5 years. [3]
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Turn over

4. [Maximum mark: 13]

The stopping distances for bicycles travelling at  20 km  h   -1   are assumed to follow a normal 
distribution with mean 6.76 m and standard deviation 0.12 m.

(a) Under this assumption, find, correct to four decimal places, the probability that a bicycle 
chosen at random travelling at  20 km  h   -1   manages to stop

(i) in less than 6.5 m.

(ii) in more than 7 m. [3]

1000 randomly selected bicycles are tested and their stopping distances when travelling  
at  20 km  h   -1   are measured.

(b) Find, correct to four significant figures, the expected number of bicycles tested that 
stop between

(i) 6.5 m and 6.75 m.

(ii) 6.75 m and 7 m. [3]

The measured stopping distances of the 1000 bicycles are given in the table.

Measured stopping distance Number of bicycles

Less than 6.5 m  12

Between 6.5 m and 6.75 m 428

Between 6.75 m and 7 m 527

More than 7 m  33

It is decided to perform a    χ   2   goodness of fit test at the 5 % level of significance to decide 
whether the stopping distances of bicycles travelling at  20 km  h   -1   can be modelled by a 
normal distribution with mean 6.76 m and standard deviation 0.12 m.

(c) State the null and alternative hypotheses. [2]

(d) Find the  p-value for the test. [3]

(e) State the conclusion of the test. Give a reason for your answer. [2]
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5. [Maximum mark: 13]

The cross-sectional view of a tunnel is shown on the axes below. The line [AB] represents
a vertical wall located at the left side of the tunnel. The height, in metres, of the tunnel above
the horizontal ground is modelled by   y = -0.1 x   3  + 0.8 x   2   ,   2 ≤ x ≤ 8  , relative to an origin O.

y

x
2 4 6 8

2

4

6

A
10

8
E

B

C

D

O

Point A has coordinates (2 , 0), point B has coordinates (2 , 2.4), and point C has 
coordinates (8 , 0).

(a) (i)  Find     
dy

 ___ dx
    .

(ii) Hence find the maximum height of the tunnel. [6]

When  x = 4  the height of the tunnel is 6.4 m and when  x = 6  the height of the tunnel is 7.2 m. 
These points are shown as D and E on the diagram, respectively.

(b) Use the trapezoidal rule, with three intervals, to estimate the cross-sectional area of
the tunnel. [3]

(c) (i)  Write down the integral which can be used to find the cross-sectional area of
the tunnel.

(ii) Hence find the cross-sectional area of the tunnel. [4]

References:

© International Baccalaureate Organization 2021



M21/5/MATHY/SP2/ENG/TZ1/XX/M 

16 pages 

Markscheme 

May 2021 

Mathematics:  
applications and interpretation 

Standard level 

Paper 2 



– 2 – M21/5/MATHY/SP2/ENG/TZ1/XX/M 

© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



 – 3 – M21/5/MATHY/SP2/ENG/TZ1/XX/M 

 

Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) Quota sampling  A1 
      [1 mark] 

 (b) 10 (hours)   A1 
[1 mark] 

 (c) 15 7−     (M1) 
 

Note: Award M1 for 15 and 7 seen. 

  8     A1 
[2 marks] 

 
 (d) indication of a valid attempt to find the upper fence  (M1) 
  15 1.5 8+ ×     

 27      A1 
 
 25 27<  (accept equivalent answer in words)  R1 
 Jason is correct  A1 

 

Note: Do not award R0A1. Follow through within this part from their 27, 
but only if their value is supported by a valid attempt or clearly 
and correctly explains what their value represents.  

[4 marks] 
  
 (e) “negative” seen  A1  
 

Note: Strength cannot be inferred visually; ignore “strong” or “weak”. 

      [1 mark] 
 
 (f) correct substitution (M1) 
  1.54 1.5 98.8y = − × +  
   
  96.5 (%) (96.49)   A1 

      [2 marks] 
  
 (g) not reliable   A1 
  extrapolation  OR  outside the given range of the data  R1 
 

Note: Do not award A1R0. Only accept reasoning that includes reference to the range 
of the data. Do not accept a contextual reason such as 1.5 hours is too short to 
read the book. 

      [2 marks] 

continued…  
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Question 1 continued 

 
 (h)  
 

 
 

Book 
A B C D E F G H 

Rank – Number of pages  1 3 5 2 6 8 4 7 
Rank – Top 50 Rating  1 2 3 4 5 6 7 8 

      A1A1 
 

Note: Award A1 for correct ranks for ‘number of pages’. Award A1 for correct 
ranks for ‘top 50 rating’. 

      [2 marks] 
 
 (i) (i) 0.714 (0.714285...)   A2 

Note: FT from their table. 

 
  (ii) EITHER 
   there is a (strong/moderate) positive association between the number of pages and  

the top 50 rating.  A1 
 
   OR 
   there is a (strong/moderate) agreement between the rank order of number of pages 

and the rank order top 50 rating.  A1 

 
   OR 
   there is a (strong/moderate) positive (linear) correlation between the rank order of 

number of pages and the rank order top 50 rating.  A1 

Note: Follow through from their value of sr  .  

 [3 marks] 
 

Total [18 marks]  



 – 10 – M21/5/MATHY/SP2/ENG/TZ1/XX/M 

 

2. (a) 
360

4
12

×


  OR  4 30×   (M1) 

 
  120      A1 

[2 marks] 
 
 (b) substitution in cosine rule (M1) 
 
  2 2 2AB 10 6 2 10 6 cos (120 )= + − × × ×   (A1) 
 
  AB 14 cm=   A1 

Note: Follow through marks in part (b) are contingent on working seen. 

 [3 marks] 
 
 (c) 13 6θ = ×    (M1) 
 
  78=      A1 

[2 marks] 
 (d)  substitution into the formula for arc length (M1) 

  
78

2 10
360

l = × ×π×    OR   
13

10
30

l
π

= ×  

 

  
13

13.6 cm 13.6135..., 4.33 ,
3

π = π 
 

  A1  

[2 marks] 
 

 (e) substitution into the area of a sector (M1) 

  278
10

360
A = ×π×    OR   21 13

10
2 30

l
π

= × ×   

 

  2 65
68.1 cm 68.0678..., 21.7 ,

3

π = π 
 

  A1 

      [2 marks] 
 
 (f) 23    A1 

      [1 mark] 

continued…  
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Question 2 continued 

 
 (g) correct substitution (M1) 
  10cos (160 ) 13h = +   
  3.60 cm (3.60307...)=   A1 

      [2 marks] 
 
 (h) 10    A1 

[1 mark] 

 (i) EITHER 

  10 cos ( ) 13 10 cos 13
12

θθ  × + = − × + 
 

 (M1) 

 
  OR 
 

   (M1) 
 

Note:  Award M1 for equating the functions. Accept a sketch of ( )h θ  and 

( )g θ  with point(s) of intersection marked. 

 
  THEN 
  196 (196.363...)k =    A1 
  

Note:  The answer 166.153… is incorrect but the correct method is implicit. Award (M1)A0. 

 
       [2 marks] 

 
Total [17 marks]  
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3. (a) EITHER 
   2N =  
  37000PV = −  

  % 6.4I =   
  / 1P Y =  
   / 4C Y =      (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct.  

 
  OR 
  8N =  
  37000PV = −  
  % 6.4I =   
  / 4P Y =  
   / 4C Y =    (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct. 

 
   OR 

   
4 2

6.4
37000 1

100 4
FV

×
 = × + × 

  (M1)(A1) 

Note: Award M1 for substitution into compound interest formula, (A1) for correct 
substitution.   

 
  42010 AUD=    A1 

Note: Award (M1)(A1)A0 for unsupported 42009.87.  

 [3 marks] 
 
 (b) EITHER 
   37000PV = −  

  50000FV =  
  % 6.4I =   
  / 1P Y =  
   / 4C Y =      (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology, 
award A1 for all entries correct. The final mark can still be awarded 
for the correct number of months (multiple of 3). 

continued…  
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Question 3 continued 

  OR 
   37000PV = −  

  50000FV =  
  % 6.4I =   
  / 4P Y =  
   / 4C Y =    (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology, award 
A1 for all entries correct.  

   
  OR 
  

  
4

6.4
50000 37000 1

100 4

n×
 < × + × 

 OR   
6.4

50000 37000 1
100 4

n
 < × + × 

    (M1)(A1) 

Note: Award M1 for the correct inequality, 50000  and substituted compound 
interest formula. Allow an equation. Award A1 for correct substitution.  

 
  THEN 
  
  4.74 ( ) (4.74230...)N = years   OR  18.9692... ( )N = quarters  (A1) 
 
  57m =  months    A1 
  

Note: Award A1 for rounding their m  to the correct number of months. The final 
answer must be a multiple of 3. Follow through within this part.  

 [4 marks] 
 
 (c) 150000 AUD    A1 

[1 mark] 

continued…  
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Question 3 continued 

 (d) (i) 120 1700 150000× −  (M1) 
   
   54000 AUD=   A1 
 
   (ii) 120N =  
   015000PV = −  

   1700PMT =  
   0FV =  
   / 12P Y =  
    / 12C Y =     (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology or an 
attempt to use an annuity formula or 0FV =  seen. If a compound interest 
formula is equated to zero, award M1, otherwise award M0 for a substituted 
compound interest formula.   
Award A1 for all entries correct in financial app or correct substitution in 
annuity formula, but award A0 for a substituted compound interest formula. 
Follow through marks in part (d)(ii) are contingent on working seen. 

 
   6.46 (%) (6.45779...)r =    A1 

 [5 marks] 
  
 (e) 60N =  
  6.46 (6.45779...)I =  

  015000PV = −  

  1700PMT =  
  / 12P Y =  
   / 12C Y =      (M1)(A1) 

Note: Award M1 for an attempt to use a financial app in their technology or an attempt 
to use an annuity formula. Award (M0) for a substituted compound interest 
formula. Award A1 for all entries correct. Follow through marks in part (e) are 
contingent on working seen. 

   
  86973 AUDFV =    A1 

 [3 marks] 
 
 (f) 204000 (60 1700 86973)− × +  OR  204000 188973−   (M1)(M1) 

Note:  Award M1 for 60 1700× . Award M1 for subtracting their 
(60 1700 86973)× + from their (204000) . Award at most M1M0 

for their 204000 (60 1700)− × or M0M0 for their 

204000 (86973)− . Follow through from parts (d)(i) and (e). 
Follow through marks in part (f) are contingent on working seen. 

 
  15027 AUD    A1 

[3 marks] 
 

Total [19 marks]  
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4. (a) (i) evidence of correct probability  (M1) 
   e.g sketch   OR   correct probability statement, P ( 6.5)X <   
 
   0.0151 A1 
 
  (ii) 0.0228 A1 

Note:  Answers should be given to 4 decimal place. 

     [3 marks] 
 
 (b) (i) multiplying their probability by 1000 (M1) 
   451.7  A1 
 
  (ii) 510.5  A1 

     [3 marks] 

Note: Answers should be given to 4 sf.   

 
 (c) 0H :  stopping distances can be modelled by 2N (6.76, 0.12 )   

  1H :  stopping distances cannot be modelled by 2N (6.76, 0.12 )  A1A1 

Note:  Award A1 for correct 0H , including reference to the mean and standard deviation. 

Award A1 for the negation of their 0H .  

      [2 marks] 
 
 (d)  15.1 or 22.8 seen (M1) 
 
   0.0727   (0.0726542…, 7.27%) A2 

      [3 marks] 
 

 (e) 0.05 0.0727<  R1 
  there is insufficient evidence to reject 0H   (or “accept 0H ”) A1 

Note:  Do not award R0A1. 

      [2 marks] 
Total [13 marks] 
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5. (a) (i) evidence of power rule (at least one correct term seen) (M1) 

   2d
0.3 1.6

d

y
x x

x
= − +   A1 

       
  (ii) 20.3 1.6 0x x− + =     M1 
 

   
16

5.33 5.33333...,
3

x
 =  
 

  A1 

 
   3 20.1 5.33333... 0.8 5.33333...y = − × + ×   (M1) 

Note: Award M1 for substituting their zero for 
d

d

y

x
 (5.333…) into y.  

 
   7.59 m (7.58519...)     A1 
 

Note: Award M0A0M0A0 for an unsupported 7.59.  
Award at most M0A0M1A0 if only the last two lines in the solution are seen. 
Award at most M1A0M1A1 if their 5.33x =  is not seen. 

      [6 marks] 
 

 (b) ( )1
2 (2.4 0) 2(6.4 7.2)

2
A = × + + +   (A1)(M1) 

Note: Award A1 for 2h =  seen. Award M1 for correct substitution into the 
trapezoidal rule (the zero can be omitted in working).  

 
  229.6 m=     A1 

      [3 marks] 
 

 (c) (i) 
8 3 2

2
0.1 0.8 dA x x x= − +∫   OR  

8

2
dA y x= ∫  A1A1 

Note: Award A1 for a correct integral, A1 for correct limits in the correct location. 
Award at most A0A1 if dx is omitted. 

 
  (ii) 232.4 mA =   A2 

Note: As per the marking instructions, FT from their integral in part (c)(i). 
Award at most A1FTA0 if their area is >48, this is outside the constraints 
of the question (a 6x8 rectangle).  

 
     [4 marks] 

 
      Total [13 marks] 
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Instructions to candidates
 y Do not open this examination paper until instructed to do so.
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 19]

A medical centre is testing patients for a certain disease. This disease occurs in 5 % of 
the population.

They test every patient who comes to the centre on a particular day.

(a) State the sampling method being used. [1]

It is intended that if a patient has the disease, they test “positive”, and if a patient does not 
have the disease, they test “negative”.

However, the tests are not perfect, and only 99 % of people who have the disease test positive. 
Also, 2 % of people who do not have the disease test positive.

The tree diagram shows some of this information.

99 %

5 %

a

b

c

d

disease

no disease

test positive

test positive

test negative

test negative

(b) Write down the value of

(i) a .

(ii) b .

(iii) c .

(iv) d . [4]

(This question continues on the following page)
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Turn over

(Question 1 continued)

(c) Use the tree diagram to find the probability that a patient selected at random

(i) will not have the disease and will test positive.

(ii) will test negative.

(iii) has the disease given that they tested negative. [8]

(d) The medical centre finds the actual number of positive results in their sample is 
different than predicted by the tree diagram. Explain why this might be the case. [1]

The staff at the medical centre looked at the care received by all visiting patients on a 
randomly chosen day. All the patients received at least one of these services: they had 
medical tests (M), were seen by a nurse (N), or were seen by a doctor (D). It was found that:
 y 78 had medical tests,
 y 45 were seen by a nurse;
 y 30 were seen by a doctor;
 y 9 had medical tests and were seen by a doctor and a nurse;
 y 18 had medical tests and were seen by a doctor but were not seen by a nurse;
 y 11 patients were seen by a nurse and had medical tests but were not seen by a doctor;
 y 2 patients were seen by a doctor without being seen by nurse and without having medical tests.

(e) Draw a Venn diagram to illustrate this information, placing all relevant information on 
the diagram. [3]

(f) Find the total number of patients who visited the centre during this day. [2]
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2. [Maximum mark: 15]

A farmer owns a field in the shape of a triangle ABC such that   AB = 650 m  ,   AC = 1005 m   
and   BC = 1225 m  .

diagram not to scale

1005

A

C B1225

650

(a) Find the size of AĈB. [3]

The local town is planning to build a highway that will intersect the borders of the field at 
points D and E, where  DC = 210 m  and   CÊD = 100   , as shown in the diagram below.

diagram not to scale

D

E

650

F

210

100

A

C B

highway

(b) Find DE. [3]

The town wishes to build a carpark here. They ask the farmer to exchange the part of the 
field represented by triangle DCE. In return the farmer will get a triangle of equal area ADF, 
where F lies on the same line as D and E, as shown in the diagram above.

(c) Find the area of triangle DCE. [5]

(d) Estimate DF. You may assume the highway has a width of zero. [4]
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Turn over

3. [Maximum mark: 16]

A new concert hall was built with 14 seats in the first row. Each subsequent row of the hall 
has two more seats than the previous row. The hall has a total of 20 rows.

(a) Find:

(i) the number of seats in the last row.

(ii) the total number of seats in the concert hall. [5]

The concert hall opened in 2019. The average number of visitors per concert during that year 
was 584. In 2020, the average number of visitors per concert increased by 1.2 %.

(b) Find the average number of visitors per concert in 2020. [2]

The concert organizers use this data to model future numbers of visitors. It is assumed that 
the average number of visitors per concert will continue to increase each year by 1.2 %.

(c) Determine the first year in which this model predicts the average number of visitors per 
concert will exceed the total seating capacity of the concert hall. [5]

It is assumed that the concert hall will host 50 concerts each year.

(d) Use the average number of visitors per concert per year to predict the total number of 
people expected to attend the concert hall from when it opens until the end of 2025. [4]
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4. [Maximum mark: 14]

It is known that the weights of male Persian cats are normally distributed with mean 6.1 kg 
and variance   0.5   2   kg   2  .

(a) Sketch a diagram showing the above information. [2]

(b) Find the proportion of male Persian cats weighing between 5.5 kg and 6.5 kg. [2]

A group of 80 male Persian cats are drawn from this population.

(c) Determine the expected number of cats in this group that have a weight of less  
than 5.3 kg. [3]

(d) It is found that 12 of the cats weigh more than  x kg. Estimate the value of  x . [3]

(e) Ten of the cats are chosen at random. Find the probability that exactly one of them 
weighs over 6.25 kg. [4]
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5. [Maximum mark: 16]

A hollow chocolate box is manufactured in the form of a right prism with a regular hexagonal 
base. The height of the prism is  h cm, and the top and base of the prism have sides of 
length  x cm.

diagram not to scale
x

h

x

(a) Given that   sin 60   =    √ 
_

 3   ___ 2    , show that the area of the base of the box is equal to     3 √ 
_

 3   x   2  _____ 2    . [2]

(b) Given that the total external surface area of the box is 1200 cm2, show that the volume 

of the box may be expressed as   V = 300 √ 
_

 3   x −   9 __ 4    x   3   . [5]

(c) Sketch the graph of    V = 300 √ 
_

 3   x −   9 __ 4    x   3    , for   0 ≤ x ≤ 16  . [2]

(d) Find an expression for     dV ___ dx
    . [2]

(e) Find the value of  x  which maximizes the volume of the box. [2]

(f) Hence, or otherwise, find the maximum possible volume of the box. [2]

The box will contain spherical chocolates. The production manager assumes that they can 
calculate the exact number of chocolates in each box by dividing the volume of the box by 
the volume of a single chocolate and then rounding down to the nearest integer.

(g) Explain why the production manager is incorrect. [1]
 

References:
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M 
mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; so 
if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere 
too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) convenience sampling  A1 
[1 mark] 

 
 (b) (i) 95%    A1 
 
  (ii) 1%   A1 
 
  (iii)  2%    A1 
 
  (iv) 98%   A1 

[4 marks] 
 
 (c) (i) 0.95 0.02×   (M1) 
   0.019   A1 
 
  (ii) 0.05 0.01 0.95 0.98 × + ×   (M1)(M1) 
 

Note: Award M1 for summing two products and M1 for correct products seen. 

 
   0.932   (0.9315)  A1 
 
  (iii) recognition of conditional probability  (M1) 

   
0.05 0.01

0.05 0.01 0.95 0.98

×
× + ×

  A1 

 
   0.000537  (0.000536768…) A1 
 

Note: Accept 0.000536 if 0.932 used. 

[8 marks] 
 
 (d) EITHER 
  sample may not be representative of population A1 
  OR 
  sample is not randomly selected A1 
  OR 
  unrealistic to think expected and observed values will be exactly equal A1 

[1 mark] 

continued…  
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Question 1 continued 

 (e) 

    A1A1A1 
 

Note:  Award A1 for rectangle and 3 labelled circles and 9 in centre region; 
A1 for 2, 40, 24; A1 for 18, 1, and 11.  

[3 marks] 
 

 (f) 18 9 1 11 2 40 24  + + + + + +   (M1) 
  105    A1  

Note:  Follow through from the entries on their Venn diagram in part (e). 
Working required for FT. 

 
      [2 marks] 

 
Total [19 marks]  
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2. (a)  use of cosine rule (M1) 

  
2 2 2

1 1005 1225 650ˆACB cos
2 1005 1225

−  + −
=  × × 

 (A1) 

  32.0 (31.9980...)=    A1 
[3 marks] 

 
 (b)  use of sine rule  (M1) 

  
DE 210

sin 31.9980... sin100
=

 

  (A1) 

  (DE ) 113 m (112.9937...)=  A1 
[3 marks] 

 
 (c)  METHOD 1 
  180 – 100  ( ))( a+  their part  (M1) 

  48.0019= …    OR   0.837791... (A1) 
  substituted area of triangle formula  (M1) 
 

  
1

112.9937... 210 sin 48.002
2
× × ×    (A1) 

  28820 m  (8817.18 )…  A1 
 
  METHOD 2 

  
CE 210

sin (180 100 ( )) sin100a
=

− − their part
 (M1) 

  (CE ) 158.472...=  (A1) 
  substituted area of triangle formula  (M1) 
 
  EITHER 

  
1

112.993... 158.472... sin100
2
× × ×  (A1) 

  OR 

  
1

210... 158.472... sin ( ( ))
2

a× × × their part  (A1) 

 
  THEN 
  28820 m  (8817.18 )…  A1  

continued…  
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Question 2 continued 

 
  METHOD 3 
  ( )2 2 2CE 210 112.993... 2 210 112.993... cos (180 100 ( ))a= + − × × × − − their part (M1) 

  5(CE ) 1 8.472= … (A1) 
  substituted area of triangle formula (M1) 
 

  
1

112.993... 158.472... sin100
2
× × ×  (A1) 

  28820 m  (8817.18 )…  A1  
       [5 marks] 

 
 (d)  1005 210−   OR   795 (A1) 
  equating answer to part (c) to area of a triangle formula (M1) 

  58 .817.
1

DF (100 210) sin 48.002 ..18
2

= × × − ×…   (A1) 

  (DF ) 29.8 m (29.8473...)=  A1 
 

[4 marks] 
 

Total [15 marks]  
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3. (a) (i) recognition of arithmetic sequence with common difference 2  (M1) 
   use of arithmetic sequence formula (M1) 
   14 2(20 1)+ −  

   52   A1 
 
  (ii) use of arithmetic series formula (M1) 

   
14 52

20
2

+
×  

   660   A1 
[5 marks] 

 
 (b) 584 (584 0.012)+ ×    OR   1584 (1.012)×  (M1) 
  591 (591.008)    A1 

Note:  Award M0A0 if incorrect r used in part (b), and FT with their r 
in parts (c) and (d). 

[2 marks] 
 
 (c)  recognition of geometric sequence  (M1) 
  equating their nth geometric sequence term to their 660 (M1) 

Note:  Accept inequality. 

 
  METHOD 1 
 
  EITHER 
  1660 584 (1.012)x−= ×    A1 

  )( (1 ) 10.3 10.2559x − = …   

  11.3 11.2559 )(x = …      A1 

  2030    A1 
 
  OR 
  660 584 (1.012)x= ×    A1 

  10.3 10.2559 )(x = …      A1 

  2030    A1 
 

continued…  
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Question 3 continued 

  METHOD 2 
 
  11th term 658 (657.987...) (M1)A1 
  12th term 666 (665.883...) (M1)A1 
  2030  A1 

Note:  The last mark can be awarded if both their 11th and 12th correct terms are seen. 

    [5 marks] 
 
 (d) 7 seen   (A1) 
 
  EITHER 

  
71.012 1

584
1.012 1

 −
 − 

  (M1) 

  multiplying their sum by 50 (M1) 
 
  OR 
  sum of the number of visitors for their r and their seven years (M1) 
  multiplying their sum by 50 (M1) 
 
  OR  

  
71.012 1

29200
1.012 1

 −
 − 

  (M1)(M1) 

 
  THEN 
  212000 211907.3 )( …  A1 

Note:  Follow though from their r from part (b). 

[4 marks] 
 

Total [16 marks] 
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4. (a) 

    A1A1 
 

Note:  Award A1 for a normal curve with mean labelled 6.1 or µ , A1 for indication of 

SD (0.5):  marks on horizontal axis at 5.6 and/or 6.6 OR 0.5µ −  and/or 0.5µ +  
on the correct side and approximately correct position. 

 [2 marks] 
 

 (b) 2~ N (6.1, 0.5 )X  

  P (5.5 6.5)X< <   OR  labelled sketch of region  

      (M1) 
  0.673 (0.673074...)=  A1 

[2 marks] 
 
 (c) (P ( 5.3) ) 0.0547992...X < =   (A1) 
  0.0547992... 80×   (M1) 
  4.38 (4.38393...)=  A1 

[3 marks] 
 
 (d) 0.15   OR   0.85 (A1) 
  
  P ) .15( 0X x> =    OR   P ) .85( 0X x< =    OR  labelled sketch of region  (M1) 
   
  6.62   (6.61821…) A1 
       [3 marks] 
 
 (e) (P ( 6.25) ) 0.382088...X > =   (A1) 

  recognition of binomial (M1) 
  e.g. B(10, 0.382088...)  

  0.0502 (0.0501768...)   A2 

 [4 marks] 
 

Total [14 marks]  
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5. (a) evidence of splitting diagram into equilateral triangles M1 

  area 21
6 sin 60

2
x

 =  
 

   A1 

  
23 3

2

x
=     AG 

Note: The AG line must be seen for the final A1 to be awarded. 

[2 marks] 
 

 (b) total surface area of prism 2 3
1200 2 3 6

2
x xh

 
= +  

 
 M1A1 

Note:  Award M1 for expressing total surface areas as a sum of areas of rectangles 
and hexagons, and A1 for a correctly substituted formula, equated to 1200. 

 

  
2400 3

2

x
h

x

−
=    A1 

  volume of prism 23 3

2
x h= ×  (M1) 

  
2

23 3 400 3

2 2

x
x

x

 −
=   

 
 A1 

   

  39
300 3

4
x x= −    AG 

Note: The AG line must be seen for the final A1 to be awarded. 

[5 marks] 

continued…  
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Question 5 continued 

 (c)  

    A1A1 
 

Note:  Award A1 for correct shape, A1 for roots in correct place with some 
indication of scale (indicated by a labelled point).  

  
[2 marks] 

 

 (d) 2d 27
300 3

d 4

V
x

x
= −  A1A1 

Note:  Award A1 for a correct term. 

 [2 marks] 
 

 (e) from the graph of V or 
d

d

V

x
   OR   solving 

d
0

d

V

x
=  (M1) 

  8.77 (8.77382...)x =   A1 

[2 marks] 

continued…  
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Question 5 continued 

 
 (f) from the graph of V   OR   substituting their value for x  into V   (M1) 

  3
max 3040 cm (3039.34...)V =   A1 

[2 marks] 
 
 (g) EITHER 
  wasted space / spheres do not pack densely (tesselate)  A1 
  OR 
  the model uses exterior values / assumes infinite thinness of materials and  

hence the modelled volume is not the true volume A1 
[1 mark] 

 
Total [16 marks] 
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Mathématiques : applications et interprétation
Niveau moyen
Épreuve 2

Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 19]

Un centre médical fait passer un test de dépistage pour une certaine maladie à des patients. 
Cette maladie affecte 5 % de la population.

On fait passer le test à chaque patient qui se présente au centre un jour donné.

(a) Indiquez la technique d’échantillonnage utilisée. [1]

Il est prévu que si un patient est atteint de la maladie, son test sera « positif » et que si un 
patient n’est pas atteint de la maladie, son test sera « négatif ».

Cependant, les tests ne sont pas parfaits et seulement 99 % des personnes atteintes de  
la maladie ont un test positif. De plus, 2 % des personnes qui n’ont pas la maladie ont un 
test positif.

Le diagramme en arbre suivant montre certaines de ces informations.

99 %

5 %

a

b

c

d

maladie

pas de maladie

test positif

test positif

test négatif

test négatif

(b) Écrivez la valeur de 

(i) a .

(ii) b .

(iii) c .

(iv) d . [4]

(Suite de la question à la page suivante)



– 3 –

M21/5/MATHY/SP2/FRE/TZ0/XX

2221 – 7220

Tournez la page

(Suite de la question 1)

(c) Utilisez le diagramme en arbre pour trouver la probabilité qu’un patient choisi au hasard 

(i) n’ait pas la maladie et que son test soit positif.

(ii) ait un test négatif.

(iii) ait la maladie sachant qu’il a eu un test négatif. [8]

(d) Le centre médical constate que le nombre réel de résultats positifs dans son échantillon 
est différent de celui prédit par le diagramme en arbre. Expliquez pourquoi cela pourrait 
être le cas. [1]

Le personnel du centre médical a examiné les soins reçus par tous les patients s’étant 
présentés au centre un jour choisi au hasard. Tous les patients ont bénéficié d’au moins un 
de ces services : ils ont subi des examens médicaux (M), ils ont été vus par une infirmière 
(N) ou ils ont été vus par un médecin (D). On a trouvé que :
 y 78 patients ont subi des examens médicaux ;
 y 45 patients ont été vus par une infirmière ;
 y 30 patients ont été vus par un médecin ;
 y 9 patients ont subi des examens médicaux et ont été vus par un médecin et par une 

infirmière ;
 y 18 patients ont subi des examens médicaux et ont été vus par un médecin, mais n’ont pas 

été vus par une infirmière ;
 y 11 patients ont été vus par une infirmière et ont subi des examens médicaux, mais n’ont 

pas été vus par un médecin ;
 y 2 patients ont été vus par un médecin sans avoir été vus par une infirmière et sans avoir 

subi des examens médicaux.

(e) Dessinez un diagramme de Venn pour illustrer ces informations, en plaçant toutes les 
informations pertinentes sur le diagramme. [3]

(f) Trouvez le nombre total de patients s’étant présentés au centre au cours de cette journée. [2]



– 4 –

M21/5/MATHY/SP2/FRE/TZ0/XX

2221 – 7220

2. [Note maximale : 15]

Un agriculteur possède un champ ayant la forme d’un triangle ABC tel que   AB = 650 m  ,   
AC = 1005 m   et   BC = 1225 m  .

la figure n’est pas à l’échelle

1005

A

C B1225

650

(a) Trouvez la mesure de AĈB. [3]

La municipalité envisage de construire une autoroute qui coupera les frontières du champ 
aux points D et E, où  DC = 210 m  et   CÊD = 100   , tel que montré dans le diagramme ci-dessous.

la figure n’est pas à l’échelle

D

E

650

F

210

100

A

C B

autoroute

(b) Trouvez DE. [3]

La municipalité souhaite également construire un parc de stationnement. On demande 
à l’agriculteur d’échanger la partie du champ représentée par le triangle DCE. En retour, 
l’agriculteur obtiendra un triangle ADF de surface égale, où F se trouve sur la même droite 
que D et E, comme indiqué dans le diagramme ci-dessus.

(c) Trouvez l’aire du triangle DCE. [5]

(d) Estimez DF. Vous pouvez supposer que la largeur de l’autoroute est nulle. [4]



– 5 –

M21/5/MATHY/SP2/FRE/TZ0/XX

2221 – 7220

Tournez la page

3. [Note maximale : 16]

Une nouvelle salle de concert a été construite avec 14 sièges dans la première rangée. 
Chaque rangée subséquente (ou suivante) de la salle a deux sièges de plus que la rangée 
précédente. La salle a un total de 20 rangées.

(a) Trouvez :

(i) le nombre de sièges dans la dernière rangée.

(ii) le nombre total de sièges dans la salle de concert. [5]

La salle de concert a ouvert ses portes en 2019. Le nombre moyen de visiteurs par concert 
au cours de cette année a été de 584. En 2020, le nombre moyen de visiteurs par concert a 
augmenté de 1,2 %.

(b) Trouvez le nombre moyen de visiteurs par concert en 2020. [2]

Les organisateurs de concerts utilisent ces données pour modéliser le nombre de futurs 
visiteurs. On suppose que le nombre moyen de visiteurs par concert continuera d’augmenter 
chaque année de 1,2 %.

(c) Déterminez la première année au cours de laquelle ce modèle prédit que le nombre 
moyen de visiteurs par concert dépassera la capacité totale en sièges de la salle de 
concert. [5]

On suppose que la salle de concert accueillera 50 concerts chaque année.

(d) Utilisez le nombre moyen de visiteurs par concert par année pour prédire le nombre 
total espéré de personnes qui visiteront la salle de concert entre son ouverture et la 
fin de 2025. [4]
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4. [Note maximale : 14]

On sait que les poids des chats persans mâles sont normalement distribués avec une 
moyenne de 6,1 kg et une variance de   0,5   2   kg   2  .

(a) Esquissez un diagramme montrant les informations ci-dessus. [2]

(b) Trouvez la proportion de chats persans mâles qui pèsent entre 5,5 kg et 6,5 kg. [2]

Un groupe de 80 chats persans mâles est sélectionné dans cette population.

(c) Déterminez le nombre espéré de chats dans ce groupe ayant un poids inférieur à 5,3 kg. [3]

(d) On a trouvé que 12 de ces chats pèsent plus de  x kg. Estimez la valeur de  x . [3]

(e) Dix de ces chats sont choisis au hasard. Trouvez la probabilité qu’exactement un 
d’entre eux pèse plus de 6,25 kg. [4]
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5. [Note maximale : 16]

On fabrique une boîte de chocolats creuse ayant la forme d’un prisme droit avec une base 
hexagonale régulière. La hauteur du prisme est de  h cm, et le dessus et la base du prisme 
ont des côtés de longueur  x cm.

la figure n’est pas à l’échelle
x

h

x

(a) Sachant que   sin 60   =    √ 
_

 3   ___ 2    , montrez que l’aire de la base de la boîte est égale à     3 √ 
_

 3   x   2  _____ 2    . [2]

(b) Sachant que l’aire totale de la surface externe de la boîte est de 1200 cm2, montrez que 

le volume de la boîte peut être exprimé comme   V = 300 √ 
_

 3   x −   9 __ 4    x   3   . [5]

(c) Esquissez la représentation graphique de    V = 300 √ 
_

 3   x −   9 __ 4    x   3    , pour   0 ≤ x ≤ 16  . [2]

(d) Trouvez une expression pour     dV ___ dx
    . [2]

(e) Trouvez la valeur de  x  qui rend le volume de la boîte maximal. [2]

(f) À partir de là, ou par toute autre méthode, trouvez le volume maximal possible de la boîte. [2]

La boîte contiendra des chocolats de forme sphérique. Le directeur de production suppose qu’il 
peut calculer le nombre exact de chocolats dans chaque boîte en divisant le volume de la boîte 
par le volume d’un seul chocolat, puis en arrondissant à l’entier inférieur le plus proche.

(g) Expliquez pourquoi le directeur de production se trompe. [1]
 

Références :
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Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 19]

Un centro médico está haciendo pruebas a los pacientes para ver si padecen una 
determinada enfermedad. Esta enfermedad afecta al 5 % de la población.

Deciden hacerles la prueba a todos los pacientes que acuden al centro un día concreto.

(a) Indique el método de muestreo que se está utilizando. [1]

Está previsto que si un paciente tiene la enfermedad dé “positivo” en la prueba y que si el 
paciente no tiene la enfermedad dé “negativo” en la prueba.

Sin embargo, las pruebas no son perfectas: solo el 99 % de las personas que tienen la 
enfermedad dan positivo en la prueba. Además, un 2 % de las personas que no tienen la 
enfermedad dan positivo en la prueba.

El siguiente diagrama de árbol muestra algunos de estos datos.

99 %

5 %

a

b

c

d

tienen la enfermedad

no tienen la enfermedad

dan positivo

dan positivo

dan negativo

dan negativo

(b) Escriba el valor de: 

(i) a 

(ii) b 

(iii) c 

(iv) d  [4]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 1: continuación)

(c) Utilice el diagrama de árbol para hallar la probabilidad de que un paciente elegido al azar: 

(i) No tenga la enfermedad y dé positivo en la prueba.

(ii) Dé negativo en la prueba.

(iii) Tenga la enfermedad, sabiendo que ha dado negativo en la prueba. [8]

(d) En el centro médico observan que el número real de resultados positivos en su 
muestra es distinto del que predice el diagrama de árbol. Explique por qué podría 
estar sucediendo esto. [1]

El personal del centro analizó la atención médica que recibió cada uno de los pacientes 
que acudieron al centro un día concreto elegido al azar. Todos los pacientes recibieron al 
menos uno de los siguientes servicios: les hicieron pruebas médicas (M), les atendió un 
enfermero (N) o les atendió un médico (D). Se halló que:
 y A 78 les hicieron pruebas médicas.
 y A 45 les atendió un enfermero.
 y A 30 les atendió un médico.
 y A 9 les hicieron pruebas médicas y les atendieron un médico y un enfermero.
 y A 18 les hicieron pruebas médicas y les atendió un médico, pero no les atendió 

ningún enfermero.
 y A 11 pacientes les atendió un enfermero y les hicieron pruebas médicas, pero no les 

atendió ningún médico.
 y A 2 pacientes les atendió un médico sin que les atendiera un enfermero y sin que les 

hicieran pruebas médicas.

(e) Dibuje con precisión un diagrama de Venn que represente esta información, colocando 
en él todos los datos pertinentes. [3]

(f) Halle el número total de pacientes que acudieron ese día al centro médico. [2]
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Un agricultor posee un terreno con la forma de un triángulo ABC tal que   AB = 650 m  ,   
AC = 1005 m   y   BC = 1225 m  .

la figura no está dibujada a escala

1005

A

C B1225

650

(a) Halle el tamaño de AĈB. [3]

El ayuntamiento del pueblo tiene previsto construir una autopista que cruzará los bordes del 
terreno en los puntos D y E, donde  DC = 210 m  y   CÊD = 100   , tal y como se muestra en la 
siguiente figura.

la figura no está dibujada a escala

D

E

650

F

210

100

A

C B

autopista

(b) Halle DE. [3]

El ayuntamiento quiere construir allí un aparcamiento. Le piden al agricultor que les ceda 
la parte del terreno representada por el triángulo DCE. A cambio, el agricultor recibiría un 
triángulo de igual área ADF, donde F está en la misma recta que D y que E, tal y como se 
muestra en la figura anterior.

(c) Halle el área del triángulo DCE. [5]

(d) Estime DF. Puede suponer que la anchura de la autopista es igual a cero. [4]
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3. [Puntuación máxima: 16]

Se ha construido una nueva sala de conciertos que cuenta con 14 asientos en la primera fila. 
Cada nueva fila tiene dos asientos más que la fila anterior. La sala tiene en total 20 filas.

(a) Halle:

(i) El número de asientos que hay en la última fila.

(ii) El número total de asientos que hay en esta sala de conciertos. [5]

La sala de conciertos abrió sus puertas en 2019. Durante ese año, el número promedio 
de asistentes por concierto fue de 584. En 2020, el número promedio de asistentes por 
concierto aumentó un 1,2 %.

(b) Halle el número promedio de asistentes por concierto que hubo en 2020. [2]

Los organizadores de los conciertos utilizan estos datos para modelizar el futuro número 
de asistentes. Se supone que el número promedio de asistentes por concierto seguirá 
aumentando un 1,2 % cada año.

(c) Determine el primer año en el que, según las predicciones de este modelo, el número 
promedio de asistentes por concierto superará el número total de asientos de la sala 
de conciertos. [5]

Se supone que en esta sala de conciertos se van a celebrar 50 conciertos cada año.

(d) Utilice el número promedio de asistentes por concierto que hay cada año para predecir 
el número total de personas que se espera que acudan a la sala de conciertos desde 
el día en que abrió sus puertas hasta el final de 2025. [4]
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Se sabe que los pesos de los gatos persas macho siguen una distribución normal de media 
6,1 kg y varianza igual a   0,5   2   kg   2  .

(a) Dibuje aproximadamente una figura donde se muestre esta información. [2]

(b) Halle la proporción de gatos persas macho que pesan entre 5,5 kg y 6,5 kg. [2]

De esta población se toma un grupo de 80 gatos persas macho.

(c) Determine el número esperado de gatos de este grupo cuyo peso será menor de 5,3 kg. [3]

(d) Se halla que 12 de los gatos pesan más de  x kg. Estime el valor de  x . [3]

(e) Se escogen al azar diez de estos gatos. Halle la probabilidad de que exactamente uno 
de ellos pese más de 6,25 kg. [4]
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Una caja de bombones hueca se fabrica con la forma de un prisma recto de base hexagonal 
regular. La altura del prisma es  h cm, y la parte superior y la base del prisma tienen lados 
de  x cm de longitud.

la figura no está dibujada a escala
x

h

x

(a) Sabiendo que   sen 60   =    √ 
_

 3   ___ 2    , muestre que el área de la base de la caja es igual a     3 √ 
_

 3   x   2  _____ 2    . [2]

(b) Sabiendo que el área total de la superficie externa de la caja es igual a 1200 cm2, 

muestre que el volumen de la caja se puede expresar así:   V = 300 √ 
_

 3   x −   9 __ 4    x   3   . [5]

(c) Dibuje aproximadamente el gráfico de    V = 300 √ 
_

 3   x −   9 __ 4    x   3     para   0 ≤ x ≤ 16  . [2]

(d) Halle una expresión para     dV ___ dx
    . [2]

(e) Halle el valor de  x  que maximiza el volumen de la caja. [2]

(f) A partir de lo anterior o de cualquier otro modo, halle el máximo volumen posible 
de la caja. [2]

La caja va a contener bombones esféricos. El responsable de producción supone que puede 
calcular el número exacto de bombones que hay en cada caja dividiendo el volumen de la 
caja entre el volumen de un bombón y redondeando el resultado a la baja, al entero inferior 
más próximo.

(g) Explique por qué no tiene razón el responsable de producción. [1]
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 4]

Given that 
d

cos
d 4

y
x

x

π = - 
 

 and  y = 2  when 
3

4
x

π
= , find  y  in terms of  x .
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2. [Maximum mark: 9]

The function  f  is defined by f x
x

x
( ) = +

−
2 4

3
, where  x ∈  ,  x ≠ 3 .

(a) Write down the equation of

(i) the vertical asymptote of the graph of  f ;

(ii) the horizontal asymptote of the graph of  f . [2]

(b) Find the coordinates where the graph of  f  crosses

(i) the  x-axis;

(ii) the  y-axis. [2]
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(This question continues on the following page)
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(Question 2 continued)

(c) Sketch the graph of  f  on the axes below. [1]
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y

x

The function  g  is defined by g x
ax

x
( ) = +

−
4

3
, where  x ∈  ,  x ≠ 3  and  a ∈  .

(d) Given that  g (x) = g-1 (x) , determine the value of  a . [4]
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3. [Maximum mark: 5]

Solve the equation log
log

log3
2

3
31

2 3
4x x= + ( ) , where  x > 0 .
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4. [Maximum mark: 5]

Box 1 contains 5 red balls and 2 white balls. 
Box 2 contains 4 red balls and 3 white balls.

(a) A box is chosen at random and a ball is drawn. Find the probability that the ball is red.  [3]

Let  A  be the event that “box 1 is chosen” and let  R  be the event that “a red ball is drawn”.

(b) Determine whether events  A  and  R  are independent. [2]
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5. [Maximum mark: 7]

The function  f  is defined for all  x ∈  . The line with equation  y = 6x - 1  is the tangent to 
the graph of  f  at  x = 4 .

(a) Write down the value of  f ′(4) . [1]

(b) Find  f (4) . [1]

The function  g  is defined for all  x ∈   where  g (x) = x2 - 3x  and  h (x) = f (g (x)) .

(c) Find  h (4). [2]

(d) Hence find the equation of the tangent to the graph of  h  at  x = 4 . [3]
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6. [Maximum mark: 7]

(a) Show that 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
,  x ∈  ,  x ≠ 1 .  [2]

(b) Hence or otherwise, solve the equation 2 2 3
6

2 1
0sin

sin
θ

θ
− −

−
=  for  0 ≤ θ ≤ π , θ ≠ π

4
. [5]
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7. [Maximum mark: 7]

The equation  3px2 + 2px + 1 = p  has two real, distinct roots.

(a) Find the possible values for  p . [5]

(b) Consider the case when  p = 4 . The roots of the equation can be expressed in 

the form 
13

6

a
x

±
= , where  a ∈  . Find the value of  a . [2]
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8. [Maximum mark: 7]

Solve the differential equation 
2

d ln 2 2
,  0

d

y x y
x

x x x
= - > , given that  y = 4  at 

1

2
x = .

Give your answer in the form  y = f (x) .
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9. [Maximum mark: 7]

Consider the expression 
1

1
1

x
ax

- -
+

 where  a ∈  ,  a ≠ 0 .

The binomial expansion of this expression, in ascending powers of  x , as far as the term in  x2  
is  4bx + bx2 , where  b ∈  .

(a) Find the value of  a  and the value of  b . [6]

(b) State the restriction which must be placed on  x  for this expansion to be valid. [1]
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a) (i)  Find the value of  t  when  P  reaches its maximum velocity.

(ii) Show that the distance of  P  from  O  at this time is 
88

27
 metres. [7]

(b) Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes. [4]

(c) Find the total distance travelled by  P . [5]

11. [Maximum mark: 14]

(a) Prove by mathematical induction that 
d

d
e e

n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   for  n ∈ + . [7] 

(b) Hence or otherwise, determine the Maclaurin series of  f (x) = x2ex  in ascending powers 
of  x , up to and including the term in  x4 . [3]

(c) Hence or otherwise, determine the value of 
x

xx x

x→

−( )











0

2 2 3

9lim
e

. [4]
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Do not write solutions on this page.

12. [Maximum mark: 22]

Consider the equation  (z - 1)3 = i ,  z ∈  . The roots of this equation are  w1 ,  w2  and  w3 ,
where  Im(w2) > 0  and  Im(w3) < 0 .

(a) (i)  Verify that ω1
61= + e

i
π

 is a root of this equation.

(ii) Find  w2  and  w3 , expressing these in the form  a + eiθ , where  a ∈   and  θ > 0 . [6]

The roots  w1 ,  w2  and  w3  are represented by the points A, B and C respectively on an 
Argand diagram.

(b) Plot the points A, B and C on an Argand diagram. [4]

(c) Find AC. [3]

Consider the equation  (z - 1)3 = iz3 ,  z ∈  .

(d) By using de Moivre’s theorem, show that α =
−

1

1 6e
i
π  is a root of this equation. [3]

(e) Determine the value of  Re(a) . [6]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 

subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 4  4e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any 
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. METHOD 1

recognition that 
π

cos  d
4

y x x 
= − 

 
 (M1) 

( )
π

sin
4

y x c 
= − + 

 
(A1) 

substitute both and x y  values into their integrated expression including c (M1) 

π
2 sin

2
c= +

1c =

π
sin 1

4
y x 
= − + 

 
 A1 

[4 marks] 

METHOD 2 

3π2
4

π
d cos d

4

y x

y x x 
= − 

 
  (M1)(A1) 

π π
2 sin sin

4 2
y x 
− = − − 

 
A1 

π
sin 1

4
y x 
= − + 

 
A1 

[4 marks] 



– 9 – N21/5/MATHX/HP1/ENG/TZ0/XX/M 

2. (a) (i) 3x = A1 

(ii) 2y = − A1 

[2 marks] 

(b) (i) ( )2,0−  (accept 2x = − ) A1 

(ii) 
4

0,
3

 
 
 

(accept 
4

3
y = and ( )

4
0

3
f = ) A1 

[2 marks] 

continued… 
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Question 2 continued. 

(c) 

A1 

Note:  Award A1 for completely correct shape: two branches in correct 

quadrants with asymptotic behaviour. 

[1 mark] 

continue… 
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Question 2 continued. 

(d) METHOD 1

( )( )
4

3

ax
g x y

x

+
= =

−

attempt to find x  in terms of y   (M1) 

OR exchange x  and y and attempt to find y  in terms of x

3 4y xy ax− = +  A1 

3 4ax xy y+ = −  

( ) 3 4x a y y+ = −

3 4y
x

y a

−
=

+

( )1 3 4x
g x

x a
− −

=
+

A1 

Note:  Condone use of y =  

( ) ( )1g x g x−

4 3 4

3

ax x

x x a

+ −


− +

3a =− A1 

[4 marks] 

continue… 
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Question 2 continued. 

METHOD 2 

( )
4

3

ax
g x

x

+
=

−

attempt to find an expression for ( )( )g g x and equate to x (M1) 

( )

4
4

3
4

3
3

ax
a

xgg x x
ax

x

+ 
+ 

− = =
+ 

−  
− 

A1 

( ) ( )

( ) ( )

4 4 3

9 3 4

a ax x
x

x ax

+ + −
=

− − +

( ) ( )

( )

4 4 3

5 3

a ax x
x

a x

+ + −
=

− +

( ) ( ) ( )( )4 4 3 5 3a ax x x a x+ + − = − + A1 

equating coefficients of 2x (or similar) 

3a = − A1 

[4 marks] 

Total [9 marks] 
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3. attempt to use change the base (M1) 

( )33
3 3

log 2
log log 4

2
x x= +

attempt to use the power rule (M1) 

( )3
3 3 3log log 2 log 4x x= +

attempt to use product or quotient rule for logs, ln ln lna b ab+ = (M1) 

( )3
3 3log log 4 2x x=

Note: The M marks are for attempting to use the relevant log rule and may be 

applied in any order and at any time during the attempt seen. 

34 2x x=

632x x=

5 1

32
x = (A1) 

1

2
x = A1 

[5 marks] 
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4. (a) valid approach to find ( )P R (M1) 

tree diagram (must include probabilty of picking box) with correct required probabilities 

OR ( ) ( )1 2P PR B R B +   OR  ( ) ( ) ( ) ( )1 1 2 2P | P P | PR B B R B B+

5 1 4 1

7 2 7 2
 +  (A1)

( )
9

P
14

R = A1 

[3 marks] 

(b) events A and R are not independent, since
9 1 5

14 2 14
  OR 

5 9

7 14
   OR 

5 1

9 2


OR  an explanation e.g. different number of red balls in each box A2 

Note: Both conclusion and reasoning are required. Do not split the A2. 

 [2 marks] 

Total [5 marks] 
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5. (a) (4) 6f  = A1 

[1 mark] 

(b) (4) 6 4 1 23f =  − = A1 

[1 mark] 

(c) ( )(4) (4)h f g= (M1) 

2(4) (4 3 4) (4)h f f= −  =

(4) 23h = A1 

[2 marks] 

(d) attempt to use chain rule to find h (M1) 

( )( ) ( )f g x g x  OR  ( ) ( )2 23 3x x f x x −  −

( ) ( )2(4) 2 4 3 4 3 4h f =  − −  A1 

30=

( )23 30 4y x− = − OR 30 97y x= − A1 

[3 marks] 

Total [7 marks] 
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6. (a) METHOD 1 

attempt to write all LHS terms over a common denominator of 1x − (M1) 

( ) ( )2 1 3 1 66
2 3

1 1

x x x
x

x x

− − − −
− − =

− −
OR ( )( )2 3 1 6

1 1

x x

x x

− −
−

− −

22 2 3 3 6

1

x x x

x

− − + −
=

−
 OR 

22 5 3 6

1 1

x x

x x

− +
−

− −
A1 

22 5 3

1

x x

x

− −
=

−
AG 

[2 marks] 

METHOD 2 

attempt to use algebraic division on RHS (M1) 

correctly obtains quotient of 2 3x−   and remainder 6− A1 

6
2 3

1
x

x
= − −

−
 as required. AG 

[2 marks] 

continue… 
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Question 6 continued. 

(b) consider the equation
22sin 2 5sin 2 3

0
sin 2 1

 



− −
=

−
(M1) 

22sin 2 5sin 2 3 0  − − =  

EITHER 

attempt to factorise in the form ( )( )2sin 2 sin 2a b + +  (M1) 

Note: Accept any variable in place of sin2 . 

( )( )2sin 2 1 sin 2 3 0 + − =

OR 

attempt to substitute into quadratic formula (M1) 

5 49
sin 2

4



=

THEN 

1
sin 2

2
 = − or sin2 3 =  (A1) 

Note: Award A1 for 
1

sin 2
2

 = − only. 

one of 
7π

6
  OR 

11π

6
  (accept 210 or 330) (A1) 

7π 11π
,

12 12
 =  (must be in radians) A1 

Note: Award A0 if additional answers given. 

[5 marks] 

Total [7 marks] 
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7. (a) attempt to use discriminant ( )2 4 0b ac−   M1 

( ) ( )( )( )
2

2 4 3 1 0p p p− − 

( )216 12 0p p−  (A1) 

( )( )4 3 0p p − 

attempt to find critical values 
3

0,  
4

p p 
= = 

 
M1 

recognition that discriminant 0  (M1) 

0p  or 
3

4
p  A1 

Note:  Condone ‘or’ replaced with ‘and’, a comma, or no separator 

[5 marks] 

(b) 24 12 8 3 0p x x=  + − =

valid attempt to use
2 4

2

b b ac
x

a

−  −
= (or equivalent) M1 

8 208

24
x

− 
=

2 13

6
x

− 
=

2a = − A1 

[2 marks] 

Total [7 marks] 
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8. 
2

d 2 ln 2

d

y y x

x x x
+ = (M1) 

attempt to find integrating factor (M1) 

2
d 2ln 2e e
x xx x

 
= = 

 
(A1) 

2 d
2 ln 2

d

y
x xy x

x
+ =

( )2d
ln 2

d
x y x

x
=

2 ln 2  dx y x x= 

attempt to use integration by parts (M1) 

( )2 ln 2x y x x x c= − + A1 

2

ln 2 1x c
y

x x x
= − +

substituting 
1

, 4
2

x y= = into an integrated equation involving c M1 

4 0 2 4c= − +

3

2
c =

2

ln 2 1 3

2

x
y

x x x
= − + A1 

[7 marks] 
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9. (a) attempt to expand binomial with negative fractional power (M1) 

( )
1

2
1

1
1

ax
ax

−
= +

+

2 23
1

2 8

ax a x
= − + + A1 

( )
21

21 1 1 ...
2 8

x x
x x− = − = − − + A1 

( ) 2
211 3 1

1 ...
2 81

a a
x x x

ax

−  +
− − = + + 

+  

attempt to equate coefficients of x  or 2x (M1) 

x : 
1

4
2

a
b

−
= ; 2x : 

23 1

8

a
b

+
=

attempt to solve simultaneously (M1) 

1 1
,

3 6
a b= − = A1 

[6 marks] 
(b) 1x  A1 

[1 mark] 
Total [7 marks] 
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Section B 

10. (a) (i) valid approach to find turning point ( 0v = , 
2

b

a
− , average of roots) (M1) 

4 6 0t− = OR 
( )
4

2 3
−

−
OR

2
2

3
2

− +

2

3
t =  (s) A1 

(ii) attempt to integrate v (M1) 

( ) ( )2 2 3 d 4 4 3  d 4 2v t t t t t t t c= + − = + − +  A1A1 

Note: Award A1 for 24 2t t+ , A1 for 3t− .  

attempt to substitute their t into their solution for the integral (M1) 

distance 
2 3

2 2 2
4 2

3 3 3
     

= + −     
     

8 8 8

3 9 27
= + −  (or equivalent) A1 

88

27
=  (m) AG 

[7 marks] 

continue… 
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Question 10 continued. 

(b) 

valid approach to solve 24 4 3 0t t+ − = (may be seen in part (a)) (M1) 

( )( )2 2 3t t− + OR 
4 16 48

6

−  +

−

correct x- intercept on the graph at 2t =  A1 

Note: The following two A marks may only be awarded if the shape is a 

concave down parabola. These two marks are independent of each 

other and the (M1).  

correct domain from 0 to 3 starting at ( )0,4 A1 

Note: The 3 must be clearly indicated. 

vertex in approximately correct place for 
2

3
t =  and 4v   A1 

[4 marks] 

continue… 
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Question 10 continued. 

(c) recognising to integrate between 0 and 2, or 2 and 3 OR
3

2

0

4 4 3  dt t t+ − (M1) 

( )
2

2

0

4 4 3  dt t t+ −

8= A1 

( )
3

2

2

4 4 3  dt t t+ −

5= − A1 

valid approach to sum the two areas (seen anywhere) (M1) 

2 3

0 2

 d  dv t v t−  OR 
2 3

0 2

 d  dv t v t+ 

total distance travelled 13=  (m) A1 

 [5 marks] 

Total [16 marks] 
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11. (a) For 1n =  

LHS: ( ) ( )( )2 2 2d
e e 2 e e 2

d
x x x xx x x x x

x
= + = + A1 

RHS: ( ) ( )( ) ( )( )2 22 1 1 1 1 e e 2x xx x x x+ + − = + A1 

so true for 1n =

now assume true for n k=  ; i.e. ( ) ( )2 2d
e 2 1 e

d

k
x x

k
x x kx k k

x
 = + + −   M1 

Note: Do not award M1 for statements such as ‘’let n k= ’’. Subsequent 

marks can still be awarded. 

attempt to differentiate the RHS M1 

( ) ( )( )
1

2 2
1

d d
e 2 1 e

d d

k
x x

k
x x kx k k

x x

+

+
 = + + −   

( ) ( )( )22 2 e 2 1 ex xx k x kx k k= + + + + − A1 

( ) ( )2 2 1 1 exx k x k k = + + + +  A1 

so true for n k=  implies true for 1n k= +

therefore 1n = true and n k= true  1n k= + true 

therefore, true for all n + R1 

Note: Award R1 only if three of the previous four marks have been 

awarded 

[7 marks] 

continue… 
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Question 11 continued. 

(b) METHOD 1

attempt to use ( ) ( )2 2d
e 2 1 e

d

n
x x

n
x x nx n n

x
 = + + −   (M1) 

Note: For 0x = , ( ) ( )2

| 0

d
e 1

d

n
x

n x
x n n

x =
= − may be seen. 

( ) ( ) ( ) ( ) ( ) ( )40 0,  0 0,  0 2,  0 6,  0 12f f f f f  = = = = =

use of ( ) ( ) ( ) ( ) ( ) ( ) ( )
2 3 4

40 0 0 0 0
2! 3! 4!

x x x
f x f xf f f f  = + + + + + (M1) 

( ) 2 3 41

2
f x x x x  + + A1 

[3 marks] 

METHOD 2 

 ‘ 2x  Maclaurin series of ex
’ (M1) 

2
2 1

2!

x
x x
 
+ + + 

 
(A1) 

( ) 2 3 41

2
f x x x x  + + A1 

[3 marks] 

continue… 
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Question 11 continued. 

(c) METHOD 1

attempt to substitute 2 2 3 41
e

2
xx x x x + + into 

( )
32 2

9

exx x

x

−
M1 

( ) ( )
3

2 3 4 232 2

9 9

1
e 2

x x x x xx x

x x

 
+ + + − −   (A1) 

EITHER 

3
3 4

9

1
2

x x

x

 
+ + 

 = A1 

( )9

9

higher order termsx

x

+
=

OR 

( )
3

3 4

3

1
...

2
x x

x

 
+ + 

 
 
 

A1 

( )
3

1
1 ...

2
x 

+ + 
 

THEN 

1 (= + higher order terms) 

So 
( )

32 2

9
0

e
1lim

x

x

x x

x→

 −
  =
 
 

A1 

[4 marks] 

continue… 
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Question 11 continued. 

METHOD 2 

( )
3 32 2 2 2

9 30 0

e e
lim lim

x x

x x

x x x x

x x→ →

 −  −  =  
   
 

M1 

3

0

e 1
lim

x

x x→

 −
=  

 
(A1)

attempt to use L'Hôpital's rule M1 

3

0

e 0
lim

1

x

x→

 −
=  

 

3

0
limex

x→

 =
 

1= A1 

[4 marks] 

Total [14 marks] 
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12. (a) (i) 

3
π

i
61 e 1

 
+ − 

 

3
π

i
6e

 
=  
 

A1 

π
i
2e= A1 

π π
cos isin

2 2
= +

i= AG 

Note: Candidates who solve the equation correctly can be awarded the 

above two marks. The working for part (i) may be seen in part (ii). 

(ii) ( )
π

i 2π3 21 e
k

z
 

+ 
 − = (M1) 

π 4π
i

6 61 e
k

z
 

+ 
 − = (M1) 

( )
5π

i
6

21 1 ek =  = + A1 

( )
9π

i
6

32 1 ek =  = + A1 

[6 marks] 

continue… 
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Question 12 continued. 

(b) EITHER

attempt to express 
π

i
6e , 

5π
i

6e  , 
9π

i
6e  in Cartesian form and translate 1 unit in the 

positive direction of the real axis  (M1) 

OR 

attempt to express  1 2,w w  and 3w in Cartesian form (M1) 

THEN 

Note: To award A marks, it is not necessary to see A,B or C, the iw , or 

the solid lines 

A1A1A1 

[4 marks] 

continue… 
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Question 12 continued. 

(c) valid attempt to find 1 3 − (or 3 1 − ) M1 

( )1 3

3 1 3 3
1 i 1 i i

2 2 2 2
 

 
− = + + − − = + 

 
 OR  

π π π
cos isin isin

6 6 2
+ +

valid attempt to find 
3 3

i
2 2
+ M1 

3 9

4 4
= +

AC 3= A1 

[3 marks] 

continue… 
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Question 12 continued. 

(d) METHOD 1

( )
3

3 3 1
1 i i

z
z z

z

− 
− =  = 

 
 M1 

3 π
i
21

e
z

z

− 
= 

 
A1 

π
i
61

e




−
= A1 

Note: This step to change from z  to   may occur at any point in MS. 

π
i
61 e − =

π
i
6e 1 − =

π
i
61 e 1

 
− = 

 

π
i
6

1

1 e

 =

−

AG 

continue… 
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Question 12 continued. 

METHOD 2 

( )
3

3 3 1
1 i i

z
z z

z

− 
− =  = 

 
 M1 

3 π
i
21

1 e
z

 
− = 

 
A1 

π
i
61

1 e
z

− = A1 

Note: This step to change from z  to   may occur at any point in MS. 

π
i
6 1

1 e


− =

π
i
6

1

1 e

 =

−

AG 

continue… 
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Question 12 continued. 

METHOD 3 

LHS=

3

π

6

3

i

1
( 1) 1

1 e

z
 
 − = −
 
− 

6

3
π

i
6

π
i

e

1 e

 
 =
 
 − 

3
π

i
6

i i

5 3 3 3 3 5
i1 e

2 2 2 2

 
 
 

= =
   
 − + −−     

   

M1A1 

Note: Award M1 for applying de Moivre’s theorem (may be seen in 

modulus- argument form.) 

RHS= 

3

π

6

3

i

1
i i

1 e

z
 
 =
 
− 

3
π

i
6

i

1 e

=
 
− 

 

A1 

3 3( 1) iz z− = AG 

continue… 
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Question 12 continued. 

METHOD 4 

3 3( 1) iz z− =

3 2 33 3 1 iz z z z− + − =

3 2 0( ) 1i 3 31 z zz− − + − = (M1) 

3

π π π
i i i

6

2

6 6

3 3 1
1 1 1

(1 i)

1 e 1 e 1 e

     
     −
     
− 

−

− −    

+ −

2 3
π π π

i i i
6 6 6(1 i) 1 e 1 e 1 e3 3= − −  − −

     
− + −    

     
(A1) 

π π π π π π
i i i i i i
6 6 3 6 3 2(1 i) 1 e 1 2e e3 3 e 1 3e 3 e

     
− + −     =

 
− − − + − +

   
− A1 

0= AG 

Note: If the candidate does not interpret their conclusion, award 

(M1)(A1)A0 as appropriate. 

[3 marks] 

continue… 
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Question 12 continued. 

(e) METHOD 1

π
i
6

1 1
π π

1 cos isin1 e
6 6

=
 

− +−  
 

M1 

2

2 3 i
=

− −
A1 

attempt to use conjugate to rationalise M1 

( )
2

4 2 3 2i

2 3 1

− +
=

− +
A1 

4 2 3 2i

8 4 3

− +
=

−
A1 

1 1
i

2 4 2 3
= +

−

( )
1

Re
2

 = A1 

Note: Their final imaginary part does not have to be correct in order for the 

final three A marks to be awarded 

[6 marks] 

continue… 
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Question 12 continued. 

METHOD 2 

π
i
6

1 1
π π

1 cos +isin1 e
6 6

=
 

−−  
 

M1 

attempt to use conjugate to rationalise M1 

π π
1 cos isin

1 6 6
π π π π

1 cos isin 1 cos isin
6 6 6 6

 
− + 

 = 
   
− − − +   

   

 A1 

2
2

π π
1 cos isin

6 6

π π
1 cos sin

6 6

 
− + 

 =
 
− + 

 

A1 

2 2

π π
1 cos isin

6 6
π π π

1 2cos cos sin
6 6 6

 
− + 

 =

− + +

π π
1 cos isin

6 6
π

2 2cos
6

 
− + 

 =

−

A1 

π
isin1 6

π2 2 2cos
6

= +

−

( )
1

Re
2

 = A1 

Note: Their final imaginary part does not have to be correct in order for the 

final three A marks to be awarded 

[6 marks] 

continue… 
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Question 12 continued. 

METHOD 3 

attempt to multiply through by 

π
i
12

π
i
12

e

e

−

−
− M1 

π
i
12

π π π
i i i
6 12 12

1 e

e e1 e

−

−
= −

−−

A1 

attempting to re-write in r-cis form M1 

π π
cos isin

12 12
π π π π

cos isin cos isin
12 12 12 12

   
− + −   
   = −

    
+ − − + −    

    

A1 

π π
cos isin

12 12
π

2isin
12

−
= − A1 

1 1 π 1 1 π
cot icot

2 2i 12 2 2 12
 

= − = + 
 

( )
1

Re
2

 = A1 

[6 marks] 

continue… 
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Question 12 continued. 

METHOD 4 

attempt to multiply through by 

π
i
6

π
i
6

1 e

1 e

−

−

−

−

M1 

π
i
6

π π π
i i i
6 6 6

1 1 e

1 e 1 e e 1

−

−

−
=

− − − +

A1 

attempting to re-write in r-cis form M1 

π π
1 cos isin

6 6
π

2 2cos
6

− −
=

−

A1 

attempt to re-write in Cartesian form M1 

3 1 2 3 1
1 i

2 2 2 2i
2 3 2 3 2 3

 −
− −  

= = + 
− − − 

 
 

2
Re(

1
) = A1 

Note: Their final imaginary part does not have to be correct in order for the 

final A mark to be awarded 

[6 marks] 

Total [22 marks] 
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Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 4]

Étant donné que 
d

cos
d 4

y
x

x

π = - 
 

 et  y = 2  lorsque 
3

4
x

π
= , trouvez  y  en fonction de  x .
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2. [Note maximale : 9]

La fonction  f  est définie par f x
x

x
� � � �

�
2 4

3
, où  x ∈  ,  x ≠ 3 .

(a) Écrivez l’équation de

(i) l’asymptote verticale de la représentation graphique de  f ;

(ii) l’asymptote horizontale de la représentation graphique de  f . [2]

(b) Trouvez les coordonnées des points où la représentation graphique de  f  coupe

(i) l’axe des abscisses ;

(ii) l’axe des ordonnées. [2]
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(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 2)

(c) Esquissez la représentation graphique de  f  sur le système d’axes ci-dessous. [1]

−15

−15

−10

−10

−5

−5

0 5

5

10

10

15

15

y

x

La fonction  g  est définie par g x
ax

x
� � � �

�
4

3
, où  x ∈  ,  x ≠ 3  et  a ∈  .

(d) Étant donné que  g (x) = g-1 (x) , déterminez la valeur de  a . [4]
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3. [Note maximale : 5]

Résolvez l’équation log
log

log3
2

3
31

2 3
4x x� � � � , où  x > 0 .
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4. [Note maximale : 5]

La boîte 1 contient 5 balles rouges et 2 balles blanches.  
La boîte 2 contient 4 balles rouges et 3 balles blanches.

(a) On choisit une boîte au hasard et on tire une balle de cette boîte. Trouvez la probabilité 
que la balle soit rouge.  [3]

Soit  A  l’événement « on choisit la boîte 1 » et soit  R  l’événement « on tire une balle rouge ».

(b) Déterminez si les événements  A  et  R  sont indépendants. [2]
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5. [Note maximale : 7]

La fonction  f  est définie pour tout  x ∈  . La droite d’équation  y = 6x - 1  est la tangente à la 
représentation graphique de  f  en  x = 4 .

(a) Écrivez la valeur de  f ′(4) . [1]

(b) Trouvez  f (4) . [1]

La fonction  g  est définie pour tout  x ∈  , où  g (x) = x2 - 3x  et  h (x) = f (g (x)) .

(c) Trouvez  h (4). [2]

(d) À partir de là, trouvez l’équation de la tangente à la représentation graphique de  h  
en  x = 4 . [3]
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6. [Note maximale : 7]

(a) Montrez que 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
,  x ∈  ,  x ≠ 1 .  [2]

(b) À partir de là ou par toute autre méthode, résolvez l’équation  

2 2 3
6

2 1
0sin

sin
�

�
� �

�
�  pour  0 ≤ θ ≤ π , � � �

4
. [5]
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7. [Note maximale : 7]

L’équation  3px2 + 2px + 1 = p  a deux racines réelles distinctes.

(a) Trouvez les valeurs possibles pour  p . [5]

(b) Considérez le cas lorsque  p = 4 . Les racines de l’équation peuvent être exprimées 

sous la forme 
13

6

a
x

±
= , où  a ∈  . Trouvez la valeur de  a . [2]
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8. [Note maximale : 7]

Résolvez l’équation différentielle 
2

d ln 2 2
,  0

d

y x y
x

x x x
= - > , étant donné que  y = 4  lorsque 

1

2
x = .

Donnez votre réponse sous la forme  y = f (x) .
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9. [Note maximale : 7]

Considérez l’expression 
1

1
1

x
ax

- -
+

, où  a ∈  ,  a ≠ 0 .

Le développement de cette expression à l’aide de la formule du binôme de Newton, en 
puissances croissantes de  x , jusqu’au terme en  x2  est  4bx + bx2 , où  b ∈  .

(a) Trouvez la valeur de  a  et la valeur de  b . [6]

(b) Indiquez la restriction qui doit être imposée à  x  pour que ce développement soit valide. [1]
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Tournez la page

N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

10. [Note maximale : 16]

Une particule  P  se déplace le long de l’axe des abscisses. La vitesse algébrique de  P  
est  v m s-1  au temps  t  secondes, où  v (t) = 4 + 4t - 3t2  pour  0 ≤ t ≤ 3 . Lorsque  t = 0 ,  P  est 
à l’origine  O .

(a) (i)  Trouvez la valeur de  t  lorsque  P  atteint sa vitesse algébrique maximale.

(ii) Montrez que la distance de  P  à  O  à cet instant est de 
88

27
 mètres. [7]

(b) Esquissez une représentation graphique de  v  en fonction de  t , en montrant clairement 
tout point d’intersection avec les axes. [4]

(c) Trouvez la distance totale parcourue par  P . [5]

11. [Note maximale : 14]

(a) Prouvez par récurrence que 
d

d
e e

n

n
x x

x
x x nx n n2 2 2 1� � � � � �� ��� ��  pour  n ∈ + . [7] 

(b) À partir de là ou par toute autre méthode, déterminez la série de Maclaurin 
de  f (x) = x2ex  en puissances croissantes de  x , jusqu’au terme en  x4  et en incluant 
celui-ci. [3]

(c) À partir de là ou par toute autre méthode, déterminez la valeur de 
x

xx x

x�

�� ��

�

�
�

�

�

�
�0

2 2 3

9lim
e

. [4]
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N’écrivez pas vos solutions sur cette page.

12. [Note maximale : 22]

Considérez l’équation  (z - 1)3 = i ,  z ∈  . Les racines de cette équation sont  w1 ,  w2  et  w3 ,
où  Im(w2) > 0  et  Im(w3) < 0 .

(a) (i)  Vérifiez que �1
61� � e

i
�

 est une racine de cette équation.

(ii) Trouvez  w2  et  w3 , en les exprimant sous la forme  a + eiθ , où  a ∈   et  θ > 0 . [6]

Les racines  w1 ,  w2  et  w3  sont représentées respectivement par les points A, B et C  sur un 
diagramme d’Argand.

(b) Placez les points A, B et C sur un diagramme d’Argand. [4]

(c) Trouvez AC. [3]

Considérez l’équation  (z - 1)3 = iz3 ,  z ∈  .

(d) En utilisant le théorème de De Moivre, montrez que � �
�

1

1 6e
i
�  est une racine de 

cette équation. [3]

(e) Déterminez la valeur de  Re(a) . [6]
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2 Stunden  

Mathematik: Analyse und Ansätze
Leistungsstufe
1. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur dürfen Sie keinen Taschenrechner nutzen.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [110 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 4]

Es gelte 
d

cos
d 4

y
x

x

π = - 
 

 und  y = 2  für 
3

4
x

π
= . Finden Sie  y  in Abhängigkeit von  x .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Maximale Punktzahl: 9]

Die Funktion  f  ist definiert durch f x
x

x
( ) = +

−
2 4

3
 für  x ∈  ,  x ≠ 3 .

(a) Notieren Sie die Gleichung

(i) der vertikalen Asymptote an den Graphen von  f .

(ii) der horizontalen Asymptote an den Graphen von  f . [2]

(b) Finden Sie die Koordinaten des Punktes/der Punkte, in denen der Graph von  f 

(i) die  x-Achse schneidet.

(ii) die  y-Achse schneidet. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 2)

(c) Skizzieren Sie den Graphen von  f  im nachstehenden Koordinatensystem. [1]

−15

−15

−10

−10

−5

−5

0 5

5

10

10

15

15

y

x

Die Funktion  g  ist definiert durch g x
ax

x
( ) = +

−
4

3
 für  x ∈  ,  x ≠ 3  und  a ∈  .

(d) Es sei  g (x) = g-1 (x) . Bestimmen Sie den Wert von  a . [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximale Punktzahl: 5]

Lösen Sie die Gleichung log
log

log3
2

3
31

2 3
4x x= + ( )  für  x > 0 .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Maximale Punktzahl: 5]

Urne 1 enthält 5 rote Kugeln und 2 weiße Kugeln.  
Urne 2 enthält 4 rote Kugeln und 3 weiße Kugeln.

(a) Aus einer zufällig ausgewählten Urne wird eine Kugel gezogen. Finden Sie die 
Wahrscheinlichkeit, dass die Kugel rot ist.  [3]

Sei  A  das Ereignis „Urne 1 wird gewählt“ und sei  R  das Ereignis „eine rote Kugel wird gezogen“.

(b) Bestimmen Sie, ob die Ereignisse  A  und  R  unabhängig sind. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Maximale Punktzahl: 7]

Die Funktion  f  ist definiert für alle  x ∈  . Die Gerade mit der Gleichung  y = 6x - 1  ist die 
Tangente an den Graphen von  f  bei  x = 4 .

(a) Notieren Sie den Wert von  f ′(4) . [1]

(b) Finden Sie  f (4) . [1]

Die Funktion  g  ist definiert für alle  x ∈  . Es gilt  g (x) = x2 - 3x  und  h (x) = f (g (x)) .

(c) Finden Sie  h (4). [2]

(d) Finden Sie unter Nutzung der Vorarbeit die Gleichung der Tangenten an den Graphen 
von  h  bei  x = 4 . [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximale Punktzahl: 7]

(a) Zeigen Sie, dass 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
 für  x ∈   und  x ≠ 1 . [2]

(b) Lösen Sie unter Nutzung der Vorarbeit oder mittels einer anderen Methode die 

Gleichung 2 2 3
6

2 1
0sin

sin
θ

θ
− −

−
=  für  0 ≤ θ ≤ π , θ ≠ π

4
. [5]
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7. [Maximale Punktzahl: 7]

Die Gleichung  3px2 + 2px + 1 = p  hat zwei unterschiedliche reelle Lösungen.

(a) Finden Sie die möglichen Werte für  p . [5]

(b) Betrachten Sie den Fall  p = 4 . Die Lösungen der Gleichung können in der 

Form 
13

6

a
x

±
= , mit  a ∈   ausgedrückt werden. Finden Sie den Wert von  a . [2]
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8. [Maximale Punktzahl: 7]

Lösen Sie die Differentialgleichung 
2

d ln 2 2
,  0

d

y x y
x

x x x
= - > , unter der Voraussetzung, 

dass  y = 4  bei 
1

2
x = .

Geben Sie Ihre Antwort in der Form  y = f (x) .
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9. [Maximale Punktzahl: 7]

Betrachten Sie den Ausdruck 
1

1
1

x
ax

- -
+

 mit  a ∈   und  a ≠ 0 .

Die Binomialentwicklung dieses Ausdrucks, in aufsteigenden Potenzen von  x , bis zum 
Term in  x2  ist  4bx + bx2 , mit  b ∈  .

(a) Finden Sie die Werte von  a  und  b . [6]

(b) Geben Sie die Einschränkung an, die für  x  gelten muss, damit diese Entwicklung  
gültig ist. [1]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP12



– 13 –

N21/5/MATHX/HP1/GER/TZ0/XX

8821 – 7126

Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite.

10. [Maximale Punktzahl: 16]

Ein Teilchen  P  bewegt sich entlang der  x-Achse. Die Geschwindigkeit von  P  ist  v  (in m s-1)   
zum Zeitpunkt  t  (in Sekunden). Für  v  gilt:  v (t) = 4 + 4t - 3t2  für  0 ≤ t ≤ 3 . Zum 
Zeitpunkt  t = 0 befindet sich  P  am Ursprung  O .

(a) (i)  Finden Sie den Wert von  t , wenn  P  seine maximale Geschwindigkeit erreicht hat.

(ii) Zeigen Sie, dass der Abstand von  P  vom Ursprung  O  zu diesem Zeitpunkt 
88

27
 Meter beträgt. [7]

(b) Skizzieren Sie einen Graphen von  v  über  t  mit klarer Darstellung aller Schnittpunkte 
mit den Achsen. [4]

(c) Finden Sie die gesamte zurückgelegte Strecke des Teilchens  P . [5]

11. [Maximale Punktzahl: 14]

(a) Beweisen Sie durch vollständige Induktion, dass 
d

d
e e

n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   

für  n ∈ + . [7] 

(b) Bestimmen Sie unter Nutzung der Vorarbeit oder mittels einer anderen Methode 
die Maclaurinsche Reihe von  f (x) = x2ex  in aufsteigenden Potenzen von  x , bis 
einschließlich zum Term in  x4 . [3]

(c) Bestimmen Sie unter Nutzung der Vorarbeit oder mittels einer anderen Methode den 

Wert von 
x

xx x

x→

−( )











0

2 2 3

9lim
e

. [4]
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Schreiben Sie keine Lösungen auf diese Seite.

12. [Maximale Punktzahl: 22]

Betrachten Sie die Gleichung  (z - 1)3 = i ,  z ∈  . Die Lösungen dieser Gleichung
sind  w1 ,  w2  und  w3 , mit  Im(w2) > 0  und  Im(w3) < 0 .

(a) (i)  Validieren Sie, dass ω1
61= + e

i
π

 eine Lösung dieser Gleichung ist.

(ii) Finden Sie  w2  und  w3 und drücken Sie diese in der Form  a + eiθ  aus, mit  a ∈  
und  θ > 0 . [6]

Die Lösungen  w1 ,  w2  und  w3  werden durch die Punkte A, B und C auf einem 
Argand-Diagramm dargestellt.

(b) Zeichnen Sie die Punkte A, B und C in ein Argand-Diagramm ein. [4]

(c) Finden Sie AC. [3]

Betrachten Sie die Gleichung  (z - 1)3 = iz3  mit  z ∈  .

(d) Zeigen Sie unter Verwendung des Satzes von de Moivre, dass α =
−

1

1 6e
i
π  eine Lösung 

dieser Gleichung ist. [3]

(e) Bestimmen Sie den Wert von  Re(a) . [6]

16EP14

Quellen:

© International Baccalaureate Organization 2021



Bitte schreiben Sie nicht auf dieser Seite.

Antworten, die auf dieser Seite geschrieben 
werden, werden nicht bewertet.

16EP15



Bitte schreiben Sie nicht auf dieser Seite.

Antworten, die auf dieser Seite geschrieben 
werden, werden nicht bewertet.

16EP16



© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



Número de convocatoria del alumno

© International Baccalaureate Organization 2021

N21/5/MATHX/HP1/SPA/TZ0/XX

8821 – 7121
14 páginas

Lunes 1 de noviembre de 2021 (tarde)

2 horas  

Matemáticas: Análisis y Enfoques
Nivel Superior
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba no se permite el uso de ninguna calculadora.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].

16EP01



No escriba en esta página.

Las respuestas que se escriban en  
esta página no serán corregidas.

– 2 –

N21/5/MATHX/HP1/SPA/TZ0/XX

8821 – 7121

16EP02



– 3 –

N21/5/MATHX/HP1/SPA/TZ0/XX

8821 – 7121

Véase al dorso

No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 4]

Sabiendo que 
d

cos
d 4

y
x

x

π = - 
 

 e  y = 2  para 
3

4
x

π
= , halle  y  en función de  x .
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2. [Puntuación máxima: 9]

La función  f  viene dada por f x
x

x
( ) = +

−
2 4

3
, donde  x ∈  ,  x ≠ 3 .

(a) Escriba la ecuación de:

(i) La asíntota vertical del gráfico de  f 

(ii) La asíntota horizontal del gráfico de  f  [2]

(b) Halle las coordenadas de los puntos donde el gráfico de  f  corta:

(i) Al eje  x

(ii) Al eje  y [2]
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(Pregunta 2: continuación)

(c) En los siguientes ejes de coordenadas, dibuje aproximadamente el gráfico de  f . [1]

−15

−15

−10

−10

−5

−5

0 5

5

10

10

15

15

y

x

La función  g  viene dada por g x
ax

x
( ) = +

−
4

3
, donde  x ∈  ,  x ≠ 3  y  a ∈  .

(d) Sabiendo que  g (x) = g-1 (x) , determine el valor de  a . [4]
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3. [Puntuación máxima: 5]

Resuelva la ecuación log
log

log3
2

3
31

2 3
4x x= + ( ) , donde  x > 0 .
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4. [Puntuación máxima: 5]

La caja 1 contiene 5 bolas rojas y 2 bolas blancas. 
La caja 2 contiene 4 bolas rojas y 3 bolas blancas.

(a) Se escoge una caja al azar y se extrae una bola. Halle la probabilidad de que la bola 
sea roja.  [3]

Sea  A  el suceso “se escoge la caja 1” y sea  R  el suceso “se extrae una bola roja”.

(b) Determine si los sucesos  A  y  R  son independientes. [2]
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5. [Puntuación máxima: 7]

La función  f  está definida para todo  x ∈  . La recta que tiene por ecuación  y = 6x - 1  es la 
tangente al gráfico de  f  en  x = 4 .

(a) Escriba el valor de  f ′(4) . [1]

(b) Halle  f (4) . [1]

La función  g  está definida para todo  x ∈  , donde  g (x) = x2 - 3x  y  h (x) = f (g (x)) .

(c) Halle  h (4). [2]

(d) A partir de lo anterior, halle la ecuación de la tangente al gráfico de  h  en  x = 4 . [3]
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6. [Puntuación máxima: 7]

(a) Muestre que 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
,  x ∈  ,  x ≠ 1 .  [2]

(b) A partir de lo anterior o de cualquier otro modo, resuelva la ecuación 

2 2 3
6

2 1
0sen

sen
θ

θ
− −

−
=  para  0 ≤ θ ≤ π , θ ≠ π

4
. [5]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP09



– 10 –

N21/5/MATHX/HP1/SPA/TZ0/XX

8821 – 7121

7. [Puntuación máxima: 7]

La ecuación  3px2 + 2px + 1 = p  tiene dos raíces reales y distintas.

(a) Halle los posibles valores de  p . [5]

(b) Considere el caso en el que  p = 4 . Las raíces de la ecuación se pueden expresar en la 

forma 
13

6

a
x

±
= , donde  a ∈  . Halle el valor de  a . [2]
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Véase al dorso

8. [Puntuación máxima: 7]

Resuelva la ecuación diferencial 
2

d ln 2 2
,  0

d

y x y
x

x x x
= - > , sabiendo que  y = 4  para 

1

2
x = .

Dé la respuesta en la forma  y = f (x) .
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9. [Puntuación máxima: 7]

Considere la expresión 
1

1
1

x
ax

- -
+

, donde  a ∈  ,  a ≠ 0 .

El desarrollo de la potencia de un binomio para esta expresión, en potencias ascendentes 
de  x , hasta el término en  x2  es  4bx + bx2 , donde  b ∈  .

(a) Halle el valor de  a  y el valor de  b . [6]

(b) Indique la restricción que hay que imponer a  x  para que este desarrollo sea válido. [1]
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Véase al dorso

No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 16]

Una partícula  P  se mueve a lo largo del eje  x . La velocidad de  P  es igual a  v m s-1  en el 
instante  t  segundos, donde  v (t) = 4 + 4t - 3t2  para  0 ≤ t ≤ 3 . Cuando  t = 0 ,  P  se encuentra 
en el origen  O .

(a) (i)  Halle el valor de  t  para el que  P  alcanza su velocidad máxima.

(ii) Muestre que, en ese instante, la distancia de  P  a  O  es igual a 
88

27
 metros. [7]

(b) Dibuje aproximadamente el gráfico de  v  en función de  t , mostrando claramente todos 
los puntos de intersección con los ejes que haya. [4]

(c) Halle la distancia total que ha recorrido  P . [5]

11. [Puntuación máxima: 14]

(a) Demuestre mediante inducción matemática que 
d

d
e e

n

n
x x

x
x x nx n n2 2 2 1( ) = + + −( )   

para  n ∈ + . [7] 

(b) A partir de lo anterior o de cualquier otro modo, determine la serie de Maclaurin 
para  f (x) = x2ex  en potencias ascendentes de  x , hasta (e incluido) el término en  x4 . [3]

(c) A partir de lo anterior o de cualquier otro modo, determine el valor de 
x

xx x

x→

−( )











0

2 2 3

9lim
e

. [4]
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No escriba soluciones en esta página.

12. [Puntuación máxima: 22]

Considere la ecuación  (z - 1)3 = i ,  z ∈  . Las raíces de esta ecuación son  w1 ,  w2  y  w3 ,
donde  Im(w2) > 0  e  Im(w3) < 0 .

(a) (i)  Verifique que ω1
61= + e

i
π

 es una raíz de esta ecuación.

(ii) Halle  w2  y  w3 , expresándolas en la forma  a + eiθ , donde  a ∈   y  θ > 0 . [6]

Las raíces  w1 ,  w2  y  w3  se pueden representar mediante los puntos A, B y C , 
respectivamente, en un diagrama de Argand.

(b) Sitúe los puntos A, B y C en un diagrama de Argand. [4]

(c) Halle AC. [3]

Considere la ecuación  (z - 1)3 = iz3 ,  z ∈  .

(d) Utilizando el teorema de De Moivre, muestre que α =
−

1

1 6e
i
π  es una raíz de 

esta ecuación. [3]

(e) Determine el valor de  Re(a) . [6]
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Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Section A:  answer all questions. Answers must be written within the answer boxes provided.
 y Section B:  answer all questions in the answer booklet provided. Fill in your session number 
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 y Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures.

 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

 y The maximum mark for this examination paper is [110 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 7]

In Lucy’s music academy, eight students took their piano diploma examination and achieved 
scores out of 150. For her records, Lucy decided to record the average number of hours per 
week each student reported practising in the weeks prior to their examination. These results 
are summarized in the table below.

Average weekly practice 
time (h) 28 13 45 33 17 29 39 36

Diploma score (D) 115 82 120 116 79 101 110 121

(a) Find Pearson’s product-moment correlation coefficient,  r ,  for these data. [2]

(b) The relationship between the variables can be modelled by the regression 
equation  D = ah + b . Write down the value of  a  and the value of  b . [1]

(c) One of these eight students was disappointed with her result and wished she had 
practised more. Based on the given data, determine how her score could have been 
expected to alter had she practised an extra five hours per week. [2]

(d) Lucy asserts that the number of hours a student practises has a direct effect on their 
final diploma result. Comment on the validity of Lucy’s assertion. [1]

Lucy suspected that each student had not been practising as much as they reported. In order 
to compensate for this, Lucy deducted a fixed number of hours per week from each of the 
students’ recorded hours.

(e) State how, if at all, the value of  r  would be affected. [1]

(This question continues on the following page)
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Turn over

(Question 1 continued)
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Turn over

2. [Maximum mark: 5]

Consider a triangle  ABC , where  AC = 12 , CB = 7  and ˆBAC 25º= .

Find the smallest possible perimeter of triangle  ABC .
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3. [Maximum mark: 7]

A factory manufactures lamps. It is known that the probability that a lamp is found to be 
defective is  0.05 . A random sample of  30  lamps is tested.

(a) Find the probability that there is at least one defective lamp in the sample. [3]

(b) Given that there is at least one defective lamp in the sample, find the probability that 
there are at most two defective lamps. [4]
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4. [Maximum mark: 6]

The following diagram shows a semicircle with centre  O  and radius  r . Points  P ,  Q  and  R  

lie on the circumference of the circle, such that  PQ = 2r  and ˆROQ q= θ  , where  0 < θ < π .

P

θ

O Q

R

(a) Given that the areas of the two shaded regions are equal, show that  θ = 2 sin θ . [5]

(b) Hence determine the value of  θ . [1]
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5. [Maximum mark: 9]

The sum of the first  n  terms of a geometric sequence is given by Sn
r

n r

= 







=
∑ 2

3

7

81

.

(a) Find the first term of the sequence,  u1 . [2]

(b) Find  S∞ . [3]

(c) Find the least value of  n  such that  S∞ - Sn < 0.001 . [4]
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6. [Maximum mark: 8]

(a) Prove the identity  (p + q)3 - 3pq (p + q) ≡ p3 + q3 . [2]

The equation  2x2 - 5x + 1 = 0  has two real roots,  a  and  b . 

Consider the equation  x2 + mx + n = 0 , where  m , n ∈   and which has roots 
1

3a
 and 

1
3b

.

(b) Without solving  2x2 - 5x + 1 = 0 , determine the values of  m  and  n . [6]
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7. [Maximum mark: 6]

A continuous random variable  X  has a probability density function given by

f x
x x

( ) =
≤ ≤




arccos 0 1

0 otherwise

The median of this distribution is  m .

(a) Determine the value of  m . [2]

(b) Given that  P ( | X - m | ≤ a) = 0.3 , determine the value of  a . [4]
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8. [Maximum mark: 8] 

Consider the curve  C  given by  y = x - xy ln (xy)  where  x > 0 ,  y > 0 .

(a) Show that 
d

d

d

d

y

x
x

y

x
y xy+ +






 + ( )( ) =1 1ln . [3]

(b) Hence find the equation of the tangent to  C  at the point where  x = 1 . [5]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

9. [Maximum mark: 15]

The height of water, in metres, in Dungeness harbour is modelled by the 
function  H (t) = a sin (b (t - c)) + d , where  t  is the number of hours after midnight, 
and  a , b , c  and  d  are constants, where  a > 0 ,  b > 0  and  c > 0 .

The following graph shows the height of the water for 13 hours, starting at midnight.

0

5

10

H (t)

t

5 10

The first high tide occurs at 04:30 and the next high tide occurs 12 hours later. Throughout 
the day, the height of the water fluctuates between 2.2 m and 6.8 m .

All heights are given correct to one decimal place.

(a) Show that b =
π
6

. [1]

(b) Find the value of  a . [2]

(c) Find the value of  d . [2]

(d) Find the smallest possible value of  c . [3]

(e) Find the height of the water at 12:00. [2]

(f) Determine the number of hours, over a 24-hour period, for which the tide is higher 
than 5 metres. [3]

(This question continues on the following page)
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(Question 9 continued)

A fisherman notes that the water height at nearby Folkestone harbour follows the same 
sinusoidal pattern as that of Dungeness harbour, with the exception that high tides (and low 
tides) occur 50 minutes earlier than at Dungeness. 

(g) Find a suitable equation that may be used to model the tidal height of water at 
Folkestone harbour. [2]

10. [Maximum mark: 18]

Consider the function f x
x x

x
x x( ) = − −

−
∈ ≠

2 12

2 15

15

2
  , ,  .

(a) Find the coordinates where the graph of  f  crosses the 

(i) x-axis;

(ii) y-axis. [3]

(b) Write down the equation of the vertical asymptote of the graph of  f . [1]

(c) The oblique asymptote of the graph of  f  can be written as  y = ax + b  where  a , b ∈  .

Find the value of  a  and the value of  b . [4]

(d) Sketch the graph of  f  for  -30 ≤ x ≤ 30 , clearly indicating the points of intersection with 
each axis and any asymptotes. [3]

(e) (i)  Express 
1

f x( )  in partial fractions.

(ii) Hence find the exact value of 
1

0

3

f x
x

( )∫  d , expressing your answer as a 

single logarithm. [7]
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11. [Maximum mark: 21]

Three points  A (3 , 0 , 0) , B (0 , -2 , 0)  and  C (1 , 1 , -7)  lie on the plane  ∏1 .

(a) (i)  Find the vector AB
→

 and the vector AC
→

.

(ii) Hence find the equation of  ∏1 , expressing your answer in the
form  ax + by + cz = d , where  a , b , c , d ∈  . [7]

Plane  ∏2  has equation  3x - y + 2z = 2 .

(b) The line  L  is the intersection of  ∏1  and  ∏2 . Verify that the vector equation of  L  can be

written as r = −















+

−

















0

2

0

1

1

1

λ . [2]

(c) The plane  ∏3  is given by  2x - 2z = 3 . The line  L  and the plane  ∏3  intersect at the point  P .

(i) Show that at the point  P , λ = 3

4
.

(ii) Hence find the coordinates of  P . [3]

(d) The point  B (0 , -2 , 0)  lies on  L .

(i) Find the reflection of the point  B  in the plane  ∏3 .

(ii) Hence find the vector equation of the line formed when  L  is reflected in the
plane  ∏3 . [9]
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applying-for-a-license/.
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 

subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 4  4e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) use of GDC to give (M1) 

0.883529...r =

0.884r = A1 

Note: Award the (M1) for any correct value of r, a, b or 2 0.780624...r =

seen in part (a) or part (b). 

[2 marks] 

(b) 1.36609...a =  , 64.5171...b =

1.37a = , 64.5b = A1 

[1 mark] 

(c) attempt to find their difference (M1) 

5 1.36609... OR ( ) ( )1.36609... 5 64.5171... 1.36609... 64.5171...h h+ + − +

6.83045...

6.83= (6.85 from 1.37) 

the student could have expected her score to increase by 7 marks. A1 

Note: Accept an increase of 6, 6.83 or 6.85. 

[2 marks] 

(d) Lucy is incorrect in suggesting there is a causal relationship.
This might be true, but the data can only indicate a correlation. R1 

Note: Accept ‘Lucy is incorrect as correlation does not imply causation’ or equivalent. 

[1 mark] 

(e) no effect A1 
[1 mark] 

Total [7 marks] 
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2. EITHER
attempt to use cosine rule (M1) 

2 2 212 AB 2 12 cos 25º AB 7+ −    = OR 2AB 21.7513...AB 95 0− + =  (A1) 

at least one correct value for AB   (A1) 

AB 6.05068...=  OR AB 15.7007...=  

using their smaller value for AB  to find minimum perimeter (M1) 

12 7 6.05068...+ +  

OR 

attempt to use sine rule (M1) 

sin B sin 25º

12 7
= OR sinB 0.724488...=  OR B̂ 133.573...º= OR B̂ 46.4263...º= (A1) 

at least one correct value for Ĉ

ˆ 21.4263...ºC =   OR ˆ 108.573...ºC = (A1) 

using their acute value for Ĉ  to find minimum perimeter (M1) 

2 2 61 12 7cos21.42 3..2 7 2 .7 12  + + + − OR 
7sin 21.4263...º

12 7
sin 25º

+ +

THEN 

25.0506 

minimum perimeter = 25.1. A1 

Total [5 marks] 
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3. (a) recognize that the variable has a Binomial distribution (M1) 

( )B 30,0.05X

attempt to find ( )P 1X  (M1) 

( )1 P 0X− = OR 301 0.95− OR 1 0.214638...−  OR 0.785361...  

Note: The two M marks are independent of each other. 

( )P 1 0.785X  = A1 

[3 marks] 

(b) recognition of conditional probability (M1) 

( )P 2 | 1X X  OR ( )P at most 2 defective | at least 1 defective

Note: Recognition must be shown in context either in words or symbols but 

not just ( )P |A B . 

( )
( )

P 1 2

P 1

X

X

 


  OR 

( ) ( )
( )

P 1 P 2

P 1

X X

X

= + =


(A1) 

0.597540...

0.785361...
  OR 

0.812178... 0.214638...

0.785361...

−
  OR 

0.338903... 0.258636...

0.785361...

+
(A1) 

0.760847...=

( )P 2 | 1 0.761X X  =  A1 

[4 marks] 

Total [7 marks] 
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4. (a) attempt to find the area of either shaded region in terms of r and  (M1) 

Note: Do not award M1 if they have only copied from the booklet and not 

applied to the shaded area. 

Area of segment 2 21 1
= sin

2 2
r r − A1 

Area of triangle ( )21
 = sin π

2
r − A1 

correct equation in terms of   only (A1) 

( )sin sin π  − = −

sin sin  − = A1 

2sin = AG 

Note: Award a maximum of M1A1A0A0A0 if a candidate uses degrees 

(i.e., ( )21
sin 180

2
r − ), even if later work is correct. 

Note: If a candidate directly states that the area of the triangle is 

21
sin

2
r  , award a maximum of M1A1A0A1A1.

[5 marks] 

(b) 1.89549... =

1.90 = A1 

Note: Award A0 if there is more than one solution. Award A0 for an answer 

in degrees. 

[1 mark] 

Total [6 marks] 
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5. (a) 1 1

2 7

3 8
u S= =  (M1) 

14 7
0.583333

24 12
 

= = = 
 

A1 

[2 marks] 

(b) ( )
7

0.875
8

r = = (A1) 

substituting their values for 1u and r  into 1

1

u
S

r =
−

(M1) 

( )
14

4.66666
3

= = A1 

[3 marks] 

(c) attempt to substitute their values into the inequality or formula for nS (M1) 

1

14 2 7
0.001

3 3 8

rn

r=

 
−  

 
 OR 

7 7
1

12 8

7
1

8

n

nS

  
−     =

 
− 

 

attempt to solve their inequality using a table, graph or logarithms 

(must be exponential) (M1) 

Note: Award (M0) if the candidate attempts to solve 0.001nS u −  . 

correct critical value or at least one correct crossover value (A1) 

63.2675 OR 63 0.001036...S S − =  OR 64 0.000906...S S − =  

OR  63 0.001 0.0000363683...S S − − =   OR  64 0.001 0.0000931777...S S − − = −

least value is 64n = A1 

[4 marks] 

Total [9 marks] 
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6. (a) METHOD 1 

( ) ( )
3 3 33p q pq p q p q+ − +  +

attempts to expand ( )
3

p q+ M1 

3 2 2 33 3p p q pq q+ + +

( ) ( ) ( )
3 3 2 2 33 3 3 3p q pq p q p p q pq q pq p q+ − +  + + + − +

3 2 2 3 2 23 3 3 3p p q pq q p q pq + + + − − A1 
3 3p q + AG 

Note: Condone the use of equals signs throughout. 

METHOD 2 

( ) ( )
3 3 33p q pq p q p q+ − +  +

attempts to factorise ( ) ( )
3

3p q pq p q+ − + M1 

( ) ( )( ) ( )( )( )2 2 23  p q p q pq p q p pq q + + −  + − +

3 2 2 2 2 3p p q pq p q pq q − + + − + A1 

 AG 

Note: Condone the use of equals signs throughout. 

METHOD 3 

( ) ( )
33 3 3p q p q pq p q+  + − +

attempts to factorise 3 3p q+ M1 

( )( )2 2p q p pq q + − +

( ) ( )( )2
3p q p q pq + + − A1 

( ) ( )
3

3p q pq p q + − + AG 

Note: Condone the use of the equals sign throughout. 

[2 marks] 

3 3p q +



– 14 – N21/5/MATHX/HP2/ENG/TZ0/XX/M 

(b) 

Note: Award a maximum of A1M0A0A1M0A0 for 95m = − and 8n = found

by using ( )
5 17

,  , 0.219..., 2.28...
4

   


= = . 

Condone, as appropriate, solutions that state but clearly do not use the 
values of   and  .  

Special case: Award a maximum of A1M1A0A1M0A0 for 95m = −  and 

8n =  obtained by solving simultaneously for   and   from product of 

roots and sum of roots equations. 

product of roots of 2 5 1
0

2 2
x x− + =

1

2
 =  (seen anywhere) A1 

considers 
3 3

1 1

 

  
  
  

 by stating 
( )

( )3

1
n


= M1 

Note: Award M1 for attempting to substitute their value of   into 
( )

3

1


. 

( )
3 3

1 1

1
2


=
 
 
 

8n = A1 

sum of roots of 2 5 1
0

2 2
x x− + =

5

2
 + = (seen anywhere) A1 

considers 
3 3

1 1

 
+ by stating

( ) ( )

( )

( )

( )
( )

33

3 2

3 3
m

       

 

 + − + + +
 −  = −    

M1 

Note: Award M1 for attempting to substitute their values of  +  and   into their

expression. Award M0 for use of ( ) ( )
3

3    + − + only. 

( )

3
5 3 5
2 2 2

 125 30 95
1
8

    
−    

    = = − =

95m = − A1 

( )2 95 8 0x x− + =

[6 marks] 
Total [8 marks] 
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7. (a) recognises that 
0

arccos  d 0.5
m

x x = (M1) 

( )2arccos 1 0 1 0.5m m m− − − − =

0.360034...m =

0.360m = A1 
[2 marks] 

(b) METHOD 1
attempts to find at least one endpoint (limit) both in terms of m  (or their m ) and a (M1) 

( )P 0.3m a X m a−   + =  
0.360034...

0.360034...

arccos  d 0.3
a

a

x x
+

−

= (A1) 

Note: Award (A1) for arccos  d 0.3
m a

m a

x x
+

−

= . 

0.360034...
2

0.360034...
arccos 1

a

a
x x x

+

−

 − −
 

attempts to solve their equation for a (M1) 

Note: The above (M1) is dependent on the first (M1). 

0.124861...a =
0.125a =  A1 

METHOD 2 

( )arccos 0.360034...  d  0.3
a

a

x x
−

− = (M1)(A1) 

Note: Only award (M1) if at least one limit has been translated 
correctly. 

Note: Award (M1)(A1) for ( )arccos  d  0.3
a

a

x m x
−

− = . 

attempts to solve their equation for a (M1) 

0.124861...a =
0.125a =  A1 
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METHOD 3 

EITHER 

( ) ( )arccos 0.360034...  d  0.3
a

a

x x
−

+ = (M1)(A1) 

Note: Only award (M1) if at least one limit has been translated 
correctly. 

Note: Award (M1)(A1) for ( ) ( )arccos  d  0.3
a

a

x m x
−

+ = . 

OR 

( )
( )

( )

( )
2 0.360034...

2 0.360034...

arccos 0.360034...  d  0.3
a

a

x x
+

−

− = (M1)(A1) 

Note: Only award (M1) if at least one limit has been translated 
correctly. 

Note: Award (M1)(A1) for ( ) ( )
2

2

arccos  d  0.3
m a

m a

x m x
+

−

− = . 

THEN 

attempts to solve their equation for a (M1) 

Note: The above (M1) is dependent on the first (M1). 

0.124861...a =
A1 

[4 marks] 
Total [6 marks] 

0.125a =
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8. (a) METHOD 1 
attempts to differentiate implicitly including at least one application of the product rule (M1) 

u xy= , ( )lnv xy= , 
d d

d d

u y
x y

x x
= + , 

d d 1

d d

v y
x y

x x xy
 

= + 
 

( )
d d d

1 ln
d d d

y xy y y
x y x y xy

x xy x x

    
= − + + +    

    
A1 

Note: Award (M1)A1 for implicitly differentiating ( )( )1 lny x y xy= −  and obtaining

( ) ( )
d d d

1 ln ln
d d d

y xy y y
x y x xy y xy

x xy x x

  
= − + + +  

  
. 

( )
d d d

1 ln
d d d

y y y
x y x y xy

x x x

    
= − + + +    

    

( )( )
d d

1 1 ln
d d

y y
x y xy

x x
 

= − + + 
 

A1 

( )( )
d d

1 ln 1
d d

y y
x y xy

x x
 

+ + + = 
 

AG 

METHOD 2 
ln lny x xy x xy y= − −

attempts to differentiate implicitly including at least one application of the product rule (M1) 

d d d d
1 ln ln

d d d d

y xy y xy y y
x y x x y y

x x x y x x

     
= − + + − + +     

      
A1 

or equivalent to the above, for example 

( )
d d d d

1 ln 1 ln ln ln
d d d d

y y y y
x x x y y y x y

x x x x

    
= − + + − + +    

    

( ) ( )
d d

1 ln ln 1 ln ln 1
d d

y y
x x y y x y

x x
= − + + − + + A1 

or equivalent to the above, for example 

( )( ) ( )( )
d d

1 ln 1 ln 1
d d

y y
x xy y xy

x x
= − + − +

( )( )
d d

1 ln 1
d d

y y
x y xy

x x
 

+ + + = 
 

AG 
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METHOD 3 
attempt to differentiate implicitly including at least one application of the product rule M1 

( )lnu x xy= , v y= , ( )
d d

ln
d d

u y x
xy x y

x x xy
 

= + + 
 

, 
d d

d d

v y

x x
=

( ) ( )
d d d

1 ln ln
d d d

y y xy y
x xy y xy x y

x x xy x

  
= − + + +  

  
A1 

( )( ) ( )( )
d d

1 ln 1 ln 1
d d

y y
x xy y xy

x x
= − + − + A1 

( )( )
d d

1 ln 1
d d

y y
x y xy

x x
 

+ + + = 
 

AG 

METHOD 4 

lets w xy=  and attempts to find 
d

d

y

x
 where lny x w w= − M1 

( )
d d d d

1 ln  1 1 ln
d d d d

y w w w
w w

x x x x
   

= − + = − +   
   

A1 

d d

d d

w y
x y

x x
= + A1 

( ) ( )( )
d d d d

1 ln  1 1 ln
d d d d

y y y y
x y x y xy x y xy

x x x x

      
= − + + + = − + +      

      

 AG 

[3 marks] 

( )( )
d d

1 ln 1
d d

y y
x y xy

x x
 

+ + + = 
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(b) METHOD 1

substitutes 1x =  into ( )lny x xy xy= − (M1) 

1 ln 1y y y y= −  =  A1 

substitutes 1x = and their non-zero value of y into ( )( )
d d

1 ln 1
d d

y y
x y xy

x x
 

+ + + = 
 

(M1) 

d d
2 0 0

d d

y y

x x
 

= = 
 

A1 

equation of the tangent is 1y = A1 

METHOD 2 

substitutes 1x = into ( )( )
d d

1 ln 1
d d

y y
x y xy

x x
 

+ + + = 
 

(M1) 

( )( )
d d

1 ln 1
d d

y y
y y

x x
 

+ + + = 
 

EITHER 

correctly substitutes 
1

ln
y

y
y

−
=  into ( )( )

d d
1 ln 1

d d

y y
y y

x x
 

+ + + = 
 

A1 

( )
d 1 d

1 0 0 1
d d

y y
y

x y x

 
+ =  = = 

 
A1 

OR 

correctly substitutes ln 1y y y+ =  into ( )( )
d d

1 ln 1
d d

y y
y y

x x
 

+ + + = 
 

A1 

( ) ( )
d d

2 ln 0 0 1
d d

y y
y y

x x
+ =  = = A1 

THEN 

substitutes  into (M1) 

1 ln 1y y y y= −  =

equation of the tangent is  A1 

[5 marks] 
Total [8 marks] 

1x = ( )lny x xy xy= −

1y =
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Section B 

9. (a)
2π

12
b

=   OR   
2π

12
b = A1 

π

6
b = AG 

[1 mark] 

(b) 
6.8 2.2

2
a

−
=   OR  

max min

2
a

−
= (M1) 

2.3=  (m) A1 

[2 marks] 

(c) 
6.8 2.2

2
d

+
=   OR  

max min

2
d

+
= (M1) 

4.5=  (m) A1 

[2 marks] 

continued… 
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Question 9 continued. 

(d) METHOD 1

substituting 4.5t =  and 6.8H =  for example into their equation for H (A1) 

( )
π

6.8 2.3sin 4.5 4.5
6

c 
= − + 

 

attempt to solve their equation (M1) 

1.5c =  A1 

METHOD 2  

using horizontal translation of 
12

4
(M1) 

4.5 3c− = (A1) 

1.5c = A1 

METHOD 3 

( ) ( ) ( )
π π

2.3 cos
6 6

H t t c   
 = −   

   
(A1) 

attempts to solve their ( )4.5 0H  =  for c (M1) 

( ) ( )
π π

2.3 cos 4.5 0
6 6

c   
− =   

   

1.5c = A1 
[3 marks] 

(e) attempt to find H  when 12t =  or 0t = , graphically or algebraically (M1) 

2.87365...H =

( )2.87 mH = A1 

[2 marks] 

continue… 
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Question 9 continued. 

(f) attempt to solve ( )
π

5 2.3sin 1.5 4.5
6

t 
= − + 

 
(M1) 

times are 1.91852...t =  and 7.08147...t = , ( )13.9185..., 19.0814...t t= = (A1) 

total time is ( )2 7.081... 1.919... −

10.3258...  

10.3=  (hours) A1 

Note: Accept 10. 
[3 marks] 

(g) METHOD 1

substitutes 
11

3
t =  and 6.8H =  into their equation for H  and attempts to solve for c (M1) 

π 11 2
6.8 2.3sin 4.5

6 3 3
c c

  
= − +  =  

  

( )
π 2

2.3sin 4.5
6 3

H t t
  

= − +  
  

A1 

METHOD 2 

uses their horizontal translation 
12

3
4

 
= 

 
(M1) 

11 2
3

3 3
c c− =  =

( )
π 2

2.3sin 4.5
6 3

H t t
  

= − +  
  

A1 

[2 marks] 
Total [15 marks] 
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10. (a) (i) 

Note: In part (a), penalise once only, if correct values are given instead of 

correct coordinates. 

attempts to solve 2 12 0x x− − = (M1) 

( )3,0− and ( )4,0 A1 

(ii)  
4

0,
5

 
 
 

 A1 

[3 marks] 

(b) 
15

2
x = A1 

Note: Award A0 for 
15

2
x  . 

Award A1 in part (b), if 
15

2
x =  is seen on their graph in part (d). 

[1 mark] 

(c) METHOD 1

( )( ) 22 15 12ax b x x x+ −  − −

attempts to expand ( )( )2 15ax b x+ −  (M1) 
2 22 15 2 15 12ax ax bx b x x− + −  − −

1

2
a = A1 

equates coefficients of x (M1) 
15

1 2
2

b− = − +

13

4
b = A1 

13

2 4

x
y 
= + 
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METHOD 2 

attempts division on 
2 12

2 15

x x

x

− −

−
M1 

13
...

2 4

x
+ + M1 

1

2
a = A1 

13

4
b = A1 

13

2 4

x
y 
= + 

 

METHOD 3 

A1 

M1 

equates coefficients of : (M1) 
15

1 2
2

b− = − +

A1 

 

1

2
a =

2 12

2 15 2 2 15

x x x c
b

x x

− −
 + +

− −

( )
( )2 2 15

12 2 15
2

x x
x x x b c

−
− −  + − +

x

13

4
b =

13

2 4

x
y 
= + 
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METHOD 4 

attempts division on 
2 12

2 15

x x

x

− −

−
M1 

2
13

1212 2
2 15 2 2 15

x
x x x

x x

−
− −

= +
− −

1

2
a = A1 

13
12 132 ...

2 15 4

x

x

−
= +

−
M1 

13

4
b = A1 

13

2 4

x
y 
= + 

 

[4 marks] 
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(d) 

two branches with approximately correct shape ( for 30 30x−   ) A1 
their vertical and oblique asymptotes in approximately correct positions with both branches 
showing correct asymptotic behaviour to these asymptotes A1 
their axes intercepts in approximately the correct positions A1 

Note: Points of intersection with the axes and the equations of asymptotes 
are not required to be labelled. 

[3 marks] 
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(e) (i) attempts to split into partial fractions: (M1) 

( )( )
2 15

3 4 3 4

x A B

x x x x

−
 +

+ − + −

( ) ( )2 15 4 3x A x B x−  − + +

3A =  A1 
1B = − A1 

3 1

3 4x x
 

− 
+ − 

(ii) 
3

0

3 1
 d

3 4
x

x x
 

− 
+ − 



attempts to integrate and obtains two terms involving ‘ln’ (M1) 
3

0
3ln 3 ln 4x x=  + − −   A1 

3ln6 ln1 3ln3 ln 4= − − + A1 

( )3ln 2 ln 4 ln8 ln 4= + = +

( )ln 32 5ln 2= = A1 

Note: The final A1 is dependent on the previous two A marks. 

[7 marks] 
Total [18 marks] 
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11. (a) (i) attempts to find either AB
→

 or AC
→

 (M1) 

3

AB 2

0

→
− 
 

= − 
 
 

 and 

2

AC 1

7

→
− 
 

=  
 − 

A1 

(ii) METHOD 1

attempts to find AB AC
→ →

 (M1) 

14

AB AC 21

7

→ →
 
 

 = − 
 − 

A1 

EITHER 

equation of plane is of the form  ( )2 3x y z d− − = (A1) 

substitutes a valid point e.g ( )3,0,0 to obtain a value of d M1 

( )42 6d d= =

OR 
attempts to use  = r n a n (M1) 

14 3 14 14

21 0 21  21 42

7 0 7 7

        
        

 − =  −  − =        
        − − −        

r r  A1 

2 3 2 2

3 0 3  3 6

1 0 1 1

        
        

 − =  −  − =        
        − − −        

r r

THEN 

( )14 21 7 42 2 3 6x y z x y z− − = − − = A1 

METHOD 2 

equation of plane is of the form 

3 3 2

0 2 1

0 0 7

x

y s t

z

− −       
       

= + − +       
       −       

A1 

attempts to form equations for , ,x y z  in terms of their parameters (M1) 
3 3 2x s t= − − , 2y s t= − + , 7z t= −

A1 

eliminates at least one of their parameters (M1) 
for example, ( )2 3 6 7 2 3 6x y t x y z− = −  − = +

2 3 6x y z− − =  A1 

[7 marks] 

14 21 7x y z d− − =
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(b) METHOD 1

substitutes 

0 1

2 1

0 1



   
   

= − +   
   −   

r  into their 1  and 2 (given) (M1) 

1 : ( ) ( )2 3 2 6  − − + − − =  and 2 : ( ) ( )3 2 2 2  − − + + − = A1 

Note: Award (M1)A0 for correct verification using a specific value of  . 

so the vector equation of L  can be written as 

0 1

2 1

0 1



   
   

= − +   
   −   

r  AG 

METHOD 2 
EITHER 

attempts to find 

2 3

3 1

1 2

   
   
−  −   
   −   

M1 

7

7

7

− 
 

= − 
 
 

OR 

( )

2 1

3 1 2 3 1 0

1 1

   
   
−  = − + =   
   − −   

 and ( )

3 1

1 1 3 1 2 0

2 1

   
   
−  = − − =   
   −   

M1 

THEN 

substitutes ( )0, 2,0−  into 1  and 2

1 : ( ) ( ) ( )2 0 3 2 0 6− − − = and 2 : ( ) ( ) ( )3 0 2 2 0 2− − + = A1 

so the vector equation of L  can be written as 

0 1

2 1

0 1



   
   

= − +   
   −   

r AG 

METHOD 3 
attempts to solve 2 3 6x y z− − =  and 3 2 2x y z− + =  (M1) 

for example, , 2 ,x y z  = − = − − =  A1 
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Note: Award A1 for substituting 0x = (or 2y = −  or 0z = ) into 1  and 2

and solving simultaneously. For example, solving 3 6y z− − =  and 

2 2y z− + = to obtain 2y = − and 0z = . 

so the vector equation of L  can be written as 

0 1

2 1

0 1



   
   

= − +   
   −   

r  AG 

[2 marks] 

(c) (i) substitutes the equation of L  into the equation of 3 (M1) 

2 2 3 4 3  + =  = A1 

3

4
 = AG 

(ii) P has coordinates 
3 5 3

, ,
4 4 4

 
− − 

 
A1 

 [3 marks] 

(d) (i) normal to 3 is 

2

0

2

 
 

=  
 − 

n (A1) 

Note: May be seen or used anywhere. 

considers the line normal to 3 passing through ( )B 0, 2,0− (M1) 

0 2

2 0

0 2



   
   

= − +   
   −   

r A1 

EITHER 

finding the point on the normal line that intersects 3

attempts to solve simultaneously with plane 2 2 3x z− =  (M1) 
4 4 3 + =  

3

8
 = A1 

point is 
3 3

, 2,
4 4

 
− − 
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OR 

3
4

5
4

3
4

2 2

2 0 0

2 2





     
     

− − −  =     
     − − −     

(M1) 

3 3
4 4 0

2 2
 − + − =

3

8
 = A1 

OR 

attempts to find the equation of the plane parallel to 3 containing B ( )3x z− = and 

solve simultaneously with L  (M1) 
2 2 3  + =

3

4
 = A1 

THEN 

so, another point on the reflected line is given by 

0 2
3

2 0
4

0 2

   
   

= − +   
   −   

r (A1) 

3 3
B , 2,

2 2
 
 − − 
 

A1 

(ii) EITHER

attempts to find the direction vector of the reflected line using their P  and B (M1) 
3
4

3
4

3
4

PB
→

 
 

 = − 
 − 

OR 
attempts to find their direction vector of the reflected line using a vector approach (M1) 

1 1
3 3

PB PB BB 1 0
4 2

1 1

→ → →
   
    = + = − +   
   − −   

THEN 
3 3
2 4

3
4

3 3
2 4

2 

   
   

= − + −   
   − −   

r  (or equivalent) A1 
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Note: Award A0 for either ‘ =r ’ or ‘

x

y

z

 
 

= 
 
 

’ not stated. Award A0 for ‘ L = ’. 

[9 marks] 
Total [21 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
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solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 7]

Au conservatoire de musique de Lucy, huit élèves ont passé leur examen en vue d’obtenir 
leur diplôme de piano et ont obtenu des résultats sur 150. Pour ses dossiers, Lucy a 
décidé d’enregistrer le nombre moyen d’heures par semaine que chaque élève a déclaré 
avoir pratiqué dans les semaines précédant l’examen. Ces résultats sont résumés dans le 
tableau ci-dessous.

Temps moyen de pratique 
du piano par semaine (h) 28 13 45 33 17 29 39 36

Résultat obtenu au 
diplôme (D) 115 82 120 116 79 101 110 121

(a) Trouvez le coefficient de corrélation de Pearson,  r , pour ces données. [2]

(b) La relation entre les variables peut être modélisée par l’équation de 
régression  D = ah + b . Écrivez la valeur de  a  et la valeur de  b . [1]

(c) L’une de ces huit élèves a été déçue par son résultat et aurait souhaité avoir pratiqué 
davantage. En se basant sur les données fournies, déterminez comment son résultat 
aurait pu changer si elle avait pratiqué cinq heures supplémentaires par semaine. [2]

(d) Lucy affirme que le nombre d’heures qu’un élève pratique a un effet direct sur son 
résultat final au diplôme. Commentez la validité de l’affirmation de Lucy. [1]

Lucy soupçonne que les élèves n’ont pas pratiqué autant qu’ils l’auraient rapporté. Afin de 
compenser cela, Lucy déduit un nombre fixe d’heures par semaine à chacune des heures 
enregistrées par les élèves.

(e) Indiquez comment, le cas échéant, la valeur de  r  serait affectée. [1]

(Suite de la question à la page suivante)
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(Suite de la question 1)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Note maximale : 5]

Considérez un triangle  ABC , où  AC = 12 , CB = 7  et ˆBAC 25º= .

Trouvez le plus petit périmètre possible du triangle  ABC .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Note maximale : 7]

Une usine fabrique des lampes. On sait que la probabilité qu’une lampe soit défectueuse est 
de  0,05 . Un échantillon aléatoire de  30  lampes est testé.

(a) Trouvez la probabilité qu’il y ait au moins une lampe défectueuse dans l’échantillon. [3]

(b) Étant donné qu’il y a au moins une lampe défectueuse dans l’échantillon, trouvez la 
probabilité qu’il y ait au plus deux lampes défectueuses. [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Note maximale : 6]

Le diagramme suivant montre un demi-cercle de centre  O  et de rayon  r . Les points  P ,  Q  

et  R  se situent sur la circonférence du cercle, de sorte que  PQ = 2r  et ˆROQ q= θ  , où  0 < θ < π .

P

θ

O Q

R

(a) Étant donné que les aires des deux régions grisées sont égales, montrez que  θ = 2 sin θ . [5]

(b) À partir de là, déterminez la valeur de  θ . [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Note maximale : 9]

La somme des  n  premiers termes d’une suite géométrique est donnée par Sn
r

n r

� �
�
�

�
�
�

�
� 2

3

7

81

.

(a) Trouvez le premier terme de la suite,  u1 . [2]

(b) Trouvez  S∞ . [3]

(c) Trouvez la plus petite valeur de  n  telle que  S∞ - Sn < 0,001 . [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Note maximale : 8]

(a) Prouvez l’identité  (p + q)3 - 3pq (p + q) ≡ p3 + q3 . [2]

L’équation  2x2 - 5x + 1 = 0  a deux racines réelles,  a  et  b .

Considérez l’équation  x2 + mx + n = 0 , où  m , n ∈   et dont les racines sont 
1

3a
 et 

1
3b

.

(b) Sans résoudre  2x2 - 5x + 1 = 0 , déterminez les valeurs de  m  et  n . [6]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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7. [Note maximale : 6]

La fonction de densité d’une variable aléatoire continue  X  est donnée par

f x
x x

� � �
� ��

�
�

arccos 0 1

0 autrement

La médiane de cette distribution est  m .

(a) Déterminez la valeur de  m . [2]

(b) Étant donné que  P ( | X - m | ≤ a) = 0,3 , déterminez la valeur de  a . [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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8. [Note maximale : 8] 

Considérez la courbe  C  donnée par  y = x - xy ln (xy) , où  x > 0 ,  y > 0 .

(a) Montrez que 
d

d

d

d

y

x
x

y

x
y xy� ��

�
�

�
�
� � � �� � �1 1ln . [3]

(b) À partir de là, trouvez l’équation de la tangente à  C  au point où  x = 1 . [5]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

9. [Note maximale : 15]

La hauteur de l’eau, en mètres, dans le port de Dungeness est modélisée par la 
fonction  H (t) = a sin (b (t - c)) + d , où  t  est le nombre d’heures après minuit, et  a , b , c  et  d  
sont des constantes, où  a > 0 ,  b > 0  et  c > 0 .

La représentation graphique suivante montre la hauteur de l’eau sur une période de 
13 heures, débutant à minuit.

0

5

10

H (t)

t

5 10

La première marée haute survient à 4h30 et la prochaine marée haute survient 12 heures 
plus tard. Au cours de la journée, la hauteur de l’eau fluctue entre 2,2 m et 6,8 m .

Toutes les hauteurs sont correctes à un chiffre après la virgule près.

(a) Montrez que b �
�
6

. [1]

(b) Trouvez la valeur de  a . [2]

(c) Trouvez la valeur de  d . [2]

(d) Trouvez la plus petite valeur possible de  c . [3]

(e) Trouvez la hauteur de l’eau à 12h00. [2]

(f) Déterminez le nombre d’heures, sur une période de 24 heures, pour lesquelles la 
marée est supérieure à  5  mètres. [3]

(Suite de la question à la page suivante)
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Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 9)

Un pêcheur constate que la hauteur de l’eau dans le port voisin de Folkestone suit la même 
courbe sinusoïdale que dans le port de Dungeness mais les marées hautes (et les marées 
basses) ont lieu 50 minutes avant d’avoir lieu dans le port de Dungeness.

(g) Trouvez une équation adaptée qui pourrait être utilisée pour modéliser la hauteur de 
l’eau des marées dans le port de Folkestone. [2]

10. [Note maximale : 18]

Considérez la fonction f x
x x

x
x x� � � � �

�
� �

2 12

2 15

15

2
  , ,  .

(a) Trouvez les coordonnées des points où la représentation graphique de  f  coupe

(i) l’axe des abscisses ;

(ii) l’axe des ordonnées. [3]

(b) Écrivez l’équation de l’asymptote verticale de la représentation graphique de  f . [1]

(c) L’asymptote oblique de la représentation graphique de  f  peut être exprimée 
comme  y = ax + b , où  a , b ∈  .

Trouvez la valeur de  a  et la valeur de  b . [4]

(d) Esquissez la représentation graphique de  f  pour  -30 ≤ x ≤ 30 , en indiquant 
clairement les points d’intersection avec chaque axe ainsi que toute asymptote. [3]

(e) (i) Exprimez 
1

f x� �  en fractions partielles.

(ii) À partir de là, trouvez la valeur exacte de 
1

0

3

f x
x

� ��  d , en exprimant votre réponse 

comme un seul logarithme. [7]
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N’écrivez pas vos solutions sur cette page.

11. [Note maximale : 21]

Trois points  A (3 ; 0 ; 0) , B (0 ; -2 ; 0)  et  C (1 ; 1 ; -7)  sont situés sur le plan  ∏1 .

(a) (i)  Trouvez le vecteur AB
→

 et le vecteur AC
→

.

(ii) À partir de là, trouvez l’équation de  ∏1 , en exprimant votre réponse sous la
forme  ax + by + cz = d , où  a , b , c , d ∈  . [7]

L’équation du plan  ∏2  est  3x - y + 2z = 2 .

(b) La droite  L  est l’intersection de  ∏1  et  ∏2 . Vérifiez que l’équation vectorielle de  L  peut 

s’écrire comme r � �
�

�

�
�
�

�

�

�
�
�
�

�

�

�

�
�
�

�

�

�
�
�

0

2

0

1

1

1

� . [2]

(c) Le plan  ∏3  est donné par  2x - 2z = 3 . La droite  L  et le plan  ∏3  se coupent au point  P .

(i) Montrez qu’au point  P , � � 3

4
.

(ii) À partir de là, trouvez les coordonnées de  P . [3]

(d) Le point  B (0 ; -2 ; 0)  est situé sur  L .

(i) Trouvez la réflexion du point  B  dans le plan  ∏3 .

(ii) À partir de là, trouvez l’équation vectorielle de la droite formée lorsque  L  est 
réfléchie dans le plan  ∏3 . [9]
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Mathematik: Analyse und Ansätze
Leistungsstufe
2. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [110 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 7]

In Lucys Musikakademie haben acht Schüler und Schülerinnen ihre Klavier-Abschlussprüfung 
abgelegt und dabei jeweils eine Punktzahl aus 150 Gesamtpunkten erreicht. Lucy 
hatte beschlossen, in den Wochen vor der Prüfung die durchschnittliche Anzahl der 
Übungsstunden pro Woche für alle ihre Klavierschüler und -schülerinnen aufzuschreiben. Die 
Ergebnisse sind in der folgenden Tabelle dargestellt.

Durchschnittliche wöchentliche 
Übungszeit (h) 28 13 45 33 17 29 39 36

Abschlussnote (D) 115 82 120 116 79 101 110 121

(a) Finden Sie den Pearsonschen Produkt-Moment-Korrelationskoeffizienten  r  für 
diese Daten. [2]

(b) Der Zusammenhang zwischen den Variablen kann durch die Regressionsgleichung  
D = ah + b modelliert werden. Notieren Sie die Werte von  a  und  b . [1]

(c) Eine Klavierschülerin von diesen acht Schülern und Schülerinnen war von ihrem 
Ergebnis enttäuscht und wünschte sich, sie hätte mehr geübt. Bestimmen Sie auf der 
Grundlage der gegebenen Daten, wie sich ihr Ergebnis voraussichtlich verändert hätte, 
wenn sie zusätzlich fünf Stunden pro Woche geübt hätte. [2]

(d) Lucy behauptet, dass die Anzahl der Übungsstunden eines Schülers oder einer 
Schülerin einen direkten Einfluss auf seine bzw. ihre Abschlussnote habe. 
Kommentieren Sie die Gültigkeit von Lucys Behauptung. [1]

Lucy vermutete, dass die Schüler und Schülerinnen nicht so viel geübt hatten, wie sie 
vorgaben. Um dies zu kompensieren, zog Lucy eine bestimmte Anzahl von Wochenstunden 
von den angegebenen Stunden der Schüler und Schülerinnen ab.

(e) Geben Sie an, wie sich dies gegebenenfalls auf den Wert von  r  auswirken würde. [1]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 1)
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2. [Maximale Punktzahl: 5]

Betrachten Sie ein Dreieck  ABC , mit  AC = 12 , CB = 7  und ˆBAC 25º= .

Finden Sie den kleinstmöglichen Umfang des Dreiecks  ABC .
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3. [Maximale Punktzahl: 7]

Eine Fabrik stellt Lampen her. Die Wahrscheinlichkeit, dass eine Lampe als defekt erkannt 
wird, beträgt  0,05 . Eine Stichprobe von  30  Lampen wird getestet.

(a) Finden Sie die Wahrscheinlichkeit, dass sich in der Stichprobe mindestens eine defekte 
Lampe befindet. [3]

(b) Angenommen, es gibt mindestens eine defekte Lampe in der Stichprobe. Finden Sie 
die Wahrscheinlichkeit, dass es höchstens zwei defekte Lampen gibt. [4]
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4. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Halbkreis mit Mittelpunkt  O  und Radius  r . Die 

Punkte  P ,  Q  und  R  liegen auf der Kreislinie, so dass  PQ = 2r  und ˆROQ q= θ  , mit  0 < θ < π .

P

θ

O Q

R

(a) Die beiden schattierten Flächen haben denselben Flächeninhalt. Zeigen Sie, dass 
dann gilt:  θ = 2 sin θ . [5]

(b) Bestimmen Sie unter Nutzung der Vorarbeit den Wert von  θ . [1]
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5. [Maximale Punktzahl: 9]

Die Summe der ersten  n  Terme einer geometrischen Folge ist definiert durch Sn
r

n r

= 







=
∑ 2

3

7

81

.

(a) Finden Sie den ersten Term der Folge,  u1 . [2]

(b) Finden Sie  S∞ . [3]

(c) Finden Sie den kleinsten Wert von  n , so dass  S∞ - Sn < 0,001 . [4]
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6. [Maximale Punktzahl: 8]

(a) Beweisen Sie die Identität  (p + q)3 - 3pq (p + q) ≡ p3 + q3 . [2]

Die Gleichung  2x2 - 5x + 1 = 0  hat zwei reelle Lösungen,  a  und  b .

Betrachten Sie die Gleichung  x2 + mx + n = 0 , mit  m , n ∈  . Sie hat die Lösungen 
1

3a
 und 

1
3b

.

(b) Bestimmen Sie die Werte von  m  und  n , ohne die Gleichung  2x2 - 5x + 1 = 0  zu lösen. [6]
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7. [Maximale Punktzahl: 6]

Eine stetige Zufallsvariable  X  hat eine Wahrscheinlichkeitsdichte-Funktion, die gegeben ist durch:

f x
x x

( ) =
≤ ≤




arccos 0 1

0 sonst

Der Durchschnittswert dieser Verteilung ist  m .

(a) Bestimmen Sie den Wert von  m . [2]

(b) Bestimmen Sie den Wert von  a  unter der Voraussetzung, dass  P ( | X - m | ≤ a) = 0,3  gilt. [4]
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8. [Maximale Punktzahl: 8] 

Betrachten Sie die Kurve  C , gegeben durch  y = x - xy ln (xy) , mit  x > 0 ,  y > 0 .

(a) Zeigen Sie, dass 
d

d

d

d

y

x
x

y

x
y xy+ +






 + ( )( ) =1 1ln . [3]

(b) Finden Sie unter Nutzung der Vorarbeit die Gleichung der Tangente an  C  am Punkt 
mit  x = 1 . [5]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP11



– 12 –

N21/5/MATHX/HP2/GER/TZ0/XX

8821 – 7127

Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite.

9. [Maximale Punktzahl: 15]

Der Wasserpegel (in Meter) im Hafen von Dungeness lässt sich durch die 
Funktion  H (t) = a sin (b (t - c)) + d  modellieren. Hierbei ist  t  die Anzahl der Stunden nach 
Mitternacht, und  a , b , c  und  d  sind Konstanten mit  a > 0 ,  b > 0  und  c > 0 .

Die folgende Grafik zeigt den Wasserpegel über 13 Stunden, beginnend um Mitternacht.

0

5

10

H (t)

t

5 10

Das erste Hochwasser tritt um 04:30 Uhr auf und das nächste Hochwasser tritt 12 Stunden 
später auf. Im Laufe des Tages schwankt der Wasserpegel zwischen 2,2 m und 6,8 m .

Alle Pegelstände werden auf eine Dezimalstelle genau angegeben.

(a) Zeigen Sie, dass b =
π
6

. [1]

(b) Finden Sie den Wert von  a . [2]

(c) Finden Sie den Wert von  d . [2]

(d) Finden Sie den kleinstmöglichen Wert von  c . [3]

(e) Finden Sie den Wasserpegel um 12:00 Uhr. [2]

(f) Bestimmen Sie die Anzahl der Stunden innerhalb eines 24-Stunden-Zeitraums, in 
denen der Wasserpegel höher ist als 5 Meter. [3]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)

16EP12



– 13 –

N21/5/MATHX/HP2/GER/TZ0/XX

8821 – 7127

Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 9)

Ein Fischer stellt fest, dass der Wasserpegel im nahegelegenen Hafen von Folkestone 
dem gleichen sinusförmigen Muster folgt wie im Hafen von Dungeness, außer dass das 
Hochwasser (und Niedrigwasser) 50 Minuten früher auftritt als in Dungeness. 

(g) Finden Sie eine geeignete Gleichung zur Modellierung des Wasserpegels im Hafen 
von Folkestone. [2]

10. [Maximale Punktzahl: 18]

Betrachten Sie die Funktion f x
x x

x
x x( ) = − −

−
∈ ≠

2 12

2 15

15

2
  , ,  für  x ∈   und f x

x x

x
x x( ) = − −

−
∈ ≠

2 12

2 15

15

2
  , ,  .

(a) Finden Sie die Koordinaten der Punkte, in denen der Graph von  f 

(i) die  x-Achse schneidet;

(ii) die  y-Achse schneidet. [3]

(b) Notieren Sie die Gleichung der vertikalen Asymptote des Graphen von  f . [1]

(c) Die schräge Asymptote des Graphen von  f  kann folgendermaßen geschrieben 
werden:  y = ax + b  mit  a , b ∈  .

Finden Sie die Werte von  a  und  b . [4]

(d) Skizzieren Sie den Graphen von  f  für  -30 ≤ x ≤ 30 . Kennzeichnen Sie dabei deutlich 
die Schnittpunkte mit den Achsen und den Asymptoten. [3]

(e) (i)  Drücken Sie 
1

f x( )  in Partialbrüchen aus.

(ii) Finden Sie unter Nutzung der Vorarbeit den genauen Wert von 
1

0

3

f x
x

( )∫  d . 

Drücken Sie Ihre Antwort als einzelnen Logarithmus aus. [7]
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Schreiben Sie keine Lösungen auf diese Seite.

11. [Maximale Punktzahl: 21]

Drei Punkte  A (3 , 0 , 0) , B (0 , -2 , 0)  und  C (1 , 1 , -7)  liegen in der Ebene  ∏1 .

(a) (i)  Finden Sie den Vektor AB
→

 und den Vektor AC
→

.

(ii) Finden Sie unter Nutzung der Vorarbeit die Gleichung von  ∏1 , und drücken Sie
Ihre Antwort in der Form  ax + by + cz = d  aus, mit  a , b , c , d ∈  . [7]

Die Ebene  ∏2  hat die Gleichung  3x - y + 2z = 2 .

(b) Die Gerade  L  ist die Schnittgerade von  ∏1  und  ∏2 . Validieren Sie, dass die
Vektorgleichung von  L  folgendermaßen geschrieben werden kann:

r = −















+

−

















0

2

0

1

1

1

λ . [2]

(c) Die Ebene  ∏3  ist gegeben durch  2x - 2z = 3 . Die Gerade  L  und die Ebene  ∏3

schneiden sich im Punkt  P .

(i) Zeigen Sie, dass im Punkt  P  gilt: λ = 3

4
.

(ii) Finden Sie unter Nutzung der Vorarbeit die Koordinaten von  P . [3]

(d) Der Punkt  B (0 , -2 , 0)  liegt auf  L .

(i) Finden Sie den Spiegelpunkt des Punktes  B  in der Ebene  ∏3 .

(ii) Finden Sie unter Nutzung der Vorarbeit die Vektorgleichung der Gerade, die
durch Spiegelung von  L  an der Ebene  ∏3  entsteht. [9]
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Bitte schreiben Sie nicht auf dieser Seite.

Antworten, die auf dieser Seite geschrieben 
werden, werden nicht bewertet.
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Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 7]

En la academia de música de Lucy, ocho alumnos se presentaron al examen para el diploma 
de piano y obtuvieron puntuaciones sobre un máximo de 150 puntos. Para tener una 
referencia, Lucy decidió anotar el número promedio de horas por semana que cada alumno 
dijo haber practicado durante las semanas previas al examen. Estos resultados se resumen 
en la siguiente tabla.

Promedio de horas de 
práctica a la semana (h) 28 13 45 33 17 29 39 36

Puntuación obtenida en el 
diploma (D) 115 82 120 116 79 101 110 121

(a) Halle el coeficiente de correlación momento-producto de Pearson (r) para estos datos. [2]

(b) La relación que existe entre estas variables se puede modelizar mediante la ecuación 
de regresión  D = ah + b . Escriba el valor de  a  y el valor de  b . [1]

(c) Uno de estos ocho alumnos quedó defraudado con el resultado obtenido y se 
arrepintió de no haber practicado más. Basándose en los datos del enunciado, 
determine cómo cabe esperar que hubiera cambiado su puntuación si hubiera 
practicado cinco horas más por semana. [2]

(d) Lucy afirma que el número de horas que practica un alumno tiene un efecto directo 
sobre el resultado final que obtiene en el diploma. Comente la validez de la afirmación 
de Lucy. [1]

Lucy sospecha que los alumnos no practicaron tanto como dijeron. Con el fin de compensar 
este hecho, Lucy resta un número fijo de horas por semana a las horas que anotó para cada 
uno de los alumnos.

(e) Indique cómo se verá afectado el valor de  r  (si es que se ve afectado de algún modo). [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 1: continuación)
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2. [Puntuación máxima: 5]

Considere el triángulo  ABC , donde  AC = 12 , CB = 7  y ˆBAC 25º= .

Halle el menor perímetro posible del triángulo  ABC .
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3. [Puntuación máxima: 7]

Hay una fábrica donde se producen lámparas. Se sabe que la probabilidad de que una 
lámpara salga defectuosa es igual a  0,05 . Se analiza una muestra aleatoria compuesta 
por  30  lámparas.

(a) Halle la probabilidad de que en la muestra haya al menos una lámpara defectuosa. [3]

(b) Sabiendo que en la muestra hay al menos una lámpara defectuosa, halle la 
probabilidad de que haya como mucho dos lámparas defectuosas. [4]
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4. [Puntuación máxima: 6]

La siguiente figura muestra un semicírculo de centro  O  y radio  r . Los puntos  P ,  Q  y  R  

pertenecen a la circunferencia del círculo, de modo tal que  PQ = 2r  y ˆROQ q= θ  , donde  0 < θ < π .

P

θ

O Q

R

(a) Sabiendo que las áreas de las dos regiones sombreadas son iguales, muestre 
que  θ = 2 sen θ . [5]

(b) A partir de lo anterior, determine el valor de  θ . [1]
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5. [Puntuación máxima: 9]

La suma de los  n  primeros términos de una progresión geométrica viene dada por Sn
r

n r

= 







=
∑ 2

3

7

81

.

(a) Halle el primer término de la progresión (u1). [2]

(b) Halle  S∞ . [3]

(c) Halle el valor más pequeño de  n  para el que se cumple que  S∞ - Sn < 0,001 . [4]
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6. [Puntuación máxima: 8]

(a) Demuestre la identidad  (p + q)3 - 3pq (p + q) ≡ p3 + q3 . [2]

La ecuación  2x2 - 5x + 1 = 0  tiene dos raíces reales,  a  y  b .

Considere la ecuación  x2 + mx + n = 0 , donde  m , n ∈   y cuyas raíces son 
1

3a
 y 

1
3b

.

(b) Sin resolver  2x2 - 5x + 1 = 0 , determine el valor de  m  y el de  n . [6]
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7. [Puntuación máxima: 6]

Una variable aleatoria continua  X  tiene la siguiente función de densidad de probabilidad:

f x
x x

( ) =
≤ ≤




arccos 0 1

0 resto de valores

La mediana de esta distribución es igual a  m .

(a) Determine el valor de  m . [2]

(b) Sabiendo que  P ( | X - m | ≤ a) = 0,3 , determine el valor de  a . [4]
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8. [Puntuación máxima: 8] 

Considere la curva  C  que viene dada por  y = x - xy ln (xy) , donde  x > 0 ,  y > 0 .

(a) Muestre que 
d

d

d

d

y

x
x

y

x
y xy+ +






 + ( )( ) =1 1ln . [3]

(b) A partir de lo anterior, halle la ecuación de la tangente a  C  en el punto donde  x = 1 . [5]
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

9. [Puntuación máxima: 15]

En el puerto de Dungeness, la altura del agua (en metros) se puede modelizar mediante la 
función  H (t) = a sen (b (t - c)) + d , donde  t  es el número de horas transcurridas desde la 
medianoche, y  a , b , c  y  d  son constantes, con  a > 0 ,  b > 0  y  c > 0 .

En el siguiente gráfico se representa la altura del agua a lo largo de 13 horas, empezando a 
medianoche.

0

5

10

H (t)

t

5 10

La primera marea alta sucede a las 04.30 y la siguiente marea alta sucede 12 horas más 
tarde. A lo largo del día, la altura del agua va fluctuando entre los 2,2 m y los 6,8 m .

Todas las alturas se dan redondeando a una cifra decimal.

(a) Muestre que b =
π
6

. [1]

(b) Halle el valor de  a . [2]

(c) Halle el valor de  d . [2]

(d) Halle el menor valor posible de  c . [3]

(e) Halle cuál será la altura del agua a las 12.00. [2]

(f) Determine durante cuántas horas, a lo largo de un período de 24 horas, la altura de la 
marea supera los  5  metros. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

No escriba soluciones en esta página.

(Pregunta 9: continuación)

Un pescador observa que, en el cercano puerto de Folkestone, la altura del agua sigue el 
mismo patrón sinusoidal que en el puerto de Dungeness, salvo que las mareas altas (y las 
mareas bajas) suceden 50 minutos antes que en Dungeness.

(g) Halle una ecuación apropiada que sirva para modelizar la altura del agua en el puerto 
de Folkestone. [2]

10. [Puntuación máxima: 18]

Considere la función f x
x x

x
x x( ) = − −

−
∈ ≠

2 12

2 15

15

2
  , ,  .

(a) Halle las coordenadas de los puntos donde el gráfico de  f  corta al:

(i) Eje  x 

(ii) Eje  y  [3]

(b) Escriba la ecuación de la asíntota vertical del gráfico de  f . [1]

(c) La asíntota oblicua del gráfico de  f  se puede escribir como  y = ax + b , donde  a , b ∈  .

Halle el valor de  a  y el valor de  b . [4]

(d) Dibuje aproximadamente el gráfico de  f  para  -30 ≤ x ≤ 30 , indicando claramente los 
puntos de intersección con cada eje y todas las asíntotas que haya. [3]

(e) (i) Exprese 
1

f x( )  en fracciones parciales.

(ii) A partir de lo anterior, halle el valor exacto de 
1

0

3

f x
x

( )∫  d , expresando la 

respuesta como un único logaritmo. [7]

16EP13



– 14 –

N21/5/MATHX/HP2/SPA/TZ0/XX

8821 – 7122

No escriba soluciones en esta página.

11. [Puntuación máxima: 21]

Los tres puntos  A (3 , 0 , 0) , B (0 , -2 , 0)  y  C (1 , 1 , -7)  pertenecen al plano  ∏1 .

(a) (i)  Halle el vector AB
→

 y el vector AC
→

.

(ii) A partir de lo anterior, halle la ecuación de  ∏1 , expresando la respuesta en la
forma  ax + by + cz = d , donde  a , b , c , d ∈  . [7]

El plano  ∏2  tiene por ecuación  3x - y + 2z = 2 .

(b) La recta  L  es la intersección de  ∏1  y  ∏2 . Verifique que la ecuación vectorial de  L  se 

puede escribir así: r = −















+

−

















0

2

0

1

1

1

λ . [2]

(c) El plano  ∏3  viene dado por  2x - 2z = 3 . La recta  L  y el plano  ∏3  se cortan en el punto  P .

(i) Muestre que, para el punto  P , λ = 3

4
.

(ii) A partir de lo anterior, halle las coordenadas de  P . [3]

(d) El punto  B (0 , -2 , 0)  pertenece a  L .

(i) Halle la simetría del punto  B  respecto al plano  ∏3 .

(ii) A partir de lo anterior, halle la ecuación vectorial de la recta que se obtiene
cuando se realiza una simetría de  L  respecto al plano  ∏3 . [9]
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Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 

this paper.
 y The maximum mark for this examination paper is [55 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working. 

1. [Maximum mark: 25]

In this question you will explore some of the properties of special functions  f  and  g  
and their relationship with the trigonometric functions, sine and cosine.

Functions  f  and  g  are defined as f z
z z

( ) =
+ −e e

2
 and g z

z z

( ) =
− −e e

2
, where  z ∈  .

Consider  t  and  u , such that  t ,  u ∈  . 

(a) Verify that  u = f (t)  satisfies the differential equation 
2

2

d

d

u
u

t
= . [2]

(b) Show that  ( f (t))2 + (g (t))2 = f (2t) . [3]

(c) Using  eiu = cos u + i sin u , find expressions, in terms of  sin u  and  cos u , for

(i)  f (i u) ; [3]

(ii) g (i u) . [2]

(d) Hence find, and simplify, an expression for  ( f (i u))2 + (g (i u))2 . [2]

(e) Show that  ( f (t))2 - (g (t))2 =  ( f (i u))2 - (g (i u))2. [4]

The functions  cos x  and  sin x  are known as circular functions as the general 
point  (cos θ , sin θ )  defines points on the unit circle with equation  x2 + y2 = 1 .

The functions  f (x) and  g (x)  are known as hyperbolic functions, as the general 
point  ( f (θ ) , g (θ ))  defines points on a curve known as a hyperbola with 
equation  x2 - y2 = 1 . This hyperbola has two asymptotes.

(f) Sketch the graph of  x2 - y2 = 1 , stating the coordinates of any axis intercepts and the 
equation of each asymptote. [4]

The hyperbola with equation  x2 - y2 = 1  can be rotated to coincide with the curve defined 
by  xy = k ,  k ∈  .

(g) Find the possible values of  k . [5]
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2. [Maximum mark: 30]

In this question you will be exploring the strategies required to solve a system of
linear differential equations.

Consider the system of linear differential equations of the form:

d

d

x
x y

t
= -  and 

d

d

y
ax y

t
= + , 

where  x , y , t ∈ +  and  a  is a parameter. 

First consider the case where  a = 0 .

(a) (i)  By solving the differential equation
d

d

y
y

t
= , show that  y = Aet   where  A  is 

a constant. [3]

(ii) Show that
d

e
d

tx
x A

t
- = - . [1]

(iii) Solve the differential equation in part (a)(ii) to find  x  as a function of  t . [4]

Now consider the case where  a = -1 .

(b) (i)  By differentiating 
d

d

y
x y

t
= - +  with respect to  t , show that 

2

2

d d
2

d d

y y

t t
= . [3]

(ii) By substituting
d

d

y
Y

t
= , show that  Y = Be2t  where  B  is a constant. [3]

(iii) Hence find  y  as a function of  t . [2]

(iv) Hence show that 2e
2

tB
x C= - + , where  C  is a constant. [3]

Now consider the case where  a = -4 . 

(c) (i)  Show that 
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [3]

From previous cases, we might conjecture that a solution to this differential equation 
is  y = Feλt,  λ ∈   and  F  is a constant.

(ii) Find the two values for  λ  that satisfy
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [4]

Let the two values found in part (c)(ii) be  λ1  and  λ2 .

(iii) Verify that  y = Feλ1t + Geλ2t  is a solution to the differential equation in (c)(i),
where  G  is a constant. [4]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 

subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 4  4e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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1. (a)
e e

( )
2

t t

f t
−−

 = A1 

e e
( )

2

t t

f t
−+

 = A1 

( )f t= AG 
[2 marks] 

(b) METHOD 1

( ) ( )
2 2

( ) ( )f t g t+

substituting f and g M1 

2 2(e e ) (e e )

4

t t t t− −+ + −
=

2 2 2 2(e ) 2 (e ) (e ) 2 (e )

4

t t t t− −+ + + − +
= (M1) 

2 2 2 2(e ) (e ) e e

2 2

t t t t− − + +
= = 

 
A1 

(2 )f t= AG 

METHOD 2 

2 2e e
(2 )

2

t t

f t
−+

=

2 2(e ) (e )

2

t t−+
= M1 

2 2(e e ) (e e )

4

t t t t− −+ + −
= M1A1 

( ) ( )
2 2

( ) ( )f t g t= + AG 

[3 marks] 

Note: Accept combinations of METHODS 1 & 2 that meet at equivalent expressions. 
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(c) (i) substituting ie u cos isinu u= + into the expression for f (M1) 
obtaining ie u− cos isinu u= − (A1) 

cos isin cos isin
(i )

2

u u u u
f u

+ + −
=

Note: The M1 can be awarded for the use of sine and cosine being odd and even 
respectively. 

2cos

2

u
=

cosu= A1 
[3 marks] 

(ii) 
cos isin cos isin

(i )
2

u u u u
g u

+ − +
=

substituting and attempt to simplify (M1) 

2isin

2

u
=

isinu= A1 
[2 marks] 

(d) METHOD 1

( ) ( )
2 2

(i ) (i )f u g u+

substituting expressions found in part (c) (M1) 
2 2cos sin ( cos2 )u u u= − = A1 

METHOD 2 
2i 2ie e

(2i )
2

u u

f u
−+

=

cos2 isin 2 cos2 isin 2

2

u u u u+ + −
= M1 

cos2u= A1 

Note: Accept equivalent final answers that have been simplified removing all 
imaginary parts eg 22cos 1u − etc 

[2 marks] 
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(e) ( ) ( )
2 2

2 2 (e e ) (e e )
( ) ( )

4

t t t t

f t g t
− −+ − −

− = M1 

2 2 2 2(e e 2) (e e 2)

4

t t t t− −+ + − + −
= A1 

4
1

4
= = A1 

Note:  Award A1 for a value of 1 obtained from either LHS or RHS of given 
expression. 

( ) ( )
2 2 2 2(i ) (i ) cos sinf u g u u u− = + M1 

1= ( ) ( ) ( ) ( )( )2 2 2 2
( ) ( ) (i ) (i )f t g t f u g u− = −hence AG 

Note:  Award full marks for showing that ( ) ( )
2 2

( ) ( ) 1,f z g z z− =   . 

[4 marks] 

(f) 

A1A1A1A1 

Note:  Award A1 for correct curves in the upper quadrants, A1 for correct curves in 
the lower quadrants , A1 for correct x-intercepts of ( 1, 0)−  and (1, 0)  (condone 

1x = − and 1), A1 for y x= and y x= − . 

[4 marks] 
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(g) attempt to rotate by 45  in either direction (M1) 

Note:  Evidence of an attempt to relate to a sketch of xy k= would be sufficient for 
this (M1). 

attempting to rotate a particular point, eg (1, 0) (M1) 

(1, 0) rotates to 
1 1

,
2 2

 
 

 
  (or similar) (A1) 

hence 
1

2
k =  A1A1 

[5 marks] 
Total [25 marks] 
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2. (a) (i) METHOD 1 
d

dt

y
y=

d
dt

y

y
=  (M1) 

ln y t c= + OR   ln y t c= + A1A1 

Note:  Award A1 for ln y  and A1 for t and c. 

ety A= AG 

METHOD 2 

rearranging to 
d

0
dt

y
y− = AND multiplying by integrating factor e t− M1 

e ty A− = A1A1 

ety A= AG 
[3 marks] 

(ii) substituting ety A=  into differential equation in x M1

d
e

dt
tx

x A= −

d
e

dt
tx

x A− = − AG 

[1 mark] 

(iii) integrating factor (IF) is
1d

e
t− (M1) 

e t−= (A1) 
d

e e
dt

t tx
x A− −− = −

e tx At D− = − + (A1) 
( )etx At D= − + A1 

Note:  The first constant must be A, and the second can be any constant for the final 
A1 to be awarded. Accept a change of constant applied at the end. 

[4 marks] 
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(b) (i)
2

2

d d d

d d d

y x y

t t t
= − + A1 

EITHER 
d

d

y
x y

t
= − + + (M1) 

d d

d d

y y

t t
= + A1 

OR 
( )x y x y= − + + − + (M1) 

( )2 x y= − + A1 

THEN 
d

2
d

y

t
= AG 

[3 marks] 

(ii) 
d

2
d

Y
Y

t
= A1 

d
2d

Y
t

Y
=  M1 

ln 2Y t c= + OR  ln 2Y t c= + A1 
2e tY B= AG 

[3 marks] 

(iii) 2d
e

d
ty

B
t
=

2e dty B t=  M1 

2e
2

tB
y C= + A1 

Note:  The first constant must be B, and the second can be any constant for the final 
A1 to be awarded. Accept a change of constant applied at the end. 

[2 marks] 
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(iv) METHOD 1

substituting 2d
e

d
ty

B
t
=  and their (iii) into 

d

d

y
x y

t
= − + M1(M1) 

2 2e e
2

t tB
B x C= − + + A1 

2e
2

tB
x C= − + AG 

Note:  Follow through from incorrect part (iii) cannot be awarded if it does not lead to 
the AG. 

METHOD 2 
2d

e
d 2

tx B
x C

t
= − −

2d
e

d 2
tx B

x C
t
− = − −

d( e )
e e

d 2

t
t tx B

C
t

−
−= − − M1 

e e e d
2

t t tB
x C t− −= − −

e e e
2

t t tB
x C D− −= − + + A1 

2e e
2

t tB
x C D= − + +

2 2 2d
e e e e 0

d 2 2
t t t ty B B

x y B C D C D
t
= − +  = − − + +  = M1 

2e
2

tB
x C= − + AG 

[3 marks] 



– 15 – N21/5/MATHX/HP3/ENG/TZ0/XX/M 

(c) (i)
d

4
d

y
x y

t
= − +

2

2

d d d
4

d d d

y x y

t t t
= − + seen anywhere M1 

METHOD 1 
2

2

d

d

y

t

d
4( )

d

y
x y

t
= − − +

attempt to eliminate x M1 

1 d d
4

4 d d

y y
y y

t t

  
= − − − +  

  
 

d
2 3

d

y
y

t
= + A1 

2

2

d d
2 3 0

d d

y y
y

t t
− − = AG 

METHOD 2 

rewriting LHS in terms of x and y M1 

( ) ( )
2

2

d d
2 3 8 5 2 4 3

d d

y y
y x y x y y

t t
− − = − + − − + − A1 

0= AG 
[3 marks] 

(ii) 
d

e
d

ty
F

t
= , 

2
2

2

d
e

d
ty

F
t

= (A1) 

2e 2 e 3 e 0t t tF F F   − − = (M1) 
2 2 3 0 − − = (since e 0t  ) A1 

1  and 2 are 3 and -1 (either order) A1 
[4 marks] 
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(iii) METHOD 1
3e et ty F G −= +

3d
3 e e

d
t ty

F G
t

−= − , 
2

3
2

d
9 e e

d
t ty

F G
t

−= +  (A1)(A1) 

( ) ( )
2

3 3 3
2

d d
2 3 9 e e 2 3 e e 3 e e

d d
t t t t t ty y

y F G F G F G
t t

− − −− − = + − − − + M1 

3 3 39 e e 6 e 2 e 3 e 3 et t t t t tF G F G F G− − −= + − + − − A1 
0= AG 

METHOD 2 
1 2e et ty F G = +  

1 2
1 2

d
e e

d
t ty

F G
t

  = + , 1 2

2
2 2

1 22

d
e e

d
t ty

F G
t

  = +  (A1)(A1) 

( ) ( )1 2 1 2 1 2

2
2 2

1 2 1 22

d d
2 3 e e 2 e e 3 e e

d d
t t t t t ty y

y F G F G F G
t t

        − − = + − + − + M1 

( ) ( )1 22 2e 2 3 e 2 3t tF G    = − − + − − A1 

0= AG 
[4 marks] 

Total [30 marks] 
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Mathématiques : analyse et approches
Niveau supérieur
Épreuve 3

Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour les cours de mathématiques : 

analyse et approches est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement. 

1. [Note maximale : 25]

Dans cette question, vous explorerez certaines propriétés des fonctions spéciales  
 f  et  g , ainsi que leur relation avec les fonctions trigonométriques sinus et cosinus.

Les fonctions  f  et  g  sont définies par  f z
z z

( ) �
� �e e

2
 et g z

z z

( ) �
� �e e

2
, où  z ∈  .

Considérez  t  et  u , tel que  t ,  u ∈  . 

(a) Vérifiez que  u = f (t)  satisfait l’équation différentielle 
2

2

d

d

u
u

t
= . [2]

(b) Montrez que  ( f (t))2 + (g (t))2 = f (2t) . [3]

(c) En utilisant  eiu = cos u + i sin u , trouvez des expressions, en fonction de  sin u  et  cos u , pour

(i)  f (i u) ; [3]

(ii) g (i u) . [2]

(d) À partir de là, trouvez et simplifiez, une expression pour  ( f (i u))2 + (g (i u))2 . [2]

(e) Montrez que  ( f (t))2 - (g (t))2 =  ( f (i u))2 - (g (i u))2. [4]

Les fonctions  cos x  et  sin x  sont aussi connues sous le nom de fonctions circulaires, où le 
point général  (cos θ ; sin θ )  définit des points sur le cercle unitaire d’équation  x2 + y2 = 1 .

Les fonctions  f (x) et  g (x)  sont connues sous le nom de fonctions hyperboliques, où 
le point général  ( f (θ ) ; g (θ ))  définit des points sur une courbe appelée une hyperbole 
d’équation  x2 - y2 = 1 . Cette hyperbole a deux asymptotes.

(f) Esquissez la représentation graphique de  x2 - y2 = 1 , en indiquant les coordonnées de 
tout point d’intersection avec les axes et l’équation de chaque asymptote. [4]

L’hyperbole d’équation  x2 - y2 = 1  peut être tournée afin de coïncider avec la courbe définie 
par  xy = k ,  k ∈  .

(g) Trouvez les valeurs possibles de  k . [5]
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2. [Note maximale : 30]

Dans cette question, vous explorerez les stratégies nécessaires pour résoudre un
système d’équations différentielles linéaires.

Considérez le système d’équations différentielles linéaires de la forme :

d

d

x
x y

t
= -  et 

d

d

y
ax y

t
= + , 

où  x , y , t ∈ +  et  a  est un paramètre. 

Considérez d’abord le cas où  a = 0 .

(a) (i)  En résolvant l’équation différentielle
d

d

y
y

t
= , montrez que  y = Aet , où  A  est 

une constante. [3]

(ii) Montrez que
d

e
d

tx
x A

t
- = - . [1]

(iii) Résolvez l’équation différentielle de la partie (a)(ii) pour trouver  x  comme une
fonction de  t . [4]

Considérez maintenant le cas où  a = -1 .

(b) (i)  En trouvant la dérivée
d

d

y
x y

t
= - +  par rapport à  t , montrez que 

2

2

d d
2

d d

y y

t t
= . [3]

(ii) En substituant
d

d

y
Y

t
= , montrez que  Y = Be2t , où  B  est une constante. [3]

(iii) À partir de là, trouvez  y  comme une fonction de  t . [2]

(iv) À partir de là, montrez que 2e
2

tB
x C= - + , où  C  est une constante. [3]

Considérez maintenant le cas où  a = -4 . 

(c) (i) Montrez que 
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [3]

Nous pourrions déduire des cas précédents qu’une solution de cette équation 
différentielle est  y = Feλt, où  λ ∈   et  F  est une constante.

(ii) Trouvez les deux valeurs de  λ  qui satisfont
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [4]

Soit  λ1  et  λ2  les deux valeurs trouvées dans la partie (c)(ii).

(iii) Vérifiez que  y = Feλ1t + Geλ2t  est une solution de l’équation différentielle en (c)(i),
où  G  est une constante. [4]
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1 Stunde  

Mathematik: Analyse und Ansätze
Leistungsstufe
3. Klausur

Hinweise für die Kandidaten

 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Beantworten Sie alle Fragen im beigefügten Antwortheft.
 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 

exakt oder auf drei signifikante Stellen genau angegeben werden.
 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 

Analyse und Ansätze erforderlich.
 y Die Höchstpunktzahl für diese Prüfungsklausur ist [55 Punkte].
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Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite. Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl 
anerkannt. Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. 
Lösungen, die mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, müssen von einem 
passenden Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung 
verwenden, sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte 
für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar 
wird. Deshalb sollten Sie alle Rechenwege offenlegen. 

1. [Maximale Punktzahl: 25]

In dieser Aufgabe sollen Sie einige der Eigenschaften der speziellen Funktionen  f  
und  g  sowie den Zusammenhang mit den trigonometrischen Funktionen Sinus und 
Kosinus untersuchen.

Die Funktionen  f  und  g  sind definiert als f z
z z

( ) =
+ −e e

2
 und g z

z z

( ) =
− −e e

2
, mit  z ∈  .

Betrachten Sie  t  und  u , mit  t ,  u ∈  . 

(a) Validieren Sie, dass  u = f (t)  die Differentialgleichung 
2

2

d

d

u
u

t
=  erfüllt. [2]

(b) Zeigen Sie, dass gilt:  ( f (t))2 + (g (t))2 = f (2t) . [3]

(c) Verwenden Sie den Zusammenhang  eiu = cos u + i sin u  und finden Sie Ausdrücke 
in  sin u  und  cos u  für

(i)  f (i u) ; [3]

(ii) g (i u) . [2]

(d) Finden Sie unter Nutzung der Vorarbeit einen Ausdruck für  ( f (i u))2 + (g (i u))2  und 
vereinfachen Sie diesen. [2]

(e) Zeigen Sie, dass  ( f (t))2 - (g (t))2 =  ( f (i u))2 - (g (i u))2. [4]

Die Funktionen  cos x  und  sin x  sind als Winkelfunktionen bekannt, da der allgemeine 
Punkt   (cos θ , sin θ )  die Punkte auf dem Einheitskreis mit der Gleichung  x2 + y2 = 1  definiert.

Die Funktionen  f (x) und  g (x)  sind als Hyperbelfunktionen bekannt, da der allgemeine 
Punkt  ( f (θ ) , g (θ ))  Punkte auf einer Kurve definiert, die als Hyperbel mit der 
Gleichung  x2 - y2 = 1  bekannt ist. Diese Hyperbel hat zwei Asymptoten.

(f) Skizzieren Sie den Graphen von  x2 - y2 = 1 , und geben Sie die Koordinaten aller 
Schnittpunkte mit den Achsen sowie die Gleichung jeder Asymptoten an. [4]

Die Hyperbel mit der Gleichung  x2 - y2 = 1  kann so gedreht werden, dass sie mit der Kurve 
übereinstimmt, die durch  xy = k , mit  k ∈  , definiert ist.

(g) Finden Sie die möglichen Werte von  k . [5]
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2. [Maximale Punktzahl: 30]

In dieser Aufgabe sollen Sie die Strategien untersuchen, die zur Lösung eines
Systems linearer Differentialgleichungen erforderlich sind.

Betrachten Sie das System linearer Differentialgleichungen der Form:

d

d

x
x y

t
= -  und 

d

d

y
ax y

t
= + , 

wobei  x , y , t ∈ +  und  a  ein Parameter ist. 

Betrachten Sie zunächst den Fall  a = 0 .

(a) (i)  Zeigen Sie durch Lösen der Differentialgleichung
d

d

y
y

t
= , dass  y = Aet , wobei  A  

eine Konstante ist. [3]

(ii) Zeigen Sie, dass
d

e
d

tx
x A

t
- = - . [1]

(iii) Lösen Sie die Differentialgleichung in Teil (a)(ii) und finden Sie somit  x  als 
Funktion von  t . [4]

Betrachten Sie nun den Fall  a = -1 .

(b) (i)  Zeigen Sie durch Differenzieren von
d

d

y
x y

t
= - +  nach  t , dass gilt: 

2

2

d d
2

d d

y y

t t
= . [3]

(ii) Zeigen Sie durch die Substitution
d

d

y
Y

t
= , dass  Y = Be2t , wobei  B  eine 

Konstante ist. [3]

(iii) Finden Sie unter Nutzung der Vorarbeit  y  als Funktion von  t . [2]

(iv) Zeigen Sie unter Nutzung der Vorarbeit, dass 2e
2

tB
x C= - + , wobei  C  eine

Konstante ist. [3]

Betrachten Sie nun den Fall  a = -4 . 

(c) (i)  Zeigen Sie, dass 
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [3]

Die vorigen Fälle lassen vermuten, dass  y = Feλt  eine Lösung dieser 
Differentialgleichung ist, wobei  λ ∈   und  F  eine Konstante ist.

(ii) Finden Sie die beiden Werte für  λ , so dass gilt:
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [4]

Die beiden in Teil (c)(ii) gefundenen Werte seien  λ1  und  λ2 .

(iii) Validieren Sie, dass  y = Feλ1t + Geλ2t  eine Lösung der Differentialgleichung aus
(c)(i) darstellt, wobei  G  eine Konstante ist. [4]

Quellen:
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 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
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 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Por favor comience cada 
pregunta en una página nueva. No se otorgará necesariamente la máxima puntuación a una respuesta 
correcta que no esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en 
un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla 
gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención; por ejemplo, si se 
utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de 
la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido. 

1. [Puntuación máxima: 25]

En esta pregunta tendrá que explorar algunas de las propiedades de dos funciones 
especiales  f  y  g  y su relación con las funciones trigonométricas seno y coseno.

Las funciones  f  y  g  se definen como f z
z z

( ) =
+ −e e

2
 y g z

z z

( ) =
− −e e

2
, donde  z ∈  .

Considere  t  y  u , con  t ,  u ∈  . 

(a) Verifique que  u = f (t)  satisface la ecuación diferencial 
2

2

d

d

u
u

t
= . [2]

(b) Muestre que  ( f (t))2 + (g (t))2 = f (2t) . [3]

(c) Utilizando   eiu = cos u + i sen u , halle una expresión en función de  sen u  y  cos u  para:

(i)  f (i u)  [3]

(ii) g (i u)  [2]

(d) A partir de lo anterior, halle y simplifique una expresión para  ( f (i u))2 + (g (i u))2 . [2]

(e) Muestre que  ( f (t))2 - (g (t))2 =  ( f (i u))2 - (g (i u))2. [4]

Las funciones  cos x  y  sen x  se denominan funciones circulares, ya que las coordenadas 
generales  (cos θ , sen θ )  definen puntos pertenecientes al círculo de radio unidad, cuya 
ecuación es  x2 + y2 = 1 .

Las funciones  f (x) y  g (x)  se denominan funciones hiperbólicas, ya que las coordenadas 
generales  ( f (θ ) , g (θ ))  definen puntos pertenecientes a una curva denominada hipérbola, 
cuya ecuación es  x2 - y2 = 1 . Esta hipérbola tiene dos asíntotas.

(f) Dibuje aproximadamente el gráfico de  x2 - y2 = 1 , indicando las coordenadas de todas 
las intersecciones con los ejes que haya y la ecuación de cada una de las asíntotas. [4]

La hipérbola que tiene por ecuación  x2 - y2 = 1  se puede rotar hasta hacerla coincidir con la 
curva que viene dada por  xy = k ,  k ∈  .

(g) Halle los posibles valores de  k . [5]
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2. [Puntuación máxima: 30]

En esta pregunta tendrá que explorar las estrategias necesarias para resolver un
sistema de ecuaciones diferenciales lineales.

Considere el sistema de ecuaciones diferenciales lineales de la forma:

d

d

x
x y

t
= -  y 

d

d

y
ax y

t
= + , 

donde  x , y , t ∈ +  y  a  es un parámetro. 

Considere primero el caso en el que  a = 0 .

(a) (i)  Resolviendo la ecuación diferencial
d

d

y
y

t
= , muestre que  y = Aet , donde  A  es 

una constante. [3]

(ii) Muestre que
d

e
d

tx
x A

t
- = - . [1]

(iii) Resuelva la ecuación diferencial del subapartado (a)(ii) para hallar  x  en 
función de  t . [4]

Considere ahora el caso en el que  a = -1 .

(b) (i)  Derivando 
d

d

y
x y

t
= - +  con respecto a  t , muestre que 

2

2

d d
2

d d

y y

t t
= . [3]

(ii) Realizando la sustitución
d

d

y
Y

t
= , muestre que  Y = Be2t , donde  B  es una constante. [3]

(iii) A partir de lo anterior, halle  y  en función de  t . [2]

(iv) A partir de lo anterior, muestre que 2e
2

tB
x C= - + , donde  C  es una constante. [3]

Considere ahora el caso en el que  a = -4 . 

(c) (i)  Muestre que 
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [3]

A partir de los casos anteriores, podríamos conjeturar que una solución de esta 
ecuación diferencial es  y = Feλt, donde  λ ∈   y  F  es una constante.

(ii) Halle los dos valores de  λ  que satisfacen la relación
2

2

d d
2 3 0

d d

y y
y

t t
- - = . [4]

Sean  λ1  y  λ2  los dos valores que ha hallado en el subapartado (c)(ii).

(iii) Verifique que  y = Feλ1t + Geλ2t  es una solución de la ecuación diferencial del
subapartado (c)(i), donde  G  es una constante. [4]

Fuentes:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 7] 

Consider the function  f (x) = -2(x - 1)(x + 3), for  x ∈  . The following diagram shows part 
of the graph of  f .

y

x

(a) For the graph of  f 

(i) find the  x-coordinates of the  x-intercepts; 

(ii) find the coordinates of the vertex. [5] 

The function  f  can be written in the form  f (x) = -2(x - h)2 + k .

(b) Write down the value of  h  and the value of  k . [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over

2. [Maximum mark: 4]

Given that 
d

cos
d 4

y
x

x

π = - 
 

 and  y = 2  when 
3

4
x

π
= , find  y  in terms of  x .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximum mark: 5]

The function  f  is defined by f x
x

x
( ) = +

−
2 4

3
, where  x ∈  ,  x ≠ 3 .

(a) Write down the equation of

(i) the vertical asymptote of the graph of  f ;

(ii) the horizontal asymptote of the graph of  f . [2]

(b) Find the coordinates where the graph of  f  crosses

(i) the  x-axis;

(ii) the  y-axis. [2]
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(This question continues on the following page)
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Turn over

(Question 3 continued)

(c) Sketch the graph of  f  on the axes below. [1]
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4. [Maximum mark: 5]

Box 1 contains 5 red balls and 2 white balls. 
Box 2 contains 4 red balls and 3 white balls.

(a) A box is chosen at random and a ball is drawn. Find the probability that the ball is red.  [3]

Let  A  be the event that “box 1 is chosen” and let  R  be the event that “a red ball is drawn”.

(b) Determine whether events  A  and  R  are independent. [2]
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5. [Maximum mark: 7]

The function  f  is defined for all  x ∈  . The line with equation  y = 6x - 1  is the tangent to 
the graph of  f  at  x = 4 .

(a) Write down the value of  f ′(4) . [1]

(b) Find  f (4) . [1]

The function  g  is defined for all  x ∈   where  g (x) = x2 - 3x  and  h (x) = f (g (x)) .

(c) Find  h (4). [2]

(d) Hence find the equation of the tangent to the graph of  h  at  x = 4 . [3]
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6. [Maximum mark: 7]

(a) Show that 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
,  x ∈  ,  x ≠ 1 . [2]

(b) Hence or otherwise, solve the equation 2 2 3
6

2 1
0sin

sin
θ

θ
− −

−
=  for  0 ≤ θ ≤ π , θ ≠ π

4
. [5]
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 16]

A particle  P  moves along the  x-axis. The velocity of  P  is  v m s-1  at time  t  seconds, 
where  v (t) = 4 + 4t - 3t 2  for  0 ≤ t ≤ 3 . When  t = 0 ,  P  is at the origin  O .

(a) (i)  Find the value of  t  when  P  reaches its maximum velocity.

(ii) Show that the distance of  P  from  O  at this time is 
88

27
 metres. [7]

(b) Sketch a graph of  v  against  t , clearly showing any points of intersection  
with the axes. [4]

(c) Find the total distance travelled by  P . [5]

8. [Maximum mark: 15]

Consider the function  f (x) = ax  where  x , a ∈   and  x > 0 , a > 1 .

The graph of  f  contains the point 
2

,4
3

 
 
 

.

(a) Show that  a = 8 . [2] 

(b) Write down an expression for  f -1(x) . [1]

(c) Find the value of f − ( )1 32 . [3]

(d) Consider the arithmetic sequence  log8 27 ,  log8 p ,  log8 q ,  log8 125 ,  
where  p > 1  and  q > 1.

(i) Show that  27 , p , q  and  125  are four consecutive terms in a geometric sequence.

(ii) Find the value of  p  and the value of  q . [9] 
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Do not write solutions on this page.

9. [Maximum mark: 14]

Consider a function  f  with domain  a < x < b . The following diagram shows the graph of  f ′,
the derivative of  f .

y

x
a p q

f ′

0

r t b

The graph of  f ′, the derivative of  f , has  x-intercepts at  x = p ,  x = 0  and  x = t . There are 
local maximum points at  x = q  and  x = t  and a local minimum point at  x = r .

(a) Find all the values of  x  where the graph of  f  is increasing. Justify your answer. [2] 

(b) Find the value of  x  where the graph of  f  has a local maximum. [1]

(c) (i)  Find the value of  x  where the graph of  f  has a local minimum. Justify your answer.

(ii) Find the values of  x  where the graph of  f  has points of inflexion. Justify your
answer. [5]

(d) The total area of the region enclosed by the graph of  f ′, the derivative of  f ,
and the  x-axis is  20 .

Given that  f (p) + f (t) = 4 , find the value of  f (0) . [6]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part. Examples:
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Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This
includes when candidates fail to complete a “show that” question correctly, and then in

subsequent parts use their incorrect answer rather than the given value.
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• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 4  4e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any 
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) (i) setting ( ) 0f x =  (M1) 

1x = , 3x = −  (accept ( ) ( )1,0 , 3,0− ) A1 

(ii) METHOD 1
1x = − A1 

substituting their x-coordinate into f (M1) 

8y =  A1 

( )1,8−

METHOD 2
attempt to complete the square (M1) 

( )( )2
2 1 4x− + −

1x = − , 8y = A1A1 

( )1,8−

[5 marks] 

(b) 1h = − A1 

8k =  A1 

 [2 marks] 
Total [7 marks] 
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2. recognition that
π

cos  d
4

y x x 
= − 

 
 (M1) 

( )
π

sin   
4

y x c 
= − + 

 
(A1) 

substitute both and x y values into their integrated expression including c (M1) 

π
2 sin

2
c= +

1c =

π
sin 1

4
y x 
= − + 

 
A1 

[4 marks] 
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3. (a) (i) 3x = A1 

(ii) 2y = − A1 

 [2 marks] 

(b) (i) ( )2,0−    (accept 2x = − ) A1 

(ii) 
4

0,
3

 
 
 

     (accept 
4

3
y = and ( )

4
0

3
f = ) A1 

[2 marks] 
continued… 
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Question 3 continued. 

(c) 

A1 

Note: Award A1 for completely correct shape: two branches in correct 
quadrants with asymptotic behaviour. 

[1 mark] 
Total [5 marks] 
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4. (a) valid approach to find ( )P R (M1) 

tree diagram (must include probabilty of picking box) with correct required probabilities 

OR ( ) ( )1 2P PR B R B +   OR  ( ) ( ) ( ) ( )1 1 2 2P | P P | PR B B R B B+

5 1 4 1

7 2 7 2
 +  (A1)

( )
9

P
14

R = A1

[3 marks] 

(b) events A and R are not independent, since
9 1 5

14 2 14
  OR  

5 9

7 14
   OR 

5 1

9 2


OR  an explanation e.g. different number of red balls in each box A2 

Note: Both conclusion and reasoning are required. Do not split the A2. 

 [2 marks] 
Total [5 marks] 
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5. (a) (4) 6f  = A1 

[1 mark] 

(b) (4) 6 4 1 23f =  − = A1 

[1 mark] 

(c) ( )(4) (4)h f g= (M1) 

2(4) (4 3 4) (4)h f f= −  =

(4) 23h = A1 

[2 marks] 

(d) attempt to use chain rule to find h (M1) 

( )( ) ( )f g x g x  OR  ( ) ( )2 23 3x x f x x −  −

( ) ( )2(4) 2 4 3 4 3 4h f =  − −  A1

30=

( )23 30 4y x− = − OR 30 97y x= − A1 

[3 marks] 
Total [7 marks] 
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6. (a) METHOD 1 

attempt to write all LHS terms with a common denominator of 1x − (M1) 

( ) ( )2 1 3 1 66
2 3

1 1

x x x
x

x x

− − − −
− − =

− −
 OR ( )( )2 3 1 6

1 1

x x

x x

− −
−

− −
22 2 3 3 6

1

x x x

x

− − + −
=

−
  OR 

22 5 3 6

1 1

x x

x x

− +
−

− −
A1 

22 5 3

1

x x

x

− −
=

−
AG 

METHOD 2 

attempt to use algebraic division on RHS (M1) 

correctly obtains quotient of 2 3x− and remainder 6− A1 

6
2 3

1
x

x
= − −

−
 as required. AG 

[2 marks] 
continued… 
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Question 6 continued. 

(b) consider the equation
22sin 2 5sin 2 3

0
sin 2 1

 



− −
=

−
(M1) 

22sin 2 5sin 2 3 0  − − =  

EITHER 

attempt to factorise in the form ( )( )2sin 2 sin 2a b + +  (M1) 

Note: Accept any variable in place of sin2 . 

( )( )2sin 2 1 sin 2 3 0 + − =

OR  
attempt to substitute into quadratic formula (M1) 

5 49
sin 2

4



=

THEN 
1

sin 2
2

 = − or sin2 3 = (A1) 

Note: Award A1 for 
1

sin 2
2

 = − only. 

one of 
7π

6
  OR 

11π

6
 (accept 210 or 330) (A1) 

7π 11π
,

12 12
 =  (must be in radians) A1 

Note: Award A0 if additional answers given. 

[5 marks] 
Total [7 marks] 
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Section B 

7. (a) (i) valid approach to find turning point ( 0v = , 
2

b

a
− , average of roots) (M1) 

4 6 0t− = OR 
( )
4

2 3
−

−
OR

2
2

3
2

− +

2

3
t = (s) A1 

(ii) attempt to integrate v (M1) 

( ) ( )2 2 3 d 4 4 3  d 4 2v t t t t t t t c= + − = + − +  A1A1 

Note: Award A1 for 24 2t t+ , A1 for 3t− .  

attempt to substitute their t into their solution for the integral (M1) 

distance 
2 3

2 2 2
4 2

3 3 3
     

= + −     
     

8 8 8

3 9 27
= + −  (or equivalent) A1 

88

27
=  (m) AG 

 [7 marks] 
continued… 
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Question 7 continued. 

(b) 

valid approach to solve 24 4 3 0t t+ − = (may be seen in part (a)) (M1) 

( )( )2 2 3t t− + OR 
4 16 48

6

−  +

−

correct x- intercept on the graph at 2t =  A1 

Note: The following two A marks may only be awarded if the shape is a 
concave down parabola. These two marks are independent of each 
other and the (M1).  

correct domain from 0 to 3 starting at ( )0,4 A1 

Note: The 3 must be clearly indicated. 

vertex in approximately correct place for 
2

3
t =  and 4v  A1 

[4 marks] 

continued… 
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Question 7 continued. 

(c) recognising to integrate between 0 and 2, or 2 and 3 OR
3

2

0

4 4 3  dt t t+ − (M1) 

( )
2

2

0

4 4 3  dt t t+ −

8= A1 

( )
3

2

2

4 4 3  dt t t+ −

5= − A1 

valid approach to sum the two areas (seen anywhere) (M1) 

2 3

0 2

 d  dv t v t−  OR 
2 3

0 2

 d  dv t v t+ 

total distance travelled 13=  (m) A1 

 [5 marks] 

Total [16 marks] 
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8. (a)
2

4
3

f  
= 

 
 OR  

2
3 4a = (M1) 

3
24a =  OR  ( )

3
2 22a =  OR 2 64a =  OR 3 2a = A1 

8a = AG 

[2 marks] 

(b) ( )1
8logf x x− = A1 

Note: Accept ( )1 logaf x x− = . 

Accept any equivalent expression for 
1f −

e.g. ( )1 ln

ln8

x
f x− = . 

[1 mark] 

(c) correct substitution (A1) 

8log 32   OR  
1
28 32x =

correct working involving log/index law (A1) 

8

1
log 32

2
  OR 8

5
log 2

2
OR 8

1
log 2

3
= OR 

5
2

2log 2 OR 2log 8 3= OR 

5
2

3

ln 2

ln 2
OR 

5
3 22 2x =

( )1 5
32

6
f − = A1 

[3 marks] 
 continued… 
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Question 8 continued. 

(d) (i) METHOD 1 
equating a pair of differences (M1) 

2 1 4 3 3 2( )u u u u u u− = − = −

8 8 8 8log log 27 log 125 logp q− = −

8 8 8 8log 125 log log logq q p− = −

8 8

125
log log

27

p

q

  
=   

   
, 8 8

125
log log

q

q p

   
=   

   
A1A1 

125

27

p

q
= and 125 q

q p
= A1 

27, ,p q and 125  are in geometric sequence AG 

Note: If candidate assumes the sequence is geometric, award no marks for 

part (i).  If 
5

3
r =  has been found, this will be awarded marks in part 

(ii). 

METHOD 2 
expressing a pair of consecutive terms, in terms of d (M1) 

8 27dp =   and 
28 27dq =  OR  

28 27dq =   and 3125 8 27d= 

two correct pairs of consecutive terms, in terms of d A1 

2 3

2

8 27 8 27 8 27

27 8 27 8 27

d d d

d d

  
= =

 
  (must include 3 ratios) A1 

all simplify to 8d A1 

27, ,p q and 125  are in geometric sequence AG 

continued… 
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Question 8 continued. 

(ii) METHOD 1 (geometric, finding r)
3

4 1u u r=  OR  ( )
3

125 27 r= (M1) 

5

3
r =   (seen anywhere) A1 

27p r= OR 125 5

3q
= (M1) 

45, 75p q= = A1A1 

METHOD 2 (arithmetic) 

4 1 3u u d= + OR   8 8log 125 log 27 3d= +  (M1) 

8

5
log

3
d  
=  

 
 (seen anywhere) A1 

8 8 8

5
log log 27 log

3
p  
= +  

 
 OR 8 8 8

5
log log 27 2log

3
q  
= +  

 
(M1) 

45, 75p q= = A1A1 

METHOD 3 (geometric using proportion) 

recognizing proportion  (M1) 

125 27pq =  OR  
2 125q p=  OR  

2 27p q=

two correct proportion equations A1 

attempt to eliminate either p or q (M1) 

2 125 27
125q

q


=   OR 2 125 27

27p
p


= 

45, 75p q= = A1A1 

[9 marks] 
Total [15 marks] 
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Special note: In this question if candidates use the word 'gradient' in 
their reasoning. e.g. gradient is positive, it must be clear whether this 
is the gradient of f or the gradient of f  to earn the R mark. 

9. (a) f increases when 0p x   A1 

f increases when ( )' 0f x    OR  f   is above the x-axis R1 

Note: Do not award A0R1. 
[2 marks] 

(b) 0x = A1 
[1 mark] 

(c) (i) f is minimum when  x p= A1 

because ( )' 0f p = , ( )' 0f x   when x p and ( )' 0f x  when x p

(may be seen in a sign diagram clearly labelled as f  ) 

OR because 'f changes from negative to positive at x p=

OR ( )' 0f p =  and slope of f  is positive at x p= R1 

Note: Do not award A0 R1 

(ii) f has points of inflexion when  x q= , x r= and x t= A2 

f  has turning points at x q= , x r= and x t=

OR 

( ) 0f q = , ( ) 0f r = and ( ) 0f t =  and f  changes from increasing to 

decreasing or vice versa at each of these x-values (may be seen in a sign
diagram clearly labelled as f  and f  ) R1 

Note: Award A0 if any incorrect answers are given. Do not award A0R1. 
[5 marks] 

continued… 
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Question 9 continued. 

(d) recognizing area from p to t  (seen anywhere)  M1 

( )' d
t

p

f x x

recognizing to negate integral for area below x-axis (M1) 

( ) ( )
0

0

' d ' d
t

p

f x x f x x−  OR  ( ) ( )
0 0

' d ' d
p t

f x x f x x+ 

( ) ( ) ( )' d
n

m

f x x f n f m= − (for any integral) (M1) 

( ) ( ) ( ) ( )0 0f f p f t f− − −   OR ( ) ( ) ( ) ( )0 0f f p f f t− + − (A1) 

( ) ( ) ( )2 0 20f f t f p− + =   , ( )2 0 4 20f − = (A1) 

( )0 12f = A1 

[6 marks] 
Total [14 marks] 
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Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 7] 

Considérez la fonction  f (x) = -2(x - 1)(x + 3), pour  x ∈  . Le diagramme suivant montre 
une partie de la représentation graphique de  f .

y

x

(a) Pour la représentation graphique de  f ,

(i) trouvez les coordonnées en  x  des abscisses à l’origine ;

(ii) trouvez les coordonnées du sommet. [5] 

La fonction  f  peut s’écrire sous la forme  f (x) = -2(x - h)2 + k .

(b) Écrivez la valeur de  h  et la valeur de  k . [2]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12EP02



– 3 –

N21/5/MATHX/SP1/FRE/TZ0/XX

8821 – 7119

Tournez la page

2. [Note maximale : 4]

Étant donné que 
d

cos
d 4

y
x

x

π = - 
 

 et  y = 2  lorsque 
3

4
x

π
= , trouvez  y  en fonction de  x .
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3. [Note maximale : 5]

La fonction  f  est définie par f x
x

x
� � � �

�
2 4

3
, où  x ∈  ,  x ≠ 3 .

(a) Écrivez l’équation de

(i) l’asymptote verticale de la représentation graphique de  f ;

(ii) l’asymptote horizontale de la représentation graphique de  f . [2]

(b) Trouvez les coordonnées des points où la représentation graphique de  f  coupe

(i) l’axe des abscisses ;

(ii) l’axe des ordonnées. [2]
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(Suite de la question à la page suivante)
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(Suite de la question 3)

(c) Esquissez la représentation graphique de  f  sur le système d’axes ci-dessous. [1]
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4. [Note maximale : 5]

La boîte 1 contient 5 balles rouges et 2 balles blanches.  
La boîte 2 contient 4 balles rouges et 3 balles blanches.

(a) On choisit une boîte au hasard et on tire une balle de cette boîte. Trouvez la probabilité 
que la balle soit rouge.  [3]

Soit  A  l’événement « on choisit la boîte 1 » et soit  R  l’événement « on tire une balle rouge ».

(b) Déterminez si les événements  A  et  R  sont indépendants. [2]
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5. [Note maximale : 7]

La fonction  f  est définie pour tout  x ∈  . La droite d’équation  y = 6x - 1  est la tangente à la 
représentation graphique de  f  en  x = 4 .

(a) Écrivez la valeur de  f ′(4) . [1]

(b) Trouvez  f (4) . [1]

La fonction  g  est définie pour tout  x ∈  , où  g (x) = x2 - 3x  et  h (x) = f (g (x)) .

(c) Trouvez  h (4). [2]

(d) À partir de là, trouvez l’équation de la tangente à la représentation graphique de  h  
en  x = 4 . [3]
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6. [Note maximale : 7]

(a) Montrez que 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
,  x ∈  ,  x ≠ 1 .  [2]

(b) À partir de là ou par toute autre méthode, résolvez l’équation  

2 2 3
6

2 1
0sin

sin
�

�
� �

�
�  pour  0 ≤ θ ≤ π , � � �

4
. [5]
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 16]

Une particule  P  se déplace le long de l’axe des abscisses. La vitesse algébrique de  P  
est  v m s-1  au temps  t  secondes, où  v (t) = 4 + 4t - 3t2  pour  0 ≤ t ≤ 3 . Lorsque  t = 0 ,  P  est 
à l’origine  O .

(a) (i)  Trouvez la valeur de  t  lorsque  P  atteint sa vitesse algébrique maximale.

(ii) Montrez que la distance de  P  à  O  à cet instant est de 
88

27
 mètres. [7]

(b) Esquissez une représentation graphique de  v  en fonction de  t , en montrant clairement 
tout point d’intersection avec les axes. [4]

(c) Trouvez la distance totale parcourue par  P . [5]

8. [Note maximale : 15]

Considérez la fonction  f (x) = ax  où  x , a ∈   et  x > 0 , a > 1 .

La représentation graphique de  f  passe par le point 
2

;4
3

 
 
 

.

(a) Montrez que  a = 8 . [2] 

(b) Écrivez une expression pour  f -1(x) . [1]

(c) Trouvez la valeur de f � � �1 32 . [3]

(d) Considérez la suite arithmétique  log8 27 ,  log8 p ,  log8 q ,  log8 125 , où  p > 1  et  q > 1.

(i) Montrez que  27 , p , q  et  125  sont quatre termes consécutifs d’une suite géométrique.

(ii) Trouvez la valeur de  p  et la valeur de  q . [9] 
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N’écrivez pas vos solutions sur cette page.

9. [Note maximale : 14]

Considérez une fonction  f  dont le domaine est  a < x < b . Le diagramme suivant montre la
représentation graphique de  f ′, la dérivée de  f .

y

x
a p q

f ′

0

r t b

La représentation graphique de  f ′, la dérivée de  f , possède des abscisses à l’origine 
en  x = p ,  x = 0  et  x = t . Il y a des maximums relatifs en  x = q  et  x = t  et un minimum relatif 
en  x = r .

(a) Trouvez toutes les valeurs de  x  où la représentation graphique de  f  est croissante.
Justifiez votre réponse. [2] 

(b) Trouvez la valeur de  x  où la représentation graphique de  f  a un maximum relatif. [1]

(c) (i)  Trouvez la valeur de  x  où la représentation graphique de  f  a un minimum relatif.
Justifiez votre réponse.

(ii) Trouvez les valeurs de  x  où la représentation graphique de  f  a des points
d’inflexion. Justifiez votre réponse. [5] 

(d) L’aire totale de la région délimitée par la représentation graphique de  f ′, la dérivée
de  f , et l’axe des abscisses est  20 .

Étant donné que  f (p) + f (t) = 4 , trouvez la valeur de  f (0) . [6]
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1. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur dürfen Sie keinen Taschenrechner nutzen.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
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 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 7] 

Betrachten Sie die Funktion  f (x) = -2(x - 1)(x + 3)  für  x ∈  . Das folgende Diagramm zeigt 
einen Teil des Graphen von  f .

y

x

(a) Finden Sie zum Graphen von  f :

(i) Die  x-Werte der Schnittpunkte mit der  x-Achse; 

(ii) Die Koordinaten des Scheitelpunkts. [5] 

Die Funktion  f  kann in der Form  f (x) = -2(x - h)2 + k  geschrieben werden.

(b) Notieren Sie die Werte von  h  und  k . [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Maximale Punktzahl: 4]

Es gelte 
d

cos
d 4

y
x

x

π = - 
 

 und  y = 2  für 
3

4
x

π
= . Finden Sie  y  in Abhängigkeit von  x .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximale Punktzahl: 5]

Die Funktion  f  ist definiert durch f x
x

x
( ) = +

−
2 4

3
 für  x ∈  ,  x ≠ 3 .

(a) Notieren Sie die Gleichung

(i) der vertikalen Asymptote an den Graphen von  f .

(ii) der horizontalen Asymptote an den Graphen von  f . [2]

(b) Finden Sie die Koordinaten des Punktes/der Punkte, in denen der Graph von  f 

(i) die  x-Achse schneidet.

(ii) die  y-Achse schneidet. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 3)

(c) Skizzieren Sie den Graphen von  f  im nachstehenden Koordinatensystem. [1]
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4. [Maximale Punktzahl: 5]

Urne 1 enthält 5 rote Kugeln und 2 weiße Kugeln.  
Urne 2 enthält 4 rote Kugeln und 3 weiße Kugeln.

(a) Aus einer zufällig ausgewählten Urne wird eine Kugel gezogen. Finden Sie die 
Wahrscheinlichkeit, dass die Kugel rot ist. [3]

Sei  A  das Ereignis „Urne 1 wird gewählt“ und sei  R  das Ereignis „eine rote Kugel wird gezogen“.

(b) Bestimmen Sie, ob die Ereignisse  A  und  R  unabhängig sind. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Maximale Punktzahl: 7]

Die Funktion  f  ist definiert für alle  x ∈  . Die Gerade mit der Gleichung  y = 6x - 1  ist die 
Tangente an den Graphen von  f  bei  x = 4 .

(a) Notieren Sie den Wert von  f ′(4) . [1]

(b) Finden Sie  f (4) . [1]

Die Funktion  g  ist definiert für alle  x ∈  . Es gilt  g (x) = x2 - 3x  und  h (x) = f (g (x)) .

(c) Finden Sie  h (4). [2]

(d) Finden Sie unter Nutzung der Vorarbeit die Gleichung der Tangenten an den Graphen 
von  h  bei  x = 4 . [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximale Punktzahl: 7]

(a) Zeigen Sie, dass 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
 für  x ∈   und  x ≠ 1 . [2]

(b) Lösen Sie unter Nutzung der Vorarbeit oder mittels einer anderen Methode die 

Gleichung 2 2 3
6

2 1
0sin

sin
θ

θ
− −

−
=  für  0 ≤ θ ≤ π , θ ≠ π

4
. [5]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite.

7. [Maximale Punktzahl: 16]

Ein Teilchen  P  bewegt sich entlang der  x-Achse. Die Geschwindigkeit von  P  ist  v  (in m s-1)   
zum Zeitpunkt  t  (in Sekunden). Für  v  gilt:  v (t) = 4 + 4t - 3t2  für  0 ≤ t ≤ 3 . Zum 
Zeitpunkt  t = 0  befindet sich  P  am Ursprung  O .

(a) (i)  Finden Sie den Wert von  t , wenn  P  seine maximale Geschwindigkeit erreicht hat.

(ii) Zeigen Sie, dass der Abstand von  P  vom Ursprung  O  zu diesem Zeitpunkt 
88

27
 Meter beträgt. [7]

(b) Skizzieren Sie einen Graphen von  v  über  t  mit klarer Darstellung aller Schnittpunkte 
mit den Achsen. [4]

(c) Finden Sie die gesamte zurückgelegte Strecke des Teilchens  P . [5]

8. [Maximale Punktzahl: 15]

Betrachten Sie die Funktion  f (x) = ax  mit  x , a ∈   und  x > 0 , a > 1 .

Der Graph von  f  enthält den Punkt 
2

,4
3

 
 
 

.

(a) Zeigen Sie, dass  a = 8 . [2] 

(b) Notieren Sie einen Ausdruck für  f -1(x) . [1]

(c) Finden Sie den Wert von f − ( )1 32 . [3]

(d) Betrachten Sie die arithmetische Folge  log8 27 ,  log8 p ,  log8 q ,  log8 125 ,  
mit  p > 1  und  q > 1.

(i) Zeigen Sie, dass  27 , p , q  und  125  vier aufeinanderfolgende Terme in einer 
geometrischen Folge sind.

(ii) Finden Sie die Werte von  p  und  q . [9] 
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Schreiben Sie keine Lösungen auf diese Seite.

9. [Maximale Punktzahl: 14]

Betrachten Sie eine Funktion  f  mit der Definitionsmenge  a < x < b . Das folgende Diagramm
zeigt den Graphen von  f ′, der Ableitung von  f .

y

x
a p q

f ′

0

r t b

Der Graph von  f ′, der Ableitung von  f , hat die Schnittpunkte mit der  x-Achse  x = p ,  x = 0  
und  x = t . Der Graph von  f  hat Hochpunkte bei   x = q  und  x = t  sowie einen Tiefpunkt bei  x = r .

(a) Finden Sie alle Werte von  x , an denen der Graph von  f  steigend ist. Begründen Sie
Ihre Antwort. [2] 

(b) Finden Sie den Wert von  x , an dem der Graph von  f  einen Hochpunkt hat. [1]

(c) (i)  Finden Sie den Wert von  x , an dem der Graph von  f  einen Tiefpunkt hat.
Begründen Sie Ihre Antwort.

(ii) Finden Sie die Werte von  x , an denen der Graph von  f  Wendepunkte hat.
Begründen Sie Ihre Antwort. [5] 

(d) Der Inhalt der durch den Graphen von  f ′ (der Ableitung von  f ) und der  x-Achse
eingeschlossenen Fläche beträgt  20 .

Unter der Voraussetzung, dass  f (p) + f (t) = 4  gilt, finden Sie den Wert von  f (0) . [6]
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 7] 

Considere la función  f (x) = -2(x - 1)(x + 3), para  x ∈  . La siguiente figura muestra una 
parte del gráfico de  f .

y

x

(a) Para este gráfico de  f :

(i) Halle la coordenada  x  de todas las intersecciones con el eje  x .

(ii) Halle las coordenadas del vértice. [5] 

La función  f  se puede escribir en la forma  f (x) = -2(x - h)2 + k .

(b) Escriba el valor de  h  y el valor de  k . [2]
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2. [Puntuación máxima: 4]

Sabiendo que 
d

cos
d 4

y
x

x

π = - 
 

 e  y = 2  para 
3

4
x

π
= , halle  y  en función de  x .
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3. [Puntuación máxima: 5]

La función  f  viene dada por f x
x

x
( ) = +

−
2 4

3
, donde  x ∈  ,  x ≠ 3 .

(a) Escriba la ecuación de:

(i) La asíntota vertical del gráfico de  f 

(ii) La asíntota horizontal del gráfico de  f  [2]

(b) Halle las coordenadas de los puntos donde el gráfico de  f  corta:

(i) Al eje  x

(ii) Al eje  y [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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(Esta pregunta continúa en la página siguiente)
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(Pregunta 3: continuación)

(c) En los siguientes ejes de coordenadas, dibuje aproximadamente el gráfico de  f . [1]

−15

−15

−10

−10

−5

−5

0 5

5

10

10

15

15

y

x
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4. [Puntuación máxima: 5]

La caja 1 contiene 5 bolas rojas y 2 bolas blancas. 
La caja 2 contiene 4 bolas rojas y 3 bolas blancas.

(a) Se escoge una caja al azar y se extrae una bola. Halle la probabilidad de que la bola 
sea roja.  [3]

Sea  A  el suceso “se escoge la caja 1” y sea  R  el suceso “se extrae una bola roja”.

(b) Determine si los sucesos  A  y  R  son independientes. [2]
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5. [Puntuación máxima: 7]

La función  f  está definida para todo  x ∈  . La recta que tiene por ecuación  y = 6x - 1  es la 
tangente al gráfico de  f  en  x = 4 .

(a) Escriba el valor de  f ′(4) . [1]

(b) Halle  f (4) . [1]

La función  g  está definida para todo  x ∈  , donde  g (x) = x2 - 3x  y  h (x) = f (g (x)) .

(c) Halle  h (4). [2]

(d) A partir de lo anterior, halle la ecuación de la tangente al gráfico de  h  en  x = 4 . [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Puntuación máxima: 7]

(a) Muestre que 
26 2 5 3

2 3
1 1

x x
x

x x

- -
- - =

- -
,  x ∈  ,  x ≠ 1 .  [2]

(b) A partir de lo anterior o de cualquier otro modo, resuelva la ecuación 

2 2 3
6

2 1
0sen

sen
θ

θ
− −

−
=  para  0 ≤ θ ≤ π , θ ≠ π

4
. [5]
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 16]

Una partícula  P  se mueve a lo largo del eje  x . La velocidad de  P  es igual a  v m s-1  en el 
instante  t  segundos, donde  v (t) = 4 + 4t - 3t2  para  0 ≤ t ≤ 3 . Cuando  t = 0 ,  P  se encuentra 
en el origen  O .

(a) (i)  Halle el valor de  t  para el que  P  alcanza su velocidad máxima.

(ii) Muestre que, en ese instante, la distancia de  P  a  O  es igual a 
88

27
 metros. [7]

(b) Dibuje aproximadamente el gráfico de  v  en función de  t , mostrando claramente todos 
los puntos de intersección con los ejes que haya. [4]

(c) Halle la distancia total que ha recorrido  P . [5]

8. [Puntuación máxima: 15]

Considere la función  f (x) = ax , donde  x , a ∈   y  x > 0 , a > 1 .

El punto 
2

,4
3

 
 
 

 pertenece al gráfico de  f .

(a) Muestre que  a = 8 . [2] 

(b) Escriba una expresión para  f -1(x) . [1]

(c) Halle el valor de f − ( )1 32 . [3]

(d) Considere la progresión aritmética  log8 27 ,  log8 p ,  log8 q ,  log8 125 ,  
donde  p > 1  y  q > 1.

(i) Muestre que  27 , p , q  y  125  son cuatro términos consecutivos de una 
progresión geométrica.

(ii) Halle el valor de  p  y el valor de  q . [9] 
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9. [Puntuación máxima: 14]

Considere una función  f  cuyo dominio es  a < x < b . La siguiente figura muestra el gráfico
de  f ′, la derivada de  f .

y

x
a p q

f ′

0

r t b

El gráfico de  f ′ (la derivada de  f ) corta al eje  x  en  x = p ,  x = 0  y  x = t . Tiene máximos 
locales en  x = q  y  x = t  y un mínimo local en  x = r .

(a) Halle todos los valores de  x  para los cuales el gráfico de  f  es creciente.
Justifique su respuesta. [2] 

(b) Halle el valor de  x  para el cual el gráfico de  f  tiene un máximo local. [1]

(c) (i)  Halle el valor de  x  para el cual el gráfico de  f  tiene un mínimo local.
Justifique su respuesta.

(ii) Halle los valores de  x  para los cuales el gráfico de  f  tiene un punto de inflexión.
Justifique su respuesta. [5] 

(d) El área total de la región delimitada por el gráfico de  f ′ (la derivada de  f ) y el eje  x 
es igual a  20 .

Sabiendo que  f (p) + f (t) = 4 , halle el valor de  f (0) . [6]

Fuentes:
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

In Lucy’s music academy, eight students took their piano diploma examination and achieved
scores out of 150. For her records, Lucy decided to record the average number of hours per
week each student reported practising in the weeks prior to their examination. These results
are summarized in the table below.

Average weekly practice 
time (h) 28 13 45 33 17 29 39 36

Diploma score (D) 115 82 120 116 79 101 110 121

(a) Find Pearson’s product-moment correlation coefficient,  r ,  for these data. [2]

(b) The relationship between the variables can be modelled by the regression
equation  D = ah + b . Write down the value of  a  and the value of  b . [1]

(c) One of these eight students was disappointed with her result and wished she had
practised more. Based on the given data, determine how her score could have been
expected to alter had she practised an extra five hours per week. [2]
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2. [Maximum mark: 5]

Consider the function   f (x) = e-x2

 - 0.5 , for  -2 ≤ x ≤ 2 .

(a) Find the values of  x  for which  f (x) = 0 . [2]

(b) Sketch the graph of  f  on the following grid. [3]

−1

−1

−2

−2

1

1

2

20
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3. [Maximum mark: 5]

Consider a triangle  ABC , where  AC = 12 , CB = 7  and ˆBAC 25º= .

Find the smallest possible perimeter of triangle  ABC .
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4. [Maximum mark: 7]

A factory manufactures lamps. It is known that the probability that a lamp is found to be
defective is  0.05 . A random sample of  30  lamps is tested.

(a) Find the probability that there is at least one defective lamp in the sample. [3]

(b) Given that there is at least one defective lamp in the sample, find the probability that
there are at most two defective lamps. [4]
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5. [Maximum mark: 6]

The following diagram shows a semicircle with centre  O  and radius  r . Points  P ,  Q  and  R 

lie on the circumference of the circle, such that  PQ = 2r  and ˆROQ θ= θ , where  0 < θ < π .

P

θ

O Q

R

(a) Given that the areas of the two shaded regions are equal, show that  θ = 2 sin θ . [5]

(b) Hence determine the value of  θ . [1]
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6. [Maximum mark: 9]

The sum of the first  n  terms of a geometric sequence is given by Sn
r

n r

= 







=
∑ 2

3

7

81

.

(a) Find the first term of the sequence,  u1 . [2]

(b) Find  S∞ . [3]

(c) Find the least value of  n  such that  S∞ - Sn < 0.001 . [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 14]

Points A and P lie on opposite banks of a river, such that AP is the shortest distance
across the river. Point B represents the centre of a city which is located on the riverbank.

PB = 215 km , AP = 65 km and ˆAPB 90º= .

The following diagram shows this information.

B P

A

river

215 km

65 km

A boat travels at an average speed of  42 km h-1 . A bus travels along the straight road 
between P and B at an average speed of  84 km h-1 .

(a) Find the travel time, in hours, from A to B given that

(i) the boat is taken from A to P, and the bus from P to B ;

(ii) the boat travels directly to B . [4]

There is a point D , which lies on the road from P to B , such that BD = x km . The boat travels 
from A to D , and the bus travels from D to B . 

(b) (i)  Find an expression, in terms of  x  for the travel time  T , from A to B ,
passing through D .

(ii) Find the value of  x  so that  T  is a minimum.

(iii) Write down the minimum value of  T . [6]

(c) An excursion involves renting the boat and the bus. The cost to rent the boat is $ 200
per hour, and the cost to rent the bus is $ 150 per hour.

(i) Find the new value of  x  so that the total cost  C  to travel from A to B via D is a
minimum.

(ii) Write down the minimum total cost for this journey. [4]
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Do not write solutions on this page.

8. [Maximum mark: 13]

The height of water, in metres, in Dungeness harbour is modelled by the
function  H (t) = a sin (b (t - c)) + d , where  t  is the number of hours after midnight,
and  a , b , c  and  d  are constants, where  a > 0 ,  b > 0  and  c > 0 .

The following graph shows the height of the water for 13 hours, starting at midnight.

0

5

10

H (t)

t

5 10

The first high tide occurs at 04:30 and the next high tide occurs 12 hours later. Throughout 
the day, the height of the water fluctuates between 2.2 m and 6.8 m .

All heights are given correct to one decimal place.

(a) Show that b =
π
6

. [1]

(b) Find the value of  a . [2]

(c) Find the value of  d . [2]

(d) Find the smallest possible value of  c . [3]

(e) Find the height of the water at 12:00. [2]

(f) Determine the number of hours, over a 24-hour period, for which the tide is higher
than 5 metres. [3]
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9. [Maximum mark: 16]

The random variable  X  follows a normal distribution with mean  μ  and standard deviation  σ .

(a) Find  P (μ - 1.5σ < X < μ + 1.5σ) . [3]

The avocados grown on a farm have weights, in grams, that are normally distributed with 
mean  μ  and standard deviation  σ . Avocados are categorized as small, medium, large or 
premium, according to their weight. The following table shows the probability an avocado 
grown on the farm is classified as small, medium, large or premium.

Category Small Medium Large Premium

Probability 0.04 0.576 0.288 0.096

The maximum weight of a small avocado is 106.2 grams.

The minimum weight of a premium avocado is 182.6 grams. 

(b) Find the value of  μ  and of  σ . [5]

A supermarket purchases all the avocados from the farm that weigh more than 106.2 grams. 

(c) Find the probability that an avocado chosen at random from this purchase is categorized as

(i) medium;

(ii) large;

(iii) premium. [4]

The selling prices of the different categories of avocado at this supermarket are shown in the 
following table:

Category Medium Large Premium

Selling price ($) 
per avocado

1.10 1.29 1.96

The supermarket pays the farm $ 200 for the avocados and assumes it will then sell them in 
exactly the same proportion as purchased from the farm.

(d) According to this model, find the minimum number of avocados that must be sold so
that the net profit for the supermarket is at least $ 438 . [4]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous 
parts, for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be
checked, and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1
for an attempt to use an appropriate method (e.g. substitution into a formula) and A1
for using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working
even if this working is incorrect and/or suggests a misunderstanding of the question.  This
will encourage a uniform approach to marking, with less examiner discretion. Although
some candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is
used in a subsequent part.  For example, when a correct exact value is followed by an
incorrect decimal approximation in the first part and this approximation is then used in the
second part. In this situation, award FT marks as appropriate but do not award the final
A1 in the first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the 
answer or are implied, then FT marks should be awarded for their correct answer, even 
when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full 
marks for their correct answer, without working being seen. For longer questions where 
all but the answer marks are implied this rule applies but may be overwritten by a Note in 
the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the
simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = ,
non-integer value where integer required), do not award the mark(s) for the final
answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.
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• If the candidate’s answer to the initial question clearly contradicts information given in

the question, it is not appropriate to award any FT marks in the subsequent parts.  This
includes when candidates fail to complete a “show that” question correctly, and then in

subsequent parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = ,
non-integer value where integer required), do not award the mark(s) for the
final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be
scored in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working
and incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation,
provided the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the 
answer to the required accuracy. If the level of accuracy is not stated in the question, the 
general rule applies to final answers: unless otherwise stated in the question all numerical 
answers must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the 
use of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  An 

exception to this is simplifying fractions, where lowest form is not required (although the numerator 

and the denominator must be integers); for example, 
10

4
may be left in this form or written as 

5

2
. 

However, 
10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 4  4e e e ex x x x −  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please 
follow the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that work
unless an explicit note from the candidate indicates that they would like the work to be
marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) use of GDC to give (M1) 

0.883529...r =

0.884r = A1 

Note: Award the (M1) for any correct value of r, a, b or 2 0.780624...r = seen 

in part (a) or part (b). 

[2 marks] 

(b) 1.36609...a =  , 64.5171...b =

1.37a = , 64.5b = A1 

[1 mark] 

(c) attempt to find their difference (M1) 

5 1.36609... OR ( ) ( )1.36609... 5 64.5171... 1.36609... 64.5171...h h+ + − +

6.83045...

6.83= (6.85 from 1.37) 

the student could have expected her score to increase by 7 marks. A1 

Note: Accept an increase of 6, 6.83 or 6.85. 

[2 marks] 

Total [5 marks] 
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2. (a) 0.832554..., 0.832554...x x= − =

0.833, 0.833x x= − =  A1A1 

[2 marks] 

(b) 

A1A1A1 

Note: Award A1 for approximately correct shape. Only if this mark is 

awarded, award A1 for approximately correct roots and maximum 

point and A1 for approximately correct endpoints. 

Allow 1 0.8, 0.8 1x x−   −    for roots, 0, 0.4 0.6x y=    for 

maximum and 2x =  , 0.6 0.4y−   −  for endpoints. 

[3 marks] 

Total [5 marks] 
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3. EITHER

attempt to use cosine rule (M1) 

2 2 212 AB 2 12 cos 25º AB 7+ −    = OR 
2AB 21.7513...AB 95 0− + =  (A1) 

at least one correct value for AB (A1) 

AB 6.05068...=  OR AB 15.7007...=  

using their smaller value for AB  to find minimum perimeter (M1) 

12 7 6.05068...+ +  

OR 

attempt to use sine rule (M1) 

sin B sin 25º

12 7
= OR sinB 0.724488...=  OR B̂ 133.573...º= OR B̂ 46.4263...º= (A1) 

at least one correct value for C (A1) 

ˆ 21.4263...ºC =   OR ˆ 108.573...ºC = (A1)

using their acute value for Ĉ  to find minimum perimeter (M1) 

2 2 61 12 7cos21.42 3..2 7 2 .7 12  + + + − OR 
7sin 21.4263...º

12 7
sin 25º

+ +

THEN 

25.0506

minimum perimeter = 25.1 . A1 

Total [5 marks] 
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4. (a) recognize that the variable has a Binomial distribution (M1) 

( )B 30,0.05X

attempt to find ( )P 1X  (M1) 

( )1 P 0X− = OR 301 0.95− OR 1 0.214638...−  OR 0.785361...  

Note: The two M marks are independent of each other. 

( )P 1 0.785X  = A1 

[3 marks] 

(b) recognition of conditional probability (M1) 

( )P 2 | 1X X  OR ( )P at most 2 defective | at least 1 defective

Note: Recognition must be shown in context either in words or symbols but 

not just ( )P |A B . 

( )
( )

P 1 2

P 1

X

X

 


  OR 

( ) ( )
( )

P 1 P 2

P 1

X X

X

= + =


(A1) 

0.597540...

0.785361...
  OR 

0.812178... 0.214638...

0.785361...

−
  OR 

0.338903... 0.258636...

0.785361...

+
(A1) 

0.760847...=

( )P 2 | 1 0.761X X  =  A1 

[4 marks] 

Total [7 marks] 
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5. (a) attempt to find the area of either shaded region in terms of r and  (M1) 

Note: Do not award M1 if they have only copied from the booklet and not 

applied to the shaded area. 

Area of segment 2 21 1
= sin

2 2
r r − A1 

Area of triangle ( )21
 = sin π

2
r − A1 

correct equation in terms of   only (A1) 

( )sin sin π  − = −

sin sin  − = A1 

2sin = AG 

Note: Award a maximum of M1A1A0A0A0 if a candidate uses degrees 

(i.e., ( )21
sin 180

2
r − ), even if later work is correct.  

Note: If a candidate directly states that the area of the triangle is 

21
sin

2
r  , award a maximum of M1A1A0A1A1.

[5 marks] 

(b) 1.89549... =

1.90 = A1 

Note: Award A0 if there is more than one solution. Award A0 for an answer 

in degrees. 

[1 mark] 

Total [6 marks] 
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6. (a) 1 1

2 7

3 8
u S= =  (M1) 

14 7
0.583333

24 12
 

= = = 
 

A1 

[2 marks] 

(b) ( )
7

0.875
8

r = = (A1) 

substituting their values for 1u and r  into 1

1

u
S

r =
−

(M1) 

( )
14

4.66666
3

= = A1 

[3 marks] 

(c) attempt to substitute their values into the inequality or formula for nS (M1) 

1

14 2 7
0.001

3 3 8

rn

r=

 
−  

 
 OR 

7 7
1

12 8

7
1

8

n

nS

  
−     =

 
− 

 

attempt to solve their inequality using a table, graph or logarithms 

(must be exponential) (M1) 

Note: Award (M0) if the candidate attempts to solve 0.001nS u −  . 

correct critical value or at least one correct crossover value (A1) 

63.2675 OR 63 0.001036...S S − = OR 64 0.000906...S S − =

OR  63 0.001 0.0000363683...S S − − =   OR  64 0.001 0.0000931777...S S − − = −

least value is 64n = A1 

[4 marks] 

Total [9 marks] 
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Section B 

7. (a) (i) 
AP

42
 OR 

215

84
 OR 

65 215

42 84
+ (M1) 

time = 4.10714… (hours) 

time = 4.11 (hours) A1 

(ii) ( )2 2AB 215 65 224.610...= + = (A1) 

time = 5.34787… (hours) 

time = 5.35 (hours) A1 

[4 marks] 

(b) (i) ( )
2 2AD 215 65x= − + (A1) 

( )
2 2215 65

42

x
t

− +
= (A1) 

( )
2 2 2215 65 430 50450

42 84 42 84

x x x x x
T

 − + − +
= + = + 

 
 

A1 

(ii) valid approach to find the minimum for T  (may be seen in (iii)) (M1) 

graph of T  OR ' 0T =  OR graph of 'T

177.472...x = km

177x = km A1 

(iii) 3.89980...T =

3.90T = (hours) A1 

Note: Only allow FT in (b)(ii) and (iii) for 0 215x   and a function T  that 
has a minimum in that interval. 

[6 marks] 

continue… 
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Question 7 continued. 

(c) (i)
( )

2 2215 65
200 150

42 84

x x
C

− +
=  +  (A1) 

valid approach to find the minimum for ( )C x (may be seen in (ii)) (M1) 

graph of C  OR ' 0C =  OR graph of 'C  

188.706...x = km 

189x = km A1 

Note: Only allow FT from (b) if the function T  has a minimum in 

0 215x  . 

(ii) 670.864C =

$671C =  A1 

Note: Only allow FT from (c)(i) if the function C  has a minimum in 

0 215x  . 

[4 marks] 

Total [14 marks] 
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8. (a)
2π

12
b

=   OR   
2π

12
b = A1 

π

6
b = AG 

[1 mark] 

(b) 
6.8 2.2

2
a

−
=   OR  

max min

2
a

−
= (M1) 

2.3= (m) A1 

[2 marks] 

(c) 
6.8 2.2

2
d

+
=   OR  

max min

2
d

+
= (M1) 

4.5= (m) A1 

[2 marks] 

continue… 



– 17 – N21/5/MATHX/SP2/ENG/TZ0/XX/M 

Question 8 continued. 

(d) METHOD 1

substituting 4.5t = and 6.8H =  for example into their equation for H (A1) 

( )
π

6.8 2.3sin 4.5 4.5
6

c 
= − + 

 

attempt to solve their equation (M1) 

1.5c = A1 

METHOD 2 

using horizontal translation of 
12

4
(M1) 

4.5 3c− = (A1) 

1.5c = A1 

METHOD 3 

( ) ( ) ( )
π π

2.3 cos
6 6

H t t c   
 = −   

   
(A1) (A1)

attempts to solve their ( )4.5 0H  =  for c (M1) (M1)

( ) ( )
π π

2.3 cos 4.5 0
6 6

c   
− =   

   

1.5c = A1 A1

[3 marks] 

(e) attempt to find H  when 12t =  or 0t = , graphically or algebraically (M1) 

2.87365...H =

( )2.87 mH = A1 

[2 marks] 

continue… 
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Question 8 continued. 

(f) attempt to solve ( )
π

5 2.3sin 1.5 4.5
6

t 
= − + 

 
(M1) 

times are 1.91852...t =  and 7.08147...t = , ( )13.9185..., 19.0814...t t= = (A1) 

total time is ( )2 7.081... 1.919... −

10.3258...  

10.3=  (hours) A1 

Note: Accept 10. 
[3 marks] 

Total [13 marks] 
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9. (a)
1.5 1.5

P
X      

  

− − − + − 
  

 
(M1) 

( )1.5 1.5P Z−    OR ( )1 2 P 1.5Z−   − (A1) 

( ) .P 01 ..5 86 .1. 3 5.5 6 8Z−   =

( ) 6P 01.5 1 .86.5X   −   + = A1 

Note: Do not award any marks for use of their answers from part (b). 

 [3 marks] 

(b) 1 1.75068...z = −  and 2 1.30468...z = (seen anywhere) (A1) 

correct equations (A1)(A1) 

106.2
1.75068...





−
= − ,  1.30468... 182.6 + =  

attempt to solve their equations involving z values (M1) 

149.976..., 25.0051... = =   

150, 25.0 = =  A1 

[5 marks] 

(c) (i) new sample space is 96% (may be seen in (ii) or (iii)) (M1) 

( )P medium|not small OR 
0.576

0.96

( )P Medium 0.6= A1 

(ii) ( )P Large 0.3= A1 

(iii) ( )P Premium 0.1= A1 

[4 marks] 

continued… 
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Question 9 continued. 

(d) attempt to express revenue from avocados (M1) 

1.1 0.6 1.29 0.3 1.96 0.1 +  +   OR  1.243n

correct inequality or equation for net profit in terms of n (A1) 

1.1 0.6 1.29 0.3 1.96 0.1 200 438n n n +  +  −   OR  1.243 200 438n− =

attempt to solve the inequality (M1) 

sketch OR 513.274...n =

514n =  A1 

Note: Only award follow through in part (d) for 3 probabilities which 
add up to 1. FT of probabilities from c) that do not add up to 1 should 
only be awarded M marks, where appropriate, in d). 

[4 marks] 

Total [16 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
raisonnement adéquat. Par exemple, si des représentations graphiques sont utilisées pour trouver la 
solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 5]

Au conservatoire de musique de Lucy, huit élèves ont passé leur examen en vue d’obtenir 
leur diplôme de piano et ont obtenu des résultats sur 150. Pour ses dossiers, Lucy a 
décidé d’enregistrer le nombre moyen d’heures par semaine que chaque élève a déclaré 
avoir pratiqué dans les semaines précédant l’examen. Ces résultats sont résumés dans le 
tableau ci-dessous.

Temps moyen de pratique 
du piano par semaine (h) 28 13 45 33 17 29 39 36

Résultat obtenu au 
diplôme (D) 115 82 120 116 79 101 110 121

(a) Trouvez le coefficient de corrélation de Pearson,  r , pour ces données. [2]

(b) La relation entre les variables peut être modélisée par l’équation de 
régression  D = ah + b . Écrivez la valeur de  a  et la valeur de  b . [1]

(c) L’une de ces huit élèves a été déçue par son résultat et aurait souhaité avoir pratiqué 
davantage. En se basant sur les données fournies, déterminez comment son résultat 
aurait pu changer si elle avait pratiqué cinq heures supplémentaires par semaine. [2]
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2. [Note maximale : 5] 

Considérez la fonction   f (x) = e-x2
 - 0,5 , pour  -2 ≤ x ≤ 2 .

(a) Trouvez les valeurs de  x  pour lesquelles  f (x) = 0 . [2]

(b) Esquissez la représentation graphique de  f  sur le système d’axes suivant. [3]

−1

−1

−2

−2

1

1

2

20
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3. [Note maximale : 5]

Considérez un triangle  ABC , où  AC = 12 , CB = 7  et ˆBAC 25º= .

Trouvez le plus petit périmètre possible du triangle  ABC .
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4. [Note maximale : 7]

Une usine fabrique des lampes. On sait que la probabilité qu’une lampe soit défectueuse est 
de  0,05 . Un échantillon aléatoire de  30  lampes est testé.

(a) Trouvez la probabilité qu’il y ait au moins une lampe défectueuse dans l’échantillon. [3]

(b) Étant donné qu’il y a au moins une lampe défectueuse dans l’échantillon, trouvez la 
probabilité qu’il y ait au plus deux lampes défectueuses. [4]
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5. [Note maximale : 6]

Le diagramme suivant montre un demi-cercle de centre  O  et de rayon  r . Les points  P ,  Q  

et  R  se situent sur la circonférence du cercle, de sorte que  PQ = 2r  et ˆROQ θ= θ  , où  0 < θ < π .

P

θ

O Q

R

(a) Étant donné que les aires des deux régions grisées sont égales, montrez que  θ = 2 sin θ . [5]

(b) À partir de là, déterminez la valeur de  θ . [1]
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6. [Note maximale : 9]

La somme des  n  premiers termes d’une suite géométrique est donnée par Sn
r

n r

� �
�
�

�
�
�

�
� 2

3

7

81

.

(a) Trouvez le premier terme de la suite,  u1 . [2]

(b) Trouvez  S∞ . [3]

(c) Trouvez la plus petite valeur de  n  telle que  S∞ - Sn < 0,001 . [4]
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 14]

Les points A et P sont situés sur les rives opposées d’une rivière, de sorte que AP est la 
plus petite distance pour traverser la rivière. Le point B représente le centre d’une ville qui se 

trouve sur la rive. PB = 215 km , AP = 65 km et ˆAPB 90º= .

Le diagramme suivant montre ces informations.

B P

A

río

215 km

65 km

Un bateau se déplace à une vitesse moyenne de  42 km h-1 . Un autobus se déplace le long 
de la route droite entre P et B à une vitesse moyenne de  84 km h-1 .

(a) Trouvez le temps de déplacement, en heures, de A à B étant donné que

(i) le bateau est pris de A à P et l’autobus de P à B ;

(ii) le bateau se déplace directement vers B . [4]

Il y a un point D , qui se situe sur la route entre P et B , tel que BD = x km . Le bateau se 
déplace de A à D , et l’autobus se déplace de D à B . 

(b) (i)  Trouvez une expression, en fonction de  x  pour le temps de déplacement  T , 
de A à B, en passant par D .

(ii) Trouvez la valeur de  x  telle que  T  soit minimal.

(iii) Écrivez la valeur minimale de  T . [6]

(Suite de la question à la page suivante)

rivière



– 9 –

N21/5/MATHX/SP2/FRE/TZ0/XX

8821 – 7120

Tournez la page

12EP09

N’écrivez pas vos solutions sur cette page.

(Suite de la question 7)

(c) Une excursion implique la location du bateau et de l’autobus. Le coût de la location du 
bateau est de 200 $ par heure et le coût de la location de l’autobus est de 150 $ par heure.

(i) Trouvez la nouvelle valeur de  x  telle que le coût total  C  pour se déplacer 
de A à B en passant par D soit minimal.

(ii) Écrivez le coût total minimal pour cette excursion. [4]
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8. [Note maximale : 13]

La hauteur de l’eau, en mètres, dans le port de Dungeness est modélisée par la 
fonction  H (t) = a sin (b (t - c)) + d , où  t  est le nombre d’heures après minuit, et  a , b , c  et  d  
sont des constantes, où  a > 0 ,  b > 0  et  c > 0 .

La représentation graphique suivante montre la hauteur de l’eau sur une période de 
13 heures, débutant à minuit.

0

5

10

H (t)

t

5 10

La première marée haute survient à 4h30 et la prochaine marée haute survient 12 heures 
plus tard. Au cours de la journée, la hauteur de l’eau fluctue entre 2,2 m et 6,8 m .

Toutes les hauteurs sont correctes à un chiffre après la virgule près.

(a) Montrez que b �
�
6

. [1]

(b) Trouvez la valeur de  a . [2]

(c) Trouvez la valeur de  d . [2]

(d) Trouvez la plus petite valeur possible de  c . [3]

(e) Trouvez la hauteur de l’eau à 12h00. [2]

(f) Déterminez le nombre d’heures, sur une période de 24 heures, pour lesquelles la 
marée est supérieure à  5  mètres. [3]



– 11 –

N21/5/MATHX/SP2/FRE/TZ0/XX

8821 – 7120

12EP11

N’écrivez pas vos solutions sur cette page.

9. [Note maximale : 16]

La variable aléatoire  X  suit une distribution normale de moyenne  μ  et d’écart type  σ .

(a) Trouvez  P (μ - 1,5σ < X < μ + 1,5σ) . [3]

Les avocats cultivés dans une ferme ont des poids, en grammes, qui sont normalement 
distribués avec une moyenne  μ  et un écart type  σ . Les avocats sont classés comme petits, 
moyens, grands ou géants, en fonction de leur poids. Le tableau suivant montre la probabilité 
qu’un avocat cultivé dans la ferme soit classé comme petit, moyen, grand ou géant.

Catégorie Petit Moyen Grand Géant

Probabilité 0,04 0,576 0,288 0,096

Le poids maximal d’un petit avocat est de 106,2 grammes.

Le poids minimal d’un avocat géant est de 182,6 grammes. 

(b) Trouvez la valeur de  μ  et celle de  σ . [5]

Un supermarché achète tous les avocats de la ferme qui pèsent plus de 106,2 grammes. 

(c) Trouvez la probabilité qu’un avocat choisi au hasard dans cet achat soit classé comme

(i) moyen ;

(ii) grand ;

(iii) géant. [4]

Les prix de vente des différentes catégories d’avocats de ce supermarché sont indiqués 
dans le tableau suivant :

Catégorie Moyen Grand Géant

Prix de vente ($) 
par avocat

1,10 1,29 1,96

Le supermarché paie 200 $ à l’exploitation agricole pour les avocats et présume qu’il les 
vendra ensuite exactement dans la même proportion qu’il les a achetés à l’exploitation.

(d) Sur la base de ce modèle, trouvez le nombre minimum d’avocats qui doivent être
vendus pour que le bénéfice net du supermarché soit au moins de 438 $. [4]

Références :
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Grundstufe
2. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [80 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 5]

In Lucys Musikakademie haben acht Schüler und Schülerinnen ihre Klavier-Abschlussprüfung 
abgelegt und dabei jeweils eine Punktzahl aus 150 Gesamtpunkten erreicht. Lucy 
hatte beschlossen, in den Wochen vor der Prüfung die durchschnittliche Anzahl der 
Übungsstunden pro Woche für alle ihre Klavierschüler und -schülerinnen aufzuschreiben. Die 
Ergebnisse sind in der folgenden Tabelle dargestellt.

Durchschnittliche wöchentliche 
Übungszeit (h) 28 13 45 33 17 29 39 36

Abschlussnote (D) 115 82 120 116 79 101 110 121

(a) Finden Sie den Pearsonschen Produkt-Moment-Korrelationskoeffizienten  r  für 
diese Daten. [2]

(b) Der Zusammenhang zwischen den Variablen kann durch die Regressionsgleichung  
D = ah + b  modelliert werden. Notieren Sie die Werte von  a  und  b . [1]

(c) Eine Klavierschülerin von diesen acht Schülern und Schülerinnen war von ihrem 
Ergebnis enttäuscht und wünschte sich, sie hätte mehr geübt. Bestimmen Sie auf der 
Grundlage der gegebenen Daten, wie sich ihr Ergebnis voraussichtlich verändert hätte, 
wenn sie zusätzlich fünf Stunden pro Woche geübt hätte. [2]
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Bitte umblättern

2. [Maximale Punktzahl: 5]

Betrachten Sie die Funktion  f (x) = e-x2

 - 0,5  für  -2 ≤ x ≤ 2 .

(a) Finden Sie die Werte von  x , für die  f (x) = 0 . [2]

(b) Skizzieren Sie den Graphen von  f  im nachstehenden Koordinatensystem. [3]

−1

−1

−2

−2

1

1

2

20
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3. [Maximale Punktzahl: 5]

Betrachten Sie ein Dreieck  ABC , mit  AC = 12 , CB = 7  und ˆBAC 25º= .

Finden Sie den kleinstmöglichen Umfang des Dreiecks  ABC .
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4. [Maximale Punktzahl: 7]

Eine Fabrik stellt Lampen her. Die Wahrscheinlichkeit, dass eine Lampe als defekt erkannt 
wird, beträgt  0,05 . Eine Stichprobe von  30  Lampen wird getestet.

(a) Finden Sie die Wahrscheinlichkeit, dass sich in der Stichprobe mindestens eine defekte 
Lampe befindet. [3]

(b) Angenommen, es gibt mindestens eine defekte Lampe in der Stichprobe. Finden Sie 
die Wahrscheinlichkeit, dass es höchstens zwei defekte Lampen gibt. [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12EP05



– 6 –

N21/5/MATHX/SP2/GER/TZ0/XX

8821 – 7130

5. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Halbkreis mit Mittelpunkt  O  und Radius  r . Die 

Punkte  P ,  Q  und  R  liegen auf der Kreislinie, so dass  PQ = 2r  und ˆROQ θ= θ  , mit  0 < θ < π .

P

θ

O Q

R

(a) Die beiden schattierten Flächen haben denselben Flächeninhalt. Zeigen Sie, dass 
dann gilt:  θ = 2 sin θ . [5]

(b) Bestimmen Sie unter Nutzung der Vorarbeit den Wert von  θ . [1]
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6. [Maximale Punktzahl: 9]

Die Summe der ersten  n  Terme einer geometrischen Folge ist definiert durch Sn
r

n r

= 







=
∑ 2

3

7

81

.

(a) Finden Sie den ersten Term der Folge,  u1 . [2]

(b) Finden Sie  S∞ . [3]

(c) Finden Sie den kleinsten Wert von  n , so dass  S∞ - Sn < 0,001 . [4]
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite.

7. [Maximale Punktzahl: 14]

Die Punkte A und P liegen an gegenüberliegenden Ufern eines Flusses, so dass AP die 
kürzeste Entfernung über den Fluss ist. Der Punkt B stellt das Zentrum einer Stadt dar, die 

am Flussufer liegt. PB = 215 km , AP = 65 km und ˆAPB 90º= .

Das nachstehende Diagramm veranschaulicht die geografische Lage.

B P

A

river

215 km

65 km

Ein Boot auf dem Fluss fährt mit einer Durchschnittsgeschwindigkeit von  42 km h-1 . 
Auf der gerade verlaufenden Straße zwischen P und B fährt ein Bus mit einer 
Durchschnittsgeschwindigkeit von  84 km h-1 .

(a) Finden Sie die Fahrtzeit in Stunden von A nach B unter den folgenden Voraussetzungen:

(i) Man nimmt das Boot von A nach P und den Bus von P nach B.

(ii) Man nimmt das Boot, das direkt nach B fährt. [4]

Für einen auf der Straße von P nach B  liegenden Punkt D gelte: BD = x km . Das Boot fährt 
von A nach D , und der Bus fährt von D nach B . 

(b) (i)  Finden Sie einen Ausdruck in Abhängigkeit von  x  für die Reisezeit  T  von A über 
D nach B .

(ii) Finden Sie den Wert von  x , für den  T  am kleinsten ist.

(iii) Notieren Sie den kleinsten Wert von  T . [6]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)

Fluss
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Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 7)

(c) Für einen Ausflug werden das Boot und der Bus angemietet. Die Bootsmiete beläuft 
sich auf  200 $  pro Stunde und die Busmiete auf  150 $  pro Stunde.

(i) Finden Sie den neuen Wert von  x , so dass die Gesamtkosten  C  für die Fahrt 
von A nach B über D minimal sind.

(ii) Notieren Sie die niedrigsten Gesamtkosten für diese Fahrt. [4]
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8. [Maximale Punktzahl: 13]

Der Wasserpegel (in Meter) im Hafen von Dungeness lässt sich durch die 
Funktion  H (t) = a sin (b (t - c)) + d  modellieren. Hierbei ist  t  die Anzahl der Stunden nach 
Mitternacht, und  a , b , c  und  d  sind Konstanten mit  a > 0 ,  b > 0  und  c > 0 .

Die folgende Grafik zeigt den Wasserpegel über 13 Stunden, beginnend um Mitternacht.

0

5

10

H (t)

t

5 10

Das erste Hochwasser tritt um 04:30 Uhr auf und das nächste Hochwasser tritt 12 Stunden 
später auf. Im Laufe des Tages schwankt der Wasserpegel zwischen 2,2 m und 6,8 m .

Alle Pegelstände werden auf eine Dezimalstelle genau angegeben.

(a) Zeigen Sie, dass b =
π
6

. [1]

(b) Finden Sie den Wert von  a . [2]

(c) Finden Sie den Wert von  d . [2]

(d) Finden Sie den kleinstmöglichen Wert von  c . [3]

(e) Finden Sie den Wasserpegel um 12:00 Uhr. [2]

(f) Bestimmen Sie die Anzahl der Stunden innerhalb eines 24-Stunden-Zeitraums, in 
denen der Wasserpegel höher ist als 5 Meter. [3]
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9. [Maximale Punktzahl: 16]

Die Zufallsvariable  X  folgt einer Normalverteilung mit Durchschnittswert  μ  und
Standardabweichung  σ .

(a) Finden Sie  P (μ - 1,5σ < X < μ + 1,5σ) . [3]

Das Gewicht (in Gramm) der auf einem Hof angebauten Avocados ist normalverteilt mit dem 
Durchschnittswert  μ  und der Standardabweichung  σ . Je nach Gewicht werden Avocados 
in die Kategorien Klein, Mittel, Groß oder Premium eingeteilt. Die folgende Tabelle zeigt die 
Wahrscheinlichkeit, mit der eine auf dem Hof angebaute Avocado als klein, mittel, groß oder 
Premium eingestuft wird.

Kategorie Klein Mittel Groß Premium

Wahrscheinlichkeit 0,04 0,576 0,288 0,096

Das Höchstgewicht einer kleinen Avocado beträgt 106,2 Gramm.

Das Mindestgewicht einer Premium-Avocado beträgt 182,6 Gramm.

(b) Finden Sie die Werte von  μ  und  σ . [5]

Ein Supermarkt kauft dem Hof alle Avocados ab, die mehr als 106,2 Gramm wiegen. 

(c) Finden Sie die Wahrscheinlichkeit, dass eine aus diesem Kauf zufällig ausgewählte
Avocado jeweils in die folgenden Kategorien eingeteilt wird:

(i) Mittel,

(ii) Groß,

(iii) Premium. [4]

Die Verkaufspreise der verschiedenen Avocado-Kategorien in diesem Supermarkt sind in der 
folgenden Tabelle aufgeführt:

Kategorie Mittel Groß Premium

Verkaufspreis ($) 
pro Avocado

1,10 1,29 1,96

Der Supermarkt zahlt dem Hof  200 $  für die Avocados und geht davon aus, dass er sie in 
genau demselben Verhältnis verkaufen wird, wie er sie vom Hof erworben hat.

(d) Finden Sie ausgehend von diesem Modell heraus, wie viele Avocados verkauft werden
müssen, damit der Nettogewinn für den Supermarkt mindestens  438 $  beträgt. [4]
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Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 5]

En la academia de música de Lucy, ocho alumnos se presentaron al examen para el diploma
de piano y obtuvieron puntuaciones sobre un máximo de 150 puntos. Para tener una
referencia, Lucy decidió anotar el número promedio de horas por semana que cada alumno
dijo haber practicado durante las semanas previas al examen. Estos resultados se resumen
en la siguiente tabla.

Promedio de horas de 
práctica a la semana  (h) 28 13 45 33 17 29 39 36

Puntuación obtenida en el 
diploma (D) 115 82 120 116 79 101 110 121

(a) Halle el coeficiente de correlación momento-producto de Pearson (r) para estos datos. [2]

(b) La relación que existe entre estas variables se puede modelizar mediante la ecuación
de regresión  D = ah + b . Escriba el valor de  a  y el valor de  b . [1]

(c) Uno de estos ocho alumnos quedó defraudado con el resultado obtenido y se
arrepintió de no haber practicado más. Basándose en los datos del enunciado,
determine cómo cabe esperar que hubiera cambiado su puntuación si hubiera
practicado cinco horas más por semana. [2]
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2. [Puntuación máxima: 5]

Considere la función   f (x) = e-x2
 - 0,5 , para  -2 ≤ x ≤ 2 .

(a) Halle los valores de  x  para los cuales  f (x) = 0 . [2]

(b) En la siguiente cuadrícula, dibuje aproximadamente el gráfico de  f  . [3]
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3. [Puntuación máxima: 5]

Considere el triángulo  ABC , donde  AC = 12 , CB = 7  y ˆBAC 25º= .

Halle el menor perímetro posible del triángulo  ABC .
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4. [Puntuación máxima: 7]

Hay una fábrica donde se producen lámparas. Se sabe que la probabilidad de que una
lámpara salga defectuosa es igual a  0,05 . Se analiza una muestra aleatoria compuesta
por  30  lámparas.

(a) Halle la probabilidad de que en la muestra haya al menos una lámpara defectuosa. [3]

(b) Sabiendo que en la muestra hay al menos una lámpara defectuosa, halle la
probabilidad de que haya como mucho dos lámparas defectuosas. [4]
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5. [Puntuación máxima: 6]

La siguiente figura muestra un semicírculo de centro  O  y radio  r . Los puntos  P ,  Q  y  R 

pertenecen a la circunferencia del círculo, de modo tal que  PQ = 2r  y ˆROQ θ= θ  , donde  0 < θ < π .

P

θ

O Q

R

(a) Sabiendo que las áreas de las dos regiones sombreadas son iguales, muestre
que  θ = 2 sen θ . [5]

(b) A partir de lo anterior, determine el valor de  θ . [1]
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6. [Puntuación máxima: 9]

La suma de los  n  primeros términos de una progresión geométrica viene dada por Sn
r

n r

� �
�
�

�
�
�

�
� 2

3

7

81

.

(a) Halle el primer término de la progresión (u1). [2]

(b) Halle  S∞ . [3]

(c) Halle el valor más pequeño de  n  para el que se cumple que  S∞ - Sn < 0,001 . [4]
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 14]

Los puntos A y P están situados en las orillas opuestas de un río, de modo tal que AP es la
menor distancia que hay que recorrer para atravesar el río. El punto B representa el centro

de una ciudad que está situada a la orilla del río. PB = 215 km , AP = 65 km y ˆAPB 90º= .

La siguiente figura muestra toda esta información.

B P

A

río

215 km

65 km

Un barco se desplaza a una velocidad promedio de  42 km h-1 . Un autobús se desplaza por 
la carretera recta que va de P a B a una velocidad promedio de  84 km h-1 .

(a) Halle el tiempo (en horas) que se tarda en ir de A a B sabiendo que:

(i) De A a P se va en barco y de P a B se va en autobús.

(ii) El barco va directamente a  B . [4]

Hay un punto D , situado en la carretera que va de P a B , tal que BD = x km . El barco va de 
A a D , y el autobús va de D a B . 

(b) (i)  Halle una expresión en función de  x  que dé el tiempo  T  que se tarda en ir de
A a B  pasando por D .

(ii) Halle el valor de  x  para el cual  T  es mínimo.

(iii) Escriba el valor mínimo de  T . [6]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

No escriba soluciones en esta página.

(Pregunta 7: continuación)

(c) Para hacer una excursión hay que alquilar el barco y el autobús. El costo de alquilar
el barco es de 200 dólares estadounidenses (USD) por hora y el costo de alquilar el
autobús es de USD 150 por hora.

(i) Halle el nuevo valor de  x  para el cual el costo total (C ) del viaje de A a B
pasando por D es mínimo.

(ii) Escriba el costo total mínimo de este viaje. [4]
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No escriba soluciones en esta página.

8. [Puntuación máxima: 13]

En el puerto de Dungeness, la altura del agua (en metros) se puede modelizar mediante la
función  H (t) = a sen (b (t - c)) + d , donde  t  es el número de horas transcurridas desde la
medianoche, y  a , b , c  y  d  son constantes, con  a > 0 ,  b > 0  y  c > 0 .

En el siguiente gráfico se representa la altura del agua a lo largo de 13 horas, empezando a
medianoche.

0

5

10

H (t)

t

5 10

La primera marea alta sucede a las 04.30 y la siguiente marea alta sucede 12 horas más 
tarde. A lo largo del día, la altura del agua va fluctuando entre los 2,2 m y los 6,8 m .

Todas las alturas se dan redondeando a una cifra decimal.

(a) Muestre que b �
�
6

. [1]

(b) Halle el valor de  a . [2]

(c) Halle el valor de  d . [2]

(d) Halle el menor valor posible de  c . [3]

(e) Halle cuál será la altura del agua a las 12.00. [2]

(f) Determine durante cuántas horas, a lo largo de un período de 24 horas, la altura de la
marea supera los  5  metros. [3]

12EP10



– 11 – 8821 – 7125

No escriba soluciones en esta página.

9. [Puntuación máxima: 16]

La variable aleatoria  X  sigue una distribución normal de media  μ  y desviación típica igual a  σ .

(a) Halle  P (μ - 1,5σ < X < μ + 1,5σ) . [3]

Los pesos (en gramos) de los aguacates que se cultivan en un determinado campo siguen 
una distribución normal de media  μ  y desviación típica igual a  σ . Los aguacates se 
clasifican, según su peso, en pequeños, medianos, grandes o extragrandes. La siguiente 
tabla muestra la probabilidad de que un aguacate cultivado en este campo se clasifique 
como pequeño, mediano, grande o extragrande.

Categoría Pequeño Mediano Grande Extragrande

Probabilidad 0,04 0,576 0,288 0,096

El peso máximo de un aguacate pequeño es de 106,2 gramos.

El peso mínimo de un aguacate extragrande es de 182,6 gramos. 

(b) Halle el valor de  μ  y el de  σ . [5]

Un supermercado compra todos los aguacates de ese campo que pesan más de 106,2 gramos. 

(c) Halle la probabilidad de que un aguacate de esta compra elegido al azar se clasifique como:

(i) Mediano

(ii) Grande

(iii) Extragrande [4]

En la siguiente tabla se muestra el precio de venta que tienen en este supermercado las 
distintas categorías de aguacates:

Categoría Mediano Grande Extragrande

Precio de venta (USD) 
por aguacate

1,10 1,29 1,96

El supermercado paga a la granja USD 200 estadounidenses por los aguacates y asume 
que los venderá exactamente en la misma proporción que se los compró a la granja.

(d) Según este modelo, halle la cantidad mínima de aguacates que deben venderse
a fin de que la ganancia neta para el supermercado sea al menos de USD 438
estadounidenses. [4]
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Mathematics: applications and interpretation
Higher level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 6]

Dilara is designing a kite ABCD on a set of coordinate axes in which one unit represents 10 cm.

The coordinates of A, B and C are (2 ,  0), (0 ,  4) and (4 ,  6) respectively. Point D lies on the   
x-axis.  [AC]  is perpendicular to  [BD] . This information is shown in the following diagram.

diagram not to scale

x

y

A

B

C

D0

(a) Find the gradient of the line through A and C. [2]

(b) Write down the gradient of the line through B and D. [1]

(c) Find the equation of the line through B and D. Give your answer in the form   
 ax + by + d = 0  , where  a ,  b  and  d  are integers. [2]

(d) Write down the  x-coordinate of point D. [1]

(This question continues on the following page)
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(Question 1 continued)
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2. [Maximum mark: 5]

Inspectors are investigating the carbon dioxide emissions of a power plant. Let  R  be the rate, 
in tonnes per hour, at which carbon dioxide is being emitted and  t  be the time in hours since 
the inspection began.

When  R  is plotted against  t , the total amount of carbon dioxide produced is represented by 
the area between the graph and the horizontal  t-axis.

The rate,  R , is measured over the course of two hours. The results are shown in the 
following table.

t 0 0.4 0.8 1.2 1.6 2

R 30 50 60 40 20 50

(a) Use the trapezoidal rule with an interval width of 0.4 to estimate the total amount of 
carbon dioxide emitted during these two hours. [3]

The real amount of carbon dioxide emitted during these two hours was 72 tonnes.

(b) Find the percentage error of the estimate found in part (a). [2]
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3. [Maximum mark: 7]

Let the function   h(x)   represent the height in centimetres of a cylindrical tin can with  
diameter x cm.

 h(x) =   640 ___ 
 x   2 

   + 0.5   for   4 ≤ x ≤ 14  .

(a) Find the range of  h . [3]

The function    h   −1    is the inverse function of  h .

(b) (i)  Find    h   −1 (10)  .

(ii) In the context of the question, interpret your answer to part (b)(i).

(iii) Write down the range of    h   −1   . [4]
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4. [Maximum mark: 6]

There are four stations used by the fire wardens in a national forest.

On the following Voronoi diagram, the coordinates of the stations are A(6 ,  2), B(14 ,  2), 
C(18 ,  6) and D(10.8 ,  11.6) where distances are measured in kilometres.

The dotted lines represent the boundaries of the regions patrolled by the fire warden at each 
station. The boundaries meet at P(10 ,  6) and Q(13 ,  7).

2 4 6 8 10 12 14 160

2

4
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12

B

C

A

D

x

y

14

16

18

P

Q

To reduce the areas of the regions that the fire wardens patrol, a new station is to be built 
within the quadrilateral ABCD. The new station will be located so that it is as far as possible 
from the nearest existing station.

(a) Show that the new station should be built at P. [3]

The Voronoi diagram is to be updated to include the region around the new station at P. 
The edges defined by the perpendicular bisectors of [AP] and [BP] have been added to 
the following diagram.

(b) (i)  Write down the equation of the perpendicular bisector of [PC].

(ii) Hence draw the missing boundaries of the region around P on the following diagram. [3]

(This question continues on the following page)
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(Question 4 continued)
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5. [Maximum mark: 9]

In this question, give all answers correct to 2 decimal places.

Raul and Rosy want to buy a new house and they need a loan of 170 000 Australian dollars 
(AUD) from a bank. The loan is for 30 years and the annual interest rate for the loan is 3.8 %, 
compounded monthly. They will pay the loan in fixed monthly instalments at the end of each month.

(a) Find the amount they will pay the bank each month. [3]

(b) (i)  Find the amount Raul and Rosy will still owe the bank at the end of the first  
10 years.

(ii) Using your answers to parts (a) and (b)(i), calculate how much interest they 
will have paid in total during the first 10 years. [6]
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6. [Maximum mark: 5]

An infinite geometric sequence, with terms    u  n    , is such that    u  1   = 2   and    ∑ 
k=1

  
∞
   u  k    = 10  .

(a) Find the common ratio,  r , for the sequence. [2]

(b) Find the least value of  n  such that    u  n   <   1 _ 
2
    . [3]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP09



– 10 –

N21/5/MATHY/HP1/ENG/TZ0/XX

8821 – 7201

7. [Maximum mark: 8]

A group of 120 students sat a history exam. The cumulative frequency graph shows the 
scores obtained by the students.
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(a) Find the median of the scores obtained. [1]

The students were awarded a grade from 1 to 5, depending on the score obtained in the exam. 
The number of students receiving each grade is shown in the following table.

Grade  1  2  3  4  5

Number of students  6 13 26  a  b

(b) Find an expression for  a  in terms of  b . [2]

(This question continues on the following page)
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(Question 7 continued)

(c) The mean grade for these students is 3.65.

(i) Find the number of students who obtained a grade 5.

(ii) Find the minimum score needed to obtain a grade 5. [5]
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8. [Maximum mark: 5]

Juri skis from the top of a hill to a finishing point at the bottom of the hill. She takes the 
shortest route, heading directly to the finishing point (F).

Let   h(x)   define the height of the hill above F at a horizontal distance  x  from the starting point 
at the top of the hill.

The graph of the derivative of   h(x)   is shown below. The graph of    h ′  (x)   has local minima and 
maxima when  x  is equal to  a ,  c  and  e . The graph of    h ′  (x)   intersects the  x-axis when  x  is 
equal to  b ,  d , and  f .

0
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f
x

h′(x)

(a) (i)  Identify the  x  value of the point where    |  h ′  (x) |    has its maximum value.

(ii) Interpret this point in the given context. [2]

(This question continues on the following page)
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(Question 8 continued)

Juri starts at a height of 60 metres and finishes at F, where   x =  f  .

(b) Sketch a possible diagram of the hill on the following pair of coordinate axes. [3]
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9. [Maximum mark: 5]

Katie likes to cycle to work as much as possible. If Katie cycles to work one day then she has 
a probability of 0.2 of not cycling to work on the next work day. If she does not cycle to work 
one day then she has a probability of 0.4 of not cycling to work on the next work day.

(a) Complete the following transition diagram to represent this information. [2]

CYCLES
DOES
NOT 
CYCLE

0.2

0.4

Katie works for 180 days in a year.

(b) Find the probability that Katie cycles to work on her final working day of the year. [3]
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10. [Maximum mark: 4]

The graph of   y =  f (x)   is given on the following set of axes. The graph passes through the 
points (−2 ,  6) and (0 ,  1), and has a horizontal asymptote at  y = 0 .

0
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2–2 4–4 x

(0 ,  1)

f (x)

(–2 ,  6)

Let  g(x) = 2 f (x − 2) + 4 .

(a) Find  g(0) . [2]

(b) On the same set of axes draw the graph of  y = g(x) , showing any intercepts and 
asymptotes. [2]

(This question continues on the following page)

28EP16



– 17 –

N21/5/MATHY/HP1/ENG/TZ0/XX

8821 – 7201

Turn over

(Question 10 continued)
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11. [Maximum mark: 6]

The following diagram shows a corner of a field bounded by two walls defined by lines    L  1     
and    L  2    . The walls meet at a point A, making an angle of 40.

Farmer Nate has 7 m of fencing to make a triangular enclosure for his sheep. One end of 
the fence is positioned at a point B on    L  2    , 10 m from A. The other end of the fence will be 
positioned at some point C on    L  1    , as shown on the diagram.

diagram not to scale

L
1

A
B40˚

C

10

L
2

Enclosure

He wants the enclosure to take up as little of the current field as possible.

Find the minimum possible area of the triangular enclosure ABC. [6]
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12. [Maximum mark: 5]

The following table shows the time, in days, from December 1st and the percentage of 
Christmas trees in stock at a shop on the beginning of that day.

Days since December 1st (d )   1   3   6   9  12  15  18

Percentage of Christmas 
trees left in stock (x) 100  51  29  21  18  16  14

The following table shows the natural logarithm of both  d  and  x  on these days to  
2 decimal places.

ln  (d ) 0 1.10 1.79 2.20 2.48 2.71 2.89

ln  (x) 4.61 3.93 3.37 3.04 2.89 2.77 2.64

(a) Use the data in the second table to find the value of  m  and the value of  b  for the 
regression line,  ln x = m (ln d ) + b . [2]

(b) Assuming that the model found in part (a) remains valid, estimate the percentage 
of trees in stock when  d = 25 . [3]
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13. [Maximum mark: 7]

The slope field for the differential equation     
dy

 __ 
dx

   =  e   − x   2   − y   is shown in the following two graphs.

(a) Calculate the value of     
dy

 __ 
dx

     at the point (0 ,  1). [1]

(b) Sketch, on the first graph, a curve that represents the points where     
dy

 __ 
dx

   = 0  . [2]
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(c) On the second graph,

(i) sketch the solution curve that passes through the point (0 ,  0).

(ii) sketch the solution curve that passes through the point (0 ,  0.75). [4]
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(This question continues on the following page)
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(Question 13 continued)
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14. [Maximum mark: 7]

On Paul’s farm, potatoes are packed in sacks labelled 50 kg. The weights of the sacks of 
potatoes can be modelled by a normal distribution with mean weight 49.8 kg and standard 
deviation 0.9 kg.

(a) Find the probability that a sack is under its labelled weight. [2]

(b) Find the lower quartile of the weights of the sacks of potatoes. [2]

The sacks of potatoes are transported in crates. There are 10 sacks in each crate and the 
weights of the sacks of potatoes are independent of each other.

(c) Find the probability that the total weight of the sacks of potatoes in a crate exceeds 500 kg. [3]
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15. [Maximum mark: 9]

The following diagram shows a frame that is made from wire. The total length of wire is 
equal to 15 cm. The frame is made up of two identical sectors of a circle that are parallel to 
each other. The sectors have angle  θ  radians and radius  r cm. They are connected by 1 cm 
lengths of wire perpendicular to the sectors. This is shown in the diagram below.

θ

θ

r

r

r

r

1

1

1

(a) Show that   r =   6 ____ 
2 + θ    . [2]

The faces of the frame are covered by paper to enclose a volume,  V .

(b) (i)  Find an expression for  V  in terms of  θ .

(ii) Find the expression     dV ___ 
dθ    .

(iii) Solve algebraically     dV ___ 
dθ   = 0   to find the value of  θ  that will maximize the volume,  V . [7]
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16. [Maximum mark: 9]

A ship S is travelling with a constant velocity,  v , measured in kilometres per hour, where 

  v =  ( − 12  
15

  )   .

At time  t = 0  the ship is at a point A(300 ,  100) relative to an origin O, where distances are 
measured in kilometres.

(a) Find the position vector     
⟶

 OS    of the ship at time  t  hours. [1]

A lighthouse is located at a point (129 ,  283).

(b) Find the value of  t  when the ship will be closest to the lighthouse. [6]

An alarm will sound if the ship travels within 20 kilometres of the lighthouse.

(c) State whether the alarm will sound. Give a reason for your answer. [2]
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17. [Maximum mark: 7]

The sides of a bowl are formed by rotating the curve  y = 6 ln x ,  0 ≤ y ≤ 9 , about the  y-axis,
where  x  and  y  are measured in centimetres. The bowl contains water to a height of  h cm.

(a) Show that the volume of water,  V , in terms of  h  is   V = 3π ( e     
h __ 
3
    − 1)   . [5]

(b) Hence find the maximum capacity of the bowl in   cm   3  . [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
  



 – 7 – N21/5/MATHY/HP1/ENG/TZ0/XX/M 

 

9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 
6 0

3
4 2

m
−

= =
−

   (M1)A1 

      [2 marks] 
 

 (b) 
1

( ) ( 0.333, 0.333333...)
3

m = − − −  A1 

      [1 mark] 
 
 (c) an equation of line with a correct intercept and either of their  

gradients from (a) or (b) (M1)  

  e.g. 
1

4
3

y x= − +   OR  
1

4 ( 0)
3

y x− = − −  

Note: Award (M1) for substituting either of their gradients from parts (a) or (b) 
and point B or (3, 3) into equation of a line. 

 
  3 12 0x y+ − =  or any integer multiple A1 

[2 marks] 
 
 (d) ( ) 12x =    A1 

      [1mark] 
      Total: [6 marks] 

 
 
 
2. (a) attempt at using trapezoidal rule formula (M1) 
 

  ( )1 2 0
30 50 2(50 60 40 20)

2 5

−  + + + + + 
 

 A1 

 
  4( )  8=total carbon  tonnes A1 
      [3 marks] 
 

 (b) 
84 72

100%
72

−
×   (M1) 

Note: Award (M1) for correct substitution of final answer in part (a) into 
percentage error formula.  

 
  16.7% (16.6666...%)=  A1 

      [2 marks] 
      Total: [5 marks] 
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3. (a) 
2

640
(4) 0.5

4
h = +    OR   

2

640
(14) 0.5

14
h = +  (M1) 

Note: Award (M1) for substituting 4 or 14 into h. This can be implicit from 
seeing 3.77 (3.76530…) or 40.5. 

 
  3.77 ( ) 40.5 (3.76530... ( ) 40.5)h x h x≤ ≤ ≤ ≤   A1A1 

Note: Award A1 for both correct endpoints seen, A1 for the endpoints in a correct interval.  

      [3 marks] 
 

 (b) (i) ( ) 10h x =    OR   1 640
( )

0.5
h x

x
− =

−
   OR   1 640

(10)
10 0.5

h− =
−

 (M1) 

   ( ) 8.21 cm (8.20782...)x =   A1 
 
  (ii) a tin that is 10 cm high will have a diameter of 8.21 cm (8.20782...) A1 

Note: Condone a correct answer expressed as the converse. 

 

  (iii) 14 14h−≤ ≤  A1 

Note: Accept 4 14y≤ ≤ . Do not FT in this part. 

      [4 marks] 
      Total: [7 marks] 

 
 
 
4. (a) (the best placement is either point P or point Q) 
   attempt at using the distance formula (M1) 

   2 2AP (10 6) (6 2)= − + −    OR  

   2 2BP (10 14) (6 2)= − + −   OR  

   2 2DP (10 10.8) (6 11.6)= − + −   OR  

  2 2BQ (13 14) (7 2)= − + −   OR  

  2 2CQ (13 18) (7 6)= − + −   OR  

  2 2DQ (13 10.8) (7 11.6)= − + −  
 
  (AP or BP or DP ) 32 5.66 (5.65685...)= =  AND 

  (BQ or CQ or DQ ) 26 5.10 (5.09901...)= =  A1 

  32 26>    OR   AP (or BP or DP) is greater than BQ (or CQ or DQ) A1 
 
  point P is the furthest away AG 

Note: Follow through from their values provided their AP (or BP or DP) is greater 
than their BQ (or CQ or DQ). 

      [3 marks] 
 
 

continued…  
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Question 4 continued 

 (b) (i) 14x =    A1 
 
  (ii)  

 
 
      A1A1 

Note: Award A1 for each correct straight line.  Do not FT from their part b(i). 

      [3 marks] 
      Total: [6 marks] 
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5. (a) 360N =   
  % 3.8I =  

  ( )170000PV = ±  
  0FV =  
  / 12P Y =  
  / 12C Y =    (M1)(A1) 

Note: Award (M1) for an attempt to use a financial app in their technology with at 
least two entries seen, award A1 for all entries correct. Accept a positive or 
negative value for PV. 

 
  ) 792.13(PMT =   AUD A1 

Note: Accept an answer of 792.13− .  Do not award final A1 if answer is not given 
correct to 2 dp 

[3 marks] 
 
 (b) (i) 120N =   
   % 3.8I =  

   ( )170000PV = ±  

   ( )792.13PMT =   
   / 12P Y =  
   / 12C Y =   (M1)(A1) 

Note: Award (M1) for an attempt to use a financial app in their technology with a least 
two entries seen, award A1 for all entries correct. PV and PMT must have 
opposite signs. 

 
   ) 133019.94(FV =   AUD A1 

Note: Do not award final A1 if answer is not given correct to 2 dp, unless already 
penalized in part (a). Accept 133020.30 from use of exact value for PMT. 

 
  (ii) amount of money paid: 120 792.13 ( 95055.60)× =   (M1) 

   loan paid off:  170000 133019.94 ( 36980.06)− =    (M1) 

   interest paid: (95055.60 36980.06 ) 58075.54− =   AUD A1 

Note: Allow 58075.60 or 58075.90 from use of some exact values from parts (a) 
and (b)(i). If their answer to part (b)(i) is greater than 170 000 then award at 
most (M1)(M1)(A0) for follow through in part (b)(ii). 

      [6 marks] 
      Total: [9 marks] 
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6.  (a) 
2

10
1 r

=
−

   (M1) 

  0.8r =    A1 
      [2 marks] 

 
 (b) 12 (0.8) 0.5n−× <   OR  12 (0.8) 0.5n−× =  (M1) 
  ( ) 7.212.....n >   (A1) 
  8n =     A1 

Note: If 7n =  is seen, with or without seeing the value 7.212… then award M1A1A0. 

      [3 marks] 
      Total: [5 marks] 

 
 
 
7. (a) 75    A1 

[1 mark] 
 

 (b) recognition that all entries add up to 120 (M1) 
  120 6 13 26a b= − − − −    OR   75a b= −   A1 

      [2 marks] 
 

 (c) (i) 
6 1 13 2 26 3 (75 ) 4 5

3.65
120

b b× + × + × + − × + ×
=   (M1)(A1) 

Note: Award (M1) for attempt to substitute into mean formula, LHS expression is 
sufficient for the M mark.  Award (A1) for correct substitutions in one variable 
OR in two variables, followed by evidence of solving simultaneously with 

75a b+ = . 

 
   ( ) 28b =    A1 

 
  (ii)  120−  their part (c)(i) seen (e.g. 92 indicated on graph) (M1) 
   84   A1 

      [5 marks] 
      Total: [8 marks] 
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8. (a) (i) a   A1 
 
  (ii) the hill is at its steepest / largest slope of hill A1 

      [2 marks] 
 
 (b) 
 

   
      A1A1A1 

Note: Award (A1) for decreasing function from 0 to b and d to f and increasing from b to d; 
(A1) for minimum at b and max at d; (A1) for starting at height of 60 and finishing at 
a height of 0 at f. If reasonable curvature not evident on graph (i.e. only straight lines 
used) award A1A0A1. 

      [3 marks] 
      Total: [5 marks] 
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9. (a) 
 

 
     A1A1 

      [2 marks] 
 

 (b) 
0.8 0.6

0.2 0.4

 
=  
 

A   (A1) 

 

  180 0.75 0.75

0.25 0.25

 
=  
 

A     (M1) 

   
  0.75    A1 

      [3 marks] 
      Total: [5 marks] 
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10. (a) (0) 16g =     M1A1 
      [2 marks] 

 
 (b) 

 
  y-asymptote ( 4)y =  A1 

  concave up decreasing curve and passing through (0, 16)  A1 
 

      [2 marks] 
      Total: [4 marks] 
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11. METHOD 1 
 attempt to find AC using cosine rule M1 
 2 2 27 10 AC 2 10 AC cos 40= + − × × ×   (A1) 
 
 attempt to solve a quadratic equation (M1) 
 
 AC 4.888...=   AND  10.432...  (A1) 

Note: At least AC 4.888...=  must be seen, or implied by subsequent working. 

 

 minimum area = 
1

10 4.888... sin (40 )
2
× × ×   M1 

Note: Do not award M1 if incorrect value for minimizing the area has been chosen. 

 
 215.7 m=     A1 
 
 METHOD 2 

 attempt to find ˆACB using the sine Rule M1 

 
sin sin 40

10 7

C
=    (A1) 

 
 66.674...C =     OR   113.325....  (A1) 
 
 EITHER 
 180 40 113.325...B = − −  

 26.675...B =     (A1) 
 

 area 
1

10 7 sin (26.675... )
2

= × × ×   M1 

 
 OR 
 sine rule or cosine rule to find AC 4.888...=    (A1) 

 minimum area = 
1

10 4.888... sin (40 )
2
× × ×   M1 

 
 THEN 
 215.7 m=     A1 

Note: Award A0M1A0 if the wrong length AC or the wrong angle B selected but used correctly 

finding a value of 233.5 m  for the area. 

 
      Total: [6 marks] 
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12. (a) 0.695 ( 0.695383...)m = − − ; 4.63 (4.62974...)b =  A1A1 
      [2 marks] 

 
 (b) ln 0.695(ln 25) 4.63x = − +   M1 
  ln 2.39288...x =   (A1) 
 
  10.9%x =    A1 
 

      [3 marks] 
      Total: [5 marks] 

 
 
 

13. (a) 0d
e 1 0

d

y

x
 = − = 
 

  A1 

      [1 mark] 
 
 (b) 

 
   
  gradient = 0 at (0, 1) A1 
  correct shape   A1 

Note: Award second A1 for horizontal asymptote of 0y = , and general 

symmetry about the y-axis. 

      [2 marks] 
 
 

continued…  
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Question 13 continued 

 (c) 

 
 
  (i) positive gradient at origin A1 
   correct shape A1 

Note: Award second A1 for a single maximum in 1st quadrant and tending 
toward an asymptote. 

 
  (ii) positive gradient at (0, 0.75)  A1 
   correct shape A1 

Note: Award second A1 for a single minimum in 2nd quadrant, single maximum 
in 1st quadrant and tending toward an asymptote. 

      [4 marks] 
      Total: [7 marks] 

 
 
 
14. (a) let X be the random variable “the weight of a sack of potatoes” 
  P( 50)X <     (M1) 
  0.588 kg (0.587929...)=   A1 

      [2 marks] 
 
 (b) P ( ) 0.25X l< =    (M1) 
  49.2 kg  (49.1929…) A1 

      [2 marks] 
 
 (c) attempt to sum 10 independent random variables (M1) 

( )
10

2

1

N 498, 10 0.9i
i

Y X
=

= ×∑   (A1) 

 
  P ( 500) 0.241Y > =  A1 

      [3 marks] 
      Total: [7 marks] 
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15. (a) 15 3 4 2r rθ= + +   M1 
  12 2 (2 )r θ= +   A1 

Note: Award A1 for any reasonable working leading to expected result 
e,g, factorizing r. 

 

  
6

2
r

θ
=

+
   AG 

      [2 marks] 
 
 (b) (i) attempt to use sector area to find volume (M1) 

   volume 21
1

2
r θ= ×  

   
2 2

1 36 18

2 (2 ) (2 )

θθ
θ θ

 
= × × = + + 

 A1 

 

  (ii) 
2

4

d (2 ) 18 36 (2 )

d (2 )

V θ θ θ
θ θ

+ × − +
=

+
  M1A1A1 

  

   
3

d 36 18

d (2 )

V θ
θ θ

−
=

+
 

 

  (iii) 
3

d 36 18
0

d (2 )

V θ
θ θ

−
= =

+
    M1 

Note: Award this M1 for simplified version equated to zero.  
The simplified version may have been seen in part (b)(ii). 

 
   2θ =    A1 

      [7 marks] 
      Total: [9 marks] 
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16. (a) 
300 12

OS
100 15

t
→ −   

= +   
   

 A1 

      [1 mark] 
 
 (b) attempt to find the vector from L to S (M1) 

  
171 12

LS
183 15

t
→ −   
= +   −   

 A1 

   
  EITHER 

  2 2LS (171 12 ) (15 183)t t
→

= − + −  (M1)(A1) 

  minimize to find t on GDC (M1) 
 
  OR 

  S closest when 
12

LS 0
15

→ − 
= 

 
  (M1) 

  
171 12 12

0
183 15 15

t
 −  −     

+ =      −      
  

  2052 144 2745 225 0t t− + − + =  (M1)(A1) 
 
  OR 

  S closest when 
12

LS 0
15

→ − 
= 

 
  (M1) 

  
5

LS
4

k

k

→  
=  
 

 

  
129 5

OS
283 4

k

k

→ + 
=  + 

  (A1) 

  
129 5 300 12

283 4 100 15

k t

k t

+ −   
=   + +   

  

  Solving simultaneously (M1) 
  
  THEN 
  13t =    A1 

      [6 marks] 
 
 (c) the alarm will sound A1 

  | LS | 19.2.... 20
→

= <  R1 

Note: Do not award A1R0.  

      [2 marks] 
      Total: [9 marks] 
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17. (a) attempt to use 2 d
b

a
V x y= π∫  (M1) 

  6e
y

x =   or any reasonable attempt to find x  in terms of y   (M1) 

  3

0
e d

y
h

V y= π∫   A1 

Note: Correct limits must be seen for the A1 to be awarded. 

 

  3

0

3e

hy 
= π  

 
   (A1) 

Note: Condone the absence of limits for this A1 mark. 

 

  033 e e
h 

= π − 
 

  A1 

 

  33 e 1
h 

= π − 
 

  AG 

Note: If the variable used in the integral is x instead of y (i.e. 3

0
e d

xh

V x= π∫ ) and the 

candidate has not stated that they are interchanging x and y then award at 
most M1M1A0A1A1AG. 

 
      [5 marks] 

 
 (b) maximum volume when 9h =  cm (M1) 
  max volume 3180 cm=  A1 
 

      [2 marks] 
      Total: [7 marks] 
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 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions.
 y Rédigez vos réponses dans les cases prévues à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 6]

Dilara conçoit un cerf-volant ABCD sur un système d’axes dans lequel une unité 
représente 10 cm.

Les coordonnées de A, B et C sont respectivement (2  ;  0), (0  ;  4) et (4  ;  6). Le point D 
se situe sur l’axe des abscisses.  [AC]  est perpendiculaire à  [BD] . Ces informations sont 
montrées dans le diagramme suivant.

la figure n’est pas à l’échelle

x

y

A

B

C

D0

(a) Trouvez la pente de la droite passant par A et C. [2]

(b) Écrivez la pente de la droite passant par B et D. [1]

(c) Trouvez l’équation de la droite passant par B et D. Donnez votre réponse sous la forme   
 ax + by + d = 0  , où  a ,  b  et  d  sont des entiers. [2]

(d) Écrivez l’abscisse du point D. [1]

(Suite de la question à la page suivante)
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(Suite de la question 1)
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2. [Note maximale : 5]

Des inspecteurs enquêtent sur les émissions de dioxyde de carbone d’une centrale électrique. 
Soit  R , le taux, en tonnes par heure, auquel le dioxyde de carbone est émis et  t , le temps, 
en heures, depuis le début de l’inspection.

Lorsqu’on représente graphiquement  R  en fonction de  t , la quantité totale de dioxyde de 
carbone émise est donnée par l’aire entre la courbe et l’axe horizontal  t .

Le taux,  R , est mesuré sur une période de deux heures. Les résultats sont montrés dans 
le tableau suivant.

t 0 0,4 0,8 1,2 1,6 2

R 30 50 60 40 20 50

(a) Utilisez la formule des trapèzes avec un intervalle de largeur 0,4 pour estimer 
la quantité totale de dioxyde de carbone émise durant ces deux heures. [3]

La quantité réelle de dioxyde de carbone émise durant ces deux heures a été de 72 tonnes.

(b) Trouvez le pourcentage d’erreur de l’estimation trouvée dans la partie (a). [2]
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3. [Note maximale : 7]

Soit la fonction   h(x)   qui représente la hauteur, en centimètres, d’une boîte de métal 
cylindrique dont le diamètre mesure x cm.

 h(x) =   640 ___ 
 x   2 

   + 0,5   pour   4 ≤ x ≤ 14  .

(a) Trouvez l’image de  h . [3]

La fonction    h   −1    est la fonction réciproque de  h .

(b) (i) Trouvez    h   −1 (10)  .

(ii) Dans le contexte de la question, interprétez votre réponse de la partie (b)(i).

(iii) Écrivez l’image de    h   −1   . [4]
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4. [Note maximale : 6]

Il y a quatre postes de surveillance utilisés par les gardes forestiers chargés de la prévention 
des incendies dans une forêt nationale.

Dans le diagramme de Voronoï suivant, les coordonnées des postes de surveillance 
sont A(6  ;  2), B(14  ;  2), C(18  ;  6) et D(10,8  ;  11,6), où les distances sont mesurées 
en kilomètres.

Les lignes pointillées représentent les frontières des régions patrouillées par le garde 
forestier de chaque poste de surveillance. Les frontières se rencontrent aux points  
P(10  ;  6) et Q(13  ;  7).

2 4 6 8 10 12 14 160
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14

16

18

P

Q

Afin de réduire les aires des régions patrouillées par les gardes forestiers, un nouveau 
poste de surveillance sera construit à l’intérieur du quadrilatère ABCD. Le nouveau 
poste de surveillance sera situé de façon à ce qu’il soit le plus loin possible du poste 
de surveillance existant le plus proche.

(a) Montrez que le nouveau poste de surveillance doit être construit au point P. [3]

Le diagramme de Voronoï doit être mis à jour afin d’y inclure la région autour du nouveau 
poste de surveillance en P. Les arêtes définies par les médiatrices de [AP] et [BP] ont été 
ajoutées au diagramme suivant.

(b) (i)  Écrivez l’équation de la médiatrice de [PC].

(ii) À partir de là, dessinez les frontières manquantes de la région autour de P sur 
le diagramme suivant. [3]

(Suite de la question à la page suivante)
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(Suite de la question 4)
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5. [Note maximale : 9]

Dans cette question, donnez toutes les réponses avec une précision de deux décimales.

Raul et Rosy veulent acheter une nouvelle maison et doivent contracter un prêt de 170 000 
dollars australiens (AUD) dans une banque. Le prêt est d’une durée de 30 ans et le taux 
d’intérêt annuel pour le prêt est de 3,8 %, composé mensuellement. Ils rembourseront le prêt 
en effectuant des paiements mensuels fixes à la fin de chaque mois.

(a) Trouvez le montant qu’ils rembourseront chaque mois à la banque. [3]

(b) (i)  Trouvez le montant que Raul et Rosy devront encore à la banque à la fin des  
10 premières années.

(ii) En utilisant vos réponses des parties (a) et (b)(i), calculez le montant total des 
intérêts qu’ils auront payé au cours des 10 premières années. [6]
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6. [Note maximale : 5]

Une suite géométrique infinie, dont les termes sont notés    u  n    , est telle que    u  1   = 2   et    ∑ 
k=1

  
∞
   u  k    = 10  .

(a) Trouvez la raison,  r , de cette suite. [2]

(b) Trouvez la plus petite valeur de  n  telle que    u  n   <   1 _ 
2
    . [3]
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7. [Note maximale : 8]

Un groupe de 120 élèves ont passé un examen d’histoire. La courbe des effectifs cumulés 
montre les résultats obtenus par ces élèves.
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(a) Trouvez la médiane des résultats obtenus. [1]

Les élèves reçoivent une note de 1 à 5, selon le résultat obtenu à l’examen. Le nombre 
d’élèves ayant reçu chaque note est montré dans le tableau suivant.

Note  1  2  3  4  5

Nombre d’élèves  6 13 26  a  b

(b) Trouvez une expression pour  a  en fonction de  b . [2]

(Suite de la question à la page suivante)



– 11 –

N21/5/MATHY/HP1/FRE/TZ0/XX

8821 – 7216

Tournez la page

28EP11

(Suite de la question 7)

(c) La note moyenne pour ces élèves est de 3,65.

(i) Trouvez le nombre d’élèves ayant reçu une note de 5.

(ii) Trouvez le résultat minimal requis pour obtenir une note de 5. [5]
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8. [Note maximale : 5]

Juri skie du haut d’une colline jusqu’à un point d’arrivée en bas de la colline. Elle emprunte 
le chemin le plus court, se dirigeant directement vers le point d’arrivée (F).

Soit   h(x)   la hauteur de la colline au-dessus de F à une distance horizontale  x  du point 
de départ au sommet de la colline.

La représentation graphique de la dérivée de   h(x)   est montrée ci-dessous. 
La représentation graphique de    h ′  (x)   a des minimums et maximums relatifs lorsque  x  
est égal à  a ,  c  et  e . La représentation graphique de    h ′  (x)   coupe l’axe des abscisses 
lorsque  x  est égal à  b ,  d , et  f .

0
a

b

c

d

e

f
x

h′(x)

(a) (i) Identifiez la valeur de  x  du point où    |  h ′  (x) |    atteint sa valeur maximale.

(ii) Interprétez ce point dans le contexte donné. [2]

(Suite de la question à la page suivante)
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(Suite de la question 8)

Juri part d’une hauteur de 60 mètres et finit au point F, où   x =  f  .

(b) Esquissez un diagramme possible de la colline sur le système d’axes suivant. [3]
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9. [Note maximale : 5]

Katie aime se rendre en vélo au travail aussi souvent que possible. Si Katie se rend en vélo 
au travail un jour donné, elle a alors une probabilité de 0,2 de ne pas se rendre en vélo au 
travail le jour suivant. Si elle ne se rend pas en vélo au travail un jour donné, elle a alors une 
probabilité de 0,4 de ne pas se rendre en vélo au travail le jour suivant.

(a) Complétez le diagramme de transition suivant pour représenter ces informations. [2]

EN VÉLO
PAS

EN VÉLO

0,2

0,4

Katie travaille 180 jours au cours d’une année.

(b) Trouvez la probabilité que Katie se rende en vélo au travail lors de son dernier jour 
de travail de l’année. [3]
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10. [Note maximale : 4]

La représentation graphique de   y =  f (x)   est donnée dans le système d’axes suivant. 
La représentation graphique passe par les points (−2  ;  6) et (0  ;  1), et possède une 
asymptote horizontale en  y = 0 .

0

5

10

15

20

y

2–2 4–4 x

(0  ;  1)

f (x)

(–2  ;  6)

Soit  g(x) = 2 f (x − 2) + 4 .

(a) Trouvez  g(0) . [2]

(b) Sur le même système d’axes, dessinez la représentation graphique de  y = g(x) , 
en montrant tout point d’intersection avec les axes et toute asymptote. [2]

(Suite de la question à la page suivante)
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(Suite de la question 10)
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11. [Note maximale : 6]

Le diagramme suivant montre un coin d’un champ délimité par deux murs définis par les 
droites    L  1     et    L  2    . Les murs se rencontrent en un point A, faisant un angle de 40.

Le fermier Nate possède 7 m de clôture pour construire un enclos triangulaire pour ses 
brebis. Une des extrémités de la clôture se situe en un point B sur    L  2    , à 10 m de A. L’autre 
extrémité de la clôture sera située en un point C sur    L  1    , tel que montré sur le diagramme.

la figure n’est pas à l’échelle

L
1

A
B40˚

C

10

L
2

Enclos

Il souhaite que l’enclos occupe le moins d’espace possible dans le champ actuel.

Trouvez l’aire minimale possible de l’enclos triangulaire ABC. [6]
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12. [Note maximale : 5]

Le tableau suivant montre le temps, en jours, à compter du 1er décembre et le pourcentage 
de sapins de Noël en stock dans un magasin au début de ce jour.

Jours à compter du 
1er décembre (d )   1   3   6   9  12  15  18

Pourcentage de sapins 
de Noël en stock (x) 100  51  29  21  18  16  14

Le tableau suivant montre le logarithme naturel de  d  et de  x  lors de ces jours à deux 
décimales près.

ln  (d ) 0 1,10 1,79 2,20 2,48 2,71 2,89

ln  (x) 4,61 3,93 3,37 3,04 2,89 2,77 2,64

(a) Utilisez les données du deuxième tableau pour trouver la valeur de  m  et la valeur de  b  
pour la droite de régression,  ln x = m (ln d ) + b . [2]

(b) En supposant que le modèle trouvé dans la partie (a) demeure valide, estimez le 
pourcentage de sapins en stock lorsque  d = 25 . [3]
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13. [Note maximale : 7]

Le champ de vecteurs pour l’équation différentielle     
dy

 __ 
dx

   =  e   − x   2   − y   est montré dans les deux 
représentations graphiques suivantes.

(a) Calculez la valeur de     
dy

 __ 
dx

     au point (0  ; 1). [1]

(b) Esquissez, sur la première représentation graphique, une courbe qui représente 

les points où     
dy

 __ 
dx

   = 0  . [2]

−2,5 −2 −1,5 −1 −0,5
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0,5 1 1,5 2 2,50

(c) Sur la deuxième représentation graphique,

(i) esquissez la courbe correspondant à la solution particulière passant par  
le point (0  ;  0).

(ii) esquissez la courbe correspondant à la solution particulière passant par  
le point (0  ;  0,75). [4]
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(Suite de la question à la page suivante)
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(Suite de la question 13)
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14. [Note maximale : 7]

Dans la ferme de Paul, les pommes de terre sont emballées dans des sacs étiquetés 50 kg. 
Les poids des sacs de pommes de terre peuvent être modélisés par une distribution normale 
dont le poids moyen est de 49,8 kg et l’écart type est de 0,9 kg.

(a) Trouvez la probabilité qu’un sac soit en dessous du poids étiqueté. [2]

(b) Trouvez le premier quartile des poids des sacs de pommes de terre. [2]

Les sacs de pommes de terre sont transportés dans des caisses. Il y a 10 sacs dans chaque 
caisse et les poids des sacs de pommes de terre sont indépendants les uns des autres.

(c) Trouvez la probabilité que le poids total des sacs de pommes de terre dans une caisse 
soit supérieur à 500 kg. [3]
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15. [Note maximale : 9]

Le diagramme suivant montre un cadre fabriqué en fil de fer. La longueur totale du fil de fer 
est égale à 15 cm. Le cadre est composé de deux secteurs identiques d’un cercle qui sont 
parallèles entre eux. Les secteurs ont un angle de  θ  radians et un rayon de  r cm. Ils sont 
reliés par des fils de fer de 1 cm de longueur, perpendiculaires aux secteurs. Ceci est montré 
dans le diagramme ci-dessous.

θ

θ

r

r

r

r

1

1

1

(a) Montrez que   r =   6 ____ 
2 + θ    . [2]

Les faces du cadre sont recouvertes de papier pour délimiter un volume,  V .

(b) (i)  Trouvez une expression pour  V  en fonction de  θ .

(ii) Trouvez l’expression     dV ___ 
dθ    .

(iii) Résolvez algébriquement     dV ___ 
dθ   = 0   pour trouver la valeur de  θ  qui rendra le 

volume  V  maximal. [7]
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16. [Note maximale : 9]

Un navire S se déplace avec un vecteur-vitesse constant,  v , mesuré en kilomètres à l’heure, où 

  v =  ( − 12  
15

  )   .

Au temps  t = 0 , le navire se trouve en un point A(300  ;  100) par rapport à une origine O, 
où les distances sont mesurées en kilomètres.

(a) Trouvez le vecteur-position     
⟶

 OS    du navire au temps  t  heures. [1]

Un phare est situé en un point (129  ;  283).

(b) Trouvez la valeur de  t  lorsque le navire sera le plus près du phare. [6]

Une alarme retentira si le navire se trouve à moins de 20 kilomètres du phare.

(c) Indiquez si l’alarme retentira. Donnez une raison justifiant votre réponse. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 25 –

N21/5/MATHY/HP1/FRE/TZ0/XX

8821 – 7216

28EP25

17. [Note maximale : 7]

Les côtés d’un bol sont formés en faisant tourner la courbe  y = 6 ln x ,  0 ≤ y ≤ 9 , autour de
l’axe des ordonnées, où  x  et  y  sont mesurés en centimètres. Le bol est rempli d’eau jusqu’à
une hauteur de  h cm.

(a) Montrez que le volume d’eau,  V , en fonction de  h  est   V = 3π ( e     
h __ 
3
    − 1)   . [5]

(b) À partir de là, trouvez la capacité maximale du bol en   cm   3  . [2]
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Matemáticas: aplicaciones e interpretación
Nivel superior
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos 
con calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para 
su obtención. Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar 
aproximadamente el mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, 
podrán otorgarse algunos puntos si el método empleado es correcto, siempre que aparezca por escrito. 
Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 6]

Dilara está diseñando una cometa (ABCD) en unos ejes de coordenadas en los que una 
unidad representa 10 cm.

Las coordenadas de A, B y C son (2 ,  0), (0 ,  4) y (4 ,  6) respectivamente. El punto D 
está en el eje  x .  [AC]  es perpendicular a  [BD] . Toda esta información se muestra en 
la siguiente figura.

la figura no está dibujada a escala

x

y

A

B

C

D0

(a) Halle la pendiente de la recta que pasa por A y C. [2]

(b) Escriba la pendiente de la recta que pasa por B y D. [1]

(c) Halle la ecuación de la recta que pasa por B y D. Dé la respuesta en la forma   
 ax + by + d = 0  , donde  a ,  b  y  d  son números enteros. [2]

(d) Escriba la coordenada  x  del punto D. [1]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)
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2. [Puntuación máxima: 5]

Unos inspectores están investigando las emisiones de dióxido de carbono de una central 
eléctrica. Sea  R  el ritmo (en toneladas por hora) al que se está emitiendo dióxido de 
carbono y sea  t  el tiempo transcurrido (en horas) desde que se inició la inspección.

Cuando se representa gráficamente  R  en función de  t , la cantidad total de dióxido de 
carbono emitido viene dada por el área que hay entre el gráfico y el eje  t  horizontal.

Se mide el ritmo de emisiones (R) a lo largo de dos horas. Los resultados se muestran en 
la siguiente tabla.

t 0 0,4 0,8 1,2 1,6 2

R 30 50 60 40 20 50

(a) Utilice la regla del trapecio con intervalos de anchura 0,4 para estimar la cantidad total 
de dióxido de carbono que se ha emitido durante esas dos horas. [3]

La cantidad real de dióxido de carbono que se emitió durante esas dos horas fue de  
72 toneladas.

(b) Halle el porcentaje de error de la estimación que halló en el apartado (a). [2]
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3. [Puntuación máxima: 7]

Sea   h(x)   la función que representa la altura (en centímetros) de una lata cilíndrica de 
x cm de diámetro.

 h(x) =   640 ___ 
 x   2 

   + 0,5   para   4 ≤ x ≤ 14  .

(a) Halle el recorrido de  h . [3]

La función    h   −1    es la función inversa de  h .

(b) (i) Halle    h   −1 (10)  .

(ii) En el contexto de esta pregunta, interprete la respuesta que ha dado en 
el apartado (b)(i).

(iii) Escriba el recorrido de    h   −1   . [4]
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4. [Puntuación máxima: 6]

Hay cuatro estaciones que utilizan los guardas forestales de un parque nacional.

En el siguiente diagrama de Voronoi, las coordenadas de las estaciones son A(6 ,  2), 
B(14 ,  2), C(18 ,  6) y D(10,8 ;  11,6), donde las distancias vienen dadas en kilómetros.

Las líneas discontinuas representan los límites de las regiones que patrullan los guardas 
forestales de cada estación. Los límites coinciden en P(10 ,  6) y en Q(13 ,  7).

2 4 6 8 10 12 14 160

2
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10

12
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14

16

18

P

Q

Con el fin de reducir el área de las regiones que patrullan los guardas forestales, se va a 
construir una nueva estación dentro del cuadrilátero ABCD. La nueva estación se ubicará 
de tal manera que esté lo más lejos posible de la estación existente más próxima.

(a) Muestre que la nueva estación se debería construir en P. [3]

Se va a actualizar el diagrama de Voronoi para incluir la región que rodea a la nueva 
estación ubicada en P. Por ello, se han añadido al siguiente diagrama las aristas definidas 
por las mediatrices de [AP] y de [BP].

(b) (i)  Escriba la ecuación de la mediatriz de [PC].

(ii) A partir de lo anterior, dibuje con precisión en el siguiente diagrama los límites 
que faltan de la región que rodea a P. [3]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 4: continuación)
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5. [Puntuación máxima: 9]

En esta pregunta, dé todas las respuestas redondeando a 2 lugares decimales.

Raúl y Rosy quieren comprarse una casa nueva y, para ello, necesitan un préstamo del 
banco por valor de 170 000 dólares australianos (AUD). El préstamo es a 30 años y el tipo 
de interés anual que se aplica al préstamo es del 3,8 %, compuesto mensualmente. Raúl y 
Rosy devolverán el préstamo pagando una cuota mensual fija al final de cada mes.

(a) Halle la cantidad que pagarán al banco cada mes. [3]

(b) (i)  Halle la cantidad que Raúl y Rosy deberán todavía al banco al final de los  
10 primeros años.

(ii) Utilice las respuestas halladas en los apartados (a) y (b)(i) para calcular cuántos 
intereses habrán pagado en total durante esos 10 primeros años. [6]
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6. [Puntuación máxima: 5]

Una progresión geométrica infinita con término general    u  n     es tal que    u  1   = 2   y    ∑ 
k=1

  
∞
   u  k    = 10  .

(a) Halle la razón común (r) de esta progresión. [2]

(b) Halle el valor más pequeño de  n  para el que se cumple que    u  n   <   1 _ 
2
    . [3]
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7. [Puntuación máxima: 8]

Un grupo de 120 alumnos se ha presentado a un examen de Historia. El siguiente gráfico de 
frecuencia acumulada muestra las puntuaciones que han obtenido los alumnos.
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(a) Halle la mediana de las puntuaciones obtenidas. [1]

A los alumnos se les concedió una calificación de entre 1 y 5, dependiendo de la puntuación 
que hubieran obtenido en el examen. En la siguiente tabla se muestra el número de alumnos 
que recibieron cada calificación.

Calificación  1  2  3  4  5

Número de alumnos  6 13 26  a  b

(b) Halle una expresión que dé  a  en función de  b . [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 7: continuación)

(c) La calificación media de estos alumnos es de 3,65.

(i) Halle el número de alumnos que obtuvieron una calificación de 5.

(ii) Halle la puntuación mínima que se necesita para obtener una calificación de 5. [5]
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8. [Puntuación máxima: 5]

Juri esquía desde la cima de una colina hasta un punto final que se encuentra al pie de la 
colina. Toma la ruta más corta, dirigiéndose directamente al punto final (F).

Sea   h(x)   la altura de la colina respecto a F a una distancia horizontal  x  del punto de salida, 
situado en la cima de la colina.

El gráfico de la derivada de   h(x)   se muestra a continuación. Este gráfico de    h ′  (x)   tiene 
máximos y mínimos locales para  x  igual a  a ,  c  y  e . El gráfico de    h ′  (x)   corta al eje  x  
cuando  x  es igual a  b ,  d , y  f .

0
a

b

c

d

e

f
x

h′(x)

(a) (i)  Identifique la coordenada  x  del punto en el cual    |  h ′  (x) |    alcanza su valor máximo.

(ii) Interprete este punto en el contexto de la pregunta. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 8: continuación)

Juri sale desde una altura de 60 metros y acaba en F, donde   x =  f  .

(b) Dibuje aproximadamente un posible diagrama de la colina en los siguientes ejes 
de coordenadas. [3]
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9. [Puntuación máxima: 5]

A Katie le gusta ir en bicicleta al trabajo siempre que puede. Si Katie va en bicicleta al trabajo 
un día, entonces la probabilidad de que no vaya en bicicleta al trabajo el siguiente día laborable 
es igual a 0,2 . Si Katie no va en bicicleta al trabajo un día, entonces la probabilidad de que no 
vaya en bicicleta al trabajo el siguiente día laborable es igual a 0,4 .

(a) Complete el siguiente diagrama de transición para representar esta información. [2]

VA EN 
BICICLETA

NO VA EN 
BICICLETA

0,2

0,4

Katie trabaja 180 días al año.

(b) Halle la probabilidad de que Katie vaya en bicicleta a trabajar en su último día de 
trabajo del año. [3]
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10. [Puntuación máxima: 4]

El gráfico de   y =  f (x)   se muestra en los siguientes ejes de coordenadas. El gráfico pasa por 
los puntos (−2 ,  6) y (0 ,  1), y tiene una asíntota horizontal en  y = 0 .

0

5

10

15

20

y

2–2 4–4 x

(0 ,  1)

f (x)

(–2 ,  6)

Sea  g(x) = 2 f (x − 2) + 4 .

(a) Halle  g(0) . [2]

(b) En esos mismos ejes de coordenadas, dibuje con precisión el gráfico de  y = g(x) , 
mostrando todos los cortes con los ejes y todas las asíntotas que haya. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 10: continuación)
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11. [Puntuación máxima: 6]

La siguiente figura muestra una esquina de un campo que está delimitado por dos paredes, 
representadas por las rectas    L  1     y    L  2    . Las paredes coinciden en el punto A, formando un 
ángulo de 40.

El agricultor Nate tiene 7 m de valla para construir un recinto triangular donde guardar sus 
ovejas. Un extremo de la valla se coloca en el punto B, perteneciente a    L  2     y situado a 10 m 
de A. El otro extremo de la valla se va a colocar en algún punto C perteneciente a    L  1    , tal y 
como se muestra en la figura.

la figura no está dibujada a escala

L
1

A
B40˚

C

10

L
2

Recinto

Nate quiere que el recinto ocupe la menor parte posible del campo actual.

Halle el área mínima que puede tener el recinto triangular ABC. [6]
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12. [Puntuación máxima: 5]

La siguiente tabla muestra el tiempo (en días) transcurrido desde el 1 de diciembre y el 
porcentaje de árboles de Navidad que quedaban por vender en una tienda al comienzo 
de ese día.

Días transcurridos desde el 1 de 
diciembre (d )   1   3   6   9  12  15  18

Porcentaje de árboles de Navidad 
que quedan por vender (x) 100  51  29  21  18  16  14

La siguiente tabla muestra los logaritmos neperianos de  d  y  x  para esos mismos días, 
redondeando los valores a 2 lugares decimales.

ln  (d ) 0 1,10 1,79 2,20 2,48 2,71 2,89

ln  (x) 4,61 3,93 3,37 3,04 2,89 2,77 2,64

(a) Utilice los datos de la segunda tabla para hallar el valor de  m  y el valor de  b  para 
la recta de regresión  ln x = m (ln d ) + b . [2]

(b) Suponiendo que el modelo que ha hallado en el apartado (a) sigue siendo válido, 
estime el porcentaje de árboles que quedan por vender cuando  d = 25 . [3]
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13. [Puntuación máxima: 7]

El campo de direcciones correspondiente a la ecuación diferencial     
dy

 __ 
dx

   =  e   − x   2   − y   se muestra 
en los dos gráficos siguientes.

(a) Calcule el valor de     
dy

 __ 
dx

     en el punto (0 ,  1). [1]

(b) Dibuje aproximadamente, en el primer gráfico, una curva que represente los puntos 

en los que     
dy

 __ 
dx

   = 0  . [2]

−2,5 −2 −1,5 −1 −0,5

−1

−0,5

0,5

1

1,5

2

0,5 1 1,5 2 2,50

(c) En el segundo gráfico:

(i) Dibuje aproximadamente la curva solución que pasa por el punto (0 ,  0).

(ii) Dibuje aproximadamente la curva solución que pasa por el punto (0 ,  0,75). [4]

−2,5 −2 −1,5 −1 −0,5

−1

−0,5

0,5

1

1,5

2

0,5 1 1,5 2 2,50

(Esta pregunta continúa en la página siguiente)
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(Pregunta 13: continuación)
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14. [Puntuación máxima: 7]

En la granja de Paul, las patatas se meten en sacos que llevan el rótulo “50 kg”. Los pesos de 
los sacos de patatas siguen una distribución normal con peso medio de 49,8 kg y desviación 
típica igual a 0,9 kg.

(a) Halle la probabilidad de que un saco pese menos de lo que indica el rótulo. [2]

(b) Halle el primer cuartil de los pesos de los sacos de patatas. [2]

Los sacos de patatas se transportan en cajas. En cada caja hay 10 sacos, y los pesos de los 
sacos de patatas son independientes unos de otros.

(c) Halle la probabilidad de que el peso total de los sacos de patatas que hay en una caja 
supere los 500 kg. [3]
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Véase al dorso

15. [Puntuación máxima: 9]

La siguiente figura muestra una estructura hecha de alambre. La longitud total de alambre 
es igual a 15 cm. La estructura está compuesta por dos sectores circulares idénticos que son 
paralelos entre sí. Los sectores circulares subtienden un ángulo de  θ  radianes y tienen un 
radio de  r cm. Están conectados mediante alambres de 1 cm de longitud y perpendiculares a 
los sectores circulares. Toda esta información se muestra en el siguiente diagrama.

θ

θ

r

r

r

r

1

1

1

(a) Muestre que   r =   6 ____ 
2 + θ    . [2]

Las caras de la estructura se recubren de papel para delimitar un volumen  V .

(b) (i)  Halle una expresión que dé  V  en función de  θ .

(ii) Halle la expresión     dV ___ 
dθ    .

(iii) Resuelva por métodos algebraicos     dV ___ 
dθ   = 0   para hallar el valor de  θ  que 

maximiza el volumen  V . [7]
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16. [Puntuación máxima: 9]

Un barco (S) se está desplazando a una velocidad constante de  v  kilómetros por hora, donde 

  v =  ( − 12  
15

  )   .

En el instante  t = 0 , el barco se encuentra en el punto A(300 ,  100) con respecto al origen O, 
donde las distancias vienen dadas en kilómetros.

(a) Halle el vector de posición del barco (    
⟶

 OS   ) en el instante  t  horas. [1]

Hay un faro situado en el punto (129 ,  283).

(b) Halle el valor de  t  para el que el barco estará lo más cerca posible del faro. [6]

Si el barco se acerca a menos de 20 kilómetros del faro, sonará una alarma.

(c) Indique si sonará la alarma. Dé una razón que justifique su respuesta. [2]
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17. [Puntuación máxima: 7]

Las paredes de un cuenco se forman rotando la curva  y = 6 ln x ,  0 ≤ y ≤ 9 , alrededor del
eje  y , donde  x  e  y  están en centímetros. El cuenco contiene agua hasta una altura de  h cm.

(a) Muestre que el volumen de agua (V ) expresado en función de  h  es   V = 3π ( e     
h __ 
3
    − 1)   . [5]

(b) A partir de lo anterior, halle la capacidad máxima del cuenco, en   cm   3  . [2]
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Mathematics: applications and interpretation
Higher level
Paper 2

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 14]

A large water reservoir is built in the form of part of an upside-down right pyramid with a 
horizontal square base of length 80 metres. The point C is the centre of the square base 
and point V is the vertex of the pyramid.

diagram not to scale

M

N

P

O

C

V

80

60
6

The bottom of the reservoir is a square of length 60 metres that is parallel to the base of 
the pyramid, such that the depth of the reservoir is 6 metres as shown in the diagram.

(This question continues on the following page)
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Turn over

(Question 1 continued)

The second diagram shows a vertical cross section, MNOPC, of the reservoir.

diagram not to scale

80

6

M

N O

P

60

C

(a) Find the angle of depression from M to N. [2]

(b) (i)  Find CV.

(ii) Hence or otherwise, show that the volume of the reservoir is 29 600 m3. [5]

Every day 80 m3 of water from the reservoir is used for irrigation.

Joshua states that, if no other water enters or leaves the reservoir, then when it is full there is 
enough irrigation water for at least one year.

(c) By finding an appropriate value, determine whether Joshua is correct. [2]

To avoid water leaking into the ground, the five interior sides of the reservoir have been 
painted with a watertight material.

(d) Find the area that was painted. [5]
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2. [Maximum mark: 20]

A wind turbine is designed so that the rotation of the blades generates electricity. The turbine 
is built on horizontal ground and is made up of a vertical tower and three blades.

The point A is on the base of the tower directly below point B at the top of the tower. The height 
of the tower, AB, is 90 m. The blades of the turbine are centred at B and are each of length 40 m. 
This is shown in the following diagram.

diagram not to scale

A

C

B

h

90

40

ground

blade

The end of one of the blades of the turbine is represented by point C on the diagram. Let  h  
be the height of C above the ground, measured in metres, where  h  varies as the blade rotates.

(a) Find the

(i) maximum value of  h .

(ii) minimum value of  h . [2]

The blades of the turbine complete 12 rotations per minute under normal conditions, moving at 
a constant rate.

(b) (i)  Find the time, in seconds, it takes for the blade [BC] to make one complete 
rotation under these conditions.

(ii) Calculate the angle, in degrees, that the blade [BC] turns through in one second. [3]

(This question continues on the following page)
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Turn over

(Question 2 continued)

The height,  h,  of point C can be modelled by the following function. Time,  t , is measured 
from the instant when the blade [BC] first passes [AB] and is measured in seconds.

 h(t) = 90 − 40 cos (72 t   ∘ )  ,   t ≥ 0 

(c) (i)  Write down the amplitude of the function.

(ii) Find the period of the function. [2]

(d) Sketch the function   h(t)   for   0 ≤ t ≤ 5  , clearly labelling the coordinates of the maximum 
and minimum points. [3]

(e) (i)  Find the height of C above the ground when   t = 2  .

(ii) Find the time, in seconds, that point C is above a height of 100 m, during each 
complete rotation. [5]

The wind speed increases and the blades rotate faster, but still at a constant rate.

(f) Given that point C is now higher than 110 m for 1 second during each complete rotation, 
find the time for one complete rotation. [5]
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3. [Maximum mark: 16]

Arianne plays a game of darts.

O

The distance that her darts land from the centre, O, of the board can be modelled by a 
normal distribution with mean 10 cm and standard deviation 3 cm.

(a) Find the probability that

(i) a dart lands less than 13 cm from O.

(ii) a dart lands more than 15 cm from O. [3]

Each of Arianne’s throws is independent of her previous throws.

(b) Find the probability that Arianne throws two consecutive darts that land more than 
15 cm from O. [2]

In a competition a player has three darts to throw on each turn. A point is scored if a player 
throws all three darts to land within a central area around O. When Arianne throws a dart 
the probability that it lands within this area is 0.8143.

(c) Find the probability that Arianne does not score a point on a turn of three darts. [2]

In the competition Arianne has ten turns, each with three darts.

(d) (i)  Find Arianne’s expected score in the competition.

(ii) Find the probability that Arianne scores at least 5 points in the competition.

(iii) Find the probability that Arianne scores at least 5 points and less than 8 points.

(iv) Given that Arianne scores at least 5 points, find the probability that Arianne 
scores less than 8 points. [9]
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Turn over

4. [Maximum mark: 18]

A flying drone is programmed to complete a series of movements in a horizontal plane 
relative to an origin O and a set of  x-y-axes.

In each case, the drone moves to a new position represented by the following transformations:

 y a rotation anticlockwise of     π __ 
6
     radians about O

 y a reflection in the line   y =   x ___ 
 √ 
_

 3  
    .

 y a rotation clockwise of     π __ 
3
     radians about O.

All the movements are performed in the listed order.

(a) (i)  Write down each of the transformations in matrix form, clearly stating which 
matrix represents each transformation.

(ii) Find a single matrix   P   that defines a transformation that represents the overall 
change in position.

(iii) Find    P   2   .

(iv) Hence state what the value of    P   2    indicates for the possible movement of the drone. [12]

(b) Three drones are initially positioned at the points A, B and C. After performing the 
movements listed above, the drones are positioned at points  A′ ,  B′  and  C′  respectively.

Show that the area of triangle ABC is equal to the area of triangle  A′B′C′ . [2]

(c) Find a single transformation that is equivalent to the three transformations represented 
by matrix   P  . [4]
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5. [Maximum mark: 13]

(a) Let   z = 1 − i  .

(i) Plot the position of   z   on an Argand Diagram.

(ii) Express   z   in the form   z = a e   i b   , where   a ,  b ∈ ℝ  , giving the exact value of  a  and 
the exact value of  b . [3]

(b) Let    w  1   =  e   i x    and    w  2   =  e   i (x−   π __ 
2

  )    , where   x ∈ ℝ  .

(i) Find    w  1   +  w  2     in the form    e   i x (c + i d)  .

(ii) Hence find   Re ( w  1   +  w  2  )    in the form   A cos (x − α)  , where   A > 0   and   0 < α ≤   π __ 
2
    . [6]

The current,  I , in an AC circuit can be modelled by the equation   I = a cos (bt − c)   where   b   is 
the frequency and  c  is the phase shift.

Two AC voltage sources of the same frequency are independently connected to the same 
circuit. If connected to the circuit alone they generate currents    I  A     and    I  B    . The maximum 
value and the phase shift of each current is shown in the following table.

Current Maximum value Phase shift

  I  A   12 amps 0

  I  B   12 amps    π __ 
2
   

When the two voltage sources are connected to the circuit at the same time, the total current    I  T     
can be expressed as    I  A   +  I  B    .

(c) (i)  Find the maximum value of    I  T    .

(ii) Find the phase shift of    I  T    . [4]
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Turn over

6. [Maximum mark: 15]

A shock absorber on a car contains a spring surrounded by a fluid. When the car travels over 
uneven ground the spring is compressed and then returns to an equilibrium position.

x = 0

x

The displacement,   x  , of the spring is measured, in centimetres, from the equilibrium position 
of   x = 0  . The value of   x   can be modelled by the following second order differential equation, 
where  t  is the time, measured in seconds, after the initial displacement.

  x ¨   + 3 x ˙   + 1.25x = 0 

(a) Given that   y =  x ˙    , show that    y ˙   = −1.25x − 3y  . [2]

The differential equation can be expressed in the form    ( 
 x ˙  
   y ˙   )  = A ( 

x
  y )   , where  A  is a 2 × 2 matrix.

(b) Write down the matrix  A . [1]

(c) (i)  Find the eigenvalues of matrix  A .

(ii) Find the eigenvectors of matrix  A . [6]

(d) Given that when   t = 0   the shock absorber is displaced 8 cm and its velocity is zero, 
find an expression for  x  in terms of  t . [6]
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7. [Maximum mark: 14]

Loreto is a manager at the Da Vinci health centre. If the mean rate of patients arriving at the
health centre exceeds 1.5 per minute then Loreto will employ extra staff. It is assumed that
the number of patients arriving in any given time period follows a Poisson distribution.

Loreto performs a hypothesis test to determine whether she should employ extra staff.
She finds that 320 patients arrived during a randomly selected 3-hour clinic.

(a) (i)  Write down null and alternative hypotheses for Loreto’s test.

(ii) Using the data from Loreto’s sample, perform the hypothesis test at a 5 %
significance level to determine if Loreto should employ extra staff. [7]

Loreto is also concerned about the average waiting time for patients to see a nurse. The 
health centre aims for at least 95 % of patients to see a nurse in under 20 minutes.

Loreto assumes that the waiting times for patients are independent of each other and 
decides to perform a hypothesis test at a 10 % significance level to determine whether the 
health centre is meeting its target.

Loreto surveys 150 patients and finds that 11 of them waited more than 20 minutes.

(b) (i)  Write down null and alternative hypotheses for this test.

(ii) Perform the test, clearly stating the conclusion in context. [7]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 
Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding
M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently;
so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks
elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the
subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  

 
• Do not accept final answers written using calculator notation. However, M marks and 

intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  

 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 

 
• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 

equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.   

OR 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 
6

tan ( )
10

θ = (M1) 

( ) 31.0 (30.9637... )θ =     OR   0.540 (0.540419…) A1 
[2 marks] 

(b) (i)  (CV ) 40 tan ( )θ=    OR  (CV ) 4 6= ×  (M1) 

Note: Award (M1) for an attempt at trigonometry or similar triangles (e.g. ratios). 

(CV ) 24 m= A1 

(ii) 2 21 1
( ) 80 24 60 18

3 3
V = × − × M1A1A1 

Note: Award M1 for finding the difference between the volumes of two pyramids, A1 for 
each correct volume expression. The final A1 is contingent on correct working 
leading to the given answer. 
If the correct final answer is not seen, award at most M1A1A0.  Award M0A0A0 
for any height derived from 29600V = , including 18.875 or 13.875.  

3( ) 29600 mV = AG 
[5 marks] 

(c) METHOD 1
29600

370
80

 = 
 

 (days) A1 

(370 366)>   Joshua is correct A1 

Note: Award A0A0 for unsupported answer of “Joshua is correct”.  Accept 1.01... 1>  for 
the first A1 mark. 

METHOD 2 
380 366 29280 m× =   OR  380 365 29200 m× = A1  

(29280 29600)<   Joshua is correct A1 

Note: The second A1 can be awarded for an answer consistent with their result. 

[2 marks] 

continued… 
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Question 1 continued 

 (d) height of trapezium is 2 210 6 ( 11.6619...)+ =   (M1) 

  area of trapezium is  2 280 60
10 6 ( 816.333...)

2

+
× + =   (M1)(A1) 

  2 2 280 60
( ) 4 10 6 60

2
SA

+ = × × + + 
 

  (M1) 

Note: Award M1 for adding 4 times their (MNOP) trapezium area to the area of the  
( 60 60× ) base. 

 
  2 2( ) 6870 m (6865.33 m )SA =  A1 

Note: No marks are awarded if the correct shape is not identified. 

      [5 marks] 
      Total: [14 marks] 
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2. (a) (i) maximum 130h =  metres A1 
 
  (ii) minimum 50h = metres A1 

      [2 marks] 
 
 (b) (i) (60 12 ) 5÷ =  seconds A1 
 
  (ii) 360 5÷   (M1) 

Note: Award (M1) for 360 divided by their time for one revolution.  

 
   72=     A1 

      [3 marks] 
 
 (c) (i) (amplitude ) 40=  A1 
 

  (ii) (period 
360

72
= =  )  5 A1 

      [2 marks] 
 
 (d) 

 
 

  Maximum point labelled with correct coordinates. A1 
  At least one minimum point labelled. Coordinates seen for any minimum  

points must be correct. A1 
  Correct shape with an attempt at symmetry and “concave up" evident as it  

approaches the minimum points. Graph must be drawn in the given domain. A1 
   [3 marks] 

continued…  
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Question 2 continued 

 (e) (i) 90 40cos (144 )h = −   (M1) 
   ( ) 122 (m) (122.3606.....)h =  A1 
 

  (ii) evidence of 100h =  on graph   OR   100 90 40cos (72 )t= −  (M1) 
   t coordinates 3.55 (3.54892...) OR 1.45 (1.45107...)  or equivalent (A1) 

Note: Award A1 for either t-coordinate seen. 
 
   = 2.10  seconds  (2.09784…) A1 

      [5 marks] 
 
 (f) METHOD 1 
  90 40cos ( ) 110a t− =  (M1) 

  cos ( ) 0.5a t = −   

  120at = , 240  (A1) 

  
240 120

1
a a

= −    (M1) 

  120a =    (A1) 

  period 
360

3
120

= =  seconds   A1 

 
  METHOD 2 
 

     
 
  attempt at diagram  (M1) 

  
20

cos
40

α =   (or recognizing special triangle) (M1) 

  angle made by C, 2 120α =    (A1) 
  one third of a revolution in 1 second  (M1) 
  hence one revolution = 3 seconds A1 
 

continued…  
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Question 2 continued 

  METHOD 3 
  considering ( ) 110h t =  on original function (M1) 

  
5

3
t =   or 

10

3
  (A1) 

  
10 5 5

3 3 3
− =     (A1) 

Note: Accept 1.67t =  or equivalent. 

 

  so period is 
3

5
 of original period (R1) 

 
  so new period is 3 seconds A1 

      [5 marks] 
      Total: [20 marks] 
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3. (a) (i) Let X be the random variable “distance from O”. 
   2N (10, 3 )X   
   P ( 13) 0.841 (0.841344...)X < =  (M1)A1 
 
  (ii) ( )P ( 15) 0.0478 (0.0477903)X > =  A1 

      [3 marks] 
 
 (b) P ( 15) P ( 15)X X> × >  (M1) 
  0.00228 (0.00228391...)=  A1 

      [2 marks] 
 
 (c) 31 (0.8143)−   (M1) 
  0.460 (0.460050...)=  A1 

      [2 marks] 
 
 (d) (i) let Y be the random variable “number of points scored” 
   evidence of use of binomial distribution (M1) 
   B(10, 0.539949...)Y   (A1) 

   ( )E ( ) 10 0.539949...Y = ×  (M1) 

     5.40=   A1 
 
  (ii) ( )P ( 5) 0.717 (0.716650...)Y ≥ =  A1 

 
  (iii) ( )P 5 8Y≤ <   (M1) 

   0.628 (0.627788...)=  A1 

Note: Award M1 for a correct probability statement or indication of correct lower 
and upper bounds, 5 and 7.   

 

  (iv) 
P (5 8) 0.627788...

P ( 5) 0.716650...

Y

Y

≤ <  = ≥  
  (M1) 

   0.876 (0.876003...)=   A1 
      [9 marks] 
      Total: [16 marks] 
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4.  

Note: For clarity, exact answers are used throughout this markscheme. However it is 

perfectly acceptable for candidates to write decimal values 
3

0.866
2

 
=  

 
e.g. .  

 

 (a) (i) rotation anticlockwise 
6

π
  is 

0.866 0.5

0.5 0.866

− 
 
 

   OR   

3 1

2 2

1 3

2 2

 
− 

 
 
 
 

 (M1)A1 

 

   reflection in 
3

x
y =  

   
1

tan
3

θ =    (M1) 

   2
3

θ π
⇒ =   (A1) 

   matrix is 
0.5 0.866

0.866 0.5

 
 − 

   OR   

1 3

2 2

3 1

2 2

 
 
 
 

− 
 

 A1 

 

   rotation clockwise 
3

π
 is 

0.5 0.866

0.866 0.5

 
 − 

   OR   

1 3

2 2

3 1

2 2

 
 
 
 
− 
 

 A1 

 
  (ii) an attempt to multiply three matrices (M1) 
 

   

1 3 1 3 3 1

2 2 2 2 2 2

3 1 3 1 1 3

2 2 2 2 2 2

   
−   

   =
   
− −   
   

P  (A1) 

   

3 1

2 2

1 3

2 2

 
− 

 =
 
− − 
 

P   OR  
0.866 0.5

0.5 0.866

− 
 − − 

 A1 

continued…  
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Question 4 continued 

  (iii) 2

3 1 3 1
1 02 2 2 2
0 11 3 1 3

2 2 2 2

   
− −        = =       

− − − −   
   

P  A1 

Note: Do not award A1 if final answer not resolved into the identity matrix I . 
 

  (iv) if the overall movement of the drone is repeated A1 
   the drone would return to its original position A1 

      [12 marks] 
 

 (b) METHOD 1 

  
3 1

det 1
4 4

   = − − =   
   

P  A1 

   ABC  A B C  det′ ′ ′= ×area of triangle area of triangle P  R1 
 

   ABC  A B C′ ′ ′=area of triangle area of triangle  AG 

Note: Award at most A1R0 for responses that omit modulus sign. 
 

  METHOD 2 
  statement of fact that rotation leaves area unchanged R1 
  statement of fact that reflection leaves area unchanged R1 
   ABC  A B C′ ′ ′=area of triangle area of triangle  AG 

      [2 marks] 
 

 (c) attempt to find angles associated with values of elements in matrix P (M1) 
  

  

3 1 cos sin
6 62 2

1 3 sin cos
6 62 2

 π π      − −−             =
   π π   − − −− −       

      

  

 

  reflection (in (tan )y xθ= )  (M1) 

  where 2
6

θ π
= −   A1 

  reflection in ( )tan 0.268
12

y x x
π = − = − 

 
 A1 

      [4 marks] 
      Total: [18 marks] 

 
  



 – 16 – N21/5/MATHY/HP2/ENG/TZ0/XX/M 

 

5. (a) (i)   

 
      A1 
 

  (ii) 
i

42ez
π

−
=     A1A1 

Note: Accept an argument of 
7

4

π
.  Do NOT accept answers that are not exact. 

      [3 marks] 
 

 (b) (i) 
i

i 2
1 2 e e

x
xw w

π − 
 + = +  

    
i

i 2e 1 ex
π

− 
= + 

 
 (M1) 

    ie (1 i)x= −  A1 
 

  (ii) 
i

i 4
1 2 e 2exw w

π
−

+ = ×  M1 

   
i

42e
x

π − 
 =   (A1) 

   attempt extract real part using cis form (M1) 

   1 2Re( ) 2 cos
4

w w x
π + = − 

 
  OR   1.4142...cos ( 0.785398...)x −  A1 

      [6 marks] 
 

continued…  
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Question 5 continued 

 (c) (i) 12cos ( ) 12cos
2tI bt bt
π = + − 

 
 (M1) 

   
i

i 212Re e e
bt

bt
tI

π − 
 

 
= +  

 
 (M1) 

   12 2 cos
4tI bt
π = − 

 
 

     

   max 12 2 ( 17.0)= =  A1 
 

  (ii) phase shift 0.785)(
4

π
= =   A1 

      [4 marks] 
      Total: [13 marks] 

 
 
 
6. (a) y x y x= ⇒ =     A1 
  3( ) 1.25 0y y x+ + =  R1 

Note: If no explicit reference is made to y x=  , or equivalent, award A0R1 if second line is seen.  

If 
d

d

y

x
 used instead of 

d

d

y

t
, award A0R0. 

 
  3 1.25y y x= − −   AG 

      [2 marks] 
 

 (b) 
0 1

1.25 3

 
=  − − 

A  A1 

      [1 mark] 
 

 (c) (i) 
1

0
1.25 3

λ
λ

−
=

− − −
 (M1) 

 
   ( 3) 1.25 0λ λ + + =  (A1) 
   2.5 ; 0.5λ λ= − = −  A1 
 

continued…  
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Question 6 continued 

  (ii) 
2.5 1 0

1.25 0.5 0

a

b

    
=    − −    

 (M1) 

   2.5 0a b+ =  
 

   1

2

5

− 
=  
 

v   A1 

 

   
0.5 1 0

1.25 2.5 0

a

b

    
=    − −    

 

 
   0.5 0a b+ =  
 

   2

2

1

− 
=  
 

v   A1 

Note: Award M1 for a valid attempt to find either eigenvector. Accept equivalent 
forms of the eigenvectors. 
Do not award FT for eigenvectors that do not satisy both rows of the matrix. 

      [6 marks] 
 

 (d) 2.5 0.52 2
e e

5 1
t tx

A B
y

− −− −     
= +     

     
 M1A1 

 
  0 8, 0t x x y= ⇒ = = =  (M1) 
 
  2 2 8A B− − =  
  5 0A B+ =    (M1) 
 
  1; 5A B= = −   A1 
 
  2.5 0.52e 10et tx − −= − +  A1 

Note: Do not award the final A1 if the answer is given in the form

2.5 0.52 2
e e

5 1
t tx

A B
y

− −− −     
= +     

     
. 

      [6 marks] 
      Total: [15 marks] 
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7. (a) (i) let X be the random variable “number of patients arriving in a minute”, such that  
    Po( )X m∼ . 

   0H : 1.5m =  A1 

   1H :  1.5m >  A1 

Note: Allow a value of 270 for m . Award at most A0A1 if it is not clear that it is 
the population mean being referred to e.g 
 0H :  The number of patients is equal to 1.5 every minute 

 1H :  The number of patients exceeds 1.5 every minute. 

Referring to the “expected” number of patients or the use of µ  or λ  is 
sufficient for A1A1. 

 
  (ii) under 0H  let Y  be the number of patients in 3 hours 

   Po(270)Y   (A1) 

   ( )P ( 320) 1 P ( 319) 0.00166 (0.00165874)Y Y≥ = − ≤ =  (M1)A1 

 
   since 0.00166 0.05<  R1 
   (reject 0H ) 
   Loreto should employ more staff A1 

      [7 marks] 
 
 (b) (i) 0H :  The probability of a patient waiting less than 20 minutes is 0.95 A1 

   1H :  The probability of a patient waiting less than 20 minutes is less than 0.95 
      A1 
 
  (ii) under 0H  let W  be the number of patients waiting more than 20 minutes 

   B(150, 0.05)W   (A1) 
   P ( 11) 0.132 (0.132215...)W ≥ =  (M1)A1 

   since 0.132 0.1>  R1 
   (fail to reject 0H ) 
   insufficient evidence to suggest they are not meeting their target A1 
 

Note: Do not accept “they are meeting target” for the A1.   
Accept use of B(150, 0.95)  and P ( 139)W ≤  and any consistent use of a 

random variable, appropriate p-value and significance level. 

[7 marks] 
      Total: [14 marks] 
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Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [110 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 14]

Un grand réservoir d’eau est construit sous la forme d’une partie d’une pyramide droite à 
l’envers avec une base carrée horizontale dont le côté mesure 80 mètres de longueur.  
Le point C est le centre de la base carrée et le point V est le sommet de la pyramide.

la figure n’est pas à l’échelle

M

N

P

O

C

V

80

60
6

Le fond du réservoir est un carré dont le côté mesure 60 mètres de longueur et qui est 
parallèle à la base de la pyramide, de sorte que la profondeur du réservoir est de 6 mètres, 
tel qu’indiqué dans le diagramme.

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

Le deuxième diagramme montre une coupe verticale, MNOPC, du réservoir.

la figure n’est pas à l’échelle

80

6

M

N O

P

60

C

(a) Trouvez l’angle de dépression de M à N. [2]

(b) (i) Trouvez CV.

(ii) À partir de là ou par toute autre méthode, montrez que le volume du réservoir 
est de 29 600 m3. [5]

Chaque jour, 80 m3 d’eau provenant du réservoir sont utilisés pour l’irrigation.

Joshua affirme que, s’il n’y a pas d’autre eau qui entre ou qui sort du réservoir, alors lorsque 
ce dernier est plein, il y a suffisamment d’eau pour l’irrigation pendant au moins un an.

(c) En trouvant une valeur appropriée, déterminez si l’affirmation de Joshua est correcte. [2]

Pour éviter que l’eau ne s’écoule dans le sol, les cinq côtés intérieurs du réservoir ont été 
peints avec un matériau étanche.

(d) Trouvez l’aire qui a été peinte. [5]
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2. [Note maximale : 20]

Une éolienne est conçue pour que la rotation des pales génère de l’électricité. L’éolienne est 
construite sur un sol horizontal et se compose d’une tour verticale et de trois pales.

Le point A est à la base de la tour, directement en dessous du point B qui est situé au 
sommet de la tour. La hauteur de la tour, AB, est de 90 m. Les pales de l’éolienne sont 
centrées en B et chacune d’entre elles a une longueur de 40 m. Ceci est montré dans 
le diagramme suivant.

la figure n’est pas à l’échelle

A

C

B

h

90

40

sol

pale

Le bout d’une des pales de l’éolienne est représenté par le point C sur le diagramme. Soit  h  
la hauteur de C au-dessus du sol, mesurée en mètres, où  h  varie lorsque la pale tourne.

(a) Trouvez

(i) la valeur maximale de  h .

(ii) la valeur minimale de  h . [2]

Les pales de l’éolienne effectuent 12 tours complets par minute dans des conditions 
normales, se déplaçant à une vitesse constante.

(b) (i)  Trouvez le temps, en secondes, que prend la pale [BC] pour effectuer un tour 
complet dans ces conditions.

(ii) Calculez l’angle, en degrés, décrit par la pale [BC] en une seconde. [3]

(Suite de la question à la page suivante)
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(Suite de la question 2)

La hauteur,  h,  du point C peut être modélisée par la fonction suivante. Le temps,  t , est 
mesuré à partir de l’instant où la pale [BC] passe pour la première fois par [AB] et il est 
mesuré en secondes.

 h(t) = 90 − 40 cos (72 t   ∘ )  ,   t ≥ 0 

(c) (i)  Écrivez l’amplitude de la fonction.

(ii) Trouvez la période de la fonction. [2]

(d) Esquissez la fonction   h(t)   pour   0 ≤ t ≤ 5  , en légendant clairement les coordonnées 
des points maximum et minimum. [3]

(e) (i)  Trouvez la hauteur de C au-dessus du sol lorsque   t = 2  .

(ii) Trouvez le temps, en secondes, durant lequel le point C est au-dessus d’une 
hauteur de 100 m, pendant chaque tour complet. [5]

La vitesse du vent augmente et les pales tournent plus vite, mais toujours à une  
vitesse constante.

(f) Étant donné que le point C est maintenant au-dessus de 110 m durant une seconde 
pendant chaque tour complet, trouvez le temps requis pour effectuer un tour complet. [5]
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3. [Note maximale : 16]

Arianne joue aux fléchettes.

O

La distance à laquelle ses fléchettes atterrissent par rapport au centre, O, de la cible peut être 
modélisée par une distribution normale avec une moyenne de 10 cm et un écart type de 3 cm.

(a) Trouvez la probabilité 

(i) qu’une fléchette atterrisse à moins de 13 cm de O.

(ii) qu’une fléchette atterrisse à plus de 15 cm de O. [3]

Chacun des lancers d’Arianne est indépendant de ses lancers précédents.

(b) Trouvez la probabilité qu’Arianne lance deux fléchettes consécutives qui atterrissent à 
plus de 15 cm de O. [2]

Dans une compétition, un joueur doit lancer trois fléchettes lors de son tour. Un point est 
marqué si les trois fléchettes lancées par le joueur atterrissent dans une zone centrale 
autour de O. Lorsqu’Arianne lance une fléchette, la probabilité qu’elle atterrisse dans cette 
zone est de 0,8143.

(c) Trouvez la probabilité qu’Arianne ne marque pas de point lors de son tour avec 
trois fléchettes. [2]

Lors de la compétition, Arianne a dix tours, chacun avec trois fléchettes.

(d) (i)  Trouvez le résultat espéré d’Arianne dans la compétition.

(ii) Trouvez la probabilité qu’Arianne marque au moins 5 points dans la compétition.

(iii) Trouvez la probabilité qu’Arianne marque au moins 5 points et moins de 8 points.

(iv) Étant donné qu’Arianne marque au moins 5 points, trouvez la probabilité 
qu’Arianne marque moins de 8 points. [9]
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4. [Note maximale : 18]

Un drone volant est programmé pour effectuer une série de mouvements dans un plan 
horizontal par rapport à une origine O et à un système d’axes  x  et  y .

Dans chaque cas, le drone se déplace vers une nouvelle position représentée par les 
transformations suivantes :

 y une rotation antihoraire de     π __ 
6
     radian autour de O.

 y une réflexion par rapport à la droite   y =   x ___ 
 √ 
_

 3  
    .

 y une rotation horaire de     π __ 
3
     radian autour de O.

Tous les mouvements sont effectués dans l’ordre donné.

(a) (i)  Écrivez chacune des transformations sous forme de matrice, en indiquant 
clairement quelle matrice représente chaque transformation.

(ii) Trouvez une matrice unique   P   qui définit une transformation représentant le 
changement global de position.

(iii) Trouvez    P   2   .

(iv) À partir de là, indiquez ce que la valeur de    P   2    représente pour le mouvement 
possible du drone. [12]

(b) Trois drones sont initialement positionnés aux points A, B et C. Après avoir effectué les 
mouvements donnés ci-dessus, les drones sont positionnés respectivement aux points  
A′ ,  B′  et  C′  .

Montrez que l’aire du triangle ABC est égale à l’aire du triangle  A′B′C′ . [2]

(c) Trouvez une transformation unique qui est équivalente aux trois transformations 
représentées par la matrice   P  . [4]
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5. [Note maximale : 13]

(a) Soit   z = 1 − i  .

(i) Placez le point   z   sur un diagramme d’Argand.

(ii) Exprimez   z   sous la forme   z = a e   i b   , où   a ,  b ∈ ℝ  , en donnant la valeur exacte 
de  a  et la valeur exacte de  b . [3]

(b) Soit    w  1   =  e   i x    et    w  2   =  e   i (x−   π __ 
2

  )    , où   x ∈ ℝ  .

(i) Trouvez    w  1   +  w  2     sous la forme    e   i x (c + i d)  .

(ii) À partir de là, trouvez   Re ( w  1   +  w  2  )    sous la forme   A cos (x − α)  , où   A > 0    

et   0 < α ≤   π __ 
2
    . [6]

Le courant,  I , dans un circuit de courant alternatif peut être modélisé par l’équation   
I = a cos (bt − c)  , où   b   est la fréquence et  c  le déphasage.

Deux sources de tension alternative de même fréquence sont connectées au même circuit 
de façon indépendante. Si elles sont connectées individuellement au circuit, elles génèrent 
respectivement des courants    I  A     et    I  B    . La valeur maximale et le déphasage de chaque 
courant sont indiqués dans le tableau suivant.

Courant Valeur maximale Déphasage

  I  A   12 ampères 0

  I  B   12 ampères    π __ 
2
   

Lorsque les deux sources de tension sont connectées au circuit en même temps, le courant 
total    I  T     peut être exprimé comme    I  A   +  I  B    .

(c) (i)  Trouvez la valeur maximale de    I  T    .

(ii) Trouvez le déphasage de    I  T    . [4]
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6. [Note maximale : 15]

Un amortisseur sur une voiture contient un ressort entouré d’un fluide. Lorsque la voiture se 
déplace sur un sol irrégulier, le ressort est comprimé puis revient à une position d’équilibre.

x = 0

x

Le déplacement,   x  , du ressort est mesuré, en centimètres, à partir de la position d’équilibre   
x = 0  . La valeur de   x   peut être modélisée par l’équation différentielle du deuxième ordre 
suivante, où  t  est le temps, mesuré en secondes, après le déplacement initial.

  x ¨   + 3 x ˙   + 1,25x = 0 

(a) Étant donné que   y =  x ˙    , montrez que    y ˙   = −1,25x − 3y  . [2]

L’équation différentielle peut être exprimée sous la forme    ( 
 x ˙  
   y ˙   )  = A ( 

x
  y )   , où  A  est une 

matrice  2 × 2 .

(b) Écrivez la matrice  A . [1]

(c) (i)  Trouvez les valeurs propres de la matrice  A .

(ii) Trouvez les vecteurs propres de la matrice  A . [6]

(d) Étant donné que lorsque   t = 0  , l’amortisseur se déplace de 8 cm et que sa vitesse 
algébrique est nulle, trouvez une expression pour  x  en fonction de  t . [6]
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7. [Note maximale : 14]

Loreto est une des responsables du centre de santé Da Vinci. Si le taux moyen de patients
arrivant au centre de santé dépasse 1,5 par minute, alors Loreto emploiera du personnel
supplémentaire. On suppose que le nombre de patients arrivant au cours d’une période
donnée suit une distribution de Poisson.

Loreto effectue un test d’hypothèses pour déterminer si elle devrait employer du personnel
supplémentaire. Elle constate que 320 patients sont arrivés au cours d’une période de
3 heures choisie au hasard.

(a) (i)  Écrivez l’hypothèse nulle et l’hypothèse alternative pour le test de Loreto.

(ii) En utilisant les données de l’échantillon de Loreto, effectuez le test d’hypothèses
à un niveau de signification de 5 % pour déterminer si Loreto devrait employer du
personnel supplémentaire. [7]

Loreto est également préoccupée par le temps d’attente moyen des patients pour voir une 
infirmière. Le centre de santé vise à ce qu’au moins 95 % des patients voient une infirmière 
en moins de 20 minutes.

Loreto suppose que les temps d’attente des patients sont indépendants les uns des autres et 
décide d’effectuer un test d’hypothèses à un niveau de signification de 10 % pour déterminer 
si le centre de santé atteint son objectif.

Loreto interroge 150 patients et constate que 11 d’entre eux ont attendu plus de 20 minutes.

(b) (i)  Écrivez l’hypothèse nulle et l’hypothèse alternative pour ce test.

(ii) Effectuez le test, en indiquant clairement la conclusion dans son contexte. [7]

Références :
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Matemáticas: aplicaciones e interpretación
Nivel superior
Prueba 2

Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 14]

Un depósito de agua de gran tamaño tiene la forma de un trozo de pirámide recta invertida, 
cuya base cuadrada horizontal mide 80 metros de lado. El punto C es el centro de la base 
cuadrada y el punto V es el vértice de la pirámide.

la figura no está dibujada a escala

M

N

P

O

C

V

80

60
6

La parte inferior del depósito es un cuadrado de 60 metros de lado que es paralelo a la 
base de la pirámide, de modo que la profundidad del depósito es igual a 6 metros, como se 
muestra en la figura.

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

La segunda figura muestra una sección transversal vertical (MNOPC) del depósito.

la figura no está dibujada a escala

80

6

M

N O

P

60

C

(a) Halle el ángulo de depresión desde M hasta N. [2]

(b) (i) Halle CV.

(ii) A partir de lo anterior o de cualquier otro modo, muestre que el volumen del 
depósito es igual a 29 600 m3. [5]

Cada día se utilizan 80 m3 de agua del depósito para regar.

Joshua afirma que, si no hay más agua que entre al depósito o que salga de él, cuando el 
depósito está lleno hay suficiente agua para regar durante al menos un año.

(c) Hallando un valor que resulte apropiado, determine si Joshua tiene razón. [2]

Para evitar que haya fugas de agua, se han pintado las cinco caras interiores del depósito 
con un material impermeable.

(d) Halle el área que se ha pintado. [5]
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2. [Puntuación máxima: 20]

Una turbina eólica se ha diseñado de modo que genere energía eléctrica con la rotación de 
las palas. La turbina está instalada en un terreno horizontal y está compuesta por una torre 
vertical y tres palas.

El punto A se encuentra en la base de la torre y justo debajo del punto B, que está en la 
parte superior de la torre. La altura de la torre (AB) es igual a 90 m. Las palas de la turbina 
coinciden en B y cada una de ellas tiene una longitud de 40 m. Toda esta información se 
representa en la siguiente figura.

la figura no está dibujada a escala

A

C

B

h

90

40

suelo

pala

El extremo de una de las palas de la turbina se representa mediante el punto C en la figura. 
Sea  h  la altura (medida en metros) de C con respecto al suelo, donde  h  varía a medida que 
la pala va rotando.

(a) Halle:

(i) El valor máximo de  h

(ii) El valor mínimo de  h  [2]

En condiciones normales, las palas de la turbina realizan 12 rotaciones completas por 
minuto, moviéndose a velocidad constante.

(b) (i)  Halle el tiempo (en segundos) que tarda la pala [BC] en realizar una rotación 
completa en estas condiciones.

(ii) Calcule el ángulo (en grados) que rota la pala [BC] en un segundo. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

La altura (h) del punto C se puede modelizar mediante la siguiente función. El tiempo  t  
(dado en segundos) se mide desde el instante en el que la pala [BC] pasa por primera 
vez por [AB].

 h(t) = 90 − 40 cos (72 t   ∘ )  ,   t ≥ 0  .

(c) (i)  Escriba la amplitud de la función.

(ii) Halle el período de la función. [2]

(d) Dibuje aproximadamente la función   h(t)   para   0 ≤ t ≤ 5  , rotulando claramente las 
coordenadas de los máximos y de los mínimos. [3]

(e) (i)  Halle la altura de C con respecto al suelo cuando   t = 2  .

(ii) Halle el tiempo (en segundos) que pasa el punto C a una altura de más de 100 m 
en cada rotación completa. [5]

La velocidad del viento aumenta y las palas giran más rápido, pero siguen haciéndolo a una 
velocidad constante.

(f) Sabiendo que ahora, en cada rotación completa, el punto C pasa 1 segundo a una 
altura de más de 110 m, halle el tiempo que tarda en realizar una rotación completa. [5]
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3. [Puntuación máxima: 16]

Arianne juega una partida de dardos.

O

La distancia entre el lugar donde se clavan los dardos de Arianne y el centro (O) de la diana 
sigue una distribución normal de media 10 cm y desviación típica igual a 3 cm.

(a) Halle la probabilidad de que Arianne:

(i) Clave un dardo a menos de 13 cm de O.

(ii) Clave un dardo a más de 15 cm de O. [3]

Cada uno de los lanzamientos de Arianne es independiente de sus lanzamientos anteriores.

(b) Halle la probabilidad de que Arianne clave dos dardos consecutivos a más de  
15 cm de O. [2]

En una partida, cada jugador lanza tres dardos en cada turno. El jugador consigue un punto 
si clava todos los dardos (los tres) dentro de la zona central que hay alrededor de O. Cuando 
Arianne lanza un dardo, la probabilidad de que lo clave dentro de esta zona es igual a 0,8143.

(c) Halle la probabilidad de que Arianne no consiga un punto en uno de esos turnos 
donde lanza tres dardos. [2]

En la partida Arianne tiene diez turnos, cada uno con tres dardos.

(d) (i)  Halle el valor esperado de la puntuación que obtendrá Arianne en la partida.

(ii) Halle la probabilidad de que Arianne obtenga al menos 5 puntos en esta partida.

(iii) Halle la probabilidad de que Arianne obtenga al menos 5 puntos y menos de  
8 puntos.

(iv) Sabiendo que Arianne obtiene al menos 5 puntos, halle la probabilidad de que 
Arianne obtenga menos de 8 puntos. [9]
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Véase al dorso

4. [Puntuación máxima: 18]

Un dron volador está programado para realizar una serie de movimientos en un plano 
horizontal, con respecto a un origen O y unos ejes de coordenadas  x-y .

En cada caso, el dron se desplaza a una nueva posición, que viene determinada por las 
siguientes transformaciones:

 y Una rotación en sentido contrario a las agujas del reloj de     π __ 
6
     radianes alrededor de O

 y Una simetría respecto a la recta   y =   x ___ 
 √ 
_

 3  
    

 y Una rotación en el sentido de las agujas del reloj de     π __ 
3
     radianes alrededor de O

Todos los movimientos se realizan en el orden que acabamos de enumerar.

(a) (i)  Escriba cada una de las transformaciones en forma matricial, indicando 
claramente qué matriz corresponde a cada transformación.

(ii) Halle una única matriz   P   que defina una transformación que represente el 
cambio total de posición del dron.

(iii) Halle    P   2   .

(iv) A partir de lo anterior, indique qué denota el valor de    P   2    respecto a los posibles 
movimientos del dron. [12]

(b) Tres drones se encuentran ubicados inicialmente en los puntos A, B y C. Después de 
realizar los movimientos que se enumeran más arriba, los drones se encuentran en los 
puntos  A′ ,  B′  y  C′  respectivamente.

Muestre que el área del triángulo ABC es igual al área del triángulo  A′B′C′ . [2]

(c) Halle una única transformación que sea equivalente a las tres transformaciones que 
representa la matriz   P  . [4]
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5. [Puntuación máxima: 13]

(a) Sea   z = 1 − i  .

(i) Sitúe   z   en un diagrama de Argand.

(ii) Exprese   z   en la forma   z = a e   i b   , donde   a ,  b ∈ ℝ  ; dé el valor exacto de  a  y el 
valor exacto de  b . [3]

(b) Sean    w  1   =  e   i x    y    w  2   =  e   i (x−   π __ 
2

  )    , donde   x ∈ ℝ  .

(i) Halle    w  1   +  w  2     en la forma    e   i x (c + i d)  .

(ii) A partir de lo anterior, halle   Re ( w  1   +  w  2  )    en la forma   A cos (x − α)  , donde   A > 0    

y   0 < α ≤   π __ 
2
    . [6]

En un circuito de corriente alterna (AC), la corriente (I ) se puede modelizar mediante 
la ecuación   I = a cos (bt − c)  , donde   b   es la frecuencia y  c  es la diferencia de fase.

Dos fuentes de corriente alterna (AC) de la misma frecuencia se conectan de manera 
independiente al mismo circuito. Si se conectan al circuito individualmente, esas fuentes 
generan corrientes    I  A     e    I  B    . En la siguiente tabla se muestran el valor máximo y la diferencia 
de fase de cada una de estas corrientes.

Corriente Valor máximo Diferencia de fase

  I  A   12 amperios 0

  I  B   12 amperios    π __ 
2
   

Cuando las dos fuentes de corriente se conectan al circuito simultáneamente, la corriente 
total (   I  T    ) se puede expresar como    I  A   +  I  B    .

(c) (i)  Halle el valor máximo de    I  T    .

(ii) Halle la diferencia de fase de    I  T    . [4]
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Véase al dorso

6. [Puntuación máxima: 15]

El amortiguador de un coche consta de un muelle que está rodeado por líquido. Cuando 
el coche pasa por un terreno irregular, el muelle se comprime y luego vuelve a su posición 
de equilibrio.

x = 0

x

El desplazamiento (  x  ) del muelle se mide (en centímetros) respecto a la posición de 
equilibrio, en la que   x = 0  . El valor de   x   se puede modelizar mediante la siguiente ecuación 
diferencial de segundo orden, donde  t  es el tiempo (en segundos) transcurrido desde el 
desplazamiento inicial.

  x ¨   + 3 x ˙   + 1,25x = 0 

(a) Sabiendo que   y =  x ˙    , muestre que    y ˙   = −1,25x − 3y  . [2]

La ecuación diferencial se puede expresar en la forma    ( 
 x ˙  
   y ˙   )  = A ( 

x
  y )   , donde  A  es una 

matriz  2 × 2 .

(b) Escriba la matriz  A . [1]

(c) (i)  Halle los valores propios de la matriz  A .

(ii) Halle los vectores propios de la matriz  A . [6]

(d) Sabiendo que para   t = 0   el amortiguador está desplazado 8 cm y su velocidad es igual 
a cero, halle una expresión que dé  x  en función de  t . [6]
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7. [Puntuación máxima: 14]

Loreto es la directora del centro de salud Da Vinci. Si la tasa media de pacientes que llegan
al centro de salud supera los 1,5 pacientes por minuto, Loreto contratará a más personal.
Se supone que el número de pacientes que llegan al centro durante un período de tiempo
cualquiera sigue una distribución de Poisson.

Loreto lleva a cabo un contraste de hipótesis para determinar si debería contratar a más
personal. Encuentra que, a lo largo de un período de 3 horas elegido al azar, llegaron al
centro 320 pacientes.

(a) (i)  Escriba la hipótesis nula y la hipótesis alternativa para el contraste de Loreto.

(ii) Utilizando los datos de la muestra de Loreto, realice el contraste de hipótesis a
un nivel de significación del 5 % para determinar si Loreto debería contratar a
más personal. [7]

A Loreto también le preocupa el tiempo de espera promedio de los pacientes hasta que 
les atiende un enfermero. El objetivo del centro de salud es que al menos al 95 % de los 
pacientes les atienda un enfermero en menos de 20 minutos.

Loreto supone que los tiempos de espera de los pacientes son independientes unos de 
otros y decide realizar un contraste de hipótesis a un nivel de significación del 10 % para 
determinar si el centro de salud está cumpliendo su objetivo.

Loreto pregunta a 150 pacientes y encuentra que 11 de ellos tuvieron que esperar más de 
20 minutos.

(b) (i)  Escriba la hipótesis nula y la hipótesis alternativa para este contraste.

(ii) Realice el contraste, indicando claramente la conclusión a la que llega en el
contexto de la pregunta. [7]

Fuentes:
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Answer both questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 25]

This question explores how graph algorithms can be applied to a graph with an
unknown edge weight.

Graph  W  is shown in the following diagram. The vertices of  W  represent tourist attractions
in a city. The weight of each edge represents the travel time, to the nearest minute, between
two attractions. The route between A and F is currently being resurfaced and this has led to a
variable travel time. For this reason, AF has an unknown travel time  x  minutes, where   x ∈  ℤ   +   .

A

B

C

D

E

F
G

H

3
6

5

6

11

8
5

8 4

10

10

9
7

x

(a) Write down a Hamiltonian cycle in  W . [1]

Daniel plans to visit all the attractions, starting and finishing at A. He wants to minimize his 
travel time.

To find a lower bound for Daniel’s travel time, vertex A and its adjacent edges are first deleted.

(b) (i)  Use Prim’s algorithm, starting at vertex B, to find the weight of the minimum
spanning tree of the remaining graph. You should indicate clearly the order in 
which the algorithm selects each edge. [5]

(ii) Hence, for the case where  x < 9 , find a lower bound for Daniel’s travel time,
in terms of  x . [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Daniel makes a table to show the minimum travel time between each pair of attractions.

A B C D E F G H

A 3 9 14 19 or   (11 + x) 18 or  x 14 or   (5 + x) 10 or   (8 + x) 

B 6 11 16 or   (14 + x) 15 or   (3 + x) 11 or   (8 + x) 7

C 5 10 17 or   (9 + x) p 9

D 6 q  or   (r + x) 14 10

E 11 8 12

F 5 8

G 4

H

(c) Write down the value of

(i) p ; [1]

(ii) q ; [1]

(iii) r . [1]

To find an upper bound for Daniel’s travel time, the nearest neighbour algorithm is used, 
starting at vertex A.

[3]

[2]

(i) Find the least value of x for which the edge AF will definitely not be used by Daniel. [2]

(d) Consider the case where   x = 3  .

(i) Use the nearest neighbour algorithm to find two possible cycles.

(ii) Find the best upper bound for Daniel’s travel time.

(e) Consider the case where   x > 3  .

(ii) Hence state the value of the upper bound for Daniel’s travel time for the value of
x  found in part (e)(i). [2]

The tourist office in the city has received complaints about the lack of cleanliness of some 
routes between the attractions. Corinne, the office manager, decides to inspect all the routes 
between all the attractions, starting and finishing at H. The sum of the weights of all the 
edges in graph  W  is   (92 + x)  .

Corinne inspects all the routes as quickly as possible and takes 2 hours.

(f) Find the value of  x  during Corinne’s inspection. [5]
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2. [Maximum mark: 30]

This question explores models for the height of water in a cylindrical container as
water drains out.

The diagram shows a cylindrical water container of height 3.2 metres and base radius 1 metre.
At the base of the container is a small circular valve, which enables water to drain out.

diagram not to scale

3.2

1

Eva closes the valve and fills the container with water.

At time   t = 0  , Eva opens the valve. She records the height,  h  metres, of water remaining in 
the container every 5 minutes.

Time,  t  (minutes) Height,  h  (metres)

0 3.2

5 2.4

10 1.6

15 1.1

20 0.5

Eva first tries to model the height using a linear function,   h(t ) = at + b  , where   a ,  b ∈ ℝ .

(a) (i)  Find the equation of the regression line of  h  on  t . [2]

(ii) Interpret the meaning of parameter  a  in the context of the model. [1]

(This question continues on the following page)



– 5 – 8821 – 7203

Turn over

(Question 2 continued)

Eva uses the equation of the regression line of  h  on  t , to predict the time it will take for all 
the water to drain out of the container.

(iii) Suggest why Eva’s use of the linear regression equation in this way could be
unreliable. [1]

Eva thinks she can improve her model by using a quadratic function,   h(t ) = p  t   2  + qt + r  , 
where   p ,  q ,  r ∈ ℝ  .

(b) (i)  Find the equation of the least squares quadratic regression curve. [1]

Eva uses this equation to predict the time it will take for all the water to drain out of the 
container and obtains an answer of  k  minutes.

(ii) Find the value of  k . [2]

(iii) Hence, write down a suitable domain for Eva’s function   h(t ) = p  t   2  + qt + r  . [1]

Let  V  be the volume, in cubic metres, of water in the container at time  t  minutes. 
Let  R  be the radius, in metres, of the circular valve.

Eva does some research and discovers a formula for the rate of change of  V .

   dV ___ 
dt

   = −π R   2   √ 
_
70 560 h 

(c) Show that     dh __ 
dt

   = − R   2   √ 
_
70 560 h     . [3]

(d) By solving the differential equation     dh __ 
dt

   = − R   2   √ 
_

 70 560 h     , show that the general solution

is given by   h = 17 640   (c −  R   2  t)    
2
   , where   c ∈ ℝ  . [5]

Eva measures the radius of the valve to be 0.023 metres. Let   T   be the time, in minutes, 
it takes for all the water to drain out of the container.

(e) Use the general solution from part (d) and the initial condition   h(0) = 3.2   to predict the
value of  T . [4]

Eva wants to use the container as a timer. She adjusts the initial height of water in the 
container so that all the water will drain out of the container in 15 minutes.

(f) Find this new height. [3]

(This question continues on the following page)
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(Question 2 continued)

Eva has another water container that is identical to the first one. She places one water 
container above the other one, so that all the water from the highest container will drain 
into the lowest container. Eva completely fills the highest container, but only fills the lowest 
container to a height of 1 metre, as shown in the diagram.

diagram not to scale

1

1

3.2

1

At time   t = 0   Eva opens both valves. Let  H  be the height of water, in metres, in the lowest 
container at time  t .

(g) (i)  Show that     dH ___ 
dt

   ≈ 0.2514 − 0.009873t − 0.1405  √ 
_

 H    , where   0 ≤ t ≤ T  . [4]

(ii) Use Euler’s method with a step length of 0.5 minutes to estimate the maximum
value of  H . [3]

References:
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   

 
• If the question becomes much simpler because of an error then use discretion to award fewer 

FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  

 
• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-

integer value where integer required), do not award the mark(s) for the final answer(s). 

 
• The markscheme may use the word “their” in a description, to indicate that candidates may be 

using an incorrect value.   

 
• If the candidate’s answer to the initial question clearly contradicts information given in the 

question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 

 
• Exceptions to these FT rules will be explicitly noted on the markscheme. 

 
• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 

award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 

 
• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 

value where integer required), do not award the mark(s) for the final answer(s). 

 
• Miscopying of candidates’ own work does not constitute a misread, it is an error. 

 
• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 

than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 

 
• MR can only be applied when work is seen.  For calculator questions with no working and 

incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  

 
• Do not accept final answers written using calculator notation. However, M marks and 

intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  

 
• In the markscheme, equivalent numerical and algebraic forms will generally be written in 

brackets immediately following the answer. 

 
• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 

equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.   

OR 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a)  e.g. ABCDEGHFA A1 

Note: Accept any other correct answers starting at any vertex. 

 
 (b) (i)  7 vertices, so 6 edges required for MST (M1) 

Note: To award (M1), their 6 edges should not form a cycle. 

 
Order 
selected 

Edge  

1 BC  
2 CD  
3 DE M1 
4 BH A1 
5 GH  
6 FG A1 

 

Note: Award M1 for the first three edges in correct order, A1 for BH in correct order 
and A1 for all of the edges correct. 

 
   weight of MST = 33 A1 

Note: The final A1 can be awarded independently of previous marks. 

 
  (ii) lower bound = 33 3 x+ +   (M1) 
   36 x= +    A1 
 
 (c)  (i)  13p =    A1 
 
  (ii) 17q =    A1 
 
  (iii) 14r =    A1 
 
 (d)  (i) attempt to use nearest neighbour algorithm (M1) 
    
   any two correct cycles from  

 ABCDEGHFA,   AFGHBCDE(F)A,   AB(A)FGHCDE(F)A  A1A1 

Note: Bracketed vertices may be omitted in candidate’s answer. 
Award M1A0A1 for candidates who list two correct sequences of vertices, but 
omit the final vertex A. 

 
  (ii) use ABCDEGHFA   OR   their shortest cycle from (d)(i) (M1)  
   upper bound = 43 A1 
 
 

continued…  
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Question 1 continued 

 
 (e) (i)  cycle starts: ABCDEGHF 
   return to A has two options, FA 18 x= or  (M1) 
   hence least value of 19x =   A1 
 
  (ii) upper bound = 58 A2 
 

 (f)  recognition that edges will be repeated / there are odd vertices (M1) 
  BH + DG = 21,  BD + GH = 15, BG + DH = 21  OR  18 x+  A1 
  recognizing BD and GH is lowest weight and is repeated (M1) 
  solution to CPP 107 x= +  A1 
  13x =     A1 

Note: Award M1A0M0A1A1 if only pairing BD and GH is considered, leading to a 
correct answer. 
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2. (a)  (i)  ( ) 0.134 3.1h t t= − +   A1A1 

Note: Award A1 for an equation in h and t and A1 for the coefficient 
0.134−  and constant 3.1. 

 
  (ii)  EITHER 
   the rate of change of height (of water in metres per minute) A1 

Note: Accept “rate of decrease” or “rate of increase” in place of “rate of change”. 

 
   OR 
   the (average) amount that the height (of the water) decreases each minute 
      A1 
 
  (iii)  EITHER 
   unreliable to use h on t equation to estimate t A1 
 
   OR 
   unreliable to extrapolate from original data A1 
 
   OR 
   rate of change (of height) might not remain constant (as the water drains out) 
      A1 
 
 (b) (i) 2( ) 0.002 0.174 3.2h t t t= − +   A1 
 
  (ii)  20.002 0.174 3.2 0t t− + =  (M1) 
   26.4  (26.4046…) A1 
 
  (iii)  EITHER 
   (0 ) 26.4t≤ ≤   ( 26.4046...)t ≤  A1 
 
   OR 
   (0 ) 20t≤ ≤  (due to range of original data / interpolation) A1 
 

continued…  
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Question 2 continued 

 (c)  2(1)V h= π    (A1) 
  EITHER 

  

d d

dt dt

V h
= π    M1 

  OR
 

  attempt to use chain rule M1 

   
d d d

d d d

h h V

t V t
= ×

 
  THEN  

 

  2d 1
70560

d

h
R h

t
= ×−π
π

  A1 

  2d
70560

d

h
R h

t
= −

 
AG 

 
 (d)  attempt to separate variables M1 

  21
d d

70560
h R t

h
= −∫ ∫   A1 

  22

70560

h
R t c= − +   A1A1 

Note: Award A1 for each correct side of the equation. 

 

  ( )270560

2
h c R t= −  A1 

Note: Award the final A1 for any correct intermediate step that clearly leads 
to the given equation. 

  

  ( )2217640h c R t= −
 

AG 

 
 (e)  20  3.2 17640t c= ⇒ =  (M1) 
  0.0134687...c =    (A1) 
  substituting 0h =  and their non-zero value of c (M1) 

  
2 2

0.0134687...

0.023

c
T

R
= =   

  25.5=  (minutes)   (25.4606…) A1 
 
 (f)  20    h c R t= ⇒ =  

  20.023 15 ( 0.007935)c = × =    (A1) 

  2 20 17640(0.023 15)t h= ⇒ = ×      (M1) 
  1.11h =  (metres)  (1.11068…) A1 
 

 continued…  



 – 12 – N21/5/MATHY/HP3/ENG/TZ0/XX/M 

 

Question 2 continued 

 (g)  (i)  let h be the height of water in the highest container 
   from parts (d) and (e) we get 

   ( )2 2d
35280 0.0134687...

d

h
R R t

t
= − −   (M1)(A1) 

   so ( )2 2 2d
35280 0.0135 70560

d

H
R R t R H

t
= − −   M1A1 

   ( )d
18.6631... 0.0134687... 0.000529 0.000529 70560

d

H
t H

t
 = − − 
 

 

   
d

0.251367... 0.0987279... 0.140518...
d

H
H

t
 = − − 
   

   
d

0.2514 0.009873 0.1405
d

H
t H

t
≈ − −  AG 

 
  (ii)  evidence of using Euler’s method correctly  
   e.g. 1 1.05545...y =   (A1) 

   maximum value of H = 1.45 (metres) (at 8.5 minutes) A2 
   (1.44678… metres) 
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Instructions destinées aux candidats

y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront

être exactes ou correctes à trois chiffres significatifs près.
y Un exemplaire non annoté du livret de formules pour le cours de mathématiques :

applications et interprétation est nécessaire pour cette épreuve.
y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez aux deux questions sur le livret de réponses fourni. Veuillez répondre à chaque question sur 
une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une réponse correcte  
si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement  
et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent 
être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations graphiques sont 
utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations graphiques dans 
votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode 
utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc 
de montrer tout votre raisonnement.

1. [Note maximale : 25]

Cette question explore comment les algorithmes de la théorie des graphes peuvent
être appliqués à un graphe dont le poids d’une arête est inconnu.

Le graphe  W  est montré dans le diagramme suivant. Les sommets de  W  représentent les
attractions touristiques dans une ville. Le poids de chaque arête représente le temps de
déplacement, à la minute près, entre deux attractions. La route entre A et F est actuellement
en réfection et cela fait en sorte que le temps de déplacement est variable. Pour cette raison,
AF a un temps de déplacement inconnu de  x  minutes, où   x ∈  ℤ   +   .

A

B

C

D

E

F
G

H

3
6

5

6

11

8
5

8 4

10

10

9
7

x

(a) Écrivez un cycle hamiltonien dans  W . [1]

Daniel prévoit de visiter toutes les attractions, en commençant et en terminant en A. Il veut 
minimiser son temps de déplacement.

Pour trouver une borne inférieure pour le temps de déplacement de Daniel, le sommet A 
et ses arêtes adjacentes sont d’abord supprimés.

(b) (i)  Utilisez l’algorithme de Prim, en partant du sommet B, pour trouver le poids de
l’arbre couvrant minimal du reste du graphe. Vous devez indiquer clairement 
l’ordre dans lequel l’algorithme choisit chaque arête. [5]

(ii) À partir de là, pour le cas où  x < 9 , trouvez une borne inférieure pour le temps
de déplacement de Daniel, en fonction de  x . [2]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

Daniel fait un tableau pour montrer le temps de déplacement minimum entre chaque 
paire d’attractions.

A B C D E F G H

A 3 9 14 19 ou   (11 + x) 18 ou  x 14 ou   (5 + x) 10 ou   (8 + x) 

B 6 11 16 ou   (14 + x) 15 ou   (3 + x) 11 ou   (8 + x) 7

C 5 10 17 ou   (9 + x) p 9

D 6 q  ou   (r + x) 14 10

E 11 8 12

F 5 8

G 4

H

(c) Écrivez la valeur de

(i) p ; [1]

(ii) q ; [1]

(iii) r . [1]

Pour trouver une borne supérieure pour le temps de déplacement de Daniel, l’algorithme 
du plus proche voisin est utilisé, en partant du sommet A.

(d) Considérez le cas où   x = 3  .

(i) Utilisez l’algorithme du plus proche voisin pour trouver deux cycles possibles.  [3]

(ii) Trouvez la meilleure borne supérieure pour le temps de déplacement de
Daniel. [2]

(e) Considérez le cas où   x > 3  .

(i) Trouvez la plus petite valeur de x pour laquelle il est certain que l’arête AF
ne sera pas utilisée par Daniel. [2]

(ii) À partir de là, indiquez la valeur de la borne supérieure pour le temps
de déplacement de Daniel correspondant à la valeur de  x  trouvée dans
la partie (e)(i). [2]

L’office de tourisme de la ville a reçu des plaintes concernant le manque de propreté 
de certaines routes entre les attractions. Corinne, la responsable de l’office de tourisme, 
décide d’inspecter toutes les routes entre toutes les attractions, en commençant et en 
terminant en H. La somme des poids de toutes les arêtes du graphe  W  est   (92 + x)  .

Corinne inspecte toutes les routes aussi vite que possible et cela lui prend 2 heures.

(f) Trouvez la valeur de  x  au cours de l’inspection de Corinne. [5]
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2. [Note maximale : 30]

Cette question explore des modèles pour la hauteur de l’eau dans un réservoir
cylindrique lorsque l’eau s’écoule.

Le diagramme montre un réservoir d’eau cylindrique d’une hauteur de 3,2 mètres et dont
le rayon de la base mesure 1 mètre. À la base du réservoir se trouve une petite valve
circulaire qui permet à l’eau de s’écouler.

la figure n’est pas à l’échelle

1

3,2

Eva ferme la valve et remplit le réservoir d’eau.

Au temps   t = 0  , Eva ouvre la valve. Elle enregistre la hauteur,  h  mètres, de l’eau restant 
dans le réservoir toutes les 5 minutes.

Temps,  t  (minutes) Hauteur,  h  (mètres)

0 3,2

5 2,4

10 1,6

15 1,1

20 0,5

Eva tente d’abord de modéliser la hauteur à l’aide d’une fonction linéaire,   h(t ) = at + b  , 
où   a ,  b ∈ ℝ .

(a) (i)  Trouvez l’équation de la droite de régression pour  h  en fonction de  t . [2]

(ii) Interprétez le sens du paramètre  a  dans le contexte du modèle. [1]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 2)

Eva utilise l’équation de la droite de régression pour  h  en fonction de  t  pour prédire le temps 
que cela prendra à toute l’eau pour s’écouler du réservoir.

(iii) Suggérez pourquoi l’utilisation par Eva de l’équation de régression linéaire
de cette manière pourrait ne pas être fiable. [1]

Eva croit qu’elle peut améliorer son modèle en utilisant une fonction quadratique, 
h(t ) = p  t   2  + qt + r  , où   p ,  q ,  r ∈ ℝ  .

(b) (i)  Trouvez l’équation de la courbe de régression quadratique des moindres carrés. [1]

Eva utilise cette équation pour prédire le temps que cela prendra à toute l’eau pour s’écouler 
du réservoir et obtient une réponse de  k  minutes.

(ii) Trouvez la valeur de  k . [2]

(iii) À partir de là, écrivez un domaine approprié pour la fonction d’Eva, à savoir
 h(t ) = p  t   2  + qt + r  . [1]

Soit  V  le volume, en mètres cubes, d’eau dans le réservoir au temps  t  minutes. 
Soit  R  le rayon, en mètres, de la valve circulaire.

Eva fait quelques recherches et découvre une formule pour le taux de variation de  V .

   dV ___ 
dt

   = −π R   2   √ 
_
70 560 h 

(c) Montrez que     dh __ 
dt

   = − R   2   √ 
_
70 560 h     . [3]

(d) En résolvant l’équation différentielle     dh __ 
dt

   = − R   2   √ 
_

 70 560 h     , montrez que la solution

générale est donée par   h = 17 640   (c −  R   2  t)    
2
   , où   c ∈ ℝ  . [5]

Eva mesure le rayon de la valve comme étant de 0,023 mètre. Soit   T   le temps, en minutes, 
que cela prend pour toute l’eau s’écoule du réservoir.

(e) Utilisez la solution générale de la partie (d) et la condition initiale   h(0) = 3,2   pour 
prédire la valeur de  T . [4]

Eva veut utiliser le réservoir comme minuterie. Elle ajuste la hauteur initiale de l’eau dans 
le réservoir pour que toute l’eau s’écoule hors de ce dernier en 15 minutes.

(f) Trouvez cette nouvelle hauteur. [3]

(Suite de la question à la page suivante)
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(Suite de la question 2)

Eva a un autre réservoir d’eau identique au premier. Elle place un des réservoirs au-dessus 
de l’autre, de sorte que toute l’eau du réservoir du haut s’écoule dans le réservoir du bas. 
Eva remplit complètement le réservoir du haut, mais ne remplit qu’à une hauteur de 1 mètre 
le réservoir du bas, comme indiqué dans le diagramme.

la figure n’est pas à l’échelle

1

1

1

3,2

Au temps   t = 0  , Eva ouvre les deux valves. Soit  H  la hauteur de l’eau, en mètres, dans le 
réservoir du bas au temps  t .

(g) (i)  Montrez que     dH ___ 
dt

   ≈ 0,2514 − 0,009873t − 0,1405  √ 
_

 H    , où   0 ≤ t ≤ T  . [4]

(ii) Utilisez la méthode d’Euler avec un pas de longueur 0,5 minute pour estimer la
valeur maximale de  H . [3]

Références :

© Organisation du Baccalauréat International 2021



© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



© International Baccalaureate Organization 2021
8821 – 7223

6 páginas

Matemáticas: aplicaciones e interpretación 
Nivel superior
Prueba 3

Martes 9 de noviembre de 2021 (mañana)

1 hora

Instrucciones para los alumnos
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y En esta prueba es necesario usar una calculadora de pantalla gráfica.
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Conteste las dos preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 25]

En esta pregunta se explora cómo aplicar los algoritmos de grafos a un grafo donde
se desconoce el peso de una de las aristas.

En la siguiente figura se muestra el grafo  W . Los vértices de  W  representan los lugares
turísticos que hay en una ciudad. El peso de cada arista representa el tiempo de viaje
(redondeando al minuto más próximo) entre dos lugares turísticos. En la actualidad, la ruta
entre A y F se está asfaltando de nuevo, lo que hace que el tiempo de viaje sea variable.
Por este motivo, AF presenta un tiempo de viaje desconocido de  x  minutos, donde   x ∈  ℤ   +   .

A

B

C

D

E

F
G

H

3
6

5

6

11

8
5

8 4

10

10

9
7

x

(a) Escriba un ciclo hamiltoniano que haya en  W . [1]

Daniel tiene previsto visitar todos los lugares turísticos, empezando y acabando en A, y quiere 
minimizar el tiempo de viaje.

A fin de hallar un límite inferior para el tiempo de viaje de Daniel, primero se borran el vértice 
A y sus aristas adyacentes.

(b) (i)  Utilice el algoritmo de Prim, empezando en el vértice B, para hallar el peso del
árbol generador minimal del grafo resultante. Debe indicar claramente el orden 
en el que el algoritmo va escogiendo cada arista. [5]

(ii) A partir de lo anterior, para el caso en el que  x < 9 , halle un límite inferior (en
función de  x ) para el tiempo de viaje de Daniel. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Daniel elabora una tabla para mostrar el mínimo tiempo de viaje entre cada par de 
lugares turísticos.

A B C D E F G H

A 3 9 14 19 o bien   (11 + x) 18 o bien  x 14 o bien   (5 + x) 10 o bien   (8 + x) 

B 6 11 16 o bien   (14 + x) 15 o bien   (3 + x) 11 o bien   (8 + x) 7

C 5 10 17 o bien   (9 + x) p 9

D 6 q  o bien   (r + x) 14 10

E 11 8 12

F 5 8

G 4

H

(c) Escriba el valor de:

(i) p [1]

(ii) q [1]

(iii) r [1]

A fin de hallar un límite superior para el tiempo de viaje de Daniel, se utiliza el algoritmo del 
vecino más cercano, empezando en el vértice A.

 [3]

[2]

[2]

(d) Considere el caso en el que   x = 3  .

(i) Utilice el algoritmo del vecino más cercano para hallar dos posibles ciclos.

(ii) Halle el mejor límite superior para el tiempo de viaje de Daniel.

(e) Considere el caso en el que   x > 3  .

(i) Halle el menor valor de x para el cual se puede asegurar que Daniel no utilizará
la arista AF.

(ii) A partir de lo anterior, indique el valor del límite superior para el tiempo de viaje
de Daniel correspondiente al valor de  x  que halló en el subapartado (e)(i). [2]

La Oficina de Turismo de la ciudad ha recibido quejas por la falta de limpieza de algunas 
de las rutas que unen esos lugares turísticos. Corinne, la directora de la oficina, decide 
inspeccionar todas las rutas entre los distintos lugares turísticos, empezando y acabando 
en H. La suma de los pesos de todas las aristas del grafo  W  es   (92 + x)  .

Corinne inspecciona todas las rutas lo más rápido posible y tarda 2 horas.

(f) Halle el valor que tuvo  x  durante la inspección de Corinne. [5]
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2. [Puntuación máxima: 30]

En esta pregunta se exploran diferentes modelos para representar la altura del agua
en un contenedor cilíndrico a medida que va saliendo el agua.

La figura muestra un contenedor de agua cilíndrico de 3,2 metros de altura y con una
base de 1 metro de radio. En la base del contenedor hay una pequeña válvula circular
que permite que salga el agua.

la figura no está dibujada a escala

1

3,2

Eva cierra la válvula y llena el contenedor de agua.

En el instante   t = 0  , Eva abre la válvula. Cada 5 minutos va anotando la altura (h  metros) 
del agua que queda en el contenedor.

Tiempo (t  minutos) Altura (h  metros)

0 3,2

5 2,4

10 1,6

15 1,1

20 0,5

Eva primero trata de modelizar la altura utilizando una función lineal   h(t ) = at + b  , 
donde   a ,  b ∈ ℝ .

(a) (i)  Halle la ecuación de la recta de regresión de  h  sobre  t . [2]

(ii) Interprete el significado del parámetro  a  en el contexto de este modelo. [1]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

Eva utiliza la ecuación de la recta de regresión de  h  sobre  t  para predecir el tiempo que 
tardará en salir toda el agua del contenedor.

(iii) Sugiera por qué podría resultar poco fiable utilizar la ecuación de regresión lineal
del modo en que lo ha hecho Eva. [1]

Eva cree que puede mejorar su modelo utilizando una función cuadrática   h(t ) = p  t   2  + qt + r  , 
donde   p ,  q ,  r ∈ ℝ  .

(b) (i)  Halle la ecuación de la curva de regresión cuadrática de mínimos cuadrados. [1]

Eva utiliza esta ecuación para predecir el tiempo que tardará en salir toda el agua del 
contenedor y obtiene un resultado de  k  minutos.

(ii) Halle el valor de  k . [2]

(iii) A partir de lo anterior, escriba un dominio apropiado para la función
 h(t ) = p  t   2  + qt + r   de Eva. [1]

Sea  V  el volumen de agua (en metros cúbicos) que hay en el contenedor en el instante 
t  minutos. Sea  R  el radio (en metros) de la válvula circular.

Eva investiga un poco y descubre una fórmula para la razón de cambio de  V .

   dV ___ 
dt

   = −π R   2   √ 
_
70 560 h 

(c) Muestre que     dh __ 
dt

   = − R   2   √ 
_
70 560 h     . [3]

(d) Resolviendo la ecuación diferencial     dh __ 
dt

   = − R   2   √ 
_

 70 560 h     , muestre que la solución

general viene dada por   h = 17 640   (c −  R   2  t)    
2
   , donde   c ∈ ℝ  . [5]

Eva mide el radio de la válvula y obtiene un valor de 0,023 metros. Sea   T   el tiempo (en 
minutos) que tarda en salir toda el agua del contenedor.

(e) Utilice la solución general del apartado (d) y la condición inicial   h(0) = 3,2   para 
predecir el valor de  T . [4]

Eva quiere utilizar el contenedor a modo de cronómetro. Para ello, ajusta la altura inicial del 
agua del contenedor de modo tal que toda el agua tarde 15 minutos en salir del contenedor.

(f) Halle esta nueva altura. [3]

(Esta pregunta continúa en la página siguiente)



– 6 – 8821 – 7223

(Pregunta 2: continuación)

Eva tiene otro contenedor de agua que es idéntico al primero. Coloca un contenedor 
de agua encima del otro, de modo que toda el agua que salga del contenedor de arriba 
caiga en el contenedor de abajo. Eva llena completamente el contenedor de arriba, pero el 
de abajo solo lo llena hasta una altura de 1 metro, tal y como se muestra en la figura.

la figura no está dibujada a escala

1

1

1

3,2

En el instante   t = 0  , Eva abre las dos válvulas. Sea  H  la altura del agua (en metros) que 
hay en el contenedor de abajo en el instante  t .

(g) (i)  Muestre que     dH ___ 
dt

   ≈ 0,2514 − 0,009873t − 0,1405  √ 
_

 H    , donde   0 ≤ t ≤ T  . [4]

(ii) Utilice el método de Euler con un paso de 0,5 minutos para estimar el valor
máximo de  H . [3]

Fuentes:
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 6]

Eduardo believes that there is a linear relationship between the age of a male runner and the 
time it takes them to run 5000 metres.

To test this, he recorded the age,  x  years, and the time,  t  minutes, for eight males in a single 
5000 m race. His results are presented in the following table and scatter diagram.

x, years 18 24 28 36 40 46 52 62

t, minutes 29.4 29.2 31.1 33.6 32.2 33.1 35.2 40.4

0 10 20 30 40 50 60 70
25

30

35

40

45

Age

Ti
m

e

x

t

(a) For this data, find the value of the Pearson’s product-moment correlation coefficient,  r . [2]

Eduardo looked in a sports science text book. He found that the following information about  r 
was appropriate for athletic performance.

Value of    | r |  Description of the correlation

 0 ≤  | r |  < 0.4 weak

 0.4 ≤  | r |  < 0.8 moderate

 0.8 ≤  | r |  ≤ 1 strong

(b) Comment on your answer to part (a), using the information that Eduardo found. [1]

(c) Write down the equation of the regression line of  t  on  x , in the form   t = ax + b  . [1]

(This question continues on the following page)
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Turn over

(Question 1 continued)

A 57-year-old male also ran in the 5000 m race.

(d) Use the equation of the regression line to estimate the time he took to complete the 
5000 m race. [2]
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2. [Maximum mark: 5]

The Bermuda Triangle is a region of the Atlantic Ocean with Miami (M), Bermuda (B), and 
San Juan (S) as vertices, as shown on the diagram.

diagram not to scale

M

S

B

1670 km

1550 km

1660 km

θ

The distances between M, B and S are given in the following table, correct to three 
significant figures.

Distance between Miami and Bermuda 1670 km

Distance between Bermuda and San Juan 1550 km

Distance between San Juan and Miami 1660 km

(a) Calculate the value of   θ  , the measure of angle  MŜB . [3]

(b) Find the area of the Bermuda Triangle. [2]

(This question continues on the following page)
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(Question 2 continued)
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3. [Maximum mark: 4]

Natasha carries out an experiment on the growth of mould. She believes that the growth can 
be modelled by an exponential function

 P(t ) = A e   kt   ,

where  P  is the area covered by mould in mm2,  t  is the time in days since the start of the 
experiment and  A  and  k  are constants.

The area covered by mould is 112 mm2 at the start of the experiment and 360 mm2 after 5 days.

(a) Write down the value of  A . [1]

(b) Find the value of  k . [3]
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4. [Maximum mark: 6]

Dilara is designing a kite ABCD on a set of coordinate axes in which one unit represents 10 cm.

The coordinates of A, B and C are (2 ,  0), (0 ,  4) and (4 ,  6) respectively. Point D lies on the   
x-axis.  [AC]  is perpendicular to  [BD] . This information is shown in the following diagram.

diagram not to scale

x

y

A

B

C

D0

(a) Find the gradient of the line through A and C. [2]

(b) Write down the gradient of the line through B and D. [1]

(c) Find the equation of the line through B and D. Give your answer in the form   
 ax + by + d = 0  , where  a ,  b  and  d  are integers. [2]

(d) Write down the  x-coordinate of point D. [1]

(This question continues on the following page)
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(Question 4 continued)
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5. [Maximum mark: 7]

Let the function   h(x)   represent the height in centimetres of a cylindrical tin can with  
diameter x cm.

 h(x) =   640 ___ 
 x   2 

   + 0.5   for   4 ≤ x ≤ 14  .

(a) Find the range of  h . [3]

The function    h   −1    is the inverse function of  h .

(b) (i)  Find    h   −1 (10)  .

(ii) In the context of the question, interpret your answer to part (b)(i).

(iii) Write down the range of    h   −1   . [4]
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6. [Maximum mark: 5]

Inspectors are investigating the carbon dioxide emissions of a power plant. Let  R  be the rate, 
in tonnes per hour, at which carbon dioxide is being emitted and  t  be the time in hours since 
the inspection began.

When  R  is plotted against  t , the total amount of carbon dioxide produced is represented by 
the area between the graph and the horizontal  t-axis.

The rate,  R , is measured over the course of two hours. The results are shown in the 
following table.

t 0 0.4 0.8 1.2 1.6 2

R 30 50 60 40 20 50

(a) Use the trapezoidal rule with an interval width of 0.4 to estimate the total amount of 
carbon dioxide emitted during these two hours. [3]

The real amount of carbon dioxide emitted during these two hours was 72 tonnes.

(b) Find the percentage error of the estimate found in part (a). [2]
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7. [Maximum mark: 6]

There are four stations used by the fire wardens in a national forest.

On the following Voronoi diagram, the coordinates of the stations are A(6 ,  2), B(14 ,  2), 
C(18 ,  6) and D(10.8 ,  11.6) where distances are measured in kilometres.

The dotted lines represent the boundaries of the regions patrolled by the fire warden at each 
station. The boundaries meet at P(10 ,  6) and Q(13 ,  7).

2 4 6 8 10 12 14 160

2

4

6

8

10

12

B

C

A

D

x

y

14

16

18

P

Q

To reduce the areas of the regions that the fire wardens patrol, a new station is to be built 
within the quadrilateral ABCD. The new station will be located so that it is as far as possible 
from the nearest existing station.

(a) Show that the new station should be built at P. [3]

The Voronoi diagram is to be updated to include the region around the new station at P. 
The edges defined by the perpendicular bisectors of [AP] and [BP] have been added to 
the following diagram.

(b) (i)  Write down the equation of the perpendicular bisector of [PC].

(ii) Hence draw the missing boundaries of the region around P on the following diagram. [3]

(This question continues on the following page)
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(Question 7 continued)
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8. [Maximum mark: 5]

Joey is making a party hat in the form of a cone. The hat is made from a sector, AOB, of a 
circular piece of paper with a radius of 18 cm and   AÔB = θ   as shown in the diagram.

diagram not to scale

O

A

B

θ

18 cm

To make the hat, sides  [OA]  and  [OB]  are joined together. The hat has a base radius  
of 6.5 cm.

diagram not to scale
O

A / B

6.5 cm

(a) (i)  Write down the perimeter of the base of the hat in terms of   π  .

(ii) Find the value of   θ  . [3]

(b) Find the surface area of the outside of the hat. [2]

(This question continues on the following page)
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(Question 8 continued)
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9. [Maximum mark: 8]

A group of 120 students sat a history exam. The cumulative frequency graph shows the 
scores obtained by the students.

0 20 40 60 80 100
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y

(a) Find the median of the scores obtained. [1]

The students were awarded a grade from 1 to 5, depending on the score obtained in the exam. 
The number of students receiving each grade is shown in the following table.

Grade  1  2  3  4  5

Number of students  6 13 26  a  b

(b) Find an expression for  a  in terms of  b . [2]

(This question continues on the following page)
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(Question 9 continued)

(c) The mean grade for these students is 3.65.

(i) Find the number of students who obtained a grade 5.

(ii) Find the minimum score needed to obtain a grade 5. [5]
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10. [Maximum mark: 9]

In this question, give all answers correct to 2 decimal places.

Raul and Rosy want to buy a new house and they need a loan of 170 000 Australian dollars 
(AUD) from a bank. The loan is for 30 years and the annual interest rate for the loan is 3.8 %, 
compounded monthly. They will pay the loan in fixed monthly instalments at the end of each month.

(a) Find the amount they will pay the bank each month. [3]

(b) (i)  Find the amount Raul and Rosy will still owe the bank at the end of the first  
10 years.

(ii) Using your answers to parts (a) and (b)(i), calculate how much interest they 
will have paid in total during the first 10 years. [6]
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11. [Maximum mark: 5]

In a city, 32 % of people have blue eyes. If someone has blue eyes, the probability that they 
also have fair hair is 58 %. This information is represented in the following tree diagram.

c

b

a

fair haired

0.32
not fair haired

blue eyed

not blue eyed

0.58

0.68
fair haired

not fair haired

(a) Write down the value of  a . [1]

(b) Find an expression, in terms of  b , for the probability of a person not having blue eyes 
and having fair hair. [1]

It is known that 41 % of people in this city have fair hair.

(c) Calculate the value of

(i) b .

(ii) c . [3]

(This question continues on the following page)

24EP20



– 21 –

N21/5/MATHY/SP1/ENG/TZ0/XX

8821 – 7204

Turn over

(Question 11 continued)
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12. [Maximum mark: 6]

The surface area of an open box with a volume of 32 cm3 and a square base with sides of 

length  x cm is given by   S(x) =  x   2  +   128 ____ x     where   x > 0  .

(a) Find    S ′  (x)  . [3]

(b) (i)  Solve    S ′  (x) = 0  .

(ii) Interpret your answer to (b)(i) in context. [3]
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13. [Maximum mark: 8]

Irina uses a set of coordinate axes to draw her design of a window. The base of the window 
is on the  x-axis, the upper part of the window is in the form of a quadratic curve and the sides 
are vertical lines, as shown on the diagram. The curve has end points (0 ,  10) and (8 ,  10) 
and its vertex is (4 ,  12). Distances are measured in centimetres.

y

x

The quadratic curve can be expressed in the form   y = a x   2  + bx + c   for   0 ≤ x ≤ 8  .

(a) (i)  Write down the value of  c .

(ii) Hence form two equations in terms of  a  and  b .

(iii) Hence find the equation of the quadratic curve. [5]

(b) Find the area of the shaded region in Irina’s design. [3]
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(This question continues on the following page)
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(Question 13 continued)
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 
Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding
M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently;
so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks
elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   

 
 
  



 – 5 – N21/5/MATHY/SP1/ENG/TZ0/XX/M 

 

5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 0.933 (0.933419...)r =  A2 
      [2 marks] 

 
 (b) strong   A1 

Note: Answer may include “positive”, however this is not necessary for the mark.   

      [1 mark] 
 
 (c) 0.228 24.3 ( 0.227703... 24.3153...)t x t x= + = +  A1 

Note: Condone y in place of t.  Answer must be an equation. 

   [1 mark] 
 
 (d) ( ) 0.227703... 57 24.3153...t = × +  (M1)  

Note: Award (M1) for correct substitution into their regression line. 

 
  ( ) 37.3 minutes (37.2944)t =   A1 

Note: Accept 37.1 and 37.4 from use of 2sf and/or 3sf values. 

[2 marks] 
Total: [6 marks] 

 
 
 
2. (a) attempt at substituting the cosine rule formula (M1) 
 

  
2 2 21660 1550 1670

cos
2(1660)(1550)

θ + −
=  (A1) 

 
  )(( ) 62.6 62.5873θ = …  (accept 1.09 rad (1.09235…)) A1  

 [3 marks] 
 
 (b) correctly substituted area of triangle formula (M1) 

  
1

1660) 1550)sin (62.5873 )( (
2

A = …  

  26(1.14 10( ) 1140000 1142043 7, .32 ) kmA = × …   A1  

Note: Accept 26(1.15 10 ,1150000 1146279.893 ) km× …  from use of 63 . 
Other angles and their corresponding sides may be used. 

      [2 marks] 
      Total: [5 marks] 
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3. (a) ( ) 112A =    A1 
      [1 mark] 

 

 (b) 5112e 360k =   (M1) 

Note: Award (M1) for their correct equation. 
 
  EITHER 
  graph of 5112e xy =  and 360y =  with indication of point of intersection (M1) 
 

  OR 

  
1 360

( ) ln
5 112

k
 =  
 

  (M1) 

Note: Award (M1) for correct rearranging and use of log. 
 

  THEN 
  ( ) 0.234 (0.233521...)k =  A1 

Note: Award (M1)(M1)(A0) for 0.233. 

[3 marks] 
Total: [4 marks] 

 
 
 

4. (a) 
6 0

3
4 2

m
−

= =
−

   (M1)A1 

      [2 marks] 
 

 (b) 
1

( ) ( 0.333, 0.333333...)
3

m = − − −  A1 

      [1 mark] 
 
 (c) an equation of line with a correct intercept and either of their  

gradients from (a) or (b) (M1)  

  e.g. 
1

4
3

y x= − +   OR  
1

4 ( 0)
3

y x− = − −  

Note: Award (M1) for substituting either of their gradients from parts (a) or (b) and point 
B or (3, 3) into equation of a line. 

 
  3 12 0x y+ − =  or any integer multiple A1 

[2 marks] 
 
 (d) ( ) 12x =    A1 

[1 mark] 
Total: [6 marks] 
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5. (a) 
2

640
(4) 0.5

4
h = +    OR   

2

640
(14) 0.5

14
h = +  (M1) 

Note: Award (M1) for substituting 4 or 14 into h. This can be implicit from 
seeing 3.77 (3.76530…) or 40.5. 

 
  3.77 ( ) 40.5 (3.76530... ( ) 40.5)h x h x≤ ≤ ≤ ≤   A1A1 

Note: Award A1 for both correct endpoints seen, A1 for the endpoints in a correct interval.  

[3 marks] 
 

 (b) (i) ( ) 10h x =    OR   1 640
( )

0.5
h x

x
− =

−
   OR   1 640

(10)
10 0.5

h− =
−

 (M1) 

   ( ) 8.21 cm (8.20782...)x =   A1 
 
  (ii) a tin that is 10 cm high will have a diameter of 8.21 cm (8.20782...) A1 

Note: Condone a correct answer expressed as the converse. 

 

  (iii) 14 14h−≤ ≤  A1 

Note: Accept 4 14y≤ ≤ . Do not FT in this part. 

[4 marks] 
Total: [7 marks] 
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6. (a) attempt at using trapezoidal rule formula (M1) 
 

  ( )1 2 0
30 50 2(50 60 40 20)

2 5

−  + + + + + 
 

 (A1) 

 
  4( )  8=total carbon   tonnes A1 

[3 marks] 
 

 (b) 
84 72

100%
72

−
×   (M1) 

Note: Award (M1) for correct substitution of final answer in part (a) into 
percentage error formula.  

 
  16.7% (16.6666...%)=  A1 

[2 marks] 
Total: [5 marks] 

 
 
7. (a)  (the best placement is either point P or point Q) 
   attempt at using the distance formula (M1) 

   2 2AP (10 6) (6 2)= − + −    OR  

   2 2BP (10 14) (6 2)= − + −   OR  

   2 2DP (10 10.8) (6 11.6)= − + −   OR  

  2 2BQ (13 14) (7 2)= − + −   OR  

  2 2CQ (13 18) (7 6)= − + −   OR  

  2 2DQ (13 10.8) (7 11.6)= − + −  
 
  (AP or BP or DP ) 32 5.66 (5.65685...)= =  AND 

  (BQ or CQ or DQ ) 26 5.10 (5.09901...)= =  A1 
 

  32 26>    OR   AP (or BP or DP) is greater than BQ (or CQ or DQ) A1 
 
  point P is the furthest away AG 

Note: Follow through from their values provided their AP (or BP or DP) is greater 
than their BQ (or CQ or DQ). 

      [3 marks] 
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 (b) (i) 14x =    A1 
 
  (ii)  

 
      A1A1 

Note: Award A1 for each correct straight line.  Do not FT from their part (b)(i). 

 
[3 marks] 

Total: [6 marks] 
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8. (a) (i) 13 cmπ A1 

Note: Answer must be in terms of π . 

(ii) METHOD 1

2 (18) 13
360

θ
× π = π   OR  2 (18) 40.8407...

360

θ
× π =  (M1) 

Note: Award (M1) for correct substitution into length of an arc formula. 

( ) 130θ =  A1 

METHOD 2 

218 6.5 18
360

θ
×π× = π× × (M1) 

( ) 130θ =  A1 

 [3 marks] 

(b) EITHER

2130
(18)

360
×π (M1) 

Note: Award (M1) for correct substitution into area of a sector formula. 

OR 
(6.5) (18)π (M1) 

Note: Award (M1) for correct substitution into curved area of a cone formula. 

THEN 
2( ) 368 cm (367.566...,117 )= πArea A1 

Note: Allow FT from their part (a)(ii) even if their angle is not obtuse. 

 [2 marks] 
Total: [5 marks] 
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9. (a) 75    A1 
[1 mark] 

 

 (b) recognition that all entries add up to 120 (M1) 
  120 6 13 26a b= − − − −    OR   75a b= −   A1 

[2 marks] 
 

 (c) (i) 
6 1 13 2 26 3 (75 ) 4 5

3.65
120

b b× + × + × + − × + ×
=   (M1)(A1) 

Note: Award (M1) for attempt to substitute into mean formula, LHS expression is 
sufficient for the M mark.  Award (A1) for correct substitutions in one variable 
OR in two variables, followed by evidence of solving simultaneously with 

75a b+ = . 

 

   ( ) 28b =    A1 
 

  (ii)  120−  their part (c)(i) seen (e.g. 92 indicated on graph) (M1) 
   84   A1 

[5 marks] 
Total: [8 marks] 

  



 – 15 – N21/5/MATHY/SP1/ENG/TZ0/XX/M 

 

10. (a) 360N =   
  % 3.8I =  

  ( )170000PV = ±  

  0FV =  
  / 12P Y =  
  / 12C Y =    (M1)(A1) 

Note: Award (M1) for an attempt to use a financial app in their technology with at 
least two entries seen, award A1 for all entries correct. Accept a positive or 
negative value for PV. 

 
  ) 792.13(PMT =   AUD A1 

Note: Accept an answer of 792.13− .  Do not award final A1 if answer is not given 
correct to 2 dp 

[3 marks] 
 
 (b) (i) 120N =   
   % 3.8I =  

   ( )170000PV = ±  

   ( )792.13PMT =   
   / 12P Y =  
   / 12C Y =   (M1)(A1) 

Note: Award (M1) for an attempt to use a financial app in their technology with at least 
two entries seen, award A1 for all entries correct. PV and PMT must have 
opposite signs. 

 
   ) 133019.94(FV =   AUD A1 

Note: Do not award final A1 if answer is not given correct to 2 dp, unless already 
penalized in part (a). Accept 133020.30 from use of exact value for PMT. 

 
  (ii) amount of money paid: 120 792.13 ( 95055.60)× =   (M1) 
   loan paid off:  170000 133019.94 ( 36980.06)− =    (M1) 
   interest paid: (95055.60 36980.06 ) 58075.54− =   AUD A1 

Note: Allow 58075.60 or 58075.90 from use of some exact values from parts (a) 
and (b)(i). If their answer to part (b)(i) is greater than 170 000 then award 
at most (M1)(M1)(A0) for follow through in part (b)(ii). 

      [6 marks] 
      Total: [9 marks] 
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11. (a) 0.42a =     A1 
      [1 mark] 

 
 (b) (P ( ) ) 0.68B F b′∩ = ×   A1 

      [1 mark] 
 
 (c) (i) 0.32 0.58 0.68 0.41b× + =  (M1) 

Note: Award (M1) for setting up equation for fair-haired or equivalent. 

 
   0.33b =    A1 
 
  (ii) 0.67c =   A1 

      [3 marks] 
      Total: [5 marks] 

 
 
 
12. (a) ( ) 2 1( ) 128S x x x−= +   (M1) 

Note: Award (M1) for expressing second term with a negative power. This may be 

implied by 
2

1

x
 seen as part of their answer. 

 

  
2

128
2x

x
−    OR   22 128x x−−  A1A1 

Note:  Award A1 for 2x  and A1 for 
2

128

x
− . The first A1 is for 2x  differentiated correctly 

and is independent of the (M1). 

[3 marks] 
 
 (b) (i) EITHER 

   any correct manipulation of 
2

128
2 0x

x
− =   e.g. 32 128 0x − =  (M1) 

   OR   
   sketch of graph of ( )S x′  with root indicated  (M1) 
    
   OR   
   sketch of graph of ( )S x  with minimum indicated (M1) 
  
   THEN 
   4x =    A1 

Note: Value must be positive. Follow through from their part (a) irrespective of working. 

 
  (ii) the value of x that will minimize surface area of the box  A1 

Note: Accept ‘optimize’ in place of minimize. 

[3 marks] 
Total: [6 marks] 
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13. (a) (i) 10c =    A1 
 
  (ii) 64 8 10 10a b+ + =   A1 
   16 4 10 12a b+ + =   A1 

Note: Award A1 for each equivalent expression or A1 for the use of the axis of 

symmetry formula to find 4
2

b

a

−
=  or from use of derivative. 

Award A0A1 for 64 8 10a b c+ + =  and 16 4 12a b c+ + = . 

 

  (iii) 21
10

8
y x x= − + +   A1A1 

Note: Award A1A0 if one term is incorrect, A0A0 if two or more terms are incorrect. 
Award at most A1A0 if correct a, b and c values are seen but answer not 
expressed as an equation. 

      [5 marks] 
 
 (b) recognizing the need to integrate their expression (M1) 

  
8 2

0

1
10 d

8
x x x− + +∫  (A1) 

Note: Award (A1) for correct integral, including limits. Condone absence of dx.  

 

  90.7 cm2  
272

, 90.6666
3

 
 …
 

  A1 

 [3 marks] 
Total: [8 marks] 
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 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 6]

Eduardo croit qu’il existe une relation linéaire entre l’âge d’un coureur de sexe masculin et le 
temps que ce dernier prend pour courir 5000 mètres.

Pour tester ceci, il a enregistré l’âge,  x  années, et le temps,  t  minutes, pour huit hommes 
lors d’une seule course de 5000 m. Ses résultats sont présentés dans le tableau et le 
diagramme de dispersion suivants.

x, années 18 24 28 36 40 46 52 62

t, minutes 29,4 29,2 31,1 33,6 32,2 33,1 35,2 40,4
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(a) Pour ces données, trouvez la valeur du coefficient de corrélation de Pearson,  r . [2]

(Suite de la question à la page suivante)
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(Suite de la question 1)

Eduardo a regardé dans un manuel de sciences du sport. Il a constaté que les informations 
suivantes sur  r convenaient à la performance athlétique.

Valeur de    | r |  Description de la corrélation

 0 ≤  | r |  < 0,4 faible

 0,4 ≤  | r |  < 0,8 modérée

 0,8 ≤  | r |  ≤ 1 forte

(b) Commentez votre réponse de la partie (a) en utilisant les informations trouvées 
par Eduardo. [1]

(c) Écrivez l’équation de la droite de régression pour  t  en fonction de  x , sous la  
forme   t = ax + b  . [1]

Un homme de 57 ans a également participé à la course de 5000 m.

(d) Utilisez l’équation de la droite de régression pour estimer le temps qu’il lui a fallu pour 
terminer la course de 5000 m. [2]
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2. [Note maximale : 5]

Le triangle des Bermudes est une région de l’océan Atlantique dont les sommets sont 
Miami (M), Bermudes (B), et San Juan (S) comme indiqué sur le diagramme.

la figure n’est pas à l’échelle

M

S

B

1670 km

1550 km

1660 km

θ

Les distances entre M, B et S sont données dans le tableau suivant ; elles sont correctes à 
trois chiffres significatifs près.

Distance entre Miami et Bermudes 1670 km

Distance entre Bermudes et San Juan 1550 km

Distance entre San Juan et Miami 1660 km

(a) Calculez la valeur de   θ  , la mesure de l’angle  MŜB . [3]

(b) Trouvez l’aire du triangle des Bermudes. [2]

(Suite de la question à la page suivante)
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(Suite de la question 2)
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3. [Note maximale : 4]

Natasha mène une expérience sur la croissance de moisissures. Elle croit que la croissance 
peut être modélisée par une fonction exponentielle

 P(t ) = A e   kt   ,

où  P  est l’aire couverte par les moisissures en mm2,  t  est le temps en jours depuis le début 
de l’expérience et  A  et  k  sont des constantes.

L’aire couverte par les moisissures est de 112 mm2 au début de l’expérience et de 360 mm2 
après 5 jours.

(a) Écrivez la valeur de  A . [1]

(b) Trouvez la valeur de  k . [3]
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4. [Note maximale : 6]

Dilara conçoit un cerf-volant ABCD sur un système d’axes dans lequel une unité 
représente 10 cm.

Les coordonnées de A, B et C sont respectivement (2  ;  0), (0  ;  4) et (4  ;  6). Le point D 
se situe sur l’axe des abscisses.  [AC]  est perpendiculaire à  [BD] . Ces informations sont 
montrées dans le diagramme suivant.

la figure n’est pas à l’échelle

x

y

A

B

C

D0

(a) Trouvez la pente de la droite passant par A et C. [2]

(b) Écrivez la pente de la droite passant par B et D. [1]

(c) Trouvez l’équation de la droite passant par B et D. Donnez votre réponse sous la forme   
 ax + by + d = 0  , où  a ,  b  et  d  sont des entiers. [2]

(d) Écrivez l’abscisse du point D. [1]

(Suite de la question à la page suivante)
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(Suite de la question 4)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP09



– 10 –

N21/5/MATHY/SP1/FRE/TZ0/XX

8821 – 7219

5. [Note maximale : 7]

Soit la fonction   h(x)   qui représente la hauteur, en centimètres, d’une boîte de métal 
cylindrique dont le diamètre mesure x cm.

 h(x) =   640 ___ 
 x   2 

   + 0,5   pour   4 ≤ x ≤ 14  .

(a) Trouvez l’image de  h . [3]

La fonction    h   −1    est la fonction réciproque de  h .

(b) (i) Trouvez    h   −1 (10)  .

(ii) Dans le contexte de la question, interprétez votre réponse de la partie (b)(i).

(iii) Écrivez l’image de    h   −1   . [4]
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6. [Note maximale : 5]

Des inspecteurs enquêtent sur les émissions de dioxyde de carbone d’une centrale électrique. 
Soit  R , le taux, en tonnes par heure, auquel le dioxyde de carbone est émis et  t , le temps, 
en heures, depuis le début de l’inspection.

Lorsqu’on représente graphiquement  R  en fonction de  t , la quantité totale de dioxyde de 
carbone émise est donnée par l’aire entre la courbe et l’axe horizontal  t .

Le taux,  R , est mesuré sur une période de deux heures. Les résultats sont montrés dans 
le tableau suivant.

t 0 0,4 0,8 1,2 1,6 2

R 30 50 60 40 20 50

(a) Utilisez la formule des trapèzes avec un intervalle de largeur 0,4 pour estimer 
la quantité totale de dioxyde de carbone émise durant ces deux heures. [3]

La quantité réelle de dioxyde de carbone émise durant ces deux heures a été de 72 tonnes.

(b) Trouvez le pourcentage d’erreur de l’estimation trouvée dans la partie (a). [2]
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7. [Note maximale : 6]

Il y a quatre postes de surveillance utilisés par les gardes forestiers chargés de la prévention 
des incendies dans une forêt nationale.

Dans le diagramme de Voronoï suivant, les coordonnées des postes de surveillance 
sont A(6  ;  2), B(14  ;  2), C(18  ;  6) et D(10,8  ;  11,6), où les distances sont mesurées 
en kilomètres.

Les lignes pointillées représentent les frontières des régions patrouillées par le garde 
forestier de chaque poste de surveillance. Les frontières se rencontrent aux points  
P(10  ;  6) et Q(13  ;  7).

2 4 6 8 10 12 14 160
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16

18

P

Q

Afin de réduire les aires des régions patrouillées par les gardes forestiers, un nouveau 
poste de surveillance sera construit à l’intérieur du quadrilatère ABCD. Le nouveau 
poste de surveillance sera situé de façon à ce qu’il soit le plus loin possible du poste 
de surveillance existant le plus proche.

(a) Montrez que le nouveau poste de surveillance doit être construit au point P. [3]

Le diagramme de Voronoï doit être mis à jour afin d’y inclure la région autour du nouveau 
poste de surveillance en P. Les arêtes définies par les médiatrices de [AP] et [BP] ont été 
ajoutées au diagramme suivant.

(b) (i)  Écrivez l’équation de la médiatrice de [PC].

(ii) À partir de là, dessinez les frontières manquantes de la région autour de P sur 
le diagramme suivant. [3]

(Suite de la question à la page suivante)
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8. [Note maximale : 5]

Joey fabrique un chapeau de fête en forme de cône. Le chapeau est composé d’un secteur, 
AOB, d’un morceau de papier circulaire dont le rayon mesure 18 cm et   AÔB = θ  , tel que 
montré dans le diagramme.

la figure n’est pas à l’échelle

O

A

B

θ

18 cm

Pour fabriquer le chapeau, les côtés  [OA]  et  [OB]  sont collés ensemble. Le rayon de la 
base du chapeau mesure 6,5 cm.

la figure n’est pas à l’échelle
O

A / B

6,5 cm

(a) (i)  Écrivez le périmètre de la base du chapeau en fonction de   π  .

(ii) Trouvez la valeur de   θ  . [3]

(b) Trouvez l’aire de la surface de l’extérieur du chapeau. [2]

(Suite de la question à la page suivante)
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9. [Note maximale : 8]

Un groupe de 120 élèves ont passé un examen d’histoire. La courbe des effectifs cumulés 
montre les résultats obtenus par ces élèves.
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(a) Trouvez la médiane des résultats obtenus. [1]

Les élèves reçoivent une note de 1 à 5, selon le résultat obtenu à l’examen. Le nombre 
d’élèves ayant reçu chaque note est montré dans le tableau suivant.

Note  1  2  3  4  5

Nombre d’élèves  6 13 26  a  b

(b) Trouvez une expression pour  a  en fonction de  b . [2]

(Suite de la question à la page suivante)
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(Suite de la question 9)

(c) La note moyenne pour ces élèves est de 3,65.

(i) Trouvez le nombre d’élèves ayant reçu une note de 5.

(ii) Trouvez le résultat minimal requis pour obtenir une note de 5. [5]
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10. [Note maximale : 9]

Dans cette question, donnez toutes les réponses avec une précision de deux décimales.

Raul et Rosy veulent acheter une nouvelle maison et doivent contracter un prêt de 170 000 
dollars australiens (AUD) dans une banque. Le prêt est d’une durée de 30 ans et le taux 
d’intérêt annuel pour le prêt est de 3,8 %, composé mensuellement. Ils rembourseront le prêt 
en effectuant des paiements mensuels fixes à la fin de chaque mois.

(a) Trouvez le montant qu’ils rembourseront chaque mois à la banque. [3]

(b) (i)  Trouvez le montant que Raul et Rosy devront encore à la banque à la fin des  
10 premières années.

(ii) En utilisant vos réponses des parties (a) et (b)(i), calculez le montant total des 
intérêts qu’ils auront payé au cours des 10 premières années. [6]
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11. [Note maximale : 5]

Dans une ville, 32 % de la population a les yeux bleus. Si une personne a les yeux bleus, 
la probabilité qu’elle ait aussi les cheveux blonds est de 58 %. Ces informations sont 
représentées dans le diagramme en arbre suivant.

c

b

a

cheveux blonds

0,32
pas les cheveux blonds

yeux bleus

pas les yeux bleus

0,58

0,68
cheveux blonds

pas les cheveux blonds

(a) Écrivez la valeur de  a . [1]

(b) Trouvez une expression, en fonction de  b , pour la probabilité qu’une personne n’ait 
pas les yeux bleus et ait les cheveux blonds. [1]

On sait que 41 % de la population dans cette ville a les cheveux blonds.

(c) Calculez la valeur de

(i) b .

(ii) c . [3]

(Suite de la question à la page suivante)

24EP20



– 21 –

N21/5/MATHY/SP1/FRE/TZ0/XX

8821 – 7219

Tournez la page
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12. [Note maximale : 6]

L’aire de la surface d’une boîte ouverte dont le volume est de 32 cm3 et ayant une base carrée 

dont les côtés mesurent  x cm est donnée par   S(x) =  x   2  +   128 ____ x     où   x > 0  .

(a) Trouvez    S ′  (x)  . [3]

(b) (i) Résolvez    S ′  (x) = 0  .

(ii) Interprétez votre réponse de (b)(i) dans le contexte de la question. [3]
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Tournez la page

13. [Note maximale : 8]

Irina utilise un système d’axes de coordonnées pour dessiner sa conception d’une fenêtre. 
La base de la fenêtre est sur l’axe des abscisses, la partie supérieure de la fenêtre a la forme 
d’une courbe quadratique et les côtés sont des droites verticales, comme indiqué sur le 
diagramme. Les extrémités de la courbe sont aux points (0  ;  10) et (8  ;  10) et son sommet 
est le point (4  ;  12). Les distances sont mesurées en centimètres.

y

x

La courbe quadratique peut être exprimée sous la forme   y = a x   2  + bx + c   pour   0 ≤ x ≤ 8  .

(a) (i)  Écrivez la valeur de  c .

(ii) À partir de là, posez deux équations en fonction de  a  et  b .

(iii) À partir de là, trouvez l’équation de la courbe quadratique. [5]

(b) Trouvez l’aire de la région grisée dans la conception d’Irina. [3]
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(Suite de la question à la page suivante)
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Matemáticas: aplicaciones e interpretación
Nivel medio
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con 
calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención. 
Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el 
mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos 
puntos si el método empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja 
mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 6]

Eduardo cree que existe una relación lineal entre la edad de los corredores varones y el 
tiempo que tardan en correr 5000 metros.

Para poner a prueba esta teoría, anota la edad ( x  años) de ocho varones y el tiempo 
( t  minutos) que tardan en completar una única carrera de 5000 m. Los resultados que 
obtiene Eduardo se presentan en la siguiente tabla y en el siguiente diagrama de dispersión.

x  (años) 18 24 28 36 40 46 52 62

t  (minutos) 29,4 29,2 31,1 33,6 32,2 33,1 35,2 40,4

0 10 20 30 40 50 60 70
25

30

35

40

45

Edad

Ti
em

po

x

t

(a) Para estos datos, halle el valor del coeficiente de correlación momento-producto de 
Pearson (r). [2]

Eduardo consulta un libro de texto de ciencias del deporte. Ahí lee que la siguiente 
información referida a  r se puede aplicar al ámbito del rendimiento deportivo.

Valor de    | r |  Descripción de la correlación

 0 ≤  | r |  < 0,4 débil

 0,4 ≤  | r |  < 0,8 moderada

 0,8 ≤  | r |  ≤ 1 fuerte

(b) Comente la respuesta que ha dado en el apartado (a), utilizando para ello 
la información que encontró Eduardo. [1]

(c) Escriba la ecuación de la recta de regresión de  t  sobre  x , dándola en la forma   t = ax + b  . [1]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Hubo un varón de 57 años que también participó en la carrera de 5000 m.

(d) Utilice la ecuación de la recta de regresión para estimar el tiempo que tardó en 
completar la carrera de 5000 m. [2]
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2. [Puntuación máxima: 5]

El Triángulo de las Bermudas es una región del océano Atlántico que tiene por vértices a 
Miami (M), las Bermudas (B) y San Juan (S), tal y como se muestra en la figura.

la figura no está dibujada a escala

M

S

B

1670 km

1550 km

1660 km

θ

La siguiente tabla muestra las distancias que hay entre M, B y S, redondeando a tres 
cifras significativas.

Distancia entre Miami y las Bermudas 1670 km

Distancia entre las Bermudas y San Juan 1550 km

Distancia entre San Juan y Miami 1660 km

(a) Calcule el valor de   θ   (el tamaño del ángulo  MŜB ). [3]

(b) Halle el área del Triángulo de las Bermudas. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)
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Véase al dorso

3. [Puntuación máxima: 4]

Natasha lleva a cabo un experimento sobre el crecimiento del moho. Ella cree que el 
crecimiento se puede modelizar mediante una función exponencial

 P(t ) = A e   kt   ,

donde  P  es el área que está cubierta por moho (en mm2),  t  es el tiempo (en días) 
transcurrido desde el inicio del experimento, y  A  y  k  son constantes.

El área cubierta por moho es igual a 112 mm2 al inicio del experimento e igual a 360 mm2 
al cabo de 5 días.

(a) Escriba el valor de  A . [1]

(b) Halle el valor de  k . [3]
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4. [Puntuación máxima: 6]

Dilara está diseñando una cometa (ABCD) en unos ejes de coordenadas en los que una 
unidad representa 10 cm.

Las coordenadas de A, B y C son (2 ,  0), (0 ,  4) y (4 ,  6), respectivamente. El punto D 
está en el eje  x .  [AC]  es perpendicular a  [BD] . Toda esta información se muestra en 
la siguiente figura.

la figura no está dibujada a escala

x

y

A

B

C

D0

(a) Halle la pendiente de la recta que pasa por A y C. [2]

(b) Escriba la pendiente de la recta que pasa por B y D. [1]

(c) Halle la ecuación de la recta que pasa por B y D. Dé la respuesta en la forma   
 ax + by + d = 0  , donde  a ,  b  y  d  son números enteros. [2]

(d) Escriba la coordenada  x  del punto D. [1]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 4: continuación)
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5. [Puntuación máxima: 7]

Sea   h(x)   la función que representa la altura (en centímetros) de una lata cilíndrica de x cm 
de diámetro.

 h(x) =   640 ___ 
 x   2 

   + 0,5   para   4 ≤ x ≤ 14  .

(a) Halle el recorrido de  h . [3]

La función    h   −1    es la función inversa de  h .

(b) (i) Halle    h   −1 (10)  .

(ii) En el contexto de esta pregunta, interprete la respuesta que ha dado en 
el apartado (b)(i).

(iii) Escriba el recorrido de    h   −1   . [4]
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6. [Puntuación máxima: 5]

Unos inspectores están investigando las emisiones de dióxido de carbono de una central 
eléctrica. Sea  R  el ritmo (en toneladas por hora) al que se está emitiendo dióxido de 
carbono y sea  t  el tiempo transcurrido (en horas) desde que se inició la inspección.

Cuando se representa gráficamente  R  en función de  t , la cantidad total de dióxido de 
carbono emitido viene dada por el área que hay entre el gráfico y el eje  t  horizontal.

Se mide el ritmo de emisiones (R) a lo largo de dos horas. Los resultados se muestran en 
la siguiente tabla.

t 0 0,4 0,8 1,2 1,6 2

R 30 50 60 40 20 50

(a) Utilice la regla del trapecio con intervalos de anchura 0,4 para estimar la cantidad total 
de dióxido de carbono que se ha emitido durante esas dos horas. [3]

La cantidad real de dióxido de carbono que se emitió durante esas dos horas fue de  
72 toneladas.

(b) Halle el porcentaje de error de la estimación que halló en el apartado (a). [2]
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7. [Puntuación máxima: 6]

Hay cuatro estaciones que utilizan los guardas forestales de un parque nacional.

En el siguiente diagrama de Voronoi, las coordenadas de las estaciones son A(6 ,  2), 
B(14 ,  2), C(18 ,  6) y D(10,8 ;  11,6), donde las distancias vienen dadas en kilómetros.

Las líneas discontinuas representan los límites de las regiones que patrullan los guardas 
forestales de cada estación. Los límites coinciden en P(10 ,  6) y en Q(13 ,  7).

2 4 6 8 10 12 14 160

2

4

6

8

10

12

B

C

A

D

x

y

14

16

18

P

Q

Con el fin de reducir el área de las regiones que patrullan los guardas forestales, se va a 
construir una nueva estación dentro del cuadrilátero ABCD. La nueva estación se ubicará 
de tal manera que esté lo más lejos posible de la estación existente más próxima.

(a) Muestre que la nueva estación se debería construir en P. [3]

Se va a actualizar el diagrama de Voronoi para incluir la región que rodea a la nueva 
estación ubicada en P. Por ello, se han añadido al siguiente diagrama las aristas definidas 
por las mediatrices de [AP] y de [BP].

(b) (i)  Escriba la ecuación de la mediatriz de [PC].

(ii) A partir de lo anterior, dibuje con precisión en el siguiente diagrama los límites 
que faltan de la región que rodea a P. [3]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 7: continuación)
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8. [Puntuación máxima: 5]

Joey está fabricando un gorro de fiesta con forma de cono. El gorro está hecho a partir de un 
sector circular (AOB) que procede de un trozo de papel circular de 18 cm de radio. Además,   
AÔB = θ  , tal y como se muestra en la figura.

la figura no está dibujada a escala
O

A

B

θ

18 cm

Para fabricar el gorro, se unen los lados  [OA]  y  [OB] . La base del gorro tiene 6,5 cm de radio.

la figura no está dibujada a escala
O

A / B

6,5 cm

(a) (i)  Escriba, en función de   π  , el perímetro de la base del gorro.

(ii) Halle el valor de   θ  . [3]

(b) Halle el área de la superficie externa del gorro. [2]

(Esta pregunta continúa en la página siguiente)
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9. [Puntuación máxima: 8]

Un grupo de 120 alumnos se ha presentado a un examen de Historia. El siguiente gráfico de 
frecuencia acumulada muestra las puntuaciones que han obtenido los alumnos.
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(a) Halle la mediana de las puntuaciones obtenidas. [1]

A los alumnos se les concedió una calificación de entre 1 y 5, dependiendo de la puntuación 
que hubieran obtenido en el examen. En la siguiente tabla se muestra el número de alumnos 
que recibieron cada calificación.

Calificación  1  2  3  4  5

Número de alumnos  6 13 26  a  b

(b) Halle una expresión que dé  a  en función de  b . [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 9: continuación)

(c) La calificación media de estos alumnos es de 3,65.

(i) Halle el número de alumnos que obtuvieron una calificación de 5.

(ii) Halle la puntuación mínima que se necesita para obtener una calificación de 5. [5]
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10. [Puntuación máxima: 9]

En esta pregunta, dé todas las respuestas redondeando a 2 lugares decimales.

Raúl y Rosy quieren comprarse una casa nueva y, para ello, necesitan un préstamo del 
banco por valor de 170 000 dólares australianos (AUD). El préstamo es a 30 años y el tipo 
de interés anual que se aplica al préstamo es del 3,8 %, compuesto mensualmente. Raúl y 
Rosy devolverán el préstamo pagando una cuota mensual fija al final de cada mes.

(a) Halle la cantidad que pagarán al banco cada mes. [3]

(b) (i)  Halle la cantidad que Raúl y Rosy deberán todavía al banco al final de los  
10 primeros años.

(ii) Utilice las respuestas halladas en los apartados (a) y (b)(i) para calcular cuántos 
intereses habrán pagado en total durante esos 10 primeros años. [6]
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11. [Puntuación máxima: 5]

En una determinada ciudad, el 32 % de las personas tienen los ojos azules. Si alguien tiene 
los ojos azules, la probabilidad de que también tenga el pelo rubio es del 58 %. Toda esta 
información aparece representada en el siguiente diagrama de árbol.

c

b

a

tiene el pelo rubio

0,32
no tiene el pelo rubio

tiene los ojos azules

no tiene los ojos azules

0,58

0,68
tiene el pelo rubio

no tiene el pelo rubio

(a) Escriba el valor de  a . [1]

(b) Halle una expresión, en función de  b , que dé la probabilidad de que una persona no 
tenga los ojos azules y tenga el pelo rubio. [1]

Se sabe que, en esta ciudad, el 41 % de las personas tienen el pelo rubio.

(c) Calcule el valor de: 

(i) b 

(ii) c  [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 11: continuación)
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12. [Puntuación máxima: 6]

El área de la superficie de una caja abierta —de 32 cm3 de volumen y con una base cuadrada 

cuyos lados miden  x cm de largo— viene dada por   S(x) =  x   2  +   128 ____ x    , donde   x > 0  .

(a) Halle    S ′  (x)  . [3]

(b) (i) Resuelva    S ′  (x) = 0  .

(ii) Interprete la respuesta que ha dado en (b)(i) en el contexto de la pregunta. [3]
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Véase al dorso

13. [Puntuación máxima: 8]

Irina utiliza unos ejes de coordenadas para dibujar el diseño de una ventana. La base de la 
ventana está en el eje  x , la parte superior de la ventana tiene forma de curva cuadrática y los 
lados son líneas verticales, tal y como se muestra en la figura. Los extremos de la curva son 
los puntos (0 ,  10) y (8 ,  10), y el vértice de la curva está en (4 ,  12). Las distancias vienen 
dadas en centímetros.

y

x

La curva cuadrática se puede expresar en la forma   y = a x   2  + bx + c  , para   0 ≤ x ≤ 8  .

(a) (i)  Escriba el valor de  c .

(ii) A partir de lo anterior, plantee dos ecuaciones donde las incógnitas sean  a  y  b .

(iii) A partir de lo anterior, halle la ecuación de la curva cuadrática. [5]

(b) Halle el área de la región que está sombreada en el diseño de Irina. [3]
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(Esta pregunta continúa en la página siguiente)
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Instrucciones para los examinadores 
 
Abreviaturas 
 
M Puntos concedidos por tratar de utilizar un Método correcto. 
A Puntos concedidos por una Respuesta (en inglés, Answer) o por Precisión (en inglés, Accuracy); 

a menudo dependen de los puntos M precedentes. 
R Puntos concedidos por un Razonamiento claro. 
AG Respuesta dada (del inglés Answer Given) en la propia pregunta, por lo que no se concede ningún 

punto. 
FT Arrastre de error (del inglés Follow Through). La práctica de conceder puntos, a pesar de que el 

alumno haya cometido errores en apartados anteriores, por sus métodos/respuestas correctos a 
partir de resultados incorrectos. 

 
 
Uso del esquema de calificación 
 
1 General 
 

Conceda los puntos utilizando las anotaciones como se indica en el esquema de calificación 
p. ej., M1, A2. 

 
 
2 Puntuación por método y por respuesta/precisión 
 

• No conceda automáticamente la puntuación máxima cuando la respuesta sea correcta; se 
debe comprobar todo el procedimiento (el desarrollo del ejercicio) y puntuar la pregunta 
conforme al esquema de calificación. 

• Por lo general, no se puede conceder M0 seguido de A1, puesto que los puntos A dependen 
de los puntos M precedentes (si los hay). 

• Cuando se indica en la misma línea una puntuación M y otra A (p. ej., M1A1), esto 
normalmente significa que se conceda M1 por intentar utilizar un método adecuado (p. ej., 
sustituir en una fórmula) y A1 por utilizar los valores correctos. 

• Cuando aparecen dos o más puntuaciones A en la misma línea es porque cada una se puede 
conceder de manera independiente; así pues, si el primer valor es incorrecto pero los dos 
siguientes son correctos, se ha de conceder A0A1A1. 

• Allí donde el esquema de calificación especifique A3, M2, etc., no subdivida las puntuaciones a 
menos que haya una nota al respecto. 

• En la respuesta a una pregunta del tipo “mostrar que” no es necesario volver a escribir la línea 
AG, a no ser que una Nota lo indique de manera explícita en el esquema de calificación. 

• Una vez que vea en la hoja la respuesta correcta a una pregunta o a un apartado de una 
pregunta, ignore cualquier desarrollo adicional, incluso si es incorrecto o sugiere que el alumno 
no ha comprendido bien la pregunta. Esto fomenta un enfoque uniforme para la corrección, 
menos dependiente del criterio del examinador. Aunque algunos alumnos puedan verse 
beneficiados en ese elemento concreto de la pregunta, es probable que estos alumnos también 
pierdan puntos en otros lugares. 
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• Una excepción a la regla anterior ocurre cuando una respuesta incorrecta del desarrollo 
adicional se utiliza en un apartado posterior. Por ejemplo, cuando un valor exacto correcto 
viene seguido de una aproximación decimal incorrecta en el primer apartado y, a continuación, 
se utiliza esta aproximación en el segundo apartado. En esta situación, conceda los puntos FT 
que corresponda, pero no conceda el A1 final en el primer apartado. Ejemplos: 

 
 Respuesta 

correcta 
incluida 

Desarrollo 
adicional 
incluido 

¿Alguna cuestión 
relacionada con la 
puntuación FT? 

Acción 

1. 
8 2  

5,65685...  
(valor decimal 

incorrecto) 

No. 
Último apartado de la 
pregunta. 

Conceda A1 en la puntuación 
final (no penalice el desarrollo 
adicional incorrecto). 

2. 
35

72
  

0,468111… 
(valor decimal 

incorrecto) 

Sí.  
El valor se utiliza en 
apartados posteriores. 

Conceda A0 en la puntuación 
final (y pueden otorgarse 
todos los puntos FT en los 
apartados posteriores). 

 
 
3 Puntuaciones implícitas 
 
 Las puntuaciones implícitas se muestran entre paréntesis; p. ej., (M1). Solo se pueden conceder 

si el alumno ha incluido el procedimiento correcto o si dicho procedimiento ha quedado implícito en 
otro desarrollo/respuesta posterior. 

 
 

4 Puntuaciones de arrastre de error (solo se aplican después de haberse cometido un error) 
 
 Las puntuaciones de arrastre de error (FT) se conceden cuando una respuesta incorrecta dada en 

un apartado de una pregunta se utiliza correctamente en los apartados posteriores (p. ej., un valor 
incorrecto del apartado (a) se utiliza en el apartado (d), o un valor incorrecto del subapartado (c)(i) 
se utiliza en el subapartado (c)(ii)). Por lo general, para poder conceder puntos FT, el alumno tiene 
que haber incluido el desarrollo del ejercicio (no tan solo una respuesta final basada en la 
respuesta incorrecta dada en un apartado anterior). Sin embargo, si todos los puntos que tiene 
asignados un apartado posterior corresponden a la respuesta o son implícitos, entonces se deben 
conceder puntos FT por su respuesta correcta incluso si no ha incluido el desarrollo. 

 
 Por ejemplo: tras una respuesta incorrecta al apartado (a) que se utiliza en apartados posteriores, 

cuando el esquema de calificación indique (M1)A1 en el apartado posterior, es posible conceder la 
puntuación máxima por su respuesta correcta sin que haya incluido ningún desarrollo. Para 
preguntas más largas donde todas las puntuaciones son implícitas salvo los puntos de respuesta, 
esta regla es aplicable pero puede invalidarse mediante una Nota en el esquema de calificación.  

  
• Dentro de un apartado dado, una vez que se ha cometido un error ya no se pueden conceder 

más puntos A en otras partes del desarrollo que hagan uso de ese error. Sin embargo, sí que 
se pueden conceder puntos M si procede. 
 

• Si la pregunta resulta mucho más sencilla debido a un error, utilice su propio criterio para 
conceder menos puntos FT, reflexionando sobre a qué corresponde cada puntuación y cómo 
se traslada eso a la versión simplificada.  
 

• Si el error conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sin 1,5θ =
, un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 
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• Es posible que en el esquema de calificación se utilice la palabra “su(s)” en una descripción; 
con esto se quiere indicar que los alumnos quizá estén empleando un valor incorrecto. 
 

• Si la respuesta del alumno a la pregunta inicial contradice claramente la información 
proporcionada en el enunciado de la pregunta, no es apropiado conceder ningún punto FT en 
los apartados posteriores. Esto incluye cuando los alumnos no logran completar correctamente 
una pregunta del tipo “mostrar que” y, en los siguientes apartados, utilizan su respuesta 
incorrecta en vez del valor proporcionado en el enunciado. 
 

• Las excepciones a estas reglas de FT se indicarán de manera explícita en el esquema de 
calificación. 
 

• Si un alumno comete un error en un apartado pero obtiene las respuestas correctas en los 
apartados posteriores, conceda puntos según corresponda, a no ser que el término de 
instrucción fuera “A partir de lo anterior”. 

 
 
5 Errores de lectura 
 

Si un alumno comete un error al copiar en su hoja los valores o datos de la pregunta, esto se 
considera un “error de lectura” (MR, del inglés MisRead). A un alumno solo se le puede penalizar 
una vez por un error de lectura dado. Utilice el sello MR para indicar que se ha producido un error 
de lectura y no conceda el primer punto, aunque se trate de un punto M, pero conceda todos los 
demás según corresponda. 

 

• Si la pregunta resulta mucho más sencilla debido al error de lectura (MR), utilice su propio 
criterio para conceder menos puntos. 

 
• Si el MR conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sin 1,5θ = , 

un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 

 
• Si el alumno comete un error al copiar su propio trabajo, eso no es un error de lectura, sino un 

error ordinario. 

 
• Si el alumno utiliza una respuesta correcta a una pregunta del tipo “mostrar que” con un grado 

de precisión mayor del que se proporciona en el enunciado, eso NO es un error de lectura y se 
puede obtener la puntuación máxima en el apartado posterior. 

 
• Los errores de lectura (MR) solo se pueden aplicar cuando el alumno haya incluido el 

desarrollo del ejercicio. En aquellas preguntas de calculadora donde no esté incluido el 
procedimiento y se haya dado una respuesta incorrecta, los examinadores no deben inferir que 
el alumno ha leído/copiado mal los valores de la calculadora. 
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6 Métodos alternativos 
 

En ocasiones, los alumnos utilizan métodos distintos de los que aparecen en el esquema de 
calificación. A menos que en la pregunta se especifique qué método se ha de utilizar, el uso de 
métodos alternativos correctos no se ha de penalizar, sino que se ha de puntuar conforme a lo que 
indica el esquema de calificación. Si el término de instrucción es “A partir de lo anterior” y no “A 
partir de lo anterior o de cualquier otro modo”, entonces no se permiten métodos alternativos a no 
ser que se indique mediante una nota en el esquema de calificación. 
 
• Cuando se incluyen varios métodos alternativos para toda una pregunta, aparecen señalados 

mediante los encabezamientos MÉTODO 1, MÉTODO 2, etc. 

• Las soluciones alternativas para un apartado dado de una pregunta se indican mediante el 
encabezamiento O BIEN... O BIEN. 

 
 
7 Formas alternativas 
 

 A menos que en la pregunta se especifique lo contrario, acepte formas equivalentes. 
 

• Dado que se trata de un examen internacional, acepte todas las formas alternativas de 
notación, por ejemplo 1.9 y 1,9; o 1000, 1,000 y 1.000 .  

 
• No acepte respuestas finales escritas con notación de calculadora. Sin embargo, se pueden 

obtener puntos M y puntos A intermedios en los que la información se haya presentado 
utilizando notación de calculadora, siempre que la evidencia refleje claramente el requisito para 
conceder la puntuación.  

 
• En el esquema de calificación, las formas numéricas y algebraicas equivalentes suelen 

aparecer escritas entre paréntesis, justo a continuación de la respuesta. 

 
• En el esquema de calificación, algunas respuestas equivalentes suelen aparecer escritas 

entre paréntesis. En el esquema de calificación no se presentan todas las 
notaciones/respuestas/métodos equivalentes, y se pide a los examinadores que apliquen su 
criterio de forma apropiada para evaluar si el trabajo del alumno es equivalente. 
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8 Formato y precisión de las respuestas 
 

Cuando el grado de precisión se especifique en el enunciado de la pregunta, uno de los puntos se 
concederá por dar la respuesta con la precisión requerida. Si el grado de precisión no se indica en 
la pregunta, deben aplicarse las siguientes reglas: todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas. 

 
 Cuando se utilicen los valores en apartados posteriores, el esquema de calificación generalmente 

empleará el valor exacto, si bien los alumnos también pueden usar la respuesta correcta con 3 cifras 
significativas en los apartados posteriores. El esquema de calificación con frecuencia indicará los 
valores posteriores que resulten “de utilizar valores con 3 cifras significativas”. 

 
 Simplificación de las respuestas finales: Se aconseja a los alumnos que den las respuestas 

finales utilizando una forma matemática adecuada. En general, para conceder una puntuación A, 
se debe completar la aritmética y simplificar cualquier valor que conduzca a un número entero; por 

ejemplo, 
25

4
 debe escribirse como 

5

2
. Una excepción a lo anterior es la simplificación de 

fracciones, donde no se requiere la forma más sencilla (si bien el numerador y el denominador 

deben ser números enteros); por ejemplo, 
10

4
 se puede dejar así o escribirla como 

5

2
. Sin 

embargo, 
10

5
 se debe escribir como 2, dado que se simplifica para dar un número entero. 

 Las expresiones algebraicas se deben simplificar realizando cualquier operación como la adición y 
la multiplicación; p. ej., 2 34e ex x×  se debe simplificar a 54e x , y 2 3 4  4e e e ex x x x× − ×  se debe 

simplificar a 53e x . A no ser que se especifique en la pregunta, no es necesario factorizar las 

expresiones ni tampoco desarrollar las expresiones factorizadas, de modo que ( 1)x x +  y 2x x+  
son ambas aceptables.  

 Tenga presente: para obtener los puntos A intermedios NO es necesario simplificar las respuestas. 
 
 
9 Calculadoras 
 

Para esta prueba se necesita una calculadora de pantalla gráfica, pero si se topa con un ejercicio 
que sugiera que el alumno ha utilizado algún tipo de calculadora no permitida en los exámenes del 
PD del IB (p. ej., dispositivos dotados de un sistema algebraico computacional), siga los 
procedimientos establecidos para abordar la conducta improcedente. 

 
 
10. Presentación del trabajo del alumno 
 
 Procedimiento tachado: Si el alumno (en las hojas que contienen sus respuestas) ha trazado 

una línea cubriendo parte del procedimiento, o ha tachado de algún otro modo parte del 
procedimiento, no conceda ningún punto por esa parte del procedimiento, a no ser que haya una 
nota del alumno que indique explícitamente que quiere que se corrija esa parte del procedimiento. 

 
 Más de una solución: Cuando un alumno ofrezca dos o más respuestas distintas a una misma 

pregunta, el examinador solo debe puntuar la primera respuesta, a no ser que el alumno haya 
indicado lo contrario. Si la presentación de las respuestas hace que resulte difícil juzgar cuál es “la 
primera”, los examinadores deben aplicar su criterio de manera apropiada para determinarlo. 
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1. (a) 0,933 (0,933419...)r =  A2 
      [2 puntos] 

 
 (b) fuerte`   A1 

Nota: La respuesta puede incluir la palabra “positiva”; no obstante, no es necesaria 
para obtener el punto.  

      [1 punto] 
 
 (c) 0,228 24,3 ( 0,227703... 24,3153...)t x t x= + = +  A1 

Nota: No penalice el uso de y en lugar de t. La respuesta debe ser una ecuación.  

      [1 punto] 
 
 (d) ( ) 0, 227703... 57 24,3153...t = × +  (M1)  

Nota: Conceda (M1) por haber sustituido correctamente el valor en su recta de regresión. 

 
  ( ) 37,3 minutos (37,2944)t =  A1 

Nota: Independiente del desarrollo, acepte 37,1 y 37,4 que resulta de usar redondeos a 2 o 3 cs. 

      [2 puntos] 
      Total: [6 puntos] 

 
 
 
2. (a)  Intenta sustituir en la fórmula de la ley del coseno. (M1) 

  
2 2 21660 1550 1670

cos
2(1660)(1550)

C
+ −

=  (A1) 

   62,6 62,5873 )(C = …  (acepte 1,09 rad (1,09235…)) A1 
      [3 puntos] 

 
 (b) Correctamente sustituido en la fórmula del área del triángulo.  (M1) 

  
1

1660) 1550)sen (62,5873 )( (
2

A = …    

   26(1,14 10( ) 1140000 1142043 7; ,32 ) kmA = × …   A1 

Nota: Acepte 26(1,15 10 ,1150000 1146279,893 ) km× …  que resulta de usar 63 . 
Otros ángulos y sus correspondientes lados pueden ser utilizados. 

      [2 puntos] 
      Total: [5 puntos]  
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3. (a) ( ) 112A =    A1 
      [1 punto] 

 

 (b) 5112e 360k =   (M1) 

Nota: Conceda (M1) si su ecuación es correcta.   

 
  O BIEN 
  el gráfico de 5112e xy =  e 360y = , indicando además el punto de intersección 

      (M1) 
 
  O BIEN 

  
1 360

( ) ln
5 112

k
 =  
 

  (M1) 

Nota: Conceda (M1) si ha reordenado correctamente los términos y ha utilizado el log. 

 
  POR LO TANTO 
  ( ) 0, 234 (0,233521...)k =  A1 

Nota: Conceda (M1)(M1)(A0) a una respuesta de 0,233. 

      [3 puntos] 
Total: [4 puntos] 

 
 

4. (a) 
6 0

3
4 2

m
−

= =
−

   (M1)A1 

      [2 puntos] 
 

 (b) 
1

( ) ( 0,333, 0,333333...)
3

m = − − −  A1 

      [1 punto] 
 
 (c) la ecuación de una recta con un punto de corte correcto y  

cualquiera de sus dos pendientes de (a) o (b) (M1)  

  P. ej., 
1

4
3

y x= − +    O BIEN   
1

4 ( 0)
3

y x− = − −  

Nota: Conceda (M1) por haber sustituido cualquiera de sus pendientes 
de (a) o (b) y el punto B o (3, 3) en la ecuación de una recta. 

 
  3 12 0x y+ − =  o cualquier múltiplo entero A1 

      [2 puntos] 
 
 (d) ( ) 12x =    A1 

      [1 punto] 
      Total: [6 puntos] 
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5. (a) 
2

640
(4) 0,5

4
h = +    O BIEN   

2

640
(14) 0,5

14
h = +  (M1) 

Nota: Conceda (M1) por haber sustituido 4 o 14 en h. Esto puede quedar 
implícito si se ve en el desarrollo 3,77 (3,76530…) o 40,5. 

 
  3,77 ( ) 40,5 (3,76530... ( ) 40,5)h x h x≤ ≤ ≤ ≤   A1A1 

Nota: Conceda A1 por los dos extremos correctos y (A1) por ellos en el intervalo 
correcto.  

      [3 puntos] 
 

 (b) (i) ( ) 10h x =    O BIEN   1 640
( )

0.5
h x

x
− =

−
   O BIEN   1 640

(10)
10 0.5

h− =
−

 (M1) 

   ( ) 8, 21 (cm) (8,20782...)x =   A1 
 
  (ii) una lata que mide 10 (cm) de alto tendrá un diámetro de 8,21 (cm) (8.20782...) 
      A1 

Nota: No penalice una respuesta correcta expresada como la recíproca. 

 

  (iii) 14 14h−≤ ≤  A1 

Nota: Acepte 4 14y≤ ≤ . En esta parte no hay error de arrastre (FT).  

      [4 puntos] 
      Total: [7 puntos] 

 
 
 
6. (a) Por haber tratado de utilizar la fórmula de la regla del trapecio. (M1) 
 

  ( )1 2 0
30 50 2(50 60 40 20)

2 5

−  + + + + + 
 

 A1 

 
  4( )  8=cantidad total de dióxido de carbono   toneladas A1 

      [3 puntos] 
 

 (b) 
84 72

100%
72

−
×   (M1)  

Nota: Conceda (M1) por haber sustituido correctamente la respuesta final de la parte (a) 
en la fórmula del porcentaje de error.  

 
  16,7% (16,6666...%)=  A1 

      [2 puntos] 
      Total: [5 puntos] 

 
 
  



 – 11 – N21/5/MATHY/SP1/SPA/TZ0/XX/M 

 

7. (a)  (La mejor ubicación es, o bien el punto P, o bien el punto Q.) 
   Por haber tratado de utilizar la fórmula de la distancia entre dos puntos.  (M1) 

   2 2AP (10 6) (6 2)= − + −    O BIEN  

   2 2BP (10 14) (6 2)= − + −   O BIEN  

   2 2DP (10 10,8) (6 11,6)= − + −   O BIEN  

  2 2BQ (13 14) (7 2)= − + −   O BIEN  

  2 2CQ (13 18) (7 6)= − + −   O BIEN  

  2 2DQ (13 10,8) (7 11,6)= − + −  
 

  (AP o bien BP o bien DP ) 32 5,66 (5,65685...)= =  Y ADEMÁS 

  (BQ o bein CQ o bien DQ ) 26 5,10 (5,09901...)= =  A1 
 

  32 26>    O BIEN   AP (o BP o DP) es mayor que BQ (o CQ o DQ) A1 
 
  el punto P es el que está más lejos A1 

Nota: Hay error de arrastre (FT) de sus valores siempre y cuando AP (o BP o DP) es 
mayor que BQ (o CQ o DQ).  

      [3 puntos] 
 
 (b) (i) 14x =    A1 
 
  (ii)  

 
 
      A1A1 

Nota: Conceda A1 por cada recta correcta.  No hay error de arrastre (FT) de su parte b(i). 

      [3 puntos] 
      Total: [6 puntos]  
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8. (a) (i) 13 (cm)π A1 

Nota: La respuesta debe estar en función de π. 

(ii) MÉTODO 1

2 (18) 13
360

θ
× π = π   O BIEN  2 (18) 40,8407...

360

θ
× π =  (M1) 

Nota: Conceda (M1) por sustitución correcta en la fórmula de la longitud de un arco. 

( ) 130θ =  A1 

MÉTODO 2 

218 6,5 18
360

θ
×π× = π× × (M1) 

( ) 130θ =  A1 

[3 puntos] 

(b) 2130
(18)

360
×π (M1) 

Nota: Conceda (M1) por haber sustituido correctamente los valores en la 
fórmula del área de un sector circular. 

O BIEN 
(6,5) (18)π (M1) 

Nota: Conceda (M1) por haber sustituido correctamente los valores en la fórmula 
del área de la superficie lateral de un cono. 

POR LO TANTO 
2( ) 368 (cm ) (367,566...,117 )= πÁrea A1 

Nota: Permita error de arrastre (FT) de su parte (a)(ii) incluso si su ángulo no es obtuso. 

[2 puntos] 
Total: [5 puntos] 
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9. (a) 75    A1 
      [1 punto] 

 

 (b) Por darse cuenta de que la suma de todos los valores sea igual a 120. (M1) 
  120 6 13 26a b= − − − −    O BIEN   75a b= −   A1 

      [2 puntos] 
 

 (c) (i) 
6 1 13 2 26 3 (75 ) 4 5

3,65
120

b b× + × + × + − × + ×
=   (M1)(A1) 

Nota: Conceda (M1) por intentar sustituir en la fórmula de la media usando frecuencias en el 
numerador. El término de la izquierda de la ecuación es suficiente para otorgar M. 
Conceda el (A1) por sustituir correctamente los valores con una variable O BIEN con dos 
variables, si después hay prueba de que ha utilizado 75a b+ =  para resolver un sistema 
de ecuaciones.  

 
   ( ) 28b =    A1 

 
  (ii)  Si se observa 120−  su parte (c)(i) (es decir, por ejemplo, se ha indicado  

92 en el gráfico) M1 
   84   A1 

      [5 puntos] 
      Total: [8 puntos] 
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10. (a) 360N =   
  % 3,8I =  

  ( )170000PV = ±  

  0FV =  
  / 12P Y =  
  / 12C Y =    (M1)(A1) 

Nota: Conceda (M1) por haber intentado utilizar una aplicación financiera en su dispositivo 
tecnológico mostrando al menos dos valores y conceda A1 si todos los valores que 
ha introducido son correctos. Acepte un valor positivo o negativo para PV. 

 
  ) 792,13(PMT =   AUD A1 

Nota: Acepte la respuesta 792,13− . No conceda el A1 final si no da la respuesta 

redondeando a 2 lugares decimales. 

      [3 puntos] 
 
 (b) (i) 120N =   
   % 3,8I =  

   ( )170000PV = ±  

   ( )792,13PMT =   
   / 12P Y =  
   / 12C Y =   (M1)(A1) 

Nota: Conceda (M1) por haber intentado utilizar una aplicación financiera en su 
dispositivo tecnológico mostrando al menos dos valores y conceda A1 si 
todos los valores que ha introducido son correctos.  PV y PMT deben tener 
signos opuestos.  

 
   ) 133019,94(FV =   AUD A1 

Nota: No conceda el A1 final si no da la respuesta redondeando a 2 lugares 
decimales, a no ser que ya se le haya penalizado por ello en el apartado (a). 
Acepte 133 020,30, que es lo que se obtiene al utilizar el valor exacto del 
PMT. 

 
  (ii) Cantidad de dinero pagada: 120 792,13 ( 95055,60)× =   (M1) 
   Préstamo amortizado: 170000 133019,94 ( 36980,06)− =  (M1) 
   Intereses pagados: (95055,60 36980,06 ) 58075,54− =   AUD A1 

Nota: Acepte también 58 075,60 o 58 075,90, que es lo que se obtiene al utilizar 
alguno de los valores exactos de los apartados (a) y (b)(i).  
Si su respuesta a b(i) es mayor que 170 000, conceda a lo más 
(M1)(M1)(A0), FT del apartado (b)(ii). 

      [6 puntos] 
      Total: [9 puntos] 
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11. (a) 0,42a =     A1 
      [1 punto] 

 
 (b) (P ( ) ) 0,68B F b′∩ = ×   A1 

      [1 punto] 
 
 (c) (i) 0,32 0,58 0,68 0,41b× + =  M1 

Nota: Conceda (M1) por haber planteado una ecuación para las personas 
que tienen el pelo rubio, o equivalente. 

 

   0,33b =    A1 
 

  (ii) 0,67c =   A1 
      [3 puntos] 
      Total: [5 puntos] 

 
 

12. (a) ( ) 2 1( ) 128S x x x−= +   (M1) 

Nota: Conceda M1 por haber expresado el segundo término con un exponente negativo. 

Esto puede estar implícito si se observa 
2

1

x
 como una parte de su respuesta.  

 

  
2

128
2x

x
−    O BIEN   22 128x x−−  A1A1 

Nota: Conceda A1 por 2x  y A1 por 
2

128

x
− .  El primer A1 es por haber 

derivado correctamente 2x  y es independiente del (M1). 

      [3 puntos] 
 

 (b) (i) Por cualquier manipulación correcta de 
2

128
2 0x

x
− = ; p. ej., 32 128 0x − =   (M1) 

   O BIEN   
   Por un dibujo aproximado del gráfico de ( )S x′  donde se indique la raíz.     (M1) 
    
   O BIEN   
   Por un dibujo aproximado del gráfico de ( )S x  donde se indique el mínimo.(M1) 
  
   POR LO TANTO 
   4x =    A1 

Nota: El valor debe ser positivo. Conceda error de arrastre (FT) de su parte (a) sin 
considerar el desarrollo. 

 
  (ii) Es el valor de x que minimiza el área de la superficie de la caja  A1 

Nota: Acepte “optimizar” en lugar de minimizar.  

      [2 puntos] 
      Total: [5 puntos] 
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13. (a) (i) 10c =    A1 
 
  (ii) 64 8 10 10a b+ + =   A1 
   16 4 10 12a b+ + =   A1 

Nota: Conceda A1 por cada expresión equivalente o A1 por haber utilizado la 

fórmula del eje de simetría para hallar 4
2

b

a

−
=  o por haber utilizado la 

derivada. 
Conceda A0A1 por 64 8 10a b c+ + =  y 16 4 12a b c+ + = . 

 

  (ii) 21
10

8
y x x= − + +   A1A1 

Nota: Conceda A1A0 si uno de los términos es incorrecto; A0A0 si hay dos o 
más términos incorrectos. Conceda a lo más A1A0 si ha dado valores 
correctos de a, b y c pero la respuesta no se ha expresado en forma de 
ecuación. 

      [5 puntos] 
 
 (b) Por darse cuenta de que tenía que integrar su expresión (M1) 

  
8 2

0

1
10 d

8
x x x− + +∫   (A1) 

Nota: Conceda (A1) por la integral correcta, incluidos los límites. No penalice la 
ausencia de dx. 

 

  90,7 (cm2) 
272

; 90,6666
3

 
 …
 

  A1 

      [3 puntos] 
      Total: [8 puntos] 
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 16]

A group of 1280 students were asked which electronic device they preferred. The results per 
age group are given in the following table.

Age

Preferred device 11–13 14–16 17–18 Total

Laptop 143 160 153  456

Tablet 205 224 131  560

Mobile phone  72 128  64  264

Total 420 512 348 1280

(a) A student from the group is chosen at random. Calculate the probability that the student

(i) prefers a tablet.

(ii) is 11–13 years old and prefers a mobile phone.

(iii) prefers a laptop given that they are 17–18 years old.

(iv) prefers a tablet or is 14–16 years old. [9]

A    χ   2    test for independence was performed on the collected data at the 1 % significance level. 
The critical value for the test is 13.277.

(b) State the null and alternative hypotheses. [1]

(c) Write down the number of degrees of freedom. [1]

(d) (i)  Write down the    χ   2    test statistic.

(ii) Write down the  p-value.

(iii) State the conclusion for the test in context. Give a reason for your answer. [5]



– 3 –

N21/5/MATHY/SP2/ENG/TZ0/XX

8821 – 7205

Turn over

2. [Maximum mark: 16]

The admissions team at a new university are trying to predict the number of student 
applications they will receive each year.

Let  n  be the number of years that the university has been open. The admissions team 
collect the following data for the first two years.

Year,  n Number of applications received in year  n

1 12 300

2 12 669

(a) Calculate the percentage increase in applications from the first year to the second year. [2]

It is assumed that the number of students that apply to the university each year will follow a 
geometric sequence,    u  n    .

(b) (i)  Write down the common ratio of the sequence.

(ii) Find an expression for    u  n    .

(iii) Find the number of student applications the university expects to receive  
when   n = 11  . Express your answer to the nearest integer. [4]

In the first year there were 10 380 places at the university available for applicants.  
The admissions team announce that the number of places available will increase  
by 600 every year.

Let    v  n     represent the number of places available at the university in year  n .

(c) Write down an expression for    v  n    . [2]

For the first 10 years that the university is open, all places are filled. Students who receive a 
place each pay an $80 acceptance fee.

(d) Calculate the total amount of acceptance fees paid to the university in the 
first 10 years. [3]

When   n = k  , the number of places available will, for the first time, exceed the number of 
students applying.

(e) Find  k . [3]

(f) State whether, for all   n > k  , the university will have places available for all applicants. 
Justify your answer. [2]
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3. [Maximum mark: 20]

A wind turbine is designed so that the rotation of the blades generates electricity. The turbine 
is built on horizontal ground and is made up of a vertical tower and three blades.

The point A is on the base of the tower directly below point B at the top of the tower. The height 
of the tower, AB, is 90 m. The blades of the turbine are centred at B and are each of length 40 m. 
This is shown in the following diagram.

diagram not to scale

A

C

B

h

90

40

ground

blade

The end of one of the blades of the turbine is represented by point C on the diagram. Let  h  
be the height of C above the ground, measured in metres, where  h  varies as the blade rotates.

(a) Find the

(i) maximum value of  h .

(ii) minimum value of  h . [2]

The blades of the turbine complete 12 rotations per minute under normal conditions, moving at 
a constant rate.

(b) (i)  Find the time, in seconds, it takes for the blade [BC] to make one complete 
rotation under these conditions.

(ii) Calculate the angle, in degrees, that the blade [BC] turns through in one second. [3]

(This question continues on the following page)
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(Question 3 continued)

The height,  h,  of point C can be modelled by the following function. Time,  t , is measured 
from the instant when the blade [BC] first passes [AB] and is measured in seconds.

 h(t) = 90 − 40 cos (72 t   ∘ )  ,   t ≥ 0 

(c) (i)  Write down the amplitude of the function.

(ii) Find the period of the function. [2]

(d) Sketch the function   h(t)   for   0 ≤ t ≤ 5  , clearly labelling the coordinates of the maximum 
and minimum points. [3]

(e) (i)  Find the height of C above the ground when   t = 2  .

(ii) Find the time, in seconds, that point C is above a height of 100 m, during each 
complete rotation. [5]

Looking through his window, Tim has a partial view of the rotating wind turbine. The position 
of his window means that he cannot see any part of the wind turbine that is more than 100 m 
above the ground. This is illustrated in the following diagram.

A

C

B

ground

blade

(f) (i)  At any given instant, find the probability that point C is visible from Tim’s window.

The wind speed increases. The blades rotate at twice the speed, but still at a constant rate.

(ii) At any given instant, find the probability that Tim can see point C from his window. 
Justify your answer. [5]
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4. [Maximum mark: 14]

A large water reservoir is built in the form of part of an upside-down right pyramid with a 
horizontal square base of length 80 metres. The point C is the centre of the square base 
and point V is the vertex of the pyramid.

diagram not to scale

M

N

P

O

C

V

80

60
6

The bottom of the reservoir is a square of length 60 metres that is parallel to the base of 
the pyramid, such that the depth of the reservoir is 6 metres as shown in the diagram.

(This question continues on the following page)
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(Question 4 continued)

The second diagram shows a vertical cross section, MNOPC, of the reservoir.

diagram not to scale

80

6

M

N O

P

60

C

(a) Find the angle of depression from M to N. [2]

(b) (i)  Find CV.

(ii) Hence or otherwise, show that the volume of the reservoir is 29 600 m3. [5]

Every day 80 m3 of water from the reservoir is used for irrigation.

Joshua states that, if no other water enters or leaves the reservoir, then when it is full there is 
enough irrigation water for at least one year.

(c) By finding an appropriate value, determine whether Joshua is correct. [2]

To avoid water leaking into the ground, the five interior sides of the reservoir have been 
painted with a watertight material.

(d) Find the area that was painted. [5]
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5. [Maximum mark: 14]

Arianne plays a game of darts.

O

The distance that her darts land from the centre, O, of the board can be modelled by a 
normal distribution with mean 10 cm and standard deviation 3 cm.

(a) Find the probability that

(i) a dart lands less than 13 cm from O.

(ii) a dart lands more than 15 cm from O. [3]

Each of Arianne’s throws is independent of her previous throws.

(b) Find the probability that Arianne throws two consecutive darts that land more than
15 cm from O. [2]

In a competition a player has three darts to throw on each turn. A point is scored if a player 
throws all three darts to land within a central area around O. When Arianne throws a dart 
the probability that it lands within this area is 0.8143.

(c) Find the probability that Arianne does not score a point on a turn of three darts. [2]

In the competition Arianne has ten turns, each with three darts.

(d) (i)  Find the probability that Arianne scores at least 5 points in the competition.

(ii) Find the probability that Arianne scores at least 5 points and less than 8 points.

(iii) Given that Arianne scores at least 5 points, find the probability that Arianne
scores less than 8 points. [7]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 

4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 
 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) (i) 
560 7

, 0.4375
1280 16

 
 
 

 A1A1 

Note: Award A1 for correct numerator, A1 for correct denominator.  

 

  (ii) 
72 9

, 0.05625
1280 160

 
 
 

 A1A1 

Note: Award A1 for correct numerator, A1 for correct denominator. 

 

  (iii) 
153 51

, 0.439655...
348 116

 
 
 

 A1A1 

Note: Award A1 for correct numerator, A1 for correct denominator. 

 
  (iv) 160 224 128 205 131+ + + +   OR  560 512 224+ −   (M1) 
 

   
848 53

, 0.6625
1280 80

 
 
 

 A1A1 

 

Note: Award A1 for correct denominator (1280) seen, (M1) for correct 
calculation of the numerator, A1 for the correct answer.  

      [9 marks] 
 
 (b) 0H :  the variables are independent 

  1H :  the variables are dependent A1 

Note: Award A1 for both hypotheses correct.  Do not accept “not correlated” or “not related” 
in place of “independent”. 

      [1 mark] 
 
 (c) 4     A1 

      [1 mark] 
 
 (d) (i) 2( ) 23.3 (23.3258...)χ =  A2 
 
  (ii) 0.000109 (0.000108991...)  OR   41.09 10−×  A1 
 
  (iii)  EITHER 
   23.3 13.277>  R1 
   OR 
   0.000109 0.01<  R1 
   
   THEN 
   (there is sufficient evidence to accept H1 that) preferred device and age group are not 

independent A1 

Note: For the final A1 the answer must be in context.  Do not award A1R0. 

      [5 marks] 
      Total: [16 marks] 
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2. (a) 
12669 12300

100
12300

−
×   (M1) 

  3%      A1 
      [2 marks] 

 
 (b) (i) 1.03    A1 

Note: Follow through from part (a). 

 
  (ii) 1( ) 12300 1.03n

nu −= ×   A1 

 
  (iii) 10

11( ) 12300 1.03u = ×  (M1) 

   16530  A1 

Note: Answer must be to the nearest integer. Do not accept 16500. 

      [4 marks] 
 
 (c) ( ) 10380 600( 1)nv n= + −    OR   600 9780n +   M1A1 

Note: Award M1 for substituting into arithmetic sequence formula, 
A1 for correct substitution.  

      [2 marks] 
 

 (d) ( )10
80 2(10380) 9(600)

2
× +  (M1)(M1) 

Note: Award (M1) for multiplying by 80 and (M1) for substitution into sum 
of arithmetic sequence formula. 

 
  )($$10500000 10464000   A1 

      [3 marks] 
 

continued…  



 – 10 – N21/5/MATHY/SP2/ENG/TZ0/XX/M 

 

Question 2 continued 

 (e) 112300 1.03 10380 600( 1)n n−× < + −  or equivalent (M1) 

Note: Award M1 for equating their expressions from parts (b) and (c).  

 
  EITHER 
  graph showing 112300 1.03ny −= ×  and 10380 600( 1)y n= + −  (M1) 
  OR  
  graph showing ( )112300 1.03 10380 600( 1)ny n−= × − + −  (M1) 

  OR  
  list of values including, ( ) 17537nu =  and ( ) 17580nv =  (M1) 
  OR 
  12.4953...  from graphical method or solving numerical equality  (M1) 

Note: Award (M1) for a valid attempt to solve. 

 
  THEN 
  ( ) 13k =    A1 

      [3 marks] 
 
 (f) this will not guarantee enough places. A1  
  EITHER 
  A written statement that n nu v> , with range of n. R1 

Example: “when 24n =  (or greater), the number of applications will exceed the number of 
places again” (“ , 24n nu v n> ≥ ”).  

 
  OR 
  exponential growth will always exceed linear growth R1 

Note: Accept an equivalent sketch.  Do not award A1R0. 

      [2 marks] 
      Total: [16 marks] 
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3. (a) (i) maximum 130h =   metres A1 
 

  (ii) minimum 50h =   metres A1 
      [2 marks] 

 

 (b) (i) (60 12 ) 5÷ =  seconds A1 
 
  (ii) 360 5÷   (M1) 

Note: Award (M1) for 360 divided by their time for one revolution.  
 

   72=     A1 
      [3 marks] 

 

 (c) (i) (amplitude ) 40=  A1 
 

  (ii) (period 
360

72
= =  )  5 A1 

      [2 marks] 
 
 (d) 

 
 

  Maximum point labelled with correct coordinates. A1 
  At least one minimum point labelled. Coordinates seen for any minimum  

points must be correct. A1 
  Correct shape with an attempt at symmetry and “concave up" evident as it  

approaches the minimum points. Graph must be drawn in the given domain. A1 
 

   [3 marks] 

continued…  
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Question 3 continued 

 (e) (i) 90 40cos (144 )h = −   (M1) 
   ( ) 122m (122.3606.....)h =    A1 
 
  (ii) evidence of 100h =  on graph   OR   100 90 40cos (72 )t= −  (M1) 
   t coordinates 3.55 (3.54892...)   OR   1.45 (1.45107...)  or equivalent (A1) 

Note: Award A1 for either t-coordinate seen. 

 
   = 2.10  seconds  (2.09784…) A1 

      [5 marks] 
 
 (f) (i) 95 2.0 784− … (M1) 

   
(2.902153...)

5
 (M1) 

   0.580 (0.580430...)  A1 
  
  (ii) METHOD 1 

  changing the frequency/dilation of the graph will not change the proportion of time that 
point C is visible.  A1 

   0.580 (0.580430...)  A1 
 
   METHOD 2 
   correct calculation of relevant found values 

   
(2.902153...) / 2

5 / 2
 A1 

   0.580 (0.580430...)  A1 

Note: Award A0A1 for an unsupported correct probability. 

      [5 marks] 
      Total: [20 marks] 
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4. (a) 
6

tan ( )
10

θ =   (M1) 

  ( ) 31.0 (30.9637... )θ =     OR   0.540 (0.540419…) A1 
      [2 marks] 

 
 (b) (i)  (CV ) 40 tan ( )θ=    OR   (CV ) 4 6= ×  (M1) 

Note: Award (M1) for an attempt at trigonometry or similar triangles (e.g. ratios). 

   
   (CV ) 24 m=   A1 
 

  (ii)  2 21 1
( ) 80 24 60 18

3 3
V = × − ×  M1A1A1 

Note: Award M1 for finding the difference between the volumes of two pyramids, A1 for 
each correct volume expression.  The final A1 is contingent on correct working 
leading to the given answer. 
If the correct final answer is not seen, award at most M1A1A0. Award M0A0A0 
for any height derived from 29600V = , including 18.875 or 13.875.  

 
   3( ) 29600 mV =  AG 
 

      [5 marks] 
 
 (c) METHOD 1 

  
29600

370
80

 = 
 

 (days) A1 

  (370 366)>   Joshua is correct A1 

Note: Award A0A0 for unsupported answer of “Joshua is correct”. Accept 1.01... 1>  for 
the first A1 mark.  

 
  METHOD 2 
 
  380 366 29280 m× =   OR  380 365 29200 m× =  A1   

  (29280 29600)<   Joshua is correct A1 

Note: The second A1 can be awarded for an answer consistent with their result.  

 
      [2 marks] 

continued…  
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Question 4 continued 

 

 (d) height of trapezium is 2 210 6 ( 11.6619...)+ =   (M1) 

  area of trapezium is  2 280 60
10 6 ( 816.333...)

2

+
× + =   (M1)(A1) 

  2 2 280 60
( ) 4 10 6 60

2
SA

+ = × × + + 
 

  (M1) 

 

Note: Award M1 for adding 4 times their (MNOP) trapezium area to the area of the  
( 60 60× ) base.  

 
  2 2( ) 6870 m (6865.33 m )SA =  A1 

Note: No marks are awarded if the correct shape is not identified.  

      [5 marks] 
      Total: [14 marks] 
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5. (a) (i) Let X be the random variable “distance from O”. 
   2N (10, 3 )X   

   P ( 13) 0.841 (0.841344...)X < =  (M1)A1 
 

  (ii) ( )P ( 15) 0.0478 (0.0477903)X > =  A1 

      [3 marks] 
 

 (b) P ( 15) P ( 15)X X> × >  (M1) 
  0.00228 (0.00228391...)=  A1 

      [2 marks] 
 

 (c) 31 (0.8143)−   (M1) 
  0.460 (0.460050...)  A1 

      [2 marks] 
 

 (d) (i) METHOD 1 
   let Y be the random variable “number of points scored” 
   evidence of use of binomial distribution (M1) 
   B(10, 0.539949...)Y   (A1) 

   ( )P ( 5) 0.717 (0.716650...)Y ≥ = . A1 
 

   METHOD 2 
   let Q be the random variable “number of times a point is not scored” 
   evidence of use of binomial distribution (M1) 
   B(10, 0.460050...)Q   (A1) 

   ( )P ( 5) 0.717 (0.716650...)Q ≤ =  A1 

 
  (ii) ( )P 5 8Y≤ <   (M1) 

   0.628 (0.627788...)  A1 

Note:  Award M1 for a correct probability statement or indication of correct lower and 
upper bounds, 5 and 7.   

 

  (iii) 
P (5 8) 0.627788...

P ( 5) 0.716650...

Y

Y

≤ <  = ≥  
  (M1) 

   0.876 (0.876003...)   A1 
      [7 marks] 
      Total: [14 marks] 

 



© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



© International Baccalaureate Organization 2021

N21/5/MATHY/SP2/FRE/TZ0/XX

8821 – 7220
8 pages

Mardi 2 novembre 2021 (matin)

1 heure 30 minutes

Mathématiques : applications et interprétation
Niveau moyen
Épreuve 2

Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 16]

On a demandé à un groupe de 1280 élèves quel était leur appareil électronique préféré. 
Les résultats par groupe d’âge sont présentés dans le tableau suivant.

Âge

Appareil préféré 11–13 14–16 17–18 Total

Ordinateur portable 143 160 153  456

Tablette 205 224 131  560

Téléphone portable  72 128  64  264

Total 420 512 348 1280

(a) Un élève du groupe est choisi au hasard. Calculez la probabilité que l’élève

(i) préfère une tablette.

(ii) soit dans le groupe des 11–13 ans et préfère un téléphone portable.

(iii) préfère un ordinateur portable étant donné qu’il est dans le groupe des 17–18 ans.

(iv) préfère une tablette ou soit dans le groupe des 14–16 ans. [9]

Un test d’indépendance du    χ   2    a été effectué sur les données recueillies au niveau de 
signification de 1 %. La valeur critique pour le test est 13,277.

(b) Indiquez l’hypothèse nulle et l’hypothèse alternative. [1]

(c) Écrivez le nombre de degrés de liberté. [1]

(d) (i)  Écrivez la statistique du test du    χ   2   .

(ii) Écrivez la valeur  p .

(iii) Indiquez la conclusion du test dans le contexte de la question. Donnez une 
raison pour votre réponse. [5]



– 3 –

N21/5/MATHY/SP2/FRE/TZ0/XX

8821 – 7220

Tournez la page

2. [Note maximale : 16]

L’équipe des admissions d’une nouvelle université tente de prédire le nombre de candidatures 
d’étudiants qu’elle recevra chaque année.

Soit  n  le nombre d’années depuis l’ouverture de l’université. L’équipe des admissions 
collecte les données suivantes pour les deux premières années.

Année,  n Nombre de candidatures reçues durant l’année  n

1 12 300

2 12 669

(a) Calculez le pourcentage d’augmentation du nombre de candidatures entre la première 
et la deuxième année. [2]

On suppose que le nombre d’étudiants qui postulent à l’université chaque année suivra une 
suite géométrique,    u  n    .

(b) (i)  Écrivez la raison de la suite.

(ii) Trouvez une expression pour    u  n    .

(iii) Trouvez le nombre de candidatures que l’université espère recevoir lorsque   n = 11  . 
Exprimez votre réponse à l’entier le plus près. [4]

La première année, il y avait 10 380 places disponibles à l’université. L’équipe des admissions 
annonce que le nombre de places disponibles augmentera chaque année de 600.

Soit    v  n     le nombre de places disponibles à l’université l’année  n .

(c) Écrivez une expression pour    v  n    . [2]

Pour les 10 premières années depuis l’ouverture de l’université, toutes les places sont 
remplies. Les étudiants qui obtiennent une place paient chacun des frais d’acceptation 
se montant à 80 $ .

(d) Calculez le montant total des frais d’acceptation payés à l’université au cours 
des 10 premières années. [3]

Lorsque   n = k  , le nombre de places disponibles dépassera, pour la première fois,  
le nombre de candidatures.

(e) Trouvez  k . [3]

(f) Indiquez si, pour tout   n > k  , l’université aura des places disponibles pour tous 
les candidats. Justifiez votre réponse. [2]
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3. [Note maximale : 20]

Une éolienne est conçue pour que la rotation des pales génère de l’électricité. L’éolienne est 
construite sur un sol horizontal et se compose d’une tour verticale et de trois pales.

Le point A est à la base de la tour, directement en dessous du point B qui est situé au 
sommet de la tour. La hauteur de la tour, AB, est de 90 m. Les pales de l’éolienne sont 
centrées en B et chacune d’entre elles a une longueur de 40 m. Ceci est montré dans 
le diagramme suivant.

la figure n’est pas à l’échelle

A

C

B

h

90

40

sol

pale

Le bout d’une des pales de l’éolienne est représenté par le point C sur le diagramme. Soit  h  
la hauteur de C au-dessus du sol, mesurée en mètres, où  h  varie lorsque la pale tourne.

(a) Trouvez

(i) la valeur maximale de  h .

(ii) la valeur minimale de  h . [2]

Les pales de l’éolienne effectuent 12 tours complets par minute dans des conditions 
normales, se déplaçant à une vitesse constante.

(b) (i)  Trouvez le temps, en secondes, que prend la pale [BC] pour effectuer un tour 
complet dans ces conditions.

(ii) Calculez l’angle, en degrés, décrit par la pale [BC] en une seconde. [3]

(Suite de la question à la page suivante)
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(Suite de la question 3)

La hauteur,  h,  du point C peut être modélisée par la fonction suivante. Le temps,  t , est 
mesuré à partir de l’instant où la pale [BC] passe pour la première fois par [AB] et il est 
mesuré en secondes.

 h(t) = 90 − 40 cos (72 t   ∘ )  ,   t ≥ 0 

(c) (i)  Écrivez l’amplitude de la fonction.

(ii) Trouvez la période de la fonction. [2]

(d) Esquissez la fonction   h(t)   pour   0 ≤ t ≤ 5  , en légendant clairement les coordonnées 
des points maximum et minimum. [3]

(e) (i)  Trouvez la hauteur de C au-dessus du sol lorsque   t = 2  .

(ii) Trouvez le temps, en secondes, durant lequel le point C est au-dessus d’une 
hauteur de 100 m, pendant chaque tour complet. [5]

En regardant par sa fenêtre, Tim a une vue partielle de l’éolienne en rotation. La position 
de sa fenêtre fait en sorte qu’il ne peut voir aucune partie de l’éolienne qui se trouve à 
plus de 100 m au-dessus du sol. Ceci est illustré dans le diagramme suivant.

A

C

B

sol

pale

(f) (i)  À tout instant donné, trouvez la probabilité que le point C soit visible depuis 
la fenêtre de Tim.

La vitesse du vent augmente. Les pales tournent deux fois plus vite, mais toujours à 
une vitesse constante.

(ii) À tout instant donné, trouvez la probabilité que Tim puisse voir le point C depuis 
sa fenêtre. Justifiez votre réponse. [5]
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4. [Note maximale : 14]

Un grand réservoir d’eau est construit sous la forme d’une partie d’une pyramide droite à 
l’envers avec une base carrée horizontale dont le côté mesure 80 mètres de longueur.  
Le point C est le centre de la base carrée et le point V est le sommet de la pyramide.

la figure n’est pas à l’échelle

M

N

P

O

C

V

80

60
6

Le fond du réservoir est un carré dont le côté mesure 60 mètres de longueur et qui est 
parallèle à la base de la pyramide, de sorte que la profondeur du réservoir est de 6 mètres, 
tel qu’indiqué dans le diagramme.

(Suite de la question à la page suivante)
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(Suite de la question 4)

Le deuxième diagramme montre une coupe verticale, MNOPC, du réservoir.

la figure n’est pas à l’échelle

80

6

M

N O

P

60

C

(a) Trouvez l’angle de dépression de M à N. [2]

(b) (i) Trouvez CV.

(ii) À partir de là ou par toute autre méthode, montrez que le volume du réservoir 
est de 29 600 m3. [5]

Chaque jour, 80 m3 d’eau provenant du réservoir sont utilisés pour l’irrigation.

Joshua affirme que, s’il n’y a pas d’autre eau qui entre ou qui sort du réservoir, alors lorsque 
ce dernier est plein, il y a suffisamment d’eau pour l’irrigation pendant au moins un an.

(c) En trouvant une valeur appropriée, déterminez si l’affirmation de Joshua est correcte. [2]

Pour éviter que l’eau ne s’écoule dans le sol, les cinq côtés intérieurs du réservoir ont été 
peints avec un matériau étanche.

(d) Trouvez l’aire qui a été peinte. [5]
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5. [Note maximale : 14]

Arianne joue aux fléchettes.

O

La distance à laquelle ses fléchettes atterrissent par rapport au centre, O, de la cible peut être 
modélisée par une distribution normale avec une moyenne de 10 cm et un écart type de 3 cm.

(a) Trouvez la probabilité

(i) qu’une fléchette atterrisse à moins de 13 cm de O.

(ii) qu’une fléchette atterrisse à plus de 15 cm de O. [3]

Chacun des lancers d’Arianne est indépendant de ses lancers précédents.

(b) Trouvez la probabilité qu’Arianne lance deux fléchettes consécutives qui atterrissent à
plus de 15 cm de O. [2]

Dans une compétition, un joueur doit lancer trois fléchettes lors de son tour. Un point est 
marqué si les trois fléchettes lancées par le joueur atterrissent dans une zone centrale 
autour de O. Lorsqu’Arianne lance une fléchette, la probabilité qu’elle atterrisse dans cette 
zone est de 0,8143.

(c) Trouvez la probabilité qu’Arianne ne marque pas de point lors de son tour avec
trois fléchettes. [2]

Lors de la compétition, Arianne a dix tours, chacun avec trois fléchettes.

(d) (i)  Trouvez la probabilité qu’Arianne marque au moins 5 points dans la compétition.

(ii) Trouvez la probabilité qu’Arianne marque au moins 5 points et moins de 8 points.

(iii) Étant donné qu’Arianne marque au moins 5 points, trouvez la probabilité
qu’Arianne marque moins de 8 points. [7]

Références :
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Matemáticas: aplicaciones e interpretación
Nivel medio
Prueba 2

Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de matemáticas: 

aplicaciones e interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 16]

A un grupo de 1280 alumnos se les preguntó cuál era su dispositivo electrónico preferido. 
Los resultados, desglosados por grupo de edad, se muestran en la siguiente tabla.

Edad

Dispositivo 
preferido 11–13 14–16 17–18 Total 

Computadora 
portátil 143 160 153  456

Tableta 205 224 131  560

Teléfono móvil  72 128  64  264

Total 420 512 348 1280

(a) Se elige al azar a un alumno del grupo. Calcule la probabilidad de que el alumno:

(i) Prefiera una tableta.

(ii) Pertenezca al grupo de edad de 11–13 años y prefiera un teléfono móvil.

(iii) Prefiera una computadora portátil sabiendo que pertenece al grupo de edad de 
17–18 años.

(iv) Prefiera una tableta o pertenezca al grupo de edad de 14–16 años. [9]

Para determinar si hay independencia, se realizó una prueba (contraste) de    χ   2    con los datos 
obtenidos, a un nivel de significación del 1 %. El valor crítico para esta prueba es 13,277.

(b) Indique la hipótesis nula y la hipótesis alternativa. [1]

(c) Escriba el número de grados de libertad. [1]

(d) (i)  Escriba el estadístico de la prueba    χ   2   .

(ii) Escriba el valor del parámetro  p .

(iii) Indique cuál es la conclusión de la prueba en el contexto de la pregunta. Dé una 
razón que justifique su respuesta. [5]
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Véase al dorso

2. [Puntuación máxima: 16]

En el equipo de admisiones de una nueva universidad están tratando de predecir el número 
de solicitudes de alumnos que recibirán cada año.

Sea  n  el número de años que lleva funcionando la universidad. El equipo de admisiones 
obtiene los siguientes datos correspondientes a los dos primeros años.

Año (n) Número de solicitudes recibidas el año  n

1 12 300

2 12 669

(a) Calcule el aumento porcentual de las solicitudes entre el primer año y el segundo. [2]

Se supone que el número de alumnos que solicitan plaza en esta universidad cada año 
sigue una progresión geométrica    u  n    .

(b) (i)  Escriba la razón común de la progresión.

(ii) Halle una expresión para    u  n    .

(iii) Halle el número de solicitudes de alumnos que la universidad espera recibir cuando   
n = 11  . Exprese la respuesta redondeando al número entero más próximo. [4]

El primer año, esta universidad tenía 10 380 plazas disponibles para solicitantes. El equipo 
de admisiones anunció que, cada año, aumentaría en 600 el número de plazas disponibles.

Sea    v  n     el número de plazas que hay disponibles en esta universidad el año  n .

(c) Escriba una expresión para    v  n    . [2]

Durante los 10 primeros años de funcionamiento de la universidad, se han cubierto todas las 
plazas. Los alumnos que consiguen plaza pagan USD 80 cada uno en concepto de cuota 
de admisión.

(d) Calcule la cantidad total que se ha pagado a la universidad en concepto de cuotas de 
admisión durante los 10 primeros años. [3]

Cuando   n = k  , el número de plazas disponibles superará, por vez primera, el número de 
alumnos que solicitan plaza.

(e) Halle  k . [3]

(f) Indique si, para todo   n > k  , la universidad tendrá plazas disponibles para todos los 
solicitantes. Justifique su respuesta. [2]
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3. [Puntuación máxima: 20]

Una turbina eólica se ha diseñado de modo que genere energía eléctrica con la rotación de 
las palas. La turbina está instalada en un terreno horizontal y está compuesta por una torre 
vertical y tres palas.

El punto A se encuentra en la base de la torre y justo debajo del punto B, que está en la 
parte superior de la torre. La altura de la torre (AB) es igual a 90 m. Las palas de la turbina 
coinciden en B y cada una de ellas tiene una longitud de 40 m. Toda esta información se 
representa en la siguiente figura.

la figura no está dibujada a escala

A

C

B

h

90

40

suelo

pala

El extremo de una de las palas de la turbina se representa mediante el punto C en la figura. 
Sea  h  la altura (medida en metros) de C con respecto al suelo, donde  h  varía a medida que 
la pala va rotando.

(a) Halle:

(i) El valor máximo de  h 

(ii) El valor mínimo de  h  [2]

En condiciones normales, las palas de la turbina realizan 12 rotaciones completas por 
minuto, moviéndose a velocidad constante.

(b) (i)  Halle el tiempo (en segundos) que tarda la pala [BC] en realizar una rotación 
completa en estas condiciones.

(ii) Calcule el ángulo (en grados) que rota la pala [BC] en un segundo. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 3: continuación)

La altura (h) del punto C se puede modelizar mediante la siguiente función. El tiempo  t  
(dado en segundos) se mide desde el instante en el que la pala [BC] pasa por primera 
vez por [AB].

 h(t) = 90 − 40 cos (72 t   ∘ )  ,   t ≥ 0  .

(c) (i)  Escriba la amplitud de la función.

(ii) Halle el período de la función. [2]

(d) Dibuje aproximadamente la función   h(t)   para   0 ≤ t ≤ 5  , rotulando claramente las 
coordenadas de los máximos y de los mínimos. [3]

(e) (i)  Halle la altura de C con respecto al suelo cuando   t = 2  .

(ii) Halle el tiempo (en segundos) que pasa el punto C a una altura de más de 100 m 
en cada rotación completa. [5]

Cuando mira por su ventana, Tim tiene una visión parcial de la turbina eólica giratoria. 
La posición de la ventana es tal que Tim no puede ver ninguna zona de la turbina eólica 
que esté a más de 100 m del suelo. Esta información se representa en la siguiente figura.

A

C

B

suelo

pala

(f) (i)  En un instante cualquiera, halle la probabilidad de que el punto C sea visible 
desde la ventana de Tim.

La velocidad del viento aumenta. Las palas rotan al doble de velocidad, pero siguen 
yendo a un ritmo constante.

(ii) En un instante cualquiera, halle la probabilidad de que Tim pueda ver el punto C 
desde su ventana. Justifique su respuesta. [5]
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4. [Puntuación máxima: 14]

Un depósito de agua de gran tamaño tiene la forma de un trozo de pirámide recta invertida, 
cuya base cuadrada horizontal mide 80 metros de lado. El punto C es el centro de la base 
cuadrada y el punto V es el vértice de la pirámide.

la figura no está dibujada a escala

M

N

P

O

C

V

80

60
6

La parte inferior del depósito es un cuadrado de 60 metros de lado que es paralelo a la 
base de la pirámide, de modo que la profundidad del depósito es igual a 6 metros, como se 
muestra en la figura.

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 4: continuación)

La segunda figura muestra una sección transversal vertical (MNOPC) del depósito.

la figura no está dibujada a escala

80

6

M

N O

P

60

C

(a) Halle el ángulo de depresión desde M hasta N. [2]

(b) (i) Halle CV.

(ii) A partir de lo anterior o de cualquier otro modo, muestre que el volumen del 
depósito es igual a 29 600 m3. [5]

Cada día se utilizan 80 m3 de agua del depósito para regar.

Joshua afirma que, si no hay más agua que entre al depósito o que salga de él, cuando el 
depósito está lleno hay suficiente agua para regar durante al menos un año.

(c) Hallando un valor que resulte apropiado, determine si Joshua tiene razón. [2]

Para evitar que haya fugas de agua, se han pintado las cinco caras interiores del depósito 
con un material impermeable.

(d) Halle el área que se ha pintado. [5]
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5. [Puntuación máxima: 14]

Arianne juega una partida de dardos.

O

La distancia entre el lugar donde se clavan los dardos de Arianne y el centro (O) de la diana 
sigue una distribución normal de media 10 cm y desviación típica igual a 3 cm.

(a) Halle la probabilidad de que Arianne:

(i) Clave un dardo a menos de 13 cm de O.

(ii) Clave un dardo a más de 15 cm de O. [3]

Cada uno de los lanzamientos de Arianne es independiente de sus lanzamientos anteriores.

(b) Halle la probabilidad de que Arianne clave dos dardos consecutivos a más de
15 cm de O. [2]

En una partida, cada jugador lanza tres dardos en cada turno. El jugador consigue un punto 
si clava todos los dardos (los tres) dentro de la zona central que hay alrededor de O. Cuando 
Arianne lanza un dardo, la probabilidad de que lo clave dentro de esta zona es igual a 0,8143.

(c) Halle la probabilidad de que Arianne no consiga un punto en uno de esos turnos
donde lanza tres dardos. [2]

En la partida Arianne tiene diez turnos, cada uno con tres dardos.

(d) (i)  Halle la probabilidad de que Arianne obtenga al menos 5 puntos en esta partida.

(ii) Halle la probabilidad de que Arianne obtenga al menos 5 puntos y menos de
8 puntos.

(iii) Sabiendo que Arianne obtiene al menos 5 puntos, halle la probabilidad de que
Arianne obtenga menos de 8 puntos. [7]
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© Organización del Bachillerato Internacional, 2021



N21/5/MATHY/SP2/SPA/TZ0/XX/M 
 
 
 

16 páginas 

Esquema de calificación 

Noviembre de 2021 

Matemáticas:  
aplicaciones e interpretación 

Nivel Medio 

Prueba 2 
 
 



– 2 – N21/5/MATHY/SP2/SPA/TZ0/XX/M 

© International Baccalaureate Organization 2021

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2021

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2021

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



 – 3 – N21/5/MATHY/SP2/SPA/TZ0/XX/M 

 

Instrucciones para los examinadores 
 
Abreviaturas 
 
M Puntos concedidos por tratar de utilizar un Método correcto. 
A Puntos concedidos por una Respuesta (en inglés, Answer) o por Precisión (en inglés, Accuracy); 

a menudo dependen de los puntos M precedentes. 
R Puntos concedidos por un Razonamiento claro. 
AG Respuesta dada (del inglés Answer Given) en la propia pregunta, por lo que no se concede ningún 

punto. 
FT Arrastre de error (del inglés Follow Through). La práctica de conceder puntos, a pesar de que el 

alumno haya cometido errores en apartados anteriores, por sus métodos/respuestas correctos a 
partir de resultados incorrectos. 

 
 
Uso del esquema de calificación 
 
1 General 
 

Conceda los puntos utilizando las anotaciones como se indica en el esquema de calificación 
p. ej., M1, A2. 

 
 
2 Puntuación por método y por respuesta/precisión 
 

• No conceda automáticamente la puntuación máxima cuando la respuesta sea correcta; se 
debe comprobar todo el procedimiento (el desarrollo del ejercicio) y puntuar la pregunta 
conforme al esquema de calificación. 

• Por lo general, no se puede conceder M0 seguido de A1, puesto que los puntos A dependen 
de los puntos M precedentes (si los hay). 

• Cuando se indica en la misma línea una puntuación M y otra A (p. ej., M1A1), esto 
normalmente significa que se conceda M1 por intentar utilizar un método adecuado (p. ej., 
sustituir en una fórmula) y A1 por utilizar los valores correctos. 

• Cuando aparecen dos o más puntuaciones A en la misma línea es porque cada una se puede 
conceder de manera independiente; así pues, si el primer valor es incorrecto pero los dos 
siguientes son correctos, se ha de conceder A0A1A1. 

• Allí donde el esquema de calificación especifique A3, M2, etc., no subdivida las puntuaciones a 
menos que haya una nota al respecto. 

• En la respuesta a una pregunta del tipo “mostrar que” no es necesario volver a escribir la línea 
AG, a no ser que una Nota lo indique de manera explícita en el esquema de calificación. 

• Una vez que vea en la hoja la respuesta correcta a una pregunta o a un apartado de una 
pregunta, ignore cualquier desarrollo adicional, incluso si es incorrecto o sugiere que el alumno 
no ha comprendido bien la pregunta. Esto fomenta un enfoque uniforme para la corrección, 
menos dependiente del criterio del examinador. Aunque algunos alumnos puedan verse 
beneficiados en ese elemento concreto de la pregunta, es probable que estos alumnos también 
pierdan puntos en otros lugares. 
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• Una excepción a la regla anterior ocurre cuando una respuesta incorrecta del desarrollo 
adicional se utiliza en un apartado posterior. Por ejemplo, cuando un valor exacto correcto 
viene seguido de una aproximación decimal incorrecta en el primer apartado y, a continuación, 
se utiliza esta aproximación en el segundo apartado. En esta situación, conceda los puntos FT 
que corresponda, pero no conceda el A1 final en el primer apartado. Ejemplos: 

 
 Respuesta 

correcta 
incluida 

Desarrollo 
adicional 
incluido 

¿Alguna cuestión 
relacionada con la 
puntuación FT? 

Acción 

1. 
8 2  

5,65685...  
(valor decimal 

incorrecto) 

No. 
Último apartado de la 
pregunta. 

Conceda A1 en la puntuación 
final (no penalice el desarrollo 
adicional incorrecto). 

2. 
35

72
  

0,468111… 
(valor decimal 

incorrecto) 

Sí.  
El valor se utiliza en 
apartados posteriores. 

Conceda A0 en la puntuación 
final (y pueden otorgarse 
todos los puntos FT en los 
apartados posteriores). 

 
 
3 Puntuaciones implícitas 
 
 Las puntuaciones implícitas se muestran entre paréntesis; p. ej., (M1). Solo se pueden conceder 

si el alumno ha incluido el procedimiento correcto o si dicho procedimiento ha quedado implícito en 
otro desarrollo/respuesta posterior. 

 
 

4 Puntuaciones de arrastre de error (solo se aplican después de haberse cometido un error) 
 
 Las puntuaciones de arrastre de error (FT) se conceden cuando una respuesta incorrecta dada en 

un apartado de una pregunta se utiliza correctamente en los apartados posteriores (p. ej., un valor 
incorrecto del apartado (a) se utiliza en el apartado (d), o un valor incorrecto del subapartado (c)(i) 
se utiliza en el subapartado (c)(ii)). Por lo general, para poder conceder puntos FT, el alumno tiene 
que haber incluido el desarrollo del ejercicio (no tan solo una respuesta final basada en la 
respuesta incorrecta dada en un apartado anterior). Sin embargo, si todos los puntos que tiene 
asignados un apartado posterior corresponden a la respuesta o son implícitos, entonces se deben 
conceder puntos FT por su respuesta correcta incluso si no ha incluido el desarrollo. 

 
 Por ejemplo: tras una respuesta incorrecta al apartado (a) que se utiliza en apartados posteriores, 

cuando el esquema de calificación indique (M1)A1 en el apartado posterior, es posible conceder la 
puntuación máxima por su respuesta correcta sin que haya incluido ningún desarrollo. Para 
preguntas más largas donde todas las puntuaciones son implícitas salvo los puntos de respuesta, 
esta regla es aplicable pero puede invalidarse mediante una Nota en el esquema de calificación.  

  
• Dentro de un apartado dado, una vez que se ha cometido un error ya no se pueden conceder 

más puntos A en otras partes del desarrollo que hagan uso de ese error. Sin embargo, sí que 
se pueden conceder puntos M si procede. 
 

• Si la pregunta resulta mucho más sencilla debido a un error, utilice su propio criterio para 
conceder menos puntos FT, reflexionando sobre a qué corresponde cada puntuación y cómo 
se traslada eso a la versión simplificada.  
 

• Si el error conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sin 1,5θ =
, un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 
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• Es posible que en el esquema de calificación se utilice la palabra “su(s)” en una descripción; 
con esto se quiere indicar que los alumnos quizá estén empleando un valor incorrecto. 
 

• Si la respuesta del alumno a la pregunta inicial contradice claramente la información 
proporcionada en el enunciado de la pregunta, no es apropiado conceder ningún punto FT en 
los apartados posteriores. Esto incluye cuando los alumnos no logran completar correctamente 
una pregunta del tipo “mostrar que” y, en los siguientes apartados, utilizan su respuesta 
incorrecta en vez del valor proporcionado en el enunciado. 
 

• Las excepciones a estas reglas de FT se indicarán de manera explícita en el esquema de 
calificación. 
 

• Si un alumno comete un error en un apartado pero obtiene las respuestas correctas en los 
apartados posteriores, conceda puntos según corresponda, a no ser que el término de 
instrucción fuera “A partir de lo anterior”. 

 
 
5 Errores de lectura 
 

Si un alumno comete un error al copiar en su hoja los valores o datos de la pregunta, esto se 
considera un “error de lectura” (MR, del inglés MisRead). A un alumno solo se le puede penalizar 
una vez por un error de lectura dado. Utilice el sello MR para indicar que se ha producido un error 
de lectura y no conceda el primer punto, aunque se trate de un punto M, pero conceda todos los 
demás según corresponda. 

 

• Si la pregunta resulta mucho más sencilla debido al error de lectura (MR), utilice su propio 
criterio para conceder menos puntos. 

 
• Si el MR conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sin 1,5θ = , 

un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 

 
• Si el alumno comete un error al copiar su propio trabajo, eso no es un error de lectura, sino un 

error ordinario. 

 
• Si el alumno utiliza una respuesta correcta a una pregunta del tipo “mostrar que” con un grado 

de precisión mayor del que se proporciona en el enunciado, eso NO es un error de lectura y se 
puede obtener la puntuación máxima en el apartado posterior. 

 
• Los errores de lectura (MR) solo se pueden aplicar cuando el alumno haya incluido el 

desarrollo del ejercicio. En aquellas preguntas de calculadora donde no esté incluido el 
procedimiento y se haya dado una respuesta incorrecta, los examinadores no deben inferir que 
el alumno ha leído/copiado mal los valores de la calculadora. 
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6 Métodos alternativos 
 

En ocasiones, los alumnos utilizan métodos distintos de los que aparecen en el esquema de 
calificación. A menos que en la pregunta se especifique qué método se ha de utilizar, el uso de 
métodos alternativos correctos no se ha de penalizar, sino que se ha de puntuar conforme a lo que 
indica el esquema de calificación. Si el término de instrucción es “A partir de lo anterior” y no “A 
partir de lo anterior o de cualquier otro modo”, entonces no se permiten métodos alternativos a no 
ser que se indique mediante una nota en el esquema de calificación. 
 
• Cuando se incluyen varios métodos alternativos para toda una pregunta, aparecen señalados 

mediante los encabezamientos MÉTODO 1, MÉTODO 2, etc. 

• Las soluciones alternativas para un apartado dado de una pregunta se indican mediante el 
encabezamiento O BIEN... O BIEN. 

 
 
7 Formas alternativas 
 

 A menos que en la pregunta se especifique lo contrario, acepte formas equivalentes. 
 

• Dado que se trata de un examen internacional, acepte todas las formas alternativas de 
notación, por ejemplo 1.9 y 1,9; o 1000, 1,000 y 1.000 .  

 
• No acepte respuestas finales escritas con notación de calculadora. Sin embargo, se pueden 

obtener puntos M y puntos A intermedios en los que la información se haya presentado 
utilizando notación de calculadora, siempre que la evidencia refleje claramente el requisito para 
conceder la puntuación.  

 
• En el esquema de calificación, las formas numéricas y algebraicas equivalentes suelen 

aparecer escritas entre paréntesis, justo a continuación de la respuesta. 

 
• En el esquema de calificación, algunas respuestas equivalentes suelen aparecer escritas 

entre paréntesis. En el esquema de calificación no se presentan todas las 
notaciones/respuestas/métodos equivalentes, y se pide a los examinadores que apliquen su 
criterio de forma apropiada para evaluar si el trabajo del alumno es equivalente. 
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8 Formato y precisión de las respuestas 
 

Cuando el grado de precisión se especifique en el enunciado de la pregunta, uno de los puntos se 
concederá por dar la respuesta con la precisión requerida. Si el grado de precisión no se indica en 
la pregunta, deben aplicarse las siguientes reglas: todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas. 

 
 Cuando se utilicen los valores en apartados posteriores, el esquema de calificación generalmente 

empleará el valor exacto, si bien los alumnos también pueden usar la respuesta correcta con 3 cifras 
significativas en los apartados posteriores. El esquema de calificación con frecuencia indicará los 
valores posteriores que resulten “de utilizar valores con 3 cifras significativas”. 

 
 Simplificación de las respuestas finales: Se aconseja a los alumnos que den las respuestas 

finales utilizando una forma matemática adecuada. En general, para conceder una puntuación A, 
se debe completar la aritmética y simplificar cualquier valor que conduzca a un número entero; por 

ejemplo, 
25

4
 debe escribirse como 

5

2
. Una excepción a lo anterior es la simplificación de 

fracciones, donde no se requiere la forma más sencilla (si bien el numerador y el denominador 

deben ser números enteros); por ejemplo, 
10

4
 se puede dejar así o escribirla como 

5

2
. Sin 

embargo, 
10

5
 se debe escribir como 2, dado que se simplifica para dar un número entero. 

 Las expresiones algebraicas se deben simplificar realizando cualquier operación como la adición y 
la multiplicación; p. ej., 2 34e ex x×  se debe simplificar a 54e x , y 2 3 4  4e e e ex x x x× − ×  se debe 

simplificar a 53e x . A no ser que se especifique en la pregunta, no es necesario factorizar las 

expresiones ni tampoco desarrollar las expresiones factorizadas, de modo que ( 1)x x +  y 2x x+  
son ambas aceptables.  

 Tenga presente: para obtener los puntos A intermedios NO es necesario simplificar las respuestas. 
 
 
9 Calculadoras 
 

Para esta prueba se necesita una calculadora de pantalla gráfica, pero si se topa con un ejercicio 
que sugiera que el alumno ha utilizado algún tipo de calculadora no permitida en los exámenes del 
PD del IB (p. ej., dispositivos dotados de un sistema algebraico computacional), siga los 
procedimientos establecidos para abordar la conducta improcedente. 

 
 
10. Presentación del trabajo del alumno 
 
 Procedimiento tachado: Si el alumno (en las hojas que contienen sus respuestas) ha trazado 

una línea cubriendo parte del procedimiento, o ha tachado de algún otro modo parte del 
procedimiento, no conceda ningún punto por esa parte del procedimiento, a no ser que haya una 
nota del alumno que indique explícitamente que quiere que se corrija esa parte del procedimiento. 

 
 Más de una solución: Cuando un alumno ofrezca dos o más respuestas distintas a una misma 

pregunta, el examinador solo debe puntuar la primera respuesta, a no ser que el alumno haya 
indicado lo contrario. Si la presentación de las respuestas hace que resulte difícil juzgar cuál es “la 
primera”, los examinadores deben aplicar su criterio de manera apropiada para determinarlo. 
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1. (a) (i) 
560 7

, 0,4375
1280 16

 
 
 

 A1A1 

Nota: Conceda A1 por un numerador correcto y A1 por un denominador correcto. 

 

  (ii) 
72 9

, 0,05625
1280 160

 
 
 

 A1A1 

Nota: Conceda A1 por un numerador correcto y A1 por un denominador correcto. 

 

  (iii) 
153 51

, 0,439655...
348 116

 
 
 

 A1A1 

Nota: Conceda A1 por un numerador correcto y A1 por un denominador correcto.  

 
  (iv) 160 224 128 205 131+ + + +   O BIEN  560 512 224+ −   (M1) 

   
848 53

, 0,6625
1280 80

 
 
 

 A1A1 

Nota: Conceda A1 por el denominador correcto (1280) incluido en el desarrollo, M1 por 
calcular correctamente el numerador, A1 por la respuesta correcta. 

      [9 puntos] 
 
 (b) 0H :  Las variables son independientes. 

  1H :  Las variables son dependientes. A1 

Nota: Conceda A1 si las dos hipótesis son correctas.  No acepte “no 
correlacionadas” ni "no relacionadas" en lugar de “son independientes”. 

      [1 punto] 
 
 (c) 4     A1 

      [1 punto] 

Continúa en la página siguiente...  



 – 9 – N21/5/MATHY/SP2/SPA/TZ0/XX/M 

 

Continuación de la Pregunta 1 

 (d) (i) 2( ) 23,3 (23,3258...)χ =  A2 
 
  (ii) 0,000109 (0,000108991...)    O BIEN   41,09 10−×  A1 
 
  (iii)  O BIEN 
   23,3 13,277>  R1 
   O BIEN 
   0,000109 0,01<  R1 
   
   POR LO TANTO 
   (Hay suficientes pruebas para aceptar H1; es decir, que)  

el dispositivo preferido y el grupo de edad no son independientes A1 

Nota: Para poder lograr el A1 final, la respuesta se ha de dar en contexto. 
No conceda A1R0. 

[5 puntos] 
      Total: [16 puntos] 
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2. (a) 
12669 12300

100
12300

−
×   (M1) 

  3%      A1 
      [2 puntos] 

 
 (b) (i) 1,03    A1 

Nota: Arrastre de error a partir del apartado (a). 

 
  (ii) 1( ) 12300 1,03n

nu −= ×   A1 

 
  (iii) 10

11( ) 12300 1,03u = ×  (M1) 

   16 530  A1 

Nota: La respuesta debe estar redondeada al entero más próximo. No acepte 16 500. 

      [4 puntos] 
 
 (c) ( ) 10380 600( 1)nv n= + −    O BIEN   600 9780n +  M1A1 

Nota: Conceda M1 por haber sustituido valores en la fórmula de la 
progresión aritmética y A1 por haberlos sustituido correctamente. 

      [2 puntos] 
 

 (d) ( )10
80 2(10380) 9(600)

2
× +  (M1)(M1) 

Nota: Conceda (M1) por haber multiplicado por 80 y (M1) por haber 
sustituido correctamente valores en la fórmula de la suma de los n 
primeros términos de una progresión aritmética. 

 
  USD 10500000 USD 10464000)(   A1 

      [3 puntos] 

Continúa en la página siguiente...  
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Continuación de la Pregunta 2 

 (e) 112300 1,03 10380 600( 1)n n−× < + −  o equivalente (M1) 

Nota: Conceda M1 por una igualdad o desigualdad de sus expresiones procedentes 
de los apartados (b) y (c).  

 
  O BIEN 
  Por un gráfico donde se muestre 112300 1,03ny −= ×  y 10380 600( 1)y n= + − (M1) 
  O BIEN  
  Por un gráfico donde se muestre ( )112300 1,03 10380 600( 1)ny n−= × − + −  (M1) 

  O BIEN  
  Por una lista de valores que incluya ( ) 17537nu =  y ( ) 17580nv =  (M1) 
  O BIEN  
  12,4953...  hallado mediante un método gráfico o resolviendo la igualdad numérica  

Nota: Conceda (M1) por un intento válido de resolución.  

 
  POR LO TANTO 
  ( ) 13k =    A1 

      [3 puntos] 
 
 (f) Eso no garantizará que haya suficientes plazas. A1  
  O BIEN 
  Una enunciado escrito acerca de n nu v>  con un rango de valores para n.  

Ejemplo “Cuando 24n = (o mayor), el número de solicitudes volverá a superar el número de 
plazas” (“ n nu v> , 24n ≥ ”).  R1 

 
  O BIEN 
  El crecimiento exponencial siempre superará el crecimiento lineal R1 

Nota: Acepte un dibujo aproximado equivalente.  No conceda A1R0. 

      [2 puntos] 
      Total: [16 puntos] 
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3. (a) (i)  Valor máximo de 130h =  metros A1 
 
  (ii)  Valor mínimo de 50h =  metros A1 

      [2 puntos] 
 
 (b) (i) (60 12 ) 5÷ =  segundos A1 
 
  (ii) 360 5÷   (M1) 

Nota: Conceda (M1) por 360 dividido por su tiempo para una rotación. 
 

   72=     A1 
      [3 puntos] 

 
 (c) (i) (amplitud ) 40=  A1 
 

  (ii) (período 
360

72
= =  )  5 A1 

      [2 puntos] 
 
 (d) 

 
 
  Punto máximo rotulado con las coordenadas correctas.  A1 
  Al menos debe haber un punto mínimo rotulado. Las coordenadas que se incluyan para 

cualquiera de los puntos mínimos deben ser correctas.  A1 
  Una forma correcta con un intento de que sea simétrica y en la que sea evidente la 

concavidad positiva al aproximarse a los puntos mínimos. El gráfico debe estar dibujado en 
el dominio dado.  A1 

 [3 puntos] 
Continúa en la página siguiente...  
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Continuación de la Pregunta 3 

 (e) (i) 90 40cos (144 )h = −   (M1) 
   122 m (122,3606...)h =  A1 
 
  (ii) Evidencia en el gráfico de 100h =    O BIEN   100 90 40cos (72 )t= −  (M1) 
   Coordenadas t :  3.55 (3.54892...)    O BIEN  1,45 (1,45107...) ,  
   o equivalente (A1) 

Nota: Conceda A1 si ha incluido cualquiera de las dos coordenadas t. 

 
   = 2,10  segundos (2,09784…) A1 

      [5 puntos] 
 
 (f) (i) 95 2,0 784− … (M1) 

   
(2,902153...)

5
 (M1) 

   0,580 (0,580430...)  A1 
  
  (ii) MÉTODO 1 

  Al cambiar la frecuencia/dilatación del gráfico no varía  
la proporción de tiempo en que el punto C es visible.  A1 

   0,580 (0,580430...)  A1 
 
   MÉTODO 2 
   Cálculo correcto con los valores pertinentes hallados 

   
(2,902153...) / 2

5 / 2
 A1 

   0,580 (0,580430...)  A1 

Nota: Conceda A0A1 si ha dado una respuesta correcta, pero sin justificarla o 
respaldarla con argumentos.  

 [5 puntos] 
      Total: [20 puntos] 
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4. (a) 
6

tan ( )
10

θ =   (M1) 

  ( ) 31,0 (30,9637... )θ =     O BIEN   0,540 (0,540419…) A1 
      [2 puntos] 

 
 (b) (i) (CV ) 40 tan ( )θ=    O BIEN   (CV ) 4 6= ×  (M1)A1 

Nota: Conceda (M1) por intentar utilizar trigonometría o triángulos semejantes 
(p. ej., razones). 

 
   (CV ) 24 m=  
 

  (ii)  2 21 1
( ) 80 24 60 18

3 3
V = × − ×  M1A1A1 

Nota: Conceda M1 por haber hallado la diferencia entre los volúmenes de dos pirámides, A1 
por cada expresión del volumen que sea correcta. Conceda M0A0A1 si solo ha dado un 
volumen correcto. 
Si no llegan a la respuesta correcta final, conceda como máximo M1A1A0.  Conceda 
M0A0A0 por usar una altura que proviene de 29600V = , incluyendo 18,875 y 13,875.  

 
   3( ) 29600 mV =  AG 

      [5 puntos] 
 
 (c) MÉTODO 1 

  
29600

370
80

 = 
 

  A1 

  (370 366)>   Joshua tiene razón A1 

Nota: Conceda A0A0 si su respuesta es “Joshua tiene razón” pero no está 
justificada o respaldada por argumentos.  
Acepte 1,01... 1>  para conceder el primer punto A1. 

 
  MÉTODO 2 
 
  380 366 29280 m× =   O BIEN  380 365 29200 m× =  A1   

  (29280 29600)<  Joshua tiene razón A1 

Nota: Se puede conceder el segundo A1 por una respuesta coherente con su resultado. 

 [2 puntos] 

Continúa en la página siguiente...  
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Continuación de la Pregunta 4 

 (d) La altura del trapecio es 2 210 6 ( 11,6619...)+ =   (M1) 

  El área del trapecio es 2 280 60
10 6 ( 816,333...)

2

+
× + =   (M1)(A1) 

  2 2 280 60
( ) 4 10 6 60

2

+ = × × + + 
 

Área pintada     (M1) 

Nota: Conceda M1 por sumar 4 veces su área del trapecio (MNOP) al área 
de la base ( 60 60× ). 

 
  2 2( ) 6870 m (6865,33 m )=Área pintada  A1 

Nota: No conceda puntos si no se identifica la figura correcta. 

       
[5 puntos] 

      Total: [14 puntos] 
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5. (a) (i) Sea X la variable aleatoria “distancia a O”. 
   2N (10, 3 )X   

   P ( 13) 0,841 (0,841344...)X < =  (M1)A1 
 
  (ii) ( )P ( 15) 0,0478 (0,0477903)X > =  A1 

      [3 puntos] 
 
 (b) P ( 15) P ( 15)X X> × >  (M1) 
  0,00228 (0,00228391...)=  A1 

      [2 puntos] 
 

 (c) ( )3
1 0,8143−   (M1) 

  0,460 (0,460050...)=  A1 
      [2 puntos] 

 
 (d) (i) MÉTODO 1 
   Sea Y la variable aleatoria “número de puntos que ha obtenido”. 
   Si hay pruebas de que ha utilizado la distribución binomial (M1) 
   B(10, 0,539949...)Y   (A1) 
   P ( 5) 0,717 (0,716650...)Y ≥ =  A1 
 
   MÉTODO 2 
   Sea Q la variable aleatoria “número de veces que no obtiene un punto”. 
   Si hay pruebas de que ha utilizado la distribución binomial (M1) 
   B(10, 0,460050...)Q   (A1) 

   ( )P ( 5) 0,717 (0,716650...)Q ≤ =  A1 

 
  (ii) ( )P 5 8Y≤ <   (M1) 

   0,628 (0,627788...)=  A1 

Nota: Conceda M1 por un enunciado de probabilidad o alguna indicación de límites 
inferior y superior correctos, 5 y 7.  

 

  (iii) 
P (5 8) 0,627788...

P ( 5) 0,716650...

Y

Y

≤ <
=

≥
  (M1) 

   0,876 (0,876003...)=   A1 
      [7 puntos] 
      Total: [14 puntos] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Find the value of 
3 5

1

9 x

x
x

−







∫ d .
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Turn over

2. [Maximum mark: 7]

A survey at a swimming pool is given to one adult in each family. The age of the 
adult,  a  years old, and of their eldest child,  c  years old, are recorded.

The ages of the eldest child are summarized in the following box and whisker diagram.

diagram not to scale

2 6 7 10 18

ages of eldest child (years)

(a) Find the largest value of  c  that would not be considered an outlier. [3] 

The regression line of  a  on  c  is 
7

20
4

a c= + . The regression line of  c  on  a  is 
1

9
2

c a= - .

(b) (i)  One of the adults surveyed is 42 years old. Estimate the age of their eldest child.

(ii) Find the mean age of all the adults surveyed. [4]
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3. [Maximum mark: 7]

Consider the functions c( ) 3sin osx xf x +=  where  0 ≤ x ≤ π  and  g (x) = 2x  where  x ∈  .

(a) Find  ( f  g)(x) . [2]

(b) Solve the equation  ( f  g)(x) = 2 cos 2x  where  0 ≤ x ≤ π . [5]
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Turn over

4. [Maximum mark: 5]

Consider the curve with equation  y = (2x - 1)ekx , where  x ∈   and  k ∈  . 

The tangent to the curve at the point where  x = 1  is parallel to the line  y = 5ekx .

Find the value of  k .
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5. [Maximum mark: 7]

Consider  f (x) = 4 sin x + 2.5  and 
3

( ) 4sin 2.5
2

g x x q
π = - + + 

 
, where  x ∈   and  q > 0 .

The graph of  g  is obtained by two transformations of the graph of  f .

(a) Describe these two transformations. [2]

The y-intercept of the graph of  g  is at  (0 , r) .

(b) Given that  g (x) ≥ 7 , find the smallest value of  r . [5]
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Turn over

6. [Maximum mark: 5]

Consider the expansion of 8
1

2
3x

x

n

−





  where  n ∈ + . Determine all possible values of  n  for 

which the expansion has a non-zero constant term.
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7. [Maximum mark: 8]

The continuous random variable  X  has probability density function

f x

k

x
x

( )
,

,

= −
≤ ≤





4 3

0 1

0

2

otherwise.

(a) Find the value of  k . [4]

(b) Find  E (X )  . [4]
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Turn over

8. [Maximum mark: 6]

Consider integers  a  and  b  such that  a2 + b2  is exactly divisible by  4 . Prove by contradiction 
that  a  and  b  cannot both be odd.
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9. [Maximum mark: 6]

Consider the complex numbers  z1 = 1 + bi  and  z2 = (1 - b2) - 2bi , where  b ∈  , b ≠ 0 .

(a) Find an expression for  z1z2  in terms of  b . [3]

(b) Hence, given that arg z z1 2 4
( ) = π , find the value of  b . [3]
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 18]

Consider the series ln ln ln ...x p x x+ + +
1

3
, where  x ∈  , x > 1  and  p ∈  , p ≠ 0 .

(a) Consider the case where the series is geometric.

(i) Show that p = ±
1

3
.

(ii) Hence or otherwise, show that the series is convergent.

(iii) Given that  p > 0  and S∞ = +3 3 , find the value of  x . [6]

(b) Now consider the case where the series is arithmetic with common difference  d .

(i) Show that p =
2

3
.

(ii) Write down  d  in the form  k ln x , where  k ∈  .

(iii) The sum of the first  n  terms of the series is ln
1

3x






 .

Find the value of  n . [12]

11. [Maximum mark: 15]

Consider the three planes 

∏1 : 2x - y + z = 4

∏2 : x - 2y + 3z = 5

∏3 : -9x + 3y - 2z = 32

(a) Show that the three planes do not intersect. [4]

(b) (i)  Verify that the point  P (1 , -2 , 0)  lies on both  ∏1  and  ∏2 .

(ii) Find a vector equation of  L , the line of intersection of  ∏1  and  ∏2 . [5]

(c) Find the distance between  L  and  ∏3 . [6]
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Do not write solutions on this page.

12. [Maximum mark: 21]

The function  f  is defined by  f (x) = ex sin x , where  x ∈  .

(a) Find the Maclaurin series for  f (x)  up to and including the  x3  term. [4]

(b) Hence, find an approximate value for
21 2

0
e sin( )dx x x∫ . [4]

The function  g  is defined by  g (x) = ex cos x , where  x ∈  .

(c) (i)  Show that  g (x)  satisfies the equation  g ″(x) = 2(g ′(x) - g (x)) .

(ii) Hence, deduce that  g(4)(x) = 2(g ″′(x) - g ″(x)) . [5]

(d) Using the result from part (c), find the Maclaurin series for  g (x)  up to and including
the  x4  term. [5]

(e) Hence, or otherwise, determine the value of lim
cos

x

x x x

x→

− −
0 3

1e
. [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.
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• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any 
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. 
1
23 5

d 3 5 d
x

x x x
x

− −
= − 

 
  (A1) 

1
23 5

d 3 10 ( )
x

x x x c
x

−
= − + A1A1 

substituting limits into their integrated function and subtracting (M1) 

1 1
2 23(9) 10(9) 3(1) 10(1)

 
− − − 

 
 OR 27 10 3 (3 10)−  − −  

4= A1 

[5 marks] 
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2. (a) IQR 10 6 ( 4)= − = (A1) 

attempt to find 3 R1.5 IQQ +  (M1) 

10 6+

16 A1 

[3 marks] 

(b) (i) choosing 
1

9
2

c a= −  (M1) 

1

2
42 9 −

= 12 (years old) A1 

(ii) attempt to solve system by substitution or elimination (M1) 

34 (years old) A1 

[4 marks] 

Total [7 marks] 



– 10 – M22/5/MATHX/HP1/ENG/TZ1/XX/M 

3. (a) ( )( ) (2 )f g x f x= (A1) 

3sin c(2 ) 2 os2x xf x += A1 

[2 marks] 

(b) 3sin2 cos2 2cos2x x x+ =

3sin2 cos2x x=

recognizing to use tan or cot M1 

1
tan 2

3
x =  OR cot 2 3x =  (values may be seen in right triangle) (A1) 

1 π
arctan

63

  
=  

  
 (seen anywhere) (accept degrees) (A1) 

π 7π
2 ,

6 6
x =

π 7π
,

12 12
x = A1A1 

Note: Do not award the final A1 if any additional solutions are seen. 

Award A1A0 for correct answers in degrees.  

Award A0A0 for correct answers in degrees with additional values. 

[5 marks] 

Total [7 marks] 
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4. evidence of using product rule (M1) 

( ) ( )
d

(2 1) e 2 e e (2 2)
d

kx kx kxy
x k kx k

x
= −  +  = − + A1 

correct working for one of  (seen anywhere) A1 

d

d

y

x
 at 1 e 2ek kx k=  +

OR 

slope of tangent is 5ek

their 
d

d

y

x
 at 1x = equals the slope of ( )5e 5ek ky x= = (seen anywhere) (M1) 

e 2e 5ek k kk + =

3k = A1 

[5 marks] 
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5. (a) translation (shift) by 
3π

2
 to the right OR positive horizontal direction by 

3π

2
A1 

translation (shift) by q upwards OR positive vertical direction by q A1 

Note: accept translation by 
3π

2
q

 
 
 
 
 

Do not accept ‘move’ for translation/shift. 

[2 marks] 

(b) METHOD 1

minimum of 
3π

4sin
2

x 
− 

 
is 4−    (may be seen in sketch) (M1) 

4 2.5 7q− + + 

8.5q   (accept 8.5q = ) A1 

substituting 0x = and their ( )8.5q =  to find r (M1) 

( )r =  
3π

4sin 2.5 8.5
2

− 
+ + 

 

4 2.5 8.5+ + (A1) 

smallest value of r is 15  A1 

continued… 
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Question 5 continued 

METHOD 2 

substituting 0x = to find an expression (for r ) in terms of q (M1) 

( )(0)g r= =  
3π

4sin 2.5
2

q
− 

+ + 
 

( ) 6.5r q= + A1 

minimum of 
3π

4sin
2

x 
− 

 
is 4− (M1) 

4 2.5 7q− + + 

4 2.5 ( 6.5) 7r− + + −  (accept =) (A1) 

smallest value of r  is 15  A1 

METHOD 3 

3π
4sin 2.5 4cos 2.5

2
x q x q 
− + + = + + 

 
A1 

y-intercept of 4cos 2.5x q+ +  is a maximum (M1) 

amplitude of ( )g x  is 4 (A1) 

attempt to find least maximum (M1) 

4 72r =  +

smallest value of r is 15  A1 

[5 marks] 

Total [7 marks] 
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6. EITHER

attempt to obtain the general term of the expansion

( )3
1

1
8

2

r
n rn

r rT C x
x

−

+

 
= − 

 
OR ( )3

1

1
8

2

n r
rn

r n rT C x
x

−

+ −

 
= − 

 
(M1) 

OR 

recognize power of x  starts at 3n  and goes down by 4 each time (M1) 

THEN 

recognizing the constant term when the power of x  is zero  (or equivalent) (M1) 

3 4
or

4 3

n
r n r= = or 3 4 0n r− = OR 3 ( ) 0r n r− − = (or equivalent) A1 

r is a multiple of 3 ( )3,6,9,...r = or one correct value of n  (seen anywhere) (A1) 

4 ,n k k +=  A1 

Note: Accept n  is a (positive) multiple of 4 or 4,8,12,...n =

Do not accept 4,8,12n =

Note: Award full marks for a correct answer using trial and error approach 
showing 4,8,12,...n = and for recognizing that this pattern continues. 

[5 marks] 
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7. (a) attempt to integrate 
24 3

k

x−
(M1) 

1 3
arcsin

23
k x
  

=   
   

  A1 

Note: Award (M1)A0 for 
3

arcsin
2

x
 
 
 

.  

Condone absence of k  up to this stage. 

equating their integrand to 1 M1 

1

0

1 3
arcsin 1

23
k x
  

=  
   

3 3

π
k = A1 

[4 marks] 

continued… 
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Question 7 continued 

(b) 
1

20

3 3
E( ) d

π 4 3

x
X x

x
=

−
 A1 

Note:  Condone absence of limits if seen at a later stage. 

EITHER 

attempt to integrate by inspection (M1) 

( )
1

2 2
3 3 1

6 4 3 d
π 6

x x x
−

= − − −
1

2

0

3 3 1
4 3

π 3
x 

= − − 
 

A1 

Note:  Condone the use of k  up to this stage. 

OR 

for example, 2 d
4 3 6

d

u
u x x

x
= −  = −

Note: Other substitutions may be used. For example, 23u x= − . 

1
1

2

4

3
d

2π
u u
−

= −  M1 

Note: Condone absence of limits up to this stage. 

1

4

3
2

2π
u = −

  A1 

Note: Condone the use of k  up to this stage. 

THEN 

3

π
= A1 

Note: Award A0M1A1A0 for their 
21

4 3
3

k x 
− − 
 

or 2k u −
   for working with 

incorrect or no limits. 

[4 marks] 

 Total [8 marks] 
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8. Assume that a  and b  are both odd. M1 

Note: Award M0 for statements such as “let a  and b  be both odd”. 

Note: Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

Then 2 1a m= +  and 2 1b n= + A1 

2 2 2 2(2 1) (2 1)a b m n+  + + +

2 24 4 1 4 4 1m m n n= + + + + + A1 

( )2 24 2m m n n= + + + + (A1) 

( ( )2 24 m m n n+ + + is always divisible by 4) but 2 is not divisible by 4. (or equivalent) R1 

2 2a b + is not divisible by 4, a contradiction. (or equivalent) R1 

hence a and b cannot both be odd. AG 

Note:   Award a maximum of M1A0A0(A0)R1R1 for considering identical or two 
consecutive odd numbers for a  and b . 

[6 marks] 
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9. (a) ( ) ( ) ( )( )2
1 2 1 i 1 2 iz z b b b= + − −

( ) ( )2 2 2 31 2i i 2b b b b b= − − + − + − M1 

( ) ( )2 31 ib b b= + + − − A1A1 

Note: Award A1 for 21 b+  and A1 for 3i ib b− − . 

[3 marks] 

(b) ( )
3

1 2 2

π
arg arctan

1 4

b b
z z

b

 − −
= = 

+ 
(M1) 

EITHER 

( )
π

arctan
4

b− = (since 
21 0,for b b+   ) A1 

OR 
3 21b b b− − = + (or equivalent) A1 

THEN 

1b = − A1 

[3 marks] 

Total [6 marks] 
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Section B 
10. (a) (i) EITHER

attempt to use a ratio from consecutive terms M1 

1
lnln 3

ln ln

xp x

x p x
=  OR ( ) 21

ln ln
3

x x r=    OR 
1

ln ln
3

p x x
p

 
=  

 

Note:  Candidates may use 
1

1 3ln ln ln ...px x x+ + + and consider the powers of x
in geometric sequence. 

Award M1 for 

1
3

1

p

p
= . 

OR 

r p=   and 2 1

3
r = M1 

THEN 

2 1

3
p =   OR  1

3
r =  A1 

1

3
p =  AG 

Note: Award M0A0 for 2 1

3
r = or 2 1

3
p = with no other working seen. 

continued… 
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Question 10 continued 

(ii) EITHER

since, 1

3
p =  and 1

1
3
 R1 

OR 

since, 1

3
p =  and 1 1p−    R1 

THEN 

  the geometric series converges. AG 

Note:  Accept r  instead of p .

Award R0 if both values of p not considered.

(iii) ( )ln
3 3

1
1

3

x
= +

−

(A1) 

3 3
ln 3 3

3 3
x = − + − OR   ( )ln 3 3 3 1 ln 2x x= − + −  =   A1 

2ex = A1 

[6 marks] 

continued… 
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Question 10 continued 

(b) (i) METHOD 1 

attempt to find a difference from consecutive terms or from 2u M1 

correct equation A1 

1
ln ln ln ln

3
p x x x p x− = − OR ( )

1
ln ln 2 ln ln

3
x x p x x= + −

Note: Candidates may use 
1

1 3ln ln ln ...px x x+ + + and consider the powers of x
in arithmetic sequence. 

Award M1A1 for 
1

1
3

p p− = − . 

4 4
2 ln ln 2

3 3
p x x p 

=  = 
 

A1 

2

3
p = AG 

METHOD 2 

attempt to use arithmetic mean 1 3
2 2

u u
u

+
= M1 

1
ln ln

3ln
2

x x
p x

+
= A1 

4 4
2 ln ln 2

3 3
p x x p 

=  = 
 

A1 

2

3
p = AG 

continued… 
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Question 10 continued 

METHOD 3 

attempt to find difference using 3u M1 

1
ln ln 2

3
x x d= +

1
ln

3
d x 

 = − 
 

2

1 1
ln ln ln

2 3
u x x x 
= + − 

 
OR 

1
ln ln ln

3
p x x x− = − A1 

2
ln ln

3
p x x= A1 

2

3
p = AG 

(ii) 
1

ln
3

d x= − A1 

continued… 
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Question 10 continued 

(iii) METHOD 1

1
2ln ( 1) ln

2 3n

n
S x n x

  
= + −  −  

  

attempt to substitute into nS and equate to 3

1
ln

x
 
 
 

(M1) 

3

1 1
2ln ( 1) ln ln

2 3

n
x n x

x

    
+ −  − =    

    

( )3 3
3

1
ln ln lnx x

x
− 

= − = 
 

(A1) 

3ln x= − (A1) 

correct working with nS (seen anywhere) (A1) 

1
2 lnn nl l

2 3 3

n n
x x x 
− + 

 
OR ( )1

ln ln
6

n n
n x x

−
−  OR 

4
ln ln

2 3

n n
x x

 −  
+   
  

correct equation without ln x A1 

7
3

2 3 3

n n 
− = − 

 
  OR  ( )1

3
6

n n
n

−
− = − (or equivalent) 

Note: Award as above if the series 
1

1 ...
3

p+ + +  is considered leading to

7
3

2 3 3

n n 
− = − 

 
. 

attempt to form a quadratic 0= (M1) 

2 7 18 0n n− − =

attempt to solve their quadratic (M1) 

( 9)( 2) 0n n− + =   

9n = A1 

continued… 
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Question 10 continued 

METHOD 2 

( )3 3
3

1
ln ln lnx x

x
− 

= − = 
 

(A1) 

3ln x= − (A1) 

listing the first 7 terms of the sequence (A1) 

2 1 1 2
ln ln ln 0 ln ln ln ...

3 3 3 3
x x x x x x+ + + − − − +

recognizing first 7 terms sum to 0 M1 

8th term is 
4

ln
3

x− (A1) 

9th term is 
5

ln
3

x− (A1) 

sum of 8th and 9th terms 3ln x= − (A1) 

9n =   A1 

[12 marks] 

Total [18 marks] 
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11. (a) METHOD 1 

attempt to eliminate a variable  M1 

obtain a pair of equations in two variables 

EITHER 

3 3x z− + = − and  A1 

3 44x z− + = A1 

OR 

5 7x y− + = −  and  A1 

5 40x y− + =  A1 

OR 

3 3x z− = and  A1 

79
3

5
x z− = − A1 

THEN 

the two lines are parallel (
79

3 44 or 7 40 or 3
5

−  −   − ) R1 

Note: There are other possible pairs of equations in two variables. 

To obtain the final R1, at least the initial M1 must have been awarded. 

hence the three planes do not intersect AG 

[4 marks] 

continued… 
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Question 11 continued 

METHOD 2 

vector product of the two normals 

1

5

3

− 
 

= − 
 − 

 (or equivalent) A1 

1 1

2 5

0 3



   
   

= − +   
   
   

r   (or equivalent) A1 

Note:  Award A0 if “ r = ” is missing. Subsequent marks may still be awarded. 

Attempt to substitute (1 , 2 5 ,3 )  + − +  in 3 M1 

9(1 ) 3( 2 5 ) 2(3 ) 32  − + + − + − =

15 32,− = a contradiction R1 

hence the three planes do not intersect AG 

[4 marks] 

continued… 
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Question 11 continued 

METHOD 3 

attempt to eliminate a variable M1 

3 5 6y z− + = A1 

3 5 100y z− + = A1 

0 94,=  a contradiction R1 

Note: Accept other equivalent alternatives. Accept other valid methods. 

To obtain the final R1, at least the initial M1 must have been awarded. 

hence the three planes do not intersect AG 

[4 marks] 

continued… 
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Question 11 continued 

(b) (i) 1 : 2 2 0 4 + + =  and 2 :1 4 0 5 + + = A1 

(ii) METHOD 1

attempt to find the vector product of the two normals M1 

2 1

1 2

1 3

   
   
−  −   
   
   

1

5

3

− 
 

= − 
 − 

A1 

1 1

2 5

0 3



   
   

= − +   
   
   

r A1A1 

Note:  Award A1A0 if “ r = ” is missing. 
Accept any multiple of the direction vector. 

Working for (b)(ii) may be seen in part (a) Method 2. In this case penalize 
lack of “ r = ” only once. 

continued… 
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Question 11 continued 

METHOD 2 

attempt to eliminate a variable from 1  and 2 M1 

3 3x z− = OR 3 5 6y z− = − OR 5 7x y− =

Let x t=  

substituting x t=  in 3 3x z− =  to obtain 

3 3z t= − + and 5 7y t= − (for all three variables in parametric form) A1 

0 1

7 5

3 3



   
   

= − +   
   −   

r A1A1 

Note:  Award A1A0 if “ r = ” is missing. 
Accept any multiple of the direction vector. Accept other position vectors 
which satisfy both the planes 1  and 2 . 

[5 marks] 

continued… 
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Question 11 continued 

(c) METHOD 1

the line connecting L   and 3  is given by 1L

attempt to substitute position and direction vector to form 1L (M1) 

1 9

2 3

0 2

t

−   
   

= − +   
   −   

s A1 

substitute ( )1 9 , 2 3 , 2t t t− − + −  in 3 M1 

9(1 9 ) 3( 2 3 ) 2( 2 ) 32t t t− − + − + − − =

1
94 47

2
t t=  = A1 

attempt to find distance between (1, 2,0)−  and their point
7 1

, , 1
2 2

 
− − − 
 

(M1) 

( )
2 2 2

1 9 1
1 1

2 3 2 9 3 ( 2)
2 2

0 2 0

−     
     

= − + − − = − + + −     
     −     

94

2
= A1 

[6 marks] 

continued… 
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Question 11 continued 

METHOD 2 

unit normal vector equation of 3 is given by 

9

3

2

81 9 4

x

y

z

−   
   

   
   
   

+ +
(M1) 

32

94
= A1 

let 4 be the plane parallel to 3 and passing through P,

then the normal vector equation of 4 is given by 

9 9 1

3 3 2 15

2 2 0

x

y

z

− −       
       

 =  − = −       
       
       

M1 

unit normal vector equation of 4 is given by 

9

3

2 15

81 9 4 94

x

y

z

−   
   

   
    −    =

+ +
A1 

distance between the planes is 
32 15

94 94

−
− (M1) 

47 94

294

 
= = 

 
A1 

[6 marks] 

Total [15 marks] 
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12. (a) METHOD 1 

recognition of both known series (M1) 

2 3 5

e 1 ... and sin ...
1! 2! 3! 5!

x x x x x
x x= + + + = − + +

attempt to multiply the two series up to and including 3x term (M1) 

2 3 5

e sin 1 ... ...
1! 2! 3! 5!

x x x x x
x x

  
= + + + − + +  
  

3 3
2 ...

3! 2!

x x
x x= − + + + (A1) 

2 31
e sin ...

3
x x x x x= + + + A1 

[4 marks] 

METHOD 2 

( ) e sinxf x x=

( ) e cos e sinx xf x x x = + A1 

( )( ) e cos e sin e sin e cos 2e cosx x x x xf x x x x x x = − + + =

( ) 2e cos 2e sinx xf x x x = −

( ) 2e cosxf x x = and ( )( ) 2e cos sinxf x x x = − A1 

substitute 0x = into f or its derivatives to obtain Maclaurin series (M1) 

2 3

e sin 0 1 2 2 ...
1! 2! 3!

x x x x
x = +  +  +  +

2 31
e sin ...

3
x x x x x= + + + A1 

[4 marks] 

continued… 
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Question 12 continued 

(b) ( )
2 2 2 4 61

e sin ...
3

x x x x x= + + + (A1) 

substituting their expression and attempt to integrate M1 

21 12 2 4 6

0 0

1
e sin( )d d

3
x x x x x x x 

 + + 
 

 

Note: Condone absence of limits up to this stage. 

13 5 7

0
3 5 21

x x x 
= + + 
 

A1 

61

105
= A1 

[4 marks] 

continued… 
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Question 12 continued 

(c) (i) attempt to use product rule at least once M1 

( ) e cos e sinx xg x x x = − A1 

( )( ) e cos e sin e sin e cos 2e sinx x x x xg x x x x x x = − − − = − A1 

EITHER 

( ) ( )2 ( ) ( ) 2 e cos e sin e cos 2e sinx x x xg x g x x x x x − = − − = − A1 

OR 

( )( ) 2 e cos e sin e cosx x xg x x x x = − − A1 

THEN 

( )( ) 2 ( ) ( )g x g x g x = − AG 

Note: Accept working with each side separately to obtain 2e sinx x− .

(ii) ( )( ) 2 ( ) ( )g x g x g x  = − A1 

( ) ( )4 ( ) 2 ( ) ( )g x g x g x = − AG 

Note: Accept working with each side separately to obtain 4e cosx x− . 

[5 marks] 

continued… 
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Question 12 continued 

(d) attempt to substitute 0x =  into a derivative (M1) 

(0) 1, (0) 1, (0) 0g g g = = =  A1 

(4)(0) 2, (0) 4g g = − = − (A1) 

attempt to substitute into Maclaurin formula (M1) 

3 4 3 42 4 1 1
( ) 1 ... 1 ...

3! 4! 3 6
g x x x x x x x 

= + − − + = + − − + 
 

A1 

Note: Do not award any marks for approaches that do not use the part (c) result. 

[5 marks] 

(e) METHOD 1

3 4

3 30 0

1 1
1 ... 1

e cos 1 3 6lim lim
x

x x

x x x x
x x

x x→ →

 
+ − − + − − − −  = M1 

0

1 1
lim ...

3 6x
x

→

 
= − − + 

 
(A1) 

1

3
= − A1 

Note: Condone the omission of ...+  in their working. 

continued… 
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Question 12 continued 

METHOD 2 

30

e cos 1 0
lim

0

x

x

x x

x→

− −
=  indeterminate form, attempt to apply l'Hôpital's rule M1 

2 20 0

e cos e sin 1 ( ) 1
lim lim

3 3

x x

x x

x x g x

x x→ →

− − − 
= = 

 

0
,

0
= using l'Hôpital's rule again 

0 0

2e sin ( )
lim lim

6 6

x

x x

x g x

x x→ →

−  
= = 

 

0
,

0
= using l'Hôpital's rule again 

0 0

2e sin 2e cos ( )
lim lim

6 6

x x

x x

x x g x
→ →

− −  
= = 

 
A1 

1

3
= − A1 

[3 marks] 

Total [21 marks] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a) State the value of the first term,  u1 . [1]

(b) Given that the  nth  term of this sequence is  -33 , find the value of  n . [2]

(c) Find the common difference,  d . [2]
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Turn over

2. [Maximum mark: 6]

Consider any three consecutive integers,  n - 1 ,  n  and  n + 1 .

(a) Prove that the sum of these three integers is always divisible by  3 . [2]

(b) Prove that the sum of the squares of these three integers is never divisible by  3 . [4]
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3. [Maximum mark: 8]

A function  f  is defined by f x
x

x
( ) = −

+
2 1

1
, where  x ∈  ,  x ≠ -1 .

(a) The graph of  y = f (x)  has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i) the vertical asymptote;

(ii) the horizontal asymptote. [2]

(b) On the set of axes below, sketch the graph of  y = f (x)  .

On your sketch, clearly indicate the asymptotes and the position of any points of 
intersection with the axes. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) Hence, solve the inequality 
2 1

0 2
1

x

x

-
< <

+
. [1]

(d) Solve the inequality 
2 1

0 2
1

x

x

-
< <

+
. [2]

(This question continues on the following page)
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Turn over

(Question 3 continued)
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4. [Maximum mark: 5]

Find the least positive value of  x  for which cos
x

2 3

1

2
+






 =

π
.
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5. [Maximum mark: 7]

Consider the binomial expansion  (x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1  where  x ≠ 0  
and  a , b ∈ + .

(a) Show that  b = 21 . [2]

The third term in the expansion is the mean of the second term and the fourth term in 
the expansion.

(b) Find the possible values of  x . [5]
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6. [Maximum mark: 8]

A function  f  is defined by f x x x( ) = −1 2  where  -1 ≤ x ≤ 1 .

The graph of  y = f (x)  is shown below.

x

y

(a) Show that  f  is an odd function. [2]

The range of  f  is  a ≤ y ≤ b , where  a , b ∈  .

(b) Find the value of  a  and the value of  b . [6]
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7. [Maximum mark: 6]

By using the substitution  u = sec x  or otherwise, find an expression for sec tann x x x d
0

3
π

∫  in 
terms of  n , where  n  is a non-zero real number.
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8. [Maximum mark: 6]

A continuous random variable  X  has the probability density function

f x

b a c a
x a a x c

b a b c
b x c x b( ) =

−( ) −( )
−( ) ≤ ≤

−( ) −( )
−( ) < ≤

2

2

0

,

,

, otherwisse















.

The following diagram shows the graph of  y = f (x)  for  a ≤ x ≤ b .

a b
x

y

Given that c
a b

≥
+
2

, find an expression for the median of  X  in terms of  a , b  and  c .
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9. [Maximum mark: 5]

Prove by contradiction that the equation  2x3 + 6x + 1 = 0  has no integer roots.
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 16]

A biased four-sided die with faces labelled  1 , 2 , 3  and  4  is rolled and the result recorded. 
Let  X  be the result obtained when the die is rolled. The probability distribution for  X  is given 
in the following table where  p  and  q  are constants.

x 1 2 3 4

P (X = x) p 0.3 q 0.1

For this probability distribution, it is known that  E ( X ) = 2 .

(a) Show that  p = 0.4  and  q = 0.2 . [5]

(b) Find  P (X  > 2) . [2]

Nicky plays a game with this four-sided die. In this game she is allowed a maximum of five 
rolls. Her score is calculated by adding the results of each roll. Nicky wins the game if her 
score is at least ten.

After three rolls of the die, Nicky has a score of four.

(c) Assuming that rolls of the die are independent, find the probability that Nicky wins 
the game. [5]

David has two pairs of unbiased four-sided dice, a yellow pair and a red pair. 
Both yellow dice have faces labelled  1 , 2 , 3  and  4 . Let  S  represent the sum obtained by 
rolling the two yellow dice. The probability distribution for  S  is shown below.

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

The first red die has faces labelled  1 , 2 , 2  and  3 . The second red die has faces 
labelled  1 , a , a  and  b , where  a < b  and  a , b ∈ + . The probability distribution for the sum 
obtained by rolling the red pair is the same as the distribution for the sum obtained by rolling 
the yellow pair.

(d) Determine the value of  b . [2]

(e) Find the value of  a , providing evidence for your answer. [2]
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Do not write solutions on this page.

11. [Maximum mark: 20]

A function  f  is defined by f x
x x

( ) =
− −

1

2 32
, where  x ∈  , x ≠ -1 , x ≠ 3 .

(a) Sketch the curve  y = f (x) , clearly indicating any asymptotes with their equations. State 
the coordinates of any local maximum or minimum points and any points of intersection 
with the coordinate axes. [6]

A function  g  is defined by g x
x x

( ) =
− −

1

2 32
, where  x ∈  , x > 3 .

(b) The inverse of  g  is  g-1 .

(i) Show that g x
x x

x
− ( ) = +

+1
2

1
4

.

(ii) State the domain of  g-1 . [7]

A function  h  is defined by h x
x( ) = arctan
2

, where  x ∈  .

(c) Given that h g a( )( ) = π
4

, find the value of  a .

Give your answer in the form p
q

r+
2

, where  p , q , r ∈ +. [7]
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Do not write solutions on this page.

12. [Maximum mark: 18]

In the following Argand diagram, the points  Z1 ,  O  and  Z2  are the vertices of triangle  Z1OZ2  
described anticlockwise.

Im z

Re z

Z
1

Z
2

α
θ

O

The point  Z1  represents the complex number  z1 = r1e
iα , where  r1 > 0 . The point  Z2  

represents the complex number  z2 = r2e
iθ , where  r2 > 0 .

Angles  α , θ  are measured anticlockwise from the positive direction of the real axis such 
that  0 ≤ α , θ < 2π  and  0 < α - θ < π .

(a) Show that  z1 z2* = r1r2e
i(α - θ )  where  z2*  is the complex conjugate of  z2 . [2]

(b) Given that  Re (z1 z2*) = 0 , show that  Z1OZ2  is a right-angled triangle. [2]

In parts (c), (d) and (e), consider the case where  Z1OZ2  is an equilateral triangle.

(c) (i)  Express  z1  in terms of  z2 .

(ii) Hence show that  z1
2 + z2

2 = z1 z2 . [6]

Let  z1  and  z2  be the distinct roots of the equation  z2 + az + b = 0  where  z ∈   and  a , b ∈  .

(d) Use the result from part (c)(ii) to show that  a2 - 3b = 0 . [5]

Consider the equation  z2 + az + 12 = 0 , where  z ∈   and  a ∈  .

(e) Given that  0 < α - θ < π , deduce that only one equilateral triangle  Z1OZ2  can be 
formed from the point  O  and the roots of this equation. [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.
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• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any 
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) 1 12u = A1 

[1 mark] 

(b) 15 3 33n− = − (A1) 

16n = A1 

[2 marks] 

(c) valid approach to find d (M1) 

2 1 9 12u u− = −  OR   recognize gradient is −3   OR   attempts to solve 

33 12 15d− = +

3d = − A1 

[2 marks] 

Total [5 marks] 
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2. (a) ( ) ( )1 1n n n− + + + (A1) 

3n= A1 

which is always divisible by 3  AG 

[2 marks] 

(b) ( ) ( )
2 221 1n n n− + + + ( = 2 2 22 1 2 1n n n n n− + + + + + ) A1 

attempts to expand either ( )
2

1n −  or ( )
2

1n +    (do not accept 2 1n − or 2 1n + ) (M1) 

23 2n= + A1 

demonstrating recognition that 2 is not divisible by 3 or 
2
3

 seen after correct 

expression divided by 3 R1 
23n is divisible by 3  and so 23 2n +  is never divisible by 3  

OR    the first term is divisible by 3, the second is not 

OR  2 2
3

3
n 
+ 

 
OR 

2
23 2 2

3 3

n
n

+
= +

hence the sum of the squares is never divisible by 3  AG 

[4 marks] 

Total [6 marks] 
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3. (a) (i) 1x = − A1 

(ii) 2y = A1 

[2 marks] 

(b)
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rational function shape with two branches in opposite quadrants, with two correctly 
positioned asymptotes and asymptotic behaviour shown A1 

axes intercepts clearly shown at 
1

2
x =  and 1y = − A1A1 

[3 marks] 

continued… 
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Question 3 continued 

(c) 
1

2
x  A1 

Note:  Accept correct alternative correct  notation, such as 
1

,
2

 
 

 
and 

1
,

2
 

 
 

. 

[1 mark] 

(d) EITHER

attempts to sketch 
2 1

1

x
y

x

−
=

+
(M1) 

OR 

attempts to solve 2 1 0x − = (M1) 

Note: Award the (M1) if 
1
2

x = and 
1
2

x = − are identified.

THEN 

1

2
x  − or 

1

2
x  A1 

Note:  Accept the use of a comma. Condone the use of ‘and’. Accept correct 
alternative notation. 

[2 marks] 

Total [8 marks] 
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4. determines
π

4
 (or 45 ) as the first quadrant (reference) angle (A1) 

attempts to solve 
π π

2 3 4

x
+ = (M1) 

Note: Award M1 for attempting to solve ( )
π π 7π

, ,...
2 3 4 4

x
+ =

π π
0

2 3 4

x
x+ =   and so

π

4
 is rejected (R1) 

π π 7π
2π  

2 3 4 4

x  
+ = − = 

 
A1 

17π

6
x = (must be in radians) A1 

[5 marks] 
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5. (a) EITHER 

recognises the required term (or coefficient) in the expansion (M1) 
5 7 5 2

2 1bx C x=  OR   7
2b C=    OR 7

5C

( )
7! 7!

 
2!5! 2! 7 2 !

b
 

= =  − 

correct working A1 

7 6 5 4 3 2 1

2 1 5 4 3 2 1

     

     
 OR 

7 6

2!


 OR 

42

2

OR 

lists terms from row 7  of Pascal’s triangle (M1) 

1,7,21,...  A1 

THEN 

21b = AG 

[2 marks] 

(b) 7a = (A1) 

correct equation A1 

6 4
5 35

21
2

ax x
x

+
= OR 

6 4
5 7 35

21
2

x x
x

+
=

correct quadratic equation A1 
27 42 35 0x x− + = OR 2 6 5 0x x− + = (or equivalent)

valid attempt to solve their quadratic (M1) 

( )( )1 5 0x x− − = OR 
( ) ( )( )

( )

2
6 6 4 1 5

2 1
x

 − −
=

1, 5x x= =  A1 

Note: Award final A0 for obtaining 0, 1, 5x x x= = = . 

[5 marks] 

Total [7 marks] 
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6. (a) attempts to replace x  with x− M1 

( ) ( )
2

1f x x x− = − − −

( ) ( )
2

1 ( )x x f x= − − − = − A1 

Note: Award M1A1 for an attempt to calculate both ( )f x− and ( )f x− −

independently, showing that they are equal. 

Note: Award M1A0 for a graphical approach including evidence that either the 
graph is invariant after rotation by 180  about the origin or the graph is 
invariant after a reflection in the -y axis and then in the -x axis (or vice 
versa). 

so f  is an odd function AG 

[2 marks] 

(b) attempts both product rule and chain rule differentiation to find ( )f x  M1 

( ) ( ) ( ) ( )
1 1 2

2 2 22 2
2

1
2 1 + 1 1 1

2 1

x
f x x x x x x

x

−  
 =   −  − −  = − − 

− 
A1 

2

2

1 2

1

x

x

−
=

−

sets their ( ) 0f x = M1 

1

2
x =  A1 

attempts to find at least one of 
1

2
f
 
 
 

(M1) 

Note: Award M1 for an attempt to evaluate ( )f x at least at one of their ( ) 0f x =

roots. 

1

2
a = − and 

1

2
b = A1 

Note: Award A1 for 
1 1

2 2
y−   . 

[6 marks] 

Total [8 marks] 
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7. METHOD 1

sec d sec tan  du x u x x x=  = (A1) 

attempts to express the integral in terms of u M1 

2 1

1
dnu u−

 A1 

2

1

1 nu
n
 =   (

π

3
0

1
secn x

n
 =   ) A1 

Note: Condone the absence of or incorrect limits up to this point. 

2 1n n

n

−
= M1 

2 1n

n

−
= A1 

Note: Award M1 for correct substitution of their limits for u  into their 
antiderivative for u ( or given limits for x  into their antiderivative for x ). 

METHOD 2 

1sec tan  d sec sec tan  dn nx x x x x x x−=  (A1) 

applies integration by inspection (M1) 
π

3
0

1
secn x

n
 =   A2 

Note: Award A2 if the limits are not stated. 

1 π
sec sec 0

3
n n

n
 

= − 
 

M1 

Note: Award M1 for correct substitution into their antiderivative. 

2 1n

n

−
= A1 

[6 marks] 
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8. let m  be the median

EITHER

attempts to find the area of the required triangle M1 

base is ( )m a−  (A1) 

and height is 
( )( )

( )
2

m a
b a c a

−
− −

area ( )
( )( )

( )
( )

( )( )

2
1 2

 
2

m a
m a m a

b a c a b a c a

 −
= −  − = 

 − − − − 

A1 

OR 

attempts to integrate the correct function M1 

( )( )
( )

2
 d

m

a

x a x
b a c a

−
− −

= 
( )( )

( )
22 1

2

m

a

x a
b a c a

 
− − −  

 OR 
( )( )

22

2

m

a

x
ax

b a c a

 
− 

− −  
A1A1 

Note: Award A1 for correct integration and A1 for correct limits. 

THEN 

sets up (their) 
( )( )

( )
2

 d
m

a

x a x
b a c a

−
− −  or area 

1
2

= M1 

Note: Award M0A0A0M1A0A0 if candidates conclude that m c  and set up 

their area or sum of integrals 
1
2

= . 

( )
( )( )

2
1

2

m a

b a c a

−
=

− −

( )( )
2

b a c a
m a

− −
=  (A1) 

as m a , rejects 
( )( )

2

b a c a
m a

− −
= −

so 
( )( )

2

b a c a
m a

− −
= + A1 

[6 marks] 



– 18 – M22/5/MATHX/HP1/ENG/TZ2/XX/M 

9. METHOD 1 (rearranging the equation)

assume there exists some   such that 32 6 1 0 + + = M1 

Note: Award M1 for equivalent statements such as ‘assume that   is an integer 
root of 32 6 1 0 + + = ’. Condone the use of x throughout the proof. 

Award M1 for an assumption involving 3 1
3 0

2
 + + = . 

Note: Award M0 for statements such as “let’s consider the equation has integer 

roots…” ,“let  be a root of 32 6 1 0 + + = …” 

Note: Subsequent marks after this M1 are independent of this M1 and can be 
awarded. 

attempts to rearrange their equation into a suitable form M1 

EITHER 
32 6 1 + = −  A1 

32 6    +  is even R1 
32 6 1 + = −  which is not even and so   cannot be an integer R1 

Note: Accept ‘ 32 6 1 + = − which gives a contradiction’.

OR 

( )31 2 3 = − − A1 

( )3 3    − −  R1 

1 is even which is not true and so   cannot be an integer R1 

Note: Accept ‘ 1  is even which gives a contradiction’. 

continued… 
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Question 9 continued 

OR 

31
3

2
 = − − A1 

( )3 3    − −  R1 

3 3 − − is not an integer
1

2
 
= 
 

 and so   cannot be an integer R1 

Note: Accept ‘ 3 3 − − is not an integer
1

2
 
= 
 

 which gives a contradiction’. 

OR 

( )2

1

2 3



= −

+
A1 

( )2

1

2 3



  − 

+
R1 

( )2

1

2 3
−

+
 is not an integer and so   cannot be an integer R1 

Note: Accept 
( )2

1

2 3
−

+
 is not an integer which gives a contradiction’. 

THEN 

so the equation 32 6 1 0x x+ + = has no integer roots AG 

[5 marks] 

continued… 
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Question 9 continued 

METHOD 2 

assume there exists some   such that 32 6 1 0 + + = M1 

Note: Award M1 for statements such as ‘assume that   is an integer root of 
32 6 1 0 + + = ’. Condone the use of x throughout the proof. Award M1 

for an assumption involving 3 1
3 0

2
 + + =  and award subsequent marks 

based on this. 

Note: Award M0 for statements such as “let’s consider the equation has integer 

roots…”, “let   be a root of 32 6 1 0 + + = …” 

Note: Subsequent marks after this M1 are independent of this M1 and can be 
awarded. 

let ( ) 32 6 1f x x x= + + (and ( ) 0f  = ) 

( ) 26 6 0f x x = +   for all x  f  is a (strictly) increasing function M1A1 

( )0 1f =  and ( )1 7f − = −  R1 

thus ( ) 0f x = has only one real root between 1− and 0 , which gives a contradiction

(or therefore, contradicting the assumption that ( ) 0f  = for some  ), R1 

so the equation 32 6 1 0x x+ + =  has no integer roots AG 

[5 marks] 
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Section B 

10. (a) uses ( )P 1X x= = to form a linear equation in p  and q (M1) 

correct equation in terms of p  and q  from summing to 1 A1 

0.3 0.1 1 p q+ + + = OR 0.6p q+ =   (or equivalent) 

uses ( )E 2X = to form a linear equation in p and q (M1) 

correct equation in terms of p  and  q  from  ( )E 2X =  A1 

0.6 3 0.4 2p q+ + + = OR 3 1p q+ = (or equivalent) 

Note:  The marks for using ( )P 1X x= = and the marks for using ( )E 2X =

may be awarded independently of each other. 

evidence of correctly solving these equations simultaneously A1 

for example, 2 0.4 0.2q q=  =  or ( )3 0.6 1 0.4p p p+  − =  =  

so 0.4p =  and 0.2q =  AG 

[5 marks] 

(b) valid approach (M1) 

( ) ( ) ( )P 2 P 3 P 4X X X = = + =   OR  ( ) ( ) ( )P 2 1 P 1 P 2X X X = − = − =

0.3=  A1 

[2 marks] 

continued… 
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Question 10 continued 

(c) recognises at least one of the valid scores (6, 7, or 8) required to win the game (M1) 

Note:  Award M0 if candidate also considers scores other than 6, 7, or 8 (such as 
5). 

let T  represent the score on the last two rolls

a score of 6  is obtained by rolling ( ) ( )2,4 , 4,2 or ( )3,3

( ) ( )( ) ( ) ( )
2

P 6 2 0.3 0.1 0.2  0.1T = = + = A1 

a score of 7  is obtained by rolling ( )3,4  or ( )4,3

( ) ( )( ) ( )P 7 2 0.2 0.1 0.04T = = = A1 

a score of 8  is obtained by rolling ( )4,4

( ) ( ) ( )
2

P 8 0.1  0.01T = = = A1 

Note: The above 3 A1 marks are independent of each other. 

( )P Nicky wins 0.1 0.04 0.01= + +

0.15= A1 

[5 marks] 

(d) 3 8b+ = (M1) 

5b =  A1 

[2 marks] 

continued… 
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Question 10 continued 

(e) METHOD 1

EITHER

( )
4

P 5
16

S = =

( )
4

P 2
16

S a= + = A1 

2 5a + =

OR 

( )
3

P 6
16

S = =

( )
2

P 3
16

S a= + = and ( )
1

P 5 1
16

S = + = A1 

3 6a + =

OR 

( )
3

P 4
16

S = =

( )
2

P 1
16

S a= + = and ( )
1

P 1 3
16

S = + = A1 

1 4a + =

THEN 

3a = A1 

Note:  Award A0A0  for 3a = obtained without working/reasoning/justification. 

[2 marks] 

continued… 
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Question 10 continued 

METHOD 2 

EITHER 

correctly lists a relevant part of the sample space A1 

for example,    4 (3,1),(1, ),(1, )S a a= =  or    5 (2, ),(2, ),(2, ),(2, )S a a a a= =

or   6 (3, ),(3, ),(1,5)S a a= =

3 6a+ =  

OR 

eliminates possibilities (exhaustion) for 5a   

convincingly shows that 2,4a  A1 

4a  , for example, ( )
2

P 7
16

S = = from ( ) ( )2,5 , 2,5 and so ( ) ( )3, , 3, 3 7a a a + 

THEN 

3a = A1 

[2 marks] 

Total [16 marks] 
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11. (a)

-y intercept
1

0,
3

 
− 

 
A1 

Note: Accept an indication of 
1

3
− on the y −axis.

vertical asymptotes 1x = −  and 3x =  A1 

horizontal asymptote 0y =  A1 

uses a valid method to find the -x coordinate of the local maximum point (M1) 

Note: For example, uses the axis of symmetry or attempts to solve ( ) 0f x = .

local maximum point 
1

1,
4

 
− 

 
A1 

Note: Award (M1)A0 for a local maximum point at 1x = and coordinates not
given. 

three correct branches with correct asymptotic behaviour and the key features in 
approximately correct relative positions to each other A1 

[6 marks] 

continued… 
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Question 11 continued 

(b) (i)
2

1
2 3

x
y y

=
− −

M1 

Note: Award M1 for interchanging x  and y  (this can be done at a later stage).

EITHER 

attempts to complete the square M1 

( )
22 2 3 1 4y y y− − = − − A1 

( )
2

1

1 4
x

y
=

− −

( ) ( )
2 21 1

1 4  1 4y y
x x
 

− − = − = + 
 

A1 

1 4 1
1 4

x
y

x x

 +
− =  + =  

 

OR 

attempts to solve 
2 2 3 1 0xy xy x− − − = for y M1 

2( 2 ) ( 2 ) 4 (3 1)

2

x x x x
y

x

− −  − + +
= A1 

Note: Award A1 even if – (in  ) is missing 

22 16 4

2

x x x

x

 +
= A1 

continued… 
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Question 11 continued 

THEN 

24
1

x x

x

+
=  A1 

3y  and hence
24

1
x x

y
x

+
= −  is rejected R1 

Note: Award R1 for concluding that the expression for y  must have the ‘+ ’ sign.

The R1 may be awarded earlier for using the condition 3x  . 

24
1

x x
y

x

+
= +

( )
2

1 4
1

x x
g x

x
− +

= + AG 

(ii) domain of
1g−

is 0x  A1 

[7 marks] 

continued… 
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Question 11 continued 

(c) attempts to find ( )( )h g a (M1) 

( )( )
( )

arctan  
2

g a
h g a

 
=  

 
 ( )( )

( )2

1
arctan  

2 2 3
h g a

a a

  
  =

  − −
  

(A1) 

( ) π
arctan

2 4

g a 
= 

 
     

( )2

1 π
arctan

42 2 3a a

  
   =

  − −
  

  

attempts to solve for ( )g a M1 

( ) 2g a =    
( )2

1
2

2 3a a

 
 =
 − −
 

 

EITHER 

( )1 2a g− = A1 

attempts to find their ( )1 2g − M1 

( )
2

4 2 2
1

2
a

+
= + A1 

Note: Award all available marks to this stage if x  is used instead of a . 

OR 
22 4 7 0a a − − = A1 

attempts to solve their quadratic equation M1 

( ) ( ) ( )( )
2

4 4 4 2 7 4 72
 

4 4
a

− −  − +  
= = 

 
A1 

Note: Award all available marks to this stage if x  is used instead of a . 

THEN 

3
1 2

2
a = +  (as 3a  ) A1 

( )1, 3, 2p q r= = =

Note: Award A1 for 
1

1 18
2

a = + ( )1, 1, 18p q r= = = . 

[7 marks] 

Total [20 marks] 
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12. (a) * i
2 2ez r −= (A1) 

* i i
1 2 1 2e ez z r r −= A1 

( )i*
1 2 1 2ez z rr  −

= AG 

Note: Accept working in modulus-argument form 

[2 marks] 

(b) ( ) ( ) ( )*
1 2 1 2Re cos 0z z r r  = − = A1 

( )1 2arccos0 , 0r r − = 

π

2
 − = (as 0 π  −  ) A1 

so 1 2Z OZ is a right-angled triangle AG 

[2 marks] 

(c) (i) EITHER 

( )
π

ii1 1 3

2 2

e e
z r

z r
 − 

= = 
 

(since 1 2r r= ) (M1) 

OR 

π πi + ii3 3
1 2 2e  e ez r r




 
 
 

 
= = 

 
(M1) 

THEN 
π

i
3

1 2ez z= A1 

Note: Accept working in either modulus-argument form to obtain 

1 2

π π
cos isin

3 3
z z  
= + 

 
 or in Cartesian form to obtain 1 2

1 3
i

2 2
z z

 
= + 

 
. 

continued… 
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Question 12 continued 

(ii) substitutes
π

i
3

1 2ez z=  into 2 2
1 2z z+ M1 

2π 2π
i i2 2 2 2 23 3

1 2 2 2 2e  e 1z z z z z
  

+ = + = +   
  

A1 

EITHER 

2π π
i i

3 3e 1 e+ = A1 

OR 

2π
i2 23

2 2

1 3
e 1 i 1

2 2
z z

  
+ = − + +  

   

2
2

1 3
i

2 2
z

 
= + 

 
A1 

THEN 
π

i2 2 2 3
1 2 2 ez z z+ =

π
i
3

2 2ez z
 

=  
 

and 
π

i
3

2 1ez z= A1 

so 2 2
1 2 1 2z z z z+ = AG 

Note: For candidates who work on the LHS and RHS separately to show 

equality, award M1A1 for 
2π 2π

i i2 2 2 2 23 3
1 2 2 2 2e  e 1z z z z z

  
+ = + = +   

  
, A1 for

π
i2 3

1 2 2 ez z z= and A1 for 
2π π

i i
3 3e 1 e+ = . Accept working in either modulus-

argument form or in Cartesian form. 

[6 marks] 

continued… 
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Question 12 continued 

(d) METHOD 1

1 2z z a+ = − and 1 2z z b= (A1) 

2 2 2
1 2 1 22a z z z z= + + A1 

( )2
1 2 1 2 1 22 3a z z z z z z= + = A1 

substitutes 1 2b z z=  into their expression M1 

2 2a b b= + OR  2 3a b=  A1 

Note: If 1 2z z a+ = − is not clearly recognized, award maximum (A0)A1A1M1A0.

so 2 3 0a b− =  AG 

METHOD 2 

1 2z z a+ = −  and 1 2z z b= (A1) 

( )
2 2 2

1 2 1 2 1 22z z z z z z+ = + + A1 

( ) ( )
2

1 2 1 2 1 2 1 22 3z z z z z z z z+ = + = A1 

substitutes 1 2b z z=  and 1 2z z a+ = − into their expression M1 

2 2a b b= + OR  2 3a b=  A1 

Note: If 1 2z z a+ = − is not clearly recognized, award maximum (A0)A1A1M1A0.

so 2 3 0a b− = AG 

[5 marks] 

(e) 2 3 12 0a −  =

6a =  ( )2 6 12 0z z  + = A1 

for 6a = − : 

1 23 3i, 3 3iz z= + = − and 
5π

3
 − = −  which does not satisfy 0 π  −  R1 

for 6a = : 

1 23 3i, 3 3iz z= − − = − + and 
π

3
 − =  A1 

so (for 0 π  −  ), only one equilateral triangle can be formed from point O  and 
the two roots of this equation AG 

[3 marks] 

Total [18 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, 
pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 5]

Le  nième  terme d’une suite arithmétique est donné par  un = 15 - 3n .

(a) Indiquez la valeur du premier terme,  u1 . [1]

(b) Étant donné que le  nième  terme de cette suite est  -33 , trouvez la valeur de  n . [2]

(c) Trouvez la raison,  d . [2]
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2. [Note maximale : 6]

Considérez n’importe quels trois entiers consécutifs,  n - 1 ,  n  et  n + 1 .

(a) Prouvez que la somme de ces trois entiers est toujours divisible par  3 . [2]

(b) Prouvez que la somme des carrés de ces trois entiers n’est jamais divisible par  3 . [4]
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3. [Note maximale : 8]

Une fonction  f  est définie par f x
x

x
( ) = −

+
2 1

1
, où  x ∈  ,  x ≠ -1 .

(a) La représentation graphique de  y = f (x)  possède une asymptote verticale et une 
asymptote horizontale.

Écrivez l’équation de

(i) l’asymptote verticale ;

(ii) l’asymptote horizontale. [2]

(b) Sur le système d’axes ci-dessous, esquissez la représentation graphique de  y = f (x)  .

Sur votre esquisse, indiquez clairement les asymptotes et la position de tout point 
d’intersection avec les axes. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) À partir de là, résolvez l’inéquation 
2 1

0 2
1

x

x

-
< <

+
. [1]

(d) Résolvez l’inéquation 
2 1

0 2
1

x

x

-
< <

+
. [2]

(Suite de la question à la page suivante)
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(Suite de la question 3)
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4. [Note maximale : 5]

Trouvez la plus petite valeur positive de  x  pour laquelle cos
x

2 3

1

2
+






 =

π
.
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5. [Note maximale : 7]

Considérez le développement  (x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1 , où  x ≠ 0  et  a , b ∈ + .

(a) Montrez que  b = 21 . [2]

Le troisième terme du développement est la moyenne du deuxième terme et du quatrième 
terme du développement.

(b) Trouvez les valeurs possibles de  x . [5]
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6. [Note maximale : 8]

Une fonction  f  est définie par f x x x( ) = −1 2 , où  -1 ≤ x ≤ 1 .

La représentation graphique de  y = f (x)  est illustrée ci-dessous.

x

y

(a) Montrez que  f  est une fonction impaire. [2]

L’image de  f  est  a ≤ y ≤ b , où  a , b ∈  .

(b) Trouvez la valeur de  a  et la valeur de  b . [6]
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7. [Note maximale : 6]

En utilisant le changement de variable  u = sec x  ou par toute autre méthode, trouvez une 

expression pour sec tann x x x d
0

3
π

∫  en fonction de  n , où  n  est un nombre réel non nul.
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8. [Note maximale : 6]

La fonction de densité d’une variable aléatoire continue  X  est donnée par

f x

b a c a
x a a x c

b a b c
b x c x b( ) =

−( ) −( )
−( ) ≤ ≤

−( ) −( )
−( ) < ≤

2

2

0

,

,

, autremennt















.

Le diagramme suivant montre la représentation graphique de  y = f (x)  pour  a ≤ x ≤ b .

a b
x

y

Étant donné que c
a b

≥
+
2

, trouvez une expression pour la médiane de  X  en fonction 
de  a , b  et  c .
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9. [Note maximale : 5]

Prouvez par l’absurde que l’équation  2x3 + 6x + 1 = 0  n’a aucune racine entière.
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

10. [Note maximale : 16]

Un dé biaisé à quatre faces, dont les faces sont identifiées par  1 , 2 , 3  et  4 , est lancé et le 
résultat obtenu est enregistré. Soit  X  le résultat obtenu lorsque le dé est lancé. La distribution de 
probabilité pour  X  est donnée dans le tableau suivant, où  p  et  q  sont des constantes.

x 1 2 3 4

P (X = x) p 0,3 q 0,1

Pour cette distribution de probabilité, on sait que  E ( X ) = 2 .

(a) Montrez que  p = 0,4  et  q = 0,2 . [5]

(b) Trouvez  P (X  > 2) . [2]

Nicky joue à un jeu avec ce dé à quatre faces. Dans ce jeu, elle a droit à un maximum de 
cinq lancers. Son score est calculé en additionnant les résultats de chaque lancer. Nicky 
gagne si son score est d’au moins dix.

Après avoir lancé le dé trois fois, Nicky a un score de quatre.

(c) En supposant que les lancers du dé sont indépendants, trouvez la probabilité que 
Nicky gagne. [5]

David a deux paires de dés non biaisés à quatre faces : une paire jaune et une paire rouge. Les 
faces des deux dés jaunes sont identifiées par  1 , 2 , 3  et  4 . Soit  S  la somme obtenue lorsque les 
deux dés jaunes sont lancés. La distribution de probabilité pour  S  est montrée ci-dessous.

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

Les faces du premier dé rouge sont identifiées par  1 , 2 , 2  et  3 . Les faces du deuxième dé 
rouge sont identifiées par  1 , a , a  et  b , où  a < b  et  a , b ∈ + . La distribution de probabilité 
pour la somme obtenue lorsque la paire rouge est lancée est la même que la distribution de 
probabilité pour la somme obtenue lorsque la paire jaune est lancée.

(d) Déterminez la valeur de  b . [2]

(e) Trouvez la valeur de  a , en fournissant une preuve pour votre réponse. [2]
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Tournez la page

N’écrivez pas vos solutions sur cette page.

11. [Note maximale : 20]

Une fonction  f  est définie par f x
x x

( ) =
− −

1

2 32
, où  x ∈  , x ≠ -1 , x ≠ 3 .

(a) Esquissez la courbe  y = f (x) , en indiquant clairement toute asymptote avec son 
équation. Indiquez les coordonnées de tout maximum ou minimum relatif ainsi que 
celles de tout point d’intersection avec les axes. [6]

Une fonction  g  est définie par g x
x x

( ) =
− −

1

2 32
, où  x ∈  , x > 3 .

(b) La réciproque de  g  est  g-1 .

(i) Montrez que g x
x x

x
− ( ) = +

+1
2

1
4

.

(ii) Indiquez le domaine de  g-1 . [7]

Une fonction  h  est définie par h x
x( ) = arctan
2

, où  x ∈  .

(c) Étant donné que h g a( )( ) = π
4

, trouvez la valeur de  a .

Donnez votre réponse sous la forme p
q

r+
2

, où  p , q , r ∈ +. [7]
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N’écrivez pas vos solutions sur cette page.

12. [Note maximale : 18]

Dans le diagramme d’Argand suivant, les points  Z1 ,  O  et  Z2  sont les sommets du
triangle  Z1OZ2 , décrits dans le sens antihoraire.

Im z

Re z

Z
1

Z
2

α
θ

O

Le point  Z1  représente le nombre complexe  z1 = r1e
iα , où  r1 > 0 . Le point  Z2  représente le 

nombre complexe  z2 = r2e
iθ , où  r2 > 0 .

Les angles  α  et  θ  sont mesurés dans le sens antihoraire à partir de la partie positive de 
l’axe des réels, tel que  0 ≤ α , θ < 2π  et  0 < α - θ < π .

(a) Montrez que  z1 z2* = r1r2e
i(α - θ ) , où  z2*  est le conjugué de  z2 . [2]

(b) Étant donné que  Re (z1 z2*) = 0 , montrez que  Z1OZ2  est un triangle rectangle. [2]

Dans les parties (c), (d) et (e), considérez le cas où  Z1OZ2  est un triangle équilatéral.

(c) (i) Exprimez  z1  en fonction de  z2 .

(ii) À partir de là, montrez que  z1
2 + z2

2 = z1 z2 . [6]

Soit  z1  et  z2  les racines distinctes de l’équation  z2 + az + b = 0 , où  z ∈   et  a , b ∈  .

(d) Utilisez le résultat de la partie (c)(ii) pour montrer que  a2 - 3b = 0 . [5]

Considérez l’équation  z2 + az + 12 = 0 , où  z ∈   et  a ∈  .

(e) Étant donné que  0 < α - θ < π , déduisez qu’un seul triangle équilatéral  Z1OZ2  peut 
être formé à partir du point  O  et des racines de cette équation. [3]
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Mathematik: Analyse und Ansätze
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1. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur dürfen Sie keinen Taschenrechner nutzen.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [110 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 5]

Das  n-te  Glied einer arithmetischen Folge ist gegeben durch  un = 15 - 3n .

(a) Geben Sie den Wert des ersten Glieds  u1  an. [1]

(b) Das  n-te  Glied dieser Folge sei  -33 . Finden Sie den zugehörigen Wert von  n . [2]

(c) Finden Sie die gemeinsame Differenz  d . [2]
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2. [Maximale Punktzahl: 6]

Betrachten Sie drei beliebige aufeinanderfolgende ganze Zahlen  n - 1 ,  n  und  n + 1 .

(a) Beweisen Sie, dass die Summe dieser drei ganzen Zahlen immer durch  3  teilbar ist. [2]

(b) Beweisen Sie, dass die Summe der Quadrate dieser drei ganzen Zahlen niemals 
durch  3  teilbar ist. [4]
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3. [Maximale Punktzahl: 8]

Eine Funktion  f  ist definiert durch f x
x

x
( ) = −

+
2 1

1
, mit  x ∈  ,  x ≠ -1 .

(a) Der Graph von  y = f (x)  hat eine vertikale und eine horizontale Asymptote.

Notieren Sie die folgenden Gleichungen:

(i) Die der vertikalen Asymptote;

(ii) Die der horizontalen Asymptote. [2]

(b) Skizzieren Sie im folgenden Diagramm den Graphen von  y = f (x)  .

Kennzeichnen Sie in Ihrer Skizze deutlich die Asymptoten und die Lage aller 
Schnittpunkte mit den Achsen. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) Lösen Sie unter Nutzung der Vorarbeit die Ungleichung 
2 1

0 2
1

x

x

-
< <

+
. [1]

(d) Lösen Sie die Ungleichung 
2 1

0 2
1

x

x

-
< <

+
. [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 3)
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4. [Maximale Punktzahl: 5]

Finden Sie den kleinsten positiven Wert von  x , für den cos
x

2 3

1

2
+






 =

π
 gilt.
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5. [Maximale Punktzahl: 7]

Betrachten Sie die Binomialentwicklung  (x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1  mit  x ≠ 0  
und  a , b ∈ + .

(a) Zeigen Sie, dass hier für  b  gilt:  b = 21 . [2]

Der dritte Term dieser Entwicklung ist der Durchschnittswert aus dem zweiten und dem 
vierten Term der Entwicklung.

(b) Finden Sie die möglichen Werte von  x . [5]
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6. [Maximale Punktzahl: 8]

Eine Funktion  f  ist definiert durch f x x x( ) = −1 2  mit  -1 ≤ x ≤ 1 .

Der Graph von  y = f (x)  ist nachfolgend dargestellt.

x

y

(a) Zeigen Sie, dass  f  eine ungerade Funktion ist. [2]

Der Wertebereich von  f  ist  a ≤ y ≤ b , mit  a , b ∈  .

(b) Finden Sie die Werte von  a  und  b . [6]
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7. [Maximale Punktzahl: 6]

Finden Sie durch Verwendung der Substitution  u = sec x  oder auf andere Weise einen 

Ausdruck für sec tann x x x d
0

3
π

∫  abhängig von  n , wobei  n  eine reelle Zahl ungleich Null ist.
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8. [Maximale Punktzahl: 6]

Eine stetige Zufallsvariable  X  hat die Wahrscheinlichkeitsdichte-Funktion

f x

b a c a
x a a x c

b a b c
b x c x b( ) =

−( ) −( )
−( ) ≤ ≤

−( ) −( )
−( ) < ≤





2

2

0

,

,

, sonst











.

Das folgende Diagramm zeigt den Graphen von  y = f (x)  für  a ≤ x ≤ b .

a b
x

y

Finden Sie unter der Annahme, dass c
a b

≥
+
2

 gilt, einen Ausdruck für den Median von  X  
abhängig von  a , b  und  c .
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9. [Maximale Punktzahl: 5]

Beweisen Sie durch Widerspruch, dass die Gleichung  2x3 + 6x + 1 = 0  keine ganzzahligen 
Lösungen hat.
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

10. [Maximale Punktzahl: 16]

Ein gezinkter vierseitiger Würfel, dessen Flächen mit  1 , 2 , 3  und  4  beschriftet sind, wird 
geworfen und das Ergebnis wird notiert.  X  sei das Ergebnis des Würfelns. Die folgende 
Tabelle zeigt die Wahrscheinlichkeitsverteilung für  X , wobei  p  und  q  Konstanten sind.

x 1 2 3 4

P (X = x) p 0,3 q 0,1

Für diese Wahrscheinlichkeitsverteilung ist bekannt, dass  E ( X ) = 2  gilt.

(a) Zeigen Sie, dass für  p  und  q  gilt:  p = 0,4  und  q = 0,2 . [5]

(b) Finden Sie  P (X  > 2) . [2]

Nicky spielt ein Spiel mit diesem vierseitigen Würfel. Bei diesem Spiel darf sie maximal 
fünfmal würfeln. Ihre Punktzahl wird durch Addition der Ergebnisse der einzelnen Würfe 
berechnet. Nicky gewinnt das Spiel, wenn sie mindestens zehn Punkte erreicht hat.

Nach dreimaligem Würfeln ist Nickys Ergebnis vier.

(c) Finden Sie unter der Annahme, dass die einzelnen Würfe voneinander unabhängig 
sind, die Wahrscheinlichkeit, dass Nicky das Spiel gewinnt. [5]

David hat zwei Paar nicht gezinkte vierseitige Würfel, nämlich ein gelbes und ein rotes Paar. 
Die Flächen der beiden gelben Würfel sind mit  1 , 2 , 3  und  4  beschriftet. Sei  S  die Summe 
der Augenzahl beim Wurf der beiden gelben Würfel. Die Wahrscheinlichkeitsverteilung für  S  
ist in der folgenden Tabelle dargestellt.

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

Die Flächen des ersten roten Würfels sind mit  1 , 2 , 2  und  3 beschriftet. Die Flächen des 
zweiten roten Würfels sind mit  1 , a , a  und  b  beschriftet, wobei  a < b  und  a , b ∈ + . Die 
Wahrscheinlichkeitsverteilung für die Summe der Augenzahlen beim Würfeln des roten 
Würfelpaares ist die gleiche wie für die Summe der Augenzahlen beim Würfeln des gelben 
Würfelpaares.

(d) Bestimmen Sie den Wert von  b . [2]

(e) Finden Sie den Wert von  a  und begründen Sie Ihre Antwort. [2]
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Schreiben Sie keine Lösungen auf diese Seite.

11. [Maximale Punktzahl: 20]

Eine Funktion  f  ist definiert durch f x
x x

( ) =
− −

1

2 32
, mit  x ∈  , x ≠ -1 , x ≠ 3 .

(a) Skizzieren Sie die Kurve  y = f (x)  und geben Sie dabei alle Asymptoten mit ihren 
Gleichungen deutlich an. Geben Sie die Koordinaten aller lokalen Maxima oder Minima 
und aller Schnittpunkte mit den Koordinatenachsen an. [6]

Eine Funktion  g  ist definiert durch g x
x x

( ) =
− −

1

2 32
, mit  x ∈  , x > 3 .

(b) Die Inverse von  g  ist  g-1 .

(i) Zeigen Sie, dass gilt: g x
x x

x
− ( ) = +

+1
2

1
4

.

(ii) Geben Sie die Definitionsmenge von  g-1  an. [7]

Eine Funktion  h  ist definiert durch h x
x( ) = arctan
2

, mit  x ∈  .

(c) Es sei h g a( )( ) = π
4

. Finden Sie den Wert von  a .

Stellen Sie Ihre Antwort in der Form p
q

r+
2

 dar, mit  p , q , r ∈ +. [7]
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Schreiben Sie keine Lösungen auf diese Seite.

12. [Maximale Punktzahl: 18]

Im folgenden Argand-Diagramm sind die Punkte  Z1 ,  O  und  Z2  die Eckpunkte des 
Dreiecks  Z1OZ2  gegen den Uhrzeigersinn beschriftet.

Im z

Re z

Z
1

Z
2

α
θ

O

Der Punkt  Z1  stellt die komplexe Zahl  z1 = r1e
iα  dar, mit  r1 > 0 . Der Punkt  Z2  stellt die 

komplexe Zahl  z2 = r2e
iθ  dar, mit  r2 > 0 .

Die Winkel  α  und  θ  werden gegen den Uhrzeigersinn in positiver Richtung von der reellen 
Achse aus gemessen, so dass gilt:  0 ≤ α , θ < 2π  und  0 < α - θ < π .

(a) Zeigen Sie, dass  z1 z2* = r1r2e
i(α - θ )  gilt, wobei  z2*  die komplex konjugierte Zahl von  z2  ist. [2]

(b) Zeigen Sie unter der Annahme, dass  Re (z1 z2*) = 0  gilt, dass  Z1OZ2  ein rechtwinkliges 
Dreieck ist. [2]

In den Teilen (c), (d) und (e) betrachten wir den Fall, dass  Z1OZ2  ein gleichseitiges Dreieck ist.

(c) (i) Drücken Sie  z1  abhängig von  z2  aus.

(ii) Zeigen Sie unter Nutzung der Vorarbeit, dass  z1
2 + z2

2 = z1 z2  gilt. [6]

Es seien  z1  und  z2  die beiden unterschiedlichen Lösungen der Gleichung  z2 + az + b = 0  
mit  z ∈   und  a , b ∈  .

(d) Zeigen Sie mit Hilfe des Ergebnisses aus Teil (c)(ii), dass  a2 - 3b = 0  gilt. [5]

Betrachten Sie nun die Gleichung  z2 + az + 12 = 0 , mit  z ∈   und  a ∈  .

(e) Deduzieren Sie unter Verwendung von  0 < α - θ < π , dass nur genau ein 
gleichseitiges Dreieck  Z1OZ2  aus dem Punkt  O  und den Lösungen dieser Gleichung 
gebildet werden kann. [3]
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 5]

El  n-ésimo término de una progresión aritmética viene dado por  un = 15 - 3n .

(a) Indique el valor del primer término  (u1) . [1]

(b) Sabiendo que el  n-ésimo término de esta progresión es  -33 , halle el valor de  n . [2]

(c) Halle la diferencia común  (d ) . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 3 – 2222 – 7121

M22/5/MATHX/HP1/SPA/TZ0/XX

Véase al dorso

16EP03

2. [Puntuación máxima: 6]

Considere tres números enteros consecutivos cualesquiera:  n - 1 ,  n  y  n + 1 .

(a) Pruebe que la suma de estos tres números enteros siempre es divisible entre  3 . [2]

(b) Pruebe que la suma de los cuadrados de estos tres números enteros no es nunca 
divisible entre  3 . [4]
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3. [Puntuación máxima: 8]

La función  f  se define así: f x
x

x
( ) = −

+
2 1

1
, donde  x ∈  ,  x ≠ -1 .

(a) El gráfico de  y = f (x)  tiene una asíntota vertical y una asíntota horizontal.

Escriba la ecuación de:

(i) La asíntota vertical

(ii) La asíntota horizontal [2]

(b) En los siguientes ejes de coordenadas, dibuje aproximadamente el gráfico de  y = f (x)  .

En ese mismo dibujo aproximado, indique claramente las asíntotas y la posición de 
todos los puntos de intersección con los ejes que haya. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) A partir de lo anterior, resuelva la inecuación 
2 1

0 2
1

x

x

-
< <

+
. [1]

(d) Resuelva la inecuación 
2 1

0 2
1

x

x

-
< <

+
. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 3: continuación)
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4. [Puntuación máxima: 5]

Halle el menor valor positivo de  x  para el cual se cumple que cos
x

2 3

1

2
+






 =

π
.
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5. [Puntuación máxima: 7]

Considere el siguiente desarrollo de la potencia de un binomio: 
(x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1 , donde  x ≠ 0  y  a , b ∈ + .

(a) Muestre que  b = 21 . [2]

El tercer término del desarrollo es la media del segundo término y el cuarto término del desarrollo.

(b) Halle los posibles valores de  x . [5]
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6. [Puntuación máxima: 8]

La función  f  se define así: f x x x( ) = −1 2 , donde  -1 ≤ x ≤ 1 .

A continuación se muestra el gráfico de  y = f (x) .

x

y

(a) Muestre que  f  es una función impar. [2]

El recorrido de  f  es  a ≤ y ≤ b , donde  a , b ∈  .

(b) Halle el valor de  a  y el valor de  b . [6]
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7. [Puntuación máxima: 6]

Utilizando la sustitución  u = sec x  o de cualquier otro modo, halle una expresión para 

sec tann x x x d
0

3
π

∫  en función de  n , donde  n  es un número real distinto de cero.
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8. [Puntuación máxima: 6]

Una variable aleatoria continua  X  tiene la siguiente función de densidad de probabilidad:

f x

b a c a
x a a x c

b a b c
b x c x b( ) =

−( ) −( )
−( ) ≤ ≤

−( ) −( )
−( ) < ≤

2

2

0

,

,

, resto dee valores















.

La siguiente figura muestra el gráfico de  y = f (x)  para  a ≤ x ≤ b .

a b
x

y

Sabiendo que c
a b

≥
+
2

, halle una expresión para la mediana de  X  en función de  a , b  y  c .
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9. [Puntuación máxima: 5]

Pruebe por contradicción que la ecuación  2x3 + 6x + 1 = 0  no tiene ninguna raíz entera.
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Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 16]

Se tira un dado no equilibrado de cuatro caras, rotuladas  1 , 2 , 3  y  4 , y se va anotando el 
resultado. Sea  X  el resultado que se obtiene al tirar el dado. En la siguiente tabla se muestra la 
distribución de probabilidad de  X , donde  p  y  q  son constantes.

x 1 2 3 4

P (X = x) p 0,3 q 0,1

Para esta distribución de probabilidad, se sabe que  E ( X ) = 2 .

(a) Muestre que  p = 0,4  y  q = 0,2 . [5]

(b) Halle  P (X  > 2) . [2]

Nicky decide jugar a un juego con este dado de cuatro caras. En este juego está permitido 
tirar el dado cinco veces como máximo. La puntuación se calcula sumando los resultados de 
todas las tiradas. Nicky gana el juego si obtiene una puntuación de al menos diez.

Después de tirar el dado tres veces, la puntuación de Nicky es igual a cuatro.

(c) Suponiendo que las tiradas del dado son independientes unas de otras, halle la 
probabilidad de que Nicky gane el juego. [5]

David tiene dos pares de dados equilibrados de cuatro caras: un par amarillo y un par rojo. 

Los dos dados amarillos tienen las caras rotuladas así:  1 , 2 , 3  y  4 . Sea  S  la suma que se obtiene 
al tirar los dos dados amarillos. A continuación se muestra la distribución de probabilidad de  S .

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

El primer dado rojo tiene las caras rotuladas así:  1 , 2 , 2  y  3 . El segundo dado rojo tiene las 
caras rotuladas así:  1 , a , a  y  b , donde  a < b  y  a , b ∈ + . La distribución de probabilidad de 
la suma que se obtiene al tirar el par rojo es igual a la distribución de la suma que se obtiene 
al tirar el par amarillo.

(d) Determine el valor de  b . [2]

(e) Halle el valor de  a , aportando pruebas que respalden su respuesta. [2]



– 13 – 2222 – 7121

M22/5/MATHX/HP1/SPA/TZ0/XX

Véase al dorso

16EP13

No escriba soluciones en esta página.

11. [Puntuación máxima: 20]

La función  f  se define así: f x
x x

( ) =
− −

1

2 32
, donde  x ∈  , x ≠ -1 , x ≠ 3 .

(a) Dibuje aproximadamente la curva  y = f (x) , indicando claramente todas las asíntotas 
que haya con sus correspondientes ecuaciones. Indique también las coordenadas de 
todos los máximos y mínimos locales y de todos los puntos de intersección con los 
ejes de coordenadas que haya. [6]

La función  g  se define así: g x
x x

( ) =
− −

1

2 32
, donde  x ∈  , x > 3 .

(b) La inversa de  g  es  g-1 .

(i) Muestre que g x
x x

x
− ( ) = +

+1
2

1
4

.

(ii) Indique el dominio de  g-1 . [7]

La función  h  se define así: h x
x( ) = arctan
2

, donde  x ∈  .

(c) Sabiendo que h g a( )( ) = π
4

, halle el valor de  a .

Dé la respuesta en la forma p
q

r+
2

, donde  p , q , r ∈ +. [7]
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12. [Puntuación máxima: 18]

En el siguiente diagrama de Argand, los puntos  Z1 ,  O  y  Z2  son los vértices del
triángulo  Z1OZ2 , descrito en sentido contrario a las agujas del reloj.

Im z

Re z

Z
1

Z
2

α
θ

O

El punto  Z1  representa el número complejo  z1 = r1e
iα , donde  r1 > 0 . El punto  Z2  representa 

el número complejo  z2 = r2e
iθ , donde  r2 > 0 .

Los ángulos  α ,  θ  se miden en sentido contrario a las agujas del reloj desde la parte positiva 
del eje real, de modo tal que  0 ≤ α , θ < 2π  y  0 < α - θ < π .

(a) Muestre que  z1 z2* = r1r2e
i(α - θ ) , donde  z2*  es el número complejo conjugado de  z2 . [2]

(b) Sabiendo que  Re (z1 z2*) = 0 , muestre que  Z1OZ2  es un triángulo rectángulo. [2]

En los apartados (c), (d) y (e), considere el caso particular en el que  Z1OZ2  es un triángulo 
equilátero.

(c) (i) Exprese  z1  en función de  z2 .

(ii) A partir de lo anterior, muestre que  z1
2 + z2

2 = z1 z2 . [6]

Sean  z1  y  z2  las raíces distintas de la ecuación  z2 + az + b = 0 , donde  z ∈   y  a , b ∈  .

(d) Utilice el resultado del subapartado (c)(ii) para mostrar que  a2 - 3b = 0 . [5]

Considere la ecuación  z2 + az + 12 = 0 , donde  z ∈   y  a ∈  .

(e) Sabiendo que  0 < α - θ < π , deduzca que con el punto  O  y las raíces de esta
ecuación  se puede formar un solo triángulo equilátero  Z1OZ2 . [3]
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Turn over

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 4]

The number of hours spent exercising each week by a group of students is shown in the 
following table.

Exercising time 
(in hours)

Number of 
students

2 5

3 1

4 4

5 3

6 x

  

The median is  4.5  hours.

(a) Find the value of  x . [2]

(b) Find the standard deviation. [2]
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2. [Maximum mark: 6]

A company is designing a new logo. The logo is created by removing two equal segments 
from a rectangle, as shown in the following diagram.

diagram not to scale

The rectangle measures  5 cm  by  4 cm . The points  A  and  B  lie on a circle, with centre  O  
and radius  2 cm , such that  AÔB = θ , where  0 < θ < π . This information is shown in the 
following diagram.

diagram not to scale

O

A

B

2

4

5θ

(a) Find the area of one of the shaded segments in terms of  θ . [3]

(b) Given that the area of the logo is  13.4 cm2 , find the value of  θ . [3]

(This question continues on the following page)

16EP04



– 5 – 2222 – 7107

M22/5/MATHX/HP2/ENG/TZ1/XX

Turn over

(Question 2 continued)
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3. [Maximum mark: 6]

A discrete random variable,  X , has the following probability distribution:

x 0 1 2 3

P (X = x) 0.41 k - 0.28 0.46 0.29 - 2k2

(a) Show that  2k2 - k + 0.12 = 0 . [1]

(b) Find the value of  k , giving a reason for your answer. [3]

(c) Hence, find  E (X ) . [2]
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4. [Maximum mark: 7]

A particle moves along a straight line so that its velocity,  v m s-1 , after  t  seconds is given 
by  v(t) = esin t + 4 sin t  for  0 ≤ t ≤ 6 .

(a) Find the value of  t  when the particle is at rest. [2]

(b) Find the acceleration of the particle when it changes direction. [3]

(c) Find the total distance travelled by the particle. [2]
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5. [Maximum mark: 6]

Let  A  and  B  be two independent events such that  P (A ∩ B′) = 0.16  and  P (A′ ∩ B) = 0.36 .

(a) Given that  P (A ∩ B) = x , find the value of  x . [4]

(b) Find  P (A′ | B′) . [2]
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6. [Maximum mark: 6]

Consider the function 
1

( ) 2
2

x
x

f x = - ,  x ∈  .

(a) Show that  f  is an odd function. [2]

The function  g  is given by 
2

1
( )

2 3

x
g x

x x

-
=

- -
, where  x ∈  ,  x ≠ -1 ,  x ≠ 3 .

(b) Solve the inequality  f (x) ≥ g (x) . [4]
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7. [Maximum mark: 9]

Consider the vectors  a  and  b  such that 
12

5

 
 - 

a =  and  | b | = 15 .

(a) Find the possible range of values for  | a + b | . [2]

Consider the vector  p  such that  p = a + b .

(b) Given that  | a + b |  is a minimum, find  p . [2]

Consider the vector  q  such that 
x

y

 
 
 

q = , where  x ,  y ∈ + .

(c) Find  q  such that  | q | = | b |  and  q  is perpendicular to  a . [5]
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8. [Maximum mark: 4]

Consider the equation  kx2 - (k + 3) x + 2k + 9 = 0 , where  k ∈  .

(a) Write down an expression for the product of the roots, in terms of  k . [1]

(b) Hence or otherwise, determine the values of  k  such that the equation has one positive 
and one negative real root. [3]
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9. [Maximum mark: 7]

Mary, three female friends, and her brother, Peter, attend the theatre. In the theatre there is 
a row of 10 empty seats. For the first half of the show, they decide to sit next to each other in 
this row. 

(a) Find the number of ways these five people can be seated in this row. [3]

For the second half of the show, they return to the same row of 10 empty seats. The four girls 
decide to sit at least one seat apart from Peter. The four girls do not have to sit next to each other. 

(b) Find the number of ways these five people can now be seated in this row. [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 20]

Consider the function f x x( ) = −2 1 , where  1 ≤ x ≤ 2 .

(a) Sketch the curve  y = f (x) , clearly indicating the coordinates of the endpoints.  [2]

(b) (i)  Show that the inverse function of  f  is given by f x x− ( ) = +1 2 1 .

(ii) State the domain and range of  f -1 . [5]

The curve  y = f (x)  is rotated  2π  about the  y-axis to form a solid of revolution that is used to 
model a water container.

(c) (i)  Show that the volume,  V m3, of water in the container when it is filled to a height 

of  h  metres is given by V h h= +





π

1

3
3 .

(ii) Hence, determine the maximum volume of the container. [5]

At  t = 0 , the container is empty. Water is then added to the container at a constant rate 
of  0.4 m3 s-1.

(d) Find the time it takes to fill the container to its maximum volume. [2]

(e) Find the rate of change of the height of the water when the container is filled to half its 
maximum volume. [6]
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11. [Maximum mark: 16] 

A bakery makes two types of muffins: chocolate muffins and banana muffins. 

The weights,  C  grams, of the chocolate muffins are normally distributed with a mean of  62 g  
and standard deviation of  2.9 g . 

(a) Find the probability that a randomly selected chocolate muffin weighs less than  61 g . [2]

(b) In a random selection of 12 chocolate muffins, find the probability that exactly 5 weigh 
less than  61 g . [2]

The weights,  B  grams, of the banana muffins are normally distributed with a mean of  68 g  
and standard deviation of  3.4 g .

Each day 60 % of the muffins made are chocolate.

On a particular day, a muffin is randomly selected from all those made at the bakery. 

(c) (i)  Find the probability that the randomly selected muffin weighs less than  61 g .

(ii) Given that a randomly selected muffin weighs less than  61 g , find the probability 
that it is chocolate. [7]

The machine that makes the chocolate muffins is adjusted so that the mean weight of the 
chocolate muffins remains the same but their standard deviation changes to  σ g . The 
machine that makes the banana muffins is not adjusted. The probability that the weight of a 
randomly selected muffin from these machines is less than  61 g  is now  0.157 .

(d) Find the value of  σ . [5]
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12. [Maximum mark: 19]

Consider the differential equation 2 2 2d
2

d

y
x y x

x
= −  for  x > 0  and  y > 2x . It is given that  y = 3  

when  x = 1 .

(a) Use Euler’s method, with a step length of  0.1 , to find an approximate value of  y  
when  x = 1.5 . [4]

(b) Use the substitution  y = vx  to show that 2d
2

d

v
x v v

x
= − − . [3]

(c) (i)  By solving the differential equation, show that 
4

3

8

4

x x
y

x

+
=

−
.

(ii) Find the actual value of  y  when  x = 1.5 . 

(iii) Using the graph of 
4

3

8

4

x x
y

x

+
=

−
, suggest a reason why the approximation given 

by Euler’s method in part (a) is not a good estimate to the actual value of  y  
at  x = 1.5 . [12]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 
subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.



– 8 – M22/5/MATHX/HP2/ENG/TZ1/XX/M 

Section A 

1. (a) EITHER 

recognising that half the total frequency is 10 (may be seen in an ordered list or 
indicated on the frequency table) (A1) 

OR 

5 1 4 3 x+ + = + (A1) 

OR 

20f = (A1) 

THEN 

7x = A1 

[2 marks] 

continued… 



– 9 – M22/5/MATHX/HP2/ENG/TZ1/XX/M 

Question 1 continued 

(b) METHOD 1

1.58429…

1.58 A2 

METHOD 2

EITHER

2 2 2 2 2
2 5 (2 4.3) 1 (3 4.3) 4 (4 4.3) 3 (5 4.3) 7 (6 4.3)

( 2.51)
20


− + − +  + − +  −

=
 −

= (A1)

OR 

2 2 2 2 2
2 23 4 5

)
5 2 1 4 3 7

4.3 ( 2.51
6

20


+ + + +
= −

   
= (A1) 

THEN 

2.51 1.58429... = =

= 1.58 A1 

[2 marks] 

Total [4 marks] 
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2. (a) valid approach to find area of segment by finding area of sector – area of triangle (M1) 

2 21 1
sin

2 2
r r  −

2 21 1
(2) (2) sin

2 2
 − (A1) 

area = 2 2sin − A1 

[3 marks] 

(b) EITHER

area of logo = area of rectangle – area of segments (M1) 

4 2 (2 2sin ) 13.45   −  − = (A1) 

OR

area of one segment = ( )
20 13.4

3.3
2

−
= (M1) 

2 2sin 3.3 − = (A1) 

THEN 

2.35672... =

2.36 =  (do not accept an answer in degrees) A1 

Note: Award (M1)(A1)A0 if there is more than one solution. 
Award (M1)(A1FT)A0 if the candidate works in degrees and obtains a 

final answer of 135.030…  

[3 marks] 

Total [6 marks] 
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3. (a) 20.41 0.28 0.46 0.29 2 1k k+ − + + − = OR 22 0.01 0.13k k− + =   (or equivalent) A1 

22 0.12 0k k− + = AG 

[1 mark] 

(b) one of 0.2 OR 0.3 (M1) 

0.3k =  A1 

reasoning to reject 0.2k =   eg P(1) 0.28 0k= −   therefore 0.2k  R1 

[3 marks] 

(c) attempting to use the expected value formula (M1) 

20.41 1 (0.3 0.28) 2 0.46 3 (0.29 2 0.3 )E( ) 0X  +  − +  +=  −   

1.27= A1 

Note: Award M1A0 if additional values are given. 

[2 marks] 

Total [6 marks] 
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4. (a) recognizing at rest 0v =  (M1) 

3.34692...t =

3.35t = (seconds) A1 

Note: Award (M1)A0 for any other solution to 0v = eg 0.205t = −  or 6.08t = . 

[2 marks] 

(b) recognizing particle changes direction when 0v =  OR when 3.34692...t = (M1) 

4.71439...a = −

-24.71(ms )a = −  A2 

[3 marks] 

(c) distance travelled =
6

0
dv t  OR 

( ) ( )
3.34... 6sin( ) sin( )

0 3.34...
e 4sin( ) d e 4sin( ) d ( 14.3104... 6.44300...)t tt t t t+ − + = +  (A1) 

20.7534...=

= 20.8 (metres) A1 

[2 marks] 

Total [7 marks] 
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5. (a) METHOD 1 

EITHER 

one of P( ) 0.16A x= +  OR P( ) 0.36B x= + A1 

OR 

A1 

THEN 

attempt to equate their P( )A B  with their expression for )P (( ) PA B M1 

P( ) P( ) P( ) ( 0.16) ( 0.36)A B A B x x x =   = +  +   A1 

0.24x = A1 

METHOD 2 

attempt to form at least one equation in P( )A and P( )B  using independence M1 

( ) ( )P( ) P( ) P( ) P( ) 1 P( ) 0.16A B A B A B  =  − = OR 

( ) ( )P( ' ) P( ') P( ) 1 P( ) P( ) 0.36A B A B A B =   − =

P( ) 0.4A = AND P( ) 0.6B = A1 

6P( ) P( ) P( ) 0.4 0.A B A B =  =  (A1) 

0.24x = A1 

[4 marks] 

continued… 
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Question 5 continued 

(b) METHOD 1

recognising P( | ) P( )A B A  = (M1) 

1 0.16 0.24= − −

0.6=  A1 

METHOD 2 

( )P( ) 0.36 0.24 0.6B = + =

P( ) 0.24
P( | )

P( ) 0.4

A B
A B

B

   
  = = 

  
(A1) 

0.6= A1 

[2 marks] 

Total [6 marks] 
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6. (a) attempt to replace x  with x− M1 

1
( ) 2

2
x

x
f x −

−
− = −

EITHER 

1
2 ( )

2
x

x
f x= − = − A1 

OR 

( )
1

2 ( )
2

x
x

f x 
= − − = − 

 
A1 

Note: Award M1A0 for a graphical approach including evidence that either the 
graph is invariant after rotation by 180°about the origin or the graph is 
invariant after a reflection in the y -axis and then in the x -axis (or vice 

versa). 

so f  is an odd function  AG 

[2 marks] 

(b) attempt to find at least one intersection point (M1) 

1.26686..., 0.177935..., 3.06167...x x x= − = =

1.27, 0.178, 3.06x x x= − = =

1.27 1x−   − ,  A1 

0.178 3x  ,  A1 

3.06x  A1 

[4 marks] 

Total [6 marks] 
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7. (a) ( )2 212 ( 5) 13= + − =a (A1) 

2 28 a + b (accept min 2 and max 28) A1 

Note: Award (A1)A0  for 2 and 28 seen with no indication that they are the 
endpoints of an interval. 

  [2 marks] 

(b) recognition that p or b is a negative multiple of a (M1) 

ˆ2= −p a OR 
1215 15

513 13

  
− −  

−  
b = a =

12 1.852
5 0.76913

 −    
− =    

−    
p = A1 

[2 marks] 

(c) METHOD 1

q is perpendicular to 
12

5

 
 
− 

  

 q is in the direction 
5

12

 
 
 

  (M1) 

5

12
k
 

=  
 

q (A1) 

( ) 2 2(5 ) (12 ) 15k k= + =q (M1) 

15

13
k = (A1) 

75
5 5.7715 13

12 180 13.813
13

  
     
 = =    
     

  
  

q = A1 

  [5 marks] 

continued… 
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Question 7 continued 

METHOD 2 

q is perpendicular to 
12

5

 
 
− 

  

attempt to set scalar product 0q.a = OR product of gradients 1= − (M1) 

12 5 0x y− = (A1) 

( ) 2 2 15x y= + =q

attempt to solve simultaneously to find a quadratic in x  or in y  (M1) 

2
2 212

15
5

x
x  
+ = 
 

OR 

2
2 25

15
12

y
y 

+ = 
 

75
5.7713

180 13.8

13

 
   

=   
    
 
 

q = A1A1 

Note: Award A1 independently for each value.  Accept values given as 
75

13
x =

and 
180

13
y =  or equivalent. 

[5 marks] 

Total [9 marks] 
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8. (a) product of roots 
2 9k

k

+
= A1 

[1 mark] 

(b) recognition that the product of the roots will be negative (M1) 

2 9
0

k

k

+


critical values
9

0,
2

k = − seen (A1) 

9
0

2
k−   A1 

[3 marks] 

Total [4 marks] 
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9. (a) 6 5! (A1)(A1) 

720=  ( accept 6!) A1 

[3 marks] 

(b) METHOD 1

(Peter apart from girls, in an end seat) ( )8
4 1680P = OR 

(Peter apart from girls, not in end seat) ( )7
4 840P = (A1) 

case 1: Peter at either end

( )8
42 3360P = OR ( )8

42 4! 3360C  = (A1) 

case 2: Peter not at the end 

( )7
48 6720P = OR ( )7

48 4! 6720C  = (A1) 

Total number of ways 3360 6720= +  

10080= A1 

METHOD 2 

(Peter next to girl, in an end seat) ( )8
34 1344P = OR 

(Peter next to one girl, not in end seat) ( )7
32 4 1680P  = OR 

(Peter next to two girls, not in end seat) ( )7
24 3 504P  = (A1) 

case 1: Peter at either end  

( )8
32 4 2688P  = (A1) 

case 2: Peter not at the end 

( )( )7 7
3 28 2 4 4 3 17472P P  +   = (A1) 

Total number of ways ( )10
5 2688 17472P= − +

10080=  A1 

[4 marks] 

Total [7 marks] 
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Section B 

10. (a)

correct shape (concave down) within the given domain 1 2x    A1 

( )1,0  and ( ) ( )( )2, 3 2,1.73= A1 

Note: The coordinates of endpoints may be seen on the graph or marked on the 
axes. 

continued… 
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Question 10 continued 

(b) (i) interchanging x  and y  (seen anywhere) M1 

2 1x y= −  

2 2 1x y= −  A1 

2 1y x= + A1 

( )1 2 1f x x− = +  AG 

(ii) 0 3x  OR domain  ( )0, 3 0,1.73  =
 

A1 

1 2y  OR ( )11 2f x−   OR range  1,2 A1 

[5 marks] 

continued… 
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Question 10 continued 

(c) (i) attempt to substitute 2 1x y= + into the correct volume formula (M1) 

( ) ( )
2

2 2

0 0

π 1 d  π 1  d

h h

V y y y y
 

= + = + 
 

  A1 

3

0

1
π

3

h

y y 
= + 

 
A1 

31
π

3
h h 

= + 
 

AG 

Note: Award marks as appropriate for correct work using a different variable e.g. 

( )
2

2

0

π 1 d  

h

x x+

(ii) attempt to substitute ( )3 1.732...h = =  into V (M1) 

10.8828...V =

10.9V = (m3) ( )2 3π=  (m3) A1 

[5 marks] 

continued… 
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Question 10 continued 

(d) METHOD 1

time 
10.8828... 2 3π

0.4 0.4

 
= = 

 
(M1) 

27.207...=

( )( )27.2 5 3π s= = A1 

[2 marks] 

continued… 
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Question 10 continued 

(e) attempt to find the height of the tank when ( )5.4414... 3πV = =  (M1) 

( )31
π 5.4414... 3π

3
h h 
+ = = 

 

1.1818...h = (A1) 

attempt to use the chain rule or differentiate 31
π

3
V h h 
= + 

 
 with respect to t (M1) 

2

d d d 1 d

d d d π( 1) d

h h V V

t V t h t
=  = 

+
 OR ( )2d d

π 1
d d

V h
h

t t
= + (A1) 

attempt to substitute their h and
d

0.4
d

V

t
= (M1) 

( )2

d 0.4
0.053124...

d π 1.1818... 1

h

t
= =

+

0.0531=  (m s-1) A1 

[6 marks] 

Total [20 marks] 
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11. (a) P( 61)C  (M1) 

0.365112...=

0.365= A1 

[2 marks] 

(b) recognition of binomial eg B(12,0.365...)X (M1) 

P( 5) 0.213666...X = =  

= 0.214 A1 

[2 marks] 

continued… 
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Question 11 continued 

(c) (i) Let CM represent ‘chocolate muffin’ and BM represent ‘banana muffin’ 

P( 61) 0.0197555...B  =  (A1) 

EITHER 

)P (P( 6 P1| 1( ) )) P( 6 |C C CM B BM MBM  +    (or equivalent in words) (M1) 

OR  

tree diagram showing two ways to have a muffin weigh < 61  (M1) 

THEN 

)(0.6 (0.40.365...) 0.0197... +    (A1) 

0.226969...=  

= 0.227  A1 

(ii) recognizing conditional probability (M1) 

Note:  Recognition must be shown in context either in words or symbols, not just 

( )P |A B . 

0.365112..

.

0.6

0.22

.

6969..


(A1) 

0.965183...=  

0.965=  A1 

[7 marks] 

continued… 
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Question 11 continued 

(d) METHOD 1

7P P( 61| ) P( 61| )( ) 1P( 0.) 5CM BMC CM B BM  +   = (M1) 

( )P( 61) 0.0197555...) 0.1570.6 (0.4C  +  =

P( 61) 0.248496...C  =  (A1) 

attempt to solve for  using GDC (M1) 

Note: Award (M1) for a graph or table of values to show their ( )P 61C   with a 

variable standard deviation. 

1.47225... =

1.47 =  (g) A2 

continued… 
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Question 11 continued 

METHOD 2 

7P P( 61| ) P( 61| )( ) 1P( 0.) 5CM BMC CM B BM  +   =  (M1) 

( )P( 61) 0.0197555...) 0.1570.6 (0.4C  +  =

P( 61) 0.248496...C  =  (A1) 

use of inverse normal to find z score of their P( 61)C  (M1) 

0.679229...z = −

correct substitution (A1) 

61 62
0.679229...



−
= −

1.47225... =

1.47 =  (g) A1 

[5 marks] 

Total [16 marks] 



– 29 – M22/5/MATHX/HP2/ENG/TZ1/XX/M 

12. (a) attempt to use Euler’s method (M1) 

1 1

d
0.1; 0.1

dn n n n

y
x x y y

x+ += + = +  , where 
2 2

2

d 2

d

y y x

x x

−
=

correct intermediate y -values (A1)(A1) 

3.7,4.63140...,5.92098...,7.79542...  

Note: A1 for any two correct y -values seen 

10.6958...y =

10.7y = A1 

Note: For the final A1, the value 10.7 must be the last value in a table or a list, or 
be given as a final answer, not just embedded in a table which has further 
lines.  

[4 marks] 

(b) 
d d

d d

y v
y vx v x

x x
=  = + (A1) 

replacing y with vx  and 
d

d

y

x
 with 

d

d

v
v x

x
+  M1 

2 2 2 2 2 2 2d d
2 2

d d

y v
x y x x v x v x x

x x
 

= −  + = − 
 

A1 

2d
2

d

v
v x v

x
+ = −   (since 0x  ) 

2d
2

d

v
x v v

x
= − − AG 

[3 marks] 

continued… 
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Question 12 continued 

(c) (i) attempt to separate variables v  and x (M1) 

2

d d

2

v x

v v x
=

− − 

d d

( 2)( 1)

v x

v v x
=

− +  (A1) 

attempt to express in partial fraction form M1 

1

( 2)( 1) 2 1

A B

v v v v
 +

− + − +

1 1 1 1

( 2)( 1) 3 2 1v v v v
 

= − 
− + − + 

A1 

1 1 1 d
d

3 2 1

x
v

v v x
 

− = 
− + 

   

( ) ( )
1

ln 2 ln 1 ln
3

v v x c− − + = + A1 

Note: Condone absence of modulus signs throughout. 

EITHER 

attempt to find c  using 1, 3, 3x y v= = =  M1 

1 1
ln

3 4
c =

( )
1 1 1

ln 2 ln 1 ln ln
3 3 4

v v x− − + = +

expressing both sides as a single logarithm (M1) 

3
2

ln ln
1 4

xv

v

 −
=  

 +
 

continued… 
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Question 12 continued 

OR 

expressing both sides as a single logarithm (M1) 

( )32
ln ln

1

v
A x

v

−
=

+

attempt to find A  using 1, 3, 3x y v= = = M1 

1

4
A =

THEN 

32 1

1 4

v
x

v

−
=

+
(since 0x  ) 

substitute 
y

v
x

=  (seen anywhere) M1 

3
2 1

41

y
x x
y
x

−
=

+

 (since 2y x ) 

32 1

4

y x
x

y x

 −
 = 

+ 

attempt to make y  the subject M1 

3 4

2
4 4

x y x
y x− = + A1 

4

3

8

4

x x
y

x

+
=

−
AG 

continued… 



– 32 – M22/5/MATHX/HP2/ENG/TZ1/XX/M 

Question 12 continued 

(ii) actual value at (1.5) 27.3y = A1 

(iii) gradient changes rapidly (during the interval considered) OR

the curve has a vertical asymptote at ( )3 4 1.5874...x = = R1 

[12 marks] 

Total [19 marks] 
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Turn over

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  5  metres. 

Points  A  and  B  lie on the circle and ˆAOB 1.9=  radians.

diagram not to scale

A

B

O 1.9

(a) Find the length of the chord  [AB] . [3]

(b) Find the area of the shaded sector. [3]
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2. [Maximum mark: 5]

The derivative of a function  g  is given by  g ′(x) = 3x2 + 5ex , where  x ∈  . The graph of  g  
passes through the point  (0 , 4) . Find  g (x) .
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3. [Maximum mark: 6]

Events  A  and  B  are independent and  P (A) = 3P (B) . 

Given that  P (A ∪ B) = 0.68 , find  P (B) .
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4. [Maximum mark: 6]

A random sample of nine adults were selected to see whether sleeping well affected their 
reaction times to a visual stimulus. Each adult’s reaction time was measured twice.

The first measurement for reaction time was taken on a morning after the adult had 
slept well. The second measurement was taken on a morning after the same adult had not 
slept well.

The box and whisker diagrams for the reaction times, measured in seconds, are shown below.

(s)

second reaction time (not slept well)

first reaction time (slept well)

Key:

0.24 0.30 0.36 0.42 0.48

Consider the box and whisker diagram representing the reaction times after sleeping well.

(a) State the median reaction time after sleeping well. [1]

(b) Verify that the measurement of  0.46  seconds is not an outlier. [3]

(c) State why it appears that the mean reaction time is greater than the median reaction time. [1]

Now consider the two box and whisker diagrams.

(d) Comment on whether these box and whisker diagrams provide any evidence that might 
suggest that not sleeping well causes an increase in reaction time. [1]

(This question continues on the following page)
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(Question 4 continued)
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5. [Maximum mark: 7]

A particle moves in a straight line such that its velocity,  v m s-1 , at time  t  seconds is given by 

v
t t

=
+( )2 1

4

cos
,  0 ≤ t ≤ 3 .

(a) Determine when the particle changes its direction of motion. [2]

(b) Find the times when the particle’s acceleration is -1.9 m s-2 . [3]

(c) Find the particle’s acceleration when its speed is at its greatest. [2]
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6. [Maximum mark: 5]

The following diagram shows the curve 
x y2 2

36

4

16
1+

−
=

( )
, where  h ≤ y ≤ 4 .

diagram not to scale

y

x

B

P Q

RO

4

The curve from point  Q  to point  B  is rotated  360°  about the  y-axis to form the interior 
surface of a bowl. The rectangle  OPQR , of height  h  cm, is rotated  360°  about the  y-axis to 
form a solid base.

The bowl is assumed to have negligible thickness.

Given that the interior volume of the bowl is to be  285 cm3 , determine the height of the base.
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7. [Maximum mark: 8]

Consider lim
arctan cos

x

x k

x→

( ) −
0 2

, where  k ∈  .

(a) Show that a finite limit only exists for k =
π
4

. [2]

(b) Using l’Hôpital’s rule, show algebraically that the value of the limit is -
1

4
. [6]
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8. [Maximum mark: 7]

Rachel and Sophia are competing in a javelin-throwing competition.

The distances,  R  metres, thrown by Rachel can be modelled by a normal distribution with 
mean  56.5  and standard deviation  3 .

The distances,  S  metres, thrown by Sophia can be modelled by a normal distribution with 
mean  57.5  and standard deviation  1.8 .

In the first round of competition, each competitor must have five throws. To qualify for the 
next round of competition, a competitor must record at least one throw of  60  metres or 
greater in the first round.

Find the probability that only one of Rachel or Sophia qualifies for the next round of competition.
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9. [Maximum mark: 4]

Consider the set of six-digit positive integers that can be formed from the 
digits  0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  8  and  9 .

Find the total number of six-digit positive integers that can be formed such that

(a) the digits are distinct; [2]

(b) the digits are distinct and are in increasing order. [2]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]

A scientist conducted a nine-week experiment on two plants,  A  and  B , of the same species. 
He wanted to determine the effect of using a new plant fertilizer. Plant  A  was given fertilizer 
regularly, while Plant  B  was not.

The scientist found that the height of Plant  A ,  hA cm , at time  t  weeks can be modelled by the 
function  hA (t ) = sin (2t + 6) + 9t + 27 , where  0 ≤ t ≤ 9 .

The scientist found that the height of Plant  B ,  hB cm , at time  t  weeks can be modelled by the 
function  hB (t ) = 8t + 32 , where  0 ≤ t ≤ 9 .

(a) Use the scientist’s models to find the initial height of

(i) Plant  B ;

(ii) Plant  A  correct to three significant figures. [3]

(b) Find the values of  t  when  hA (t ) =  hB (t ) . [3]

(c) For  t > 6 , prove that Plant  A  was always taller than Plant  B . [3]

(d) For  0 ≤ t ≤ 9 , find the total amount of time when the rate of growth of Plant  B  was 
greater than the rate of growth of Plant  A . [6]
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11. [Maximum mark: 20]

Two airplanes,  A  and  B , have position vectors with respect to an origin  O  given respectively by

rA = −















+

−















19

1

1

6

2

4

t

rB =















+

−

















1

0

12

4

2

2

t

where  t  represents the time in minutes and  0 ≤ t ≤ 2.5 .

Entries in each column vector give the displacement east of  O , the displacement north of  O  
and the distance above sea level, all measured in kilometres.

(a) Find the three-figure bearing on which airplane  B  is travelling. [2]

(b) Show that airplane  A  travels at a greater speed than airplane  B . [2]

(c) Find the acute angle between the two airplanes’ lines of flight. Give your answer in 
degrees. [4]

The two airplanes’ lines of flight cross at point  P .

(d) (i)  Find the coordinates of  P .

(ii) Determine the length of time between the first airplane arriving at  P  and the 
second airplane arriving at  P . [7]

Let  D (t )  represent the distance between airplane  A  and airplane  B  for  0 ≤ t ≤ 2.5 .

(e) Find the minimum value of  D (t ) . [5]
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12. [Maximum mark: 21]

The population,  P , of a particular species of marsupial on a small remote island can be 
modelled by the logistic differential equation

d

d

P

t
kP

P

N
= −






1

where  t  is the time measured in years and  k , N  are positive constants.

The constant  N  represents the maximum population of this species of marsupial that the 
island can sustain indefinitely.

(a) In the context of the population model, interpret the meaning of 
d

d

P

t
. [1]

(b) Show that 
d

d

2

2
2 1 1

2P

t
k P

P

N

P

N
= −






 −





 . [4]

(c) Hence show that the population of marsupials will increase at its maximum rate  

when P
N

=
2

. Justify your answer. [5]

(d) Hence determine the maximum value of 
d

d

P

t
 in terms of  k  and  N . [2]

Let  P0  be the initial population of marsupials.

(e) By solving the logistic differential equation, show that its solution can be expressed in 
the form

kt
P

P

N P

N P
=

−
−







ln

0

0 . [7]

After  10  years, the population of marsupials is  3P0 . It is known that  N = 4P0 .

(f) Find the value of  k  for this population model. [2]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 
subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) EITHER 

uses the cosine rule (M1) 
2 2 2AB 5 5 2 5 5 cos1.9= + −     (A1) 

OR 

uses right-angled trigonometry (M1) 

AB
2 sin 0.95
5

= (A1) 

OR 

uses the sine rule (M1) 

( )( )
1

π 1.9 0.6207...
2

 = − =

AB 5

sin1.9 sin0.6207...
= (A1) 

THEN 

AB 8.1341...=  

AB 8.13=  (m) A1 

[3 marks] 

continued… 
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Question 1 continued 

(b) let the shaded area be A  

METHOD 1

Attempt at finding reflex angle (M1) 

( )ˆAOB 2π 1.9 4.3831...= − =

substitution into area formula (A1) 

21
5 4.3831...

2
A =   OR ( )22π 1.9

π 5
2π

− 
 

 

54.7898...=

54.8= (m2) A1 

METHOD 2 

let the area of the circle be CA and the area of the unshaded sector be UA

C UA A A= − (M1) 

( )2 21
π 5 5 1.9 78.5398... 23.75

2
A =  −   = − (A1) 

54.7898...=

54.8=  (m2) A1 

[3 marks] 

Total [6 marks] 
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2. METHOD 1

recognises that ( ) ( )23 5e dxg x x x= + (M1) 

( ) ( )3+5exg x x C= +  (A1)(A1) 

Note: Award A1 for each integrated term. 

substitutes 0x =  and 4y = into their integrated function (must involve C+ ) (M1) 

4 0 5 1C C= + +  = −  

( ) 3+5e 1xg x x= − A1 

METHOD 2 

attempts to write both sides in the form of a definite integral (M1) 

( )2

0 0

g'( ) d 3 5e  d
x x

tt t t t= +  (A1) 

3 0( ) 4 5e 5exg x x− = + − (A1)(A1) 

Note: Award A1 for ( ) 4g x −  and A1 for 3 05e 5exx + − . 

( ) 3+5e 1xg x x= − A1 

[5 marks] 
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3. ( ) ( ) ( ) ( )P P P P 0.68A B A B A B = + −  =

substitution of ( ) ( )P PA B  for ( )P A B in ( )P A B (M1) 

( ) ( ) ( ) ( ) ( )P P P P  0.68A B A B+ − =

substitution of ( )3P B for ( )P A (M1) 

( ) ( ) ( ) ( )3P P 3P P 0.68B B B B+ − = (or equivalent) (A1) 

Note: The first two marks are independent of each other. 

attempts to solve their quadratic equation (M1) 

( )
1 17

P 0.2, 1.133... ,
5 15

B  
=  

 

( )
1

P 0.2
5

B  
= = 

 
A2 

Note: Award A1 if both answers are given as final answers for ( )P B .

[6 marks] 
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4. (a) 0.28 (s) A1 

[1 mark] 

(b) ( )IQR 0.35 0.27 0.08= − = (s) (A1) 

substituting their IQR into correct expression for upper fence  (A1) 

( )0.35 1.5 0.08 0.47+  = (s)

0.46 0.47 R1 

so 0.46 (s) is not an outlier AG 

[3 marks] 

(c) EITHER

the median is closer to the lower quartile (positively skewed) R1 

OR

the distribution is positively skewed R1 

OR

the range of reaction times below the median is smaller than the range of reaction
times above the median R1 

Note: These are sample answers from a range of acceptable correct answers. 
Award R1 for any correct statement that explains this. 

Do not award R1 if there is also an incorrect statement, even if another 
statement in the answer is correct. Accept a correctly and clearly labelled 
diagram. 

[1 mark] 

continued… 
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Question 4 continued 

(d) EITHER

the distribution for ‘not sleeping well’ is centred at a higher reaction time R1 

OR 

the median reaction time after not sleeping well is equal to the upper quartile 
reaction time after sleeping well R1 

OR 

75% of reaction times are <0.35 seconds after sleeping well, compared with 

50% after not sleeping well R1 

OR 
the sample size of 9 is too small to draw any conclusions R1 

Note: These are sample answers from a range of acceptable correct answers. 
Accept any relevant correct statement that relates to the median and/or 
quartiles shown in the box plots. Do not accept a comparison of 
means.  

Do not award R1 if there is also an incorrect statement, even if another 
statement in the answer is correct 

Award R0 to “correlation does not imply causation”. 

[1 mark] 

Total [6 marks] 
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5. (a) recognises the need to find the value of t  when 0v =  (M1) 

π
1.5707... 

2
t  
= = 

 

π
1.57 

2
t  
= = 

 
(s) A1 

[2 marks] 

(b) recognises that ( ) '( )a t v t= (M1) 

1 2.2627...t = , 2 2.9573...t =

1 2.26t = , 2 2.96t =  (s) A1A1 

Note: Award M1A1A0 if the two correct answers are given with additional values 
outside 0 3t  . 

[3 marks] 

(c) speed is greatest at 3t =  (A1) 

1.8377...a = −  

1.84a = −  (m s-2) A1 

 [2 marks] 

Total [7 marks] 
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6. attempts to express 2x in terms of y (M1) 

( )
24 4

π 36 1  d
16h

y
V y

 −
= − 

 
 

  A1 

Note: Correct limits are required. 

Attempts to solve 
( )

24 4
π 36 1  d 285

16h

y
y

 −
− = 

 
 

 for h (M1) 

Note: Award M1 for attempting to solve 
3 2 8

36π 285
48 4 3

h h 
− + = 

 
 or equivalent 

for h . 

0.7926...h =

0.793h =  (cm) A2 

[5 marks] 
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7. (a) (as 2

0
lim 0
x

x
→

= , the indeterminate form 
0

0
 is required for the limit to exist) 

( )( )
0

lim arctan cos 0
x

x k
→

 − = M1 

( )arctan1 0 arctan1k k− = = A1 

so 
π

4
k = AG 

Note: Award M1A0 for using 
π

4
k =  to show the limit is 

0

0
. 

[2 marks] 

continued… 
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Question 7 continued 

(b) 
( )

20

π
arctan cos 04lim

0x

x

x→

−
 
= 
 

2

0

sin
1 coslim

2x

x
x

x→

−

+= A1A1 

Note: Award A1 for a correct numerator and A1 for a correct denominator. 

recognises to apply l’Hôpital’s rule again (M1) 

2

0

sin
01 coslim  

2 0x

x
x

x→

−

 += = 
 

Note: Award M0 if their limit is not the indeterminate form 
0

0
. 

EITHER 

( )

( )

2 2

22

0

cos 1 cos 2sin cos

1 cos
lim

2x

x x x x

x

→

− + −

+
= A1A1 

Note: Award A1 for a correct first term in the numerator and A1 for a correct 
second term in the numerator. 

OR 

( )20

cos
lim

2 1 cos 4 sin cosx

x

x x x x→

−

+ −
A1A1 

Note: Award A1 for a correct numerator and A1 for a correct denominator. 

THEN 

substitutes 0x =  into the correct expression to evaluate the limit A1 

Note: The final A1 is dependent on all previous marks. 

1

4
= − AG 

[6 marks] 

Total [8 marks] 
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8. Rachel: ( )2N 56.5,3R

( )P 60 0.1216...R  = (A1) 

Sophia: ( )2~ N 57.5,1.8S

( )P 60 0.0824...S  = (A1) 

recognises binomial distribution with 5n =  (M1) 

let RN represent the number of Rachel’s throws that are longer than 60 metres

( )~ B 5,0.1216...RN

either ( )P 1 0.4772...RN  = or ( )P 0 0.5227...RN = = (A1) 

let SN represent the number of Sophia’s throws that are longer than 60 metres 

( )~ B 5,0.0824...SN

either ( )P 1 0.3495...SN  =  or ( )P 0 0.6504...SN = = (A1) 

EITHER 

uses ( ) ( ) ( ) ( )P 1 P 0 P 1 P 0R S S RN N N N = +  = (M1) 

( ) ( ) ( )P one of Rachel or Sophia qualify 0.4772... 0.6504... 0.3495... 0.5227...=  + 

OR 

uses ( ) ( ) ( ) ( )P 1 P 1 2 P 1 P 1R S R SN N N N +  −     (M1) 

( )P one of Rachel or Sophia qualify 0.4772... 0.3495... 2 0.4772... 0.3495...= + −  

THEN 

0.4931...=

0.493= A1 

[7 marks] 

Note: M marks are not dependent on the previous A marks. 
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9. (a) ( )9
59 9 8 7 6 5 9 P     =  (M1) 

9!
136080 9

4!
 

= =  
 

A1 

Note: Award M1A0 for 10
6

10!
10 9 8 7 6 5 151200 

4!
P 

     = = = 
 

. 

Note: Award M1A0 for 9
6 60480P =  

[2 marks] 

(b) METHOD 1

EITHER

every unordered subset of 6  digits from the set of 9  non-zero digits can be
arranged in exactly one way into a 6-digit number with the digits in increasing order. A1 

OR 

( )9
6 1C  A1 

THEN 

84= A1 

METHOD 2 

EITHER 

removes 3  digits from the set of 9  non-zero digits and these 6  remaining digits can 
be arranged in exactly one way into a 6-digit number with the digits in increasing 
order. A1 

OR 

( )9
3 1C  A1 

THEN 

84= A1 

[2 marks] 

Total [4 marks] 
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Section B 

10. (a) (i) 32 (cm) A1 

(ii) ( ) ( )0 sin 6 27Ah = + (M1) 

26.7205...=

26.7= (cm) A1 

[3 marks] 

(b) attempts to solve ( ) ( )A Bh t h t= for t (M1) 

4.0074...,4.7034...,5.88332...t =

4.01,4.70,5.88t =  (weeks) A2 

[3 marks] 

(c) ( ) ( ) ( )sin 2 6 5A Bh t h t t t− = + + − A1 

EITHER 

for 6t  , 5 1t −   A1 

and as ( )sin 2 6 1t +  − ( ) ( ) 0A Bh t h t −  R1 

OR 

the minimum value of ( )sin 2 6 1t + = − R1 

so for 6t  , ( ) ( ) 6 0A Bh t h t t− = −   A1 

THEN 

hence for 6t  , Plant A was always taller than Plant B AG 

[3 marks] 

continued… 
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Question 10 continued 

(d) recognises that ( )Ah t and ( )Bh t  are required (M1) 

attempts to solve ( ) ( )A Bh t h t = for t  (M1) 

1.18879... and 2.23598... OR 4.33038... and 5.37758... OR 7.47197... and 8.51917...t = (A1) 

Note: Award full marks for 
4π 5π 7π 8π 10π 11π

3, 3, 3, 3, 3, 3
3 3 3 3 3 3

t  
= − − − − − − 

 
. 

Award subsequent marks for correct use of these exact values. 

1.18879... 2.23598...t  OR 4.33038... 5.37758...t  OR 
7.47197... 8.51917...t  (A1) 

attempts to calculate the total amount of time (M1) 

( )
5π 4π

3 2.2359... 1.1887... 3 3 3
3 3

     
− = − − −     

     

( )3.14 π= = (weeks) A1 

[6 marks] 

Total [15 marks] 
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11. (a) let   be the required angle (bearing) 

EITHER 

( )
1

90 arctan arctan 2
2

 = − = (M1) 

Note: Award M1 for a labelled sketch. 

OR 

0 4

1 2 1
cos  0.4472...,

1 20 5


   
   

    = = = 
  

(M1) 

( )arccos 0.4472... =

THEN 

063 A1 

Note: Do not accept 063.4  or 63.4  or 1.10 .c  

[2 marks] 

(b) Method 1

let Ab  be the speed of A  and let Bb be the speed of B

attempts to find the speed of one of A  or B (M1) 

( )
2 2 26 2 4= − + +Ab  or ( )

22 24 2 2= + + −Bb

Note: Award M0 for ( )
22 219 1 1= + − +Ab  and 2 2 21 0 12= + +Bb . 

( )7.48... 56= =Ab  (km min-1) and ( )4.89... 24= =Bb  (km min-1) A1 

A Bb b so A travels at a greater speed than B AG 

[2 marks] 

continued… 
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Question 11 continued 

Method 2 

attempts to use 
distance

speed
time

=

2 1 2 1

2 1 2 1

( ) ( ) ( ) ( )
speed and speedA A B B

A B

r t r t r t r t

t t t t

− −
= =

− −
(M1) 

for example: 

(1) (0) (1) (0)
speed and speed

1 1
A A B B

A B

r r r r− −
= =

2 2 2 2 2 2( 6) 2 4 4 2 2
speed and speed

1 1A B

− + + + +
= =

( ) ( )speed 7.48... 2 14 and speed 4.89... 24A B= = A1 

speed speedA B so A travels at a greater speed than B AG 

[2 marks] 

continued… 
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Question 11 continued 

(c) attempts to use the angle between two direction vectors formula (M1) 

( )( ) ( )( ) ( )( )

( ) ( )
2 22 2 2 2

6 4 2 2 4 2
cos

6 2 4 4 2 2


− + + −
=

− + + + + −

(A1) 

7
cos 0.7637... 

84


 
= − = − 

 
or ( ) ( )arccos 0.7637... 2.4399... = − =

attempts to find the acute angle 180 −  using their value of   (M1) 

40.2=   A1 

[4 marks] 

continued… 
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Question 11 continued 

(d) (i) for example, sets ( ) ( )1 2t t=A Br r and forms at least two equations (M1) 

1 219 6 1 4t t− = +

1 21 2 2t t− + =

1 21 4 12 2t t+ = −

Note: Award M0 for equations involving t  only. 

EITHER 

attempts to solve the system of equations for one of 1t or 2t (M1) 

1 2t = or 2

3

2
t = A1 

OR 

attempts to solve the system of equations for 1t and 2t (M1) 

1 2t = and 2

3

2
t = A1 

THEN 

substitutes their 1t or 2t  value into the corresponding Ar or Br (M1) 

( )P 7,3,9 A1 

Note: Accept 

7

OP 3

9

→
 
 

=  
 
 

. Accept 7  km east of O , 3  km north of O  and 9  km 

above sea level. 

continued… 
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Question 11 continued 

(ii) attempts to find the value of 1 2t t−  (M1) 

1 2

3
2

2
t t− = −

0.5 minutes (30  seconds) A1 

[7 marks] 

continued… 
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Question 11 continued 

(e) EITHER

attempts to find −B Ar r (M1) 

18 10

1 0

11 6

t

−   
   

− = +   
   −   

B Ar r

attempts to find their ( )D t (M1) 

( ) ( ) ( )
2 2

10 18 1 11 6D t t t= − + + − A1 

OR 

attempts to find −A Br r (M1) 

18 10

1 0

11 6

t

−   
   

− = − +   
   −   

A Br r

attempts to find their ( )D t (M1) 

( ) ( ) ( ) ( )
2 2 2

18 10 1 11 6D t t t= − + − + − + A1 

Note: Award M0M0A0 for expressions using two different time parameters. 

THEN 

either attempts to find the local minimum point of ( )D t  or attempts to find the value

of t  such that ( ) 0D t =  (or equivalent) (M1) 

123
1.8088... 

68
t  
= = 

 

( ) 1.01459...D t =

minimum value of ( )D t  is 
1190

1.01 
34

 
= 
 

(km) A1 

[5 marks] 

Note: Award M0 for attempts at the shortest distance between two lines. 

Total [20 marks] 
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12. (a) rate of growth (change) of the (marsupial) population (with respect to time) A1 

[1 mark] 

Note: Do not accept growth (change) in the (marsupials) population per year. 

(b) METHOD 1

attempts implicit differentiation on 
2d

d

P kP
kP

t N
= − by expanding 1

P
kP

N
 
− 

 
(M1) 

2

2

d d d
2

d d d

P P kP P
k

t t N t
= − A1A1 

d 2
1

d

P P
k

t N
 

= − 
 

A1 

d
1

d

P P
kP

t N
 

= − 
 

and so
2

2
2

d 2
1 1

d

P P P
k P

t N N
  

= − −  
  

AG 

METHOD 2 

attempts implicit differentiation (product rule) on 
d

1
d

P P
kP

t N
 

= − 
 

M1 

2

2

d d 1 d
1

d d d

P P P P
k kP

t t N N t

    
= − + −    

    
A1 

substitutes 
d

1
d

P P
kP

t N
 

= − 
 

into their 
2

2

d

d

P

t
M1 

2

2

d 1
1 1 1

d

P P P P
k kP kP kP

t N N N N

          
= − − + − −          

          

2
2 21 1

P P P
k P k P

N N N
    

= − − −    
    

2 1 1
P P P

k P
N N N

  
= − − −  

  
A1 

so 
2

2
2

d 2
1 1

d

P P P
k P

t N N
  

= − −  
  

AG 

[4 marks] 

continued… 
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Question 12 continued 

(c) 
2

2
2

d 2
0 1 1 0

d

P P P
k P

t N N
  

=  − − =  
  

(M1) 

0, ,
2

N
P N= A2 

Note: Award A1 for 
2

N
P =  only. 

uses the second derivative to show that concavity changes at 
2

N
P = or the first derivative 

to show a local maximum at 
2

N
P = M1 

EITHER 

a clearly labelled correct sketch of 
2

2

d

d

P

t
versus P  showing

2

N
P =  corresponding to 

a local maximum point for 
d

d

P

t
R1 

OR 

a correct and clearly labelled sign diagram (table) showing 
2

N
P =  corresponding to 

a local maximum point for 
d

d

P

t
R1 

continued… 
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Question 12 continued 

OR 

for example, ( )
2 2

2

d 3
0

d 32

P k N

t
=  with 

4

N
P =  and ( )

2 2

2

d 3
0

d 32

P k N

t
= −   with 

3

4

N
P =

showing 
2

N
P =  corresponds to a local maximum point for 

d

d

P

t
R1 

so the population is increasing at its maximum rate when 
2

N
P = AG 

[5 marks] 

(d) substitutes
2

N
P =  into 

d

d

P

t
(M1) 

d 21
d 2

N
P N

k
t N

 
  

= −  
  

 

the maximum value of 
d

d

P

t
 is 

4

kN
A1 

[2 marks] 

continued… 
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Question 12 continued 

(e) METHOD 1

attempts to separate variables M1 

( )
d  d

N
P k t

P N P
=

− 

attempts to write 
( )

N

P N P−
 in partial fractions form M1 

( ) ( )
( )

N A B
N A N P BP

P N P P N P
 +   − +

− −

1A= , 1B = A1 

( ) ( )
1 1N

P N P P N P
 +

− −

( )
1 1

d  dP k t
P N P

 
+ =  − 

 

( ) ( )ln lnP N P kt C − − = + A1A1 

Note: Award A1 for ( )ln N P− − and A1 for ln P and ( )kt C+ . Absolute value 

signs are not required. 

attempts to find C  in terms of N  and 0P M1 

when 0t = , 0P P=  and so ( )0 0ln lnC P N P= − −

0

0

ln ln
P P

kt
N P N P

  
= −   

− −    0

0

ln

P
N P

P
N P

  
  

−  =
  

  −  

A1 

so 0

0

ln
P N P

kt
P N P

− 
=  

− 
AG 

[7 marks] 

continued… 
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Question 12 continued 

METHOD 2 

attempts to separate variables M1 

1
d  d

1
P k t

P
P

N

=
 
− 

 

 

attempts to write 
1

1
P

P
N

 
− 

 

 in partial fractions form M1 

1
1 1

11

A B P
A BP

PP P NP
NN

 
 +   − + 

   −− 
 

1A= , 
1

B
N

= A1 

1 1 1

1 1
P PPP N
N N

 +
   
− −   

   

1 1
d  d

1
P k t

PP N
N

+ =
 
− 

 

 

( )ln ln 1
P

P kt C
N

 
 − − = + 

 
A1A1 

Note: Award A1 for ln 1
P

N
 

− − 
 

and A1 for ln P  and ( )kt C+ . Absolute value 

signs are not required. 

continued… 
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Question 12 continued 

ln ln
1

P NP
kt C kt C

P N P
N

 
   

= +  = +   
−  −

 

attempts to find C  in terms of N  and 0P M1 

when 0t = , 0P P=  and so 0

0

ln
NP

C
N P

 
=  

− 

0

0

ln ln
NP NP

kt
N P N P

  
= −   

− −    0

0

ln

P
N P

P
N P

  
  

−  =
  

  −  

A1 

0

0

ln
P N P

kt
P N P

− 
=  

− 
AG 

[7 marks] 

continued… 
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Question 12 continued 

METHOD 3 

lets 
1

u
P

=  and forms 
2

d 1 d

d d

u P

t P t
= − M1 

multiplies both sides of the differential equation by 
2

1

P
− and makes the above

substitutions M1 

2

1 d 1 1 d 1

d d

P u
k k u

P t N P t N
   

− = −  = −   
   

d

d

u k
ku

t N
+ = (linear first-order DE) A1 

 d
IF e e

k t kt= =
d

e e e
d

kt kt ktu k
k u

t N
 + = (M1) 

( )
d

e e
d

kt ktk
u

t N
=

( ) ( )
1 1 1

e e e ekt kt kt ktu C C
N P N

 
= + = + 

 
A1 

attempts to find C  in terms of N  and 0P M1 

when 0t = , 0P P= , 
0

1
u

P
=  and so 0

0 0

1 1 N P
C

P N NP

 −
= − = 

 

0

0

ekt N P N P

NP NP

− − 
= 

 

0

0

ekt P N P

N P P

 − 
=   

−  
A1 

0

0

ln
P N P

kt
P N P

− 
=  

− 
AG 

[7 marks] 

continued… 
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Question 12 continued 

(f) substitutes 10t = , 03P P=  and 04N P=  into 0

0

ln
P N P

kt
P N P

− 
=  

− 
M1 

( )0 0

0 0

4
10 ln3  ln9

4 3

P P
k

P P

 −
= = 

− 

1 1
0.220 ln9, ln3

10 5
k  
= = = 

 
A1 

[2 marks] 

Total [21 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
raisonnement adéquat. Par exemple, si des représentations graphiques sont utilisées pour trouver la 
solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 6]

Le diagramme suivant montre un cercle de centre  O  et de rayon  5  mètres.

Les points  A  et  B  se situent sur le cercle et  AÔB = 1,9  radian.

la figure n’est pas à l’échelle

A

B

O 1,9

(a) Trouvez la longueur de la corde  [AB] . [3]

(b) Trouvez l’aire du secteur grisé. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Note maximale : 5]

La dérivée d’une fonction  g  est donnée par  g ′(x) = 3x2 + 5ex , où  x ∈  . La représentation 
graphique de  g  passe par le point  (0 ; 4) . Trouvez  g (x) .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Note maximale : 6]

Les événements  A  et  B  sont indépendants et  P (A) = 3P (B) . 

Étant donné que  P (A ∪ B) = 0,68 , trouvez  P (B) .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Note maximale : 6]

Un échantillon aléatoire de neuf adultes a été sélectionné pour savoir si bien dormir affectait 
leur temps de réaction à un stimulus visuel. Le temps de réaction de chaque adulte a été 
mesuré deux fois.

La première mesure du temps de réaction a été prise un matin après que l’adulte a bien 
dormi. La deuxième mesure a été prise un matin après que le même adulte n’a pas bien dormi.

Les diagrammes en boîte pour les temps de réaction, mesurés en secondes, sont montrés 
ci-dessous.

(s)

deuxième temps de réaction (pas bien dormi)

premier temps de réaction (bien dormi)

Légende :

0,24 0,30 0,36 0,42 0,48

Considérez le diagramme en boîte qui représente les temps de réaction après avoir bien dormi.

(a) Indiquez le temps de réaction médian après avoir bien dormi. [1]

(b) Vérifiez que la mesure de  0,46  seconde n’est pas une valeur aberrante. [3]

(c) Indiquez pourquoi il semblerait que le temps de réaction moyen soit supérieur au 
temps de réaction médian. [1]

Considérez maintenant les deux diagrammes en boîte.

(d) Commentez, à savoir, si ces diagrammes en boîte fournissent des preuves pouvant 
suggérer que le fait de ne pas bien dormir cause une augmentation du temps de réaction. [1]

(Suite de la question à la page suivante)
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(Suite de la question 4)
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5. [Note maximale : 7]

Une particule se déplace en ligne droite de sorte que sa vitesse algébrique,  v m s-1 , au 

temps  t  secondes est donnée par v
t t

=
+( )2 1

4

cos
,  0 ≤ t ≤ 3 .

(a) Déterminez quand la particule change sa direction de mouvement. [2]

(b) Trouvez les instants auxquels l’accélération de la particule est de  -1,9 m s-2 . [3]

(c) Trouvez l’accélération de la particule lorsque sa vitesse est maximale. [2]
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6. [Note maximale : 5]

Le diagramme suivant montre la courbe 
x y2 2

36

4

16
1+

−
=

( )
, où  h ≤ y ≤ 4 .

la figure n’est pas à l’échelle

y

x

B

P Q

RO

4

La partie de la courbe comprise entre le point  Q  et le point  B  subit une rotation de  360°  
autour de l’axe des ordonnées pour former la surface intérieure d’un bol. Le rectangle  OPQR  
de hauteur  h cm  subit une rotation de  360°  autour de l’axe des ordonnées pour former une 
base solide.

On suppose que l’épaisseur du bol est négligeable.

Étant donné que le volume intérieur du bol est de  285 cm3 , déterminez la hauteur de la base.
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7. [Note maximale : 8]

Considérez lim
arctan cos

x

x k

x→

( ) −
0 2

, où  k ∈  .

(a) Montrez qu’une limite finie existe seulement pour k =
π
4

. [2]

(b) En utilisant la règle de L’Hôpital, montrez algébriquement que la valeur de la limite  

est -
1

4
. [6]
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8. [Note maximale : 7]

Rachel et Sophia participent à une compétition de lancer du javelot.

Les distances,  R  mètres, correspondant aux lancers de Rachel peuvent être modélisées par 
une distribution normale de moyenne  56,5  et d’écart type  3 .

Les distances,  S  mètres, correspondant aux lancers de Sophia peuvent être modélisées par 
une distribution normale de moyenne  57,5  et d’écart type  1,8 .

Au premier tour de la compétition, chaque concurrent doit effectuer cinq lancers. Pour se 
qualifier pour le tour suivant de la compétition, un concurrent doit enregistrer, au premier tour, 
au moins un lancer de  60  mètres ou plus.

Trouvez la probabilité que seule Rachel ou Sophia se qualifie pour le prochain tour de la 
compétition.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 12 – 2222 – 7117

M22/5/MATHX/HP2/FRE/TZ0/XX

16EP12

9. [Note maximale : 4]

Considérez l’ensemble des nombres entiers positifs à six chiffres qui peuvent être formés à 
partir des chiffres  0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  8  et  9 .

Trouvez le nombre total d’entiers positifs à six chiffres qui peuvent être formés tels que

(a) tous les chiffres sont différents ; [2]

(b) tous les chiffres sont différents et ils sont en ordre croissant. [2]
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

10. [Note maximale : 15]

Un scientifique a mené une expérience durant neuf semaines sur deux plantes,  A  et  B , de 
la même espèce. Il voulait déterminer l’effet de l’utilisation d’un nouvel engrais. La plante  A  a 
régulièrement reçu de l’engrais, tandis que la plante  B  n’en a pas reçu.

Le scientifique a trouvé que la hauteur de la Plante  A ,  hA cm , au temps  t  semaines peut être 
modélisée par la fonction  hA (t ) = sin (2t + 6) + 9t + 27 , où  0 ≤ t ≤ 9 .

Le scientifique a trouvé que la hauteur de la Plante  B ,  hB cm , au temps  t  semaines peut être 
modélisée par la fonction  hB (t ) = 8t + 32 , où  0 ≤ t ≤ 9 .

(a) Utilisez les modèles du scientifique pour trouver la hauteur initiale de

(i) la Plante  B ;

(ii) la Plante  A , correcte à trois chiffres significatifs près. [3]

(b) Trouvez les valeurs de  t  lorsque  hA (t ) =  hB (t ) . [3]

(c) Pour  t > 6 , prouvez que la Plante  A  était toujours plus haute que la Plante  B . [3]

(d) Pour  0 ≤ t ≤ 9 , trouvez le temps total pendant lequel le taux de croissance de la 
Plante  B  était supérieur au taux de croissance de la Plante  A . [6]
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11. [Note maximale : 20]

Les vecteurs-position de deux avions,  A  et  B , par rapport à une origine  O  sont donnés 
respectivement par

rA = −















+

−















19

1

1

6

2

4

t

rB =















+

−

















1

0

12

4

2

2

t ,

où  t  représente le temps en minutes et  0 ≤ t ≤ 2,5 .

Les composantes de chaque vecteur-colonne donnent le déplacement vers l’est à partir 
de  O , le déplacement vers le nord à partir de  O  et la distance au-dessus du niveau de la 
mer, toutes ces mesures étant en kilomètres.

(a) Trouvez le relèvement correspondant à l’avion  B . [2]

(b) Montrez que l’avion  A  se déplace à une plus grande vitesse que l’avion  B . [2]

(c) Trouvez l’angle aigu entre les trajectoires de vol des deux avions. Donnez votre 
réponse en degrés. [4]

Les trajectoires de vol des deux avions se coupent au point  P .

(d) (i)  Trouvez les coordonnées de  P .

(ii) Déterminez le laps de temps entre l’arrivée du premier avion en  P  et l’arrivée du 
deuxième avion en  P . [7]

Soit  D (t )  la distance entre l’avion  A  et l’avion  B  pour  0 ≤ t ≤ 2,5 .

(e) Trouvez la valeur minimale de  D (t ) . [5]
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12. [Note maximale : 21]

La population,  P , d’une espèce particulière de marsupial vivant sur une petite île isolée peut 
être modélisée par l’équation différentielle logistique

d

d

P

t
kP

P

N
= −






1 ,

où  t  est le temps mesuré en années et  k , N  sont des constantes positives.

La constante  N  représente la population maximale de cette espèce de marsupial que l’île 
peut supporter indéfiniment.

(a) Dans le contexte du modèle de la population, interprétez le sens de 
d

d

P

t
. [1]

(b) Montrez que 
d

d

2

2
2 1 1

2P

t
k P

P

N

P

N
= −






 −





 . [4]

(c) À partir de là, montrez que la population de marsupiaux augmentera à son taux 

maximal lorsque P
N

=
2

. Justifiez votre réponse. [5]

(d) À partir de là, déterminez la valeur maximale de 
d

d

P

t
 en fonction de  k  et  N . [2]

Soit  P0  la population initiale de marsupiaux.

(e) En résolvant l’équation différentielle logistique, montrez que sa solution peut être 
exprimée sous la forme

kt
P

P

N P

N P
=

−
−







ln

0

0 . [7]

Après  10  ans, la population de marsupiaux est de  3P0 . On sait que  N = 4P0 .

(f) Trouvez la valeur de  k  pour ce modèle de population. [2]
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 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
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 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
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 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.
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16EP01



Bitte schreiben Sie nicht auf dieser Seite.

Antworten, die auf dieser Seite geschrieben 
werden, werden nicht bewertet.

– 2 – 2222 – 7127

M22/5/MATHX/HP2/GER/TZ0/XX

16EP02



– 3 – 2222 – 7127

M22/5/MATHX/HP2/GER/TZ0/XX

Bitte umblättern

16EP03

Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Kreis mit Mittelpunkt  O  und Radius  5  Meter.

Die Punkte  A  und  B  liegen auf dem Kreis, und  AÔB = 1,9  (im Bogenmaß).

Zeichnung nicht maßstabsgerecht

A

B

O 1,9

(a) Finden Sie die Länge der Sehne  [AB] . [3]

(b) Finden Sie die Fläche des schattierten Sektors. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Maximale Punktzahl: 5]

Die Ableitung einer Funktion  g  ist gegeben durch  g ′(x) = 3x2 + 5ex , mit  x ∈  . Der Graph 
von  g  verläuft durch den Punkt  (0 , 4) . Finden Sie  g (x) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximale Punktzahl: 6]

Die Ereignisse  A  und  B  sind unabhängig, und  P (A) = 3P (B) . 

Es gelte  P (A ∪ B) = 0,68 . Finden Sie  P (B) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Maximale Punktzahl: 6]

Eine zufällige Stichprobe von neun Erwachsenen wurde ausgewählt, um herauszufinden, ob 
guter Schlaf ihre Reaktionszeit auf einen visuellen Reiz beeinflusst. Die Reaktionszeit eines 
jeden Erwachsenen wurde zweimal gemessen.

Die erste Messung der Reaktionszeit wurde an einem Morgen durchgeführt, an dem 
der Erwachsene gut geschlafen hatte. Die zweite Messung wurde an einem Morgen 
durchgeführt, an dem derselbe Erwachsene nicht gut geschlafen hatte.

Die Box-und-Whisker-Diagramme für die Reaktionszeiten in Sekunden sind in der folgenden 
Abbildung dargestellt.

(s)

Zweite Reaktionszeit (nicht gut geschlafen)

Erste Reaktionszeit (gut geschlafen)

Legende:

0,24 0,30 0,36 0,42 0,48

Betrachten Sie das Box-und-Whisker-Diagramm, das die Reaktionszeiten nach einem guten 
Schlaf darstellt.

(a) Geben Sie den Median der Reaktionszeit nach einem guten Schlaf an. [1]

(b) Validieren Sie, dass die Messung von  0,46  Sekunden kein Ausreißer ist. [3]

(c) Geben Sie an, warum die mittlere Reaktionszeit größer zu sein scheint als der Median 
der Reaktionszeit. [1]

Betrachten Sie nun die beiden Box-und-Whisker-Diagramme.

(d) Kommentieren Sie, ob diese Box-und-Whisker-Diagramme Anhaltspunkte dafür liefern, 
dass unzureichender Schlaf zu einer Verlängerung der Reaktionszeit führt. [1]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 4)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Maximale Punktzahl: 7]

Ein Teilchen bewegt sich auf einer geraden Linie, so dass seine Geschwindigkeit  v  in  m s-1  

zum Zeitpunkt  t  Sekunden gegeben ist durch v
t t

=
+( )2 1

4

cos
, mit  0 ≤ t ≤ 3 .

(a) Bestimmen Sie, wann das Teilchen seine Bewegungsrichtung ändert. [2]

(b) Finden Sie die Zeitpunkte, an denen die Beschleunigung des Teilchens  -1,9 m s-2  beträgt. [3]

(c) Finden Sie die Beschleunigung des Teilchens zu dem Zeitpunkt, an dem seine 
Geschwindigkeit am größten ist. [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximale Punktzahl: 5]

Das folgende Diagramm zeigt die Kurve 
x y2 2

36

4

16
1+

−
=

( )
, wobei  h ≤ y ≤ 4 .

Zeichnung nicht maßstabsgerecht

y

x

B

P Q

RO

4

Die Kurve von Punkt  Q  zu Punkt  B  wird um  360°  um die  y-Achse gedreht. Die entstandene 
Figur bildet die Innenfläche einer Schale. Das Rechteck  OPQR  mit der Höhe  h  in  cm  wird 
um  360°  um die  y-Achse gedreht und bildet dann einen festen Sockel.

Die Schale habe eine vernachlässigbare Dicke.

Das Innenvolumen der Schale beträgt  285 cm3 . Bestimmen Sie die Höhe des Sockels.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 10 – 2222 – 7127

M22/5/MATHX/HP2/GER/TZ0/XX

16EP10

7. [Maximale Punktzahl: 8]

Betrachten Sie lim
arctan cos

x

x k

x→

( ) −
0 2

, mit  k ∈  .

(a) Zeigen Sie, dass ein endlicher Grenzwert nur für k =
π
4

 existiert. [2]

(b) Zeigen Sie unter Verwendung der Regel von de L’Hospital algebraisch, dass der 

Grenzwert -
1

4
 ist. [6]
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8. [Maximale Punktzahl: 7]

Rachel und Sophia nehmen an einem Speerwurf-Wettbewerb teil.

Rachels Wurfweiten  R  in Meter können durch eine Normalverteilung mit 
Durchschnittswert  56,5  und Standardabweichung  3  modelliert werden.

Sophias Wurfweiten  S  in Meter können durch eine Normalverteilung mit 
Durchschnittswert  57,5  und Standardabweichung  1,8  modelliert werden.

In der ersten Runde des Wettbewerbs muss jeder Teilnehmer fünf Würfe absolvieren. Um 
sich für die nächste Runde des Wettbewerbs zu qualifizieren, muss ein Teilnehmer in der 
ersten Runde mindestens einen Wurf von  60  Metern oder mehr erzielen.

Finden Sie die Wahrscheinlichkeit, dass sich nur Rachel oder nur Sophia für die nächste 
Runde des Wettbewerbs qualifiziert.
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9. [Maximale Punktzahl: 4]

Betrachten Sie die Menge der sechsstelligen positiven ganzen Zahlen, die aus den 
Ziffern  0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  8  und  9  gebildet werden können.

Finden Sie die Gesamtanzahl der sechsstelligen positiven ganzen Zahlen, die so gebildet 
werden können, dass

(a) die Ziffern voneinander verschieden sind; [2]

(b) die Ziffern voneinander verschieden sind und in aufsteigender Reihenfolge auftreten. [2]
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

10. [Maximale Punktzahl: 15]

Ein Wissenschaftler führte ein neunwöchiges Experiment mit zwei Pflanzen  A  und  B  
derselben Art durch. Er wollte die Auswirkungen der Verwendung eines neuen 
Pflanzendüngers untersuchen. Pflanze  A  wurde regelmäßig gedüngt, Pflanze  B  jedoch nicht.

Der Wissenschaftler fand heraus, dass die Höhe  hA  der Pflanze  A  (in cm) zum Zeitpunkt  t   
(in Wochen) durch die folgende Funktion modelliert werden kann:  hA (t ) = sin (2t + 6) + 9t + 27 , 
mit  0 ≤ t ≤ 9 .

Der Wissenschaftler fand heraus, dass die Höhe  hB  der Pflanze  B  (in cm) zum Zeitpunkt  t  
(in Wochen) durch die folgende Funktion modelliert werden kann:  hB (t ) = 8t + 32 , mit  0 ≤ t ≤ 9 .

(a) Finden Sie mit Hilfe dieser Modelle des Wissenschaftlers die folgenden Größen:

(i) Die Anfangshöhe der Pflanze  B ;

(ii) Die Anfangshöhe der Pflanze  A  auf drei signifikante Stellen genau. [3]

(b) Finden Sie die Werte von  t  für  hA (t ) =  hB (t ) . [3]

(c) Beweisen Sie, dass für  t > 6  Pflanze  A  stets größer war als Pflanze  B . [3]

(d) Finden Sie für  0 ≤ t ≤ 9  den gesamten Zeitraum, in dem die Wachstumsrate der 
Pflanze  B  größer war als die der Pflanze  A . [6]
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Schreiben Sie keine Lösungen auf diese Seite.

11. [Maximale Punktzahl: 20]

Zwei Flugzeuge  A  und  B  haben in Bezug auf den Ursprung  O  die folgenden Ortsvektoren:

rA = −















+

−















19

1

1

6

2

4

t

rB =















+

−

















1

0

12

4

2

2

t

Hierbei stellt  t  die Zeit in Minuten dar, und es gilt:  0 ≤ t ≤ 2,5 .

Die Einträge in jedem Spaltenvektor geben die Entfernung von  O  nach Osten bzw. nach 
Norden sowie die Höhe über dem Meeresspiegel an, jeweils gemessen in Kilometern.

(a) Finden Sie die dreistellige Peilung (Kompasszahl), auf der das Flugzeug  B  unterwegs ist. [2]

(b) Zeigen Sie, dass Flugzeug  A  mit höherer Geschwindigkeit fliegt als Flugzeug  B . [2]

(c) Finden Sie den spitzen Winkel zwischen den Fluggeraden der beiden Flugzeuge. 
Geben Sie Ihre Antwort in Grad an. [4]

Die Fluggeraden der beiden Flugzeuge kreuzen sich im Punkt  P .

(d) (i)  Finden Sie die Koordinaten von  P .

(ii) Bestimmen Sie die Zeitspanne zwischen der Ankunft des ersten und des zweiten 
Flugzeugs am Punkt  P . [7]

Es sei  D (t )  die Entfernung zwischen den Flugzeugen  A  und  B  für  0 ≤ t ≤ 2,5 .

(e) Finden Sie den kleinsten Wert von  D (t ) . [5]
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12. [Maximale Punktzahl: 21]

Die Population  P  einer bestimmten Beuteltierart auf einer kleinen abgelegenen Insel kann 
durch die folgende logistische Differentialgleichung modelliert werden:

d

d

P

t
kP

P

N
= −






1

Hierbei ist  t  die in Jahren gemessene Zeit, und  k , N  sind positive Konstanten.

Die Konstante  N  steht für die größte Population dieser Beuteltierart, die auf der Insel auf 
Dauer leben kann.

(a) Interpretieren Sie im Kontext dieses Populationsmodells die Bedeutung von 
d

d

P

t
. [1]

(b) Zeigen Sie, dass gilt: 
d

d

2

2
2 1 1

2P

t
k P

P

N

P

N
= −






 −





 . [4]

(c) Zeigen Sie unter Nutzung der Vorarbeit, dass die Population der Beuteltiere für P
N

=
2

 
ihre höchste Zuwachsrate hat. 
Begründen Sie Ihre Antwort. [5]

(d) Bestimmen Sie unter Nutzung der Vorarbeit das Maximum von 
d

d

P

t
 abhängig von  k  

und  N . [2]

Es sei  P0  die Anfangspopulation der Beuteltiere.

(e) Zeigen Sie durch Lösen der logistischen Differentialgleichung, dass ihre Lösung in 
folgender Form ausgedrückt werden kann:

kt
P

P

N P

N P
=

−
−







ln

0

0 . [7]

Nach  10  Jahren beträgt die Population der Beuteltiere  3P0 . Es ist bekannt, dass  N = 4P0 .

(f) Finden Sie den Wert von  k  für dieses Populationsmodell. [2]
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 6]

La siguiente figura muestra un círculo de  5  metros de radio y con centro en  O .

Los puntos  A  y  B  pertenecen a la circunferencia y  AÔB = 1,9  radianes.

la figura no está dibujada a escala

A

B

O 1,9

(a) Halle la longitud de la cuerda  [AB] . [3]

(b) Halle el área del sector circular sombreado. [3]
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2. [Puntuación máxima: 5]

La derivada de la función  g  viene dada por  g ′(x) = 3x2 + 5ex , donde  x ∈  . El gráfico de  g  
pasa por el punto  (0, 4) . Halle  g (x) .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 5 – 2222 – 7122

M22/5/MATHX/HP2/SPA/TZ0/XX

Véase al dorso

16EP05

3. [Puntuación máxima: 6]

Los sucesos  A  y  B  son independientes y  P (A) = 3P (B) . 

Sabiendo que  P (A ∪ B) = 0,68 , halle  P (B) .
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4. [Puntuación máxima: 6]

Se seleccionó una muestra aleatoria compuesta por nueve adultos para comprobar si dormir 
bien afectaba al tiempo de reacción ante un estímulo visual. El tiempo de reacción de cada 
adulto se midió dos veces.

La primera medición del tiempo de reacción se hizo una mañana después de que el adulto 
hubiera dormido bien. La segunda medición se hizo una mañana después de que ese mismo 
adulto no hubiera dormido bien.

A continuación se muestran los diagramas de caja y bigotes correspondientes a esos 
tiempos de reacción (medidos en segundos).

(s)

Segundo tiempo de reacción (no durmió bien)

Primer tiempo de reacción (durmió bien)

Leyenda:

0,24 0,30 0,36 0,42 0,48

Considere el diagrama de caja y bigotes que representa los tiempos de reacción después de 
haber dormido bien.

(a) Indique la mediana de los tiempos de reacción después de haber dormido bien. [1]

(b) Verifique que una medición de  0,46  segundos no es un valor atípico. [3]

(c) Indique por qué parece que la media de los tiempos de reacción es mayor que la 
mediana de los tiempos de reacción. [1]

Considere ahora los dos diagramas de caja y bigotes.

(d) Comente si estos diagramas de caja y bigotes proporcionan alguna prueba que 
sugiera que no dormir bien hace que aumente el tiempo de reacción. [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 4: continuación)
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5. [Puntuación máxima: 7]

Una partícula se mueve en línea recta de modo tal que su velocidad (v m s-1 )  en el instante  t  

segundos viene dada por v
t t

=
+( )2 1

4

cos
,  0 ≤ t ≤ 3 .

(a) Determine cuándo cambia el sentido del movimiento de la partícula. [2]

(b) Halle en qué instantes la aceleración de la partícula es igual a  -1,9 m s-2 . [3]

(c) Halle la aceleración de la partícula cuando su rapidez es máxima. [2]
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6. [Puntuación máxima: 5]

La siguiente figura muestra la curva 
x y2 2

36

4

16
1+

−
=

( )
, donde  h ≤ y ≤ 4 .

la figura no está dibujada a escala

y

x

B

P Q

RO

4

El fragmento de curva que va del punto  Q  al punto  B  se rota  360°  alrededor del eje  y  para 
generar la superficie interior de un cuenco. El rectángulo  OPQR , de  h cm  de altura, se 
rota  360°  alrededor del eje  y  para generar una base sólida.

Se supone que el cuenco tiene un espesor despreciable.

Sabiendo que el volumen interior del cuenco tiene que ser  igual a  285 cm3 , determine la 
altura de la base.
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Considere lim
arctan cos

x

x k

x→

( ) −
0 2

, donde  k ∈  .

(a) Muestre que existe un límite finito únicamente para k =
π
4

. [2]

(b) Utilizando la regla de L’Hôpital, muestre por medio de métodos algebraicos que el 

valor del límite es -
1

4
. [6]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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8. [Puntuación máxima: 7]

Rachel y Sophia están participando en una competición de lanzamiento de jabalina.

Las distancias ( R  metros) que alcanza Rachel siguen una distribución normal de media  56,5  
y desviación típica igual a  3 .

Las distancias ( S  metros) que alcanza Sophia siguen una distribución normal de media  57,5  
y desviación típica igual a  1,8 .

En la primera ronda de la competición, cada participante tiene cinco lanzamientos. Para 
clasificarse para la siguiente ronda de la competición, la participante debe lograr al menos 
un lanzamiento de  60  metros o más en la primera ronda.

Halle la probabilidad de que únicamente una de las dos, Rachel o Sophia, se clasifique para 
la siguiente ronda de la competición.
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9. [Puntuación máxima: 4]

Considere el conjunto de números enteros positivos de seis cifras que se pueden formar con 
las cifras  0 ,  1 ,  2 ,  3 ,  4 ,  5 ,  6 ,  7 ,  8  y  9 .

Halle cuántos números enteros positivos de seis cifras se pueden formar que cumplan lo 
siguiente:

(a) Las cifras son todas distintas. [2]

(b) Las cifras son todas distintas y están dispuestas en orden creciente. [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 15]

Un científico ha realizado un experimento de nueve semanas de duración con dos plantas 
( A  y  B ) de la misma especie. Quería averiguar qué efecto tiene el uso de un nuevo 
fertilizante. La planta  A  recibió fertilizante con regularidad, mientras que la planta  B  no lo recibió.

El científico halló que la altura de la planta  A ( hA cm ) después de  t  semanas se podía  
modelizar mediante la función  hA (t ) = sen (2t + 6) + 9t + 27 , donde  0 ≤ t ≤ 9 .

El científico halló que la altura de la planta  B ( hB cm ) después de  t  semanas se podía 
modelizar mediante la función  hB (t ) = 8t + 32 , donde  0 ≤ t ≤ 9 .

(a) Utilice los modelos del científico para hallar la altura inicial de:

(i) La planta  B 

(ii) La planta  A , redondeando a tres cifras significativas [3]

(b) Halle los valores de  t  para los cuales  hA (t ) =  hB (t ) . [3]

(c) Para  t > 6 , pruebe que la planta  A  siempre fue más alta que la planta  B . [3]

(d) Para  0 ≤ t ≤ 9 , halle el tiempo total durante el cual el ritmo de crecimiento de la 
planta  B  fue mayor que el ritmo de crecimiento de la planta  A . [6]
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No escriba soluciones en esta página.

11. [Puntuación máxima: 20]

Dos aviones ( A  y  B ) tienen por vector de posición respecto al origen  O , respectivamente,

rA = −















+

−
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rB =
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0

12

4

2

2

t

donde  t  representa el tiempo en minutos y  0 ≤ t ≤ 2,5 .

Las componentes de cada vector columna representan el desplazamiento hacia el este 
de  O , el desplazamiento hacia el norte de  O  y la altura sobre el nivel del mar, y todas ellas 
se miden en kilómetros.

(a) Halle la demora —expresada con tres cifras— con la que está viajando el avión  B . [2]

(b) Muestre que el avión  A  viaja a mayor velocidad que el avión  B . [2]

(c) Halle el ángulo agudo que forman las trayectorias de vuelo de los dos aviones. Dé la 
respuesta en grados. [4]

Las trayectorias de vuelo de los dos aviones se cruzan en el punto  P .

(d) (i)  Halle las coordenadas de  P .

(ii) Determine el tiempo que transcurre desde que el primer avión llega a  P  hasta 
que el segundo avión llega a  P . [7]

Sea  D (t )  la distancia que hay entre el avión  A  y el avión  B  para  0 ≤ t ≤ 2,5 .

(e) Halle el valor mínimo de  D (t ) . [5]
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12. [Puntuación máxima: 21]

La población ( P ) de una especie concreta de marsupiales que hay en una pequeña isla 
remota se puede modelizar mediante la ecuación diferencial logística

d

d

P

t
kP

P

N
= −






1

donde  t  es el tiempo medido en años, y  k , N  son constantes positivas.

La constante  N  representa la población máxima de esta especie de marsupiales que la isla 
puede mantener de manera indefinida.

(a) En el contexto de este modelo poblacional, interprete el significado de 
d

d

P

t
. [1]

(b) Muestre que 
d

d

2

2
2 1 1

2P

t
k P

P

N

P

N
= −






 −





 . [4]

(c) A partir de lo anterior, muestre que el ritmo al que aumenta la población de 

marsupiales será máximo cuando P
N

=
2

. Justifique su respuesta. [5]

(d) A partir de lo anterior, determine el valor máximo de 
d

d

P

t
 en función de  k  y  N . [2]

Sea  P0  la población inicial de marsupiales.

(e) Resolviendo la ecuación diferencial logística, muestre que su solución se puede 
expresar de la siguiente forma:

kt
P

P

N P

N P
=

−
−







ln

0

0 . [7]

Al cabo de  10  años, la población de marsupiales es igual a  3P0 . Además, se sabe que  N = 4P0 .

(f) Halle el valor de  k  correspondiente a este modelo poblacional. [2]
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum marks: 27]

This question asks you to explore some properties of polygonal numbers and to 
determine and prove interesting results involving these numbers.

A polygonal number is an integer which can be represented as a series of dots arranged 
in the shape of a regular polygon. Triangular numbers, square numbers and pentagonal 
numbers are examples of polygonal numbers.

For example, a triangular number is a number that can be arranged in the shape of an 
equilateral triangle. The first five triangular numbers are  1, 3, 6, 10  and  15 .

The following table illustrates the first five triangular, square and pentagonal numbers 
respectively. In each case the first polygonal number is one represented by a single dot.

Type of 
polygonal 
number

Geometric representation Values

Triangular 
numbers …

1, 3, 6, 10, 15, ...

Square 
numbers

…

1, 4, 9, 16, 25, ...

Pentagonal 
numbers

…

1, 5, 12, 22, 35, ...

For an  r-sided regular polygon, where  r ∈ + ,  r ≥ 3, the  nth  polygonal number  Pr (n)  is given by

2( 2) ( 4)
( )

2r

r n r n
P n

- - -
= , where  n ∈ + .

(This question continues on the following page)
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Turn over

(Question 1 continued)

Hence, for square numbers, P n
n n

n4

2
24 2 4 4

2
( ) = −( ) − −( )

= .

(a) (i)  For triangular numbers, verify that 3

( 1)
( )

2

n n
P n

+
= . [2]

(ii) The number  351  is a triangular number. Determine which one it is. [2]

(b) (i)  Show that  P3 (n) + P3 (n + 1) ≡ (n + 1)2 . [2]

(ii) State, in words, what the identity given in part (b)(i) shows for two consecutive 
triangular numbers. [1]

(iii) For  n = 4 , sketch a diagram clearly showing your answer to part (b)(ii). [1]

(c) Show that  8P3 (n) + 1  is the square of an odd number for all  n ∈ + . [3]

The  nth  pentagonal number can be represented by the arithmetic series

P5 (n) = 1 + 4 + 7 + ... + (3n - 2) .

(d) Hence show that 5

(3 1)
( )

2

n n
P n

-
=  for  n ∈ + . [3]

(e) By using a suitable table of values or otherwise, determine the smallest positive integer, 
greater than  1, that is both a triangular number and a pentagonal number. [5]

A polygonal number,  Pr (n) , can be represented by the series

1 1 2
1

+ − −( )
=
∑ ( )( )m r
m

n

 where  r ∈ + ,  r ≥ 3 .

(f) Use mathematical induction to prove that 
2( 2) ( 4)

( )
2r

r n r n
P n

- - -
=  where  n ∈ + . [8]
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2. [Maximum marks: 28]

This question asks you to explore cubic polynomials of the form  
(x - r)(x2 -2ax + a2 + b2)  for  x ∈   and corresponding cubic equations with one real 
root and two complex roots of the form  (z - r)(z2 - 2az + a2 + b2) = 0  for  z ∈  .

In parts (a), (b) and (c), let  r = 1 ,  a = 4  and  b = 1 .

Consider the equation  (z - 1)(z2 - 8z + 17) = 0  for  z ∈  .

(a) (i)  Given that  1  and  4 + i   are roots of the equation, write down the third root. [1]

(ii) Verify that the mean of the two complex roots is  4 . [1]

Consider the function  f (x) = (x - 1)(x2 - 8x + 17)  for  x ∈  .

(b) Show that the line  y = x - 1  is tangent to the curve  y = f (x)  at the point  A (4 , 3) . [4]

(c) Sketch the curve  y = f (x)  and the tangent to the curve at point  A , clearly showing 
where the tangent crosses the  x-axis. [2]

Consider the function  g (x) = (x - r)(x2 - 2ax + a2 + b2)  for  x ∈   where  r , a ∈   and  
b ∈  , b > 0 .

(d) (i)  Show that  g′(x) = 2(x - r)(x - a) + x2 - 2ax + a2 + b2 . [2]

(ii) Hence, or otherwise, prove that the tangent to the curve  y = g (x)  at the point 
A (a , g(a))  intersects the x-axis at the point  R (r , 0) . [6]

The equation  (z - r)(z2 - 2az + a2 + b2) = 0  for  z ∈   has roots  r  and  a ± bi  where  r , a ∈   
and  b ∈  , b > 0 .

(e) Deduce from part (d)(i) that the complex roots of the equation  

 (z - r)(z2 - 2az + a2 + b2) = 0  can be expressed as i ( )a g a′± . [1]

(This question continues on the following page)



– 5 –

M22/5/MATHX/HP3/ENG/TZ1/XX

2222 – 7108

(Question 2 continued)

On the Cartesian plane, the points C1 a g a, ′( )( )  and C2 a g a,− ′( )( )  represent the real 

and imaginary parts of the complex roots of the equation  (z - r)(z2 - 2az + a2 + b2) = 0 .

The following diagram shows a particular curve of the form  y = (x - r)(x2 - 2ax + a2 + 16)  
and the tangent to the curve at the point  A (a , 80). The curve and the tangent both intersect 
the x-axis at the point  R (-2 , 0). The points  C1  and  C2  are also shown.

A (a , 80)

R (−2 , 0) C
1

C
2

x

y

(f) (i)  Use this diagram to determine the roots of the corresponding equation of the 
form  (z - r)(z2 - 2az + a2 + 16) = 0  for  z ∈  . [4]

(ii) State the coordinates of  C2 . [1]

Consider the curve  y = (x - r)(x2 - 2ax + a2 + b2)  for  a ≠ r , b > 0 . The points  A (a , g(a))  and 
R (r , 0)  are as defined in part (d)(ii). The curve has a point of inflexion at point  P .

(g) (i)  Show that the  x-coordinate of  P  is 
1

(2 )
3

a r+ .

You are not required to demonstrate a change in concavity. [2]

(ii) Hence describe numerically the horizontal position of point  P  relative to the 
horizontal positions of the points  R  and  A . [1]

Consider the special case where  a = r  and  b > 0 .

(h) (i)  Sketch the curve  y = (x - r)(x2 - 2ax + a2 + b2)  for  a = r = 1  and  b = 2 . [2]

(ii) For  a = r  and  b > 0 , state in terms of  r , the coordinates of points  P  and  A . [1]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 
subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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1. (a) (i) 
2

3

(3 2) (3 4)
( )

2

n n
P n

− − −
= OR ( )

( )2

3 2

n n
P n

− −
= A1 

2

3 ( )
2

n n
P n

+
= A1 

Note: Award A0A1 if ( )
2

3 2

n n
P n

+
=  only is seen. 

Do not award any marks for numerical verification. 

so for triangular numbers, 3

( 1)
( )

2

n n
P n

+
= AG 

[2 marks] 

(ii) METHOD 1

uses a table of values to find a positive integer that satisfies 3( ) 351P n =  (M1) 

for example, a list showing at least 3 consecutive terms ( )325, 351, 378 
 

Note: Award (M1) for use of a GDC’s numerical solve or graph feature. 

26n =  (  triangular number) A1 

Note: Award A0 for 27,26n = − . Award A0 if additional solutions besides 

26n = are given. 

METHOD 2 

attempts to solve ( )2( 1)
351 702 0

2

n n
n n

+
= + − =  for n (M1) 

( )( )21 1 4 1 702

2
n

−  − −
= OR ( )( )26 27 0n n− + =

26n = (  triangular number) A1 

Note: Award A0 for 27,26n = − . Award A0 if additional solutions besides 26n =
are given. 

[2 marks] 

continued… 

26th

26th
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Question 1 continued 

(b) (i) attempts to form an expression for 3 3( ) ( 1)P n P n+ + in terms of n M1 

EITHER 

3 3

( 1) ( 1) ( 2)
( ) ( 1)

2 2

n n n n
P n P n

+ + +
+ +  +

( 1)(2 2) 2( 1)( 1)
 

2 2

n n n n+ + + + 
  

 
A1 

OR 

( )
22

3 3

1 1
( ) ( 1)

2 2 2 2

nn n n
P n P n

 +  +
+ +  + + +       

( )
2 2

22 1 1
 2 1

2 2

n n n n n
n n

   + + + + +
 +  + +   
   

A1 

THEN 

2( 1)n + AG 

[2 marks] 

(ii) the sum of the thn  and ( 1) thn+  triangular numbers 

is the ( 1) thn+  square number A1 

[1 mark] 

continued… 
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Question 1 continued 

(iii) 

X X X X X

O X X X X

O O X X X

O O O X X

O O O O X

A1 

Note:  Accept equivalent single diagrams, such as the one above, where the 4th 
and 5th triangular numbers and the 5th square number are clearly shown. 

Award A1 for a diagram that show ( )3 4P  (a triangle with 10  dots) and 

( )3 5P (a triangle with 15  dots) and ( )4 5P  ( a square with 25  dots).

[1 mark] 

continued… 
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Question 1 continued 

(c) METHOD 1

( )
( )

( )( )3

1
8 1 8 1 4 1 1

2

n n
P n n n

+ 
+ = + = + + 

 
A1 

attempts to expand their expression for ( )38 1P n +  (M1) 

24 4 1n n= + +

2(2 1)n= + A1 

and 2 1n+ is odd AG 

METHOD 2 

( ) ( ) ( )( ) ( )
( )( )2 2

3 3

1 2
8 1 8 1 1 1 8 1 1

2

n n
P n n P n n

 + + 
+ = + − + + = + − +   

  
A1 

attempts to expand their expression for ( )38 1P n + (M1) 

( ) ( ) ( )2 2 28 2 1 4 3 2 1 4 4 1n n n n n n+ + − + + + = + +

 A1 

and 2 1n+  is odd AG 

continued… 

2(2 1)n= +
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Question 1 continued 

METHOD 3 

( )
( )

( )( )2

3

1
8 1 8 1 

2

n n
P n An B

+ 
+ = + = + 

 
 (where ,A B + ) A1 

attempts to expand their expression for ( )38 1P n +  (M1) 

( )2 2 2 24 4 1 2n n A n ABn B+ + = + +

now equates coefficients and obtains 1B =  and 2A =

2(2 1)n= + A1 

and 2 1n+ is odd AG 

[3 marks] 

continued… 
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Question 1 continued 

(d) EITHER

1 1u =  and 3d =  (A1) 

substitutes their 1u and their d  into ( )5 1( ) 2 ( 1)
2

n
P n u n d= + − M1 

( )5( ) 2 3( 1) (2 3 3)
2 2

n n
P n n n 

= + − = + − 
 

A1 

OR 

1 1u = and 3 2nu n= − (A1) 

substitutes their 1u and their nu into 5 1( ) ( )
2 n

n
P n u u= + M1 

5 ( ) (1 3 2)
2

n
P n n= + − A1 

OR 

( ) ( )( ) ( )( ) ( )( )5 3 1 2 3 2 2 3 3 2 ... 3 2P n n= − + − + − + + −

( ) ( ) ( ) ( )( ) ( )( )5 3 1 3 2 3 3 ... 3 2  3 1 2 3 ... 2P n n n n n= + + + + − = + + + + − (A1) 

substitutes 
( )1

2

n n+
into their expression for ( )5P n M1 

( )
( )

5

1
3 2

2

n n
P n n

+ 
= − 

 
 

( ) ( )( )5 3 1 4
2

n
P n n= + − A1 

OR 

attempts to find the arithmetic mean of n  terms (M1) 
( )1 3 2

2

n+ −
= A1 

multiplies the above expression by the number of terms n

( ) ( )5 1 3 2
2

n
P n n= + − A1 

THEN 

so 5

(3 1)
( )

2

n n
P n

−
= AG 

[3 marks] 

continued… 
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Question 1 continued 

(e) METHOD 1

forms a table of ( )3P n values that includes some values for 5n   (M1) 

forms a table of ( )5P m values that includes some values for 5m   (M1) 

Note:  Award (M1) if at least one value is correct. Award (M1) if at least 

one value is correct. Accept as above for ( )2n n+  values and 

( )23m m− values. 

20n =  for triangular numbers (A1) 

12m =  for pentagonal numbers (A1) 

Note:  Award (A1) if 20n =  is seen in or out of a table. Award (A1) if 12m =  is 
seen in or out of a table. Condone the use of the same parameter for 

  triangular numbers and pentagonal numbers, for example, 20n =  for 
  triangular numbers and 12n =  for pentagonal numbers. 

210 (is a triangular number and a pentagonal number) A1 

Note:  Award all five marks for 210  seen anywhere with or without working 
shown. 

continued… 

( )3P n

( )5P m
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Question 1 continued 

METHOD 2 

EITHER 

attempts to express 3 5( ) ( )P n P m=  as a quadratic in n (M1) 

( )( )2 23 0n n m m+ + − = (or equivalent)

attempts to solve their quadratic in n (M1) 

( )2 22 1 1 4 31 12 4 1
 

2 2

m mm m
n

 −  − −−  − +  = =
  
 

OR 

attempts to express 3 5( ) ( )P n P m=  as a quadratic in m (M1) 

( )( )2 23 0m m n n− − + = (or equivalent)

attempts to solve their quadratic in m  (M1) 

( ) ( )
2 22 1 1 121 12 12 1

 
6 6

n nn n
m

  − + + + +  = =
 
 
 

THEN 

20n = for triangular numbers (A1) 

12m = for pentagonal numbers (A1) 

210 (is a triangular number and a pentagonal number) A1 

continued… 
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Question 1 continued 

METHOD 3 

( 1) (3 1)

2 2

n n m m+ −
=

let n m k= +  ( n m ) and so 
23 ( )( 1)m m m k m k− = + + + M1 

( )2 22 2( 1) 0m k m k k− + − + = A1 

attempts to find the discriminant of their quadratic 

and recognises that this must be a perfect square M1 

2 24( 1) 8( )k k k = + + +

( )2 2 24( 1) 8( ) 4( 1)(3 1)N k k k k k= + + + = + +

determines that 8k =  leading to 
22 18 72 0 3,12m m m− − =  = −  and so 12m = A1 

210 (is a triangular number and a pentagonal number) A1 

METHOD 4 

( 1) (3 1)

2 2

n n m m+ −
=

let m n k= −  ( m n ) and so ( )( )2 ( ) 3 1n n n k n k+ = − − − M1 

( )2 22 2(3 1) 3 0n k n k k− + + + = A1 

attempts to find the discriminant of their quadratic 

and recognises that this must be a perfect square M1 

2 24(3 1) 8(3 )k k k = + − +

( )2 2 24(3 1) 8(3 ) 4( 1)(3 1)N k k k k k= + − + = + +

determines that 8k =  leading to 
22 50 200 0 5,20n n n− + =  =  and so 20n = A1 

210 (is a triangular number and a pentagonal number) A1 

[5 marks] 

continued… 
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Question 1 continued 

(f) 

Note:  Award a maximum of R1M0M0A1M1A1A1R0 for a ‘correct’ proof using n
and 1n+ . 

consider 1n = : ( ) ( )( )1 1 1 1 2 1rP r= + − − = and ( )
2( 2) (1 ) ( 4) (1)

1 1
2r

r r
P

− − −
= =  

so true for 1n = R1 

Note:  Accept ( )1 1rP =  and . 

Do not accept one-sided considerations such as ‘ ( )1 1rP =  and so true for

1n = ’.
Subsequent marks after this R1 are independent of this mark can be 
awarded.

Assume true for n k= , ie. 
2( 2) ( 4)

( )
2r

r k r k
P k

− − −
= M1 

Note:  Award M0 for statements such as “let n k= ”. The assumption of truth 

must be clear. 
Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

( )
2( 2) (1 ) ( 4) (1)

1 1
2r

r r
P

− − −
= =
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Consider 1n k= + : 

( ( 1)rP k + can be represented by the sum 

( )( )( ) ( )( )( ) ( )( )
1

1 1

1 1 2 1 1 2 1 2
k k

m m

m r m r k r
+

= =

+ − − = + − − + + −  and so

( )
2( 2) ( 4)

( 1) 1 ( 2)
2r

r k r k
P k k r

− − −
+ = + + − ( )( )( 1) ( ) 1 ( 2)r rP k P k k r+ = + + − M1 

2( 2) ( 4) 2 2 ( 2)

2

r k r k k r− − − + + −
= A1 

2( 2) ( 2 ) ( 4) 2

2

r k k r k− + − − +
=

2( 2) ( 2 1) ( 2) ( 4) 2

2

r k k r r k− + + − − − − +
= M1 

2( 2) ( 1) ( 4) ( 4)

2

r k r k r− + − − − −
= (A1) 

2( 2) ( 1) ( 4) ( 1)

2

r k r k− + − − +
= A1 

hence true for 1n =  and n k=  true 1n k = +  true R1 

therefore true for all n +

Note:  Only award the final R1 if the first five marks have been awarded.  Award 
marks as appropriate for solutions that expand both the LHS and (given) 
RHS of the equation. 

[8 marks] 

Total [27 marks] 
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2. (a) (i) 4 i− A1 

[1 mark] 

(ii) mean ( )
1

4 i 4 i
2

= + + − A1 

4= AG 

[1 mark] 

(b) METHOD 1

attempts product rule differentiation (M1) 

Note:  Award (M1) for attempting to express ( )f x  as 
3 2( ) 9 25 17f x x x x= − + −

. 

( )2 2( ) ( 1)(2 8) 8 17 ( ) 3 18 25f x x x x x f x x x = − − + − + = − + A1 

(4) 1f  = A1 

Note:  Where ( )f x  is correct, award A1 for solving ( ) 1f x = and obtaining 

4x = . 

EITHER 

( )3 1 4y x− = − A1 

OR 

y x c= +

3 4 1c c= +  = −  A1 

OR 

states the gradient of 1y x= −  is also 1 and verifies that (4, 3)  lies on the

line 1y x= −  A1 

THEN 

so 1y x= −  is the tangent to the curve at A (4, 3) AG 

Note:  Award a maximum of (M0)A0A1A1 to a candidate who does not attempt 
to find ( )f x .

continued… 
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Question 2 continued 

METHOD 2 

sets ( ) 1f x x= − to form ( )( )21 1 8 17x x x x− = − − + (M1) 

EITHER 

( )( ) ( )2 3 21 8 16 0 9 24 16 0x x x x x x− − + = − + − = A1 

attempts to solve a correct cubic equation (M1) 

( )( )
2

1 4 0 1,4x x x− − =  =

OR 

recognises that 1x   and forms ( )2 28 17 1 8 16 0x x x x− + = − + = A1 

attempts to solve a correct quadratic equation (M1) 

( )
2

4 0 4x x− =  =

THEN 

4x = is a double root R1 

so 1y x= − is the tangent to the curve at A (4, 3) AG 

Note:  Candidates using this method are not required to verify that 3y = . 

[4 marks] 

continued… 
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Question 2 continued 

(c) 

a positive cubic with an -x intercept ( )1x = , and a local maximum and local 

minimum in the first quadrant both positioned to the left of A A1 

Note:  As the local minimum and point A  are very close to each other, condone 
graphs that seem to show these points coinciding. 
For the point of tangency, accept labels such as A , ( )4,3  or the point

labelled from both axes. Coordinates are not required. 

a correct sketch of the tangent passing through A  and crossing the x-axis at the 
same point ( 1x = ) as the curve  A1 

Note:  Award A1A0 if both graphs cross the -x axis at distinctly different points. 

[2 marks] 

continued… 
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Question 2 continued 

(d) (i) EITHER 

( ) ( )( ) 2 2 22 2 2g x x r x a x ax a b = − − + − + + (M1)A1 

OR 

( ) ( ) ( ) ( )3 2 2 2 2 22 2g x x a r x a b ar x a b r= − + + + + − +

attempts to find ( )g x M1 

( ) ( )2 2 23 2 2 2g x x a r x a b ar = − + + + +

( )2 2 2 22 2 2 2x a r x ar x ax a b= − + + + − + + A1 

( )( )2 2 2 22 2x ax rx ar x ax a b= − − + + − + +

THEN 

( ) ( )( ) 2 2 22 2g x x r x a x ax a b = − − + − + + AG 

[2 marks] 

continued… 
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Question 2 continued 

(ii) METHOD 1

( ) ( )2g a b a r= − (A1) 

( ) 2g a b = (A1) 

attempts to substitute their ( )g a  and ( )g a  into ( ) ( )( )y g a g a x a− = − M1 

( ) ( )2 2y b a r b x a− − = −

EITHER 

( ) ( )2 2 2 y b x r y b x b r= − = − A1 

sets 0y =  so ( )2 0b x r− = M1 

0b x r  = OR 0b x r  = R1 

OR 

sets 0y = so ( ) ( )2 2b a r b x a− − = − M1 

0b  OR 0b   ( )a r x a− − = − R1 

x r= A1 

THEN 

so the tangent intersects the -x axis at the point R ( , 0)r  AG 

continued… 
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Question 2 continued 

METHOD 2 

( ) 2g a b = (A1) 

( ) ( )2g a b a r= − (A1) 

attempts to substitute their ( )g a and ( )g a  into ( )y g a x c= + and attempts to find c

M1 
2c b r= −

EITHER 

( ) ( )2 2 2 y b x r y b x b r= − = − A1 

sets 0y = so ( )2 0b x r− =  M1 

0b x r  = OR 0b x r  = R1 

OR 

sets 0y = so ( )2 0b x r− =  M1 

0b  OR 0b   0x r − =  R1 
x r= A1 

METHOD 3 

( ) 2g a b = (A1) 

the line through R ( , 0)r  parallel to the tangent at A  has equation 

( )2y b x r= − A1 

sets ( ) ( )2g x b x r= − to form ( ) ( )( )2 2 2 22b x r x r x ax a b− = − − + + M1 

2 2 2 22b x ax a b= − + + , ( )x r  A1 

( )
2

0x a− = A1 

since there is a double root ( x a= ), this parallel line through 

R ( , 0)r  is the required tangent at A  R1 

[6 marks] 

continued… 
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Question 2 continued 

(e) EITHER

2( ) ( )g a b b g a =  = (since 0b  ) R1 

Note:  Accept ( )b g a=  . 

OR 

( ) 2i ia b a b =  and ( ) 2g a b = R1 

THEN 

hence the complex roots can be expressed as i ( )a g a AG 

[1 mark] 

(f) (i) 4b = (seen anywhere) A1 

EITHER 

attempts to find the gradient of the tangent in terms of a and equates to 16  (M1) 

OR 

substitutes 2,r x a= − =  and 80y =  to form ( ) 2 2 280 ( 2) ( 2 16)a a a a= − − − + + (M1) 

OR 

substitutes 2,r x a= − =  and 80y =  into ( )16y x r= − (M1) 

THEN 

80
16 3

2
a

a
=  =

+

roots are 2−  (seen anywhere) and 3 4i A1A1 

Note: Award A1 for 2−  and A1 for 3 4i . Do not accept coordinates. 

[4 marks] 

(ii) ( )3, 4− A1 

Note: Accept “ 3x =  and 4y = − ”. 

Do not award A1FT for ( ), 4a − .

[1 mark] 

continued… 
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Question 2 continued 

(g) (i) ( ) ( )( ) 2 2 22 2g x x r x a x ax a b = − − + − + +

attempts to find M1 

( ) ( ) ( )( ) 2 2 2 2  6 2 4g x x a x r x a x r a = − + − + − = − −

sets ( ) 0g x = and correctly solves for x A1 

for example, obtaining ( )2 0x r x a− + − = leading to 3 2x a r= +

so 
1

(2 )
3

x a r= + AG 

Note:  Do not award A1 if the answer does not lead to the AG. 

[2 marks] 

(ii) point P  is 
2

3
of the horizontal distance (way) from point R  to point A A1 

Note:  Accept equivalent numerical statements or a clearly labelled diagram 
displaying the numerical relationship.  
Award A0 for non-numerical statements such as “ P  is between R  and A
, closer to A ”. 

[1 mark] 

continued… 

( )g x
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Question 2 continued 

(h) (i)
2( 1)( 2 5)y x x x= − − + (A1) 

a positive cubic with no stationary points and a non-stationary point of 
inflexion at 1x =  A1 

Note:  Graphs may appear approximately linear. Award this A1 if a change of 
concavity either side of 1x =  is apparent. 
Coordinates are not required and the -y intercept need not be indicated. 

[2 marks] 

(ii) ( , 0)r A1 

[1 mark] 

Total [28 marks] 
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Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 

this paper.
 y The maximum mark for this examination paper is [55 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 28]

This question asks you to explore properties of a family of curves of the 
type  y2 = x3 + ax + b  for various values of  a  and  b , where  a , b ∈  .

(a) On the same set of axes, sketch the following curves for  -2 ≤ x ≤ 2  and  -2 ≤ y ≤ 2 , 
clearly indicating any points of intersection with the coordinate axes.

(i) y2 = x3 ,  x ≥ 0 [2]

(ii) y2 = x3 + 1,  x ≥ -1  [2]

(b) (i)  Write down the coordinates of the two points of inflexion on the curve  y2 = x3 + 1 . [1]

(ii) By considering each curve from part (a), identify two key features that would 
distinguish one curve from the other. [1]

Now, consider curves of the form  y2 = x3 + b , for 3x b≥ - , where  b ∈ + .

(c) By varying the value of  b , suggest two key features common to these curves. [2]

Next, consider the curve  y2 = x3 + x ,  x ≥ 0 .

(d) (i)  Show that 
2

3

d 3 1

d 2

y x

x x x

+
= ±

+
, for  x > 0 . [3]

(ii) Hence deduce that the curve  y2 = x3 + x  has no local minimum or maximum points. [1]

The curve  y2 = x3 + x  has two points of inflexion. Due to the symmetry of the curve these 
points have the same  x-coordinate.

(e) Find the value of this  x-coordinate, giving your answer in the form 
3p q

x
r

+
= , 

where  p ,  q ,  r ∈  . [7]

(This question continues on the following page)



– 3 –

M22/5/MATHX/HP3/ENG/TZ2/XX

2222 – 7113

Turn over

(Question 1 continued)

P (x , y)  is defined to be a rational point on a curve if  x  and  y  are rational numbers. 

The tangent to the curve  y2 = x3 + ax + b  at a rational point  P  intersects the curve at another 
rational point  Q .

Let  C  be the curve  y2 = x3 + 2 , for 3 2x ≥ - . The rational point  P (-1 , -1)  lies on  C .

(f) (i)  Find the equation of the tangent to  C  at  P . [2]

(ii) Hence, find the coordinates of the rational point  Q  where this tangent 
intersects  C , expressing each coordinate as a fraction. [2]

(g) The point  S (-1 , 1)  also lies on  C . The line  [QS]  intersects  C  at a further point. 
Determine the coordinates of this point. [5]
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2. [Maximum mark: 27]

This question asks you to investigate conditions for the existence of complex roots of 
polynomial equations of degree  3  and  4 .

The cubic equation  x3 + px2 + qx + r = 0 , where  p ,  q ,  r ∈  ,  has roots  a ,  b  and  g . 

(a) By expanding  (x - a)(x - b)(x - g)  show that:

p = -(a + b + g)

q = ab + bg + ga

r = -abg . [3]

(b) (i)  Show that  p2 - 2q = a2 + b 2 + g 2. [3]

(ii) Hence show that  (a - b)2 + (b - g)2 + (g - a)2 = 2p2 - 6q . [3]

(c) Given that  p2 < 3q , deduce that  a ,  b  and  g  cannot all be real. [2]

Consider the equation  x3 - 7x2 + qx + 1 = 0 , where  q ∈  .

(d) Using the result from part (c), show that when  q = 17 , this equation has at least one 
complex root. [2]

Noah believes that if  p2 ≥ 3q  then  a ,  b  and  g  are all real.

(e) (i)  By varying the value of  q  in the equation  x3 - 7x2 + qx + 1 = 0 , determine the 
smallest positive integer value of  q  required to show that Noah is incorrect. [2]

(ii) Explain why the equation will have at least one real root for all values of  q . [1]

(This question continues on the following page)
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(Question 2 continued)

Now consider polynomial equations of degree 4.

The equation  x4 + px3 + qx2 + rx + s = 0 , where  p ,  q ,  r ,  s ∈  , has roots  a ,  b ,  g  and  d .

In a similar way to the cubic equation, it can be shown that:

p = -(a + b + g + d )

q = ab + ag + ad + bg + bd + gd

r = -(abg + abd + agd + bgd )

s = abgd .

(f) (i)  Find an expression for  a 2 + b 2 + g 2 + d 2  in terms of  p  and  q . [3]

(ii) Hence state a condition in terms of  p  and  q  that would 
imply  x4 + px3 + qx2 + rx + s = 0  has at least one complex root. [1]

(g) Use your result from part (f)(ii) to show that the equation  x4 - 2x3 + 3x2 - 4x + 5 = 0  has 
at least one complex root. [1]

The equation  x4 - 9x3 + 24x2 + 22x - 12 = 0, has one integer root.

(h) (i)  State what the result in part (f)(ii) tells us when considering this equation 
x4 - 9x3 + 24x2 + 22x - 12 = 0 . [1]

(ii) Write down the integer root of this equation. [1]

(iii) By writing  x4 - 9x3 + 24x2 + 22x - 12  as a product of one linear and one cubic 
factor, prove that the equation has at least one complex root. [4]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 
subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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1. (a) (i)

approximately symmetric about the x-axis graph of 2 3y x= A1 

including cusp/sharp point at (0, 0) A1 

[2 marks] 

(ii) approximately symmetric about the x-axis graph of 2 3 1y x= + with 
approximately correct gradient at axes intercepts A1 

some indication of position of intersections at 1, 1x y= − =   A1 

[2 marks] 

Note:  Final A1 can be awarded if intersections are in approximate correct place 
with respect to the axes shown. Award A1A1A1A0 if graphs ‘merge’ or 
‘cross’ or are discontinuous at x-axis but are otherwise correct. Award 
A1A0A0A0 if only one correct branch of both curves are seen. 

Note: If they sketch graphs on separate axes, award a maximum of 2 marks for 
the ‘best’ response seen. This is likely to be A1A1A0A0. 

continued… 
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Question 1 continued 

(b) (i) (0, 1) and (0, 1)− A1 

[1 mark] 

(ii) Any two from:

2 3y x=  has a cusp/sharp point, (the other does not)

graphs have different domains

2 3 1y x= + has points of inflexion, (the other does not) 

graphs have different x-axis intercepts (one goes through the origin, and the 
other does not) 

graphs have different y-axis intercepts A1 

Note:  Follow through from their sketch in part (a)(i). In accordance with marking 
rules, mark their first two responses and ignore any subsequent. 

[1 mark] 

continued… 
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Question 1 continued 

(c) Any two from:

as ,  x y→ →  

as x → , 2 3y x b= + is approximated by 2 3y x=  (or similar) 

they have x  intercepts at 3x b= −

they have y  intercepts at ( )y b=    

they all have the same range 

0y = (or x -axis) is a line of symmetry 

they all have the same line of symmetry ( )0y =

they have one x -axis intercept

they have two y -axis intercepts 

they have two points of inflexion

at x -axis intercepts, curve is vertical/infinite gradient

there is no cusp/sharp point at x -axis intercepts A1A1 

Note:  The last example is the only valid answer for things “not” present. Do not 
credit an answer of “they are all symmetrical” without some reference to 
the line of symmetry. 

Note:  Do not allow same/ similar shape or equivalent. 

Note: In accordance with marking rules, mark their first two responses and ignore 
any subsequent. 

[2 marks] 

continued… 



– 11 – M22/5/MATHX/HP3/ENG/TZ2/XX/M 

Question 1 continued 

(d) (i) METHOD 1 

attempt to differentiate implicitly M1 

2d
2 3 1

d

y
y x

x
= + A1 

2d 3 1

d 2

y x

x y

+
=   OR  3 2d

( )2 3 1
d

y
x x x

x
 + = + A1 

2

3

d 3 1

d 2

y x

x x x

+
= 

+
AG 

METHOD 2 

attempt to use chain rule 3( )y x x=  + M1 

1
3 22d 1

( ) ( ) (3 1)
d 2

y
x x x

x

−

=  + + A1A1 

Note:  Award A1 for 
1

3 21
( ) ( )

2
x x

−

 + , A1 for 2(3 1)x + . 

2

3

d 3 1

d 2

y x

x x x

+
= 

+
AG 

[3 marks] 

(ii) EITHER

local minima/maxima occur when 
d

0
d

y

x
=

21 3 0x+ = has no (real) solutions (or equivalent) R1 

OR 

( )2 0x    23 1 0x +  , so 
d

0
d

y

x
 R1 

THEN 

so, no local minima/maxima exist AG 

[1 mark] 

continued… 
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Question 1 continued 

(e) EITHER

attempt to use quotient rule to find 
2

2

d

d

y

x
M1 

( )

1
2 3 2 3 22

2 3

d 12 (1 3 )( ) (1 3 )

d 4( )

y x x x x x x x

x x x

−

+ − + + +
= 

+
A1A1 

Note:  Award A1 for correct 312x x x+ and correct denominator, A1 for correct
1

2 3 22(1 3 )( ) (1 3 )x x x x
−

− + + + . 

Note: Future A marks may be awarded if the denominator is missing or incorrect. 

stating or using 
2

2

d
0

d

y

x
= (may be seen anywhere) (M1) 

1
3 2 3 2212 (1 3 )( ) (1 3 )x x x x x x x

−

+ = + + +

OR 

attempt to use product rule to find 
2

2

d

d

y

x
M1 

( ) ( )( ) ( )
3 12

2 2 3 32 2
2

d 1 1
3 1 3 1 3

d 2 2

y
x x x x x x x

x

− − 
= + − + + + + 

 
A1A1 

Note:  Award A1 for correct first term, A1 for correct second term. 

setting 
2

2

d
0

d

y

x
= (M1) 

continued… 
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Question 1 continued 

OR 

attempts implicit differentiation on 2d
2 3 1

d

y
y x

x
= + M1 

2 2

2

d d
2 2 6

d d

y y
y x

x x
 

+ = 
 

A1 

recognizes that 
2

2

d
0

d

y

x
= (M1) 

d
3

d

y
x

x
= 

( ) ( )
2

3

3 1
3

2

x
x

x x

+
 = 

+
(A1) 

THEN 
3 2 212 ( ) (1 3 )x x x x+ = +

2 4 4 212 12 9 6 1x x x x+ = + +

4 23 6 1 0x x+ − = A1 

attempt to use quadratic formula or equivalent (M1) 

2 6 48

6
x

− 
=

( )
2 3 3

0
3

x x
−

  = ( )2, 3, 3p q r= = − = A1 

Note:  Accept any integer multiple of p, q and r (e.g. 4, 6− and 6). 

[7 marks] 

continued… 
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Question 1 continued 

(f) (i) attempt to find tangent line through ( )1, 1− − (M1) 

3
1 ( 1)

2
y x+ = − + OR 1.5 2.5y x= − − A1 

[2 marks] 

(ii) attempt to solve simultaneously with 2 3 2y x= + (M1) 

Note:  The M1 mark can be awarded for an unsupported correct answer in an 
incorrect format (e.g. (4.25, -8.875)). 

obtain 
17 71

,
4 8

 
− 

 
A1 

[2 marks] 

continued… 
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Question 1 continued 

(g) attempt to find equation of  QS (M1) 

( )
1 79

1.88095
1 42

y

x

−
= − = −

+
(A1) 

solve simultaneously with 2 3 2y x= + (M1) 

127
0.28798

441
x  
= = 

 
A1 

13175
1.4226

9261
y  
= − = 

 
A1 

( )0.288, 1.42−

OR 

attempt to find vector equation of  QS (M1) 

21
4

79
8

1

1

x

y


−     
= +     

−     
(A1) 

21
1

4
x = − +

79
1

8
y = −

attempt to solve 
2 3

79 21
1 1 2

8 4
 

   
− = − + +   

   
(M1) 

0.2453 =

127
0.28798

441
x  
= = 

 
A1 

13175
1.4226

9261
y  
= − = 

 
A1 

( )0.288, 1.42−

[5 marks] 

[Total 28 marks] 
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2. (a) attempt to expand ( )( )( )x x x  − − −  M1 

( )2 ( ) ( )x x x   = − + + − OR  ( )2( ) ( )x x x   = − − + + A1 

( )3 2 3 2( ) ( )x px qx r x x x      + + + = − + + + + + − A1 

comparing coefficients: 

( )p   = − + + AG 

( )q   = + + AG 

r = − AG 

Note: For candidates who do not include the AG lines award full marks. 

[3 marks] 

(b) (i) 2 22 ( ) 2( )p q      − = + + − + + (A1) 

attempt to expand 2( )  + + (M1) 

2 2 2 2( ) 2( )        = + + + + + − + + or equivalent A1 

2 2 2  = + + AG 

Note:  Accept equivalent working from RHS to LHS. 

[3 marks] 

continued… 
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Question 2 continued 

(ii) EITHER

attempt to expand 2 2 2( ) ( ) ( )     − + − + − (M1) 

( ) ( ) ( )2 2 2 2 2 22 2 2        = + − + + − + + − A1 

2 2 22( ) 2( )     = + + − + +

( )22 2 2p q q= − − or equivalent A1 

22 6p q= − AG 

OR  

attempt to write 22 6p q− in terms of , ,   (M1) 

( )22 2 2p q q= − −  

2 2 22( ) 2( )     = + + − + + A1 

( ) ( ) ( )2 2 2 2 2 22 2 2        = + − + + − + + − A1 

2 2 2( ) ( ) ( )     = − + − + − AG 

Note:  Accept equivalent working where LHS and RHS are expanded to identical 
expressions. 

[3 marks] 

continued… 
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Question 2 continued 

(c) 2 23 2 6 0p q p q  − 

2 2 2( ) ( ) ( ) 0      − + − + −  A1 

if all roots were real 2 2 2( ) ( ) ( ) 0     − + − + −  R1 

Note:  Condone strict inequality in the R1 line. 

Note:  Do not award A0R1. 

 roots cannot all be real AG 

[2 marks] 

(d) 2 2( 7) 49p = − = and 3 51q = A1 

so 2 3p q    the equation has at least one complex root R1 

Note: Allow equivalent comparisons; e.g. checking 22 6p q

[2 marks] 

(e) (i) use of GDC (eg graphs or tables) (M1) 

12q =   A1 

[2 marks] 

(ii) complex roots appear in conjugate pairs (so if complex roots occur the
other root will be real OR all 3 roots will be real).
OR
a cubic curve always crosses the x -axis at at least one point. R1 

[1 mark] 

continued… 
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Question 2 continued 

(f) (i) attempt to expand 2( )   + + +  (M1) 

2 2 2 2 2( ) 2( )             + + + = + + + + + + + + +  

(A1) 
2 2 2 2 2( ) 2( )              + + + = + + + − + + + + +

( )2 2 2 2 2 2p q    + + + = − A1 

[3 marks] 

(ii) 2 2p q OR 2 2 0p q−  A1 

Note: Allow FT on their result from part (f)(i). 

[1 mark] 

(g) 4 6 OR 22 2 3 0−    R1 

hence there is at least one complex root. AG 

Note: Allow FT from part (f)(ii) for the R mark provided numerical reasoning 
is seen. 

[1 mark] 

continued… 
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Question 2 continued 

(h) (i) ( )2 2p q ( )81 2 24  (so) nothing can be deduced R1 

Note: Do not allow FT for the R mark. 

[1 mark] 

(ii) 1− A1 

[1 mark] 

(iii) attempt to express as a product of a linear and cubic factor M1 

3 2( 1)( 10 34 12)x x x x+ − + −  A1A1 

Note:  Award A1 for each factor. Award at most A1A0 if not written as a product. 

since for the cubic, 2 3 (100 102)p q   R1 

there is at least one complex root AG 

[4 marks] 

[Total: 27 marks] 
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1 heure  

Mathématiques : analyse et approches
Niveau supérieur
Épreuve 3

Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour les cours de mathématiques : 

analyse et approches est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 28]

Cette question vous demande d’explorer certaines propriétés d’une famille de courbes 
du type  y2 = x3 + ax + b  pour diverses valeurs de  a  et  b , où  a , b ∈  .

(a) Sur le même système d’axes, esquissez les courbes suivantes pour  -2 ≤ x ≤ 2  
et  -2 ≤ y ≤ 2 , en indiquant clairement tout point d’intersection avec les axes.

(i) y2 = x3 ,  x ≥ 0 [2]

(ii) y2 = x3 + 1,  x ≥ -1  [2]

(b) (i)  Écrivez les coordonnées des deux points d’inflexion sur la courbe  y2 = x3 + 1 . [1]

(ii) En considérant chaque courbe de la partie (a), identifiez deux caractéristiques 
principales qui permettraient de distinguer une courbe de l’autre. [1]

Maintenant, considérez les courbes de la forme  y2 = x3 + b , pour 3x b≥ - , où  b ∈ + .

(c) En faisant varier la valeur de  b , suggérez deux caractéristiques principales communes 
à toutes ces courbes. [2]

Ensuite, considérez la courbe  y2 = x3 + x ,  x ≥ 0 .

(d) (i)  Montrez que 
2

3

d 3 1

d 2

y x

x x x

+
= ±

+
, pour  x > 0 . [3]

(ii) À partir de là, déduisez que la courbe  y2 = x3 + x  n’a ni de minimum relatif ni de 
maximum relatif. [1]

La courbe  y2 = x3 + x  a deux points d’inflexion. Étant donné la symétrie de la courbe, ces 
points ont la même abscisse.

(e) Trouvez la valeur de cette abscisse, en donnant votre réponse sous la forme 

3p q
x

r

+
= , où  p ,  q ,  r ∈  . [7]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

P (x , y)  est défini comme étant un point rationnel sur une courbe si  x  et  y  sont des nombres 
rationnels. 

La tangente à la courbe  y2 = x3 + ax + b  à un point rationnel  P  coupe la courbe en un autre 
point rationnel  Q .

Soit  C  la courbe  y2 = x3 + 2 , pour 3 2x ≥ - . Le point rationnel  P (-1 ; -1)  se situe sur  C .

(f) (i)  Trouvez l’équation de la tangente à  C  au point  P . [2]

(ii) À partir de là, trouvez les coordonnées du point rationnel  Q  où cette tangente 
coupe  C , en exprimant chaque coordonnée sous forme de fraction. [2]

(g) Le point  S (-1 ; 1)  se situe également sur  C . La droite  [QS]  coupe  C  en un autre 
point. Déterminez les coordonnées de ce point. [5]
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2. [Note maximale : 27]

Cette question vous demande d’explorer les conditions d’existence des racines 
complexes pour des équations polynomiales de degré  3  et  4 .

L’équation cubique  x3 + px2 + qx + r = 0 , où  p ,  q ,  r ∈  ,  possède les racines  a ,  b  et  g . 

(a) En développant  (x - a)(x - b)(x - g) , montrez que :

p = -(a + b + g)

q = ab + bg + ga

r = -abg . [3]

(b) (i)  Montrez que  p2 - 2q = a2 + b 2 + g 2. [3]

(ii) À partir de là, montrez que  (a - b)2 + (b - g)2 + (g - a)2 = 2p2 - 6q . [3]

(c) Sachant que  p2 < 3q , déduisez que  a ,  b  et  g  ne peuvent pas être réelles. [2]

Considérez l’équation  x3 - 7x2 + qx + 1 = 0 , où  q ∈  .

(d) En utilisant le résultat de la partie (c), montrez que lorsque  q = 17 , cette équation 
possède au moins une racine complexe. [2]

Noah croit que si  p2 ≥ 3q , alors  a ,  b  et  g  sont toutes réelles.

(e) (i)  En faisant varier la valeur de  q  dans l’équation  x3 - 7x2 + qx + 1 = 0 , déterminez 
la plus petite valeur entière positive de  q  nécessaire pour montrer que Noah se 
trompe. [2]

(ii) Expliquez pourquoi l’équation aura au moins une racine réelle pour toutes les 
valeurs de  q . [1]

(Suite de la question à la page suivante)
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(Suite de la question 2)

Considérez maintenant les équations polynomiales de degré 4.

L’équation  x4 + px3 + qx2 + rx + s = 0 , où  p ,  q ,  r ,  s ∈  , possède les racines  a ,  b ,  g  et  d .

D’une façon similaire à l’équation cubique, il est possible de démontrer que :

p = -(a + b + g + d )

q = ab + ag + ad + bg + bd + gd

r = -(abg + abd + agd + bgd )

s = abgd .

(f) (i)  Trouvez une expression pour  a 2 + b 2 + g 2 + d 2  en fonction de  p  et  q . [3]

(ii) À partir de là, indiquez une condition, en fonction de  p  et  q , qui impliquerait 
que  x4 + px3 + qx2 + rx + s = 0  possède au moins une racine complexe. [1]

(g) Utilisez votre résultat de la partie (f)(ii) pour montrer que l’équation   
x4 - 2x3 + 3x2 - 4x + 5 = 0  possède au moins une racine complexe. [1]

L’équation  x4 - 9x3 + 24x2 + 22x - 12 = 0  possède une racine entière.

(h) (i)  Indiquez ce que le résultat de la partie (f)(ii) vous dit lorsque vous considérez 
l’équation  x4 - 9x3 + 24x2 + 22x - 12 = 0 . [1]

(ii) Écrivez la racine entière de cette équation. [1]

(iii) En écrivant  x4 - 9x3 + 24x2 + 22x - 12  comme le produit d’un facteur linéaire 
et d’un facteur cubique, prouvez que l’équation possède au moins une racine 
complexe. [4]

 

Références :
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1 Stunde  

Mathematik: Analyse und Ansätze
Leistungsstufe
3. Klausur

Hinweise für die Kandidaten

 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Beantworten Sie alle Fragen im beigefügten Antwortheft.
 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 

exakt oder auf drei signifikante Stellen genau angegeben werden.
 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 

Analyse und Ansätze erforderlich.
 y Die Höchstpunktzahl für diese Prüfungsklausur ist [55 Punkte].
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Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite. Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl 
anerkannt. Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. 
Lösungen, die mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, müssen von einem 
passenden Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung 
verwenden, sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte 
für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar 
wird. Deshalb sollten Sie alle Rechenwege offenlegen.

1. [Maximale Punktzahl: 28]

In dieser Frage sollen Sie die Eigenschaften einer Kurvenfamilie vom 
Typ  y2 = x3 + ax + b  für unterschiedliche Werte von  a  und  b , mit  a , b ∈  ,  untersuchen.

(a) Skizzieren Sie im selben Koordinatensystem die folgenden Kurven im 
Bereich  -2 ≤ x ≤ 2  und  -2 ≤ y ≤ 2 , und kennzeichnen Sie deutlich die Schnittpunkte 
mit den Koordinatenachsen.

(i) y2 = x3 ,  x ≥ 0 [2]

(ii) y2 = x3 + 1,  x ≥ -1  [2]

(b) (i)  Notieren Sie die Koordinaten der beiden Wendepunkte der Kurve  y2 = x3 + 1 . [1]

(ii) Identifizieren Sie unter Berücksichtigung der Kurven aus Teil (a) zwei wesentliche 
Merkmale, in denen sich die verschiedenen Kurven voneinander unterscheiden. [1]

Betrachten wir nun Kurven der Art  y2 = x3 + b , für 3x b≥ -  und mit  b ∈ + .

(c) Schlagen Sie durch Variation des Werts von  b  zwei gemeinsame Eigenschaften dieser 
Kurven vor. [2]

Betrachten wir nun die Kurve  y2 = x3 + x ,  x ≥ 0 .

(d) (i)  Zeigen Sie, dass 
2

3

d 3 1

d 2

y x

x x x

+
= ±

+
, für  x > 0 . [3]

(ii) Deduzieren Sie unter Nutzung der Vorarbeit, dass die Kurve  y2 = x3 + x  keine 
lokalen Minima oder Maxima aufweist. [1]

Die Kurve  y2 = x3 + x  hat zwei Wendepunkte. Aufgrund der Symmetrie der Kurve haben 
diese Punkte die gleiche  x-Koordinate.

(e) Finden Sie den Wert dieser  x-Koordinate und geben Sie Ihre Antwort in der Form 

3p q
x

r

+
=  an, mit  p ,  q ,  r ∈  . [7]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 1)

P (x , y)  heißt „rationaler Punkt“ einer Kurve, wenn  x  und  y  rationale Zahlen sind. 

Die Tangente an die Kurve  y2 = x3 + ax + b  an einem rationalen Punkt  P  schneidet die Kurve 
in einem weiteren rationalen Punkt  Q .

Sei  C  die Kurve von  y2 = x3 + 2 , für 3 2x ≥ - . Der rationale Punkt  P (-1 , -1)  liegt auf  C .

(f) (i)  Finden Sie die Gleichung der Tangenten an  C  durch  P . [2]

(ii) Finden Sie unter Nutzung der Vorarbeit die Koordinaten des rationalen Punkts  Q , 
in dem diese Tangente die Kurve  C  schneidet. Drücken Sie dabei die beiden 
Koordinaten als Brüche aus. [2]

(g) Der Punkt  S (-1 , 1)  liegt ebenfalls auf  C . Die Gerade  [QS]  schneidet  C  in einem 
weiteren Punkt. Bestimmen Sie die Koordinaten dieses Punktes. [5]
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2. [Maximale Punktzahl: 27]

In dieser Frage sollen Sie die Bedingungen für die Existenz komplexer Lösungen von 
Polynomgleichungen des Grads  3  und  4  untersuchen.

Die kubische Gleichung  x3 + px2 + qx + r = 0 , mit  p ,  q ,  r ∈  ,  hat die Lösungen  a ,  b  und  g . 

(a) Zeigen Sie durch Ausmultiplizieren von  (x - a)(x - b)(x - g) , dass gilt:

p = -(a + b + g)

q = ab + bg + ga

r = -abg . [3]

(b) (i)  Zeigen Sie, dass gilt:  p2 - 2q = a2 + b 2 + g 2. [3]

(ii) Zeigen Sie unter Nutzung der Vorarbeit, dass gilt:   
(a - b)2 + (b - g)2 + (g - a)2 = 2p2 - 6q . [3]

(c) Deduzieren Sie unter der Voraussetzung, dass  p2 < 3q  gilt, dass  a ,  b  und  g  nicht alle 
reell sein können. [2]

Betrachten Sie die Gleichung  x3 - 7x2 + qx + 1 = 0 , mit  q ∈  .

(d) Zeigen Sie anhand des Ergebnisses aus Teil (c): Falls  q = 17 gilt, hat diese Gleichung 
mindestens eine komplexe Lösung. [2]

Noah glaubt: Wenn  p2 ≥ 3q , dann sind sowohl  a ,  b  als auch  g  reelle Zahlen.

(e) (i)  Bestimmen Sie durch Variation des Wertes von  q  in der Gleichung  
x3 - 7x2 + qx + 1 = 0  den kleinsten positiven ganzzahligen Wert von  q , mit dem 
man zeigen kann, dass Noah falsch liegt. [2]

(ii) Erklären Sie, warum die Gleichung mindestens eine reelle Lösung für alle Werte 
von  q  hat. [1]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 2)

Betrachten wir nun Polynomgleichungen vom Grad 4.

Die Gleichung  x4 + px3 + qx2 + rx + s = 0 , mit  p ,  q ,  r ,  s ∈  , hat die Lösungen  a ,  b ,  g  und  d .

In ähnlicher Weise wie bei der kubischen Gleichung lässt sich zeigen, dass gilt:

p = -(a + b + g + d )

q = ab + ag + ad + bg + bd + gd

r = -(abg + abd + agd + bgd )

s = abgd .

(f) (i)  Finden Sie einen Ausdruck für  a 2 + b 2 + g 2 + d 2  in Abhängigkeit von  p  und  q . [3]

(ii) Geben Sie unter Nutzung der Vorarbeit eine Bedingung in Abhängigkeit von  p  
und  q  an, die impliziert, dass  x4 + px3 + qx2 + rx + s = 0  mindestens eine 
komplexe Lösung hat. [1]

(g) Zeigen Sie mit Hilfe Ihres Ergebnisses aus Teil (f)(ii), dass die Gleichung   
x4 - 2x3 + 3x2 - 4x + 5 = 0  mindestens eine komplexe Lösung hat. [1]

Die Gleichung  x4 - 9x3 + 24x2 + 22x - 12 = 0  hat eine ganzzahlige Lösung.

(h) (i)  Geben Sie an, was das Ergebnis in Teil (f)(ii) in Bezug auf diese Gleichung 
x4 - 9x3 + 24x2 + 22x - 12 = 0  aussagt. [1]

(ii) Notieren Sie die ganzzahlige Lösung dieser Gleichung. [1]

(iii) Beweisen Sie durch Umschreiben von  x4 - 9x3 + 24x2 + 22x - 12  als Produkt 
eines linearen und eines kubischen Faktors, dass die Gleichung mindestens eine 
komplexe Lösung hat. [4]
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Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Análisis y Enfoques para esta prueba.
 y La puntuación máxima para esta prueba de examen es [55 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Por favor, comience cada 
pregunta en una página nueva. No se otorgará necesariamente la máxima puntuación a una respuesta 
correcta que no esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en 
un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla 
gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención; por ejemplo, si se 
utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de 
la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

1. [Puntuación máxima: 28]

En esta pregunta se le pide que explore las propiedades de una familia de curvas del 
tipo  y2 = x3 + ax + b  para diversos valores de  a  y  b , donde  a , b ∈  .

(a) En los mismos ejes de coordenadas, dibuje aproximadamente las siguientes curvas 
para  -2 ≤ x ≤ 2  y  -2 ≤ y ≤ 2 , indicando claramente todos los puntos de intersección 
con los ejes de coordenadas que haya.

(i) y2 = x3 ,  x ≥ 0 [2]

(ii) y2 = x3 + 1,  x ≥ -1  [2]

(b) (i)  Escriba las coordenadas de los dos puntos de inflexión que tiene la 
curva  y2 = x3 + 1 . [1]

(ii) Considere cada una de las curvas del apartado (a) e identifique dos 
características importantes que diferencien una curva de la otra. [1]

Considere ahora curvas de la forma  y2 = x3 + b , para 3x b≥ - , donde  b ∈ + .

(c) Variando el valor de  b , sugiera dos características importantes que sean comunes a 
todas estas curvas. [2]

A continuación, considere la curva  y2 = x3 + x ,  x ≥ 0 .

(d) (i)  Muestre que 
2

3

d 3 1

d 2

y x

x x x

+
= ±

+
, para  x > 0 . [3]

(ii) A partir de lo anterior, deduzca que la curva  y2 = x3 + x  no tiene ni máximos ni 
mínimos locales. [1]

La curva  y2 = x3 + x  tiene dos puntos de inflexión. Debido a la simetría de la curva, estos 
puntos tienen la misma coordenada  x .

(e) Halle el valor de esta coordenada  x ; dé la respuesta en la forma 
3p q

x
r

+
= , 

donde  p ,  q ,  r ∈  . [7]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Se dice que  P (x , y)  es un punto racional de una curva si  x  e  y  son números racionales. 

La recta tangente a la curva  y2 = x3 + ax + b  en un punto racional  P  corta a la curva en otro 
punto racional  Q .

Sea  C  la curva  y2 = x3 + 2 , para 3 2x ≥ - . El punto racional  P (-1, -1)  pertenece a  C .

(f) (i)  Halle la ecuación de la recta tangente a  C  en  P . [2]

(ii) A partir de lo anterior, halle las coordenadas del punto racional  Q  donde esta 
recta tangente corta a  C ; exprese cada coordenada como una fracción. [2]

(g) El punto  S (-1, 1)  también pertenece a  C . La recta  [QS]  corta a  C  en otro punto más. 
Determine las coordenadas de este punto. [5]
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2. [Puntuación máxima: 27]

En esta pregunta se le pide que investigue las condiciones para que una ecuación 
polinómica de grado  3  o  4  tenga raíces complejas.

La ecuación cúbica  x3 + px2 + qx + r = 0 , donde  p ,  q ,  r ∈  ,  tiene por raíces  a ,  b  y  g . 

(a) Desarrollando  (x - a)(x - b)(x - g) , muestre que:

p = -(a + b + g)

q = ab + bg + ga

r = -abg . [3]

(b) (i)  Muestre que  p2 - 2q = a2 + b 2 + g 2. [3]

(ii) A partir de lo anterior, muestre que  (a - b)2 + (b - g)2 + (g - a)2 = 2p2 - 6q . [3]

(c) Sabiendo que  p2 < 3q , deduzca que  a ,  b  y  g  no pueden ser todas reales. [2]

Considere la ecuación  x3 - 7x2 + qx + 1 = 0 , donde  q ∈  .

(d) Utilizando el resultado del apartado (c), muestre que si  q = 17 , esta ecuación tiene al 
menos una raíz compleja. [2]

Noah cree que si  p2 ≥ 3q , entonces  a ,  b  y  g  son todas reales.

(e) (i)  Variando el valor de  q  en la ecuación  x3 - 7x2 + qx + 1 = 0  determine el menor 
valor entero positivo de  q  que permite mostrar que Noah está equivocado. [2]

(ii) Explique por qué la ecuación tiene al menos una raíz real para todo valor de  q . [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

Considere ahora las ecuaciones polinómicas de grado 4.

La ecuación  x4 + px3 + qx2 + rx + s = 0 , donde  p ,  q ,  r ,  s ∈  , tiene por raíces  a ,  b ,  g  y  d .

De modo similar a como se hizo con la ecuación cúbica, se puede demostrar que:

p = -(a + b + g + d )

q = ab + ag + ad + bg + bd + gd

r = -(abg + abd + agd + bgd )

s = abgd .

(f) (i)  Halle una expresión para  a 2 + b 2 + g 2 + d 2  en función de  p  y  q . [3]

(ii) A partir de lo anterior, indique una condición (en función de  p  y  q ) que implique 
que  x4 + px3 + qx2 + rx + s = 0  tiene al menos una raíz compleja. [1]

(g) Utilice el resultado que obtuvo en el subapartado (f)(ii) para mostrar que la ecuación   
x4 - 2x3 + 3x2 - 4x + 5 = 0  tiene al menos una raíz compleja. [1]

La ecuación  x4 - 9x3 + 24x2 + 22x - 12 = 0  tiene una raíz entera.

(h) (i)  Indique qué nos dice el resultado del subapartado (f)(ii) al considerar esta 
ecuación  x4 - 9x3 + 24x2 + 22x - 12 = 0 . [1]

(ii) Escriba la raíz entera de esta ecuación. [1]

(iii) Escribiendo  x4 - 9x3 + 24x2 + 22x - 12  como el producto de un factor lineal y un 
factor cúbico, pruebe que la ecuación tiene al menos una raíz compleja. [4]
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12EP02

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5] 

Consider the points  A (-2 , 20) ,  B (4 , 6)  and  C (-14 , 12) . The line  L  passes through the 
point  A  and is perpendicular to [BC] .

(a) Find the equation of  L . [3]

The line  L  passes through the point  (k , 2) .

(b) Find the value of  k . [2] 
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2. [Maximum mark: 5] 

(a) The expression 
3 5x

x

-
 can be written as  3 - 5x p . Write down the value of  p . [1]

(b) Hence, find the value of 
3 5

1

9 x

x
x

−







∫ d . [4]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 4 – 2222 – 7109

M22/5/MATHX/SP1/ENG/TZ1/XX

12EP04

3. [Maximum mark: 7] 

A survey at a swimming pool is given to one adult in each family. The age of the 
adult,  a  years old, and of their eldest child,  c  years old, are recorded.

The ages of the eldest child are summarized in the following box and whisker diagram.

diagram not to scale

2 6 7 10 18

ages of eldest child (years)

(a) Find the largest value of  c  that would not be considered an outlier. [3] 

The regression line of  a  on  c  is 
7

20
4

a c= + . The regression line of  c  on  a  is 
1

9
2

c a= - .

(b) (i)  One of the adults surveyed is 42 years old. Estimate the age of their eldest child.

(ii) Find the mean age of all the adults surveyed. [4]
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4. [Maximum mark: 7] 

Consider the functions c( ) 3sin osx xf x +=  where  0 ≤ x ≤ π  and  g (x) = 2x  where  x ∈  .

(a) Find  ( f  g)(x) . [2]

(b) Solve the equation  ( f  g)(x) = 2 cos 2x  where  0 ≤ x ≤ π . [5]
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5. [Maximum mark: 5]

Consider the curve with equation  y = (2x - 1)ekx , where  x ∈   and  k ∈  . 

The tangent to the curve at the point where  x = 1  is parallel to the line  y = 5ekx .

Find the value of  k .
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6. [Maximum mark: 7] 

Consider  f (x) = 4 sin x + 2.5  and 
3

( ) 4sin 2.5
2

g x x q
π = - + + 

 
, where  x ∈   and  q > 0 .

The graph of  g  is obtained by two transformations of the graph of  f .

(a) Describe these two transformations. [2]

The y-intercept of the graph of  g  is at  (0 , r) .

(b) Given that  g (x) ≥ 7 , find the smallest value of  r . [5]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 14]

A function,  f , has its derivative given by  f ′(x) = 3x2 - 12x + p , where  p ∈  . The following 
diagram shows part of the graph of  f ′ .

y

x

f ′

The graph of  f ′  has an axis of symmetry  x = q . 

(a) Find the value of  q . [2]

The vertex of the graph of  f ′  lies on the  x-axis.

(b) (i)  Write down the value of the discriminant of  f ′ .

(ii) Hence or otherwise, find the value of  p . [4]

(c) Find the value of the gradient of the graph of  f ′  at  x = 0 . [3]

(d) Sketch the graph of  f ″ , the second derivative of  f . Indicate clearly the  x-intercept and 
the  y-intercept. [2]

The graph of  f  has a point of inflexion at  x = a .

(e) (i)  Write down the value of  a .

(ii) Find the values of  x  for which the graph of  f  is concave-down. Justify your answer. [3]
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Do not write solutions on this page.

8. [Maximum mark: 15] 

Consider the series ln ln ln ...x p x x+ + +
1

3
, where  x ∈  , x > 1  and  p ∈  , p ≠ 0 .

(a) Consider the case where the series is geometric.

(i) Show that p = ±
1

3
.

(ii) Given that  p > 0  and S∞ = +3 3 , find the value of  x . [5]

(b) Now consider the case where the series is arithmetic with common difference  d .

(i) Show that p =
2

3
.

(ii) Write down  d  in the form  k ln x , where  k ∈  .

(iii) The sum of the first  n  terms of the series is  -3 ln x .

Find the value of  n . [10]

9. [Maximum mark: 15]

(a) (i)  Expand and simplify  (1 - a)3  in ascending powers of  a .

(ii) By using a suitable substitution for  a , show that  
1 - 3 cos 2x + 3 cos2 2x - cos3 2x = 8 sin6 x . [6]

Consider  f (x) = 4 cos x (1 - 3 cos 2x + 3 cos2 2x - cos3 2x) .

(b) (i)  Show that 7

0

32
( ) d sin

7

m
f x x m=∫ , where  m  is a positive real constant.

(ii) It is given that 2 127
( ) d

28m
f x x

π

=∫ , where 0
2

m
π

≤ ≤ . Find the value of  m . [9]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.
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• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any 
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) BC

12 6 1

14 4 3
m

−  
= = − 
− −  

(A1) 

finding 
BC

1
Lm

m

−
=  using their BCm (M1) 

3Lm =

20 3( 2)y x− = + , 3 26y x= + A1 

Note: Do not accept 3 26L x= + .  

[3 marks] 

(b) substituting ( ,2)k  into their L (M1) 

2 20 3( 2)k− = +  OR 2 3 26k= +

8k = − A1 

[2 marks] 

Total [5 marks] 
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2. (a)
1
23 5

3 5
x

x
x

−−
= − A1 

1

2
p = −

[1 mark] 

(b) 
1
23 5

d 3 10 ( )
x

x x x c
x

−
= − + A1A1 

substituting limits into their integrated function and subtracting (M1) 

1 1
2 23(9) 10(9) 3(1) 10(1)

 
− − − 

 
 OR 27 10 3 (3 10)−  − −  

4= A1 

[4 marks] 

Total [5 marks] 
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3. (a) IQR 10 6 ( 4)= − = (A1) 

attempt to find 3 R1.5 IQQ +  (M1) 

10 6+  

16 A1 

[3 marks] 

(b) (i) choosing 
1

9
2

c a= −  (M1) 

1

2
42 9 −

= 12 (years old) A1 

(ii) attempt to solve system by substitution or elimination (M1) 

34 (years old) A1 

[4 marks] 

Total [7 marks] 
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4. (a) ( )( ) (2 )f g x f x= (A1) 

3sin c(2 ) 2 os2x xf x += A1 

[2 marks] 

(b) 3sin2 cos2 2cos2x x x+ =

3sin2 cos2x x=

recognising to use tan or cot M1 

1
tan 2

3
x = OR cot 2 3x =  (values may be seen in right triangle) (A1) 

1 π
arctan

63

  
=  

  
 (seen anywhere) (accept degrees) (A1) 

π 7π
2 ,

6 6
x =

π 7π
,

12 12
x = A1A1 

Note: Do not award the final A1 if any additional solutions are seen. 
Award A1A0 for correct answers in degrees. 
Award A0A0 for correct answers in degrees with additional values. 

[5 marks] 

Total [7 marks] 
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5. evidence of using product rule (M1) 

( ) ( )
d

(2 1) e 2 e e (2 2)
d

kx kx kxy
x k kx k

x
= −  +  = − + A1 

correct working for one of (seen anywhere) A1 

d

d

y

x
 at 1 e 2ek kx k=  +

OR 

slope of tangent is  5ek

their 
d

d

y

x
 at 1x = equals the slope of 5eky x= (= 5ek )  (seen anywhere) (M1) 

e 2e 5ek k kk + =

3k = A1 

[5 marks] 
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6. (a) translation (shift) by 
3π

2
 to the right/positive horizontal direction A1 

translation (shift) by q upwards/positive vertical direction A1 

Note: accept translation by
3π

2
q

 
 
 
 
 

Do not accept ‘move’ for translation/shift. 

[2 marks] 

(b) METHOD 1

minimum of 
3π

4sin
2

x 
− 

 
 is 4−   (may be seen in sketch) (M1) 

4 2.5 7q− + + 

8.5q  (accept 8.5q = ) A1 

substituting 0x = and their ( )8.5q =  to find r (M1) 

( )
3π

 4sin 2.5 8.5
2

r
− 

= + + 
 

4 2.5 8.5+ + (A1) 

smallest value of r is 15 A1 

continued… 
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Question 6 continued 

METHOD 2 

substituting 0x = to find an expression (for r ) in terms of q (M1) 

( )
3π

(0) 4sin 2.5
2

g r q
− 

= = + + 
 

( )   6.5r q= + A1 

minimum of 
3π

4sin
2

x 
− 

 
is 4− (M1) 

4 2.5 7q− + + 

4 2.5 ( 6.5) 7r− + + −  (accept =) (A1) 

smallest value of r is 15 A1 

METHOD 3 

3π
4sin 2.5 4cos 2.5

2
x q x q 
− + + = + + 

 
A1 

y-intercept of 4cos 2.5x q+ +  is a maximum (M1) 

amplitude of ( )g x  is 4 (A1) 

attempt to find least maximum (M1) 

4 72r =  +  

smallest value of r is 15 A1 

[5 marks] 

Total [7 marks] 



– 15 – M22/5/MATHX/SP1/ENG/TZ1/XX/M 

Section B 

7. (a) EITHER 

attempt to use 
2

b
x

a
= − (M1) 

3

12

2
q

−
= −



OR 

attempt to complete the square (M1) 

23 12( 2) px− +−

OR 

attempt to differentiate and equate to 0 (M1) 

( ) 6 12 0f x x = − =

THEN 

2q = A1 

[2 marks] 

continued… 
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Question 7 continued 

(b) (i) discriminant = 0 A1 

(ii) EITHER

attempt to substitute into 2 4b ac− (M1) 

2 0( 12) 4 3 p− −   =  A1 

OR 

(2) 0f  = (M1) 

12 0p− + = A1 

THEN 

12p = A1 

[4 marks] 

(c) ( ) 6 12f x x = − A1 

attempt to find (0)f  (M1) 

26 0 1=  −

gradient = 12− A1 

[3 marks] 

continued… 
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Question 7 continued 

(d) 

A1A1 

Note:  Award A1 for line with positive gradient, A1 for correct intercepts. 

[2 marks] 

(e) (i) 2a = A1 

(ii) 2x  A1 

( ) 0f x   (for 2x  ) OR the f  is below the x-axis (for 2x  ) 

(sign diagram must be labelled f  ) R1 OR 

[3 marks] 

Total [14 marks] 
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8. (a) (i) EITHER

attempt to use a ratio from consecutive terms M1 

1
lnln 3

ln ln

xp x

x p x
=  OR ( ) 21

ln ln
3

x x r=  OR 
1

ln ln
3

p x x
p

 
=  

 

Note: Candidates may use 
1

1 3ln ln ln ...px x x+ + +  and consider the powers of x
in geometric sequence. 

Award M1 for 

1
3

1

p

p
= . 

OR 

r p=   and 2 1

3
r = M1 

THEN 

2 1

3
p =   OR  

1

3
r =  A1 

1

3
p =  AG 

Note: Award M0A0 for 2 1

3
r = or 2 1

3
p = with no other working seen.

(ii) ( )ln
3 3

1
1

3

x
= +

−

(A1) 

3 3
ln 3 3

3 3
x = − + − OR   ( )ln 3 3 3 1 ln 2x x= − + −  =   A1 

2ex = A1 

[5 marks] 

continued… 
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Question 8 continued 

(b) (i) METHOD 1 

attempt to find a difference from consecutive terms or from 2u M1 

correct equation A1 

1
ln ln ln ln

3
p x x x p x− = − OR ( )

1
ln ln 2 ln ln

3
x x p x x= + −

Note: Candidates may use 
1

1 3ln ln ln ...px x x+ + +  and consider the powers of 
x in arithmetic sequence.

Award M1A1 for 
1

1
3

p p− = − . 

4 4
2 ln ln 2

3 3
p x x p 

=  = 
 

A1 

2

3
p = AG 

METHOD 2 

attempt to use arithmetic mean 1 3
2 2

u u
u

+
= M1 

1
ln ln

3ln
2

x x
p x

+
= A1 

4 4
2 ln ln 2

3 3
p x x p 

=  = 
 

A1 

2

3
p = AG 

continued… 
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Question 8 continued 

METHOD 3 

attempt to find difference using 3u M1 

1
ln ln 2

3
x x d= +

1
ln

3
d x 

 = − 
 

2

1 1
ln ln ln

2 3
u x x x 
= + − 

 
  OR 

1
ln ln ln

3
p x x x− = −  A1 

2
ln ln

3
p x x= A1 

2

3
p = AG 

(ii) 
1

ln
3

d x= − A1 

continued… 
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Question 8 continued 

(iii) METHOD 1

1
2ln ( 1) ln

2 3n

n
S x n x

  
= + −  −  

  

attempt to substitute into nS  and equate to 3ln x− (M1) 

1
2ln ( 1) ln 3ln

2 3

n
x n x x

  
+ −  − = −  

  
 

correct working with nS   (seen anywhere) (A1) 

1
2 lnn nl l

2 3 3

n n
x x x 
− + 

 
OR 

( )1
ln ln

6

n n
n x x

−
−  OR 

4
ln ln

2 3

n n
x x

 −  
+   
  

correct equation without ln x  A1 

7
3

2 3 3

n n 
− = − 

 
  OR  

( )1
3

6

n n
n

−
− = − or equivalent 

Note: Award as above if the series 
1

1 ...
3

p+ + +  is considered leading to 

7
3

2 3 3

n n 
− = − 

 
. 

attempt to form a quadratic 0=  (M1) 

2 7 18 0n n− − =

attempt to solve their quadratic (M1) 

( 9)( 2) 0n n− + =  

9n =  A1 

continued… 
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Question 8 continued 

METHOD 2 

listing the first 7 terms of the sequence (A1) 

2 1 1 2
ln ln ln 0 ln ln ln ...

3 3 3 3
x x x x x x+ + + − − − +

recognizing first 7 terms sum to 0 M1 

8th term is 
4

ln
3

x− (A1) 

9th term is 
5

ln
3

x−  (A1) 

sum of 8th and 9th terms 3ln x= − (A1) 

9n = A1 

[10 marks] 

Total [15 marks] 
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9. (a) (i) EITHER

attempt to use binomial expansion (M1) 
2 33 3

1 21 1 ( ) 1 ( ) 1 ( )a a aC C  − +   − +  −+

OR 

(1 )(1 )(1 )a a a− − −

2)(1 )(1 2a a a= − − + (M1) 

THEN 
2 31 3 3a a a+= − − A1 

(ii) cos2a x= (A1) 

So, 2 31 3cos2 3cos co2 s 2x xx − =− +  

3(1 cos2 )x− A1 

attempt to substitute any double angle rule for cos2x  into 3(1 cos2 )x− (M1) 

2 3(2sin )x= A1 

68sin x= AG 

Note: Allow working RHS to LHS. 

[6 marks] 

continued… 
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Question 9 continued 

(b) (i) recognizing to integrate ( )64cos 8sin dx x x (M1) 

EITHER  

applies integration by inspection  (M1) 

( )6s3 cos ( in ) d2 x x x

7 )
32

sin
7

(x c+= A1 

0

732
sin

7

m

x 
 
 

7 732 32
sin sin 0

7 7
m 

= − 
 

A1 

OR 

d
sin cos

d

u
u x x

x
=  = (M1) 

6 6)32cos (sin d 32 dx x u ux = 

7 ( )
32

7
u c+= A1 

0

732
sin

7

m

x 
 
 

  OR  
sin

0

732

7

m

u 
 
 

  7 732 32
sin sin 0

7 7
m 

= − 
 

A1 

THEN 

732
s

7
in m= AG 

continued… 
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Question 9 continued 

(ii) EITHER

2
7 7 7

π

2 32 32 π 32
( ) d sin sin sin

7 7 2 7m
m

f x x x m

 
  = = −   

 

 M1 

7 732 π 32 127
sin sin

7 2 7 28
m− = OR ( )732 127

1 sin
7 28

m− = (M1) 

OR 
π π

2 2

0 0
( ) d ( ) d ( ) d

m

m
f x x f x x f x x= +   M1 

(M1) 

THEN 

7
7

1 1
sin

128 2
m  
= = 

 
(A1) 

1
sin

2
m = (A1) 

π

6
m = A1 

[9 marks] 

Total [15 marks] 

32

7
=

32

7
sin7 m +

127

28
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Turn over

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

The following table shows values of  f (x)  and  g (x)  for different values of  x .

Both  f  and  g  are one-to-one functions.

x -2 0 3 4

 f (x) 8 4 0 -3

g (x) -5 -2 4 0

(a) Find  g (0) . [1]

(b) Find ( f   g)(0) . [2]

(c) Find the value of  x  such that  f (x) = 0 . [2]
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2. [Maximum mark: 5]

The  nth  term of an arithmetic sequence is given by  un = 15 - 3n .

(a) State the value of the first term,  u1 . [1]

(b) Given that the  nth  term of this sequence is  -33 , find the value of  n . [2]

(c) Find the common difference,  d . [2]
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3. [Maximum mark: 6]

Consider any three consecutive integers,  n - 1 ,  n  and  n + 1 .

(a) Prove that the sum of these three integers is always divisible by  3 . [2]

(b) Prove that the sum of the squares of these three integers is never divisible by  3 . [4]
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4. [Maximum mark: 6]

A function  f  is defined by f x
x

x
( ) = −

+
2 1

1
, where  x ∈  ,  x ≠ -1 .

(a) The graph of  y = f (x)  has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i) the vertical asymptote;

(ii) the horizontal asymptote. [2]

(b) On the set of axes below, sketch the graph of  y = f (x)  .

On your sketch, clearly indicate the asymptotes and the position of any points of 
intersection with the axes. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) Hence, solve the inequality 
2 1

0 2
1

x

x

-
< <

+
. [1]

(This question continues on the following page)
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(Question 4 continued)
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5. [Maximum mark: 5]

Find the least positive value of  x  for which cos
x

2 3

1

2
+






 =

π
.
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6. [Maximum mark: 7]

Consider the binomial expansion  (x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1  where  x ≠ 0  
and  a , b ∈ + .

(a) Show that  b = 21 . [2]

The third term in the expansion is the mean of the second term and the fourth term in 
the expansion.

(b) Find the possible values of  x . [5]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 15]

The following diagram shows part of the graph of a quadratic function  f .

The graph of  f  has its vertex at  (3 , 4) , and it passes through point  Q  as shown.

y

x
(3 , 4)

Q

f

(a) Write down the equation of the axis of symmetry. [1]

(b) The function can be written in the form  f (x) = a (x - h)2 + k .

(i) Write down the values of  h  and  k .

(ii) Point  Q  has coordinates (5 , 12) . Find the value of  a . [4]

The line  L  is tangent to the graph of  f  at  Q .

(c) Find the equation of  L . [4]

Now consider another function  y = g (x) . The derivative of  g  is given by  g ′(x) = f (x) - d , 
where  d ∈  .

(d) Find the values of  d  for which  g  is an increasing function. [3]

(e) Find the values of  x  for which the graph of  g  is concave-up. [3]
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8. [Maximum mark: 15]

Consider the functions f x
x

( ) =
−

+
1

4
1, for  x ≠ 4 , and  g (x) = x - 3  for  x ∈  .

The following diagram shows the graphs of  f  and  g .

f
g

x

y

B

A

The graphs of  f  and  g  intersect at points  A  and  B . The coordinates of  A  are  (3 , 0) .

(a) Find the coordinates of  B . [5]

(This question continues on the following page)
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(Question 8 continued)

In the following diagram, the shaded region is enclosed by the graph of  f , the graph of  g , 
the  x-axis, and the line  x = k , where  k ∈  .

x = k

f
g

x

y

B

A

The area of the shaded region can be written as  ln (p) + 8 , where  p ∈  .

(b) Find the value of  k  and the value of  p . [10]
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9. [Maximum mark: 16]

A biased four-sided die with faces labelled  1 , 2 , 3  and  4  is rolled and the result recorded. 
Let  X  be the result obtained when the die is rolled. The probability distribution for  X  is given 
in the following table where  p  and  q  are constants.

x 1 2 3 4

P (X = x) p 0.3 q 0.1

For this probability distribution, it is known that  E ( X ) = 2 .

(a) Show that  p = 0.4  and  q = 0.2 . [5]

(b) Find  P (X  > 2) . [2]

Nicky plays a game with this four-sided die. In this game she is allowed a maximum of five 
rolls. Her score is calculated by adding the results of each roll. Nicky wins the game if her 
score is at least ten.

After three rolls of the die, Nicky has a score of four.

(c) Assuming that rolls of the die are independent, find the probability that Nicky wins 
the game. [5]

David has two pairs of unbiased four-sided dice, a yellow pair and a red pair.

Both yellow dice have faces labelled  1 , 2 , 3  and  4 . Let  S  represent the sum obtained by 
rolling the two yellow dice. The probability distribution for  S  is shown below.

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

The first red die has faces labelled  1 , 2 , 2  and  3 . The second red die has faces 
labelled  1 , a , a  and  b , where  a < b  and  a , b ∈ + . The probability distribution for the sum 
obtained by rolling the red pair is the same as the distribution for the sum obtained by rolling 
the yellow pair.

(d) Determine the value of  b . [2]

(e) Find the value of  a , providing evidence for your answer. [2]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.
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• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
includes when candidates fail to complete a “show that” question correctly, and then in
subsequent parts use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will 
result in no grade awarded.  If you see work that suggests a candidate has used any 
calculator, please follow the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.



– 8 – M22/5/MATHX/SP1/ENG/TZ2/XX/M 

Section A 

1. (a) ( )0 2g = − A1 

[1 mark] 

(b) evidence of using composite function (M1) 

( )( )0f g  OR ( )2f −

( )( )0 8f g =  A1 

[2 marks] 

(c) 3x = A2 

[2 marks] 

Total [5 marks] 
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2. (a) 1 12u = A1 

[1 mark] 

(b) 15 3 33n− = − (A1) 

16n = A1 

[2 marks] 

(c) valid approach to find d (M1) 

2 1 9 12u u− = −    OR   recognize gradient is 3−  OR   attempts to solve

33 12 15d− = +

3d = − A1 

[2 marks] 

Total [5 marks] 
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3. (a) ( ) ( )1 1n n n− + + + (A1) 

3n= A1 

which is always divisible by 3  AG 

[2 marks] 

(b) ( ) ( )
2 221 1n n n− + + + ( = 2 2 22 1 2 1n n n n n− + + + + + ) A1 

attempts to expand either ( )
2

1n −  or ( )
2

1n +    (do not accept 2 1n − or 2 1n + ) (M1) 

23 2n= + A1 

demonstrating recognition that 2 is not divisible by 3 or 
2
3

 seen after correct 

expression divided by 3 R1 

23n is divisible by 3  and so 23 2n +  is never divisible by 3  

OR    the first term is divisible by 3, the second is not 

OR  
2 2

3
3

n 
+ 

 
OR 

2
23 2 2

3 3

n
n

+
= +

hence the sum of the squares is never divisible by 3  AG 

[4 marks] 

Total [6 marks] 
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4. (a) (i) 1x = − A1 

(ii) 2y = A1 

[2 marks] 

(b) 

continued… 
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Question 4 continued 

rational function shape with two branches in opposite quadrants, with two 
correctly positioned asymptotes and asymptotic behaviour shown A1 

Note:  The equations of the asymptotes are not required on the graph provided 
there is a clear indication of asymptotic behaviour at 1x = −  and 2y = (or
at their FT asymptotes from part (a)). 

axes intercepts clearly shown at 
1

2
x =  and 1y = − A1A1 

[3 marks] 

(c) 
1

2
x  A1 

Note:  Accept correct alternative correct  notation, such as 
1

,
2

 
 

 
and 

1
,

2
 

 
 

. 

[1 mark] 

Total [6 marks] 
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5. determines
π

4
 (or 45 ) as the first quadrant (reference) angle (A1) 

attempts to solve 
π π

2 3 4

x
+ = (M1) 

Note: Award M1 for attempting to solve ( )
π π 7π

, ,...
2 3 4 4

x
+ =

π π
0

2 3 4

x
x+ =   and so

π

4
 is rejected (R1) 

π π 7π
2π  

2 3 4 4

x  
+ = − = 

 
A1 

17π

6
x = (must be in radians) A1 

 [5 marks] 
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6. (a) EITHER 

recognises the required term (or coefficient) in the expansion (M1) 

5 7 5 2
2 1bx C x=  OR   7

2b C=    OR 7
5C

( )
7! 7!

 
2!5! 2! 7 2 !

b
 

= =  − 

correct working A1 

7 6 5 4 3 2 1

2 1 5 4 3 2 1

     

     
 OR 

7 6

2!


 OR 

42

2

OR 

lists terms from row 7  of Pascal’s triangle (M1) 

1,7,21,...  A1 

THEN 

21b = AG 

[2 marks] 

(b) 7a = (A1) 

correct equation A1 
6 4

5 35
21

2

ax x
x

+
= OR 

6 4
5 7 35

21
2

x x
x

+
=

correct quadratic equation A1 
27 42 35 0x x− + = OR 2 6 5 0x x− + = (or equivalent)

valid attempt to solve their quadratic (M1) 

( )( )1 5 0x x− − = OR 
( ) ( )( )

( )

2
6 6 4 1 5

2 1
x

 − −
=

1, 5x x= =  A1 

Note:  Award final A0 for obtaining 0, 1, 5x x x= = = . 

[5 marks] 

Total [7 marks] 
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Section B 

7. (a) 3x = A1 

Note:  Must be an equation in the form “ x =  ”.  Do not accept 3 or 3
2

b

a

−
= . 

[1 mark] 

(b) (i) 3h = , 4k = (accept ( )
2

3 4a x − + ) A1A1 

(ii) attempt to substitute coordinates of Q (M1) 

( )
2

12 5 3 4a= − + , 4 4 12a+ =  

2a = A1 

[4 marks] 

(c) recognize need to find derivative of  f (M1) 

( ) ( )4 3f x x = −   or  ( ) 4 12f x x = −  A1 

( )5 8f  =   (may be seen as gradient in their equation) (A1) 

( )12 8 5y x− = −  or 8 28y x= − A1 

Note:  Award A0 for 8 28L x= − . 

[4 marks] 

continued… 
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Question 7 continued 

(d) METHOD 1

Recognizing that for g  to be increasing, ( ) 0f x d−  , or 0g  (M1) 

The vertex must be above the x-axis, 4 0d−  , 4 0d −  (R1) 

4d  A1 

[3 marks] 

METHOD 2 

attempting to find discriminant of g (M1) 

( ) ( )( )
2

12 4 2 22 d− − −

recognizing discriminant must be negative (R1) 

32 8 0d− +   OR  0   

4d  A1 

[3 marks] 

(e) recognizing that for g to be concave up, 0g  (M1) 

0g  when 0f   , 4 12 0x−  , 3 0x−  (R1) 

3x  A1 

[3 marks] 

Total [15 marks] 
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8. (a)
1

1 3
4

x
x

+ = −
−

(M1) 

2 8 15 0x x− + = OR ( )
2

4 1x − = (A1) 

valid attempt to solve their quadratic (M1) 

( )( )3 5 0x x− − =   OR 
( )( )

( )

28 8 4 1 15

2 1
x

 −
= OR  ( )4 1x − = 

5x = ( )3, 5x x= = (may be seen in answer) A1 

( )B 5, 2 (accept 5x = , 2y = ) A1 

[5 marks] 

continued… 
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Question 8 continued 

(b) recognizing two correct regions from 3x = to 5x = and from 5x = to x k= (R1) 

5

triangle ( )d
k

f x x+  OR 
5

3 5

( )d ( )d
k

g x x f x x+  OR ( )
5

3 5

1
3 d 1 d

4

k

x x x
x

 
− + + 

− 
 

area of triangle is 2  OR 
2 2

2


 OR ( ) ( )

2 25 3
3 5 3 3

2 2

   
− − −   

   
(A1) 

correct integration (A1)(A1) 

( ) ( )
1

1 d ln 4
4

x x x C
x

 
+ = − + + 

− 


Note:  Award A1 for ln( 4)x −  and A1 for x. 

Note:  The first three A marks may be awarded independently of the R mark. 

substitution of their limits (for x) into their integrated function (in terms of x) (M1) 

( ) ( )ln 4 ln1 5k k− + − +

( ) ( )5ln 4 ln 4 5kx x k k− + = − + −   A1 

adding their two areas (in terms of k) and equating to ln 8p +  (M1) 

( )2 ln 4 5 ln 8k k p+ − + − = +

equating their non-log terms to 8 (equation must be in terms of k) (M1) 

3 8k − =  

11k =  A1 

11 4 p− =

7p = A1 

[10 marks] 

Total [15 marks] 
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9. (a) uses ( )P 1X x= = to form a linear equation in p  and q (M1) 

correct equation in terms of p  and q  from summing to 1 A1 

0.3 0.1 1 p q+ + + = OR 0.6p q+ =   (or equivalent) 

uses ( )E 2X =  to form a linear equation in p  and q (M1) 

correct equation in terms of p  and  q  from  ( )E 2X =  A1 

0.6 3 0.4 2p q+ + + = OR 3 1p q+ = (or equivalent) 

Note:  The marks for using ( )P 1X x= = and the marks for using ( )E 2X =

may be awarded independently of each other. 

evidence of correctly solving these equations simultaneously A1 

for example, 2 0.4 0.2q q=  =  or ( )3 0.6 1 0.4p p p+  − =  =  

so 0.4p =  and 0.2q =  AG 

[5 marks] 

(b) valid approach (M1) 

( ) ( ) ( )P 2 P 3 P 4X X X = = + =   OR  ( ) ( ) ( )P 2 1 P 1 P 2X X X = − = − =

0.3=  A1 

[2 marks] 

continued… 
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Question 9 continued 

(c) recognises at least one of the valid scores (6, 7, or 8) required to win the game (M1) 

Note:  Award M0 if candidate also considers scores other than 6, 7, or 8 (such as 
5). 

let T  represent the score on the last two rolls 

a score of 6  is obtained by rolling ( ) ( )2,4 , 4,2 or ( )3,3

( ) ( )( ) ( ) ( )
2

P 6 2 0.3 0.1 0.2  0.1T = = + = A1 

a score of 7  is obtained by rolling ( )3,4  or ( )4,3

( ) ( )( ) ( )P 7 2 0.2 0.1 0.04T = = = A1 

a score of 8  is obtained by rolling ( )4,4

( ) ( ) ( )
2

P 8 0.1  0.01T = = = A1 

Note: The above 3 A1 marks are independent of each other. 

( )P Nicky wins 0.1 0.04 0.01= + +

0.15= A1 

 [5 marks] 

(d) 3 8b+ = (M1) 

5b =  A1 

[2 marks] 

continued… 
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Question 9 continued 

(e) METHOD 1

EITHER

( )
4

P 5
16

S = =

( )
4

P 2
16

S a= + = A1 

2 5a + =

OR 

( )
3

P 6
16

S = =

( )
2

P 3
16

S a= + = and ( )
1

P 5 1
16

S = + = A1 

3 6a + =

OR 

( )
3

P 4
16

S = =

( )
2

P 1
16

S a= + = and ( )
1

P 1 3
16

S = + = A1 

1 4a + =

THEN 

3a = A1 

Note:  Award A0A0  for 3a = obtained without working/reasoning/justification. 

[2 marks] 

continued… 
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Question 9 continued 

METHOD 2 

EITHER 

correctly lists a relevant part of the sample space A1 

for example,    4 (3,1),(1, ),(1, )S a a= =  or    5 (2, ),(2, ),(2, ),(2, )S a a a a= =

or   6 (3, ),(3, ),(1,5)S a a= =

3 6a+ =  

OR 

eliminates possibilities (exhaustion) for 5a   

convincingly shows that 2,4a  A1 

4a  , for example, ( )
2

P 7
16

S = = from ( ) ( )2,5 , 2,5 and so 

( ) ( )3, , 3, 3 7a a a + 

THEN 

3a = A1 

[2 marks] 

Total [16 marks] 



© International Baccalaureate Organization 2022

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2022

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2022

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



Numéro de session du candidat

© International Baccalaureate Organization 2022

M22/5/MATHX/SP1/FRE/TZ0/XX

2222 – 7119
14 pages

Vendredi 6 mai 2022 (après-midi)

1 heure 30 minutes

Mathématiques : analyse et approches
Niveau moyen
Épreuve 1

Instructions destinées aux candidats

 y Écrivez votre numéro de session dans les cases ci-dessus.
 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Aucune calculatrice n’est autorisée pour cette épreuve.
 y Section A :  répondez à toutes les questions. Rédigez vos réponses dans les cases prévues  

à cet effet.
 y Section B :  répondez à toutes les questions sur le livret de réponses prévu à cet effet.  

Écrivez votre numéro de session sur la première page du livret de réponses,  
et attachez ce livret à cette épreuve d’examen et à votre page de couverture  
en utilisant l’attache fournie.

 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 
être exactes ou correctes à trois chiffres significatifs près.

 y Un exemplaire non annoté du livret de formules pour les cours de mathématiques : 
analyse et approches est nécessaire pour cette épreuve.

 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].

16EP01



Veuillez ne pas écrire sur cette page.

Les réponses rédigées sur cette page 
ne seront pas corrigées.

– 2 – 2222 – 7119

M22/5/MATHX/SP1/FRE/TZ0/XX

16EP02



– 3 – 2222 – 7119

M22/5/MATHX/SP1/FRE/TZ0/XX

Tournez la page

16EP03

Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, 
pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 5]

Le tableau suivant montre les valeurs de  f (x)  et  g (x)  pour différentes valeurs de  x .

Les fonctions  f  et  g  sont des fonctions injectives.

x -2 0 3 4

 f (x) 8 4 0 -3

g (x) -5 -2 4 0

(a) Trouvez  g (0) . [1]

(b) Trouvez ( f   g)(0) . [2]

(c) Trouvez la valeur de  x  telle que  f (x) = 0 . [2]
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2. [Note maximale : 5]

Le  nième  terme d’une suite arithmétique est donné par  un = 15 - 3n .

(a) Indiquez la valeur du premier terme,  u1 . [1]

(b) Étant donné que le  nième  terme de cette suite est  -33 , trouvez la valeur de  n . [2]

(c) Trouvez la raison,  d . [2]
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3. [Note maximale : 6]

Considérez n’importe quels trois entiers consécutifs,  n - 1 ,  n  et  n + 1 .

(a) Prouvez que la somme de ces trois entiers est toujours divisible par  3 . [2]

(b) Prouvez que la somme des carrés de ces trois entiers n’est jamais divisible par  3 . [4]
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4. [Note maximale : 6]

Une fonction  f  est définie par f x
x

x
( ) = −

+
2 1

1
, où  x ∈  ,  x ≠ -1 .

(a) La représentation graphique de  y = f (x)  possède une asymptote verticale et une 
asymptote horizontale.

Écrivez l’équation de

(i) l’asymptote verticale ;

(ii) l’asymptote horizontale. [2]

(b) Sur le système d’axes ci-dessous, esquissez la représentation graphique de  y = f (x)  .

Sur votre esquisse, indiquez clairement les asymptotes et la position de tout point 
d’intersection avec les axes. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) À partir de là, résolvez l’inéquation 
2 1

0 2
1

x

x

-
< <

+
. [1]

(Suite de la question à la page suivante)
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(Suite de la question 4)
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5. [Note maximale : 5]

Trouvez la plus petite valeur positive de  x  pour laquelle cos
x

2 3

1

2
+






 =

π
.
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6. [Note maximale : 7]

Considérez le développement  (x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1 , où  x ≠ 0  et  a , b ∈ + .

(a) Montrez que  b = 21 . [2]

Le troisième terme du développement est la moyenne du deuxième terme et du quatrième 
terme du développement.

(b) Trouvez les valeurs possibles de  x . [5]
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 15]

Le diagramme suivant montre une partie de la représentation graphique d’une fonction du 
second degré  f .

La représentation graphique de  f  a son sommet au point  (3 ; 4)  et passe par le point  Q , tel 
que montré dans le diagramme.

y

x

Q

f

(3 ; 4)

(a) Écrivez l’équation de l’axe de symétrie. [1]

(b) La fonction peut s’écrire sous la forme  f (x) = a (x - h)2 + k .

(i) Écrivez les valeurs de  h  et  k .

(ii) Les coordonnées du point  Q  sont (5 ; 12) . Trouvez la valeur de  a . [4]

La droite  L  est tangente à la représentation graphique de  f  au point  Q .

(c) Trouvez l’équation de  L . [4]

Considérez maintenant une autre fonction  y = g (x) . La dérivée de  g  est donnée 
par  g ′(x) = f (x) - d , où  d ∈  .

(d) Trouvez les valeurs de  d  pour lesquelles  g  est une fonction croissante. [3]

(e) Trouvez les valeurs de  x  pour lesquelles la représentation graphique de  g  est convexe. [3]
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N’écrivez pas vos solutions sur cette page.

8. [Note maximale : 15]

Considérez les fonctions f x
x

( ) =
−

+
1

4
1 pour  x ≠ 4 et  g (x) = x - 3  pour  x ∈  .

Le diagramme suivant montre les représentations graphiques de  f  et  g .

f
g

x

y

B

A

Les représentations graphiques de  f  et  g  se coupent aux points  A  et  B . Les coordonnées 
de  A  sont  (3 ; 0) .

(a) Trouvez les coordonnées de  B . [5]

(Suite de la question à la page suivante)
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N’écrivez pas vos solutions sur cette page.

(Suite de la question 8)

Dans le diagramme suivant, la région grisée est délimitée par la représentation graphique 
de  f , la représentation graphique de  g , l’axe des abscisses et la droite  x = k , où  k ∈  .

x = k

f
g

x

y

B

A

L’aire de la région grisée peut s’écrire comme  ln (p) + 8 , où  p ∈  .

(b) Trouvez la valeur de  k  et la valeur de  p . [10]
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N’écrivez pas vos solutions sur cette page.

9. [Note maximale : 16]

Un dé biaisé à quatre faces, dont les faces sont identifiées par  1 , 2 , 3  et  4 , est lancé et le 
résultat obtenu est enregistré. Soit  X  le résultat obtenu lorsque le dé est lancé. La distribution de 
probabilité pour  X  est donnée dans le tableau suivant, où  p  et  q  sont des constantes.

x 1 2 3 4

P (X = x) p 0,3 q 0,1

Pour cette distribution de probabilité, on sait que  E ( X ) = 2 .

(a) Montrez que  p = 0,4  et  q = 0,2 . [5]

(b) Trouvez  P (X  > 2) . [2]

Nicky joue à un jeu avec ce dé à quatre faces. Dans ce jeu, elle a droit à un maximum de 
cinq lancers. Son score est calculé en additionnant les résultats de chaque lancer. Nicky 
gagne si son score est d’au moins dix.

Après avoir lancé le dé trois fois, Nicky a un score de quatre.

(c) En supposant que les lancers du dé sont indépendants, trouvez la probabilité que 
Nicky gagne. [5]

David a deux paires de dés non biaisés à quatre faces : une paire jaune et une paire rouge. 

Les faces des deux dés jaunes sont identifiées par  1 , 2 , 3  et  4 . Soit  S  la somme obtenue lorsque 
les deux dés jaunes sont lancés. La distribution de probabilité pour  S  est montrée ci-dessous.

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

Les faces du premier dé rouge sont identifiées par  1 , 2 , 2  et  3 . Les faces du deuxième dé 
rouge sont identifiées par  1 , a , a  et  b , où  a < b  et  a , b ∈ + . La distribution de probabilité 
pour la somme obtenue lorsque la paire rouge est lancée est la même que la distribution de 
probabilité pour la somme obtenue lorsque la paire jaune est lancée.

(d) Déterminez la valeur de  b . [2]

(e) Trouvez la valeur de  a , en fournissant une preuve pour votre réponse. [2]
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Mathematik: Analyse und Ansätze
Grundstufe
1. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur dürfen Sie keinen Taschenrechner nutzen.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [80 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 5]

Die folgende Tabelle zeigt die Werte von  f (x)  und  g (x)  für verschiedene Werte von  x .

Sowohl  f  als auch  g  sind eineindeutige Funktionen.

x -2 0 3 4

 f (x) 8 4 0 -3

g (x) -5 -2 4 0

(a) Finden Sie  g (0) . [1]

(b) Finden Sie ( f   g)(0) . [2]

(c) Finden Sie den Wert von  x , so dass  f (x) = 0 . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
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2. [Maximale Punktzahl: 5]

Das  n-te  Glied einer arithmetischen Folge ist gegeben durch  un = 15 - 3n .

(a) Geben Sie den Wert des ersten Glieds  u1  an. [1]

(b) Das  n-te  Glied dieser Folge sei  -33 . Finden Sie den zugehörigen Wert von  n . [2]

(c) Finden Sie die gemeinsame Differenz  d . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximale Punktzahl: 6]

Betrachten Sie drei beliebige aufeinanderfolgende ganze Zahlen  n - 1 ,  n  und  n + 1 .

(a) Beweisen Sie, dass die Summe dieser drei ganzen Zahlen immer durch  3  teilbar ist. [2]

(b) Beweisen Sie, dass die Summe der Quadrate dieser drei ganzen Zahlen niemals 
durch  3  teilbar ist. [4]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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4. [Maximale Punktzahl: 6]

Eine Funktion  f  ist definiert durch f x
x

x
( ) = −

+
2 1

1
, mit  x ∈  ,  x ≠ -1 .

(a) Der Graph von  y = f (x)  hat eine vertikale und eine horizontale Asymptote.

Notieren Sie die folgenden Gleichungen:

(i) Die der vertikalen Asymptote;

(ii) Die der horizontalen Asymptote. [2]

(b) Skizzieren Sie im folgenden Diagramm den Graphen von  y = f (x)  .

Kennzeichnen Sie in Ihrer Skizze deutlich die Asymptoten und die Lage aller 
Schnittpunkte mit den Achsen. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) Lösen Sie unter Nutzung der Vorarbeit die Ungleichung 
2 1

0 2
1

x

x

-
< <

+
. [1]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 4)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Maximale Punktzahl: 5]

Finden Sie den kleinsten positiven Wert von  x , für den cos
x

2 3

1

2
+






 =

π
 gilt.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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6. [Maximale Punktzahl: 7]

Betrachten Sie die Binomialentwicklung  (x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1  mit  x ≠ 0  
und  a , b ∈ + .

(a) Zeigen Sie, dass hier für  b  gilt:  b = 21 . [2]

Der dritte Term dieser Entwicklung ist der Durchschnittswert aus dem zweiten und dem 
vierten Term der Entwicklung.

(b) Finden Sie die möglichen Werte von  x . [5]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

7. [Maximale Punktzahl: 15]

Das folgende Diagramm zeigt einen Teil des Graphen einer quadratischen Funktion  f .

Der Graph von  f  hat seinen Scheitelpunkt bei  (3 , 4) und geht, wie dargestellt, durch den 
Punkt  Q .

y

x
(3 , 4)

Q

f

(a) Notieren Sie die Gleichung der Symmetrieachse. [1]

(b) Die Funktion kann in der Form  f (x) = a (x - h)2 + k  geschrieben werden.

(i) Notieren Sie die Werte von  h  und  k .

(ii) Der Punkt  Q  hat die Koordinaten (5 , 12) . Finden Sie den Wert von  a . [4]

Die Gerade  L  sei die Tangente an den Graphen von  f  im Punkt  Q .

(c) Finden Sie die Gleichung von  L . [4]

Betrachten wir nun eine andere Funktion  y = g (x) . Die Ableitung von  g  ist gegeben 
durch  g ′(x) = f (x) - d , mit  d ∈  .

(d) Finden Sie die Werte von  d , für die  g  monoton wächst. [3]

(e) Finden Sie die Werte von  x , für die der Graph von  g  konkav nach oben ist. [3]
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Schreiben Sie keine Lösungen auf diese Seite.

8. [Maximale Punktzahl: 15]

Betrachten Sie die Funktionen f x
x

( ) =
−

+
1

4
1, für  x ≠ 4 , und  g (x) = x - 3 , für  x ∈  .

Das folgende Diagramm zeigt die Graphen von  f  und  g .

f
g

x

y

B

A

Die Graphen von  f  und  g  schneiden sich in den Punkten  A  und  B . Die Koordinaten 
von  A  sind  (3 , 0) .

(a) Finden Sie die Koordinaten von  B . [5]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 8)

Die schattierte Fläche im folgenden Diagramm wird durch den Graphen von  f , den Graphen 
von  g , die  x-Achse und die Gerade  x = k , mit  k ∈  , begrenzt.

x = k

f
g

x

y

B

A

Der Flächeninhalt der schattierten Fläche lässt sich als  ln (p) + 8 , mit  p ∈  , ausdrücken.

(b) Finden Sie die Werte von  k  und  p . [10]
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9. [Maximale Punktzahl: 16]

Ein gezinkter vierseitiger Würfel, dessen Flächen mit  1 , 2 , 3  und  4  beschriftet sind, wird 
geworfen und das Ergebnis wird notiert.  X  sei das Ergebnis des Würfelns. Die folgende 
Tabelle zeigt die Wahrscheinlichkeitsverteilung für  X , wobei  p  und  q  Konstanten sind.

x 1 2 3 4

P (X = x) p 0,3 q 0,1

Für diese Wahrscheinlichkeitsverteilung ist bekannt, dass  E ( X ) = 2  gilt.

(a) Zeigen Sie, dass für  p  und  q  gilt:  p = 0,4  und  q = 0,2 . [5]

(b) Finden Sie  P (X  > 2) . [2]

Nicky spielt ein Spiel mit diesem vierseitigen Würfel. Bei diesem Spiel darf sie maximal 
fünfmal würfeln. Ihre Punktzahl wird durch Addition der Ergebnisse der einzelnen Würfe 
berechnet. Nicky gewinnt das Spiel, wenn sie mindestens zehn Punkte erreicht hat.

Nach dreimaligem Würfeln ist Nickys Ergebnis vier.

(c) Finden Sie unter der Annahme, dass die einzelnen Würfe voneinander unabhängig 
sind, die Wahrscheinlichkeit, dass Nicky das Spiel gewinnt. [5]

David hat zwei Paar nicht gezinkte vierseitige Würfel, nämlich ein gelbes und ein rotes Paar. 
Die Flächen der beiden gelben Würfel sind mit  1 , 2 , 3  und  4  beschriftet. Sei  S  die Summe 
der Augenzahl beim Wurf der beiden gelben Würfel. Die Wahrscheinlichkeitsverteilung für  S  
ist in der folgenden Tabelle dargestellt.

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

Die Flächen des ersten roten Würfels sind mit  1 , 2 , 2  und  3  beschriftet. Die Flächen des 
zweiten roten Würfels sind mit  1 , a , a  und  b  beschriftet, wobei  a < b  und  a , b ∈ + . Die 
Wahrscheinlichkeitsverteilung für die Summe der Augenzahlen beim Würfeln des roten 
Würfelpaares ist die gleiche wie für die Summe der Augenzahlen beim Würfeln des gelben 
Würfelpaares.

(d) Bestimmen Sie den Wert von  b . [2]

(e) Finden Sie den Wert von  a  und begründen Sie Ihre Antwort. [2]
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 5]

La siguiente tabla muestra el valor de  f (x)  y el de  g (x)  para distintos valores de  x .

Tanto  f  como  g  son funciones inyectivas.

x -2 0 3 4

 f (x) 8 4 0 -3

g (x) -5 -2 4 0

(a) Halle  g (0) . [1]

(b) Halle ( f   g)(0) . [2]

(c) Halle el valor de  x  para el cual  f (x) = 0 . [2]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Puntuación máxima: 5]

El  n-ésimo término de una progresión aritmética viene dado por  un = 15 - 3n .

(a) Indique el valor del primer término  (u1) . [1]

(b) Sabiendo que el  n-ésimo término de esta progresión es  -33 , halle el valor de  n . [2]

(c) Halle la diferencia común  (d ) . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Puntuación máxima: 6]

Considere tres números enteros consecutivos cualesquiera:  n - 1 ,  n  y  n + 1 .

(a) Pruebe que la suma de estos tres números enteros siempre es divisible entre  3 . [2]

(b) Pruebe que la suma de los cuadrados de estos tres números enteros no es nunca 
divisible entre  3 . [4]
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4. [Puntuación máxima: 6]

La función  f  se define así: f x
x

x
( ) = −

+
2 1

1
, donde  x ∈  ,  x ≠ -1 .

(a) El gráfico de  y = f (x)  tiene una asíntota vertical y una asíntota horizontal.

Escriba la ecuación de:

(i) La asíntota vertical

(ii) La asíntota horizontal [2]

(b) En los siguientes ejes de coordenadas, dibuje aproximadamente el gráfico de  y = f (x)  .

En ese mismo dibujo aproximado, indique claramente las asíntotas y la posición de 
todos los puntos de intersección con los ejes que haya. [3]

0−2

−2

2

4

6

−4

−4

−6

−6

2 4 6

y

x

(c) A partir de lo anterior, resuelva la inecuación 
2 1

0 2
1

x

x

-
< <

+
. [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 4: continuación)
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5. [Puntuación máxima: 5]

Halle el menor valor positivo de  x  para el cual se cumple que cos
x

2 3

1

2
+






 =

π
.
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6. [Puntuación máxima: 7]

Considere el siguiente desarrollo de la potencia de un binomio: 
(x + 1)7 =  x7 + ax6 + bx5 + 35x4 + ... + 1 , donde  x ≠ 0  y  a , b ∈ + .

(a) Muestre que  b = 21 . [2]

El tercer término del desarrollo es la media del segundo término y el cuarto término del desarrollo.

(b) Halle los posibles valores de  x . [5]
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 15]

La siguiente figura muestra una parte del gráfico de la función cuadrática  f .

Como se puede ver, el gráfico de  f  tiene el vértice en  (3, 4)  y pasa por el punto  Q .

y

x

Q

f

(3 , 4)

(a) Escriba la ecuación del eje de simetría. [1]

(b) La función se puede escribir de la siguiente forma:  f (x) = a (x - h)2 + k .

(i) Escriba el valor de  h  y el de  k .

(ii) El punto  Q  tiene por coordenadas (5, 12) . Halle el valor de  a . [4]

La recta  L  es tangente al gráfico de  f  en  Q .

(c) Halle la ecuación de  L . [4]

Considere ahora otra función  y = g (x) . La derivada de  g  viene dada por  g ′(x) = f (x) - d , 
donde  d ∈  .

(d) Halle los valores de  d  para los cuales  g  es una función creciente. [3]

(e) Halle los valores de  x  para los cuales el gráfico de  g  es cóncavo hacia arriba. [3]
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No escriba soluciones en esta página.

8. [Puntuación máxima: 15]

Considere la función f x
x

( ) =
−

+
1

4
1, para  x ≠ 4 , y la función  g (x) = x - 3  para  x ∈  .

La siguiente figura muestra el gráfico de  f  y el de  g .

f
g

x

y

B

A

Los gráficos de  f  y  g  se cortan en los puntos  A  y  B . Las coordenadas de  A  son  (3, 0) .

(a) Halle las coordenadas de  B . [5]

(Esta pregunta continúa en la página siguiente)
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No escriba soluciones en esta página.

(Pregunta 8: continuación)

En la siguiente figura, la región sombreada está delimitada por el gráfico de  f , el gráfico 
de  g , el eje  x  y la recta  x = k , donde  k ∈  .

x = k

f
g

x

y

B

A

El área de la región sombreada se puede escribir como  ln (p) + 8 , donde  p ∈  .

(b) Halle el valor de  k  y el valor de  p . [10]
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No escriba soluciones en esta página.

9. [Puntuación máxima: 16]

Se tira un dado no equilibrado de cuatro caras, rotuladas  1 , 2 , 3  y  4 , y se va anotando el 
resultado. Sea  X  el resultado que se obtiene al tirar el dado. En la siguiente tabla se muestra la 
distribución de probabilidad de  X , donde  p  y  q  son constantes.

x 1 2 3 4

P (X = x) p 0,3 q 0,1

Para esta distribución de probabilidad, se sabe que  E ( X ) = 2 .

(a) Muestre que  p = 0,4  y  q = 0,2 . [5]

(b) Halle  P (X  > 2) . [2]

Nicky decide jugar a un juego con este dado de cuatro caras. En este juego está permitido 
tirar el dado cinco veces como máximo. La puntuación se calcula sumando los resultados de 
todas las tiradas. Nicky gana el juego si obtiene una puntuación de al menos diez.

Después de tirar el dado tres veces, la puntuación de Nicky es igual a cuatro.

(c) Suponiendo que las tiradas del dado son independientes unas de otras, halle la 
probabilidad de que Nicky gane el juego. [5]

David tiene dos pares de dados equilibrados de cuatro caras: un par amarillo y un par rojo.

Los dos dados amarillos tienen las caras rotuladas así:  1 , 2 , 3  y  4 . Sea  S  la suma que se obtiene 
al tirar los dos dados amarillos. A continuación se muestra la distribución de probabilidad de  S .

s 2 3 4 5 6 7 8

P (S = s) 1

16

2

16

3

16

4

16

3

16

2

16

1

16

El primer dado rojo tiene las caras rotuladas así:  1 , 2 , 2  y  3 . El segundo dado rojo tiene las 
caras rotuladas así:  1 , a , a  y  b , donde  a < b  y  a , b ∈ + . La distribución de probabilidad de 
la suma que se obtiene al tirar el par rojo es igual a la distribución de la suma que se obtiene 
al tirar el par amarillo.

(d) Determine el valor de  b . [2]

(e) Halle el valor de  a , aportando pruebas que respalden su respuesta. [2]
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

In this question, give all answers correct to two decimal places.

Sam invests $ 1700 in a savings account that pays a nominal annual rate of interest of 
2.74 %, compounded half-yearly. Sam makes no further payments to, or withdrawals from, 
this account. 

(a) Find the amount that Sam will have in his account after 10 years. [3]

David also invests $ 1700 in a savings account that pays an annual rate of interest of  r % , 
compounded yearly. David makes no further payments or withdrawals from this account. 

(b) Find the value of  r  required so that the amount in David’s account after 10 years will 
be equal to the amount in Sam’s account. [2]

(c) Find the interest David will earn over the 10 years. [1]
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2. [Maximum mark: 4]

The number of hours spent exercising each week by a group of students is shown in the 
following table.

Exercising time 
(in hours)

Number of 
students

2 5

3 1

4 4

5 3

6 x

  

The median is  4.5  hours.

(a) Find the value of  x . [2]

(b) Find the standard deviation. [2]
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3. [Maximum mark: 6]

A company is designing a new logo. The logo is created by removing two equal segments 
from a rectangle, as shown in the following diagram.

diagram not to scale

The rectangle measures  5 cm  by  4 cm . The points  A  and  B  lie on a circle, with centre  O  
and radius  2 cm , such that  AÔB = θ , where  0 < θ < π . This information is shown in the 
following diagram.

diagram not to scale

O

A

B

2

4

5θ

(a) Find the area of one of the shaded segments in terms of  θ . [3]

(b) Given that the area of the logo is  13.4 cm2 , find the value of  θ . [3]

(This question continues on the following page)
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(Question 3 continued)
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4. [Maximum mark: 6]

A discrete random variable,  X , has the following probability distribution:

x 0 1 2 3

P (X = x) 0.41 k - 0.28 0.46 0.29 - 2k2

(a) Show that  2k2 - k + 0.12 = 0 . [1]

(b) Find the value of  k , giving a reason for your answer. [3]

(c) Hence, find  E (X ) . [2]
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5. [Maximum mark: 7]

A particle moves along a straight line so that its velocity,  v m s-1 , after  t  seconds is given 
by  v(t) = esin t + 4 sin t  for  0 ≤ t ≤ 6 .

(a) Find the value of  t  when the particle is at rest. [2]

(b) Find the acceleration of the particle when it changes direction. [3]

(c) Find the total distance travelled by the particle. [2]
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6. [Maximum mark: 6] 

Let  A  and  B  be two independent events such that  P (A ∩ B′) = 0.16  and  P (A′ ∩ B) = 0.36 .

(a) Given that  P (A ∩ B) = x , find the value of  x . [4]

(b) Find  P (A′ | B′) . [2]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 13]

All lengths in this question are in centimetres.

A solid metal ornament is in the shape of a right pyramid, with vertex  V  and square 
base  ABCD . The centre of the base is  X . Point  V  has coordinates  (1 , 5 , 0)  and point  A  
has coordinates  (-1 , 1 , 6) . 

diagram not to scale

A

B

C

D

V

X

(a) Find  AV . [2]

(b) Given that ˆAVB 40=  , find  AB . [3]

The volume of the pyramid is  57.2 cm3 , correct to three significant figures. 

(c) Find the height of the pyramid,  VX . [3]

A second ornament is in the shape of a cuboid with a rectangular base of length  2x cm , 
width  x cm  and height  y cm . The cuboid has the same volume as the pyramid.

(d) The cuboid has a minimum surface area of  S cm2 . Find the value of  S . [5]
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Do not write solutions on this page.

8. [Maximum mark: 16]

The function  f  is defined by 
4 1

( )
4

x
f x

x

+
=

+
, where  x ∈  ,  x ≠ -4 . 

(a) For the graph of  f 

(i) write down the equation of the vertical asymptote;

(ii) find the equation of the horizontal asymptote. [3]

(b) (i)  Find  f -1(x) .

(ii) Using an algebraic approach, show that the graph of  f -1  is obtained by a 
reflection of the graph of  f  in the  y-axis followed by a reflection in the  x-axis. [8]

The graphs of  f  and  f -1  intersect at  x = p  and  x = q , where  p < q . 

(c) (i)  Find the value of  p  and the value of  q . 

(ii) Hence, find the area enclosed by the graph of  f  and the graph of  f -1 . [5]
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Do not write solutions on this page

9. [Maximum mark: 16] 

A bakery makes two types of muffins: chocolate muffins and banana muffins. 

The weights,  C  grams, of the chocolate muffins are normally distributed with a mean of  62 g  
and standard deviation of  2.9 g . 

(a) Find the probability that a randomly selected chocolate muffin weighs less than  61 g . [2]

(b) In a random selection of 12 chocolate muffins, find the probability that exactly 5 weigh 
less than  61 g . [2]

The weights,  B  grams, of the banana muffins are normally distributed with a mean of  68 g  
and standard deviation of  3.4 g .

Each day 60 % of the muffins made are chocolate.

On a particular day, a muffin is randomly selected from all those made at the bakery. 

(c) (i)  Find the probability that the randomly selected muffin weighs less than  61 g .

(ii) Given that a randomly selected muffin weighs less than  61 g , find the probability 
that it is chocolate. [7]

The machine that makes the chocolate muffins is adjusted so that the mean weight of the 
chocolate muffins remains the same but their standard deviation changes to  σ g . The 
machine that makes the banana muffins is not adjusted. The probability that the weight of a 
randomly selected muffin from these machines is less than  61 g  is now  0.157 .

(d) Find the value of  σ . [5]
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Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
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ib-publishing/licensing/applying-for-a-license/.
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de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
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IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 
subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 
1. 

Note:  The first time an answer is not given to two decimal places, the final A1 in 
that part is not awarded. 

(a) EITHER

10N =

% 2.74I =

( )1700PV =

/ 1P Y =

/ 2C Y =

OR 20N =

% 2.74I =

( )1700PV =

/ 2P Y =

/ 2C Y =

(M1)(A1) 

Note:  Award (M1) for an attempt to use a financial app in their technology with at 
least two entries seen, and award (A1) for all entries correct. Accept a 

positive or negative value for PV. 

OR 

2 10
0.0274

1700 1
2



 
+ 

 
(M1)(A1) 

Note:  Award (M1) for substitution into compound interest formula. 
Award (A1) for correct substitution. 

THEN 

$2231.71 A1 

[3 marks] 

continued… 
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Question 1 continued 

(b) EITHER

10N =  

1700PV =  

2231.71...FV = 

/ 1P Y =

/ 1C Y = (M1) 

Note:  Award (M1) for an attempt to use a financial app in their technology with at 
least two entries seen. 

OR 

 (M1) 

THEN 

r = 2.75876… 

r = 2.76 A1 

Note:  Ignore omission of opposite signs for PV and FV if r = 2.76 is obtained. 

[2 marks] 

(c) $531.71 A1 

[1 mark] 

Total [6 marks] 

1700 1+
r

100

æ

èç
ö

ø÷

10

= 2231.71...
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2. (a) EITHER 

recognising that half the total frequency is 10 (may be seen in an ordered list or 
indicated on the frequency table) (A1) 

OR 

5 1 4 3 x+ + = + (A1) 

OR 

20f = (A1) 

THEN 

7x = A1 

[2 marks] 

(b) METHOD 1

1.58429…

1.58 A2 

METHOD 2

EITHER

2 2 2 2 2
2 5 (2 4.3) 1 (3 4.3) 4 (4 4.3) 3 (5 4.3) 7 (6 4.3)

( 2.51)
20


− + − +  + − +  −

=
 −

= (A1)

OR 

2 2 2 2 2
2 23 4 5

)
5 2 1 4 3 7

4.3 ( 2.51
6

20


+ + + +
= −

   
= (A1) 

THEN 

2.51 1.58429... = =

= 1.58 A1 

[2 marks] 

Total [4 marks] 
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3. (a) valid approach to find area of segment by finding area of sector – area of triangle (M1) 

2 21 1
sin

2 2
r r  −

2 21 1
(2) (2) sin

2 2
 − (A1) 

area = 2 2sin − A1 

[3 marks] 

(b) EITHER

area of logo = area of rectangle – area of segments (M1) 

4 2 (2 2sin ) 13.45   −  − = (A1) 

OR

area of one segment = ( )
20 13.4

3.3
2

−
= (M1) 

2 2sin 3.3 − = (A1) 

THEN 

2.35672... =

2.36 =  (do not accept an answer in degrees) A1 

Note:  Award (M1)(A1)A0 if there is more than one solution. 
Award (M1)(A1FT)A0 if the candidate works in degrees and obtains a 

final answer of 135.030…  

[3 marks] 

Total [6 marks] 
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4. (a) 20.41 0.28 0.46 0.29 2 1k k+ − + + − = OR 22 0.01 0.13k k− + =   (or equivalent) A1 

22 0.12 0k k− + = AG 

[1 mark] 

(b) one of 0.2 OR 0.3 (M1) 

0.3k =  A1 

reasoning to reject 0.2k =   eg P(1) 0.28 0k= −   therefore 0.2k  R1 

[3 marks] 

(c) attempting to use the expected value formula (M1) 

20.41 1 (0.3 0.28) 2 0.46 3 (0.29 2 0.3 )E( ) 0X  +  − +  +=  −   

1.27= A1 

Note:  Award M1A0 if additional values are given. 

[2 marks] 

Total [6 marks] 



– 13 – M22/5/MATHX/SP2/ENG/TZ1/XX/M 

5. (a) recognizing at rest 0v =  (M1) 

3.34692...t =

3.35t = (seconds) A1 

Note: Award (M1)A0 for additional solutions to 0v = eg 0.205t = −  or 6.08t = . 

[2 marks] 

(b) recognizing particle changes direction when 0v =  OR when 3.34692...t = (M1) 

4.71439...a = −

-24.71(ms )a = −  A2 

[3 marks] 

(c) distance travelled =
6

0
dv t  OR 

( ) ( )
3.34... 6sin( ) sin( )

0 3.34...
e 4sin( ) d e 4sin( ) d ( 14.3104... 6.44300...)t tt t t t+ − + = +  (A1) 

20.7534...=

= 20.8 (metres) A1 

[2 marks] 

Total [7 marks] 
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6. (a) METHOD 1 

EITHER 

one of P( ) 0.16A x= +  OR P( ) 0.36B x= + A1 

OR 

A1 

THEN 

attempt to equate their P( )A B  with their expression for )P (( ) PA B M1 

P( ) P( ) P( ) ( 0.16) ( 0.36)A B A B x x x =   = +  +   A1 

0.24x = A1 

METHOD 2 

attempt to form at least one equation in P( )A and P( )B  using independence M1 

( ) ( )P( ) P( ) P( ) P( ) 1 P( ) 0.16A B A B A B  =  − = OR 

( ) ( )P( ' ) P( ') P( ) 1 P( ) P( ) 0.36A B A B A B =   − =

P( ) 0.4A = AND P( ) 0.6B = A1 

6P( ) P( ) P( ) 0.4 0.A B A B =  =  (A1) 

0.24x = A1 

[4 marks] 

continued… 
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Question 6 continued 

(b) METHOD 1

recognising P( | ) P( )A B A  = (M1) 

1 0.16 0.24= − −

0.6=  A1 

METHOD 2 

( )P( ) 0.36 0.24 0.6B = + =

P( ) 0.24
P( | )

P( ) 0.4

A B
A B

B

   
  = = 

  
(A1) 

0.6= A1 

[2 marks] 

Total [6 marks] 
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Section B 

7. (a) attempt to use the distance formula to find AV (M1) 

2 2 2(1 ( 1)) (5 1) (0 6)− − + − + −

7.48331...=

7.48= (cm) ( )56 or 2 14= A1 

[2 marks] 

(b) METHOD 1

attempt to apply cosine rule OR sine rule to find AB (M1) 

( ) ( )2 2 sA 7.48... 7.48... 2 7.48... 7.48...co 4B 0+ −  = OR 
AB 56

sin 40 sin70
= (A1) 

5.11888...=

5.12=  (cm) A1 

METHOD 2 

Let M be the midpoint of [AB] 

attempt to apply right-angled trigonometry on triangle AVM (M1) 

7.48... sin(20 )2 =  (A1) 

5.11888...=  

5.12=  (cm) A1 

[3 marks] 

continued… 
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Question 7 continued 

(c) METHOD 1

equating volume of pyramid formula to 57.2 (M1) 

25.11... 57.2
1

3
h  = (A1) 

6.54886...h =

6.55h = (cm) A1 

METHOD 2 

Let M be the midpoint of [AB] 

2 2 2 2AV AM MX XV= + + (M1) 

2 2
2 5.11... 5.11...

XV 7.48...
2 2

   
 = − −   

   
(A1) 

6.54886...h =

6.55h = (cm) A1 

[3 marks] 

continued… 



– 18 – M22/5/MATHX/SP2/ENG/TZ1/XX/M 

Question 7 continued 

(d) 2 57.2V x yx ==  (A1) 

( )2 22 2S x xyx y += + A1 

Note: Condone use of A. 

attempt to substitute 
2

57.2

2
y

x
=  into their expression for surface area (M1) 

( ) 2
2

57

2
( ) 4

.2
6S x

x
x x 
=


+  

 

EITHER 

attempt to find minimum turning point on graph of area function (M1) 

OR 

2 0
d

8 171.6
d

S
x

x
x−= =− OR 2.77849...x = (M1) 

THEN 

92.6401...  

minimum surface area 92.6=  (cm2) A1 

[5 marks] 

Total [13 marks] 
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8. (a) (i) 4x = − A1 

(ii) attempt to substitute into 
a

y
c

=  OR table with large values of x OR sketch 

of f showing asymptotic behaviour (M1) 

4y = A1 

[3 marks] 

(b) (i)
4 1

4

x
y

x

+
=

+

attempt to interchange x and y (seen anywhere) M1 

4 4 1xy y x+ = + OR 4 4 1xy x y+ = +  (A1) 

4 1 4xy x y− = −  OR 4 1 4xy y x− = − (A1) 

1 1 4
( )

4

x
f x

x
− −

=
−

 (accept 
1 4

4

x
y

x

−
=

−
) A1 

continued… 
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Question 8 continued 

(ii) reflection in y-axis given by ( )f x−  (M1) 

4 1
( )

4

x
f x

x

− +
− =

− +
(A1) 

reflection of their ( )f x−  in x-axis given by ( )f x− −  accept “now ( )f x− ” M1 

( )
4 1

( )
4

x
f x

x

− +
− − = −

− +

4 1

4

x

x

− +
=

−
 OR 

4 1

4

x

x

−

− +
A1 

( )11 4
( )

4

x
f x

x
−−

= =
−

 AG 

Note:  If the candidate attempts to show the result using a particular coordinate 

on the graph of f rather than a general coordinate on the graph of f, where 
appropriate, award marks as follows: 

M0A0 for eg (2,3) ( 2,3)→ −  

M0A0 for ( 2,3) ( 2, 3)− → − −   

[8 marks] 

continued… 
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Question 8 continued 

(c) (i) attempt to solve 1( ) ( )f x f x−=  using graph or algebraically (M1) 

1p = − AND 1q =  A1 

Note:  Award (M1)A0 if only one correct value seen. 

(ii) attempt to set up an integral to find area between f  and 1f − (M1) 

1

1

4 1 1 4
d

4 4

x x
x

x x
−

+ − 
− 

+ − 
 (A1) 

0.675231...=

0.675= A1 

[5 marks] 

Total [16 marks] 
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9. (a) P( 61)C  (M1) 

0.365112...=

0.365= A1 

[2 marks] 

(b) recognition of binomial eg B(12,0.365...)X (M1) 

P( 5) 0.213666...X = =  

= 0.214 A1 

[2 marks] 

(c) (i) Let CM represent ‘chocolate muffin’ and BM represent ‘banana muffin’ 

P( 61) 0.0197555...B  =  (A1) 

EITHER 

)P (P( 6 P1| 1( ) )) P( 6 |C C CM B BM MBM  +    (or equivalent in words) (M1) 

OR  

tree diagram showing two ways to have a muffin weigh < 61  (M1) 

THEN 

)(0.6 (0.40.365...) 0.0197... +    (A1) 

0.226969...=  

= 0.227  A1 

(ii) recognizing conditional probability (M1) 

Note:  Recognition must be shown in context either in words or symbols, not just 

( )P |A B . 

0.365112..

.

0.6

0.22

.

6969..


(A1) 

0.965183...=  

0.965=  A1 

[7 marks] 

continued… 
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Question 9 continued 

(d) METHOD 1

7P P( 61| ) P( 61| )( ) 1P( 0.) 5CM BMC CM B BM  +   = (M1) 

( )P( 61) 0.0197555...) 0.1570.6 (0.4C  +  =

P( 61) 0.248496...C  =  (A1) 

attempt to solve for   using GDC (M1) 

Note:  Award (M1) for a graph or table of values to show their ( )P 61C   with a

variable standard deviation. 

1.47225... =

1.47 = (g) A2 

METHOD 2 

7P P( 61| ) P( 61| )( ) 1P( 0.) 5CM BMC CM B BM  +   =  (M1) 

( )P( 61) 0.0197555...) 0.1570.6 (0.4C  +  =

P( 61) 0.248496...C  =  (A1) 

use of inverse normal to find z score of their P( 61)C  (M1) 

0.679229...z = −

correct substitution (A1) 

61 62
0.679229...



−
= −

1.47225... =

1.47 = (g) A1 

[5 marks] 

Total [16 marks] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  5  metres. 

Points  A  and  B  lie on the circle and ˆAOB 1.9=  radians.

diagram not to scale

A

B

O 1.9

(a) Find the length of the chord  [AB] . [3]

(b) Find the area of the shaded sector. [3]
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2. [Maximum mark: 5]

The derivative of a function  g  is given by  g ′(x) = 3x2 + 5ex , where  x ∈  . The graph of  g  
passes through the point  (0 , 4) . Find  g (x) .
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3. [Maximum mark: 6]

Gemma and Kaia started working for different companies on January 1st 2011.

Gemma’s starting annual salary was  $45 000 , and her annual salary increases 2 % on 
January 1st each year after 2011. 

(a) Find Gemma’s annual salary for the year 2021, to the nearest dollar. [3]

Kaia’s annual salary is based on a yearly performance review. Her salary for the years 2011, 
2013, 2014, 2018, and 2022 is shown in the following table.

year (x) 2011 2013 2014 2018 2022

annual salary ($S ) 45 000 47 200 48 500 53 000 57 000

(b) Assuming Kaia’s annual salary can be approximately modelled by the 
equation  S = ax + b , show that Kaia had a higher salary than Gemma in the year 2021, 
according to the model. [3]
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4. [Maximum mark: 6]

Events  A  and  B  are independent and  P (A) = 3P (B) . 

Given that  P (A ∪ B) = 0.68 , find  P (B) .
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5. [Maximum mark: 6]

A random sample of nine adults were selected to see whether sleeping well affected their 
reaction times to a visual stimulus. Each adult’s reaction time was measured twice.

The first measurement for reaction time was taken on a morning after the adult had 
slept well. The second measurement was taken on a morning after the same adult had not 
slept well.

The box and whisker diagrams for the reaction times, measured in seconds, are shown below.

(s)

second reaction time (not slept well)

first reaction time (slept well)

Key:

0.24 0.30 0.36 0.42 0.48

Consider the box and whisker diagram representing the reaction times after sleeping well.

(a) State the median reaction time after sleeping well. [1]

(b) Verify that the measurement of  0.46  seconds is not an outlier. [3]

(c) State why it appears that the mean reaction time is greater than the median reaction time. [1]

Now consider the two box and whisker diagrams.

(d) Comment on whether these box and whisker diagrams provide any evidence that might 
suggest that not sleeping well causes an increase in reaction time. [1]

(This question continues on the following page)



– 7 –

M22/5/MATHX/SP2/ENG/TZ2/XX

2222 – 7115

Turn over

12EP07

(Question 5 continued)
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6. [Maximum mark: 7]

A particle moves in a straight line such that its velocity,  v m s-1 , at time  t  seconds is given by 

v
t t

=
+( )2 1

4

cos
,  0 ≤ t ≤ 3 .

(a) Determine when the particle changes its direction of motion. [2]

(b) Find the times when the particle’s acceleration is -1.9 m s-2 . [3]

(c) Find the particle’s acceleration when its speed is at its greatest. [2]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 14]

A farmer is placing posts at points  A ,  B , and  C  in the ground to mark the boundaries of a 
triangular piece of land on his property.

From point  A , he walks due west  230  metres to point  B . 
From point  B , he walks  175  metres on a bearing of  063°  to reach point  C .

This is shown in the following diagram.

diagram not to scale

230 m

175 m

63

AB

C

N

(a) Find the distance from point  A  to point  C . [4]

(b) Find the area of this piece of land. [2]

(c) Find  CÂB . [3]

The farmer wants to divide the piece of land into two sections. He will put a post at point  D , 
which is between  A  and  C . He wants the boundary  BD  to divide the piece of land such that 
the sections have equal area. This is shown in the following diagram.

diagram not to scale

D

230 m

175 m

AB

C

(d) Find the distance from point  B  to point  D . [5]
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Do not write solutions on this page.

8. [Maximum mark: 12]

A scientist conducted a nine-week experiment on two plants,  A  and  B , of the same species. 
He wanted to determine the effect of using a new plant fertilizer. Plant  A  was given fertilizer 
regularly, while Plant  B  was not.

The scientist found that the height of Plant  A ,  hA cm , at time  t  weeks can be modelled by the 
function  hA (t ) = sin (2t + 6) + 9t + 27 , where  0 ≤ t ≤ 9 .

The scientist found that the height of Plant  B ,  hB cm , at time  t  weeks can be modelled by the 
function  hB (t ) = 8t + 32 , where  0 ≤ t ≤ 9 .

(a) Use the scientist’s models to find the initial height of

(i) Plant  B ;

(ii) Plant  A  correct to three significant figures. [3]

(b) Find the values of  t  when  hA (t ) =  hB (t ) . [3]

(c) For  0 ≤ t ≤ 9 , find the total amount of time when the rate of growth of Plant  B  was 
greater than the rate of growth of Plant  A . [6]
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Do not write solutions on this page.

9. [Maximum mark: 18]

The time it takes Suzi to drive from home to work each morning is normally distributed with a 
mean of  35  minutes and a standard deviation of  σ  minutes.

On  25 %  of days, it takes Suzi longer than  40  minutes to drive to work.

(a) Find the value of  σ . [4]

(b) On a randomly selected day, find the probability that Suzi’s drive to work will take 
longer than  45  minutes. [2]

Suzi will be late to work if it takes her longer than  45  minutes to drive to work. The time it 
takes to drive to work each day is independent of any other day. 

Suzi will work five days next week.

(c) Find the probability that she will be late to work at least one day next week. [3]

(d) Given that Suzi will be late to work at least one day next week, find the probability that 
she will be late less than three times. [5]

Suzi will work  22  days this month. She will receive a bonus if she is on time at least  20  of 
those days.  

So far this month, she has worked  16  days and been on time  15  of those days.

(e) Find the probability that Suzi will receive a bonus. [4]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked,
and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for
an attempt to use an appropriate method (e.g. substitution into a formula) and A1 for
using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a
note.

• The response to a “show that” question does not need to restate the AG line, unless a
Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even
if this working is incorrect and/or suggests a misunderstanding of the question.  This will
encourage a uniform approach to marking, with less examiner discretion. Although some
candidates may be advantaged for that specific question item, it is likely that these
candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used
in a subsequent part.  For example, when a correct exact value is followed by an incorrect
decimal approximation in the first part and this approximation is then used in the second
part. In this situation, award FT marks as appropriate but do not award the final A1 in the
first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes. 
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is 
seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer 
to a previous part. However, if all the marks awarded in a subsequent part are for the answer 
or are implied, then FT marks should be awarded for their correct answer, even when 
working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for
work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award
fewer FT marks, by reflecting on what each mark is for and how that maps to the simplified
version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This
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includes when candidates fail to complete a “show that” question correctly, and then in 
subsequent parts use their incorrect answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this 
is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be scored
in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided
the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written
in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general 
rule applies to final answers: unless otherwise stated in the question all numerical answers 
must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts. 
The markscheme will often explicitly include the subsequent values that come “from the use 
of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x+  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 



– 7 – M22/5/MATHX/SP3/ENG/TZ2/XX/M

9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used 
any calculator not approved for IB DP examinations (eg CAS enabled devices), please follow 
the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless
an explicit note from the candidate indicates that they would like the work to be marked.

More than one solution:  Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”.
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Section A 

1. (a) EITHER 

uses the cosine rule (M1) 
2 2 2AB 5 5 2 5 5 cos1.9= + −     (A1) 

OR 

uses right-angled trigonometry (M1) 

AB
2 sin 0.95
5

= (A1) 

OR 

uses the sine rule (M1) 

( )( )
1

π 1.9 0.6207...
2

 = − =

AB 5

sin1.9 sin0.6207...
= (A1) 

THEN 

AB 8.13415...=  

AB 8.13=  (m) A1 

[3 marks] 

continued… 
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Question 1 continued 

(b) let the shaded area be A  

METHOD 1

attempt at finding reflex angle (M1) 

( )ˆAOB 2π 1.9 4.3831...= − =

substitution into area formula (A1) 

21
5 4.3831...

2
A =   OR ( )22π 1.9

π 5
2π

− 
 

 

54.7898...=

54.8= (m2) A1 

METHOD 2 

let the area of the circle be CA and the area of the unshaded sector be UA

C UA A A= − (M1) 

( )2 21
π 5 5 1.9 78.5398... 23.75

2
A =  −   = − (A1) 

54.7898...=

54.8=  (m2) A1 

[3 marks] 

Total [6 marks] 



– 10 – M22/5/MATHX/SP2/ENG/TZ2/XX/M 

2. METHOD 1

recognises that ( ) ( )23 5e dxg x x x= + (M1) 

( ) ( )3+5exg x x C= +  (A1)(A1) 

Note: Award A1 for each integrated term. 

substitutes 0x =  and 4y = into their integrated function (must involve C+ ) (M1) 

4 0 5 1C C= + +  = −  

( ) 3+5e 1xg x x= − A1 

METHOD 2 

attempts to write both sides in the form of a definite integral (M1) 

( )2

0 0

g'( ) d 3 5e  d
x x

tt t t t= +  (A1) 

3 0( ) 4 5e 5exg x x− = + − (A1)(A1) 

Note: Award A1 for ( ) 4g x −  and A1 for 3 05e 5exx + − . 

( ) 3+5e 1xg x x= − A1 

[5 marks] 
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3. (a) METHOD 1 

using geometric sequence with 1.02r =  (M1) 

correct expression or listing terms correctly (A1) 
1045000 1.02 OR 11 145000 1.02 − OR listing terms

Gemma’s salary is $54855 (must be to the nearest dollar) A1 

[3 marks] 

METHOD 2 

10N =

PV 45000=

I% 2=

P/Y 1=  

C/Y 1=  

54854.7489...FV =  (M1)(A1) 

Gemma’s salary is $54855 (must be to the nearest dollar) A1 

[3 marks] 

(b) finds 1096.89...a =  and 2160753.8...b = − (accept 62.16 10b = −  ) (A1)(A1) 

Note:  Award (A1)(A1) for 1096.89... 33028.49...S x= + , or 
1096.89... 43997.4...S x= + , or 1096.89... 45094.3...S x= +

Kaia’s salary in 2021 is $56063.21 (accept $56817.09 from 62.16 10b = −  ) A1 

Kaia had a higher salary than Gemma in 2021 AG 

[3 marks] 

Total [6 marks] 



– 12 – M22/5/MATHX/SP2/ENG/TZ2/XX/M 

4. ( ) ( ) ( ) ( )P P P P 0.68A B A B A B = + −  =

substitution of ( ) ( )P PA B for ( )P A B in ( )P A B (M1) 

( ) ( ) ( ) ( ) ( )P P P P 0.68A B A B+ − =

substitution of ( )3P B for ( )P A (M1) 

( ) ( ) ( ) ( )3P P 3P P 0.68B B B B+ − = (or equivalent) (A1) 

Note: The first two M marks are independent of each other. 

attempts to solve their quadratic equation (M1) 

( )
1 17

P 0.2, 1.133... ,
5 15

B  
=  

 

( )
1

P 0.2
5

B  
= = 

 
A2 

Note: Award A1 if both answers are given as final answers for ( )P B .

[6 marks] 
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5. (a) 0.28 (s) A1 

[1 mark] 

(b) ( )IQR 0.35 0.27 0.08= − = (s) (A1) 

substituting their IQR into correct expression for upper fence  (A1) 

( )0.35 1.5 0.08 0.47+  = (s)

0.46 0.47 R1 

so 0.46 (s) is not an outlier AG 

[3 marks] 

(c) EITHER

the median is closer to the lower quartile (positively skewed) R1 

OR

The distribution is positively skewed R1 

OR

the range of reaction times below the median is smaller than the range of reaction
times above the median R1 

Note: These are sample answers from a range of acceptable correct answers. 
Award R1 for any correct statement that explains this. 

Do not award R1 if there is also an incorrect statement, even if another 
statement in the answer is correct. Accept a correctly and clearly labelled 
diagram. 

[1 mark] 

continued… 
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Question 5 continued 

(d) EITHER

the distribution for ‘not sleeping well’ is centred at a higher reaction time R1 

OR

The median reaction time after not sleeping well is equal to the upper quartile
reaction time after sleeping well R1 

OR

75% of reaction times are <0.35 seconds after sleeping well, compared with
50% after not sleeping well R1 

OR

the sample size of 9 is too small to draw any conclusions R1 

Note: These are sample answers from a range of acceptable correct answers. 
Accept any relevant correct statement that relates to the median and/or 
quartiles shown in the box plots. Do not accept a comparison of 
means. Do not award R1 if there is also an incorrect statement, even if 
another statement in the answer is correct. 
Award R0 to “correlation does not imply causation”. 

[1 mark] 

Total [6 marks] 
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6. (a) recognises the need to find the value of t  when 0v =  (M1) 

π
1.57079... 

2
t  
= = 

 

π
1.57 

2
t  
= = 

 
(s) A1 

[2 marks] 

(b) recognises that ( ) '( )a t v t=  (M1) 

1 2.26277...t = , 2 2.95736...t =

1 2.26t = , 2 2.96t = (s) A1A1 

Note:  Award M1A1A0 if the two correct answers are given with additional values 
outside 0 3t  . 

[3 marks] 

(c) speed is greatest at 3t =  (A1) 

1.83778...a = −

1.84a = −  (m s-2) A1 

[2 marks] 

Total [7 marks] 
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Section B 

7. (a) ˆABC 27=  (A1) 

attempt to substitute into cosine rule (M1) 

( )( )2 2175 230 2 175 230 cos27+ −  (A1) 

108.62308…

AC 109 (m)= A1 

[4 marks] 

(b) correct substitution into area formula (A1) 

1
175 230 sin 27

2
   

9136.55...

( )2area 9140 m= A1 

[2 marks] 

(c) attempt to substitute into sine rule or cosine rule (M1) 

ˆsin 27 sin A
108.623... 175


=  OR  

( )
2 2 2108.623... 230 175

cosA
2 108.623... 230

+ −
=

 
(A1) 

47.0049… 

ˆCAB 47.0=   A1 

[3 marks] 

continued… 
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Question 7 continued 

(d) METHOD 1

recognizing that for areas to be equal, AD=DC  (M1) 

1
AD AC 54.3115...

2
= = A1 

attempt to substitute into cosine rule to find BD (M1) 

correct substitution into cosine rule (A1) 

( )( )2 2 2BD 230 54.3115 2 230 54.3115 cos47.0049= + − 

BD 197.009...=

( )BD 197 m= A1 

[5 marks] 

continued… 
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Question 7 continued 

METHOD 2 

correct expressions for areas of triangle BDA and triangle BCD using BD A1 

1
BD 230 sin

2
x    and ( )

1
BD 175 sin 27

2
x   −  OR 

( )
1

BD 230 sin 27
2

x   −  and 
1

BD 175 sin
2

x   

correct equation in terms of x (A1) 

( )175sin 27 230sinx x− = or ( )175sinx 230sin 27 x= −

11.6326...x =  or 15.3673...x = (A1) 

substituting their value of x into equation to solve for BD (M1) 

1 1
BD 230 sin11.6326... BD 175 sin15.3673...

2 2
   =    or 

1 1
BD 230 sin11.6326... 9136.55...

2 2
   = 

( )BD 197 m= A1 

[5 marks] 

Total [14 marks] 
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8. (a) (i) 32 (cm) A1 

(ii) ( ) ( )0 sin 6 27Ah = + (M1) 

26.7205...=

26.7= (cm) A1 

[3 marks] 

(b) attempts to solve ( ) ( )A Bh t h t=  for t  (M1) 

4.00746...,4.70343...,5.88332...t =

4.01,4.70,5.88t =  (weeks) A2 

[3 marks] 

continued… 
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Question 8 continued 

(c) recognises that ( )Ah t and ( )Bh t  are required (M1) 

attempts to solve ( ) ( )A Bh t h t = for t  (M1) 

1.18879... and 2.23598... OR 4.33038... and 5.37758... OR 7.47197... and 8.51917...t = (A1) 

Note: Award full marks for 
4π 5π 7π 8π 10π 11π

3, 3, 3, 3, 3, 3
3 3 3 3 3 3

t  
= − − − − − − 

 
. 

Award subsequent marks for correct use of these exact values. 

1.18879... 2.23598...t  OR 4.33038... 5.37758...t  OR 
7.47197... 8.51917...t  (A1) 

attempts to calculate the total amount of time (M1) 

( )
5π 4π

3 2.2359... 1.1887... 3 3 3
3 3

     
− = − − −     

     

( )3.14 π= = (weeks) A1 

[6 marks] 

Total [12 marks] 
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9. (a) METHOD 1 

2N(35, )T 

P( 40) 0.25T  = or ( )P 40 0.75T  = (M1) 

attempt to solve for   graphically or numerically using the GDC (M1) 

graph of normal curve 
2N(35, )T   for ( )P 40T   and 0.25y = OR ( )P 40T  and 

0.75y = OR table of values for ( )P 40T  or ( )P 40T 

7.413011... =

7.41 =  (min) A2 

METHOD 2 

( )2~ N 35,T 

P( 40) 0.25T  = or ( )P 40 0.75T  = (M1) 

0.674489...z = (A1) 

valid equation using their score (clearly identified as z-score and not a 
probability) (M1) 

40 35
0.674489...



−
=  OR  5 0.674489...=  

7.413011… 

7.41 = (min) A1 

[4 marks] 

(b) ( )P 45T  (M1) 

0.0886718...=

0.0887= A1 

[2 marks] 

continued… 

-z
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Question 9 continued 

(c) recognizing binomial probability (M1) 

( )~ B 5, 0.0886718...L

( ) ( )P 1 1 P 0L L = − =  OR 

( ) ( ) ( ) ( ) ( ) ( )P 1 P 1 P 2 P 3 P 4 P 5L L L L L L = = + = + = + = + = (M1) 

0.371400…

( )P 1 0.371L  =  A1 

[3 marks] 

(d) recognizing conditional probability in context (M1) 

finding      3 1 1, 2L L L L   = = =   (may be seen in conditional probability) (A1) 

( ) ( )P 1 P 2 0.36532...L L= + = =  (may be seen in conditional probability) (A1) 

( )
0.36532...

P 3 | 1
0.37140...

L L  = (A1) 

0.983636…

0.984 A1 

[5 marks] 

continued… 
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Question 9 continued 

(e) METHOD 1

recognizing that Suzi can be late no more than once (in the remaining six days) (M1) 

( )X ~ B 6, 0.0886718... , where X is the number of days late (A1) 

( ) ( ) ( )P 1 P 0 P 1X X X = = + = (M1) 

0.907294...=  

( )P Suzi gets a bonus 0.907= A1 

Note: The first two marks may be awarded independently. 

METHOD 2 

recognizing that Suzi must be on time at least five times (of the remaining six days) (M1) 

( )X ~ B 6, 0.911328... , where X is the number of days on time (A1) 

( ) ( )P 5 1 P 4X X = −  OR 1 0.0927052...− OR ( ) ( )P 5 6X X= + = OR 

0.334434... 0.572860...+  (M1) 

0.907294...=

( )P Suzi gets a bonus 0.907= A1 

Note: The first two marks may be awarded independently. 

[4 marks] 

Total [18 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
raisonnement adéquat. Par exemple, si des représentations graphiques sont utilisées pour trouver la 
solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 6]

Le diagramme suivant montre un cercle de centre  O  et de rayon  5  mètres.

Les points  A  et  B  se situent sur le cercle et  AÔB = 1,9  radian.

la figure n’est pas à l’échelle

A

B

O 1,9

(a) Trouvez la longueur de la corde  [AB] . [3]

(b) Trouvez l’aire du secteur grisé. [3]
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2. [Note maximale : 5]

La dérivée d’une fonction  g  est donnée par  g ′(x) = 3x2 + 5ex , où  x ∈  . La représentation 
graphique de  g  passe par le point  (0 ; 4) . Trouvez  g (x) .
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3. [Note maximale : 6]

Gemma et Kaia ont commencé à travailler pour différentes entreprises le 1er janvier 2011.

Le salaire annuel de départ de Gemma était de  45 000 $  et son salaire annuel augmente de 
2 %  le 1er janvier de chaque année après 2011.

(a) Trouvez le salaire annuel de Gemma pour l’année 2021, au dollar le plus près. [3]

Le salaire annuel de Kaia est basé sur une évaluation annuelle des performances. Son 
salaire pour les années 2011, 2013, 2014, 2018 et 2022 est indiqué dans le tableau suivant.

année  (x) 2011 2013 2014 2018 2022

salaire annuel (S  $) 45 000 47 200 48 500 53 000 57 000

(b) En supposant que le salaire annuel de Kaia peut être modélisé de façon approximative 
par l’équation  S = ax + b , montrez que, selon le modèle, Kaia avait un salaire supérieur 
à celui de Gemma au cours de l’année 2021. [3]
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4. [Note maximale : 6]

Les événements  A  et  B  sont indépendants et  P (A) = 3P (B) . 

Étant donné que  P (A ∪ B) = 0,68 , trouvez  P (B) .
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5. [Note maximale : 6]

Un échantillon aléatoire de neuf adultes a été sélectionné pour savoir si bien dormir affectait 
leur temps de réaction à un stimulus visuel. Le temps de réaction de chaque adulte a été 
mesuré deux fois.

La première mesure du temps de réaction a été prise un matin après que l’adulte a bien 
dormi. La deuxième mesure a été prise un matin après que le même adulte n’a pas bien dormi.

Les diagrammes en boîte pour les temps de réaction, mesurés en secondes, sont montrés 
ci-dessous.

(s)

deuxième temps de réaction (pas bien dormi)

premier temps de réaction (bien dormi)

Légende :

0,24 0,30 0,36 0,42 0,48

Considérez le diagramme en boîte qui représente les temps de réaction après avoir bien dormi.

(a) Indiquez le temps de réaction médian après avoir bien dormi. [1]

(b) Vérifiez que la mesure de  0,46  seconde n’est pas une valeur aberrante. [3]

(c) Indiquez pourquoi il semblerait que le temps de réaction moyen soit supérieur au 
temps de réaction médian. [1]

Considérez maintenant les deux diagrammes en boîte.

(d) Commentez, à savoir, si ces diagrammes en boîte fournissent des preuves pouvant 
suggérer que le fait de ne pas bien dormir cause une augmentation du temps de réaction. [1]

(Suite de la question à la page suivante)
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(Suite de la question 5)
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6. [Note maximale : 7]

Une particule se déplace en ligne droite de sorte que sa vitesse algébrique,  v m s-1 , au 

temps  t  secondes est donnée par v
t t

=
+( )2 1

4

cos
,  0 ≤ t ≤ 3 .

(a) Déterminez quand la particule change sa direction de mouvement. [2]

(b) Trouvez les instants auxquels l’accélération de la particule est de  -1,9 m s-2 . [3]

(c) Trouvez l’accélération de la particule lorsque sa vitesse est maximale. [2]
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 14]

Un agriculteur place des poteaux aux points  A ,  B  et  C  dans le sol pour marquer les limites 
d’un terrain triangulaire sur sa propriété.

À partir du point  A , il marche  230  mètres plein ouest jusqu’au point  B . 
À partir du point  B , il marche  175  mètres suivant un relèvement de  063°  pour atteindre le 
point  C .

Ceci est illustré dans le diagramme suivant.

la figure n’est pas à l’échelle

230 m

175 m

63

AB

C

N

(a) Trouvez la distance du point  A  au point  C . [4]

(b) Trouvez l’aire de ce terrain. [2]

(c) Trouvez  CÂB . [3]

L’agriculteur veut diviser le terrain en deux parties. Il mettra un poteau au point  D , qui se 
situe entre  A  et  C . Il veut que le segment  BD  divise le terrain de telle sorte que les parties 
aient une aire égale. Ceci est illustré dans le diagramme suivant.

la figure n’est pas à l’échelle

D

230 m

175 m

AB

C

(d) Trouvez la distance du point  B  au point  D . [5]
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N’écrivez pas vos solutions sur cette page.

8. [Note maximale : 12]

Un scientifique a mené une expérience durant neuf semaines sur deux plantes,  A  et  B , de 
la même espèce. Il voulait déterminer l’effet de l’utilisation d’un nouvel engrais. La plante  A  a 
régulièrement reçu de l’engrais, tandis que la plante  B  n’en a pas reçu.

Le scientifique a trouvé que la hauteur de la Plante  A ,  hA cm , au temps  t  semaines peut être 
modélisée par la fonction  hA (t ) = sin (2t + 6) + 9t + 27 , où  0 ≤ t ≤ 9 .

Le scientifique a trouvé que la hauteur de la Plante  B ,  hB cm , au temps  t  semaines peut être 
modélisée par la fonction  hB (t ) = 8t + 32 , où  0 ≤ t ≤ 9 .

(a) Utilisez les modèles du scientifique pour trouver la hauteur initiale de

(i) la Plante  B ;

(ii) la Plante  A , correcte à trois chiffres significatifs près. [3]

(b) Trouvez les valeurs de  t  lorsque  hA (t ) =  hB (t ) . [3]

(c) Pour  0 ≤ t ≤ 9 , trouvez le temps total pendant lequel le taux de croissance de la 
Plante  B  était supérieur au taux de croissance de la Plante  A . [6]
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9. [Note maximale : 18]

Le temps qu’il faut à Suzi pour se rendre en voiture de sa maison au travail chaque matin est 
normalement distribué avec une moyenne de  35  minutes et un écart type de  σ  minutes.

Lors de  25 %  des jours, il faut plus de  40  minutes à Suzi pour se rendre au travail en voiture.

(a) Trouvez la valeur de  σ . [4]

(b) Un jour choisi au hasard, trouvez la probabilité que le trajet de Suzi pour se rendre au 
travail en voiture prenne plus de  45  minutes. [2]

Suzi sera en retard au travail s’il lui faut plus de  45  minutes pour se rendre au travail 
en voiture. Le temps qu’il lui faut pour se rendre au travail en voiture chaque jour est 
indépendant de tout autre jour. 

Suzi travaillera cinq jours la semaine prochaine.

(c) Trouvez la probabilité qu’elle soit en retard au travail au moins un jour la semaine 
prochaine. [3]

(d) Étant donné que Suzi sera en retard au travail au moins un jour la semaine prochaine, 
trouvez la probabilité qu’elle soit en retard moins de trois fois. [5]

Suzi travaillera  22  jours au cours du mois. Elle recevra un bonus si elle est à l’heure au 
moins  20  de ces jours.

Ce mois-ci, elle a travaillé  16  jours et a été à l’heure  15  de ces jours.

(e) Trouvez la probabilité que Suzi reçoive un bonus. [4]
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Kreis mit Mittelpunkt  O  und Radius  5  Meter.

Die Punkte  A  und  B  liegen auf dem Kreis, und  AÔB = 1,9  (im Bogenmaß).

Zeichnung nicht maßstabsgerecht

A

B

O 1,9

(a) Finden Sie die Länge der Sehne  [AB] . [3]

(b) Finden Sie die Fläche des schattierten Sektors. [3]
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Bitte umblättern

2. [Maximale Punktzahl: 5]

Die Ableitung einer Funktion  g  ist gegeben durch  g ′(x) = 3x2 + 5ex , mit  x ∈  . Der Graph 
von  g  verläuft durch den Punkt  (0 , 4) . Finden Sie  g (x) .
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3. [Maximale Punktzahl: 6]

Gemma und Kaia arbeiten seit dem 1. Januar 2011 für unterschiedliche Unternehmen.

Gemmas Einstiegsgehalt betrug  45 000 USD , und ihr Jahresgehalt steigt seit 2011 jedes 
Jahr am 1. Januar  um 2 % .

(a) Finden Sie das Jahresgehalt von Gemma für das Jahr 2021, gerundet auf ganze Dollar. [3]

Das Jahresgehalt von Kaia basiert auf einer jährlichen Leistungsbeurteilung. Die folgende 
Tabelle zeigt ihr Gehalt für die Jahre 2011, 2013, 2014, 2018 und 2022.

Jahr (x) 2011 2013 2014 2018 2022

Jahresgehalt (S  in USD) 45 000 47 200 48 500 53 000 57 000

(b) Das Jahresgehalt von Kaia lässt sich näherungsweise durch die folgende Gleichung 
modellieren:  S = ax + b . Zeigen Sie, dass Kaia im Jahr 2021 gemäß diesem Modell ein 
höheres Gehalt als Gemma hatte. [3]
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Bitte umblättern

4. [Maximale Punktzahl: 6]

Die Ereignisse  A  und  B  sind unabhängig, und  P (A) = 3P (B) . 

Es gelte  P (A ∪ B) = 0,68 . Finden Sie  P (B) .
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5. [Maximale Punktzahl: 6]

Eine zufällige Stichprobe von neun Erwachsenen wurde ausgewählt, um herauszufinden, ob 
guter Schlaf ihre Reaktionszeit auf einen visuellen Reiz beeinflusst. Die Reaktionszeit eines 
jeden Erwachsenen wurde zweimal gemessen.

Die erste Messung der Reaktionszeit wurde an einem Morgen durchgeführt, an dem 
der Erwachsene gut geschlafen hatte. Die zweite Messung wurde an einem Morgen 
durchgeführt, an dem derselbe Erwachsene nicht gut geschlafen hatte.

Die Box-und-Whisker-Diagramme für die Reaktionszeiten in Sekunden sind in der folgenden 
Abbildung dargestellt.

(s)

Zweite Reaktionszeit (nicht gut geschlafen)

Erste Reaktionszeit (gut geschlafen)

Legende:

0,24 0,30 0,36 0,42 0,48

Betrachten Sie das Box-und-Whisker-Diagramm, das die Reaktionszeiten nach einem guten 
Schlaf darstellt.

(a) Geben Sie den Median der Reaktionszeit nach einem guten Schlaf an. [1]

(b) Validieren Sie, dass die Messung von  0,46  Sekunden kein Ausreißer ist. [3]

(c) Geben Sie an, warum die mittlere Reaktionszeit größer zu sein scheint als der Median 
der Reaktionszeit. [1]

Betrachten Sie nun die beiden Box-und-Whisker-Diagramme.

(d) Kommentieren Sie, ob diese Box-und-Whisker-Diagramme Anhaltspunkte dafür liefern, 
dass unzureichender Schlaf zu einer Verlängerung der Reaktionszeit führt. [1]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 5)
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6. [Maximale Punktzahl: 7]

Ein Teilchen bewegt sich auf einer geraden Linie, so dass seine Geschwindigkeit  v  in  m s-1  

zum Zeitpunkt  t  Sekunden gegeben ist durch v
t t

=
+( )2 1

4

cos
, mit  0 ≤ t ≤ 3 .

(a) Bestimmen Sie, wann das Teilchen seine Bewegungsrichtung ändert. [2]

(b) Finden Sie die Zeitpunkte, an denen die Beschleunigung des Teilchens  -1,9 m s-2  beträgt. [3]

(c) Finden Sie die Beschleunigung des Teilchens zu dem Zeitpunkt, an dem seine 
Geschwindigkeit am größten ist. [2]
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

7. [Maximale Punktzahl: 14]

Ein Landwirt schlägt an den Punkten  A ,  B  und  C  Pfähle in den Boden, um damit die 
Grenzen eines dreieckigen Stücks Land auf seinem Grundstück zu markieren.

Von Punkt  A  geht er genau in westlicher Richtung  230  Meter zu Punkt  B . Von Punkt  B  aus 
geht er unter einem Peilwinkel von  063°  eine Strecke von  175  Metern zu Punkt  C .

Dies ist in der folgenden Abbildung dargestellt.

Zeichnung nicht maßstabsgerecht

230 m

175 m

63

AB

C

N

(a) Finden Sie die Entfernung zwischen Punkt  A  und Punkt  C . [4]

(b) Finden Sie die Fläche dieses Stücks Land. [2]

(c) Finden Sie  CÂB . [3]

Der Landwirt möchte das Stück Land in zwei Abschnitte teilen. Dazu schlägt er einen 
weiteren Pfosten am Punkt  D  ein, der zwischen  A  und  C  liegt. Er möchte, dass die 
Strecke  BD  das Stück Land so unterteilt, dass die beiden Abschnitte die gleiche Fläche 
haben. Dies ist in der folgenden Abbildung dargestellt.

Zeichnung nicht maßstabsgerecht

D

230 m

175 m

AB

C

(d) Finden Sie die Entfernung von Punkt  B  zu Punkt  D . [5]
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Schreiben Sie keine Lösungen auf diese Seite.

8. [Maximale Punktzahl: 12]

Ein Wissenschaftler führte ein neunwöchiges Experiment mit zwei Pflanzen  A  und  B  
derselben Art durch. Er wollte die Auswirkungen der Verwendung eines neuen 
Pflanzendüngers untersuchen. Pflanze  A  wurde regelmäßig gedüngt, Pflanze  B  jedoch nicht.

Der Wissenschaftler fand heraus, dass die Höhe  hA  der Pflanze  A  (in cm) zum Zeitpunkt  t   
(in Wochen) durch die folgende Funktion modelliert werden kann:  hA (t ) = sin (2t + 6) + 9t + 27 , 
mit  0 ≤ t ≤ 9 .

Der Wissenschaftler fand heraus, dass die Höhe  hB  der Pflanze  B  (in cm) zum Zeitpunkt  t  
(in Wochen) durch die folgende Funktion modelliert werden kann:  hB (t ) = 8t + 32 , mit  0 ≤ t ≤ 9 .

(a) Finden Sie mit Hilfe dieser Modelle des Wissenschaftlers die folgenden Größen:

(i) Die Anfangshöhe der Pflanze  B ;

(ii) Die Anfangshöhe der Pflanze  A  auf drei signifikante Stellen genau. [3]

(b) Finden Sie die Werte von  t  für  hA (t ) =  hB (t ) . [3]

(c) Finden Sie für  0 ≤ t ≤ 9  den gesamten Zeitraum, in dem die Wachstumsrate der 
Pflanze  B  größer war als die der Pflanze  A . [6]
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Schreiben Sie keine Lösungen auf diese Seite.

9. [Maximale Punktzahl: 18]

Die Zeit, die Suzi jeden Morgen für die Fahrt von zu Hause zur Arbeit benötigt, ist 
normalverteilt mit einem Durchschnittswert von  35  Minuten und einer Standardabweichung 
von  σ  Minuten.

An  25 %  der Tage braucht Suzi länger als  40  Minuten für den Weg zur Arbeit.

(a) Finden Sie den Wert von  σ . [4]

(b) Finden Sie die Wahrscheinlichkeit, dass Suzis Fahrt zur Arbeit an einem zufällig 
ausgewählten Tag länger als  45  Minuten dauert. [2]

Suzi kommt zu spät zur Arbeit, wenn sie länger als  45  Minuten für die Fahrt zur Arbeit 
braucht. Die Zeit, die sie an einem bestimmten Tag für die Fahrt zur Arbeit benötigt, ist 
unabhängig von den anderen Tagen. 

Suzi wird nächste Woche fünf Tage arbeiten.

(c) Finden Sie die Wahrscheinlichkeit, dass sie in der nächsten Woche an mindestens 
einem Tag zu spät zur Arbeit kommt. [3]

(d) Finden Sie unter der Annahme, dass Suzi in der nächsten Woche an mindestens 
einem Tag zu spät zur Arbeit kommen wird, die Wahrscheinlichkeit, dass sie weniger 
als dreimal zu spät kommen wird. [5]

Suzi wird diesen Monat  22  Tage arbeiten. Sie erhält einen Bonus, wenn sie an 
mindestens  20  dieser Tage pünktlich ist.

In diesem Monat hat sie bisher  16  Tage gearbeitet und war an  15  dieser Tage pünktlich.

(e) Finden Sie die Wahrscheinlichkeit, dass Suzi einen Bonus erhält. [4]

 

Quellen:

© International Baccalaureate Organization 2022
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Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [80 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 6]

La siguiente figura muestra un círculo de  5  metros de radio y con centro en  O .

Los puntos  A  y  B  pertenecen a la circunferencia y  AÔB = 1,9  radianes.

la figura no está dibujada a escala

A

B

O 1,9

(a) Halle la longitud de la cuerda  [AB] . [3]

(b) Halle el área del sector circular sombreado. [3]
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2. [Puntuación máxima: 5]

La derivada de la función  g  viene dada por  g ′(x) = 3x2 + 5ex , donde  x ∈  . El gráfico de  g  
pasa por el punto  (0, 4) . Halle  g (x) .
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3. [Puntuación máxima: 6]

Gemma y Kaia empezaron a trabajar el 1 de enero de 2011 para empresas distintas.

El salario anual inicial de Gemma era de  45 000 dólares ($)  y su salario anual ha aumentado 
un 2 %  el 1 de enero de cada año posterior a 2011.

(a) Halle cuál fue el salario anual de Gemma en el año 2021, redondeando al número 
entero de dólares más próximo. [3]

El salario anual de Kaia depende de una evaluación anual de su rendimiento. En la siguiente 
tabla se muestra el salario de Kaia en los años 2011, 2013, 2014, 2018 y 2022.

Año (x) 2011 2013 2014 2018 2022

Salario anual (S  $) 45 000 47 200 48 500 53 000 57 000

(b) Suponiendo que el salario anual de Kaia se puede modelizar aproximadamente 
mediante la ecuación  S = ax + b , muestre que, según este modelo, en el año 2021 
Kaia tuvo un salario mayor que el de Gemma. [3]
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4. [Puntuación máxima: 6]

Los sucesos  A  y  B  son independientes y  P (A) = 3P (B) . 

Sabiendo que  P (A ∪ B) = 0,68 , halle  P (B) .
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5. [Puntuación máxima: 6]

Se seleccionó una muestra aleatoria compuesta por nueve adultos para comprobar si dormir 
bien afectaba al tiempo de reacción ante un estímulo visual. El tiempo de reacción de cada 
adulto se midió dos veces.

La primera medición del tiempo de reacción se hizo una mañana después de que el adulto 
hubiera dormido bien. La segunda medición se hizo una mañana después de que ese mismo 
adulto no hubiera dormido bien.

A continuación se muestran los diagramas de caja y bigotes correspondientes a esos 
tiempos de reacción (medidos en segundos).

(s)

Segundo tiempo de reacción (no durmió bien)

Primer tiempo de reacción (durmió bien)

Leyenda:

0,24 0,30 0,36 0,42 0,48

Considere el diagrama de caja y bigotes que representa los tiempos de reacción después de 
haber dormido bien.

(a) Indique la mediana de los tiempos de reacción después de haber dormido bien. [1]

(b) Verifique que una medición de  0,46  segundos no es un valor atípico. [3]

(c) Indique por qué parece que la media de los tiempos de reacción es mayor que la 
mediana de los tiempos de reacción. [1]

Considere ahora los dos diagramas de caja y bigotes.

(d) Comente si estos diagramas de caja y bigotes proporcionan alguna prueba que 
sugiera que no dormir bien hace que aumente el tiempo de reacción. [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 5: continuación)
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6. [Puntuación máxima: 7]

Una partícula se mueve en línea recta de modo tal que su velocidad (v m s-1 )  en el instante  t  

segundos viene dada por v
t t

=
+( )2 1

4

cos
,  0 ≤ t ≤ 3 .

(a) Determine cuándo cambia el sentido del movimiento de la partícula. [2]

(b) Halle en qué instantes la aceleración de la partícula es igual a  -1,9 m s-2 . [3]

(c) Halle la aceleración de la partícula cuando su rapidez es máxima. [2]
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 14]

Un agricultor clava en el suelo unos postes en los puntos  A ,  B  y  C  para marcar los límites 
de un terreno triangular dentro de su propiedad.

Desde el punto  A , camina hacia el oeste  230  metros hasta llegar al punto  B . 
Desde el punto  B , camina  175  metros con una demora de  063°  hasta llegar al punto  C .

Toda esta información se representa en la siguiente figura.

la figura no está dibujada a escala

230 m

175 m

63

AB

C

N

(a) Halle la distancia que hay entre el punto  A  y el punto  C . [4]

(b) Halle el área de este terreno. [2]

(c) Halle  CÂB . [3]

El agricultor quiere dividir el terreno en dos partes. Para ello clavará un poste en el punto  D , que 
está entre  A  y  C . Quiere que el límite  BD  divida el terreno de modo tal que las dos partes tengan 
la misma área. Toda esta información se representa en la siguiente figura.

la figura no está dibujada a escala

D

230 m

175 m

AB

C

(d) Halle la distancia que hay entre el punto  B  y el punto  D . [5]
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8. [Puntuación máxima: 12]

Un científico ha realizado un experimento de nueve semanas de duración con dos plantas 
( A  y  B ) de la misma especie. Quería averiguar qué efecto tiene el uso de un nuevo 
fertilizante. La planta  A  recibió fertilizante con regularidad, mientras que la planta  B  no lo recibió.

El científico halló que la altura de la planta  A ( hA cm ) después de  t  semanas se podía  
modelizar mediante la función  hA (t ) = sen (2t + 6) + 9t + 27 , donde  0 ≤ t ≤ 9 .

El científico halló que la altura de la planta  B ( hB cm ) después de  t  semanas se podía 
modelizar mediante la función  hB (t ) = 8t + 32 , donde  0 ≤ t ≤ 9 .

(a) Utilice los modelos del científico para hallar la altura inicial de:

(i) La planta  B

(ii) La planta  A , redondeando a tres cifras significativas [3]

(b) Halle los valores de  t  para los cuales  hA (t ) =  hB (t ) . [3]

(c) Para  0 ≤ t ≤ 9 , halle el tiempo total durante el cual el ritmo de crecimiento de la 
planta  B  fue mayor que el ritmo de crecimiento de la planta  A . [6]
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9. [Puntuación máxima: 18]

El tiempo que tarda Suzi en ir al trabajo en coche desde su casa cada mañana sigue una 
distribución normal de media  35  minutos y desviación típica igual a  σ  minutos.

El  25 %  de los días Suzi tarda más de  40  minutos en ir al trabajo en coche.

(a) Halle el valor de  σ . [4]

(b) Para un día elegido al azar, halle la probabilidad de que ese día Suzi tarde más 
de  45  minutos en ir al trabajo en coche. [2]

Suzi llega con retraso al trabajo si tarda más de  45  minutos en ir al trabajo en coche. El 
tiempo que tarda en ir al trabajo en coche cada día es independiente del tiempo que tarda el 
resto de los días. 

La semana próxima Suzi trabajará cinco días.

(c) Halle la probabilidad de que llegue con retraso al trabajo al menos un día de la semana 
próxima. [3]

(d) Sabiendo que la semana próxima Suzi llegará con retraso al trabajo al menos un día, 
halle la probabilidad de que llegue con retraso menos de tres veces. [5]

Este mes Suzi trabajará  22  días. Recibirá una bonificación si llega puntual al trabajo al 
menos  20  de esos días.

En lo que va de mes, ha trabajado  16  días y ha llegado puntual al trabajo  15  de esos días.

(e) Halle la probabilidad de que Suzi reciba esa bonificación. [4]
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

The height of a baseball after it is hit by a bat is modelled by the function

 h(t) = − 4.8 t   2  + 21t + 1.2 

where   h(t)   is the height in metres above the ground and  t  is the time in seconds after the 
ball was hit.

(a) Write down the height of the ball above the ground at the instant it is hit by the bat. [1]

(b) Find the value of  t  when the ball hits the ground. [2]

(c) State an appropriate domain for  t  in this model. [2]
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Turn over

2. [Maximum mark: 5]

The ticket prices for a concert are shown in the following table.

Ticket Type Price (in Australian dollars, $)

Adult 15

Child 10

Student 12

 y A total of 600 tickets were sold.
 y The total amount of money from ticket sales was $7816.
 y There were twice as many adult tickets sold as child tickets.

Let the number of adult tickets sold be  x , the number of child tickets sold be  y , and the 
number of student tickets sold be  z .

(a) Write down three equations that express the information given above. [3]

(b) Find the number of each type of ticket sold. [2]
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3. [Maximum mark: 7]

Leo is investigating whether a six-sided die is fair. He rolls the die 60 times and records the 
observed frequencies in the following table:

Number on die 1 2 3  4  5  6

Observed frequency 8 7 6 15 12 12

Leo carries out a    χ   2    goodness of fit test at a 5 % significance level.

(a) Write down the null and alternative hypotheses. [1]

(b) Write down the degrees of freedom. [1]

(c) Write down the expected frequency of rolling a 1. [1]

(d) Find the  p-value for the test. [2]

(e) State the conclusion of the test. Give a reason for your answer. [2]
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Turn over

4. [Maximum mark: 7]

Karl has three brown socks and four black socks in his drawer. He takes two socks at random 
from the drawer.

(a) Complete the tree diagram. [2]

brown

black

brown

black

brown

black

3
7

second sockfirst sock

2
6

(b) Find the probability that Karl takes two socks of the same colour. [2]

(c) Given that Karl has two socks of the same colour find the probability that he has two 
brown socks. [3]
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5. [Maximum mark: 7]

A ball is dropped from a height of 1.8 metres and bounces on the ground. The maximum 
height reached by the ball, after each bounce, is 85 % of the previous maximum height.

diagram not to scale

first 
bounce

second 
bounce

third 
bounce

or
ig

in
al

 h
ei

gh
t

start

(a) Show that the maximum height reached by the ball after it has bounced for the sixth 
time is 68 cm, to the nearest cm. [2]

(b) Find the number of times, after the first bounce, that the maximum height reached is 
greater than 10 cm. [2]

(c) Find the total vertical distance travelled by the ball from the point at which it is dropped 
until the fourth bounce. [3]
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Turn over

6. [Maximum mark: 8]

A vertical pole stands on a sloped platform. The bottom of the pole is used as the origin, O, of 
a coordinate system in which the top, F, of the pole has coordinates  (0 ,  0 ,  5.8) . All units are 
in metres.

diagram not to scale

O

F(0 ,  0 ,  5.8)

A(3.2 ,  4.5 ,  –0.3)

Pole

Platform

The pole is held in place by ropes attached at F.

One of these ropes is attached to the platform at point  A(3.2 ,  4.5 ,  − 0.3) . The rope forms a 
straight line from A to F.

(a) Find    AF   
→
     . [1]

(b) Find the length of the rope. [2]

(c) Find  FÂO , the angle the rope makes with the platform. [5]
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7. [Maximum mark: 4]

A slope field for the differential equation     dy
 _ dx
   =  x   2  +   y _ 2     is shown.

33221100

11

−1−1

−2−2

−3−3

−4−4

−5−5

−6−6

−7−7

−8−8

−9−9

22

33

1−12−23−3

Some of the solutions to the differential equation have a local maximum point and a local 
minimum point.

(a) (i)  Write down the equation of the curve on which all these maximum and minimum 
points lie.

(ii) Sketch this curve on the slope field. [2]

The solution to the differential equation that passes through the point  (0 ,  −2)  has both a 
local maximum point and a local minimum point.

(b) On the slope field, sketch the solution to the differential equation that passes 
through  (0 ,  −2) . [2]

(This question continues on the following page)
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Turn over

(Question 7 continued)
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8. [Maximum mark: 6]

Consider the curve   y = 2x  (4 −  e   x )   .

(a) Find

(i)     dy
 _ dx
    .

(ii)      d   2  y
 _ 

d x   2 
    . [4]

The curve has a point of inflexion at (a ,  b).

(b) Find the value of  a . [2]
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9. [Maximum mark: 6]

A company produces bags of sugar with a labelled weight of 1 kg. The weights of the bags are 
normally distributed with a mean of 1 kg and a standard deviation of 100 g. In an inspection, if 
the weight of a randomly chosen bag is less than 950 g then the company fails the inspection.

(a) Find the probability that the company fails the inspection. [2]

A statistician in the company suggests it would be fairer if the company passes the inspection 
when the mean weight of five randomly chosen bags is greater than 950 g.

(b) Find the probability of passing the inspection if the statistician’s suggestion is followed. [4]
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10. [Maximum mark: 7]

The following Argand diagram shows a circle centre 0 with a radius of 4 units.

0 π
2

π 3π
2

π
2

π

3π
2

3π
2

π
2

π
2

3π
2

Im

Reπ

π

A set of points,   {  z  θ   }  , on the Argand plane are defined by the equation

   z  θ   =   1 _ 
2
   θ  e   θi   , where   θ ≥ 0 .

(a) Plot on the Argand diagram the points corresponding to

(i)  θ =   π _ 
2
    .

(ii)  θ = π  .

(iii)  θ =   3π _ 
2
    . [3]

Consider the case where    |  z  θ   |  =4  .

(b) (i)  Find this value of   θ  .

(ii) For this value of   θ  , plot the approximate position of    z  θ     on the Argand diagram. [4]

(This question continues on the following page)
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(Question 10 continued)
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11. [Maximum mark: 5]

The matrix   M =  ( 0.2  0.7  0.8  0.3 )    has eigenvalues  − 0.5  and 1.

(a) Find an eigenvector corresponding to the eigenvalue of 1. Give your answer in the  

form    ( a  b )   , where   a ,  b∈ℤ  . [3]

A switch has two states, A and B. Each second it either remains in the same state or moves 
according to the following rule: If it is in state A it will move to state B with a probability of 0.8 
and if it is in state B it will move to state A with a probability of 0.7 .

(b) Using your answer to (a), or otherwise, find the long-term probability of the switch being 

in state A. Give your answer in the form     c _ 
d
    , where   c ,  d∈ ℤ   +   . [2]
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12. [Maximum mark: 8]

The strength of earthquakes is measured on the Richter magnitude scale, with values 
typically between 0 and 8 where 8 is the most severe.

The Gutenberg–Richter equation gives the average number of earthquakes per year,  N , 
which have a magnitude of at least  M . For a particular region the equation is

  log  10   N = a − M  , for some   a∈ℝ  .

This region has an average of 100 earthquakes per year with a magnitude of at least 3.

(a) Find the value of  a . [2]

The equation for this region can also be written as   N =   b _ 
 10   M 

    .

(b) Find the value of  b . [2]

Within this region the most severe earthquake recorded had a magnitude of 7.2 .

(c) Find the average number of earthquakes in a year with a magnitude of at least 7.2 . [1]

The number of earthquakes in a given year with a magnitude of at least 7.2 can be modelled 
by a Poisson distribution, with mean  N . The number of earthquakes in one year is independent 
of the number of earthquakes in any other year.

Let  Y  be the number of years between the earthquake of magnitude 7.2 and the next 
earthquake of at least this magnitude.

(d) Find  P(Y > 100) . [3]
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13. [Maximum mark: 5]

At 1:00 pm a ship is 1 km east and 4 km north of a harbour. A coordinate system is defined 

with the harbour at the origin. The position vector of the ship at 1:00 pm is given by    ( 1  4 )   .

The ship has a constant velocity of    (  1.2  
− 0.6 )    kilometres per hour  (km  h   −1 ) .

(a) Write down an expression for the position vector   r   of the ship,  t  hours after 1:00 pm. [1]

(b) Find the time at which the bearing of the ship from the harbour is 045˚. [4]
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14. [Maximum mark: 8]

(a) (i)  Expand     (  1 _ u   + 1)    
2
   .

(ii) Find     ∫      (  1 _ (x + 2)   + 1)     
2
 dx  .

 [4]

The region bounded by   y =   1 _ (x + 2)   + 1  ,   x = 0  ,   x = 2   and the  x-axis is rotated through   2π   

about the  x-axis to form a solid.

(b) Find the volume of the solid formed. Give your answer in the form     π _ 4   (a + b ln (c))   , 
where   a ,  b ,  c∈ℤ  . [4]
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15. [Maximum mark: 7]

The number of cars arriving at a junction in a particular town in any given minute between 
9:00 am and 10:00 am is historically known to follow a Poisson distribution with a mean of 
5.4 cars per minute.

A new road is built near the town. It is claimed that the new road has decreased the number 
of cars arriving at the junction.

To test the claim, the number of cars,  X , arriving at the junction between 9:00 am and 
10:00 am on a particular day will be recorded. The test will have the following hypotheses:

   H  0    : the mean number of cars arriving at the junction has not changed,
   H  1    : the mean number of cars arriving at the junction has decreased.

The alternative hypothesis will be accepted if   X ≤ 300  .

(a) Assuming the null hypothesis to be true, state the distribution of  X . [1]

(b) Find the probability of a Type I error. [2]

(c) Find the probability of a Type II error, if the number of cars now follows a Poisson 
distribution with a mean of 4.5 cars per minute. [4]
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Turn over

16. [Maximum mark: 7]

The wind chill index  W  is a measure of the temperature, in    ∘  C    , felt when taking into account 
the effect of the wind.

When Frieda arrives at the top of a hill, the relationship between the wind chill index and the 
speed of the wind  v  in kilometres per hour  (km  h   −1 )  is given by the equation

 W = 19.34 − 7.405 v   0.16  

(a) Find an expression for     dW ___ dv
    . [2]

When Frieda arrives at the top of a hill, the speed of the wind is 10 kilometres per hour and 
increasing at a rate of  5 km  h   −1   minute   −1  .

(b) Find the rate of change of  W  at this time. [5]
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17. [Maximum mark: 8]

A function  f  is of the form   f (t) = p e   q cos (rt)  ,  p ,  q ,  r∈ ℝ   +   . Part of the graph of  f  is shown.

0

f (t )

t

A(0 ,  6.5)

B(5.2 ,  0.2)

The points A and B have coordinates  A(0 ,  6.5)  and  B(5.2 ,  0.2) , and lie on  f .

The point A is a local maximum and the point B is a local minimum.

Find the value of  p , of  q  and of  r .
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 

1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M 
mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; so 
if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere 
too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 

 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 1.2 metres   A1 
[1 mark] 

 
 (b) 24.8 21 1.2 0t t− + + =  (M1) 
  ( ) 4.43 s (4.431415... )t s=  A1 

Note:  If both values for t are seen do not award the A1 mark unless the negative 
is explicitly excluded. 

[2 marks] 
 
 (c) 0 4.43t≤ ≤    OR   [0, 4.43]  A1A1 

Note:  Award A1 for correct endpoints and A1 for expressing answer with correct 
notation. Award at most A1A0 for use of x instead of t. 

[2 marks] 
[Total 5 marks] 

 
 
 
2. (a) 600x y z+ + =    A1 
  15 10 12 7816x y z+ + =   A1 
  2x y=     A1 

Note:  Condone other labelling if clear, e.g. a (adult), c (child) and s (student). 
  Accept equivalent, distinct equations e.g. 2 600y y z+ + = . 

[3 marks] 
 
 (b) 308, 154, 138x y z= = =   A1A1 

Note:  Award A1 for all three correct values seen, A1 for correctly labelled as x, y or z. 
Accept answers written in words: e.g. 308 adult tickets. 

[2 marks] 
[Total 5 marks] 
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3. (a) 0H : The die is fair  OR  
1

P ( )
6

=any number   OR  probabilities are equal 

 

  1H : The die is not fair  OR  
1

P ( )
6

≠any number   OR  probabilities are not equalA1 

      [1 mark] 
 
 (b) 5    A1 

      [1 mark] 
 
 (c) 10    A1 

      [1 mark] 
 
 (d) - ) 0.287 (0.28724163 .)( p = …value   A2 

      [2 marks] 
 
 (e) 0.287 0.05>    R1 
 
  EITHER 
  Insufficient evidence to reject the null hypothesis  A1 
 
  OR 
  Insufficient evidence to reject that the die is fair A1 

Note:  Do not award R0A1.  Condone “accept the null hypothesis” or “the die is fair”. 
  Their conclusion must be consistent with their p-value and their hypothesis. 

      [2 marks] 
      [Total 7 marks] 
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4. (a) 

    A1A1 

Note:  Award A1 for  
4

7
  and 

4

6
 correctly placed, A1 for final two probabilities correct. 

 [2 marks] 
 
 (b) multiplying along branches and then adding outcomes (M1) 

  3 2 4 3

7 6 7 6
× + ×    

  
18 3

0.429 (42.9%)
42 7

 = = ≈ 
 

 A1 

[2 marks] 
 
 (c) use of conditional probability formula M1 

  

3 2
7 6

3
7

 × 
 
 
 
 

    A1 

  
6 1 252

, 0.333, 33.3%
18 3 756

   = =   
   

 A1 

[3 marks] 
[Total 7 marks] 
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5.  (a) use of geometric sequence with 0.85r =   M1 
 
   EITHER 
   6(0.85) (1.8)    OR   0.678869… OR   5(0.85) (1.53)   A1 
  0.68 m=  
  68 cm=    AG 
 
  OR  
  6(0.85) (180)    OR   5(0.85) (153)  A1 
  68 cm=    AG 

      [2 marks] 
 
 (b) EITHER 

  (0.85) (1.8) 0.1n >    OR   1(0.85) (1.53) 0.1n− >  (M1) 

Note:  If 1.8 m (or 180 cm) is used then (M1) only awarded for use of n in  (0.85) (1.8) 0.1n > . 

If 1.53 m (or 153 cm) is used then (M1) only awarded for use of 1n −  in 1(0.85) (1.53) 0.1n− > . 

 
  17    A1 
 
  OR  
  17(0.85) (1.8) 0.114 m=  and 18(0.85) (1.8) 0.0966 m=  (M1) 
  17    A1 
 
  OR  
  solving (0.85) (1.8) 0.1n =  to find 17.8n =  (M1) 
  17    A1 

Note:  Evidence of solving may be a graph OR the “solver” function OR use of logs 
to solve the equation. Working may use cm. 

      [2 marks] 
 
 

continued…  
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Question 5 continued 

 (c) EITHER 
  distance (in one direction) travelled between first and fourth bounce 

  
3(1.8 0.85)(1 0.85 )

( 3.935925)
1 0.85

× −
= =

−
 (A1) 

  recognizing distances are travelled twice except first distance (M1)  
  1.8 2(3.935925)+  
  9.67 m (9.67185... m)=  A1 
 
  OR 
  distance (in one direction) travelled between drop and fourth bounce  

  
4(1.8)(1 0.85 )

( 5.735925)
1 0.85

−
= =

−
 (A1) 

  recognizing distances are travelled twice except first distance (M1)  
  2(5.735925) 1.8−  
  9.67 m (9.67185... m)=  A1 
 
  OR 
  distance (in one direction) travelled between first and fourth bounce  

  2 3 )(0.85)(1.8) (0.85) (1.8) (0. 38 .5) 3(1 5.8) ( 9 925...=+ +  (A1) 
  recognizing distances are travelled twice except first distance (M1) 
  2 31.8 2(0.85)(1.8) 2(0.85) (1.8) 2(0.85) (1.8)+ + +  
  9.67 m (9.67185... m)=  A1 

Note:  Answers may be given in cm. 

      [3 marks] 
      [Total 7 marks]  
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6. (a) 

3.2

4.5

6.1

− 
 − 
 
 

    A1 

[1 mark] 
  

 (b) 2 2 2( 3.2) ( 4.5) 6.1− + − +  (M1) 
  8.22800… 8.23≈  m A1 

[2 marks] 
 
 (c) EITHER 
 

  
3.2

AO 4.5

0.3

→
− 
 = − 
 
 

  A1 

 

  
AO AF

cos
AO AF

θ
→ →

→ →
=



  

 

  2 2AO AF ( 3.2) ( 4.5) (0.3 6.1) ( 32.32)
→ →

= − + − + × =   (A1) 
 

  cosθ
2 2 2

32.32

3.2 4.5 0.3 8.22800...
=

+ + ×
  (M1) 

  
  = 0.710326…  (A1) 
 

Note:  If OA
→

 is used in place of AO
→

 then cosθ  will be negative.  
Award A1(A1)(M1)(A1) as above. In order to award the final A1, some justification 
for changing the resulting obtuse angle to its supplementary angle must be seen.   

 
  OR 

  AO 2 2 23.2 4.5 0.3 ( 5.52991...)= + + =   (A1) 

  
2 2 28.22800... 5.52991... 5.8

cos
2 8.22800... 5.52991...

θ + −
=

× ×
  (M1)(A1) 

   
  = 0.710326…  (A1) 
 
  THEN 
  0.780833... 0.781θ = ≈    OR   44.7384…˚ 44.7≈    A1 

[5 marks] 
 [Total 8 marks] 
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7. (a) (i) 2 20 ( 2 )
2

y
x y x+ = = −   A1 

 

  (ii) 22y x= −  drawn on diagram (correct shape with a maximum at (0, 0) ) A1 
 [2 marks] 

 
 (b)  

 
 
  correct shape with a local maximum and minimum, passing through (0, 2)−   A1 

  local maximum and minimum on the graph of 22y x= −  A1 
[2 marks] 

[Total 4 marks] 
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8. (a) (i) use of product rule (M1) 

    ( ) ( )d
2 4 e 2 e

d
x xy

x
x
= − + −   A1 

    8 2e 2 ex xx= − −   
 
   (ii) use of product rule (M1) 

    
2

2

d
2e 2e 2 e

d
x x xy

x
x

= − − −   A1 

    4e 2 ex xx= − −  

    2(2 )exx= − +   
[4 marks] 

 

 (b) 2(2 )e 0aa− + =    OR   sketch of 
2

2

d

d

y

x
 with x-intercept indicated 

   OR   finding the local maximum of 
d

d

y

x
 at ( 2, 8.27)−     (M1) 

     
 
   ( ) 2a = −     A1 

[2 marks] 
[Total 6 marks] 

 
 

 
  



 – 16 – M22/5/MATHY/HP1/ENG/TZ1/XX/M 

 

9. (a) let X be the weight of sugar in the bag 
 
 P ( 950) 0.308537... 0.309X < = ≈   (M1)A1 

[2 marks] 
 
 (b) METHOD 1 
  let X  be the mean weight of 5 bags of sugar 
 

  E ( ) 1000X =    (A1) 

  use of 
2

Var ( )X
n

σ
=   (M1) 

  
2100

Var ( ) ( 2000)
5

X = =    (A1) 

  ~ N (1000, 2000)X   

  P ( 950) 0.868223... 0.868 (86.8%)X > = ≈  A1 
 
  METHOD 2 
  let T be the total weight of 5 bags of sugar 
   
  E ( ) 5000T =    (A1) 

use of 1 2 1 2Var ( ) Var ( ) Var ( )X X X X+ = +  for independent random  

variables   (M1) 
  2Var ( ) 5 100 ( 50000)T = × =    (A1) 
  ~ N (5000, 50000)T   
  P ( 4750) 0.868223... 0.868 (86.8%)T > = ≈  A1 

       [4 marks] 
[Total 6 marks] 
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10. (a) 

   A1A1A1 

Note:   Award A1 for correct modulus and A1 for correct argument for part (a)(i), 
and A1 for other two points correct. 

  The points may not be labelled, and they may be shown by line segments. 

 [3 marks] 
 

(b) (i) 
1

4
2
θ =   (M1) 

   8θ⇒ =    A1 
 
  (ii) 8z  is shown in the diagram above A1A1 

Note:   Award A1 for a point plotted on the circle and A1 for a point plotted in the 
second quadrant. 

 
[4 marks] 

 [Total 7 marks] 
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11. (a) 1λ =  
 

  
0.8 0.7 0

0.8 0.7 0

x

y

−    
=    −    

   OR  
0.2 0.7

0.8 0.3

x x

y y

    
=    

    
 (M1) 

 
  0.8 0.7x y=    (A1) 
 

  an eigenvector is 
7

8

 
 
 

 (or equivalent with integer values) A1 

[3 marks] 
 
 (b) EITHER 
  (the long-term probability matrix is given by the eigenvector  

corresponding to the eigenvalue equal to 1, scaled so that  
the sum of the entries is 1)  

  8 7 15+ =     (M1) 
 
  OR 

  
0.2 0.7

0.8 0.3 1 1

p p

p p

    
=    − −    

 (M1) 

 
  OR 

  considering high powers of the matrix e.g. 
50

0.2 0.7

0.8 0.3

 
 
 

 (M1) 

  

7 7

15 15
8 8

15 15

 
 
 
  
 

 

   
  THEN 

  probability of being in state A is 
7

15
   A1 

[2 marks] 
[Total 5 marks] 
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12. (a) 10log 100 3a= −    (M1) 

  5a =      A1 
[2 marks] 

 
 (b) EITHER 
  510 MN −=     (M1) 

  
510 100000

10 10M M

 = = 
 

  

 
  OR 

  
3

100
10

b
=     (M1) 

 
  THEN 
  5100000 ( 10 )b = =   A1 

[2 marks] 
 

 (c) ( )
5

7.2

10
0.00631 0.0063095...

10
N = =   A1 

Note:  Do not accept an answer of 2.210− . 

 [1 mark] 
 
 (d) METHOD 1 
  100Y > ⇒  no earthquakes in the first 100 years (M1)  
 
  EITHER 
  let X be the number of earthquakes of at least magnitude 7.2 in a year 
  ~ Po 0.0063095 )(X …  

  ( )100
P ( 0)X =   (M1) 

 
  OR 
  let X be the number of earthquakes in 100 years 
  ~ Po 0.0063095 100)(X …×  (M1) 
  P ( 0)X =   
 
  THEN 
  0.532 (0.532082…) A1 
 
  METHOD 2 
  100Y > ⇒  no earthquakes in the first 100 years (M1)  
  let X be the number of earthquakes in 100 years 
  since n is large and p is small 
  B(100, 0.0063095 )X    (M1) 
  P ( 0)X =  

  0.531   (0.531019…) A1 
[3 marks] 

[Total 8 marks] 
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13. (a) 
1 1.2

( )
4 0.6

t
   

= +   −   
r  A1 

Note:  Do not condone the use of λ  or any other variable apart from t. 

        [1 mark] 
 
 (b) when the bearing from the port is 045˚, the distance east from the port  

is equal to the distance north from the port (M1) 
 
  1 1.2 4 0.6t t+ = −   (A1) 
  1.8 3t =   

  
5

3
t =   ( )1.6666..., 1 40hour minutes   (A1) 

  time is 2:40 pm  (14:40) A1 
[4 marks] 

[Total 5 marks] 
 
 

14. (a) (i) 
2

1 2
1

u u
+ +    A1 

 

  (ii) 

2
1

1 d
( 2)

x
x

 
+ + 

∫   

   
2

1 2
1 d

( 2) 2
x

x x

 
= + + + + 
∫    OR   2

1 2
1 du

u u
 + + 
 ∫  (M1) 

 

   
1

2ln 2 ( )
( 2)

x x c
x

= − + + + +
+

 A1A1 

 

Note:  Award A1 for first expression, A1 for second two expressions.  

Award A1A0 for a final answer of 
1

2ln ( ) ( )u u c
u

= − + + + . 

      [4 marks] 
 
 
 

continued…  
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Question 14 continued 

 (b) volume 

2

0

1
2 ln ( 2)

( 2)
x x

x

 
= π − + + + + 

  M1 

  
1 1

2ln (4) 2 2ln 2
4 2

 = π − + + + − 
 

  A1 

  
9

2ln (4) 2 ln 2
4

 = π + − 
 

 

 
  use of log laws seen, for example M1 

 

  
9

4ln (2) 2 ln 2
4

 π + − 
 

   OR   
9 4

2ln
4 2

  π +     
 

 

  ( )9 8ln (2)
4

π
= +    OR   9a = , 8b =  and 2c =  A1 

Note:  Other correct integer solutions are possible and should be accepted for 
example 9a = , 4b c= = . 

      [4 marks] 
      Total [8 marks] 

 
 
 
15. (a) ~ Po(324)X    A1 

Note:  Both distribution and mean must be seen for A1 to be awarded. 

[1 mark] 
 
 (b) P ( 300)X ≤    (M1) 
  0.0946831... 0.0947= ≈  A1 

[2 marks] 
 
 (c) (mean number of cars =) 4.5 60 270× =   (A1) 
  P ( 300 | 270)X λ> =  (M1) 

Note:  Award M1 for using 270λ =  to evaluate a probability. 

 
  P ( 301)X ≥    OR   1 P ( 300)X− ≤   (M1) 
  0.0334207... 0.0334= ≈  A1 

[4 marks] 
[Total 7 marks] 
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16. (a) use of power rule  (M1) 

  0.84d
1.1848

d

W
v

v
−= −    OR   0.841.18v−−  A1 

      [2 marks] 
 

 (b) 
d

5
d

v

t
=     (A1) 

  
d d d

d d d

W v W

t t v
= ×    (M1) 

  0.84d
5 1.1848

d

W
v

t
− = − × 

 
 

  when 10v =   

  0.84d
5 1.1848 10

d

W

t
−= − × ×  (M1) 

  10.856 0.856 n278 )( C mi −− − …    A2 

Note:  Accept a negative answer communicated in words, “decreasing at a rate of…”.  
Accept a final answer of 10.852809 C min−− …   from use of 1.18− . 

  Accept 51.4 (or 51.2) 1C hour− . 

 
[5 marks] 

[Total 7 marks] 
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17. substitute coordinates of A  

 cos(0)(0) e 6.5qf p= =  

  6.5 eqp=      (A1) 
 
 substitute coordinates of B  
 cos(5.2 )(5.2) e 0.2q rf p= =  
 
 EITHER 
 cos( )( ) sin ( ) eq rtf t pqr rt′ = −  (M1) 

 minimum occurs when cos(5.2 )sin (5.2 )e 0q rpqr r− =  
 sin ( ) 0rt =   

 5.2r× = π      (A1) 
 
 OR 
 minimum value occurs when cos ( ) 1rt = −   (M1) 
 5.2r× = π     (A1) 
 
 OR 
 period = 2 5.2 10.4× =    (A1) 

 
2

10.4
r

π
=     (M1) 

 
 THEN 

 0.604152... (0.604)
5.2

r
π

= =   A1 

 

 0.2 e qp −=     (A1) 
 
 eliminate p or q   (M1) 

 2 6.5
e

0.2
q =    OR   

2

0.2
6.5

p
=   

 
 1.74 (1.74062...)q =   A1 
 1.14017... (1.14)p =    A1 

[Total 8 marks] 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 6]

A group of 130 applicants applied for admission into either the Arts programme or the Sciences 
programme at a university. The outcomes of their applications are shown in the following table.

Accepted Rejected

Arts programme 17 24

Sciences programme 25 64

(a) Find the probability that a randomly chosen applicant from this group was accepted by 
the university. [1]

An applicant is chosen at random from this group. It is found that they were accepted into the 
programme of their choice.

(b) Find the probability that the applicant applied for the Arts programme. [2]

Two different applicants are chosen at random from the original group.

(c) Find the probability that both applicants applied to the Arts programme. [3]

(This question continues on the following page)

Note: 100% common HP1.Q1 SP1.Q2
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(Question 1 continued)
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2. [Maximum mark: 8]

The owner of a convenience store installs two security cameras, represented by points C1 
and C2. Both cameras point towards the centre of the store’s cash register, represented by 
the point R.

The following diagram shows this information on a cross-section of the store.

diagram not to scale

C1 C2

RR

1.0

6.4

3.1

2.8

The cameras are positioned at a height of 3.1 m, and the horizontal distance between the 
cameras is 6.4 m. The cash register is sitting on a counter so that its centre, R, is 1.0 m 
above the floor.

The distance from Camera 1 to the centre of the cash register is 2.8 m.

(a) Determine the angle of depression from Camera 1 to the centre of the cash register. 
Give your answer in degrees. [2]

(b) Calculate the distance from Camera 2 to the centre of the cash register. [4]

(c) Without further calculation, determine which camera has the largest angle of 
depression to the centre of the cash register. Justify your response. [2]

(This question continues on the following page)

Note:100% common HP1.Q2 SP1.Q3 
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(Question 2 continued)
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3. [Maximum mark: 7]

A polygraph test is used to determine whether people are telling the truth or not, but it is not 
completely accurate. When a person tells the truth, they have a 20 % chance of failing the test. 
Each test outcome is independent of any previous test outcome.

10 people take a polygraph test and all 10 tell the truth.

(a) Calculate the expected number of people who will pass this polygraph test. [2]

(b) Calculate the probability that exactly 4 people will fail this polygraph test. [2]

(c) Determine the probability that fewer than 7 people will pass this polygraph test. [3]
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Note: 100% common HP1.Q3 SP1.Q5
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4. [Maximum mark: 7]

The graphs of   y = 6 − x   and   y = 1.5 x   2  − 2.5x + 3   intersect at  (2 ,  4)  and  (−1 ,  7) , as shown in 
the following diagrams.

In diagram 1, the region enclosed by the lines   y = 6 − x  ,   x = −1  ,   x = 2   and the  x-axis has 
been shaded.

diagram not to scale
Diagram 1

x

y

(2 ,  4)

(–1 ,  7)

(a) Calculate the area of the shaded region in diagram 1. [2]

In diagram 2, the region enclosed by the curve   y = 1.5 x   2  − 2.5x + 3  , and the lines   x = −1  ,   
x = 2   and the  x-axis has been shaded.

diagram not to scale
Diagram 2

x

y

(2 ,  4)

(–1 ,  7)

(b) (i)  Write down an integral for the area of the shaded region in diagram 2.

(ii) Calculate the area of this region. [3]

(c) Hence, determine the area enclosed between   y = 6 − x   and   y = 1.5 x   2  − 2.5x + 3  . [2]

(This question continues on the following page)

Note: 100% common HP1.Q4 SP1.Q6.
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Turn over

(Question 4 continued)
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5. [Maximum mark: 8]

The graph below shows the average savings,  S  thousand dollars, of a group of university 
graduates as a function of  t , the number of years after graduating from university.

S

t

(a) Write down one feature of this graph which suggests a cubic function might be 
appropriate to model this scenario. [1]

The equation of the model can be expressed in the form   S = a t   3  + b t   2  + ct + d  , where  a ,  b ,  c  
and  d  are real constants.

The graph of the model must pass through the following four points.

t  0  1  2  3

S −5  3 −1 −5

(b) (i)  Write down the value of  d .

(ii) Write down three simultaneous equations for  a ,  b  and  c .

(iii) Hence, or otherwise, find the values of  a ,  b  and  c . [4]

A negative value of  S  indicates that a graduate is expected to be in debt.

(c) Use the model to determine the total length of time, in years, for which a graduate is 
expected to be in debt after graduating from university. [3]

(This question continues on the following page)

Note: 100% common HP1.Q5 SP1.Q9
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Turn over

(Question 5 continued)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP11



– 12 –

M22/5/MATHY/HP1/ENG/TZ2/XX

2222 – 7211

6. [Maximum mark: 5]

Consider the following directed network.

A

B

C

E
D

(a) Write down the adjacency matrix for this network. [2]

(b) Determine the number of different walks of length 5 that start and end at the same vertex. [3]
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7. [Maximum mark: 5]

The sum of an infinite geometric sequence is 9.

The first term is 4 more than the second term.

Find the third term. Justify your answer.
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8. [Maximum mark: 8]

The diagram shows a sector, OAB, of a circle with centre O and radius  r , 
such that   AÔB = θ  .

r θ

O 

A

B

Sam measured the value of  r  to be 2 cm and the value of   θ   to be   30   ∘  .

(a) Use Sam’s measurements to calculate the area of the sector. Give your answer to 
four significant figures. [2]

It is found that Sam’s measurements are accurate to only one significant figure.

(b) Find the upper bound and lower bound of the area of the sector. [3]

(c) Find, with justification, the largest possible percentage error if the answer to part (a) 
is recorded as the area of the sector. [3]
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Turn over

9. [Maximum mark: 8]

A psychologist records the number of digits ( d ) of   π   that a sample of IB Mathematics higher 
level candidates could recall.

d  2  3  4  5  6  7

Frequency  2  6 24 21 11  3

(a) Find an unbiased estimate of the population mean of  d . [1]

(b) Find an unbiased estimate of the population variance of  d . [2]

The psychologist has read that in the general population people can remember an average 
of 4.4 digits of   π  . The psychologist wants to perform a statistical test to see if IB Mathematics 
higher level candidates can remember more digits than the general population.

(c)   H  0   :  μ = 4.4   is the null hypothesis for this test.

(i) State the alternative hypothesis.

(ii) Given that all assumptions for this test are satisfied, carry out an appropriate 
hypothesis test. State and justify your conclusion. Use a 5 % significance level. [5]
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10. [Maximum mark: 5]

The function   f (x) = ln (  1 _____ 
x − 2  )    is defined for   x > 2  ,   x∈ℝ  .

(a) Find an expression for    f    −1 (x)  . You are not required to state a domain. [3]

(b) Solve   f (x) = f    −1 (x)  . [2]
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11. [Maximum mark: 6]

Juliana plans to invest money for 10 years in an account paying 3.5 % interest, compounded 
annually. She expects the annual inflation rate to be 2 % per year throughout the 10-year period.

Juliana would like her investment to be worth a real value of $4000, compared to current values, 
at the end of the 10-year period. She is considering two options.

Option 1: Make a one-time investment at the start of the 10-year period.

Option 2:  Invest $1000 at the start of the 10-year period and then invest  $ x  into the account 
at the end of each year (including the first and last years).

(a) For option 1, determine the minimum amount Juliana would need to invest. Give your 
answer to the nearest dollar. [3]

(b) For option 2, find the minimum value of  x  that Juliana would need to invest each year. 
Give your answer to the nearest dollar. [3]
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12. [Maximum mark: 6]

The sex of cuttlefish is difficult to determine visually, so it is often found by weighing the cuttlefish.

The weights of adult male cuttlefish are known to be normally distributed with mean 
10 kg and standard deviation 0.5 kg.

The weights of adult female cuttlefish are known to be normally distributed with mean 12 kg 
and standard deviation 1 kg.

A zoologist uses the null hypothesis that in the absence of information a cuttlefish is male.

If the weight is found to be above 11.5 kg the cuttlefish is classified as female.

(a) Find the probability of making a Type I error when weighing a male cuttlefish. [2]

(b) Find the probability of making a Type II error when weighing a female cuttlefish. [2]

90 % of adult cuttlefish are male.

(c) Find the probability of making an error using the zoologist’s method. [2]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP18



– 19 –

M22/5/MATHY/HP1/ENG/TZ2/XX

2222 – 7211

Turn over

13. [Maximum mark: 5]

An electric circuit has two power sources. The voltage,    V  1    , provided by the first 
power source, at time  t , is modelled by

  V  1   = Re (2 e   3t i )  .

The voltage,    V  2    , provided by the second power source is modelled by

  V  2   = Re (5 e   (3t+4) i )  .

The total voltage in the circuit,    V  T    , is given by

  V  T   =  V  1   +  V  2    .

(a) Find an expression for    V  T     in the form   A cos (Bt + C )  , where  A ,  B  and  C  are 
real constants. [4]

(b) Hence write down the maximum voltage in the circuit. [1]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP19



– 20 –

M22/5/MATHY/HP1/ENG/TZ2/XX

2222 – 7211

14. [Maximum mark: 4]

The shape of a vase is formed by rotating a curve about the  y-axis.

The vase is 10 cm high. The internal radius of the vase is measured at 2 cm intervals along 
the height:

Height (cm) Radius (cm)

 0  4

 2  6

 4  8

 6  7

 8  3

10  5

Use the trapezoidal rule to estimate the volume of water that the vase can hold.
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15. [Maximum mark: 7]

The equation of the line   y = mx + c   can be expressed in vector form   r = a + λb  .

(a) Find the vectors  a  and  b  in terms of  m  and/or  c . [2]

The matrix  M  is defined by    ( 6  3  4  2 )   .

(b) Find the value of   det M  . [1]

The line   y = mx + c   (where   m ≠ −2  ) is transformed into a new line using the transformation 
described by matrix  M .

(c) Show that the equation of the resulting line does not depend on  m  or  c . [4]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP21



Please do not write on this page.

Answers written on this page  
will not be marked.

– 22 –

M22/5/MATHY/HP1/ENG/TZ2/XX

2222 – 7211

28EP22



– 23 –

M22/5/MATHY/HP1/ENG/TZ2/XX

2222 – 7211

Turn over

16. [Maximum mark: 7]

The position vector of a particle,  P , relative to a fixed origin O at time  t  is given by

 

 OP   
→
   =  (  

sin ( t   2 )
  

cos ( t   2 )
 )  .

(a) Find the velocity vector of  P . [2]

(b) Show that the acceleration vector of  P  is never parallel to the position vector of  P . [5]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP23



– 24 –

M22/5/MATHY/HP1/ENG/TZ2/XX

2222 – 7211

17. [Maximum mark: 8]

The cross-section of a beach is modelled by the equation   y = 0.02 x   2    for   0 ≤ x ≤ 10   where   
y  is the height of the beach (in metres) at a horizontal distance  x  metres from an origin.   
t  is the time in hours after low tide.

At   t = 0   the water is at the point  (0 ,  0) . The height of the water rises at a rate of 0.2 metres 
per hour. The point   W (x(t ) ,  y(t ))    indicates where the water level meets the beach at time  t .

x

y

y(t)

x(t)

Wwater beach

(a) When W has an  x-coordinate equal to 1, find the horizontal component of the velocity 
of W. [3]

A snail is modelled as a single point. At   t = 0   it is positioned at  (1 ,  0.02) . The snail travels 
away from the incoming water at a speed of 1 metre per hour in the direction along the curve 
of the cross-section of the beach. The following diagram shows this for a value of  t , such  
that   t > 0 .

x

y

water beach

snail

0

(b) (i)  Find the time taken for the snail to reach the point  (10 ,  2) .

(ii) Hence show that the snail reaches the point  (10 ,  2)  before the water does. [5]

(This question continues on the following page)
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 
17 25 42

  
130 130

+ = 
 

   
21

, 0.323076
65

 … 
 

 A1 

[1 mark] 
 

 (b) 
17 17

17 25 42
 = + 

  (0.404761…) A1A1 

Note: Award A1 for correct numerator and A1 for correct denominator. 

Award A1A0 for working of 
17 /130

their answer to (a)
 if followed by an 

incorrect answer. 

 [2 marks] 
 

 (c) 
41 40

130 129
×    A1M1 

Note: Award A1 for two correct fractions seen, M1 for multiplying their fractions. 

 

  
1640 164

0.0978  0.0977936 ,   
16770 1677

 = ≈ … 
 

 A1 

[3 marks] 
Total [6 marks] 
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2. (a) 
2.1

sin
2.8

θ =       OR     
2.1

tan
1.85202

θ =
…

 (M1) 

  
  (θ =) 48.6 °   (48.5903…°) A1 

     [2 marks] 
  
 (b) METHOD 1 
 

  2 22.8 2.1−     OR   2.8cos (48.5903...)     OR   
2.1

tan (48.5903 )…
  (M1) 

Note: Award M1 for attempt to use Pythagorean Theorem with 2.1 seen or for 
attempt to use cosine or tangent ratio. 

 
  1.85 m   (1.85202…) (A1) 

Note: Award the M1A1 if 1.85 is seen in part (a). 

 
  (6.4 – 1.85202…) 
  4.55 m   (4.54797…) (A1) 

Note: Award A1 for 4.55 or equivalent seen, either as a separate calculation or in 
Pythagorean Theorem. 

 

  2 2(4.54797 ) 2.1… +   

  5.01 m   (5.00939…m) A1 
 
  METHOD 2 
  attempt to use cosine rule (M1) 
  2 2 2( ) 2.8 6.4 2(2.8)(6.4)cos (48.5903 )c = + − …  (A1)(A1) 

Note: Award A1 for 48.5903...° substituted into cosine rule formula, A1 for correct substitution. 

 
  ( )( ) 5.01 m 5.00939 mc = …  A1 

      [4 marks] 
 
 (c) camera 1 is closer to the cash register than camera 2 (and both cameras are at the same 

height on the wall) R1 
  the larger angle of depression is from camera 1 A1 

Note: Do not award R0A1.  Award R0A0 if additional calculations are completed 
and used in their justification, as per the question. Accept “1.85<4.55” or 
“2.8<5.01” as evidence for the R1. 

      [2 marks] 
      Total [8 marks]  
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3.  (a) ( )E( ) 10 0.8X = ×  (M1) 

  8 (people)   A1 
      [2 marks] 

 

 (b)  recognition of binomial probability  (M1) 
  0.0881   (0.0880803…) A1 

      [2 marks] 
 

 (c) 0.8 and 6 seen   OR   0.2 and 3 seen (A1) 
  attempt to use binomial probability (M1) 
  0.121   (0.120873…) A1 

      [3 marks] 
      Total [7 marks] 

 
 
 
4.  (a)  EITHER 
  attempt to substitute 3, 4 and 7 into area of a trapezoid formula (M1) 

  
1

( ) (7 4)(3)
2

A = +  

 

  OR 
 given area expressed as an integral (M1) 

  
2

1
( ) (6 ) dA x x

−
= −∫  

 
  OR 
  attempt to sum area of rectangle and area of triangle (M1) 

  (A =) 4 × 3 + 
1

2
 (3)(3) 

 

   
  THEN 
  16.5 (square units) A1 

      [2 marks] 
 

 (b) (i) 
2 2

1
( ) 1.5 2.5 3 dA x x x

−
= − +∫  A1A1 

Note: Award A1 for the limits 1x = − , 2x =  in correct location.  Award A1 for an integral 
of the quadratic function, dx must be included.  Do not accept “y” in place of the 
function, given that two equations are in the question. 

 
  (ii) 9.75 (square units) A1 

      [3 marks] 
 

 (c) 16.5 – 9.75    (M1) 
  6.75 (square units) A1 

      [2 marks] 
      Total [7 marks] 
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5. (a) Accept any one of the following (or equivalent):  
  one minimum and one maximum point  
  three x-intercepts or three roots (or zeroes) 
  one point of inflexion R1 

Note: Do not accept “S shape” as a justification. 

 [1 mark] 
 
 (b) (i) ( )  5d = −   A1 
 
  (ii) 8 a b c= + +  
   4 8 4 2a b c= + +  
   0 27 9 3a b c= + +  A2 

Note: Award A2 if all three equations are correct. 
Award A1 if at least one is correct. Award A1 for three correct equations that 
include the letter “d”. 

 
  (iii) 2, 12, 18a b c= = − =  A1 

[4 marks] 
 
 (c) equating found expression to zero (M1) 
  3 20 2 12 18 5t t t= − + −    
   t = 0.358216…, 1.83174…, 3.81003…  (A1) 
 
  (so total time in debt is 3.81003 1.83174 0.358216 )   …− …+ ≈  

  2.34 (2.33650 )…  years A1 
[3 marks] 

      Total [8 marks] 
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6. (a)  

  

1 1 0 0 0

1 0 0 0 1

0 1 0 1 0

1 0 0 0 0

1 0 1 1 0

 
 
 
 
 
 
 
 

 A2 

Note: Award A2 for the transposed matrix.  Presentation in markscheme 
assumes columns/rows ordered A-E; accept a matrix with rows and/or 
columns in a different order only if appropriately communicated. 
Do not FT from part (a) into part (b). 

 [2 marks] 
 
 (b) raising their matrix to a power of 5 (M1) 
  

  5

17 9 2 3 5

17 10 3 4 4

13 6 2 2 4

8 5 1 2 2

18 11 2 4 5

 
 
 
 =
 
 
 
 

M  (A1) 

Note: The numbers along the diagonal are sufficient to award M1A1. 

 
  (the required number is 17 10 2 2 5 )   36+ + + + =  A1 
 

[3 marks] 
Total [5 marks] 

 
 
  



 – 13 – M22/5/MATHY/HP1/ENG/TZ2/XX/M 

 

7. METHOD 1 

 1 9
1

u

r
=

−
    A1 

 therefore 1 9 9u r= −  

 1 14u u r= +     A1 

 
 substitute or solve graphically:  M1 

 9 9 4 (9 9 )r r r− = + −    OR   
2

4
9

(1 )r
=

−
 

 29 18 5 0r r− + =   

 
1

3
r =  or 

5

3
r =  

 only 
1

3
r =  is possible as the sum to infinity exists R1 

 

 then 1

1
9 9 6

3
u

 = − × = 
 

 

 
2

3

1 2
6

3 3
u = × =    A1 

 
 METHOD 2  

 1 9
1

u

r
=

−
    A1 

 1

1

4
 
u

r
u

−
=     A1 

 attempt to solve   M1 

 1

1

1

9
4

1

u

u

u

=
 −

−  
 

 

 1

1

9
4

u

u

=
 
 
 

 

 (u1)
2 = 36 

 u1 = ±6 
 attempting to solve both possible sequences 
 6, 2, …  or  6, 10− −  … 

 r = 
1

3
  or   r = 

5

3
 

 only r = 
1

3
  is possible as the sum to infinity exists R1 

 

 u3 = 6 × 
2

1

3
 
 
 

 = 
2

3
  A1 

      Total [5 marks] 
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8. (a)  2 30
2

360
π× ×   (M1) 

  21.047 cm=   A1 

Note: Do not award the final mark if the answer is not correct to 4 sf. 

 [2 marks] 
 
 (b) attempt to substitute any two values from 1.5, 2.5, 25 or 35 into area of  

sector formula  (M1) 

  2 235
2.5   1 .91  cm

360
 = π× × = 
 
upper bound   (1.90895…) A1 

  2 225
1.5    0.491  cm  (0.490873 )

360
 = π× × = … 
 
lower bound  A1 

Note: Given the nature of the question, accept correctly rounded OR correctly 
truncated 3 significant figure answers. 

 [3 marks] 
 

 (c) 
1.047 1.90895

100    45.2  (%)
1.90895

 − …
× = … 

  (45.1532…) A1 

  
1.047 0.490873

100   1 13 (%)
0.490873

 − …
× = … 

  (113.293…) A1 

  so the largest percentage error is 113 % A1 

Note: Accept 45.1 (%) (45.1428), from use of full accuracy answers.  Given the 
nature of the question, accept correctly rounded OR correctly truncated 3 
significant figure answers.  Award A0A1A0 if 113% is the only value found. 

 [3 marks] 
      Total [8 marks] 
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9. (a) 4.63 (4.62686 )x = …  A1 
[1 mark] 

 
 (b) 1 1.098702ns − =   (A1) 

  2
1 1.21 (1.207146 )ns − = …  A1 

Note: Award A0A0 for an answer of 1.19 from biased estimate. 

[2 marks] 
 
 (c) (i) 1 :  4.4H µ >  A1 
 
  (ii)  METHOD 1  
   using a z-test (M1) 
   0.0454992p = …  A1 

   0.05 p <   R1 
   reject null hypothesis A1 

(therefore there is significant evidence that the IB HL math students know more digits 
of π  than the population in general) 

Note: Do not award R0A1.  Allow R1A1 for consistent conclusion following on from 
their p-value. 

 
   METHOD 2 
   using a t-test (M1) 
   0.0478584p = …  A1 

   0.05 p <   R1 
   reject null hypothesis A1 

(therefore there is significant evidence that the IB HL math students know more digits 
of π  than the population in general)  

Note: Do not award R0A1.  Allow R1A1 for consistent conclusion following on from 
their p-value.  

[5 marks] 
      Total [8 marks] 
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10.  (a) 
1

ln
2

y
x

 =  − 
 

  an attempt to isolate x (or y if switched) (M1) 

  
1

e
2

y

x
=

−
  

  2 e yx −− =  

  e 2yx −= +  
  switching x and y (seen anywhere) M1 
  1( ) e 2xf x− −= +   A1 

[3 marks] 
 
 (b) sketch of ( )f x  and 1( )f x−  (M1) 
  2.12 (2.12002 )x = …  A1 

[2 marks] 
      Total [5 marks] 
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11. (a) METHOD 1 – (With FV=4000) 
 
  EITHER 
  N= 10  
  I=1.5 
  FV= 4000 
  P/Y= 1 
  C/Y= 1   (A1)(M1) 

Note: Award A1 for 3.5 2 ) 1.5( − =  seen and M1 for all other entries correct. 

 
  OR 
  104000 1 0.( 015)A= +  (A1)(M1) 

Note: Award A1 for 1.5 or 0.015 seen, M1 for attempt to substitute 
into compound interest formula and equating to 4000. 

 
  THEN 
  (PV =) $3447  A1 

Note: Award A0 if not rounded to a whole number or a negative sign given. 

 
 
  METHOD 2 – (With FV including inflation) 
  calculate FV with inflation  
  104000 1.02×   (A1) 
  (=4875.977…) 
   
  EITHER 
  10 104000 1.02  PV 1.035× = ×  (A1) 
  OR 
  N= 10  
  I= 3.5 
  FV= 4875.977…  
  P/Y= 1 
  C/Y= 1   (M1) 

Note: Award M1 for their FV and all other entries correct.  

 
  THEN 
  (PV =) $3457  A1 

Note: Award A0 if not rounded to a whole number or a negative sign given. 

 

 

continued… 
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Question 11 continued 

 METHOD 3 – (Using formula to calculate real rate of return) 
  (real rate of return =) 1.47058…(%) (A1) 
   
  EITHER 
  104000 PV 1.0147058= × …  (A1) 
  OR 
  N= 10  
  I= 1.47058… 
  FV= 4000 
  P/Y= 1 
  C/Y= 1   (M1) 

Note: Award M1 for all entries correct.  
 
  THEN 
  (PV =)  $3457  A1 

[3 marks] 
 
 (b) METHOD 1 – (Finding the future value of the investment using PV from part (a)) 
  N= 10  
  I=3.5 
  PV= 3446.66…(from Method 1)  OR  3456.67…(from Methods 2, 3) 
  P/Y= 1 
  C/Y= 1   (M1) 

Note: Award M1 for interest rate 3.5 and answer to part (a) as PV. 

  
  (FV=)   $4861.87   OR   $4875.97 (A1) 
  so payment required (from TVM) will be $294  OR  $295 A1 

Note: Award A0 if a negative sign given, unless already penalized in part (a). 

 
METHOD 2 – (Using FV) 

  N= 10  
  I=3.5 
  PV= 1000−  
  FV= 4875.977… 
  P/Y= 1 
  C/Y= 1   (A1)(M1) 

Note: Award A1 for I=3.5 and FV= ±4875.977…, M1 for all other entries correct 
and opposite PV and FV signs. 

 
  (PMT =)   $295   (295.393) A1 

Note: Correct 3sf answer is 295, however accept an answer of 296 given that the 
context supports rounding up.  Award A0 if a negative sign given, unless 
already penalized in part (a). 

[3 marks] 
      Total [6 marks]  
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12. (a) P ( ) P ( )=Type I error stating female when male  

  P 11.5)( MaleW= >  (M1) 

  0.00135=  (0.00134996…) A1 
[2 marks] 

 
 (b) P ( ) P ( )=Type II error stating male when female  

  P 11.5)( FemaleW= <  (M1) 

  0.309=  (0.308537…) A1 
[2 marks] 

 
 (c)  attempt to use the total probability  (M1) 
  P ( ) 0.9 0.00134996 0.1 0.308537= × …+ × …error   

  0.0321=        (0.0320687…) A1 
[2 marks] 

      Total [6 marks] 
 
 
13. (a) METHOD 1 
  recognizing that the real part is distributive (M1) 
  ( )3 i 3 i 4iRe 2e 5et t

TV += +   

  ( )( )3 i 4iRe e 2 5et= +  (A1) 

  (from the GDC)  4i 1.89418 i2 5e 3.99088 e− …+ = …  (A1) 

Note: Accept arguments differing by 2π  e.g. 4.38900…). 

 
  therefore ( )3.99cos (3 1.89) 3.99088 cos (3 1.89418 )TV t t= − … − …  A1 

Note: Award the last A1 for the correct values of A, B and C seen either in the 
required form or not.  If method used is unclear and answer is partially 
incorrect, assume Method 2 and award appropriate marks eg.  
(M1)A1A0A0 if only A value is correct. 

 

 

 

continued… 
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Question 13 continued 

 
  METHOD 2 
  converting given expressions to cos form (M1) 
  2cos3 5cos (3 4)TV t t= + +  

  (from graph) A = 3.99  (3.99088…) A1 
  3.99cos ( )TV Bt C= +  

  either by considering transformations or inserting points 
  B= 3    A1 
  1.89 ( 1.89418 )C = − − …  A1 

Note: Accept arguments differing by 2π  e.g. 4.38900…. 

 
  (so, ( )3.99cos (3 1.89) 3.99088 cos (3 1.89418 )TV t t= − … − … ) 

Note: It is possible to have 3.99A = , 3B = −  with 1.89C =  OR 3.99A = − , 3B =  with 1.25C =  
OR 3.99A = − , 3B = −  with 1.25C = −  due to properties of the cosine curve. 

[4 marks] 
 

 (b) maximum voltage is 3.99  (3.99088…) (units) A1 
[1 mark] 

      Total [5 marks] 
 
 
 

14. 
10

2

0

dV y x= π∫    OR   
10

2

0

dx yπ∫  (M1) 

 2h =  

 ( ) ( )( )2 2 2 2 2 21
2 4 5 2 6 8 7 3

2
≈ π× × × + + × + + +  M1A1 

 31120 cm    (1121.548 )= …  A1 

Note: Do not award the second M1 If the terms are not squared. 

      Total [4 marks] 
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15. (a) (one vector to the line is 
0

c

 
 
 

 therefore)   
0

c

 
=  
 

a  A1 

  the line goes m  up for every 1 across  

  (so the direction vector is)   
1

m

 
=  
 

b  A1 

Note: Although these are the most likely answers, many others are possible. 

 [2 marks] 
 
 (b) (from GDC OR 6 2 4 3× − × )   0M =  A1 

[1 mark] 
 
 (c) METHOD 1 

  
6 3 6 3 3

4 2 4 2 2

X x x mx c

Y mx c x mx c

+ +      
= =      + + +      

 M1A1 

  
3(2 )

2(2 )

x mx c

x mx c

+ + 
=  + + 

 A1 

  therefore the new line has equation 3 2Y X=   A1 
  which is independent of m or c AG 

Note: The AG line (or equivalent) must be seen for the final A1 line to be awarded. 

 
  METHOD 2 
  take two points on the line, e.g (0,  )c  and (1,  )m c+  M1 

  these map to 
6 3 0 3

4 2 2

c

c c

    
=    

    
 

  and 
6 3 1 6 3 3

4 2 4 2 2

m c

m c m c

+ +    
=    + + +    

 A1 

  therefore a direction vector is 
6 3 3

(2 )
4 2 2

m
m

m

+   
= +   +   

 

  (since 2m ≠ − ) a direction vector is 
3

2

 
 
 

 

  the line passes through 
3 3 0

2 2 0

c
c

c

     
− =     

     
 therefore it always has the  

  origin as a jump-on vector  A1 

  the vector equation is therefore 
3

2
µ
 

=  
 

r   A1 

  which is independent of m  or c  AG 

Note: The AG line (or equivalent) must be seen for the final A1 line to be awarded. 

continued…  
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Question 15 continued 

  METHOD 3 

  
6 3 0 1 3 6 3

4 2 2 4 2

c m

c m c m
λ λ

  +         
= + = +          +          

r  M1A1 

  
3 3

(2 )
2 2

c m λ
   

= + +   
   

 A1 

  
3

2
µ
 

=  
 

 

  where (2 )c mµ λ= + +  is an arbitrary parameter.  A1 
  which is independent of m  or c  (as µ  can take any value)   AG 

Note: The AG line (or equivalent) must be seen for the final A1 line to be awarded. 

 
[4 marks] 

      Total [7 marks] 
 
 
 
16. (a) attempt at chain rule (M1) 

  
2

2

2 cosd
   

d 2 sin

t tOP

t t t

  = =    −   
v  A1 

      [2 marks] 
 
 (b) attempt at product rule (M1) 

  
2 2 2

2 2 2

2cos 4 sin

2sin 4 cos

t t t

t t t

 −
=  

− − 
a  A1 

 
  METHOD 1 
  let 2sinS t=  and 2cosC t=  
  finding cosθ  using 

  2 2 2 2 2OP 2 4 2 4 4SC t S SC t C t
→

= − − − = −a  M1 

  | OP | 1
→

=  

  ( ) ( )2 22 22 4 2 4C t S S t C= − + − −a  

  4 24 16 4t t= + >  
 

 
  if θ  is the angle between them, then 

  
2

4

4
cos

4 16

t

t
θ = −

+
 A1 

  so 1 cos 0θ− < <   therefore the vectors are never parallel R1 
 

continued…  
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Question 16 continued 

  METHOD 2 
  solve 

  
2 2 2 2

2 2 2 2

2cos 4 sin sin

2sin 4 cos cos

t t t t
k

t t t t

   −
=   

− −   
 M1 

  then  

  
2 2 2 2 2 2

2 2

2cos 4 sin 2sin 4 cos
( )

sin cos

t t t t t t
k

t t

− − −
= =  

Note: Condone candidates not excluding the division by zero case here. Some might go 
straight to the next line. 

 
  2 2 2 2 2 2 2 2 2 22cos 4 cos sin 2sin 4 cos sint t t t t t t t− = − −   

  2 2 2 22cos 2sin 0t t+ =   
  2 0=     A1 
  this is never true so the two vectors are never parallel R1 
 
 
  METHOD 3 
 
  embedding vectors in a 3d space and taking the cross product: M1 

 

2 2 2 2

2 2 2 2

2 2 2 2 2 2 2 2 2 2

sin 2cos 4 sin 0

cos 2sin 4 cos 0

0 0 2sin 4 cos sin 2cos 4 cos sin

t t t t

t t t t

t t t t t t t t

   −  
     × − − =     

     − − − +    

 

 

    

0

0

2

 
 =  
 − 

 A1 

  since the cross product is never zero, the two vectors are never parallel R1  
 [5 marks] 

Total [7 marks]  
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17. (a) use of chain rule  (M1) 

  
d d d

d d d

y y x

t x t
=  

  attempt to find 
d

d

y

x
 at x=1 (M1) 

  
d

0.2 0.04
d

x

t
= ×   

  1d
 5 m h

d

x

t
− = 

 
  A1 

[3 marks] 
 
 (b) (i) if the position of the snail is ( , )X Y  
 

   from part (a)  
d 1 d

d 0.04 d

X Y

t X t
=  

   since speed is 1: 
   finding modulus of velocity vector and equating to 1 (M1) 

   

2

21
0.04

Y
Y

X

 
= + 

 



    OR   2 2 21 0.0016X X X= +   

   2
2

1
1 1

0.0016
Y

X
 = + 
 

    OR   2 21 (1 0.0016 )X X= +  

   
1

1
1

0.08

Y

Y

=
+

    OR   
2

1

1 0.0016
X

X
=

+
  (A1) 

   
2

0.02 0

1
1 d d

0.08

T

Y t
Y
+ =∫ ∫    OR   

10
2

1 0

1 0.0016  d d
T

X X t+ =∫ ∫  (M1) 

 
   9.26T =  hours A1 
   

 
  (ii) EITHER 

   time for water to reach top is 
2

10
0.2

=  hours (seen anywhere) A1 

   OR 
   or at time 9.26t = , height of water is 0.2 9.26 1.852× =  A1 
   THEN 
   so the water will not reach the snail AG 

[5 marks] 
      Total [8 marks] 
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Mathématiques : applications et interprétation
Niveau supérieur
Épreuve 1

Instructions destinées aux candidats

 y Écrivez votre numéro de session dans les cases ci-dessus.
 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions.
 y Rédigez vos réponses dans les cases prévues à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [110 points].
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 6]

Un groupe de 130 candidats ont postulé afin d’être admis dans le programme d’arts ou dans 
le programme de sciences à l’université. Les résultats de leurs demandes d’admission sont 
montrés dans le tableau suivant.

Accepté Refusé

Programme d’arts 17 24

Programme de sciences 25 64

(a) Trouvez la probabilité qu’un candidat choisi au hasard dans ce groupe ait été accepté 
par l’université. [1]

Un candidat est choisi au hasard dans ce groupe. On constate qu’il a été accepté dans le 
programme de son choix.

(b) Trouvez la probabilité que le candidat ait postulé au programme d’arts. [2]

Deux candidats différents sont choisis au hasard dans le groupe d’origine.

(c) Trouvez la probabilité que les deux candidats aient postulé au programme d’arts. [3]

(Suite de la question à la page suivante)

Note: 100% common HP1.Q1 SP1.Q2
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Tournez la page

(Suite de la question 1)
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2. [Note maximale : 8]

Le propriétaire d’une supérette (ou d’un dépanneur) installe deux caméras de sécurité, 
représentées par les points C1 et C2. Les deux caméras pointent vers le centre de la 
caisse enregistreuse du magasin, représentée par le point R.

Le diagramme suivant montre ces informations sur une coupe transversale du magasin.

la figure n’est pas à l’échelle

C1 C2

RR

1,0

6,4

3,1

2,8

Les caméras sont positionnées à une hauteur de 3,1 m et la distance horizontale entre les 
caméras est de 6,4 m. La caisse enregistreuse est posée sur un comptoir de sorte que son 
centre, R, est à 1,0 m au-dessus du sol.

La distance entre la Caméra 1 et le centre de la caisse enregistreuse est de 2,8 m.

(a) Déterminez l’angle de dépression de la Caméra 1 par rapport au centre de la caisse 
enregistreuse. Donnez votre réponse en degrés. [2]

(b) Calculez la distance entre la Caméra 2 et le centre de la caisse enregistreuse. [4]

(c) Sans autre calcul, déterminez quelle caméra a le plus grand angle de dépression par 
rapport au centre de la caisse enregistreuse. Justifiez votre réponse. [2]

(Suite de la question à la page suivante)

Note:100% common HP1.Q2 SP1.Q3 
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Tournez la page

(Suite de la question 2)
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3. [Note maximale : 7]

Un test du polygraphe est utilisé pour déterminer si les personnes disent la vérité ou non, 
mais il n’est pas toujours exact. Lorsqu’une personne dit la vérité, elle a 20 % de chances 
d’échouer au test. Chaque résultat au test est indépendant de tout résultat précédent.

Il y a 10 personnes qui passent un test du polygraphe et toutes disent la vérité.

(a) Calculez le nombre espéré de personnes qui réussiront ce test du polygraphe. [2]

(b) Calculez la probabilité qu’exactement 4 personnes échoueront à ce test du polygraphe. [2]

(c) Déterminez la probabilité que moins de 7 personnes réussiront ce test du polygraphe. [3]
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4. [Note maximale : 7]

Les représentations graphiques de   y = 6 − x   et   y = 1,5 x   2  − 2,5x + 3   se coupent aux points  
(2  ;  4)  et  (−1  ;  7) , tel que montré dans les diagrammes suivants.

Dans le diagramme 1, la région délimitée par les droites   y = 6 − x  ,   x = −1  ,   x = 2   et l’axe 
des abscisses a été grisée.

la figure n’est pas à l’échelle
Diagramme 1

x

y

(2  ;  4)

(–1  ;  7)

(a) Calculez l’aire de la région grisée dans le diagramme 1. [2]

Dans le diagramme 2, la région délimitée par la courbe   y = 1,5 x   2  − 2,5x + 3  , les droites   
x = −1  ,   x = 2   et l’axe des abscisses a été grisée.

la figure n’est pas à l’échelle
Diagramme 2

x

y

(2  ;  4)

(–1  ;  7)

(b) (i)  Écrivez une intégrale pour l’aire de la région grisée dans le diagramme 2.

(ii) Calculez l’aire de cette région. [3]

(c) À partir de là, déterminez l’aire de la région comprise entre   y = 6 − x   et   
 y = 1,5 x   2  − 2,5x + 3  . [2]

(Suite de la question à la page suivante)

Note: 100% common HP1.Q4 SP1.Q6.
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(Suite de la question 4)
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5. [Note maximale : 8]

La représentation graphique ci-dessous montre les économies moyennes,  S  mille dollars, 
d’un groupe de diplômés universitaires comme une fonction de  t , le nombre d’années après 
avoir obtenu leur diplôme universitaire.

S

t

(a) Écrivez une caractéristique de cette représentation graphique qui suggère qu’une 
fonction cubique pourrait être appropriée pour modéliser ce scénario. [1]

L’équation du modèle peut être exprimée sous la forme   S = a t   3  + b t   2  + ct + d  , où  a ,  b ,  c  
et  d  sont des constantes réelles.

La représentation graphique du modèle doit passer par les quatre points suivants.

t  0  1  2  3

S  − 5  3  − 1  − 5

(b) (i)  Écrivez la valeur de  d .

(ii) Écrivez trois équations simultanées pour  a ,  b  et  c .

(iii) À partir de là ou par toute autre méthode, trouvez les valeurs de  a ,  b  et  c . [4]

Une valeur négative de  S  indique qu’un diplômé serait endetté.

(c) Utilisez le modèle pour déterminer la durée totale, en années, pendant laquelle 
un diplômé serait endetté après avoir obtenu son diplôme universitaire. [3]

(Suite de la question à la page suivante)

Note: 100% common HP1.Q5 SP1.Q9
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(Suite de la question 5)
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6. [Note maximale : 5]

Considérez le réseau orienté suivant.

A

B

C

E
D

(a) Écrivez la matrice d’adjacence pour ce réseau. [2]

(b) Déterminez le nombre de chaînes différentes de longueur 5 qui commencent et 
finissent au même sommet. [3]
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7. [Note maximale : 5]

La somme d’une suite géométrique infinie est 9.

Le premier terme est 4 de plus que le deuxième terme.

Trouvez le troisième terme. Justifiez votre réponse.
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8. [Note maximale : 8]

Le diagramme montre un secteur, OAB, d’un cercle de centre O et de rayon  r , 
tel que   AÔB = θ  .

r θ

O 

A

B

Sam a mesuré la valeur de  r  comme étant de 2 cm et la valeur de   θ   comme étant de   30   ∘  .

(a) Utilisez les mesures de Sam pour calculer l’aire du secteur. Donnez votre réponse à 
quatre chiffres significatifs. [2]

On constate que les mesures de Sam sont précises à un seul chiffre significatif.

(b) Trouvez la borne supérieure et la borne inférieure de l’aire du secteur. [3]

(c) Trouvez, avec justification, le plus grand pourcentage d’erreur possible si la réponse à 
la partie (a) est enregistrée comme étant l’aire du secteur. [3]
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9. [Note maximale : 8]

Un psychologue enregistre le nombre de chiffres ( d ) de   π   qu’un échantillon de candidats en 
mathématiques du niveau supérieur de l’IB pouvait se souvenir.

d  2  3  4  5  6  7

Effectifs  2  6 24 21 11  3

(a) Trouvez un estimateur sans biais de la moyenne de la population pour  d . [1]

(b) Trouvez un estimateur sans biais de la variance de la population pour  d . [2]

Le psychologue a lu que dans la population générale, les gens peuvent se souvenir en 
moyenne de 4,4 chiffres de   π  . Le psychologue souhaite effectuer un test statistique pour voir 
si les candidats en mathématiques du niveau supérieur de l’IB peuvent se souvenir de plus 
de chiffres que la population générale.

(c)   H  0   :  μ = 4,4   est l’hypothèse nulle pour ce test.

(i) Indiquez l’hypothèse alternative.

(ii) Étant donné que toutes les conditions d’application de ce test sont satisfaites, 
effectuez un test d’hypothèse approprié. Indiquez et justifiez votre conclusion. 
Utilisez un niveau de signification de 5 %. [5]
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10. [Note maximale : 5]

La fonction   f (x) = ln (  1 _____ 
x − 2  )    est définie pour   x > 2  ,   x∈ℝ  .

(a) Trouvez une expression pour    f    −1 (x)  . Vous n’êtes pas obligé d’indiquer un domaine. [3]

(b) Résolvez   f (x) =  f    −1 (x)  . [2]
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11. [Note maximale : 6]

Juliana prévoit d’investir de l’argent pendant 10 ans dans un compte qui rapporte 3,5 % 
d’intérêt, composé annuellement. Elle s’attend à ce que le taux d’inflation annuel soit de 
2 % par année tout au long de la période de 10 ans.

Juliana aimerait que son investissement ait une valeur réelle de 4000 $, par rapport aux 
valeurs actuelles, à la fin de la période de 10 ans. Elle envisage deux options.

Option 1 : Effectuer un investissement ponctuel au début de la période de 10 ans.

Option 2 : Investir 1000 $ au début de la période de 10 ans, puis investir  x $  dans le compte 
à la fin de chaque année (y compris la première et la dernière année).

(a) Pour l’option 1, déterminez le montant minimum que Juliana devrait investir. 
Donnez votre réponse au dollar près. [3]

(b) Pour l’option 2, trouvez la valeur minimale de  x  que Juliana devrait investir chaque 
année. Donnez votre réponse au dollar près. [3]
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12. [Note maximale : 6]

Le sexe de la seiche étant difficile à déterminer visuellement, il est donc souvent trouvé en 
la pesant.

On sait que le poids des seiches mâles adultes est normalement distribué avec une 
moyenne de 10 kg et un écart type de 0,5 kg.

On sait que le poids des seiches femelles adultes est normalement distribué avec une 
moyenne de 12 kg et un écart type de 1 kg.

Un zoologiste utilise l’hypothèse nulle qu’en l’absence d’information, une seiche est un mâle.

Si le poids est supérieur à 11,5 kg, la seiche est classée comme étant une femelle.

(a) Trouvez la probabilité de commettre une erreur de type I lors de la pesée d’une 
seiche mâle. [2]

(b) Trouvez la probabilité de commettre une erreur de type II lors de la pesée d’une 
seiche femelle. [2]

On sait que 90 % des seiches adultes sont des mâles.

(c) Trouvez la probabilité de commettre une erreur en utilisant la méthode du zoologiste. [2]
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13. [Note maximale : 5]

Un circuit électrique a deux sources d’alimentation. La tension,    V  1    , fournie par la première 
source d’alimentation, au temps  t , est modélisée par

  V  1   = Re (2 e   3t i )  .

La tension,    V  2    , fournie par la seconde source d’alimentation est modélisée par

  V  2   = Re (5 e   (3t+4) i )  .

La tension totale dans le circuit,    V  T    , est donnée par

  V  T   =  V  1   +  V  2    .

(a) Trouvez une expression pour    V  T     sous la forme   A cos (Bt + C )  , où  A ,  B  et  C  sont des 
constantes réelles. [4]

(b) À partir de là, écrivez la tension maximale dans le circuit. [1]
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14. [Note maximale : 4]

La forme d’un vase est obtenue en faisant tourner une courbe autour de l’axe des ordonnées.

Le vase a une hauteur de 10 cm. Le rayon interne du vase est mesuré à des intervalles de 
2 cm le long de la hauteur :

Hauteur (cm) Rayon (cm)

 0  4

 2  6

 4  8

 6  7

 8  3

10  5

Utilisez la formule des trapèzes pour estimer le volume d’eau que le vase peut contenir.
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15. [Note maximale : 7]

L’équation de la droite   y = mx + c   peut être exprimée sous forme vectorielle par   r = a + λb  .

(a) Trouvez les vecteurs  a  et  b  en fonction de  m  et/ou  c . [2]

La matrice  M  est définie par    ( 6  3  4  2 )   .

(b) Trouvez la valeur de   det M  . [1]

La droite   y = mx + c   (où   m ≠ −2  ) est transformée en une nouvelle droite en utilisant la 
transformation décrite par la matrice  M .

(c) Montrez que l’équation de la droite résultante ne dépend ni de  m  ni de  c . [4]
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16. [Note maximale : 7]

Le vecteur-position d’une particule,  P , par rapport à une origine fixe O au temps  t  est  
donné par

 

 OP   
→
    =  (  

sin ( t   2 )
  

cos ( t   2 )
 )  .

(a) Trouvez le vecteur-vitesse de  P . [2]

(b) Montrez que le vecteur-accélération de  P  n’est jamais parallèle au vecteur-position  
de  P . [5]
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17. [Note maximale : 8]

La section transversale d’une plage est modélisée par l’équation   y = 0,02 x   2    pour   0 ≤ x ≤ 10  , 
où  y  est la hauteur de la plage (en mètres) à une distance horizontale  x  mètres d’une origine.   
t  est le temps en heures après la marée basse.

Lorsque   t = 0  , l’eau est au point  (0  ;  0) . La hauteur de l’eau s’élève à une vitesse de 0,2 
mètre par heure. Le point   W (x(t )  ;  y(t ))    indique où le niveau de l’eau rencontre la plage 
au temps  t .

x

y

y(t)

x(t)

Weau plage

(a) Lorsque l’abscisse de W est égale à 1, trouvez la composante horizontale de la vitesse 
algébrique de W. [3]

Un escargot est modélisé par un seul point. Lorsque   t = 0   , il se trouve au point  (1  ;  0,02) . 
L’escargot s’éloigne de l’eau entrante à une vitesse de 1 mètre par heure dans la direction 
suivant la courbe correspondant à la section transversale de la plage. Le diagramme suivant 
montre ceci pour une valeur de  t , tel que   t > 0 .

x

y

eau plage

escargot

0

(b) (i)  Trouvez le temps mis par l’escargot pour atteindre le point  (10  ;  2) .

(ii) À partir de là, montrez que l’escargot atteint le point  (10  ;  2)  avant que l’eau 
atteigne ce point. [5]

(Suite de la question à la page suivante)
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(Suite de la question 17)
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M22/5/MATHY/HP1/SPA/TZ0/XX

2222 – 7221
25 páginas

Viernes 6 de mayo de 2022 (tarde)

2 horas  

Matemáticas: Aplicaciones e Interpretación
Nivel Superior
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos 
con calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para 
su obtención. Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar 
aproximadamente el mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, 
podrán otorgarse algunos puntos si el método empleado es correcto, siempre que aparezca por escrito. 
Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 6]

Un grupo de 130 candidatos solicitaron entrar en el programa de Artes o en el programa 
de Ciencias de una universidad. En la siguiente tabla se muestran los resultados de estas 
solicitudes.

Aceptados Rechazados 

Programa de Artes 17 24

Programa de Ciencias 25 64

(a) Halle la probabilidad de que un candidato de este grupo, elegido al azar, haya sido 
aceptado por la universidad. [1]

Se escoge al azar a un candidato perteneciente a este grupo. Vemos que lo han aceptado 
en el programa que había elegido.

(b) Halle la probabilidad de que este candidato solicitara entrar en el programa de Artes. [2]

Se escogen al azar dos candidatos distintos pertenecientes al grupo original.

(c) Halle la probabilidad de que ambos candidatos solicitaran entrar en el programa de Artes. [3]

(Esta pregunta continúa en la página siguiente)

Note: 100% common HP1.Q1 SP1.Q2
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Véase al dorso

(Pregunta 1: continuación)
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2. [Puntuación máxima: 8]

El propietario de una tienda de ultramarinos instala dos cámaras de seguridad, que están 
representadas por los puntos C1 y C2. Las dos cámaras apuntan al centro de la caja 
registradora de la tienda, que está representado por el punto R.

La siguiente figura, que corresponde a un corte transversal de la tienda, muestra toda esta 
información.

la figura no está dibujada a escala

C1 C2

RR

1,0

6,4

3,1

2,8

Las cámaras están situadas a una altura de 3,1 m y la distancia horizontal que hay entre las 
cámaras es de 6,4 m. La caja registradora está colocada sobre un mostrador, de modo tal 
que su centro R está a 1,0 m del suelo.

Entre la Cámara 1 y el centro de la caja registradora hay una distancia de 2,8 m.

(a) Determine el ángulo de depresión que hay desde la Cámara 1 al centro de la caja 
registradora. Dé la respuesta en grados. [2]

(b) Calcule la distancia que hay desde la Cámara 2 al centro de la caja registradora. [4]

(c) Sin hacer ningún cálculo más, determine cuál de las dos cámaras tiene el mayor 
ángulo de depresión al centro de la caja registradora. Justifique su respuesta. [2]

(Esta pregunta continúa en la página siguiente)

Note:100% common HP1.Q2 SP1.Q3 

28EP04



– 5 –

M22/5/MATHY/HP1/SPA/TZ0/XX

2222 – 7221

Véase al dorso

(Pregunta 2: continuación)
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Véase al dorso

3. [Puntuación máxima: 7]

La prueba del polígrafo se utiliza para determinar si la gente está diciendo la verdad o no, 
pero no es completamente precisa. Cuando una persona dice la verdad, tiene un 20 % de 
probabilidades de no pasar la prueba. Cada resultado de la prueba es independiente de 
todos los resultados anteriores.

Hay 10 personas que se someten a la prueba del polígrafo y las 10 dicen la verdad.

(a) Calcule el número esperado de personas que pasarán esta prueba del polígrafo. [2]

(b) Calcule la probabilidad de que haya exactamente 4 personas que no pasen esta 
prueba del polígrafo. [2]

(c) Determine la probabilidad de que haya menos de 7 personas que pasen esta  
prueba del polígrafo. [3]
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4. [Puntuación máxima: 7]

Los gráficos de   y = 6 − x   e   y = 1,5 x   2  − 2,5x + 3   se cortan en  (2 ,  4)  y en  (−1 ,  7) , tal y como 
se muestra en las siguientes figuras.

En la figura 1, se ha sombreado la región que está delimitada por las rectas   y = 6 − x  ,   
x = −1  ,   x = 2   y el eje   x  .

la figura no está dibujada a escala
Figura 1

x

y

(2 ,  4)

(–1 ,  7)

(a) Calcule el área de la región sombreada de la figura 1. [2]

En la figura 2, se ha sombreado la región que está delimitada por la curva  
  y = 1,5 x   2  − 2,5x + 3  , las rectas   x = −1  ,   x = 2   y el eje   x  .

la figura no está dibujada a escala
Figura 2

x

y

(2 ,  4)

(–1 ,  7)

(b) (i)  Escriba una integral para el área de la región sombreada de la figura 2.

(ii) Calcule el área de esta región. [3]

(c) A partir de lo anterior, determine el área que está delimitada por   y = 6 − x   e  
  y = 1,5 x   2  − 2,5x + 3  . [2]

(Esta pregunta continúa en la página siguiente)

Note: 100% common HP1.Q4 SP1.Q6.
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Véase al dorso

(Pregunta 4: continuación)
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5. [Puntuación máxima: 8]

El siguiente gráfico muestra el promedio de los ahorros ( S  miles de dólares) que tienen un 
grupo de graduados universitarios en función de  t , que es el número de años transcurridos 
desde que acabaron la universidad.

S

t

(a) Escriba una característica de este gráfico que sugiera que podría resultar apropiado 
usar una función cúbica para modelizar esta situación. [1]

La ecuación del modelo se puede expresar de la forma   S = a t   3  + b t   2  + ct + d  , donde  a ,  b ,  c  
y  d  son constantes reales.

El gráfico del modelo tiene que pasar obligatoriamente por los siguientes cuatro puntos.

t  0  1  2  3

S −5  3 −1 −5

(b) (i)  Escriba el valor de  d .

(ii) Escriba un sistema de tres ecuaciones con las incógnitas  a ,  b  y  c .

(iii) A partir de lo anterior o de cualquier otro modo, halle los valores de  a ,  b  y  c . [4]

Un valor negativo de  S  representa una situación en la que cabe esperar que un graduado 
esté endeudado.

(c) Utilice el modelo para determinar el tiempo total (en años) durante el que cabe esperar 
que un graduado esté endeudado después de haber acabado la universidad. [3]

(Esta pregunta continúa en la página siguiente)

Note: 100% common HP1.Q5 SP1.Q9
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(Pregunta 5: continuación)
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6. [Puntuación máxima: 5]

Considere la siguiente red orientada.

A

B

C

E
D

(a) Escriba la matriz de adyacencia para esta red. [2]

(b) Determine el número de recorridos distintos de longitud 5 que empiezan y terminan en 
el mismo vértice. [3]
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Véase al dorso

7. [Puntuación máxima: 5]

La suma de los infinitos términos de una progresión geométrica es 9.

El primer término es 4 unidades mayor que el segundo término.

Halle el tercer término. Justifique su respuesta.
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8. [Puntuación máxima: 8]

La figura muestra un sector circular (OAB) de un círculo de centro O y radio  r , 
tal que   AÔB = θ  .

r θ

O 

A

B

Sam mide el valor de  r  y obtiene 2 cm; también mide el valor de   θ   y obtiene   30   ∘  .

(a) Utilice las mediciones de Sam para calcular el área del sector circular. Dé la  
respuesta redondeando a cuatro cifras significativas. [2]

Se descubre que las mediciones que hizo Sam tienen una precisión de una sola  
cifra significativa.

(b) Halle el límite superior y el límite inferior del área del sector circular. [3]

(c) Halle, dando una justificación, el mayor porcentaje de error que se puede cometer al 
decir que el área del sector circular es igual a la respuesta dada en el apartado (a). [3]
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9. [Puntuación máxima: 8]

Un psicólogo anota el número de dígitos ( d ) de   π   que son capaces de recordar una muestra 
de alumnos de Matemáticas del Nivel Superior del IB.

d  2  3  4  5  6  7

Frecuencia  2  6 24 21 11  3

(a) Halle un estimador sin sesgo para la media de  d  de la población. [1]

(b) Halle un estimador sin sesgo para la varianza de  d  de la población. [2]

El psicólogo ha leído que, en la población general, la gente puede recordar un promedio de 
4,4 dígitos de   π  . El psicólogo quiere realizar una prueba estadística para ver si los alumnos 
de Matemáticas del Nivel Superior del IB son capaces de recordar más dígitos que la 
población general.

(c)   H  0   :  μ = 4,4   es la hipótesis nula correspondiente a esta prueba.

(i) Indique la hipótesis alternativa.

(ii) Sabiendo que se cumplen todos los supuestos para esta prueba, realice un 
contraste de hipótesis adecuado. Indique su conclusión y justifíquela. Utilice 
un nivel de significación del 5 %. [5]
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10. [Puntuación máxima: 5]

La función   f (x) = ln (  1 _____ 
x − 2  )    está definida para   x > 2  ,   x∈ℝ  .

(a) Halle una expresión para    f    −1 (x)  . No es necesario que indique el dominio. [3]

(b) Resuelva   f (x) = f    −1 (x)  . [2]
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11. [Puntuación máxima: 6]

Juliana tiene previsto invertir dinero durante 10 años en una cuenta que paga un interés del 
3,5 % compuesto anualmente. Ella espera que la tasa de inflación anual sea del 2 % al año 
durante todo ese período de 10 años.

A Juliana le gustaría que su inversión alcanzara un valor real de 4000 $, en relación con el 
valor actual del dinero, cuando finalice ese período de 10 años. Está barajando dos opciones.

Opción 1: Hacer una única inversión al inicio de ese período de 10 años.

Opción 2:  Invertir 1000 $ al inicio de ese período de 10 años y luego invertir  x $  en esa 
misma cuenta al final de cada año (incluidos el primer año y el último).

(a) Para la opción 1, determine la cantidad mínima que Juliana tendría que invertir.  
Dé la respuesta redondeando al número entero de dólares más próximo. [3]

(b) Para la opción 2, halle el valor mínimo de  x  que Juliana necesitaría invertir cada año. 
Dé la respuesta redondeando al número entero de dólares más próximo. [3]
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12. [Puntuación máxima: 6]

El sexo de las sepias es difícil de determinar visualmente, por lo que se suele averiguar 
pesando la sepia.

Se sabe que los pesos de las sepias macho adultas siguen una distribución normal de 
media 10 kg y desviación típica igual a 0,5 kg.

Se sabe que los pesos de las sepias hembra adultas siguen una distribución normal de 
media 12 kg y desviación típica igual a 1 kg.

Un zoólogo utiliza la hipótesis nula de que, en ausencia de datos, una sepia es macho.

Si se obtiene un peso por encima de 11,5 kg, la sepia se clasifica como hembra.

(a) Halle la probabilidad de cometer un error de tipo I al pesar una sepia macho. [2]

(b) Halle la probabilidad de cometer un error de tipo II al pesar una sepia hembra. [2]

El 90 % de las sepias adultas son machos.

(c) Halle la probabilidad de cometer un error al utilizar el método del zoólogo. [2]
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13. [Puntuación máxima: 5]

Un circuito eléctrico tiene dos fuentes de alimentación. El voltaje (   V  1    ) que proporciona la 
primera fuente en el instante  t  se puede modelizar así:

  V  1   = Re (2 e   3t i )  .

El voltaje (   V  2    ) que proporciona la segunda fuente se puede modelizar así:

  V  2   = Re (5 e   (3t+4) i )  .

El voltaje total del circuito (   V  T    ) viene dado por

  V  T   =  V  1   +  V  2    .

(a) Halle una expresión para    V  T     que sea de la forma   A cos (Bt + C )  , donde  A ,  B  y  C  son 
constantes reales. [4]

(b) A partir de lo anterior, escriba el voltaje máximo del circuito. [1]
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14. [Puntuación máxima: 4]

Se genera la forma de un jarrón rotando una curva alrededor del eje  y .

El jarrón tiene una altura de 10 cm. El radio interno del jarrón se va midiendo a lo largo de la 
altura, a intervalos de 2 cm:

Altura (cm) Radio (cm)

 0  4

 2  6

 4  8

 6  7

 8  3

10  5

Utilice la regla del trapecio para estimar el volumen de agua que cabe en el jarrón.
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15. [Puntuación máxima: 7]

La ecuación de la recta   y = mx + c   se puede expresar en forma vectorial:   r = a + λb  .

(a) Halle los vectores  a  y  b  en función de  m  y/o  c . [2]

La matriz  M  es    ( 6  3  4  2 )   .

(b) Halle el valor de   det M  . [1]

La recta   y = mx + c   (donde   m ≠ −2  ) se transforma en una nueva recta utilizando la 
transformación que describe la matriz  M .

(c) Muestre que la ecuación de la recta resultante no depende de  m  ni de  c . [4]
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16. [Puntuación máxima: 7]

El vector de posición de una partícula  P  respecto a un origen fijo O en el instante  t  viene 
dado por

 

 OP   
→
   =  ( 

sen ( t   2 )
  

cos ( t   2 )
 )  .

(a) Halle el vector velocidad de  P . [2]

(b) Muestre que el vector aceleración de  P  no es nunca paralelo al vector de posición de  P . [5]

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

28EP23



– 24 –

M22/5/MATHY/HP1/SPA/TZ0/XX

2222 – 7221

17. [Puntuación máxima: 8]

El corte transversal de una playa se puede modelizar mediante la ecuación   y = 0,02 x   2    para   
0 ≤ x ≤ 10  , donde  y  es la altura de la playa (en metros) a una distancia horizontal de  x  metros 
del origen y  t  es el tiempo (en horas) que ha transcurrido desde la última marea baja.

En el instante   t = 0   el agua está en el punto  (0 ,  0) . La altura del agua va subiendo a un ritmo 
de 0,2 metros por hora. El punto   W (x(t ) ,  y(t ))    indica el lugar de la playa al que llega el nivel 
del agua en el instante  t .

agua playa

x

y

y(t)

x(t)

W

(a) Halle la componente horizontal de la velocidad de W cuando la coordenada  x  de W 
es igual a 1. [3]

Se modeliza un caracol como un único punto. En el instante   t = 0   se encuentra en  (1 ;  0,02) . 
El caracol se aleja del agua ascendente a una velocidad de 1 metro por hora, siguiendo la 
curva del corte transversal de la playa. La siguiente figura muestra esta información para un 
valor de  t  tal que   t > 0 .

agua playa

caracol

x

y

0

(b) (i)  Halle el tiempo que tarda el caracol en llegar al punto  (10 ,  2) .

(ii) A partir de lo anterior, muestre que el caracol llega al punto  (10 ,  2)  antes de que 
lo haga el agua. [5]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 17: continuación)
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 16]

The scores of the eight highest scoring countries in the 2019 Eurovision song contest are 
shown in the following table.

Eurovision score

Netherlands 498

Italy 472

Russia 370

Switzerland 364

Sweden 334

Norway 331

North Macedonia 305

Azerbaijan 302

(a) For this data, find

(i) the upper quartile.

(ii) the interquartile range. [4]

(b) Determine if the Netherlands’ score is an outlier for this data. Justify your answer. [3]

(This question continues on the following page)
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(Question 1 continued)

Chester is investigating the relationship between the highest-scoring countries’ Eurovision 
score and their population size to determine whether population size can reasonably be 
used to predict a country’s score.

The populations of the countries, to the nearest million, are shown in the table.

Population (x) (millions) Eurovision score (y)

Netherlands  17 498

Italy  60 472

Russia 145 370

Switzerland   9 364

Sweden  10 334

Norway   5 331

North Macedonia   2 305

Azerbaijan  10 302

Chester finds that, for this data, the Pearson’s product moment correlation coefficient  
is   r = 0.249  .

(c) State whether it would be appropriate for Chester to use the equation of a regression 
line for  y  on  x  to predict a country’s Eurovision score. Justify your answer. [2]

Chester then decides to find the Spearman’s rank correlation coefficient for this data, 
and creates a table of ranks.

Population rank 
(to the nearest million)

Eurovision score rank

Netherlands 3 1

Italy 2 2

Russia 1 3

Switzerland a 4

Sweden b 5

Norway 7 6

North Macedonia 8 7

Azerbaijan c 8

(This question continues on the following page)
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(Question 1 continued)

(d) Write down the value of:

(i) a ,

(ii) b ,

(iii) c . [3]

(e) (i)  Find the value of the Spearman’s rank correlation coefficient    r  s    .

(ii) Interpret the value obtained for    r  s    . [3]

(f) When calculating the ranks, Chester incorrectly read the Netherlands’ score as 478. 
Explain why the value of the Spearman’s rank correlation    r  s     does not change despite 
this error. [1]
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2. [Maximum mark: 17]

A sector of a circle, centre O and radius 4.5 m, is shown in the following diagram.

diagram not to scale

4.5
4

A B

O

(a) (i)  Find the angle AÔB.

(ii) Find the area of the shaded segment. [8]

A square field with side 8 m has a goat tied to a post in the centre by a rope such that the 
goat can reach all parts of the field up to 4.5 m from the post.

diagram not to scale
8

8

4.5

(b) Find the area of the field that can be reached by the goat. [4]

Let  V  be the volume of grass eaten by the goat, in cubic metres, and  t  be the length of time, 
in hours, that the goat has been in the field.

The goat eats grass at the rate of     dV _ dt
   = 0.3 t e   −t   .

(c) Find the value of  t  at which the goat is eating grass at the greatest rate. [2]

The goat is tied in the field for 8 hours.

(d) Find the total volume of grass eaten by the goat during this time. [3]
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3. [Maximum mark: 13]

A Principal would like to compare the students in his school with a national standard. 
He decides to give a test to eight students made up of four boys and four girls. One of 
the teachers offers to find the volunteers from his class.

(a) Name the type of sampling that best describes the method used by the Principal. [1]

The marks out of 40, for the students who took the test, are:

25,  29,  38,  37,  12,  18,  27,  31.

(b) For the eight students find

(i) the mean mark.

(ii) the standard deviation of the marks. [3]

The national standard mark is 25.2 out of 40.

(c) Perform an appropriate test at the 5 % significance level to see if the mean marks 
achieved by the students in the school are higher than the national standard. It can 
be assumed that the marks come from a normal population. [5]

(d) State one reason why the test might not be valid. [1]

Two additional students take the test at a later date and the mean mark for all ten students 
is 28.1 and the standard deviation is 8.4.

For further analysis, a standardized score out of 100 for the ten students is obtained by 
multiplying the scores by 2 and adding 20.

(e) For the ten students, find

(i) their mean standardized score.

(ii) the standard deviation of their standardized score. [3]
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4. [Maximum mark: 13]

A particle moves such that its displacement, x metres, from a point O at time  t  seconds 
is given by the differential equation

    d   2  x _ 
d t   2 

   + 5   dx _ dt
   + 6x = 0 

(a) (i)  Use the substitution   y =   dx _ dt
     to show that this equation can be written as

 

 

⎛
 ⎜ 

⎝
 
  dx _ dt

  
  

  dy
 _ dt
  
 

⎞
 ⎟ 

⎠
  =  (  0  1  

− 6  
− 5 )  ( x  y )   .

(ii) Find the eigenvalues for the matrix    (  0  1  
− 6  

− 5 )   .

(iii) Hence state the long-term velocity of the particle. [5]

The equation for the motion of the particle is amended to

    d   2  x _ 
d t   2 

   + 5   dx _ dt
   + 6x = 3t + 4  .

(b) (i)  Use the substitution   y =   dx _ dt
     to write the differential equation as a system of 

coupled, first order differential equations.

When   t = 0   the particle is stationary at O.

(ii) Use Euler’s method with a step length of 0.1 to find the displacement of the 
particle when   t = 1  .

(iii) Find the long-term velocity of the particle. [8]
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5. [Maximum mark: 15]

The aircraft for a particular flight has 72 seats. The airline’s records show that historically 
for this flight only 90 % of the people who purchase a ticket arrive to board the flight. 
They assume this trend will continue and decide to sell extra tickets and hope that no 
more than 72 passengers will arrive.

The number of passengers that arrive to board this flight is assumed to follow a binomial 
distribution with a probability of 0.9.

(a) The airline sells 74 tickets for this flight. Find the probability that more than 72 
passengers arrive to board the flight. [3]

(b) (i)  Write down the expected number of passengers who will arrive to board the 
flight if 72 tickets are sold. [2]

(ii) Find the maximum number of tickets that could be sold if the expected number 
of passengers who arrive to board the flight must be less than or equal to 72. [2]

Each passenger pays $150 for a ticket. If too many passengers arrive, then the airline will 
give $300 in compensation to each passenger that cannot board.

(c) Find, to the nearest integer, the expected increase or decrease in the money made 
by the airline if they decide to sell 74 tickets rather than 72. [8]
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6. [Maximum mark: 18]

Consider the curve   y =  √ 
_

 x    .

(a) (i)  Find     dy
 _ dx
    .

(ii) Hence show that the equation of the tangent to the curve at the point  (0.16 ,  0.4)  
is   y = 1.25x + 0.2  . [4]

The shape of a piece of metal can be modelled by the region bounded by the functions  f ,  g , 
the  x-axis and the line segment [AB], as shown in the following diagram. The units on the  x  
and  y  axes are measured in metres.

x

y

A(0.5 ,  0.825)

B(p ,  q)
(0.16 ,  0.4)

f

g

0
0.50.2

0.5

1.0

The piecewise function  f  is defined by

 f (x) =  {   √ 
_

 x    0 ≤ x ≤ 0.16    
1.25x + 0.2

  
0.16 < x ≤ 0.5

   

The graph of   g   is obtained from the graph of   f   by:

 y a stretch scale factor of     1 _ 2     in the  x  direction,

 y followed by a stretch scale factor     1 _ 2     in the  y  direction,

 y followed by a translation of 0.2 units to the right.

Point A lies on the graph of  f  and has coordinates  (0.5 ,  0.825) . Point B is the image of A 
under the given transformations and has coordinates  (p ,  q) .

(b) Find the value of  p  and the value of  q . [2]

(This question continues on the following page)
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(Question 6 continued)

The piecewise function  g  is given by

 g(x) =  {  
h(x)

  
0.2 ≤ x ≤ a

   
1.25x + b

  
a < x ≤ p

    

(c) Find

(i) an expression for   h(x)  .

(ii) the value of  a .

(iii) the value of  b . [5]

(d) (i)  Find the area enclosed by   y =  f (x)  , the  x-axis and the line   x = 0.5  .

The area enclosed by   y = g(x)  , the  x-axis and the line   x = p   is 0.0627292 m2 correct to 
six significant figures.

(ii) Find the area of the shaded region on the diagram. [7]
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7. [Maximum mark: 18]

A transformation,  T , of a plane is represented by    r ′   = Pr + q  , where  P  is a   2 × 2   matrix,  q  is 
a   2 × 1   vector,  r  is the position vector of a point in the plane and    r ′     the position vector of its
image under  T .

The triangle OAB has coordinates  (0 ,  0) ,  (0 ,  1)  and  (1 ,  0) . Under  T , these points are 

transformed to  (0 ,  1) ,    (  1 _ 4   ,  1 +    √ 
_

 3   _ 4  )  and    (   √ 
_

 3   _ 4   ,    3 _ 4  )    respectively.

(a) (i) By considering the image of  (0 , 0) , find  q .

(ii) By considering the image of  (1 , 0)  and  (0 , 1) , show that [6]

 P =  

⎛
 ⎜ 

⎝
 
   √ 
_

 3   _ 4    1_4  
−   1 _ 4     √ 

_
 3   _ 4  
 

⎞
 ⎟ 

⎠
  .

P  can be written as   P = RS  , where  S  and  R  are matrices.

S  represents an enlargement with scale factor 0.5, centre  (0 , 0) .

R  represents a rotation about  (0 , 0) .

(b) Write down the matrix  S . [1]

(c) (i)  Use   P = RS   to find the matrix  R .

(ii) Hence find the angle and direction of the rotation represented by  R . [7]

The transformation  T  can also be described by an enlargement scale factor     1 _ 2    ,
centre  (a , b) , followed by a rotation about the same centre  (a , b) .

(d) (i)  Write down an equation satisfied by    ( a  b )   .

(ii) Find the value of  a  and the value of  b . [4]
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entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) (i) 
370 472

2

+
   (M1) 

Note: This (M1) can also be awarded for either a correct 3Q  or a correct 1Q  

in part (a)(ii). 
 

   3Q 421=   A1 
 

  (ii) their part (a)(i) – their 1Q    (clearly stated) (M1) 

   (421 318 ) 103= − =IQR  A1 
[4 marks] 

 

 (b) 3Q( 1.5 ) ) 421 1.5 103)( (+ = + ×IQR   (M1) 

  575.5=   
  since 498<575.5  R1 
  Netherlands is not an outlier A1 

Note: The R1 is dependent on the (M1).  Do not award R0A1. 

[3 marks] 
 

 (c) not appropriate (“no” is sufficient) A1 
  as r is too close to zero / too weak a correlation R1 

[2 marks] 
  

 (d) (i) 6   A1 
 
  (ii) 4.5    A1 
 
  (iii) 4.5   A1 

[3 marks] 
 

 (e) (i) 0.682646 )0.683 (sr = …     A2 
 

  (ii)  EITHER 
there is a (positive) association between the population size and  
the score  A1 
 

   OR 
there is a (positive) linear correlation between the ranks of the population size 
and the ranks of the scores (when compared with the PMCC of 0.249)  A1 

[3 marks] 
 

 (f) lowering the top score by 20 does not change its rank so sr  is unchanged  R1 

Note: Accept “this would not alter the rank” or “Netherlands still top rank” or similar. 
Condone any statement that clearly implies the ranks have not changed, for 
example: “The Netherlands still has the highest score.” 

 [1 mark] 
      [Total 16 marks] 
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2. (a) (i) 
1 4ˆAOB arccos 27.266...
2 4.5

   = =   
   

  (M1)(A1) 

   ˆAOB 54.532... 54.5= ≈   ( 0.951764... 0.952≈  radians) A1 

Note: Other methods may be seen; award (M1)(A1) for use of a correct trigonometric 
method to find an appropriate angle and then A1 for the correct answer. 

  
  (ii) a finding area of triangle 
   EITHER 

   area of triangle = 21
4.5 sin (54.532...)

2
× ×  (M1) 

Note: Award M1 for correct substitution into formula. 

 
   28.24621... 8.25 m= ≈  (A1) 
 
   OR 

   2 2AB 2 4.5 4  4.1231= × − = … (M1) 
 

   area triangle 
4.1231 4

2

…×
=  

   28.24621... 8.25 (m )= ≈  (A1) 
 
   finding area of sector 
   EITHER 

   area of sector = 254.532...
4.5

360
×π×  (M1) 

   29.63661... 9.64 m= ≈  (A1) 
 
   OR 

   area of sector = 21
0.9517641.. 4.5

2
× ×  (M1) 

   29.63661... 9.64 m= ≈  (A1) 
   THEN 
   area of segment = 9.63661... 8.24621...−  

   21.39 m (1.39040...)=  A1 
[8 marks] 

 
 

continued…  
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Question 2 continued 

 (b) METHOD 1 

 
 
  24.5π×  (63.6172…) (A1) 
  4 1.39040...×   (5.56160)  (A1) 
  subtraction of four segments from area of circle (M1) 
  258.1 m (58.055...)=  A1 
 
  METHOD 2  

  angle of sector = 90 54.532...−  0.951764...
2

π − 
 

 (A1) 

  area of sector = 290 54.532...
4.5 ( 6.26771...)

360

−
×π× =  (A1) 

  area is made up of four triangles and four sectors (M1) 
  total area = (4 8.2462...) (4 6.26771...)× + ×   

  ( )258.1 m 58.055...=  A1 

[4 marks] 
 

 (c) sketch of 
d

d

V

t
  OR  

d
0.110363...

d

V

t
=   OR  attempt to find where 

2

2

d
0

d

V

t
=  (M1) 

  1t =  hour   A1 
[2 marks] 

 

 (d) recognizing 
d

d
d

V
V t

t
= ∫  (M1) 

  
8

0
0.3 e dtt t−∫    (A1) 

 
  volume eaten is 3 )0.299... m 0.29909( 4...   A1 

[3 marks] 
[Total 17 marks] 
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3. (a) quota    A1 
[1 mark] 

 
 (b) (i) 27.125 27.1≈  (M1)A1 
 

  (ii) 8.29815… 8.30≈  A1 
[3 marks] 

 
 (c) (let µ  be the national mean) 
 
  H0: 25.2µ =   

  H1: 25.2µ >    A1 

Note: Accept hypotheses in words if they are clearly expressed and ‘population 
mean’ or ‘school mean’ is referred to. Do not accept H0: 0µ µ=  unless 0µ  

is explicitly defined as “national standard mark” or given as 25.2. 

 
  recognizing t-test  (M1) 
  p-value 0.279391= …  A1 
 
  0.279391 0.05…>  R1 

Note: The R1 mark is for the comparison of their p-value with 0.05. 

 
  insufficient evidence to reject the null hypothesis (that the mean for the  

school is 25.2)  A1 

Note: Award the final A1 only if the null hypothesis is also correct (e.g. 0 25.2µ =  or 

(population) mean 25.2= ) and the conclusion is consistent with both the 
direction of the inequality and the alternative hypothesis.  

 [5 marks] 
 
 (d) EITHER 
  the sampling process is not random  R1 
 
  For example: 
  the school asked for volunteers 
  the students were selected from a single class 
 
  OR 
  the quota might not be representative of the student population R1 
 
  For example: 
  the school may have only 4 boys and 400 girls. 

Note: Do not accept ‘the sample is too small’. 

[1 mark] 
 
 (e) (i) (28.1 2 20 ) 76.2× + =   A1 
 
  (ii) 8.4 2×    (A1) 
   16.8=   A1 

[3 marks] 
[Total 13 marks]  
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4. (a) (i) 
d d d

5 6 0
d d d

x y x
y x

t t t
= ⇒ + + =    OR    d

5 6 0
d

y
y x

t
+ + =  M1 

Note: Award M1 for substituting  for  . 

 

   

d
0 1d

d 6 5

d

x
xt

y y

t

 
    

=    − −     
 

 AG 

 

  (ii) 
1

det 0
6 5

λ
λ

− 
= − − − 

  (M1) 

Note: Award M1 for an attempt to find eigenvalues. Any indication that 
det ( ) 0λ− =M I  has been used is sufficient for the (M1). 

 
   ( 5 ) 6 0λ λ− − − + =   OR  2 5 6 0λ λ+ + =   (A1) 
   2, 3λ = − −   A1 
 
  (iii) (on a phase portrait the particle approaches (0, 0) as t increases  

so long term velocity (y) is)  
   0   A1 

Note: Only award A1 for 0 if both eigenvalues in part (a)(ii) are negative.  If at least one is 
positive accept an answer of ‘no limit’ or ‘infinity’, or in the case of one positive and one 
negative also accept ‘no limit or 0 (depending on initial conditions)’. 

   [5 marks] 
 

 (b) (i) 
d

d

x
y

t
=   

   
2

2

d d

d d

x y

t t
=   (A1) 

   
d

5 6 3 4
d

y
y x t

t
+ + = +   A1 

 
  (ii) recognition that 0.1h =  in any recurrence formula (M1) 
 
   ( 1 0.1n nt t+ = + )  

   1 0.1n n nx x y+ = +  (A1) 

   1 0.1(3 4 5 6 )n n n n ny y t y x+ = + + − −    (A1) 

   (when 1t = ,) 0.64402... 0.644 mx = ≈  A2 
 
   (iii) recognizing that y  is the velocity 

   10.5 ms−    A1 
   [8 marks] 

[Total 13 marks] 
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5. (a) (let T be the number of passengers who arrive) 
 
   ( )P ( 72)  P ( 73)T T> = ≥    OR   1 P ( 72)T− ≤   (A1) 
 

  ~ B(74, 0.9)T  OR  74n =   (M1) 
  0.00379 (0.00379124...)=   A1 

Note: Using the distribution B(74, 0.1) , to work with the 10% that do not arrive 
for the flight, here and throughout this question, is a valid approach. 

 [3 marks] 
 
 (b) (i) 72 0.9×   (M1) 
   64.8    A1 
 
  (ii) 0.9 72n× =  (M1) 
   80    A1 

 [4 marks] 
 
 (c) METHOD 1  
  
  EITHER 
  when selling 74 tickets 

 72T ≤  73T =   74T =  
Income minus 
compensation (I) 

11100 10800 10500 

Probability 0.9962… 0.003380… 0.0004110… 
  top row   A1A1 
  bottom row   A1A1 

Note: Award A1A1 for each row correct.  Award A1 for one correct 
entry and A1 for the remaining entries correct. 

    
  E( ) 11100 0.9962... 10800 0.00338... 10500 0.000411 11099I = × + × + × ≈  (M1)A1 

 
 
 

continued…  
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Question 5 continued 

 
  OR 
  income is 74 150 11100× =   (A1) 
 
  expected compensation is  
  0.003380... 300 0.0004110... 600 ( 1.26070...)× + × =  (M1)A1A1 

Note: The (M1) is for an attempt to work out expected compensation by 
multiplying a probability for tickets sold by either 300 or 600. 

 
  expected income when selling 74 tickets is 11100 1.26070− … (M1) 

Note: Award (M1) for subtracting their expected compensation from 11100. 

 
  =11098.73..  (= $11099) A1 
   
  THEN 
  income for 72 tickets 72 150 10800= × =   (A1) 
  so expected gain 11099 10800 $299≈ − =   A1 
 
  METHOD 2 
  for 74 tickets sold, let C be the compensation paid out 
  P 73 0.00338014 ., 8( ) ( )P 74 0.00041109T T= = … = = …  A1A1 
 
  E( ) 0.003380... 300 0.0004110... 600 ( 1.26070...)C = × + × =  (M1)A1A1 
 
  extra expected revenue 300 –1.01404... – 0.246658 300 1.26070 )(= … − …  
      (A1)(M1) 

Note: Award A1 for the 300 and M1 for the subtraction. 

  $299=    (to the nearest dollar) A1 
 
  METHOD 3 
  let D be the change in income when selling 74 tickets. 
  

 72T ≤  73T =   74T =  
Change in 
income  

300 0 300−  

      (A1)(A1) 

Note: Award A1 for one error, however award A1A1 if there is no explicit mention that 
73T =  would result in 0D = and the other two are correct. 

 
  (P 73 0.9962..., P 74 0.00041( ) ) 1098T T≤ = = = …  A1A1 
 
  E( ) 300 0.9962... 0 0.003380... 300 0.0004110D = × + × − ×  (M1)A1A1 
 
  $299=    A1 

[8 marks] 
 [Total 15 marks] 
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6. (a) (i) 
1

2y x=    (M1) 
 

   
1

2
d 1

d 2

y
x

x

−
=   A1 

 

  (ii) gradient at 0.16x =  is 
1 1

2 0.16
×  M1 

   1.25 =   
    
   EITHER 
   0.4 1.25( 0.16)y x− = −   M1 
 
   OR 
   0.4 1.25(0.16) b= +  M1 

Note: Do not allow working backwards from the given answer. 

 
   THEN 
   hence 1.25 0.2y x= +   AG 

[4 marks] 
 
 (b) 0.45, 0.4125 ( 0.413)p q= = or  (accept “ (0.45, 0.4125) ”)  A1A1 

[2 marks] 
 

 (c) (i) 
1

( ( ) ) 2( 0.2)
2

h x x= −  A2 

Note: Award A1 if only two correct transformations are seen. 

 
  (ii) (a =)  0.28  A1 
 
  (iii)  EITHER 
   Correct substitution of their part (b) (or (0.28, 0.2) ) into the  

given expression (M1) 
   
   OR 

   ( )1
1.25 2( 0.2) 0.2

2
x× − +   (M1) 

Note: Award M1 for transforming the equivalent expression for f correctly. 

 
   THEN 
   ( ) 0.15b = −  A1 

[5 marks] 
 
 

continued…  
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Question 6 continued 

 (d) (i) recognizing need to add two integrals (M1) 

   ( )
0.16 0.5

0 0.16
d 1.25 0.2 dx x x x+ +∫ ∫    (A1) 

Note: The second integral could be replaced by the formula for the area of a 

trapezoid 
1

0.34(0.4 0.825)
2
× + . 

 
   0.251 m2 (0.250916…)   A1 
 
  (ii) EITHER 

   area of trapezoid 
1

0.05(0.4125 0.825) 0.0309375
2
× + =  (M1)(A1) 

   OR 

   
0.5

0.45
(8.25 3.3)d 0.0309375x x− =∫  (M1)(A1) 

Note: If the rounded answer of 0.413 from part (b) is used, the integral is 
0.5

0.45
(8.24 3.295)d 0.03095x x− =∫ which would be awarded (M1)(A1). 

 
   THEN 
   shaded area 0.250916 – 0.0627292 0.0309375= … −   (M1) 

Note: Award (M1) for the subtraction of both 0.0627292… and their area for 
the trapezoid from their answer to (a)(i). 

 
   2 )(0.157 m 0.15725=   A1 

[7 marks] 
[Total 18 marks] 
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7. (a)  (i) 
0 0

0 1

   
+ =   

   
P q   (M1) 

 

   
0

1

 
=  
 

q   A1 

 
  (ii) EITHER 

   

3
1 0 4
0 1 3

4

 
      + =   
    
 
 

P   M1 

   hence 

3
1 4
0 1

4

 
    = 
   − 
 

P  A1 

   

1
0 0 4
1 1 3

1
4

 
      + =   
     + 
 

P   M1 

   hence 

1
0 4
1 3

4

 
    = 
  
 
 

P  A1 

continued…  
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Question 7 continued 

   OR 

   

3
1 0 4
0 1 3

4

a b

c d

 
       + =    
     
 
 

  M1 

  

   hence 

3
1 4
0 1

4

a b

c d

 
     =  
    − 
 

 A1 

   

3

4
1

4

a

c

 
    = 
   − 
 

 

   

1
0 0 4
1 1 3

1
4

a b

c d

 
       + =    
      + 
 

  M1 

 

   

1
0 4
1 3

4

a b

c d

 
     =  
   
 
 

  A1 

   

1

4

3

4

b

d

 
    = 
  
 
 

 

 
   THEN 
 

   

3 1

4 4

1 3

4 4

 
 
 ⇒ =
 
− 
 

P    AG 

[6 marks] 
 

 (b) 

1
0

2
1

0
2

 
 
 
  
 

   A1 

[1 mark] 

continued…  
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Question 7 continued 

 (c) (i) EITHER 

   1 2 0

0 2
−  
=  
 

S   (A1) 

   1−=R PS    (M1) 

Note: The M1 is for an attempt at rearranging the matrix equation.  
Award even if the order of the product is reversed. 

 

   

3 1
2 04 4
0 21 3

4 4

 
   =    
− 
 

R  (A1) 

 
   OR 

   

3 1
0.5 04 4
0 0.51 3

4 4

 
     =     
− 
 

R  

 

   let 
a b

c d

 
=  
 

R  

   attempt to solve a system of equations M1 
 

   
3

0.5
4

a= ,   
1

0.5
4

b=  

   
1

0.5
4

c− = ,   
3

0.5
4

d=  A2 

Note: Award A1 for two correct equations, A2 for all four equations correct. 

 
   THEN 

  

3 1

2 2

1 3

2 2

 
 
 =
 
− 
 

R   OR  
0.866 0.5

0.5 0.866

 
 − 

  OR  
0.866025... 0.5

0.5 0.866025...

  
  −  

 A1 

Note: The correct answer can be obtained from reversing the matrices, so do not award if 
incorrect product seen.  If the given answer is obtained from the product 1−=R S P , 
award (A1)(M1)(A0)A0. 

 
 
 

 continued…  
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Question 7 continued 

  (ii) clockwise  A1 
   arccosine or arcsine of value in matrix seen (M1) 
   30    A1 

Note: Both A1 marks are dependent on the answer to part (c)(i) and should only be 
awarded for a valid rotation matrix. 

[7 marks] 
 (d) METHOD 1 
 

  (i) 
a a

b b

   
=   

   
+P q  A1 

 

  (ii) solving 
a a

b b

   
=   

   
+P q  using simultaneous equations or 1( )−= −a I P q  

       (M1) 
   ( ) ( )0.651 0.651084... , 1.48 1.47662...a b= =   A1A1 

 

   
5 2 3 14 3 3

,
13 13

a b
 + +

= =  
 

  

 
  METHOD 2 
 

  (i) 
x x a a

y y b b

′ −     
=     ′ −     

+P   A1 

Note: Accept substitution of x and y (and x’ and y’) with particular points given in 
the question. 

 

  (ii) 
0 0

1 0

a a

b b

−     
=     −     

+P  (M1) 

Note: This line, with any of the points substituted, may be seen in part (d)(i) and if 
so the M1 can be awarded there. 

 

   ( )
0

1

a

b

   
= −   

   
I P  

   0.651084..., 1.47662...a b= =   A1A1 
 

   
5 2 3 14 3 3

,
13 13

a b
 + +

= =  
 

  

 [4 marks] 
[Total 18 marks] 
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 13]

Scott purchases food for his dog in large bags and feeds the dog the same amount of
dog food each day. The amount of dog food left in the bag at the end of each day can be
modelled by an arithmetic sequence.

On a particular day, Scott opened a new bag of dog food and fed his dog. By the end of the
third day there were 115.5 cups of dog food remaining in the bag and at the end of the eighth
day there were 108 cups of dog food remaining in the bag.

(a) Find the number of cups of dog food

(i) fed to the dog per day;

(ii) remaining in the bag at the end of the first day. [4]

(b) Calculate the number of days that Scott can feed his dog with one bag of food. [2]

In 2021, Scott spent $625 on dog food. Scott expects that the amount he spends on dog food 
will increase at an annual rate of 6.4 %.

(c) Determine the amount that Scott expects to spend on dog food in 2025. Round your
answer to the nearest dollar. [3]

(d) (i)  Calculate the value of     ∑ 
n =1

  
10

  (625 × 1. 064   (n −1) )   .

(ii) Describe what the value in part (d)(i) represents in this context. [3]

(e) Comment on the appropriateness of modelling this scenario with a geometric sequence. [1]

Note: 100% common HP2.Q1 SP2.Q2
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Turn over

2. [Maximum mark: 15]

A cafe makes  x  litres of coffee each morning. The cafe’s profit each morning,  C , measured 
in dollars, is modelled by the following equation

 
C =   x ___ 

10
   ( k   2  −   3 ____ 

100
    x   2 )  

where  k  is a positive constant.

(a) Find an expression for     dC ___ 
dx

     in terms of  k  and  x . [3]

(b) Hence find the maximum value of  C  in terms of  k . Give your answer in the form   p k   3   , 
where  p  is a constant. [4]

The cafe’s manager knows that the cafe makes a profit of $426 when 20 litres of coffee are 
made in a morning.

(c) (i)  Find the value of  k .

(ii) Use the model to find how much coffee the cafe should make each morning to 
maximize its profit. [3]

(d) Sketch the graph of  C  against  x , labelling the maximum point and the  x-intercepts 
with their coordinates. [3]

The manager of the cafe wishes to serve as many customers as possible.

(e) Determine the maximum amount of coffee the cafe can make that will not result in a 
loss of money for the morning. [2]

Note: 100% common HP2.Q2 SP2.Q5
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3. [Maximum mark: 18]

The Voronoi diagram below shows four supermarkets represented by points with coordinates  
A(0 ,  0) ,  B(6 ,  0) ,  C(0 ,  6)  and  D(2 ,  2) . The vertices X, Y, Z are also shown. All distances 
are measured in kilometres.

diagram not to scale

A
B

D

C

X

Y

Z

(a) Find the midpoint of [BD]. [2]

(b) Find the equation of (XZ). [4]

The equation of (XY) is   y = 2 − x   and the equation of (YZ) is   y = 0.5x + 3.5  .

(c) Find the coordinates of X. [3]

The coordinates of Y are  (−1 ,  3)  and the coordinates of Z are  (7 ,  7) .

(d) Determine the exact length of [YZ]. [2]

(e) Given that the exact length of [ XY ] is    √ 
_

 32    , find the size of XŶZ in degrees. [4]

(f) Hence find the area of triangle XYZ. [2]

A town planner believes that the larger the area of the Voronoi cell XYZ, the more people will 
shop at supermarket D.

(g) State one criticism of this interpretation. [1]

Note: 100% common HP2.Q3 SP2.Q3
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4. [Maximum mark: 15]

A student investigating the relationship between chemical reactions and temperature finds
the Arrhenius equation on the internet.

 k = A e   −   
c __
T

  

This equation links a variable  k  with the temperature  T , where  A  and  c  are positive 
constants and   T > 0  .

(a) Show that     dk ___ 
dT

     is always positive. [3]

(b) Given that    lim  
T→∞

    k = A   and    lim  
T→0

    k = 0  , sketch the graph of  k  against  T . [3]

The Arrhenius equation predicts that the graph of   ln k   against     1 __ 
T

     is a straight line.

(c) Write down

(i) the gradient of this line in terms of  c ;

(ii) the  y-intercept of this line in terms of  A . [4]

The following data are found for a particular reaction, where  T  is measured in Kelvin 
and  k  is measured in   cm   3   mol   −1   s   −1  :

T k

590 5 × 10   −4  

600 6 × 10   −4  

610   10 × 10   −4  

620   14 × 10   −4  

630   20 × 10   −4  

640   29 × 10   −4  

650   36 × 10   −4  

(d) Find the equation of the regression line for   ln k   on     1 __ 
T

    . [2]

(e) Find an estimate of

(i) c ;

(ii) A .

It is not required to state units for these values. [3]
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5. [Maximum mark: 12]

A geneticist uses a Markov chain model to investigate changes in a specific gene in a cell 
as it divides. Every time the cell divides, the gene may mutate between its normal state and 
other states.

The model is of the form

  ( 
 X  n+1    
 Z  n+1  

  )  = M ( 
 X  n    
 Z  n  

  )  

where    X  n     is the probability of the gene being in its normal state after dividing for the  nth time, 
and    Z  n     is the probability of it being in another state after dividing for the  nth time, where   n∈ℕ  .

Matrix  M  is found to be    ( 0.94  b  
0.06

  
0.98

 )   .

(a) (i)  Write down the value of  b .

(ii) What does  b  represent in this context? [2]

(b) Find the eigenvalues of  M . [3]

(c) Find the eigenvectors of  M . [3]

(d) The gene is in its normal state when   n = 0  . Calculate the probability of it being in its 
normal state

(i) when   n = 5  ;

(ii) in the long term. [4]
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6. [Maximum mark: 21]

At an archery tournament, a particular competition sees a ball launched into the air while an
archer attempts to hit it with an arrow.

The path of the ball is modelled by the equation

 ( 
x
  y )  =  ( 5  

0
 )  + t (  

 u  x
  u  y   − 5t )

where  x  is the horizontal displacement from the archer and  y  is the vertical displacement 
from the ground, both measured in metres, and  t  is the time, in seconds, since the ball 
was launched.

y   u  x     is the horizontal component of the initial velocity

y   u  y     is the vertical component of the initial velocity.

In this question both the ball and the arrow are modelled as single points. The ball is launched 
with an initial velocity such that    u  x   = 8   and    u  y   = 10  .

(a) (i)  Find the initial speed of the ball.

(ii) Find the angle of elevation of the ball as it is launched. [4]

(b) Find the maximum height reached by the ball. [3]

(c) Assuming that the ground is horizontal and the ball is not hit by the arrow, find the  x 
coordinate of the point where the ball lands. [3]

(d) For the path of the ball, find an expression for  y  in terms of  x . [3]

An archer releases an arrow from the point  (0 ,  2) . The arrow is modelled as travelling in a 
straight line, in the same plane as the ball, with speed  60 m  s   −1   and an angle of elevation of   10   ∘  .

(e) Determine the two positions where the path of the arrow intersects the path of the ball. [4]

(f) Determine the time when the arrow should be released to hit the ball before the ball
reaches its maximum height. [4]
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7. [Maximum mark: 16]

An environmental scientist is asked by a river authority to model the effect of a leak from a
power plant on the mercury levels in a local river. The variable  x  measures the concentration
of mercury in micrograms per litre.

The situation is modelled using the second order differential equation

    d   2 x ___

d t   2 
   + 3   dx ___ 

dt
   + 2x = 0

where   t ≥ 0   is the time measured in days since the leak started. It is known that when 

 t = 0  ,   x = 0   and     dx ___ 
dt

   = 1  .

(a) Show that the system of coupled first order equations:

   dx ___ 
dt

   = y

   
dy

 ___ 
dt

   = −2x − 3y 

can be written as the given second order differential equation. [2]

(b) Find the eigenvalues of the system of coupled first order equations given in part (a). [3]

(c) Hence find the exact solution of the second order differential equation. [5]

(d) Sketch the graph of  x  against  t , labelling the maximum point of the graph with
its coordinates. [2]

If the mercury levels are greater than 0.1 micrograms per litre, fishing in the river is 
considered unsafe and is stopped.

(e) Use the model to calculate the total amount of time when fishing should be stopped. [3]

The river authority decides to stop people from fishing in the river for 10 % longer than the 
time found from the model.

(f) Write down one reason, with reference to the context, to support this decision. [1]

References:
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 

 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) (i) EITHER 
   1 11 15.5 (3 1) 115.5 2 )(u d u d=+= − +×  

   1 11 08 (8 1) 108 7 )(u d u d=+= − +×  (M1)(A1) 

Note: Award M1 for attempting to use the arithmetic sequence term formula, A1 for 
both equations correct. Working for M1 and A1 can be found in parts (i) or (ii). 

    
   ( 1.5)d = −   

   1.5 (cups/day) A1 

Note: Answer must be written as a positive value to award A1. 

 
   OR 
 

   
115.5 108

( )
5

d
−

=  M1A1 

Note: Award M1 for attempting a calculation using the difference between term 3 
and term 8; A1 for a correct substitution. 

 
   ( .5) 1d = (cups/day)  A1 
  
  (ii)  1  ) 118.5 )( (u = cups   A1 

      [4 marks] 
 
 (b) attempting to substitute their values into the term formula for arithmetic  

sequence equated to zero (M1) 

  0 118.5 –1) 1.( 5)(n= + × −   

  ( ) 80n =  days  A1 

Note: Follow through from part (a) only if their answer is positive. 

      [2 marks] 
 
 (c) (5 1)

5( ) 625 1.064t −= ×  (M1)(A1) 

Note: Award M1 for attempting to use the geometric sequence term formula; 
A1 for a correct substitution. 

 
  $ 801    A1 

Note: The answer must be rounded to a whole number to award the final A1. 

 
      [3 marks] 

continued…  
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Question 1 continued 

 (d)  (i) 10( ) ($) 8390 (8394.39...)S =  A1 
       
  
  (ii) EITHER 
 
   the total cost (of dog food)  R1 
   for 10 years beginning in 2021   OR   10 years before 2031 R1 
 
   OR 
 
   the total cost (of dog food)  R1 
   from 2021 to 2030 (inclusive)  OR  from 2021 to (the start of) 2031 R1 

      [3 marks] 
 
 (e) EITHER 

According to the model, the cost of dog food per year will eventually  
be too high to keep a dog.   

  OR 
  The model does not necessarily consider changes in inflation rate. 
  OR 
  The model is appropriate as long as inflation increases at a similar rate.  
  OR 

The model does not account for changes in the amount of food the dog  
eats as it ages/becomes ill/stops growing.  

  OR 
The model is appropriate since dog food bags can only be bought in  
discrete quantities.  R1 

Note: Accept reasonable answers commenting on the appropriateness of the model for the 
specific scenario. There should be a reference to the given context. A reference to 
the geometric model must be clear: either “model” is mentioned specifically, or other 
mathematical terms such as “increasing” or “discrete quantities” are seen.  Do not 
accept a contextual argument in isolation, e.g. “The dog will eventually die”.  

      [1 mark] 
      Total [13 marks] 
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2. (a) attempt to expand given expression OR attempt at product rule (M1) 

  
2 33

10 1000

xk x
C = −  

  
2 2d 9

 
d 10 1000

C k x

x
= −   M1A1 

Note: Award M1 for power rule correctly applied to at least one term 
and A1 for correct answer. 

      [3 marks] 

 

 (b) equating their 
d

d

C

x
 to zero (M1) 

  
2 29

0
10 1000

k x
− =   

  
2

2 100

9

k
x =  

  
10

3

k
x =    (A1) 

  substituting their x back into given expression  (M1) 

  
2

2
max

10 300
  

30 900

k k
C k

 
= − 

 
 

  ( )
3

3
max

2
  0.222

9

k
C k= …  A1 

      [4 marks] 
 

 (c)  (i) substituting 20 into given expression and equating to 426 M1 

   2 220 3
426 (20)

10 100
k
 = − 
 

 

   15k =   A1 
 
  (ii)  50    A1 

      [3 marks] 
  

 
 

continued…  
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Question 2 continued 

 (d)   

   A1A1A1 

Note: Award A1 for graph indicating an increasing and then decreasing function (drawn in first 
quadrant), A1 for maximum labelled and A1 for graph drawn for positive x, passing 
through the origin and 86.6 which is marked on the x-axis or its coordinates are given. 

      [3 marks] 
 

 
 (e)  setting their expression for C to zero OR choosing correct x-intercept on  

their graph of C  (M1) 
  max 86.6 (86.6025 )x = …  litres A1 
 

[2 marks] 
Total [15 marks] 
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3.  (a)  
2 6 2 0

,  
2 2

+ + 
 
 

  (M1) 

  (4, 1)    A1 

Note: Award A0 if parentheses are omitted in the final answer. 

      [2 marks] 
 

 (b)  attempt to substitute values into gradient formula  (M1) 

  
0 2 1

6 2 2

− = − − 
  (A1) 

  therefore the gradient of perpendicular bisector is 2  (M1) 
 

  so 1 2( 4)y x− = −    ( 2 7)y x= −  A1 
      [4 marks] 

 
 (c)  identifying the correct equations to use: (M1) 
  2y x= −  and 2 7y x= −  
  evidence of solving their correct equations or finding points of intersection graphically 
      (M1) 
  (3, 1)−    A1 

Note: Accept an answer expressed as “ 3x = , 1y = − ”. 

      [3 marks] 
 

 (d) attempt to use distance formula (M1) 

  ( )2 2YZ 7 ( 1) (7 3)= − − + −  

  ( )80 4 5=   A1 

      [2 marks] 
 

 (e) METHOD 1 (cosine rule) 

  length of XZ is ( )80 4 5 , 8.94427...  (A1) 

Note:  Accept 8.94 and 8.9. 

 
  attempt to substitute into cosine rule (M1) 

  
80 32 80

cos XYZ   ( 0.316227 )
2 80 32

ˆ + −
= = …

×
  (A1) 

Note:  Award A1 for correct substitution of XZ, YZ, 32  values in the cos rule. Exact 
values do not need to be used in the substitution. 

 

  ( )XYZ   6ˆ 71.= °   (71.5650…° ) A1 

Note:  Last A1 mark may be lost if prematurely rounded values of XZ, 
YZ and/or XY are used. 

 

continued…  
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Question 3 continued 

 
  METHOD 2 (splitting isosceles triangle in half) 

  length of XZ is ( )80 4 5 , 8.94427...  (A1) 

Note:  Accept 8.94 and 8.9. 

  required angle is 1 32
cos

2 80
−  
  
 

 (M1)(A1) 

Note:  Award A1 for correct substitution of XZ (or YZ), 
32

2
 values in the cos rule. Exact 

values do not need to be used in the substitution. 

 

  ( )XYZ   6ˆ 71.= °   (71.5650 ° ) A1 

Note:  Last A1 mark may be lost if prematurely rounded values of XZ, 
YZ and/or XY are used. 

      [4 marks] 
 

 (f) (area =) 
1

80 32 sin 71.5650
2

…    OR   (area =) 
1

32 72
2

  (M1) 

  24=  km2   A1 
 [2 marks] 

 

 (g) Any sensible answer such as: 
  There might be factors other than proximity which influence shopping choices. 
  A larger area does not necessarily result in an increase in population. 

The supermarkets might be specialized / have a particular clientele who  
visit even if other shops are closer. 

  Transport links might not be represented by Euclidean distances. 
  etc.    R1 

      [1 mark] 
      Total [18 marks]  
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4. (a) attempt to use chain rule, including the differentiation of 
1

T
 (M1) 

  
2

d
e

d

c

T
k c

A
T T

−
= × ×  A1 

  this is the product of positive quantities so must be positive R1 

Note:  The R1 may be awarded for correct argument from their derivative. 
R1 is not possible if their derivative is not always positive. 

      [3 marks] 
 

 (b)  

   A1A1A1 

Note: Award A1 for an increasing graph, entirely in first quadrant, becoming 
concave down for larger values of T, A1 for tending towards the origin 
and A1 for asymptote labelled at k A= . 

 
      [3 marks] 

 

 (c) taking ln of both sides   OR   substituting lny x=  and 
1

x
T

=  (M1) 

  ln ln
c

k A
T

= −    OR   lny cx A= − +  (A1) 

  
  (i) so gradient is c−  A1 
 
  (ii) y-intercept is ln A  A1 

Note: The implied (M1) and (A1) can only be awarded if both correct answers are 
seen. Award zero if only one value is correct and no working is seen. 

      [4 marks] 
 

 
 

continued…  
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Question 4 continued 

 (d) an attempt to convert data to 
1

T
 and ln k  (M1) 

  e.g. at least one correct row in the following table 
  

 1
 

T
 

 ln k  

 31.69491 10−…×   7.60090− …  

 31.66666 10−…×   7.41858− …  

 31.63934 10−…×   6.90775− …  

 31.61290 10−…×   6.57128− …  

 31.58730 10−…×   6.21460− …  

 31.5625 10−×   5.84304− …  

 31.53846 10−…×   5.62682− …  

 

  line is 
1 1

ln 13400 15.0    13383.1 15.0107k
T T

 = − × + = − …× + … 
 

  A1 

      [2 marks] 
 

 (e) (i) 13400 (13383.1 )c = …  A1 
  
  (ii) attempt to rearrange or solve graphically ln 15.0107A = … (M1) 
   )(3300000 3304258A = …  A1 

Note: Accept an A value of 3269017… from use of 3sf value. 

 [3 marks] 
Total [15 marks] 
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5. (a) (i) 0.02    A1 
 
  (ii) the probability of mutating from ‘not normal state’ to ‘normal state’ A1 

Note: The A1 can only be awarded if it is clear that transformation is from the mutated state. 

      [2 marks] 
 

 (b) 
0.94 0.02

det 0
0.06 0.98

λ
λ

− 
= − 

 (M1) 

Note: Award M1 for an attempt to find eigenvalues. Any indication that 
det ( ) 0λ− =M I  has been used is sufficient for the (M1). 

 
  (0.94 )(0.98 ) 0.0012 0λ λ− − − =   OR  2 1.92 0.92 0λ λ− + =  (A1) 

  1, 0.92λ =   
23

25
 
 
 

 A1 

      [3 marks] 
 

 (c) 
0.94 0.02

0.06 0.98

x x

y y

    
=    

    
   OR  

0.94 0.02
0.92

0.06 0.98

x x

y y

    
=    

    
 (M1) 

Note: This M1 can be awarded for attempting to find either eigenvector. 

 
  0.02 0.06 0y x− =   OR   0.02 0.02 0y x+ =  

  
1

3

 
 
 

 and 
1

 
1

 
 − 

  A1A1 

Note: Accept any multiple of the given eigenvectors. 

      [3 marks] 
 

 (d) (i) 
5

0.94 0.02 1

0.06 0.98 0

   
   
   

   OR   
0.744 0.0852 1

0.256 0.915 0

  
  
  

 (M1) 

Note: Condone omission of the initial state vector for the M1. 

 
   0.744    (0.744311…) A1 
 

  (ii) 
0.25

0.75

 
 
 

    (A1) 

Note: Award A1 for 
0.25

0.75

 
 
 

  OR  
0.25 0.25

0.75 0.75

 
 
 

seen. 

 
   0.25    A1 

      [4 marks] 
      Total [12 marks] 
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6. (a) (i) 2 210 8+   (M1) 

   112.8 (12.8062 , 164) (ms )−= …  A1 
 

  (ii) 1 10
tan

8
−  
 
 

  (M1) 

   0.896=   OR   51.3 (0.896055  …   OR  51.3401 )…°  A1 

Note: Accept 0.897 or 51.4 from use of 
10

arcsin
12.8
 
 
 

. 

      [4 marks] 
 

 (b)  (10 5 )y t t= −   (M1) 

Note: The M1 might be implied by a correct graph or use of the correct equation. 

 
  METHOD 1 – graphical Method 
  sketch graph  (M1) 

Note: The M1 might be implied by correct graph or correct maximum (eg 1t = ). 

 
  max occurs when 5y =  m A1 
 
  METHOD 2 – calculus 
  differentiating and equating to zero (M1) 

  
d

10 10 0
d

y
t

t
= − =  

  1t =  

  ( )  1(10 5) 5y = − =  m A1 

 
  METHOD 3 – symmetry 
  line of symmetry is 1t =  (M1) 
  ( )  1(10 5) 5y = − =  m A1 

 
      [3 marks] 

 
 (c) attempt to solve (10 5 ) 0t t− =  (M1) 
  2t =    (or 0t = )  (A1) 
   ( 5 8 2) 21x = + × =  m A1 

Note: Do not award the final A1 if 5x =  is also seen. 

       [3 marks] 
 
 
 

continued…  
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Question 6 continued 

 (d) METHOD 1 

  
5

8

x
t

−
=    M1A1 

  
5 5

10 5  
8 8

x x
y

− −  = − ×  
  

 A1 

 
  METHOD 2 
  ( 5)( 21)y k x x= − −  A1 

  when 13, 5x y= =  so 
5 5

(13 5)(13 21) 64
k = = −

− −
 M1A1 

  
5

( 5)( 21)
64

y x x
 = − − − 
 

 

  METHOD 3 
  if 2y ax bx c= + +  
  0 25 5a b c= + +  
  5 169 13a b c= + +  
  0 441 21a b c= + +  M1A1 

  solving simultaneously, 
5 130 525

,  , 
64 64 64

a b c= − = = −   A1 

  25 130 525
(

64 64 64
y x x= − + − ) 

 
  METHOD 4 
  use quadratic regression on (5, 0) ,  (13, 5) , (21, 0)  M1A1 

  25 130 525

64 64 64
y x x= − + −   A1 

Note: Question asks for expression; condone omission of “ y =  ”. 

      [3 marks] 
 

 (e) trajectory of arrow is tan10 2y x= +  (A1) 
  intersecting tan10 2y x= +  and their answer to (d) (M1) 

  (8.66, 3.53) ( )(8.65705..., 3.52647 )…   A1 

  (15.1,  4.66)   ( )(15.0859 , 4.66006 )… …  A1 

      [4 marks] 
 
 
 

continued…  
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Question 6 continued 

 (f) when target 8.65705x = … , target

8.65705 5
0.457132

8
t

…−
= = … s (A1) 

  attempt to find the distance from point of release to intersection (M1) 

( )228.65705 3.52647 2   ( 8.79060  … + …− = …m) 

  time for arrow to get there is 
8.79060

0.146510
60

…
= …s (A1) 

  so the arrow should be released when  
  0.311t =  (s) (0.310622… (s)) A1 
 

      [4 marks] 
      Total [21 marks] 

 
 
 
 
7. (a) differentiating first equation. M1 

  
2

2

d d

d d

x y

t t
=  

  substituting in for 
d

d

y

t
  M1 

  
d

2 3 2 3
d

x
x y x

t
= − − = − −  

  therefore 
2

2

d d
3 2 0

d d

x x
x

t t
+ + =  AG 

Note: The AG line must be seen to award the final M1 mark.  

      [2 marks] 
 

 (b) the relevant matrix is 
0 1

2 3

 
 − − 

 (M1) 

Note: 
3 2

1 0

− − 
 
 

 is also possible. 

 
  (this has characteristic equation) ( 3 ) 2 0λ λ− − − + =  (A1) 
  1, 2λ = − −   A1 

      [3 marks] 
 
 
 

continued…  



 – 20 – M22/5/MATHY/HP2/ENG/TZ2/XX/M 

 

Question 7 continued 

 (c) EITHER 
   the general solution is 2e et tx A B− −= +  M1 

Note: Must have constants, but condone sign error for the M1. 

 

  so 2d
e 2 e

d
t tx

A B
t

− −= − −  M1A1 

   
 
  OR 
  
  attempt to find eigenvectors (M1) 

  respective eigenvectors are 
1

1

 
 − 

 and 
1

2

 
 − 

 (or any multiple) 

   21 1
e e

1 2
t tx

A B
y

− −     
= +     − −     

 (M1)A1 

 
   THEN 
   the initial conditions become: 
   0 A B= +  
   1 2A B= − −  M1 
   this is solved by 1, 1A B= = −  

  so the solution is 2e et tx − −= −   A1 
      [5 marks] 

 
 (d) 

 
      A1A1 

Note: Award A1 for correct shape (needs to go through origin, have asymptote 
at 0y =  and a single maximum; condone 0x < ).  Award A1 for correct 
coordinates of maximum. 

      [2 marks] 
 
 
 

continued…  
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Question 7 continued 

 (e) intersecting graph with 0.1y =  (M1) 

 
 
  so the time fishing is stopped between 2.1830  …  and 0.11957… (A1) 
  2.06(343 )= …  days A1 

      [3 marks] 
 

 (f) Any reasonable answer. For example: 
There are greater downsides to allowing fishing when the levels may be  
dangerous than preventing fishing when the levels are safe. 
The concentration of mercury may not be uniform across the river due to  
natural variation / randomness. 

  The situation at the power plant might get worse. 
  Mercury levels are low in water but still may be high in fish. R1 

Note: Award R1 for a reasonable answer that refers to this specific context (and 
not a generic response that could apply to any model). 

      [1 mark] 
      Total [16 marks] 
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 13]

Scott achète de la nourriture pour son chien dans de grands sacs et lui donne la même 
quantité de nourriture chaque jour. La quantité de nourriture pour chien restant dans le 
sac à la fin de chaque jour peut être modélisée par une suite arithmétique.

Un jour particulier, Scott a ouvert un nouveau sac de nourriture pour chien et a nourri son 
chien. À la fin du troisième jour, il restait 115,5 tasses de nourriture pour chien dans le sac 
et à la fin du huitième jour, il en restait 108 tasses dans le sac.

(a) Trouvez le nombre de tasses de nourriture pour chien

(i) donné chaque jour au chien ;

(ii) restant dans le sac à la fin du premier jour. [4]

(b) Calculez le nombre de jours pendant lesquels Scott peut nourrir son chien avec un sac 
de nourriture. [2]

En 2021, Scott a dépensé 625 $ en nourriture pour chien. Scott s’attend à ce que le montant 
qu’il dépense en nourriture pour chien augmente à un taux annuel de 6,4 %.

(c) Déterminez le montant que Scott s’attend à dépenser en nourriture pour chien en 2025. 
Arrondissez votre réponse au dollar près. [3]

(d) (i)  Calculez la valeur de     ∑ 
n =1

  
10

  (625 × 1, 064   (n −1) )   .

(ii) Décrivez ce que la valeur de la partie (d)(i) représente dans ce contexte. [3]

(e) Commentez la pertinence de modéliser ce scénario avec une suite géométrique. [1]

Note: 100% common HP2.Q1 SP2.Q2
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2. [Note maximale : 15]

Un bar prépare  x  litres de café chaque matin. Le profit du bar chaque matin,  C , mesuré 
en dollars, est modélisé par l’équation suivante :

 C =   x ___ 
10

   ( k   2  −   3 ____ 
100

    x   2 )   ,

où  k  est une constante positive.

(a) Trouvez une expression pour     dC ___ 
dx

     en fonction de  k  et de  x . [3]

(b) À partir de là, trouvez la valeur maximale de  C  en fonction de  k . Donnez votre 
réponse sous la forme   p k   3   , où  p  est une constante. [4]

Le gérant du bar sait que le bar fait un profit de 426 $ lorsque 20 litres de café sont  
préparés le matin.

(c) (i)  Trouvez la valeur de  k .

(ii) Utilisez le modèle pour trouver la quantité de café que le bar doit préparer 
chaque matin pour maximiser son profit. [3]

(d) Esquissez la représentation graphique de  C  en fonction de  x , en indiquant les 
coordonnées du maximum et des points d’intersection avec l’axe des abscisses. [3]

Le gérant du bar souhaite servir le plus de clients possible.

(e) Déterminez la quantité maximale de café que le bar peut préparer sans entraîner 
de perte d’argent pour la matinée. [2]

Note: 100% common HP2.Q2 SP2.Q5
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3. [Note maximale : 18]

Le diagramme de Voronoï ci-dessous montre quatre supermarchés représentés par des 
points dont les coordonnées sont  A(0  ;  0) ,  B(6  ;  0) ,  C(0  ;  6)  et  D(2  ;  2) . Les sommets 
X, Y, Z sont également représentés. Toutes les distances sont mesurées en kilomètres.

la figure n’est pas à l’échelle

A
B

D

C

X

Y

Z

(a) Trouvez le milieu de [BD]. [2]

(b) Trouvez l’équation de (XZ). [4]

L’équation de (XY) est   y = 2 − x   et l’équation de (YZ) est   y = 0,5x + 3,5  .

(c) Trouvez les coordonnées de X. [3]

Les coordonnées de Y sont  (−1  ;  3)  et les coordonnées de Z sont  (7  ;  7) .

(d) Déterminez la longueur exacte de [YZ]. [2]

(e) Sachant que la longueur exacte de [ XY ] est    √ 
_

 32    , trouvez la mesure de l’angle XŶZ 
en degrés. [4]

(f) À partir de là, trouvez l’aire du triangle XYZ. [2]

Un urbaniste croit que plus l’aire de la cellule de Voronoï XYZ est grande, plus les gens 
feront leurs courses au supermarché D.

(g) Indiquez une critique de cette interprétation. [1]

Note: 100% common HP2.Q3 SP2.Q3
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4. [Note maximale : 15]

Un élève qui s’intéresse à la relation entre les réactions chimiques et la température trouve 
l’équation d’Arrhenius sur Internet.

 k = A e   −   
c __ 
T

    

Cette équation relie une variable  k  à la température  T , où  A  et  c  sont des constantes 
positives et   T > 0  .

(a) Montrez que     dk ___ 
dT

     est toujours positif. [3]

(b) Étant donné que    lim  
T→∞

    k = A   et    lim  
T→0

    k = 0  , esquissez la représentation graphique de  k  en 
fonction de  T . [3]

L’équation d’Arrhenius prédit que la représentation graphique de   ln k   en fonction de     1 __ 
T

     est 
une droite.

(c) Écrivez

(i) la pente de cette droite en fonction de  c  ;

(ii) l’ordonnée à l’origine de cette droite en fonction de  A . [4]

Les données suivantes sont trouvées pour une réaction particulière, où  T  est mesurée 
en Kelvin et  k  est mesurée en   cm   3   mol   −1   s   −1   :

T k

590    5 × 10   −4  

600    6 × 10   −4  

610   10 × 10   −4  

620   14 × 10   −4  

630   20 × 10   −4  

640   29 × 10   −4  

650   36 × 10   −4  

(d) Trouvez l’équation de la droite de régression pour   ln k   en fonction de     1 __ 
T

    . [2]

(e) Trouvez une estimation de

(i) c  ;

(ii) A .

Il n’est pas nécessaire d’indiquer les unités pour ces valeurs. [3]
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5. [Note maximale : 12]

Un généticien utilise un modèle de chaîne de Markov pour étudier les modifications d’un 
gène spécifique dans une cellule lors de sa division. Chaque fois que la cellule se divise, 
le gène peut muter entre son état normal et d’autres états.

Le modèle est de la forme

  ( 
 X  n+1    
 Z  n+1  

  )  = M ( 
 X  n    
 Z  n  

  )   ,

où    X  n     est la probabilité que le gène soit dans son état normal après la nième division de la 
cellule, et    Z  n     est la probabilité qu’il se trouve dans un autre état après la nième division de la 
cellule, où   n∈ℕ  .

La matrice  M  est    ( 0,94  b  
0,06

  
0,98

 )   .

(a) (i)  Écrivez la valeur de  b .

(ii) Qu’est-ce que  b  représente dans ce contexte ? [2]

(b) Trouvez les valeurs propres de  M . [3]

(c) Trouvez les vecteurs propres de  M . [3]

(d) Le gène est dans son état normal lorsque   n = 0  . Calculez la probabilité qu’il soit 
dans son état normal

(i) lorsque   n = 5   ;

(ii) à long terme. [4]
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6. [Note maximale : 21]

Lors d’un tournoi de tir à l’arc, une compétition particulière consiste à lancer une balle en l’air 
tandis qu’un archer tente de la toucher avec une flèche.

La trajectoire de la balle est modélisée par l’équation

 

 ( 
x
  y )  =  ( 5  

0
 )  + t (  

 u  x  
   u  y   − 5t )   ,

où  x  est le déplacement horizontal par rapport à l’archer et  y  est le déplacement vertical par 
rapport au sol, tous deux mesurés en mètres, et  t  est le temps, en secondes, depuis que la 
balle a été lancée.

 y   u  x     est la composante horizontale de la vitesse algébrique initiale

 y   u  y     est la composante verticale de la vitesse algébrique initiale.

Dans cette question, la balle et la flèche sont modélisées par des points uniques. La balle est 
lancée avec une vitesse algébrique initiale telle que    u  x   = 8   et    u  y   = 10  .

(a) (i)  Trouvez la vitesse initiale de la balle.

(ii) Trouvez l’angle d’élévation de la balle lorsqu’elle est lancée. [4]

(b) Trouvez la hauteur maximale atteinte par la balle. [3]

(c) En supposant que le sol est horizontal et que la balle n’est pas touchée par la flèche, 
trouvez l’abscisse du point où la balle atterrit. [3]

(d) Pour la trajectoire de la balle, trouvez une expression pour  y  en fonction de  x . [3]

Un archer lâche une flèche à partir du point  (0  ;  2) . La flèche est modélisée comme se 
déplaçant en ligne droite, dans le même plan que la balle, avec une vitesse de  60 m  s   −1   
et un angle d’élévation de   10   ∘  .

(e) Déterminez les deux positions où la trajectoire de la flèche coupe la trajectoire de la balle. [4]

(f) Déterminez l’instant où la flèche doit être relâchée pour toucher la balle avant que la 
balle n’atteigne sa hauteur maximale. [4]
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7. [Note maximale : 16]

Un scientifique spécialiste de l’environnement est invité par les autorités fluviales à modéliser
l’effet d’une fuite d’une centrale électrique sur les niveaux de mercure dans une rivière
locale. La variable  x  mesure la concentration de mercure en microgrammes par litre.

La situation est modélisée à l’aide de l’équation différentielle du deuxième ordre

    d   2 x ___

d t   2 
   + 3   dx ___ 

dt
   + 2x = 0  ,

où   t ≥ 0   est le temps mesuré en jours depuis le début de la fuite. On sait que lorsque 
 t = 0  ,   x = 0   et     dx ___ 

dt
   = 1  .

(a) Montrez que le système d’équations couplées du premier ordre :

   dx ___ 
dt

   = y

   
dy

 ___ 
dt

   = −2x − 3y 

peut s’écrire comme l’équation différentielle du deuxième ordre donnée. [2]

(b) Trouvez les valeurs propres du système d’équations couplées du premier ordre donné
dans la partie (a). [3]

(c) À partir de là, trouvez la solution exacte de l’équation différentielle du deuxième ordre. [5]

(d) Esquissez la représentation graphique de  x  en fonction  t , en indiquant les
coordonnées du le maximum de la représentation graphique. [2]

Si les niveaux de mercure sont supérieurs à 0,1 microgramme par litre, la pêche dans 
la rivière est considérée comme dangereuse et elle est arrêtée.

(e) Utilisez le modèle pour calculer le temps total pendant lequel la pêche devrait
être arrêtée. [3]

Les autorités fluviales décident d’empêcher les gens de pêcher dans la rivière pendant 
10 % de plus que le temps trouvé à partir du modèle.

(f) Écrivez une raison, en faisant référence au contexte, pour appuyer cette décision. [1]

Références :
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Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 13]

Scott compra comida para su perro en bolsas grandes y todos los días le da al perro la misma 
cantidad de comida. La cantidad de comida para perros que queda en la bolsa al final de cada 
día se puede modelizar mediante una progresión aritmética.

Un día concreto, Scott abrió una bolsa nueva de comida para perros y le dio de comer a su 
perro. Al final del tercer día quedaban en la bolsa 115,5 tazas de comida para perros, y al 
final del octavo día quedaban en la bolsa 108 tazas de comida para perros.

(a) Halle el número de tazas de comida para perros que:

(i) Le da al perro cada día.

(ii) Quedaban en la bolsa al final del primer día. [4]

(b) Calcule el número de días que se puede alimentar al perro de Scott con una misma 
bolsa de comida. [2]

En 2021, Scott se gastó 625 $ en comida para perros. Scott prevé que la cantidad que se 
gasta en comida para perros irá aumentando a un ritmo anual del 6,4 %.

(c) Determine la cantidad que Scott prevé gastar en comida para perros en 2025. 
Redondee la respuesta al número entero de dólares más próximo. [3]

(d) (i)  Calcule el valor de     ∑ 
n =1

  
10

  (625 × 1, 064   (n −1) )   .

(ii) Describa qué representa el valor del apartado (d)(i) en este contexto. [3]

(e) Comente si resulta apropiado modelizar esta situación mediante una progresión 
geométrica. [1]

Note: 100% common HP2.Q1 SP2.Q2
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2. [Puntuación máxima: 15]

En una cafetería se preparan cada mañana  x  litros de café. Los beneficios que obtiene la 
cafetería cada mañana ( C , en dólares) se pueden modelizar mediante la siguiente ecuación:

 
C =   x ___ 

10
   ( k   2  −   3 ____ 

100
    x   2 )   ,

donde  k  es una constante positiva.

(a) Halle una expresión para     dC ___ 
dx

     en función de  k  y  x . [3]

(b) A partir de lo anterior, halle el valor máximo de  C  en función de  k . Dé la respuesta en 
la forma   p k   3   , donde  p  es una constante. [4]

El encargado sabe que la cafetería obtiene unos beneficios de 426 $ cuando en una mañana 
se preparan 20 litros de café.

(c) (i)  Halle el valor de  k .

(ii) Utilice el modelo para hallar cuánto café se debería preparar cada mañana en la 
cafetería para maximizar los beneficios obtenidos. [3]

(d) Dibuje aproximadamente el gráfico de  C  en función de  x , rotulando el punto máximo y 
los puntos de corte con el eje  x  con sus coordenadas correspondientes. [3]

El encargado de la cafetería desea atender al mayor número posible de clientes.

(e) Determine la cantidad máxima de café que puede preparar la cafetería en una  
mañana sin incurrir en una pérdida de dinero. [2]

Note: 100% common HP2.Q2 SP2.Q5
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3. [Puntuación máxima: 18]

El siguiente diagrama de Voronoi muestra cuatro supermercados, que están representados 
por los puntos de coordenadas  A(0 ,  0) ,  B(6 ,  0) ,  C(0 ,  6)  y  D(2 ,  2) . El diagrama también 
muestra los vértices X, Y, Z. Todas las distancias se miden en kilómetros.

la figura no está dibujada a escala

A
B

D

C

X

Y

Z

(a) Halle el punto medio de [BD]. [2]

(b) Halle la ecuación de (XZ). [4]

La ecuación de (XY) es   y = 2 − x   y la ecuación de (YZ) es   y = 0,5x + 3,5  .

(c) Halle las coordenadas de X. [3]

Las coordenadas de Y son  (−1 ,  3)  y las coordenadas de Z son  (7 ,  7) .

(d) Determine la longitud exacta de [YZ]. [2]

(e) Sabiendo que la longitud exacta de [ XY ] es    √ 
_

 32    , halle el tamaño (en grados) de XŶZ. [4]

(f) A partir de lo anterior, halle el área del triángulo XYZ. [2]

Un técnico de urbanismo cree que cuanto mayor sea el área de la celda de Voronoi XYZ, 
más gente comprará en el supermercado D.

(g) Indique una crítica a esta interpretación. [1]

Note: 100% common HP2.Q3 SP2.Q3
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4. [Puntuación máxima: 15]

Un alumno que está investigando la relación que existe entre las reacciones químicas y la 
temperatura encuentra en Internet la ecuación de Arrhenius.

 k = A e   −   
c __ 
T

    

Esta ecuación establece una relación entre la variable  k  y la temperatura  T , donde  A  y  c  
son constantes positivas y   T > 0  .

(a) Muestre que     dk ___ 
dT

     siempre es positiva. [3]

(b) Sabiendo que    lim  
T→∞

    k = A   y    lim  
T→0

    k = 0  , dibuje aproximadamente el gráfico de  k  en 
función de  T . [3]

La ecuación de Arrhenius predice que el gráfico de   ln k   en función de     1 __ 
T

     es una línea recta.

(c) Escriba:

(i) La pendiente de esta recta en función de  c 

(ii) El punto de corte de esta recta con el eje  y  en función de  A  [4]

Se han hallado los siguientes datos para una reacción determinada, donde  T  se mide en 
kelvin y  k  se mide en   cm   3   mol   −1   s   −1  :

T k

590    5 × 10   −4  

600    6 × 10   −4  

610   10 × 10   −4  

620   14 × 10   −4  

630   20 × 10   −4  

640   29 × 10   −4  

650   36 × 10   −4  

(d) Halle la ecuación de la recta de regresión de   ln k   sobre     1 __ 
T

    . [2]

(e) Halle una estimación de

(i) c 

(ii) A 

Para estos valores no es necesario indicar las unidades. [3]
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5. [Puntuación máxima: 12]

Un genetista utiliza un modelo de cadenas de Markov para investigar los cambios que se 
producen en un gen concreto de una célula a medida que esta se va dividiendo. Cada vez 
que la célula se divide, el gen puede mutar entre su estado normal y otros estados.

El modelo es de la forma

  ( 
 X  n+1    
 Z  n+1  

  )  = M ( 
 X  n    
 Z  n  

  )   ,

donde    X  n     es la probabilidad de que el gen esté en su estado normal después de que la 
célula se haya dividido por  n-ésima vez y    Z  n     es la probabilidad de que esté en otro estado 
después de que la célula se haya dividido por  n-ésima vez, con   n∈ℕ  .

Se ha hallado que la matriz  M  es    ( 0,94  b  
0,06

  
0,98

 )   .

(a) (i)  Escriba el valor de  b .

(ii) ¿Qué representa  b  en este contexto? [2]

(b) Halle los valores propios de  M . [3]

(c) Halle los vectores propios de  M . [3]

(d) El gen se encuentra en su estado normal cuando   n = 0  . Calcule la probabilidad de que 
esté en su estado normal:

(i) Cuando   n = 5  

(ii) A largo plazo [4]
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6. [Puntuación máxima: 21]

En una de las pruebas de un torneo de tiro con arco se lanza una bola al aire y el arquero 
tiene que tratar de darle con una flecha.

La trayectoria de la bola se puede modelizar mediante la ecuación

 

 ( 
x
  y )  =  ( 5  

0
 )  + t (  

 u  x  
   u  y   − 5t )   ,

donde  x  es el desplazamiento horizontal respecto al arquero,  y  es el desplazamiento vertical 
respecto al nivel del suelo (ambos desplazamientos se miden en metros) y  t  es el tiempo (en 
segundos) transcurrido desde que se lanzó la bola.

 y   u  x     es la componente horizontal de la velocidad inicial.

 y   u  y     es la componente vertical de la velocidad inicial.

En esta pregunta, tanto la bola como la flecha se modelizan como objetos puntuales. La bola 
se lanza con una velocidad inicial tal que    u  x   = 8   y    u  y   = 10  .

(a) (i)  Halle la celeridad inicial de la bola.

(ii) Halle el ángulo de elevación de la bola mientras la lanzan. [4]

(b) Halle la altura máxima que alcanza la bola. [3]

(c) Suponiendo que el suelo es horizontal y que la flecha no da a la bola, halle la 
coordenada  x  del punto donde aterriza la bola. [3]

(d) Para la trayectoria de la bola, halle una expresión que dé  y  en función de  x . [3]

Un arquero lanza una flecha desde el punto  (0 ,  2) . Se supone que la flecha se desplaza 
en línea recta, en el mismo plano que la bola, con celeridad  60 m  s   −1   y con un ángulo de 
elevación de   10   ∘  .

(e) Determine las dos posiciones en las que la trayectoria de la flecha corta a la trayectoria 
de la bola. [4]

(f) Determine el instante en el que habría que lanzar la flecha para que dé a la bola antes 
de que la bola alcance su altura máxima. [4]
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7. [Puntuación máxima: 16]

Una autoridad fluvial le pide a un científico ambiental que modelice el efecto de una fuga
ocurrida en una central eléctrica sobre la concentración de mercurio en un río cercano.
La variable  x  representa la concentración de mercurio en microgramos por litro.

La situación se modeliza utilizando la siguiente ecuación diferencial de segundo orden:

    d   2 x ___

d t   2 
   + 3   dx ___ 

dt
   + 2x = 0  ,

donde   t ≥ 0   es el tiempo (en días) que ha transcurrido desde que se inició la fuga. Se sabe 

que para   t = 0  ,   x = 0   y     dx ___ 
dt

   = 1  .

(a) Muestre que el sistema de ecuaciones de primer orden acopladas

   dx ___ 
dt

   = y

   
dy

 ___ 
dt

   = −2x − 3y 

se puede escribir como la ecuación diferencial de segundo orden dada anteriormente. [2]

(b) Halle los valores propios del sistema de ecuaciones de primer orden acopladas
dado en el apartado (a). [3]

(c) A partir de lo anterior, halle la solución exacta de la ecuación diferencial de
segundo orden. [5]

(d) Dibuje aproximadamente el gráfico de  x  en función de  t , rotulando el punto máximo
del gráfico con sus coordenadas. [2]

Si la concentración de mercurio es mayor que 0,1 microgramos por litro, se considera que la 
pesca en ese río no es segura y se prohíbe.

(e) Utilice el modelo para calcular el tiempo total durante el cual se debería prohibir la pesca. [3]

La autoridad fluvial decide prohibir la pesca en el río durante un tiempo un 10 % mayor que 
el hallado con el modelo.

(f) Escriba un motivo, haciendo referencia al contexto, que respalde esta decisión. [1]

Referencias:
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 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
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Answer both questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 28]

This question is about modelling the spread of a computer virus to predict the number 
of computers in a city which will be infected by the virus.

A systems analyst defines the following variables in a model:

 y t  is the number of days since the first computer was infected by the virus.
 y  Q(t )   is the total number of computers that have been infected up to and 

including day  t .

The following data were collected:

t 10 15  20   25   30      35      40

 Q(t ) 20 90 403 1806 8070 32 667 120 146

(a) (i)  Find the equation of the regression line of   Q(t )   on  t . [2]

(ii) Write down the value of  r , Pearson’s product-moment correlation coefficient. [1]

(iii) Explain why it would not be appropriate to conduct a hypothesis test on the 
value of  r  found in (a)(ii). [1]

A model for the early stage of the spread of the computer virus suggests that

  Q ′  (t ) = βNQ(t ) 

where  N  is the total number of computers in a city and   β   is a measure of how easily the 
virus is spreading between computers. Both  N  and   β   are assumed to be constant.

(b) (i)  Find the general solution of the differential equation    Q ′  (t ) = βNQ(t )  . [4]

(ii) Using the data in the table write down the equation for an appropriate 
non-linear regression model. [2]

(iii) Write down the value of    R   2    for this model. [1]

(iv) Hence comment on the suitability of the model from (b)(ii) in comparison with the 
linear model found in part (a). [2]

(v) By considering large values of  t  write down one criticism of the model found in 
(b)(ii). [1]

(This question continues on the following page)



– 3 –

M22/5/MATHY/HP3/ENG/TZ1/XX

2222 – 7208

Turn over

(Question 1 continued)

(c) Use your answer from part (b)(ii) to estimate the time taken for the number of infected 
computers to double. [2]

The data above are taken from city X which is estimated to have 2.6 million computers. 
The analyst looks at data for another city, Y. These data indicate a value of   β = 9.64 ×  10   −8   .

(d) Find in which city, X or Y, the computer virus is spreading more easily. Justify your 
answer using your results from part (b). [3]

An estimate for    Q ′  (t ) , t ≥ 5  , can be found by using the formula:

  Q ′  (t ) ≈   
Q(t + 5) − Q(t − 5)

  ________________ 
10

    .

The following table shows estimates of    Q ′  (t )   for city X at different values of  t .

t 10 15 20 25 30 35 40

 Q(t ) 20 90 403 1806 8070 32 667 120 146

  Q ′  (t ) a 171.6 766.7 b 11 207.6

(e) Determine the value of  a  and of  b . Give your answers correct to one decimal place. [2]

An improved model for   Q(t )  , which is valid for large values of  t , is the logistic  
differential equation

 
 Q ′  (t ) = k Q(t ) (1 −   

Q(t )
 ____ 

L
  )  

where  k  and  L  are constants.

Based on this differential equation, the graph of     
 Q ′  (t )

 ____ 
Q(t )     against   Q(t )   is predicted to be 

a straight line.

(f) (i)  Use linear regression to estimate the value of  k  and of  L . [5]

(ii) The solution to the differential equation is given by

 Q(t ) =   L ________ 
1 + C  e   −kt 

   

where  C  is a constant.

Using your answer to part (f)(i), estimate the percentage of computers in city X 
that are expected to have been infected by the virus over a long period of time. [2]
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2. [Maximum mark: 27]

This question is about a metropolitan area council planning a new town and the 
location of a new toxic waste dump.

A metropolitan area in a country is modelled as a square. The area has four towns, located 
at the corners of the square. All units are in kilometres with the  x-coordinate representing the 
distance east and the  y-coordinate representing the distance north from the origin at  (0 ,  0) .

 y Edison is modelled as being positioned at  E(0 ,  40) .
 y Fermitown is modelled as being positioned at  F(40 ,  40) .
 y Gaussville is modelled as being positioned at  G(40 ,  0) .
 y Hamilton is modelled as being positioned at  H(0 ,  0) .

(a) The model assumes that each town is positioned at a single point. Describe possible 
circumstances in which this modelling assumption is reasonable. [1]

(b) Sketch a Voronoi diagram showing the regions within the metropolitan area that are 
closest to each town. [1]

The metropolitan area council decides to build a new town called Isaacopolis located  
at  I(30 ,  20) .

A new Voronoi diagram is to be created to include Isaacopolis. The equation of the 

perpendicular bisector of [IE] is   y =   3 __ 
2
   x +   15 ___ 

2
    .

(c) (i)  Find the equation of the perpendicular bisector of [IF]. [4]

(ii) Given that the coordinates of one vertex of the new Voronoi diagram are  (20 ,  37.5) , 
find the coordinates of the other two vertices within the metropolitan area. [4]

(iii) Sketch this new Voronoi diagram showing the regions within the metropolitan 
area which are closest to each town. [2]

The metropolitan area is divided into districts based on the Voronoi regions found 
in part (c).

(d) A car departs from a point due north of Hamilton. It travels due east at constant speed 
to a destination point due North of Gaussville. It passes through the Edison, Isaacopolis 
and Fermitown districts. The car spends 30 % of the travel time in the Isaacopolis district.

Find the distance between Gaussville and the car’s destination point. [4]

(This question continues on the following page)
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(Question 2 continued)

A toxic waste dump needs to be located within the metropolitan area. The council wants to 
locate it as far as possible from the nearest town.

(e) (i)  Find the location of the toxic waste dump, given that this location is not on the
edge of the metropolitan area. [4]

(ii) Make one possible criticism of the council’s choice of location. [1]

(f) The toxic waste dump, T, is connected to the towns via a system of sewers.

The connections are represented in the following matrix,  M , where the order of rows
and columns is (E, F, G, H, I, T).

 M =  

⎛

 ⎜ 

⎝

 

1

  

0

  

1

  

1

  

0

  

0

   

0

  

1

  

0

  

0

  

0

  

1

   1  0  1  0  1  0   
1
  

0
  

0
  

1
  

0
  

1
   

0

  

0

  

1

  

0

  

1

  

0

   

0

  

1

  

0

  

1

  

0

  

1

 

⎞

⎟
⎠

A leak occurs from the toxic waste dump and travels through the sewers. The pollution 
takes one day to travel between locations that are directly connected.

The digit 1 in  M  represents a direct connection. The values of 1 in the leading diagonal 
of  M  mean that once a location is polluted it will stay polluted.

(i) Find which town is last to be polluted. Justify your answer. [3]

(ii) Write down the number of days it takes for the pollution to reach the last town. [1]

(iii) A sewer inspector needs to plan the shortest possible route through each of the
connections between different locations. Determine an appropriate start point and
an appropriate end point of the inspection route.

Note that the fact that each location is connected to itself does not correspond to
a sewer that needs to be inspected. [2]

References:
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 

 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 

 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) (i) ( ) 3090 54000 (3094.27... 54042.3...)Q t t t= − −   A1A1 

Note:  Award at most A1A0 if answer is not an equation. Award A1A0 for an answer 
including either x or y. 

      [2 marks] 
 
  (ii) 0.755   (0.754741…) A1 

      [1 mark] 
 
  (iii) t is not a random variable  OR  it is not a (bivariate) normal distribution   

OR  data is not a sample from a population 
   OR data appears nonlinear 
   OR r only measures linear correlation R1 

Note:   Do not accept “r is not large enough”. 

      [1 mark] 
 
 (b) (i) attempt to separate variables (M1) 

   
1

d dQ N t
Q

β∫ = ∫   

   ln Q Nt cβ= +  A1A1A1 

Note:  Award A1 for LHS, A1 for Ntβ , and A1 for c+ .  

Award full marks for  e Nt cQ β +=    OR   e NtQ A β= . 

Award M1A1A1A0 for e NtQ β=  

      [4 marks] 
 
  (ii) attempt at exponential regression  (M1) 

   0.292 0.292055... )1.15e ( 1.14864...et tQ Q= =  A1 

   OR 
   attempt at exponential regression  (M1) 

   1.15 1.34 (1.1486 )4... 1.33917...t tQ = × ×  A1 

Note:   Condone answers involving y or x. Condone absence of “Q =” 
Award M1A0 for an incorrect answer in correct format. 

      [2 marks] 
 
  (iii) 0.999 (0.999431...)   A1 

      [1 mark] 
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  (iv) comparing something to do with 2R  and something to do with r  M1 

Note:  Examples of where the M1 should be awarded: 
 2R r>  
 R r>  
 0.999 0.755>  

 20.999 0.755 ( 0.563)> =  
 The “correlation coefficient” in the exponential model is larger. 
 Model B has a larger 2R  
Examples of where the M1 should not be awarded: 
 The exponential model shows better correlation (since not clear how it  
 is being measured) 

   Model 2 has a better fit 
   Model 2 is more correlated 

 
  an unambiguous comparison between 2R  and 2r  or R  and r  leading  

to the conclusion that the model in part (b) is more suitable / better  A1 

Note:  Condone candidates claiming that R is the “correlation coefficient” for the 
non-linear model.  

      [2 marks] 
 
  (v) it suggests that there will be more infected computers than the  

entire population R1 

Note:  Accept any response that recognizes unlimited growth. 

      [1 mark] 
 

 (c) 0.2921.15e 2.3t =    OR   1.15 1.34 2.3t× =    OR   
ln 2

0.292
t =    OR   using the model to  

find two specific times with values of ( )Q t  which double M1  

  2.37t =  (days)  A1 

Note:  Do not FT from a model which is not exponential. Award M0A0 for an answer of 2.13 
which comes from using (10, 20) from the data or any other answer which finds a 
doubling time from figures given in the table. 

[2 marks] 
 
 (d) an attempt to calculate β  for city X (M1) 

 

  
6

0.292055...

2.6 10
β =

×
   OR   

6

ln1.33917...

2.6 10
β =

×
 

  71.12328... 10−= ×  A1 
  this is larger than 89.64 10−×  so the virus spreads more easily in city X R1 

Note:  It is possible to award M1A0R1.  
Condone “so the virus spreads faster in city X” for the final R1. 

      [3 marks] 
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 (e) 38.3, 3086.1a b= =  A1A1 

Note:  Award A1A0 if values are correct but not to 1 dp. 

      [2 marks] 
 

 (f) (i) 60.42228 2.5561 10
Q

Q
Q

−′
= − ×  (A1)(A1) 

Note:  Award A1 for each coefficient seen – not necessarily in the equation.  Do not penalize 
seeing in the context of y and x.  

 

   identifying that the constant is k  OR that the gradient is 
k

L
−  (M1) 

   therefore 0.422 (0.422228...)k =   A1 

   62.5561 10
k

L
−= ×  

   165000 (165205)L =  A1 

Note:  Accept a value of L of 164843 from use of 3 sf value of k, or any other value from 
plausible pre-rounding. 

  Allow follow-through within the question part, from the equation of their line to the 
final two A1 marks.  

      [5 marks] 
 

  (ii) recognizing that their L is the eventual number of infected (M1) 

   
165205...

6.35% (6.35403...%)
2600000

=  A1 

Note:  Accept any final answer consistent with their answer to part (f)(i) unless their L is less 
than 120146 in which case award at most M1A0. 

      [2 marks] 
 

      [Total 28 marks] 
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2. (a) the size of each town is small (in comparison with the distance between the towns) 
  OR 
  if towns have an identifiable centre 
  OR 
  the centre of the town is at that point R1 

Note:  Accept a geographical landmark in place of “centre”, e.g. “town hall” or “capitol”. 

      [1 mark] 
 

 (b)  

     A1 

Note:  There is no need for a scale / coordinates here. Condone boundaries 
extending beyond the metropolitan area. 

      [1 mark] 
 

 (c) (i) the gradient of IF is 
40 20

2
40 30

−
=

−
  (A1) 

   negative reciprocal of any gradient (M1) 

   gradient of perpendicular bisector 
1

2
= −   

Note:  Seeing 
2

3
−  (for example) used clearly as a gradient anywhere is evidence of the 

“negative reciprocal” method despite being applied to an inappropriate gradient. 
 

   midpoint is 
40 30 40 20

, (35,  30)
2 2

+ +  = 
 

 (A1) 

   equation of perpendicular bisector is 
1

30 ( 35)
2

y x− = − −  A1 

Note:  Accept equivalent forms e.g. 
1 95

2 2
y x= − +    or   2 95 0y x+ − = . 

Allow FT for the final A1 from their midpoint and gradient of perpendicular 
bisector, as long as the M1 has been awarded. 

      [4 marks]  
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  (ii) the perpendicular bisector of EH is 20y =  (A1) 

Note:  Award this A1 if seen in the y-coordinate of any final answer or if 20 is 
used as the y-value in the equation of any other perpendicular bisector.  

 
   attempt to use symmetry  OR  intersecting two perpendicular bisectors  (M1) 

   
25

, 20
3

 
 
 

  A1 

   (20, 2.5)   A1 
      [4 marks] 

  (iii) 

     M1A1 

Note:  Award M1 for exactly four perpendicular bisectors around I (IE, IF, IG and IH) seen, 
even if not in exactly the right place. 
Award A1 for a completely correct diagram. Scale / coordinates are NOT necessary. 
Vertices should be in approximately the correct positions but only penalized if clearly 
wrong (condone northern and southern vertices appearing to be very close to the 
boundary). 
 

  Condone the Voronoi diagram extending outside of the square.  
  Do not award follow-though marks in this part.  

      [2 marks] 
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 (d) 30% of 40 is 12  (A1) 
   
  recognizing line intersects bisectors at y c=  (or equivalent) but  (M1) 

different x-values  

  1

3 15

2 2
c x= +   and  2

1 95

2 2
c x= − +  

  finding an expression for the distance in Isaacopolis in terms of one variable (M1) 

  2 1

2 15 8
(95 2 ) 100

3 3

c c
x x c

−
− = − − = −  

  equating their expression to 12 

  
8

100 0.3 40 12
3

c
− = × =  

  33c =  
  distance 33=  (km) A1 

      [4 marks] 
 
 (e) (i) must be a vertex (award if vertex given as a final answer)  (R1) 
   attempt to calculate the distance of at least one town from a vertex  (M1) 

Note:  This must be seen as a calculation or a value. 

 
   correct calculation of distances A1 

   
65

3
   OR   21.7   AND   406.25    OR   20.2  

   

   
25

, 20
3

 
 
 

  A1 

Note: Award R1M0A0A0 for a vertex written with no other supporting calculations. 
  Award R1M0A0A1 for correct vertex with no other supporting calculations. 

The final A1 is not dependent on the previous A1. There is no follow-through 
for the final A1. 
 
Do not accept an answer based on “uniqueness” in the question. 

      [4 marks] 
 
  (ii) For example, any one of the following: 
   decision does not take into account the different population densities 
   closer to a city will reduce travel time/help employees 
   it is closer to some cites than others R1 

Note: Accept any correct reason that engages with the scenario.  
 Do not accept any answer to do with ethical issues about whether toxic waste 

should ever be dumped, or dumped in a metropolitan area. 

      [1 mark] 
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 (f) (i) METHOD 1 
   attempting 3M  M1 
   attempting 4M  M1 
   e.g. 

   last row/column of ( )3 3 5 1 6 0 7=M  

   last row/column of ( )4 10 12 4 16 1 18=M  

   hence Isaacopolis is the last city to be polluted A1 

Note: Do not award the A1 unless both 3M  and 4M  are considered.   
Award M1M0A0 for a claim that the shortest distance is from T to I 
and that it is 4, without any support. 

 
   METHOD 2 
   attempting to translate M to a graph or a list of cities polluted on each day (M1) 
   correct graph or list A1 

 
 
   hence Isaacopolis is the last city to be polluted A1 

Note: Award M1A1A1 for a clear description of the graph in words leading to the correct answer.  

      [3 marks] 
 
   (ii) it takes 4 days A1 

      [1 mark] 
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  (iii) EITHER 
   the orders of the different vertices are: 
   E 2 
   F 1 
   G 2 
   H 2 
   I 1 
   T 2  (A1) 

Note: Accept a list where each order is 2 greater than listed above. 

 
   OR 

a correct diagram/graph showing the connections between  
the locations (A1) 

Note: Accept a diagram with loops at each vertex. 
 This mark should be awarded if candidate is clearly using their 

correct diagram from the previous part.  

 
   THEN 
   “Start at F and end at I”   OR   “Start at I and end at F” A1 

Note:  Award A1A0 for “it could start at either F or I”. 
 Award A1A1 for “IGEHTF”   OR   “FTHEGI”. 
 Award A1A1 for “F and I”   OR   “I and F”. 

      [2 marks] 
 

      [Total 27 marks] 
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Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [55 marks].
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Answer both questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 27]

This question uses statistical tests to investigate whether advertising leads to 
increased profits for a grocery store.

Aimmika is the manager of a grocery store in Nong Khai. She is carrying out a statistical 
analysis on the number of bags of rice that are sold in the store each day. She collects the 
following sample data by recording how many bags of rice the store sells each day over a 
period of 90 days.

Number of bags 
of rice sold  0  1  2  3  4  5  6  7  8  9 10

Number of days  1  8 12 11 19 14 13  8  2  0  2

She believes that her data follows a Poisson distribution.

(a) (i)  Find the mean and variance for the sample data given in the table. [2]

(ii) Hence state why Aimmika believes her data follows a Poisson distribution. [1]

(b) State one assumption that Aimmika needs to make about the sales of bags of rice to 
support her belief that it follows a Poisson distribution. [1]

Aimmika knows from her historic sales records that the store sells an average of 4.2 bags of 
rice each day. The following table shows the expected frequency of bags of rice sold each 
day during the 90 day period, assuming a Poisson distribution with mean 4.2.

Number of bags 
of rice sold ≤ 1 2 3 4 5 6 7 ≥ 8

Expected 
frequency a 11.903 16.665 b 14.698 10.289 6.173 c

(c) Find the value of  a , of  b , and of  c . Give your answers to 3 decimal places. [5]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Aimmika decides to carry out a    χ   2    goodness of fit test at the 5 % significance level to see 
whether the data follows a Poisson distribution with mean 4.2.

(d) (i)  Write down the number of degrees of freedom for her test. [1]

(ii) Perform the    χ   2    goodness of fit test and state, with reason, a conclusion. [7]

Aimmika claims that advertising in a local newspaper for 300 Thai Baht (THB) per day 
will increase the number of bags of rice sold. However, Nichakarn, the owner of the store, 
claims that the advertising will not increase the store’s overall profit.

Nichakarn agrees to advertise in the newspaper for the next 60 days. During that time, 
Aimmika records that the store sells 282 bags of rice with a profit of 495 THB on  
each bag sold.

(e) Aimmika wants to carry out an appropriate hypothesis test to determine whether the 
number of bags of rice sold during the 60 days increased when compared with the 
historic sales records.

(i) By finding a critical value, perform this test at a 5 % significance level. [6]

(ii) Hence state the probability of a Type I error for this test. [1]

(f) By considering the claims of both Aimmika and Nichakarn, explain whether the 
advertising was beneficial to the store. [3]
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2. [Maximum mark: 28]

This question compares possible designs for a new computer network between 
multiple school buildings, and whether they meet specific requirements.

A school’s administration team decides to install new fibre-optic internet cables underground. 
The school has eight buildings that need to be connected by these cables. A map of the 
school is shown below, with the internet access point of each building labelled A–H.

A B

D

C

E

HGF

Lake

Jonas is planning where to install the underground cables. He begins by determining the 
distances, in metres, between the underground access points in each of the buildings.

He finds   AD = 89.2 m  ,   DF = 104.9 m   and   A D ̂  F =  83   ∘   .

(a) Find AF. [3]

The cost for installing the cable directly between A and F is $21 310.

(b) Find the cost per metre of installing this cable. [2]

Jonas estimates that it will cost $110 per metre to install the cables between all the  
other buildings.

(c) State why the cost for installing the cable between A and F would be higher than 
between the other buildings. [1]

(This question continues on the following page)
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(Question 2 continued)

Jonas creates the following graph,  S , using the cost of installing the cables between two 
buildings as the weight of each edge.

A

B

C

D E

F G H
960312 606

21
 3

10

8811 13 156

13
 5

74

8239

8833

9812

9251
10 153

87
78

11
 53

9 8668 97
24

The computer network could be designed such that each building is directly connected to at 
least one other building and hence all buildings are indirectly connected.

(d) (i)  By using Kruskal’s algorithm, find the minimum spanning tree for  S , showing 
clearly the order in which edges are added. [3]

(ii) Hence find the minimum installation cost for the cables that would allow all the 
buildings to be part of the computer network. [2]

The computer network fails if any part of it becomes unreachable from any other part. 
To help protect the network from failing, every building could be connected to at least 
two other buildings. In this way if one connection breaks, the building is still part of the 
computer network. Jonas can achieve this by finding a Hamiltonian cycle within the graph.

(e) State why a path that forms a Hamiltonian cycle does not always form an Eulerian circuit. [1]

(f) Starting at D, use the nearest neighbour algorithm to find the upper bound for the 
installation cost of a computer network in the form of a Hamiltonian cycle.

Note: Although the graph is not complete, in this instance it is not necessary to form a 
table of least distances. [5]

(g) By deleting D, use the deleted vertex algorithm to find the lower bound for the 
installation cost of the cycle. [6]

(This question continues on the following page)
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(Question 2 continued)

After more research, Jonas decides to install the cables as shown in the diagram below.

A

D

F

B

G

C

E

H

Each individual cable is installed such that each end of the cable is connected to a building’s 
access point. The connection between each end of a cable and an access point has a 1.4 % 
probability of failing after a power surge.

For the network to be successful, each building in the network must be able to communicate 
with every other building in the network. In other words, there must be a path that connects 
any two buildings in the network. Jonas would like the network to have less than a 2 % 
probability of failing to operate after a power surge.

(h) Show that Jonas’s network satisfies the requirement of there being less than a 2 % 
probability of the network failing after a power surge. [5]

References:
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 

 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 

 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) (i) mean 4.23 (4.23333 )= …   A1 
 
   variance 4.27 (4.26777...)=  A1 

      [2 marks] 
 
  (ii) mean is close to the variance A1 

      [1 mark] 
 
 (b) One of the following: 
  the number of bags sold each day is independent of any other day 
  the sale of one bag is independent of any other bag sold 
  the sales of bags of rice (each day) occur at a constant mean rate A1 

Note:  Award A1 for a correct answer in context. Any statement referring to independence 
must refer to either the independence of each bag sold or the independence of the 
number of bags sold each day. If the third option is seen, the statement must refer 
to a “constant mean” or “constant average”. Do not accept “the number of bags 
sold each day is constant”. 

      [1 mark] 
 
 (c) attempt to find Poisson probabilities and multiply by 90 (M1) 
  7.018a =     A1 
  17.498b =     A1 
   
  EITHER 
  ( )90 P ( 8) 90 1 P ( 7)X X× ≥ = × − ≤  (M1) 

  5.755c =    A1 
 
  OR 
  90 7.018 11.903 16.665 17.498 14.698 10.289 6.173− − − − − − −   (M1) 
  5.756c =     A1 

Note:   Do not penalize the omission of clear a, b and c labelling as this will be penalized 
later if correct values are interchanged. 

      [5 marks] 
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 (d) (i) 7   A1 
      [1 mark] 

 
  (ii) 0H : The number of bags of rice sold each day follows a Poisson  

 distribution with mean 4.2. A1 
 
   1H : The number of bags of rice sold each day does not follow a  

 Poisson distribution with mean 4.2. A1 

Note:  Award A1A1 for both hypotheses correctly stated and in correct order. Award A1A0 if 
reference to the data and/or “mean 4.2” is not included in the hypotheses, but otherwise 
correct.  

 
   evidence of attempting to group data to obtain the observed 
   frequencies for 1≤  and 8≥  (M1) 
 
   -value 0.728 (0.728100...)p =  A2 
 
   0.728 (0.728100...) 0.05>  R1 
 

the result is not significant so there is no reason to reject 0H   

(the number of bags sold each day follows a Poisson distribution) A1 

Note:  Do not award R0A1. The conclusion MUST follow through from their hypotheses. If no 
hypotheses are stated, the final A1 can still be awarded for a correct conclusion as 
long as it is in context (e.g. therefore the data follows a Poisson distribution). 

      [7 marks] 
  



 – 10 – M22/5/MATHY/HP3/ENG/TZ2/XX/M 

 

 (e) (i) METHOD 1 
    evidence of multiplying 4.2 60×  (seen anywhere) M1 
   0H : 252µ =   

   1H : 252µ >  A1 

Note:  Accept 0H : 4.2µ =  and 1H : 4.2µ >  for the A1. 

 
   evidence of finding probabilities around critical region (M1) 

Note:   Award (M1) for any of these values seen: 
P ( 277) 0.0630518X ≥ = …   OR   P ( 276) 0.936948X ≤ = …  

P ( 278) 0.0558415X ≥ = …  OR   P ( 277) 0.944158X ≤ = …  

P ( 279) 0.0493055X ≥ = …  OR   P ( 278) 0.950694X ≤ = … . 

 
   critical value 279=  A1 
 

282 279 ≥ ,  R1 
   the null hypothesis is rejected  A1 
   (the advertising increased the number of bags sold during the 60 days)  

Note:   Do not award R0A1. Accept statements referring to the advertising being effective 
for A1 as long as the R mark is satisfied. For the R1A1, follow through within the 
part from their critical value. 

 
  METHOD 2 
  evidence of dividing 282  by 60  (or 4.7  seen anywhere) M1 
   0H : 4.2µ =   

   1H : 4.2µ >   A1 
  attempt to find critical value using central limit theorem (M1) 

  (e.g. sample standard deviation 
4.2

60
= , 

4.2
~ N 4.2,  

60
X

 
  
 

, etc.) 

Note:  Award (M1) for a p -value of 0.0293907… seen. 

 
  critical value 4.63518= … A1 
 
  4.7 4.63518> … R1 
   the null hypothesis is rejected  A1 
   (the advertising increased the number of bags sold during the 60 days)  

Note:  Do not award R0A1. Accept statements referring to the advertising being effective 
for A1 as long as the R mark is satisfied. For the R1A1, follow through within the 
part from their critical value. 

      [6 marks] 
 
  (ii) ( )P ( 279 | 252) 0.0493 (0.0493055 )X µ≥ = = …  A1 

Note:   If a candidate uses METHOD 2 in part (e)(i), allow an FT answer of 0.05 for this 
part but only if the candidate has attempted to find a p-value. 

[1 mark] 
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 (f) attempt to compare profit difference with cost of advertising (M1) 

Note:   Award (M1) for evidence of candidate mathematically comparing a profit difference 
with the cost of the advertising. 

 
EITHER 
(comparing profit from 30 extra bags of rice with cost of advertising) 
14850 18000<    A1 
 
OR 
(comparing total profit with and without advertising) 
121590 124740 <  A1 
 
OR 
(comparing increase of average daily profit with daily advertising cost) 
247.50 300 <   A1 

 
THEN 
 
EITHER 

  Even though the number of bags of rice increased, the advertising is not  
worth it as the overall profit did not increase. R1 

 
  OR 
  The advertising is worth it even though the cost is less than the increased  

profit, since the number of customers increased (possibly buying other products  
and/or returning in the future after advertising stops)  R1 

Note:   Follow through within the part for correct reasoning consistent with their comparison. 

      [3 marks] 
 

      [Total 27 marks] 
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2. (a) 2 2 2AF 89.2 104.9 2(89.2) (104.9)cos83= + −   (M1)(A1) 

Note:  Award (M1) for substitution into the cosine rule and (A1) for correct substitution. 

 
  AF 129 m (129.150...)=   A1 

      [3 marks] 
 
 (b) 21310 129.150÷ …  (M1) 
 
  $ 165     A1 

      [2 marks] 
 
 (c) any reasonable statement referring to the lake R1 

(eg. there is a lake between A and F, the cables would need to be installed 
under/over/around the lake, special waterproof cables are needed for lake, etc.) 

    [1 mark] 
 
 (d) (i) edges (or weights) are chosen in the order 
   CE (8239)  
   DG (8668)  
   BD (8778) 
   AB (8811)  
   DE (8833) 
   EH (9251) 
   DF (11 539) A1A1A1 
 

 

Note:  Award A1 for the first two edges chosen in the correct order. Award A1A1 for 
the first six edges chosen in the correct order. Award A1A1A1 for all seven 
edges chosen in the correct order. Accept a diagram as an answer, provided 
the order of edges is communicated.  

      [3 marks] 
 

(ii) Finding the sum of the weights of their edges (M1) 
  8239 8668 8778 8811 8833 9251 11539+ + + + + +  

 
   total cost = $64 119 A1 

      [2 marks] 
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 (e) a Hamiltonian cycle is not always an Eulerian circuit as it does not have to  
include all edges of the graph (only all vertices) R1 
      [1 mark] 

 
 (f) edges (or weights) are chosen in the order  
  DG (8668)  
  GH (9603)  
  HE (9251)  
  EC (8239) 
  CB (13 156) 
  BA (8811)  
  AF (21 310)  
  FD (11 539)  A1A1A1 
 

 

Note:  Award A1 for the first two edges chosen in the correct order. Award A1A1 for 
the first five edges chosen in the correct order. Award A1A1A1 for all eight 
edges chosen in the correct order. Accept a diagram as an answer, provided 
the order of edges is communicated.  

 
  finding the sum of the weights of their edges (M1) 
  8668 9603 9251 8239 13156 8811 21310 11539+ + + + + + +   
   
  upper bound = $90 577 A1 

      [5 marks] 
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 (g) attempt to find MST after deleting vertex D (M1) 
  these edges (or weights) (in any order) 
  CE (8239) 
  AB (8811) 
  EH (9251) 
  GH  (9603) 
  BE (10 153)  
  FG (12 606)  A1 

Note:  Prim’s or Kruskal’s algorithm could be used at this stage. 

  
  reconnect D to MST with two different edges (M1) 
  DG (8668) 
  BD (8778)  A1 

Note:  This A1 is independent of the first A mark and can be awarded if both DG and 
BD are chosen to reconnect D to the MST, even if the MST is incorrect. 

 

 
 

  
finding the sum of the weights of their edges (M1) 
8239 8811 9251 9603 10153 12606 8668 8778+ + + + + + +   

Note:  For candidates with an incorrect MST or no MST, the weights of at least seven 
of the edges being summed (two of which must connect to D) must be shown 
to award this (M1). 

 
  lower bound = $76 109 A1 

      [6 marks] 
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 (h) METHOD 1 
  recognition of a binomial distribution (M1) 
  B(2, 0.014)X ∼  
 
  finding the probability that a cable fails (at least one of its connections fails) 
  P ( 0) 0.027804X > =   OR   1 P ( 0) 0.027804X− = =  A1 
 
  recognition that two cables must fail for the network to go offline M1 
  recognition of binomial distribution for network, ~ B(8, 0.027804)Y  (M1) 
  P ( 2) 0.0194 (0.0193602...)Y ≥ =    OR  1 P( 2) 0.0194 (0.0193602 )Y− < = …  A1 
 
  therefore, the diagram satisfies the requirement since 1.94% 2%<  AG 

Note:  Evidence of binomial distribution may be seen as combinations. 

 
  METHOD 2 
 
  recognition of a binomial distribution (M1) 
  ~ B(16,  0.014)X  
 
  finding the probability that at least two connections fail 
  P ( 2) 0.0206473X ≥ = …   OR   1 P ( 2) 0.0206473X− < = …  A1 
 
  recognition that the previous answer is an overestimate M1 
 

finding probability of two ends of the same cable failing, ~ B(2, 0.014)F ,  

and the ends of the other 14 cables not failing, ~ B(14,  0.014)S  

  P ( 2) P ( 0) 0.0000160891F S= × = = …  (A1) 
 
  0.0000160891 8 0.00128713…× = …  
 
  0.0206473 0.00128713 0.0194 (0.0193602 )…− …= …  A1 
 
  therefore, the diagram satisfies the requirement since 1.94% 2%<  AG 
 
  METHOD 3 
  recognition of a binomial distribution M1 
  B(16, 0.014)X ∼   
 
  finding the probability that the network remains secure if 0 or 1 connections fail or if 2 

connections fail provided that the second failed connection occurs at the other end of the 
cable with the first failure (M1) 

  
1

P ( ) P ( 1) P ( 2)
15

X X= ≤ + × =remains secure  A1 

  0.9806397625=   A1 
  P ( ) 1– 0.9806397625 0.0194 (0.0193602...)= =network fails   A1 
  therefore, the diagram satisfies the requirement since 1.94% 2%<  AG 
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  METHOD 4 
  P ( )network failing   

  1– P (0 ) – P (1 ) = connections failing connection failing   

     – P (2 )connections on the same cable failing    M1  
 
  16 16 15 8 2 14

1 11 0.986 0.014 0.986 0.014 0.986C C= − − × × − × ×    A1A1A1 

Note:  Award A1 for each of 2nd, 3rd and last terms. 

 
  0.0194 (0.0193602 )= …   A1 
   
  therefore, the diagram satisfies the requirement since 1.94% 2%<  AG 

      [5 marks] 
 

      [Total 28 marks] 
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Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez aux deux questions sur le livret de réponses fourni. Veuillez répondre à chaque question sur 
une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une réponse correcte  
si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement  
et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent 
être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations graphiques sont 
utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations graphiques dans 
votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode 
utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc 
de montrer tout votre raisonnement.

1. [Note maximale : 27]

Cette question utilise des tests statistiques pour déterminer si la publicité entraîne 
une augmentation des bénéfices d’une épicerie.

Ammika est la gérante d’une épicerie à Nong Khai. Elle effectue une analyse statistique sur 
le nombre de sacs de riz vendus chaque jour dans le magasin. Elle collecte l’échantillon de 
données suivantes en enregistrant le nombre de sacs de riz que le magasin vend chaque 
jour sur une période de 90 jours.

Nombre de sacs 
de riz vendus  0  1  2  3  4  5  6  7  8  9 10

Nombre de jours  1  8 12 11 19 14 13  8  2  0  2

Elle pense que ses données suivent une distribution de Poisson.

(a) (i)  Trouvez la moyenne et la variance de l’échantillon de données dans le tableau. [2]

(ii) À partir de là, indiquez pourquoi Ammika pense que ses données suivent une 
distribution de Poisson. [1]

(b) Indiquez une hypothèse qu’Ammika doit faire sur les ventes de sacs de riz pour étayer 
son opinion que ses données suivent une distribution de Poisson. [1]

Ammika sait, d’après son historique de ventes, que le magasin vend en moyenne 4,2 sacs 
de riz par jour. Le tableau suivant montre les effectifs théoriques correspondant au nombre 
de sacs de riz vendus chaque jour pendant la période de 90 jours, en supposant une 
distribution de Poisson avec une moyenne de 4,2.

Nombre de sacs de 
riz vendus ≤ 1 2 3 4 5 6 7 ≥ 8

Effectifs théoriques a 11,903 16,665 b 14,698 10,289 6,173 c

(c) Trouvez les valeurs de  a , de  b et de  c . Donnez vos réponses avec trois décimales. [5]

(Suite de la question à la page suivante)
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(Suite de la question 1)

Ammika décide d’effectuer un test d’ajustement du    χ   2    au niveau de signification de 5 % pour 
vérifier si les données suivent une loi de Poisson avec une moyenne de 4,2.

(d) (i)  Écrivez le nombre de degrés de liberté pour son test. [1]

(ii) Effectuez le test d’ajustement du    χ   2    et indiquez, en donnant une raison, 
la conclusion. [7]

Ammika affirme que la publicité dans un journal local pour 300 bahts thaïlandais (THB) par 
jour augmentera le nombre de sacs de riz vendus. Cependant, Nichakarn, le propriétaire 
du magasin, affirme que la publicité n’augmentera pas le bénéfice global du magasin.

Nichakarn accepte de faire de la publicité dans le journal pendant les 60 prochains jours. 
Pendant ce temps, Ammika enregistre que le magasin vend 282 sacs de riz avec un bénéfice 
de 495 THB sur chaque sac vendu.

(e) Ammika souhaite effectuer un test d’hypothèse approprié pour déterminer si le nombre 
de sacs de riz vendus au cours des 60 jours a augmenté par rapport à l’historique  
de ventes.

(i) En trouvant une valeur critique, effectuez ce test à un niveau de signification  
de 5 %. [6]

(ii) À partir de là, indiquez la probabilité d’une erreur de type I pour ce test. [1]

(f) En tenant compte des affirmations d’Ammika et de Nichakarn, expliquez si la publicité 
a été bénéfique pour le magasin. [3]
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2. [Note maximale : 28]

Cette question compare les conceptions possibles d’un nouveau réseau informatique 
entre plusieurs bâtiments d’un établissement scolaire, et à savoir, si elles répondent à 
des exigences spécifiques.

L’équipe administrative d’un établissement scolaire décide d’installer de nouveaux câbles 
Internet souterrains à fibre optique. L’établissement scolaire compte huit bâtiments qui 
doivent être reliés par ces câbles. Un plan de l’établissement scolaire est présenté ci-
dessous, avec le point d’accès Internet de chaque bâtiment identifié de A à H.

A B

D

C

E

HGF

Lac

Jonas prévoit où installer les câbles souterrains. Il commence par déterminer les distances, 
en mètres, entre les points d’accès souterrains de chaque bâtiment.

Il trouve   AD = 89,2 m  ,   DF = 104,9 m   et    A D ̂  F =  83   ∘   .

(a) Trouvez AF. [3]

Le coût pour installer directement le câble entre A et F est de 21 310 $.

(b) Trouvez le coût d’installation par mètre de ce câble. [2]

Jonas estime qu’il en coûtera 110 $ par mètre pour installer les câbles entre tous les autres 
bâtiments.

(c) Indiquez pourquoi le coût pour installer directement le câble entre A et F serait plus 
élevé que celui entre les autres bâtiments. [1]

(Suite de la question à la page suivante)
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(Suite de la question 2)

Jonas crée le graphe suivant,  S , en utilisant le coût d’installation des câbles entre deux 
bâtiments comme le poids de chaque arête.

A

B

C

D E

F G H
960312 606

21
 3

10

8811 13 156

13
 5

74

8239

8833

9812

9251
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 53

9 8668 97
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Le réseau informatique pourrait être conçu de telle sorte que chaque bâtiment soit directement 
connecté à au moins un autre bâtiment, et donc, que tous les bâtiments soient indirectement 
connectés.

(d) (i)  En utilisant l’algorithme de Kruskal, trouvez l’arbre couvrant minimal de  S , en 
montrant clairement l’ordre dans lequel les arêtes sont ajoutées. [3]

(ii) À partir de là, trouvez le coût d’installation minimal des câbles qui permettrait à 
tous les bâtiments de faire partie du réseau informatique. [2]

Le réseau informatique tombe en panne si une partie de celui-ci devient inaccessible à partir 
de toute autre partie. Pour protéger le réseau contre les pannes, chaque bâtiment pourrait 
être connecté à au moins deux autres bâtiments. Ainsi, en cas de rupture d’une connexion, 
le bâtiment ferait toujours partie du réseau informatique. Jonas peut y parvenir en trouvant 
un cycle hamiltonien dans le graphe.

(e) Indiquez pourquoi une chaîne élémentaire qui forme un cycle hamiltonien ne forme pas 
toujours un circuit eulérien. [1]

(f) En partant de D, utilisez l’algorithme du plus proche voisin pour trouver la borne 
supérieure du coût d’installation d’un réseau informatique sous la forme d’un cycle 
hamiltonien.

Note : Bien que le graphe ne soit pas complet, il n’est pas nécessaire dans ce cas de 
dresser une table des plus petites distances. [5]

(g) En supprimant D, utilisez l’algorithme du sommet effacé pour trouver la borne inférieure 
du coût d’installation du cycle. [6]

(Suite de la question à la page suivante)
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Après davantage de recherches, Jonas décide d’installer les câbles comme l’indique le 
schéma ci-dessous.

A

D

F

B

G

C

E

H

Chaque câble individuel est installé de sorte que chaque extrémité du câble soit connectée 
au point d’accès d’un bâtiment. La connexion entre chaque extrémité d’un câble et un point 
d’accès a une probabilité de panne de 1,4 % après une surtension.

Pour que le réseau fonctionne, chaque bâtiment du réseau doit pouvoir communiquer 
avec tous les autres bâtiments du réseau. En d’autres termes, il doit y avoir une chaîne 
élémentaire qui relie deux bâtiments quelconques du réseau. Jonas aimerait que le réseau 
ait moins de 2 % de risque de tomber en panne après une surtension.

(h) Montrez que le réseau de Jonas satisfait à l’exigence d’avoir moins de 2 % de risque
de tomber en panne après une surtension. [5]

Références :

© Organisation du Baccalauréat International 2022
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 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
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Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [55 puntos].
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Conteste las dos preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 27]

En esta pregunta se utilizan pruebas estadísticas para investigar si la publicidad 
conduce a un aumento de los beneficios de una tienda de alimentación.

Aimmika es la encargada de una tienda de alimentación de Nong Khai y decide realizar 
un análisis estadístico del número de sacos de arroz que se venden en la tienda cada día. 
Para ello, va anotando cuántos sacos de arroz se venden cada día en la tienda a lo largo 
de un período de 90 días y obtiene así los siguientes datos muestrales.

Número de sacos 
de arroz vendidos  0  1  2  3  4  5  6  7  8  9 10

Número de días  1  8 12 11 19 14 13  8  2  0  2

Ella cree que sus datos siguen una distribución de Poisson.

(a) (i)  Halle la media y la varianza de los datos muestrales de la tabla. [2]

(ii) A partir de lo anterior, indique por qué cree Aimmika que sus datos siguen una 
distribución de Poisson. [1]

(b) Indique una suposición que tenga que hacer Aimmika sobre las ventas de sacos de 
arroz para respaldar su teoría de que los datos siguen una distribución de Poisson. [1]

Aimmika consulta el historial de ventas y ve que la tienda vende un promedio de 4,2 sacos 
de arroz cada día. La siguiente tabla muestra la frecuencia esperada para el número 
de sacos de arroz vendidos cada día durante ese período de 90 días, suponiendo una 
distribución de Poisson de media 4,2.

Número de sacos 
de arroz vendidos ≤ 1 2 3 4 5 6 7 ≥ 8

Frecuencia 
esperada a 11,903 16,665 b 14,698 10,289 6,173 c

(c) Halle el valor de  a , de  b  y de  c . Dé las respuestas redondeando a 3 cifras decimales. [5]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Aimmika decide realizar una prueba    χ   2    para determinar la bondad del ajuste a un nivel  
de significación del 5 %, a fin de ver si los datos siguen una distribución de Poisson de  
media 4,2.

(d) (i)  Escriba el número de grados de libertad de esta prueba. [1]

(ii) Realice la prueba    χ   2    para la determinación de la bondad del ajuste e indique una 
conclusión, dando una razón que la respalde. [7]

Aimmika afirma que poner un anuncio en un periódico local, lo cual cuesta 300 baht 
tailandeses (THB) al día, servirá para aumentar el número de sacos de arroz que venden. 
Sin embargo, Nichakarn, que es el dueño de la tienda, afirma que el anuncio no servirá para 
aumentar los beneficios globales de la tienda.

Nichakarn accede a poner un anuncio en el periódico durante los 60 días siguientes. Durante 
ese tiempo, Aimmika observa que en la tienda se han vendido 282 sacos de arroz, con unos 
beneficios de THB 495 por cada saco vendido.

(e) Aimmika quiere llevar a cabo un contraste de hipótesis apropiado para determinar si el 
número de sacos de arroz que se vendieron durante esos 60 días supuso un aumento 
con respecto al historial de ventas.

(i) Hallando un valor crítico, realice este contraste a un nivel de significación del 5 %. [6]

(ii) A partir de lo anterior, indique la probabilidad de cometer un error de tipo I en 
este contraste. [1]

(f) Teniendo en cuenta las afirmaciones de Aimmika y de Nichakarn, explique si el 
anuncio resultó beneficioso para la tienda. [3]
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2. [Puntuación máxima: 28]

En esta pregunta se comparan posibles diseños para una nueva red informática que 
conectará varios edificios de un colegio, y se analiza si cumplen determinados requisitos.

El equipo directivo de un colegio decide instalar nuevos cables de Internet de fibra óptica 
que sean subterráneos. En el colegio hay 8 edificios que tienen que estar conectados por 
estos cables. A continuación se muestra un plano del colegio, donde los puntos de acceso 
a Internet de estos edificios aparecen rotulados con las letras A–H.

A B

D

C

E

HGF

Lago

Jonas está planificando dónde instalar los cables subterráneos. Empieza por determinar la 
distancia (en metros) que hay entre los puntos de acceso subterráneos de cada edificio.

Obtiene que   AD = 89,2 m  ,   DF = 104,9 m   y   A D ̂  F =  83   ∘   .

(a) Halle AF. [3]

Instalar el cable directamente entre A y F tiene un costo de 21 310 $.

(b) Halle el costo por metro que conlleva la instalación de este cable. [2]

Jonas estima que instalar los cables que conectarán todos los edificios restantes tendrá 
un costo de 110 $ por metro.

(c) Indique por qué el costo de instalar el cable entre A y F es mayor que entre el resto 
de edificios. [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

Jonas crea el siguiente grafo  S , donde el peso de cada arista representa el costo de instalar 
el cable entre los dos edificios correspondientes.

A

B

C

D E

F G H
960312 606

21
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8811 13 156
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La red informática se podría diseñar de modo tal que cada edificio estuviera conectado 
directamente con al menos otro edificio, y así todos los edificios estarían conectados de 
manera indirecta.

(d) (i)  Halle el árbol generador minimal para  S  utilizando el algoritmo de Kruskal. 
Muestre claramente el orden en el que se van añadiendo las aristas. [3]

(ii) A partir de lo anterior, halle el mínimo costo de instalación de los cables que 
posibilitarían que todos los edificios formasen parte de la red informática. [2]

La red informática deja de funcionar si hay alguna parte de la red que deja de ser accesible 
desde alguna otra parte. Para evitar que la red deje de funcionar, cada edificio se podría 
conectar con al menos otros dos edificios. De este modo, aunque se interrumpiera una de 
esas conexiones, el edificio seguiría formando parte de la red informática. Jonas puede 
conseguir esta configuración hallando un ciclo hamiltoniano en el grafo.

(e) Indique por qué un camino que constituye un ciclo hamiltoniano no siempre constituye 
un circuito euleriano. [1]

(f) Empezando en D, utilice el algoritmo del vecino más cercano para hallar el límite 
superior del costo de instalación de una red informática que tenga forma de ciclo 
hamiltoniano.

Nota: Aunque el grafo no es completo, en este caso no es necesario construir una 
tabla de distancias mínimas. [5]

(g) Borrando D, utilice el algoritmo del vértice borrado para hallar el límite inferior  
del costo de instalación del ciclo. [6]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

Después de investigar un poco más, Jonas decide instalar los cables tal y como se muestra 
en la siguiente figura.

A

D

F

B

G

C

E

H

Cada cable se instala conectando cada uno de sus extremos al punto de acceso de un 
edificio. Cada conexión entre el extremo de un cable y su punto de acceso tiene un 1,4 % 
de probabilidades de interrumpirse tras una subida de tensión.

Para que la red funcione correctamente, cada edificio de la red tiene que poder comunicarse 
con todos los demás edificios de la red. En otras palabras, tiene que haber un camino que 
conecte dos edificios cualesquiera de la red. A Jonas le gustaría que hubiera menos de un 
2 % de probabilidades de que la red dejase de funcionar tras una subida de tensión.

(h) Muestre que la red de Jonas satisface el requisito de que haya menos de un 2 % de
probabilidades de que la red deje de funcionar tras una subida de tensión. [5]

Referencias:
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

The front view of a doghouse is made up of a square with an isosceles triangle on top.  
The doghouse is 1.35 m high and 0.9 m wide, and sits on a square base.

diagram not to scale

0.90.9

1.35

The top of the rectangular surfaces of the roof of the doghouse are to be painted.

Find the area to be painted.

(This question continues on the following page)
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Turn over

(Question 1 continued)
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2. [Maximum mark: 4]

A vertical pole stands on horizontal ground. The bottom of the pole is taken as the origin, O, 
of a coordinate system in which the top, F, of the pole has coordinates  (0 ,  0 ,  5.8) . All units 
are in metres.

diagram not to scale

O

F(0 ,  0 ,  5.8)

A(3.2 ,  4.5 ,  0)

Pole

Ground

The pole is held in place by ropes attached at F.

One of the ropes is attached to the ground at a point A with coordinates  (3.2 ,  4.5 ,  0) . 
The rope forms a straight line from A to F.

(a) Find the length of the rope connecting A to F. [2]

(b) Find FÂO, the angle the rope makes with the ground. [2]
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Turn over

3. [Maximum mark: 5]

The height of a baseball after it is hit by a bat is modelled by the function

 h(t) = − 4.8 t   2  + 21t + 1.2 

where   h(t)   is the height in metres above the ground and  t  is the time in seconds after the 
ball was hit.

(a) Write down the height of the ball above the ground at the instant it is hit by the bat. [1]

(b) Find the value of  t  when the ball hits the ground. [2]

(c) State an appropriate domain for  t  in this model. [2]
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4. [Maximum mark: 7]

Three towns, A, B and C are represented as coordinates on a map, where the  x  and  y  axes 
represent the distances east and north of an origin, respectively, measured in kilometres. 

Town A is located at  (−6 ,  −1)  and town B is located at  (8 ,  6) . A road runs along the 
perpendicular bisector of [AB]. This information is shown in the following diagram.

diagram not to scale

C

A(–6 ,  –1)

Β(8 ,  6)

North

road

(a) Find the equation of the line that the road follows. [5]

Town C is due north of town A and the road passes through town C.

(b) Find the  y-coordinate of town C. [2]
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5. [Maximum mark: 5]

The ticket prices for a concert are shown in the following table.

Ticket Type Price (in Australian dollars, $)

Adult 15

Child 10

Student 12

 y A total of 600 tickets were sold.
 y The total amount of money from ticket sales was $7816.
 y There were twice as many adult tickets sold as child tickets.

Let the number of adult tickets sold be  x , the number of child tickets sold be  y , and the 
number of student tickets sold be  z .

(a) Write down three equations that express the information given above. [3]

(b) Find the number of each type of ticket sold. [2]
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6. [Maximum mark: 7]

A modern art painting is contained in a square frame. The painting has a shaded region 
bounded by a smooth curve and a horizontal line.

diagram not to scale

(2 ,  2)

(−1 ,  −1)

When the painting is placed on a coordinate axes such that the bottom left corner of the 
painting has coordinates  (−1 ,  −1)  and the top right corner has coordinates  (2 ,  2) , the 
curve can be modelled by   y =  f (x)   and the horizontal line can be modelled by the  x-axis. 
Distances are measured in metres.

(a) Use the trapezoidal rule, with the values given in the following table, to approximate 
the area of the shaded region. [3]

x −1 0 1 2

y 0.6 1.2 1.2 0

The artist used the equation   y =   −  x   3  − 3  x   2  + 4x + 12  _________________ 10     to draw the curve.

(b) Find the exact area of the shaded region in the painting. [2]

(c) Find the area of the unshaded region in the painting. [2]

(This question continues on the following page)

16EP08



– 9 –

M22/5/MATHY/SP1/ENG/TZ1/XX

2222 – 7209

Turn over

(Question 6 continued)
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7. [Maximum mark: 7]

Leo is investigating whether a six-sided die is fair. He rolls the die 60 times and records the 
observed frequencies in the following table:

Number on die 1 2 3  4  5  6

Observed frequency 8 7 6 15 12 12

Leo carries out a    χ   2    goodness of fit test at a 5 % significance level.

(a) Write down the null and alternative hypotheses. [1]

(b) Write down the degrees of freedom. [1]

(c) Write down the expected frequency of rolling a 1. [1]

(d) Find the  p-value for the test. [2]

(e) State the conclusion of the test. Give a reason for your answer. [2]
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8. [Maximum mark: 6]

A factory produces bags of sugar with a labelled weight of 500 g. The weights of the bags 
are normally distributed with a mean of 500 g and a standard deviation of 3 g.

(a) Write down the percentage of bags that weigh more than 500 g. [1]

A bag that weighs less than 495 g is rejected by the factory for being underweight.

(b) Find the probability that a randomly chosen bag is rejected for being underweight. [2]

A bag that weighs more than  k  grams is rejected by the factory for being overweight. 
The factory rejects 2 % of bags for being overweight.

(c) Find the value of  k . [3]
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9. [Maximum mark: 7]

The function  f  is defined by   f (x) =   2 _ x   + 3  x   2  − 3 ,  x ≠ 0  .

(a) Find    f  ′  (x)  . [3]

(b) Find the equation of the normal to the curve   y = f (x)   at  (1 ,  2)  in the form    
ax + by + d = 0  , where   a ,  b ,  d∈ℤ  . [4]
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Turn over

10. [Maximum mark: 6]

Karl has three brown socks and four black socks in his drawer. He takes two socks at random 
from the drawer.

(a) Complete the tree diagram. [1]

brown

black

brown

black

brown

black

3
7

second sockfirst sock

2
6

4
7

4
6

(b) Find the probability that Karl takes two socks of the same colour. [2]

(c) Given that Karl has two socks of the same colour find the probability that he has two 
brown socks. [3]
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11. [Maximum mark: 8]

The strength of earthquakes is measured on the Richter magnitude scale, with values 
typically between 0 and 8 where 8 is the most severe.

The Gutenberg–Richter equation gives the average number of earthquakes per year,  N , 
which have a magnitude of at least  M . For a particular region the equation is

  log  10   N = a − M  , for some   a∈ℝ  .

This region has an average of 100 earthquakes per year with a magnitude of at least 3.

(a) Find the value of  a . [2]

The equation for this region can also be written as   N =   b _ 
 10   M 

    .

(b) Find the value of  b . [2]

(c) Given   0 < M < 8  , find the range for  N . [2]

The expected length of time, in years, between earthquakes with a magnitude of at 
least  M  is     1 _ 

N
    .

Within this region the most severe earthquake recorded had a magnitude of 7.2.

(d) Find the expected length of time between this earthquake and the next earthquake of 
at least this magnitude. Give your answer to the nearest year. [2]
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Turn over

12. [Maximum mark: 6]

A company’s profit per year was found to be changing at a rate of

    dP _ dt
   = 3  t   2  − 8t 

where  P  is the company’s profit in thousands of dollars and  t  is the time since the company 
was founded, measured in years.

(a) Determine whether the profit is increasing or decreasing when   t = 2  . [2]

One year after the company was founded, the profit was 4 thousand dollars.

(b) Find an expression for   P(t)  , when   t ≥ 0  . [4]
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13. [Maximum mark: 7]

A ball is dropped from a height of 1.8 metres and bounces on the ground. The maximum
height reached by the ball, after each bounce, is 85 % of the previous maximum height.

diagram not to scale

first 
bounce

second 
bounce

third 
bounce

or
ig

in
al

 h
ei

gh
t

start

(a) Show that the maximum height reached by the ball after it has bounced for the sixth
time is 68 cm, to the nearest cm. [2]

(b) Find the number of times, after the first bounce, that the maximum height reached is
greater than 10 cm. [2]

(c) Find the total vertical distance travelled by the ball from the point at which it is dropped
until the fourth bounce. [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 

 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. height of triangle at roof 1.35 0.9 0.45= − =   (A1) 

Note: Award A1 for 0.45 (height of triangle) seen on the diagram. 

 

 slant height  2 20.45 0.45= +    OR   
0.45

sin (45 ) =

slant height
 (M1) 

 0.636396..., 0.45 2)0.405 (=  A1 

Note: If using 
0.45

sin (45 ) =

slant height
 then (A1) for angle of 45 , (M1) for a correct trig statement. 

 
 area of one rectangle on roof 0.405 0.9 ( 0.572756...)= × =   M1 
 

 area painted (2 0.405 0.9 2 0.572756...)= × × = ×   

 2 2 21.15 m (1.14551... m , 0.81 2 m )  A1 
[Total 5 marks] 

 
 
 

2.  (a) 2 2 23.2 4.5 5.8+ +   (M1) 
  8.01 (8.00812...)=  m A1  

      [2 marks] 
 

 (b) 1 5.8ˆFAO sin
8.00812...

−  =  
 

  OR  1 5.52177...
cos

8.00812...
−  
 
 

  OR   1 5.8
tan

5.52177...
−  
 
 

 (M1) 

  46.4 (46.4077... )    A1 
      [2 marks] 

[Total 4 marks] 
 
 
3. (a) 1.2 metres   A1 

[1 mark] 
 
 (b) 24.8 21 1.2 0t t− + + =  (M1) 
  ( ) 4.43 s (4.431415... s)t =  A1 

Note:  If both values for t are seen do not award the A1 mark unless the negative 
is explicitly excluded. 

[2 marks] 
 
 (c) 0 4.43t≤ ≤    OR   [0, 4.43]  A1A1 

Note: Award A1 for correct endpoints and A1 for expressing answer with correct 
notation. Award at most A1A0 for use of x instead of t. 

[2 marks] 
[Total 5 marks] 
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4. (a) midpoint (1, 2.5)     A1 

  
6 ( 1) 1

8 ( 6) 2ABm
− −

= =
− −

  (M1)A1 

Note: Accept equivalent gradient statements including using midpoint. 

 
  2m⊥ = −    M1 

Note: Award M1 for finding the negative reciprocal of their gradient. 

 

  2.5 2( 1)y x− = − −    OR   
9

2
2

y x= − +    OR   4 2 9 0x y+ − =  A1 

[5 marks] 
 
 (b) substituting 6x = −  into their equation from part (a) (M1) 

  
9

2( 6)
2

y = − − +   

  16.5y =    A1 

Note: Award M1A0 for ( 6, 16.5)−  as their final answer. 

[2 marks] 
[Total 7 marks] 

 
 
 
5. (a) 600x y z+ + =   A1 

  15 10 12 7816x y z+ + =   A1 
  2x y=     A1 

Note: Condone other labelling if clear, e.g. a (adult), c (child) and s (student). 
Accept equivalent, distinct equations e.g. 2 600y y z+ + = . 

[3 marks] 
 
 (b) 308, 154, 138x y z= = =   A1A1 

Note: Award A1 for all three correct values seen, A1 for correctly labelled as x, y or z. 
Accept answers written in words: e.g. 308 adult tickets. 

[2 marks] 
[Total 5 marks] 
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6. (a) ( )1
0.6 0 2(1.2 1.2)

2
+ + +  (A1)(M1) 

 

Note: Award A1 for evidence of 1h = , M1 for a correct substitution into trapezoidal rule 
(allow for an incorrect h only). The zero can be omitted in the working. 

 

  2.7 2m    A1 
      [3 marks]  

 

 (b) 
3 22

1

3 4 12
d

10

x x x
x

−

− − + +
∫   OR  

2

1
( ) df x x

−∫  (M1)  

Note: Award M1 for using definite integration with correct limits. 

 

  22.925 m    A1 

Note: Question requires exact answer, do not award final A1 for 2.93. 

      [2 marks]  
 
 (c) 9 2.925−     (M1) 

Note: Award M1 for 9 seen as part of a subtraction. 

 
  26.08 m (6.075)=   A1 

[2 marks] 
[Total 7 marks] 
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7. (a) 0H : The die is fair  OR  
1

P( )
6

=any number   OR  probabilities are equal 

 

  1H : The die is not fair  OR  
1

P( )
6

≠any number   OR  probabilities are not equal  A1 

      [1 mark] 
 
 (b) 5    A1 

      [1 mark] 
 
 (c) 10    A1 

      [1 mark] 
 
 (d) - ) 0.287 (0.28724163 .)( p = …value   A2 

      [2 marks] 
 
 (e) 0.287 0.05>    R1 
 
  EITHER 
  Insufficient evidence to reject the null hypothesis  A1 
 
  OR 
  Insufficient evidence to reject that the die is fair A1 

Note:  Do not award R0A1.  Condone “accept the null hypothesis” or “the die is fair”. 
  Their conclusion must be consistent with their p-value and their hypothesis.  

      [2 marks] 
      [Total 7 marks] 

 
 
 
8. (a) 50%    A1 

Note: Do not accept 0.5 or 
1

2
. 

[1 mark] 
 
 (b) 0.0478 (0.0477903…, 4.78%) A2 

[2 marks] 
 
 (c) P ( ) 0.98X k< =    OR   P ( ) 0.02X k> =  (M1) 

Note: Award (M1) for a sketch with correct region identified. 

 
  506 g  (506.161…) A2 

[3 marks] 
[Total 6 marks] 
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9. (a) 2( ) 2 6f x x x−′ = − +    OR   
2

2
( ) 6f x x

x
′ = − +  A1(M1)A1 

Note: Award A1 for 6x  seen, and (M1) for expressing 
1

x
 as 1x− (this can be implied 

from either 2x−  or 
2

2

x
 seen in their final answer), A1 for 

2

2

x
− . Award at most 

A1(M1)A0 if any additional terms are seen. 

 [3 marks] 
 
 (b) finding gradient at 1x =  

  
1

d
4

d x

y

x =

=    A1 

 
  finding the perpendicular gradient M1 

  
1

4
m⊥ = −  

   

  
1

2 (1)
4

c= − +    OR   
1

2 ( 1)
4

y x− = − −  M1 

Note: Award M1 for correctly substituting 1x =  and 2y =  and their m⊥ . 

 
  4 9 0x y+ − =    A1  

Note: Do not award the final A1 if the answer is not in the required form. 
Accept integer multiples of the equation. 

[4 marks] 
[Total 7 marks] 
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10. (a) 

    A1 

Note: Award A1 for both missing probabilities correct. 

 [1 mark] 
 
 (b) multiplying along branches and then adding outcomes (M1) 

  
3 2 4 3

7 6 7 6
× + ×    

  
18 3

0.429 (42.9%)
42 7

 = = ≈ 
 

 A1 

[2 marks] 
 
 (c) use of conditional probability formula M1 

  

3 2
7 6

3
7

 × 
 
 
 
 

   A1 

  
6 1 252

, 0.333, 33.3%
18 3 756

   = =   
   

 A1 

[3 marks] 
[Total 6 marks] 
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11. (a) 10log 100 3a= −    (M1) 

  5a =      A1 
[2 marks] 

 
 (b) EITHER 
  510 MN −=     (M1) 

  
510 100000

10 10M M

 = = 
 

  

 
  OR 

  
3

100
10

b
=     (M1) 

 
  THEN 
  5100000 ( 10 )b = =   A1 

[2 marks] 
 
 (c) 3 50.001 100000 (10 10 )N N−< < < <   A1A1 

Note: Award A1 for correct endpoints and A1 for correct inequalities/interval notation. 

 [2 marks] 
 

 (d) 
5

7.2

10
( 0.0063095...)

10
N = =   (M1) 

  length of time = 2.21
10

0.0063095...
=   

  = 158 years  A1 
 [2 marks] 
[Total 8 marks] 
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12. (a) METHOD 1 
  (when 2t = ) 

  
d

4
d

P

t
= −    OR    

d
0

d

P

t
<  (equivalent in words)   OR   23(2) 8(2) 4− = −  M1 

  therefore P is decreasing A1 
 

  METHOD 2 
  sketch with 2t =  indicated in 4th quadrant  OR  t-intercepts identified M1 
  therefore P is decreasing A1 

      [2 marks] 
     
 (b) 3 2( ( ) ) 4 ( )P t t t c= − +  A1A1 

  3 24 1 4(1) c= − +   (M1) 

Note: Award M1 for substituting (1, 4)  into their equation with +c seen. 

 
  7c =  
  3 2( ) 4 7P t t t= − +   A1 

      [4 marks] 
 [Total 6 marks] 

 
 
 
13. (a) use of geometric sequence with 0.85r =   M1 
 
   EITHER 
   6(0.85) (1.8)    OR   0.678869… OR   5(0.85) (1.53)   A1 
  0.68 m=  
  68 cm=    AG 
 
  OR  
  6(0.85) (180)    OR   5(0.85) (153)  A1 
  68 cm=    AG 

      [2 marks] 
 
 
 

continued…  
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Question 13 continued 

 (b)  EITHER 
  (0.85) (1.8) 0.1n >    OR   1(0.85) (1.53) 0.1n− >  (M1) 

Note:  If 1.8 m (or 180 cm) is used then (M1) only awarded for use of n in  (0.85) (1.8) 0.1n > . 

If 1.53 m (or 153 cm) is used then (M1) only awarded for use of 1n −  in 1(0.85) (1.53) 0.1n− > . 

 
  17    A1 
 
  OR  
  17(0.85) (1.8) 0.114 m=  and 18(0.85) (1.8) 0.0966 m=  (M1) 
  17    A1 
 
  OR  
  solving (0.85) (1.8) 0.1n =  to find 17.8n =  (M1) 
  17    A1 

Note:  Evidence of solving may be a graph OR the “solver” function OR use of logs 
to solve the equation. Working may use cm. 

  [2 marks] 
 

 (c) EITHER 
  distance (in one direction) travelled between first and fourth bounce 

  
3(1.8 0.85)(1 0.85 )

( 3.935925)
1 0.85

× −
= =

−
 (A1) 

  recognizing distances are travelled twice except first distance (M1)  
  1.8 2(3.935925)+  
  9.67 m (9.67185... m)=  A1 
 
  OR 
  distance (in one direction) travelled between drop and fourth bounce 

  
4(1.8)(1 0.85 )

( 5.735925)
1 0.85

−
= =

−
 (A1) 

  recognizing distances are travelled twice except first distance (M1) 
  2(5.735925) 1.8−  
  9.67 m (9.67185... m)=  A1 
 
  OR 
  distance (in one direction) travelled between first and fourth bounce  
  2 3 )(0.85)(1.8) (0.85) (1.8) (0. 38 .5) 3(1 5.8) ( 9 925...=+ +  (A1) 
  recognizing distances are travelled twice except first distance (M1) 
  2 31.8 2(0.85)(1.8) 2(0.85) (1.8) 2(0.85) (1.8)+ + +  
  9.67 m (9.67185... m)=  A1 

Note:  Answers may be given in cm. 

      [3 marks] 
      [Total 7 marks] 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

The straight metal arm of a windscreen wiper on a car rotates in a circular motion from a 
pivot point, O, through an angle of 140°. The windscreen is cleared by a rubber blade of 
length 46 cm that is attached to the metal arm between points A and B. The total length 
of the metal arm, OB, is 56 cm.

The part of the windscreen cleared by the rubber blade is shown unshaded in the 
following diagram.

diagram not to scale

56

46

O
A

B

140


(a) Calculate the length of the arc made by B, the end of the rubber blade. [2]

(b) Determine the area of the windscreen that is cleared by the rubber blade. [3]

(This question continues on the following page)

24EP02



– 3 –

M22/5/MATHY/SP1/ENG/TZ2/XX

2222 – 7214

Turn over

(Question 1 continued)
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2. [Maximum mark: 6]

A group of 130 applicants applied for admission into either the Arts programme or the Sciences 
programme at a university. The outcomes of their applications are shown in the following table.

Accepted Rejected

Arts programme 17 24

Sciences programme 25 64

(a) Find the probability that a randomly chosen applicant from this group was accepted by 
the university. [1]

An applicant is chosen at random from this group. It is found that they were accepted into the 
programme of their choice.

(b) Find the probability that the applicant applied for the Arts programme. [2]

Two different applicants are chosen at random from the original group.

(c) Find the probability that both applicants applied to the Arts programme. [3]

(This question continues on the following page)

Note: 100% common HP1.Q1 SP1.Q2
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(Question 2 continued)
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3. [Maximum mark: 8]

The owner of a convenience store installs two security cameras, represented by points C1 
and C2. Both cameras point towards the centre of the store’s cash register, represented by 
the point R.

The following diagram shows this information on a cross-section of the store.

diagram not to scale

C1 C2

RR

1.0

6.4

3.1

2.8

The cameras are positioned at a height of 3.1 m, and the horizontal distance between the 
cameras is 6.4 m. The cash register is sitting on a counter so that its centre, R, is 1.0 m 
above the floor.

The distance from Camera 1 to the centre of the cash register is 2.8 m.

(a) Determine the angle of depression from Camera 1 to the centre of the cash register. 
Give your answer in degrees. [2]

(b) Calculate the distance from Camera 2 to the centre of the cash register. [4]

(c) Without further calculation, determine which camera has the largest angle of 
depression to the centre of the cash register. Justify your response. [2]

(This question continues on the following page)

Note:100% common HP1.Q2 SP1.Q3 
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(Question 3 continued)
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4. [Maximum mark: 5]

The pH of a solution measures its acidity and can be determined using the formula    
pH = − log  10  C  , where  C  is the concentration of hydronium ions in the solution, measured in 
moles per litre. A lower pH indicates a more acidic solution.

The concentration of hydronium ions in a particular type of coffee is   1.3 ×  10   −5    moles per litre.

(a) Calculate the pH of the coffee. [2]

A different, unknown, liquid has 10 times the concentration of hydronium ions of the coffee 
in part (a).

(b) Determine whether the unknown liquid is more or less acidic than the coffee. 
Justify your answer mathematically. [3]
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5. [Maximum mark: 7]

A polygraph test is used to determine whether people are telling the truth or not, but it is not 
completely accurate. When a person tells the truth, they have a 20 % chance of failing the test. 
Each test outcome is independent of any previous test outcome.

10 people take a polygraph test and all 10 tell the truth.

(a) Calculate the expected number of people who will pass this polygraph test. [2]

(b) Calculate the probability that exactly 4 people will fail this polygraph test. [2]

(c) Determine the probability that fewer than 7 people will pass this polygraph test. [3]
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Note: 100% common HP1.Q3 SP1.Q5
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6. [Maximum mark: 7]

The graphs of   y = 6 − x   and   y = 1.5 x   2  − 2.5x + 3   intersect at  (2 ,  4)  and  (−1 ,  7) , as shown in 
the following diagrams.

In diagram 1, the region enclosed by the lines   y = 6 − x  ,   x = −1  ,   x = 2   and the  x-axis has 
been shaded.

diagram not to scale
Diagram 1

x

y

(2 ,  4)

(–1 ,  7)

(a) Calculate the area of the shaded region in diagram 1. [2]

In diagram 2, the region enclosed by the curve   y = 1.5 x   2  − 2.5x + 3  , and the lines   x = −1  ,   
x = 2   and the  x-axis has been shaded.

diagram not to scale
Diagram 2

x

y

(2 ,  4)

(–1 ,  7)

(b) (i)  Write down an integral for the area of the shaded region in diagram 2.

(ii) Calculate the area of this region. [3]

(c) Hence, determine the area enclosed between   y = 6 − x   and   y = 1.5 x   2  − 2.5x + 3  . [2]

(This question continues on the following page)

Note: 100% common HP1.Q4 SP1.Q6.
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(Question 6 continued)
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7. [Maximum mark: 5]

A college runs a mathematics course in the morning. Scores for a test from this class are 
shown below.

25 33 51 62 63 63 70 74 79 79 81 88 90 90 98

For these data, the lower quartile is 62 and the upper quartile is 88.

(a) Show that the test score of 25 would not be considered an outlier. [3]

The box and whisker diagram showing these scores is given below.

0 10 30 50 60 7020 40 80 90 100

Test scores

Another mathematics class is run by the college during the evening. A box and whisker 
diagram showing the scores from this class for the same test is given below.

0 10 30 50 60 7020 40 80 90 100

Test scores

A researcher reviews the box and whisker diagrams and believes that the evening class 
performed better than the morning class.

(b) With reference to the box and whisker diagrams, state one aspect that may support 
the researcher’s opinion and one aspect that may counter it. [2]

(This question continues on the following page)
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(Question 7 continued)
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8. [Maximum mark: 6]

A study was conducted to investigate whether the mean reaction time of drivers who are 
talking on mobile phones is the same as the mean reaction time of drivers who are talking 
to passengers in the vehicle. Two independent groups were randomly selected for the study.

To gather data, each driver was put in a car simulator and asked to either talk on a mobile 
phone or talk to a passenger. Each driver was instructed to apply the brakes as soon as 
they saw a red light appear in front of the car. The reaction times of the drivers, in seconds, 
were recorded, as shown in the following table.

Talking on mobile phone Talking to passenger

0.69 0.67

0.87 0.86

0.98 0.60

1.04 0.81

0.79 0.76

0.87 0.71

0.71 0.74

At the 10 % level of significance, a  t-test was used to compare the mean reaction times of 
the two groups. Each data set is assumed to be normally distributed, and the population 
variances are assumed to be the same.

Let    μ  1     and    μ  2     be the population means for the two groups. The null hypothesis for this test is    
H  0   :   μ  1   −  μ  2   = 0  .

(a) State the alternative hypothesis. [1]

(b) Calculate the  p-value for this test. [2]

(c) (i)  State the conclusion of the test. Justify your answer.

(ii) State what your conclusion means in context. [3]

(This question continues on the following page)
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(Question 8 continued)

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP15



– 16 –

M22/5/MATHY/SP1/ENG/TZ2/XX

2222 – 7214

9. [Maximum mark: 8]

The graph below shows the average savings,  S  thousand dollars, of a group of university 
graduates as a function of  t , the number of years after graduating from university.

S

t

(a) Write down one feature of this graph which suggests a cubic function might be 
appropriate to model this scenario. [1]

The equation of the model can be expressed in the form   S = a t   3  + b t   2  + ct + d  , where  a ,  b ,  c  
and  d  are real constants.

The graph of the model must pass through the following four points.

t  0  1  2  3

S −5  3 −1 −5

(b) (i)  Write down the value of  d .

(ii) Write down three simultaneous equations for  a ,  b  and  c .

(iii) Hence, or otherwise, find the values of  a ,  b  and  c . [4]

A negative value of  S  indicates that a graduate is expected to be in debt.

(c) Use the model to determine the total length of time, in years, for which a graduate is 
expected to be in debt after graduating from university. [3]

(This question continues on the following page)

Note: 100% common HP1.Q5 SP1.Q9
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(Question 9 continued)
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10. [Maximum mark: 5]

The masses of Fuji apples are normally distributed with a mean of 163 g and a standard 
deviation of 6.83 g.

When Fuji apples are picked, they are classified as small, medium, large or extra large 
depending on their mass. Large apples have a mass of between 172 g and 183 g.

(a) Determine the probability that a Fuji apple selected at random will be a large apple. [2]

Approximately 68 % of Fuji apples have a mass within the medium-sized category, which is 
between  k  and 172 g.

(b) Find the value of  k . [3]
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11. [Maximum mark: 7]

Consider the function   f (x) =  x   2  −   3 __ x    ,   x ≠ 0  .

(a) Find    f  ′  (x)  . [2]

Line   L   is a tangent to   f (x)   at the point  (1 ,  −2) .

(b) Use your answer to part (a) to find the gradient of   L  . [2]

(c) Determine the number of lines parallel to   L   that are tangent to   f (x)  . Justify your answer. [3]
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12. [Maximum mark: 5]

The cross-section of an arched entrance into the ballroom of a hotel is in the shape of a 
parabola. This cross-section can be modelled by part of the graph   y = −1.6 x   2  + 4.48x  , 
where  y  is the height of the archway, in metres, at a horizontal distance,  x  metres, from 
the point O, in the bottom corner of the archway.

x

y

O

(a) Determine an equation for the axis of symmetry of the parabola that models the archway. [2]

To prepare for an event, a square-based crate that is 1.6 m wide and 2.0 m high is to be moved 
through the archway into the ballroom. The crate must remain upright while it is being moved.

(b) Determine whether the crate will fit through the archway. Justify your answer. [3]
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13. [Maximum mark: 6]

Juliana plans to invest money for 10 years in an account paying 3.5 % interest, compounded
annually. She expects the annual inflation rate to be 2 % per year throughout the 10-year period.

Juliana would like her investment to be worth a real value of $4000, compared to current values,
at the end of the 10-year period. She is considering two options.

Option 1: Make a one-time investment at the start of the 10-year period.

Option 2:  Invest $1000 at the start of the 10-year period and then invest  $ x  into the account
at the end of each year (including the first and last years).

(a) For option 1, determine the minimum amount Juliana would need to invest. Give your
answer to the nearest dollar. [3]

(b) For option 2, find the minimum value of  x  that Juliana would need to invest each year.
Give your answer to the nearest dollar. [3]
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Note: 100% common HP1.Q11 SP1.Q13
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 
 
 Implied marks appear in brackets e.g. (M1), and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 
 Please note: intermediate A marks do NOT need to be simplified. 
  



 – 7 – M22/5/MATHY/SP1/ENG/TZ2/XX/M 

 

9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) attempt to substitute into length of arc formula (M1)  

  140
2

360

°
× π×56

°
  

 

  137 cm   
392π

136.833 , cm
9

 … 
 

 A1 

      [2 marks] 
 
 (b) subtracting two substituted area of sectors formulae (M1) 
 

  2140
56

360

° × π× ° 
 – 2140

10
360

° × π× ° 
   OR   ( )2 2140 π  56 10

360

°
× × −

°
 (A1) 

 
  3710 cm2   (3709.17… cm2) A1 

    [3 marks] 
      Total [5 marks] 

 
 
 

2. (a) 
17 25 42

  
130 130

+ = 
 

   
21

, 0.323076
65

 … 
 

 A1 

[1 mark] 
 

 (b) 
17 17

17 25 42
 = + 

  (0.404761…) A1A1 

Note: Award A1 for correct numerator and A1 for correct denominator. 

Award A1A0 for working of 
17 /130

their answer to (a)
 if followed by an 

incorrect answer. 

 [2 marks] 
 

 (c) 
41 40

130 129
×    A1M1 

Note: Award A1 for two correct fractions seen, M1 for multiplying their fractions. 

 

  
1640 164

0.0978  0.0977936 ,   
16770 1677

 = ≈ … 
 

 A1 

[3 marks] 
Total [6 marks] 
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3. (a) 
2.1

sin
2.8

θ =       OR     
2.1

tan
1.85202

θ =
…

 (M1) 

  

  (θ =) 48.6 °   (48.5903…°) A1 
      [2 marks] 

  
 (b) METHOD 1 
 

  2 22.8 2.1−     OR   2.8cos (48.5903...)     OR   
2.1

tan (48.5903 )…
     (M1) 

Note: Award M1 for attempt to use Pythagorean Theorem with 2.1 seen or for 
attempt to use cosine or tangent ratio. 

 

  1.85 (m)   (1.85202…) (A1) 

Note: Award the M1A1 if 1.85 is seen in part (a). 

 
  (6.4 – 1.85202…) 
  4.55 m   (4.54797…) (A1) 

Note: Award A1 for 4.55 or equivalent seen, either as a separate calculation or in 
Pythagorean Theorem. 

 

  ( )2 24.54797 2.1… +   

  5.01 m   (5.00939…m) A1 
 
  METHOD 2 
  attempt to use cosine rule (M1) 
  2 2 2( ) 2.8 6.4 2 2.8)(6.4)cos (48.5903 )(c = + − …  (A1)(A1) 

Note: Award A1 for 48.5903...° substituted into cosine rule formula, A1 for correct substitution. 

 
  ( ) 5.01 m (5.00939 m)c = …  A1 

      [4 marks] 
 

 (c) camera 1 is closer to the cash register (than camera 2 and both cameras are at the same 
height on the wall) R1 

  the larger angle of depression is from camera 1 A1 

Note: Do not award R0A1.  Award R0A0 if additional calculations are completed 
and used in their justification, as per the question.  Accept “1.85<4.55” or 
“2.8<5.01” as evidence for the R1. 

      [2 marks] 
      Total [8 marks]  
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4. (a) 5
10(pH ) log (1.3 10 )−= − ×  (M1) 

  4.89   (4.88605…) A1 
      [2 marks] 

 
 (b) EITHER 
  calculating pH  
  5

10(pH ) log (10 1.3 10 )−= − × ×  (M1) 

  3.89   (3.88605…) A1 
 
  (3.89 < 4.89, therefore) the unknown liquid is more acidic (than coffee). A1 

Note: Follow through within the part for the final A1. A correct conclusion must be 
supported by a mathematical justification linking the C-value to the pH level to earn 
the final A1; a comparison of C-values only earns M0A0A0. 

 
  OR 
  referencing the graph 

The graph of 10 )log (y x= −  shows that as the value of x increases, the  

value of y decreases.  M1 
 

Since the C-value (x-value) of the unknown liquid is larger than that of the coffee, the pH 
level (y-value) is lower. R1 
 

  The unknown liquid is more acidic (than coffee).  A1 

Note: Follow through within the part for the final A1. A correct conclusion must be 
supported by a mathematical justification linking the C-value to the pH level to earn 
the final A1; a comparison of C-values only earns M0R0A0. 

      [3 marks] 
      Total [5 marks] 

 
 
 
5.  (a) ( )E( ) 10 0.8X = ×  (M1) 

  8 (people)   A1 
      [2 marks] 

 
 (b)  recognition of binomial probability  (M1) 
  0.0881   (0.0880803…) A1 

      [2 marks] 
 
 (c) 0.8 and 6 seen OR  0.2 and 3 seen (A1) 
  attempt to use binomial probability (M1) 
  0.121   (0.120873…) A1 

      [3 marks] 
      Total [7 marks] 
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6.  (a)  EITHER 
  attempt to substitute 3, 4 and 7 into area of a trapezoid formula (M1) 

  
1

( ) (7 4)(3)
2

A = +  

 
  OR 

given line expressed as an integral  (M1) 

  
2

1
( ) (6 ) dA x x

−
= −∫  

 
  OR 
  attempt to sum area of rectangle and area of triangle (M1) 

  (A =) 4 × 3 + 
1

2
 (3)(3) 

   
  THEN 
  16.5 (square units) A1 

      [2 marks] 
 

 (b) (i) 
2 2

1
( ) 1.5 2.5 3 dA x x x

−
= − +∫  A1A1 

Note: Award A1 for the limits 1x = − , 2x =  in correct location. Award A1 for an integral 
of the quadratic function, dx must be included. Do not accept “y” in place of the 
function, given that two equations are in the question. 

 
  (ii) 9.75 (square units) A1 

      [3 marks] 
 
 (c) 16.5 – 9.75   (M1) 
  6.75 (square units) A1 

      [2 marks] 
      Total [7 marks] 
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7. (a) (88 – 62) × 1.5   OR   26 1.5×  seen anywhere   OR   39 seen anywhere (M1) 
 
  62 – 39 
  23    A1 
 
  25 > 23   R1 
  so is not an outlier AG 

      [3 marks] 
 
 (b) The median score for the evening class is higher than the median score  

for the morning class.   A1 
 
  THEN 
  but the scores are more spread out in the evening class than in the morning class  
      A1 
  OR  
  the scores are more inconsistent in the evening class  A1 
  OR  
  the lowest scores are in the evening class  A1 
  OR 
  the interquartile range is lower in the morning class  A1 
  OR 
  the lower quartile is lower in the evening class A1 

Note: If an incorrect comparison is also made, award at most A1A0. 
 
 Award A0 for a comparison that references “the mean score” unless working is 

shown for the estimated means of the data sets, calculated from the mid-points of 
the 4 intervals. The estimated mean for the morning class is 71.375 and the 
estimated mean for the evening class is 70.5. 

      [2 marks] 
      Total [5 marks] 
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8. (a) (H1:) µ1 – µ2 ≠ 0    (µ1 ≠ µ2) A1 

Note: Accept an equivalent statement in words, however reference to 
“population mean” must be explicit for A1 to be awarded.  

      [1 mark] 
 
 (b) 0.0778   (0.0778465…) A2 

Note: Award A1 for an answer of 0.0815486… from not using a pooled estimate 
of the variance. 

      [2 marks] 
 
 (c) (i) 0.0778 < 0.1 R1 
   reject the null hypothesis A1 

Note: Do not award R0A1.  

       
  (ii) there is (significant evidence of) a difference between the (population)  

mean reaction times A1 

Note: Their conclusion in (c)(ii) must match their conclusion in (c)(i) to earn A1.  
Award A0 if their conclusion refers to mean reaction times in the sample. 

      [3 marks] 
      Total [6 marks] 
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9. (a) Accept any one of the following (or equivalent):  
  one minimum and one maximum point  
  three x-intercepts  or three roots (or zeroes) 
  one point of inflexion R1 

Note: Do not accept “S shape” as a justification. 

 [1 mark] 
 
 (b) (i) ( )  5d = −   A1 
 
  (ii) 8 a b c= + +  
   4 8 4 2a b c= + +  
   0 27 9 3a b c= + +  A2 

Note: Award A2 if all three equations are correct.   
Award A1 if at least one is correct.  Award A1 for three correct equations 
that include the letter “d”. 

 
  (iii) 2, 12, 18a b c= = − =  A1 

[4 marks] 
 
 (c) equating found expression to zero (M1) 
  3 20 2 12 18 5t t t= − + −    
   t = 0.358216…, 1.83174…, 3.81003…  (A1) 
 
  (so total time in debt is 3.81003 1.83174 0.358216 )   …− …+ ≈  

  2.34 (2.33650 )…  years A1 
[3 marks] 

      Total [8 marks] 
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10. (a) sketch of normal curve with shaded region to the right of the  
mean and correct values (M1) 

 
   
    
 
 
 
      
  
  0.0921   (0.0920950…) A1 

      [2 marks] 
  
 (b) EITHER 
  ( )P ( 172)x <   

  0.906200…  (A1) 
 
  (0.906200… – 0.68) 
  0.226200…  (A1) 
 
  OR 
  ( )P 163 172)( x< <   

  0.406200…  (A1) 
 
  0.5 – (0.68 – 0.406200…)   OR   0.5 + (0.68 – 0.406200…) 
  0.226200…  OR  0.773799… (A1) 
 
 
  OR 
 
 
 
 
 
      (A1)(A1) 
 

Note: Award A1 for a normal distribution curve with a vertical line on each side of 
the mean and a correct probability of either 0.406 or 0.274 or 0.906 shown, 
A1 for a probability of 0.226 seen. 

 
  THEN 
  ) 158 g 157.867 g)( (k = …   A1 

      [3 marks] 
      Total [5 marks]  

172        183 

0.274 

0.226 
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11. (a) ( ) 2

3
( ) 2f x x

x
′ = +  A1A1 

Note: Award A1 for 2x , A1 for 
2

3

x
+   OR  23x−+ . 

      [2 marks] 
 
 (b) attempt to substitute 1 into their part (a) (M1) 

  ( ) 2

3
(1) 2(1)

1
f ′ = +  

  5    A1 
      [2 marks] 

 
 (c) EITHER 

  
2

3
5 2x

x
= +   M1 

 
  0.686x = − , 1, 2.19  0.686140..., 1, 2.18614 )(− …   A1 
 
  OR 
  sketch of ( )y xf ′=  with line 5y =   M1 
 
 
 
 
 
     
 
 
 
       
  three points of intersection marked on this graph A1 
  (and it can be assumed no further intersections occur outside of this window) 
   
  THEN 
  there are two other tangent lines to ( )f x  that are parallel to L  A1 

Note: The final A1 can be awarded provided two solutions other than 1x =  are 
shown OR three points of intersection are marked on the graph.  

 
 Award M1A1A1 for an answer of “3 lines” where L  is considered to be 

parallel with itself (given guide definition of parallel lines), but only if working 
is shown. 

      [3 marks] 
       Total [7 marks] 

 
  

x x 
 

x 
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12. (a) 
4.48

( )
2( 1.6)

x = −
−

   OR   coordinates of maximum point (1.4, 3.136) (M1) 

 
  1.4x =     A1 

    [2 marks] 
 
 (b) METHOD 1 
  the cart is centred in the archway when it is between  
  0.6x =  and 2.2x = , A1 
  where 2.112 (m)y ≥ (which is greater than 2) R1 
 
  the archway is tall enough for the crate A1 

Note: Do not award R0A1. 

 
  METHOD 2 
  the height of the archway is greater or equal to 2.0 between   
  0.557385x = …  and 2.24261x = …  A1 

width of this section of archway = 
)(2.24261 – 0.557385 ) 1.68 2 m52 (… … = …  (which is greater than 1.6) R1 

 
  the archway is wide enough for the crate  A1 

Note: Do not award R0A1.  

      [3 marks] 
      Total [5 marks] 

      
 
 
13. (a) METHOD 1 – (with FV = 4000) 
 
  EITHER 
  N= 10  
  I=1.5 
  FV= 4000 
  P/Y= 1 
  C/Y= 1   (A1)(M1) 

Note: Award A1 for 3.5 2 ) 1.5( − =  seen and M1 for all other entries correct. 

 
  OR 
  104000 1 0.( 015)A= +  (A1)(M1) 

Note: Award A1 for 1.5 or 0.015 seen, M1 for attempt to substitute 
into compound interest formula and equating to 4000. 

 
  THEN 
  (PV =) $3447  A1 

Note: Award A0 if not rounded to a whole number or a negative sign given. 

continued… 
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Question 13 continued 

  METHOD 2 – (With FV including inflation) 
  calculate FV with inflation  
  104000 1.02×   (A1) 
  (=4875.977…) 
   
  EITHER 
  10 104000 1.02  PV 1.035× = ×  (A1) 
  OR 
  N= 10  
  I= 3.5 
  FV= 4875.977…  
  P/Y= 1 
  C/Y= 1   (M1) 

Note: Award M1 for their FV and all other entries correct.  

 
  THEN 
  (PV =) $3457  A1 

Note: Award A0 if not rounded to a whole number or a negative sign given. 

 
 METHOD 3 – (Using formula to calculate real rate of return) 
  (real rate of return =) 1.47058…(%) (A1) 
   
  EITHER 
  104000 PV 1.0147058= × …  (A1) 
  OR 
  N= 10  
  I= 1.47058… 
  FV= 4000 
  P/Y= 1 
  C/Y= 1   (M1) 

Note: Award M1 for all entries correct.  

 
  THEN 
  (PV =)  $3457  A1 

[3 marks] 
 
 
 

continued… 
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Question 13 continued 

 
 (b) METHOD 1 – (Finding the future value of the investment using PV from part (a)) 
  N= 10  
  I=3.5 
  PV= 3446.66…(from Method 1)  OR  3456.67…(from Methods 2, 3) 
  P/Y= 1 
  C/Y= 1   (M1) 

Note: Award M1 for interest rate 3.5 and answer to part (a) as PV. 

  
  (FV=)   $4861.87   OR   $4875.97 (A1) 
  so payment required (from TVM) will be $294  OR  $295 A1 

Note: Award A0 if a negative sign given, unless already penalized in part (a). 

 
  METHOD 2 – (Using FV) 
  N= 10  
  I=3.5 
  PV= 1000−  
  FV= 4875.977… 
  P/Y= 1 
  C/Y= 1   (A1)(M1) 

Note: Award A1 for I=3.5 and FV= ±4875.977…, M1 for all other entries correct 
and opposite PV and FV signs. 

 
  (PMT =)   $295   (295.393) A1 

Note: Correct 3sf answer is 295, however accept an answer of 296 given that the 
context supports rounding up.  Award A0 if a negative sign given, unless 
already penalized in part (a). 

[3 marks] 
      Total [6 marks] 
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Mathématiques : applications et interprétation
Niveau moyen
Épreuve 1

Instructions destinées aux candidats

 y Écrivez votre numéro de session dans les cases ci-dessus.
 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions.
 y Rédigez vos réponses dans les cases prévues à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 5]

Le bras métallique droit d’un essuie-glace d’un pare-brise d’une voiture tourne suivant un
mouvement circulaire à partir d’un point pivot, O, décrivant un angle de 140°. Le pare-brise
est dégagé par une lame en caoutchouc d’une longueur de 46 cm qui est fixée au bras
métallique entre les points A et B. La longueur totale du bras métallique, OB, est de 56 cm.

La partie du pare-brise dégagée par la lame en caoutchouc est représentée en blanc sur le
schéma suivant.

la figure n’est pas à l’échelle

56

46

O
A

B

140


(a) Calculez la longueur de l’arc fait par B, l’extrémité de la lame en caoutchouc. [2]

(b) Déterminez l’aire de la partie du pare-brise qui est dégagée par la lame en caoutchouc. [3]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)
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2. [Note maximale : 6]

Un groupe de 130 candidats ont postulé afin d’être admis dans le programme d’arts ou dans 
le programme de sciences à l’université. Les résultats de leurs demandes d’admission sont 
montrés dans le tableau suivant.

Accepté Refusé

Programme d’arts 17 24

Programme de sciences 25 64

(a) Trouvez la probabilité qu’un candidat choisi au hasard dans ce groupe ait été accepté 
par l’université. [1]

Un candidat est choisi au hasard dans ce groupe. On constate qu’il a été accepté dans le 
programme de son choix.

(b) Trouvez la probabilité que le candidat ait postulé au programme d’arts. [2]

Deux candidats différents sont choisis au hasard dans le groupe d’origine.

(c) Trouvez la probabilité que les deux candidats aient postulé au programme d’arts. [3]

(Suite de la question à la page suivante)

Note: 100% common HP1.Q1 SP1.Q2
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(Suite de la question 2)
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3. [Note maximale : 8]

Le propriétaire d’une supérette (ou d’un dépanneur) installe deux caméras de sécurité, 
représentées par les points C1 et C2. Les deux caméras pointent vers le centre de la 
caisse enregistreuse du magasin, représentée par le point R.

Le diagramme suivant montre ces informations sur une coupe transversale du magasin.

la figure n’est pas à l’échelle

C1 C2

RR

1,0

6,4

3,1

2,8

Les caméras sont positionnées à une hauteur de 3,1 m et la distance horizontale entre les 
caméras est de 6,4 m. La caisse enregistreuse est posée sur un comptoir de sorte que son 
centre, R, est à 1,0 m au-dessus du sol.

La distance entre la Caméra 1 et le centre de la caisse enregistreuse est de 2,8 m.

(a) Déterminez l’angle de dépression de la Caméra 1 par rapport au centre de la caisse 
enregistreuse. Donnez votre réponse en degrés. [2]

(b) Calculez la distance entre la Caméra 2 et le centre de la caisse enregistreuse. [4]

(c) Sans autre calcul, déterminez quelle caméra a le plus grand angle de dépression par 
rapport au centre de la caisse enregistreuse. Justifiez votre réponse. [2]

(Suite de la question à la page suivante)

Note:100% common HP1.Q2 SP1.Q3 
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(Suite de la question 3)
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4. [Note maximale : 5]

Le pH d’une solution mesure son acidité et peut être déterminé à l’aide de la formule   
 pH = − log  10  C  , où  C  est la concentration en ions hydronium dans la solution, mesurée 
en moles par litre. Un pH plus bas indique une solution plus acide.

La concentration en ions hydronium dans un type particulier de café est de   1,3 ×  10   −5    
moles par litre.

(a) Calculez le pH de ce café. [2]

Un liquide différent, inconnu, a 10 fois la concentration en ions hydronium que le café 
dans la partie (a).

(b) Déterminez si le liquide inconnu est plus ou moins acide que le café. 
Justifiez mathématiquement votre réponse. [3]
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5. [Note maximale : 7]

Un test du polygraphe est utilisé pour déterminer si les personnes disent la vérité ou non, 
mais il n’est pas toujours exact. Lorsqu’une personne dit la vérité, elle a 20 % de chances 
d’échouer au test. Chaque résultat au test est indépendant de tout résultat précédent.

Il y a 10 personnes qui passent un test du polygraphe et toutes disent la vérité.

(a) Calculez le nombre espéré de personnes qui réussiront ce test du polygraphe. [2]

(b) Calculez la probabilité qu’exactement 4 personnes échoueront à ce test du polygraphe. [2]

(c) Déterminez la probabilité que moins de 7 personnes réussiront ce test du polygraphe. [3]
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Note: 100% common HP1.Q3 SP1.Q5
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6. [Note maximale : 7]

Les représentations graphiques de   y = 6 − x   et   y = 1,5 x   2  − 2,5x + 3   se coupent aux points  
(2  ;  4)  et  (−1  ;  7) , tel que montré dans les diagrammes suivants.

Dans le diagramme 1, la région délimitée par les droites   y = 6 − x  ,   x = −1  ,   x = 2   et l’axe 
des abscisses a été grisée.

la figure n’est pas à l’échelle
Diagramme 1

x

y

(2  ;  4)

(–1  ;  7)

(a) Calculez l’aire de la région grisée dans le diagramme 1. [2]

Dans le diagramme 2, la région délimitée par la courbe   y = 1,5 x   2  − 2,5x + 3  , les droites   
x = −1  ,   x = 2   et l’axe des abscisses a été grisée.

la figure n’est pas à l’échelle
Diagramme 2

x

y

(2  ;  4)

(–1  ;  7)

(b) (i)  Écrivez une intégrale pour l’aire de la région grisée dans le diagramme 2.

(ii) Calculez l’aire de cette région. [3]

(c) À partir de là, déterminez l’aire de la région comprise entre   y = 6 − x   et   
 y = 1,5 x   2  − 2,5x + 3  . [2]

(Suite de la question à la page suivante)

Note: 100% common HP1.Q4 SP1.Q6.
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(Suite de la question 6)
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7. [Note maximale : 5]

Un établissement d’enseignement supérieur offre un cours de mathématiques le matin. 
Les résultats de cette classe lors d’un test sont indiqués ci-dessous.

25 33 51 62 63 63 70 74 79 79 81 88 90 90 98

Pour ces données, le premier quartile est 62 et le troisième quartile est 88.

(a) Montrez que le résultat de 25 ne serait pas considéré comme une valeur aberrante. [3]

Le diagramme en boîte montrant ces résultats est donné ci-dessous.

0 10 30 50 60 7020 40 80 90 100

Résultats du test

Un autre cours de mathématiques est offert par l’établissement d’enseignement supérieur  
en soirée. Un diagramme en boîte montrant les résultats de cette classe pour le même test 
est donné ci-dessous.

0 10 30 50 60 7020 40 80 90 100

Résultats du test

Un chercheur examine les diagrammes en boîte et croit que la classe du soir a mieux réussi 
que celle du matin.

(b) En vous référant aux diagrammes en boîte, indiquez un aspect qui peut soutenir 
l’opinion du chercheur et un aspect qui peut la contredire. [2]

(Suite de la question à la page suivante)
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8. [Note maximale : 6]

Une étude a été menée pour déterminer si le temps de réaction moyen des conducteurs 
qui parlent sur leur téléphone portable est le même que le temps de réaction moyen des 
conducteurs qui parlent aux passagers dans leur véhicule. Deux groupes indépendants ont 
été sélectionnés au hasard pour l’étude.

Pour collecter des données, chaque conducteur a été placé dans un simulateur de voiture et 
fut invité à parler sur un téléphone portable ou à parler à un passager. Chaque conducteur 
a reçu l’ordre d’appliquer les freins dès qu’il verrait une lumière rouge apparaître devant 
la voiture. Les temps de réaction des conducteurs, en secondes, ont été enregistrés dans 
le tableau suivant. 

Conducteur qui parle sur 
un téléphone portable

Conducteur qui parle à 
un passager

0,69 0,67

0,87 0,86

0,98 0,60

1,04 0,81

0,79 0,76

0,87 0,71

0,71 0,74

Au niveau de signification de 10 % , un test  t  a été utilisé pour comparer les temps de 
réaction moyens des deux groupes. Il est supposé que chaque ensemble de données est 
distribué normalement et que les variances de chaque population sont égales.

Soit    μ  1     et    μ  2     les moyennes des populations pour chacun des groupes. L’hypothèse nulle 
pour ce test est    H  0   :   μ  1   −  μ  2   = 0  .

(a) Indiquez l’hypothèse alternative. [1]

(b) Calculez la valeur  p  pour ce test. [2]

(c) (i)  Indiquez la conclusion du test. Justifiez votre réponse.

(ii) Indiquez ce que signifie votre conclusion dans le contexte. [3]

(Suite de la question à la page suivante)
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9. [Note maximale : 8]

La représentation graphique ci-dessous montre les économies moyennes,  S  mille dollars, 
d’un groupe de diplômés universitaires comme une fonction de  t , le nombre d’années après 
avoir obtenu leur diplôme universitaire.

S

t

(a) Écrivez une caractéristique de cette représentation graphique qui suggère qu’une 
fonction cubique pourrait être appropriée pour modéliser ce scénario. [1]

L’équation du modèle peut être exprimée sous la forme   S = a t   3  + b t   2  + ct + d  , où  a ,  b ,  c  
et  d  sont des constantes réelles.

La représentation graphique du modèle doit passer par les quatre points suivants.

t  0  1  2  3

S  − 5  3  − 1  − 5

(b) (i)  Écrivez la valeur de  d .

(ii) Écrivez trois équations simultanées pour  a ,  b  et  c .

(iii) À partir de là ou par toute autre méthode, trouvez les valeurs de  a ,  b  et  c . [4]

Une valeur négative de  S  indique qu’un diplômé serait endetté.

(c) Utilisez le modèle pour déterminer la durée totale, en années, pendant laquelle 
un diplômé serait endetté après avoir obtenu son diplôme universitaire. [3]

(Suite de la question à la page suivante)

Note: 100% common HP1.Q5 SP1.Q9
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10. [Note maximale : 5]

Les masses des pommes Fuji sont normalement distribuées avec une moyenne de 163 g et 
un écart type de 6,83 g.

Lorsque les pommes Fuji sont cueillies, elles sont classées en petites, moyennes, grosses 
ou très grosses selon leur masse. Les grosses pommes ont une masse comprise entre  
172 g et 183 g.

(a) Déterminez la probabilité qu’une pomme Fuji choisie au hasard soit une grosse pomme. [2]

Environ 68 % des pommes Fuji ont une masse se situant dans la catégorie de taille moyenne, 
qui se trouve entre  k  et 172 g.

(b) Trouvez la valeur de  k . [3]
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11. [Note maximale : 7]

Considérez la fonction   f (x) =  x   2  −   3 __ x    ,   x ≠ 0  .

(a) Trouvez    f  ′  (x)  . [2]

La droite   L   est une tangente à   f (x)   au point  (1  ;  −2) .

(b) Utilisez votre réponse à la partie (a) pour trouver la pente de   L  . [2]

(c) Déterminez le nombre de droites parallèles à   L   qui sont tangentes à   f (x)  . 
Justifiez votre réponse. [3]
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12. [Note maximale : 5]

La coupe transversale d’une entrée voûtée dans la salle de bal d’un hôtel a la forme d’une 
parabole. Cette section transversale peut être modélisée par une partie de la représentation 
graphique de   y = −1,6 x   2  + 4,48x  , où  y  est la hauteur de l’arche, en mètres, lorsqu’on se 
situe à une distance horizontale,  x  mètres, du point O, dans le coin inférieur gauche de l’arche.

x

y

O

(a) Déterminez une équation pour l’axe de symétrie de la parabole qui modélise l’arche. [2]

Pour préparer un événement, une caisse à base carrée de 1,6 m de large et 2,0 m de haut 
doit être déplacée et passer par l’arche pour atteindre la salle de bal. La caisse doit rester 
debout pendant son déplacement.

(b) Déterminez si la caisse pourra passer par l’arche. Justifiez votre réponse. [3]
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13. [Note maximale : 6]

Juliana prévoit d’investir de l’argent pendant 10 ans dans un compte qui rapporte 3,5 %
d’intérêt, composé annuellement. Elle s’attend à ce que le taux d’inflation annuel soit de
2 % par année tout au long de la période de 10 ans.

Juliana aimerait que son investissement ait une valeur réelle de 4000 $, par rapport aux
valeurs actuelles, à la fin de la période de 10 ans. Elle envisage deux options.

Option 1 : Effectuer un investissement ponctuel au début de la période de 10 ans.

Option 2 : Investir 1000 $ au début de la période de 10 ans, puis investir  x $  dans le compte
à la fin de chaque année (y compris la première et la dernière année).

(a) Pour l’option 1, déterminez le montant minimum que Juliana devrait investir.
Donnez votre réponse au dollar près. [3]

(b) Pour l’option 2, trouvez la valeur minimale de  x  que Juliana devrait investir chaque
année. Donnez votre réponse au dollar près. [3]
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Note: 100% common HP1.Q11 SP1.Q13
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21 páginas

Viernes 6 de mayo de 2022 (tarde)

1 hora 30 minutos

Matemáticas: Aplicaciones e Interpretación
Nivel Medio
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con 
calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención. 
Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el 
mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos 
puntos si el método empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja 
mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 5]

El brazo metálico recto del limpiaparabrisas de un coche realiza un movimiento circular 
respecto a un punto de pivote O, barriendo un ángulo de 140°. El parabrisas lo limpia una 
escobilla de goma de 46 cm de longitud que se fija al brazo metálico entre los puntos A y B. 
La longitud total del brazo metálico (OB) es de 56 cm.

En la siguiente figura, la zona del parabrisas limpiada por la escobilla de goma se muestra 
sin sombrear.

la figura no está dibujada a escala

56

46

O
A

B

140


(a) Calcule la longitud del arco que traza el extremo B de la escobilla de goma. [2]

(b) Determine el área del parabrisas limpiada por la escobilla de goma. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)
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2. [Puntuación máxima: 6]

Un grupo de 130 candidatos solicitaron entrar en el programa de Artes o en el programa 
de Ciencias de una universidad. En la siguiente tabla se muestran los resultados de estas 
solicitudes.

Aceptados Rechazados 

Programa de Artes 17 24

Programa de Ciencias 25 64

(a) Halle la probabilidad de que un candidato de este grupo, elegido al azar, haya sido 
aceptado por la universidad. [1]

Se escoge al azar a un candidato perteneciente a este grupo. Vemos que lo han aceptado 
en el programa que había elegido.

(b) Halle la probabilidad de que este candidato solicitara entrar en el programa de Artes. [2]

Se escogen al azar dos candidatos distintos pertenecientes al grupo original.

(c) Halle la probabilidad de que ambos candidatos solicitaran entrar en el programa de Artes. [3]

(Esta pregunta continúa en la página siguiente)

Note: 100% common HP1.Q1 SP1.Q2
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Véase al dorso

(Pregunta 2: continuación)
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3. [Puntuación máxima: 8]

El propietario de una tienda de ultramarinos instala dos cámaras de seguridad, que están 
representadas por los puntos C1 y C2. Las dos cámaras apuntan al centro de la caja 
registradora de la tienda, que está representado por el punto R.

La siguiente figura, que corresponde a un corte transversal de la tienda, muestra toda esta 
información.

la figura no está dibujada a escala

C1 C2

RR

1,0

6,4

3,1

2,8

Las cámaras están situadas a una altura de 3,1 m y la distancia horizontal que hay entre las 
cámaras es de 6,4 m. La caja registradora está colocada sobre un mostrador, de modo tal 
que su centro R está a 1,0 m del suelo.

Entre la Cámara 1 y el centro de la caja registradora hay una distancia de 2,8 m.

(a) Determine el ángulo de depresión que hay desde la Cámara 1 al centro de la caja 
registradora. Dé la respuesta en grados. [2]

(b) Calcule la distancia que hay desde la Cámara 2 al centro de la caja registradora. [4]

(c) Sin hacer ningún cálculo más, determine cuál de las dos cámaras tiene el mayor 
ángulo de depresión al centro de la caja registradora. Justifique su respuesta. [2]

(Esta pregunta continúa en la página siguiente)

Note:100% common HP1.Q2 SP1.Q3 

24EP06



– 7 –

M22/5/MATHY/SP1/SPA/TZ0/XX

2222 – 7224

Véase al dorso

(Pregunta 3: continuación)
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El pH de una disolución es una medida de su acidez y se puede determinar usando la 
fórmula   pH = − log  10  C  , donde  C  es la concentración de iones hidronio que hay en la 
disolución, medida en moles por litro. Cuanto menor es el pH, más ácida es la disolución.

La concentración de iones hidronio que hay en un tipo concreto de café es de   1,3 ×  10   −5    
moles por litro.

(a) Calcule el pH del café. [2]

Un líquido distinto desconocido tiene una concentración de iones hidronio 10 veces mayor 
que la del café del apartado (a).

(b) Determine si el líquido desconocido es más o menos ácido que el café. Justifique su 
respuesta matemáticamente. [3]
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5. [Puntuación máxima: 7]

La prueba del polígrafo se utiliza para determinar si la gente está diciendo la verdad o no, 
pero no es completamente precisa. Cuando una persona dice la verdad, tiene un 20 % de 
probabilidades de no pasar la prueba. Cada resultado de la prueba es independiente de 
todos los resultados anteriores.

Hay 10 personas que se someten a la prueba del polígrafo y las 10 dicen la verdad.

(a) Calcule el número esperado de personas que pasarán esta prueba del polígrafo. [2]

(b) Calcule la probabilidad de que haya exactamente 4 personas que no pasen esta 
prueba del polígrafo. [2]

(c) Determine la probabilidad de que haya menos de 7 personas que pasen esta  
prueba del polígrafo. [3]
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Note: 100% common HP1.Q3 SP1.Q5
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Los gráficos de   y = 6 − x   e   y = 1,5 x   2  − 2,5x + 3   se cortan en  (2 ,  4)  y en  (−1 ,  7) , tal y como 
se muestra en las siguientes figuras.

En la figura 1, se ha sombreado la región que está delimitada por las rectas   y = 6 − x  ,   
x = −1  ,   x = 2   y el eje   x  .

la figura no está dibujada a escala
Figura 1

x

y

(2 ,  4)

(–1 ,  7)

(a) Calcule el área de la región sombreada de la figura 1. [2]

En la figura 2, se ha sombreado la región que está delimitada por la curva  
  y = 1,5 x   2  − 2,5x + 3  , las rectas   x = −1  ,   x = 2   y el eje   x  .

la figura no está dibujada a escala
Figura 2

x

y

(2 ,  4)

(–1 ,  7)

(b) (i)  Escriba una integral para el área de la región sombreada de la figura 2.

(ii) Calcule el área de esta región. [3]

(c) A partir de lo anterior, determine el área que está delimitada por   y = 6 − x   e  
  y = 1,5 x   2  − 2,5x + 3  . [2]

(Esta pregunta continúa en la página siguiente)

Note: 100% common HP1.Q4 SP1.Q6.
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(Pregunta 6: continuación)
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7. [Puntuación máxima: 5]

En una facultad se imparte un curso de matemáticas por las mañanas. A continuación se 
muestran las puntuaciones de un examen que se hizo en esta clase.

25 33 51 62 63 63 70 74 79 79 81 88 90 90 98

Para estos datos, el primer cuartil es 62 y el tercer cuartil es 88.

(a) Muestre que una puntuación de 25 en este examen no se consideraría un valor atípico. [3]

El diagrama de caja y bigotes que representa estas puntuaciones se muestra a continuación.

0 10 30 50 60 7020 40 80 90 100

Puntuaciones del examen

En esa facultad hay otra clase de matemáticas que se imparte por las tardes. A continuación 
se muestra un diagrama de caja y bigotes que representa las puntuaciones que se han 
obtenido en esta clase en el mismo examen.

0 10 30 50 60 7020 40 80 90 100

Puntuaciones del examen

Un investigador analiza los diagramas de caja y bigotes y cree que en la clase de la tarde se 
han obtenido mejores resultados que en la clase de la mañana.

(b) Haciendo referencia a dichos diagramas de caja y bigotes, indique un aspecto que 
pueda respaldar la opinión del investigador y un aspecto que pueda contradecirla. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 7: continuación)
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8. [Puntuación máxima: 6]

Se realizó un estudio para investigar si la media del tiempo de reacción de los conductores 
que van hablando por el teléfono móvil es la misma que la media del tiempo de reacción 
de los conductores que van hablando con los pasajeros del vehículo. Para este estudio se 
eligieron al azar dos grupos independientes.

Para la obtención de datos, se puso a cada conductor en un simulador de conducción y se 
le pidió que hablara, o bien por el teléfono móvil, o bien con un pasajero. A cada conductor 
se le indicó que pisara el freno tan pronto como viera aparecer un semáforo rojo delante 
del coche. Los tiempos de reacción de los conductores (en segundos) se recogieron en la 
siguiente tabla.

Habla por el teléfono móvil Habla con un pasajero

0,69 0,67

0,87 0,86

0,98 0,60

1,04 0,81

0,79 0,76

0,87 0,71

0,71 0,74

Se utilizó la prueba  t  de Student, a un nivel de significación del 10 %, para comparar las 
medias de los tiempos de reacción de estos dos grupos. Se supone que cada conjunto de 
datos sigue una distribución normal y que las varianzas de la población son iguales.

Sean    μ  1     y    μ  2     las medias de la población correspondientes a esos dos grupos. Para este 
contraste, la hipótesis nula es    H  0   :   μ  1   −  μ  2   = 0  .

(a) Indique la hipótesis alternativa. [1]

(b) Calcule, para este contraste, el valor del parámetro  p . [2]

(c) (i)  Indique la conclusión del contraste. Justifique su respuesta.

(ii) Indique qué significa su conclusión en el contexto de la pregunta. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 8: continuación)
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9. [Puntuación máxima: 8]

El siguiente gráfico muestra el promedio de los ahorros ( S  miles de dólares) que tienen un 
grupo de graduados universitarios en función de  t , que es el número de años transcurridos 
desde que acabaron la universidad.

S

t

(a) Escriba una característica de este gráfico que sugiera que podría resultar apropiado 
usar una función cúbica para modelizar esta situación. [1]

La ecuación del modelo se puede expresar de la forma   S = a t   3  + b t   2  + ct + d  , donde  a ,  b ,  c  
y  d  son constantes reales.

El gráfico del modelo tiene que pasar obligatoriamente por los siguientes cuatro puntos.

t  0  1  2  3

S −5  3 −1 −5

(b) (i)  Escriba el valor de  d .

(ii) Escriba un sistema de tres ecuaciones con las incógnitas  a ,  b  y  c .

(iii) A partir de lo anterior o de cualquier otro modo, halle los valores de  a ,  b  y  c . [4]

Un valor negativo de  S  representa una situación en la que cabe esperar que un graduado 
esté endeudado.

(c) Utilice el modelo para determinar el tiempo total (en años) durante el que cabe esperar 
que un graduado esté endeudado después de haber acabado la universidad. [3]

(Esta pregunta continúa en la página siguiente)

Note: 100% common HP1.Q5 SP1.Q9
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(Pregunta 9: continuación)
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10. [Puntuación máxima: 5]

Las masas de las manzanas Fuji siguen una distribución normal de media 163 g y desviación 
típica igual a 6,83 g.

Cuando se recogen las manzanas Fuji, se van clasificando en pequeñas, medianas, grandes 
o extragrandes según sea su masa. Las manzanas grandes tienen una masa de entre 172 g 
y 183 g.

(a) Determine la probabilidad de que una manzana Fuji elegida al azar sea una manzana 
grande. [2]

Aproximadamente el 68 % de las manzanas Fuji pertenecen a la categoría de las manzanas 
medianas, cuya masa está entre  k  y 172 g.

(b) Halle el valor de  k . [3]
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Véase al dorso

11. [Puntuación máxima: 7]

Considere la función   f (x) =  x   2  −   3 __ x    ,   x ≠ 0  .

(a) Halle    f  ′  (x)  . [2]

La recta   L   es tangente a   f (x)   en el punto  (1 ,  −2) .

(b) Utilice la respuesta que ha dado en el apartado (a) para hallar la pendiente de   L  . [2]

(c) Determine el número de rectas paralelas a   L   que son tangentes a   f (x)  . Justifique su 
respuesta. [3]
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12. [Puntuación máxima: 5]

La sección transversal del arco de entrada al salón de baile de un hotel tiene forma de 
parábola. Esta sección transversal se puede modelizar mediante una parte del gráfico 
de   y = −1,6 x   2  + 4,48x  , donde  y  es la altura (en metros) que tiene el arco a una distancia 
horizontal de  x  metros del punto O, situado en la esquina inferior del arco.

x

y

O

(a) Determine la ecuación del eje de simetría de la parábola que modeliza el arco. [2]

Para preparar un evento, hay que meter en el salón de baile una caja rígida de base 
cuadrada que mide 1,6 m de ancho y 2,0 m de alto, pasando a través del arco. La caja 
tiene que permanecer en posición vertical durante todo el trayecto.

(b) Determine si la caja cabrá por el arco. Justifique su respuesta. [3]
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13. [Puntuación máxima: 6]

Juliana tiene previsto invertir dinero durante 10 años en una cuenta que paga un interés del
3,5 % compuesto anualmente. Ella espera que la tasa de inflación anual sea del 2 % al año
durante todo ese período de 10 años.

A Juliana le gustaría que su inversión alcanzara un valor real de 4000 $, en relación con el
valor actual del dinero, cuando finalice ese período de 10 años. Está barajando dos opciones.

Opción 1: Hacer una única inversión al inicio de ese período de 10 años.

Opción 2:  Invertir 1000 $ al inicio de ese período de 10 años y luego invertir  x $  en esa
misma cuenta al final de cada año (incluidos el primer año y el último).

(a) Para la opción 1, determine la cantidad mínima que Juliana tendría que invertir.
Dé la respuesta redondeando al número entero de dólares más próximo. [3]

(b) Para la opción 2, halle el valor mínimo de  x  que Juliana necesitaría invertir cada año.
Dé la respuesta redondeando al número entero de dólares más próximo. [3]
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Mathematics: applications and interpretation
Standard level
Paper 2

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [80 marks].



– 2 –

M22/5/MATHY/SP2/ENG/TZ1/XX

2222 – 7210

Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 15]

Boris recorded the number of daylight hours on the first day of each month in a northern 
hemisphere town.

This data was plotted onto a scatter diagram. The points were then joined by a smooth curve, 
with minimum point (0 ,  8) and maximum point (6 ,  16) as shown in the following diagram.
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Let the curve in the diagram be   y = f (t)  , where  t  is the time, measured in months, 
since Boris first recorded these values.

Boris thinks that   f (t)   might be modelled by a quadratic function.

(a) Write down one reason why a quadratic function would not be a good model for 
the number of hours of daylight per day, across a number of years. [1]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Paula thinks that a better model is   f (t) = a cos (bt) + d  ,   t ≥ 0  , for specific values of   
a ,  b  and  d .

(b) For Paula’s model, use the diagram to write down

(i) the amplitude.

(ii) the period.

(iii) the equation of the principal axis. [4]

(c) Hence or otherwise find the equation of this model in the form: [3]

 f (t) = a cos (bt) + d 

(d) For the first year of the model, find the length of time when there are more than 
10 hours and 30 minutes of daylight per day. [4]

The true maximum number of daylight hours was 16 hours and 14 minutes.

(e) Calculate the percentage error in the maximum number of daylight hours Boris 
recorded in the diagram. [3]
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2. [Maximum mark: 19]

Eddie decides to construct a path across his rectangular grass lawn using pairs of tiles.

Each tile is 10 cm wide and 20 cm long. The following diagrams show the path after Eddie 
has laid one pair and three pairs of tiles. This pattern continues until Eddie reaches the other 
side of his lawn. When  n  pairs of tiles are laid, the path has a width of  wn  centimetres  and a 
length  ln  centimetres.

The following diagrams show this pattern for one pair of tiles and for three pairs of tiles, 
where the white space around each diagram represents Eddie’s lawn.

diagram not to scale

l
3
 = 50

w
3
 = 40

tile

tile

l
1
 = 30

w
1
 = 20

n = 1 n = 3

The following table shows the values of  wn  and  ln  for the first three values of  n .

Number of pairs  
of tiles,  n

Width of lawn crossed 
by path,  wn (cm)

Length of lawn crossed 
by path,  ln (cm)

1 20 30

2 a b

3 40 50

(This question continues on the following page)
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Turn over

(Question 2 continued)

(a) Find the value of

(i) a .

(ii) b . [2]

(b) Write down an expression in terms of  n  for

(i) wn .

(ii) ln . [3]

Eddie’s lawn has a length 740 cm.

(c) (i)  Show that Eddie needs 144 tiles.

(ii) Find the value of  wn  for this path. [3]

(d) Find the total area of the tiles in Eddie’s path. Give your answer in the form   a ×  10   k    
where   1 ≤ a < 10   and  k  is an integer. [3]

The tiles cost $24.50 per square metre and are sold in packs of five tiles.

(e) Find the cost of a single pack of five tiles. [3]

To allow for breakages Eddie wants to have at least 8 % more tiles than he needs.

(f) Find the minimum number of packs of tiles Eddie will need to order. [3]

There is a fixed delivery cost of $35.

(g) Find the total cost for Eddie’s order. [2]
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Turn over

3. [Maximum mark: 16]

The scores of the eight highest scoring countries in the 2019 Eurovision song contest are 
shown in the following table.

Eurovision score

Netherlands 498

Italy 472

Russia 370

Switzerland 364

Sweden 334

Norway 331

North Macedonia 305

Azerbaijan 302

(a) For this data, find

(i) the upper quartile.

(ii) the interquartile range. [4]

(b) Determine if the Netherlands’ score is an outlier for this data. Justify your answer. [3]

(This question continues on the following page)
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(Question 3 continued)

Chester is investigating the relationship between the highest-scoring countries’ Eurovision 
score and their population size to determine whether population size can reasonably be 
used to predict a country’s score.

The populations of the countries, to the nearest million, are shown in the table.

Population (x) (millions) Eurovision score (y)

Netherlands  17 498

Italy  60 472

Russia 145 370

Switzerland   9 364

Sweden  10 334

Norway   5 331

North Macedonia   2 305

Azerbaijan  10 302

Chester finds that, for this data, the Pearson’s product moment correlation coefficient  
is   r = 0.249  .

(c) State whether it would be appropriate for Chester to use the equation of a regression 
line for  y  on  x  to predict a country’s Eurovision score. Justify your answer. [2]

Chester then decides to find the Spearman’s rank correlation coefficient for this data, 
and creates a table of ranks.

Population rank 
(to the nearest million)

Eurovision score rank

Netherlands 3 1

Italy 2 2

Russia 1 3

Switzerland a 4

Sweden b 5

Norway 7 6

North Macedonia 8 7

Azerbaijan c 8

(This question continues on the following page)
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(Question 3 continued)

(d) Write down the value of:

(i) a ,

(ii) b ,

(iii) c . [3]

(e) (i)  Find the value of the Spearman’s rank correlation coefficient    r  s    .

(ii) Interpret the value obtained for    r  s    . [3]

(f) When calculating the ranks, Chester incorrectly read the Netherlands’ score as 478. 
Explain why the value of the Spearman’s rank correlation    r  s     does not change despite 
this error. [1]
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4. [Maximum mark: 15]

A sector of a circle, centre O and radius 4.5 m, is shown in the following diagram.

diagram not to scale

4.5
4

A B

O

(a) (i)  Find the angle AÔB.

(ii) Find the area of the shaded segment. [8]

A square field with side 8 m has a goat tied to a post in the centre by a rope such that the 
goat can reach all parts of the field up to 4.5 m from the post.

diagram not to scale
8

8

4.5

(b) (i)  Find the area of a circle with radius 4.5 m.

(ii) Find the area of the field that can be reached by the goat. [5]

Let  V  be the volume of grass eaten by the goat, in cubic metres, and  t  be the length of time, 
in hours, that the goat has been in the field.

The goat eats grass at the rate of     dV _ dt
   = 0.3 t e   −t   .

(c) Find the value of  t  at which the goat is eating grass at the greatest rate. [2]
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5. [Maximum mark: 15]

The aircraft for a particular flight has 72 seats. The airline’s records show that historically
for this flight only 90 % of the people who purchase a ticket arrive to board the flight.
They assume this trend will continue and decide to sell extra tickets and hope that no
more than 72 passengers will arrive.

The number of passengers that arrive to board this flight is assumed to follow a binomial
distribution with a probability of 0.9.

(a) The airline sells 74 tickets for this flight. Find the probability that more than 72
passengers arrive to board the flight. [3]

(b) (i)  Write down the expected number of passengers who will arrive to board the
flight if 72 tickets are sold. [2]

(ii) Find the maximum number of tickets that could be sold if the expected number
of passengers who arrive to board the flight must be less than or equal to 72. [2]

Each passenger pays $150 for a ticket. If too many passengers arrive, then the airline will 
give $300 in compensation to each passenger that cannot board.

(c) Find, to the nearest integer, the expected increase or decrease in the money made
by the airline if they decide to sell 74 tickets rather than 72. [8]

References:

2. mynamepong, n.d. Goat [image online] Available at: https://thenounproject.com/term/goat/1761571/
This file is licensed under the Creative Commons Attribution-ShareAlike 3.0 Unported (CC BY-SA 3.0)
https://creativecommons.org/licenses/by-sa/3.0/deed.en [Accessed 22 April 2010] Source adapted.
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M 
mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; so 
if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere 
too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 

 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 



 – 4 – M22/5/MATHY/SP2/ENG/TZ1/XX/M 

 

3 Implied marks 
 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 

  



 – 8 – M22/5/MATHY/SP2/ENG/TZ1/XX/M 

 

1.  (a) EITHER 
  annual cycle for daylight length  R1 
 
  OR  
  there is a minimum length for daylight (cannot be negative)  R1 
 
  OR  
  a quadratic could not have a maximum and a minimum  or equivalent R1 

Note: Do not accept “Paula's model is better”. 

[1 mark] 

 

 (b) (i) 4   A1 
 

  (ii) 12   A1 
 
  (iii) 12y =   A1A1 

Note: Award A1 “ ( )y = a constant ” and A1 for that constant being 12. 

 [4 marks] 

 
 (c) ( ) 4cos (30 ) 12f t t= − +   OR  ( ) 4cos ( 30 ) 12f t t= − − +  A1A1A1 
 

Note: Award A1 for 30b =  (or 30b = − ), A1 for 4a = − , and A1 for 12d =  . Award at most 
A1A1A0 if extra terms are seen or form is incorrect.  Award at most A1A1A0 if x is 
used instead of t. 

 [3 marks] 

 

 (d) 10.5 4cos (30 ) 12t= − +  (M1) 
 
  EITHER 
  1 22.26585 , 9.73414t t= … = …   (A1)(A1) 
 
  OR 

  1
1

1 3
cos

30 8
t −=   (A1) 

  2 112t t= −    (A1) 
 
  THEN 
  9.73414  2.26585…− … 
  7.47   (7.46828…) months  (0.622356…years) A1 

Note: Award M1A1A1A0 for an unsupported answer of 7.46. If there is only one 
intersection point, award M1A1A0A0. 

[4 marks] 

 

continued…  
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Question 1 continued 

 (e) 

14
16 16

60
100%

14
16

60

 − + 
  ×
+

 (M1)(M1) 

Note: Award M1 for correct values and absolute value signs, M1 for 100× . 

 
  1.44% (1.43737...%)=  A1 

[3 marks] 
[Total 15 marks] 

 
 
 

2.   (a) (i) 30   A1 
 
  (ii) 40    A1 

[2 marks] 
 
 (b) arithmetic formula chosen (M1) 
 
  (i) 0(20 1)1nw n= + −   ( 10 )10n= +  A1 

 
  (ii) 0(30 1)1nl n= + −    ( 20 )10n= +  A1 

[3 marks] 
 
 (c) (i) 0(740 30 1)1n= + −    OR   740 20 10n= +  M1 
   72n =   A1 
   144 tiles  AG 

Note: The AG line must be stated for the final A1 to be awarded. 

 
  (ii) 72 730w =    A1 

[3 marks] 
 
 (d) (10 20) 144× ×    (M1) 
  28800=     (A1) 
  42.88 10×   cm2  A1 

Note: Follow through within the question for correctly converting their intermediate 
value into standard form (but only if the pre-conversion value is seen). 

[3 marks] 

continued…  
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Question 2 continued 

 (e) EITHER 
  1 square metre  100cm 100cm= ×    (M1) 
  (so, 50 tiles) and hence 10 packs of tiles in a square metre (A1) 

  (so each pack is 
$24.50

10 packs
)    

 
  OR 
  area covered by one pack of tiles is 2(0.2 m 0.1m 5 ) 0.1 m× × =  (A1) 
  24.5 0.1×     (M1) 
 
  THEN 
  $2.45 per pack (of 5 tiles) A1 

[3 marks] 
 

 (f) 
1.08 144

( 31.104)
5

×
=  (M1)(M1) 

Note: Award M1 for correct numerator, M1 for correct denominator.  

 
  32 (packs of tiles)   A1 

[3 marks] 
 
 (g) 35 (32 2.45)+ ×   (M1) 
  $113  (113.4)  A1 

[2 marks] 
[Total 19 marks] 
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3. (a) (i) 
370 472

2

+
   (M1) 

Note: This (M1) can also be awarded for either a correct 3Q  or a correct 1Q  

in part (a)(ii). 
 
   3Q 421=   A1 
 
  (ii) their part (a)(i) – their 1Q    (clearly stated) (M1) 

   (421 318 ) 103= − =IQR  A1 
      [4 marks] 

 
 (b) 3Q( 1.5 ) ) 421 1.5 103)( (+ = + ×IQR   (M1) 

  575.5=   
  since 498<575.5  R1 
  Netherlands is not an outlier A1 

Note: The R1 is dependent on the (M1).  Do not award R0A1. 

[3 marks] 
 
 (c) not appropriate (“no” is sufficient) A1 
  as r is too close to zero / too weak a correlation R1 

[2 marks] 
  
 (d) (i) 6   A1 
 
  (ii) 4.5    A1 
 
  (iii) 4.5   A1 

[3 marks] 
 

 (e) (i) 0.683 (0.682646...)sr =  A2 
 
  (ii)  EITHER 

there is a (positive) association between the population size and  
the score  A1 
 

   OR 
there is a (positive) linear correlation between the ranks of the population size 
and the ranks of the scores (when compared with the PMCC of 0.249).  A1 

[3 marks] 
 
 (f) lowering the top score by 20 does not change its rank so sr  is unchanged  R1 

Note: Accept “this would not alter the rank” or “Netherlands still top rank” or similar. 
Condone any statement that clearly implies the ranks have not changed, for 
example: “The Netherlands still has the highest score.” 

 [1 mark] 
      [Total 16 marks]  
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4. (a) (i) 
1 4ˆAOB arccos 27.266...
2 4.5

   = =   
   

  (M1)(A1) 

   ˆAOB 54.532... 54.5= ≈   ( 0.951764... 0.952≈  radians) A1 

Note: Other methods may be seen; award (M1)(A1) for use of a correct trigonometric 
method to find an appropriate angle and then A1 for the correct answer. 

 
  (ii) finding area of triangle 
   EITHER 

   area of triangle = 21
4.5 sin (54.532...)

2
× ×  (M1) 

Note: Award M1 for correct substitution into formula. 

 
   28.24621... 8.25 m= ≈  (A1) 
 
   OR 

   2 2AB 2 4.5 4  4.1231= × − = … 
 

   area triangle 
4.1231 4

2

…×
=  (M1) 

   28.24621... 8.25 m= ≈  (A1) 
 
   finding area of sector 
   EITHER 

   area of sector = 254.532...
4.5

360
×π×  (M1) 

   29.63661... 9.64 m= ≈  (A1) 
 
   OR 

   area of sector = 21
0.9517641.. 4.5

2
× ×  (M1) 

   29.63661... 9.64 m= ≈  (A1) 
   THEN 
   area of segment = 9.63661... 8.24621...−  

   21.39 m (1.39040...)=  A1 
[8 marks] 

 
 
 

continued…  
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Question 4 continued 

 (b)  (i) 24.5π×    (M1) 
   63.6 2m   (63.6172… 2m ) A1 
 
  (ii) METHOD 1 

 
 

   4 1.39040...×   (5.56160)  (A1) 
   subtraction of four segments from area of circle (M1) 
   258.1 m (58.055...)=  A1 
 
   METHOD 2 
 

   2 235.4679
4(0.5 4.5 sin 54.532 ) 4 4.5

360
 × × … + ×π× 
 

 (M1) 

 
    32.9845 25.0707= …+  (A1) 
 
   258.1 m (58.055 )= …  A1 

[5 marks] 
 

 (c)  sketch of 
d

d

V

t
  OR  

d
0.110363...

d

V

t
=   OR  attempt to find where 

2

2

d
0

d

V

t
=  (M1) 

  1t =  hour A1 
[2 marks] 

 [Total 15 marks] 
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5. (a) (let T be the number of passengers who arrive) 
 
   ( )P ( 72)  P ( 73)T T> = ≥    OR   1 P ( 72)T− ≤   (A1) 

  ~ B(74, 0.9)T  OR  74n =   (M1) 
  0.00379 (0.00379124...)=   A1 

Note: Using the distribution B(74, 0.1) , to work with the 10% that do not arrive 
for the flight, here and throughout this question, is a valid approach. 

 [3 marks] 
 
 (b) (i) 72 0.9×   (M1) 
   64.8    A1 
 
  (ii) 0.9 72n× =  (M1) 
   80    A1 

 [4 marks] 
 
 (c) METHOD 1  
  
  EITHER 
  when selling 74 tickets 

 72T ≤  73T =   74T =  
Income minus 
compensation (I) 

11100 10800 10500 

Probability 0.9962… 0.003380… 0.0004110… 
  top row   A1A1 
  bottom row   A1A1 

Note: Award A1A1 for each row correct.  Award A1 for one correct 
entry and A1 for the remaining entries correct. 

 
  E( ) 11100 0.9962... 10800 0.00338... 10500 0.000411 11099I = × + × + × ≈  (M1)A1 
 
  OR 
  income is 74 150 11100× =   (A1) 
 
  expected compensation is  
  0.003380... 300 0.0004110... 600 ( 1.26070...)× + × =  (M1)A1A1 
  expected income when selling 74 tickets is 11100 1.26070− … (M1) 
 
  =11098.73..  (= $11099) A1 
   
  THEN 
  income for 72 tickets 72 150 10800= × =   (A1) 
  so expected gain 11099 10800 $299≈ − =   A1 

continued…  
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Question 5 continued 

  METHOD 2 
  for 74 tickets sold, let C be the compensation paid out 
  P 73 0.00338014 ., 8( ) ( )P 74 0.00041109T T= = … = = …  A1A1 
 
  E( ) 0.003380... 300 0.0004110... 600 ( 1.26070...)C = × + × =  (M1)A1A1 
 
  extra expected revenue 300 –1.01404... – 0.246658 300 1.26070 )(= … − …  
      (A1)(M1) 

Note: Award A1 for the 300 and M1 for the subtraction. 

  $299=    (to the nearest dollar) A1 
 
  METHOD 3 
  let D be the change in income when selling 74 tickets. 
  

 72T ≤  73T =   74T =  
Change in 
income  

300 0 300−  

      (A1)(A1) 

Note: Award A1 for one error, however award A1A1 if there is no explicit mention that 
73T =  would result in 0D = and the other two are correct. 

 
  (P 73 0.9962..., P 74 0.00041( ) ) 1098T T≤ = = = …  A1A1 
 
  E( ) 300 0.9962... 0 0.003380... 300 0.0004110D = × + × − ×  (M1)A1A1 
 
  $299=    A1 

[8 marks] 
 [Total 15 marks] 
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Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [80 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 17]

Mackenzie conducted an experiment on the reaction times of teenagers. The results of the 
experiment are displayed in the following cumulative frequency graph.
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(a) Use the graph to estimate the

(i) median reaction time;

(ii) interquartile range of the reaction times. [4]

(b) Find the estimated number of teenagers who have a reaction time greater than 
0.4 seconds. [2]

(c) Determine the 90th percentile of the reaction times from the cumulative frequency graph. [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Mackenzie created the cumulative frequency graph using the following grouped frequency table.

Reaction time, t (s) Frequency

 0 < t ≤ 0.2 3

 0.2 < t ≤ 0.4 a

 0.4 < t ≤ 0.6 13

 0.6 < t ≤ 0.8 14

 0.8 < t ≤ 1.0 b

(d) Write down the value of

(i) a ;

(ii) b . [2]

(e) Write down the modal class from the table. [1]

(f) Use your graphic display calculator to find an estimate of the mean reaction time. [2]

Upon completion of the experiment, Mackenzie realized that some values were grouped 
incorrectly in the frequency table. Some reaction times recorded in the interval   0 < t ≤ 0.2   
should have been recorded in the interval   0.2 < t ≤ 0.4  .

(g) Suggest how, if at all, the estimated mean and estimated median reaction times will 
change if the errors are corrected. Justify your response. [4]
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2. [Maximum mark: 13]

Scott purchases food for his dog in large bags and feeds the dog the same amount of 
dog food each day. The amount of dog food left in the bag at the end of each day can be 
modelled by an arithmetic sequence.

On a particular day, Scott opened a new bag of dog food and fed his dog. By the end of the 
third day there were 115.5 cups of dog food remaining in the bag and at the end of the eighth 
day there were 108 cups of dog food remaining in the bag.

(a) Find the number of cups of dog food

(i) fed to the dog per day;

(ii) remaining in the bag at the end of the first day. [4]

(b) Calculate the number of days that Scott can feed his dog with one bag of food. [2]

In 2021, Scott spent $625 on dog food. Scott expects that the amount he spends on dog food 
will increase at an annual rate of 6.4 %.

(c) Determine the amount that Scott expects to spend on dog food in 2025. Round your 
answer to the nearest dollar. [3]

(d) (i)  Calculate the value of     ∑ 
n =1

  
10

  (625 × 1. 064   (n −1) )   .

(ii) Describe what the value in part (d)(i) represents in this context. [3]

(e) Comment on the appropriateness of modelling this scenario with a geometric sequence. [1]

Note: 100% common HP2.Q1 SP2.Q2
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Turn over

3. [Maximum mark: 18]

The Voronoi diagram below shows four supermarkets represented by points with coordinates  
A(0 ,  0) ,  B(6 ,  0) ,  C(0 ,  6)  and  D(2 ,  2) . The vertices X, Y, Z are also shown. All distances 
are measured in kilometres.

diagram not to scale

A
B

D

C

X

Y

Z

(a) Find the midpoint of [BD]. [2]

(b) Find the equation of (XZ). [4]

The equation of (XY) is   y = 2 − x   and the equation of (YZ) is   y = 0.5x + 3.5  .

(c) Find the coordinates of X. [3]

The coordinates of Y are  (−1 ,  3)  and the coordinates of Z are  (7 ,  7) .

(d) Determine the exact length of [YZ]. [2]

(e) Given that the exact length of [ XY ] is    √ 
_

 32    , find the size of XŶZ in degrees. [4]

(f) Hence find the area of triangle XYZ. [2]

A town planner believes that the larger the area of the Voronoi cell XYZ, the more people will 
shop at supermarket D.

(g) State one criticism of this interpretation. [1]

Note: 100% common HP2.Q3 SP2.Q3
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4. [Maximum mark: 17]

The Texas Star is a Ferris wheel at the state fair in Dallas. The Ferris wheel has a diameter 
of 61.8 m. To begin the ride, a passenger gets into a chair at the lowest point on the wheel, 
which is 2.7 m above the ground, as shown in the following diagram. A ride consists of 
multiple revolutions, and the Ferris wheel makes 1.5 revolutions per minute.

diagram not to scale

platform
ground

61.8

2.7

The height of a chair above the ground,  h , measured in metres, during a ride on the Ferris 
wheel can be modelled by the function   h(t) = −a cos (bt) + d  , where  t  is the time, in seconds, 
since a passenger began their ride.

(a) Calculate the value of

(i) a ;

(ii) b ;

(iii) d . [6]

A ride on the Ferris wheel lasts for 12 minutes in total.

(b) Calculate the number of revolutions of the Ferris wheel per ride. [2]

(c) For exactly one ride on the Ferris wheel, suggest

(i) an appropriate domain for   h(t)  ;

(ii) an appropriate range for   h(t)  . [3]

(This question continues on the following page)



– 7 –

M22/5/MATHY/SP2/ENG/TZ2/XX

2222 – 7215

Turn over

(Question 4 continued)

Big Tex is a 16.7 metre-tall cowboy statue that stands on the horizontal ground next to the 
Ferris wheel.

diagram not to scale

platform
ground

Big Tex statue

(d) By considering the graph of   h(t)  , determine the length of time during one revolution of 
the Ferris wheel for which the chair is higher than the cowboy statue. [3]

There is a plan to relocate the Texas Star Ferris wheel onto a taller platform which will increase  
the maximum height of the Ferris wheel to 65.2 m. This will change the value of one parameter,   
a ,  b  or  d , found in part (a).

(e) (i) Identify which parameter will change.

(ii) Find the new value of the parameter identified in part (e)(i). [3]
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5. [Maximum mark: 15]

A cafe makes  x  litres of coffee each morning. The cafe’s profit each morning,  C , measured 
in dollars, is modelled by the following equation

 
C =   x ___ 

10
   ( k   2  −   3 ____ 

100
    x   2 )

where  k  is a positive constant.

(a) Find an expression for     dC ___ 
dx

     in terms of  k  and  x . [3]

(b) Hence find the maximum value of  C  in terms of  k . Give your answer in the form   p k   3   , 
where  p  is a constant. [4]

The cafe’s manager knows that the cafe makes a profit of $426 when 20 litres of coffee are 
made in a morning.

(c) (i)  Find the value of  k .

(ii) Use the model to find how much coffee the cafe should make each morning to
maximize its profit. [3]

(d) Sketch the graph of  C  against  x , labelling the maximum point and the  x-intercepts
with their coordinates. [3]

The manager of the cafe wishes to serve as many customers as possible.

(e) Determine the maximum amount of coffee the cafe can make that will not result in a
loss of money for the morning. [2]

Note: 100% common HP2.Q2 SP2.Q5
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 

 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 



 – 4 – M22/5/MATHY/SP2/ENG/TZ2/XX/M 

 

3 Implied marks 
 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1.  (a) (i) 0.58 (s)  A1 
 
  (ii) 0.7 – 0.42    (A1)(M1) 

Note: Award A1 for correct quartiles seen, M1 for subtraction of their quartiles. 

 
   0.28 s  A1 

      [4 marks] 
 
 (b) 9  (people have reaction time 0.4)≤   (A1) 
  31 (people have reaction time 0.4)>  A1 

      [2 marks] 
 
 (c) 90% 40 ) 36( × =    OR   4  (A1) 
  0.8 s    A1 

      [2 marks] 
 
 (d) (i) ( ) 6a =    A1 
 
  (ii)  ( ) 4b =   A1 

      [2 marks] 
 
 (e) 0.6 0.8t< ≤    A1 

      [1 mark] 
 
 (f) 0.55 s   A2 
      [2 marks] 
 
 (g) the mean will increase  A1 

because the incorrect reaction times are moving from a lower interval  
to a higher interval which will increase the numerator of the mean calculation  R1 

 
  the median will stay the same  A1 

because the median or middle of the data is greater than both intervals  
being changed    R1 

Note: Do not award A1R0.  

      [4 marks] 
      Total [17 marks] 
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2. (a) (i) EITHER 
   1 11 15.5 (3 1) 115.5 2 )(u d u d=+= − +×  

   1 11 08 (8 1) 108 7 )(u d u d=+= − +×  (M1)(A1) 

Note: Award M1 for attempting to use the arithmetic sequence term formula, A1 for 
both equations correct. Working for M1 and A1 can be found in parts (i) or (ii). 

    
   ( 1.5)d = −   

   1.5 (cups/day) A1 

Note: Answer must be written as a positive value to award A1. 

 
   OR 
 

   
115.5 108

( )
5

d
−

=  (M1)(A1) 

Note: Award M1 for attempting a calculation using the difference between term 3 
and term 8; A1 for a correct substitution. 

 
   ( .5) 1d = (cups/day)  A1 
  
  (ii)  1  ) 118.5 )( (u = cups   A1 

      [4 marks] 
 
 (b) attempting to substitute their values into the term formula for arithmetic  

sequence equated to zero (M1) 

  0 118.5 –1) 1.( 5)(n= + × −   

  ( ) 80n =  days  A1 

Note: Follow through from part (a) only if their answer is positive. 

      [2 marks] 
 
 (c) (5 1)

5( ) 625 1.064t −= ×  (M1)(A1) 

Note: Award M1 for attempting to use the geometric sequence term formula; 
A1 for a correct substitution 

 
  $ 801    A1 

Note: The answer must be rounded to a whole number to award the final A1. 

 
      [3 marks] 

 

continued…  
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Question 2 continued 

 (d)  (i) 10( ) ($) 8390 (8394.39...)S =  A1 
  
  (ii) EITHER 
 
   the total cost (of dog food)  R1 
   for 10 years beginning in 2021   OR   10 years before 2031 R1 
 
   OR 
 
   the total cost (of dog food)  R1 
   from 2021 to 2030 (inclusive)  OR  from 2021 to (the start of) 2031 R1 

      [3 marks] 
 
 (e) EITHER 

According to the model, the cost of dog food per year will eventually  
be too high to keep a dog.   

  OR 
  The model does not necessarily consider changes in inflation rate. 
  OR 
  The model is appropriate as long as inflation increases at a similar rate.  
  OR 

The model does not account for changes in the amount of food the dog  
eats as it ages/becomes ill/stops growing.  

  OR 
The model is appropriate since dog food bags can only be bought in  
discrete quantities.  R1 

Note: Accept reasonable answers commenting on the appropriateness of the model for the 
specific scenario. There should be a reference to the given context. A reference to 
the geometric model must be clear: either “model” is mentioned specifically, or other 
mathematical terms such as “increasing” or “discrete quantities” are seen.  Do not 
accept a contextual argument in isolation, e.g. “The dog will eventually die”.  

      [1 mark] 
      Total [13 marks] 
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3.  (a)  
2 6 2 0

,  
2 2

+ + 
 
 

  (M1) 

  (4, 1)    A1 

Note: Award A0 if parentheses are omitted in the final answer. 

      [2 marks] 
 

 (b)  attempt to substitute values into gradient formula  (M1) 

  
0 2 1

6 2 2

− = − − 
  (A1) 

  therefore the gradient of perpendicular bisector is 2  (M1) 
 
  so 1 2( 4)y x− = −    ( 2 7)y x= −  A1 

      [4 marks] 
 

 (c)  identifying the correct equations to use: (M1) 
  2y x= −  and 2 7y x= −  
  evidence of solving their correct equations or of finding intersection point graphically 

  (M1) 
  (3, 1)−    A1 

Note: Accept an answer expressed as “ 3x = , 1y = − ”. 

      [3 marks] 
 

 (d) attempt to use distance formula (M1) 

  ( )2 2YZ 7 ( 1) (7 3)= − − + −  

  ( )80 4 5=   A1 

      [2 marks] 
 

 (e) METHOD 1 (cosine rule) 

  length of XZ is ( )80 4 5 , 8.94427...  (A1) 

Note:  Accept 8.94 and 8.9. 

 
  attempt to substitute into cosine rule (M1) 

  
80 32 80

cos XYZ   ( 0.316227 )
2 80 32

ˆ + −
= = …

×
  (A1) 

Note:  Award A1 for correct substitution of XZ, YZ, 32  values in the cos rule. 
Exact values do not need to be used in the substitution. 

 

  ( )XYZ   6ˆ 71.= °   (71.5650…° ) A1 

Note:  Last A1 mark may be lost if prematurely rounded values of XZ, 
YZ and/or XY are used. 

 

continued…  
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Question 3 continued 

  METHOD 2 (splitting isosceles triangle in half) 

  length of XZ is ( )80 4 5 , 8.94427...  (A1) 

Note:  Accept 8.94 and 8.9. 

  required angle is 1 32
cos

2 80
−  
  
 

 (M1)(A1) 

Note:  Award A1 for correct substitution of XZ (or YZ), 
32

2
 values in the cos rule. 

Exact values do not need to be used in the substitution. 

 

  ( )XYZ   6ˆ 71.= °   (71.5650 ° ) A1 

Note:  Last A1 mark may be lost if prematurely rounded values of XZ, 
YZ and/or XY are used. 

      [4 marks] 
 

 (f) (area =) 
1

80 32 sin 71.5650
2

…    OR   (area =) 
1

32 72
2

  (M1) 

  24=  km2   A1 
 [2 marks] 

 

 (g) Any sensible answer such as: 
  There might be factors other than proximity which influence shopping choices. 
  A larger area does not necessarily result in an increase in population. 

The supermarkets might be specialized / have a particular clientele who  
visit even if other shops are closer. 

  Transport links might not be represented by Euclidean distances. 
  etc.    R1 

      [1 mark] 
      Total [18 marks] 
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4.  (a)  (i) an attempt to find the amplitude (M1) 

   
61.8

2
   OR   

64.5 2.7

2

−
 

   ( ) 30.9 ma =  A1 

Note: Accept an answer of ( ) 30.9 ma = − . 

 

  (ii) 
60

( ) 40 (s)
1.5

= =period  (A1) 

   (
360

( )
40

b =


)  

   ( ) 9b =   A1 

Note: Accept an answer of ( ) 9b = − .  

 
  (iii) attempt to find d (M1) 

   ( ) 30.9 2.7d = +    OR   
64.5 2.7

2

+
 

   ( ) 33.6 md =  A1 
      [6 marks] 

 

 (b) 12 1.5×   OR  
12 60

40

×
 (M1) 

  18 (revolutions per ride) A1 
      [2 marks] 

 
 (c) (i) 0 720t≤ ≤   A1 
 
  (ii) 2.7 64.5h≤ ≤   A1A1 

Note: Award A1 for correct endpoints of domain and A1 for correct endpoints of 
range. Award A1 for correct direction of both inequalities. 

      [3 marks] 
 
 (d) graph of ( )h t  and 16.7y =    OR   ( ) 16.7h t =  (M1) 
  6.31596…  and  33.6840… (A1) 
  27.4 (s)   (27.3680…) A1 

       [3 marks] 
 
 
 

continued…  
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Question 4 continued 

 (e) (i) d   A1 
 
  (ii)  EITHER 
   30.9 65.2d + =   (A1) 
 
   OR 
   65.2 – (61.8 2.7) 0.7+ =   (A1) 
 
   OR 
   3.4   (new platform height)  (A1) 
    
   THEN 
   (d =) 34.3 m A1 

      [3 marks] 
      Total [17 marks] 
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5. (a) attempt to expand given expression (M1) 

  
2 33

10 1000

xk x
C = −  

  
2 2d 9

 
d 10 1000

C k x

x
= −   M1A1 

Note: Award M1 for power rule correctly applied to at least one term 
and A1 for correct answer. 

      [3 marks] 

 

 (b) equating their 
d

d

C

x
 to zero (M1) 

  
2 29

0
10 1000

k x
− =   

  
2

2 100

9

k
x =  

  
10

3

k
x =    (A1) 

  substituting their x back into given expression  (M1) 

  
2

2
max

10 300
  

30 900

k k
C k

 
= − 

 
 

  ( )
3

3
max

2
  0.222

9

k
C k= …  A1 

      [4 marks] 
 

 (c)  (i) substituting 20 into given expression and equating to 426 M1 

   2 220 3
426 (20)

10 100
k
 = − 
 

 

   15k =   A1 
 
  (ii)  50    A1 

      [3 marks] 
  

 
 

continued…  
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Question 5 continued 

 (d)   

   A1A1A1 

Note: Award A1 for graph drawn for positive x indicating an increasing and then decreasing 
function, A1 for maximum labelled and A1 for graph passing through the origin and 86.6, 
marked on the x-axis or whose coordinates are given. 

      [3 marks] 
 

 
 (e)  setting their expression for C to zero OR choosing correct x-intercept on  

their graph of C  (M1) 
  max 86.6 (86.6025 )x = …  litres A1 

[2 marks] 
Total [15 marks] 
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Mathématiques : applications et interprétation
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Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 17]

Mackenzie a mené une expérience sur les temps de réaction des adolescents. Les résultats 
de l’expérience sont présentés dans la courbe des effectifs cumulés suivante.

0

5

10

15

20

25

30

35

40

0

Temps de réaction (en secondes)

E
ffe

ct
if 

cu
m

ul
é

0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0 1,1

(a) Utilisez la courbe pour estimer

(i) le temps de réaction médian ;

(ii) l’écart interquartile des temps de réaction. [4]

(b) Trouvez le nombre estimé d’adolescents qui ont un temps de réaction supérieur à 
0,4 seconde. [2]

(c) Déterminez le 90e centile des temps de réaction à partir de la courbe des effectifs 
cumulés. [2]

(Suite de la question à la page suivante)
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(Suite de la question 1)

Mackenzie a créé la courbe des effectifs cumulés à l’aide du tableau des effectifs  
groupés suivant.

Temps de réaction, t (s) Effectif

 0 < t ≤ 0,2 3

 0,2 < t ≤ 0,4 a

 0,4 < t ≤ 0,6 13

 0,6 < t ≤ 0,8 14

 0,8 < t ≤ 1,0 b

(d) Écrivez la valeur de

(i) a  ;

(ii) b . [2]

(e) Écrivez l’intervalle modal à partir du tableau. [1]

(f) Utilisez votre calculatrice à écran graphique pour trouver une estimation du temps 
de réaction moyen. [2]

À la fin de l’expérience, Mackenzie s’est rendu compte que certaines valeurs étaient mal 
regroupées dans le tableau des effectifs. Certains temps de réaction enregistrés dans 
l’intervalle   0 < t ≤ 0,2   auraient dû être enregistrés dans l’intervalle   0,2 < t ≤ 0,4  .

(g) Suggérez comment, le cas échéant, le temps de réaction moyen estimé et le temps de 
réaction médian estimé changeront si les erreurs sont corrigées. Justifiez votre réponse. [4]
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2. [Note maximale : 13]

Scott achète de la nourriture pour son chien dans de grands sacs et lui donne la même 
quantité de nourriture chaque jour. La quantité de nourriture pour chien restant dans le 
sac à la fin de chaque jour peut être modélisée par une suite arithmétique.

Un jour particulier, Scott a ouvert un nouveau sac de nourriture pour chien et a nourri son 
chien. À la fin du troisième jour, il restait 115,5 tasses de nourriture pour chien dans le sac 
et à la fin du huitième jour, il en restait 108 tasses dans le sac.

(a) Trouvez le nombre de tasses de nourriture pour chien

(i) donné chaque jour au chien ;

(ii) restant dans le sac à la fin du premier jour. [4]

(b) Calculez le nombre de jours pendant lesquels Scott peut nourrir son chien avec un sac 
de nourriture. [2]

En 2021, Scott a dépensé 625 $ en nourriture pour chien. Scott s’attend à ce que le montant 
qu’il dépense en nourriture pour chien augmente à un taux annuel de 6,4 %.

(c) Déterminez le montant que Scott s’attend à dépenser en nourriture pour chien en 2025. 
Arrondissez votre réponse au dollar près. [3]

(d) (i)  Calculez la valeur de     ∑ 
n =1

  
10

  (625 × 1, 064   (n −1) )   .

(ii) Décrivez ce que la valeur de la partie (d)(i) représente dans ce contexte. [3]

(e) Commentez la pertinence de modéliser ce scénario avec une suite géométrique. [1]

Note: 100% common HP2.Q1 SP2.Q2
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3. [Note maximale : 18]

Le diagramme de Voronoï ci-dessous montre quatre supermarchés représentés par des 
points dont les coordonnées sont  A(0  ;  0) ,  B(6  ;  0) ,  C(0  ;  6)  et  D(2  ;  2) . Les sommets 
X, Y, Z sont également représentés. Toutes les distances sont mesurées en kilomètres.

la figure n’est pas à l’échelle

A
B

D

C

X

Y

Z

(a) Trouvez le milieu de [BD]. [2]

(b) Trouvez l’équation de (XZ). [4]

L’équation de (XY) est   y = 2 − x   et l’équation de (YZ) est   y = 0,5x + 3,5  .

(c) Trouvez les coordonnées de X. [3]

Les coordonnées de Y sont  (−1  ;  3)  et les coordonnées de Z sont  (7  ;  7) .

(d) Déterminez la longueur exacte de [YZ]. [2]

(e) Sachant que la longueur exacte de [ XY ] est    √ 
_

 32    , trouvez la mesure de l’angle XŶZ 
en degrés. [4]

(f) À partir de là, trouvez l’aire du triangle XYZ. [2]

Un urbaniste croit que plus l’aire de la cellule de Voronoï XYZ est grande, plus les gens 
feront leurs courses au supermarché D.

(g) Indiquez une critique de cette interprétation. [1]

Note: 100% common HP2.Q3 SP2.Q3
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4. [Note maximale : 17]

Le Texas Star est une grande roue à la foire de l’État de Dallas. La grande roue a un diamètre 
de 61,8 m. Pour commencer le trajet, un passager s’assoit sur une chaise au point le plus bas 
de la roue, à 2,7 m au-dessus du sol, comme le montre le diagramme suivant. Un trajet se 
compose de plusieurs tours et la grande roue fait 1,5 tour par minute.

la figure n’est pas à l’échelle

plate-forme
sol

61,8

2,7

La hauteur d’une chaise au-dessus du sol,  h , mesurée en mètres, lors d’un tour sur la 
grande roue peut être modélisée par la fonction   h(t) = −a cos (bt) + d  , où  t  est le temps, 
en secondes, depuis qu’un passager a commencé son trajet.

(a) Calculez la valeur de

(i) a  ;

(ii) b  ;

(iii) d . [6]

Un tour sur la grande roue dure au total 12 minutes.

(b) Calculez le nombre de tours de la grande roue par trajet. [2]

(c) Pour exactement un trajet sur la grande roue, suggérez

(i) un domaine approprié pour   h(t)   ;

(ii) une image appropriée pour   h(t)  . [3]

(Suite de la question à la page suivante)
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(Suite de la question 4)

Big Tex est une statue de cow-boy de 16,7 mètres de haut qui se dresse sur le sol horizontal 
à côté de la grande roue.

la figure n’est pas à l’échelle

plate-forme
sol

statue de Big Tex

(d) En considérant la représentation graphique de   h(t)  , déterminez la durée, au cours 
d’un tour de la grande roue, pendant laquelle la chaise est plus haute que la statue 
de cow-boy. [3]

Il est prévu de déplacer la grande roue Texas Star sur une plate-forme plus haute qui 
augmentera la hauteur maximale de la grande roue pour atteindre 65,2 m. Cela changera 
la valeur d’un paramètre,  a ,  b  ou  d , trouvé dans la partie (a).

(e) (i) Identifiez quel paramètre changera.

(ii) Trouvez la nouvelle valeur du paramètre identifié dans la partie (e)(i). [3]
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5. [Note maximale : 15]

Un bar prépare  x  litres de café chaque matin. Le profit du bar chaque matin,  C , mesuré 
en dollars, est modélisé par l’équation suivante :

 C =   x ___ 
10

   ( k   2  −   3 ____ 
100

    x   2 )   ,

où  k  est une constante positive.

(a) Trouvez une expression pour     dC ___ 
dx

     en fonction de  k  et de  x . [3]

(b) À partir de là, trouvez la valeur maximale de  C  en fonction de  k . Donnez votre
réponse sous la forme   p k   3   , où  p  est une constante. [4]

Le gérant du bar sait que le bar fait un profit de 426 $ lorsque 20 litres de café sont 
préparés le matin.

(c) (i)  Trouvez la valeur de  k .

(ii) Utilisez le modèle pour trouver la quantité de café que le bar doit préparer
chaque matin pour maximiser son profit. [3]

(d) Esquissez la représentation graphique de  C  en fonction de  x , en indiquant les
coordonnées du maximum et des points d’intersection avec l’axe des abscisses. [3]

Le gérant du bar souhaite servir le plus de clients possible.

(e) Déterminez la quantité maximale de café que le bar peut préparer sans entraîner
de perte d’argent pour la matinée. [2]

Note: 100% common HP2.Q2 SP2.Q5
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Lunes 9 de mayo de 2022 (mañana)

1 hora 30 minutos

Matemáticas: Aplicaciones e Interpretación
Nivel Medio
Prueba 2

Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 17]

Mackenzie ha llevado a cabo un experimento sobre los tiempos de reacción que tienen los 
adolescentes. Los resultados del experimento se representan en el siguiente gráfico de 
frecuencia acumulada.
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(a) Utilice el gráfico para estimar:

(i) La mediana de los tiempos de reacción

(ii) El rango intercuartil de los tiempos de reacción [4]

(b) Halle el número estimado de adolescentes que tienen un tiempo de reacción superior 
a 0,4 segundos. [2]

(c) Determine el percentil 90 de los tiempos de reacción a partir del gráfico de frecuencia 
acumulada. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Mackenzie elaboró el gráfico de frecuencia acumulada utilizando la siguiente tabla de 
frecuencias para datos agrupados.

Tiempo de reacción, t (s) Frecuencia

 0 < t ≤ 0,2 3

 0,2 < t ≤ 0,4 a

 0,4 < t ≤ 0,6 13

 0,6 < t ≤ 0,8 14

 0,8 < t ≤ 1,0 b

(d) Escriba el valor de:

(i) a 

(ii) b  [2]

(e) Escriba la clase modal a partir de la tabla. [1]

(f) Utilice la calculadora de pantalla gráfica para hallar una estimación de la media de los 
tiempos de reacción. [2]

Una vez finalizado el experimento, Mackenzie se dio cuenta de que había valores que 
se habían agrupado incorrectamente en la tabla de frecuencias. Algunos de los tiempos 
de reacción que se incluyeron en el intervalo   0 < t ≤ 0,2   deberían haberse incluido en el 
intervalo   0,2 < t ≤ 0,4  .

(g) Sugiera de qué modo variarán, si es que lo hacen, la media estimada y la mediana 
estimada de los tiempos de reacción cuando se corrijan estos errores. Justifique su 
respuesta. [4]
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2. [Puntuación máxima: 13]

Scott compra comida para su perro en bolsas grandes y todos los días le da al perro la misma 
cantidad de comida. La cantidad de comida para perros que queda en la bolsa al final de cada 
día se puede modelizar mediante una progresión aritmética.

Un día concreto, Scott abrió una bolsa nueva de comida para perros y le dio de comer a su 
perro. Al final del tercer día quedaban en la bolsa 115,5 tazas de comida para perros, y al 
final del octavo día quedaban en la bolsa 108 tazas de comida para perros.

(a) Halle el número de tazas de comida para perros que:

(i) Le da al perro cada día.

(ii) Quedaban en la bolsa al final del primer día. [4]

(b) Calcule el número de días que se puede alimentar al perro de Scott con una misma 
bolsa de comida. [2]

En 2021, Scott se gastó 625 $ en comida para perros. Scott prevé que la cantidad que se 
gasta en comida para perros irá aumentando a un ritmo anual del 6,4 %.

(c) Determine la cantidad que Scott prevé gastar en comida para perros en 2025. 
Redondee la respuesta al número entero de dólares más próximo. [3]

(d) (i)  Calcule el valor de     ∑ 
n =1

  
10

  (625 × 1, 064   (n −1) )   .

(ii) Describa qué representa el valor del apartado (d)(i) en este contexto. [3]

(e) Comente si resulta apropiado modelizar esta situación mediante una progresión 
geométrica. [1]

Note: 100% common HP2.Q1 SP2.Q2
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Véase al dorso

3. [Puntuación máxima: 18]

El siguiente diagrama de Voronoi muestra cuatro supermercados, que están representados 
por los puntos de coordenadas  A(0 ,  0) ,  B(6 ,  0) ,  C(0 ,  6)  y  D(2 ,  2) . El diagrama también 
muestra los vértices X, Y, Z. Todas las distancias se miden en kilómetros.

la figura no está dibujada a escala

A
B

D

C

X

Y

Z

(a) Halle el punto medio de [BD]. [2]

(b) Halle la ecuación de (XZ). [4]

La ecuación de (XY) es   y = 2 − x   y la ecuación de (YZ) es   y = 0,5x + 3,5  .

(c) Halle las coordenadas de X. [3]

Las coordenadas de Y son  (−1 ,  3)  y las coordenadas de Z son  (7 ,  7) .

(d) Determine la longitud exacta de [YZ]. [2]

(e) Sabiendo que la longitud exacta de [ XY ] es    √ 
_

 32    , halle el tamaño (en grados) de XŶZ. [4]

(f) A partir de lo anterior, halle el área del triángulo XYZ. [2]

Un técnico de urbanismo cree que cuanto mayor sea el área de la celda de Voronoi XYZ, 
más gente comprará en el supermercado D.

(g) Indique una crítica a esta interpretación. [1]

Note: 100% common HP2.Q3 SP2.Q3
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4. [Puntuación máxima: 17]

La Texas Star es una noria que hay en la feria estatal de Dallas. La noria mide 61,8 m de 
diámetro. Para comenzar un viaje, el pasajero se monta en el asiento que está en el punto 
más bajo de la noria, situado a 2,7 m del suelo, tal y como se muestra en la siguiente figura. 
Un viaje consta de varias vueltas, y la noria da 1,5 vueltas por minuto.

la figura no está dibujada a escala

plataforma
suelo

61,8

2,7

La altura de un asiento respecto al suelo ( h , medida en metros) durante un viaje en la noria 
se puede modelizar mediante la función   h(t) = −a cos (bt) + d  , donde  t  es el tiempo (en 
segundos) transcurrido desde que un pasajero comenzó su viaje.

(a) Calcule el valor de:

(i) a 

(ii) b 

(iii) d  [6]

Un viaje en la noria dura 12 minutos en total.

(b) Calcule el número de vueltas que da la noria en cada viaje. [2]

(c) Para exactamente un viaje en la noria, sugiera:

(i) Un dominio adecuado para   h(t)  

(ii) Un recorrido adecuado para   h(t)   [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 4: continuación)

Big Tex es una estatua de un vaquero de 16,7 metros de altura que está en pie sobre el 
suelo horizontal y junto a la noria.

la figura no está dibujada a escala

plataforma
suelo

estatua Big Tex

(d) Teniendo en cuenta el gráfico de   h(t)  , determine, para una vuelta de la noria, el tiempo 
durante el que  el asiento está más alto que la estatua del vaquero. [3]

Está previsto trasladar la noria Texas Star a una plataforma más alta, de modo que la 
altura máxima de la noria aumentará hasta los 65,2 m. Esto hará que cambie el valor de 
un parámetro,  a ,  b  o  d , de los que halló en el apartado (a).

(e) (i) Identifique qué parámetro cambiará.

(ii) Halle el nuevo valor del parámetro que identificó en el subapartado (e)(i). [3]
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Referencias:
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5. [Puntuación máxima: 15]

En una cafetería se preparan cada mañana  x  litros de café. Los beneficios que obtiene la
cafetería cada mañana ( C , en dólares) se pueden modelizar mediante la siguiente ecuación:

 
C =   x ___ 

10
   ( k   2  −   3 ____ 

100
    x   2 )   ,

donde  k  es una constante positiva.

(a) Halle una expresión para     dC ___ 
dx

     en función de  k  y  x . [3]

(b) A partir de lo anterior, halle el valor máximo de  C  en función de  k . Dé la respuesta en
la forma   p k   3   , donde  p  es una constante. [4]

El encargado sabe que la cafetería obtiene unos beneficios de 426 $ cuando en una mañana 
se preparan 20 litros de café.

(c) (i)  Halle el valor de  k .

(ii) Utilice el modelo para hallar cuánto café se debería preparar cada mañana en la
cafetería para maximizar los beneficios obtenidos. [3]

(d) Dibuje aproximadamente el gráfico de  C  en función de  x , rotulando el punto máximo y
los puntos de corte con el eje  x  con sus coordenadas correspondientes. [3]

El encargado de la cafetería desea atender al mayor número posible de clientes.

(e) Determine la cantidad máxima de café que puede preparar la cafetería en una
mañana sin incurrir en una pérdida de dinero. [2]

Note: 100% common HP2.Q2 SP2.Q5

Los demás textos, gráficos e ilustraciones: © Organización del Bachillerato Internacional, 2022
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 
simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 
do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A 

1. ( ) 2 12 exg x x +′ = (A2) 

substitute 1x = −  into their derivative (M1) 

( ) 22e1g′ −− = A1 

Note:  Award A0M0A0 in cases where candidate’s incorrect derivative is 
( ) 2 1exg x +′ = .

 [4 marks] 
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2. 

(a) (i) attempt to find midpoint of A and B (M1) 

centre ( )1,3, 2− −   (accept vector notation and/or missing brackets) A1 

(ii) attempt to find AB or half of AB or distance between the centre and A (or B) (M1) 

2 2 2
2 2 24 2 4

 or 2 1 2
2

+ +
+ +

3=  A1 

[4 marks] 

(b) attempt to find the distance between their centre and V

(the perpendicular height of the cone) (M1) 

2 2 20 4 2+ +   OR  ( ) ( )2 2
their slant height their radius−

( )20 2 5= = (A1) 

Volume 21 π3 20
3

=

( )3π 20 6π 5= = A1 

[3 marks] 

Total [7 marks] 
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3. (a)

Note:  Award a maximum of M1A0A0 if the candidate manipulates both sides of 
the equation ( such as moving terms from one side to the other ).  

METHOD 1 (working with LHS) 

attempting to expand ( )22 1a −   (do not accept 4 1a +  or 4 1a − ) (M1) 

4 2 2 4 2
2 2 1 4 2 1LHS  or 

4 4
a a a a aa − + + − +

= + A1 

4 22 1
4

a a+ +
= A1 

( )
22 1 RHS

2
a +

= = 
 

AG 

Note:  Do not award the final A1 if further working contradicts the AG. 

METHOD 2 (working with RHS) 

attempting to expand ( )22 1a + (M1) 

4 22 1RHS
4

a a+ +
=

2 4 24 2 1
4

a a a+ − +
= A1 

4 2
2 2 1  

4
a aa − +

= + A1 

22
2 1  (=LHS)

2
aa

 −
= +  

 
AG 

Note:  Do not award the final A1 if further working contradicts the AG. 

[3 marks] 

continued… 
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Question 3 continued 

(b) recognise base and height as a  and  
2 1
2

a −
 
 

  (may be seen in diagram) (M1) 

correct substitution into triangle area formula A1 

( )22 311Area (or equivalent) = = 
2 2 4 4

a aa a a a − − − =       
 

[2 marks] 

Total [5 marks] 
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4. recognizing need to integrate (M1) 

2
6 d

1
x x

x
∫

+
  OR  2 1u x= +   OR  

d 2
d
u x
x
=

3 du
u
∫   OR  2

23 d
1
x x

x
∫

+
(A1) 

( )( ) ( )23ln 1  or  3lnx c u c= + + + A1 

correct substitution of 1 and  ( ) 5x f x= = or 1 and 2x u= =  into equation 

using their integrated expression (must involve c) (M1) 

5 3ln 2 c= +  

( ) ( ) ( )
2

2 2 13ln 1 5 3ln 2 3ln 1 5 ln8 3ln 5
2

xf x x x
  +

= + + − = + + − = +  
  

 (or equivalent) A1 

Note: Accept the use of the modulus sign in working and the final answer. 

[5 marks] 
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5. (a) product of roots 80= (A1) 

3 i−  is a root (A1) 

attempt to set up an equation involving the product of their four roots and 80±  (M1) 

( )( ) 3 33 i 3 i 80 10 80α α+ − = ⇒ =  

2α =  A1 

[4 marks] 

(b) METHOD 1

sum of roots p= − (A1) 

3 i 3 i 2 4p− = + + − + + (M1) 

Note:  Accept 3 i 3 i 2 4p = + + − + +  for (M1) 

12p = −  A1 

METHOD 2 

( )( ) ( )( )( )( )3 i 3 i 2 4z z z z− + − − − − (M1) 

( )( )( )( )( )3 ( 3) 2 4z i z i z z− − − + − − (A1) 

( )( )2 2 4 36 10 6 8 12 ....z z z z z z− + − + = − +

12p = −  A1 

[3 marks] 

Total [7 marks] 
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6. (a) ( )P 0.24A B∩ = A1 

[1 mark] 

(b) ( ) ( )P 1.1 PA B A B∪ = − ∩ (A1) 

( ) ( )0 P 1A B≤ ∪ ≤ (M1) 

Note: This may be conveyed in a clearly labelled diagram or written explanation 

where ( )P 1A B∪ =

the minimum value of ( )P A B∩  is 0.1 A1 

[3 marks] 

(c) A is a subset of B  (so ( ) ( )P PA B A∩ = ). R1 

Note: This may be conveyed in a clearly labelled diagram where A  is completely 

inside B , or in a written explanation indicating that ( ) ( )P PA B A∩ =

so the maximum value of ( )P A B∩  is 0.3 A1 

Note: Do not award R0A1. 

[2 marks] 

Total [6 marks] 



– 14 – N22/5/MATHX/HP1/ENG/TZ0/XX/M 

7. attempt at implicit differentiation, including use of the product rule (M1) 

EITHER

( )2 2 2d d2 2 2 8
d d
y yx y y x y y x
x x

 + + + = 
 

A1A1A1 

Note:  Award A1 for each of 2d2 2
d
yx y y
x

 + 
 

, ( )2 2 d2
d
yx y y
x

+  and 8x . 

OR 

2 242 4yx y x+ =

2 2 3d d2 2 4 8
d d
y yxy x y y x
x x
+ =+ A1A1A1 

Note:  Award A1 for each of 2 2 d2 2
d
yxy x y
x

+ , 3 d4
d
yy
x

 and 8x . 

THEN 

at a local maximum or minimum point, 
d 0
d
y
x
= (M1) 

22 8xy x=  

( )20 or 4 2x y y= = ⇒ = ± A1 

Note:  Award A0 for 0 or 2x y= =  

since 0 and 2 2x y> − < <  there are no solutions R1 

hence there are no local maximum or minimum points AG 

[7 marks] 
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8. (a)

π
2

a = A2 

Note:  For sinusoidal graph through the origin seen with incorrect a , or use of 
horizontal line test with incorrect a , award A1A0 

(b) πa = A1 

(c) 

sketch showing sinusoidal shape decreasing as it crosses the y-axis 

(below or above the origin) (A1) 

πa k= −  A1 

[5 marks] 
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9. (a)
2 2d 2

d
y y x
x xy

−
=

let y vx=

d d
d d
y vv x
x x

⇒ = + (A1) 

2 2 2

2
d 2
d

v x x
vx

vv x
x

−
⇒ =+ (M1) 

d
2d
v

vx
x

−
⇒ = (A1) 

d2dv v x
x

⇒ = −∫ ∫ M1 

( )
2

2ln
2
v x c⇒ = − + A1 

Note: Condone the absence of the modulus sign up to this point. 

2

2 2ln
2
y x c
x

⇒ = − +  A1 

attempt to substitute 1, 2x y= =  into their integrated expression to find c  M1 

2 2ln 1 2c c⇒ = − + ⇒ =

2

2 2ln 2
2
y x
x

⇒ = − +  

( ) ( )( )2 2 22 2ln 2 4 1 lny x x x x⇒ = − + = − A1 

[8 marks] 

continued… 
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Question 9 continued 

(b) attempt to set
d 0
d
y
x
=  in the differential equation (M1) 

2  and 2= = −y x y x or 2= ±m A1 

[2 marks] 

Total [10 marks] 
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Section B 

10. (a) 2 2cos 3sin 0− =x x

valid attempt to reduce equation to one involving one trigonometric function (M1) 

2

2

sin 1
cos 3

x
x
= OR   2 21 sin 3sin 0x x− − =    OR   ( )2 2cos 3 1 cos 0x x− − =

OR  cos 2 1 cos 2 0x x− + =  

correct equation  (A1) 

2 1tan
3

x =   OR  2 3cos
4

x =   OR  2 1sin
4

x =   OR  
1cos 2
2

x =

1tan
3

x = ±   OR  
3cos

2
x = ± OR  ( ) 1sin

2
x = ± OR  

π 5π2 ,
3 3

x  =  
 

 (A1) 

π
6

x = , 
5π
6

x = A1A1 

Note:  Award M1A1A0A1A0 for candidates who omit the ±  (for tan or cos) and 

give only 
π
6

x = . 

Award M1A1A0A0A0 for candidates who omit the ±  (for tan or cos) and 
give only 30x = ° . 

Award M1A1A1A1A0 for candidates who give both answers in degrees. 

Award M1A1A1A1A0 for candidates who give both correct answers in 
radians, but who include additional solutions outside the domain.  

Award a maximum of M1A0A0A1A1 for correct answers with no working. 

 [5 marks] 

continued… 
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Question 10 continued 

(b) (i) attempt to use the chain rule (may be evidenced by at least one cos sinx x  term) (M1)

( ) ( )2cos sin 6sin cos 8sin cos 4sin 2′ = − − = − = −f x x x x x x x x A1 

(ii) valid attempt to solve their ( ) 0′ =f x (M1) 

at least 2 correct x-coordinates (may be seen in coordinates) (A1) 

0x = , 
π
2

x = , πx =  

Note:  Accept additional correct solutions outside the domain. 

Award A0 if any additional incorrect solutions are given. 

correct coordinates (may be seen in graph for part (c)) A1A1A1 

( )0,1 , ( )π,1 , 
π , 3
2

 − 
 

 

Note:  Award a maximum of M1A1A1A1A0 if any additional solutions are given. 

Note:  If candidates do not find at least two correct x-coordinates, it is possible to 
award the appropriate final marks for their correct coordinates, such as 
M1A0A0A1A0. 

[7 marks] 

continued… 
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Question 10 continued 

(c) 

attempt to reflect the negative part of the graph of f  in the x-axis M1 

endpoints have coordinates ( )0,1 , ( )π,1 A1 

smooth maximum at 
π ,3
2

 
 
 

 A1 

sharp points ( cusps ) at x-intercepts 
π
6

, 
5π
6

A1 

[4 marks] 

continued… 
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Question 10 continued 

(d) considers points of intersection of  ( )=y f x  and 1=y  on graph or algebraically (M1) 

( )2 2cos 3sin 1− − =x x  or ( )21 4sin 1− − =x  or ( )24cos 3 1− − =x  or ( )2cos2 1 1− − =x

2tan 1=x or 2 1sin
2

=x or 2cos 1
2

=x  or cos2 0=x  (A1) 

π
4

π ,
4

3
=x (A1) 

For ( ) 1>f x

π 3π
4 4
< <x A1 

[4 marks] 

Total [20 marks] 
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11. (a) (i) 35 (A1) 

125= A1 

(ii) 5
3 5 4 3= × ×P  (A1) 

60=  A1 

[4 marks] 

(b) (i) METHOD 1

( )( )2 3 2 1 2+ + = + +x x x x (A1) 

correct use of factor theorem for at least one of their factors (M1) 

( )1 0− =P  or ( )2 0− =P

attempt to find two equations in ,  and a b c   (M1) 

( ) ( ) ( ) ( )3 21 1 1 0 1 0− + − + − + = ⇒ − + − + =a b c a b c

( ) ( ) ( )3 22 2 2 0− + − + − + =a b c

8 4 2 0− + − + =a b c  and 1 0− + − + =a b c A1 

attempt to combine their two equations in 8 4 2 0− + − + =a b c  to eliminate c  (M1) 

3 7= −b a  A1 

Note:  Award at most A1M1M1A0M1A0 for 3 7= − −b a  from ( ) ( )21 0= =P P

continued… 
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Question 11 continued 

METHOD 2 

( ) 3 2= + + +P x x ax bx c ( )( )2 3 2= + + +x x x d (M1) 

( ) ( )3 23 2 3 2= + + + + +x d x d x d (A1) 

attempt to compare coefficients of 2x  and x  (M1) 

3= +a d  and 2 3= +b d  A1 

attempt to eliminate d  (M1) 

3 7⇒ = −b a A1 

METHOD 3 

attempt to divide 3 2x ax bx c+ + +  by 2 3 2+ +x x M1 

( ) ( ) ( )3 2

2 2

3 7 2 6
3

3 2 3 2
− + + + − ++ + +

= + − +
+ + + +

a b x c ax ax bx c x a
x x x x

A1A1A1 

Note:  Award A1 for 3+ −x a , A1 for ( )3 7− + +a b x  and A1 for 2 6− +c a

recognition that, if ( )2 3 2+ +x x  is a factor of ( )P x , then 3 7 0− + + =a b (M1) 

leading to 3 7= −b a  A1 

continued… 
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Question 11 continued 

METHOD 4 

( )( )2 3 2 1 2+ + = + +x x x x (A1) 

attempt to use Vieta’s formulae for a cubic with roots −1, −2 and “p” (M1) 

( )( 1) ( 2) 3− + − + = − ⇒ = −p a p a A1 

( 1)( 2) ( 1) ( 2)− − + − + − =p p b  A1 

Attempt to eliminate “p” (M1) 

2 (3 ) 2(3 )− − − − =a a b  

3 7= −b a  A1 

Note:  Award at most A1M1A0A0M1A0 for 3 7= − −b a  from roots 1, 2 and “p” 

(ii) METHOD 1

1,2,5=a  lead to invalid values for b R1 

3, 2 0= = ⇒ =a b c  so not possible R1 

so 4, 5, 2= = =a b c  is the only solution AG 

METHOD 2

2 6c a= − R1 

correctly argues 4a =  is the only possibility R1 

so 4, 5, 2= = =a b c  is the only solution AG 

(iii) ( )( )3 2 24 5 2 3 2 1+ + + = + + +x x x x x x

=( )( )( )2 1 1+ + +x x x A1 

continued… 
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Question 11 continued 

(iv) 

positive cubic shape with y-intercept at ( )0,2 A1 

x-intercept at ( )2,0− and local maximum point anywhere between 2= −x  and 1= −x A1 

local minimum point at ( )1,0− A1 

Note: Accept answers from an approach based on calculus. 

[12 marks] 

Total [16 marks] 
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12. (a) (i) 0 1 i= +z (A1) 

( ) ( )0
πarg = arctan 1 45
4

= = °z  A1 

Note:  Accept any of these three forms, including an answer marked on an 

Argand diagram. 

(ii) ( ) 2
1arg arctan

1
 =  + + 

nz n n
 A1 

[3 marks] 

(b) (i) attempt to use the compound angle formula for tan M1 

( ) ( )( ) ( )( ) ( )( )
( )( ) ( )( )

tan arctan + tan arctan
tan arctan arctan

1 tan arctan tan arctan
+ =

−

a b
a b

a b

1
+

=
−
a b
ab

A1 

( ) ( )arctan arctan arctan
1
+ ⇒ + =  − 

a ba b
ab

AG 

(ii) METHOD 1

( ) ( ) ( ) ( )1 0 1 0 1arg arg arg arg= = +w z z z z M1 

( ) 1arctan 1 arctan
3

 = +  
 

(A1) 

11
3arctan 11
3

 + 
=  

 −
 

 A1 

( )arctan 2= AG 

continued… 
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Question 12 continued 

METHOD 2 

( )( )1 0 1 1 i 3 i= = + +w z z (M1) 

2 4i= +   A1 

( )1
4arg arctan
2

 =  
 

w  or labelled Argand diagram A1 

( )arctan 2= AG 

[5 marks] 

continued… 
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Question 12 continued 

(c) let 0=n

( ) ( ) ( )0 0
πLHS = arg arg arctan 1
4

 = = = 
 

w z

( ) πRHS arctan 1
4

 = = 
 

 so LHS = RHS R1 

Note: Award R0 for not starting at 0=n , for example by referring to the result in 

(b) (ii) for 1=n . Award subsequent marks.

assume true for =n k , (so ( ) ( )arg arctan 1= +kw k ) M1 

Note: Do not award M1 for statements such as “let =n k ” or “ =n k  is true”. 

Subsequent marks can still be awarded. 

( )1arg +kw

( ) ( ) ( )( )1 1arg arg arg+ += = +k k k kw z w z (M1) 

( )
( ) ( )2

1arctan 1 arctan
1 1 1

 
 = + +
 + + + + 

k
k k

A1 

( )
( ) ( )

( )
( ) ( )

2

2

11
1 1 1

arctan
11 1

1 1 1

  
 + +  

  + + + + =  
  − +    + + + +  

k
k k

k
k k

M1 

( )

( )

2

2

11
3 3arctan
11 1
3 3

  + +   + +  =
  − +   + +  

k
k k

k
k k

(A1) 

( )( )
( ) ( )

2

2

1 3 3 1
arctan

3 3 1

 + + + +
 =
 + + − + 

k k k

k k k

continued… 



– 29 – N22/5/MATHX/HP1/ENG/TZ0/XX/M 

Question 12 continued 

3 2

2
4 6 4arctan

2 2
 + + +

=  + + 

k k k
k k

A1 

( )( )2

2

2 2 2
arctan

2 2

 + + +
 =
 + + 

k k k
k k

A1 

( ) ( )( )( )arctan 2 arctan 1 1= + = + +k k A1 

since true for 0=n , and true for 1= +n k  if true for =n k , the statement is 

true for all ∈n   by mathematical induction R1 

Note: To obtain the final R1, four of the previous marks must have been 

awarded. 

[10 marks] 

Total [18 marks] 
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 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba no se permite el uso de ninguna calculadora.
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y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].

12EP01



– 2 – 8822 – 7121

N22/5/MATHX/HP1/SPA/TZ0/XX

No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 4]

La función  g  se define así:  g (x) = ex2 + 1 , donde  x ∈  .

Halle  g ′(-1) .
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Véase al dorso

2. [Puntuación máxima: 7]

Considere un círculo de diámetro  AB , donde  A  tiene por coordenadas  (1 , 4 , 0)  y  B  tiene 
por coordenadas  (-3 , 2 , -4) .

(a) Halle:

(i) Las coordenadas del centro del círculo 

(ii) El radio del círculo [4]

El círculo es la base de un cono recto cuyo vértice  V  tiene por coordenadas  (-1 , -1 , 0) . 

la figura no está dibujada a escala

BA

V

(b) Halle el volumen exacto del cono. [3]
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3. [Puntuación máxima: 5]

Sea  a  una constante, donde  a > 1 .

(a) Muestre que a
a a2

2 2 2 2
1

2

1

2
+

−







 =

+







 . [3]

Considere un triángulo rectángulo cuyos lados miden  a , 
a2 1

2

−







  y 

a2 1

2

+







 .

(b) Halle una expresión para el área del triángulo en función de  a . [2]
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Véase al dorso

4. [Puntuación máxima: 5]

La derivada de la función  f  viene dada por  f ′(x) ′( ) =
+

f x
x

x

6

12
.

El gráfico de  y = f (x)  pasa por el punto  (1 , 5) . Halle una expresión para  f (x) .
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5. [Puntuación máxima: 7]

Considere la ecuación  z4 + pz3 + 54z2 - 108z + 80 = 0 , donde  z ∈   y  p ∈  .

Tres de las raíces de esta ecuación son  3 + i ,  a  y  a2 , donde  a ∈  . 

(a) Considerando el producto de todas las raíces de la ecuación, halle el valor de  a . [4]

(b) Halle el valor de  p . [3]
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Véase al dorso

6. [Puntuación máxima: 6]

Para los sucesos  A  y  B , se cumple que  P (A) = 0,3  y  P (B) = 0,8 .

(a) Determine el valor de  P ( A ∩ B )  en el caso en el que los sucesos  A  y  B  son 
independientes. [1]

(b) Determine el mínimo valor posible de  P ( A ∩ B ) . [3]

(c) Determine el máximo valor posible de  P ( A ∩ B ) . Justifique su respuesta. [2]
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7. [Puntuación máxima: 7]

Considere la curva definida por la ecuación  (x2 + y2) y2 = 4x2 , donde  x ≥ 0  y  -2 < y < 2 . 

Muestre que la curva no tiene ningún punto máximo local ni mínimo local para  x > 0 .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

8. [Puntuación máxima: 5]

Sea  f (x) = cos (x - k) , donde  0 ≤ x ≤ a  y  a , k ∈ + .

(a) Considere el caso en el que k =
π
2

. 

Dibujando aproximadamente un gráfico apropiado o de cualquier otro modo, halle el 
mayor valor de  a  para el cual existe la función inversa  f -1 . [2]

(b) Halle el mayor valor de  a  para el cual existe la función inversa  f -1  en el caso en el 
que  k = π . [1]

(c) Halle el mayor valor de  a  para el cual existe la función inversa  f -1  en el caso en el 
que  π < k < 2π . Dé la respuesta en función de  k . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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9. [Puntuación máxima: 10]

Considere la ecuación diferencial homogénea 
d

d

y

x

y x

xy
=

−2 22
, donde  x , y ≠ 0 .

Se sabe que  y = 2  cuando  x = 1 .

(a) Utilizando la sustitución  y = vx , resuelva la ecuación diferencial. Dé la respuesta en la 
forma  y2 = f (x) . [8]

Los puntos de pendiente cero de la curva  y2 = f (x)  pertenecen a dos rectas que son de la 
forma  y = mx , donde  m ∈  .

(b) Halle los valores de  m . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 20]

La función  f  se define así:  f (x) = cos2x - 3 sen2x ,  0 ≤ x ≤ π .

(a) Halle las raíces de la ecuación  f (x) = 0 . [5]

(b) (i)  Halle  f ′(x) .

(ii) A partir de lo anterior, halle las coordenadas de los puntos del gráfico de  y = f (x)  
en los que  f ′(x) = 0 . [7]

(c) Dibuje aproximadamente el gráfico de  y = | f (x) | , mostrando claramente las 
coordenadas de todos los puntos en los que  f ′(x) = 0  y de todos los puntos donde el 
gráfico toque los ejes de coordenadas. [4]

(d) A partir de lo anterior o de cualquier otro modo, resuelva la inecuación  | f (x) | > 1 . [4]

11. [Puntuación máxima: 16]

Considere un código de tres cifras  abc , donde a cada letra  a , b  y  c  se le asigna uno de los 
siguientes valores:  1 , 2 , 3 , 4  o  5 .

(a) Halle el número total de códigos posibles:

(i) Suponiendo que los valores se pueden repetir (por ejemplo,  121  o  444).

(ii) Suponiendo que no se repite ningún valor. [4]

Sea  P (x) = x3 + ax2 + bx + c , donde a cada letra  a , b  y  c  se le asigna uno de los siguientes 
valores: 1 , 2 , 3 , 4  o  5 . Suponga que no se repite ningún valor.

Considere el caso en el que uno de los factores de  P (x)  es  (x2 + 3x + 2) . 

(b) (i)  Halle una expresión que dé  b  en función de  a .

(ii) A partir de lo anterior, muestre que la única manera en la que se pueden asignar 
los valores es  a = 4 ,  b = 5  y  c = 2 .

(iii) Exprese  P (x)  como un producto de factores lineales.

(iv) A partir de lo anterior o de cualquier otro modo, dibuje aproximadamente el 
gráfico de  y = P (x) , mostrando claramente las coordenadas de todas las 
intersecciones con los ejes que haya. [12]
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No escriba soluciones en esta página.

12. [Puntuación máxima: 18]

Sea  zn  el número complejo que se define así:  zn = (n2 + n + 1) + i , para  n ∈  .

(a) (i)  Halle  arg (z0) .

(ii) Escriba una expresión que dé  arg (zn)  en función de  n . [3]

Sea  wn = z0 z1 z2 z3 ... zn-1 zn , para  n ∈  .

(b) (i)  Muestre que arctan arctan arctana b
a b

ab
( ) + ( ) = +

−






1

, para  a , b ∈ + ,  ab < 1 .

(ii) A partir de lo anterior o de cualquier otro modo, muestre que  arg (w1) = arctan (2) . [5]

(c) Pruebe mediante inducción matemática que  arg (wn) = arctan (n + 1) , para  n ∈  . [10]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, 
for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and marks
awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an attempt
to use an appropriate method (e.g. substitution into a formula) and A1 for using the correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so if
the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note makes

this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a uniform
approach to marking, with less examiner discretion. Although some candidates may be advantaged
for that specific question item, it is likely that these candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this situation,
award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer 
seen 

Further 
working 
seen 

Any FT 
issues? Action 

1. 

8 2

5.65685...  
(incorrect 

decimal 
value) 

No. 
Last part in 
question. 

Award A1 for 
the final mark 
(condone the 
incorrect further 
working) 

2. 

35

72

0.468111… 
(incorrect 

decimal 
value) 

Yes. 
Value is 
used in 
subsequent 
parts. 

Award A0 for 
the final mark 
(and full FT is 
available in 
subsequent 
parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen 
or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in 
part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, 
there must be working present and not just a final answer based on an incorrect answer to 
a previous part. However, if all the marks awarded in a subsequent part are for the answer or 
are implied, then FT marks should be awarded for their correct answer, even when working 
is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, 
where the markscheme for the subsequent part is (M1)A1, it is possible to award full marks 
for their correct answer, without working being seen. For longer questions where all but 
the answer marks are implied this rule applies but may be overwritten by a Note in the 
Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be using
an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the question,
it is not appropriate to award any FT marks in the subsequent parts.  This includes when candidates
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fail to complete a “show that” question correctly, and then in subsequent parts use their incorrect 
answer rather than the given value. 

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), award
marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read 
(MR).  A candidate should be penalized only once for a particular misread.  Use the MR 
stamp to indicate that this has been a misread and do not award the first mark, even if this is 
an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy than
given in the question, this is NOT a misread and full marks may be scored in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9 and
1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

Candidates will sometimes use methods other than those in the markscheme.  Unless the 
question specifies a method, other correct methods should be marked in line with the 
markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative 
methods are not permitted unless covered by a note in the mark scheme.   
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• In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all equivalent
notations/answers/methods will be presented in the markscheme and examiners are asked to apply
appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer 
to the required accuracy. If the level of accuracy is not stated in the question, the general rule 
applies to final answers: unless otherwise stated in the question all numerical answers must 
be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact 
value, however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 
sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and any 

values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  An 

exception to this is simplifying fractions, where lowest form is not required (although the numerator 

and the denominator must be integers); for example, 
10

4
may be left in this form or written as 

5

2
. 

However, 
10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be simplified 

to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor do factorized 

expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script,
or in some other way crossed out their work, do not award any marks for that work unless an
explicit note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the
same question, an examiner should only mark the first response unless the candidate
indicates otherwise.  If the layout of the responses makes it difficult to judge, examiners
should apply appropriate discretion to judge which is “first”
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Section A 

1. (a) 1.01206…, 2.45230…

a =1.01 , b = 2.45 (1.01x + 2.45) A1A1 

[2 marks] 

(b) 0.981464…

0.981r = A1 

Note:  A common error is to enter the data incorrectly into the GDC, and obtain the 
answers 1.01700..., 2.09814... and 0.980888...a b r= = = Some candidates 

may write the 3 sf answers, ie. 1.02, 2.10 and 0.981a b r= = =  or 2 sf 

answers, ie. 1.0, 2.1 and 0.98a b r= = = . In these cases award A0A0 for 
part (a) and A0 for part (b). Even though some values round to an accepted 
answer, they come from incorrect working. 

[1 mark] 

(c) correct substitution of 78 into their regression equation (M1) 

81.3930… , 81.23 from 3 sf answer

81 A1 

[2 marks] 

Total [5 marks] 
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2. (a) ( )0.708519...,0.639580...

( )0.709,0.640  ( 0.709, 0.640x y= = ) A1A1 

[2 marks] 

(b) 1.09885...

1.10x =  (accept ( )1.10,0 ) A1 

[1 mark] 

(c) METHOD 1

( )
2

0
f x dx∫ (A1) 

4.61117...  

area = 4.61 A2 

METHOD 2 

( )
2

1.09885...
f x dx−∫  OR ( )

2

1.09885...
f x dx∫  OR 4.17527… (A1) 

( ) ( )
1.09885... 2

0 1.09885...
f x dx f x dx−∫ ∫  OR 0.435901… + 4.17527… (A1) 

4.61117...  

area = 4.61 A1 

[3 marks] 

Total [6 marks] 
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3. 386.4 50r= (A1) 

 3
86.4

1.2
50

r
 

= = 
 

 seen anywhere (A1) 

( ) ( )50 1.2 1
33500 OR 250 1.2 1 33500

0.2

n

n
−

> − =  (A1) 

attempt to solve their geometric nS  inequality or equation (M1) 

sketch OR 26.9045, 26.9n n> =  OR 26 28368.8S =  OR 27 34092.6S =  OR algebraic 

manipulation involving logarithms 

27n =  (accept 27n ≥ ) A1 

Total [5 marks] 
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4. recognition that initial population is 15000  (seen anywhere) (A1) 

( )0 15000P =  OR 0.11 15000×  OR 0.89 15000×

population after 11% decrease is ( )15000 0.89 13350× = (A1) 

recognizing that 8t = on 1 January 2022 (seen anywhere) (A1) 

substitution of their value of t  for 1 January 2022 and their value of ( )8P  into the

model (M1) 

815000 0.89 15000e k× =  OR 813350 15000e k=

ln 0.89
( 0.014566)

8
k = − (A1) 

substitution of 2041 2014( 27)t = − = and their value for k into the model (M1) 

0.0145... 27(27) 15000P e− ×=

10122.3…

(27) 10100P = (10122) A1 

Total [7 marks] 
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5. 

Note: Do not award any marks if there is clear evidence of adding instead of 
multiplying, for example 9 9( ) (1)r r

rC ax −+ + . 

valid approach for expansion (must be the product of a binomial coefficient with 9n =  

and a power of ax ) (M1) 

9 9 9 9 9 0 9 9 1 8
9 0 1( ) (1) OR ( ) (1) OR ( ) (1) ( ) (1) ...r r r r

r rC ax C ax C ax C ax− −
− + +  

recognizing that the term in 6x  is needed (M1) 

6
4

2

Term in 

21

x
kx

x
= OR 6  OR 3 OR 9 6r r r= = − =

correct term or coefficient in binomial expansion (seen anywhere) (A1) 

( )9 6 3 9 6 6 6 6 6
6 3( ) (1) OR OR 84 (1) OR 84C ax C a x a x a

EITHER 

correct term in 4x or coefficient (may be seen in equation) (A1) 

9
6 46

21

C
a x  OR  6 4 64 OR 4a x a

Set their term in 4x or coefficient of 4x equal to 5 48

7
a x or 58

7
a  (do not accept other 

powers of x) (M1) 

9
6 4 5 4 6 53 8 8

OR 4
21 7 7

C
a x a x a a= =

continued… 
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Question 5 continued 

OR 

correct term in 6x or coefficient of 6x  (may be seen in equation) (A1) 

6 6 684 OR 84a x a  

Set their term in 6x or coefficient of 6x equal to 5 624a x or 524a

(do not accept other powers of x) (M1) 

6 6 5 684 24 OR 84 24a x a x a= =  

THEN 

( )2
0.286 0.285714...

7
a = ≈ A1 

Note: Award A0 for the final mark for 
2

7
a =  and 0a = . 

Total [6 marks] 
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6. (a)
0

e d 1
b

xax x =∫  (seen anywhere) M1 

attempt to use integration by parts (either way around) (M1) 

( )
0

0

e e d 1
b

bx xax a x  − =  ∫ (A1) 

( )
0 0

e e 1
b bx xax a   − =    A1 

Note:  Condone incorrect or absent limits up to this point. 

e e 1b bab a a− + =  

1

e e 1b b
a

b
=

− +
A1 

[5 marks] 

(b) 
0

1
e d

2

m
xx x =∫ (M1) 

0 0

1
e e

2
x xm m

x   − =   

1
e e 1

2
m mm − + = (A1) 

0.768039...m =  

0.768m =  A1 

[3 marks] 

  Total [8 marks] 
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7. (a) METHOD 1

attempt to use scalar product or formula for angle between two vectors (M1) 

1 1
cos sin

n n
= +u .v (seen anywhere) (A1) 

2 2

1 1 1 1
cos sin cos sin

cos
21 1

2 cos sin

n n n n

n n

θ

 + + 
= = 

   +    

A1 

METHOD 2 

attempt to use an Argand diagram showing two complex numbers in the first 

quadrant with the angle between them marked as θ   (M1) 

( ) π
arg

4
=u  (accept 45   or arctan(1) ) and ( ) 1

arg
n

=v (A1) 

π 1
cos cos

4 n
θ = − A1 

continued… 
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Question 7 continued 

(b) use of
1

0
n

→  as n → ∞ (M1) 

EITHER 

( ) 1
cos

2
θ → (A1) 

OR 

( )→v i (A1) 

THEN 

the limit is 
π
4

A1 

Note:  Accept 45°.  Do not accept rounded values such as 0.785.  

[3 marks] 

Total [6 marks] 
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8. EITHER

2d
10π π

d

V
h h

h
 = − 
 

 (A1) 

Note: This A1 may be implied by the value 
d

76.5616...
d

V

h
=  . 

attempt to use chain rule to find a relationship between 
d

d

h

t
, 

d

d

V

t
and 

d

d

V

h
(M1) 

d d d 1 d
dd d d d
d

h h V V
Vt V t t
h

 
 
 = × = ×

  
    

 

OR 

attempt to differentiate 32 1
5π π

3
V h h= −  throughout with respect to t (M1) 

2d d d
10π π

d d d

V h h
h h

t t t
= − (A1) 

continued… 
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Question 8 continued 

THEN 

( )2 2
d

10π π
d

h
h h

t
− =  OR

2

d 2

d 10π π
h

t h h
=

−
(A1) 

Note: Award this A1 if the correct expression is seen with their h already 
substituted. 

attempt to solve 2 31
200 5π π

3
h h= − (M1) 

4.20648...h =  (A1) 

Note: This (M1)(A1) can be awarded independently of all previous marks, and may 

be implied by the value 
d

76.5616...
d

V

h
=

Ignore extra values of h  -3.24 and 14.0. 

d
0.0261227...

d

h

t
=

( )1d
0.0261 cms

d

h

t
−= A1 

[6 marks] 
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9. (a) (i) attempt to use the cosine rule (M1) 

( )2 2AC 2 4 2(2)(4)cos 20 16cos 2 5 4cosα α α= + − = − = −  A1 

(ii) ( )2 2AC 6 8 2(6)(8)cos 100 96cos 2 25 24cosβ β β= + − = − = −  A1 

(iii) 5 4cos 25 24cosα β− = −  

( )arccos 6cos 5α β= −  A1 

 [4 marks] 

(b) attempt to find the sum of two triangle areas using
1

sin
2

A ab C= (M1) 

Note: Do not award this M1 if the triangle is assumed to be right angled. 

( ) ( )1 1
Area 8 sin 48 sin

2 2
α β= +  (A1) 

attempt to express the area in terms of one variable only (M1) 

( )2
4 1 6cos 5 24sinβ β= − − +  or ( )( )4sin arccos 6cos 5 24sinβ β− +  OR 

2
5 cos

4sin 24 1
6

αα + + −  
 

or 
5 cos

4sin 24sin arccos
6

αα  + +     
 

Max area = 19.5959… 

= 19.6     A1 

 [4 marks] 

Total [8 marks] 
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Section B 

10. 

Note: Do not penalize for inclusion or non-inclusion of endpoints for probabilities 
using a normal distribution. For example, for ( )P 55 | 40T T< > accept

( )P 55 | 40T T≤ > , ( )P 55 | 40T T≤ ≥ , etc.

(a) recognising to find P( 40)T > (M1) 

P( 40) 0.574136...T > =

P( 40) 0.574T > = A1 

[2 marks] 

(b) attempt to multiply four independent probabilities using their P( 40)T >  and

P( 40)T < (M1) 

( )3
1 p p− ⋅   OR  ( )3

1 0.574136... 0.574136...− ⋅   OR  ( )3
0.425863... 0.574136...⋅  (A1) 

0.0443430...  

0.0443  , 0.0444 from 3 sf values A1 

[3 marks] 

continued… 
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Question 10 continued 

(c) (i) recognizing conditional probability (M1) 

( )P 55 | 40T T< >

Note:  Award (M1) for an expression or description in context. Accept 

( )P 40 | 55T T> < but do not accept just ( )P |A B .

P(40 55)

P( 40)

T

T

< <
>

(A1) 

0.461944...

0.574136...
(A1) 

( )P 55 | 40 0.804590...T T< > =

0.805=  A1 

(ii) recognizing binomial probability (M1) 

B( , )X n p

10n =  and .0.804 .589.p = (A1) 

0.0242111...,0.0240188...using 0.805p =

P( 5) 0.0242X = = A1 

[7 marks] 

continued… 
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Question 10 continued 

(d) Let P( )T a x< =

recognition that probabilities sum to 1 (seen anywhere) (M1) 

EITHER 

expressing the three regions in one variable (M1) 

( ) ( ) ( ) ( )1
0.904 2 OR P 0.904 2P OR P 0.904 P

2
x x T a T a T b T b+ + < + + < > + + >

OR x  and 2x  correctly indicated on labelled bell diagram 

( ) ( ) ( ) ( )1
P 0.904 2P 1 OR P 0.904 P 1

2
T a T a T b T b< + + < = > + + > =  (or 

equivalent) (A1) 

OR 

expressing either P( )T a<  or P( )T b>  only in terms of P( )a T b≤ ≤  (M1) 

( ) ( ) ( ) ( )1 2
P( ) 1 P( )  OR P( ) 1 P( )

3 3
T a a T b T b a T b< = − ≤ ≤ > = ⋅ − ≤ ≤

( )( )1
1 0.904 0.032

3
x = − =  OR ( )( )2

P( ) 1 0.904 0.064
3

T b> = − = (A1) 

THEN 

P( ) 0.032T a< =  

22.18167...a =  

22.2a =  (accept 22.1) A1 

 [4 marks] 

Total [16 marks] 
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11. (a) attempt to use product rule (M1) 

( ) ( )( )2 2 2( ) 3e 2e 3 4 e 6 5x x xf x x x′ = + − = − A2 

Note: Award A1 for 2 out of 3 of 2 23e , 6 ex xx  and 28e x− seen or implied. 

[3 marks] 

(b) ( ) 1f x′ = (M1) 

0.86299...x =

0.863x = A1 

7.92719...y = −

7.93y = − A1 

( )0.863, 7.93−

[3 marks] 

(c) x -intercept is at ( )4
1.33

3
(A1) 

attempt to use formula for volume of revolution (M1) 

Note:  Award (M1) for an integral involving π and ( )2
( )f x . Condone use of  2π  and

incorrect or absent limits. 

( )( )2

0

4
3 2

4π e 3 dx x x−∫ (A1) 

Note:  This (A1) can be awarded if the dx  is omitted. 

164.849...=  

165= A1 

[4 marks] 

continued… 
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Question 11 continued 

(d) (i) attempt to compose functions in the correct order (M1) 

( )( ) ( )0 (0) (1)f g f g f= =

7.38905...= −  

( )27.39 e= − = − A1 

(ii) attempt to use the chain rule (M1) 

( ) ( ) ( )( ) ( )0 0 0f g f g g′ ′ ′=

Note: For this (M1) to be awarded, multiplication of two derivatives should be seen 
or implied. 

( )( )2 1 2 7.38905...f ′= = ×  (A1) 

14.7781...=  

( )214.8 2e= = A1 

[5 marks] 

Total [15 marks] 
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12. 

(a) 

1 4

4 ,A 2

2 1

B AC

k
→ →

−   
   = − = −   
   − −   

 A1A1 

[2 marks] 

(b) METHOD 1

1 2 4k − = × M1 

9k = AG 

METHOD 2 

in order by y or z-ordinate, the points are ( k , −2, 1), (5, 0, 2) (1, 2, 3) 

5 5 1k − = −  M1 

9k =   AG 

[1 mark] 

continued… 
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Question 12 continued 

(c) (i) attempt to set up a vector equation using a point, a parameter and a

direction vector (M1) 

1 4

2 2

3 1

λ
   
   = + −   
   −   

r  (or equivalent) A1 

Note:  “ r = ” or equivalent must be seen for A1. 

continued… 
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Question 12 continued 

(ii) METHOD 1

point on line 1L  has coordinates ( )1 4 ,2 2 ,3λ λ λ+ − −  

attempt to use a different parameter for 2L (M1) 

1
1

2 3

x y
z µ−

= = − =  or 

1

21

0 3

1

µ
   
   = +   
   −   

r  

point on line 2L  has coordinates ( )1 2 ,3 ,1µ µ µ+ −  (A1) 

Note:  This A1 may be implied by 

1

21

0 3

1

µ
   
   = +   
   −   

r . 

1 4 1 2λ µ+ = +  

2 2 3λ µ− =  

3 1λ µ− = −  

any two of the above equations A1 

attempt to solve two simultaneous equations with two parameters (M1) 

eg 0.25λ = , 0.5µ =  or 1.6λ = , 0.4µ = −  or 2λ = − , 4µ = −  A1 

substitute into third equation or solve a different pair of simultaneous 

equations M1 

obtain contradiction eg 3 0.25 1 0.5− ≠ −  or 1 4(1.6) 1 2( 0.4)+ ≠ + −  or

( )2 2 2 3( 4)− − ≠ −  (so the lines do not intersect) R1 

Note:  Do not award this R1 if it is based on incorrect values. 

lines are not parallel R1 

so lines are skew AG 

continued… 
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Question 12 continued 

METHOD 2 

point on line 1L  has coordinates ( )1 4 ,2 2 ,3λ λ λ+ − −  

attempt to use the equation of 2L  to generate at least two equations in λ  (M1) 

if the two lines intersect, 

( )1 4 1 2 2 2 2
2

2 3 3

λ λ λλ
+ − − − = ⇒ = 

 
 

( ) ( )( )1 4 1
1 3 2 2

2

λ
λ λ λ

+ −
= − − ⇒ = −

( )2 2 2 2
1 3 2

3 3
λ λλ λ− − = − − ⇒ = − 

 
 

any two of the above equations A1A1 

attempt to solve at least one equation in λ  (M1) 

one of 
1

4
λ = , 2λ = − , 

8

5
λ =  seen A1 

substitute into second equation or solve second equation M1 

obtain contradiction eg 
1

2
4

λ = ≠ −  or 
1 1

2 2
4 4

  ≠ − 
 

 (so the lines do not 

intersect) R1 

Note:  Do not award this R1 if it is based on incorrect values. 

lines are not parallel R1 

so lines are skew AG 

continued… 
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Question 12 continued 

METHOD 3 

attempt to use a find Cartesian equation for 1L  (M1) 

1 3

14 2

2x y z

−
− − −

= =
−

A1 

attempt to isolate one variable in both equations (M1) 

1 4

21
:

2
3 3

y
L

x
z =

− −
= + +    2

1
1 1

2 3
:

x y
L z

− −
= + = +     OR

( )1

1
: 2

2
2 3 2L z

x
y ==

−
+ − + 2

3( 1)
)1

2
: 3( zy

x
L = −

−
=   OR 

1 1 2( 2) 3): 1 4(L x y z= −= − − − 2

2
1 1)1 2

3
: (

y
L zx = −= + − A1 

attempt to solve for each of the other two variables (M1) 

e.g. 
1 1

1 3
42

x x− −
+ = +  and 

2
3

3 2
1

y y− −
+ = +    

7x = − , 1.2y = −  OR 2x = , 1.4z =  OR 1.5y = , 5z =  A1 

obtain contradiction eg 5 1.4z = ≠  OR 1.5 1.2y = ≠ − OR 2 7x = ≠ −  

(so the lines do not intersect) R1 

Note:  Do not award this R1 if it is based on incorrect values. 

lines are not parallel R1 

so lines are skew AG 

[10 marks] 

continued… 
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Question 12 continued 

(d) (i) METHOD 1

attempt to find cross product of two of AB, AC and BC
→ → →

or their opposites M1 

eg ( )
0 0

AB AC 9 9 1

18 2 2

k k

k

→ →
    
    × = − = −    

    − −    

 A1 

attempt to substitute their cross product and a point into the equation of a 

plane (M1) 

( ) ( ) ( ) ( )9 2 9 2 9 6 9k y k z k k− + − = − + −

( ) ( )9 2 9 36 4k y k z k− + − = − ( )2 4 since 9y z k⇒ − = − ≠ A1 

METHOD 2 

attempt to find vector equation of Π  and write ,  and x y z  in parametric 

form M1 

1 1 4

2 4 2

3 2 1

k

λ µ
      
      = + + ⇒      

      −     

−
−



−
−

r 1 ( 1) 4x kλ µ= + − + , 2 4 2y λ µ= − − , 

3 2z λ µ= − −  or equivalent A1 

attempt to eliminate both parameters to work towards Cartesian form M1 

( ) ( )9 2 9 36 4k y k z k− + − = − ( )2 4 since 9y z k⇒ − = − ≠ A1 

continued… 
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Question 12 continued 

(ii) METHOD 1

attempt to find the equation of the line through (0, 0, 0) perpendicular

to the plane (M1) 

EITHER

( )
0

1

2

t

 
 =  
 − 

r  (A1) 

attempt to find the point where the line and plane intersect (M1) 

4 4 0t t+ + =  

4

5
t = − (A1) 

OR 

( )
0

( 9) 1

2

t k

 
 = −  
 − 

r  (A1) 

attempt to find the point where the line and plane intersect (M1) 

2 2( 9) 4 ( 9) 4( 9) 0t k t k k− + − + − =  

( )
4

5 9
t

k
= −

−
(A1) 

THEN 

so the point on the plane closest to the origin is ( 0 , 0.8− , 1.6 ) A1 

continued… 
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Question 12 continued 

METHOD 2 

choose a point on the plane ( p , q , r ) 

2 4 0 OR ( 9) 2 ( 9) 4( 9) 0 2 4q r q k r k k q r− + = − − − + − = ⇒ = −  

distance to the origin is ( )22 22 4p r r+ − + (A1) 

since p is independent of r, distance is minimised when 0p =  (R1) 

attempt to find the value of r for which their ( )2 22 4r r− +  is minimised (M1) 

 1.6r =  (A1) 

so the point on the plane closest to the origin is ( 0 , 0.8− , 1.6 ) A1 

continued… 
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Question 12 continued 

METHOD 3 

attempt to find a vector from the origin to the closest point on the plane (M1) 

EITHER 

( )
0

1

2

t

 
 =  
 − 

r  (A1) 

distance to the origin 
( )22

4 4 4 5

52 51

 
 = =
 
 −

=
+

(A1) 

4

5
t = ±

check in equation of plane 2 4y z− = −  to get 
4

5
t = − (R1) 

OR 

( ) ( )
0

9 1

2

t k

 
 = −  
 − 

r  (A1) 

distance to the origin 
( )22

4 4 4 5

52 51

 
 = =
 
 −

=
+

(A1) 

( )
4

5 9
t

k
= ±

−

check in equation of plane 2 4y z− = −  to get 
( )

4

5 9
t

k
= −

−
(R1) 

THEN 

so the point on the plane closest to the origin is ( 0 , 0.8− , 1.6 ) A1 

[9 marks] 

Total [22 marks] 
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 y Escriba su número de convocatoria en las casillas de arriba.
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 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas. 

1. [Puntuación máxima: 5]

La siguiente tabla muestra las notas de un examen de Matemáticas  (x)  y las notas de un 
examen de Ciencias  (y)  que ha obtenido un grupo de ocho alumnos.

Notas de 
Matemáticas  (x) 64 68 72 75 80 82 85 86

Notas de 
Ciencias  (y) 67 72 77 76 84 83 89 91

Para estos datos, la recta de regresión de  y  sobre  x  se puede escribir de la forma  y = ax + b .

(a) Halle el valor de  a  y el valor de  b . [2]

(b) Escriba el valor del coeficiente de correlación momento-producto de Pearson (r) . [1]

(c) Utilice la ecuación de su recta de regresión para predecir la nota que obtendrá en el 
examen de Ciencias un alumno que haya obtenido una nota de  78  en el examen de 
Matemáticas. Exprese la respuesta redondeando al número entero más próximo. [2] 
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2. [Puntuación máxima: 6]

La función  f  viene dada por  f (x) = ln (xex + 1) - x4 , para  0 ≤ x ≤ 2 . En la siguiente figura se 
muestra el gráfico de  f .

x

y

−14

0
2

2

1

A
B

f

 

El gráfico de  f  tiene un máximo local en el punto  A , y corta al eje  x  en el origen y en el punto  B .

(a) Halle las coordenadas de  A . [2]

(b) Halle la coordenada  x  de  B . [1]

(c) Halle el área total de la región que está delimitada por el gráfico de  f , el eje  x  y la 
recta  x = 2 . [3] 
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3. [Puntuación máxima: 5]

Sea una progresión geométrica donde el primer término es  50  y el cuarto término es  86,4 .

Sea  Sn  la suma de los  n  primeros términos de la progresión.

Halle el valor más pequeño de  n  para el cual  Sn > 33 500 .
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4. [Puntuación máxima: 7]

La población de una ciudad  t  años después del 1 de enero de 2014 se puede modelizar 
mediante la función

P (t ) = 15 000ek t , donde  k < 0  y  t ≥ 0 .

Se sabe que, entre el 1 de enero de 2014 y el 1 de enero de 2022, la población disminuyó 
un 11 % .

Utilice este modelo para estimar cuál será la población de esta ciudad el 1 de enero de 2041.
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5. [Puntuación máxima: 6]

Considere el desarrollo de 
ax

x

+( )1
21

9

2
, donde  a ≠ 0 . El coeficiente del término en  x4  es 

8

7
5a . 

Halle el valor de  a .
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6. [Puntuación máxima: 8]

La variable aleatoria continua  X  tiene la siguiente función de densidad de probabilidad:

f x
ax x bx

( ) = ≤ ≤



e ,

,

0

0 resto de valores

donde  a , b ∈ + .

(a) Halle una expresión que dé  a  en función de  b . [5]

(b) En el caso en el que  a = b = 1 , halle la mediana de  X . [3]
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7. [Puntuación máxima: 6]

Considere los vectores  u = i + j  y v i j= 





 + 






cos

1 1

n n
sen , donde  n ∈ + .

Sea  θ  el ángulo que forman  u  y  v .

(a) Halle una expresión que dé  cosθ  en función de  n . [3]

(b) Halle el valor exacto del límite al que se acerca  θ  cuando  n → ∞ . [3]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

8. [Puntuación máxima: 6]

La siguiente figura muestra un líquido contenido en un frasco de cristal de base redondeada, 
formado por una esfera y un cuello cilíndrico. 

Inicialmente el frasco está vacío. El líquido se vierte en el frasco a un ritmo de  2 cm3s-1 . 
Puede suponer que el líquido no llega hasta el cuello cilíndrico.

El volumen  (V cm3 )  y la altura  (h cm)  del líquido contenido en el frasco satisfacen la 

ecuación V h h= −5
1

3
2 3π π .

Halle la razón de cambio de la altura del líquido contenido en el frasco en el instante en el 
que el volumen del líquido es igual a  200 cm3 .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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9. [Puntuación máxima: 8]

Considere el cuadrilátero  ABCD , donde  AB = 2 ,  BC = 4 ,  CD = 6  y  DA = 8 , como se 
muestra en la siguiente figura. Sea  α = AB̂C  y  β = AD̂C .

la figura no está dibujada a escala

A

B

C

D

2 4

6
8

α

β

(a) (i)  Halle  AC  en función de  α .

(ii) Halle  AC  en función de  β .

(iii) A partir de lo anterior o de cualquier otro modo, halle una expresión que dé  α  en 
función de  β . [4]

(b) Halle el área máxima del cuadrilátero ABCD. [4]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 16]

En una gran empresa, el tiempo que trabajan los empleados  (T  horas por semana) sigue 
una distribución normal de media  42  y desviación típica igual a  10,7 .

(a) Halle la probabilidad de que un empleado elegido al azar trabaje más de  40  horas por 
semana. [2]

(b) Se escoge al azar un grupo de cuatro empleados. A estos empleados se les va 
preguntando, de uno en uno, si trabajan más de  40  horas por semana. Halle la 
probabilidad de que el cuarto empleado sea el único del grupo que trabaja más de  40  
horas por semana. [3]

(c) Hay un grupo grande de empleados que trabajan más de  40  horas por semana.

(i) Se escoge al azar a un empleado de este grupo grande. 

Halle la probabilidad de que dicho empleado trabaje menos de  55  horas por semana.

(ii) Se escoge al azar a diez empleados de este grupo grande. 

Halle la probabilidad de que exactamente cinco de ellos trabajen menos de  55  
horas por semana. [7]

Se sabe que  P (a ≤ T ≤ b) = 0,904  y que  P (T > b) = 2P (T < a) , donde  a  y  b  son números 
de horas trabajadas por semana. A los empleados que trabajan menos de  a  horas por 
semana se les considera trabajadores a tiempo parcial.

(d) Halle el tiempo máximo (en horas por semana) que puede trabajar un empleado para 
que se le pueda seguir considerando trabajador a tiempo parcial. [4]
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No escriba soluciones en esta página.

11. [Puntuación máxima: 15]

La función  f  se define así:  f (x) = e2x(3x - 4) , donde  x ∈  .

(a) Halle  f ′(x) . [3]

(b) A partir de lo anterior o de cualquier otro modo, halle las coordenadas del punto del 
gráfico de  y = f (x)  en el que la tangente es paralela a la recta  y = x . [3]

La región que está delimitada por la curva  y = f (x) , el eje  x  y el eje  y  se rota 2π radianes 
alrededor del eje  x , generando así un sólido de revolución.

(c) Halle el volumen de este sólido.  [4]

Considere ahora una función  g , tal que  g (0) = 1  y  g′(0) = 2 .

(d) Halle el valor de:

(i) ( f   g )(0) 

(ii) ( f   g )′(0)  [5]

12. [Puntuación máxima: 22]

Considere los puntos  A (1 , 2 , 3) ,  B (k , -2 , 1)  y  C (5 , 0 , 2) , donde  k ∈  .

(a) Escriba AB
→

 y AC
→

. [2]

(b) Sabiendo que los puntos  A ,  B  y  C  forman una línea recta, muestre que  k = 9 . [1]

(c) Para  k = 9 , sea  L1  la recta que pasa por  A ,  B  y  C .

(i) Halle la ecuación vectorial de la recta  L1 .

(ii) La recta  L2  tiene por ecuación 
x y

z
−

= = −
1

2 3
1 . Muestre que las rectas  L1  y  L2   

son alabeadas. [10]

(d) Para  k ≠ 9 , sea  Π  el plano que contiene a  A ,  B  y  C .

(i) Halle la ecuación cartesiana del plano  Π .

(ii) Halle las coordenadas del punto del plano  Π  que está más cerca del origen 
(0 , 0 , 0). [9]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.

Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 



– 4 – N22/5/MATHX/HP3/ENG/TZ0/XX/M 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 
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• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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1. (a) EITHER

( )( )2 1 1 1
2n

n
S n= × + − × A1 

OR 

1 1u =  and either nu n=  or 1d =  stated explicitly A1 

OR 

1 2 ... n+ + +  (or equivalent) stated explicitly A1 

THEN 

( )1
2n

n
S n= + AG 

Note:  Award A0 for a numerical verification. 

[1 mark] 

(b) (i) 14 A1 

[1 mark] 

(ii) 1 2 3  1a a a+ + =  A1 

1 2 32  4  8 5a a a+ + = A1 

1 2 33  9  27 14a a a+ + = A1 

Note:  For the third A mark, award A1FT for 1 2 33  9  27a a a p+ + =  where p  is 

their answer to part (b) (i). 

[3 marks] 

continued... 
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Question 1 continued 

(iii) 1

1
  ( 0.166666... 0.167)

6
a = = ≈ , 2

1
 ( 0.5)

2
a = = , 

3

1
( 0.333333... 0.333)

3
a = = ≈ A2 

Note:  Award A1 if only two of 1 2 3, ,a a a  are correct. 

Only award FT if three linear equations, each in 1 2,a a  and 3a  are stated 

in part (b) (ii) or (iii). 

Award A2FT for their 1 2,a a  and 3a . 

Award A1FT for their 1 2,a a  and 3 0a = . 

[2 marks] 

(c) ( ) 2 11 2  3 ... nf x x x nx −′ = + + + + A1 

Note:  Award A1 for ( ) 1

1

n
i

i

f x ix −

=

′ = ∑ .

( ) 2 3   2 3 ... nx f x x x x nx⇒ = + +′ + + AG 

[1 mark] 

continued... 
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Question 1 continued 

(d) (i) METHOD 1

( ) ( )2 1f x xf x′=

( ) ( )( )12 2 2 2 2
1

2 21  1 4 9 .( ) 1 2  3 .. ... n nxf x x x n x n xx − −′ = + + + + = + + + + A1 

Note:  Award A1 for 

( )( ) ( )( )( )12 2 2 2 2 21 2
1( ) 1 2  3 .  1 4 9 . ... . nnx xf x x x x n x x x n x− −′ = + + = + ++ + + +

. 

( ) ( ) ( )( )2 2 2 2 3 2 2 3 2
1' 1  2 3 ...  4 9 ... n nxf x x x x n x x x x n x= + + + + = + + + + A1 

Note:  Award A1 for 2 1
1

1

( )
n

i

i

f x i x −

=

′ =∑  and A1 for 2 1
1

1

( )
n

i

i

xf x x i x −

=

′ = ∑ . 

The second A1 is dependent on the first A1. 
Award a maximum of A0A1 if a general term is not considered. 

2

1

n
i

i

i x
=

=∑ AG 

METHOD 2 

( ) ( )( )2

d

d
f x x xf x

x
′=

( ) ( )( ) ( ) ( )( )2 x f x xf x xf x x f x′ ′′ ′ ′′= + = + A1 

( )1 2 2

1 1

1
n n

i i

i i

x ix x i i x− −

= =

= + −∑ ∑

( ) ( )2

1 1 1

1  
n n n

i i i

i i i

ix i i x i i i x
= = =

 
= + − = + − 

 
∑ ∑ ∑  A1 

2

1

n
i

i

i x
=

=∑ AG 

[2 marks] 

continued... 
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Question 1 continued 

(ii) consider 1q =

( ) 2
1 2 ... nf x x x nx= + + +  (reference to part (c)) and ( )1

1

n
i

i

f x ix
=

=∑ R1 

assume true for q k= , ( ( )
1

n
k i

k
i

f x i x
=

=∑ ) M1 

Note:  Do not award M1 for statements such as “let q k= ” or “ q k=  is true”. 

Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

consider 1q k= +  

( )1 ( )k kf x xf x+ ′= M1 

1 1

1

n
k i

i

x i x+ −

=

= ∑   OR  1 1 2 1 1(1 2 3 ... )k k k nx x x n x+ + + −+ + + +  A1 

Note:  Award the above M1 if ( ) 1 1

1
1

n

i
k

k if x i xx+
+ −

=

= ∑  or 1 1

1

( )
n

k
k

i

i

xx i xf x + −

=

′ = ∑  (or 

equivalent) is stated. 

1

1

n
k i

i

i x+

=

=∑  OR  1 2 1 3 12 3 ...k k k nx x x n x+ + ++ + + + A1 

since true for 1q =  and true for 1q k= +  if true for q k= , hence true for all 

( )q +∈  R1 

Note:  To obtain the final R1, three of the previous five marks must have been 
awarded. 

[6 marks] 

(iii) ( )1 1  2 3 ... q q q q
qf n= + + + +

1 1

 1 
n n

i q

i

q

i

i i
= =

 
= 


=


∑ ∑ A1 

[1 mark] 

continued... 
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Question 1 continued 

(e) uses 
( )1 1

1

n

n

u r
S

r

−
=

−
 with r x=  and 1 1u =  M1 

clear indication there are ( )1n +  terms R1 

1 1
( )

1

nx
f x

x

+ −
=

−
AG 

[2 marks] 

(f) METHOD 1

1( ) ( )f x xf x′=

( )( ) ( )
( )

1  

2

1 1 1 1
 

1

n nx n x x
x

x

+− + − × −
=

−
M1A1 

Note:  Award M1 for attempting to use the quotient or the product rule to find 
( )f x′ . 

( ) ( )
( ) ( )

1  1

2 2

1 1 1
  

1 1

n n n n nnx x n x x nx nx x
x x

x x

+ + + − − − − − − +
 = =
 − − 

A1 

Note:  Award A1 for any correct manipulation of the derivative that leads to the 
AG. 

( )
( )

2 1

2

1  

1

n nnx n x x

x

+ +− + +
=

−
AG 

METHOD 2 

attempts to form ( ) ( )11x f x−
M1 

( ) ( ) ( )1 2 3
11 ...n nx f x nx x x x x+− = − + + + +

( )
1

1
1

1 1
1

1 1

n
n x

f x nx
x x

+
+  −

= − −  − −  
A1 

( ) ( )1 1 2 1 1

1

11 1

1 1 1 1

n n n n nnx x x x nx nx x x
f x

x x x x

+ + + + +   − − +  − − +
= =    − − − −   

 A1 

Note:  Award A1 for any correct manipulation of the derivative that leads to the 
AG. 
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( ) ( )
( )

2 1

1 2

1

1

n nnx n x x
f x

x

+ +− + +
=

−
AG 

[3 marks] 

(g) (i)
( )

11

1 1
lim (

0
)

0 0x

n n
f x

→

 
 = =


− +



+
R1 

Note:  Only award R1 for sufficient simplification of the numerator, for example, 
as shown above. 

Do not award R1 if 
1

lim
x→

 is not referred to or stated. 

[1 mark] 

continued... 
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Question 1 continued 

(ii) attempts to differentiate both the numerator and the denominator M1 

( ) ( )
( )

21

1

2  1  1
lim

2 1

n n

x

n n x n x

x

+

→

+ − + +
−

A1 

Note:  Award A1 for ( ) ( ) ( ) ( )
( )

1

1

2 1  1 1 
lim

2 1

n n n

x

n n x n n x n x

x

+

→

 + + − + +
 −

−



. This form 

can be used in subsequent work. 

(l’Hôpital’s rule applies again since) 

( ) ( )
( )

21

1

2  1  1 
l

0
m

0
i

2 1

n n

x

n n x n x

x

+

→

+ − + +
=

−
R1 

Note:  Do not award R1 if 
1

lim
x→

 is not referred to or stated. 

Subsequent marks are independent of this R mark. 

attempts to differentiate both the numerator and the denominator M1 

( )( ) ( )2 1

1

2 1  1  
lim

2

n n

x

n n n x n n x −

→

+ + − +

( )( ) ( ) ( )2 3 2 3 23 2 22 1  1  
 

2 2

n n n n n nn n n n n  + + − + ++ + − +
 = =
 
 

( ) ( ) ( )( ) 21 2 1
 

2 2

n n n n n n+ + − +  +
= = 

 
A1 

( )1
1

2
n n= + AG 

[5 marks] 

Total [28 marks] 
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2. (a) EITHER

3 3
2

0 0

2 2 1 2 d  4 5 dA x x x x
 

= π + = π 
 

∫ ∫ (A1) 

( )( )232

0

2 2 5 2π 5 3 0x = =π −  A1 

OR 

2
2

0

2
22 1  2 

2
π 1

2

h
x

A mm
h

mm
 

= 

  
+ = +    

π 





 (A1) 

( ) ( )
22

0

3
3

 22 π 22 5  
2 2

5
x   

=   
 

= π 
  




 A1 

THEN 

18 5= π  AG 

[2 marks] 

(b) (i) r mh= A1 

[1 mark] 

(ii) 2 2l h r= + (M1) 

2 2 2 2 ( 1 )l h h m h m= + = +  A1 

[2 marks] 

continued... 
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Question 2 continued 

(iii) 2

0

2 1  d
h

A mx m x= π +∫ (A1) 

= 2 2

0

1
2 1

2

h

m m x π +   
(M1) 

Note:  Award (M1) for ( ) 2 2

0

1
1

2

h

c m m x
 π +   

. 

At least one of the above two lines needs to be seen. 

( )( )2 2 2 2 21h m m hm h h m= π + = π × + A1 

rl= π AG 

Note:  Award as above if 21
l

m
h
= + is used, for example.

[3 marks] 

(c) METHOD 1

attempts to use the chain rule (M1) 

Note:  Award (M1) for ( ) ( )
1

2 2 2
d

d

y
c x r x

x

−
= − .

( ) ( ) ( )
1 1

2 2 2 22 2
d 1

  2
d 2

y
r x x x r x

x

− − 
 = = −


− −


− A1 

METHOD 2 

attempts implicit differentiation on 2 2 2y r x= −  (or equivalent) (M1) 

d

d

y x

x y
= − A1 

[2 marks] 

continued... 
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Question 2 continued 

(d) EITHER

attempts to substitute 2 2y r x= −  and their 
d

d

y

x
 into A  (M1) 

( )
21

2 2 2 2 22π 1 d
r

r

A r x x r x x
−

−

 
= − + − − 

 
∫

2
2 2

2 2
2π 1 d

r

r

x
r x x

r x−

= − +
−∫ A1 

OR 

attempts to substitute y  and their 
d

d

y

x
 in terms of x  and y  into A  (M1) 

2

2π 1 d
r

r

x
A y x

y−

 
= + − 

 
∫

2
2 2

2
2π 1 d  2π d

r r

r r

x
y x x y x

y− −

 
= + = + 

 
∫ ∫ A1 

THEN 

attempts to perform valid algebraic simplification to form a definite integral in 
terms of r  only M1 

2π d
r

r

r x
−

= ∫

[ ] ( )( )( ) 2 2πr

r
r r rr x

−
=π − −= A1 

24 rπ= AG 

Note:  Award marks as above for ( )
21

2 2 2 2 2

0

4π 1 d
r

A r x x r x x
− 

= − + − − 
 

∫ . 

[4 marks] 

continued... 
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Question 2 continued 

(e) (i) EITHER

horizontal stretch A1 

factor 
1

k
A1 

OR 

horizontal compression  A1 

factor k  (invariant line -y axis) A1 

Note: Award A1A1 as above for correct alternative descriptions. 

For example, dilation by a factor of 
1

k
 from the -y axis.

[2 marks] 

(ii)
r

k
± A1 

Note:  Award A0 for 
r

k
 only and A0 for 

r

k
− only.

[1 mark] 

continued... 
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Question 2 continued 

(iii) METHOD 1

attempts to use the chain rule (M1) 

( )( ) ( ) ( )( )
1 1

2 22 2 22 2

2 2 2

2
2d 1

d 2
2  

y
r kx k x r kx

k x
k x

x r k x

− −

= −
  −

× − =   − 
−


= −  A1 

METHOD 2 

attempts implicit differentiation on 2 2 2 2y r k x= −  (or equivalent) (M1) 

2d

d

y k x

x y
= −

2

2 2 2

d

d

y k x

x r k x

−
=

−
A1 

[2 marks] 

continued... 
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Question 2 continued 

(iv) EITHER

4 2
2 2 2

2 2 2
2π 1  d

r

k

r

k

k x
A r k x x

r k x
−

= − +
−∫ (A1) 

Note:  Award (A1) for the correct substitution of y  and 
d

d

y

x
. 

attempts to simplify to find ( )p x , eg. forming a common denominator of 

2 2 2r k x−  and then cancelling 2 2 2r k x− (M1) 

OR 

22 4 2

2
2π 1  d  2π 1  d

r r

k k

r r

k k

k x k x
A y x y x

y y
− −

 
   = + − = +   
   

 
∫ ∫ (A1) 

Note:  Award (A1) for the correct substitution of 
d

d

y

x
. 

attempts to simplify to find ( )p x , eg. forming a common denominator of 2y

and cancelling 2y  (M1) 

THEN 

( )42 2 2 4 2 2 222π d  2π d

r r

k k

r r

k k

r k kr k x k x x x x
− −

 
 = − + = 
 

+

 

−∫ ∫ A1A1 

Note: Award A1 for correct limits (seen anywhere) and A1 for ( )p x  correct.

The above A1 for correct limits is independent of the (M1). 

[4 marks] 

continued... 
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Question 2 continued 

(v) ( )6378 kmr = (A1) 

6378 2126
1.00330...

6357 2119
k

 = = = 
 

(A1) 

attempts to form a definite integral for surface area (M1) 

2 46357
2 2 2

6357

6378 6378
2π 6378 d

6357 6357
x x x

−

   = − +   
   ∫  

510064226.3...=   

( )8 25.101 10 km= × A1 

Note:  Award A0A1FT(M1)A0 for using ( )6357 kmr =  and 0.996707...k =

leading to an answer of ( )8 25.089 10 km× .

[4 marks] 

Total [27 marks] 



© International Baccalaureate Organization 2022

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2022

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2022

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



© International Baccalaureate Organization 2022

N22/5/MATHX/HP3/SPA/TZ0/XX

8822 – 7123
6 páginas

Martes 8 de noviembre de 2022 (tarde)

1 hora  

Matemáticas: Análisis y Enfoques
Nivel Superior
Prueba 3

Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Análisis y Enfoques para esta prueba.
 y La puntuación máxima para esta prueba de examen es [55 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Por favor comience cada 
pregunta en una página nueva. No se otorgará necesariamente la máxima puntuación a una respuesta 
correcta que no esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en 
un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla 
gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención; por ejemplo, si se 
utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de 
la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

1. [Puntuación máxima: 28] 

En esta pregunta tendrá que investigar series de la forma

i nq

i

n
q q q q

=
∑ = + + + +

1

1 2 3† † † † †† †† ...= 1q + 2q + 3q + … + nq , donde  n, q ∈ +

y utilizar diversos métodos para hallar polinomios (en función de  n ) para dichas series.

En el caso en el que  q = 1 , la serie anterior es aritmética.

(a) Muestre que i n n
i

n

=
∑ = +( )

1

1

2
1 . [1]

Considere ahora el caso en el que  q = 2 .

(b) La siguiente tabla da los valores de  n2  y i
i

n
2

1=
∑  para  n = 1 , 2 , 3 .

n n2 i
i

n
2

1=
∑

1 1 1

2 4 5

3 9 p

(i) Escriba el valor de  p . [1]

(ii) La suma de los  n  primeros cuadrados se puede expresar como un polinomio 
cúbico con tres términos:

i a n a n a n
i

n
2

1
1 2

2
3

3

=
∑ = + + , donde  a1 , a2 , a3 ∈ + .

A partir de lo anterior, escriba un sistema de tres ecuaciones lineales cuyas 
incógnitas sean  a1 ,  a2  y  a3 . [3]

(iii) A partir de lo anterior, halle los valores de  a1 ,  a2  y  a3 . [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Ahora tendrá que explorar un método que se puede generalizar a todos los valores de  q .

Considere la función  f (x) = 1 + x + x2 + … + xn ,  n ∈ + .

(c) Muestre que  x f ′(x) = x + 2x2 + 3x3 + … + nxn . [1]

Sea  f 1(x) = x f ′(x)  y considere la siguiente familia de funciones:

f 2(x) = x f 1′(x)

f 3(x) = x f 2′(x)

f 4(x) = x f 3′(x)

…

f q(x) = x f q-1′(x)

(d) (i)  Muestre que f x i xi

i

n

2
2

1

( ) =
=
∑ . [2]

(ii) Pruebe mediante inducción matemática que f x i xq
q i

i

n

( ) =
=
∑

1

,  q ∈ + . [6]

(iii) Utilizando la notación de sumatoria, escriba una expresión para  f q(1) . [1]

(e) Considerando  f (x) = 1 + x + x2 + … + xn  como una serie geométrica (para  x ≠ 1 ),  

muestre que f x
x

x

n

( ) =
−
−

+1 1

1
. [2]

(f) Para  x ≠ 1 , muestre que f x
nx n x x

x

n n

1

2 1

2

1

1
( ) =

− +( ) +

−( )

+ +

. [3]

(g) (i)  Muestre que lim ( )
x

f x
→1 1  es una indeterminación. [1]

(ii) A partir de lo anterior, aplicando la regla de L’Hôpital, muestre que 

lim ( )
x

f x n n
→

= +( )
1 1

1

2
1 . [5]
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2. [Puntuación máxima: 27]

En esta pregunta tendrá que investigar diversas superficies curvas y utilizar el 
análisis para derivar algunas fórmulas fundamentales que se emplean en geometría. 

Considere una recta que parte del origen,  y = mx , donde  0 ≤ x ≤ h  y  m , h  son constantes 
positivas.

y

y = mx

x
h

Cuando esta recta se gira  360°  alrededor del eje  x , se forma un cono; el área ( A ) de la 
superficie curva del cono viene dada por

A y m x
h

= +∫2 1 2

0

π d .

(a) Sabiendo que  m = 2  y  h = 3 , muestre que A =18 5π . [2]

(b) Considere ahora el caso general en el que se forma un cono rotando la recta  y = mx , 
donde  0 ≤ x ≤ h ,  360°  alrededor del eje  x .

(i) Deduzca una expresión que dé el radio de este cono ( r ) en función de  h  y  m . [1]

(ii) Deduzca una expresión que dé la generatriz ( l ) en función de  h  y  m . [2]

(iii) A partir de lo anterior, utilizando la integral que aparece más arriba, muestre 
que  A = πrl . [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

Considere el semicírculo de radio  r  que viene dado por y r x= −2 2 , donde  -r ≤ x ≤ r .

y

x

y r x2 2

r−r

(c) Halle una expresión para 
d

d

y

x
. [2]

Una curva derivable  y = f (x)  está definida para  x1 ≤ x ≤ x2  e  y ≥ 0 . Cuando se rota 
cualquier curva así  360°  alrededor del eje  x , la superficie que se genera tiene un área ( A ) 
que viene dada por 

A y
y

x
x

x

x

= + 





∫2 1

2

1

2

π
d

d
d .

(d) Se genera una esfera rotando el semicírculo y r x= −2 2 , donde  -r ≤ x ≤ r ,  
360°  alrededor del eje  x . Muestre mediante integración que el área de la superficie de 
esta esfera es  4πr2 . [4]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

(e) Sea f x r x( ) = −2 2 , donde  -r ≤ x ≤ r .

El gráfico de  y = f (x)  se transforma en el gráfico de  y = f (kx) ,  k > 0 . Este gráfico 
forma una curva distinta, denominada semielipse.

(i) Describa esta transformación geométrica. [2]

(ii) Escriba, en función de  r  y  k , las intersecciones con el eje  x  del gráfico 
de  y = f (kx) . [1]

(iii) Para  y = f (kx) , halle una expresión para 
d

d

y

x
 en función de  x ,  r  y  k . [2]

(iv) La semielipse  y = f (kx)  se rota  360°  alrededor del eje  x , generando así un 
sólido denominado elipsoide.

Halle una expresión en función de  r  y  k  para el área ( A ) de la superficie del elipsoide. 

Dé la respuesta en la forma 2
1

2

π p x x
x

x

( )∫ d , donde  p(x)  es un polinomio. [4]

(v) El planeta Tierra se puede modelizar como un elipsoide. En este modelo:

•  El elipsoide tiene un eje de simetría rotacional que va del Polo Norte al Polo Sur.

• La distancia entre el Polo Norte y el Polo Sur es igual a  12 714 km .

• El diámetro del ecuador es igual a  12 756 km . 

Eligiendo valores adecuados para  r  y  k , halle el área de la superficie de la 
Tierra en  km2 , redondeando a  4  cifras significativas. Dé la respuesta en la 
forma  a × 10q , donde  1 ≤ a < 10  y  q ∈ + .  [4]
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Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba no se permite el uso de ninguna calculadora.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 7]

Sea  f (x) = -2x + 3 , para  x ∈  .

(a) El gráfico de una función lineal  g  es paralelo al gráfico de  f  y pasa por el origen. Halle 
una expresión para  g (x) . [2]

(b) El gráfico de una función lineal  h  es perpendicular al gráfico de  f  y pasa por el 
punto  (-1 , 2) . Halle una expresión para  h (x) . [3]

(c) Halle  ( g  h )(0) . [2]
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2. [Puntuación máxima: 4]

La función  g  se define así:  g (x) = ex2 + 1 , donde  x ∈  .

Halle  g ′(-1) .
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3. [Puntuación máxima: 7]

Considere un círculo de diámetro  AB , donde  A  tiene por coordenadas  (1 , 4 , 0)  y  B  tiene 
por coordenadas  (-3 , 2 , -4) .

(a) Halle:

(i) Las coordenadas del centro del círculo 

(ii) El radio del círculo [4]

El círculo es la base de un cono recto cuyo vértice  V  tiene por coordenadas  (-1 , -1 , 0) . 

la figura no está dibujada a escala

BA

V

(b) Halle el volumen exacto del cono. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12EP04



– 5 – 8822 – 7124

N22/5/MATHX/SP1/SPA/TZ0/XX

Véase al dorso

4. [Puntuación máxima: 5]

Sea  a  una constante, donde  a > 1 .

(a) Muestre que a
a a2

2 2 2 2
1

2

1

2
+

−







 =

+







 . [3]

Considere un triángulo rectángulo cuyos lados miden  a , 
a2 1

2

−







  y 

a2 1

2

+







 .

(b) Halle una expresión para el área del triángulo en función de  a . [2]
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5. [Puntuación máxima: 5]

La derivada de la función  f  viene dada por  f ′(x) ′( ) =
+

f x
x

x

6

12
.

El gráfico de  y = f (x)  pasa por el punto  (1 , 5) . Halle una expresión para  f (x) .
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Véase al dorso

6. [Puntuación máxima: 6]

Para los sucesos  A  y  B , se cumple que  P (A) = 0,3  y  P (B) = 0,8 .

(a) Determine el valor de  P ( A ∩ B )  en el caso en el que los sucesos  A  y  B  son 
independientes. [1]

(b) Determine el mínimo valor posible de  P ( A ∩ B ) . [3]

(c) Determine el máximo valor posible de  P ( A ∩ B ) . Justifique su respuesta. [2]
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 16]

(a) El gráfico de una función cuadrática  f  tiene el vértice en el punto  (3 , 2)  y corta al 
eje  x  en  x = 5 . Halle  f , expresándola en la forma  f (x) = a (x - h)2 + k . [3]

La función cuadrática  g  se define así:  g (x) = px2 + (t - 1) x - p , donde  x ∈   y  
p , t ∈  , p ≠ 0 .

(b) Para el caso en el que  g (-3) = g (1) = 4 :

(i) Halle el valor de  p  y el valor de  t .

(ii) Halle el recorrido de  g . [7]

(c) La función lineal  j  se define así:  j (x) = -x + 3p , donde  x ∈   y  p ∈  , p ≠ 0 . 

Muestre que los gráficos de  j (x) = -x + 3p  y de  g (x) = px2 + (t - 1) x - p  tienen dos 
puntos de intersección distintos para todos los posibles valores de  p  y  t . [6]

8. [Puntuación máxima: 15]

(a) Calcule el valor de cada uno de los siguientes logaritmos:

(i) log2

1

16

(ii)  log9 3 

(iii) log
3
81 [7]

(b) Se sabe que  logab a = 3 , donde  a , b ∈ + , ab ≠ 1 .

(i) Muestre que  logab b = -2 .

(ii) A partir de lo anterior, halle el valor de logab

a

b

3

. [8]
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No escriba soluciones en esta página.

9. [Puntuación máxima: 15]

La función  f  se define así:  f (x) = cos2x - 3 sen2x ,  0 ≤ x ≤ π .

(a) Halle las raíces de la ecuación  f (x) = 0 . [5]

(b) (i)  Halle  f ′(x) .

(ii) A partir de lo anterior, halle las coordenadas de los puntos del gráfico de  y = f (x)  
en los que  f ′(x) = 0 . [7]

(c) Dibuje aproximadamente el gráfico de  y = f (x) , mostrando claramente las 
coordenadas de todos los puntos en los que  f ′(x) = 0  y de todos los puntos donde el 
gráfico toque los ejes de coordenadas. [3]
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Instrucciones para los examinadores 

Abreviaturas 

M Puntos concedidos por tratar de utilizar un Método correcto. 
A Puntos concedidos por una Respuesta (en inglés, Answer) o por Precisión (en inglés, Accuracy); 

a menudo dependen de los puntos M precedentes. 
R Puntos concedidos por un Razonamiento claro. 
AG Respuesta dada (del inglés Answer Given) en la propia pregunta, por lo que no se concede ningún 

punto. 
FT Arrastre de error (del inglés Follow Through). La práctica de conceder puntos, a pesar de que el 

alumno haya cometido errores en apartados anteriores, por sus métodos/respuestas correctos a 
partir de resultados incorrectos. 

Uso del esquema de calificación 

1 General 

Conceda los puntos utilizando las anotaciones como se indica en el esquema de calificación 
p. ej., M1, A2.

2 Puntuación por método y por respuesta/precisión 

• No conceda automáticamente la puntuación máxima cuando la respuesta sea correcta; se
debe comprobar todo el procedimiento (el desarrollo del ejercicio) y puntuar la pregunta
conforme al esquema de calificación.

• Por lo general, no se puede conceder M0 seguido de A1, puesto que los puntos A dependen
de los puntos M precedentes (si los hay).

• Cuando se indica en la misma línea una puntuación M y otra A (p. ej., M1A1), esto
normalmente significa que se conceda M1 por intentar utilizar un método adecuado (p. ej.,
sustituir en una fórmula) y A1 por utilizar los valores correctos.

• Cuando aparecen dos o más puntuaciones A en la misma línea es porque cada una se puede
conceder de manera independiente; así pues, si el primer valor es incorrecto pero los dos
siguientes son correctos, se ha de conceder A0A1A1. Si las puntuaciones A1 aparecen en
líneas separadas, se asume que dependen una de la otra y, por lo tanto, es poco probable que
se otorgue A0A1. Sin embargo, cuando dichas puntuaciones sean independendientes (por ej,
el esquema de calificación las presenta en secuencia, pero en la solución, una no conduce
directamente a la otra) esto se ha de comunicar a través de una nota y, por lo tanto, puede
otorgarse A0A1 (por ejemplo).

• Allí donde el esquema de calificación especifique A3, M2, etc., no subdivida las puntuaciones a
menos que haya una nota al respecto.

• En la respuesta a una pregunta del tipo “mostrar que” no es necesario volver a escribir la línea
AG, a no ser que una Nota lo indique de manera explícita en el esquema de calificación.

• Una vez que vea en la hoja la respuesta correcta a una pregunta o a un apartado de una
pregunta, ignore cualquier desarrollo adicional, incluso si es incorrecto o sugiere que el alumno
no ha comprendido bien la pregunta. Esto fomenta un enfoque uniforme para la corrección,
menos dependiente del criterio del examinador. Aunque algunos alumnos puedan verse
beneficiados en ese elemento concreto de la pregunta, es probable que estos alumnos también
pierdan puntos en otros lugares.
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• Una excepción a la regla anterior ocurre cuando una respuesta incorrecta del desarrollo
adicional se utiliza en un apartado posterior. Por ejemplo, cuando un valor exacto correcto
viene seguido de una aproximación decimal incorrecta en el primer apartado y, a continuación,
se utiliza esta aproximación en el segundo apartado. En esta situación, conceda los puntos FT
que corresponda, pero no conceda el A1 final en el primer apartado. Ejemplos:

Respuesta 
correcta 
incluida 

Desarrollo 
adicional 
incluido 

¿Alguna cuestión 
relacionada con la 
puntuación FT? 

Acción 

1. 
8 2

5,65685...  
(valor decimal 

incorrecto) 

No. 
Último apartado de la 
pregunta. 

Conceda A1 en la puntuación 
final (no penalice el desarrollo 
adicional incorrecto). 

2. 
35

72

0,468111… 
(valor decimal 

incorrecto) 

Sí.  
El valor se utiliza en 
apartados posteriores. 

Conceda A0 en la puntuación 
final (y pueden otorgarse 
todos los puntos FT en los 
apartados posteriores). 

3 Puntuaciones implícitas 

Las puntuaciones implícitas se muestran entre paréntesis; p. ej., (M1). Solo se pueden conceder 
si el alumno ha incluido el procedimiento correcto o si dicho procedimiento ha quedado implícito 
en otro desarrollo/respuesta posterior. 

4 Puntuaciones de arrastre de error (solo se aplican después de haberse cometido un error) 

Las puntuaciones de arrastre de error (FT) se conceden cuando una respuesta incorrecta dada en 
un apartado de una pregunta se utiliza correctamente en los apartados posteriores (p. ej., un 
valor incorrecto del apartado (a) se utiliza en el apartado (d), o un valor incorrecto del subapartado 
(c)(i) se utiliza en el subapartado (c)(ii)). Por lo general, para poder conceder puntos FT, el alumno 
tiene que haber incluido el desarrollo del ejercicio (no tan solo una respuesta final basada en 
la respuesta incorrecta dada en un apartado anterior). Sin embargo, si todos los puntos que tiene 
asignados un apartado posterior corresponden a la respuesta o son implícitos, entonces se deben 
conceder puntos FT por su respuesta correcta incluso si no ha incluido el desarrollo. 

Por ejemplo: tras una respuesta incorrecta al apartado (a) que se utiliza en apartados posteriores, 
cuando el esquema de calificación indique (M1)A1 en el apartado posterior, es posible conceder la 
puntuación máxima por su respuesta correcta sin que haya incluido ningún desarrollo. Para 
preguntas más largas donde todas las puntuaciones son implícitas salvo los puntos de respuesta, 
esta regla es aplicable pero puede invalidarse mediante una Nota en el esquema de calificación. 

• Dentro de un apartado dado, una vez que se ha cometido un error ya no se pueden conceder
más puntos A en otras partes del desarrollo que hagan uso de ese error. Sin embargo, sí que
se pueden conceder puntos M si procede.

• Si la pregunta resulta mucho más sencilla debido a un error, utilice su propio criterio para
conceder menos puntos FT, reflexionando sobre a qué corresponde cada puntuación y cómo
se traslada eso a la versión simplificada.

• Si el error conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ =
, un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos
correspondientes a las respuestas finales.
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• Es posible que en el esquema de calificación se utilice la palabra “su(s)” en una descripción;
con esto se quiere indicar que los alumnos quizá estén empleando un valor incorrecto.

• Si la respuesta del alumno a la pregunta inicial contradice claramente la información
proporcionada en el enunciado de la pregunta, no es apropiado conceder ningún punto FT en
los apartados posteriores. Esto incluye cuando los alumnos no logran completar correctamente
una pregunta del tipo “mostrar que” y, en los siguientes apartados, utilizan su respuesta
incorrecta en vez del valor proporcionado en el enunciado.

• Las excepciones a estas reglas de FT se indicarán de manera explícita en el esquema de
calificación.

• Si un alumno comete un error en un apartado pero obtiene las respuestas correctas en los
apartados posteriores, conceda puntos según corresponda, a no ser que el término de
instrucción fuera “A partir de lo anterior”.

5 Errores de lectura 

Si un alumno comete un error al copiar en su hoja los valores o datos de la pregunta, esto se 
considera un “error de lectura” (MR, del inglés MisRead). A un alumno solo se le puede penalizar 
una vez por un error de lectura dado. Utilice el sello MR para indicar que se ha producido un error 
de lectura y no conceda el primer punto, aunque se trate de un punto M, pero conceda todos los 
demás según corresponda. 

• Si la pregunta resulta mucho más sencilla debido al error de lectura (MR), utilice su propio
criterio para conceder menos puntos.

• Si el MR conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ = ,
un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos
correspondientes a las respuestas finales.

• Si el alumno comete un error al copiar su propio trabajo, eso no es un error de lectura, sino un
error ordinario.

• Si el alumno utiliza una respuesta correcta a una pregunta del tipo “mostrar que” con un grado
de precisión mayor del que se proporciona en el enunciado, eso NO es un error de lectura y se
puede obtener la puntuación máxima en el apartado posterior.

• Los errores de lectura (MR) solo se pueden aplicar cuando el alumno haya incluido el
desarrollo del ejercicio. En aquellas preguntas de calculadora donde no esté incluido el
procedimiento y se haya dado una respuesta incorrecta, los examinadores no deben inferir que
el alumno ha leído/copiado mal los valores de la calculadora.
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6 Métodos alternativos 

En ocasiones, los alumnos utilizan métodos distintos de los que aparecen en el esquema de 
calificación. A menos que en la pregunta se especifique qué método se ha de utilizar, el uso de 
métodos alternativos correctos no se ha de penalizar, sino que se ha de puntuar conforme a lo 
que indica el esquema de calificación. Si el término de instrucción es “A partir de lo anterior” y no 
“A partir de lo anterior o de cualquier otro modo”, entonces no se permiten métodos alternativos a 
no ser que se indique mediante una nota en el esquema de calificación. 

• Cuando se incluyen varios métodos alternativos para toda una pregunta, aparecen señalados
mediante los encabezamientos MÉTODO 1, MÉTODO 2, etc.

• Las soluciones alternativas para un apartado dado de una pregunta se indican mediante el
encabezamiento O BIEN... O BIEN.

7 Formas alternativas 

A menos que en la pregunta se especifique lo contrario, acepte formas equivalentes. 

• Dado que se trata de un examen internacional, acepte todas las formas alternativas de
notación, por ejemplo 1.9 y 1,9; o 1000, 1,000 y 1.000 .

• No acepte respuestas finales escritas con notación de calculadora. Sin embargo, se pueden
obtener puntos M y puntos A intermedios en los que la información se haya presentado
utilizando notación de calculadora, siempre que la evidencia refleje claramente el requisito para
conceder la puntuación.

• En el esquema de calificación, las formas numéricas y algebraicas equivalentes suelen
aparecer escritas entre paréntesis, justo a continuación de la respuesta.

• En el esquema de calificación, algunas respuestas equivalentes suelen aparecer escritas
entre paréntesis. En el esquema de calificación no se presentan todas las
notaciones/respuestas/métodos equivalentes, y se pide a los examinadores que apliquen su
criterio de forma apropiada para evaluar si el trabajo del alumno es equivalente.
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8 Formato y precisión de las respuestas 

Cuando el grado de precisión se especifique en el enunciado de la pregunta, uno de los puntos se 
concederá por dar la respuesta con la precisión requerida. Si el grado de precisión no se indica en 
la pregunta, deben aplicarse las siguientes reglas: todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas. 

Cuando se utilicen los valores en apartados posteriores, el esquema de calificación generalmente 
empleará el valor exacto, si bien los alumnos también pueden usar la respuesta correcta con 3 
cifras significativas en los apartados posteriores. El esquema de calificación con frecuencia 
indicará los valores posteriores que resulten “de utilizar valores con 3 cifras significativas”. 

Simplificación de las respuestas finales: Se aconseja a los alumnos que den las respuestas 
finales utilizando una forma matemática adecuada. En general, para conceder una puntuación A, 
se debe completar la aritmética y simplificar cualquier valor que conduzca a un número entero; por 

ejemplo, 
25

4
 debe escribirse como 

5

2
. Una excepción a lo anterior es la simplificación de 

fracciones, donde no se requiere la forma más sencilla (si bien el numerador y el denominador 

deben ser números enteros); por ejemplo, 
10

4
 se puede dejar así o escribirla como 

5

2
. Sin 

embargo, 
10

5
 se debe escribir como 2, dado que se simplifica para dar un número entero. 

Las expresiones algebraicas se deben simplificar realizando cualquier operación como la adición y 
la multiplicación; p. ej., 2 34e ex x×  se debe simplificar a 54e x , y 2 3 4  4e e e ex x x x× − ×  se debe 

simplificar a 53e x . A no ser que se especifique en la pregunta, no es necesario factorizar las 

expresiones ni tampoco desarrollar las expresiones factorizadas, de modo que ( 1)x x +  y 2x x+  
son ambas aceptables.  

Tenga presente: para obtener los puntos A intermedios NO es necesario simplificar las 
respuestas. 

9 Calculadoras 

No se permite el uso de calculadoras. El uso de cualquier tipo de calculadora durante esta prueba 
se considera conducta improcedente y, como consecuencia de ello, no se le concederá al alumno 
ninguna calificación final. Si se topa con un ejercicio que sugiera que el alumno ha utilizado algún 
tipo de calculadora, siga los procedimientos establecidos para abordar la conducta improcedente. 

10. Presentación del trabajo del alumno

Procedimiento tachado: Si el alumno (en las hojas que contienen sus respuestas) ha trazado
una línea cubriendo parte del procedimiento, o ha tachado de algún otro modo parte del
procedimiento, no conceda ningún punto por esa parte del procedimiento, a no ser que haya una
nota del alumno que indique explícitamente que quiere que se corrija esa parte del procedimiento.

Más de una solución: Cuando un alumno ofrezca dos o más respuestas distintas a una misma
pregunta, el examinador solo debe puntuar la primera respuesta, a no ser que el alumno haya
indicado lo contrario. Si la presentación de las respuestas hace que resulte difícil juzgar cuál es “la
primera”, los examinadores deben aplicar su criterio de manera apropiada para determinarlo.
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Trabajo del alumno (solo P1 y P2 de Análisis y Enfoques): Los alumnos tienen instrucciones 
de escribir sus respuestas a las preguntas de la Sección A en el cuestionario de examen (CE), y 
las de la Sección B en los cuadernillos de respuestas. En ocasiones los alumnos necesitan más 
espacio para la Sección A y utilizan el cuadernillo de respuestas o escriben fuera de las casillas. 
Ese trabajo hay que calificarlo. 
Los alumnos tienen instrucciones de no escribir en la Sección B del CE. Es posible que hayan 
utilizado ese espacio como hoja de borrador, para hacer cálculos que dan por hecho que se van a 
ignorar. Si han escrito soluciones en el cuadernillo de respuestas, no hay necesidad de mirar la 
Sección B del CE. Sin embargo, si hay contestaciones a preguntas enteras (o apartados enteros) 
que no aparecen en el cuadernillo de respuestas, compruebe si están en el CE y puntúelas en 
caso de que sea así. Si hay una contestación en el cuadernillo de respuestas y otra en el CE, la 
contestación del cuadernillo debe considerarse la “primera” (véase más arriba). 



– 9 – N22/5/MATHX/SP1/SPA/TZ0/XX/M 

Sección A 

1. (a)  La pendiente de g  es 2−  (puede verse en el función, no acepte 2 3x− + ) (A1) 

( ) 2g x x= − A1 

[2 puntos] 

(b) La pendiente es
1

2
 (puede verse en el función) (A1) 

Por tratar de sustituir su pendiente y ( )1,2− en la ecuación de la recta (en

alguna de sus formas) (M1) 

( )1
2 1

2
y x− = + O BIEN ( )1

2 1
2

c= ⋅ − +  

( ) ( )1 1 5
1 2

2 2 2
h x x x

 = + + = + 
 

A1 

[3 puntos] 

(c) ( )( ) 1 5
2

2 2
g h x x = − + 

 
  O BIEN  ( ) 5

0
2

h =   O BIEN  
5

2
g  
 
 

 (A1) 

( )( )0 5g h = − A1 

[2 puntos] 

Total [7 puntos] 
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2. ( ) 2 12 exg x x +′ = (A2) 

Por sustituir 1x = −  en su derivada (M1) 

( ) 22e1g′ −− = A1 

Nota: Conceda A0M0A0 en el caso donde la derivada incorrecta del candidato 
es ( ) 2 1exg x +=′ . 

[4 puntos] 



– 11 – N22/5/MATHX/SP1/SPA/TZ0/XX/M 

3. 

(a) (i) Por tratar de hallar el punto medio de A y B (M1) 

El centro es ( )1,3, 2− −  (acepte notación de vector y/o paréntesis faltantes) A1 

(ii) Por tratar de hallar AB o la mitad de AB o la distancia que hay entre el

centro y A (o B) (M1) 

2 2 24 2 4

2

+ +
O BIEN 2 2 22 1 2+ +

3=  A1 

[4 puntos] 

(b) Por tratar de hallar la distancia que hay entre su centro y V

(altura perpendicular del cono) (M1) 

2 2 20 4 2+ +   O BIEN  ( ) ( )2 2
su generatriz su radio−

( )20 2 5= = (A1) 

Volumen 21 π3 20
3

=

( )3π 20 6π 5= = A1 

[3 puntos] 

Total [7 puntos] 
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4. (a)

Nota: Conceda un máximo de M1A0A0 si un candidato manipula ambos lados 
de la ecuación (como mover términos de un lado al otro). 

MÉTODO 1 (desarrollo desde el miembro de la izquierda) 

Por tratar de desarrollar ( )22 1a −   (no acepte 4 1a +  o 4 1a − ) (M1) 

4 2 2 4 2
2 2 1 4 2 1

Miembro de la izquierda  o 
4 4

a a a a a
a

− + + − +
= + A1 

4 22 1

4

a a+ +
=  A1 

22 1

2

a +
=  
 

( )miembro de la derecha= AG 

Nota: no conceda el A1 final si el trabajo adicional contradice el AG. 

MÉTODO 2 (desarrollo desde el miembro de la derecha) 

Por tratar de desarrollar ( )22 1a + (M1) 

4 22 1
Miembro de la derecha

4

a a+ +
=  

2 4 24 2 1

4

a a a+ − +
=  A1 

4 2
2 2 1

 
4

a a
a

− +
= + A1 

22
2 1

2

a
a

 −
= +  

 
( )miembro de la izquierda= AG 

Nota: no conceda el A1 final si el trabajo adicional contradice el AG. 

[3 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 4 

(b) Por darse cuenta de que la base y la altura son a  y  
2 1

2

a −
 
 

 

(Puede verse en un diagrama) (M1) 

( ) ( )22 311
Área  o equivalente  

2 2 4 4

a aa a a a − − − = = =      
A1 

[2 puntos] 

Total [5 puntos] 
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5. Reconoce necesidad de integrar (M1) 

2

6
d

1

x
x

x
∫

+
  O BIEN  2 1u x= +   O BIEN  

d
2

d

u
x

x
=

3
du

u
∫   O BIEN  

2

2
3 d

1

x
x

x
∫

+
(A1) 

( )( )23ln 1    x c= + + O BIEN ( ) 3ln u c+ A1 

Por sustitución correcta de 1 y ( ) 5x f x= =  o bien 1 y 2x u= =  en la ecuación 

usando su expresión integrada (debe involucrar c) (M1) 

5 3ln 2 c= +  

( ) ( ) ( )
2

2 2 1
3ln 1 5 3ln 2 3ln 1 5 ln8 3ln 5

2

x
f x x x

  +
= + + − = + + − = +  

  

(o equivalante) A1 

Nota: Acepte la presencia del símbolo de módulo en el desarrollo del ejercicio y en la 

respuesta final. 

[5 puntos] 
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6. (a) ( )P 0,24A B∩ = A1 

[1 punto] 

(b) ( ) ( )P 1,1 PA B A B∪ = − ∩ (A1) 

( ) ( )0 P 1A B≤ ∪ ≤ (M1) 

Nota:  Esta información se puede haber transmitido mediante un diagrama 
claramente rotulado o una explicación escrita indicando que 

( ) 1P A B∪ =

El valor mínimo de ( )P A B∩  es 0,1 A1 

[3 puntos] 

(c) A es un subconjunto de B  (entonces ( ) ( )P PA B A∩ = ) R1 

Nota: Esta información se puede haber transmitido mediante un diagrama claramente 

rotulado en el que A  esté totalmente incluido en B , o en una explicación escrita

indicando que ( ) ( )P PA B A∩ = .

El valor máximo de ( )P A B∩  es 0,3 . A1 

Nota: No conceda R0A1. 

[2 puntos] 

Total [6 puntos] 
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Sección B 

7. (a) Por sustituir correctamente 3h =  y 2k =  en ( )f x (A1) 

( ) ( )2
3 2f x a x= − +  

Por la sustitución correcta de ( )5,0  (A1) 

( )2 1
0 5 3 2      

2
a a = − + = − 

 

Nota: Los dos primeros puntos A son independientes el uno del otro. 

( ) ( )21
3 2

2
f x x= − − + A1 

[3 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 7 

(b) (i) MÉTODO 1

Por la sustitución correcta de (1, 4) (A1) 

( )1 4p t p+ − − =

5t =  A1 

Sustituir su valor de t  en ( )9 3 1 4p t p− − − = (M1) 

8 12 4p − =  

2p =  A1 

MÉTODO 2 

Por la sustitución correcta de UNA de las coordenadas ( ) ( )3,4     1,4o− . (A1) 

9 3( 1) 4p t p− − − =   O BIEN ( 1) 4p t p+ − − =  

Por intento válido de resolver sus dos ecuaciones (M1) 

2, 5p t= =  A1A1 

( )( )22 4 2g x x x= + −

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 7 

(ii) Por tratar de hallar la coordenada x del vértice (M1) 

( )3 1
1

2
x

− +
= = −   O BIEN  

4

2 2

−
×

  O BIEN 4 4 0x + =   O BIEN ( )2
2 1 4x + −  

La coordenada y del vértice 4= − (A1) 

el recorrido correcto A1 

[ [4,− +∞   O BIEN  4y ≥ −     O BIEN   4g ≥ −     O BIEN [ )4,− ∞

[7 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 7 

(c) Por igualar las dos funciones o ecuaciones (M1) 

( ) ( )g x j x=  O BIEN  ( )2 1 3px t x p x p+ − − = − +

2 4 0px tx p+ − = (A1) 

Por tratar de hallar el discriminante (no acepte solo en la fórmula cuadrática) (M1) 

2 216t p∆ = + A1 

2 216 0t p∆ = + >  , porque 2 0t ≥  y 
2 0p > , por lo tanto la suma será positiva R1R1 

Nota:  Conceda R1 por darse cuenta de que ∆  es positivo y otro R1 por decir el 
motivo. 

los gráficos de g  y j  tienen dos puntos de intersección distintos AG 

[6 puntos] 

Total [16 puntos] 
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8. (a) (i) Por utilizar un enfoque válido para hallar el logaritmo del enunciado (M1) 

4 41 1
2   O BIEN  2 2 O BIEN   2

16 16
x x − −= = =   O BIEN  2 2log 1 log 16−

2

1
log 4

16
= − A1 

(ii) Por utilizar un enfoque válido para hallar el logaritmo del enunciado (M1) 

1
2 29 3  O BIEN  3 3   O BIEN   3 9x x= = =   O BIEN  3

3

log 3

log 9

9

1
log 3

2
= A1 

(iii) ( )3 81
x

=  O BIEN 3

3

log 81

log 3
(A1) 

( ) 423 3
x

=  O BIEN 4
2

x
=  O BIEN

4
1
2

(A1) 

8x =  A1 

[7 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 8 

(b) (i)

Nota: Hay muchos enfoques válidos para la pregunta, y los pasos pueden verse 
de diferentes maneras. Aquí se dan algunos métodos posibles, pero los 
candidatos pueden usar una combinación de uno o más de estos 
métodos. 

En todos los métodos, la marca A final se otorga por un trabajo que 
conduce directamente a la AG.  

MÉTODO 1 

( )3
ab a=  (A1) 

Por tratar de despejer b o una potencia de b. (M1) 

Desarrollo correcto (A1) 

3 2

a
b

a b
= O BIEN  

3 2b a−=   O BIEN  ( )21b ab− =   O BIEN  3
2

1
b

a
=

2 2

1
b

a b
=   O BIEN  ( ) 2

b ab
−=   O BIEN  3log 2logab abb a= −  O BIEN 

log 2logab abb ab− = A1 

log 2ab b = −  AG 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 8 

MÉTODO 2 

( )3
ab a=  (A1) 

Por aplicar el logaritmo en base ab  a ambos miembros de la igualdad (M1) 

( )3
log logab abab a=  O BIEN  3 3log logab aba b a=

Por aplicar correctamente propiedades de los logaritmos que conducen a 

la ecuación en términos de logab (A1) 

3log 3log logab ab aba b a+ =  O BIEN  3log 2logab abb a= −   O BIEN  

3 2log logab abb a−=

2
3log logab abb a

−
=   O BIEN  

2
log log

3ab abb a= −   O BIEN  ( )2
log 3

3ab b = − A1 

log 2ab b = −  AG 

Nota: Los candidatos pueden sustituir log 3ab a =  en cualquier momento de su 

desarrollo 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 8 

MÉTODO 3 

log 3ab a =  

Por escribir en términos de base a (M1) 

( )log
3

log
a

a

a

ab
=

Por aplicar correctamente propiedades de los logaritmos. (A1) 

( )log
3

log log
a

a a

a

a b
=

+
  O BIEN  ( )1

3
1 loga b

=
+

  O BIEN  3log 2a b = −   O 

BIEN  
2

log
3a b = −

Por escribir logab b  en términos de base a (A1) 

log
log

log log
a

ab
a a

b
b

a b
=

+

Desarrollo correcto A1 

2
3log
2

1
3

ab b
−

=
−

  O BIEN  

2
3

1
3

 − 
 
 
 
 

log 2ab b = −  AG 

MÉTODO 4 

log 1ab ab =  A2 

log log 1ab aba b+ =  (A1) 

3 log 1ab b+ =  A1 

log 2ab b = −  AG 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 8 

(ii) Por aplicar correctamente propiedades del logaritmo de un producto o

logaritmo de un cociente

3
3log log logab ab ab

a
a b

b
= −   O BIEN   

3
3 1

log log logab ab ab

a
a

b b
= + (A1)

Desarrollo correcto (A1) 

1 1
log log

3 2ab aba b= −  OR log logab abab b−

( )1 1
3 2

3 2
= ⋅ − − (A1) 

2= A1 

Nota: Conceda A1A0A0A1 por una respuesta correcta sin desarrollo. 

[8 puntos] 

Total [15 puntos] 
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9. (a) 2 2cos 3sen 0x x− =

Por un intento válido de reducir la ecuación a una que involucre a solo una 

función trigonométrica (M1) 

2

2

sen 1

cos 3

x

x
=   O BIEN   2 21 sen 3sen 0  x x− − =  O BIEN   ( )2 2cos 3 1 cos 0x x− − =

O BIEN   cos2 1 cos2 0x x− + =  

Ecuación correcta (A1) 

2 1
tan

3
x =  O BIEN   2cos

3

4
x =  O BIEN   2 1

sen
4

x =  O BIEN   
1

cos2
2

x =

1
tan

3
x = ±   O BIEN  

3
cos

2
x = ± O BIEN   ( ) 1

sen
2

x = ±  O BIEN

π 5π
2 , 

3 3
x

 =  
 

(A1) 

π 5π
, 

6 6
x x= = A1A1 

Nota:  Conceda M1A1A0A1A0 a los candidatos que omitan el +/- (para tan o 

cos) y solo contesta 
π
6

x = . 

Conceda M1A1A0A0A0 a los candidatos que omitan el +/- (para tan o 
cos) y solo contesta 30x = ° . 

Conceda M1A1A1A1A0 a los candidatos que responden con ambas 
respuestas en grados. 

Conceda M1A1A1A1A0 a los candidatos que responden con ambas 
respuestas correctas en radianes, pero que incluyan soluciones 
adicionales fuera de dominio.  

Conceda un máximo de M1A0A0A1A1 por respuestas correctas sin 
desarrollo. 

[5 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 9 

(b) (i) Por tratar de utilizar la regla de la cadena (y su aplicación queda

evidenciada al verse al menos un término en cos senx x ) (M1) 

( ) ( )2cos sen 6sen cos 8sen cos 4sen 2f x x x x x x x x= − − = − = −′ A1 

(ii) Por intento válido de resolver su ( ) 0f x′ =  (M1)

Por lo menos dos coordenadas de x correctas (pueden ser vistas en las coordenadas)
(A1) 

π
0, , π

2
x x x= = =

Nota: Acepte soluciones correctas adicionales fuera del dominio. 

Conceda A0 si se dan soluciones incorrectas adicionales. 

coordenadas correctas (pueden ser vistas en el gráfico de parte (c)) A1A1A1 

( )0,1 , ( )π,1 , 
π

, 3
2

 − 
 

 

Nota: Conceda un máximo de M1A1A1A1A0 si se dan soluciones adicionales. 

Nota: Si los candidatos no hallan al menos dos coordenadas de x correctas, es 
posible conceder las calificaciones finales apropiadas para sus 
coordenadas correctas, como M1A0A0A1A0. 

[7 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 9 

(c) 

Nota:  En esta pregunta, no aplique el ‘arrastre de error’ a partir de valores incorrectos 

obtenidos en apartados anteriores. 

Por una curva suave aproximadamente correcta con un mínimo en 
π

, 3
2

 − 
 

 A1 

Nota:  Si el alumno no logra este punto, entonces no le conceda ningún punto más. 

Puntos extremos ( )0,1  y ( )π,1 , intersecciones con el eje x en 
π
6

 y 
5π
6

A1 

La concavidad correcta se muestra claramente en ( )0,1  y ( )π,1 A1 

Nota:  Los dos puntos finales son independientes el uno del otro. 

[3 puntos] 

Total [15 puntos] 
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Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [80 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas. 

1. [Puntuación máxima: 5]

La siguiente tabla muestra las notas de un examen de Matemáticas  (x)  y las notas de un 
examen de Ciencias  (y)  que ha obtenido un grupo de ocho alumnos.

Notas de 
Matemáticas  (x) 64 68 72 75 80 82 85 86

Notas de 
Ciencias  (y) 67 72 77 76 84 83 89 91

Para estos datos, la recta de regresión de  y  sobre  x  se puede escribir de la forma  y = ax + b .

(a) Halle el valor de  a  y el valor de  b . [2]

(b) Escriba el valor del coeficiente de correlación momento-producto de Pearson (r) . [1]

(c) Utilice la ecuación de su recta de regresión para predecir la nota que obtendrá en el 
examen de Ciencias un alumno que haya obtenido una nota de  78  en el examen de 
Matemáticas. Exprese la respuesta redondeando al número entero más próximo. [2] 
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2. [Puntuación máxima: 6]

La siguiente figura muestra el triángulo  ABC , donde  AC = 24 ,  BC = 17  y  AB̂C = 113° .

la figura no está dibujada a escala

A

B

C

17

24

113° 

(a) Halle  BÂC . [3]

(b) Halle  AB . [3]
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3. [Puntuación máxima: 6]

La función  f  viene dada por  f (x) = ln (xex + 1) - x4 , para  0 ≤ x ≤ 2 . En la siguiente figura se 
muestra el gráfico de  f .

x

y

−14

0
2

2

1

A
B

f

 

El gráfico de  f  tiene un máximo local en el punto  A , y corta al eje  x  en el origen y en el punto  B .

(a) Halle las coordenadas de  A . [2]

(b) Halle la coordenada  x  de  B . [1]

(c) Halle el área total de la región que está delimitada por el gráfico de  f , el eje  x  y la 
recta  x = 2 . [3] 
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4. [Puntuación máxima: 5]

Sea una progresión geométrica donde el primer término es  50  y el cuarto término es  86,4 .

Sea  Sn  la suma de los  n  primeros términos de la progresión.

Halle el valor más pequeño de  n  para el cual  Sn > 33 500 .
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5. [Puntuación máxima: 7]

La población de una ciudad  t  años después del 1 de enero de 2014 se puede modelizar 
mediante la función

P (t ) = 15 000ek t , donde  k < 0  y  t ≥ 0 .

Se sabe que, entre el 1 de enero de 2014 y el 1 de enero de 2022, la población disminuyó 
un 11 % .

Utilice este modelo para estimar cuál será la población de esta ciudad el 1 de enero de 2041.
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6. [Puntuación máxima: 6]

Considere el desarrollo de 
ax

x

+( )1
21

9

2
, donde  a ≠ 0 . El coeficiente del término en  x4  es 

8

7
5a . 

Halle el valor de  a .
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No escriba soluciones en esta página. 

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 16]

Una partícula se mueve en línea recta. Su desplazamiento ( s  metros) respecto a un punto 
fijo  P  en el instante  t  segundos viene dado por  s (t) = 3 (t + 2)cos t , para  0 ≤ t ≤ 6,8 , tal y 
como se muestra en el siguiente gráfico.

s

t
0 6,8  

(a) Halle el desplazamiento inicial de la partícula respecto al punto  P .  [2]

(b) Halle la velocidad de la partícula cuando  t = 2 . [2]

(c) Determine los intervalos de tiempo en los que la partícula se está alejando del punto  P . [5]

La aceleración de la partícula es cero cuando  t = b  y  t = c , donde  b < c .

(d) Halle el valor de  b  y el valor de  c . [4]

(e) Halle la distancia total que ha recorrido la partícula para  b ≤ t ≤ c . [3]
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8. [Puntuación máxima: 13]

La siguiente figura muestra un sector circular ( ABC ) de un círculo con centro en  A .  

El ángulo  BÂC = 2α , donde 0
2

< <α π
, y  OÊA ΟΕΑ∆ =

π
2

.

Se inscribe un círculo con centro en  O  y radio  r  en el sector  ABC .

AB  y  AC  son tangentes al círculo en los puntos  D  y  E , respectivamente. 

la figura no está dibujada a escala

2α

A

BC

DE

Or

(a) Muestre que el área del cuadrilátero ADOE es igual a 
r2

tanα
. [4]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 8: continuación)

Sea  R  la región sombreada que se muestra en la siguiente figura.

la figura no está dibujada a escala

2α

A

BC

DE

Or

R

(b) (i)  Halle  DÔE , expresándolo en función de  α .

(ii) A partir de lo anterior o de cualquier otro modo, halle una expresión para el área 
de  R . [5]

(c) Halle el valor de  α  para el cual el área de  R  es igual al área del círculo de centro  O  y 
radio  r . [4]
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9. [Puntuación máxima: 16]

En una gran empresa, el tiempo que trabajan los empleados  (T  horas por semana) sigue 
una distribución normal de media  42  y desviación típica igual a  10,7 .

(a) Halle la probabilidad de que un empleado elegido al azar trabaje más de  40  horas por 
semana. [2]

(b) Se escoge al azar un grupo de cuatro empleados. A estos empleados se les va 
preguntando, de uno en uno, si trabajan más de  40  horas por semana. Halle la 
probabilidad de que el cuarto empleado sea el único del grupo que trabaja más de  40  
horas por semana. [3]

(c) Hay un grupo grande de empleados que trabajan más de  40  horas por semana.

(i) Se escoge al azar a un empleado de este grupo grande. 

Halle la probabilidad de que dicho empleado trabaje menos de  55  horas por semana.

(ii) Se escoge al azar a diez empleados de este grupo grande. 

Halle la probabilidad de que exactamente cinco de ellos trabajen menos de  55  
horas por semana. [7]

Se sabe que  P (a ≤ T ≤ b) = 0,904  y que  P (T > b) = 2P (T < a) , donde  a  y  b  son números 
de horas trabajadas por semana. A los empleados que trabajan menos de  a  horas por 
semana se les considera trabajadores a tiempo parcial.

(d) Halle el tiempo máximo (en horas por semana) que puede trabajar un empleado para 
que se le pueda seguir considerando trabajador a tiempo parcial. [4]
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Instrucciones para los examinadores 

Abreviaturas 

M Puntos concedidos por tratar de utilizar un Método correcto. 
A Puntos concedidos por una Respuesta (en inglés, Answer) o por Precisión (en inglés, Accuracy); a 

menudo dependen de los puntos M precedentes. 
R Puntos concedidos por un Razonamiento claro. 
AG Respuesta dada (del inglés Answer Given) en la propia pregunta, por lo que no se concede ningún 

punto. 
FT Arrastre de error (del inglés Follow Through). La práctica de conceder puntos, a pesar de que el 

alumno haya cometido errores en apartados anteriores, por sus métodos/respuestas correctos a 
partir de resultados incorrectos. 

Uso del esquema de calificación 

1 General 

Conceda los puntos utilizando las anotaciones como se indica en el esquema de calificación 
p. ej., M1, A2.

2 Puntuación por método y por respuesta/precisión 

• No conceda automáticamente la puntuación máxima cuando la respuesta sea correcta; se debe
comprobar todo el procedimiento (el desarrollo del ejercicio) y puntuar la pregunta conforme al
esquema de calificación.

• Por lo general, no se puede conceder M0 seguido de A1, puesto que los puntos A dependen de
los puntos M precedentes (si los hay).

• Cuando se indica en la misma línea una puntuación M y otra A (p. ej., M1A1), esto normalmente
significa que se conceda M1 por intentar utilizar un método adecuado (p. ej., sustituir en una
fórmula) y A1 por utilizar los valores correctos.

• Cuando aparecen dos o más puntuaciones A en la misma línea es porque cada una se puede
conceder de manera independiente; así pues, si el primer valor es incorrecto pero los dos
siguientes son correctos, se ha de conceder A0A1A1. Si las puntuaciones A1 aparecen en
líneas separadas, se asume que dependen una de la otra y, por lo tanto, es poco probable que
se otorgue A0A1. Sin embargo, cuando dichas puntuaciones sean independendientes (por ej, el
esquema de calificación las presenta en secuencia, pero en la solución, una no conduce
directamente a la otra) esto se ha de comunicar a través de una nota y, por lo tanto, puede
otorgarse A0A1 (por ejemplo).

• Allí donde el esquema de calificación especifique A3, M2, etc., no subdivida las puntuaciones a
menos que haya una nota al respecto.

• En la respuesta a una pregunta del tipo “mostrar que” no es necesario volver a escribir la línea
AG, a no ser que una Nota lo indique de manera explícita en el esquema de calificación.

• Una vez que vea en la hoja la respuesta correcta a una pregunta o a un apartado de una
pregunta, ignore cualquier desarrollo adicional, incluso si es incorrecto o sugiere que el alumno
no ha comprendido bien la pregunta. Esto fomenta un enfoque uniforme para la corrección,
menos dependiente del criterio del examinador. Aunque algunos alumnos puedan verse
beneficiados en ese elemento concreto de la pregunta, es probable que estos alumnos también
pierdan puntos en otros lugares.
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• Una excepción a la regla anterior ocurre cuando una respuesta incorrecta del desarrollo adicional
se utiliza en un apartado posterior. Por ejemplo, cuando un valor exacto correcto viene seguido
de una aproximación decimal incorrecta en el primer apartado y, a continuación, se utiliza esta
aproximación en el segundo apartado. En esta situación, conceda los puntos FT que
corresponda, pero no conceda el A1 final en el primer apartado. Ejemplos:

Respuesta 
correcta 
incluida 

Desarrollo 
adicional 
incluido 

¿Alguna cuestión 
relacionada con la 
puntuación FT? 

Acción 

1. 
8 2

5,65685...  
(valor decimal 

incorrecto) 

No. 
Último apartado de la 
pregunta. 

Conceda A1 en la puntuación 
final (no penalice el desarrollo 
adicional incorrecto). 

2. 
35

72

0,468111… 
(valor decimal 

incorrecto) 

Sí.  
El valor se utiliza en 
apartados posteriores. 

Conceda A0 en la puntuación 
final (y pueden otorgarse 
todos los puntos FT en los 
apartados posteriores). 

3 Puntuaciones implícitas 

Las puntuaciones implícitas se muestran entre paréntesis; p. ej., (M1). Solo se pueden conceder si 
el alumno ha incluido el procedimiento correcto o si dicho procedimiento ha quedado implícito en 
otro desarrollo/respuesta posterior. 

4 Puntuaciones de arrastre de error (solo se aplican después de haberse cometido un error) 

Las puntuaciones de arrastre de error (FT) se conceden cuando una respuesta incorrecta dada en 
un apartado de una pregunta se utiliza correctamente en los apartados posteriores (p. ej., un valor 
incorrecto del apartado (a) se utiliza en el apartado (d), o un valor incorrecto del subapartado (c)(i) 
se utiliza en el subapartado (c)(ii)). Por lo general, para poder conceder puntos FT, el alumno tiene 
que haber incluido el desarrollo del ejercicio (no tan solo una respuesta final basada en la 
respuesta incorrecta dada en un apartado anterior). Sin embargo, si todos los puntos que tiene 
asignados un apartado posterior corresponden a la respuesta o son implícitos, entonces se deben 
conceder puntos FT por su respuesta correcta incluso si no ha incluido el desarrollo. 

Por ejemplo: tras una respuesta incorrecta al apartado (a) que se utiliza en apartados posteriores, 
cuando el esquema de calificación indique (M1)A1 en el apartado posterior, es posible conceder la 
puntuación máxima por su respuesta correcta sin que haya incluido ningún desarrollo. Para 
preguntas más largas donde todas las puntuaciones son implícitas salvo los puntos de respuesta, 
esta regla es aplicable pero puede invalidarse mediante una Nota en el esquema de calificación. 

• Dentro de un apartado dado, una vez que se ha cometido un error ya no se pueden conceder
más puntos A en otras partes del desarrollo que hagan uso de ese error. Sin embargo, sí que se
pueden conceder puntos M si procede.

• Si la pregunta resulta mucho más sencilla debido a un error, utilice su propio criterio para
conceder menos puntos FT, reflexionando sobre a qué corresponde cada puntuación y cómo se
traslada eso a la versión simplificada.

• Si el error conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ = ,
un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos
correspondientes a las respuestas finales.
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• Es posible que en el esquema de calificación se utilice la palabra “su(s)” en una descripción; con
esto se quiere indicar que los alumnos quizá estén empleando un valor incorrecto.

• Si la respuesta del alumno a la pregunta inicial contradice claramente la información
proporcionada en el enunciado de la pregunta, no es apropiado conceder ningún punto FT en los
apartados posteriores. Esto incluye cuando los alumnos no logran completar correctamente una
pregunta del tipo “mostrar que” y, en los siguientes apartados, utilizan su respuesta incorrecta en
vez del valor proporcionado en el enunciado.

• Las excepciones a estas reglas de FT se indicarán de manera explícita en el esquema de
calificación.

• Si un alumno comete un error en un apartado pero obtiene las respuestas correctas en los
apartados posteriores, conceda puntos según corresponda, a no ser que el término de
instrucción fuera “A partir de lo anterior”.

5 Errores de lectura 

Si un alumno comete un error al copiar en su hoja los valores o datos de la pregunta, esto se 
considera un “error de lectura” (MR, del inglés MisRead). A un alumno solo se le puede penalizar 
una vez por un error de lectura dado. Utilice el sello MR para indicar que se ha producido un error 
de lectura y no conceda el primer punto, aunque se trate de un punto M, pero conceda todos los 
demás según corresponda. 

• Si la pregunta resulta mucho más sencilla debido al error de lectura (MR), utilice su propio
criterio para conceder menos puntos.

• Si el MR conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ = ,
un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos
correspondientes a las respuestas finales.

• Si el alumno comete un error al copiar su propio trabajo, eso no es un error de lectura, sino un
error ordinario.

• Si el alumno utiliza una respuesta correcta a una pregunta del tipo “mostrar que” con un grado de
precisión mayor del que se proporciona en el enunciado, eso NO es un error de lectura y se
puede obtener la puntuación máxima en el apartado posterior.

• Los errores de lectura (MR) solo se pueden aplicar cuando el alumno haya incluido el desarrollo
del ejercicio. En aquellas preguntas de calculadora donde no esté incluido el procedimiento y se
haya dado una respuesta incorrecta, los examinadores no deben inferir que el alumno ha
leído/copiado mal los valores de la calculadora.
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6 Métodos alternativos 

En ocasiones, los alumnos utilizan métodos distintos de los que aparecen en el esquema de 
calificación. A menos que en la pregunta se especifique qué método se ha de utilizar, el uso de 
métodos alternativos correctos no se ha de penalizar, sino que se ha de puntuar conforme a lo que 
indica el esquema de calificación. Si el término de instrucción es “A partir de lo anterior” y no “A 
partir de lo anterior o de cualquier otro modo”, entonces no se permiten métodos alternativos a no 
ser que se indique mediante una nota en el esquema de calificación. 

• Cuando se incluyen varios métodos alternativos para toda una pregunta, aparecen señalados
mediante los encabezamientos MÉTODO 1, MÉTODO 2, etc.

• Las soluciones alternativas para un apartado dado de una pregunta se indican mediante el
encabezamiento O BIEN... O BIEN.

7 Formas alternativas 

A menos que en la pregunta se especifique lo contrario, acepte formas equivalentes. 

• Dado que se trata de un examen internacional, acepte todas las formas alternativas de
notación, por ejemplo 1.9 y 1,9; o 1000, 1,000 y 1.000 .

• No acepte respuestas finales escritas con notación de calculadora. Sin embargo, se pueden
obtener puntos M y puntos A intermedios en los que la información se haya presentado
utilizando notación de calculadora, siempre que la evidencia refleje claramente el requisito para
conceder la puntuación.

• En el esquema de calificación, las formas numéricas y algebraicas equivalentes suelen
aparecer escritas entre paréntesis, justo a continuación de la respuesta.

• En el esquema de calificación, algunas respuestas equivalentes suelen aparecer escritas entre
paréntesis. En el esquema de calificación no se presentan todas las
notaciones/respuestas/métodos equivalentes, y se pide a los examinadores que apliquen su
criterio de forma apropiada para evaluar si el trabajo del alumno es equivalente.
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8 Formato y precisión de las respuestas 

Cuando el grado de precisión se especifique en el enunciado de la pregunta, uno de los puntos se 
concederá por dar la respuesta con la precisión requerida. Si el grado de precisión no se indica en 
la pregunta, deben aplicarse las siguientes reglas: todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas. 

Cuando se utilicen los valores en apartados posteriores, el esquema de calificación generalmente 
empleará el valor exacto, si bien los alumnos también pueden usar la respuesta correcta con 3 
cifras significativas en los apartados posteriores. El esquema de calificación con frecuencia indicará 
los valores posteriores que resulten “de utilizar valores con 3 cifras significativas”. 

Simplificación de las respuestas finales: Se aconseja a los alumnos que den las respuestas 
finales utilizando una forma matemática adecuada. En general, para conceder una puntuación A, se 
debe completar la aritmética y simplificar cualquier valor que conduzca a un número entero; por 

ejemplo, 
25

4
 debe escribirse como 

5

2
. Una excepción a lo anterior es la simplificación de 

fracciones, donde no se requiere la forma más sencilla (si bien el numerador y el denominador 

deben ser números enteros); por ejemplo, 
10

4
 se puede dejar así o escribirla como 

5

2
. Sin 

embargo, 
10

5
 se debe escribir como 2, dado que se simplifica para dar un número entero. 

Las expresiones algebraicas se deben simplificar realizando cualquier operación como la adición y 
la multiplicación; p. ej., 2 34e ex x×  se debe simplificar a 54e x , y 2 3 4  4e e e ex x x x× − ×  se debe 

simplificar a 53e x . A no ser que se especifique en la pregunta, no es necesario factorizar las 

expresiones ni tampoco desarrollar las expresiones factorizadas, de modo que ( 1)x x +  y 2x x+  
son ambas aceptables.  

Tenga presente: para obtener los puntos A intermedios NO es necesario simplificar las respuestas. 

9 Calculadoras 

Para esta prueba se necesita una calculadora de pantalla gráfica, pero si se topa con un ejercicio que 
sugiera que el alumno ha utilizado algún tipo de calculadora no permitida en los exámenes del PD 
del IB (p. ej., dispositivos dotados de un sistema algebraico computacional), siga los procedimientos 
establecidos para abordar la conducta improcedente. 

10. Presentación del trabajo del alumno

Procedimiento tachado: Si el alumno (en las hojas que contienen sus respuestas) ha trazado una
línea cubriendo parte del procedimiento, o ha tachado de algún otro modo parte del procedimiento,
no conceda ningún punto por esa parte del procedimiento, a no ser que haya una nota del alumno
que indique explícitamente que quiere que se corrija esa parte del procedimiento.

Más de una solución: Cuando un alumno ofrezca dos o más respuestas distintas a una misma
pregunta, el examinador solo debe puntuar la primera respuesta, a no ser que el alumno haya
indicado lo contrario. Si la presentación de las respuestas hace que resulte difícil juzgar cuál es “la
primera”, los examinadores deben aplicar su criterio de manera apropiada para determinarlo.

Trabajo del alumno (solo P1 y P2 de Análisis y Enfoques): Los alumnos tienen instrucciones de
escribir sus respuestas a las preguntas de la Sección A en el cuestionario de examen (CE), y las de
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la Sección B en los cuadernillos de respuestas. En ocasiones los alumnos necesitan más espacio 
para la Sección A y utilizan el cuadernillo de respuestas o escriben fuera de las casillas. Ese trabajo 
hay que calificarlo. 
Los alumnos tienen instrucciones de no escribir en la Sección B del CE. Es posible que hayan 
utilizado ese espacio como hoja de borrador, para hacer cálculos que dan por hecho que se van a 
ignorar. Si han escrito soluciones en el cuadernillo de respuestas, no hay necesidad de mirar la 
Sección B del CE. Sin embargo, si hay contestaciones a preguntas enteras (o apartados enteros) 
que no aparecen en el cuadernillo de respuestas, compruebe si están en el CE y puntúelas en caso 
de que sea así. Si hay una contestación en el cuadernillo de respuestas y otra en el CE, la 
contestación del cuadernillo debe considerarse la “primera” (véase más arriba). 
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Sección A 

1. (a) 1,01206…, 2,45230…

a =1,01 , b = 2,45 (1,01x + 2,45) A1A1 

 [2 puntos] 

(b) 0,981464…

0,981r = A1 

Nota:  Un error habitual fue el introducir incorrectamente los datos en la 

calculadora de pantalla gráfica y obtener por respuesta: 

1,01700..., 2,09814... y 0,980888...a b r= = = Hay algunos alumnos que 

quizá escriban la respuesta redondeando a 3 c.s. (es decir,  

1,02, 2,10 y 0,981a b r= = = ) o a 2 c.s. (es decir, 

1,0, 2,1 y 0,98a b r= = = ). En casos así conceda A0A0 en el apartado 

(a) y A0 en el apartado (b). Aunque al redondear algunos valores se

obtenga una respuesta aceptada, no hay que obviar que dicha respuesta

proviene de un desarrollo incorrecto del ejercicio.

[1 punto] 

(c) Por sustituir correctamente el 78 en su ecuación de la recta de regresión (M1) 

81,3930... , 81,23 si partió de una respuesta dada con 3 c. s.

81 A1 

[2 puntos] 

Total [5 puntos] 
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2. (a) Por tratar de utilizar el teorema del seno (M1) 

24 17
ˆsen113 sen BAC

=
°

O BIEN ( )ˆsen BAC 0,652024...= (A1) 

40,6943… 

ˆBAC 40,7=  A1 

[3 puntos] 

(b) MÉTODO  1 (teorema del coseno aplicado a ˆABC  o ˆBAC )

Por tratar de utilizar el teorema del coseno (M1) 

2 2 224 AB 17 2 17 AB cos113= + − ⋅ ⋅ ⋅ °  ( )2AB 13.2848...AB 287 0+ − =   O BIEN

2 2 217 AB 24 2 24 AB cos40.6943...= + − ⋅ ⋅ ⋅ ° ( )2AB 36.3935...AB 287 0− + = (A1) 

11,5543...

AB 11,6= A1 

MÉTODO  2 (teorema del coseno aplicado a ˆBCA )

Por tratar de utilizar el teorema del coseno (M1) 

Por la sustitución correcta (A1) 

2 2 2AB 17 24 2 17 24 cos26.3056...= + − ⋅ ⋅ ⋅ ° O BIEN 2AB 133,502...=  

11,5543...  

AB 11,6=  A1 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 2 

MÉTODO  3  (teorema del seno) 

Por tratar de utilizar el teorema del seno (M1) 

Por la sustitución correcta (A1) 

AB 24 17

sen26.3056... sen113 sen40.6943...
= =

° ° °
  O BIEN 

( )24 sen 180 113 40.6943...
AB

sen113

⋅ ° − ° − °
=

°

11,5543...  

AB 11,6= A1 

[3 puntos] 

Total [6 puntos] 
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3. (a) ( )0,708519...,  0,639580...

( )0,709 , 0,640  ( 0,709, 0,640x y= = ) A1A1 

[2 puntos] 

(b) 1,09885...

1,10x =   acepte ( )1,10,0 A1 

[1 punto] 

(c) MÉTODO  1

( )
2

0
f x dx∫ (A1) 

4,61117…  

Área = 4,61 A2 

MÉTODO  2 

( )
2

1.09885...
f x dx−∫   O BIEN  ( )

2

1.09885...
f x dx∫  O BIEN  4.17527… (A1) 

( ) ( )
1,09885... 2

0 1,09885...
f x dx f x dx−∫ ∫  O BIEN 0,435901… + 4,17527… (A1) 

4,61117…  

Área = 4,61 (A1) 

[3 puntos] 

Total [6 puntos] 
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4. 386,4 50r= (A1) 

 3
86.4

1.2
50

r
 

= = 
 

  incluido aquí o en algún otro lugar del desarrollo (A1) 

( ) ( )50 1,2 1
33500  O BIEN 250 1,2 1 33500

0,2

n

n
−

> − =  (A1) 

Por tratar de resolver su inecuación o ecuación con nS (M1) 

Por un bosquejo (dibujo aproximado) O BIEN 26,9045, 26,9n n> =   O BIEN 26 28368,8S =  O BIEN 

27 34092,6S =  O BIEN por manipulación algebraica que involucra utilizar logaritmos 

27n = acepte 27n ≥ A1 

Total [5 puntos] 
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5. La población inicial fue 15000  (visto aquí o en algún otro lugar de la pregunta) (A1) 

( )0 15000P =   O BIEN  0.11 15000×   O BIEN  0.89 15000×

La población que había tras la disminución del 11 % fue de ( )15000 0,89 13350× = (A1) 

Por reconocer que 8t =  el 1° de Enero de 2022 (visto aquí o en algún otro  

lugar de la pregunta) (A1) 

Por sustituir su valor de t  para el 1° de Enero de 2022 y su valor de ( )8P

en el modelo (M1) 

815000 0,89 15000e k× =   O BIEN  813350 15000e k=  

ln 0,89
( 0,014566)

8
k = − (A1) 

Por susutituir 2041 2014( 27)t = − = y su valor de k  en el modelo (M1) 

0.0145... 27(27) 15000eP − ×=

10122,3… 

(27) 10100P = (10122) A1 

Total [7 puntos] 
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6. 

Nota:  No conceda ningún punto si hay indicios claros de que ha sumado en 

lugar de haber multiplicado; p. ej., 9 9( ) (1)r r
rC ax −+ + . 

Por utilizar un enfoque válido para el desarrollo (ha de ser el producto de un coeficiente del 

desarrollo de la potencia de un binomio 9n =  y una potencia de ax ) (M1) 

9 9 9 9 9 0 9 9 1 8
9 0 1( ) (1) OR ( ) (1)  O BIEN ( ) (1) ( ) (1) ...r r r r

r rC ax C ax C ax C ax− −
− + +  

Por darse cuenta de que hace falta incluir el término en 6x (M1) 

6
4

2

Término en 

21

x
kx

x
= O BIEN 6   O BIEN 3 O BIEN  9 6r r r= = − =

Por el término correcto o el coeficiente correcto del desarrollo de la potencia de un 

binomio (visto aquí o en algún otro lugar de la pregunta) (A1) 

( )9 6 3 9 6 6 6 6 6
6 3( ) (1)  O BIEN   O BIEN  84 (1)  O BIEN  84C ax C a x a x a

BIEN 

Por el término correcto en 4x  o el coeficiente correcto (vale también si lo ha incluido 

en una ecuación) (A1) 

9
6 46

21

C
a x O BIEN  6 4 64  O BIEN  4a x a

Por plantear que su término en 4x o coeficiente de  4x es igual a 5 48

7
a x o a 58

7
a

(no acepte otras potencias de x) (M1) 

9
6 4 5 4 6 53 8 8

OR 4
21 7 7

C
a x a x a a= =

O BIEN 

Por el término correcto en 6x  o coeficiente de 6x  ( vale también si lo ha incluido en una ecuación) 

6 6 684 OR 84a x a (A1) 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 6 

Por plantear que su término en 6x o coeficiente de  6x es igual a 5 624a x  or 524a

(no acepte otras potencias de x) (M1) 

6 6 5 684 24 OR 84 24a x a x a= =  

ENTONCES 

( )2
0,286 0,285714...

7
a = ≈ A1 

Nota: Conceda para el punto final un A0 si da por respuesta 
2

7
a =  o 0a = . 

Total [6 puntos] 
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Sección B 

7. (a) El desplazamiento inicial es ( )0s (M1) 

6 (m) A1 

[2 puntos] 

(b) La velocidad es 's (M1) 

2,29920−

2,30−  (m/s) A1 

[2 puntos] 

(c) Por tratar de hallar los valores de t  en los que la partícula cambia de dirección  (M1)

0,433007=t … Y   3,25575 … Y 6,33965…(Vale también si aparecen en un gráfico.)  (A1)

La partícula se está alejando de P cuando 0v >  O BIEN cuando ' 0s >  (M1)

0 0,433007...,  3,25575... 6,33965...t t≤ < < <

0 0,433,  3,26 6,34t t≤ < < <   A1A1

[5 puntos]

Continúa en la pág. siguiente...
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Continuación de la Pregunta 8 

(d) Por interpretar que la aceleración es   ( ) ( )a t v t′=  O ( ) ( )a t s t′′= (M1) 

Por hallar máximos/mínimos en el gráfico de la velocidad O por hallar ceros

en el gráfico de la aceleración (M1) 

1,23140...b = , 5,68959...c =

1,23b = , 5,69c = A1A1 

[4 puntos] 

(e) MÉTODO  1 (utilizando la integral de la velocidad)

Por una integral correcta (acepte la ausencia de dt ) (A1) 

5,6895..

1,2314..
( ) dv t t∫   O  ( ) d

c

b
s t t′∫   O  

5,6859...3,25575...

3,25575.1,2314.. .. .
( ) d ( ) dv t t v t t− +∫ ∫   O  3,8560  15,696+   

19,5525…  

La distancia total = 19,6 (m) A2 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 7 

MÉTODO  2 (utilizando diferencias en el desplazamiento) 

Por hallar el desplazamiento en ,b c  y el/los mínimos locales en el gráfico del desplazamiento

(A1) 

,  4.43306 ,  ,  16.273 )( 4 3.2557 0) ( ),( 5,  .577001b c O BIEN 4.43306,0.577001,  16.2734

Por utilizar un enfoque correcto (A1) 

(4,43306−0,577001) + (16,2734−0,57701) O BIEN  acercándose a P  3,85606 + 

alejándose de P  15,696 

19,5525…  

La distancia total = 19,6 (m) A1 

[3 puntos] 

Total [16 puntos] 
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8. 

Nota: En los apartados (a) y (b) de esta pregunta, los alumnos pueden 

considerar el triángulo AOD o el triángulo AOE y trabajar de manera 

correcta para obtener la respuesta. El lado AD puede intercambiarse con 

el lado AE en el siguiente MS. 

(a) Por tratar de utilizar las razones trigonométricas en un triángulo rectángulo o el

teorema del seno para hallar AE  en función de r  y de α (M1) 

tan
AE

rα =    O BIEN    
AE
π sensen
2

r

αα
=

 − 
 

AE
tan

r

α
=   O BIEN   

π
sen

2AE
sen

r α

α

 − 
 =    O BIEN    

cos
AE

sen

r α
α

=  A1 

Por utilizar un enfoque válido para hallar el área de ADOE (M1) 

2x área del triángulo AED O BIEN área del triángulo AED + área del triángulo OED O BIEN 

OE AE×  

El área de ADOE =   
1

2
2 tan

r
r

α
 ⋅ ⋅ 
 

O BIEN AEr × A1 

El área de ADOE = 
2

tan

r

α
AG 

[4 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 8 

(b) (i) Por darse cuenta de que la suma de los ángulos de una cometa

es igual a 2π  (M1) 

ˆ ˆˆ ˆDOE OEA EAD ADO 2π+ + + =    O BIEN 
π ˆ2 2 DOE 2π
2

α + ⋅ + =

ˆDOE π 2α= −  A1 

Nota:  Conceda (M1)A0  si el alumno utiliza grados (por ej

ˆ ˆˆ ˆDOE OEA EAD ADO 360+ + + = °  O BIEN 
π ˆ2 2 DOE 360
2

α + ⋅ + = ° ) y 

obtiene  ˆDOE 180 2α= ° − .

(ii) Por utilizar un enfoque válido para hallar el área de R (M1) 

Área de la cometa – área del sector circular O BIEN

2(área del triángulo AOE − 0,5 área del sector circular OED)

Área del sector circular = 21 ˆDOE
2

r ( )21 π 2
2

r α = − 
 

visto aquí o en algún otro lugar de 

la pregunta  (A1) 

Área de R = ( )
2

21 π 2
tan 2

r
r α

α
− − A1 

Note: Accept 
2

21 ˆDOE
tan 2

r
r

α
−

[5 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 8 

(c) Por igualar su fórmula del área a 2πr

( )
2

2 21 π 2 π
tan 2

r
r rα

α
− − =  (M1) 

Por la ecuación correcta en términos de α  

( )1 1 π 2 π
tan 2

α
α

− − = A1 

Por un enfoque válido para resolver la ecuación (M1) 

0,218979...α =  

0,219α =  A1 

[4 puntos] 

Total [13 puntos] 
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9. 

Nota: No penalice la inclusión o la no inclusión de extremos para las 

probabilidades basadas en una distribución normal. Por ejemplo, para 

( )P 55 | 40T T< > acepte ( )P 55 | 40T T≤ > , ( )P 55 | 40T T≤ ≥ , etc.

(a) Por darse cuenta de que había que hallar P( 40)T > (M1) 

P( 40) 0,574136...T > =

P( 40) 0,574T > = A1 

[2 puntos] 

(b) Por tratar de multiplicar cuatro probabilidades independientes, utilizando

sus valores de P( 40)T >  y de P( 40)T <  (M1) 

( )3
1 p p− ⋅   O BIEN  ( )3

1 0,574136... 0,574136...− ⋅   O BIEN  ( )3
0,425864... 0,574136...⋅  (A1) 

0.0443430… 

0,0443 , 0,0444  si partió de una respuesta dada con 3 c.s. A1 

[3 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 9 

(c) (i) Por darse cuenta de que se trataba de probabilidad condicionada (M1) 

( )P 55 | 40T T< >

Nota:  Conceda (M1) por una expresión o una descripción dadas en el contexto 

de la pregunta. Acepte ( )P 40 | 55T T> <  pero no acepte solamente

( )P |A B .

P(40 55)

P( 40)

T

T

< <
>

(A1) 

0.461944...

0.574136...
(A1) 

( )P 55 | 40 0,804589...T T< > =

0,805=  A1 

(ii) Por darse cuenta de que se trataba de probabilidad binomial (M1) 

B( , )X n p

10n =  y .0,804 .589.p = (A1) 

0,0242111...0,0240188...usando 0,805p =

P( 5) 0,0242X = = A1 

 [7 puntos] 

Continúa en la pág. siguiente... 
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Continuación de la Pregunta 9 

(d) Sea P( )T a x< =

Por darse cuenta de que la suma de las probabilidades es igual a 1

(visto aquí o en algún otro lugar de la pregunta) (M1) 

BIEN

Por expresar la suma de las tres regiones en una sola variable (M1) 

( ) ( )0.904 2 O BIEN P 0.904 2 NP O BIEx x T a T a+ + < + + <

( ) ( )1
P 0.904 P

2
T b T b> + + >

O  por indicar correctamente   x  y 2  x en un diagrama rotulado con forma de campana

( ) ( ) ( ) ( )1
P 0.904 2P 1 O BIEN P 0.904 P 1

2
T a T a T b T b< + + < = > + + > =   (A1) 

(o alguna expresión equivalente)

O BIEN  

Por expresar P( )T a< o P( )T b> solo en términos de P( )a T b≤ ≤  (M1) 

( ) ( ) ( ) ( )1 2
P( ) 1 P ( )  O BIEN P( ) 1 P ( )

3 3
T a a T b T b a T b< = − ≤ ≤ > = ⋅ − ≤ ≤

( )( )1
1 0.904 0.032

3
x = − =   O BIEN  ( )( )2

P( ) 1 0.904 0.064
3

T b> = − = (A1) 

ENTONCES  

P( ) 0,032T a< =  

22,18167...a =  

22,2a =  acepte 22.1 A1 

[4 puntos] 

Total [16 puntos] 
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 

 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 

 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   



 – 5 – N22/5/MATHY/HP1/ENG/TZ0/XX/M 

 

5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) The favourite breakfast/berry (of adults) is independent of (their) income (level). A1 
      [1 mark] 

 
 (b)  2 2.27 (2.26821...)χ =  A2 

      [2 marks] 
 
 (c) EITHER 
  2.27 7.78<   OR   2.27 < critical value R1 
  OR 
  0.687 0.1>    (using p-value) 
 
  THEN 
  (Do not reject 0H ) 

  Insufficient evidence (at the 10% significance level) that the favourite berry depends on 
income level.  A1 

Note: Do not award R0A1.  Accept “ 2χ ” in place of their “2.27”, provided an answer 

was seen in part (b).  Their conclusion must be consistent with their 2χ  (or a 

correct p-value) and their hypothesis. 

      [2 marks] 
Total [5 marks] 

 
 
2. (a) ( )0.0514 1671e 23− +   (M1) 
 
  ( )54.2 C 54.1956...°   A1 

       [2 marks] 
 
 (b) 23 C°    A1 

       [1 mark] 
 
 (c) 0.0514( )50 71e 23k−= +   (M1) 

  
5000 27

18.8 ln , 18.8101...
257 71

k
 −  =     

  A1 

Note: Award M1 for a sketch showing a point of intersection between the 
exponential function and 50y = . 

      [2 marks] 
      Total [5 marks] 
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3. (a)  
17

sin (21 )
BF

=   (M1) 

 
  BF 47.4 m (47.4372...)=  A1 

     [2 marks] 
 
 (b) EITHER 

  2 2BE 47.4372... 44 64.7015...= + =  (A1) 

  1 17
sin

BE
−  
 
 

  (M1) 

  ( )15.2 (15.2329... ) or 0.266 radians (0.265866...)=    A1 

 
  OR 

  2 2AD 47.4372... 17 44.2865...= − =  

  2 2DB 64.7015... 44 62.4832...= + =  (A1) 

  1 17
tan

62.4832...
−  
 
 

 (M1) 

  ( )15.2 (15.2329... ) or 0.266 radians (0.265866...)=     A1 

      [3 marks] 
      Total [5 marks] 
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4. (a) 

 
 
  SD DS 2= =   A1 
  AD DA 0= =   A1 

      [2 marks] 
 
 (b)  attempt to calculate at least one of M2, M3 and M4 (M1) 
  attempt to calculate all of M2, M3 and M4 (M1) 
  finding at least one of the top right entries, 4, 10, 64  (A1) 
  78 walks   A1 

Note: If SD DS 1= =  is their answer in part (a), their FT answer is  

( )3 8 41  52+ + = walks.  

      [4 marks] 
 

 (c)  because some of the walks will pass through T, before returning to T R1 
      [1 mark] 
      Total [7 marks] 

 
 
 
 
5. (a) 0.5 0.1 0.4 0.4 0.1 0.5× + × + ×   (M1)(M1)(M1) 

Note: Award M1 for 0.5 0.1×  or 0.1 0.5× , M1 for 0.4 0.4× , M1 for adding 
three correct products. 

 
  0.26     A1 

      [4 marks] 
  
 (b) 0 8 0.5 4 0.4 0.1k= − × + × +   (M1)(M1) 

Note: Award M1 for correct substitution into the formula for expected value, 
award M1 for the expected value formula equated to zero. 

 
  ( ) 24k =  (points)  A1 

      [3 marks] 
      Total [7 marks] 
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6. (a) 78    A1 
      [1 mark] 

 
 (b) (i)  65    A1 
 
  (ii)  EITHER 
   (period ) 16=    (could be seen on sketch) (M1) 

   
2

16
b

π
=    OR   

360

16
b =



  

   ( ) 0.393 0.392699...,
8

b
π =  

 
   OR   ( ) 22.5b =   A1 

 
   OR 
   143 65sin (4 ) 78b= +  (M1) 

   ( sin (4 ) 1b = ) 

   ( 4
2

b
π

=    OR   4 90b =  ) 

   ( ) 0.393 0.392699...,
8

b
π =  

 
   OR   ( ) 22.5b =   A1 

      [3 marks] 
 
 (c) 13    A1 

Note: Apply follow through marking only if their final answer is positive. 

      [1 mark] 
 

 (d) 4( 0.1963 9 .) 0.196 . .,
16

b
π 

 
 

=    OR   )( (11.25) 11.3b =    A1 

      [1 mark] 
      Total [6 marks] 
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7. (a) % 7.5I =  

  800PV =   
  500PMT =   
  10000FV = ±  

  / 12P Y =  
  / 12C Y =    (M1)(A1) 
 

Note: Award M1 for an attempt to use a financial app in their technology (e.g. at least 
four rows seen, but not necessarily correct), award A1 for PMT 500= −  or 
PMT 500= , with same sign to PV and opposite sign to FV. 

 
17.3070…   (A1)  
( ) 18k =      A1 

Note: Award (M0)(A0)(A0)A0 for a final answer of 17 with no working.  
The final answer must be an integer.   

      [4 marks] 
 
 (b) ( )10389 18 500 800− × +  OR ( )10389 9800−  (A1)(M1) 

Note: Award (A1) for 10389  (10389.38…) seen. Award (M1) for subtraction of their 
(18 500 800)× +  from FV. FT from their value of k. Award A0M1A0 for 

10000 (18 500 800)− × + . Do not award the final A1FT if their answer is 
negative. 

 
  589 EUR    A1 

Note: Final answer must be to the nearest euro. 

      [3 marks] 
      Total [7 marks] 
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8. (a) setting up at least two simultaneous equations (M1) 
   0.8p = −    OR   3.6q =  (A1) 

  M has coordinates ( )1.6, 2.6, 8.2−  A1 

      [3 marks] 
 

 (b)  using vectors 

3

2

1

 
 
 
 
 

 and 

1

1

2

 
 − 
 
 

 (M1) 

  

3 1

2 1 3

1 2

   
   − =   
   
   

   (A1) 

  
2 2 2 2 2 2

3 1

2 1

1 2
cos

3 2 1 1 ( 1) 2
θ

   
   −   
   
   =

+ + + − +



   3
cos

14 6
θ = 

 
 (M1) 

Note: Accept correct use of vector product. 

 
  ( )θ = 1.24 radians  (1.23732…)  ( 70.9 (70.8933...) ) A1 

      [4 marks] 
      Total [7 marks] 
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9. (a)  attempt to find det ( ) M  (M1) 
   14=   
  2(12 14) 168 cm× =  A1 

      [2 marks] 
 
 (b)  let X have coordinates ( , )x y  
  METHOD 1 

  
2 3

6 5

x t

y t

−   
=   −   

M  (M1) 

 

  1 2 3

6 5

x t

y t
− −   

=   −   
M  (A1) 

 

  1 1 41

3 214
−  
=  − 

M  A1 

  
2 3 24 201

6 9 12 1014

x t t

y t t

− + −   
=   − + + −   

 (M1) 

  
21 181

21 1614

x t

y t

−   
=   −   

   OR   
21 18 21 16

,
14 14

t t− − 
 
 

  A1A1 

 
  METHOD 2 
  writing two simultaneous equations (M1) 
  2 4 2 3x y t− = −   (A1) 
  3 6 5x y t+ = −   (A1) 
  attempting to solve the equations (M1) 

  3 9 3 8
( , ) ,

2 7 2 7

t t
x y

 = − − 
 

 A1A1 

      [6 marks] 
      Total [8 marks] 
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10. (a) 101 2.5log (0.0525)m = −  (M1) 

   4.20 4.19960 )(= …  A1 
      [2 marks] 

 
 (b)  attempt to solve 107 1 2.5log ( )b= −   (M1) 

Note: Accept a sketch from their GDC as an attempt to solve 107 1 2.5log ( )b= − . 

 
  0.00398 (0.00398107...)b =  A1 

      [2 marks] 
 

 (c)  ( ) ( )10 103.2 1 2.5log ( ) 1 2.5log ( )n pb b− = − − −  M1 

  103.2 2.5log n

p

b

b

 
− = −   

 
 A1 

  19.1 (19.0546...)n

p

b

b
=  A1 

      [3 marks] 
Total [7 marks] 

 
 
 
11. (a) 3 20.00855 0.234 0.225 3.20y x x x= − − − +  A2 

  3 2( 0.00854819... 0.234002... 0.224884... 3.20056...)y x x x= − − − +  

Note: Award A0A1 for at least two terms correct. 

      [2 marks] 
 
 (b) (2 )y x  (for horizontal stretch) (A1) 

  attempt to stretch vertically by factor 
1

2
 (M1) 

  3 20.0332 0.15 0.58 ( 1.1)y x x x= − − +  A1 

Note: Award A0M1A0 for a vertical stretch, factor 2. Although a d value of 
1.1 is preferred, technically this value can be wrong/omitted and the 
question is still answered (hence it is presented in brackets). 

      [3 marks] 
      Total [5 marks] 
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12. (a)   
 

Description Phase portrait 

1 2λ =  with eigenvector 
2

1

 
 
 

 and 2 3λ =  with eigenvector 
1

1

 
 − 

 D 

1 2λ =  with eigenvector 
2

1

 
 
 

 and 2 3λ = −  with eigenvector 
1

1

 
 − 

 C 

1 2λ = −  with eigenvector 
2

1

 
 
 

 and 2 3λ =  with eigenvector 
1

1

 
 − 

 B 

      A1A1A1 
      [3 marks] 

 
 (b) 

 
 
  spiral (crossing x-axis at least twice), centre at origin A1 
  arrow indicating clockwise, passing through or starting from (3, 0) A1 

      [2 marks] 
      Total [5 marks] 
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13. (a)  Gradient 
14.9 1.3

( 2.7)
6

+
= =  (M1) 

  10log 2.7 –1.3Q P=     (A1) 

  2.7 1.310 PQ −=    OR   2.7 2.70.0501 10 ( 0.0501187... 10 )P PQ = × = ×  A1 
      [3 marks] 

 
 (b)  ln R  on one axis and Q on the other axis A1 

      [1 mark] 
 
 (c) 10 4.3ln 1 3log ( 2. .2. –1) 7 1R P=+    OR   2.7 1.310 4.3ln 12.1P R− = +  (M1) 

  10log (4.3ln 12.1) 1.3

2.7

R
P

+ +
=  A1 

      [2 marks] 
      Total [6 marks] 

 
 
 
14. (a) attempt to use product rule (M1) 
  2 2 22 cos ( ) sin ( )a t t t= +  A1 

      [2 marks] 
 
 (b)  graph of a   (M1) 
  2126 (ms ) (125.699...)−  A1 

      [2 marks] 
 
 (c)  attempt at integration by substitution or inspection (M1) 

  21
cos ( ) ( )

2
s t c= − +  A1 

   ( 0s =  when 0t = ) 
1

2
c⇒ =  A1 

  21 1
cos ( )

2 2
s t
 = − + 
 

 

      [3 marks] 
 
 (d)  2cos ( ) 1t ≤    A1 

  21 1
cos ( )

2 2
t− ≥ −  

  so 21 1
cos ( ) 0

2 2
t− ≥  R1 

  hence the particle never has a negative displacement. AG 

Note: Do not accept reasoning based on a sketch of the graph. 

      [2 marks] 
      Total [9 marks] 
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15. EITHER 

 1

d
0.1

dn n
n

q
q q

t+
 = +  
 

 

 
2

2
1

d d d
0.1

d d dn n n

q q q

t t t+

    = +     
     

 (M1) 

 
 OR 

 let 
d

d

q
y

t
=  

 1 0.1n n nq q y+ = +  

 1

d
0.1

dn n
n

y
y y

t+
 = +  
 

  (M1) 

 
 THEN 
 EITHER 

 
d

200 5 20
d

y
y q

t
= − −   (A1) 

 
 OR 

 
2

2

d d
200 5 20

d d

q q
q

t t
= − −   (A1) 

 
 THEN 
 evidence of using Euler’s method  (e.g.) (M1) 
 

0 1 8 140 
0.1 1.8 22 54 

 
 
 maximum charge 12.7=  (Coulombs, at 0.7t = ) A2 

Note: Award A0A1 for a final answer of 10.8, from reading the value at 1t = . 

      Total [5 marks] 
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16. (a) (let p be the probability of a student choosing healthy options) 
  0H : 0.3p =    A1 

  1H : 0.3p >   A1 

 

Note: Award A0A1 for correct hypotheses with µ  in place of p.   
Accept equivalent hypotheses in words. 

      [2 marks] 
 
 (b)  a type I error is rejecting 0H  when 0H  is true (M1) 

  (let N = number of students choosing a healthy option) 
  B(80, 0.3)N   

  P (31 80)N≤ ≤  OR   P ( 31)N ≥    OR   1 P ( 30)N− ≤  (M1) 

Note: Do not accept the use of the Normal approximation. 

 
  0.0587  (0.0587481…)  A1 

      [3 marks] 
 
 (c) a type II error is accepting 0H  when 0H  is not true (M1) 

  B(80, 0.4)N    

  P (0 30)N≤ ≤  OR   P ( 30)N ≤  (M1) 
  0.369  (0.368726…) A1 

      [3 marks] 
      Total [8 marks] 
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17. (a) D S R= −  
 
  METHOD 1 
  (0.0165 2.97)i (0.0165 0.413)i )Re (1.15e ) Re(1.0 .8e ) ( 18.9 – 4 94t t− + += −  (M1)(A1) 

  ( )0.0165 i 2.97i 0.413i 13.96)Re e (1.15e 1.08e ) (t −= +−  (M1) 

  ( )0.0165 i 2.85310...iRe e (2.21379... )13.9) ( 6et − +=  (A1) 

  2.21cos (0.0165 2.85) 13.96t= − +   ( )2.21379...cos (0.0165 2.85310...) 13.96t − +  
      A1A1 
  ( 2.21, 2.85, 13.96)a b c= = − =  

Note: Award A1 for 2.21cos (0.0165 2.85)t −  and A1 for “ 13.96+ ”. The A1 for 13.96 is 
independent of the previous marks. 

 
  METHOD 2  
  13.9 4.94 13.96 c = − …=  A1 
  using a graph of   D  M1 
  maximum (172.915 , 16.1738 )… …   (A1) 

  minimum ( 17.4842 , 11.7462 )− … …  (A1) 
 
  EITHER 
  amplitude 16.1738 11.7462 4.4276…− …= …  
  2.21 (2.2138 )a = …  A1 

  OR 
  16.1738 13.96 2.21 (2.2138 )a = …− = …  A1 

 
  THEN 
  EITHER 
  when  0 t = , 11.8377D = … 
  11.8377 2.2138cos ( ) 13.96b…= +  

  2.85 b = −   (2.85309 )…  A1 

  OR 
  0.0165 172.915 2.85 b = − × …= −   (2.85309 )…  A1 

      [6 marks] 
 
 (b)  16.2 (16.1737…) hours on day 173 A1A1 

Note: Accept an answer of “day 172” for the second A1. 

      [2 marks] 
      Total [8 marks] 
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Lunes 31 de octubre de 2022 (tarde)

2 horas  

Matemáticas: Aplicaciones e Interpretación
Nivel Superior
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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No escriba en esta página.

Las respuestas que se escriban en  
esta página no serán corregidas.
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Véase al dorso

Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos 
con calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para 
su obtención. Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar 
aproximadamente el mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, 
podrán otorgarse algunos puntos si el método empleado es correcto, siempre que aparezca por escrito. 
Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 5]

Sergio quiere averiguar si la fruta del bosque que un adulto prefiere tomar en el desayuno 
depende de su nivel de ingresos. Para ello obtiene los siguientes datos, correspondientes 
a 341 adultos, y decide realizar una prueba  c 2  a un nivel de significación del 10 % para 
determinar si hay independencia.

Nivel de ingresos

Bajo Medio Alto

Fruta del bosque 
preferida

Fresa 21 39 30

Arándano 39 67 42

Otra fruta del bosque 32 45 26

(a) Escriba la hipótesis nula. [1]

(b) Halle el valor del estadístico  c 2. [2]

Para esta prueba  c 2 , el valor crítico es 7,78 .

(c) Escriba la conclusión a la que llega Sergio con esta prueba, en el contexto de la 
pregunta. Justifique su respuesta. [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Puntuación máxima: 5]

Celeste calentó una taza de café y luego dejó que se enfriase hasta que alcanzó la 
temperatura ambiente. Celeste averiguó que la temperatura del café ( T , medida en C) 
se podía modelizar mediante la siguiente función:

T (t ) = 71 e-0,0514t + 23 ,  t ≥ 0 ,

donde  t  es el tiempo (en minutos) transcurrido desde que el café empezó a enfriarse.

(a) Halle la temperatura del café transcurridos 16 minutos desde que empezó a enfriarse. [2]

(b) Escriba la temperatura ambiente. [1]

(c) Sabiendo que T -1 (50) = k, halle el valor de  k . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Puntuación máxima: 5]

Una pista de esquí artificial se puede modelizar como un prisma triangular, tal y como se 
muestra en la figura. El rectángulo ABCD es horizontal y el rectángulo CDEF es vertical.

la figura no está dibujada a escala

21

44

17

B

CD

A

E F

La altura máxima de la pista de esquí (CF) es igual a 17 metros y el ángulo de máxima 
pendiente de la pista de esquí (FB̂C) es igual a 21.

(a) Calcule la longitud de [BF]. [2]

La anchura de la base de la pista de esquí (AB) es igual a 44 metros. Mayumi esquía en 
línea recta, empezando en el punto E y acabando en la base de la pista de esquí.

(b) Halle el valor del ángulo de mínima pendiente con el que puede esquiar Mayumi. [3]
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4. [Puntuación máxima: 7].

En una competición, los participantes se tienen que mover por un laberinto para encontrar un 
tesoro. A continuación se muestra el laberinto en forma de grafo, donde cada arista representa 
un pasillo del laberinto. Los participantes empiezan en S y el tesoro está situado en T.

B

T
C

D

A

S

(a) Complete la matriz de adyacencia ( M ) correspondiente a este grafo. [2]

S

A

B

C

D

T

0 1 1 1 0

1 0 1 1 0

1 1 0 1 1 1

1 1 1 0 1 1

1 1 0 1

0 0 1 1 1 0

S A B C D T

Las reglas de la competición indican que cada participante puede recorrer un máximo de 
cuatro pasillos.

(b) Halle el número de recorridos con un máximo de 4 aristas que hay entre S y T. [4]

(c) Explique por qué el número de maneras que tiene un participante de llegar hasta el 
tesoro es menor que la respuesta dada en el apartado (b). [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 4: continuación)
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5. [Puntuación máxima: 7]

Taizo juega a un juego en el que lanza una pelota para tratar de derribar dos botellas que 
hay encima de una mesa. La probabilidad de que derribe alguna botella en una partida dada 
se muestra en la siguiente tabla.

Número de botellas 
derribadas 0 1 2

Probabilidad 0,5 0,4 0,1

(a) Taizo juega dos partidas, que son independientes la una de la otra. Halle la probabilidad 
de que Taizo derribe en total dos botellas. [4]

En una partida dada, Taizo ganará  k  puntos si derriba dos botellas, ganará 4 puntos si 
derriba una botella y perderá 8 puntos si no derriba ninguna botella.

(b) Halle el valor de  k  para el cual el juego es justo. [3]
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6. [Puntuación máxima: 6]

Un gato corre por dentro de una rueda circular, haciendo que la rueda gire a velocidad 
constante en sentido contrario a las agujas del reloj. La altura ( h cm) a la que se encuentra 
un punto fijo (P) de la rueda se puede modelizar mediante la ecuación  h (t ) = a sen (bt ) + c , 
donde  t  es el tiempo en segundos y  a ,  b ,  c∈+ .

En el instante  t = 0 , el punto P se encuentra a una altura de 78 cm.

(a) Escriba el valor de  c . [1]

En el instante  t = 4 , el punto P alcanza por primera vez su altura máxima, igual a 143 cm.

(b) Halle el valor de:

(i) a 

(ii) b  [3]

(c) Escriba la altura mínima del punto P. [1]

Un rato después, el gato ya está cansado, con lo que el punto P gira a una nueva velocidad 
constante y tarda el doble en dar una vuelta completa.

(d) Escriba el nuevo valor de  b . [1]
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7. [Puntuación máxima: 7]

El 1 de diciembre de 2022, Laviola invierte 800 euros (EUR) en una cuenta de ahorro que 
ofrece un tipo de interés nominal anual del 7,5 % compuesto mensualmente. Al final de 
cada mes, Laviola ingresa en esa cuenta de ahorro EUR 500 adicionales.

Cuando hayan transcurrido  k  meses completos, Laviola tendrá ahorrado suficiente dinero 
como para sacar EUR 10 000 de la cuenta.

(a) Halle el valor más pequeño posible de  k , con  k∈+ . [4]

(b) Para este valor de  k , halle los intereses que habrá percibido Laviola en la cuenta 
de ahorro. Dé la respuesta redondeando al número entero de EUR más próximo. [3]
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8. [Puntuación máxima: 7]

La recta  L1  viene dada por la ecuación vectorial r �
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9

p

p

p

, donde  p∈ .

La recta  L2  viene dada por la ecuación vectorial r �
�
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q

2

1
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, donde  q∈ .

Estas dos rectas se cortan en el punto M.

(a) Halle las coordenadas de M. [3]

(b) Halle el ángulo agudo que forman las dos rectas. [4]
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9. [Puntuación máxima: 8]

La transformación  T  está representada por la matriz M �
��

�
�

�

�
�

2 4

3 1
.

Un pentágono que tiene un área de 12 cm2 se transforma mediante  T .

(a) Halle el área de la imagen de este pentágono. [2]

Al aplicar la transformación  T , las coordenadas de la imagen del punto X son   
(2t - 3 ,  6 - 5t ) , donde  t∈ .

(b) Halle las coordenadas de X en función de  t . [6]
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10. [Puntuación máxima: 7]

Las estrellas se clasifican según su brillo. Las estrellas más brillantes del cielo tienen una 
magnitud de 1 o menos. La magnitud ( m ) de otra estrella se puede modelizar en función de 
su brillo ( b ) relativo al de una estrella de magnitud 1, como muestra la siguiente ecuación:

m = 1 - 2,5 log10 (b)

Hay una estrella llamada Acubens que tiene un brillo de 0,0525.

(a) Halle la magnitud de Acubens. [2]

Ceres tiene una magnitud de 7 y es la estrella menos brillante que es visible sin telescopio.

(b) Halle el brillo de Ceres. [2]

La estrella Próxima Centauri tiene una magnitud mayor que el planeta Neptuno. La diferencia 
entre sus magnitudes es igual a 3,2.

(c) Halle cuántas veces más brillante que Próxima Centauri es Neptuno. [3]
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11. [Puntuación máxima: 5]

Gloria quiere modelizar el borde curvo del ala de una mariposa. Para ello, introduce una foto 
del ala en su programa de representación gráfica y halla las coordenadas de cuatro puntos 
pertenecientes al borde del ala.

00 22−2−2

−2−2

22

44

−4−4 44

 

x y

-3 2

-1 3,2

1,7 2,1

3,1 0

Gloria cree que una curva cúbica es un buen modelo para representar el borde del ala de 
la mariposa.

(a) Halle la ecuación de la curva de regresión cúbica para estos datos. [2]

Para la foto de una segunda ala de mariposa, Gloria obtiene que la ecuación de la curva  
de regresión es  y = 0,0083 x3 - 0,075 x2 - 0,58 x + 2,2 .

Gloria se da cuenta de que su foto de la segunda mariposa es una ampliación (homotecia)  
de la mariposa de tamaño real, con factor de escala 2 y centrada en (0 ,  0).

(b) Halle la ecuación de la curva cúbica que modeliza el ala de tamaño real. [3]
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12. [Puntuación máxima: 5]

A continuación, se muestran cuatro posibles retratos de fase (rotulados como A, B, C y D) 

correspondientes a las ecuaciones diferenciales acopladas 
d

d

x

t
ax by� �  y 

d

d

y

t
cx dy� � .

x

y

x

y

x

y

x

y

A B

C D

Sea la matriz 
a b

c d

�

�
�

�

�
� , cuyos valores propios son  l1  y  l2 .

(a) Complete la siguiente tabla, escribiendo la letra del retrato de fase que mejor  
encaje con la descripción. [3]

Descripción Retrato de fase

l1 = 2  con vector propio 
2

1

�

�
�
�

�
�  y  l2 = 3  con vector propio 

1

1�
�

�
�

�

�
�

l1 = 2  con vector propio 
2

1

�

�
�
�

�
�  y  l2 = -3  con vector propio 

1

1�
�

�
�

�

�
�

l1 = -2  con vector propio 
2

1

�

�
�
�

�
�  y  l2 = 3  con vector propio 

1

1�
�

�
�

�

�
�

(Esta pregunta continúa en la página siguiente)
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(Pregunta 12: continuación)

(b) En los siguientes ejes de coordenadas, dibuje aproximadamente el retrato de fase 

correspondiente a  l1 = -2 + 3i  y  l2 = -2 - 3i , sabiendo que 
d

d

y

t
� �12 en (3 ,  0). [2]

x

y

−4

−4

−2 2

2

4

4

−2
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13. [Puntuación máxima: 6]

Gen está investigando la relación que existe entre dos conjuntos de datos que ha obtenido, 
denominados  P  y  Q . Para ello crea un diagrama de dispersión donde  P  está representado 
en el eje  x , y  log10 Q  en el eje  y . Gen se da cuenta de que los puntos del diagrama 
muestran una fuerte correlación lineal, así que dibuja una recta de ajuste óptimo, tal y como 
se muestra en la figura. La recta pasa por los puntos (0 ;  -1,3) y (6 ;  14,9).

P

log
10

Q

–2

(6 ;  14,9)

2 4 6 8 10

10

20

30

(0 ;  –1,3)

–10

(a) Halle una ecuación que exprese  Q  en función de  P . [3]

Gen también está investigando la relación que existe entre los datos  Q  del apartado 
anterior y unos datos nuevos ( R ). Ella cree que los datos se pueden modelizar mediante la 
ecuación  Q = a  ln  R + b  y decide crear un diagrama de dispersión para verificar su hipótesis.

(b) Indique qué expresión debería representar Gen en cada eje para verificar su hipótesis. [1]

El diagrama de dispersión muestra una relación lineal, y Gen halla que  a = 4,3  y  b = 12,1 .

(c) Halle una ecuación que exprese  P  en función de  R . [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 13: continuación)
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14. [Puntuación máxima: 9]

Una partícula se mueve de modo tal que su velocidad ( v  metros por segundo) en el 
instante  t  segundos viene dada por  v = t sen (t 2) .

(a) Halle una expresión para la aceleración de la partícula. [2]

(b) A partir de lo anterior o de cualquier otro modo, halle cuál será la aceleración máxima 
para  0 ≤ t ≤ 8 . [2]

La partícula sale desde el origen.

(c) Halle una expresión para el desplazamiento de la partícula. [3]

(d) A partir de lo anterior, muestre que el desplazamiento de la partícula no tendrá  
nunca un valor negativo. [2]
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15. [Puntuación máxima: 5]

Un circuito eléctrico contiene un condensador. La carga que hay en el condensador 
( q  culombios) en el instante  t  segundos satisface la siguiente ecuación diferencial:

d

d

d

d

2

2
5 20 200

q

t

q

t
q� � � .

Inicialmente,  q = 1  y 
d

d

q

t
= 8 .

Utilice el método de Euler, con  h = 0,1 , para estimar cuál será la carga máxima que habrá 
en el condensador durante el primer segundo.
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La directora de un colegio está preocupada porque solo el 30 % de los alumnos eligen 
opciones saludables en el comedor escolar. Por ello, organiza una campaña para promover 
una alimentación saludable y realiza una prueba para saber si la campaña ha hecho que 
aumente el número de alumnos que eligen una opción saludable. La directora supone que lo 
que elige un alumno es independiente de lo que eligen el resto de alumnos.

(a) Escriba hipótesis adecuadas para esta prueba. [2]

La directora decide tomar una muestra aleatoria compuesta por 80 alumnos. Rechazará la 
hipótesis nula si hay al menos 31 alumnos que eligen una opción saludable.

(b) Halle la probabilidad de que cometa un error de tipo I. [3]

De hecho, con la campaña se logró que el 40 % de los alumnos eligieran una opción saludable.

(c) Halle la probabilidad de que cometa un error de tipo II. [3]
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La hora a la que amanece en Taipéi ( R  horas después de la medianoche) se puede 
modelizar mediante la siguiente ecuación: 

R = 1,08 cos (0,0165t + 0,413) + 4,94 , 

donde  t  es el día del año 2021 (por ejemplo,  t = 2  representa el 2 de enero de 2021).

La hora a la que anochece en Taipéi ( S  horas después de la medianoche) se puede 
modelizar mediante la siguiente ecuación:  

S = 1,15 cos (0,0165t - 2,97) + 18,9 .

El número de horas de luz diarias ( D ) que hubo en Taipéi durante 2021 se puede modelizar 
mediante la siguiente ecuación:  

D = a cos (0,0165t + b) + c .

(a) Halle el valor de  a , de  b  y de  c . [6]

(b) A partir de lo anterior o de cualquier otro modo, halle cuál fue el mayor número de horas 
de luz diarias que hubo en Taipéi durante 2021 y el día del año en el que sucedió. [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 

 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 

 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1.  (a) (i)  ) 54(%)(m =  A1 
 
  (ii) ) 14(%)(n =  A1 
 
  (iii) ) 22(%)( p =  A1 
 
  (iv) ) 10(%)(q =  A1 

Note:   Based on their n, follow through for parts (i) and (iii), but only if it does 
not contradict the given information.  Follow through for part (iv) but 
only if the total is 100%. 

     [4 marks] 
 

 (b) (i) 
54 27

0.54 , , 54%
100 50
 
 
 

 A1 

   

  (ii) 
54 27

0.844, , 84.4%, 0.84375
64 32

 
 
 

  A1A1 

Note:   Award A1 for a correct denominator (0.64 or 64 seen), 
A1 for the correct final answer. 

     [3 marks]  
 
 (c) (i) recognizing Binomial distribution with correct parameters (M1) 
   B(10, 0.68)X   

   ( )P ( 5) 0.123 (0.122940..., 12.3%)X = =   A1 

 
  (ii) 1 P ( 3)X− ≤   OR  P ( 4)X ≥  OR   P (4 10)X≤ ≤  (M1) 
   0.984 (0.984497..., 98.4%)   A1 
 
  (iii) 9(0.68) 0.32×    (M1) 
   recognition of two possible cases (M1) 

 ( )92 (0.68) 0.32× ×  

   0.0199 (0.0198957..., 1.99%)   A1 
     [7 marks] 

 
 (d) EITHER 
  the probability is not constant A1 
  OR 
  the events are not independent A1 
  OR 
  the events should be modelled by the hypergeometric distribution instead A1 

     [1 mark] 
    Total [15 marks] 
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2.  (a) (i) B  A1 
 
  (ii) F  A1 

     [2 marks]  
 
 (b) correct substitution into the midpoint formula (M1) 

  
8 5

2

+
  

 
  6.5y =   A1 

Note: Answer must be an equation for the A1 to be awarded. 

     [2 marks]  
 
 (c)  midpoint )(5, 7=  (A1) 
 
  correct use of gradient formula (M1) 

  
8 6

7 3

−
−

 

  gradient of BC 0.5=   (A1) 
  negative reciprocal of gradient (M1) 
  perpendicular gradient –2=  
  – 7 –2 – 5)(y x=   (or –2 17y x= + ) A1 

Note:  Do not follow through within the part for the final A1. 

     [5 marks]  
 
 (d) (i)  attempt to find the intersection of two perpendicular bisectors (BC & CD)  (M1) 

Note: This may be seen graphically or algebraically. 

 
   6.5 – 7 –2 )( – 5x=    OR   6.5 –2 17x= +  

Note: Accept equivalent methods using the perpendicular bisector 
of BD, – 5.5 4 – 5)(y x=    OR   4 14.5y x= −  

 
   5.25x = , 6.5y =    OR  (5.25, 6.5)  A1 

Note: The x-coordinate must be exact or expressed to at least 3 sf. 

 
  (ii) their correct substitution into distance formula (M1) 

   2 2(5.25 7) (6.5 5)− + −  

   
85

2.30 km 2.30488...,
4

 
=   

 
 A1 

     [4 marks]  
    Total [13 marks] 
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3. (a) (i) 
2

( ) 2 2, 0.04 2
50 25

x x
f x x

− − ′ = + = + − + 
 

 A1A1 

Note: Award A1 for each correct term. Award at most A0A1 if extra terms are seen. 

 

  (ii) 0 2
25

x−
= +   OR  sketch of ( )f x′  with x-intercept indicated M1 

   50x =  A1 
   80y =   A1 
   (50, 80)  

Note:   Award M0A0A1 for the coordinate (50, 80)  seen either with no 

working or found from a graph of ( )f x .   

     [5 marks] 
 

 (b) (i) 
270

0
2 30 d

50

x
x x

−
+ +∫  A1A1 

Note: Award A1 for a correct integral, A1 for correct limits in the correct location. 
Award at most A0A1 if dx is omitted. 

 

  (ii) 2 14140
( ) 4710 m 4713.33 ,

3
 = … 
 

Area   A2 

     [4 marks]  
  

 (c)  (i) 
11.4

100%
4713.33...

×    OR   
4701.93... 4713.33...

100%
4713.33...

−
×  (M1) 

Note: Award (M1) for their correct substitution into the percentage error formula. 

 
   ( )0.242% 0.241867...%  A1 

Note: Percentage sign is required. Accept 0.242038...%  if 4710 is used. 

 
  (ii) EITHER 
   reduce the width of the intervals (trapezoids)  A1 
   OR  
   increase the number of intervals (trapezoids) A1 

Note: Accept equivalent statements.  Award A0 for the ambiguous answer 
“increase the intervals”. 

      [3 marks] 
 

 
 

continued…  
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Question 3 continued 

 (d) (i) width of the square is  70 x−    OR   the length of the square is 
2

2 30
50

x
x

−
+ +  

       (M1) 

Note: Award (M1) for 70 x−  seen anywhere. Accept 
2

2 30
50

x
x

−
+ +  but only if 

this expression is explicitly identified as a dimension of the square. 

 
   in term of x, equating the length to the width ED (M1) 

   
2

2 30 70
50

x
x x

−
+ + = −  

   ( 14.7920...x =   or  135.21)  
   ( ) 14.8 m (14.7920...)x =   A1 

Note: Award M0M0A0 for an unsupported answer of 15. Award at most M1M0A0 
for an approach which leads to ( ) 0A x′ = . This will lead to a square base 
which extends beyond the east boundary of the property. Similar for any 
solution where F is not on the northern boundary, or GH is not on the east 
boundary. 

 
  (ii) EITHER 
   2(70 14.7920...)−   (M1) 
 
   OR  
   2(55.2079...)  (M1) 
 
   OR  

   
22(14.7920...)

2(14.7920...) 30
50

 −
+ + 

 
 (M1) 

 
   THEN 
   2(Area ) 3050 m (3047.92...)=  A1 

Note: Follow through from part (d)(i), provided x is between 0 and 70. 
Award at most M1A0 if their answer is outside the range of their 
[0, 4713.33 ]…  from part (b).  

     [5 marks]  
    Total [17 marks] 
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4. (a)  any correct Hamiltonian cycle  e.g. ABCDEFA A1 
      [1 mark] 

 
 (b) no, since not all vertices have an even degree (or equivalent) R1 

      [1 mark] 
 
 (c) (i) 49   A1 
 
  (ii)  34   A1 
 
  (iii)  50   A1 

      [3 marks] 
 
 (d)  cycle is EBCDFAE 
  UB 12 25 17 34 18 35= + + + + +  (M1)(A1) 

Note: Award M1 for 12 25 17 ...+ + +   OR   EBCD. 

  141=    A1 
      [3 marks] 

 
 (e)  attempt to find MST for vertices A, B, C, D and E M1 
  12 14 17 27 ( 70)+ + + =  A1 
  LB 70 18 22= + +  (M1) 
  110=    A1 

      [4 marks] 
 
 (f)  EITHER 
  deleting a different vertex  A1 
  might give a higher value (and hence a better lower bound). R1 
  OR 
  the edges selected in part (e) do not form a cycle. A1 
  so a higher value is possible R1 

      [2 marks] 
      [14 marks] 
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5. (a) 3 41
1 ( 1)

2
x x+ = −   (M1) 

  ) 2.91 cm (2.91082...)( p =  A1 
      [2 marks] 

 

 (b)  attempt to make x (or 2x ) the subject of 31
1

2
y x= +  (M1) 

  3 2 ( 1)x y= −       (or ( )
2

2 32 ( 1)x y= − ) (A1) 
 

  (upper limit ) 13.3(315 )= …   (A1) 

  ( )
213.3315...
3

1
2 ( 1) dV y y= π −∫  (M1) 

Note: Award (M1) for setting up correct integral squaring their expression 
for x with both correct lower limit and their upper limit, and π .  
Condone omission of dy. 

 

  3197 cm (196.946...)=  A1 
      [5 marks] 

 

 (c)  
1

4 1x y= +    (or 

21
2 4 1x y

 
= + 
 

) (A1) 

  
1

13.3315... 24
2 0

( 1) dV y y= π +∫  (M1)(A1) 

Note: Award (M1) for setting up correct integral squaring their 
expression for x with their upper limit, and π . Award (A1) for 
lower limit of 0, dependent on M1. Condone omission of dy. 
If a candidate found an area in part (b), do not award FT for 
another area calculation seen in part (c). 

 

  271.87668= …  (A1) 

Note: Accept 271.038… from use of 3sf in the upper limit. 
 

  subtracting their volumes (M1) 
  271.87668 –196.946...…  
  374.9 cm 74.93033 )(= …  A1 

Note: Accept any answer that rounds to 375 (cm ) .  If a candidate found an area 
in part (b), do not award FT for another area calculation seen in part (c). 

      [6 marks] 
      [13 marks] 
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6. (a) wood layer, 2 )~ N 7, 0.3(W ; plastic, 2 )~ N 3, 0.16(P  

  door: X W P= +  
  E ( ) 10 (mm)X =   (A1) 

  2Var ( ) Var ( ) Var ( ) 0.1156 (mm )X W P= + =  (M1)(A1) 
  recognizing the distribution is Normal, with their mean and variance (M1) 
  2 )~ N 10, 0.34(X  

  P 9.5) 0.0707 (0.07070125...)(X < =  A1 
      [5 marks] 

 
 (b) E ) 8(  0T =   (A1) 

  ( )Var 0.1156 8 0.9248( )T = × =  (M1)(A1) 

  ~ N (80,  0.9248)T  

  P 82) 0.0188 0.0187753 )( (T > = …  A1 
      [4 marks] 

 
 (c)  (i)  6.93 mm (6.93428…) A1 
 
  (ii)  1( ) 0.404ns − =  (A1) 

   2 2
1( ) 0.163 mm 0.162928 )(ns − = …  A1 

      [3 marks] 
 
 (d)  0H : A Bµ µ=    and   1H : A Bµ µ>  A1A1 

Note: Award A1 for use of µ or in words “population mean”, and A1 for both 
correct equality in null hypothesis and correct inequality in alternative 
hypothesis. Accept an equivalent statement in words, must include mean 
and reference to “population mean” / “mean for all Machine B layers” for 
the first A1 to be awarded. 

 
  use a two-sample t-test (M1) 
  p-value 0.406975...=  A1 
  since 0.406975... 0.05>   OR  -value 0.05p >  R1 

  Do not reject 0H  (Insufficient evidence to support the employee’s claim) A1 

Note: Accept a p-value of 0.415861… from use of 3sf values from part 
(c).  Follow through within the question for the final R1 and A1 for 
their p-value provided 0 1p≤ ≤ .  Do not award R0A1. 

      [6 marks] 
      Total [18 marks] 
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7. (a)  (i) use of chain rule (M1) 
   9sin (3 ) 12cos (3 )t t= − +v i j  A1 

Note: Award (M1) for at least one correct term seen but 
condone omission of i or j. 

 

  (ii) ( ) ( )2 2
9sin (9) 12cos (9)= − +v  (M1) 

   111.5 ms (11.5455...)−=  A1 
      [4 marks] 

 
 (b)  (i) 27cos (3 ) 36sin (3 )t t= − −a i j  A1 
 
  (ii) ( )9 3cos (3 ) 4sin (3 )t t= − −a i j  M1 

   9= −a r  (where r  is a position vector from the origin)  A1 

   a is in opposite direction to the position vector R1 
   hence a  is always directed towards the origin AG 

      [4 marks] 
 
 (c)  relative position  2 1= −d r r  (M1) 

  distance between particles  ( )2 1= = −d r r  (M1) 

  ( ) ( )2 2
4sin (4 ) 3cos (3 ) 3cos (4 ) 4sin (3 )t t t t= − − + −d  (A1) 

  minimum value of d  when 
3

4.71(s) 4.71238...,
2

t
π =  

 
 (M1)A1 

      [5 marks] 
 
 (d) (i)  for 2nd particle, 16cos (4 ) 12sin(4 )t t= − −v i j  (A1) 
  
   EITHER 
   consider the gradient of either v  (M1) 

   1

12cos (3 )

9sin (3 )

t
m

t
= −  and 2

12sin (4 )

16cos (4 )

t
m

t
=  (A1) 

   attempt to solve 1 2m m=  (M1) 
 
   OR 
   vectors are parallel therefore one is a multiple of the other, 2 1l=v v  (M1) 

   
16cos (4 ) sin (4 )

( )
9sin (3 ) cos (3 )

t t
l

t t
= = −   (A1) 

   attempt to solve (M1) 
 
   THEN 
   1.30 s (1.30135...)t =  A1 
 

continued…  
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Question 7 continued 
 
  (ii) EITHER 
   at 1.30t = , 1 6.22 8.68= −v i j  and 2 7.57 10.6= − +v i j  A1 
   OR 
   1.22l = −   (following second method in part (d)(i)) A1 
   THEN 
   2v  is a negative multiple of 1v    2 1( 1.22 )= −v v  R1 

   the two particles are moving in the opposite direction AG 
      [7 marks] 
      Total [20 marks] 
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Matemáticas: Aplicaciones e Interpretación
Nivel Superior
Prueba 2

Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 15]

En la Escuela Primaria Mirabooka hicieron una encuesta y hallaron que el 68 % de los 
alumnos tienen un perro y el 36 % de los alumnos tienen un gato. Un 14 % de los alumnos 
tienen ambos, un perro y un gato.

Esta información se puede representar en el siguiente diagrama de Venn, donde  m ,  n ,  p  y  q   
representan el porcentaje de alumnos en cada zona.

m

U

n p

q

Perro Gato

(a) Halle el valor de:

(i) m 

(ii) n 

(iii) p 

(iv) q  [4]

(b) Halle la probabilidad de que un alumno elegido al azar:

(i) Tenga un perro, pero no tenga un gato.

(ii) Tenga un perro, sabiendo que no tiene un gato. [3]

(Esta pregunta continúa en la página siguiente)

Note:HL1 SL4: <stem, diagram and part (a) are common with Q1 HL Paper 2, then a part (b) unique to SL>
 […]
Find the percentage of students who have a dog or a cat or both. [1]
 […]
<…THEN question continues from HL Q1, but with parts renumbered, e.g. “(c)  Find the probability that a randomly chosen student…”>
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Véase al dorso

(Pregunta 1: continuación)

Cada año se escoge al azar a un alumno para que sea el capitán escolar de la Escuela 
Primaria Mirabooka.

Tim utiliza una distribución binomial para predecir cuántos de los próximos 10 capitanes 
escolares tendrán un perro. Supone que los porcentajes obtenidos en la encuesta se 
mantendrán constantes en los años venideros y que los sucesos “ser el capitán escolar” 
y “tener un perro” son independientes.

Utilice el modelo de Tim para hallar la probabilidad de que, en los próximos 10 años:

(c) (i)  Haya 5 capitanes escolares que tengan un perro.

(ii) Haya más de 3 capitanes escolares que tengan un perro.

(iii) Haya exactamente 9 capitanes escolares seguidos que tengan un perro. [7]

John elige al azar 10 alumnos de entre los que participaron en la encuesta.

(d) Indique por qué John no debería utilizar la distribución binomial para hallar la  
probabilidad de que 5 de estos alumnos tengan un perro. [1]
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Página en blanco
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Véase al dorso

2. [Puntuación máxima: 13]

En la siguiente figura se muestra la ubicación de seis restaurantes (rotulados como A, B, C, 
D, E y F), junto con el correspondiente diagrama de Voronoi. Todas las distancias se miden 
en kilómetros.

0 x

y

E

F

1

B

5

A

2 3 4 6 7 8 9 10 11

1

2

3

4

5

6

7

8
C

D

(a) Elena quiere comer en el restaurante que le quede más cerca. Escriba el restaurante 
al que Elena debería ir cuando esté en:

(i) (2 ,  7)

(ii) (0 ,  1), si el restaurante A está cerrado [2]

El restaurante C está situado en (7 ,  8) y el restaurante D está situado en (7 ,  5).

(b) Halle la ecuación de la mediatriz de CD. [2]

El restaurante B está situado en (3 ,  6).

(c) Halle la ecuación de la mediatriz de BC. [5]

(d) A partir de lo anterior, halle:

(i) Las coordenadas del punto que es equidistante de B, C y D

(ii) La distancia que hay entre este punto y D [4]
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3. [Puntuación máxima: 17]

Linda tiene un terreno, representado por la región sombreada R. La planta del terreno se 
muestra en la siguiente figura; en ambos ejes, los valores indican distancias medidas  
en metros.

0 x

y

A

R

B

30

D

60 90

30

60

90

C

norte

Los segmentos [AB], [CD] y [AD] representan los límites oeste, este y sur del terreno, 
respectivamente. La función  f (x)  modeliza el límite norte del terreno entre los puntos  
B y C, y viene dada por:

f x
x

x( ) �
�

� �
2

50
2 30 , para  0 ≤ x ≤ 70 .

(a) (i) Halle  f ′ (x) .

(ii) A partir de lo anterior, halle las coordenadas del punto del terreno que está  
más al norte. [5]

El punto A tiene por coordenadas (0 ,  0), el punto B tiene por coordenadas (0 ,  30),  
el punto C tiene por coordenadas (70 ,  72) y el punto D tiene por coordenadas (70 ,  0).

(b) (i)  Escriba la integral que se puede utilizar para hallar el área de la región  
sombreada  R .

(ii) Halle el área del terreno de Linda. [4]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 3: continuación)

Para estimar el área, Linda utilizó la regla del trapecio con diez intervalos. Con este  
cálculo, subestimó el área en  11,4 m2 .

(c) (i)  Calcule el porcentaje de error de la estimación de Linda.

(ii) Sugiera qué podría hacer Linda para reducir ese error sin dejar de utilizar  
la regla del trapecio. [3]

A Linda le gustaría construir un edificio en su terreno. Los cimientos cuadrados del edificio 
(EFGH) se situarán de modo que [EH] esté sobre el límite sur y el punto F pertenezca  
al límite norte de la propiedad. En la siguiente figura se muestra una posible ubicación  
de los cimientos del edificio.

0 x

y

30

D

60 90

30

60

90

C

F G

E H

norte

El área de los cimientos cuadrados será máxima cuando [GH] esté sobre [CD].

(d) (i)  Halle la coordenada  x  del punto E cuando el área de los cimientos cuadrados 
del edificio (EFGH) es máxima.

(ii) Halle el área máxima de los cimientos. [5]
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4. [Puntuación máxima: 14]

Una empresa tiene seis oficinas: A, B, C, D, E y F. Nanako, que es una directiva de la 
empresa, tiene que visitar dichas oficinas. Para ello crea el siguiente grafo, que muestra la 
distancia (en kilómetros) que hay entre algunas de las oficinas.

la figura no está dibujada a escala

B

C

D

F

A

E

27
25

14

34

35

22

28

18

17

12

(a) Escriba un ciclo hamiltoniano para este grafo. [1]

(b) Indique, de manera razonada, si el grafo contiene un circuito euleriano. [1]

Nanako quiere hallar el ciclo más corto que le permita visitar todas las oficinas. Para ello, 
decide elaborar la siguiente tabla de adyacencia ponderada, donde se muestra la distancia 
mínima entre cada par de oficinas.

A B C D E F

A 27 52 p 35 18

B 25 26 12 q

C 17 28 r

D 14 34

E 22

F

(c) Escriba el valor de:

(i) p 

(ii) q 

(iii) r  [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 4: continuación)

(d) Partiendo del vértice E, utilice el algoritmo del vecino más cercano para hallar un límite 
superior para el ciclo de Nanako. [3]

(e) Borrando el vértice F, halle un límite inferior para el ciclo de Nanako. [4]

(f) Explique de manera razonada por qué puede que la respuesta dada en el apartado (e) 
no sea el mejor límite inferior. [2]
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5. [Puntuación máxima: 13]

Adesh está diseñando un vaso. El vaso tiene una superficie interior y una superficie exterior. 
Una parte de la sección transversal del diseño de Adesh se muestra en el siguiente gráfico, 
donde 1 unidad equivale a 1 cm y la región sombreada representa el vaso. Las dos superficies 
se unen en la parte superior del vaso.

0 x

y

1

1

15

La superficie interior se puede modelizar mediante
 

f x x( ) � �
1

2
13 , para  0 ≤ x ≤ p .

La superficie exterior se puede modelizar mediante g x
x

x x p
( )

( )
�

� �
� � �

�
�
�

0 0 1

1 14

para

para
.

(a) Halle el valor de  p . [2]

Para terminar el diseño del vaso, se rota la región sombreada de la figura 360 alrededor  
del eje  y .

(b) Halle el volumen de líquido que cabe en el vaso terminado. [5]

(c) Halle el volumen de la región situada entre las dos superficies del vaso terminado. [6]
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Véase al dorso

6. [Puntuación máxima: 18]

Una empresa fabrica puertas para armarios de cocina, las cuales constan de dos capas. 
La capa interna es de madera, y su espesor sigue una distribución normal de media 7 mm 
y desviación típica igual a 0,3 mm. La capa externa es de plástico, y su espesor sigue una 
distribución normal de media 3 mm y desviación típica igual a 0,16 mm. El espesor del 
plástico es independiente del espesor de la madera.

(a) Halle la probabilidad de que una puerta elegida al azar tenga un espesor total  
de menos de 9,5 mm. [5]

Se va a enviar a un cliente una caja que contiene ocho puertas. La anchura de la caja es  
igual a 82 mm. Los espesores de las puertas son independientes unos de otros.

(b) Halle la probabilidad de que el espesor total de las ocho puertas sea mayor que la 
anchura de la caja. [4]

La empresa compra dos máquinas nuevas (A y B) para fabricar las capas de madera. 
Un empleado afirma que las capas que produce la máquina B son más finas que las 
capas que produce la máquina A. Para poner a prueba esta afirmación, se toma una 
muestra aleatoria de cada máquina.

Las siete capas que hay en la muestra procedente de la máquina A tienen los siguientes 
espesores (en mm):

6,23; 7,04; 7,31; 6,79; 6,91; 6,79; 7,47.

(c) Halle:

(i) La media

(ii) Un estimador sin sesgo de la varianza de la población [3]

Las ocho capas que hay en la muestra procedente de la máquina B tienen un espesor de 
media 6,89 mm y  sn−1 = 0,31 .

(d) Realice un contraste apropiado, a un nivel de significación del 5 %, para poner a prueba 
la afirmación del empleado. Puede suponer que los espesores de las capas de madera 
que produce cada máquina siguen una distribución normal y que las varianzas de la 
población son iguales. [6]
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7. [Puntuación máxima: 20]

El vector de posición de una partícula en el instante  t  es  r = 3 cos (3t ) i + 4 sen (3t ) j . 
El desplazamiento se mide en metros y el tiempo se mide en segundos.

(a) (i)  Halle una expresión para la velocidad de la partícula en el instante  t .

(ii) A partir de lo anterior, halle la rapidez cuando  t = 3 . [4]

(b) (i)  Halle una expresión para la aceleración de la partícula en el instante  t .

(ii) A partir de lo anterior, muestre que la aceleración siempre está dirigida hacia  
el origen. [4]

El vector de posición de una segunda partícula es  r = −4 sen (4t ) i + 3 cos (4t ) j .

(c) Para  0 ≤ t ≤ 10 , halle el instante en el que las dos partículas están más próximas  
entre sí. [5]

En el instante  k , donde  0 < k < 1,5 , la segunda partícula se está moviendo en paralelo  
a la primera partícula.

(d) (i)  Halle el valor de  k .

(ii) Muestre que, en ese instante  k , las dos partículas se están moviendo  
en sentidos opuestos. [7]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
R Marks awarded for clear Reasoning. 
AG Answer given in the question and so no marks are awarded. 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 

their correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 

 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 

 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding 
M mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; 
so if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks 
elsewhere too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 

 
 Correct 

answer seen 
Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 
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3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work 

which uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.  
 

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes 
when candidates fail to complete a “show that” question correctly, and then in subsequent parts 
use their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the 
subsequent part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and 
incorrect answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 
 
 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and 
intermediate A marks can be scored, when presented using calculator notation, provided the 
evidence clearly reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

 
 
8 Format and accuracy of answers 
 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

 
 Where values are used in subsequent parts, the markscheme will generally use the exact value, 

however candidates may also use the correct answer in subsequent parts.  The markscheme will 
often explicitly include the subsequent values that come “from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
 may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 
 Algebraic expressions should be simplified by completing any operations such as addition and 

multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 
 
 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 
12 144

, 2.4
5 60

 
 
 

  (M1)A1 

[2 marks] 
 

 (b) 
3 144

, 0.6
5 240

 
 
 

  A1 

[1 mark] 
 

 (c) (i) wins 
3

B 4,
5

 
 
 

   

   P 0) 0.025( 6= =wins  A1 

Note: Allow FT from use of their probability in part (b) but only when used with 4n = . 
 
  (ii) expected frequency 60 0.0256= ×  (M1) 
   1.536=   A1 

 [3 marks] 
 
 (d) (i) H0: data follows a Binomial distribution with 4n =   A1 
 

 (ii) (df 4 1 1 ) 2= − − =  A1 
  

 (iii) p-value 0.954 (0.953872...)=  (M1)A1 
  
 (iv) 0.954 0.05>  R1 
  insufficient evidence to reject H0 A1 

Note: Condone “accept H0”.  Follow through from their p-value in part (d)(iii) if the reasoning 
is correct and correct conclusions are made.  Do NOT award R0A1. 

[6 marks] 
 

 (e) wins 
3

B 4,
5

 
 
 

    OR  1 0.0256−   (M1) 

  P 1) 0.974 (0.9744)( ≥ =wins  A1 
[2 marks] 
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 (f) (i)  there are 145 transitions that start with Argentina, (M1) 
 

  (of which 85 lead to Argentina winning,) so the probability is 
85

145  
 A1 

  
17

29
=    AG 

 

  (ii) 

17 31
0.586 0.66029 47

12 16 0.414 0.340

29 47

 
    

=    
     
 

 A1A1 

Note: Accept the transposed matrix as correct. 

Award A1 for 
17

29
 placed in a leading diagonal. 

Award A1 for all other values correct and in correct position in the matrix. 

[4 marks] 
 
 (g) (i) write their matrix with λ  subtracted from the leading diagonal (M1) 
   equate determinant to zero (M1) 

   

17 31

29 47det 0
12 16

29 47

λ

λ

 − 
= 

 − 
 

  

   
17 16 12 31

0
29 47 29 47

λ λ  − − − × =  
  

 A1 

 
  correct intermediate step 
  21363 1263 100 0λ λ− − =   AG 

Note: Do not award A1 if there is no intermediate step leading from determinant to given answer. 

Solving 
x x

y y
λ

   
=   

   
T  for x and y  may be seen and is a valid alternative method. 

Accept working in the form det( ) 0I Tλ − = . 

  (ii) 
100

1, ( 0.0733675...)
1363

λ = − −    A1 
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  (iii) attempt to solve 
x x

y y
λ

   
=   

   
T  (M1) 

   
564

899
y x=   

  eigenvector for 1λ =  is 
1

1
564

0.627
899

      =        

 A1 

 

  eigenvector for 
100

1363
λ = −  is 

1

1

 
 − 

 A1 

Note: Allow correct multiples of the eigenvectors. 

 If eigenvector 
1

1

 
 − 

 is stated without the second eigenvector, or any other working, 

then award M0A0A1. 

[7 marks] 
 
 (h) EITHER 

  solution found using 
1

1
564

0.627
899

      =        

 

  
564

1
899

x x+ =    (M1) 

  
899

0.614 0.614490...,
1463

x
 =  
 

 (A1) 

 
  OR 

 
  solution can be found from high power of transition matrix 

  

50
17 31

0.614 0.61429 47
12 16 0.386 0.386

29 47

 
   

=   
    
 

  (M1) 

Note: Accept the transposed matrix if consistent with their answer to part (f)(ii). 

 

  probability 
899

0.614 0.614490...,
1463

 =  
 

 (A1) 

 
  THEN 

  
2

2 899 17
P (3 ) 0.614 0.586

1463 29

  = × = ×     
wins  (M1) 

  
8959

0.211 0.211162...,
42427

 =  
 

 A1 

[4 marks] 
[Total: 29 marks]  
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2. (a) attempt to separate variable M1 

  
1

d dC k t
C

= −∫ ∫  

 
  ln ( )C kt c= − +   A1 

 
  e ktC A −=   
 
  substituting 0,t C d= =   
  A d=    A1 

Note: To award the A1, 0t =  must be seen. 

 
  e ktC d −=    AG 

[3 marks] 
 
 (b) 0.20.05 e td d −=   (A1) 
  15.0  (14.9786 )…   A1 

[2 marks] 
 
 (c)  EITHER 
  first dose:  when 2t T=  then 0.4

1 e TC d −=  A1 

  second dose:  when t T=  then 0.2
2 e TC d −=  A1 

  third dose:  when 0t =  then 3C d=  A1 

  sum the three doses M1 

Note: A timing of the dose and the expression must be clearly indicted and correct to award A1. 
Condone absence of d for A1A1A1. 

 
  OR 
  considering values of C before and after a dose M1 
  immediately before the second dose, 0.2e TC d −=   

  immediately after the second dose, 0.2e TC d d−= +  A1 

  immediately before the third dose, 0.2 0.2( e ) eT TC d d− −= +  (A1) 

  immediately after the third dose, 0.2 0.2( e ) eT TC d d d− −= + +  A1 
 
  THEN 
   0.2 0.4(1 e e )T TC d − −⇒ = + +  AG 

Note: Do not accept any response using the general formula given before part (d). 
Award M1A1A1A0 if d not included in the final formula. 

[4 marks] 
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 (d)  0.2e Tr −=  and 1u d=  A1 
  correct substitution into geometric series formula A1 
 

  
( )( )0.2

0.2

1 e

1 e

nT

T

d
C

−

−

−
=

−
 

  
0.2

0.2

1 e

1 e

nT

T
d

−

−

 −
=  − 

  AG 

[2 marks] 
 
 (e)  (i) as n →∞ , 0.2e 0nT− →    (since 0T > ) (M1) 
 

   
0.21 e T

d
H∞ −=

−
 A1 

 
  (ii) METHOD 1 
   0.2lim lim e T

n n
n n

L H −

→∞ →∞
= ×   (M1)(A1) 

   0.2
0.2

e
1 e

T
T

d
L −
∞ −

 =  − 
  OR  

0.2e 1T

d
=

−
 A1 

 
   METHOD 2 
   nL  occurs immediately before the th( 1)n +  dose (M1) 

   
0.2

0.2
0.2

1 e
e

1 e

nT
T

n T
L d

−
−

−

 −
=  − 

 (A1) 

 
   as n →∞ , 0.2e 0nT− →    (since 0T > ) 

   0.2
0.2

e
1 e

T
T

d
L −
∞ −

 =  − 
  OR  

0.2e 1T

d
=

−
 A1 

[5 marks] 
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 (f) (i)  METHOD 1 

   
0.2

0.2 0.2

e

1 e 1 e

T

T T

d d
H L

−

∞ ∞ − −− = −
− −

 M1 

 

   
0.2

0.2

(1 e )

1 e

T

T

d −

−

−
=

−
  A1 

 
   d=     AG 
 
   METHOD 2 

   
0.2 0.21 e e 1T T

d d
H L∞ ∞ −− = −

− −
  M1 

 

   
0.2 0.2

0.2 0 0.2

e e

e 1 e e

T T

T T

d d d d −

−

− − +
=

− − +
 

 

   
0.2 0.2

0.2 0.2

(e e 2)

e e 2

T T

T T

d −

−

+ −
=

+ −
 A1 

 
   d=     AG 

Note: Award M1A0 for the use of their formulae from part (e).   
 Award M0A0 if at no point n →∞  in their response. 

 
  (ii) EITHER 

   
0.2

0.2

0.2

1 eln ln
e

1 e

T

T

T

d
H

dL

−
∞

−
∞

−

 
   −=   
    − 

 M1 

   0.2ln (e )T=   A1 
   0.2T=   A1 
 
   OR 
   0.2e TH L−

∞ ∞=  (M1) 

   ln 0.2
L

T
H

∞

∞

 
= − 

 
 A1 

 

   

1

ln 0.2
L

T
H

−

∞

∞

 
= 

 
 A1 

 
   THEN 

   5ln
H

T
L

∞

∞

 
= 

 
 AG 

Note: Award M1A0 for the use of their incorrect formulae from part (e).   
 Award M0A0 if at no point n →∞  in their response. 

[5 marks] 
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 (g)  (i) 0.22d =   A1 
 
  (ii) 7.70T =   A1 

Note: Accept 7.7T = . 

[2 marks] 
 
 (h) 0.20.06 0.22e t−=    

  proportion of time 
6.49641...

7.702...
=   (M1) 

  84.3%     A1 
[2 marks] 

 
 (i) EITHER 
  rounding to 8 hours leads to 3 times a day R1 
  OR 
  7.7 hours is difficult to schedule  R1 
  OR 
  a tolerance may be necessary to not be too close to unsafe boundary  R1 
  OR 
  avoid giving too much of the drug and giving the patient an overdose  R1 
 

Note: Accept any reasonable argument that engages with the model in a practical sense.    
Do not accept an answer based on part (h) along the lines “it should be given more often”. 

[1 mark] 
[Total: 26 mark] 
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Matemáticas: Aplicaciones e Interpretación
Nivel Superior
Prueba 3

Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [55 puntos].



– 2 – 8822 – 7223

N22/5/MATHY/HP3/SPA/TZ0/XX

Página en blanco



– 3 – 8822 – 7223

N22/5/MATHY/HP3/SPA/TZ0/XX

Véase al dorso

Conteste las dos preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 29]

En esta pregunta explorará posibles maneras de utilizar resultados deportivos 
pasados para hacer predicciones sobre futuros encuentros deportivos.

Peter y Helen son dos amigos que están discutiendo distintas formas de predecir el 
resultado de los partidos de fútbol internacionales que juega Argentina.

Peter sugiere analizar los datos históricos para que eso les ayude a hacer predicciones. 
Así, hace una lista con los resultados de los últimos 240 partidos que ha jugado Argentina, 
en orden cronológico; luego agrupa los partidos en bloques de cuatro. En cada bloque, 
cuenta cuántas veces ha ganado Argentina. La siguiente tabla muestra los resultados 
correspondientes a los 60 bloques de cuatro partidos.

Número de victorias de Argentina 
(por bloque de cuatro partidos)

Frecuencia

0  0

1 11

2 21

3 21

4  7

(a) Determine el número medio de victorias de Argentina por bloque de cuatro partidos. [2]

Peter cree que estos datos se pueden modelizar mediante una distribución binomial con   
n = 4  y decide llevar a cabo una prueba  c 2  para determinar la bondad del ajuste.

(b) Utilice los datos de Peter para escribir una estimación de la probabilidad  p  para este 
modelo binomial. [1]

(c) (i)  Utilice este modelo binomial para hallar la probabilidad de que Argentina gane 
cero partidos en un bloque de cuatro partidos. [1]

(ii) Halle la frecuencia esperada correspondiente a cero victorias. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 1: continuación)

Dado que algunas frecuencias esperadas son menores que 5, Peter combina algunas filas 
de su tabla para obtener las siguientes frecuencias observadas. A continuación, utiliza su 
modelo binomial para hallar las frecuencias esperadas correspondientes, redondeando a 
una cifra decimal.

Número de victorias de Argentina  
(por bloque de cuatro partidos)

Frecuencia observada Frecuencia esperada

0 o 1 11 10,8

2 21 20,7

3 21 20,7

4  7  7,8

(d) Peter utiliza esta tabla para llevar a cabo una prueba  c 2  de determinación de la bondad 
del ajuste (a un nivel de significación del 5 %) con la que poner a prueba la hipótesis de 
que los datos siguen una distribución binomial con  n = 4 .

Para esta prueba, indique:

(i) La hipótesis nula [1]

(ii) El número de grados de libertad [1]

(iii) El valor del parámetro  p [2]

(iv) La conclusión de la prueba, justificando su respuesta [2]

(e) Utilizando el modelo binomial de Peter, halle la probabilidad de que Argentina gane 
al menos uno de los próximos cuatro partidos de fútbol internacionales que juegue. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 1: continuación)

Helen cree que se podría hacer una mejor predicción considerando la transición entre 
partidos. Para simplificar el modelo, decide utilizar solo dos estados: Argentina ganó (A) 
o Argentina no ganó (B). Helen analiza la lista de resultados de Peter y cuenta el número 
de veces que:
 y Argentina ganó dos veces seguidas (AA),
 y Argentina ganó y luego no ganó (AB),
 y Argentina no ganó y luego ganó (BA),
 y Argentina no ganó dos veces seguidas (BB).

Así, obtuvo los siguientes resultados:

Transición Frecuencia

AA 85

AB 60

BA 62

BB 32

Helen utiliza las frecuencias relativas para estimar las probabilidades de una matriz  
de transición.

(f) (i)  Sabiendo que Argentina ganó el partido anterior, muestre que la probabilidad 

de que Argentina gane el siguiente partido —según la estimación de Helen— 

es igual a 
17

29
. [2]

(ii) Escriba la matriz de transición ( T ) para el modelo de Helen. [2]

(g) (i)  Muestre que el polinomio característico de  T  es 1363λ2 − 1263λ − 100 = 0. [3]

(ii) A partir de lo anterior o de cualquier otro modo, halle los valores propios de  T . [1]

(iii) Halle los correspondientes vectores propios. [3]

(h) Cuando se jubile, dentro de muchos años, Helen tiene pensado viajar a tres partidos 
de fútbol internacionales consecutivos en los que juegue Argentina. Utilice el modelo 
de Helen para hallar la probabilidad de que Argentina gane los tres partidos. [4]
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2. [Puntuación máxima: 26]

Algunas enfermedades requieren que los pacientes tomen medicación de manera 
regular y durante períodos prolongados. En esta pregunta explorará la concentración 
de un fármaco en el organismo cuando dicho fármaco se administra repetidamente.

Una vez que un fármaco entra en el organismo, es absorbido y llega a la sangre. A medida 
que el organismo va descomponiendo el fármaco a lo largo del tiempo, la concentración 
del fármaco va disminuyendo. Sea  C (t )  (medido en miligramos por mililitro, mg ml−1) la 
concentración del fármaco  t  horas después de que se lo hayan administrado al paciente. 
Se puede suponer que la velocidad a la que se descompone el fármaco es directamente 
proporcional a su concentración, lo que conduce a la siguiente ecuación diferencial:

d

d

C

t
kC� � , donde  k∈+ .

La concentración inicial es igual a  d mg ml−1 ,  d > 0 .

(a) Resolviendo la ecuación diferencial, muestre que  C = de−kt . [3]

En los apartados restantes de esta pregunta, estudiará un fármaco concreto para el que 
se sabe que  k = 0,2 . La primera dosis se administra en el instante  t = 0  y se supone que, 
antes de este momento, no había nada de fármaco en la sangre.

(b) Halle el tiempo transcurrido (en horas) hasta que la concentración de este fármaco 
llega al 5 % de su concentración inicial. [2]

El fármaco se debe administrar cada  T  horas y a dosis constantes, de modo tal que la 
concentración del fármaco aumente en una cantidad igual a  d mg ml−1 . Para simplificar 
el modelo, se supone que, cada vez que se administra el fármaco, la concentración del 
fármaco en la sangre aumenta de forma instantánea.

(c) Muestre que la concentración del fármaco inmediatamente después de haber 

administrado la tercera dosis es igual a d T T1 0 2 0 4� �� �� �e e, , . [4]

Inmediatamente después de haber administrado la  n-ésima  dosis, la concentración del 
fármaco es igual a:

d T T n T1 0 2 0 4 0 2 1� � � �� �� � � �e e e, , , ( )... .

(d) Muestre que esta concentración se puede expresar como d
nT

T

1

1

0 2

0 2

�
�

�

�
�

�

�
�

�

�

e

e

,

,
. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

Cuando un paciente lleva ya mucho tiempo tomando este fármaco, es necesario mantener 
la concentración dentro de un rango determinado para que el fármaco siga siendo seguro  
y eficaz.

Sea  Hn  la concentración más alta de fármaco que hay en el organismo durante 
el intervalo  (n − 1)T ≤ t < nT .

Sea  Ln  la concentración más baja de fármaco que hay en el organismo durante 
el intervalo  (n − 1)T ≤ t < nT . Esta información se muestra en el siguiente gráfico.

nT (n+1)T(n – 1)T

L
n

H
n

C

t

H∞  se define como lim
n

nH
��

 y  L∞  se define como lim
n

nL
��

.

(e) Halle, en función de  d  y  T , una expresión para:

(i) H∞  [2]

(ii) L∞  [3]

(f) Muestre que:

(i) H∞ − L∞ = d  [2]

(ii) 5ln
H

L
T�

�

�

�
�

�

�
� �  [3]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

Se sabe que este fármaco deja de ser eficaz si la concentración a largo plazo es menor 
que  0,06 mg ml−1  y que es seguro si nunca supera los  0,28 mg ml−1 .

(g) A partir de lo anterior, para este fármaco, halle un valor adecuado de:

(i) d  [1]

(ii) T  [1]

(h) Para los valores de  d  y  T  que ha obtenido en el apartado (g), halle el porcentaje 
de tiempo durante el que la concentración del fármaco es de al menos  0,06 mg ml−1 
entre la primera y la segunda dosis. [2]

(i) Sugiera un motivo por el cual las instrucciones del prospecto del fármaco podrían  
indicar un valor de  T  distinto del que ha hallado en el subapartado (g)(ii). [1]
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Matemáticas: Aplicaciones e Interpretación
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Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con 
calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención. 
Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el 
mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos 
puntos si el método empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja 
mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 6]

Kacheena está de pie en el punto K, que es la parte superior de un acantilado vertical de 
218 m de altura. La base del acantilado se encuentra en el punto B. Hay un barco situado  
en el punto S, a 1200 m de Kacheena.

Toda esta información se muestra en la siguiente figura.

la figura no está dibujada a escala

218
1200

K

S
B

(a) Halle el ángulo de elevación con el que se ve a Kacheena desde el barco. [2]

(b) Halle la distancia horizontal que hay desde la base del acantilado hasta el barco. [2]

(c) Escriba la respuesta que ha dado en el apartado (b) en la forma  a × 10k , 
donde  1 ≤ a < 10  y  k∈ . [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 1: continuación)
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2. [Puntuación máxima: 7]

Durante el primer mes de un programa de reforestación, la ciudad de Neerim planta 
85 árboles. A partir de ahí, cada mes se plantarán 30 árboles más que el mes anterior.

En la siguiente tabla se muestra el número de árboles que se plantarán en cada uno de los 
tres primeros meses.

Mes Árboles plantados

1  85

2 115

3 145

(a) Halle el número de árboles que se plantarán el 15.º mes. [3]

(b) Halle el número total de árboles que se plantarán durante los 15 primeros meses. [2]

(c) Halle el número medio de árboles que se plantarán al mes durante los 15  
primeros meses. [2]
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3. [Puntuación máxima: 5]

DeVaughn lanza la jabalina en una competición escolar de atletismo.

h

La altura sobre el nivel del suelo ( h  metros) a la que está la punta delantera de la jabalina se 
puede modelizar mediante la siguiente función cuadrática:

h(t ) = −3,6t 2 + 10,8t + 1,8 ,  t ≥ 0

donde  t  es el tiempo (en segundos) que ha trascurrido desde que se lanzó la jabalina.

(a) Escriba la altura a la que está la punta delantera de la jabalina en el instante en  
el que se lanza la jabalina. [1]

(b) Halle cuál es el valor de  t  cuando la punta delantera de la jabalina alcanza la  
altura máxima. [2]

(c) Halle cuál es el valor de  t  cuando la punta delantera de la jabalina toca el suelo. [2]
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Sergio quiere averiguar si la fruta del bosque que un adulto prefiere tomar en el desayuno 
depende de su nivel de ingresos. Para ello obtiene los siguientes datos, correspondientes 
a 341 adultos, y decide realizar una prueba  c 2  a un nivel de significación del 10 % para 
determinar si hay independencia.

Nivel de ingresos

Bajo Medio Alto

Fruta del bosque 
preferida

Fresa 21 39 30

Arándano 39 67 42

Otra fruta del bosque 32 45 26

(a) Escriba la hipótesis nula. [1]

(b) Halle el valor del estadístico  c 2. [2]

Para esta prueba  c 2 , el valor crítico es 7,78 .

(c) Escriba la conclusión a la que llega Sergio con esta prueba, en el contexto de la 
pregunta. Justifique su respuesta. [2]
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5. [Puntuación máxima: 6]

Celeste calentó una taza de café y luego dejó que se enfriase hasta que alcanzó la
temperatura ambiente. Celeste averiguó que la temperatura del café ( T , medida en C)
se podía modelizar mediante la siguiente función:

T (t ) = 71 e−0,0514t + 23 ,  t ≥ 0 ,

donde  t  es el tiempo (en minutos) transcurrido desde que el café empezó a enfriarse.

(a) Halle la temperatura del café transcurridos 16 minutos desde que empezó a enfriarse. [2]

El gráfico de T tiene una asíntota horizontal.

(b) Escriba la ecuación de la asíntota horizontal. [1]

(c) Escriba la temperatura ambiente. [1]

(d) Sabiendo que T −1 (50) = k, halle el valor de  k . [2]
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Manny y Annabelle, dos profesores de matemáticas del Instituto Burnham, ponen a sus 
alumnos el mismo examen. En cada una de sus clases, se obtiene una muestra aleatoria 
de las notas del examen.

Notas del examen en 
la clase de Manny 76 77 82 84 88 90 91 98

Notas del examen en 
la clase de Annabelle 68 79 81 89 91 92 92 95

Annabelle utiliza estas notas para llevar a cabo una prueba  t  de Student de dos colas con 
la que comparar las medias de las dos clases, a un nivel de significación del 5 %. Se supone 
que, en las dos clases, las notas de los exámenes siguen una distribución normal y tienen la 
misma varianza.

La hipótesis nula es  m1 = m2 , donde  m1  es la nota media del examen en la clase de Manny 
y  m2  es la nota media del examen en la clase de Annabelle.

(a) Escriba la hipótesis alternativa. [1]

(b) Halle el valor del parámetro  p  correspondiente a esta prueba. Dé la respuesta 
redondeando a cinco cifras decimales. [2]

Annabelle concluye que no hay indicios suficientes para rechazar la hipótesis nula.

(c) Indique si la conclusión de Annabelle es correcta. Dé una razón que justifique 
su respuesta. [2]
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7. [Puntuación máxima: 7]

El 1 de diciembre de 2022, Laviola invierte 800 euros (EUR) en una cuenta de ahorro que 
ofrece un tipo de interés nominal anual del 7,5 % compuesto mensualmente. Al final de 
cada mes, Laviola ingresa en esa cuenta de ahorro EUR 500 adicionales.

Cuando hayan transcurrido  k  meses completos, Laviola tendrá ahorrado suficiente dinero 
como para sacar EUR 10 000 de la cuenta.

(a) Halle el valor más pequeño posible de  k , con  k∈+ . [4]

(b) Para este valor de  k , halle los intereses que habrá percibido Laviola en la cuenta 
de ahorro. Dé la respuesta redondeando al número entero de EUR más próximo. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

20EP09



No escriba en esta página.

Las respuestas que se escriban en  
esta página no serán corregidas.

– 10 – 8822 – 7224

N22/5/MATHY/SP1/SPA/TZ0/XX

20EP10



– 11 – 8822 – 7224

N22/5/MATHY/SP1/SPA/TZ0/XX

Véase al dorso

8. [Puntuación máxima: 5]

Roy es miembro de un club de automovilismo y con frecuencia conduce por el circuito de
Port Campbell.

Los tiempos que tarda en completar una vuelta al circuito siguen una distribución normal de
media 59 segundos y desviación típica igual a 3 segundos.

(a) Halle la probabilidad de que Roy complete una vuelta en menos de 55 segundos. [2]

Roy va a participar en una carrera de 20 vueltas. Se espera que en 8,6 de esas vueltas tarde 
más de  t  segundos.

(b) Halle el valor de  t . [3]
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Taizo juega a un juego en el que lanza una pelota para tratar de derribar dos botellas que 
hay encima de una mesa. La probabilidad de que derribe alguna botella en una partida dada 
se muestra en la siguiente tabla.

Número de botellas 
derribadas 0 1 2

Probabilidad 0,5 0,4 0,1

(a) Taizo juega dos partidas, que son independientes la una de la otra. Halle la probabilidad 
de que Taizo derribe en total dos botellas. [4]

En una partida dada, Taizo ganará  k  puntos si derriba dos botellas, ganará 4 puntos si 
derriba una botella y perderá 8 puntos si no derriba ninguna botella.

(b) Halle el valor de  k  para el cual el juego es justo. [3]
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10. [Puntuación máxima: 6]

Las estrellas se clasifican según su brillo. Las estrellas más brillantes del cielo tienen una
magnitud de 1 o menos. La magnitud ( m ) de otra estrella se puede modelizar en función de
su brillo ( b ) relativo al de una estrella de magnitud 1, como muestra la siguiente ecuación:

m = 1 − 2,5 log10 (b)

Hay una estrella llamada Acubens que tiene un brillo de 0,0525.

(a) Halle la magnitud de Acubens. [2]

Ceres tiene una magnitud de 7 y es la estrella menos brillante que es visible sin telescopio.

(b) Halle el brillo de Ceres. [2]

(c) Halle cuántas veces más brillante que Ceres es Acubens. [2]
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La casa de Kristi está situada en una carretera recta y larga que tiene dirección este-oeste. 
La carretera se puede modelizar mediante la ecuación  y = 0 ; la casa se encuentra en el 
origen (0 ,  0).

Kristi está entrenando para un maratón; para ello, corre desde su casa hasta un punto de la 
carretera y luego vuelve a casa en autobús.

 y El primer día, Kristi corre 2 kilómetros hacia el este, hasta el punto A(2 ,  0).
 y El segundo día, Kristi corre hacia el oeste, hasta el punto B.
 y El tercer día, Kristi corre 4,5 kilómetros hacia el este, hasta el punto C(4,5 ;  0).

Toda esta información aparece representada en la siguiente figura.

x

y

B
casa

norte

A(2 ,  0) C(4,5 ;  0)

Kristi va aumentando cada día la distancia que corre. El punto al que llega cada día 
se puede representar mediante una coordenada  x . Estas coordenadas  x  forman una 
progresión geométrica.

(a) Muestre que la razón común ( r ) es igual a −1,5 . [2]

El 6.º día, Kristi corre hasta el punto F.

(b) Halle la ubicación del punto F. [2]

(c) Halle la distancia total que ha corrido Kristi durante los 7 primeros días  
de entrenamiento. [3]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 11: continuación)
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Un gato corre por dentro de una rueda circular, haciendo que la rueda gire a velocidad
constante en sentido contrario a las agujas del reloj. La altura ( h cm) a la que se encuentra
un punto fijo (P) de la rueda se puede modelizar mediante la ecuación  h (t ) = a sen (bt ) + c , 
donde  t  es el tiempo en segundos y  a ,  b ,  c∈+ .

En el instante  t = 0 , el punto P se encuentra a una altura de 78 cm.

(a) Escriba el valor de  c . [1]

En el instante  t = 4 , el punto P alcanza por primera vez su altura máxima, igual a 143 cm.

(b) Halle el valor de:

(i) a

(ii) b [3]

(c) Escriba la altura mínima del punto P. [1]

Un rato después, el gato ya está cansado, con lo que el punto P gira a una nueva velocidad 
constante y tarda el doble en dar una vuelta completa.

(d) Escriba el nuevo valor de  b . [1]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

20EP16



– 17 – 8822 – 7224

N22/5/MATHY/SP1/SPA/TZ0/XX

13. [Puntuación máxima: 8]

Giles alquila su barco y cobra a los clientes por hora de uso. Se sabe que

d

d

P

t t
t� � � �20

980
0 12

2
,

donde  P  es el precio por hora (en coronas noruegas, NOK) que le cobra al cliente y  t  es el 
tiempo (en horas) que el cliente utiliza el barco.

El precio por hora alcanza un mínimo local cuando el barco se alquila durante  h  horas.

(a) Halle el valor de  h . [2]

Sandra alquiló el barco de Giles durante 5 horas y le cobraron NOK 328 por hora. Yvonne 
alquila el barco de Giles durante 7 horas.

(b) Muestre que el precio por hora que le cobrarán a Yvonne es de NOK 312. [6]
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Instrucciones para los examinadores 
 
Abreviaturas 
 
M Puntos concedidos por tratar de utilizar un Método correcto. 
A Puntos concedidos por una Respuesta (en inglés, Answer) o por Precisión (en inglés, Accuracy); 

a menudo dependen de los puntos M precedentes. 
R Puntos concedidos por un Razonamiento claro. 
AG Respuesta dada (del inglés Answer Given) en la propia pregunta, por lo que no se concede ningún 

punto. 
FT Arrastre de error (del inglés Follow Through). La práctica de conceder puntos, a pesar de que el 

alumno haya cometido errores en apartados anteriores, por sus métodos/respuestas correctos a 
partir de resultados incorrectos. 

 
 
Uso del esquema de calificación 
 
1 General 
 

Conceda los puntos utilizando las anotaciones como se indica en el esquema de calificación 
p. ej., M1, A2. 

 
 
2 Puntuación por método y por respuesta/precisión 
 

• No conceda automáticamente la puntuación máxima cuando la respuesta sea correcta; se 
debe comprobar todo el procedimiento (el desarrollo del ejercicio) y puntuar la pregunta 
conforme al esquema de calificación. 

• Por lo general, no se puede conceder M0 seguido de A1, puesto que los puntos A dependen 
de los puntos M precedentes (si los hay). 

• Cuando se indica en la misma línea una puntuación M y otra A (p. ej., M1A1), esto 
normalmente significa que se conceda M1 por intentar utilizar un método adecuado (p. ej., 
sustituir en una fórmula) y A1 por utilizar los valores correctos. 

• Cuando aparecen dos o más puntuaciones A en la misma línea es porque cada una se puede 
conceder de manera independiente; así pues, si el primer valor es incorrecto pero los dos 
siguientes son correctos, se ha de conceder A0A1A1. Si las puntuaciones A1 aparecen en 
líneas separadas, se asume que dependen una de la otra y, por lo tanto, es poco probable que 
se otorgue A0A1. Sin embargo, cuando dichas puntuaciones sean independendientes (por ej, 
el esquema de calificación las presenta en secuencia, pero en la solución, una no conduce 
directamente a la otra) esto se ha de comunicar a través de una nota y, por lo tanto, puede 
otorgarse A0A1 (por ejemplo). 

• Allí donde el esquema de calificación especifique A3, M2, etc., no subdivida las puntuaciones a 
menos que haya una nota al respecto. 

• En la respuesta a una pregunta del tipo “mostrar que” no es necesario volver a escribir la línea 
AG, a no ser que una Nota lo indique de manera explícita en el esquema de calificación. 

• Una vez que vea en la hoja la respuesta correcta a una pregunta o a un apartado de una 
pregunta, ignore cualquier desarrollo adicional, incluso si es incorrecto o sugiere que el alumno 
no ha comprendido bien la pregunta. Esto fomenta un enfoque uniforme para la corrección, 
menos dependiente del criterio del examinador. Aunque algunos alumnos puedan verse 
beneficiados en ese elemento concreto de la pregunta, es probable que estos alumnos también 
pierdan puntos en otros lugares. 
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• Una excepción a la regla anterior ocurre cuando una respuesta incorrecta del desarrollo 
adicional se utiliza en un apartado posterior. Por ejemplo, cuando un valor exacto correcto 
viene seguido de una aproximación decimal incorrecta en el primer apartado y, a continuación, 
se utiliza esta aproximación en el segundo apartado. En esta situación, conceda los puntos FT 
que corresponda, pero no conceda el A1 final en el primer apartado. Ejemplos: 

 
 Respuesta 

correcta 
incluida 

Desarrollo 
adicional 
incluido 

¿Alguna cuestión 
relacionada con la 
puntuación FT? 

Acción 

1. 
8 2  

5,65685...  
(valor decimal 

incorrecto) 

No. 
Último apartado de la 
pregunta. 

Conceda A1 en la puntuación 
final (no penalice el desarrollo 
adicional incorrecto). 

2. 
35

72
  

0,468111… 
(valor decimal 

incorrecto) 

Sí.  
El valor se utiliza en 
apartados posteriores. 

Conceda A0 en la puntuación 
final (y pueden otorgarse 
todos los puntos FT en los 
apartados posteriores). 

 
 
3 Puntuaciones implícitas 
 
 Las puntuaciones implícitas se muestran entre paréntesis; p. ej., (M1). Solo se pueden conceder 

si el alumno ha incluido el procedimiento correcto o si dicho procedimiento ha quedado implícito 
en otro desarrollo/respuesta posterior. 

 
 

4 Puntuaciones de arrastre de error (solo se aplican después de haberse cometido un error) 
 
 Las puntuaciones de arrastre de error (FT) se conceden cuando una respuesta incorrecta dada en 

un apartado de una pregunta se utiliza correctamente en los apartados posteriores (p. ej., un 
valor incorrecto del apartado (a) se utiliza en el apartado (d), o un valor incorrecto del subapartado 
(c)(i) se utiliza en el subapartado (c)(ii)). Por lo general, para poder conceder puntos FT, el alumno 
tiene que haber incluido el desarrollo del ejercicio (no tan solo una respuesta final basada en 
la respuesta incorrecta dada en un apartado anterior). Sin embargo, si todos los puntos que tiene 
asignados un apartado posterior corresponden a la respuesta o son implícitos, entonces se deben 
conceder puntos FT por su respuesta correcta incluso si no ha incluido el desarrollo. 

 
 Por ejemplo: tras una respuesta incorrecta al apartado (a) que se utiliza en apartados posteriores, 

cuando el esquema de calificación indique (M1)A1 en el apartado posterior, es posible conceder la 
puntuación máxima por su respuesta correcta sin que haya incluido ningún desarrollo. Para 
preguntas más largas donde todas las puntuaciones son implícitas salvo los puntos de respuesta, 
esta regla es aplicable pero puede invalidarse mediante una Nota en el esquema de calificación.  

  
• Dentro de un apartado dado, una vez que se ha cometido un error ya no se pueden conceder 

más puntos A en otras partes del desarrollo que hagan uso de ese error. Sin embargo, sí que 
se pueden conceder puntos M si procede. 
 

• Si la pregunta resulta mucho más sencilla debido a un error, utilice su propio criterio para 
conceder menos puntos FT, reflexionando sobre a qué corresponde cada puntuación y cómo 
se traslada eso a la versión simplificada.  
 

• Si el error conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ =
, un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 
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• Es posible que en el esquema de calificación se utilice la palabra “su(s)” en una descripción; 
con esto se quiere indicar que los alumnos quizá estén empleando un valor incorrecto. 
 

• Si la respuesta del alumno a la pregunta inicial contradice claramente la información 
proporcionada en el enunciado de la pregunta, no es apropiado conceder ningún punto FT en 
los apartados posteriores. Esto incluye cuando los alumnos no logran completar correctamente 
una pregunta del tipo “mostrar que” y, en los siguientes apartados, utilizan su respuesta 
incorrecta en vez del valor proporcionado en el enunciado. 
 

• Las excepciones a estas reglas de FT se indicarán de manera explícita en el esquema de 
calificación. 
 

• Si un alumno comete un error en un apartado pero obtiene las respuestas correctas en los 
apartados posteriores, conceda puntos según corresponda, a no ser que el término de 
instrucción fuera “A partir de lo anterior”. 

 
 
5 Errores de lectura 
 

Si un alumno comete un error al copiar en su hoja los valores o datos de la pregunta, esto se 
considera un “error de lectura” (MR, del inglés MisRead). A un alumno solo se le puede penalizar 
una vez por un error de lectura dado. Utilice el sello MR para indicar que se ha producido un error 
de lectura y no conceda el primer punto, aunque se trate de un punto M, pero conceda todos los 
demás según corresponda. 

 

• Si la pregunta resulta mucho más sencilla debido al error de lectura (MR), utilice su propio 
criterio para conceder menos puntos. 

 
• Si el MR conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ = , 

un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 

 
• Si el alumno comete un error al copiar su propio trabajo, eso no es un error de lectura, sino un 

error ordinario. 

 
• Si el alumno utiliza una respuesta correcta a una pregunta del tipo “mostrar que” con un grado 

de precisión mayor del que se proporciona en el enunciado, eso NO es un error de lectura y se 
puede obtener la puntuación máxima en el apartado posterior. 

 
• Los errores de lectura (MR) solo se pueden aplicar cuando el alumno haya incluido el 

desarrollo del ejercicio. En aquellas preguntas de calculadora donde no esté incluido el 
procedimiento y se haya dado una respuesta incorrecta, los examinadores no deben inferir que 
el alumno ha leído/copiado mal los valores de la calculadora. 
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6 Métodos alternativos 
 

En ocasiones, los alumnos utilizan métodos distintos de los que aparecen en el esquema de 
calificación. A menos que en la pregunta se especifique qué método se ha de utilizar, el uso de 
métodos alternativos correctos no se ha de penalizar, sino que se ha de puntuar conforme a lo 
que indica el esquema de calificación. Si el término de instrucción es “A partir de lo anterior” y no 
“A partir de lo anterior o de cualquier otro modo”, entonces no se permiten métodos alternativos a 
no ser que se indique mediante una nota en el esquema de calificación. 
 
• Cuando se incluyen varios métodos alternativos para toda una pregunta, aparecen señalados 

mediante los encabezamientos MÉTODO 1, MÉTODO 2, etc. 

• Las soluciones alternativas para un apartado dado de una pregunta se indican mediante el 
encabezamiento O BIEN... O BIEN. 

 
 
7 Formas alternativas 
 

 A menos que en la pregunta se especifique lo contrario, acepte formas equivalentes. 
 

• Dado que se trata de un examen internacional, acepte todas las formas alternativas de 
notación, por ejemplo 1.9 y 1,9; o 1000, 1,000 y 1.000 .  

 
• No acepte respuestas finales escritas con notación de calculadora. Sin embargo, se pueden 

obtener puntos M y puntos A intermedios en los que la información se haya presentado 
utilizando notación de calculadora, siempre que la evidencia refleje claramente el requisito para 
conceder la puntuación.  

 
• En el esquema de calificación, las formas numéricas y algebraicas equivalentes suelen 

aparecer escritas entre paréntesis, justo a continuación de la respuesta. 

 
• En el esquema de calificación, algunas respuestas equivalentes suelen aparecer escritas 

entre paréntesis. En el esquema de calificación no se presentan todas las 
notaciones/respuestas/métodos equivalentes, y se pide a los examinadores que apliquen su 
criterio de forma apropiada para evaluar si el trabajo del alumno es equivalente. 
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8 Formato y precisión de las respuestas 
 

Cuando el grado de precisión se especifique en el enunciado de la pregunta, uno de los puntos se 
concederá por dar la respuesta con la precisión requerida. Si el grado de precisión no se indica en 
la pregunta, deben aplicarse las siguientes reglas: todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas. 

 
 Cuando se utilicen los valores en apartados posteriores, el esquema de calificación generalmente 

empleará el valor exacto, si bien los alumnos también pueden usar la respuesta correcta con 3 
cifras significativas en los apartados posteriores. El esquema de calificación con frecuencia 
indicará los valores posteriores que resulten “de utilizar valores con 3 cifras significativas”. 

 
 Simplificación de las respuestas finales: Se aconseja a los alumnos que den las respuestas 

finales utilizando una forma matemática adecuada. En general, para conceder una puntuación A, 
se debe completar la aritmética y simplificar cualquier valor que conduzca a un número entero; por 

ejemplo, 
25

4
 debe escribirse como 

5

2
. Una excepción a lo anterior es la simplificación de 

fracciones, donde no se requiere la forma más sencilla (si bien el numerador y el denominador 

deben ser números enteros); por ejemplo, 
10

4
 se puede dejar así o escribirla como 

5

2
. Sin 

embargo, 
10

5
 se debe escribir como 2, dado que se simplifica para dar un número entero. 

 Las expresiones algebraicas se deben simplificar realizando cualquier operación como la adición y 
la multiplicación; p. ej., 2 34e ex x×  se debe simplificar a 54e x , y 2 3 4  4e e e ex x x x× − ×  se debe 

simplificar a 53e x . A no ser que se especifique en la pregunta, no es necesario factorizar las 
expresiones ni tampoco desarrollar las expresiones factorizadas, de modo que ( 1)x x +  y 2x x+  
son ambas aceptables.  

 Tenga presente: para obtener los puntos A intermedios NO es necesario simplificar las 
respuestas. 

 
 
9 Calculadoras 
 

No se permite el uso de calculadoras. El uso de cualquier tipo de calculadora durante esta prueba 
se considera conducta improcedente y, como consecuencia de ello, no se le concederá al alumno 
ninguna calificación final. Si se topa con un ejercicio que sugiera que el alumno ha utilizado algún 
tipo de calculadora, siga los procedimientos establecidos para abordar la conducta improcedente 

 
 OR 
 

Para esta prueba se necesita una calculadora de pantalla gráfica, pero si se topa con un ejercicio 
que sugiera que el alumno ha utilizado algún tipo de calculadora no permitida en los exámenes del 
PD del IB (p. ej., dispositivos dotados de un sistema algebraico computacional), siga los 
procedimientos establecidos para abordar la conducta improcedente. 
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10. Presentación del trabajo del alumno 
 
 Procedimiento tachado: Si el alumno (en las hojas que contienen sus respuestas) ha trazado 

una línea cubriendo parte del procedimiento, o ha tachado de algún otro modo parte del 
procedimiento, no conceda ningún punto por esa parte del procedimiento, a no ser que haya una 
nota del alumno que indique explícitamente que quiere que se corrija esa parte del procedimiento. 

 
 Más de una solución: Cuando un alumno ofrezca dos o más respuestas distintas a una misma 

pregunta, el examinador solo debe puntuar la primera respuesta, a no ser que el alumno haya 
indicado lo contrario. Si la presentación de las respuestas hace que resulte difícil juzgar cuál es “la 
primera”, los examinadores deben aplicar su criterio de manera apropiada para determinarlo. 
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1. (a) 
218ˆsen (BSK)

1200
=    O BIEN   

ˆsen (BSK) sen 90

218 1200
=



 (M1) 

Nota: Conceda M1 por una fórmula trigonométrica correcta. Acepte otras 

variables para representar el ángulo ˆBSK . 

 

  ˆ(BSK ) 10,5 (10,4668...)=   A1 
    [2 puntos] 

Nota: Conceda A1 por la respuesta en radianes, 0,182681...   
 Conceda M1A0 si el candidato encuentra el ángulo de elevación correcto pero luego lo 

utiliza para encontrar un ángulo complementario como su respuesta final.  
 
 (b) O BIEN  
  2 2 2SB 218 1200+ =  
  O BIEN  

  
SB

cos (10,4668...)
1200

=     

  O BIEN    

  
218

tan (10,4668...)
SB

=  

  O BIEN      

  
BS 1200

sen(79,5331... ) sen (90 )
=

 

 (M1) 

 

  ( )1180 m 1392476 , 1180,03...   A1 

      [2 puntos] 
 
 (c) 31,18 10×    A1A1 

Nota: Conceda A1 por el 1,18 .   

Conceda A1 por el 310 .  
 Acepte su respuesta redondeada de la parte (b) 

Conceda A0A0 por respuestas del tipo 211,8 10× . 

      [2 puntos] 
 Total [6 puntos] 
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2. (a) Por utilizar el n-ésimo término de una progresión aritmética (M1) 
  15 85 (15 1) 30u = + − ×  (A1) 

  505      A1 
      [3 puntos] 
 
 (b) Por utilizar la fórmula de n términos de una serie aritmética (M1) 

   ( )15

15
85 505

2
S = +    O BIEN   ( )15

2 85 (15 1) 30
2

× + − ×  

  4430 (4425)    A1 
      [2 puntos] 

 

 (c) 
4425

15
     O BIEN     ( )85 8 1 30+ − ×   (M1) 

  295      A1 

Nota: Acepte 295,333… como resultado de utilizar el valor con 3 cifras 
significativas del apartado (b). 

      [2 puntos] 
 Total [7 puntos] 
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3. (a) 1,8  m   A1 
      [1 punto] 

 
 (b) O BIEN  

  
10,8

2( 3,6)

−
−

    (M1) 

 
  O BIEN  
  7,2( ) 10,8 0t− + =   (M1) 
 
  O BIEN 
  Un bosquejo aproximado donde se indique el máximo. (M1) 
 
  ENTONCES 
  ( ) 1,5t =  segundos A1 

Nota: Conceda M1A0 por (1,5; 9,9) observado. 

      [2 puntos] 
 
 (c) O BIEN 
  20 3,6 10,8 1,8t t= − + +   (M1) 
 
  O BIEN 
  Un bosquejo aproximado donde se indique una raíz 
 
  ENTONCES 
  ( )( ) 3,16 segundos 3,15831...t =   A1 

Nota: Conceda a lo más M1A0 si 0,158 ( 0,158312..)− −  forma parte de la 
respuesta final a menos que haya sido claramente descartada. 
Conceda (M1)A0 por una respuesta truncada de 3,15 o (3,16; 0) 
observada sin desarrollo. 

      [2 puntos] 
 Total [5 puntos] 
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4. (a) La fruta del bosque preferida para el desayuno (de los adultos) es independiente  

  de su nivel de ingresos.  A1 

      [1 punto] 
 
 (b)  2 2, 27 (2,26821...)χ =   
      A2 

      [2 puntos] 
 
 (c) O BIEN 
  2,27 7,78<    O   2,27 <  valor crítico R1 
  O BIEN 
  0,687 0,1>  (usando el valor de p) 

 
  ENTONCES 
  (No se rechaza 0H ) 

  No hay evidencia suficiente (a un nivel de significación del 10 %) de que la  
fruta del bosque preferida dependa del nivel de ingresos.     A1 

 

Nota: No conceda R0A1. Acepte 2χ  en lugar de su “2,27”, siempre que 
haya dado una respuesta en el apartado (b). Su conclusión debe ser 
consistente con su 2χ  (o el valor correcto de p) y su hipótesis. 

      [2 puntos] 
Total [5 puntos] 

 
 
 
5. (a) ( )0,0514 1671e 23− +   (M1) 
 
  ( )54,2 C 54,1956...°   A1 

       [2 puntos] 
 
 (b) 23T =      A1 

Nota: Acepte 23y = . 

      [1 punto] 
 
 (c) 23 C°    A1 

       [1 punto] 
 
 (d) 0,0514( )50 71e 23k−= +   (M1) 

  
5000 27

18,8 ln , 18,8101...
257 71

k
 −  =     

  A1 

  

Nota: Conceda M1 por un bosquejo que muestre un punto de intersección 
de la función exponencial e 50y = . 

      [2 puntos] 
      Total [6 puntos] 
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6. (a) 1H : 1 2µ µ≠   A1 

Nota: Acepte un enunciado equivalente en palabras, pero debe referirse a 1µ y 2µ
como están definidas en la pregunta.  

      [1 punto] 
 
 (b) 0,97652 (0.976516...) A2 

[2 puntos] 
 
 (c) 0,97652 0,05 (0,977 0,05)> >   R1 
  La conclusión de Annabelle es correcta. A1 

Nota: No conceda R0A1. La respuesta tiene que hacer referencia a la conclusión 
de Annabelle; no acepte una respuesta sin contexto, del tipo “no se puede 
rechazar H0”, para conceder el punto A1. 

      [2 puntos] 
      Total [5 puntos] 

 
 
 
7.  (a)  % 7,5I =  

   800PV =   
   500PMT =   
   10000FV = ±  

   / 12P Y =  
   / 12C Y =   (M1)(A1) 
 

Nota: Conceda M1 si ha tratado de utilizar la aplicación de finanzas de la 
calculadora (p. ej., si ha incluido al menos cuatro filas, aunque no sean 
correctas); conceda A1 por PMT 500= −  o PMT 500= , con el mismo 
signo que PV y signo opuesto a FV. 

 
 17,3070…  (A1)  
 ( ) 18k =     A1 

Nota: Conceda (M0)(A0)(A0)A0 si la respuesta final es 17 y no ha incluido el 
desarrollo del ejercicio. La respuesta final debe ser un valor entero.  

      [4 puntos] 
 
 (b) ( )10389 18 500 800− × +  O BIEN ( )10389 9800−  (A1)(M1) 

Nota: Conceda (A1) si ha incluido el 10389  (10389.38...). Conceda (M1) si ha 
restado su (18 500 800)× +  del FV. Conceda arrastre de error (FT) desde 

su valor de k. Conceda A0M1A0 por10000 (18 500 800)− × + . No conceda 
el A1FT final si su respuesta es negativa. 

 
  589 EUR    A1 

Nota: La respuesta final debe estar expresada al Euro más cercano. 

 
      [3 puntos] 
      Total [7 puntos]  
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8. (a) P ( 55)T <    (M1) 
 
  ( )0,0912 0,0912112...   A1 

Nota: Conceda M1 por notación correcta de calculadora como normal cdf (0, 55, 59, 3)  o 

normal 99cdf ( 1 , 55, 59, 3)− .   

     [2 puntos] 
 
 (b) Por utilizar correctamente el valor esperado 
  8,6 20 p= ×     O    0,43p =  vistos en el desarrollo (M1) 
 
  O BIEN 
  Por un enunciado de probabilidad correcto    (M1) 
  P ( ) 0,43T t> =    O   P ( ) 0,57T t< =  
 
  O BIEN    
  t escrito en un bosquejo para indicar cuál es el área correcta 

              (M1) 
 

     O     
 
  ENTONCES 
  ( ) 59,5 segundos (59,5291...)t =   A1 

Nota: Conceda M1M0A0 for a final answer of 58.4708…. 

      [3 puntos] 
      Total [5 puntos] 
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9. (a) 0,5 0,1 0,4 0,4 0,1 0,5× + × + ×   (M1)(M1)(M1) 

Nota:  Conceda M1 por el 0,5 0,1×  o 0,1 0,5× , M1 por 0,4 0,4×  y M1 por sumar 
tres productos correctos.  

 
  0, 26     A1 

      [4 puntos] 
  
 (b) 0 8 0,5 4 0,4 0,1k= − × + × +   (M1)(M1) 

Nota:   Conceda M1 por sustituir correctamente los valores en la fórmula del valor 
esperado, conceda M1 por igualar a cero la fórmula del valor esperado. 

 
  ( ) 24k =  (puntos)  A1 

      [3 puntos] 
      Total [7 puntos] 

 
 
 
10. (a) 101 2,5log (0,0525)m = −  (M1) 

   4, 20 4,19960 )(= …  A1 
      [2 puntos] 

 
 (b)  Por tratar de resolver 107 1 2,5log ( )b= −   (M1) 

Nota: Acepte un bosquejo de su GDC como un intento de resolver 107 1 2,5log ( )b= −  

 
  0,00398 (0,00398107...)b =  A1 

      [2 puntos] 
 

 (c)  
0,0525

0,00398107
  (M1) 

  13,2 13,1874 )(= …  A1 
      [2 puntos] 

Total [6 puntos] 
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11. (a) 3 14,5 2( )r −=   M1 
  1,5r = ±      R1 
  (Algunos valores de x son negativos o cada día corre en un sentido opuesto  

respecto a la casa)  
  1,5r = −    AG 

Nota:   Conceda M0R0AG por una aproximación de verificación 3 14,5 2( 1,5) −= − . 

       
      [2 puntos] 

 
 (b) 6 12 ( 1,5) −−     (M1) 
  O BIEN 
  ( )( 15,2, 0) 15,1875..., 0− −     A1 

  O BIEN  
  15,2 (km)x = −    A1 
  O BIEN    
  15,2 km al oeste (del origen) A1 

Nota: Conceda (M1)A0 por una respuesta de “ 15,2− ” sin indicar que es el valor de x. 

      [2 puntos] 
 
 (c) Por elegir 1,5r =  (A1) 

  
( )72 (1,5) 1

1,5 1

−

−
   (M1) 

Nota: Conceda M1 por tratar de sustituir los valores en la fórmula de la progresión 
geométrica con 7n = .  Conceda A0M1A0 por sustituir 1,5r = −  y 7n =  (esto 

puede quedar implícito en una respuesta final de 14,4687... ).   

 
  64,3 km (64,3437...)   A1 

      [3 puntos] 
      Total [7 puntos] 
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12. (a) 78    A1 
      [1 punto] 

 
 (b) (i)  65    A1 
 
  (ii)  O BIEN 
   (período =) 16 (puede ser visto en un bosquejo) (M1) 

   
2

16
b

π
=        O       

360

16
b =



  

   ( )0,393 0,392699...,
8

b
π =  

 
    O     ( ) 22,5b =    A1 

   O BIEN 
   143 65sen (4 ) 78b= +  (M1) 

   ( sen (4 ) 1b = ) 

   4 O 4 90
2

b b
π = = 

 
         

   ( ) 0,393 0,392699...,
8

b
π =  

 
    O    ( ) 22,5b =   A1 

      [3 puntos] 
 
 (c) 13    A1 

Nota: Aplique error de arrastre FT siempre y cuando su respuesta sea positiva. 

      [1 punto] 
 

 (d)  ( )0,196b =  0,196349...,
16

 
 

π
 

O   )( (11,25) 11,3b =     A1 

      [1 punto] 
      Total [6 puntos] 

 
 
  



 – 18 – N22/5/MATHY/SP1/SPA/TZ0/XX/M 

 

13. (a) 
2

980
0 20

t
= −     O BIEN    

d
0

d

P

t
=  (M1) 

Nota: Acepte información equivalente en un bosquejo.  

  
  ( ) 7h =  horas  A1 

Nota: Conceda M1A0 por una respuesta de (7, 280). 

       
[2 puntos] 

 
 (b) Por darse cuenta de que se necesita integrar (p. ej., si usa la inversa de  

         la regla de la potencia o el símbolo de integral) (M1) 

  
980

( ) 20 ( )P t t c
t

= + +   A1A1 

 

  
980

328 20 5
5

c= × + +  (M1) 

Nota: Conceda (M1) por sustituir 328P =  y 5t =  en su ( )P t . Tiene que haber 
incluido una constante de integración (puede haber quedado implícita en 
una respuesta correcta). 

 
  32c =     A1 
  

  
980

(7) 20 7 32
7

P = × + +  M1 

Nota: Conceda M1 por sustituir 7 y su 32 en su ( )P t . 

 No conceda el último punto M si su sustitución no lleva a 312.   

 
  312 NOK    AG 

      [6 puntos] 
      Total [8 puntos] 
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Matemáticas: Aplicaciones e Interpretación
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Instrucciones para los alumnos

y No abra esta prueba hasta que se lo autoricen.
y En esta prueba es necesario usar una calculadora de pantalla gráfica.
y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser

exactas o aproximadas con tres cifras significativas.
y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas:

Aplicaciones e Interpretación para esta prueba.
y La puntuación máxima para esta prueba de examen es [80 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. 
Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es 
correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento 
seguido.

1. [Puntuación máxima: 17]

Elsie, que es bibliotecaria, quiere investigar el tiempo ( T  minutos) que ha pasado la gente  
en su biblioteca un día concreto.

(a) Indique si la variable  T  es discreta o continua. [1]

En la siguiente tabla se muestran los datos que ha obtenido Elsie sobre 160 personas que  
fueron a su biblioteca ese día concreto.

T (minutos) 0 ≤ T < 20 20 ≤ T < 40 40 ≤ T < 60 60 ≤ T < 80 80 ≤ T < 100

Frecuencia 50 62 k 14 8

(b) Halle el valor de  k . [2]

(c) (i)  Escriba la clase modal.

(ii) Escriba el valor central del intervalo para esta clase. [2]

(d) Utilice los datos de Elsie para calcular una estimación del tiempo medio que la gente 
pasó en la biblioteca. [2]

(e) Utilizando la tabla, escriba el máximo número posible de personas que pasaron 35 
minutos o menos en la biblioteca ese día concreto. [1]

Elsie supone que sus datos son representativos de los visitantes que recibirá la biblioteca  
en un futuro.

(f) Halle la probabilidad de que un visitante pase al menos 60 minutos en la biblioteca. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

El siguiente diagrama de caja y bigotes muestra el tiempo (en minutos) que pasaron en la 
biblioteca esos 160 visitantes.

0 10 30 50 60 7020 40 80 90 100

T (minutos)

(g) Escriba la mediana del tiempo que pasaron en la biblioteca. [1]

(h) Halle el rango intercuartil. [2]

(i) A partir de lo anterior, muestre que el mayor tiempo que una persona pasó en 
la biblioteca no es un valor atípico. [3]

Elsie cree que el diagrama de caja y bigotes indica que el tiempo que la gente pasó en la  
biblioteca no sigue una distribución normal.

(j) Identifique una característica del diagrama de caja y bigotes que pudiera respaldar  
la creencia de Elsie. [1]
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2. [Puntuación máxima: 17]

La siguiente figura muestra un parque que está delimitado por una verja en forma de 
cuadrilátero ABCD. Hay un camino recto que atraviesa el parque, desde B hasta D.

AB = 85 m ,  AD = 85 m ,  BC = 40 m ,  CB̂D = 41 ,  BĈD = 120

la figura no está dibujada a escala

85

85

40

B

C

D

A

120

41

(a) (i)  Escriba el valor del ángulo BD̂C.

(ii) A partir de lo anterior, utilice el triángulo BDC para hallar la longitud del camino BD. [4]

(b) Calcule el valor del ángulo BÂD, redondeando la respuesta a cinco cifras significativas. [3]

El valor del ángulo BÂD, si lo redondeamos al número entero de grados más próximo,  
es 77. Utilice  BÂD = 77  en los restantes apartados de la pregunta.

(c) Halle el área de la región que está delimitada por el camino BD y por las verjas AB y AD. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

Una empresa de paisajismo propone un nuevo diseño para el parque. Las verjas BC y CD 
se sustituirían por una verja en forma de arco de circunferencia BED con centro en A. 
Toda esta información aparece ilustrada en la siguiente figura.

la figura no está dibujada a escala

B

E

D

A

85

85

(d) Escriba la distancia que hay entre A y E. [1]

(e) Halle el perímetro del parque propuesto (ABED). [3]

(f) Halle el área de la región sombreada del parque propuesto. [3]
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Página en blanco
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Véase al dorso

3. [Puntuación máxima: 13]

En la siguiente figura se muestra la ubicación de seis restaurantes (rotulados como A, B, C, 
D, E y F), junto con el correspondiente diagrama de Voronoi. Todas las distancias se miden 
en kilómetros.

0 x

y

E

F

1

B

5

A

2 3 4 6 7 8 9 10 11

1

2

3

4

5

6

7

8
C

D

(a) Elena quiere comer en el restaurante que le quede más cerca. Escriba el restaurante 
al que Elena debería ir cuando esté en:

(i) (2 ,  7)

(ii) (0 ,  1), si el restaurante A está cerrado [2]

El restaurante C está situado en (7 ,  8) y el restaurante D está situado en (7 ,  5).

(b) Halle la ecuación de la mediatriz de CD. [2]

El restaurante B está situado en (3 ,  6).

(c) Halle la ecuación de la mediatriz de BC. [5]

(d) A partir de lo anterior, halle:

(i) Las coordenadas del punto que es equidistante de B, C y D

(ii) La distancia que hay entre este punto y D [4]
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4. [Puntuación máxima: 16]

En la Escuela Primaria Mirabooka hicieron una encuesta y hallaron que el 68 % de los 
alumnos tienen un perro y el 36 % de los alumnos tienen un gato. Un 14 % de los alumnos 
tienen ambos, un perro y un gato.

Esta información se puede representar en el siguiente diagrama de Venn, donde  m ,  n ,  p  y  q   
representan el porcentaje de alumnos en cada zona.

m

U

n p

q

Perro Gato

(a) Halle el valor de:

(i) m 

(ii) n 

(iii) p 

(iv) q  [4]

(b) Halle el porcentaje de alumnos que tienen un perro, un gato o ambos. [1]

(c) Halle la probabilidad de que un alumno elegido al azar:

(i) Tenga un perro, pero no tenga un gato.

(ii) Tenga un perro, sabiendo que no tiene un gato. [3]

(Esta pregunta continúa en la página siguiente)

Note:HL1 SL4: <stem, diagram and part (a) are common with Q1 HL Paper 2, then a part (b) unique to SL>
 […]
Find the percentage of students who have a dog or a cat or both. [1]
 […]
<…THEN question continues from HL Q1, but with parts renumbered, e.g. “(c)  Find the probability that a randomly chosen student…”>
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Véase al dorso

(Pregunta 4: continuación)

Cada año se escoge al azar a un alumno para que sea el capitán escolar de la Escuela 
Primaria Mirabooka.

Tim utiliza una distribución binomial para predecir cuántos de los próximos 10 capitanes 
escolares tendrán un perro. Supone que los porcentajes obtenidos en la encuesta se 
mantendrán constantes en los años venideros y que los sucesos “ser el capitán escolar” 
y “tener un perro” son independientes.

Utilice el modelo de Tim para hallar la probabilidad de que, en los próximos 10 años:

(d) (i)  Haya 5 capitanes escolares que tengan un perro.

(ii) Haya más de 3 capitanes escolares que tengan un perro.

(iii) Haya exactamente 9 capitanes escolares seguidos que tengan un perro. [7]

John elige al azar 10 alumnos de entre los que participaron en la encuesta.

(e) Indique por qué John no debería utilizar la distribución binomial para hallar la  
probabilidad de que 5 de estos alumnos tengan un perro. [1]
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5. [Puntuación máxima: 17]

Linda tiene un terreno, representado por la región sombreada R. La planta del terreno se 
muestra en la siguiente figura; en ambos ejes, los valores indican distancias medidas  
en metros.

0 x

y

A

R

B

30

D

60 90

30

60

90

C

norte

Los segmentos [AB], [CD] y [AD] representan los límites oeste, este y sur del terreno, 
respectivamente. La función  f (x)  modeliza el límite norte del terreno entre los puntos  
B y C, y viene dada por:

f x
x

x( ) �
�

� �
2

50
2 30 , para  0 ≤ x ≤ 70 .

(a) (i) Halle  f ′ (x) .

(ii) A partir de lo anterior, halle las coordenadas del punto del terreno que está  
más al norte. [5]

El punto A tiene por coordenadas (0 ,  0), el punto B tiene por coordenadas (0 ,  30),  
el punto C tiene por coordenadas (70 ,  72) y el punto D tiene por coordenadas (70 ,  0).

(b) (i)  Escriba la integral que se puede utilizar para hallar el área de la región  
sombreada  R .

(ii) Halle el área del terreno de Linda. [4]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 5: continuación)

Para estimar el área, Linda utilizó la regla del trapecio con diez intervalos. Con este 
cálculo, subestimó el área en  11,4 m2 .

(c) (i)  Calcule el porcentaje de error de la estimación de Linda.

(ii) Sugiera qué podría hacer Linda para reducir ese error sin dejar de utilizar
la regla del trapecio. [3]

A Linda le gustaría construir un edificio en su terreno. Los cimientos cuadrados del edificio 
(EFGH) se situarán de modo que [EH] esté sobre el límite sur y el punto F pertenezca  
al límite norte de la propiedad. En la siguiente figura se muestra una posible ubicación  
de los cimientos del edificio.

0 x

y

30

D

60 90

30

60

90

C

F G

E H

norte

El área de los cimientos cuadrados será máxima cuando [GH] esté sobre [CD].

(d) (i)  Halle la coordenada  x  del punto E cuando el área de los cimientos cuadrados
del edificio (EFGH) es máxima.

(ii) Halle el área máxima de los cimientos. [5]

Referencias:

© Organización del Bachillerato Internacional, 2022
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Instrucciones para los examinadores 
 
Abreviaturas 
 
M Puntos concedidos por tratar de utilizar un Método correcto. 
A Puntos concedidos por una Respuesta (en inglés, Answer) o por Precisión (en inglés, Accuracy); 

a menudo dependen de los puntos M precedentes. 
R Puntos concedidos por un Razonamiento claro. 
AG Respuesta dada (del inglés Answer Given) en la propia pregunta, por lo que no se concede ningún 

punto. 
FT Arrastre de error (del inglés Follow Through). La práctica de conceder puntos, a pesar de que el 

alumno haya cometido errores en apartados anteriores, por sus métodos/respuestas correctos a 
partir de resultados incorrectos. 

 
 
Uso del esquema de calificación 
 
1 General 
 

Conceda los puntos utilizando las anotaciones como se indica en el esquema de calificación 
p. ej., M1, A2. 

 
 
2 Puntuación por método y por respuesta/precisión 
 

• No conceda automáticamente la puntuación máxima cuando la respuesta sea correcta; se 
debe comprobar todo el procedimiento (el desarrollo del ejercicio) y puntuar la pregunta 
conforme al esquema de calificación. 

• Por lo general, no se puede conceder M0 seguido de A1, puesto que los puntos A dependen 
de los puntos M precedentes (si los hay). 

• Cuando se indica en la misma línea una puntuación M y otra A (p. ej., M1A1), esto 
normalmente significa que se conceda M1 por intentar utilizar un método adecuado (p. ej., 
sustituir en una fórmula) y A1 por utilizar los valores correctos. 

• Cuando aparecen dos o más puntuaciones A en la misma línea es porque cada una se puede 
conceder de manera independiente; así pues, si el primer valor es incorrecto pero los dos 
siguientes son correctos, se ha de conceder A0A1A1. Si las puntuaciones A1 aparecen en 
líneas separadas, se asume que dependen una de la otra y, por lo tanto, es poco probable que 
se otorgue A0A1. Sin embargo, cuando dichas puntuaciones sean independendientes (por ej, 
el esquema de calificación las presenta en secuencia, pero en la solución, una no conduce 
directamente a la otra) esto se ha de comunicar a través de una nota y, por lo tanto, puede 
otorgarse A0A1 (por ejemplo). 

• Allí donde el esquema de calificación especifique A3, M2, etc., no subdivida las puntuaciones a 
menos que haya una nota al respecto. 

• En la respuesta a una pregunta del tipo “mostrar que” no es necesario volver a escribir la línea 
AG, a no ser que una Nota lo indique de manera explícita en el esquema de calificación. 

• Una vez que vea en la hoja la respuesta correcta a una pregunta o a un apartado de una 
pregunta, ignore cualquier desarrollo adicional, incluso si es incorrecto o sugiere que el alumno 
no ha comprendido bien la pregunta. Esto fomenta un enfoque uniforme para la corrección, 
menos dependiente del criterio del examinador. Aunque algunos alumnos puedan verse 
beneficiados en ese elemento concreto de la pregunta, es probable que estos alumnos también 
pierdan puntos en otros lugares. 
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• Una excepción a la regla anterior ocurre cuando una respuesta incorrecta del desarrollo 
adicional se utiliza en un apartado posterior. Por ejemplo, cuando un valor exacto correcto 
viene seguido de una aproximación decimal incorrecta en el primer apartado y, a continuación, 
se utiliza esta aproximación en el segundo apartado. En esta situación, conceda los puntos FT 
que corresponda, pero no conceda el A1 final en el primer apartado. Ejemplos: 

 
 Respuesta 

correcta 
incluida 

Desarrollo 
adicional 
incluido 

¿Alguna cuestión 
relacionada con la 
puntuación FT? 

Acción 

1. 
8 2  

5,65685...  
(valor decimal 

incorrecto) 

No. 
Último apartado de la 
pregunta. 

Conceda A1 en la puntuación 
final (no penalice el desarrollo 
adicional incorrecto). 

2. 
35

72
  

0,468111… 
(valor decimal 

incorrecto) 

Sí.  
El valor se utiliza en 
apartados posteriores. 

Conceda A0 en la puntuación 
final (y pueden otorgarse 
todos los puntos FT en los 
apartados posteriores). 

 
 
3 Puntuaciones implícitas 
 
 Las puntuaciones implícitas se muestran entre paréntesis; p. ej., (M1). Solo se pueden conceder 

si el alumno ha incluido el procedimiento correcto o si dicho procedimiento ha quedado implícito 
en otro desarrollo/respuesta posterior. 

 
 

4 Puntuaciones de arrastre de error (solo se aplican después de haberse cometido un error) 
 
 Las puntuaciones de arrastre de error (FT) se conceden cuando una respuesta incorrecta dada en 

un apartado de una pregunta se utiliza correctamente en los apartados posteriores (p. ej., un 
valor incorrecto del apartado (a) se utiliza en el apartado (d), o un valor incorrecto del subapartado 
(c)(i) se utiliza en el subapartado (c)(ii)). Por lo general, para poder conceder puntos FT, el alumno 
tiene que haber incluido el desarrollo del ejercicio (no tan solo una respuesta final basada en 
la respuesta incorrecta dada en un apartado anterior). Sin embargo, si todos los puntos que tiene 
asignados un apartado posterior corresponden a la respuesta o son implícitos, entonces se deben 
conceder puntos FT por su respuesta correcta incluso si no ha incluido el desarrollo. 

 
 Por ejemplo: tras una respuesta incorrecta al apartado (a) que se utiliza en apartados posteriores, 

cuando el esquema de calificación indique (M1)A1 en el apartado posterior, es posible conceder la 
puntuación máxima por su respuesta correcta sin que haya incluido ningún desarrollo. Para 
preguntas más largas donde todas las puntuaciones son implícitas salvo los puntos de respuesta, 
esta regla es aplicable pero puede invalidarse mediante una Nota en el esquema de calificación.  

  
• Dentro de un apartado dado, una vez que se ha cometido un error ya no se pueden conceder 

más puntos A en otras partes del desarrollo que hagan uso de ese error. Sin embargo, sí que 
se pueden conceder puntos M si procede. 
 

• Si la pregunta resulta mucho más sencilla debido a un error, utilice su propio criterio para 
conceder menos puntos FT, reflexionando sobre a qué corresponde cada puntuación y cómo 
se traslada eso a la versión simplificada.  
 

• Si el error conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ =
, un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 
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• Es posible que en el esquema de calificación se utilice la palabra “su(s)” en una descripción; 
con esto se quiere indicar que los alumnos quizá estén empleando un valor incorrecto. 
 

• Si la respuesta del alumno a la pregunta inicial contradice claramente la información 
proporcionada en el enunciado de la pregunta, no es apropiado conceder ningún punto FT en 
los apartados posteriores. Esto incluye cuando los alumnos no logran completar correctamente 
una pregunta del tipo “mostrar que” y, en los siguientes apartados, utilizan su respuesta 
incorrecta en vez del valor proporcionado en el enunciado. 
 

• Las excepciones a estas reglas de FT se indicarán de manera explícita en el esquema de 
calificación. 
 

• Si un alumno comete un error en un apartado pero obtiene las respuestas correctas en los 
apartados posteriores, conceda puntos según corresponda, a no ser que el término de 
instrucción fuera “A partir de lo anterior”. 

 
 
5 Errores de lectura 
 

Si un alumno comete un error al copiar en su hoja los valores o datos de la pregunta, esto se 
considera un “error de lectura” (MR, del inglés MisRead). A un alumno solo se le puede penalizar 
una vez por un error de lectura dado. Utilice el sello MR para indicar que se ha producido un error 
de lectura y no conceda el primer punto, aunque se trate de un punto M, pero conceda todos los 
demás según corresponda. 

 

• Si la pregunta resulta mucho más sencilla debido al error de lectura (MR), utilice su propio 
criterio para conceder menos puntos. 

 
• Si el MR conduce a un resultado inadecuado (p. ej., una probabilidad mayor que 1, sen 1,5θ = , 

un valor no entero allí donde hay que dar uno entero), no conceda el/los puntos 
correspondientes a las respuestas finales. 

 
• Si el alumno comete un error al copiar su propio trabajo, eso no es un error de lectura, sino un 

error ordinario. 

 
• Si el alumno utiliza una respuesta correcta a una pregunta del tipo “mostrar que” con un grado 

de precisión mayor del que se proporciona en el enunciado, eso NO es un error de lectura y se 
puede obtener la puntuación máxima en el apartado posterior. 

 
• Los errores de lectura (MR) solo se pueden aplicar cuando el alumno haya incluido el 

desarrollo del ejercicio. En aquellas preguntas de calculadora donde no esté incluido el 
procedimiento y se haya dado una respuesta incorrecta, los examinadores no deben inferir que 
el alumno ha leído/copiado mal los valores de la calculadora. 
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6 Métodos alternativos 
 

En ocasiones, los alumnos utilizan métodos distintos de los que aparecen en el esquema de 
calificación. A menos que en la pregunta se especifique qué método se ha de utilizar, el uso de 
métodos alternativos correctos no se ha de penalizar, sino que se ha de puntuar conforme a lo 
que indica el esquema de calificación. Si el término de instrucción es “A partir de lo anterior” y no 
“A partir de lo anterior o de cualquier otro modo”, entonces no se permiten métodos alternativos a 
no ser que se indique mediante una nota en el esquema de calificación. 
 
• Cuando se incluyen varios métodos alternativos para toda una pregunta, aparecen señalados 

mediante los encabezamientos MÉTODO 1, MÉTODO 2, etc. 

• Las soluciones alternativas para un apartado dado de una pregunta se indican mediante el 
encabezamiento O BIEN... O BIEN. 

 
 
7 Formas alternativas 
 

 A menos que en la pregunta se especifique lo contrario, acepte formas equivalentes. 
 

• Dado que se trata de un examen internacional, acepte todas las formas alternativas de 
notación, por ejemplo 1.9 y 1,9; o 1000, 1,000 y 1.000 .  

 
• No acepte respuestas finales escritas con notación de calculadora. Sin embargo, se pueden 

obtener puntos M y puntos A intermedios en los que la información se haya presentado 
utilizando notación de calculadora, siempre que la evidencia refleje claramente el requisito para 
conceder la puntuación.  

 
• En el esquema de calificación, las formas numéricas y algebraicas equivalentes suelen 

aparecer escritas entre paréntesis, justo a continuación de la respuesta. 

 
• En el esquema de calificación, algunas respuestas equivalentes suelen aparecer escritas 

entre paréntesis. En el esquema de calificación no se presentan todas las 
notaciones/respuestas/métodos equivalentes, y se pide a los examinadores que apliquen su 
criterio de forma apropiada para evaluar si el trabajo del alumno es equivalente. 
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8 Formato y precisión de las respuestas 
 

Cuando el grado de precisión se especifique en el enunciado de la pregunta, uno de los puntos se 
concederá por dar la respuesta con la precisión requerida. Si el grado de precisión no se indica en 
la pregunta, deben aplicarse las siguientes reglas: todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas. 

 
 Cuando se utilicen los valores en apartados posteriores, el esquema de calificación generalmente 

empleará el valor exacto, si bien los alumnos también pueden usar la respuesta correcta con 3 
cifras significativas en los apartados posteriores. El esquema de calificación con frecuencia 
indicará los valores posteriores que resulten “de utilizar valores con 3 cifras significativas”. 

 
 Simplificación de las respuestas finales: Se aconseja a los alumnos que den las respuestas 

finales utilizando una forma matemática adecuada. En general, para conceder una puntuación A, 
se debe completar la aritmética y simplificar cualquier valor que conduzca a un número entero; por 

ejemplo, 
25

4
 debe escribirse como 

5

2
. Una excepción a lo anterior es la simplificación de 

fracciones, donde no se requiere la forma más sencilla (si bien el numerador y el denominador 

deben ser números enteros); por ejemplo, 
10

4
 se puede dejar así o escribirla como 

5

2
. Sin 

embargo, 
10

5
 se debe escribir como 2, dado que se simplifica para dar un número entero. 

 Las expresiones algebraicas se deben simplificar realizando cualquier operación como la adición y 
la multiplicación; p. ej., 2 34e ex x×  se debe simplificar a 54e x , y 2 3 4  4e e e ex x x x× − ×  se debe 

simplificar a 53e x . A no ser que se especifique en la pregunta, no es necesario factorizar las 

expresiones ni tampoco desarrollar las expresiones factorizadas, de modo que ( 1)x x +  y 2x x+  
son ambas aceptables.  

 Tenga presente: para obtener los puntos A intermedios NO es necesario simplificar las 
respuestas. 

 
 
9 Calculadoras 
 

No se permite el uso de calculadoras. El uso de cualquier tipo de calculadora durante esta prueba 
se considera conducta improcedente y, como consecuencia de ello, no se le concederá al alumno 
ninguna calificación final. Si se topa con un ejercicio que sugiera que el alumno ha utilizado algún 
tipo de calculadora, siga los procedimientos establecidos para abordar la conducta improcedente 

 
 OR 
 

Para esta prueba se necesita una calculadora de pantalla gráfica, pero si se topa con un ejercicio 
que sugiera que el alumno ha utilizado algún tipo de calculadora no permitida en los exámenes del 
PD del IB (p. ej., dispositivos dotados de un sistema algebraico computacional), siga los 
procedimientos establecidos para abordar la conducta improcedente. 
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10. Presentación del trabajo del alumno 
 
 Procedimiento tachado: Si el alumno (en las hojas que contienen sus respuestas) ha trazado 

una línea cubriendo parte del procedimiento, o ha tachado de algún otro modo parte del 
procedimiento, no conceda ningún punto por esa parte del procedimiento, a no ser que haya una 
nota del alumno que indique explícitamente que quiere que se corrija esa parte del procedimiento. 

 
 Más de una solución: Cuando un alumno ofrezca dos o más respuestas distintas a una misma 

pregunta, el examinador solo debe puntuar la primera respuesta, a no ser que el alumno haya 
indicado lo contrario. Si la presentación de las respuestas hace que resulte difícil juzgar cuál es “la 
primera”, los examinadores deben aplicar su criterio de manera apropiada para determinarlo. 
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1. (a) Continua  A1 
     [1 punto] 

 
 (b) 160 50 62 14 8− − − −  (M1) 
  ( ) 26k =    A1 

     [2 puntos] 
 
 (c) (i) 20 <40T≤  A1 
 
  (ii) 30    A1 

     [2 puntos] 
 
 (d) 33,5   (minutos)  A2 

Nota: Conceda puntos de arrastre de error (FT) desde su valor de k y su valor 
central del intervalo. Conceda puntos de arrastre de error (FT) desde el 
subapartado (c)(ii), pero solo si el valor central del intervalo está dentro de su 
intervalo.  

     [2 puntos] 
 
 (e) 112     A1 

     [1 punto] 
 

 (f) 
22

160
  

11
0,138, 0,1375, 13,75%,

80
 
  

 A1A1 

Nota: Conceda A1 por un numerador correcto, A1 por un denominador correcto.  

     [2 puntos] 
 
 (g) 26   minutos A1 

     [1 punto] 
 
 (h) 50 16−    (M1) 

Nota: Conceda M1 si ha incluido los dos cuartiles correctos. 

 
  34   minutos A1 

     [2 puntos] 
 

Continúa en la página siguiente...  
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Continuación de la Pregunta 1 

 (i) Sustitución correcta en la fórmula de los valores atípicos (M1) 
  50 1,5 34+ ×  
  101=   A1 
  92 101<    O BIEN   el mayor valor del diagrama es 101<  R1 
  No es un valor atípico AG 

Nota: Conceda R1 por su comparación. Otorgue puntos de arrastre de error desde 
su apartado (h).  
Conceda R0 si su conclusión es “es un valor atípico”, esto contradice lo que 
cree Elsie.  

     [3 puntos] 
 
 (j) O BIEN  
  El diagrama no es simétrico (o equivalente);  
  p. ej., la mediana no está en el centro de la caja o  

las longitudes de los bigotes son (muy) diferentes o sesgada (a la derecha o a la izquierda)  
   
  O BIEN 
  La media y la mediana son (muy) distintas. A1 

    [1 punto] 
    Total [17 puntos] 
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2. (a) (i) 19   A1 
 

  (ii) 
BD 40

sen120 sen19
=

 

 (M1)(A1) 

Nota: Conceda el M1 por sustituir los valores en el teorema del seno aplicado a 
BCD y el A1 si ha sustituido correctamente sus valores. 

 
   (BD ) 106 m (106,401...)=  A1 

[4 puntos] 
 
 (b) MÉTODO 1 (teorema del coseno) 

  
2 2 285 85 106,401...

cos BAD
2 85 85

+ −
=

× ×
  (M1)(A1) 

Nota: Conceda el M1 por sustituir los valores en el teorema del coseno y el A1 si 
ha sustituido correctamente sus valores. 

 
  77,495   A1 

Nota: Acepte una respuesta de 77,149 , obtenida por haber utilizado la respuesta 

con 3 cifras significativas del apartado (a). La respuesta final debe estar 
redondeada a cinco cifras significativas.  

 

  MÉTODO 2  (razones trigonométricas en un triángulo  
rectángulo/triángulos isósceles) 

  
BAD 53,2008...

sen
2 85

  = 
 

 (A1)(M1) 

Nota: Conceda el A1 si aparece el 53,2008... . Conceda el M1 si ha sustituido 
correctamente los valores en la razón trigonométrica. Se pueden otorgar 
puntos de arrastre de error (FT) desde el apartado (a). 

 
  77,495...   A1 

Nota: Si ha utilizado la respuesta con 3 cifras significativas del apartado (a), la 
respuesta que se obtiene es 77,1486... . 

 [3 puntos] 
 

Continúa en la página siguiente...  
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Continuación de la Pregunta 2 

 (c) O BIEN  

  
1

(Área ) 85 85 sen (77 )
2

= × × ×    (M1)(A1) 

Nota: Conceda el M1 por sustituir los valores en la fórmula del área, A1 por sustituirlos 
correctamente. Conceda como mucho (M1)(A1)A0 si se utiliza un ángulo distinto a 77°

. 

 
  O BIEN 

  ( ) ( )1
(Área ) 2 85 sen (38,5 ) 85 cos (38,5 )

2
= × × × × ×   (M1)(A1)  

Nota:   Conceda M1 por sustituir los valores en la fórmula del área  
1

2
A bh= ,  A1 por 

sustituirlos correctamente.  

 
  23520 m (3519,91...)  A1 

     [3 puntos] 
 
 (d) 85 m   A1 

     [1 punto] 
 

 (e)  
77

85 85 2 85
360

+ + × π×   (M1)(M1) 

Nota: Conceda M1 por sustituir correctamente los valores en 2
360

r
θ

× π×  y M1 por 

sumar AB y AD. 

 
  284 m (284,231...)   A1 

     [3 puntos] 
 

 (f) 277
(85) 3519,91...

360
×π× −   (M1)(M1) 

Nota: Conceda M1 por sustituir correctamente los valores en la fórmula del área 
de un sector circular y M1 por restar de ese valor el área obtenida en el 
apartado (c).   

 
  21330 m (1334,93...)  A1 

     [3 puntos] 
 Total [17 puntos] 
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3.  (a) (i) B  A1 

 

  (ii) F  A1 
     [2 puntos]  

 

 (b) Sustitución correcta en la fórmula del punto medio  (M1) 

  
8 5

2

+
    

 

  6,5y =   A1 

Nota: Para conceder el A1, la respuesta tiene que ser una ecuación. 

     [2 puntos]  
 

 (c)  Punto medio )(5, 7=  (A1) 
 

  Uso correcto de la fórmula de la pendiente  (M1) 

  
8 6

7 3

−
−

 

  Pendiente de BC 0,5=  (A1) 
  Signo contrario y recíproca de la pendiente  (M1) 
  Pendiente de la perpendicular –2=   
  – 7 –2 – 5)(y x=   (o bien –2 17y x= + ) A1 

Nota: No conceda puntos por arrastre de error FT dentro de este apartado 
para el A1 final. 

     [5 puntos]  
 

 (d) (i)  Evidencia de hallar la intersección de dos mediatrices (BC y CD).  (M1) 

Nota: Esto se podría ver gráficamente o analíticamente. 
  

   6,5 – 7 –2 )( – 5x=    O BIEN   6,5 –2 17x= +  

Nota: Acepte métodos equivalentes que utilicen mediatrices de BD, 
– 5,5 4 – 5)(y x=    O BIEN   4 14,5y x= − . 

 

   5,25x = , 6,5y =    O BIEN  (5, 25, 6,5)  A1 

Nota: El valor de la coordenada x debe ser exacto o redondeado al menos 
a 3 cifras significativas. 

 

  (ii) Sustitución correcta de sus valores en la fórmula de distancia  (M1) 

   2 2(5, 25 7) (6,5 5)− + −   

   
85

2,30 km 2,30488...,
4

 
=   

 
 A1 

     [4 puntos]  
    Total [13 puntos] 
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4.  (a) (i)  ) 54(%)(m =  A1 
 

  (ii) ) 14(%)(n =  A1 
 

  (iii) ) 22(%)( p =  A1 
 

  (iv) ) 10(%)(q =  A1 

Nota:   En base a su n, conceda puntos de arrastre de error (FT) en (i) y en (iii), pero 
solo si no se contradice la información dada. Conceda un punto por arrastre 
de error (FT) en (iv) solo si el total es 100%. 

     [4 puntos] 
 
 (b) 90 (%)     A1 

Nota:   Conceda A0 si la respuesta es un decimal. 

     [1 punto] 
 

 (c) (i) 
54 27

0,54 , , 54%
100 50
 
 
 

 A1 

   

  (ii) 
54 27

0,844, , 84,4%, 0,84375
64 32

 
 
 

  A1A1 

Nota:   Conceda A1 por un numerador correcto (por ver escritos 0,64 o 64), 
A1 por la respuesta final correcta.  

     [3 puntos]  
 
 (d) (i) Reconocen una distribución binomial con los parámetros correctos.  (M1) 
   B(10, 0,68)X     

   ( )P ( 5) 0,123 (0,122940..., 12,3%)X = =  A1 
 

  (ii) 1 P ( 3)X− ≤   O BIEN  P ( 4)X ≥  O BIEN  P (4 10)X≤ ≤  (M1) 
   0,984 (0,98449 )97 8. ., , 4%.    A1 
 

  (iii) 9(0,68) 0,32×    (M1) 
   Por reconocer dos casos posibles   (M1) 
 ( )92 (0,68) 0,32× ×  

   0,0199 (0,0198957..., 1,99%)   A1 
[7 puntos] 

 
 (e) O BIEN 
  La probabilidad no es constante A1 
  O BIEN 
  Los sucesos no son independientes A1 
  O BIEN 
  Los sucesos deberían modelizarse mediante la distribución hipergeométrica  
                  (en lugar de mediante la distribución binomial) A1 

     [1 punto] 
    Total [16 puntos]  
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5.  (a) (i) 
2

( ) 2 2, 0,04 2
50 25

x x
f x x

− − ′ = + = + − + 
 

 A1A1 

Nota: Conceda A1 por cada término correcto. Conceda como máximo A0A1 por 
escribir términos extra.  

 

  (ii) 0 2
25

x−
= +   O BIEN  un dibujo aproximado de ( )f x′  donde se indique la  

                            intersección con el eje x M1 
   50x =  A1 
   80y =   A1 
   (50, 80)  

Nota:  Conceda M0A0A1 si están escritas las coordenadas (50, 80)  sin 

mostrar el desarrollo o si se hallan del gráfico de ( )f x .  

     [5 puntos] 
 

 (b) (i) 
270

0
2 30 d

50

x
x x

−
+ +∫  A1A1 

Nota:   Conceda A1 por una integral correcta, A1 por unos límites correctos 
en la ubicación correcta. Conceda como mucho A0A1 por una integral 
con límites incorrectos, un integrando correcto y que omite el dx. 

 

  (ii) 2rea
14140

( ) 4710 m 4713,33 ,
3

Á  = … 
 

 A2 

     [4 puntos]  
  

 (c)  (i) 
11,4

100 %
4713,33...

×    O BIEN   
4701,93... 4713,33...

100%
4713,33...

−
×  (M1) 

Nota: Conceda (M1) si ha sustituido correctamente sus valores en la fórmula del porcentaje 
de error. 

 
   ( )0,242% 0,241867...%  A1 

Nota: El símbolo de porcentaje (%) es obligatorio. Acepte 0,242038...% , 

que es lo que se obtiene al utilizar 4710 .  

 
  (ii) O BIEN 
   Reducir la anchura de los intervalos (trapezoides)  A1 
   O BIEN  
   Aumentar el número de intervalos (trapezoides) A1 

Nota: Acepte enunciados equivalentes. Conceda A0 por la respuesta 
“aumentar los intervalos” ya que es ambigua.   

[3 puntos] 

Continúa en la página siguiente...  
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Continuación de la Pregunta 5 

 
 (d) (i) O BIEN 
   La anchura del cuadrado es 70 x−      (M1) 

   O BIEN    

   La longitud del cuadrado es 
2

2 30
50

x
x

−
+ +  (M1) 

Nota: Conceda el (M1) si el 70 x−  aparece aquí o en otro lugar de la 

pregunta. Acepte 
2

2 30
50

x
x

−
+ + , pero solo si esta expresión se 

identifica explícitamente como una dimensión del cuadrado. 

 
   ENTONCES 
   En función de x, igualan la longitud con la anchura de ED (M1) 

   
2

2 30 70
50

x
x x

−
+ + = −       

   ( 14,7920...x =   o bien  135,21)  
   ( ) 14,8 m (14,7920...)x =   A1 

Nota: Conceda M0M0A0 si escriben la respuesta 15 sin un desarrollo que la lo 
respalde.Conceda como mucho M1M0A0 por un enfoque que conduce a 

( ) 0A x′ = . Esto conduce a una base cuadrada que se extiende más allá del 
límite este de la propiedad. En forma similar, para cualquier solución en la que 
F no está en el límite norte de la propiedad o GH no está en el límite este. 

 
  (ii) O BIEN 
   2(70 14,7920...)−   (M1) 
 
   O BIEN  
   2(55,2079...)  (M1) 
 
   O BIEN  

   
22(14,7920...)

2(14,7920...) 30
50

 −
+ + 

 
 (M1) 

 
   ENTONCES 
   2(Área ) 3050 m (3047,92...)=  A1 

Nota: Se pueden otorgar puntos de arrastre de error (FT) desde el 
subapartado (d)(i), siempre que x esté comprendida entre 0 y 70. 
Conceda como mucho M1A0 si su respuesta está fuera de su intervalo 
[0, 4713,33 ]…  obtenido en el apartado (b).  

     [5 puntos]  
    Total [17 puntos] 
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Turn over

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 7]

The function  f  is defined by f x
x

x
( ) =

+
−

7 7

2 4
 for  x ∈  ,  x ≠ 2 .

(a) Find the zero of  f (x) . [2]

(b) For the graph of  y = f (x) , write down the equation of

(i) the vertical asymptote;

(ii) the horizontal asymptote. [2]

(c) Find  f -1(x) , the inverse function of  f (x) . [3]
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2. [Maximum mark: 6]

On a Monday at an amusement park, a sample of  40  visitors was randomly selected as they 
were leaving the park. They were asked how many times that day they had been on a ride 
called The Dragon. This information is summarized in the following frequency table.

Number of times on 
The Dragon

Frequency

0 6

1 16

2 13

3 2

4 3

It can be assumed that this sample is representative of all visitors to the park for the following day.

(a) For the following day, Tuesday, estimate

(i) the probability that a randomly selected visitor will ride The Dragon;

(ii) the expected number of times a visitor will ride The Dragon.  [4]

It is known that  1000  visitors will attend the amusement park on Tuesday. The Dragon can 
carry a maximum of  10  people each time it runs.

(b) Estimate the minimum number of times The Dragon must run to satisfy demand. [2]
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Turn over

3. [Maximum mark: 6]

Solve  cos 2x = sin x , where  -π ≤ x ≤ π .
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4. [Maximum mark: 6]

Find the range of possible values of  k  such that  e2x + ln k = 3ex  has at least one real solution.
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Turn over

5. [Maximum mark: 6]

The function  f  is defined by  f (x) = sin qx , where  q > 0 . The following diagram shows part of 
the graph of  f  for  0 ≤ x ≤ 4m , where  x  is in radians. There are  x-intercepts at  x = 0 , 2m  and  4m .

x

y

1

2

3

4

0

−1

−2

−3

−4

m 2m 3m 4m 5m 6m

(a) Find an expression for  m  in terms of  q . [2]

The function  g  is defined by g x
qx

( ) sin= 3
2

3
, for  0 ≤ x ≤ 6m .

(b) On the axes above, sketch the graph of  g . [4]
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6. [Maximum mark: 5]

The side lengths,  x cm, of an equilateral triangle are increasing at a rate of 4 cm s-1.

Find the rate at which the area of the triangle,  A cm2, is increasing when the side lengths are 

5 3 cm.
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Turn over

7. [Maximum mark: 6]

Consider P z m mz
m

z z( ) = − + −4
36 2 3 , where  z ∈   and  m ∈ + .

Given that  z - 3i  is a factor of  P (z) , find the roots of  P (z) = 0 .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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8. [Maximum mark: 7]

Part of the graph of a function,  f , is shown in the following diagram. The graph of  y = f (x)  
has a  y-intercept at  (0 , 3) , an  x-intercept at  (a , 0)  and a horizontal asymptote  y = -2 .

y

x

3

−2

a

(This question continues on the following page)
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Turn over

(Question 8 continued)

Consider the function  g (x) =  f (| x |).

(a) On the following grid, sketch the graph of  y = g (x) , labelling any axis intercepts and 
giving the equation of the asymptote. [4]

y

x

3

−2

a

(b) Find the possible values of  k  such that  (g (x))2 = k  has exactly two solutions. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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9. [Maximum mark: 7]

The function  f  is defined by f y r y( ) = −2 2  for  -r ≤ y ≤ r .

The region enclosed by the graph of  x = f ( y)  and the  y-axis is rotated by  360°  about 
the  y-axis to form a solid sphere. The sphere is drilled through along the  y-axis, creating a 
cylindrical hole. The resulting spherical ring has height,  h .

This information is shown in the following diagrams.

diagram not to scale

y

xh r

The spherical ring has a volume of  π  cubic units. Find the value of  h .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP12



– 13 – 2223 – 7106

Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 14]

Consider the arithmetic sequence  u1 , u2 , u3 , … .

The sum of the first  n  terms of this sequence is given by  Sn = n2 + 4n .

(a) (i)  Find the sum of the first five terms.

(ii) Given that  S6 = 60 , find  u6 . [4]

(b) Find  u1 . [2]

(c) Hence or otherwise, write an expression for  un  in terms of  n . [3]

Consider a geometric sequence,  vn , where  v2 = u1  and  v4 = u6 .

(d) Find the possible values of the common ratio,  r . [3]

(e) Given that  v99 < 0 , find  v5 . [2]

16EP13
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Do not write solutions on this page. 

11. [Maximum mark: 19]

Consider the following diagram, which shows the plan of part of a house.

diagram not to scale

A

B

C

6 m

m

α

3

4

A narrow passageway with width 
3

4
m is perpendicular to a room of width  6 m . There is 

a corner at point  C . Points  A  and  B  are variable points on the base of the walls such 
that  A ,  C  and  B  lie on a straight line.

Let  L  denote the length  AB  in metres.

Let  a  be the angle that  [AB]  makes with the room wall, where 0
2

< <α π
.

(a) Show that L = +
3

4
6secα αcosec . [2]

(b) (i)  Find 
d

d

L

a
.

(ii) When 
d

d

L

α
= 0 , show that  a = arctan 2 . [5]

(This question continues on the following page)
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Turn over

Do not write solutions on this page.

(Question 11 continued)

(c) (i)  Find 
d

d

2

2

L

a
.

(ii) When  a = arctan 2 , show that 
d

d

2

2

45

4
5

L

α
= . [7]

(d) (i)  Hence, justify that  L  is a minimum when  a = arctan 2 .

(ii) Determine this minimum value of  L . [3]

Two people need to carry a pole of length  11.25 m  from the passageway into the room. 
It must be carried horizontally.

(e) Determine whether this is possible, giving a reason for your answer. [2]
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Do not write solutions on this page. 

12. [Maximum mark: 21]

Two lines,  L1  and  L2 , intersect at point  P . Point  A (2t , 8 , 3) , where  t > 0 , lies on  L2 . This is 
shown in the following diagram.

diagram not to scale

A

P

L
2

L
1

The acute angle between the two lines is 
π
3

.

The direction vector of  L1  is 

1

1

0

















, and PA
→

=
+

















2

0

3

t

t

.

(a) Show that 4 10 12 182t t t= + + . [4]

(b) Find the value of  t . [4]

(c) Hence or otherwise, find the shortest distance from  A  to  L1 . [4]

A plane,  Π , contains  L1  and  L2 .

(d) Find a normal vector to  Π . [2]

The base of a right cone lies in  Π , centred at  A  such that  L1  is a tangent to its base. The 

volume of the cone is 90 3π  cubic units.

(e) Find the two possible positions of the vertex of the cone. [7]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 
correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an attempt
to use an appropriate method (e.g. substitution into a formula) and A1 for using the correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so if
the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note makes

this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this situation,
award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the question,
it is not appropriate to award any FT marks in the subsequent parts.  This includes when candidates
fail to complete a “show that” question correctly, and then in subsequent parts use their incorrect
answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy than
given in the question, this is NOT a misread and full marks may be scored in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9 and
1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets
immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all equivalent
notations/answers/methods will be presented in the markscheme and examiners are asked to apply
appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The markscheme 
will often explicitly include the subsequent values that come “from the use of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  An 

exception to this is simplifying fractions, where lowest form is not required (although the numerator 

and the denominator must be integers); for example, 
10

4
may be left in this form or written as 

5

2
. 

However, 
10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor do 

factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit note
from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates otherwise.
If the layout of the responses makes it difficult to judge, examiners should apply appropriate
discretion to judge which is “first”.
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Section A 

1. (a) recognizing ( ) 0f x = (M1) 

1x = −  A1 

[2 marks] 

(b) (i) 2x =  (must be an equation with x ) A1 

(ii)
7

2
y =  (must be an equation with y ) A1 

[2 marks] 

(c) EITHER

interchanging x and y (M1) 

2 4 7 7xy x y− = +

correct working with y terms on the same side: 2 7 4 7xy y x− = + (A1) 

OR 

2 4 7 7yx y x− = +  

correct working with x terms on the same side: 2 7 4 7yx x y− = +  (A1) 

interchanging x and y OR making x the subject 
4 7

2 7

y
x

y

+
=

−
(M1) 

THEN 

1 4 7
( )

2 7

x
f x

x
− +

=
−

  (or equivalent)  
7

2
x

 ≠ 
 

A1 

[3 marks] 

Total [7 marks] 



– 8 – M23/5/MATHX/HP1/ENG/TZ1/XX/M 

2. (a) (i) summing frequencies of riders or finding complement (M1) 

probability 
34

= 
40

A1 

(ii) attempt to find expected value (M1) 

16 13 2 3
2 3 4

40 40 40 40
     + × + × + ×     
     

( )60
1.5

40
= A1 

[4 marks] 

(b) evidence of their rides/visitor 1000×  or 10÷ (M1) 

1500 OR 0.15

150 (times) A1 

[2 marks] 

Total [6 marks] 



– 9 – M23/5/MATHX/HP1/ENG/TZ1/XX/M 

3. 21 2sin sinx x− = A1 

22sin sin 1 0x x+ − =

valid attempt to solve quadratic (M1) 

(2sin 1)(sin 1)x x− +  OR 
1 1 4(2)( 1)

2(2)

− ± − −

recognition to solve for sin x (M1) 

sin 1
1

sin
2

xx = −=  OR 

any correct solution from sin 1x = −  A1 

any correct solution from 
1

sin
2

x = A1 

Note:  The previous two marks may be awarded for degree or radian 
values, irrespective of domain. 

π 5π
, ,

2 6 6
x

π
= − A1 

Note:  If no working shown, award no marks for a final value(s). 

Award A0 for 
π 5π

, ,
2 6 6

π
− if additional values also given.

Total [6 marks] 
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4. recognition of quadratic in ex (M1) 

( ) ( )2
e 3e ln 0x x k− + =  OR ( )2 3 ln 0A A k− + =

recognizing discriminant ≥ 0 (seen anywhere) (M1) 

( )2
3 4(1)(ln )k− −  OR  9 4ln k− (A1) 

9
ln

4
k ≤      (A1)

9/4e (seen anywhere) A1 
9/40 ek< ≤ A1 

[6 marks] 
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5. (a)  recognition that period is 4m  OR substitution of a point on f ( except the origin) (M1) 

2π
4m

q
=  OR 1 sin qm=

2
m

q

π
= A1 

[2 marks] 

(b) horizontal scale factor is 
3

2
 (seen anywhere) (A1) 

Note: This (A1) may be earned by seeing a period of 6m , half period of 3m  or the
correct x-coordinate of the maximum/minimum point.

A1A1A1 

Note:  Curve must be an approximate sinusoidal shape (sine or cosine). 
Only in this case, award the following: 
A1 for correct amplitude. 
A1 for correct domain. 
A1 for correct max and min points and correct x-intercepts. 

[4 marks] 

Total [6 marks] 
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6. 21 π
sin

2 3
A x=  OR 21

sin 60
2

A x=   OR triangle height  
2

2 3

2 2

x
h x x

  = − =  
   

 (A1) 

21 3

2 2
x
 

=  
 

 OR 21 3 3

2 2 4
A x x x

   
= =   

   
A1 

Note: Award A1 for 
π 3

sin
3 2
= . This may be seen at a later stage. 

attempt to use chain rule or implicit differentiation (M1) 

d d d

d d d

A A x

t x t
= ×

d 3 d
2

d 4 d

A x
x

t t
= ×  OR 

d 1 π d
sin 2

d 2 3 d

A x
x

t t
= × × (A1) 

2 3
5 3 4

4
= × ×  

2 1d
30(cm s )

d

A

t
−= A1 

Note:   Award a maximum of (A1)A1(M1)(A0)A1 for a correct answer with 
incorrect derivative notation seen throughout. 

[5 marks] 
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7. METHOD 1

3i (is a root ) A1 

(other complex root is) 3i− A1 

Note:  Award A1A1 for ( )3i 0P =  and ( )3i 0P − =  seen in their working.

Award A1 for each correct root seen in sum or product of their roots. 

EITHER 

attempt to find ( )3i 0P =  or ( )3i 0P − = (M1) 

( ) ( )2 336
4 3 i 3i 3i 0m m

m
− + − =

( )36
4 3 i 9 27i 0m m

m
− − − + =

attempt to equate the real or imaginary parts (M1) 

27 3 0m− =   OR 
36

9 4m
m

× =

OR 

attempt to equate sum of three roots to 
36

m
(M1) 

Note:  Accept sum of three roots set to 
36

m
− .

Award M0 for stating sum of roots is 
36

m
± . 

36 36
3i 3i + = =r r

m m
 − ⇒ 
 

 

substitute their r into product of roots (M1) 

( )( ) 36
3i 3i 4m

m
 − = 
 

 OR ( )2 36
9z z

m
 + − 
 

36
9 4m

m
× =   OR

4 36

9

m

m
=

continued… 
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Question 7 continued 

OR 

attempt to equate product of three roots to 4m (M1) 

Note:  Accept product of three roots set to 4m− . 
Award M0 for stating product of roots is 4m± . 

( )( ) 4
3i 3i 4

9

m
r m r − × = ⇒ = 

 
 

substitute their r  into sum of roots (M1) 

4 36
3i 3i

9

m

m
− + = OR ( )2 4

9
9

m
z z + − 

 
 

4 36

9

m

m
=

THEN 

9m =  (A1) 

third root is 4 A1 

[6 marks] 
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Question 7 continued 

METHOD 2 

3i (is a root )  A1 

(other complex root is) 3i−  A1 

recognition that the other factor is ( 3i)z +  and attempt to write ( )P z  as product of three 
linear factors or as product of a quadratic and a linear factor (M1) 

( )( )( )( ) 3i 3iP z z z r z= − + −  OR ( )( ) 23i 3i 9z z z− + = + ( ) ( )2 4
9

9

m
P z z z

 ⇒ = + − 
 

 

Note:   Accept any attempt at long division of ( )P z  by 2 9z + . 

Award M0 for stating other factor is ( 3i)z +  or obtaining 2 9z +  
with no further working. 

attempt to compare their coefficients (M1) 

9 m− = −  OR 
4 36

9

m

m
=

9m =  (A1) 

third root is 4 A1 

Note:   Award a maximum of A0A0(M1)(M1)(A1)A1  for a final answer 

( )( )( )( ) 3i 3i 4P z z z z= − + −  seen or stating all three correct

factors with no evidence of roots throughout their working. 

[6 marks] 
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8. (a) attempt to reflect f  in the x OR y axis (M1) 

A1A1A1 

Note:  For a curve with an approximately correct shaped right-hand 
branch, award:  
A1 for correct asymptotic behaviour at 2y =  (either side) 
A1 for correctly reflected RHS of the graph in the y-axis with 
smooth maximum at (0, 3). 
A1 for labelled x-intercept at ( ,0)a−  and labelled asymptote 

at 2y =  with sharp points (cusps) at the x-intercepts. 

[4 marks] 

(b) 0k = A1 

4 9k≤ < A2 

Note:  If final answer incorrect, award A1 for critical values 4 and 9 seen 
anywhere. 
Exception to FT: 
Award a maximum of A0A2FT if their graph from (a) is not 
symmetric about the y-axis. 

[3 marks] 

Total [7 marks] 
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9. METHOD 1 (subtracting volumes)

radius of cylinder, R  is 
2

2

4

h
r −  OR 

2
2 2

4

h
R r= −  (seen anywhere) (A1) 

correct limits 0 and 
2

h
 OR

2

h
−  and

2

h
 (seen anywhere) (A1) 

EITHER 

volume of part sphere ( )2 2π dr y y= −∫
correct integration A1 

3
2

3

y
r y −

attempt to substitute their limits into their integrated expression (M1) 

2 3

2 24

r h h
−

recognition that the volume of the ring is ( )2 2 2π d πr y y R h− −∫  where R r≠ (M1) 

( )
2

2 2 2π d π
4

h
r y y r h

 
− − − 

 
∫  (or equivalent) 

correct equation (A1) 

2 3 3
2 π

2π π π
2 24 4

r h h h
r h

 
− − + = 

 
  OR  

3 3

1
4 12

h h
− =   (or equivalent)

OR 

recognition that the volume of the ring is ( )
2

2 2 2π d
4

h
r y r y

  
− − −  

  
∫  (or equivalent) (M1) 

correct integration A1 

2 3

4 3

h y
y −

attempt to substitute their limits into their integrated expression (M1) 

3 3

8 24

h h
−

correct equation (A1) 

3 3

2π π
8 24

h h 
− = 

 
  OR   

3 3

2 1
8 24

h h 
− = 

 
  (or equivalent) 

THEN 

3 6h = A1 

[7 marks] 

continued… 
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Question 9 continued 

METHOD 2 (volume of cylindrical hole) 

radius of cylinder, R  is 
2

2

4

h
r −  OR 

2
2 2

4

h
R r= −  (seen anywhere) (A1) 

correct limits 
2

h
 and r  (seen anywhere) (A1) 

volume of part sphere ( )2 2π dr y y= −∫
correct integration A1 

3
2

3

y
r y −

attempt to substitute their limits into their integrated expression (M1) 

3 2 32

3 2 24

r r h h
− +

recognition that the volume of the cylindrical hole is ( )2 2 2π d πr y y R h− +∫  where R r≠ (M1) 

( )
2

2 2 2 34π d π π π
4 3

h
r y y r h r

   − + − = −   
  

∫ (or equivalent) 

correct equation (A1) 

3 2 3 3
2 32 π 4

2π π π π
3 2 24 4 3

r r h h h
r h r

 
− + + − = − 

 
  OR  

3 3

1
12 4

h h
− = −   (or equivalent)

3 6h = A1 

[7 marks] 

continued… 
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Question 9 continued 

METHOD 3 (shells) 

radius of cylinder, R  is 
2

2

4

h
r −  OR 

2
2 2

4

h
R r= −  (seen anywhere) (A1) 

attempt to use shells method (M1) 

2 22π dx r x x−∫  

correct limits r and 
2

2

4

h
r −  (seen anywhere) (A1) 

correct integration A1 

( )
3

2 2 2
1

3
r x− −

attempt to substitute their limits into their integrated expression (M1) 

3
2 2

2 21
0

3 4

h
r r

 
   − − − −      

 

correct equation (A1) 

3
2 2

2 22π
2 0 π

3 4

h
r r

 
  −  × − − − =      

 

  OR  
32π

2 π
3 8

h 
× = 

 

3 6h = A1 

[7 marks] 
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Section B 

10. (a) (i) recognition that 5n = (M1) 

5 45S = A1 

(ii) METHOD 1

recognition that 5 6 6S u S+ = (M1) 

6 15u = A1 

METHOD 2 

recognition that ( )1 6

6
60

2
S u= + (M1) 

( )660 3 5 u= +

6 15u = A1 

METHOD 3 

substituting their 1u  and d  values into ( )1 1u n d+ − (M1) 

6 15u = A1 

[4 marks] 

(b) recognition that 1 1u S= (may be seen in (a))  OR  substituting their 6u into 6S (M1) 

OR equations for 5S  and 6S  in terms of 1u  and d

1 4+   OR  ( )1

6
60 15

2
u= +  

1 5u = A1 

[2 marks] 

continued… 
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Question 10 continued 

(c) EITHER

valid attempt to find d (may be seen in (a) or (b)) (M1) 

2d = (A1) 

OR

valid attempt to find 1n nS S −− (M1) 

( )2 24 2 1 4 4n n n n n+ − − + + − (A1) 

OR

equating ( )2 4 5
2 n

n
n n u+ = + (M1) 

2 8 5 nn u+ = +  (or equivalent) (A1) 

THEN 

5 2( 1)nu n= + −  OR 2 3nu n= +  A1 

[3 marks] 

(d) recognition that 2
2 4v r v=  OR ( )2

3 2 4v v v= × (M1) 

2 3r =  OR ( )3 5 3v = ± (A1) 

3r = ± A1 

Note:  If no working shown, award M1A1A0 for 3 . 

[3 marks] 

(e) recognition that r is negative (M1) 

5

45
15 3   

3
v

 = − = − 
 

 A1 

[2 marks] 

Total [14 marks] 
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11. (a) AC CBL = +

3 3
34 4cos AC AC sec

AC cos 4
α α

α

        = ⇒ = ⇒ = 
 
 

 A1 

6 6
sin CB CB 6cosec

CB sin
α α

α
 = ⇒ = ⇒ = 
 

 A1 

so 
3

sec 6cosec
4

L α α= +  AG 

[2 marks] 

(b) (i)
d 3

sec tan 6cosec cot
d 4

L α α α α
α
= −  A1 

(ii) attempt to write 
d

d

L

α
 in terms of sin ,cosα α  or tanα  (may be seen in (i)) (M1) 

2 2

3
sind 6cos4

d cos sin

L α α
α α α
= − OR

3

2

3 3
tan tan 6d 64 4

d cos sin tan cos tan

L α α

α α α α α α

 − 
= − = 

 
 

3 3d 3
0 sin 6cos 0

d 4

L α α
α
= ⇒ − =  OR 33

tan 6 0
4

α − =  (or equivalent) (A1) 

3tan 8α =  A1 

tan 2α =  A1 

arctan 2α =  AG 

[5 marks] 

continued… 
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Question 11 continued 

(c) (i) attempt to use product rule (at least once) (M1) 

2
2

2

d 3 3
sec tan tan sec sec

d 4 4

L α α α α α
α

= +  

26cosec cot cot 6cosec cosecα α α α α+ +  (or equivalent) A1A1 

Note:  Award A1 for 23 3
sec tan tan sec sec

4 4
α α α α α+  and A1 for 

26cosec cot cot 6cosec cosecα α α α α+ + . Allow unsimplified correct
answer.

2
2 3 2 3

2

d 3 3
sec tan sec 6cosec cot 6cosec

d 4 4

L α α α α α α
α

 
= + + + 

 
 

(ii) attempt to find a ratio other than tanα  using an appropriate trigonometric
identity OR a right triangle with at least two side lengths seen (M1) 

Note:  Award M0 for arctan 2α =  substituted into their 
2

2

d

d

L

α
 with no 

further progress. 

one correct ratio (A1) 

sec 5α =  OR 
5

cosec
2

α =  OR 
1

cot
2

α =  OR 
1

cos
5

α =  OR 
2

sin
5

α =

Note: M1A1 may be seen in part (d). 

( )( ) ( )
32

3
23 3 5 1 5

5 2 5 6 6
4 4 2 2 2

    + + +    
    

 (or equivalent) A2 

12 5 15 5 3 5 15 5

4 4 4 4
+ + +

Note: Award A1 for only two or three correct terms. 
Award a maximum of (M1)(A1)A1 on FT from c(i). 

2

2

d 45
5

d 4

L

α
= AG 

[7 marks] 

continued… 
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Question 11 continued 

 (d) (i)
2

2

d
0

d

L

α
>  OR concave up (or equivalent) R1 

(and 
d

0
d

L

α
= , when arctan 2α = , hence L is a minimum) 

(ii) ( ) ( )min

3 5
5 6

4 2
L

 
= +  

 
(A1) 

15 5

4
= A1 

[3 marks] 

(e) ( ) 15 9 15 5
11.25

4 4
= > (or equivalent comparative reasoning)  R1 

the pole cannot be carried (horizontally from the passageway into the room) A1 

Note: Do not award R0A1. 

[2 marks] 

Total [19 marks] 
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12. (a) 2 1 0 0 (3 ) ( 2 )t t t+ × + × + =  (seen anywhere) (A1) 

one correct magnitude 2 2 2 2 21 1 0 , (2 ) (3 )t t+ + + +  (A1) 

correct substitution of their magnitudes and scalar product M1 

2 22 2 (2 ) (3 ) cos
3

t t t
π

= × + + ×  OR   
2

2
cos

3 2 5 6 9

t

t t

π
=

× + +

( )2 24 2 4 9 6t t t t= + + +  OR
( )2

1 2

2 2 5 6 9

t

t t
=

+ +
 (or equivalent) A1

24 10 12 18t t t= + + AG 

[4 marks] 

(b) correct quadratic equation A1 
2 216 10 12 18t t t= + + , 26 12 18 0t t− − =  , 2 2 3 0t t− − =

valid attempt to solve their quadratic set =0 (M1) 

( 1)( 3)t t+ −  OR  
212 ( 12) 4 6 ( 18)

12

± − − × × −
  OR  2( 1) 4t − −  (A1) 

3t =  A1 

Note: Award A0 if additional answer(s) given. 

[4 marks] 

continued… 
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Question 12 continued 

(c) METHOD 1

recognizing shortest distance from A is perpendicular to 1L (M1) 

sin
3 PA

x
→

π
=OR  

( )2 2PA 6 6 72,  6 2
→

= + =   (seen anywhere) (A1) 

3

2 72

x
= (A1) 

( )216
     54  , 3 6

2
x = =

shortest distance is ( )216
54 , 3 6

2
= A1 

[4 marks] 

continued… 
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Question 12 continued 

METHOD 2 

recognition that the distance required is 
PA
→

×v

v
(M1) 

1 6
1

1 0
2

0 6

   
   = ×   
   
   

(A1) 

6
1

6
2

6

 
 = − 
 − 

(A1) 

shortest distance is ( )54 3 6= A1 

[4 marks] 

continued… 
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Question 12 continued 

METHOD 3 

recognition that the base of the triangle is 
PA
→

⋅v

v
(M1) 

1 6
1

1 0
2

0 6

   
   ⋅   
   
   

( )6
3 2

2
= =  OR (A1) 

( )2 2PA 6 6 72,  6 2
→

= + =   (seen anywhere) (A1) 

Note: The value of 2 2PA 6 6
→

= + may be seen as part of the working

of their shortest distance, ( ) ( )
2

2 2
2PA 72 3 2d b

→

= − = −

shortest distance is ( )54 3 6= A1 

[4 marks] 

continued… 
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Question 12 continued 

METHOD 4 

Let B be a general point on 1L  ( ),8 , 3λ λ+ −  such that AB is perpendicular to 1L

attempt to find vector AB
→

 OR AB
→

 (the shortest distance from A to 1L ) (M1) 

1 0 1 6 1

AB OB OA OP + 1 OA 8 + 1 8 AP 1

0 3 0 3 0

λ λ λ
→ → → → → →

          
          = − = − = − = +          

          −          

  (λ∈ ) 

6 1

AB 0 1

6 0

λ
→

−   
   = +   
   −   

  OR ( ) ( )2 22AB 6 (8 8) 3 3λ λ
→

= − + + − + − − A1 

( ) ( ) ( )2 22 2AB 6 6 2 12 72λ λ λ λ
→

= − + + − = − +

EITHER 

2d
AB 0 4 12 0 3

d
λ λ

λ

→ 
= ⇒ − = ⇒ =  

 
 A1 

OR 

( )2
AB 2 3 54λ
→

= − +  to obtain 3λ = A1 

OR 

6 1

1 0 6 0 3

6 0

λ
λ λ λ λ

− +   
   ⋅ = ⇒ − + + = ⇒ =   
   −   

 A1 

THEN 

shortest distance is ( )54 3 6= A1 

[4 marks] 

continued… 
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Question 12 continued 

(d) attempt to find the vector product of two direction vectors (M1) 

1 6

1 0

0 6

   
   ×   
   
   

 

1

1

1

 
 = − 
 − 

n  (or any scalar multiple of this) (accept 1, 1, 1=< − − >n  or equivalent) A1 

Note: Award A0 for a final answer given in coordinate form. 

[2 marks] 

continued… 
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Question 12 continued 

(e) substituting their x  into volume formula and equating (M1) 

( )21 π 3 6 90 3π
3

h =  

5 3h =  (seen anywhere) A1 

recognition that the position vector of vertex is given by OA µ
→

+ n  OR ˆOA h
→

+ ×n (M1) 

6 1

8 1

3 1

µ
   
   + −   
   −   

OR  ( )6 ,8 ,3µ µ µ+ − −  

EITHER 

recognition that hµ =n  (where µ  is a parameter) (M1) 

5 3µ =n  OR ( ) ( )2 22 5 3µ µ µ+ − + − =  OR 23 75µ =  ( )3 5 3µ⇒ =

5µ = ±   (accept 5µ = ) (A1) 

OR 

attempt to find cone’s height vector ˆh×n   (M1) 

1
1

ˆ 1
3

1

 
 = − 
 − 

n  (A1) 

1
1

5 3 1
3

1

 
 × − 
 − 

THEN 

6 1

8 5 1

3 1

   
   = ± −   
   −   

6 5

8 5

3 5

    
    = ± −    

    −    

 

vertex = ( )11,3, 2−  and ( )1,13,8  (accept position vectors) A1A1 

Note:  Award a maximum of (M0)A0(M1)(M1)(A1)A1A1FT  for 
39 17 3

, ,
4 4 4

 − 
 

 and 
9 47 27

, ,
4 4 4

 
 
 

 obtained using PAx
→

=  from 

part (c). 

[7 marks] 

Total [21 marks] 
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Mathematics: analysis and approaches
Higher level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y You are not permitted access to any calculator for this paper.
 y Section A:  answer all questions. Answers must be written within the answer boxes provided.
 y Section B:  answer all questions in the answer booklet provided. Fill in your session number on 

the front of the answer booklet, and attach it to this examination paper and your cover 
sheet using the tag provided.

 y Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures.

 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

 y The maximum mark for this examination paper is [110 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  4 cm .

diagram not to scale

P

Q

RO 4
θ

The points  P ,  Q  and  R  lie on the circumference of the circle and  PÔR = θ , where  θ  is 
measured in radians.

The length of arc  PQR  is  10 cm .

(a) Find the perimeter of the shaded sector. [2]

(b) Find  θ . [2]

(c) Find the area of the shaded sector. [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)
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2. [Maximum mark: 5]

A function  f  is defined by f x
x

( ) = −
−

1
1

2
, where  x ∈  ,  x ≠ 2 .

(a) The graph of  y = f (x)  has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i) the vertical asymptote;

(ii) the horizontal asymptote. [2]

(b) Find the coordinates of the point where the graph of  y = f (x)  intersects

(i) the  y-axis;

(ii) the  x-axis. [2]
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(This question continues on the following page)
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Turn over

(Question 2 continued)

(c) On the following set of axes, sketch the graph of  y = f (x) , showing all the features 
found in parts (a) and (b). [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0

16EP05



– 6 – 2223 – 7111

3. [Maximum mark: 5]

Events  A  and  B  are such that  P (A) = 0.4 ,  P (A | B) = 0.25  and  P (A ∪ B) = 0.55 .

Find  P (B) .
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Turn over

4. [Maximum mark: 6]

The following diagram shows part of the graph of y
x

x
=

+2 2
 for  x ≥ 0 .

y

x

R

c

The shaded region  R  is bounded by the curve, the  x-axis and the line  x = c .

The area of  R  is  ln 3 .

Find the value of  c .
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5. [Maximum mark: 7]

The functions  f  and  g  are defined for  x ∈   by

 f (x) = ax + b , where  a ,  b ∈  

g (x) = x2 + x + 3 .

Find the two possible functions  f  such that  (g  f ) (x) = 4x2 - 14x + 15 .
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Turn over

6. [Maximum mark: 5]

A continuous random variable  X  has probability density function  f  defined by

f x a
a x a( ) = ≤ ≤






1

2
3

0

,

, otherwise

where  a  is a positive real number.

(a) State  E (X )  in terms of  a . [1]

(b) Use integration to find  Var (X )  in terms of  a . [4]
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7. [Maximum mark: 7]

Use mathematical induction to prove that 
r

r nr

n

+( )
= −

+( )=
∑ 1

1
1

11 ! !
 for all integers  n ≥ 1 .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over

8. [Maximum mark: 7]

The functions  f  and  g  are defined by

 f (x) = cos x , 0
2

≤ ≤x
π

 g (x) = tan x , 0
2

≤ <x
π

.

The curves  y = f (x)  and  y = g (x)  intersect at a point  P  whose  x-coordinate is  k ,  

where 0
2

< <k
π

.

(a) Show that  cos2 k = sin k . [1]

(b) Hence, show that the tangent to the curve  y = f (x)  at  P  and the tangent to the 
curve  y = g (x)  at  P  intersect at right angles. [3]

(c) Find the value of  sin k . Give your answer in the form 
a b

c

+
 , where  a ,  c ∈   

and  b ∈ + . [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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9. [Maximum mark: 9]

The following diagram shows parallelogram  OABC  with OA
→

= a , OC
→

= c  and  | c | = 2 | a | , 
where  | a | ≠ 0 .

A M B

O C
θ

The angle between OA
→

 and OC
→

 is  θ , where  0 < θ < π .

Point  M  is on  [AB]  such that AM AB
→ →

= k , where  0 ≤ k ≤ 1  and OM
→

MC
→

= 0 .

(a) Express OM
→

 and MC
→

 in terms of  a  and  c . [2]

(b) Hence, use a vector method to show that  | a |2  (1 - 2k) (2 cos θ - (1 - 2k)) = 0 . [3]

(c) Find the range of values for  θ  such that there are two possible positions for  M . [4]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Turn over

Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 14]

A circle with equation  x2 + y2 = 9  has centre (0 , 0) and radius  3 .

A triangle,  PQR , is inscribed in the circle with its vertices at  P (-3 , 0) ,  Q (x , y)  and  R (x , -y) , 
where  Q  and  R  are variable points in the first and fourth quadrants respectively. This is 
shown in the following diagram.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) For point  Q , show that y x= −9 2
. [1]

(b) Hence, find an expression for  A , the area of triangle  PQR , in terms of  x . [3]

(c) Show that 
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) Hence or otherwise, find the  y-coordinate of  R  such that  A  is a maximum. [6]

16EP13
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Do not write solutions on this page.

11. [Maximum mark: 22]

Consider the complex number u = − +1 3i .

(a) By finding the modulus and argument of  u , show that u = 2
2
3e

i
π

. [3]

(b) (i)  Find the smallest positive integer  n  such that  un  is a real number.

(ii) Find the value of  un  when  n  takes the value found in part (b)(i). [5]

(c) Consider the equation  z3 + 5z2 + 10z + 12 = 0 , where  z ∈  .

(i) Given that  u  is a root of  z3 + 5z2 + 10z + 12 = 0 , find the other roots.

(ii) By using a suitable transformation from  z  to  w , or otherwise, find the roots of the 
equation  1 + 5w + 10w2 + 12w3 = 0 , where  w ∈  . [9]

(d) Consider the equation  z2 = 2z* , where  z ∈  ,  z ≠ 0 .

By expressing  z  in the form  a + bi , find the roots of the equation. [5]

16EP14



– 15 – 2223 – 7111

Do not write solutions on this page.

12. [Maximum mark: 17]

(a) By using an appropriate substitution, show that cos sin cosx x x x x C d = + +∫ 2 2 . [6]

The following diagram shows part of the curve  y = cos cosy x=  for  x ≥ 0 .

y

x

R
1

x
1

x
2

x
3

x
4

R
2

R
3

O

The curve intersects the  x-axis at  x1 ,  x2 ,  x3 ,  x4 , … .

The  nth   x-intercept of the curve,  xn , is given by x
n

n =
−( )2 1

4

2 2π
, where  n ∈ + .

(b) Write down a similar expression for  xn+1 . [1]

The regions bounded by the curve and the  x-axis are denoted by  R1 ,  R2 ,  R3 , … , as shown 
on the above diagram.

(c) Calculate the area of region  Rn .

Give your answer in the form  k n π , where  k ∈ + . [7]

(d) Hence, show that the areas of the regions bounded by the curve and the  x-axis,
R1 ,  R2 ,  R3 , … , form an arithmetic sequence. [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.



– 5 – M23/5/MATHX/HP1/ENG/TZ2/XX/M 

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A 
1. (a) attempts to find perimeter (M1) 

arc+2 radius×  OR 10 4 4+ +

18 (cm)=  A1 

[2 marks] 

(b) 10 4θ= (A1) 

10

4
θ =  

5
, 2.5

2
 = 
 

A1 

[2 marks] 

(c) area ( ) ( )21 10
4  1.25 16

2 4
 = = × 
 

(A1) 

220  (cm )= A1 

[2 marks] 

Total [6 marks] 
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2. (a) (i) 2x = A1 

(ii) 1y = A1 

[2 marks] 

(b) (i)
3

0,
2

 
 
 

  A1 

(ii) ( )3,0 A1 

[2 marks] 

continued… 
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Question 2 continued 

(c) 

two correct branches with correct asymptotic behaviour and intercepts clearly shown A1 

[1 mark] 

Total [5 marks] 
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3. substitutes into ( ) ( ) ( ) ( )P P P PA B A B A B∪ = + − ∩  to form

( ) ( )0.55 0.4 P PB A B= + − ∩   (or equivalent) (A1) 

substitutes into ( ) ( )
( )

P
P |

P

A B
A B

B

∩
= to form 

( )
( )

P
0.25

P

A B

B

∩
=   (or equivalent) (A1) 

attempts to combine their two probability equations to form an equation in ( )P B (M1) 

Note: The above two A marks are awarded independently. 

correct equation in ( )P B  A1 

( ) ( )0.55 0.4 P 0.25P  B B= + − OR  
( )

( )
P 0.15 

0.25
P

B

B

−
=  OR  ( ) ( )P 0.15 0.25PB B− =  

(or equivalent) 

( ) 15 1
P  0.2

75 5
B  = = = 

 
A1 

Total [5 marks] 



– 11 – M23/5/MATHX/HP1/ENG/TZ2/XX/M 

4. 2
0

d
2

c x
A x

x
=

+∫

EITHER 

attempts to integrate by inspection or substitution using 2 2u x= +  or 2u x= (M1) 

Note: If candidate simply states 2 2u x= +  or 2u x= , but does not attempt to 
integrate, do not award the (M1) . 

Note: If candidate does not explicitly state the u-substitution, award the (M1) only 
for expressions of the form lnk u  or ( )ln 2k u + . 

2 2

2

1
ln

2

c

u
+

 
  

 OR  ( )
2

0

1
ln 2

2

c

u +  
  OR ( )2

0

1
ln 2

2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

OR 

attempts to integrate by inspection (M1) 

Note: Award the (M1) only for expressions of the form ( )2ln 2k x + .

( )2

0

1
ln 2

2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

THEN 

correctly substitutes their limits into their integrated expression (M1) 

( )( ) ( )21
ln 2 ln 2 ln3

2
c + − =  OR ( ) ( )21 1

ln 2 ln 2 ln3
2 2

c + − =

continued… 
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Question 4 continued 

correctly applies at least one log law to their expression (M1) 

( )
21 2

ln ln3
2 2

c +
= 

 
 OR  ( )2ln 2 ln 2 ln3c + − =   OR  

2 2
ln ln9

2

c +
= 

 
 

OR  ( )2ln 2 ln 2 ln 9c + − =   OR  ( )
2 2

ln ln3
2

c +
=  OR  ( )

2 2
ln ln3

2

c +
=

Note: Condone the absence of ln3  up to this stage. 

2 2
9

2

c +
=   OR 

2 2
3

2

c +
=  A1 

2 16c =

4c =  A1 

Note: Award A0 for 4c = ±  as a final answer. 

Total [6 marks] 
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5. attempts to form ( )( )g f x (M1) 

[ ]2
( ) ( ) 3f x f x+ +   OR  ( )2

3ax b ax b+ + + +  

( )2 2 2 22 3 4 14 15a x abx b ax b x x+ + + + + = − + (A1) 

equates their corresponding terms to form at least one equation (M1) 

2 2 24a x x=   OR  2 4a =   OR  2 14abx ax x+ = −   OR  2 14ab a+ = −  OR 
2 3 15b b+ + =  

2a = ±  (seen anywhere) A1 

attempt to use 2 14ab a+ = −  to pair the correct values (seen anywhere) (M1) 

( ) 2 4f x x= − (accept 2a =  with 4b = − ), ( ) 2 3f x x= − +  (accept 2a = −  with 3b = ) A1A1 

[7 marks] 
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6. (a) ( )E 2X a=  (by symmetry) A1 

[1 mark] 

(b) METHOD 1

uses ( ) ( ) ( ) 22Var E EX X X= −    (M1) 

( ) ( )
3 2

2
Var d 2

2

a

a

x
X x a

a
= −∫

( )
33

2
2

6

a

a

x
a

a

 
= − 
 

A1 

( )
2

213
2

3

a
a= − (A1) 

2

3

a
= A1 

Note:  Award as above if ( )2E X  and ( ) 2
E X    are calculated separately

leading to ( )
2

Var
3

a
X = . Award (M1)A0A0A0 for ( )

213
Var

3

a
X = . 

continued… 
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Question 6 continued 

METHOD 2 

uses ( ) ( )( )2
Var E EX X X= − (M1) 

( ) ( )23 2
Var d

2

a

a

x a
X x

a

−
= ∫  

( )
33

2

6

a

a

x a

a

 −
=  
  

A1 

( )3 3

6

a a

a

− −
=  or equivalent (A1) 

2

3

a
= A1 

[4 marks] 

Total [5 marks] 
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7. let ( )P n  be the proposition that 
( ) ( )1

1
1

1 ! 1 !

n

r

r

r n=

= −
+ +∑  for all integers, 1n ≥  

considering ( )P 1 : 

1
LHS

2
=  and 

1
RHS

2
=  and so P(1)  is true R1 

assume ( )P k  is true ie, 
( ) ( )1

1
1

1 ! 1 !

k

r

r

r k=

= −
+ +∑ M1 

Note: Do not award M1 for statements such as “let n k= ” or “ n k=  is true”. 
Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

considering ( )P 1k + : 

( ) ( ) ( )( )
1

1 1

1

1 ! 1 ! 1 1 !

k k

r r

r r k

r r k

+

= =

+
= +

+ + + +∑ ∑ (M1) 

( ) ( )
1 1

1
1 ! 2 !

k

k k

+
= − +

+ +
A1 

( ) ( )
( )
2 1

1
2 !

k k

k

+ − +
= −

+
A1 

( ) ( )( )
1 1

1 1
2 ! 1 1 !k k

 
= − = −  + + + 

A1 

( )P 1k +  is true whenever ( )P k  is true and ( )P 1  is true, so ( )P n  is true 

(for all integers, 1n ≥ ) R1 

Note: To obtain the final R1, any four of the previous marks must have been 
awarded. 

[7 marks] 
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8. (a) 
sin

cos
cos

k
k

k
= A1 

2cos sink k= AG 

[1 mark] 

(b) ( ) sinf k k′ = −  and ( ) 2secg k k′ = A1 

Note: Award A1 for ( ) sinf x x′ = −  and ( ) 2secg x x′ = .

EITHER 

( ) ( ) 2

sin

cos

k
f k g k

k
′ ′ = − M1 

( ) ( )2 sin
cos sin 1

sin

k
k k f k g k

k
 ′ ′= ⇒ = − = − 
 

 R1 

OR 

( ) 2

1

cos
g k

k
′ = M1 

2cos sink k= ⇒ ( ) ( )
1 1

sin
g k

k f k
′ = = −

′
R1 

Note: Accept showing that ( ) 1

( )
f k

g k
′ = −

′
. 

Note: Allow’backwards methods’ such as starting with ( ) 1

( )
f k

g k
′ = −

′
 leading to 

2cos sink k=

THEN 

⇒ the two tangents intersect at right angles at P AG 

Note: To obtain the final R1, all of the previous marks must have been awarded. 

[3 marks] 

continued… 
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Question 8 continued 

(c) 21 sin sink k− =  (from part (a)) A1 

2sin sin 1 0k k+ − =

attempts to solve for sin k (M1) 

( )( )21 1 4 1 1
sin

2
k

− ± − −
=

(for 
π

0
2

k< < , sin 0k > ) 
1 5

sin
2

k
− +

⇒ = A1 

( )1, 5, 2a b c= − = =  

Note: Award A0 if more than one solution is given 

[3 marks] 

Total [7 marks] 
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9. (a) OM k
→

= +a c A1 

( )MC 1 k
→

= − −c a A1 

[2 marks] 

(b) attempts to expand their dot product ( ) ( )( )OM MC 1k k
→ →

= + − − a c c a M1 

( )( ) ( )2 2
1 2 1k k k= − − + −a c a c  (or equivalent) 

uses 
2

2  and 2 cosθ= =c a a c a  M1 

( ) ( )2 2 2
2 1 2 cos 4 1k k kθ= − − + −a a a

( ) ( )2 22
2 1 2 cos 1 2k kθ= − − −a a A1 

( ) ( )( )2
1 2 2cos 1 2 0k kθ− − − =a AG 

[3 marks] 

(c) attempts to solve ( ) ( )( )2
1 2 2cos 1 2 0k kθ− − − =a  for k (M1) 

1

2
k =  or 

1
cos

2
k θ= −  ( )2

0>a

Note: Award (M1) for their ‘ k = ’ or their ‘ cosθ = ’. For example, 
1 2

cos
2

kθ −
=  or 

equivalent. 

as 0 1k≤ ≤ , 
1

0 cos 1
2

θ≤ − ≤

1 1
cos

2 2
θ− ≤ ≤ A1 

π 2π
3 3

θ≤ ≤ , 
π
2

θ ≠ A1A1 

(
π
2

θ =  corresponds to only one possible position for M when 
1

2
k = ) 

[4 marks] 

Total [9 marks] 
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Section B 

10. (a) 2 29y x= −  OR 29y x= ± − A1 

(since 0y > ) 29y x⇒ = − AG 

[1 mark] 

(b) ( )22  2 9b y x= = −  or 3h x= + (A1) 

attempts to substitute their base expression and height expression into 
1

2
A bh= (M1) 

29 ( 3)A x x= − +   (or equivalent) 
( ) 2

2 22 3 9
9 3 9

2

x x
x x x

 + −
 = = − + −
 
 

A1 

[3 marks] 

(c) METHOD 1

attempts to use the product rule to find
d

d

A

x
(M1) 

attempts to use the chain rule to find 2d
9

d
x

x
− (M1) 

( ) ( )
1 2

2 2 22

2

d 1 3
9 3 9 ( 2 ) 9

d 2 9

A x x
x x x x x

x x

−  +   = − + + − − = − −    
    − 

A1 

( )2 22 2

2 2 2

9 3d 9 3

d 9 9 9

x x xA x x x

x x x x

 − − +− +   = − =     − − − 
A1 

2

2

d 9 3 2

d 9

A x x

x x

− −
=

−
AG 

continued… 
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Question 10 continued 

METHOD 2 

d d d

d d d

A A y

x y x
= ×

attempts to find 
d

d

A

y
where ( )3A y x= +  and 

d

d

y

x
 where 2 29y x= − (M1) 

d d
3

d d

A x
y x

y y
= + +  and

d

d

y x

x y
= −  (or equivalent) A1 

substitutes their 
d

d

A

y
 and their 

d

d

y

x
 into 

d d d

d d d

A A y

x y x
= × (M1) 

d
3

d

A y x
y x

x x y

   = − + + −       
 (or equivalent) 

2 2

2

9 3

9

x x x

x

− − −
=

−
 (or equivalent) A1 

2

2

d 9 3 2

d 9

A x x

x x

− −
=

−
AG 

[4 marks] 

continued… 
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Question 10 continued 

(d) 
2

2

d 9 3 2
0 0

d 9

A x x

x x

 − −
= = 

− 
 (M1) 

attempts to solve 29 3 2 0x x− − =  (or equivalent) (M1) 

( )(2 3)( 3) 0x x− − + =   OR 
23 ( 3) 4( 2)(9)

2( 2)
x

± − − −
=

−
(or equivalent) (A1) 

3

2
x = A1 

Note: Award the above A1 if 3x = −  is also given. 

substitutes their value of x  into either 29y x= −  or 29y x= − − (M1) 

Note:  Do not award the above (M1) if 0x ≤ . 

2
3

9
2

y  = − −  
 

27 3 3 27
, , 6.75

2 2 4

 
= − = − = − = −  

 
A1 

[6 marks] 

Total [14 marks] 
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11. (a) METHOD 1

( ) ( ) ( )22
1 3 1 3u = − + = + A1 

2=  AG 

reference angle
π
3

=  OR ( )1arg π tan 3u −= −  OR ( )1arg π tan 3u −= + − M1

π
=π

3
− A1 

Note: Award the above M1A1 for a labelled diagram that convincingly shows that 
2π

arg
3

u = .

2π
3

=  and so 
2π

i
32eu = AG 

[3 marks] 

METHOD 2 

reference angle
π
3

=  OR ( )1arg π tan 3u −= −  OR ( )1arg π tan 3u −= + − M1

π
=π

3
− A1 

Note: Award the above M1A1 for a labelled diagram that convincingly shows that 
2π

arg
3

u = .

2π
3

= AG 

2π 2π
cos isin 1 3i

3 3
r  + = − + 
 

1 1
2π 1

cos
3 2

r
− −

= =
−

 OR 
3 3
2π 3sin
3 2

r = = A1 

2=  and so 
2π

i
32eu = AG 

[3 marks] 

continued… 
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Question 11 continued 

(b) (i)
2 π π

3
n n

u k∈ ⇒ =  ( )k∈ (M1)(A1) 

Note: Award M1 for noting that 
2 π

sin 0
3

n
=  from

2 π 2 π
2 cos isin

3 3
n n n n

u  = + 
 

. 

Award (A1) for a multiple of 3 considered. 

3n =  A1 

(ii) substitutes their value (must be a multiple of 3 ) for n  into nu (M1) 

3 32 cos2πu =

8= A1 

[5 marks] 

continued… 
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Question 11 continued 

(c) (i) 1 3i− −  is a root (by the conjugate root theorem) A1 

Note: Accept 
2π

i
32e

−
. 

let z c=  be the real root 

EITHER 

uses sum of roots (equated to 5± ) (M1) 

( ) ( )( )1 3i 1 3i 5c− + + − − + = − (A1) 

2 5c− + = − (A1) 

OR 

uses product of roots (equated to 12± ) (M1) 

( )( )1 3i 1 3i 12c− + − − = − (A1) 

4 12c = − (A1) 

OR 

( )( ) ( )( ) 21 3i 1 3i 2 4z z z z− − + − − − = + + (A1) 

compares coefficients eg (M1) 

( )( )2 3 22 4 5 10 12z c z z z z z− + + = + + +

4 12c− = (A1) 

THEN 

3c = −  (and so 3z = −  is a root) A1 

continued… 
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Question 11 continued 

(ii) METHOD 1

compares 3 25 10 12 0z z z+ + + =  and 2 31 5 10 12 0w w w+ + + =

1 1
z w

w z
= ⇒ = A2 

1 1 1 3i
,

3 41 3i
w

 − ±
= − = 

− ±  
A1A1 

METHOD 2 

attempts to factorize into a product of a linear factor and a quadratic factor (M1) 

( )( )2 3 21 5 10 12 3 1 4 2 1w w w w w w+ + + = + + + A1 

1 1 1 3i
,

3 41 3i
w

 − ±
= − = 

− ±  
A1A1 

[9 marks] 

(d) ( ) ( )2
i 2 ia b a b+ = − A1 

attempts to expand and equate real and imaginary parts: M1 

2 2 2 i 2 2 ia b ab a b− + = −  

2 2 2a b a− =  and 2 2ab b= −  

attempts to find the value of a  or b  M1 

( )2 1 0b a + =  

20 2 2b a a a= ⇒ = ⇒ =  (real root) A1 

21 1 2 3a b b= − ⇒ − = − ⇒ = ±  (complex roots 1 3i− ± ) A1 

[5 marks] 

Total [22 marks] 
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12. (a) let t x= M1 

2 2  d dt x t t x= ⇒ =  (or equivalent) A1 

so cos  d 2 cos  dx x t t t=∫ ∫ A1 

attempts integration by parts (M1) 

2u t= , d cos  dv t t= , d 2 du t= , sinv t=

2 cos  d 2 sin 2 sin  dt t t t t t t= −∫ ∫ (A1) 

2 sin 2cost t t C= + +  A1 

substitution of t x=  cos  d 2 sin 2cosx x x x x C⇒ = + +∫ AG 

[6 marks] 

(b) 
( )( )2 2

1

2 1 1 π
4n

n
x +

+ −
= ( )2 22 1 π

4

n +
=  
 

A1 

[1 mark] 

continued… 
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Question 12 continued 

(c) area of nR  is 
1

cos  d
n

n

x

x

x x
+

∫ (M1) 

Note: Modulus may be seen at a later stage. 

( )

( )2 2

2 2

2 1 π
4

2 1 π
4

2 sin 2cos
n

n
x x x

+

−
 = +  A1 

Note: Condone C+  at this stage. 

attempts to substitute their limits into their integrated expression (M1) 

( ) ( ) ( ) ( ) ( ) ( )2 1 π 2 1 π 2 1 π 2 1 π 2 1 π 2 1 π
sin cos sin cos

2 2 2 2 2 2 2

n n n n n n+ + + − − − 
× + − × + =  

A1 

( ) ( ) ( ) ( )12 1 π 2 1 π
2 1 1

2 2
n nn n++ − 

= − − − 
 

( or equivalent ) A1 

( ) ( ) ( ) ( )2 1 π 2 1 π
2 1 1

2 2
n nn n+ −

= − + − A1 

( ) 4 π
2 1

2
n n

= −

4 πn= A1 

Note: Award a maximum of (M1)A1M1A1A1A0A0 for only attempting to 

calculate 
1

cos  d
n

n

x

x

x x
+

∫ , and not applying the modulus. 

[7 marks] 

continued… 
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Question 12 continued 

(d) EITHER

attempts to find ( ) 1n nd R R+= − M1 

( ) ( )4 1 π 4 πd n n= + −

4π=   A1 

Note: Award M0 for consideration of special cases for example 3R  and 2R . 

Accept πd k= . 

which is a constant (common difference is 4π ) R1 

OR 

an arithmetic sequence is of the form ( )1 n nu dn c u dn u d= + = + − M1 

attempts to compare ( )1 n nu dn c u dn u d= + = + −  and 4 πnR n= M1 

4πd =  and ( )10 0c u d= − = A1 

Note: Accept πd k= . 

THEN 

so the areas of the regions form an arithmetic sequence AG 

[3 marks] 

Total [17 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, 
pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 6]

Le diagramme suivant montre un cercle de centre  O  et dont le rayon mesure  4 cm .

la figure n’est pas à l’échelle

P

Q

RO 4
θ

Les points  P ,  Q  et  R  sont situés sur la circonférence du cercle et  PÔR = θ , où  θ  est 
mesuré en radians.

La longueur de l’arc  PQR  est de  10 cm .

(a) Trouvez le périmètre du secteur ombragé. [2]

(b) Trouvez  θ . [2]

(c) Trouvez l’aire du secteur ombragé. [2]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)
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2. [Note maximale : 5]

Une fonction  f  est définie par f x
x

( ) = −
−

1
1

2
, où  x ∈  ,  x ≠ 2 .

(a) La représentation graphique de  y = f (x)  a une asymptote verticale et une asymptote 
horizontale.

Écrivez l’équation de

(i) l’asymptote verticale ;

(ii) l’asymptote horizontale. [2]

(b) Trouvez les coordonnées du point où la représentation graphique de  y = f (x)  croise

(i) l’axe des ordonnées ;

(ii) l’axe des abscisses. [2]
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(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 2)

(c) Sur le système d’axes suivant, esquissez la représentation graphique de  y = f (x) , en 
montrant toutes les caractéristiques trouvées dans les parties (a) et (b). [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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3. [Note maximale : 5]

Les événements  A  et  B  sont tels que  P (A) = 0,4 ,  P (A | B) = 0,25  et  P (A ∪ B) = 0,55 .

Trouvez  P (B) .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Tournez la page

4. [Note maximale : 6]

Le diagramme suivant montre une partie de la représentation graphique de y
x

x
=

+2 2
 pour  x ≥ 0 .

y

x

R

c

La région ombragée  R  est délimitée par la courbe, l’axe des abscisses et la droite  x = c .

L’aire de  R  est  ln 3 .

Trouvez la valeur de  c .
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5. [Note maximale : 7]

Les fonctions  f  et  g  sont définies pour  x ∈   par

 f (x) = ax + b , où  a ,  b ∈  

g (x) = x2 + x + 3 .

Trouvez les deux fonctions possibles  f  telles que  (g  f ) (x) = 4x2 - 14x + 15 .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Tournez la page

6. [Note maximale : 5]

La fonction de densité  f  d’une variable aléatoire continue  X  est définie par

f x a
a x a( ) = ≤ ≤






1

2
3

0

,

, autrement

où  a  est un nombre réel positif.

(a) Indiquez  E (X )  en fonction de  a . [1]

(b) Utilisez l’intégration pour trouver  Var (X )  en fonction de  a . [4]
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7. [Note maximale : 7]

Utilisez la récurrence pour prouver que 
r

r nr

n

+( )
= −

+( )=
∑ 1

1
1

11 ! !
 pour tout entier  n ≥ 1 .
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Tournez la page

8. [Note maximale : 7]

Les fonctions  f  et  g  sont définies par

 f (x) = cos x , 0
2

≤ ≤x
π

 g (x) = tan x , 0
2

≤ <x
π

.

Les courbes  y = f (x)  et  y = g (x)  se croisent en un point  P  dont l’abscisse est  k ,  

où 0
2

< <k
π

.

(a) Montrez que  cos2 k = sin k . [1]

(b) À partir de là, montrez que la tangente à la courbe  y = f (x)  en  P  et la tangente à la 
courbe  y = g (x)  en  P  se croisent en angle droit. [3]

(c) Trouvez la valeur de  sin k . Donnez votre réponse sous la forme 
a b

c

+
 , où  a ,  c ∈   

et  b ∈ + . [3]
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9. [Note maximale : 9]

Le diagramme suivant montre un parallélogramme  OABC  tel que OA
→

= a , OC
→

= c  
et  | c | = 2 | a | , où  | a | ≠ 0 .

A M B

O C
θ

L’angle entre OA
→

 et OC
→

 est  θ , où  0 < θ < π .

Le point  M  se situe sur  [AB]  tel que AM AB
→ →

= k , où  0 ≤ k ≤ 1  et OM
→

MC
→

= 0 .

(a) Exprimez OM
→

 et MC
→

 en fonction de  a  et  c . [2]

(b) À partir de là, utilisez une méthode vectorielle pour montrer 
que  | a |2  (1 - 2k) (2 cos θ - (1 - 2k)) = 0 . [3]

(c) Trouvez la plage de valeurs pour  θ  telles qu’il y a deux positions possibles pour  M . [4]
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Tournez la page

N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

10. [Note maximale : 14]

Un cercle d’équation  x2 + y2 = 9  est centré au point (0 , 0) et son rayon mesure  3  unités.

Un triangle,  PQR , est inscrit dans le cercle et ses sommets sont  P (-3 , 0) ,  Q (x , y)  
et  R (x , -y) , où  Q  et  R  sont des points variables du premier et du quatrième quadrant 
respectivement. Ceci est représenté dans le diagramme suivant.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) Pour le point  Q , montrez que y x= −9 2
. [1]

(b) À partir de là, trouvez une expression pour  A , l’aire du triangle  PQR , en fonction de  x . [3]

(c) Montrez que 
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) À partir de là ou par toute autre méthode, trouvez l’ordonnée du point  R  telle que  A  
est un maximum. [6]
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N’écrivez pas vos solutions sur cette page.

11. [Note maximale : 22]

Considérez le nombre complexe u = − +1 3i .

(a) En trouvant le module et l’argument de  u , montrez que u = 2
2
3e

i
π

. [3]

(b) (i)  Trouvez le plus petit entier positif  n  tel que  un  est un nombre réel.

(ii) Trouvez la valeur de  un  lorsque  n  prend la valeur trouvée dans la partie (b)(i). [5]

(c) Considérez l’équation  z3 + 5z2 + 10z + 12 = 0 , où  z ∈  .

(i) Sachant que  u  est une racine de  z3 + 5z2 + 10z + 12 = 0 , trouvez les autres racines.

(ii) En utilisant une transformation appropriée de  z  à  w , ou autrement, trouvez les 
racines de l’équation  1 + 5w + 10w2 + 12w3 = 0 , où  w ∈  . [9]

(d) Considérez l’équation  z2 = 2z* , où  z ∈  ,  z ≠ 0 .

En exprimant  z  sous la forme  a + bi , trouvez les racines de l’équation. [5]

16EP14



– 15 – 2223 – 7116

N’écrivez pas vos solutions sur cette page.

12. [Note maximale : 17]

(a) En utilisant un changement de variable approprié, montrez que

cos sin cosx x x x x C d = + +∫ 2 2 . [6]

Le diagramme suivant montre une partie de la courbe  y = cos cosy x=  pour  x ≥ 0 .

y

x

R
1

x
1

x
2

x
3

x
4

R
2

R
3

O

La courbe croise l’axe des abscisses en  x1 ,  x2 ,  x3 ,  x4 , … .

Le  nième  point d’intersection de la courbe avec l’axe des abscisses,  xn , est donné 

par x
n

n =
−( )2 1

4

2 2π
, où  n ∈ + .

(b) Écrivez une expression similaire pour  xn+1 . [1]

Les régions délimitées par la courbe et l’axe des abscisses sont dénotées 
par  R1 ,  R2 ,  R3 , … , tel qu’illustré dans le diagramme ci-dessus.

(c) Calculez l’aire de la région  Rn .

Donnez votre réponse sous la forme  k n π , où  k ∈ + . [7]

(d) À partir de là, montrez que les aires des régions délimitées par la courbe et l’axe des
abscisses, R1 ,  R2 ,  R3 , … , forment une suite arithmétique. [3]
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2 Stunden  

Mathematik: Analyse und Ansätze
Leistungsstufe
1. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur dürfen Sie keinen Taschenrechner nutzen.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [110 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Kreis mit dem Mittelpunkt  O  und Radius  4 cm .

Zeichnung nicht maßstabsgerecht

P

Q

RO 4
θ

Die Punkte  P ,  Q  und  R  liegen auf der Kreislinie, und der Winkel  PÔR = θ  (im Bogenmaß).

Die Länge des Kreisbogens  PQR  beträgt  10 cm .

(a) Finden Sie den Umfang des schattierten Sektors. [2]

(b) Finden Sie  θ . [2]

(c) Finden Sie den Flächeninhalt des schattierten Sektors. [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 1)
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2. [Maximale Punktzahl: 5]

Eine Funktion  f  ist definiert durch f x
x

( ) = −
−

1
1

2
, mit  x ∈  ,  x ≠ 2 .

(a) Der Graph von  y = f (x)  hat eine vertikale und eine horizontale Asymptote.

Notieren Sie die folgenden Gleichungen:

(i) Die der vertikalen Asymptote.

(ii) Die der horizontalen Asymptote. [2]

(b) Finden Sie die Koordinaten des Punktes, an dem der Graph von  y = f (x)

(i) die  y-Achse schneidet;

(ii) die  x-Achse schneidet. [2]
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(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 2)

(c) Skizzieren Sie im folgenden Koordinatensystem den Graphen von  y = f (x) , der alle 
Merkmale aus den Teilen (a) und (b) zeigt. [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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3. [Maximale Punktzahl: 5]

Für die Ereignisse  A  und  B  gelten:  P (A) = 0,4 ,  P (A | B) = 0,25  und  P (A ∪ B) = 0,55 .

Finden Sie  P (B) .
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4. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Teil des Graphen von y
x

x
=

+2 2
 für  x ≥ 0 .

y

x

R

c

Die schattierte Fläche  R  wird begrenzt durch die Kurve, die  x-Achse und die Gerade  x = c .

Der Flächeninhalt von  R  beträgt  ln 3 .

Finden Sie den Wert von  c .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP07



– 8 – 2223 – 7126

5. [Maximale Punktzahl: 7]

Die Funktionen  f  und  g  sind für  x ∈   folgendermaßen definiert:

 f (x) = ax + b , mit  a ,  b ∈  

g (x) = x2 + x + 3 .

Finden Sie die beiden möglichen Funktionen  f  so, dass  (g  f ) (x) = 4x2 - 14x + 15 .
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6. [Maximale Punktzahl: 5]

Eine stetige Zufallsvariable  X  hat die folgendermaßen definierte 
Wahrscheinlichkeitsdichtefunktion  f :

f x a
a x a( ) = ≤ ≤






1

2
3

0

,

, sonst

wobei  a  eine positive reelle Zahl ist.

(a) Geben Sie  E (X )  in Abhängigkeit von  a  an. [1]

(b) Finden Sie durch Integration  Var (X )  in Abhängigkeit von  a . [4]
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7. [Maximale Punktzahl: 7]

Beweisen Sie durch vollständige Induktion, dass 
r

r nr

n

+( )
= −

+( )=
∑ 1

1
1

11 ! !
 für alle ganzen 

Zahlen  n ≥ 1  gilt.
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8. [Maximale Punktzahl: 7]

Die Funktionen  f  und  g  sind folgendermaßen definiert:

 f (x) = cos x , 0
2

≤ ≤x
π

 g (x) = tan x , 0
2

≤ <x
π

.

Die Kurven  y = f (x)  und  y = g (x)  schneiden sich in einem Punkt  P  dessen  x-Koordinate  k  ist, 

mit 0
2

< <k
π

.

(a) Zeigen Sie, dass  cos2 k = sin k . [1]

(b) Zeigen Sie damit, dass die Tangente an die Kurve  y = f (x)  in  P  und die Tangente an 
die Kurve  y = g (x)  in  P  sich im rechten Winkel schneiden. [3]

(c) Finden Sie den Wert von  sin k . Geben Sie Ihre Antwort in der Form 
a b

c

+
 an, 

mit  a ,  c ∈   und  b ∈ + . [3]
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9. [Maximale Punktzahl: 9]

Das folgende Diagramm zeigt das Parallelogramm  OABC  mit OA
→

= a , OC
→

= c  
und  | c | = 2 | a | , mit  | a | ≠ 0 .

A M B

O C
θ

Der Winkel zwischen OA
→

 und OC
→

 ist  θ , mit  0 < θ < π .

Der Punkt  M  liegt auf  [AB]  so, dass AM AB
→ →

= k , mit  0 ≤ k ≤ 1  und OM
→

MC
→

= 0 .

(a) Drücken Sie OM
→

 und MC
→

 in Abhängigkeit von  a  und  c  aus. [2]

(b) Zeigen Sie damit mit Hilfe der Vektor-Methode, dass  | a |2  (1 - 2k) (2 cos θ - (1 - 2k)) = 0 . [3]

(c) Finden Sie denjenigen Wertebereich für  θ  so, dass es zwei mögliche Positionen  
für  M  gibt. [4]
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Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

10. [Maximale Punktzahl: 14]

Ein Kreis mit der Gleichung  x2 + y2 = 9  hat den Mittelpunkt (0 , 0) und den Radius  3 .

Diesem Kreis ist Dreieck  PQR  mit den Eckpunkten  P (-3 , 0) ,  Q (x , y)  und  R (x , -y)  
einbeschrieben, wobei  Q  und  R  variable Punkte im ersten bzw. vierten Quadranten sind. 
Dies ist im folgenden Diagramm dargestellt.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) Zeigen Sie, dass für Punkt Q gilt: y x= −9 2
. [1]

(b) Finden Sie damit einen Ausdruck für den Flächeninhalt  A  des Dreiecks  PQR ,  
in Abhängigkeit von  x . [3]

(c) Zeigen Sie, dass gilt: 
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) Finden Sie damit oder auf andere Weise die  y-Koordinate von  R  so,  
dass  A  maximal wird. [6]
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Schreiben Sie keine Lösungen auf diese Seite.

11. [Maximale Punktzahl: 22]

Betrachten Sie die komplexe Zahl u = − +1 3i .

(a) Finden Sie den Betrag und das Argument von  u , und zeigen Sie damit, dass u = 2
2
3e

i
π

. [3]

(b) (i)  Finden Sie die kleinste positive ganze Zahl  n  so, dass  un  eine reelle Zahl ist.

(ii) Finden Sie den Wert von  un  wenn  n  den in Teil (b)(i) gefundenen Wert annimmt. [5]

(c) Betrachten Sie nun die Gleichung  z3 + 5z2 + 10z + 12 = 0 , mit  z ∈  .

(i) u  sei eine Lösung  z3 + 5z2 + 10z + 12 = 0 . Finden Sie die anderen Lösungen.

(ii) Finden Sie mit Hilfe einer geeigneten Transformation von  z  nach  w , oder auf 
andere Weise, die Lösungen der Gleichung  1 + 5w + 10w2 + 12w3 = 0 , mit  w ∈  . [9]

(d) Betrachten Sie die Gleichung  z2 = 2z* , mit  z ∈  ,  z ≠ 0 .

Finden Sie die Lösungen der Gleichung, indem Sie  z  in der Form  a + bi  schreiben. [5]
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Schreiben Sie keine Lösungen auf diese Seite.

12. [Maximale Punktzahl: 17]

(a) Zeigen Sie mit Hilfe einer geeigneten Substitution, dass

cos sin cosx x x x x C d = + +∫ 2 2  gilt. [6]

Das folgende Diagramm zeigt einen Teil der Kurve  y = cos cosy x=  für  x ≥ 0 .

y

x

R
1

x
1

x
2

x
3

x
4

R
2

R
3

O

Die Kurve schneidet die  x-Achse bei  x1 ,  x2 ,  x3 ,  x4 , … .

Der  n-te   x-Achsenabschnitt der Kurve,  xn , ist gegeben durch x
n

n =
−( )2 1

4

2 2π
, mit  n ∈ + .

(b) Notieren Sie einen ähnlichen Ausdruck für  xn+1 . [1]

Die durch die Kurve und die  x-Achse begrenzten Flächen werden mit  R1 ,  R2 ,  R3 , …  
bezeichnet, wie im obigen Diagramm dargestellt.

(c) Berechnen Sie den Flächeninhalt der Fläche  Rn .

Geben Sie Ihre Antwort in der Form  k n π , mit  k ∈ + . [7]

(d) Zeigen Sie damit, dass die Flächeninhalte der durch die Kurve und die  x-Achse
begrenzten Flächen R1 ,  R2 ,  R3 , …  eine arithmetische Folge bilden. [3]
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Número de convocatoria del alumno

2223 – 7121
© International Baccalaureate Organization 202315 páginas

8 de mayo de 2023

Zona A tarde Zona B mañana Zona C tarde

2 horas

Matemáticas: Análisis y Enfoques
Nivel Superior
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba no se permite el uso de ninguna calculadora.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 6]

La siguiente figura muestra un círculo con centro en  O  y de  4 cm  de radio.

la figura no está dibujada a escala

P

Q

RO 4
θ

Los puntos  P ,  Q  y  R  pertenecen a la circunferencia del círculo y  PÔR = θ , donde  θ  se 
mide en radianes.

La longitud del arco  PQR  es igual a  10 cm .

(a) Halle el perímetro del sector circular que está sombreado. [2]

(b) Halle  θ . [2]

(c) Halle el área de dicho sector circular sombreado. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2. [Puntuación máxima: 5]

La función  f  viene dada por f x
x

( ) = −
−

1
1

2
, donde  x ∈  ,  x ≠ 2 .

(a) El gráfico de  y = f (x)  tiene una asíntota vertical y una asíntota horizontal.

Escriba la ecuación de:

(i) La asíntota vertical

(ii) La asíntota horizontal [2]

(b) Halle las coordenadas del punto donde el gráfico de  y = f (x)  corta:

(i) Al eje  y

(ii) Al eje  x [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

(c) En los siguientes ejes de coordenadas, dibuje aproximadamente el gráfico de  y = f (x)  
y muestre todas las características que halló en los apartados (a) y (b). [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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3. [Puntuación máxima: 5]

Los sucesos  A  y  B  son tales que  P (A) = 0,4 ,  P (A | B) = 0,25  y  P (A ∪ B) = 0,55 .

Halle  P (B) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

4. [Puntuación máxima: 6]

La siguiente figura muestra una parte del gráfico de y
x

x
=

+2 2
 para  x ≥ 0 .

y

x

R

c

La región sombreada  R  está delimitada por la curva, el eje  x  y la recta  x = c .

El área de  R  es igual a  ln 3 .

Halle el valor de  c .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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5. [Puntuación máxima: 7]

Las funciones  f  y  g  se definen para  x ∈   de la siguiente forma:

 f (x) = ax + b , donde  a ,  b ∈  

g (x) = x2 + x + 3 .

Halle las dos posibles funciones  f  para las que se cumple que  (g  f ) (x) = 4x2 - 14x + 15 .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

6. [Puntuación máxima: 5]

La variable aleatoria continua  X  tiene la siguiente función de densidad de probabilidad  f :

f x a
a x a( ) = ≤ ≤






1

2
3

0

,

, resto de valores

donde  a  es un número real y positivo.

(a) Indique  E (X )  en función de  a . [1]

(b) Utilice la integración para hallar  Var (X )  en función de  a . [4]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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7. [Puntuación máxima: 7]

Utilice la inducción matemática para probar que 
r

r nr

n

+( )
= −

+( )=
∑ 1

1
1

11 ! !
 para todo número 

entero  n ≥ 1 .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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8. [Puntuación máxima: 7]

Las funciones  f  y  g  se definen así:

 f (x) = cos x , 0
2

≤ ≤x
π

 g (x) = tan x , 0
2

≤ <x
π

.

Las curvas  y = f (x)  e  y = g (x)  se cortan en el punto  P  cuya coordenada  x  es  k ,  

donde 0
2

< <k
π

.

(a) Muestre que  cos2 k = sen k . [1]

(b) A partir de lo anterior, muestre que la tangente a la curva  y = f (x)  en  P  y la tangente a 
la curva  y = g (x)  en  P  se cortan en ángulo recto. [3]

(c) Halle el valor de  sen k . Dé la respuesta en la forma 
a b

c

+
 , donde  a ,  c ∈   y  b ∈ + . [3]
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9. [Puntuación máxima: 9]

En la siguiente figura se muestra el paralelogramo  OABC , siendo OA
→

= a , OC
→

= c  
y  | c | = 2 | a | , donde  | a | ≠ 0 .

A M B

O C
θ

El ángulo que forman OA
→

 y OC
→

 es  θ , donde  0 < θ < π .

El punto  M  pertenece a  [AB]  tal que AM AB
→ →

= k , donde  0 ≤ k ≤ 1  y OM
→

MC
→

= 0 .

(a) Exprese OM
→

 y MC
→

 en función de  a  y  c . [2]

(b) A partir de lo anterior, utilice un método vectorial para mostrar 
que  | a |2  (1 - 2k) (2 cos θ - (1 - 2k)) = 0 . [3]

(c) Halle el intervalo de valores de  θ  para los que existen dos posiciones posibles de  M . [4]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 14]

Un círculo cuya ecuación es  x2 + y2 = 9  tiene el centro en (0 , 0) y radio igual a  3 .

El triángulo  PQR  está inscrito en el círculo; sus vértices están en  P (-3 , 0) ,  Q (x , y)  
y  R (x , -y) , donde  Q  y  R  son puntos móviles situados en el primer y en el cuarto cuadrante, 
respectivamente. Toda esta información se representa en la siguiente figura.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) Para el punto  Q , muestre que y x= −9 2
. [1]

(b) A partir de lo anterior, halle una expresión que dé el área del triángulo  PQR (A)  en 
función de  x . [3]

(c) Muestre que 
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) A partir de lo anterior (o de cualquier otro modo alternativo), halle la coordenada  y  
de  R  tal que  A  sea máxima. [6]
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No escriba soluciones en esta página.

11. [Puntuación máxima: 22]

Considere el número complejo u = − +1 3i .

(a) Hallando el módulo y el argumento de  u , muestre que u = 2
2
3e

i
π

. [3]

(b) (i)  Halle el número entero positivo  (n)  más pequeño posible para el cual  un  es un 
número real.

(ii) Halle el valor de  un  cuando  n  tiene el valor que halló en el apartado (b)(i). [5]

(c) Considere la ecuación  z3 + 5z2 + 10z + 12 = 0 , donde  z ∈  .

(i) Sabiendo que  u  es una raíz de  z3 + 5z2 + 10z + 12 = 0 , halle las otras raíces.

(ii) Utilizando una transformación apropiada para pasar de  z  a  w , (o de cualquier 
otro modo alternativo) halle las raíces de la ecuación  1 + 5w + 10w2 + 12w3 = 0 , 
donde  w ∈  . [9]

(d) Considere la ecuación  z2 = 2z* , donde  z ∈  ,  z ≠ 0 .

Expresando  z  en la forma  a + bi , halle las raíces de la ecuación. [5]
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No escriba soluciones en esta página.

12. [Puntuación máxima: 17]

(a) Utilizando una sustitución apropiada, muestre que

cos cosx x x x x C d sen= + +∫ 2 2 . [6]

En la siguiente figura se muestra una parte de la curva  y = cos cosy x=  para  x ≥ 0 .

y

x

R
1

x
1

x
2

x
3

x
4

R
2

R
3

O

La curva corta al eje  x  en  x1 ,  x2 ,  x3 ,  x4 , … .

La  n-ésima intersección de la curva con el eje  x  ( xn ), viene dada por x
n

n =
−( )2 1

4

2 2π
, 

donde  n ∈ + .

(b) Escriba una expresión similar para  xn+1 . [1]

Las regiones delimitadas por la curva y por el eje  x  las denominaremos  R1 ,  R2 ,  R3 , … , tal y 
como se muestra en la figura.

(c) Calcule el área de la región  Rn .

Dé la respuesta en la forma  k n π , donde  k ∈ + . [7]

(d) A partir de lo anterior, muestre que las áreas de las regiones delimitadas por la curva y
por el eje  x  (R1 ,  R2 ,  R3 , … )  forman una progresión aritmética. [3]
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16EP03

Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

The cities Lucknow ( L ), Jaipur ( J ) and Delhi ( D ) are represented in the following diagram. 

Lucknow lies 500 km directly east of Jaipur, and JLD 25= = 25°.

diagram not to scale

North

D

J L500 km
25

The bearing of  D  from  J  is  034° .

(a) Find ˆJDL . [2]

(b) Find the distance between Lucknow and Delhi. [3]
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16EP04

2. [Maximum mark: 5]

The functions  f  and  g  are defined by  f (x) = 2x - x3  and  g (x) = tan x .

(a) Find  ( f  g) (x) . [2]

(b) On the following grid, sketch the graph of  y = ( f  g) (x)  for  -1 ≤ x ≤ 1 . Write down and 
clearly label the coordinates of any local maximum or minimum points.  [3]
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3. [Maximum mark: 7]

The total number of children,  y , visiting a park depends on the highest temperature,  T , in 
degrees Celsius (°C). A park official predicts the total number of children visiting his park on 
any given day using the model  y = -0.6T 2 + 23T + 110 , where  10 ≤ T ≤ 35 .

(a) Use this model to estimate the number of children in the park on a day when the 
highest temperature is  25 °C . [2]

An ice cream vendor investigates the relationship between the total number of children 
visiting the park and the number of ice creams sold,  x . The following table shows the data 
collected on five different days.

Total number  
of children ( y ) 81 175 202 346 360

Ice creams  
sold ( x ) 15 27 23 35 46

(b) Find an appropriate regression equation that will allow the vendor to predict the number 
of ice creams sold on a day when there are  y  children in the park. [3]

(c) Hence, use your regression equation to predict the number of ice creams that the 
vendor sells on a day when the highest temperature is  25 °C .  [2]
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4. [Maximum mark: 5]

A company manufactures metal tubes for bicycle frames. The diameters of the tubes,  D mm , 
are normally distributed with mean  32  and standard deviation  s . The interquartile range of 
the diameters is  0.28 .

Find the value of  s .
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16EP07

5. [Maximum mark: 7]

The coefficient of  x6  in the expansion of  (ax3 + b)8  is  448 .

The coefficient of  x6  in the expansion of  (ax3 + b)10  is  2880 .

Find the value of  a  and the value of  b , where  a , b > 0 .
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6. [Maximum mark: 7]

Consider z = +cos sin
11

18

11

18

π π
i . 

(a) Find the smallest value of  n  that satisfies  zn = -i , where  n ∈ + . [4]

(b) Hence or otherwise, describe a single geometric transformation applied to  z  on the 
Argand diagram that results in  z10 . [3]
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7. [Maximum mark: 6]

A new test has been developed to identify whether a particular gene,  G , is present in a 
population of parrots. The test returns a correct positive result  95 %  of the time for parrots 
with the gene, and a false positive result  2 %  of the time for parrots without the gene.

The proportion of the population with the gene is  p .

(a) Complete the tree diagram below. [2]

0.98

0.02

G

G′

p

positive

negative

positive

negative

(b) A random sample of the population was tested. It was found that  150  tests returned 
a positive result. Out of the  150  parrots with a positive test result,  18  did not actually 
have the gene. Find an estimate for  p . [4]
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8. [Maximum mark: 7]

The angle between a line and a plane is  a , where  a ∈  , 0
2

< <α π
.

The equation of the line is 
x y

z
−

=
+

= −
1

3

2

2
5 , and the equation of the plane is 

4x + (cos a) y + (sin a) z = 1 .

Find the value of  a .
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9. [Maximum mark: 6]

Prove by contradiction that  p2 - 8q - 11 ≠ 0 , for any  p , q ∈  .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 15]

An engineer is designing a gutter to catch rainwater from the roof of a house.

The gutter will be open at the top and is made by folding a piece of sheet metal  45 cm  wide 
and  600 cm  long.

diagram not to scale

600 600
sheet metal

45

The cross-section of the gutter is shaded in the following diagram.

diagram not to scale

w

O

A B

1012θ

The height of both vertical sides is  10 cm . The width of the gutter is  w cm .

Arc  AB  lies on the circumference of a circle with centre  O  and radius  12 cm .

(This question continues on the following page)
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(Question 10 continued)

Let  AÔB = q  radians, where  0 < q < p .

(a) Show that  q = 2.08 , correct to three significant figures. [3]

(b) Find the area of the cross-section of the gutter. [7]

In a storm, the total volume, in  cm3 , of rainwater that enters the gutter can be modelled by a 
function  R (t) , where  t  is the time, in seconds, since the start of the storm.

It was determined that the rate at which rainwater entered the gutter could be modelled by 

′ = 





 +R t

t
( ) cos50

2

5
3000

π
, t ≥ 0 .

During any  60-second period, if the volume of rainwater entering the gutter is greater than 
the volume of the gutter, it will overflow.

(c) Determine whether the gutter overflowed in this storm. Justify your answer. [5]
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11. [Maximum mark: 19]

A continuous random variable,  X , has a probability density function defined by 

f x x
x

( ) = −
≤ ≤






6

16
0 2

0

2π
,

, otherwise.

(a) Find the exact value of  E (X) . [5]

(b) Find  P (X < 0.5) . [2]

A laboratory trial may require up to  2  millilitres of reagent. The amount of reagent used has 
been found to have a probability distribution that can be modelled by  f (x) , where  X  is the 
amount of reagent in millilitres. 

Each laboratory trial is independent. A trial is considered a success when  X < 0.5 .

(c) Determine the least number of trials required to be  99 %  sure of at least one success. [3]

Ten trials were conducted.

(d) Find the probability that exactly three trials were successful. [2]

(e) Write down the number of ways these three successful trials could have occurred 
consecutively. [1]

Now consider  n  trials where it is given that exactly three successes have occurred.

(f) (i)  Write down an expression for the number of ways these three successful trials 
could have occurred consecutively. 

(ii) Find the greatest value of  n  such that the probability of three consecutive 
successful trials is more than  0.05 . [6]
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12. [Maximum mark: 21]

Consider the differential equation 
d

d

y

x

x y y

x
=

−
+

2

2 1
, where  y > 0  and  y = 3  when  x = 0 .

(a) Use Euler’s method, with a step length of  0.03 , to find an approximate value for  y 
when  x = 0.15 . Give your answer correct to six significant figures. [4]

(b) (i)  Write down the value of
d

d

y

x
 when  x = 0 .

(ii) Show that
d

d

2

2
3

y

x
=  when  x = 0 . [5]

(c) (i)  Given that 
d

d

3

3
9

y

x
=  when  x = 0 , find the first four terms of the Maclaurin series for  y .

(ii) Use the Maclaurin series to find an approximate value for  y  when  x = 0.15 . Give 
your answer correct to six significant figures. [3]

(d) (i)  It is given that
x

x x

2

2 2

1

1
1

2

1

−
+

≡ −
+

.

Solve the differential equation 
d

d

y

x

x y y

x
=

−
+

2

2 1
, where  y > 0  and  y = 3  when  x = 0 . 

Give your answer in the form  y = f (x) .

(ii) Hence, find the value of  y  when  x = 0.15 . Give your answer correct to six
significant figures. [7]

(e) For  0 ≤ x < 1 , explain why the approximate value for  y  obtained using Euler’s method
will always be less than the actual value for  y . [2]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be

using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use

their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.



– 5 – M23/5/MATHX/HP2/ENG/TZ1/XX/M 

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy

than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1, 
METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 
some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

More than one solution: Where a candidate offers two or more different answers to the same 
question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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Section A 

1. (a) Let N be North 

ˆNJD 34=  OR ˆDJL 56=  (must be labelled or indicated in diagram): (A1) 

( )ˆJDL=99  A1 

Note:  Accept 
11π

,1.73
20

 (radians). 

[2 marks] 

(b) attempt to apply the sine rule (M1) 

DL 500

sin 56 sin 99
=

 
OR 

DL 500

sin 0.977384... sin1.72787...
= (A1) 

419.685… 

)DL 420 (km= A1 

Note:  Award M1A1A0 for 261 (km) from use of degrees with GDC set in radians 
(with or without working). 

[3 marks] 

Total [5 marks] 
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2. (a) attempt to substitute g into f (M1) 
3( )( ) 2 tan tanf g x x x= −   A1 

[2 marks] 

(b) 

A1A1A1 

Note:  A1 for approximately correct odd function passing through the origin with a 

maximum above 1y =  and a minimum below 1y = − . 

A1 for endpoints at 1x =  and y in the intervals  0.6,0.8 and  0.8, 0.6− −

A1 for maximum in approximately correct position and labelled 

( )0.685,1.09  AND minimum in approximately correct position and labelled

( )0.685, 1.09− − . For approximate position, allow 0.8 0.6x−   − ,

1.2 1y−   − for minimum and 0.6 0.8x  , 1 1.2y  for maximum. If

the candidate gives the coordinates of extrema below their sketch, only 

award this mark if extrema are marked in the correct interval (eg by a dot). 

[3 marks] 

Total [5 marks] 
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3. (a) recognising to find (25)y (M1) 

2(25) 0.6 25 23 25 110y = −  +  +

310= (children) A1 

 [2 marks] 

(b) recognizing x on y is required (M1) 

0.0935114… and 7.43053… (A1) 

0.0935 7.43x y= +  A1 

[3 marks] 

(c) attempt to substitute their answer to part (a) into their regression equation for either
x or y (M1) 

( )0.0935114... 310 7.43053... 36.4190...x =  + =

36 (accept 37 or 36.4) A1 

Note:  Award (M1)A1FT for 37x =  found from using 9.39 41.5y x= − . 

Award (M1)A0FT for a correct FT answer that lies outside  15,46 .

[2 marks] 

Total [7 marks] 
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4. METHOD 1

1 3=31.86 OR 32.14Q Q =  (A1) 

recognition that the area under the normal curve below 1Q  or above 3Q is 0.25 OR the 

area between 1Q  and 3Q  is 0.5  (seen anywhere including on a diagram) (M1) 

EITHER 

equating an appropriate correct normal CDF function to its correct probability ( 0.25  or 0.5
or 0.75) (A2)  

OR 

0.674489...z = −  OR 0.674489...z =  (seen anywhere) (A1) 

31.86 32
0.674489...



−
− = OR  

32.14 32
0.674489...



−
= (A1) 

THEN 

0.207564...  

0.208 (mm) = A1 

METHOD 2 

recognition that the area under the normal curve below 1Q  or above 3Q is 0.25 OR the 

area between 1Q  and 3Q  is 0.5  (seen anywhere including on a diagram) (M1) 

0.674489...z = − OR 0.674489...z =  (A1) 

( )1 32 0.674489...Q −= OR ( )3 32 0.674489...Q += (A1) 

( )3 1 2 0.674489...Q Q =−

2 0.674489... 0.28 = (A1) 

0.207564...  

0.208 (mm) = A1 

Total [5 marks] 
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5. product of a binomial coefficient, a power of 3ax  and a power of b seen (M1) 

evidence of correct term chosen 

for 8n = : 2r = (or 6r = )  OR  for 10n = : 2r =  (or 8r = ) (A1) 

correct equations (may include powers of x) A1A1 

( )28 6 22 6 6
2 448 16448 28C a b a b a b= =  = , ( )210 8 22 88

2 82880 5 04 2 8 64bC ba b a a= = =

attempt to solve their system in a and b algebraically or graphically (M1) 

2b = ; 
1

2
a = A1A1 

Note: Award a maximum of (M1)(A1)A1A1(M1)A1A0 for 2b =  and/or 
1

2
a =  . 

[7 marks] 
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6. (a) attempt to use De Moivre’s theorem (M1) 

11π
i

1811π 11π 11π 11π
cos isin cos isin e

18 18 18 18

n nn n   
+ = + =  

   
OR ( ) ( )cos 110 isin 110n n+

EITHER 

attempt to consider imaginary part (M1) 

11π
sin 1

18

n
= − OR ( )sin 110 1n = −

OR   

attempt to consider argument of i− (M1) 
11π 3π

i i
18 2e e

n

=

THEN 

11π 3π 7π 11π 3π
, , ... 2π , 

18 2 2 2 2

n
k k   

= = +    
   

 OR 

( ) ( )110 270 ,630 ,990 ... 270 360 , n k k= = +  (A1) 

11 27,63,99,...n =

9n = A1 

 [4 marks] 

continued… 
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Question 6 continued 

(b) EITHER

11π 55π π10 i i i10 18 9 9e e =ez
 
 
 

 
= = 

 
OR 10 π

arg( )
9

z =  OR 10arg( ) 20z = (A1) 

Note:  Accept equivalent arguments given in any interval, in degrees or radians. 

recognising that the difference between 10arg( )z  and arg( )z  is needed (M1) 

10 π 11π π
arg( ) arg( )

9 18 2
z z− = − = −

OR  

recognising that 10 9z z z=  (M1) 

11π 11π 3π9 i i i9 18 2 2e e ez
 
 
 

 
= = = 

 
 OR 9 3π

arg( )
2

z = or 
π

2
− OR 9arg( ) 270z = or 90− (A1) 

Note:  Accept equivalent arguments given in any interval, in degrees or radians. 

THEN 

a rotation 
3π

2
 OR 

π

2
− OR equivalent angle about the origin. A1 

Note:  Accept correct answer given in degrees. 

Accept 
π

2
 clockwise or 

11π

2
 or 

( )4 1 π

2

k −
 for k . 

The centre must be stated to gain the final A1. 

[3 marks] 

Total [7 marks] 
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7. (a)

A1A1 

Note: award A1 for branch correctly labelled 1 p−

 award A1 for branches correctly labelled 0.95 and 0.05 
 award A0 for 'G branch labelled p  

award A0 for 'G branch labelled q  unless explicitly defined as 1 p−

[2 marks] 

continued… 
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Question 7 continued 

(b) METHOD 1

recognizing conditional probability (M1) 

( )P 'G pos OR  ( )P G pos

( )

( )

0.02 1 18

0.95 0.02 1 150

p

p p

−  
= 

+ −  
 OR 

( )
0.95 132

0.95 0.02 1 150

p

p p
 
= 

+ −  
(A1)(A1) 

Note: Award A1 for a correct numerator and A1 for a correct denominator. 

0.133738p =

0.134p = A1 

METHOD 2 

attempt to set up a system of equations ( S = sample size) (M1) 

( )0.95 132p S = and ( )( )1 0.02 18p S− = (A1) 

attempt to solve for p or S (M1) 

( )
0.95 132

0.02 1 18

p

p
=

−

OR ( ) .
132 18

1 138.947... 900
0.95 0.02

1038.94..S pS p S+ − = + == + =

0.133738...p =

0.134p = A1 
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METHOD 3 

attempt to find the number of parrots with the gene and the number without (M1) 

number of parrots with the gene 
132

138.947...
0.95

 =  AND 

number of parrots without the gene 
18

900
0.02

 = (A1) 

number of parrots in the sample 138.947... 90 .1038 .0 .94. + =  

attempt to find proportion of sample with the gene (M1) 

138.947...
=

1038.
.

9
3

4
3

..
0.1 7

.
38..p 

0.134p = A1 

[4 marks] 

Total [6 marks] 
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8. direction vector of the line is  (seen anywhere) (A1) 

normal vector of the plane is  

4

cos

sin





 
 
 
 
 

 (seen anywhere) (A1) 

EITHER 

correct scalar product 12 2cos sin + − (seen anywhere) (A1) 

one correct magnitude (seen anywhere) (A1) 

( )2 216 cos sin 17 + + = , ( )9 4 1 14+ + =

recognizing angle between normal and direction vector is 
π

2
−  (seen anywhere) (M1) 

Note:  angle 
π

2
− may be implied by use of sin on the RHS of the step below 

attempt to substitute into the formula for the angle between two vectors to form an 
equation in   (M1) 

π
12 2cos sin = 17 14 cos

2
  

 
+ − − 

 
  OR 12 2cos sin = 17 14 sin  + −

continued… 

3

2

1

 
 
 
 − 
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Question 8 continued 

OR 

correct expression for the magnitude of the vector product 

( ) ( ) ( )( )2 2 2

2sin cos

4 3sin 2sin cos 4 3sin 3cos 8

3cos 8

 

    



+ 
 
− − = + + − − + − 

 − 

 (seen anywhere) (A1) 

one correct magnitude (seen anywhere) (A1) 

( )2 216 cos sin 17 + + = , ( )9 4 1 14+ + =

recognizing angle between normal and direction vector is 
π

2
−  (seen anywhere) (M1) 

Note: angle 
π

2
− may be implied by use of cos on the RHS of the step below 

attempt to substitute into the formula for the angle between two vectors to form an 
equation in   (M1) 

( ) ( ) ( )
2 2 2 π

2sin cos 4 3sin 3cos 8 = 17 14 sin
2

    
 

+ + − − + − − 
 

OR 

( ) ( ) ( )
2 2 2

2sin cos 4 3sin 3cos 8 = 17 14 cos    + + − − + −

THEN 

0.932389... =  

0.932 =    A1 

Note: Award maximum (A1)(A1)(A1)(A1)(M1)(M1)A0   for a correct answer given 

in degrees 54.4219... = . 

[7 marks] 



– 19 – M23/5/MATHX/HP2/ENG/TZ1/XX/M 

9. Assume 2 8 11 0p q− − =  , ( ),p q M1 

Note:  This M1 is dependent on the assumption of truth (implied by  “assume” or 

“suppose that … is true”.) 
Subsequent marks should be awarded independently. 

EITHER 

( )2 8 11 2(4 5) 1p q q= + = + + so 2p odd p  odd R1 

OR 

p even 2 8 11p q − =  even which is a contradiction so p  is odd R1 

Note: This R1 should be awarded for any valid reason to conclude that p  must be 
odd. 

THEN 

( )2 1 ,p k k= +  M1 

( )
2

2 1 8 11k q+ = +

24 4 1 8 11k k q+ + = + (A1) 

24 4 8 10k k q+ = +

22 2 4 5k k q+ = + or equivalent with one side odd and one side even A1 

a contradiction as LHS is even and RHS is odd R1 

Note: This R1 is dependent on all previous marks. 

Accept correct variations such as work based on 2 1p k= − . 

therefore, if  then AG 

Total [6 marks] 

,p q 2 8 11 0p q− − 
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Section B 

10. (a) recognition that 45 10 10 arc length= + +  (M1) 

arc length 25 (cm)=  (A1) 

25 12= A1 

2.08 = correct to 3 significant figures AG 

[3 marks] 

(b) 

Note:  There are many different ways to dissect the cross-section to determine its 

area. In all approaches, candidates will need to find w  or 
2

w
. Award the 

first three marks for work seen anywhere. 

EITHER 

evidence of using the cosine rule OR sine rule (M1) 

( )2 2 212 12 2 12 12cos 2.08w = + −   OR 
12

sin(2.08) sin(0.530796...)

w
= (A1) 

20.6977w =  or 10.3488...
2

w
= (A1) 

OR 

using trig ratios in a right triangle with angle 
2.08

2
 and side length 

2

w
(M1) 

2.08 2sin
2 12

w
 

= 
 

(A1) 

20.6977w =  or 10.3488...
2

w
= (A1) 

Note: Accept 20.7179w = from use of 
25

2 24


= . 

continued… 
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Question 10 continued 

THEN 

Let the points A, B, C, D, E, F, G, H lie on the figure as follows: 

EITHER 

(segment AHB =) sector OAB – triangle OAB (M1) 

 = ( )2 212 12 sin 2.08 149.76 62.8655... 86.8944...
1 1

2.08
2 2
    = −− = (A1) 

valid approach to find total cross-sectional area (seen anywhere) (M1) 

sector OAB – triangle OAB + rectangle CDBA 

= ( )86.8944... 10 86.8944... 206.977...w+ = +

Note:  Use of 
25

12
 =  throughout leads to segment OAB 87.2517...=  and cross-sectional 

area 87.2517... 207.179...= + . 

continued… 
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Question 10 continued 

OR 

trapezium CGOA (= rectangle CGOE + triangle EOA) (M1) 

( )( )
20.6977...

10 10 12cos(1.04)  ( 72.0557)
2 2

1
=  + −  = (A1) 

valid approach to find total cross-sectional area (seen anywhere) (M1) 

2 × trapezium CGOA + sector OAB 

= ( )21
2(72.0557...) 2.08 144.111... 149.76

2
12+ = + 

Note:  Use of 
25

12
 =  leads to area of trapezium CGOA  72.2154...=  and cross-sectional 

area 144.430... 150= + . 

OR 

2 x area of trapezium CGOA (= area of rectangle CDFE + 2 x triangle EOA) (M1) 

( ) )
1

20.6 0977 10 12cos(1.04) 1
2

2cos(1.04) 12sin(1 4... 2 . − +    (A1) 

( )81.2458... 62.8655...= +

valid approach to find total cross-sectional area (seen anywhere) (M1) 

2 x trapezium CGOA + sector OAB 

( )21
144.111... 2.08 144.111... 149.761

2
2= + + =

Note:  Use of 
25

12
 =  leads to 2 x area of trapezium CGOA 144.430...=  and cross-sectional 

area 144.430... 150= + . 

THEN 

area of cross-section 293.871...= ( 294.430...  from exact answer) 

294=  (cm2) A1 

[7 marks] 

continued… 
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Question 10 continued 

(c) METHOD 1

4.71976...− volume of gutter 176323=  OR 176658  (OR 600  their area) (seen 
anywhere) A1 

recognising rainfall can be represented by an integral (M1) 

60

0
( )dR t t (A1) 

Note: Accept any 60 second interval or any interval which is a multiple of 5 

seconds (one period) scaled up to 60 seconds e.g. 
5

0
12 ( )dR t t . 

rainfall over 60 seconds 180000=  (cm3) A1 

the gutter will overflow because the rainfall > gutter volume A1 

METHOD 2 

volume of gutter 176323=  OR 176658  (OR 600  their area) (seen anywhere) A1 

recognition that cosine has a minimum value of -1 (M1) 

( ) ( )3 11 50 3000 cm sR t −  −  + (A1) 

rainfall over 60 seconds 177000 (A1) 

the gutter will overflow because the rainfall > gutter volume A1 

METHOD 3 

volume of gutter 176323=  OR 176658  (OR 600  their area) (seen anywhere) A1 

recognising rainfall can be represented by an integral (M1) 

attempt to solve 60 58.8  OR  

0
( )d 176658

T
R t t = (M1) 

time to reach overflow point = 58.7875...OR 58.8990...  A1 

the gutter will overflow because 60 58.8  OR 60 58.9  A1 

[5 marks] 

Total [15 marks] 

=
250

2p
sin

2p ´ 60

5

æ

èç
ö

ø÷
+ 3000´ 60

æ

è
ç

ö

ø
÷
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11. (a) ( )
2

20

6
E d

π 16

x
X x

x
=

−
 (A1) 

Note:  Condone the absence of dx .  

Accept 
2

0
( ) dxf x x

attempt to integrate 
2

6

π 16

x

x−
 using inspection/substitution (M1) 

( )
1

2 2
6

2 16 d
2π

x x x
−

− − −  or let 216u x= −

( )
21

2 2

0

6
2 16

2π
x

 
− − 

 
OR 

121
2

16

6

π
u

 
− 
 

A1 

Note: For this A1 condone absent or incorrect limits. 

attempt to substitute their limits and evaluate (M1) 

( )24 6 12
12 2 3

π π π

 
− = − 

 
A1 

Note:  The substitution sin
4

x
 =  may also be used, leading to 

 
π π
6 6

00

24 24 24 π
sin d cos 1 cos

π π π 6
  

 
= − = − 

 
   .  Award marks as 

appropriate and accept 
24 π

1 cos
π 6

 
− 

 
for the final A1. 

[5 marks] 

(b) 
0.5 0.5

20 0

6
( ) d d

π 16
f x x x

x

 
= 

− 
  (M1) 

( )0.5 0.239358...P X  =

0.239=  A1 

[2 marks] 

continued… 



– 25 – M23/5/MATHX/HP2/ENG/TZ1/XX/M 

Question 11 continued 

(c) EITHER

recognition P(at least one success after n trials) = 1 – P(no successes after n trials) (M1) 

( )1 1 0.239... 0.99
n

− −  (A1) 

16.8321...n =

Note: Use of 0.239 results in 16.8612...n =

OR 

recognition that ( )B ,0.239...Y n (M1) 

If 16n =  P(at least one success after n trials) 0.987443...=  

and if  17n =  P(at least one success after n trials) 0.990448...=  (A1) 

Note:  Use of 0.239 results in the values 0.987348...and 0.990371...  

THEN 

17 trials A1 

[3 marks] 

(d) recognition that ( )B 10, their part b)Y (M1) 

( )B 10,0.239...

( )P 3 0.242430...X = =  

0.242=  A1 

[2 marks] 

continued… 
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Question 11 continued 

(e) 8 A1 

[1 mark] 

(f) (i) 2n− A1 

(ii) 3
nC (ways of 3 successes in n trials) (A1) 

3

2
n

n

C

−
(A1) 

Attempt to solve their 
3

2
0.05

n

n

C

−
   OR 

( )
6

0.05
1n n


−
 (or equivalent) (M1) 

Note:  Accept an equation. 

11.4658...n =  OR 

table values 
3

2
11, 0.0545454...

n

n
n

C

−
= = and 

3

2
12, 0.0454545...

n

n
n

C

−
= = (A1) 

11n = A1 

[6 marks] 

Total [19 marks] 
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12. 

Note: Penalise only once for an answer not given to six significant figures in parts 
(a), c(ii) and (d)(ii). 

(a) attempt to use Euler’s method (M1) 

2

1 12

0 3
0.03 , 3 0.03

1 0 1
n n n

n n
n

x y y
y y y

x+

 − − 
= + = +   

+ +  

1 2.91y = (A1) 

at least one correct further intermediate value given to at least 3 significant figures (A1) 

0y 3

1y 2.91

2y 2.82285...

3y 2.73877...

4y 2.65793...

5y 2.58046...

( ) 50.15 2.58046160...y y =

2.58046= A1 

Note:  Award final A1 for the correct answer seen as the last line in a table. 
If the table goes beyond this value and the correct answer is not explicitly 
identified award maximum (M1)(A1)(A1)A0 

[4 marks] 

continued… 
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Question 12 continued 

(b) (i)
d

3
d

y

x
= − A1 

(ii) METHOD 1

attempt to use quotient (or product) rule on

( ) ( )( )
2

12 2
2

d
1

d 1

y x y y
x x y y

x x

−−
= = + −

+
(M1) 

attempt to use product rule and implicit differentiation on 2x y (M1) 

( ) ( )2 2d d d
2

d d d

y y
x y y x x y

x x x
− = + −  (seen anywhere) A1 

3=   (when 
d

0, 3, 3
d

y
x y

x
= = = − ) 

( ) ( ) ( )( )

( )

2 2 2
2

22 2

d d
1 2 2

d d d
d 1

y y
x x x y x y y x

y x x
x x

 
+ + − − − 

 =
+

OR ( ) ( ) ( ) ( )
2

1 22 2 2 2
2

d d d
1 2 2 1

d d d

y y y
x x x y x x x y y

x x x

− − 
= + + − − + − 

 
A1 

2

2

d
3

d

y

x
=   (when 

d
0, 3, 3

d

y
x y

x
= = = − ) AG 

METHOD 2 

( )2 2d
1

d

y
x x y y

x
+ = − A1 

attempt to use product rule and implicit differentiation (M1) 

( ) ( )
2

2 2
2

d d d d
2 1 2

d d d d

y y y y
x x x x y

x x x x
+ + = + − A1A1 

Note: Award A1 for LHS and A1 for RHS 

2

2

d
3

d

y

x
=   (when 

d
0, 3, 3

d

y
x y

x
= = = − ) AG 

[5 marks] 

continued… 
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Question 12 continued 

(c) (i) ( ) ( )
2 3

2 33 3
3 3 3 9 ... 3 3 ...

2! 3! 2 2

x x
x x x x

 
− + + + = − + + + 

 
A1A1 

Note:  Award A1 for first three terms, A1 for fourth term 

(ii) ( )0.15 2.58881125...y =

2.58881=  A1 

[3 marks] 

continued… 
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Question 12 continued 

(d) (i) EITHER 

attempt to separate variables M1 

2

2

1 1
d d

1

x
y x

y x

−
=

+     OR 
2

1 2
d 1 d

1
y x

y x
 

= − 
+ 

 
ln 2arctany x x c= − + A1A1 

Note:  Award A1 for ln y  or ln y , A1 for 2arctanx x− .  

Condone missing c+  at this stage. 

OR 

attempt to use integrating factor M1 

2

d 2
1 0

d 1

y
y

x x
 

− − = 
+ 

IF 
2

2
1 d

2arctan1e e
x

x xx

 
− −  − ++ 

= =
A1 

2arctan 2arctan
2

d 2
e e 1 0

d 1
x x x xy

y
x x

− + − +  
− − = 

+ 

2arctane x x y A− + = A1 

THEN 

ln 2arctany x x c= − +  OR 2arctanex xy A −=

attempt to find c  or A  using 0, 3x y= = (M1) 

ln3 0 2arctan 0 c= − +  OR 0 2arctan 03 eA −=

ln3c =  OR 3A =    (A1) 

Note:  This A1 should not be awarded if a correct value of c  or A  is preceded by 
incorrect working. 

( )2arctan ln3 2arctane =3ex x x xy − + −= A1 

continued… 
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Question 12 continued 

(ii) ( )0.15 2.58786288...y =

2.58786=  A1 

[7 marks] 

(e) the graph of ( )y f x=  is concave up OR 
2

2

d
0

d

y

x
 (for 0 1x  ) A1 

Note: Allow positive curvature, opening upwards, increasing first derivative. 

hence tangents used (in Euler’s method) give an underestimate, 

so the approximate value for y when 1.5x =  is less than the actual value. R1 

[2 marks] 

Note: R1 is dependent on A1, as well as reference to tangents, in words or on a 
diagram. 

Total [21 marks] 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
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Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 4]

A botanist is conducting an experiment which studies the growth of plants.

The heights of the plants are measured on seven different days.

The following table shows the number of days,  d , that the experiment has been running and 
the average height,  h cm , of the plants on each of those days.

Number of days (d ) 2 5 13 24 33 37 42

Average height (h) 10 16 30 59 76 79 82

The value of Pearson’s product-moment correlation coefficient,  r , for this data is  0.991 , 
correct to three significant figures.

(a) The regression line of  h  on  d  for this data can be written in the form  h = ad + b .

Find the value of  a  and the value of  b . [2] 

(b) Use your regression line to estimate the average height of the plants when the 
experiment has been running for 20 days. [2] 
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Turn over

2. [Maximum mark: 6]

The following diagram shows two buildings situated on level ground.

From point  P  on the ground directly between the two buildings, the angle of elevation to the 
top of each building is  θ .

diagram not to scale

 

90 m

154 m

150 m

P

B

A

θ θ

h

The distance from point  P  to point  A  at the top of the taller building is  150  metres.

The distance from point  P  to point  B  at the top of the shorter building is  90  metres.

The distance between  A  and  B  is  154  metres.

Find the height,  h , of the taller building.
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3. [Maximum mark: 8]

The weights,  W  grams, of bags of rice packaged in a factory can be modelled by a normal 
distribution with mean  204  grams and standard deviation  5  grams.

(a) A bag of rice is selected at random.

Find the probability that it weighs more than  210  grams. [2]

According to this model,  80 % of the bags of rice weigh between  w  grams and  210  grams.

(b) Find the probability that a randomly selected bag of rice weighs less than  w  grams. [2]

(c) Find the value of  w . [2]

(d) Ten bags of rice are selected at random. 

Find the probability that exactly one of the bags weighs less than  w  grams. [2]
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Turn over

4. [Maximum mark: 7]

The expansion of  (x + h)8 , where  h ∈ + , can be written 
as  x8 + ax7 + bx6 + cx5 + dx4 + ... + h8 , where  a , b , c , d , ... ∈  .

Given that the coefficients,  a , b  and  d , are the first three terms of a geometric sequence, 
find the value of  h .
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5. [Maximum mark: 6]

A particle moves in a straight line such that its velocity,  v m s-1, at time  t  seconds is given 

by  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

, for  0 ≤ t ≤ 4π . The graph of  v  is shown in the following diagram.

t

v (t)

4π

Let  t1  be the first time when the particle’s acceleration is zero.

(a) Find the value of  t1 . [2]

Let  t2  be the second time when the particle is instantaneously at rest.

(b) Find the value of  t2 . [2]

(c) Find the distance travelled by the particle between  t = t1  and  t = t2 . [2]
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Turn over

6. [Maximum mark: 8]

Consider the two planes

Π1 : 2x - y + 2z = 6

Π2 : 4x + 3y - z = 2

Let  L  be the line of intersection of  Π1  and  Π2 .

(a) Verify that a vector equation of  L  is r =















+ −

−

















0

2

4

1

2

2

λ , where  l ∈  . [3]

(b) Find the coordinates of the point  P  on  L  that is nearest to the origin. [5]
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7. [Maximum mark: 5]

A function  f  is defined as  f (x) = arctan (x - 2) , where 2 2 3≤ ≤ +x .

The region bounded by the curve, the  y-axis, the  x-axis and the line y =
π
3

 is rotated  360º  
about the  y-axis to form a solid of revolution.

Find the volume of the solid.
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Turn over

8. [Maximum mark: 7]

A function  g  is defined by g x
x

x
( ) = −

−
2 5

32
, where  x ∈  , x ≠ ± 3 .

(a) Determine the range of  g . [4]

A function  h  is defined by  h (x) = g (| x |) cos t , where  x ∈  , x ≠ ± 3  and  t  is a constant  

where 
π

π
2
< ≤t .

(b) Find the set of values of  x  such that  h (x) ≤ 0 . [3]
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Turn over

9. [Maximum mark: 5]

Let  S  be the set of  30  positive integers  {1 , 2 , 3 , ... , 28 , 29 , 30} .

Raghu randomly selects three positive integers from  S  without replacement. He then adds 
them together and determines whether the sum is divisible by  3 .

Determine the total number of selections Raghu can make to obtain a sum that is divisible  
by  3 .

You may assume that order is not important, for example, 
{1 , 2 , 3} , {1 , 3 , 2} , {2 , 3 , 1} , {2 , 1 , 3} , {3 , 1 , 2} , {3 , 2 , 1} are all considered to be the 
same selection. [5]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

10. [Maximum mark: 13] 

A weight suspended on a spring is pulled down and released, so that it moves up and down 
vertically.  

The height,  H  metres, of the base of the weight above the ground can be modelled by the 
function  H (t ) = a cos (7.8t ) + b , for  a , b ∈   and  0 ≤ t ≤ 10 , where  t  is the time in seconds 
after the weight is released. 

H

ground

(a) Find the period of the function. [2] 

(This question continues on the following page)
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(Question 10 continued)

The weight is released when its base is at a minimum height of  1  metre above the ground, 
and it reaches a maximum height of  1.8  metres above the ground. The graph of  H  is shown 
in the following diagram.

H 

t

2

1.5

1

10

0.5

0

(b) Find the value of 

(i) a ;

(ii) b . [3]

(c) Find the number of times that the weight reaches its maximum height in the first five 
seconds of its motion. [2]

(d) Find the first time that the base of the weight reaches a height of  1.5  metres. [2]

A camera is set to take a picture of the weight at a random time during the first five seconds 
of its motion.

(e) Find the probability that the height of the base of the weight is greater than  1.5  metres 
at the time the picture is taken. [4]
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11. [Maximum mark: 20]

A game of chance involves drawing two balls at random out of a box without replacement. 
The box initially contains  r  red balls and  y  yellow balls.

Let  P (YY )  represent the probability of drawing two yellow balls from the box without replacement.

Consider a version of this game where it is known that P YY( ) = 1

3
.

(a) Show that  2y2 - 2 (r + 1) y + r - r2 = 0 . [4]

(b) By solving the equation in part (a), show that y
r r

=
+( ) + +1 3 1

2

2

. [4]

(c) Find two pairs of values for  r  and  y  that satisfy the condition P YY( ) = 1

3
. [4]

Now consider a similar game of chance that involves drawing three balls out of a box without 
replacement. The box initially contains  10  red balls and  y  yellow balls.

Let  P (YYY )  represent the probability of drawing three yellow balls from the box without 
replacement.

(d) Find an expression for  P (YYY )  in terms of  y . [3]

A yellow ball is added so that the box now contains  10  red balls and  (y + 1)  yellow balls.  
The probability of drawing three yellow balls from the box without replacement is now twice 
the probability expressed in part (d).

(e) Find the initial number of yellow balls in the box. [5]
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12. [Maximum mark: 21]

Consider the differential equation 
d

d

y

x

x y

xy
=

+2 23
, where  x > 0 , y > 0 .

It is given that  y = 2  when  x = 1 .

(a) Use Euler’s method with step length  0.1  to find an approximate value of  y  when  x = 1.1 . [2]

(b) By solving the differential equation, show that y x
x

=
−9 1

2

4

. [8]

(c) Find the value of  y  when  x = 1.1 . [1]

(d) With reference to the concavity of the graph of y x
x

=
−9 1

2

4

 for  1 ≤ x ≤ 1.1 , explain 

why the value of  y  found in part (c) is greater than the approximate value of  y  found in
part (a). [2]

The graph of y x
x

=
−9 1

2

4

 for 
3

3
1< <x  has a point of inflexion at the point  P .

(e) By sketching the graph of an appropriate derivative of  y , determine 
the  x-coordinate of  P . [2]

It can be shown that 
d

d

2

2

4 2 2 4

2 3

6y

x

x x y y

x y
=
− + +

, where  x > 0 , y > 0 .

(f) Use this expression for
d

d

2

2

y

x
 to show that point  P  lies on the straight line  y = mx  

where the exact value of  m  is to be determined. [6]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.



– 7 – M23/5/MATHX/HP2/ENG/TZ2/XX/M 

Section A 

1. (a) 1.93258...a = , 7.21662...b =

1.93a = , 7.22b =  A1A1 

[2 marks] 

(b) attempt to substitute 20d =  into their equation (M1) 

height 45.8683...=

height 45.9=  (cm) A1 

[2 marks] 

Total [4 marks] 
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2. METHOD 1

attempt to substitute into cosine rule (M1) 

( )( )2 2 2 ˆ154 150 90 2 150 90 cosAPB= + −   OR  
( )( )

2 2 2150 90 154ˆcosAPB
2 150 90

+ −
= (A1) 

ˆAPB 75.2286...= °   OR  1.31298... radians

ˆAPB 75.2= °  OR  1.31radians (A1) 

valid approach to find θ (M1) 

ˆ180 APBθ
2

° −
=  OR 

180 75.2286...

2
θ °− °
= ( )52.3856...=  OR

( )π 1.31298...θ 0.914302...
2

−
= =

valid approach to express h  in terms of θ  (M1) 

sinθ
150

h
=    OR 150sin52.3856...h = °  

118.820...h =  

119h =  (m) A1 

[6 marks] 

METHOD 2 

attempts to find either the distance between the buildings or the difference in height 
between the buildings in terms of θ  (M1) 

distance between the buildings is ( )150 90 cosθ+  and the difference in height between

the buildings is ( )150 90 sinθ− (A1) 

uses Pythagoras and attempts to solve for θ  (M1) 

( ) ( )2 2 260sin 240cos 154θ θ+ =  

0.914302...θ = ( )52.3856...= ° (A1) 

( )sin 0.914302...
150

h
= (M1) 

118.820...h =  

119h =  (m) A1 

[6 marks] 
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3. (a) evidence of attempting to find correct area under normal curve (M1) 

( )P 210W >  OR sketch

( )P 210 0.115069...W > =

( )P 210 0.115W > = A1 

[2 marks] 

(b) recognizing ( ) ( ) ( )P 1 P 210 P 210W w w W W< = − < < − > (M1) 

( )P 1 0.8 0.115069...W w< = − −

( )P 0.084930...W w< =

( )P 0.0849W w< = A1 

[2 marks] 

(c) evidence of attempting to use inverse normal function (M1) 

197.136...w =

197w =  (grams) A1 

[2 marks] 

(d) recognition of binomial distribution (M1) 

( )B 10,0.0849302...X 

P( 1) 0.382076...X = =

P( 1) 0.382X = = A1 

[2 marks] 

Total [8 marks] 
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4. attempt to use the binomial expansion of ( )8
x h+ (M1) 

8 8 0 8 7 1 8 6 2
0 1 2 ...C x h C x h C x h+ + +  

8a h=  (accept 8
1C h ) A1 

228b h=  (accept 8 2
2C h ) A1 

470d h=  (accept 8 4
4C h ) A1 

recognition that there is a common ratio between their terms (M1) 
28 28h r h× =  OR 2 428 70h r h× =  OR 2 48 70h r h× =  

correct equation in terms of h  (A1) 

2 4

2

28 70

8 28

h h

h h
= (or equivalent) 

1.4h =  A1 

[7 marks] 
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5. (a) recognize that acceleration is zero when ( ) 0v t′ =   OR at a local maximum on the

graph of v (M1) 

1 0.394791...t =  

1

5
0.395 arctan

12
t

  = =     
 (seconds) A1 

[2 marks] 

(b) recognition that 0v = (M1) 

sketch OR 4.71238...t =  OR 10.9955...t =

2 10.9955...t =

2

7π
11.0

2
t  = = 

 
A1 

[2 marks] 

(c) 
2

1

 d
t

t

v t∫  OR 
10.9955...

0.394791...

 dv t∫   OR  ( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t+ = +∫ ∫

OR  ( )( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t− = − −∫ ∫ (A1) 

distance = 7.83118… 

= 7.83 (m) A1 

[2 marks] 

Total [6 marks] 
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6. (a) METHOD 1

the general point on L  has coordinates ( ),2 2 ,4 2λ λ λ− −  

substitutes this general point into both 1Π  and 2Π  (M1) 

( ) ( )( )2 2 2 2 4 2 2 2 2 8 4λ λ λ λ λ λ− − + − = − + + −  A1 

6=   AG 

( ) ( )( )4 3 2 2 4 2 4 6 6 4 2λ λ λ λ λ λ+ − − − = + − − +  A1 

2=   AG 

so the vector equation of L  can be written as 

0 1

2 2

4 2

λ
   
   = + −   
   −   

r  AG 

Note: Award (M1)A0A0 for correct verification using a specific value of λ . 

continued… 
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Question 6 continued 

METHOD 2 

substitutes ( )0,2,4  into both 1Π  and 2Π  and shows that 

0 2 8 6− + =  and 0 6 4 2+ − =  A1 

hence ( )0,2,4  lies in both 1Π  and 2Π AG 

EITHER 

attempts to find 

2 4

1 3

2 1

   
   − ×   
   −   

M1 

5

10

10

− 
 =  
 
 

 A1 

OR 

attempts to find 

1 2

2 1

2 2

   
   − −   
   −   

  and 

1 4

2 3

2 1

   
   −   
   − −   

  M1 

( )2 2 4 0+ − =  and ( )4 6 2 0− + = A1 

THEN 

(so 

1

2

2

 
 − 
 − 

 is perpendicular to both normal vectors) 

so the vector equation of L  can be written as 

0 1

2 2

4 2

λ
   
   = + −   
   −   

r  AG 

Note: Award M1 for substituting 0x =  (or 2y =  or 4z = ) into 1Π  and 2Π  and 

solving simultaneously, for example, solving 2 6y z− + =  and 3 2y z− = . 

Award A1 for 2y =  and 4z = , for example. 

continued… 
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Question 6 continued 

METHOD 3 

attempts row reduction to obtain eg, 

2
2

z
x + =  and 2y z− = − (M1) 

substitutes x λ=  into 2
2

z
x + = , solves for z  and obtains 4 2z λ= −  A1 

substitutes 4 2z λ= −  into 2y z− = − , solves for y  and obtains 2 2y λ= −  A1 

so the vector equation of L  can be written as 

0 1

2 2

4 2

λ
   
   = + −   
   −   

r  AG 

METHOD 4 

attempts to solve 2 2 6x y z− + =  and 4 3 2x y z+ − =  (M1) 

for example, , 2 2 , 4 2x y zλ λ λ= = − = −  A2 

so the vector equation of L  can be written as 

0 1

2 2

4 2

λ
   
   = + −   
   −   

r  AG 

Note: Only award marks for convincing use of a GDC. 

[3 marks] 

continued… 
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Question 6 continued 

(b) EITHER

the position vector for point P  nearest to the origin is perpendicular to the
direction of L

1

2 2 2 0

4 2 2

λ
λ
λ

   
   − ⋅ − =   
   − −   

 (M1) 

( ) ( )2 2 2 2 4 2 0λ λ λ− − − − =  (A1) 

9 12 0λ − =  (A1) 

OR 

let s  be the distance from the origin to a point P  on L , then 

( ) ( )2 22 2 2 2 4 2s λ λ λ= + − + −  (A1) 

attempts to find λ  such that 
( )2d

0
d

s

λ
= (M1) 

either 
( ) ( )

2d
18 24 0

d

s
λ

λ
= − =  or a graph of 2s  versus λ  (A1) 

Note: Award as above for use of ( ) ( )2 22 2 2 4 2s λ λ λ= + − + − . 

THEN 

4

3
λ = A1 

4 2 4
P , ,

3 3 3
 − 
 

( )P(1.33, 0.667,1.33− A1 

[5 marks] 

Total [8 marks] 
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7. attempts to express x  in terms of tan y (M1) 

tan 2x y= + (A1) 

let V  be the volume of the solid

correctly uses 2π d
b

a

V x y= ∫ (M1) 

Note: Award M0 for ( )2
arctan( 2)

b

a

V x dy= π −∫

( ) ( )
π

1.0472...3
2 2

0 0

π tan 2 d π tan 2 dV y y y y
 

= + = + 
 

∫ ∫ (A1) 

24.0213...=  

24.0=  ( )( )π 4ln 2 π 3= + + A1 

Note: GDC in degrees gives13.3 

[5 marks] 
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8. (a) EITHER

attempts to find the -y coordinate of either the local minimum point or the local 
maximum point (M1) 

OR 

attempts to find the discriminant of ( ) ( )2 22 5 3  2 (5 3 ) 0x y x yx x y− = − − + − = (M1) 

( )( )24 4 5 3 4 20 12y y y y∆ = − − = − +

THEN 

1.43425...y =  (local min.) and 0.232408...y =  (local max.) (A1)(A1) 

( ) 0.232g x ≤  OR ( ) 1.43g x ≥  ( ( ) 13 5

6
g x

− +
≤ OR ( ) 13 5

6
g x

+
≥ ) A1 

Note: Accept other valid notations such as interval notation. 

[4 marks] 

(b) 
2

2 5
0

3

x

x

−
≥

−
 (since cos 0t <  for 

π π
2

t< ≤ ) (R1) 

attempts to solve graphically or algebraically (M1) 

5

2
x ≤ −  OR ( )3 3 1.73 1.73x x− < < − < <  OR 

5

2
x ≥ A1 

[3 marks] 

Total [7 marks] 
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9. METHOD 1

10  numbers of the form 3n , 10  numbers of the form ( )3 1n −  and 10  numbers of the

form ( )3 2n − ( may be seen anywhere) (M1) 

considers one of the following two cases of forming a sum divisible by 3 (M1) 

case 1:

chooses 3  numbers of the form 3n  or chooses 3  numbers of the form ( )3 1n −  or

chooses 3  numbers of the form ( )3 2n −

( )10 10 10 10
3 3 3 3 3 3 120 360C C C C+ + = × = × =  ways A1 

case 2: 

chooses 1 number of the form 3n  and chooses 1 number of the form ( )3 1n −  and

chooses 1 number of the form ( )3 2n −

( )( )310 10 10 10 3
1 1 1 1 10 1000C C C C× × = = =  ways OR ( )

30 20 10
1 1 1 1000

3!

C C C× ×
=  ways A1 

total number of ways is ( )10 10 10 10
3 1 1 13  360 1000C C C C× + × × = +

1360=  A1 

METHOD 2 

total number of ways of choosing 3 numbers (without restriction) is 30
3 4060C = A1 

attempts to find the total number of ways of choosing 3 numbers whose sum is not 
divisible by 3 (M1) 

chooses 2 numbers from one group and chooses 1 number from another group 

eg chooses 2 numbers of the form 3n  and chooses 1 number of the form 3 1n −  

10 10
2 13! 2700C C× × =  (M1)A1 

Note: Award (M1) for any integer multiple of 10 10
2 1C C× . 

total number of ways is 4060 2700−  

1360=  A1 

[5 marks] 
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Section B 

10. (a) 
2π

7.8
period

= (M1) 

2π
0.805536...

7.8
=

20π
period 0.806

78
 = = 
 

 A1 

[2 marks] 

(b) METHOD 1

(i)
max minamplitude

2

−
= (M1) 

1.8 1

2

−
 

0.4a = −  A1 

(ii) 1.4b = A1 

METHOD 2 

attempt to form two simultaneous equations in a and b  (M1) 

(0) 1 1H a b= ⇒ + = , 
π

1.8 1.8
7.8

H a b  = ⇒ − + = 
 

0.4, 1.4a b= − =  A1A1 

[3 marks] 

continued… 
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Question 10 continued 

(c) EITHER

1
2

5
6.207... 6

period
= < (A1) 

OR 

consideration of number of maximums on graph in first 5 seconds (A1) 

OR 

maximums when 0.403, 1.21, 2.01, 2.82, 3.62, 4.43t =  (A1) 

THEN 

6 times A1 

[2 marks] 

(d) recognizing that ( ) 1.5H t = (M1) 

( )0.4cos 7.8 1.4 1.5t− + =

0.233779...

0.234t =  (seconds) A1 

[2 marks] 

continued… 
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Question 10 continued 

(e) finding second time height is 1.5 metres (M1) 

0.571757...t =

in each period, height is greater than 1.5 metres for 0.337978… seconds  (A1) 

Note: Award (M1)(A1) for total time 2.02787...seen. 

multiplying their value by 6 and divide by 5 (M1) 

0.337978... 6

5

×
OR 

2.02787...

5

0.405574...=  

P(height is greater than 1.5 m) 0.406=  A1 

[4 marks] 

Total [13 marks] 
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11. (a) attempts to form a numerator involving a product of two terms involving y

and a denominator involving a product of two terms involving r y+ (M1) 

( )
( )( )

1 1

1 3

y y

r y r y

−
=

+ + −
A1 

attempts to remove the fractions and expand the brackets (M1) 
2 2 23 3 2y y y ry y r r− = + − + −  A1 

2 22 2 2 0y ry y r r− − + − =  

( )2 22 2 1 0y r y r r− + + − = AG 

[4 marks] 

(b) attempts to solve for y (M1) 

( ) ( ) ( )2 22 1 4 1 8

4

r r r r
y

+ ± + − −
= A1 

( ) 22 1 12 4

4

r r
y

+ ± +
= A1 

( ) 21 3 1

2

r r
y

+ ± +
=

(since ,r y +∈ ) and 
( ) 21 3 1

0
2

r r+ − +
<  for 1r >  R1 

Note: Award the R1 for stating that number of balls cannot be negative, or 
similar. 

Note: Accept  0y >  

so 
( ) 21 3 1

2

r r
y

+ + +
= AG 

[4 marks] 

continued… 
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Question 11 continued 

(c) attempts to find a pair of positive integer values eg by using a table (M1) 

Note: Award M0 if numbers are not positive integers. 

1 red ball and 2 yellow balls ( 1r =  and 2y = ) A1 

4 red balls and 6 yellow balls ( 4r =  and 6y = ) A2 

Note: Award A1 for one solution and A2 for another. 
15 red balls and 21 yellow balls ( 15r =  and 21y = ) is the next solution. 

[4 marks] 

(d) attempts to form a numerator involving a product of three terms involving y

and a denominator involving a product of three terms that includes a ( )10y +
term (M1) 

( ) ( )( )
( )( )( )

( )( )
( )( )( )

1 2 1 2
P

10 1 10 2 10 10 9 8

y y y y y y
YYY

y y y y y y

 − − − −
= =  + − + − + + + + 

A1A1 

Note: Award A1 for a correct numerator and A1 for a correct denominator. 

[3 marks] 

(e) ( ) ( )( )( )
( )( )( )

( )( )( )
( )( )( )

1 1 1 1
P new

1 10 10 1 10 11 10 9

y y y y y y
YYY

y y y y y y

 + − + −
= =  + + + − + + + + 

(A1) 

equates their answer for ( )P newYYY to 2×  their answer for part (d) M1 

( )( )
( )( )( )

( )( )( )
( )( )( )

2 1 2 1 1

10 9 8 11 10 9

y y y y y y

y y y y y y

− − + −
=

+ + + + + +

attempts to solve for y (M1) 

Note: Award (M1) for attempting to write the above expression as 
( )2 2 1

8 11

y y

y y

− +
=

+ +
. 

4y =   A2 

[5 marks] 

Total [20 marks] 
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12. (a) attempts to use ( )1 0 0 0,y y h f x y= + × (M1) 

( )22

1

1 3 2
2 0.1

2
y

+
= + ×

2.65=  A1 

Note: Award (M1)A0 for 2.35. 

[2 marks] 

(b) let y vx= M1 

d d

d d

y v
v x

x x
= + (A1) 

2 2 2

2

d 3

d

v x v x
v x

x vx

+
+ = (M1) 

2d 1 2

d

v v
x

x v

+
= A1 

attempt to separate variables x and v M1 

2

1
d d

2 1

v
v x

v x
=

+∫ ∫  

( )21 ln 2 1 ln
4

v x C+ = + A1 

Note: Condone the absence of C  to this stage. 

continued… 
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Question 12 continued 

EITHER 

2

2

1 2ln 1 ln
4

y
x C

x

 
+ = + 

 

when 1x = , 
12 ln9
4

y C= ⇒ = M1 

Note: Award M1 for attempting to find their value of C . 

2

2

1 2 1ln 1 ln ln9
4 4

y
x

x

 
+ = + 

 
1

2 4

2

2
1 3

y
x

x

 
+ = 

 
 

OR 

( )
2

4
2

2ln ln ln
1

y
x C

x

 
= + + 

2
4

2

2
1

y
C x

x
+ =

when 1x = , 2 9y C= ⇒ =  M1 

THEN 

2
4

2

2
1 9

y
x

x
+ = A1 

49 1

2

x
y x

−
= AG 

[8 marks] 

continued… 
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Question 12 continued 

(c) 2.71422...y =

2.71y = A1 

[1 mark] 

(d) EITHER

the graph of
49 1

2

x
y x

−
=  is concave up (for 1 1.1x≤ ≤ ) A1 

OR

2

2

d
0

d

y

x
> (for 1 1.1x≤ ≤ ) A1 

Note: Allow positive curvature, opening upwards, increasing first derivative. 

THEN 

hence the tangent drawn using Euler’s method gives an underestimate of the true 
value, so the value of y  when 1.1x =  is greater than the approximate value 
found in part (a) R1 

Note: Only award R1 if there is reference to tangent (in words or in a diagram). 

[2 marks] 

continued… 
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Question 12 continued 

(e) EITHER

Note: Award the first A mark for a correct graph seen in part (d). 

correct graph of 
d

d

y

x
A1 

OR 

correct graph of 
2

2

d

d

y

x
A1 

THEN 

0.655996...x =  

0.656 x =  A1 

[2 marks] 

continued… 
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Question 12 continued 

(f) 
2

2

d
0

d

y

x
=  (seen anywhere) (A1) 

Note: Award (A1) for equivalent answers (seen anywhere) such as 
4 2 2 4

2 3

6
0

x x y y

x y

− + +
=  or 4 2 2 46 0x x y y− + + = . 

EITHER 

divides ( )4 2 2 46 0x x y y− + + =  through by 4y (M1) 

( )
4 2

4 2
6 0

x x

y y
− + + =

( )4 2

1 1
6 0

y
m

x m m
= ⇒ − + + = (M1) 

( )4 26 1 0m m+ − =

( )( )2 23 1 2 1 0m m− + = A1 

21 1
 

23
m m = ± = − 

 
 

OR 

divides ( )4 2 2 46 0x x y y− + + =  through by 2 2x y (M1) 

( )
2 2

2 2
1 6 0

x y

y x
− + + =

( )2
2

1
1 6 0

y
m m

x m
= ⇒ − + + = (M1) 

( )4 26 1 0m m+ − =

( )( )2 23 1 2 1 0m m− + = A1 

21 1
 

23
m m = ± = − 

 
 

continued… 
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Question 12 continued 

OR 

attempts to factorize ( )4 2 2 46 0x x y y− + + = (M1) 

( )( )( )2 2 2 23 2 0x y x y− − + = A1 

attempts to solve their factorized equation (M1) 

2 21 1
 

23
y x y x ⇒ = ± = − 

 
 

THEN 

1

3
y x=  (and so 

1

3
m = ) A1 

 as 0, 0x y> >  (or equivalent reasoning/justification) R1 

Note: Award R1 for 
1

3
y x=  (and so 

1

3
m = ) as 

1

3
y x≠ −  and 2 22 0x y+ =  

for 0x =  and 0y =  only. 

[6 marks] 

Total [21 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
raisonnement adéquat. Par exemple, si des représentations graphiques sont utilisées pour trouver la 
solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 4]

Un botaniste mène une expérience qui étudie la croissance des plantes.

Les hauteurs des plantes sont mesurées lors de sept jours différents.

Le tableau suivant indique le nombre de jours,  d , écoulés depuis le début de l'expérience et 
la hauteur moyenne,  h cm , des plantes à chacun de ces jours.

Nombre de jours (d ) 2 5 13 24 33 37 42

Hauteur moyenne (h) 10 16 30 59 76 79 82

La valeur du coefficient de corrélation de Pearson,  r , pour ces données est de  0,991 , 
donnée avec une précision de trois chiffres significatifs.

(a) La droite de régression de  h  en fonction de  d  pour ces données peut être écrite sous 
la forme  h = ad + b .

Trouvez la valeur de  a  et la valeur de  b . [2] 

(b) Utilisez votre droite de régression pour estimer la hauteur moyenne des plantes 
lorsque 20 jours se sont écoulés depuis le début de l’expérience. [2] 
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Tournez la page

2. [Note maximale : 6]

Le diagramme suivant montre deux bâtiments situés sur un terrain plat.

À partir du point  P  situé au niveau du sol entre les deux bâtiments, l'angle d'élévation au 
sommet de chaque bâtiment est  θ .

la figure n’est pas à l’échelle

 

90 m

154 m

150 m

P

B

A

θ θ

h

La distance du point  P  au point  A  situé au sommet du plus grand bâtiment, est de  150  mètres.

La distance du point  P  au point  B  situé au sommet du plus petit bâtiment, est de  90  mètres.

La distance entre  A  et  B  est  154  mètres.

Trouvez la hauteur,  h , du plus grand bâtiment.
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3. [Note maximale : 8]

Les poids,  W  grammes, de sacs de riz emballés dans une usine peuvent être modélisés par 
une distribution normale dont la moyenne est de  204  grammes et l’écart type est de  5  grammes.

(a) Un sac de riz est choisi au hasard.

Trouvez la probabilité qu’il pèse plus de  210  grammes. [2]

Selon ce modèle,  80 % des sacs de riz pèsent entre  w  grammes et  210  grammes.

(b) Trouvez la probabilité qu’un sac de riz choisi au hasard pèse moins de  w  grammes. [2]

(c) Trouvez la valeur de  w . [2]

(d) Dix sacs de riz sont choisis au hasard. 

Trouvez la probabilité qu’exactement un de ces sacs pèse moins de  w  grammes. [2]
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Tournez la page

4. [Note maximale : 7]

Le développement de  (x + h)8 , où  h ∈ + , peut s'écrire comme 
x8 + ax7 + bx6 + cx5 + dx4 + ... + h8 , où  a , b , c , d , ... ∈  .

Sachant que les coefficients,  a , b  et  d , sont les trois premiers termes d’une suite 
géométrique, trouvez la valeur de  h .
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5. [Note maximale : 6]

Une particule se déplace en ligne droite de sorte que sa vitesse,  v m s-1, au temps  t  

secondes est donnée par  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

, pour  0 ≤ t ≤ 4π . 

La représentation graphique de  v  est illustrée dans le diagramme suivant.

t

v (t)

4π

Soit  t1  le premier instant où l’accélération de la particule est nulle.

(a) Trouvez la valeur de  t1 . [2]

Soit  t2  le deuxième instant où la particule est au repos.

(b) Trouvez la valeur de  t2 . [2]

(c) Trouvez la distance parcourue par la particule entre  t = t1  et  t = t2 . [2]
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6. [Note maximale : 8]

Considérez les deux plans

Π1 : 2x - y + 2z = 6

Π2 : 4x + 3y - z = 2

Soit  L  la droite d’intersection de  Π1  et  Π2 .

(a) Vérifiez que r =















+ −

−

















0

2

4

1

2

2

λ , où  l ∈  , est une équation vectorielle de  L . [3]

(b) Trouvez les coordonnées du point  P , situé sur  L , qui est le plus près de l’origine. [5]
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7. [Note maximale : 5]

Une fonction  f  est définie par  f (x) = arctan (x - 2) , où 2 2 3≤ ≤ +x .

La région délimitée par la courbe, l’axe des ordonnées, l’axe des abscisses et  

la droite y =
π
3

 subit une rotation de  360º  autour de l’axe des ordonnées pour former un 

solide de révolution.

Trouvez le volume de ce solide.
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8. [Note maximale : 7]

Une fonction  g  est définie par g x
x

x
( ) = −

−
2 5

32
, où  x ∈  , x ≠ ± 3 .

(a) Déterminez l’image de  g . [4]

Une fonction  h  est définie par  h (x) = g (| x |) cos t , où  x ∈  , x ≠ ± 3  et  t  est une constante 

telle que 
π

π
2
< ≤t .

(b) Trouvez l’ensemble de valeurs de  x  telles que  h (x) ≤ 0 . [3]
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9. [Note maximale : 5]

Soit  S  l'ensemble de  30  entiers positifs  {1 , 2 , 3 , ... , 28 , 29 , 30} .

Déterminez le nombre total de façons dont Raghu peut obtenir une somme qui est divisible  
par  3 .

Vous pouvez considérer que l’ordre n’est pas important. Par exemple,  
{1 , 2 , 3} , {1 , 3 , 2} , {2 , 3 , 1} , {2 , 1 , 3} , {3 , 1 , 2} et {3 , 2 , 1} sont tous considérés comme 
étant la même sélection. [5]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

10. [Note maximale : 13] 

Un poids suspendu à un ressort est tiré vers le bas et relâché, de sorte qu'il monte et 
descende verticalement.  

La hauteur,  H  mètres, de la base du poids au-dessus du sol peut être modélisée par la 
fonction  H (t ) = a cos (7,8t ) + b , pour  a , b ∈   et  0 ≤ t ≤ 10 , où  t  est le temps en secondes 
après que le poids a été relâché. 

H

sol

(a) Trouvez la période de la fonction. [2] 

(Suite de la question à la page suivante)
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Tournez la page
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(Suite de la question 10)

Le poids est relâché lorsque sa base est à une hauteur minimale de  1  mètre au-dessus 
du sol, et il atteint une hauteur maximale de  1,8  mètres au-dessus du sol. La représentation 
graphique de  H  est montrée dans le diagramme suivant.

H 

t

2

1.5

1

10

0.5

0

2

1,5

1

10

0,5

0

(b) Trouvez la valeur de 

(i) a ;

(ii) b . [3]

(c) Trouvez le nombre de fois que le poids atteint sa hauteur maximale au cours des cinq 
premières secondes de son mouvement. [2]

(d) Trouvez la première fois que la base du poids atteint une hauteur de  1,5  mètres. [2]

Une caméra est réglée pour prendre une photo du poids à un instant aléatoire au cours des 
cinq premières secondes de son mouvement.

(e) Trouvez la probabilité que la hauteur de la base du poids soit supérieure à  1,5  mètres 
à l’instant où la photo est prise. [4]
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N’écrivez pas vos solutions sur cette page.

11. [Note maximale : 20]

Un jeu de hasard consiste à tirer deux boules au hasard et sans remise d’une boîte. La boîte 
contient initialement  r  boules rouges et  y  boules jaunes.

Soit  P (YY )  la probabilité de tirer deux boules jaunes de la boîte sans remise.

Considérez une version de ce jeu où l’on sait que P YY( ) = 1

3
.

(a) Montrez que  2y2 - 2 (r + 1) y + r - r2 = 0 . [4]

(b) En résolvant l’équation de la partie (a), montrez que y
r r

=
+( ) + +1 3 1

2

2

. [4]

(c) Trouvez deux paires de valeurs pour  r  et  y  qui satisfont la condition P YY( ) = 1

3
. [4]

Considérez maintenant un jeu de hasard similaire qui consiste à tirer trois boules sans 
remise d'une boîte. La boîte contient initialement  10  boules rouges et  y  boules jaunes.

Soit  P (YYY )  la probabilité de tirer trois boules jaunes de la boîte sans remise.

(d) Trouvez une expression pour  P (YYY )  en fonction de  y . [3]

Une boule jaune est ajoutée de sorte que la boîte contient maintenant  10  boules rouges 
et  (y + 1)  boules jaunes. La probabilité de tirer trois boules jaunes de la boîte sans remise 
est maintenant le double de la probabilité exprimée dans la partie (d).

(e) Trouvez le nombre initial de boules jaunes dans la boîte. [5]
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N’écrivez pas vos solutions sur cette page.

12. [Note maximale : 21]

Considérez l’équation différentielle 
d

d

y

x

x y

xy
=

+2 23
, où  x > 0 , y > 0 .

On sait que  y = 2  lorsque  x = 1 .

(a) Utilisez la méthode d’Euler avec un pas de longueur  0,1  pour trouver une valeur
approximative de  y  lorsque  x = 1,1 . [2]

(b) En résolvant l’équation différentielle, montrez que y x
x

=
−9 1

2

4

. [8]

(c) Trouvez la valeur de  y  lorsque  x = 1,1 . [1]

(d) En faisant référence à la concavité de la représentation graphique de y x
x

=
−9 1

2

4

pour  1 ≤ x ≤ 1,1 , expliquez pourquoi la valeur de  y  trouvée dans la partie (c) est
supérieure à la valeur approximative de  y  trouvée dans la partie (a). [2]

La représentation graphique de y x
x

=
−9 1

2

4

 pour 
3

3
1< <x  a un point d’inflexion au point  P .

(e) En esquissant la représentation graphique d’une dérivée appropriée de  y , 
déterminez l’abscisse de  P . [2]

On peut démontrer que 
d

d

2

2

4 2 2 4

2 3

6y

x

x x y y

x y
=
− + +

, où  x > 0 , y > 0 .

(f) Utilisez cette expression pour
d

d

2

2

y

x
 pour montrer que le point  P  se situe sur la 

droite  y = mx  où la valeur exacte de  m  est à déterminer. [6]
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Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [110 Punkte].

16EP01



– 2 – 2223 – 7127

Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 4]

Ein Botaniker führt ein Experiment zum Wachstum von Pflanzen durch.

Die Höhe der Pflanzen wird an sieben verschiedenen Tagen gemessen.

Die folgende Tabelle zeigt die Dauer  d  des Experiments in Tagen, und die durchschnittliche 
Höhe  h  (in  cm ) der Pflanzen an jedem dieser Tage.

Dauer in Tagen (d ) 2 5 13 24 33 37 42

Durchschnittshöhe (h) 10 16 30 59 76 79 82

Der Wert des Pearsonschen Produkt-Moment-Korrelationskoeffizienten  r  für diese Daten 
beträgt auf drei signifikante Stellen genau  0,991 .

(a) Die Regressionsgerade von  h  auf  d  für diese Daten kann in der Form  h = ad + b  
geschrieben werden.

Finden Sie die Werte von  a  und  b . [2] 

(b) Schätzen Sie die durchschnittliche Höhe der Pflanzen nach 20 Tagen Dauer des 
Experiments mit Hilfe Ihrer Regressionsgeraden. [2] 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Bitte umblättern

2. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt zwei ebenerdig stehende Gebäude.

Vom Punkt  P  auf dem Boden direkt zwischen den beiden Gebäuden beträgt der 
Höhenwinkel zur Oberkante der beiden Gebäude  θ .

Zeichnung nicht maßstabsgerecht

 

90 m

154 m

150 m

P

B

A

θ θ

h

Die Entfernung zwischen dem Punkt  P  und dem Punkt  A  an der Spitze des höheren 
Gebäudes beträgt  150  Meter.

Die Entfernung zwischen dem Punkt  P  und dem Punkt  B  an der Spitze des niedrigeren 
Gebäudes beträgt  90  Meter.

Die Entfernung zwischen  A  und  B  beträgt  154  Meter.

Finden Sie die Höhe  h  des höheren Gebäudes.
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3. [Maximale Punktzahl: 8]

Das Gewicht  W  (in Gramm) der in einer Fabrik verpackten Reispackungen, kann durch eine 
Normalverteilung mit einem Mittelwert  von  204  Gramm und einer Standardabweichung 
von  5  Gramm modelliert werden.

(a) Eine Packung Reis wird nach dem Zufallsprinzip ausgewählt.

Finden Sie die Wahrscheinlichkeit, dass sie mehr als  210  Gramm wiegt. [2]

Nach diesem Modell wiegen  80 % der Reispackungen zwischen  w  Gramm und  210  Gramm.

(b) Finden Sie die Wahrscheinlichkeit, dass eine zufällig ausgewählte Reispackung 
weniger als  w  Gramm wiegt. [2]

(c) Finden Sie den Wert von  w . [2]

(d) Zehn Reispackungen werden nach dem Zufallsprinzip ausgewählt. 

Finden Sie die Wahrscheinlichkeit, dass genau eine der Packungen weniger  
als  w  Gramm wiegt. [2]
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4. [Maximale Punktzahl: 7]

Die Entwicklung von  (x + h)8 , mit  h ∈ + , kann als  x8 + ax7 + bx6 + cx5 + dx4 + ... + h8  
geschrieben werden, mit  a , b , c , d , ... ∈  .

Finden Sie den Wert von  h , unter der Voraussetzung, dass die Koeffizienten  a , b  und  d  die 
ersten drei Terme einer geometrischen Folge bilden.
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5. [Maximale Punktzahl: 6]

Ein Teilchen bewegt sich so auf einer geraden Linie, dass seine Geschwindigkeit,  v  (in  m s-1) 

zum Zeitpunkt  t  Sekunden durch  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

 für  0 ≤ t ≤ 4π  beschrieben wird. 

Das folgende Diagramm zeigt den Graphen von  v .

t

v (t)

4π

Sei  t1  der erste Zeitpunkt, an dem die Beschleunigung des Teilchens Null ist.

(a) Finden Sie den Wert von  t1 . [2]

Sei  t2  der zweite Zeitpunkt, an dem sich das Teilchen wieder in absoluter Ruhe befindet.

(b) Finden Sie den Wert von  t2 . [2]

(c) Finden Sie die Entfernung, die das Teilchen zwischen den Zeitpunkten  t = t1   
und  t = t2  zurücklegt. [2]
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6. [Maximale Punktzahl: 8]

Betrachten Sie die beiden folgenden Ebenen:

Π1 : 2x - y + 2z = 6

Π2 : 4x + 3y - z = 2

Sei  L  die Schnittgerade von  Π1  und  Π2 .

(a) Validieren Sie, dass r =















+ −

−

















0

2

4

1

2

2

λ , mit  l ∈  , eine Vektorgleichung von  L  ist. [3]

(b) Finden Sie die Koordinaten des Punktes  P  auf  L , der dem Ursprung am nächsten ist. [5]
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7. [Maximale Punktzahl: 5]

Eine Funktion  f  ist definiert als  f (x) = arctan (x - 2) , mit 2 2 3≤ ≤ +x .

Die Fläche, die  durch die Kurve, die  y-Achse, die  x-Achse und die Gerade y =
π
3

 begrenzt wird, 

wird um  360º  um die  y-Achse gedreht und bildet somit einen Rotationskörper.

Finden Sie das Volumen dieses Körpers.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP08



– 9 – 2223 – 7127

Bitte umblättern

8. [Maximale Punktzahl: 7]

Eine Funktion  g  ist definiert durch g x
x

x
( ) = −

−
2 5

32
, mit  x ∈  , x ≠ ± 3 .

(a) Bestimmen Sie den Wertebereich von  g . [4]

Eine Funktion  h  ist definiert durch  h (x) = g (| x |) cos t , mit  x ∈  , x ≠ ± 3 .  t  ist eine 

Konstante mit 
π

π
2
< ≤t .

(b) Finden Sie die Menge der Werte von  x  für die gilt, dass  h (x) ≤ 0 . [3]
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9. [Maximale Punktzahl: 5]

S  sei die Menge der  30  ersten positiven ganzen Zahlen  {1 , 2 , 3 , ... , 28 , 29 , 30} .

Bestimmen Sie die Gesamtzahl der Auswahlen, die Raghu treffen kann, um eine Summe zu 
erhalten, die durch  3  teilbar ist.

Sie können davon ausgehen, dass die Reihenfolge nicht wichtig ist, so werden zum Beispiel  
{1 , 2 , 3} , {1 , 3 , 2} , {2 , 3 , 1} , {2 , 1 , 3} , {3 , 1 , 2} , {3 , 2 , 1} alle als die gleiche Auswahl 
betrachtet. [5]
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

10. [Maximale Punktzahl: 13] 

Ein an einer Feder hängendes Gewicht wird nach unten gezogen und losgelassen, so dass 
es sich vertikal auf und ab bewegt.  

Die Höhe  H  der Unterseite des Gewichts über dem Boden (in Meter) kann durch die 
Funktion  H (t ) = a cos (7,8t ) + b , mit  a , b ∈   und  0 ≤ t ≤ 10  modelliert werden. Dabei ist  t  
die Zeit in Sekunden nach dem Loslassen des Gewichts. 

H

Boden

(a) Finden Sie die Periodendauer der Funktion. [2] 

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 10)

Das Gewicht wird losgelassen, wenn die Höhe seiner Unterseite über dem Boden ihren 
kleinsten Wert von  1  Meter hat. Es erreicht eine maximale Höhe von  1,8  Meter über dem 
Boden. Der Graph von  H  ist im folgenden Diagramm dargestellt.

H 

t

2

1.5

1

10

0.5

0

2

1,5

1

10

0,5

0

(b) Finden Sie die Werte von 

(i) a ;

(ii) b . [3]

(c) Finden Sie die Anzahl, wie oft das Gewicht in den ersten fünf Sekunden seiner 
Bewegung seine maximale Höhe erreicht. [2]

(d) Finden Sie den ersten Zeitpunkt, an dem die Unterseite des Gewichts eine Höhe 
von  1,5  Metern erreicht. [2]

Eine Kamera ist so eingestellt, dass sie das Gewicht  zu einem zufälligen Zeitpunkt während 
der ersten fünf Sekunden seiner Bewegung fotografiert.

(e) Finden Sie die Wahrscheinlichkeit, dass die Höhe der Unterseite des Gewichts zum 
Zeitpunkt des Fotos größer ist als  1,5  Meter. [4]
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Schreiben Sie keine Lösungen auf diese Seite.

11. [Maximale Punktzahl: 20]

Bei einem Glücksspiel werden zwei Kugeln nach dem Zufallsprinzip und ohne Zurücklegen 
aus einer Schachtel gezogen. Die Schachtel enthält anfangs  r  rote Kugeln und  y  gelbe Kugeln.

P (YY )  sei die Wahrscheinlichkeit, dass ohne Zurücklegen zwei gelbe Kugeln aus der 
Schachtel gezogen werden.

Betrachten Sie eine Version dieses Spiels, bei der bekannt ist, dass P YY( ) = 1

3
.

(a) Zeigen Sie, dass  2y2 - 2 (r + 1) y + r - r2 = 0 . [4]

(b) Zeigen Sie durch Lösen der Gleichung in Teil (a), dass y
r r

=
+( ) + +1 3 1

2

2

. [4]

(c) Finden Sie zwei Wertepaare für  r  und  y , welche die Bedingung P YY( ) = 1

3
 erfüllen. [4]

Betrachten Sie nun ein ähnliches Glücksspiel, bei dem drei Kugeln ohne Zurücklegen aus 
einer Schachtel gezogen werden. Die Schachtel enthält anfangs  10  rote Kugeln und   
y  gelbe Kugeln.

P (YYY )  sei die Wahrscheinlichkeit, dass ohne Zurücklegen drei gelbe Kugeln aus der 
Schachtel gezogen werden.

(d) Finden Sie einen Ausdruck für  P (YYY )  in Abhängigkeit von  y . [3]

Eine gelbe Kugel wird hinzugefügt, so dass die Schachtel nun  10  rote Kugeln und  (y + 1)  
gelbe Kugeln enthält. Die Wahrscheinlichkeit, ohne Zurücklegen drei gelbe Kugeln aus der 
Schachtel zu ziehen, ist nun doppelt so hoch wie die Wahrscheinlichkeit in Teil (d).

(e) Finden Sie die ursprüngliche Anzahl an gelben Kugeln in der Schachtel. [5]
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Schreiben Sie keine Lösungen auf diese Seite.

12. [Maximale Punktzahl: 21]

Betrachten Sie die Differentialgleichung 
d

d

y

x

x y

xy
=

+2 23
 mit  x > 0 , y > 0 .

Es gilt  y = 2  für  x = 1 .

(a) Finden Sie mit Hilfe des Euler-Verfahrens mit der Schrittlänge  0,1  einen 
Näherungswert für  y  für  x = 1,1 . [2]

(b) Zeigen Sie durch Lösen der Differentialgleichung, dass y x
x

=
−9 1

2

4

. [8]

(c) Finden Sie den Wert von  y  für  x = 1,1 . [1]

(d) Betrachten Sie die Krümmung des Graphen von y x
x

=
−9 1

2

4

 für  1 ≤ x ≤ 1,1  und 

erklären Sie damit, warum der Wert von  y  in Teil (c) größer ist als der in Teil (a) 
gefundene Näherungswert von  y . [2]

Der Graph von y x
x

=
−9 1

2

4

 hat für 
3

3
1< <x  einen Wendepunkt  P .

(e) Skizzieren Sie den Graphen einer geeigneten Ableitung von  y , und bestimmen Sie
damit die  x-Koordinate von  P . [2]

Es kann gezeigt werden, dass 
d

d

2

2

4 2 2 4

2 3

6y

x

x x y y

x y
=
− + +

 für  x > 0 , y > 0 .

(f) Zeigen Sie mit Hilfe dieses Ausdrucks für
d

d

2

2

y

x
, dass der Punkt  P  auf der 

Geraden  y = mx  liegt, und bestimmen Sie den genauen Wert von  m . [6]
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Bitte schreiben Sie nicht auf dieser Seite.

Antworten, die auf dieser Seite geschrieben 
werden, werden nicht bewertet.
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Número de convocatoria del alumno

2223 – 7122
© International Baccalaureate Organization 202315 páginas

9 de mayo de 2023

Zona A tarde Zona B mañana Zona C tarde

2 horas

Matemáticas: Análisis y Enfoques
Nivel Superior
Prueba 2

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [110 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 4]

Un botánico realiza un experimento en el que estudia el crecimiento de las plantas.

La altura de las plantas la mide en siete días distintos.

En la siguiente tabla se muestra el número de días (d ) que lleva en marcha el experimento  
y la altura promedio (h cm) que tienen las plantas cada uno de esos días.

Número de días (d ) 2 5 13 24 33 37 42

Altura promedio (h) 10 16 30 59 76 79 82

Para estos datos, el valor del coeficiente de correlación momento-producto de Pearson (r) 
es  0,991 , redondeando a tres cifras significativas.

(a) La recta de regresión de  h  sobre  d  para estos datos se puede escribir en la 
forma  h = ad + b .

Halle el valor de  a  y el valor de  b . [2] 

(b) Utilice su recta de regresión para estimar la altura promedio que tendrán las plantas 
cuando el experimento lleve en marcha 20 días. [2] 
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Véase al dorso

2. [Puntuación máxima: 6]

En la siguiente figura se muestran dos edificios construidos en un terreno llano.

Desde el punto  P  —situado en el suelo y entre los dos edificios— el ángulo de elevación 
hasta la parte superior de cada edificio es igual a  θ .

la figura no está dibujada a escala

 

90 m

154 m

150 m

P

B

A

θ θ

h

La distancia entre el punto  P  y el punto  A  (ubicado en la parte superior del edificio más alto) 
es igual a  150  metros.

La distancia entre el punto  P  y el punto  B  (ubicado en la parte superior del edificio más bajo) 
es igual a  90  metros.

La distancia entre  A  y  B  es igual a  154  metros.

Halle la altura (h) del edificio más alto.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP03



– 4 – 2223 – 7122

3. [Puntuación máxima: 8]

Los pesos (W  gramos) de los paquetes de arroz que se envasan en una fábrica siguen una 
distribución normal de media  204  gramos y desviación típica igual a  5  gramos.

(a) Se escoge un paquete de arroz al azar.

Halle la probabilidad de que pese más de  210  gramos. [2]

Según este modelo, el  80 % de los paquetes de arroz pesan entre  w  gramos y  210  gramos.

(b) Halle la probabilidad de que un paquete de arroz elegido al azar pese menos  
de  w  gramos. [2]

(c) Halle el valor de  w . [2]

(d) Ahora se escogen al azar diez paquetes de arroz. 

Halle la probabilidad de que haya exactamente un paquete que pese menos  
de  w  gramos. [2]
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Véase al dorso

4. [Puntuación máxima: 7]

El desarrollo de  (x + h)8 , donde  h ∈ + , se puede escribir así: 
x8 + ax7 + bx6 + cx5 + dx4 + ... + h8 , donde  a , b , c , d , ... ∈  .

Sabiendo que los coeficientes  a , b  y  d  son los tres primeros términos de una progresión 
geométrica, halle el valor de  h .
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5. [Puntuación máxima: 6]

Una partícula se mueve en línea recta, de modo tal que su velocidad (v m s-1) en el  

instante  t  segundos viene dada por  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

, para  0 ≤ t ≤ 4π . 

El gráfico de  v  se muestra en la siguiente figura.

t

v (t)

4π

Sea  t1  el primer instante en el que la aceleración de la partícula es igual a cero.

(a) Halle el valor de  t1 . [2]

Sea  t2  el segundo instante en el que la partícula está instantáneamente en reposo.

(b) Halle el valor de  t2 . [2]

(c) Halle la distancia que ha recorrido la partícula entre  t = t1  y  t = t2 . [2]
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Véase al dorso

6. [Puntuación máxima: 8]

Considere los dos planos

Π1 : 2x - y + 2z = 6

Π2 : 4x + 3y - z = 2

Sea  L  la recta de intersección de  Π1  y  Π2 .

(a) Verifique que una ecuación vectorial de  L  es r =















+ −

−

















0

2

4

1

2

2

λ , donde  l ∈  . [3]

(b) Halle las coordenadas del punto  P , que es el punto de  L  que más cerca está del origen. [5]
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7. [Puntuación máxima: 5]

La función  f  se define así:  f (x) = arctan (x - 2) , donde 2 2 3≤ ≤ +x .

La región delimitada por la curva, el eje  y , el eje  x  y la recta y =
π
3

 se rota  360º  alrededor 

del eje  y , generando así un sólido de revolución.

Halle el volumen de dicho sólido.
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Véase al dorso

8. [Puntuación máxima: 7]

La función  g  viene dada por g x
x

x
( ) = −

−
2 5

32
, donde  x ∈  , x ≠ ± 3 .

(a) Determine el recorrido de  g . [4]

La función  h  viene dada por  h (x) = g (| x |) cos t , donde  x ∈  , x ≠ ± 3  y  t  es una constante 

tal que 
π

π
2
< ≤t .

(b) Halle el conjunto de valores de  x  para los cuales  h (x) ≤ 0 . [3]
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Véase al dorso

9. [Puntuación máxima: 5]

Sea  S  el siguiente conjunto formado por  30  enteros positivos  {1 , 2 , 3 , ... , 28 , 29 , 30} .

Determine el número total de selecciones que Raghu puede hacer para obtener una suma 
que sea divisible entre  3 .

Puede asumir que el orden no es importante; por ejemplo, 
{1 , 2 , 3} , {1 , 3 , 2} , {2 , 3 , 1} , {2 , 1 , 3} , {3 , 1 , 2} y {3 , 2 , 1} se consideran la misma selección. [5]
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No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

10. [Puntuación máxima: 13] 

Hay un peso suspendido de un muelle. Se tira del peso y luego se suelta, de modo que se 
mueva hacia arriba y hacia abajo en vertical.  

La altura (H  metros) a la que se encuentra la base del peso respecto al suelo se puede 
modelizar mediante la función  H (t ) = a cos (7,8t ) + b , para  a , b ∈   y  0 ≤ t ≤ 10 , donde  t  
es el tiempo (en segundos) que ha transcurrido desde que se soltó el peso. 

H

suelo

(a) Halle el período de la función. [2] 

(Esta pregunta continúa en la página siguiente)

16EP12



– 13 – 2223 – 7122

Véase al dorso

No escriba soluciones en esta página.

(Pregunta 10: continuación)

El peso se suelta cuando su base está a una altura mínima de  1  metro respecto al suelo 
y alcanza una altura máxima de  1,8  metros respecto al suelo. En la siguiente figura se 
muestra el gráfico de  H .

H 

t

2

1.5

1

10

0.5

0

2

1,5

1

10

0,5

0

(b) Halle el valor de: 

(i) a 

(ii) b  [3]

(c) Halle el número de veces que el peso alcanza su altura máxima durante los cinco 
primeros segundos que está moviéndose. [2]

(d) Halle el primer instante en el que la base del peso alcanza una altura de  1,5  metros. [2]

Se configura una cámara para que haga una foto del peso en un instante elegido al azar, 
dentro de esos cinco primeros segundos que el peso está moviéndose.

(e) Halle la probabilidad de que la altura de la base del peso sea mayor que  1,5  metros 
en el instante en el que se hace la foto. [4]
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No escriba soluciones en esta página.

11. [Puntuación máxima: 20]

Hay un juego en el que hay que extraer al azar dos bolas de una caja, sin reposición. 
Inicialmente la caja contiene  r  bolas rojas e  y  bolas amarillas.

Sea  P (YY )  la probabilidad de extraer de la caja (sin reposición) dos bolas amarillas.

Considere ahora una versión de este juego donde se sabe que P YY( ) = 1

3
.

(a) Muestre que  2y2 - 2 (r + 1) y + r - r2 = 0 . [4]

(b) Resolviendo la ecuación del apartado (a), muestre que y
r r

=
+( ) + +1 3 1

2

2

. [4]

(c) Halle dos pares de valores de  r  e  y  que satisfagan la condición P YY( ) = 1

3
. [4]

Considere ahora un juego de azar similar al anterior, en el que hay que extraer tres bolas de 
una caja, sin reposición. Inicialmente la caja contiene  10  bolas rojas e  y  bolas amarillas.

Sea  P (YYY )  la probabilidad de extraer de la caja (sin reposición) tres bolas amarillas.

(d) Halle una expresión que dé  P (YYY )  en función de  y . [3]

Ahora se añade a la caja una bola amarilla, de modo que contenga  10  bolas rojas  
e  (y + 1)  bolas amarillas.  
La probabilidad de extraer de la caja (sin reposición) tres bolas amarillas es ahora el doble 
que la probabilidad dada en el apartado (d).

(e) Halle el número de bolas amarillas que había inicialmente en la caja. [5]
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No escriba soluciones en esta página.

12. [Puntuación máxima: 21]

Considere la ecuación diferencial 
d

d

y

x

x y

xy
=

+2 23
, donde  x > 0 , y > 0 .

Se sabe que  y = 2  para  x = 1 .

(a) Utilice el método de Euler con un paso de  0,1  para hallar un valor aproximado de  y 
para  x = 1,1 . [2]

(b) Resolviendo la ecuación diferencial, muestre que y x
x

=
−9 1

2

4

. [8]

(c) Halle el valor de  y  para  x = 1,1 . [1]

(d) Haciendo referencia a la concavidad del gráfico de y x
x

=
−9 1

2

4

 para  1 ≤ x ≤ 1,1 , 

explique por qué el valor de  y  que ha hallado en el apartado (c) es mayor que el valor
aproximado de  y  que halló en el apartado (a). [2]

El gráfico de y x
x

=
−9 1

2

4

 para 
3

3
1< <x  tiene un punto de inflexión en el punto  P .

(e) Dibujando aproximadamente el gráfico de una derivada apropiada de  y , 
determine la coordenada  x  de  P . [2]

Se puede mostrar que 
d

d

2

2

4 2 2 4

2 3

6y

x

x x y y

x y
=
− + +

, donde  x > 0 , y > 0 .

(f) Utilice esta expresión de
d

d

2

2

y

x
 para mostrar que el punto  P  pertenece a la recta  y = mx , 

y determine además el valor exacto de  m . [6]
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Mathematics: analysis and approaches
Higher level
Paper 3

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 

this paper.
 y The maximum mark for this examination paper is [55 marks].
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Turn over

Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 25]

In this question, you will be investigating the family of functions of the form  f (x) = xn e-x .

Consider the family of functions  f n (x) = xn e-x , where  x ≥ 0  and  n ∈ + .

When  n = 1 , the function  f 1 (x) = xe-x , where  x ≥ 0 .

(a) Sketch the graph of  y = f 1 (x) , stating the coordinates of the local maximum point. [4]

(b) Show that the area of the region bounded by the graph  y = f 1 (x) , the  x-axis and the 

line  x = b , where  b > 0 , is given by 
e

e

b

b

b- -1
. [6]

You may assume that the total area,  An , of the region between the graph  y = f n (x)  and the 

x-axis can be written as A f x xn n=
∞

∫ ( )
0

d  and is given by lim ( )
b

n

b
f x x

→∞ ∫0 d .

(c) (i)  Use l’Hôpital’s rule to find lim
b

b

b

b
→∞

− −e

e

1
. You may assume that the condition for 

applying l’Hôpital’s rule has been met. [2]

(ii) Hence write down the value of  A1 . [1]

You are given that  A2 = 2  and  A3 = 6 .

(d) Use your graphic display calculator, and an appropriate value for the upper limit, 
to determine the value of

(i) A4 ; [2]

(ii) A5 . [1]

(e) Suggest an expression for  An  in terms of  n , where  n ∈ + . [1]

(f) Use mathematical induction to prove your conjecture from part (e). You may assume 
that, for any value of  m , lim

x

m xx
→∞

− =e 0. [8]
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2. [Maximum mark: 30]

In this question, you will investigate the maximum product of positive real numbers 
with a given sum.

Consider the two numbers  x1 ,  x2 ∈ + , such that  x1 + x2 = 12 .

(a) Find the product of  x1  and  x2  as a function,  f , of  x1  only. [2]

(b) (i)  Find the value of  x1  for which the function is maximum. [1]

(ii) Hence show that the maximum product of  x1  and  x2  is 36 . [1]

Consider  Mn(S)  to be the maximum product of  n  positive real numbers with a sum of  S , 
where  n ∈ +  and  S ∈ + .  

For  n = 2 , the maximum product can be expressed as M S
S

2

2

2
( ) = 






 .

(c) Verify that M S
S

2

2

2
( ) = 






  is true for  S = 12 . [1]

Consider  n  positive real numbers,  x1 , x2 , ... ,  xn .

The geometric mean is defined as ( ... )x x xn
n

1 2

1

× × × . It is given that the geometric mean is 

always less than or equal to the arithmetic mean, so ( ... )
( ... )

x x x
x x x

nn
n n

1 2

1
1 2× × × ≤
+ + +

.

(d) (i)  Show that the geometric mean and arithmetic mean are equal  
when  x1 = x2 = ... = xn . [2]

(ii) Use this result to prove that M S
S

nn

n

( ) = 





 . [4]

(e) Hence determine the value of 

(i) M3(12) ; [1]

(ii) M4(12) ; [1]

(iii) M5(12) . [1]

For  n ∈ + , let  P (S)  denote the maximum value of Mn(S)  across all possible values of  n .

(f) Write down the value of  P (12)  and the value of  n  at which it occurs. [2]

(g) Determine the value of  P (20)  and the value of  n  at which it occurs. [3]

(This question continues on the following page)
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(Question 2 continued)

Consider the function  g , defined by ln ( ) lng x x
S

x
( ) = 






 , where  x ∈ + . 

A sketch of the graph of  y = g (x)  is shown in the following diagram. Point  A  is the maximum 
point on this graph.

A
y

x
y = g (x)

0

(h) Find, in terms of  S , the  x-coordinate of point  A . [6]

(i) Verify that  g (x) = Mx(S) , when  x ∈ + . [2]

(j) Use your answer to part (h) to find the largest possible product of positive numbers
whose sum is 100. Give your answer in the form  a × 10k , where  1 ≤ a < 10  and  k ∈ + . [3]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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1. (a)

A1 for ( )1, 0.368  or 
1

1,
e

 
 
 

 labelled at local maximum (accept correct coordinates 

written away from the graph) 

A1 for graph clearly starting at, or passing through,the origin 

A1 for correct domain  

A1 for correct shape i.e.: single maximum, and asymptotic behaviour (equation not 
required) (or point of inflexion) 

[4 marks] 

continued… 
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Question 1 continued 

(b) 
0

e d−∫
b xx x (A1) 

Note:  Award (A1) for correct integrand and limits (which can be seen later in the 
question) 

Use of integration by parts 

0 0
e e d− − = − +  ∫

bbx xx x A1A1 

Note: Award A1 for each part (including the correct sign with each) 

0 0
e e− −   = − −   

b bx xx A1 

Note:  Award A1 for correct second term. 
Condone absence of limits to this point 

attempt to substitute limits M1 

e e 1− −= − − +b bb  A1 

e 1

e

− −
=

b

b

b
AG 

[6 marks] 

(c) (i) 
e 1 e 1

lim lim
e e→∞ →∞

− − −
=

b b

b bb b

b
A1 

Note: Award A1 for correct quotient. Condone absence of limit. 

e
lim 1

e→∞

 
= = 
 

b

bb
A1 

[2 marks] 

(ii) ( )0
e d 1

∞ − =∫ xx x  A1 

[1 mark] 

continued… 
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Question 1 continued 

(d) (i) correct integral (M1) 

Note: Award M1 for correct integrand with limits from 0 to a larger number. 

24 A1 

[2 marks] 

(ii) 120 A1 

Note:  The M1 can be awarded if either part (d)(i) or part (d)(ii) is correct. 

[1 mark] 

(e) !=nA n A1 

[1 mark] 

continued… 
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Question 1 continued 

(f) 

Note:  Accept starting at 0n = , throughout this proof. 

1=n  

1 1=A  and 1! 1=  M1A1 

Note:  Award M1 for considering the case where 1n = , and A1 if it is clear that 
both 1 1=A  and 1! 1=  have been considered. 

so true for 1=n  

assume true for =n k , (
0

e d !
∞ −= =∫ k x

kA x x k ) M1 

Note:  Award M0 for statements such as “let =n k ”. 

Note:  Subsequent marks after this M1 are independent of this mark and can be 
awarded. 

when 1= +n k  

attempt to integrate by parts M1 

Note:  To obtain the M1, a minimum of an expression +/- an integral must be 
seen. 

1 1

00 0
e d e ( 1) e d

∞ ∞∞+ − + − − = − + + ∫ ∫k x k x k xx x x k x x A1 

0
( 1) e dk xk x x

∞ −+ ∫ simplified to ( 1) !k k+  seen A1 

0 ( 1) != + +k k  

Note:  Condone omission of the zero. 

( 1)!= +k  A1 

Hence if true for =n k  then also true for 1= +n k . As true for 1=n  so true for 
+∈n  . R1 

Note:  Award the final R1 mark provided at least four of the previous marks are 
gained. 

[8 marks] 

Total [25 marks] 
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2. (a) 2 112= −x x (M1) 

1 1( ) (12 )= −f x x x A1 

[2 marks] 

(b) (i) 1( ) 6=x  A1 

Note:  Award the A1 if 6 seen in part (ii). 

[1 mark] 

(ii) (6)f    OR  26   OR  graph with maximum at (6, 36) M1 

36= AG 

[1 mark] 

(c) 
2

2

12
(12) 36

2
 = = 
 

M  which is the maximum product (from (b)(ii)) A1 

Note:  Both the 36 AND a link to part (b), which may be simply seeing the word 
“maximum” must be seen to award the A1. 

[1 mark] 

continued… 
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Question 2 continued 

(d) (i) let all ix be labelled as x (or x1 or xn etc.) (M1) 

Note:  Do not accept use of a specific number for x or n . 

1

( ) =n nx x  and =
nx

x
n

A1 

[2 marks] 

(ii) 1 2 ...+ + + =nx x x S (A1) 

1

1 2( ... )× × × ≤n
n

S
x x x

n
M1 

Note:  Award M1 for use of the inequality, which may be seen as an equality. 

1 2 ...  × × × ≤  
 

n

n

S
x x x

n
  (as both sides are positive) M1 

LHS and RHS are equal when all values of ix  are equal (to 
S

n
) R1 

( )  =  
 

n

n

S
M S

n
AG 

[4 marks] 

(e) (i) 3
3(12) 4 64= =M  A1 

[1 mark] 

(ii) 4
4 (12) 3 81= =M  A1 

[1 mark] 

(iii) 5
5(12) 2.4 79.6= =M  ( )79.6262... A1 

[1 mark] 

continued… 
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Question 2 continued 

(f) considering (12)nM  for higher values of n 

(12) 81=P A1 

4=n
A1

Note:  Award A0A0 for (12) 82.6=P  and 4.41=n . 

[2 marks] 

(g) Consideration of graph or table of 
20 

 
 

n

n
 including values either side of 7 (M1) 

Maximum occurs when 7=n A1 

(20) =P  
7

20
1550 (1554.260...)

7
  = 
 

A1 

Note:  Award (M1)A0A1 for 7.36=n  and (20) 1570=P . 

[3 marks] 

continued… 
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Question 2 continued 

(h) EITHER

( )ln( ( )) ln( ) ln= −g x x S x M1 

attempt to use implicit differentiation and product rule M1M1 

( ) 1
ln ln

( )

′
= − −

g x
S x x

g x x
A1 

OR 

attempt to use implicit differentiation, product rule and chain rule M1M1M1 

2

( )
ln

( )

′ − = + × 
 

g x S x S
x

g x x S x
A1 

OR 

attempt to make equation explicit to ( )
ln

e
S

x
xg x

 
 
 = M1 

attempt to use product rule and chain rule M1M1 

( ) ( )
ln

2e ln
S

x
x x S

g x x Sx
S x

 
  −    ′ = × × − +     

ln

e ln 1
S

x
x S

x

 
 
    = −    

A1 

THEN 

( ) ln 1 ( ) ′ = − 
 

S
g x g x

x
 

( ) 0≠g x

( ) 0 ln 1 0′ = ⇒ − =
S

g x
x

 M1 

(0.368 , 0.36789... )
e

=
S

x S S  A1 

[6 marks] 

continued… 
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Question 2 continued 

(i) ( )ln ( ) ln  =  
 

S
g x x

x
( )ln ( ) ln  ⇒ =  

 

x
S

g x
x

M1 

( )
x

S
g x

x
 =  
 

A1 

( )xM S=  for x +∈ AG 

[2 marks] 

(j) 
100

36.8
e

= M1 

36
15100

9.3996... 10
36

  = × 
 

  AND  
37

15100
9.47406... 10

37
  = × 
 

R1 

largest possible product is 15 159.47 10 (9.47406... 10 )× ×  A1 

Note:  Award A1 independently of the R1 (but not independently of the M1). 

[3 marks] 

Total [30 marks] 
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Mathematics: analysis and approaches
Higher level
Paper 3

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 

this paper.
 y The maximum mark for this examination paper is [55 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 24]

This question asks you to examine the number and nature of intersection points of the 
graph of  y = loga x  where  a ∈ + ,  a ≠ 1  and the line  y = x  for particular sets of values of  a .

In this question you may either use the change of logarithm base formula log
ln

lna x
x

a
=  or a 

graphic display calculator “logarithm to any base feature”.

The function  f  is defined by

f (x) = loga x  where  x ∈ +  and  a ∈ + ,  a ≠ 1.

(a) Consider the cases  a = 2  and  a = 10 . On the same set of axes, sketch the following 
three graphs:

y = log2 x

y = log10 x

 y = x .

Clearly label each graph with its equation and state the value of any non-zero  
x-axis intercepts. [4]

(This question continues on the following page)
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Turn over

(Question 1 continued)

In parts (b) and (c), consider the case where  a = e . Note that  ln x ≡ loge x .

(b) Use calculus to find the minimum value of the expression  x - ln x , justifying that this 
value is a minimum. [5]

(c) Hence deduce that x > ln x . [1]

(d) There exist values of  a  for which the graph of  y = loga x  and the line  y = x  do have 
intersection points. The following table gives three intervals for the value of  a .

Interval Number of intersection points 

0 < a < 1 p

1 < a < 1.4 q

1.5 < a < 2 r

By investigating the graph of  y = loga x  for different values of  a , write down the values 
of  p ,  q  and  r . [4]

In parts (e) and (f), consider  a ∈ + ,  a ≠ 1.

For  1.4 ≤ a ≤ 1.5 , a value of  a  exists such that the line  y = x  is a tangent to the graph 
of  y = loga x  at a point  P .

(e) Find the exact coordinates of  P  and the exact value of  a . [8]

(f) Write down the exact set of values for  a  such that the graphs of  y = loga x  and  y = x  have

(i) two intersection points; [1]

(ii) no intersection points. [1]
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2. [Maximum mark: 31]

This question asks you to examine linear and quadratic functions constructed in 
systematic ways using arithmetic sequences.

Consider the function  L (x) = mx + c  for  x ∈   where  m ,  c ∈   and  m ,  c ≠ 0 .

Let  r ∈   be the root of  L (x) = 0 .

If  m ,  r  and  c , in that order, are in arithmetic sequence then  L (x)  is said to be an AS-linear 
function.

(a) Show that  L (x) = 2x - 1  is an AS-linear function. [2]

Consider  L (x) = mx + c .

(b) (i)  Show that r
c

m
= − . [1]

(ii) Given that  L (x)  is an AS-linear function, show that L x mx
m

m
( ) = −

+

2

2
. [4]

(iii) State any further restrictions on the value of  m . [1]

There are only three integer sets of values of  m ,  r  and  c , that form an AS-linear function. 
One of these is  L (x) = - x - 1 .

(c) Use part (b) to determine the other two AS-linear functions with integer values of  m ,  r  
and  c . [3]

Consider the function  Q (x) = ax2 + bx + c  for  x ∈   where  a ∈  ,  a ≠ 0  and  b ,  c ∈  .

Let  r1 ,  r2 ∈   be the roots of  Q (x) = 0 .

(d) Write down an expression for

(i) the sum of roots,  r1 + r2 , in terms of  a  and  b . [1]

(ii) the product of roots,  r1 r2 , in terms of  a  and  c . [1]

(This question continues on the following page)
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(Question 2 continued)

If  a ,  r1 ,  b ,  r2  and  c , in that order, are in arithmetic sequence, then  Q (x)  is said to be an 
AS-quadratic function.

(e) Given that  Q (x)  is an AS-quadratic function,

(i) write down an expression for   r2 - r1  in terms of  a  and  b ; [1]

(ii) use your answers to parts (d)(i) and (e)(i) to show that r
a ab b

a1

2

2
=

− −
; [2]

(iii) use the result from part (e)(ii) to show that  b = 0  or a = −
1

2
. [3]

Consider the case where  b = 0 .

(f) Determine the two AS-quadratic functions that satisfy this condition. [5]

Now consider the case where a = −
1

2
.

(g) (i)  Find an expression for  r1  in terms of  b . [2]

(ii) Hence or otherwise, determine the exact values of  b  and  c  such that
AS-quadratic functions are formed.

Give your answers in the form
− ±p q s

2
 where  p ,  q ,  s ∈ + . [5]

References:
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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1. (a)

clearly labelled graphs of 2logy x=  and 10logy x=  with correct domain, 

asymptotic behaviour and concavity evident A1 

correct relative positions of the two log graphs both above and below the -x axis A1 

( )1,0  indicated (coordinates not required) A1 

correct graph of y x=  A1 

[4 marks] 

continued… 
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Question 1 continued 

(b) ( )d
ln

d
x x

x
−

1
1

x
= − A1 

attempts to solve their 
d

0
d

=
y

x
 for x (M1) 

1
1 0 1− = ⇒ =x

x

(when 1x = ,) ln 1x x− =  A1 

EITHER 

d 1
1

dx x
 − 
 

2

1

x
=   A1 

2

1
0>

x
 (when 1x = ) R1 

hence ln−x x  has a minimum value of 1 

Note:  Award R1 for either ‘1 0> ’ or a graph of 
2

1
0y

x
= >  or ‘the graph of lny x x= −  is 

concave-up’. Do not award R1 if the second derivative is incorrect. 

continued… 
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Question 1 continued 

OR 

for ( )0 1x< < , 
1

1 0− <
x

R1 

for 1x > , 
1

1 0− >
x

R1 

hence ln−x x  has a minimum value of 1 

Note:  Award R1R1 for either a clearly labelled sign diagram/table (accept correct 

numerical values) or the graph of 
1

1y
x

= −  with sign change in gradient indicated. 

Note:  Award a maximum of A0(M1)A1A0R1 or A0(M1)A1R0R1 if no symbolic 
derivatives are seen. 

[5 marks] 

(c) 

EITHER 

ln 1x x− ≥  ( )+∈x  R1 

OR 

ln 0x x− >  ( )+∈x  R1 

THEN 

so ln>x x AG 

[1 mark] 

continued… 
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Question 1 continued 

(d) 

Interval Number of intersection points 

0 1< <a  1p =  

1 1.4< <a 2q =  

1.5 2< <a 0r =  

A1A2A1 

Note:  Award A1 for 1p = , A2 for 2q =  and A1 for 0r = . 

[4 marks] 

(e) METHOD 1

EITHER

logay x=

d 1

d ln

y

x x a
= (A1) 

attempts to solve 
1

1
ln

=
x a

 for x (M1) 

OR 

logay x x= −

d 1
1

d ln
= −

y

x x a
(A1) 

attempts to solve 
1

1 0
lnx a

− =  for x (M1) 

continued… 
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Question 1 continued 

THEN 

1

ln
=x

a
OR ln 1x a =  OR 

1
ln a

x
=  OR ln 1xa =  OR 

1
1

lnxa a
=  A1 

at 
1

ln
=x

a
, log =a x x

attempts to solve 
ln 1

ln ln

x

a a
=  OR ln 1x =  OR 

1

e

x

x x
 

= 
 

 for x (M1) 

ex =  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

attempts to solve 
1

e
ln

=
a

 OR log e ea =  for a  analytically (M1) 

1
ln

e
=a  OR e ea =  

1
ee=a A1 

continued… 
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Question 1 continued 

METHOD 2 

EITHER 

logay x=

d 1

d ln

y

x x a
= (A1) 

attempts to solve 
1

1
ln

=
x a

 for x (M1) 

OR 

logay x x= −

d 1
1

d ln
= −

y

x x a
(A1) 

attempts to solve 
1

1 0
lnx a

− =  for x (M1) 

THEN 

1

ln
=x

a
OR ln 1x a =  OR 

1
ln a

x
=  OR ln 1xa =  OR 

1
1

lnxa a
=  A1 

at 
1

ln
=x

a
, log =a x x

attempts to solve 
1 1

log
ln ln

  = 
 

a a a
 for a (M1) 

EITHER 

1
ln

1 1ln ln 1
ln ln ln

 
     = ⇒ = 

 
a

a a a
 

OR 

for example, writes 
1 1log

ln ln

 
 
  =

a a aa a  and then attempts to apply appropriate 

index/log laws to both sides: 
log

ln
log e

= a

a

a
a  and so 

1
log e

ln
= aa

1
log eln e= =aaa a  

continued… 
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Question 1 continued 

THEN 

attempts to solve 
1

e
ln

=
a

 OR log e ea =  for a  analytically (M1) 

1
ln

e
=a  OR e ea =  

1
ee=a A1 

1
e

1 1
1

ln e
e

= =x  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

continued… 
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Question 1 continued 

METHOD 3 

logay x=

d 1

d ln

y

x x a
= (A1) 

(equation of the tangent at ( )1 1,x y  is) ( ) 1
1

1

ln1

ln ln

x
y x x

x a a
= − +  (or equivalent) A1 

compares this equation with y x=  and attempts to form at least one of the following M1 

1

1
1

lnx a
=  OR 1ln 1

0
ln

x

a

−
=  

attempts to solve 
1

1
1

lnx a
=  OR 1ln 1

0
ln

x

a

−
=  for 1x  (M1) 

1 ex =  

coordinates of P  are ( )e,e  (accept e=x , e=y ) A1A1 

attempts to solve 
1

1
e ln a

=  (or equivalent) for a  analytically (M1) 

1
ln

e
=a  OR e ea =  

1
ee=a A1 

[8 marks] 

continued… 
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Question 1 continued 

(f) (i)
1

e1 ea< < A1 

Note:  Award A0 for 
1

eea < . 

[1 mark] 

(ii) 
1

eea > A1 

Note:  Only award FT for 1.4 1.5a< < .  If the value of a  is not exact, e.g. 1.44, award at 
most A0A1 in part (f) for a consistent approximate endpoint value. 
If a value of a  is not found in part (e), award at most A0A1 in part (f) for a 
consistent approximate endpoint value provided that 1.4 1.5a< < . 

[1 mark] 

Total [24 marks] 
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2. (a) 2m = , 1c = −

1

2
r = (A1) 

1
2, , 1

2
−

EITHER 

1 1 3
2 1

2 2 2
 = − = − − = − 
 

d A1 

OR 

this sequence has a common difference of 
3

2
− A1 

OR 

the (arithmetic) mean of 2 and 1−  is 
1

2
A1 

THEN 

hence ( ) 2 1= −L x x  is an AS-linear function AG 

[2 marks] 

(b) (i) ( )( )0 0L r mr c= ⇒ + = A1 

= −
c

r
m

AG 

Note:  Award A0 for numerical verification from ( ) 2 1L x x= −  in part (a).

[1 mark] 

continued… 
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Question 2 continued 

(ii) METHOD 1

EITHER

attempts to use ( )d r m c r= − = − (M1) 

Note:  Award (M1) for attempting to use ( )d m r r c= − = − .

( )  = − − = − − 
 

c c
d m c

m m
 A1 

Note:  Award A1 for ( )
2

c c m
d m

m

−
= − − = . 

removes the denominator m  from their expression involving m  and c (M1) 

2 2 0m cm c+ + =  (or equivalent) 

OR 

attempts to use 
2

m c
r

+
= (M1) 

2
+ = −

c
m c

m
A1 

removes the denominator m  from their expression involving m  and c (M1) 

2 2 0m cm c+ + =  (or equivalent) 

OR 

attempts to use 2c m d= + (M1) 

2
c

c m m
m

 = + − − 
 

 A1 

Note:  Award A1 for 2
c

c m c
m

  = + − −    
. 

removes the denominator m  from their expression involving m  and c (M1) 

2 2 0m cm c+ + =  (or equivalent) 

continued… 
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Question 2 continued 

OR 

attempts to use r m d= +  and ( )( )2 2c m d c m r m= + = + − (M1) 

2 2 0m dm m d+ + + =  (or equivalent) A1 

substitutes 
2

c m
d

−
=  into their expression involving m  and d (M1) 

2 2 0m cm c+ + =  (or equivalent) 

THEN 

( )
2

22
2

m
c m m c

m
+ = − ⇒ = −

+
A1 

Note:  Award A1 for a convincing demonstration that 
2

2
= −

+
m

c
m

. 

so ( )
2

2
= −

+
m

L x mx
m

AG 

Note:  Do not accept working backwards from the AG. 

METHOD 2 

considers ( )L x mx mr= −

attempts to use ( )d r m c r= − = − (M1) 

Note:  Award (M1) for attempting to use ( )d m r r c= − = − .

( )d r m mr r= − = − − A1 

attempts to express r  in terms of m (M1) 

2
2

m
r mr m r

m
+ = ⇒ =

+
A1 

so ( )
2

2
= −

+
m

L x mx
m

AG 

Note:  Do not accept working backwards from the AG. 

[4 marks] 

continued… 
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Question 2 continued 

(iii) ( )2 0≠ − ≠m m A1 

[1 mark] 

(c) 

attempts to find an integer value of m (M1) 

e.g. uses the result that 2m +  exactly divides 2  OR uses a table OR uses a graph
and slider OR uses systematic trial and error

Note:  Award (M1) for solving ( )2 2m k m= +  for m  or solving
2

0
2

m
mr

m
− =

+
 for m  or 

solving 2 2 0m cm c+ + =  for m . 

4m = −  OR 3m = −  (A1) 

4, 2, 8−  OR 3, 3, 9−

( ) 4 8= − +L x x , ( ) 3 9= − +L x x A1 

Note:  Award (M1)(A1)A0 for 4 8x− +  and 3 9x− + . 

[3 marks] 

(d) (i)
b

a
− A1 

[1 mark] 

(ii)
c

a
A1 

[1 mark] 

continued… 
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Question 2 continued 

(e) (i) b a− A1 

Note:   Award marks as appropriate in parts (e) (ii) and (iii) for use of 1 2r r a b− = − . 

[1 mark] 

(ii) attempts to eliminate 2r M1 

( )
2

1 12 2
− −

= − − − ⇒ =
b a ab b

r b a r
a a

 (or equivalent) A1 

Note:  Award A1 for a correct alternative form of 1r±  or 12r± . 

so 
2

1 2

− −
=

a ab b
r

a
AG 

Note:  Do not accept working backwards from the AG. 

[2 marks] 

continued… 
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Question 2 continued 

(iii) METHOD 1

EITHER

( )1 2

+
=

a b
r (A1) 

attempts to equate two expressions for either 1r  or 12r  in terms of a  and b M1 

2

2 2

+ − −
=

a b a ab b

a
 OR 

2a ab b
a b

a

− −
+ =

OR 

1 1b r r a− = − (A1) 

attempts to use 1 1b r r a− = −  with 
2

1 2

− −
=

a ab b
r

a
M1 

2 2

2 2

a ab b a ab b
b a

a a

 − − − −
− = − 
 

OR 

( )1r a d= + (A1) 

attempts to use 1r a d= +  with 
2

1 2

a ab b
r

a

− −
=  and 

2

b a
d

−
= M1 

2

2 2

a ab b b a
a

a

− − −
= +

THEN 
2 22 2 2 2 2a ab a ab b+ = − −  OR 2 2a ab a ab b+ = − −

4 2 0ab b+ =  OR 2 0ab b+ =  

( )2 2 1 0b a + =  OR ( )2 1 0b a + = A1 

Note:  Award (A1)M1 for any valid approach that correctly leads to 2 0ab b+ =  (or 
equivalent). 
Do not accept numerical verification from the AG. 

so 0b =  or 
1

2
a = − AG 

continued… 
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Question 2 continued 

METHOD 2 

( ) 2b a d= +  OR ( )1r a d= + (A1) 

attempts to equate two expressions for either 1r  or 12r  in terms of a  and d M1 

( ) ( )2 2 2

2

a a a d a d
a d

a

− + − +
+ = OR ( ) ( ) ( )2 2 2

2
a a a d a d

a d
a

− + − +
+ =

22 4 2 0a ad a d+ + + =

( )( )2 1 2 0a a d+ + = A1 

Note:   Do not accept numerical verification from the AG. 

so 0b =  or 
1

2
a = − AG 

[3 marks] 

continued… 
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Question 2 continued 

(f) METHOD 1

1 2

a
r =  OR 2 2

a
r = −  OR 

2

a
d = − (A1) 

= −c a  (A1) 

attempts to find the values of a (M1) 

EITHER 

the roots of 2 0ax a− =  are 1±  and 1
2

a
= ±  

OR 

substitutes 
2

= ±
a

x  into 2 0ax a− =  giving 
3

0
4

a
a− =  

OR 

( )
2 3

1 2 4 4

c a a
r r c

a
= = − ⇒ = −  and so 

3 3

0
4 4

a a
a a− = − ⇒ − =

Note:  Award (M1) for attempting to find the values of a  from their arithmetic sequence 
expressed in terms of a . 

OR 

3 3

2 2 0
4 2 2 4

a a a a
c r r b a

 − = − ⇒ − − − = − ⇒ − = 
 

 

THEN 

2a = ±  (A1) 

( )1 21,  0,  1,  2r b r c= ± = = = 

so ( ) 22 2Q x x= − , ( ) 22 2Q x x= − + A1 

Note:  Award A0 for 22 2x −  and 22 2x− + . 
Award (A1)(A1)(M1)(A0)A0 for obtaining either 2a =  or 2a = − . 

continued… 
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Question 2 continued 

METHOD 2 

1r d= −  OR 2r d=  OR 2a d= − (A1) 

2c d=  (A1) 

attempts to find the values of d  (M1) 

EITHER 

the roots of 22 2 0dx d− + =  are 1±  

OR 

substitutes x d= ±  into 22 2 0dx d− + =  giving 32 2 0d d− + =  

OR 

attempts to use 1 2

c
r r

a
=  to form 2 2

2

d
d

d
− =

−

Note:  Award (M1) for attempting to find the values of d  from their arithmetic sequence 
expressed in terms of d . 

THEN 

1d = ±  (A1) 

( )1 22, 1,  0,  1,  2a r b r c= ± = ± = = = 

so ( ) 22 2Q x x= − , ( ) 22 2Q x x= − + A1 

Note:  Award A0 for 22 2x −  and 22 2x− + . 
Award (A1)(A1)(M1)(A0)A0 for obtaining either 1d =  or 1d = − . 

continued… 
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Question 2 continued 

METHOD 3 

12a r=  OR 2 1r r= −  OR 1d r= − (A1) 

12c r= − (A1) 

attempts to find the values of 1r  (M1) 

EITHER 

the roots of 2
1 12 2 0r x r− =  are 1±  

OR 

substitutes 1x r= ±  into 2
1 12 2 0r x r− =  giving 3

1 12 2 0r r− =  

OR 

attempts to use 1 2

c
r r

a
=  to form 2 1

1
1

2

2

r
r

r

−
− =

Note:  Award (M1) for attempting to find the values of 1r  from their arithmetic sequence 

expressed in terms of 1r . 

THEN 

1 1r = ±  (A1) 

( )1 22, 1,  0,  1,  2a r b r c= ± = ± = = = 

so ( ) 22 2Q x x= − , ( ) 22 2Q x x= − + A1 

Note:  Award A0 for 22 2x −  and 22 2x− + . 
Award (A1)(A1)(M1)(A0)A0 for obtaining either 1 1r =  or 1 1r = − . 

[5 marks] 

continued… 
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Question 2 continued 

(g) (i) attempts to express 1r  in terms of b  with 
1

2
= −a (M1) 

Note:  Do not award (M1) if 
1

2
a =  is used. 

EITHER 

uses 1 2

+
=

a b
r

OR 

uses 
2

1 2

− −
=

a ab b
r

a

OR 

uses 1 1r a b r− = −

THEN 

1

1
2 1 1 2,

4 2 4 2

 − −
= − = 
 
 

=
bb b

r A1 

[2 marks] 

continued… 
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Question 2 continued 

(ii) METHOD 1

EITHER

substitutes their expression for 1r  with
1

2
a = −  into ( )( )0Q x = (M1) 

( ) ( )
2

2 1 1 2 1 2 1
0 0

4 2 4 4

b b b
Q b c

− − −     = ⇒ − + + =     
     

OR 

2

6 1 3 1

4 2 4

+  = + 
 

=
b b

r

substitutes their expression for 2r  with 
1

2
a = −  into ( )( )0Q x = (M1) 

( ) ( )
2

6 1 1 6 1 6 1
0 0

4 2 4 4

b b b
Q b c

+ + +     = ⇒ − + + =     
     

 

THEN 

4 1 1
2

2 2

+  = = + 
 

b
c b  (seen anywhere) A1 

24 20 5 0b b+ + =  

attempts to solve their quadratic in b (M1) 

5 2 5

2

− ±
=b A1 

substitutes into 
4 1

2

+
=

b
c  

9 4 5

2

− ±
=c A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 2 

substitutes their expressions for 1r  and 2r  with 
1

2
a = −  into ( )Q x (M1) 

1 2 1 6 1

2 4 4

b b
x x

 −  +    − − −          
 

2 21 3 1 1

2 8 8 32
x bx b b− + − + +

4 1 1
2

2 2

b
c b

+  = = + 
 

 (seen anywhere) A1 

21 3 1 1
2

2 8 8 32
b b b+ = − + +

24 20 5 0b b+ + =  

attempts to solve their quadratic in b (M1) 

5 2 5

2
b

− ±
= A1 

substitutes into 
4 1

2

b
c

+
=  

9 4 5

2
c

− ±
= A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 3 

2

6 1 3 1

4 2 4

+  = + 
 

=
b b

r

substitutes their expressions for 1r  and 2r  with 
1

2
a = −  into 1 2

c
r r

a
= (M1) 

2 1 6 1
14 4
2

b b c− +   =  
   −

 (or equivalent) 

EITHER 

4 1 1
2

2 2

+  = = + 
 

b
c b  (seen anywhere) A1 

OR 
1 2 1 6 1 6 1 2 1 1

2 4 4 4 4 2

b b b b− + + −      − − = − −      
      

 A1

THEN 
24 20 5 0b b+ + =  

attempts to solve their quadratic in b (M1) 

5 2 5

2

− ±
=b A1 

substitutes into 
4 1

2

+
=

b
c  

9 4 5

2

− ±
=c A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 4 

attempts to equate two expressions for 1r  with 
1

2
a = − (M1) 

2
22 2 1 2 1

2
1 4 4

b b c b b
b c

− ± + − + = ± + = −  

4 1 1
2

2 2

+  = = + 
 

b
c b  (seen anywhere) A1 

( )2 21
12 4 1 32 2 0 4 20 5 0

2
b b b b b

 − − + + = + + = 
 

attempts to solve their quadratic in b (M1) 

5 2 5

2

− ±
=b A1 

substitutes into 
4 1

2

+
=

b
c  

9 4 5

2

− ±
=c A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 5 

EITHER 

1

1

2
r d= −

substitutes their expression for 1r  in terms of d  with 
1

2
a = −  into ( )( )0Q x =  (M1)

( ) ( )
2

1 1 1 1
0 0

2 2 2 2
Q d d b d c
     − = ⇒ − − + − + =     
     

OR 

2

1
3

2
r d= −

substitutes their expression for 2r  in terms of d  with 
1

2
a = −  into ( )( )0Q x =  (M1)

( ) ( )
2

1 1 1 1
3 0 3 3 0

2 2 2 2
Q d d b d c
     − = ⇒ − − + − + =     
     

THEN 
1

2
2

b d= −  and 
1

4
2

c d= −  (seen anywhere) A1 

24 8 1 0d d+ − =  
attempts to solve their quadratic in d (M1) 

2 5

2
d

− ±
=

5 2 5

2
b

− ±
= A1 

substitutes into 
4 1

2

b
c

+
=  

9 4 5

2
c

− ±
= A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

continued… 
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Question 2 continued 

METHOD 6 

1

1

2
r d= −  and 2

1
3

2
r d= −

substitutes their expressions for 1r  and 2r  in terms of d  with 
1

2
a = −  into 1 2

c
r r

a
= (M1) 

1 1
3

12 2
2

c
d d
  − − =  
   −

 (or equivalent) 

1
4

2
c d= −  (seen anywhere) A1 

24 8 1 0d d+ − =  

attempts to solve their quadratic in d (M1) 

2 5

2
d

− ±
=

5 2 5

2
b

− ±
= A1 

substitutes into 
4 1

2

b
c

+
=  

9 4 5

2
c

− ±
= A1 

Note:  Award A0A0 for b  and c  expressed as decimal values. 

Note:  Award a maximum of (M1)A1(M1)A0A0FT for FT from part (g) (i). 

[5 marks] 

Total [31 marks] 
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1 heure

Mathématiques : analyse et approches
Niveau supérieur
Épreuve 3

Instructions destinées aux candidats

y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront

être exactes ou correctes à trois chiffres significatifs près.
y Un exemplaire non annoté du livret de formules pour les cours de mathématiques :

analyse et approches est nécessaire pour cette épreuve.
y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 24]

Cette question vous demande d’examiner le nombre et la nature des points 
d’intersection de la représentation graphique de  y = loga x , où  a ∈ + ,  a ≠ 1  et la 
droite  y = x  pour des ensembles particuliers de valeurs de  a .

Dans cette question, vous pouvez soit utiliser la formule de changement de base d’un 

logarithme log
ln

lna x
x

a
=  ou la fonction permettant de changer la base d’un logarithme dans 

la calculatrice à écran graphique.

La fonction  f  est définie par

f (x) = loga x  où  x ∈ +  et  a ∈ + ,  a ≠ 1.

(a) Considérez les cas  a = 2  et  a = 10 . Sur le même système d’axes, esquissez les trois 
représentations graphiques suivantes :

y = log2 x

y = log10 x

 y = x .

Légendez clairement chaque représentation graphique par son équation et indiquez la 
valeur de toute abscisse à l’origine non-nulle. [4]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

Dans les parties (b) et (c), considérez le cas où  a = e . Notez que  ln x ≡ loge x .

(b) Utilisez l’analyse pour trouver la valeur minimale de l’expression  x - ln x , en justifiant 
que cette valeur correspond à un minimum. [5]

(c) À partir de là, déduisez que x > ln x . [1]

(d) Il existe des valeurs de  a  pour lesquelles la représentation graphique de  y = loga x  et 
la droite  y = x  ont des points d’intersection. Le tableau suivant donne trois intervalles 
pour la valeur de  a .

Intervalle Nombre de points d’intersection  

0 < a < 1 p

1 < a < 1,4 q

1,5 < a < 2 r

En explorant la représentation graphique de  y = loga x  pour différentes valeurs de  a , 
écrivez les valeurs de  p ,  q  et  r . [4]

Dans les parties (e) et (f), considérez  a ∈ + ,  a ≠ 1.

Pour  1,4 ≤ a ≤ 1,5 , il existe une valeur de  a  telle que la droite  y = x  est tangente à la 
représentation graphique de  y = loga x  en un point  P .

(e) Trouvez les coordonnées exactes de  P  et la valeur exacte de  a . [8]

(f) Écrivez l’ensemble exact de valeurs de  a  telles que les représentations graphiques 
de  y = loga x  et  y = x  ont

(i) deux points d’intersection ; [1]

(ii) aucun point d’intersection. [1]
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2. [Note maximale : 31]

Cette question vous demande d’examiner des fonctions linéaires et quadratiques 
construites de manière systématique à l’aide de suites arithmétiques.

Considérez la fonction  L (x) = mx + c  pour  x ∈   où  m ,  c ∈   et  m ,  c ≠ 0 .

Soit  r ∈   la racine de  L (x) = 0 .

Si  m ,  r  et  c , dans cet ordre, forment une suite arithmétique, on dit alors que  L (x)  est une 
fonction linéaire-SA.

(a) Montrez que  L (x) = 2x - 1  est une fonction linéaire-SA. [2]

Considérez  L (x) = mx + c .

(b) (i)  Montrez que r
c

m
= − . [1]

(ii) Sachant que  L (x)  est une fonction linéaire-SA, montrez que L x mx
m

m
( ) = −

+

2

2
. [4]

(iii) Indiquez toute autre restriction sur la valeur de  m . [1]

Il y a seulement trois ensembles de valeurs entières de  m ,  r  et  c , qui forment une fonction 
linéaire-SA. Une de celles-ci est  L (x) = - x - 1 .

(c) Utilisez la partie (b) pour déterminer les deux autres fonctions linéaires-SA dont les 
valeurs de  m ,  r  et  c  sont entières. [3]

Considérez la fonction  Q (x) = ax2 + bx + c  pour  x ∈   où  a ∈  ,  a ≠ 0  et  b ,  c ∈  .

Soit  r1 ,  r2 ∈   les racines de  Q (x) = 0 .

(d) Écrivez une expression pour

(i) la somme des racines,  r1 + r2 , en fonction de  a  et  b . [1]

(ii) le produit des racines,  r1 r2 , en fonction de  a  et  c . [1]

(Suite de la question à la page suivante)
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(Suite de la question 2)

Si  a ,  r1 ,  b ,  r2  et  c , dans cet ordre, forment une suite arithmétique, on dit alors que  Q (x)  est 
une fonction quadratique-SA.

(e) Sachant que  Q (x)  est une fonction quadratique-SA,

(i) écrivez une expression pour  r2 - r1  en fonction de  a  et  b ; [1]

(ii) utilisez vos réponses des parties (d)(i) et (e)(i) pour montrer que r
a ab b

a1

2

2
=

− −
; [2]

(iii) utilisez le résultat de la partie (e)(ii) pour montrer que  b = 0  ou a = −
1

2
. [3]

Considérez le cas où  b = 0 .

(f) Déterminez les deux fonctions quadratiques-SA qui satisfont cette condition. [5]

Considérez maintenant le cas où a = −
1

2
.

(g) (i)  Trouvez une expression pour  r1  en fonction de  b . [2]

(ii) À partir de là ou par toute autre méthode, déterminez les valeurs exactes de  b
et  c  telles que des fonctions quadratiques-SA sont formées.

Donnez vos réponses sous la forme
− ±p q s

2
 où  p ,  q ,  s ∈ + . [5]

Références :

© Organisation du Baccalauréat International 2023
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Hinweise für die Kandidaten

 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Beantworten Sie alle Fragen im beigefügten Antwortheft.
 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 

exakt oder auf drei signifikante Stellen genau angegeben werden.
 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 

Analyse und Ansätze erforderlich.
 y Die Höchstpunktzahl für diese Prüfungsklausur ist [55 Punkte].
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Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer 
neuen Seite. Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl 
anerkannt. Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. 
Lösungen, die mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, müssen von einem 
passenden Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung 
verwenden, sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte 
für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar 
wird. Deshalb sollten Sie alle Rechenwege offenlegen.

1. [Maximale Punktzahl: 24]

In dieser Aufgabe sollen Sie die Anzahl und Art der Schnittpunkte des Graphen 
von  y = loga x  mit  a ∈ + ,  a ≠ 1  und der Geraden  y = x  für bestimmte Werte von  a  
untersuchen.

Bei dieser Aufgabe können Sie entweder die Formel für die Änderung der Logarithmusbasis 

log
ln

lna x
x

a
=  oder die Funktion „Logarithmus zu einer beliebigen Basis“ eines grafikfähigen 

Taschenrechners (GTR) verwenden.

Die Funktion  f  ist definiert durch

f (x) = loga x  mit  x ∈ +  und  a ∈ + ,  a ≠ 1.

(a) Betrachten Sie die Fälle  a = 2  und  a = 10 . Skizzieren Sie in ein und demselben 
Koordinatensystem die folgenden drei Graphen:

y = log2 x

y = log10 x

 y = x .

Beschriften Sie jeden Graphen deutlich mit seiner Gleichung und geben Sie den Wert 
jeden von Null verschiedenen  x-Achsenabschnitts an. [4]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 1)

Betrachten Sie in den Teilen (b) und (c) den Fall  a = e . Beachten Sie, dass  ln x ≡ loge x .

(b) Verwenden Sie die Infinitesimalrechnung, um den Minimalwert des Ausdrucks  x - ln x  
zu finden, und zu begründen, dass es sich bei diesem Wert um einen Minimalwert  
handelt. [5]

(c) Deduzieren Sie daraus, dass x > ln x  gilt. [1]

(d) Es existieren Werte von  a  für die der Graph von  y = loga x  und die Gerade  y = x  
Schnittpunkte aufweisen. Die folgende Tabelle enthält drei Intervalle für den Wert von  a .

Intervall Anzahl der Schnittpunkte

0 < a < 1 p

1 < a < 1,4 q

1,5 < a < 2 r

Untersuchen Sie den Graphen von  y = loga x  für unterschiedliche Werte von  a , und 
notieren Sie die Werte von  p ,  q  und  r . [4]

In den Teilen (e) und (f) sei  a ∈ + ,  a ≠ 1.

Im Intervall  1,4 ≤ a ≤ 1,5  gibt es einen Wert von  a  so, dass die Gerade  y = x  eine Tangente 
an den Graphen von  y = loga x  in einem Punkt  P  ist.

(e) Finden Sie die genauen Koordinaten von  P  und den genauen Wert von  a . [8]

(f) Notieren Sie die genauen Werte für  a  so, dass die Graphen von  y = loga x  und  y = x 

(i) zwei Schnittpunkte haben; [1]

(ii) keinen Schnittpunkt haben. [1]



– 4 – 2223 – 7128

2. [Maximale Punktzahl: 31]

In dieser Aufgabe sollen Sie lineare und quadratische Funktionen untersuchen, die 
systematisch mit Hilfe von arithmetischen Folgen (AF) konstruiert werden.

Betrachten Sie die Funktion  L (x) = mx + c  für  x ∈   mit  m ,  c ∈   und  m ,  c ≠ 0 .

r ∈   sei die Lösung von  L (x) = 0 .

Wenn  m ,  r  und  c , in dieser Reihenfolge eine arithmetische Folge bilden, dann wird  L (x)  als 
AF-lineare Funktion bezeichnet.

(a) Zeigen Sie, dass  L (x) = 2x - 1  eine AF-lineare Funktion ist. [2]

Betrachten Sie wieder   L (x) = mx + c .

(b) (i)  Zeigen Sie, dass r
c

m
= − . [1]

(ii) L (x)  sei eine AF-lineare Funktion. Zeigen Sie unter dieser Voraussetzung,  

dass L x mx
m

m
( ) = −

+

2

2
. [4]

(iii) Geben Sie alle weiteren Einschränkungen für den Wert von  m  an. [1]

Es gibt nur drei ganzzahlige Wertetripel für  m ,  r  und  c , die jeweils eine AF-lineare Funktion 
ergeben. Eine davon ist  L (x) = - x - 1 .

(c) Nutzen Sie die Ergebnisse von Teil (b) zur Bestimmung der beiden anderen  
AF-linearen Funktionen mit ganzzahligen Werten von  m ,  r  und  c . [3]

Betrachten Sie die Funktion  Q (x) = ax2 + bx + c  für  x ∈   mit  a ∈  ,  a ≠ 0  und  b ,  c ∈  .

r1 ,  r2 ∈   seien die Lösungen von  Q (x) = 0 .

(d) Notieren Sie einen Ausdruck für

(i) die Summe  r1 + r2 , der Lösungen, abhängig von  a  und  b . [1]

(ii) das Produkt  r1 r2 , der Lösungen, abhängig von  a  und  c . [1]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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(Fortsetzung Frage 2)

Wenn  a ,  r1 ,  b ,  r2  und  c , in dieser Reihenfolge eine arithmetische Folge bilden, dann 
wird  Q (x)  als AF-quadratische Funktion bezeichnet.

(e) Q (x)  sei eine AF-quadratische Funktion.

(i) Notieren Sie einen Ausdruck für  r2 - r1  in Abhängigkeit von  a  und  b ; [1]

(ii) Zeigen Sie mit Hilfe Ihrer Antworten auf die Teile (d)(i) und (e)(i), dass

r
a ab b

a1

2

2
=

− −
; [2]

(iii) Zeigen Sie mit Hilfe Ihres Ergebnisses aus Teil (e)(ii), dass  b = 0  oder a = −
1

2
 gilt. [3]

Betrachten Sie nun den Fall  b = 0 .

(f) Bestimmen Sie die beiden AF-quadratischen Funktionen, die diese Bedingung erfüllen. [5]

Betrachten Sie nun den Fall a = −
1

2
.

(g) (i)  Finden Sie einen Ausdruck für  r1  abhängig von  b . [2]

(ii) Bestimmen Sie damit oder auf andere Weise die genauen Werte von  b  und  c  so,
dass sich AF-quadratische Funktionen ergeben.

Geben Sie Ihre Antworten in der Form
− ±p q s

2
 an, mit  p ,  q ,  s ∈ + . [5]

Quellenangaben:

© International Baccalaureate Organization 2023
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 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Análisis y Enfoques para esta prueba.
 y La puntuación máxima para esta prueba de examen es [55 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Por favor comience cada 
pregunta en una página nueva. No se otorgará necesariamente la máxima puntuación a una respuesta 
correcta que no esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en 
un procedimiento y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla 
gráfica, deberá reflejarse por escrito el procedimiento seguido para su obtención; por ejemplo, si se 
utiliza un gráfico para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de 
la respuesta. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

1. [Puntuación máxima: 24]

En esta pregunta le pediremos que analice el número y las características de los 
puntos de intersección del gráfico de  y = loga x  (donde  a ∈ + ,  a ≠ 1 ) con la recta  y = x  
para determinados conjuntos de valores de  a .

En esta pregunta puede o bien utilizar la fórmula para cambiar de base un logaritmo 

log
ln

lna x
x

a
=  o la función “cambio de base del logaritmo” que trae la calculadora de 

pantalla gráfica.

La función  f  viene dada por:

f (x) = loga x  donde  x ∈ +  y  a ∈ + ,  a ≠ 1.

(a) Considere los casos  a = 2  y  a = 10 . En los mismos ejes de coordenadas, dibuje 
aproximadamente los siguientes tres gráficos:

y = log2 x

y = log10 x

 y = x .

Rotule claramente cada gráfico con su ecuación correspondiente e indique el valor de 
todas las intersecciones con el eje  x  que sean distintas de cero. [4]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

En los apartados (b) y (c), considere el caso concreto en el que  a = e . Tenga presente 
que  ln x ≡ loge x .

(b) Utilice el análisis para hallar el valor mínimo de la expresión  x - ln x , y justifique por 
qué este valor es un mínimo. [5]

(c) A partir de lo anterior, deduzca que x > ln x . [1]

(d) Existen valores de  a  para los cuales el gráfico de  y = loga x  y la recta  y = x  sí que 
tienen puntos de intersección. En la siguiente tabla se dan tres intervalos para el valor de  a .

Intervalo Número de puntos de 
intersección

0 < a < 1 p

1 < a < 1,4 q

1,5 < a < 2 r

Investigando el gráfico de  y = loga x  para distintos valores de  a , escriba el valor  
de  p , de  q  y de  r . [4]

En los apartados (e) y (f), considere  a ∈ + ,  a ≠ 1.

Para  1,4 ≤ a ≤ 1,5 , existe un valor de  a  para el cual la recta  y = x  es tangente al gráfico 
de  y = loga x  en un determinado punto  P .

(e) Halle las coordenadas exactas de  P  y el valor exacto de  a . [8]

(f) Escriba el conjunto exacto de valores de  a  para los cuales los gráficos de  y = loga x   
y de  y = x :

(i) Tienen dos puntos de intersección [1]

(ii) No tienen ningún punto de intersección [1]
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2. [Puntuación máxima: 31]

En esta pregunta le pedimos que examine diversas funciones lineales y cuadráticas 
que se han construido de manera sistemática utilizando progresiones aritméticas.

Considere la función  L (x) = mx + c  para  x ∈   donde  m ,  c ∈   y  m ,  c ≠ 0 .

Sea  r ∈   la raíz de  L (x) = 0 .

Si  m ,  r  y  c , —en ese orden— siguen una progresión aritmética (PA), en ese caso se dice 
que  L (x)  es una función lineal-PA.

(a) Muestre que  L (x) = 2x - 1  es una función lineal-PA. [2]

Considere  L (x) = mx + c .

(b) (i) Muestre que r
c

m
= − . [1]

(ii) Sabiendo que  L (x)  es una función lineal-PA, muestre que L x mx
m

m
( ) = −

+

2

2
. [4]

(iii) Indique todas las restricciones adicionales que tenga el valor de  m . [1]

Solo hay tres conjuntos de valores enteros de  m ,  r  y  c , con los que se pueda formar una 
función lineal-PA. Con uno de ellos se forma la función  L (x) = - x - 1 .

(c) Utilice el apartado (b) para determinar las otras dos funciones lineales-PA que tienen 
valores enteros de  m ,  r  y  c . [3]

Considere ahora la función  Q (x) = ax2 + bx + c  para  x ∈   donde  a ∈  ,  a ≠ 0  y  b ,  c ∈  .

Sean  r1 ,  r2 ∈   las raíces de  Q (x) = 0 .

(d) Escriba una expresión para:

(i) La suma de las raíces  (r1 + r2 )  en función de  a  y  b  [1]

(ii) El producto de las raíces  (r1 r2 )  en función de  a  y  c  [1]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

Si  a ,  r1 ,  b ,  r2  y  c , —en ese orden—  siguen una progresión aritmética (PA), en ese caso se 
dice que  Q (x)  es una función cuadrática-PA.

(e) Sabiendo que  Q (x)  es una función cuadrática-PA:

(i) Escriba una expresión para  r2 - r1  en función de  a  y  b ; [1]

(ii) Utilice las respuestas dadas en los apartados (d)(i) y (e)(i) para mostrar

que r
a ab b

a1

2

2
=

− −
; [2]

(iii) Utilice el resultado del apartado (e)(ii) para mostrar que  b = 0  o a = −
1

2
. [3]

Considere el caso en el que  b = 0 .

(f) Determine las dos funciones cuadráticas-PA que satisfacen esta condición. [5]

Considere ahora el caso en el que a = −
1

2
.

(g) (i)  Halle una expresión que dé  r1  en función de  b . [2]

(ii) A partir de lo anterior (o de cualquier otro modo alternativo), determine
los valores exactos de  b  y de  c  con los que se pueden formar funciones
cuadráticas-PA.

Dé las respuestas en la forma
− ±p q s

2
 donde  p ,  q ,  s ∈ + . [5]
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this paper.

 y The maximum mark for this examination paper is [80 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

Point  P  has coordinates  (-3 , 2) , and point  Q  has coordinates  (15 , -8) . Point  M  is the 
midpoint of  [PQ] .

(a) Find the coordinates of  M . [2]

Line  L  is perpendicular to  [PQ]  and passes through  M .

(b) Find the gradient of  L . [2]

(c) Hence, write down the equation of  L . [1]
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2. [Maximum mark: 7]

The function  f  is defined by f x
x

x
( ) =

+
−

7 7

2 4
 for  x ∈  ,  x ≠ 2 .

(a) Find the zero of  f (x) . [2]

(b) For the graph of  y = f (x) , write down the equation of

(i) the vertical asymptote;

(ii) the horizontal asymptote. [2]

(c) Find  f -1(x) , the inverse function of  f (x) . [3]
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3. [Maximum mark: 6]

On a Monday at an amusement park, a sample of  40  visitors was randomly selected as they 
were leaving the park. They were asked how many times that day they had been on a ride 
called The Dragon. This information is summarized in the following frequency table.

Number of times on 
The Dragon

Frequency

0 6

1 16

2 13

3 2

4 3

It can be assumed that this sample is representative of all visitors to the park for the following day.

(a) For the following day, Tuesday, estimate

(i) the probability that a randomly selected visitor will ride The Dragon;

(ii) the expected number of times a visitor will ride The Dragon.  [4]

It is known that  1000  visitors will attend the amusement park on Tuesday. The Dragon can 
carry a maximum of  10  people each time it runs.

(b) Estimate the minimum number of times The Dragon must run to satisfy demand. [2]
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4. [Maximum mark: 6]

(a) Show that the equation  cos 2x = sin x  can be written in the form  2 sin2 x + sin x - 1 = 0 . [1]

(b) Hence, solve  cos 2x = sin x , where  -π ≤ x ≤ π . [5]
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5. [Maximum mark: 6]

Find the range of possible values of  k  such that  e2x + ln k = 3ex  has at least one real solution.
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6. [Maximum mark: 6]

The function  f  is defined by  f (x) = sin qx , where  q > 0 . The following diagram shows part of 
the graph of  f  for  0 ≤ x ≤ 4m , where  x  is in radians. There are  x-intercepts at  x = 0 , 2m  and  4m .

x

y

1

2

3

4

0

−1

−2

−3

−4

m 2m 3m 4m 5m 6m

(a) Find an expression for  m  in terms of  q . [2]

The function  g  is defined by g x
qx

( ) sin= 3
2

3
, for  0 ≤ x ≤ 6m .

(b) On the axes above, sketch the graph of  g . [4]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 13]

The function  h  is defined by  h (x) = 2xex + 3 , for  x ∈  . The following diagram shows part of 
the graph of  h , which has a local minimum at point  A .

y

A

x

(a) Find the value of the  y-intercept. [2]

(b) Find  h′(x) . [2]

(c) Hence, find the coordinates of  A . [5]

(d) (i)  Show that  h″(x) = (2x + 4)ex .

(ii) Find the values of  x  for which the graph of  h  is concave-up. [4]
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Do not write solutions on this page.

8. [Maximum mark: 14]

Consider the arithmetic sequence  u1 , u2 , u3 , … .

The sum of the first  n  terms of this sequence is given by  Sn = n2 + 4n .

(a) (i)  Find the sum of the first five terms.

(ii) Given that  S6 = 60 , find  u6 . [4]

(b) Find  u1 . [2]

(c) Hence or otherwise, write an expression for  un  in terms of  n . [3]

Consider a geometric sequence,  vn , where  v2 = u1  and  v4 = u6 .

(d) Find the possible values of the common ratio,  r . [3]

(e) Given that  v99 < 0 , find  v5 . [2]
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9. [Maximum mark: 17]

An object moves along a straight line. Its velocity,  v m s-1 , at time  t  seconds is given by

v t t t t( ) = − + − +3 27

2
2 6, for  0 ≤ t ≤ 4 . The object first comes to rest at  t = k .

The graph of  v  is shown in the following diagram.

v

t

At  t = 0 , the object is at the origin.

(a) Find the displacement of the object from the origin at  t = 1 . [5]

(b) Find an expression for the acceleration of the object. [2]

(c) Hence, find the greatest speed reached by the object before it comes to rest. [5]

(d) Find the greatest speed reached by the object for  0 ≤ t ≤ 4 . [2]

(e) Write down an expression that represents the distance travelled by the object while its
speed is increasing. Do not evaluate the expression. [3]

References:
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A 

1. (a) M ( )6, 3− A1A1 

[2 marks] 

(b) gradient of [PQ] =
5

9
− (A1) 

gradient of L =
9

5
A1 

[2 marks] 

(c) ( )9
3 6

5
y x+ = −  OR 

9 69

5 5
y x= −  (or equivalent) A1 

Note:  Do not accept 
9 69

5 5
L x= − . 

 [1 mark] 

Total [5 marks] 
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2. (a) recognizing ( ) 0f x = (M1) 

1x = −  A1 

[2 marks] 

(b) (i) 2x =  (must be an equation with x ) A1 

(ii) 
7

2
y =  (must be an equation with y ) A1 

[2 marks] 

(c) EITHER

interchanging x and y (M1) 

2 4 7 7xy x y− = +

correct working with y terms on the same side: 2 7 4 7xy y x− = + (A1) 

OR 

2 4 7 7yx y x− = +  

correct working with x terms on the same side: 2 7 4 7yx x y− = +  (A1) 

interchanging x and y OR making x the subject 
4 7

2 7

y
x

y

+
=

−
(M1) 

THEN 

1 4 7
( )

2 7

x
f x

x
− +

=
−

  (or equivalent)  
7

2
x

 ≠ 
 

A1 

[3 marks] 

Total [7 marks] 
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3. (a) (i) summing frequencies of riders or finding complement (M1) 

probability 
34

= 
40

A1 

(ii) attempt to find expected value (M1) 

16 13 2 3
2 3 4

40 40 40 40
     + × + × + ×     
     

( )60
1.5

40
= A1 

[4 marks] 

(b) evidence of their rides/visitor 1000×  or 10÷ (M1) 

1500 OR 0.15

150 (times) A1 

[2 marks] 

Total [6 marks] 
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4. (a) 21 2sin sinx x− = A1 

22sin sin 1 0x x+ − = AG 

[1 mark] 

(b) valid attempt to solve quadratic (M1) 

(2sin 1)(sin 1)x x− +  OR 
1 1 4(2)( 1)

2(2)

− ± − −

recognition to solve for sin x (M1) 

sin 1
1

sin
2

xx = −=  OR 

any correct solution from sin 1x = −  A1 

any correct solution from 
1

sin
2

x = A1 

Note:  The previous two marks may be awarded for degree or radian values, 
irrespective of domain. 

π 5π
, ,

2 6 6
x

π
= − A1 

Note:  If no working shown, award no marks for a final value(s). 

Award A0 for 
π 5π

, ,
2 6 6

π
− if additional values also given.

[5 marks] 

Total [6 marks] 



– 11 – M23/5/MATHX/SP1/ENG/TZ1/XX/M 

5. recognition of quadratic in ex (M1) 

( ) ( )2
e 3e ln 0x x k− + =  OR ( )2 3 ln 0A A k− + =

recognizing discriminant ≥ 0 (seen anywhere) (M1) 

( )2
3 4(1)(ln )k− −  OR  9 4ln k−

(A1) 9
ln

4
k ≤

9/4e (seen anywhere) A1 
9/40 ek< ≤ A1 

[6 marks] 

(A1) 
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6. (a) recognition that period is 4m  OR substitution of a point on f (except the origin) (M1) 

2π
4m

q
=  OR 1 sin qm=  

2
m

q

π
= A1 

[2 marks] 

(b) horizontal scale factor is
3

2
 (seen anywhere) (A1) 

Note:  This (A1) may be earned by seeing a period of 6m , half period of 3m  or 
the correct x-coordinate of the maximum/minimum point. 

A1A1A1 

Note:  Curve must be an approximate sinusoidal shape (sine or cosine). 
Only in this case, award the following: 
A1 for correct amplitude. 
A1 for correct domain. 
A1 for correct max and min points and correct x-intercepts. 

[4 marks] 

Total [6 marks] 
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Section B 

7. (a) substitution of 0x = (M1) 

( )  3y =     (accept ( )0, 3 ) A1 

[2 marks] 

(b) evidence of using the product rule (M1) 

( ) 2e 2 ex xh x x′ = + A1 

[2 marks] 

(c) setting their derivative equal to zero (M1) 

correct working (A1) 

( )2e (1 ) 0x x+ =  OR  2 2x− =

1x = −  (seen anywhere, and must follow on from their derivative) A1 

substituting their value of x into ( )h x (M1) 

2
3

e
y = − +  ( )12e 3−= − + A1 

2
A 1, 3

e
 − − + 
 

[5 marks] 

continued… 
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Question 7 continued 

(d) (i) ( ) 2e 2e 2 ex x xh x x′′ = + + OR 2e 2e (1 )x x x+ + A1A1 

Note:  Award A1 for ( )2e 2ex x′ =  , A1 for 2e 2 ex xx+ or ( )2 2 exx +

( )( ) 2 4 exh x x′′ = + AG 

(ii) recognition that 0h′′ >  OR attempt to find point of inflexion (M1) 

since e 0x > , 2 4 0x + >  OR ( )2 4 0 2x x+ = ⇒ = −

2x > − A1 

[4 marks] 

Total [13 marks] 
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8. (a) (i) recognition that 5n = (M1) 

5 45S = A1 

(ii) METHOD 1

recognition that 5 6 6S u S+ = (M1) 

6 15u = A1 

METHOD 2 

recognition that ( )1 6

6
60

2
S u= + (M1) 

( )660 3 5 u= +

6 15u = A1 

METHOD 3 

substituting their 1u  and d  values into ( )1 1u n d+ − (M1) 

6 15u = A1 

[4 marks] 

(b) recognition that 1 1u S= (may be seen in (a))  OR  substituting their 6u into 6S (M1) 

OR equations for 5S  and 6S  in terms of 1u  and d

1 4+   OR  ( )1

6
60 15

2
u= +  

1 5u = A1 

[2 marks] 

continued… 
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Question 8 continued 

(c) EITHER

valid attempt to find d (may be seen in (a) or (b)) (M1) 

2d = (A1) 

OR

valid attempt to find 1n nS S −− (M1) 

( )2 24 2 1 4 4n n n n n+ − − + + − (A1) 

OR

equating ( )2 4 5
2 n

n
n n u+ = + (M1) 

2 8 5 nn u+ = +  (or equivalent) (A1) 

THEN 

5 2( 1)nu n= + −  OR 2 3nu n= +  A1 

[3 marks] 

(d) recognition that 2
2 4v r v= OR ( )2

3 2 4v v v= × (M1) 

2 3r =  OR ( )3 5 3v = ± (A1) 

3r = ±  A1 

Note:  If no working shown, award M1A1A0 for 3 . 

[3 marks] 

(e) recognition that r is negative (M1) 

5

45
15 3   

3
v

 = − = − 
 

 A1 

[2 marks] 

Total [14 marks] 
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9. (a) attempt to integrate v (integration of at least one term) (M1) 

( ) ( )4 3 21 7
( ) 6  

4 6
s t t t t t C= − + − + + A2 

Note: Award A1 for at least two correct terms. 

substitution of 1t = into their integrated expression (M1) 

displacement = 
11 71

5
12 12

 = 
 

(m) A1 

[5 marks] 

(b) attempt to differentiate v  (differentiation of at least one term) (M1) 

( ) 23 7 2a t t t= − + − A1 

[2 marks] 

(c) setting their ( )' 0v t = (M1) 

23 7 2 0t t− + − =

valid attempt to solve quadratic (M1) 

( )( )3 1 2 0t t− − =   OR
( )( )7 49 4 3 2

6

− ± − − −

−

1
,2

3
t =  (

1

3
t = may be omitted) (A1) 

substitute their largest positive t-value into v(t) (M1) 

greatest speed is 8 (ms-1) A1 

[5 marks] 

continued… 
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Question 9 continued 

(d) attempt to check other boundary value at 4t = (M1) 

( )(4) 64 56 8 6  10v = − + − + = −

greatest speed is 10  ms-1 A1 

[2 marks] 

(e) identifying correct intervals where speed increases (may be seen in integral) (A1)(A1) 

1

3
t = to 2t =  and t k=  to 4t =

( ) ( )
2 4

1

3

d d
k

v t t v t t+∫ ∫  OR 
2 4

1

3

d d
k

v t v t+∫ ∫  OR ( ) ( )
2 4

1

3

d d
k

v t t v t t−∫ ∫ A1 

Note: Condone missing dt . 

[3 marks] 

Total [17 marks] 
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Mathematics: analysis and approaches
Standard level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y You are not permitted access to any calculator for this paper.
 y Section A:  answer all questions. Answers must be written within the answer boxes provided.
 y Section B:  answer all questions in the answer booklet provided. Fill in your session number on 

the front of the answer booklet, and attach it to this examination paper and your cover 
sheet using the tag provided.

 y Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures.

 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

 y The maximum mark for this examination paper is [80 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be given 
for a correct method, provided this is shown by written working. You are therefore advised to show all 
working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 6]

The following diagram shows a circle with centre  O  and radius  4 cm .

diagram not to scale

P

Q

RO 4
θ

The points  P ,  Q  and  R  lie on the circumference of the circle and  PÔR = θ , where  θ  is 
measured in radians.

The length of arc  PQR  is  10 cm .

(a) Find the perimeter of the shaded sector. [2]

(b) Find  θ . [2]

(c) Find the area of the shaded sector. [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)
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Turn over

2. [Maximum mark: 6]

Consider an arithmetic sequence with  u1 = 0.6  and  u4 = 0.15 . 

(a) Find the common difference,  d . [2]

The following table shows the probability distribution of a discrete random variable  X  such 

that  P (X = n) = 
u

k
n , where  n ∈ + ,  1 ≤ n ≤ 4  and  k ∈ + . 

n 1 2 3 4

P (X = n) 0 6.

k

u

k
2 u

k
3 0 15.

k

(b) Find the value of  k . [4]
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3. [Maximum mark: 5]

A function  f  is defined by f x
x

( ) = −
−

1
1

2
, where  x ∈  ,  x ≠ 2 .

(a) The graph of  y = f (x)  has a vertical asymptote and a horizontal asymptote.

Write down the equation of

(i) the vertical asymptote;

(ii) the horizontal asymptote. [2]

(b) Find the coordinates of the point where the graph of  y = f (x)  intersects

(i) the  y-axis;

(ii) the  x-axis. [2]
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(This question continues on the following page)
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(Question 3 continued)

(c) On the following set of axes, sketch the graph of  y = f (x) , showing all the features 
found in parts (a) and (b). [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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4. [Maximum mark: 5]

Events  A  and  B  are such that  P (A) = 0.4 ,  P (A | B) = 0.25  and  P (A ∪ B) = 0.55 .

Find  P (B) .
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5. [Maximum mark: 6]

The following diagram shows part of the graph of y
x

x
=

+2 2
 for  x ≥ 0 .

y

x

R

c

The shaded region  R  is bounded by the curve, the  x-axis and the line  x = c .

The area of  R  is  ln 3 .

Find the value of  c .
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6. [Maximum mark: 7]

The functions  f  and  g  are defined for  x ∈   by

 f (x) = ax + b , where  a ,  b ∈  

g (x) = x2 + x + 3 .

Find the two possible functions  f  such that  (g  f ) (x) = 4x2 - 14x + 15 .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 17] 

The following diagram shows part of the graph of a quadratic function  f .

The vertex of the parabola is  (-2 , -5)  and the  y-intercept is at point  P .

(−2 , −5)
P

y

x

f

(a) Write down the equation of the axis of symmetry. [1]

The function can be written in the form f x x h k( ) ( )= − +
1

4
2 , where  h , k ∈  .

(b) Write down the values of  h  and  k . [2]

(c) Find the  y-coordinate of  P . [2]

(This question continues on the following page)
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Turn over

Do not write solutions on this page.

(Question 7 continued)

In the following diagram, the line  L  is normal to the graph of  f  at point  P .

(−2 , −5)
P

y

x

fL

Q

(d) Find the equation of the line  L , in the form  y = ax + b . [4]

The line  L  intersects the graph of  f  at a second point,  Q , as shown above.

(e) Calculate the distance between  P  and  Q . [8] 
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Do not write solutions on this page.

8. [Maximum mark: 14]

Consider an acute angle  θ  such that cosθ = 2

3
.

(a) Find the value of

(i) sin θ ;

(ii) sin 2θ . [4]

The following diagram shows triangle  ABC , with B̂ q== θ ,  Â = 2θ ,  BC = a  and  AC = b .

a

B A

C

b

θθ 2

(b) Show that b
a

=
3

4
. [2]

(This question continues on the following page)
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Turn over

Do not write solutions on this page. 

(Question 8 continued)

[BA]  is extended to form an isosceles triangle  DAC , with D̂ q== θ , as shown in the 
following diagram.

a

B DA

C

b

θθ θ2

(c) Find the value of  sin CÂD . [3]

(d) Find the area of triangle  DAC , in terms of  a . [5]
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Do not write solutions on this page.

9. [Maximum mark: 14]

A circle with equation  x2 + y2 = 9  has centre (0 , 0) and radius  3 .

A triangle,  PQR , is inscribed in the circle with its vertices at  P (-3 , 0) ,  Q (x , y)  and  R (x , -y) , 
where  Q  and  R  are variable points in the first and fourth quadrants respectively. This is
shown in the following diagram.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) For point  Q , show that y x= −9 2
. [1]

(b) Hence, find an expression for  A , the area of triangle  PQR , in terms of  x . [3]

(c) Show that
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) Hence or otherwise, find the  y-coordinate of  R  such that  A  is a maximum. [6]

16EP16
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding
M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently;
so if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks
elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work
which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-
integer value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes
when candidates fail to complete a “show that” question correctly, and then in subsequent parts
use their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the
subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working and
incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation, provided the
evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

No calculator is allowed.  The use of any calculator on this paper is malpractice and will result in no 
grade awarded.  If you see work that suggests a candidate has used any calculator, please follow 
the procedures for malpractice.   

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A 
1. (a) attempts to find perimeter (M1) 

arc+2 radius×  OR 10 4 4+ +

18 (cm)=  A1 

[2 marks] 

(b) 10 4θ= (A1) 

10

4
θ =  

5
, 2.5

2
 = 
 

A1 

[2 marks] 

(c) area ( ) ( )21 10
4  1.25 16

2 4
 = = × 
 

(A1) 

220  (cm )= A1 

[2 marks] 

Total [6 marks] 
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2. (a) 1 43u d u+ = (M1) 

0.6 3 0.15d+ =  

0.15d = −  A1 

[2 marks] 

(b) METHOD 1

2 0.45u =  or 3 0.3u = (may be seen in their equation) (A1) 

summing their probabilities to 1  (seen anywhere) (M1) 

2 30.6 0.15
1

u u

k k k k
+ + + =   

0.6 0.45 0.3 0.15
1

k k k k
+ + + =  (or equivalent) (A1) 

1.5
1

k
=   

1.5k =  A1 

[4 marks] 

METHOD 2 (using nS formula) 

( ) ( )( )( )4

4
2 0.6 4 1 0.15

2
S = + − −  OR   ( )4

4 0.6 0.15
2 4 1

2
S

k k

 −    = + −        

OR   ( )4

4
0.6 0.15

2
S = + OR  4

4 0.6 0.15

2
S

k k
 = + 
 

   (or equivalent) (A1) 

summing their probabilities to 1 (seen anywhere) (M1) 

1 2 3 4 1
u u u u

k k k k
+ + + =    OR   1 2 3 4u u u u k+ + + =   OR 4 1S =   OR   4S k=

( ) ( )( )( )4
2 0.6 4 1 0.15

2
k+ − − =  (or equivalent) (A1) 

1.5k =  A1 

[4 marks] 

Total [6 marks] 
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3. (a) (i) 2x = A1 

(ii) 1y = A1 

[2 marks] 

(b) (i)
3

0,
2

 
 
 

  A1 

(ii) ( )3,0 A1 

[2 marks] 

continued… 
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Question 3 continued 

(c) 

two correct branches with correct asymptotic behaviour and intercepts clearly shown A1 

[1 mark] 

Total [5 marks] 
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4. substitutes into ( ) ( ) ( ) ( )P P P PA B A B A B∪ = + − ∩  to form

( ) ( )0.55 0.4 P PB A B= + − ∩   (or equivalent) (A1) 

substitutes into ( ) ( )
( )

P
P |

P

A B
A B

B

∩
= to form 

( )
( )

P
0.25

P

A B

B

∩
=   (or equivalent) (A1) 

attempts to combine their two probability equations to form an equation in ( )P B  (M1) 

Note: The above two A marks are awarded independently. 

correct equation in ( )P B  A1 

( ) ( )0.55 0.4 P 0.25P  B B= + − OR  
( )

( )
P 0.15 

0.25
P

B

B

−
=  OR ( ) ( )P 0.15 0.25PB B− =

(or equivalent) 

( ) 15 1
P  0.2

75 5
B  = = = 

 
A1 

Total [5 marks] 
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5. 2
0

d
2

c x
A x

x
=

+∫

EITHER 

attempts to integrate by inspection or substitution using 2 2u x= +  or 2u x= (M1) 

Note: If candidate simply states 2 2u x= +  or 2u x= , but does not attempt to 
integrate, do not award the (M1). 

Note: If candidate does not explicitly state the u-substitution, award the (M1) only 

for expressions of the form lnk u  or ( )ln 2k u + .

 

2 2

2

1
ln

2

c

u
+

 
  

 OR   ( )
2

0

1
ln 2

2

c

u +  
  OR ( )2

0

1
ln 2

2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

OR 

attempts to integrate by inspection (M1) 

Note: Award the (M1) only for expressions of the form ( )2ln 2k x + .

( )2

0

1
ln 2

2

c

x +  
A1 

Note: Limits may be seen in the substitution step. 

THEN 

correctly substitutes their limits into their integrated expression (M1) 

( )( ) ( )21
ln 2 ln 2 ln3

2
c + − =  OR ( ) ( )21 1

ln 2 ln 2 ln3
2 2

c + − =

continued… 
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Question 5 continued 

correctly applies at least one log law to their expression (M1) 

( )
21 2

ln ln3
2 2

c +
= 

 
 OR  ( )2ln 2 ln 2 ln3c + − =   OR  

2 2
ln ln9

2

c +
= 

 
 

OR  ( )2ln 2 ln 2 ln 9c + − =   OR  ( )
2 2

ln ln3
2

c +
=  OR  ( )

2 2
ln ln3

2

c +
=

Note: Condone the absence of ln3  up to this stage. 

2 2
9

2

c +
=   OR 

2 2
3

2

c +
=  A1 

2 16c =

4c =  A1 

Note: Award A0 for 4c = ±  as a final answer. 

Total [6 marks] 
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6. attempts to form ( )( )g f x (M1) 

[ ]2
( ) ( ) 3f x f x+ +   OR  ( )2

3ax b ax b+ + + +  

( )2 2 2 22 3 4 14 15a x abx b ax b x x+ + + + + = − + (A1) 

equates their corresponding terms to form at least one equation (M1) 

2 2 24a x x=   OR  2 4a =   OR  2 14abx ax x+ = −   OR  2 14ab a+ = −  OR 
2 3 15b b+ + =  

2a = ±  (seen anywhere) A1 

attempt to use 2 14ab a+ = −  to pair the correct values (seen anywhere) (M1) 

( ) 2 4f x x= − (accept 2a =  with 4b = − ), ( ) 2 3f x x= − +  (accept 2a = −  with 3b = ) A1A1 

[7 marks] 
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Section B 

7. (a) 2x = −   (must be an equation) A1 

[1 mark] 

(b) 2h = − ,  5k = − A1A1 

[2 marks] 

(c) substituting 0x =  into ( )f x (M1) 

( )21
0 2 5

4
y = + −

4y = −   (accept ( )P 0, 4− ) A1 

[2 marks] 

(d) ( )1 1
( ) 2 1

2 2
f x x x ′ = + = + 

 
 (A1) 

substituting 0x =  into their derivative (M1) 

(0) 1f ′ =  

gradient of normal is 1−  (may be seen in their equation) A1 

4y x= − −  (accept 1a = − , 4b = − ) A1 

Note:  Award A0 for 4L x= − −  (without the y = ). 

[4 marks] 

continued… 
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Question 7 continued 

(e) equating their ( )f x  to their L (M1) 

( )21
2 5 4

4
x x+ − = − −  

21
2 0

4
x x+ =   (or equivalent) (A1) 

valid attempt to solve their quadratic (M1) 

( )1
8 0

4
x x + =    OR  ( )8 0x x + =

8x = −  A1 

Note: Accept both solutions 8x = −  and 0x =  here, 8x = − may be seen in 
working to find coordinates of Q  or distance. 

substituting their value of x  (not 0x = ) into their ( )f x  or their L (M1) 

( )8 4y = − − −   or  ( )21
8 2 5

4
y = − + −

( )Q 8, 4− A1 

correct substitution into distance formula (A1) 

( ) ( )( )22
8 0 4 4− − + − −

distance 128=  ( 8 2= ) A1 

[8 marks] 

Total [17 marks] 
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8. (a) (i) attempt to use Pythagoras (M1) 

2
2 2

sin 1
3

θ  + = 
 

  OR  2 2 22 3x + =   OR  right triangle with side 2 and 

hypotenuse 3 

5
sin

3
θ = A1 

(ii) attempt to substitute into double-angle identity using their value of sinθ (M1) 

5 2
sin 2 2

3 3
θ

  =      
  

4 5
sin 2

9
θ = A1 

[4 marks] 

(b) METHOD 1 (using values from part (a))

sin sin 2

b a

θ θ
=

attempt to use sine rule with their values from part (a) (M1) 

5 4 5
3 9

b a
=

   
   
   

  OR  

5 4 5
3 9

b a

   
   
   =

correct working that leads to AG A1 

5 4 5

3 9
a b=    OR  

3 9

5 4 5

b a
=    OR  

4

3 9

a b
=  (or equivalent) 

3

4

a
b = AG 

continued… 
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Question 8 continued 

METHOD 2 (double-angle identity) 

sin sin 2

b a

θ θ
=

using double-angle identity (A1) 

sin 2sin cos

b a

θ θ θ
=   OR   

sin

2sin cos

a
b

θ
θ θ

=   OR  
2cos

a
b

θ
=

correct working (involving substituting 
2

cos
3

θ = ) that leads to AG A1 

sin
2

2sin
3

a
b

θ

θ
=

 
 
 

  OR  

5
3

5 2
2

3 3

a

b

 
 
 =

  
  

  

  OR  
2

2
3

a
b =

 
 
 

  (or equivalent) 

3

4

a
b = AG 

[2 marks] 

(c) METHOD 1 (using supplementary angles)

recognizing ˆCAD  and ˆBAC  are supplementary (M1) 

recognizing supplementary angles have the same sine value (A1) 

ˆsin CAD = sin 2θ

4 5ˆsin CAD 
9

= A1 

continued… 
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Question 8 continued 

METHOD 2 (using sine rule) 

recognizing CD a=  (M1) 

ˆ sinsin CAD

a b

θ
=

correct substitution of 
5

sin
3

θ =  and 
3

4

a
b =  into sine rule (A1) 

3
4

ˆsin CAD 5
3

a
a

 
 
 =
 
 
 

  OR   

5
3ˆsin CAD

3
4

a

a

 
 
 =
 
 
 

  (or equivalent) 

4 5ˆsin CAD 
9

= A1 

[3 marks] 

(d) METHOD 1 (using ˆCAD  in area formula)

recognizing ˆDCA θ= (A1) 

recognizing AD b=
3

4

a = 
 

(A1) 

 correct substitution into area formula (must substitute expressions for two sides 

and name/expression/value for ˆsin CAD ) (M1) 

( )( )1 4 5
area

2 9
b b

 
=   

 
OR  ( )( )1

area sin 2
2

b b θ=   OR  ( )( )1 ˆarea sin CAD
2

b b=

correct substitution in terms of a (A1) 

1 3 3 4 5
area

2 4 4 9

a a    =        
 

25
area

8

a
= A1 

continued… 
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Question 8 continued 

METHOD 2 (using ˆACD  or ˆADC  in area formula)

recognizing  CD a=  (A1) 

recognizing AD b=
3

4

a = 
 

and/or ˆDCA θ= (A1) 

correct substitution into area formula (must substitute expressions for two sides 

and name/expression/value for ˆsin ADC  or ˆsin ACD  ) (M1) 

( )( )1 5
area

2 3
a b

 
=   

 
OR  ( )( )1

area sin
2

a b θ=   OR  ( )( )1 ˆarea sin ADC
2

a b=

OR  ( )( )1 ˆarea sin ACD
2

a b=

correct substitution in terms of a (A1) 

( )1 3 5
area

2 4 3

a
a

  =      

25
area

8

a
= A1 

[5 marks] 

Total [14 marks] 
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9. (a) 2 29y x= −  OR 29y x= ± − A1 

(since 0y > ) 29y x⇒ = − AG 

[1 mark] 

(b) ( )22  2 9b y x= = −  or 3h x= + (A1) 

attempts to substitute their base expression and height expression into 
1

2
A bh= (M1) 

29 ( 3)A x x= − +   (or equivalent) 
( ) 2

2 22 3 9
9 3 9

2

x x
x x x

 + −
 = = − + −
 
 

A1 

[3 marks] 

(c) attempts to use the product rule to find
d

d

A

x
(M1) 

attempts to use the chain rule to find 2d
9

d
x

x
− (M1) 

( ) ( )
1 2

2 2 22

2

d 1 3
9 3 9 ( 2 ) 9

d 2 9

A x x
x x x x x

x x

−  +   = − + + − − = − −    
    − 

 A1 

( )2 22 2

2 2 2

9 3d 9 3

d 9 9 9

x x xA x x x

x x x x

 − − +− +   = − =     − − − 
A1 

2

2

d 9 3 2

d 9

A x x

x x

− −
=

−
AG 

[4 marks] 

continued… 
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Question 9 continued 

(d) 
2

2

d 9 3 2
0 0

d 9

A x x

x x

 − −
= = 

− 
 (M1) 

attempts to solve 29 3 2 0x x− − =  (or equivalent) (M1) 

( )(2 3)( 3) 0x x− − + =   OR
23 ( 3) 4( 2)(9)

2( 2)
x

± − − −
=

−
(or equivalent) (A1) 

3

2
x = A1 

Note: Award the above A1 if 3x = −  is also given. 

substitutes their value of x  into either 29y x= −  or 29y x= − − (M1) 

Note:  Do not award the above (M1) if 0x ≤ . 

2
3

9
2

y  = − −  
 

27 3 3 27
, , 6.75

2 2 4

 
= − = − = − = −  

 
A1 

[6 marks] 

Total [14 marks] 
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Mathématiques : analyse et approches
Niveau moyen
Épreuve 1

Instructions destinées aux candidats

 y Écrivez votre numéro de session dans les cases ci-dessus.
 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Aucune calculatrice n’est autorisée pour cette épreuve.
 y Section A :  répondez à toutes les questions. Rédigez vos réponses dans les cases prévues  

à cet effet.
 y Section B :  répondez à toutes les questions sur le livret de réponses prévu à cet effet.  

Écrivez votre numéro de session sur la première page du livret de réponses,  
et attachez ce livret à cette épreuve d’examen et à votre page de couverture  
en utilisant l’attache fournie.

 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 
être exactes ou correctes à trois chiffres significatifs près.

 y Un exemplaire non annoté du livret de formules pour les cours de mathématiques : 
analyse et approches est nécessaire pour cette épreuve.

 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, 
pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 6]

Le diagramme suivant montre un cercle de centre  O  et dont le rayon mesure  4 cm .

la figure n’est pas à l’échelle

P

Q

RO 4
θ

Les points  P ,  Q  et  R  sont situés sur la circonférence du cercle et  PÔR = θ , où  θ  est 
mesuré en radians.

La longueur de l’arc  PQR  est de  10 cm .

(a) Trouvez le périmètre du secteur ombragé. [2]

(b) Trouvez  θ . [2]

(c) Trouvez l’aire du secteur ombragé. [2]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)
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2. [Note maximale : 6]

Considérez une suite arithmétique telle que  u1 = 0,6  et  u4 = 0,15 . 

(a) Trouvez la raison,  d . [2]

Le tableau suivant montre la distribution de probabilité d'une variable aléatoire discrète  X  

telle que  P (X = n) = 
u

k
n , où  n ∈ + ,  1 ≤ n ≤ 4  et  k ∈ + . 

n 1 2 3 4

P (X = n) 0 6,

k

u

k
2 u

k
3 0 15,

k

(b) Trouvez la valeur de  k . [4]
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3. [Note maximale : 5]

Une fonction  f  est définie par f x
x

( ) = −
−

1
1

2
, où  x ∈  ,  x ≠ 2 .

(a) La représentation graphique de  y = f (x)  a une asymptote verticale et une asymptote 
horizontale.

Écrivez l’équation de

(i) l’asymptote verticale ;

(ii) l’asymptote horizontale. [2]

(b) Trouvez les coordonnées du point où la représentation graphique de  y = f (x)  croise

(i) l’axe des ordonnées ;

(ii) l’axe des abscisses. [2]
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(Suite de la question à la page suivante)

16EP06



– 7 – 2223 – 7119

Tournez la page

(Suite de la question 3)

(c) Sur le système d’axes suivant, esquissez la représentation graphique de  y = f (x) , en 
montrant toutes les caractéristiques trouvées dans les parties (a) et (b). [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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4. [Note maximale : 5]

Les événements  A  et  B  sont tels que  P (A) = 0,4 ,  P (A | B) = 0,25  et  P (A ∪ B) = 0,55 .

Trouvez  P (B) .
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5. [Note maximale : 6]

Le diagramme suivant montre une partie de la représentation graphique de y
x

x
=

+2 2
 pour  x ≥ 0 .

y

x

R

c

La région ombragée  R  est délimitée par la courbe, l’axe des abscisses et la droite  x = c .

L’aire de  R  est  ln 3 .

Trouvez la valeur de  c .
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Tournez la page

6. [Note maximale : 7]

Les fonctions  f  et  g  sont définies pour  x ∈   par

 f (x) = ax + b , où  a ,  b ∈  

g (x) = x2 + x + 3 .

Trouvez les deux fonctions possibles  f  telles que  (g  f ) (x) = 4x2 - 14x + 15 .
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 17] 

Le diagramme suivant montre une partie de la représentation graphique d’une fonction 
quadratique  f .

Le sommet de la parabole est  (-2 , -5)  et l’ordonnée à l’origine se situe au point  P .

(−2 , −5)
P

y

x

f

(a) Écrivez l’équation de l’axe de symétrie. [1]

La fonction peut s’écrire sous la forme f x x h k( ) ( )= − +
1

4
2 , où  h , k ∈  .

(b) Écrivez les valeurs de  h  et  k . [2]

(c) Trouvez l’ordonnée de  P . [2]

(Suite de la question à la page suivante)
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Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 7)

Dans le diagramme suivant, la droite  L  est normale à la représentation graphique de  f  au 
point  P .

(−2 , −5)
P

y

x

fL

Q

(d) Trouvez l’équation de la droite  L  sous la forme  y = ax + b . [4]

La droite  L  croise la représentation graphique de  f  en un deuxième point,  Q , tel qu’illustré 
ci-dessus.

(e) Calculez la distance entre  P  et  Q . [8] 
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N’écrivez pas vos solutions sur cette page.

8. [Note maximale : 14]

Considérez un angle aigu  θ  tel que cosθ = 2

3
.

(a) Trouvez la valeur de

(i) sin θ ;

(ii) sin 2θ . [4]

Le diagramme suivant montre un triangle  ABC , tel que B̂ q== θ ,  Â = 2θ ,  BC = a  et  AC = b .

a

B A

C

b

θθ 2

(b) Montrez que b
a

=
3

4
. [2]

(Suite de la question à la page suivante)

16EP14



– 15 – 2223 – 7119

Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 8)

[BA]  est prolongé pour former un triangle isocèle  DAC , avec D̂ q== θ , tel que montré dans le 
diagramme suivant.

a

B DA

C

b

θθ θ2

(c) Trouvez la valeur de  sin CÂD . [3]

(d) Trouvez l’aire du triangle  DAC  en fonction de  a . [5]

16EP15



– 16 – 2223 – 7119

N’écrivez pas vos solutions sur cette page.

9. [Note maximale : 14]

Un cercle d’équation  x2 + y2 = 9  est centré au point (0 , 0) et son rayon mesure  3  unités.

Un triangle,  PQR , est inscrit dans le cercle et ses sommets sont  P (-3 , 0) ,  Q (x , y)
et  R (x , -y) , où  Q  et  R  sont des points variables du premier et du quatrième quadrant
respectivement. Ceci est représenté dans le diagramme suivant.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) Pour le point  Q , montrez que y x= −9 2
. [1]

(b) À partir de là, trouvez une expression pour  A , l’aire du triangle  PQR , en fonction de  x . [3]

(c) Montrez que
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) À partir de là ou par toute autre méthode, trouvez l’ordonnée du point  R  telle que  A 
est un maximum. [6]
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Prüfungsnummer des Kandidaten

2223 – 7129
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8. Mai 2023

Zone A Nachmittag Zone B Vormittag Zone C Nachmittag

1 Stunde 30 Minuten

Mathematik: Analyse und Ansätze
Grundstufe
1. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur dürfen Sie keinen Taschenrechner nutzen.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
 y Teil B:  Beantworten Sie alle Fragen im beigefügten Antwortheft. Tragen Sie Ihre 

Prüfungsnummer auf der Vorderseite des Antworthefts ein und heften Sie es mit dieser 
Prüfungsklausur und Ihrem Deckblatt mit Hilfe der beiliegenden Klammer zusammen.

 y Sofern in der Frage nicht anders angegeben, sollten alle numerischen Antworten entweder 
exakt oder auf drei signifikante Stellen genau angegeben werden.

 y Für diese Klausur ist ein unverändertes Exemplar der Formelsammlung zu Mathematik: 
Analyse und Ansätze erforderlich.

 y Die Höchstpunktzahl für diese Prüfungsklausur ist [80 Punkte].
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. Die 
Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Bei falschen Antworten 
können ggf. Punkte für die richtige Methode vergeben werden, sofern dies durch einen schriftlichen 
Rechenweg erkennbar wird. Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Kreis mit dem Mittelpunkt  O  und Radius  4 cm .

Zeichnung nicht maßstabsgerecht

P

Q

RO 4
θ

Die Punkte  P ,  Q  und  R  liegen auf der Kreislinie, und der Winkel  PÔR = θ  (im Bogenmaß).

Die Länge des Kreisbogens  PQR  beträgt  10 cm .

(a) Finden Sie den Umfang des schattierten Sektors. [2]

(b) Finden Sie  θ . [2]

(c) Finden Sie den Flächeninhalt des schattierten Sektors. [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 1)
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Bitte umblättern

2. [Maximale Punktzahl: 6]

Betrachten Sie eine arithmetische Folge mit  u1 = 0,6  und  u4 = 0,15 . 

(a) Finden Sie die gemeinsame Differenz  d . [2]

Die folgende Tabelle zeigt die Wahrscheinlichkeitsverteilung einer diskreten 

Zufallsvariablen  X  so, dass  P (X = n) = 
u

k
n , mit  n ∈ + ,  1 ≤ n ≤ 4  und  k ∈ + . 

n 1 2 3 4

P (X = n) 0 6,

k

u

k
2 u

k
3 0 15,

k

(b) Finden Sie den Wert von  k . [4]
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3. [Maximale Punktzahl: 5]

Eine Funktion  f  ist definiert durch f x
x

( ) = −
−

1
1

2
, mit  x ∈  ,  x ≠ 2 .

(a) Der Graph von  y = f (x)  hat eine vertikale und eine horizontale Asymptote.

Notieren Sie die folgenden Gleichungen:

(i) Die der vertikalen Asymptote.

(ii) Die der horizontalen Asymptote. [2]

(b) Finden Sie die Koordinaten des Punktes, an dem der Graph von  y = f (x)

(i) die  y-Achse schneidet;

(ii) die  x-Achse schneidet. [2]
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(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

(Fortsetzung Frage 3)

(c) Skizzieren Sie im folgenden Koordinatensystem den Graphen von  y = f (x) , der alle 
Merkmale aus den Teilen (a) und (b) zeigt. [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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4. [Maximale Punktzahl: 5]

Für die Ereignisse  A  und  B  gelten:  P (A) = 0,4 ,  P (A | B) = 0,25  und  P (A ∪ B) = 0,55 .

Finden Sie  P (B) .
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Bitte umblättern

5. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt einen Teil des Graphen von y
x

x
=

+2 2
 für  x ≥ 0 .

y

x

R

c

Die schattierte Fläche  R  wird begrenzt durch die Kurve, die  x-Achse und die Gerade  x = c .

Der Flächeninhalt von  R  beträgt  ln 3 .

Finden Sie den Wert von  c .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Bitte umblättern

6. [Maximale Punktzahl: 7]

Die Funktionen  f  und  g  sind für  x ∈   folgendermaßen definiert:

 f (x) = ax + b , mit  a ,  b ∈  

g (x) = x2 + x + 3 .

Finden Sie die beiden möglichen Funktionen  f  so, dass  (g  f ) (x) = 4x2 - 14x + 15 .
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Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

7. [Maximale Punktzahl: 17] 

Das folgende Diagramm zeigt einen Teil des Graphen einer quadratischen Funktion  f .

Der Scheitelpunkt der Parabel liegt bei  (-2 , -5)  und der  y-Achsenabschnitt liegt im Punkt  P .

(−2 , −5)
P

y

x

f

(a) Notieren Sie die Gleichung der Symmetrieachse. [1]

Die Funktion kann in der Form f x x h k( ) ( )= − +
1

4
2  geschrieben werden, mit  h , k ∈  .

(b) Notieren Sie die Werte von  h  und  k . [2]

(c) Finden Sie den  y-Wert von  P . [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 7)

Im folgenden Diagramm steht die Gerade  L  im Punkt  P  senkrecht zum Graphen von  f .

(−2 , −5)
P

y

x

fL

Q

(d) Finden Sie die Gleichung der Geraden  L  in der Form  y = ax + b . [4]

Die Gerade  L  schneidet den Graphen von  f  in einem weiteren Punkt  Q , wie oben gezeigt.

(e) Berechnen Sie die Entfernung zwischen  P  und  Q . [8] 
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Schreiben Sie keine Lösungen auf diese Seite.

8. [Maximale Punktzahl: 14]

Betrachten Sie einen spitzen Winkel  θ  , so dass cosθ = 2

3
.

(a) Finden Sie die Werte von

(i) sin θ ;

(ii) sin 2θ . [4]

Das folgende Diagramm zeigt das Dreieck  ABC , mit B̂ q== θ ,  Â = 2θ ,  BC = a  und  AC = b .

a

B A

C

b

θθ 2

(b) Zeigen Sie, dass b
a

=
3

4
. [2]

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite. 

(Fortsetzung Frage 8)

[BA]  wird so verlängert, dass ein gleichschenkliges Dreieck  DAC , mit D̂ q== θ  entsteht, wie 
im folgenden Diagramm gezeigt.

a

B DA

C

b

θθ θ2

(c) Finden Sie den Wert von  sin CÂD . [3]

(d) Finden Sie den Flächeninhalt des Dreiecks  DAC  abhängig von  a . [5]
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Schreiben Sie keine Lösungen auf diese Seite.

9. [Maximale Punktzahl: 14]

Ein Kreis mit der Gleichung  x2 + y2 = 9  hat den Mittelpunkt (0 , 0) und den Radius  3 .

Diesem Kreis ist Dreieck  PQR  mit den Eckpunkten  P (-3 , 0) ,  Q (x , y)  und  R (x , -y)
einbeschrieben, wobei  Q  und  R  variable Punkte im ersten bzw. vierten Quadranten sind.
Dies ist im folgenden Diagramm dargestellt.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) Zeigen Sie, dass für Punkt Q gilt: y x= −9 2
. [1]

(b) Finden Sie damit einen Ausdruck für den Flächeninhalt  A  des Dreiecks  PQR , 
in Abhängigkeit von  x . [3]

(c) Zeigen Sie, dass gilt:
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) Finden Sie damit oder auf andere Weise die  y-Koordinate von  R  so, 
dass  A  maximal wird. [6]

16EP16

Quellenangaben:

© International Baccalaureate Organization 2023



© International Baccalaureate Organization 2023

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2023

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2023

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



Número de convocatoria del alumno
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8 de mayo de 2023

Zona A tarde Zona B mañana Zona C tarde

1 hora 30 minutos

Matemáticas: Análisis y Enfoques
Nivel Medio
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba no se permite el uso de ninguna calculadora.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [80 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Aun cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método 
empleado es correcto, siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el 
procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 6]

La siguiente figura muestra un círculo con centro en  O  y de  4 cm  de radio.

la figura no está dibujada a escala

P

Q

RO 4
θ

Los puntos  P ,  Q  y  R  pertenecen a la circunferencia del círculo y  PÔR = θ , donde  θ  se 
mide en radianes.

La longitud del arco  PQR  es igual a  10 cm .

(a) Halle el perímetro del sector circular que está sombreado. [2]

(b) Halle  θ . [2]

(c) Halle el área de dicho sector circular sombreado. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)
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Véase al dorso

2. [Puntuación máxima: 6]

Considere una progresión aritmética donde  u1 = 0,6  y  u4 = 0,15 . 

(a) Halle la diferencia común (d ). [2]

En la siguiente tabla se muestra la distribución de probabilidad de una variable aleatoria 

discreta  X  para la que se cumple que  P (X = n) = 
u

k
n , donde  n ∈ + ,  1 ≤ n ≤ 4  y  k ∈ + . 

n 1 2 3 4

P (X = n) 0 6,

k

u

k
2 u

k
3 0 15,

k

(b) Halle el valor de  k . [4]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Puntuación máxima: 5]

La función  f  viene dada por f x
x

( ) = −
−

1
1

2
, donde  x ∈  ,  x ≠ 2 .

(a) El gráfico de  y = f (x)  tiene una asíntota vertical y una asíntota horizontal.

Escriba la ecuación de:

(i) La asíntota vertical

(ii) La asíntota horizontal [2]

(b) Halle las coordenadas del punto donde el gráfico de  y = f (x)  corta:

(i) Al eje  y

(ii) Al eje  x [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 3: continuación)

(c) En los siguientes ejes de coordenadas, dibuje aproximadamente el gráfico de  y = f (x)  
y muestre todas las características que halló en los apartados (a) y (b). [1]

y

x
1−1

−1

1

2−2

−2

−3

−3

−4

−4

−5

−5

2

3

3

4

4

5

5

0
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4. [Puntuación máxima: 5]

Los sucesos  A  y  B  son tales que  P (A) = 0,4 ,  P (A | B) = 0,25  y  P (A ∪ B) = 0,55 .

Halle  P (B) .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

5. [Puntuación máxima: 6]

La siguiente figura muestra una parte del gráfico de y
x

x
=

+2 2
 para  x ≥ 0 .

y

x

R

c

La región sombreada  R  está delimitada por la curva, el eje  x  y la recta  x = c .

El área de  R  es igual a  ln 3 .

Halle el valor de  c .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Véase al dorso

6. [Puntuación máxima: 7]

Las funciones  f  y  g  se definen para  x ∈   de la siguiente forma:

 f (x) = ax + b , donde  a ,  b ∈  

g (x) = x2 + x + 3 .

Halle las dos posibles funciones  f  para las que se cumple que  (g  f ) (x) = 4x2 - 14x + 15 .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

16EP11



– 12 – 2223 – 7124

No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 17] 

En la siguiente figura se muestra una parte del gráfico de una función cuadrática  f .

El vértice de la parábola está en  (-2 , -5)  y la intersección con el eje  y  está en el punto  P .

(−2 , −5)
P

y

x

f

(a) Escriba la ecuación del eje de simetría. [1]

La función se puede escribir de la siguiente forma: f x x h k( ) ( )= − +
1

4
2 , donde  h , k ∈  .

(b) Escriba el valor de  h  y el valor de  k . [2]

(c) Halle la coordenada  y  de  P . [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

No escriba soluciones en esta página.

(Pregunta 7: continuación)

En la siguiente figura, la recta  L  es normal al gráfico de  f  en el punto  P .

(−2 , −5)
P

y

x

fL

Q

(d) Halle la ecuación de la recta  L , dándola en la forma  y = ax + b . [4]

La recta  L  corta al gráfico de  f  en un segundo punto  (Q), tal y como se muestra en esta figura.

(e) Calcule la distancia que hay entre  P  y  Q . [8] 
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No escriba soluciones en esta página.

8. [Puntuación máxima: 14]

Considere un ángulo agudo  θ  tal que cosθ = 2

3
.

(a) Halle el valor de:

(i) sen θ 

(ii) sen 2θ  [4]

En la siguiente figura se muestra el triángulo  ABC , donde B̂ q== θ ,  Â = 2θ ,  BC = a  y  AC = b .

a

B A

C

b

θθ 2

(b) Muestre que b
a

=
3

4
. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

No escriba soluciones en esta página.

(Pregunta 8: continuación)

Ahora alargamos  [BA]  para generar el triángulo isósceles  DAC , siendo D̂ q== θ , tal y como 
se muestra en la siguiente figura.

a

B DA

C

b

θθ θ2

(c) Halle el valor de  sen CÂD . [3]

(d) Halle el área del triángulo  DAC , dándola en función de  a . [5]
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No escriba soluciones en esta página.

9. [Puntuación máxima: 14]

Un círculo cuya ecuación es  x2 + y2 = 9  tiene el centro en (0 , 0) y radio igual a  3 .

El triángulo  PQR  está inscrito en el círculo; sus vértices están en  P (-3 , 0) ,  Q (x , y)
y  R (x , -y) , donde  Q  y  R  son puntos móviles situados en el primer y en el cuarto cuadrante,
respectivamente. Toda esta información se representa en la siguiente figura.

y

x

Q (x , y)

P (−3 , 0)

R (x , −y)

(a) Para el punto  Q , muestre que y x= −9 2
. [1]

(b) A partir de lo anterior, halle una expresión que dé el área del triángulo  PQR (A)  en 
función de  x . [3]

(c) Muestre que
d

d

A

x

x x

x
=

− −

−

9 3 2

9

2

2
. [4]

(d) A partir de lo anterior (o de cualquier otro modo alternativo), halle la coordenada  y 
de  R  tal que  A  sea máxima. [6]
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Mathematics: analysis and approaches
Standard level
Paper 2

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Section A:  answer all questions. Answers must be written within the answer boxes provided.
 y Section B:  answer all questions in the answer booklet provided. Fill in your session number on 

the front of the answer booklet, and attach it to this examination paper and your cover 
sheet using the tag provided.

 y Unless otherwise stated in the question, all numerical answers should be given exactly or 
correct to three significant figures.

 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

 y The maximum mark for this examination paper is [80 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5]

The cities Lucknow ( L ), Jaipur ( J ) and Delhi ( D ) are represented in the following diagram. 

Lucknow lies 500 km directly east of Jaipur, and ˆJLD 25= = 25°.

diagram not to scale

North

D

J L500 km
25

The bearing of  D  from  J  is  034° .

(a) Find ˆJDL . [2]

(b) Find the distance between Lucknow and Delhi. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12EP02



– 3 – 2223 – 7110

Turn over

2. [Maximum mark: 6]

The value of a car is given by the function  C = 40 000(0.91)t , where  t  is in years since 
1 January 2023 and  C  is in USD ($).

(a) Write down the annual rate of depreciation of the car. [1]

(b) Find the value of the car on 1 January 2028. [2]

Alvie wants to buy this car. On 1 January 2023, he invested  $15 000  in an account that 
earns  3 %  annual interest compounded yearly. He makes no further deposits to, or 
withdrawals from, the account.

Alvie wishes to buy this car for its value on 1 January 2028. In addition to the money in his 
account, he will need an extra  $M .

(c) Find the value of  M . [3]
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3. [Maximum mark: 5]

The functions  f  and  g  are defined by  f (x) = 2x - x3  and  g (x) = tan x .

(a) Find  ( f  g) (x) . [2]

(b) On the following grid, sketch the graph of  y = ( f  g) (x)  for  -1 ≤ x ≤ 1 . Write down and 
clearly label the coordinates of any local maximum or minimum points.  [3]

y

x

2

1

0.5 10

−1

−0.5−1

−2
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4. [Maximum mark: 7]

The total number of children,  y , visiting a park depends on the highest temperature,  T , in 
degrees Celsius (°C). A park official predicts the total number of children visiting his park on 
any given day using the model  y = -0.6T 2 + 23T + 110 , where  10 ≤ T ≤ 35 .

(a) Use this model to estimate the number of children in the park on a day when the 
highest temperature is  25 °C . [2]

An ice cream vendor investigates the relationship between the total number of children 
visiting the park and the number of ice creams sold,  x . The following table shows the data 
collected on five different days.

Total number  
of children ( y ) 81 175 202 346 360

Ice creams  
sold ( x ) 15 27 23 35 46

(b) Find an appropriate regression equation that will allow the vendor to predict the number 
of ice creams sold on a day when there are y children in the park. [3]

(c) Hence, use your regression equation to predict the number of ice creams that the 
vendor sells on a day when the highest temperature is  25 °C .  [2]
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5. [Maximum mark: 5] 

A company manufactures metal tubes for bicycle frames. The diameters of the tubes,  D mm , 
are normally distributed with mean  32  and standard deviation  s . The interquartile range of 
the diameters is  0.28 .

Find the value of  s .
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6. [Maximum mark: 7] 

The coefficient of  x6  in the expansion of  (ax3 + b)8  is  448 .

The coefficient of  x6  in the expansion of  (ax3 + b)10  is  2880 .

Find the value of  a  and the value of  b , where  a , b > 0 .
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 13]

The temperature of a cup of tea,  t  minutes after it is poured, can be modelled 
by  H (t) = 21 + 75e-0.08t , t ≥ 0 . The temperature is measured in degrees Celsius (°C). 

(a) (i)  Find the initial temperature of the tea.

(ii) Find the temperature of the tea three minutes after it is poured. [2]

(b) Write down the value of  H ′(3) . [2]

(c) Interpret the meaning of your answer to part (b) in the given context. [2]

(d) After  k  minutes, the tea will be below  67 °C  and cool enough to drink.

Find the least possible value of  k , where  k ∈ + . [3]

As the tea cools,  H (t)  approaches the temperature of the room, which is constant.

(e) Find the temperature of the room. [2]

(f) Find the limit of  H ′(t)  as  t  approaches infinity. [2]
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Do not write solutions on this page.

8. [Maximum mark: 17]

In a large city,  160  people were surveyed. Of those,  60  were children  (C )  and the rest adults  (A ) .

Each person in the survey was asked whether they preferred milk chocolate  (M )  or dark 
chocolate  (D ) . It was found that  48  of the children preferred milk chocolate. This information 
is shown in the following table. 

M (milk chocolate) D (dark chocolate) Total

C (children) 48 p 60

A (adults) x y q

(a) Find the value of

(i) p ;

(ii) q . [2]

(b) Three people are chosen at random from those surveyed. Find the probability that all 
three are adults. [4]

(c) (i)  Given that P A M|( ) = 1

3
, find the value of  x .

(ii) A person is chosen at random from those surveyed. Write down the probability 
that they are an adult who prefers milk chocolate. [4]

(d) Determine if the events  A  and  M  are independent. Justify your answer. [3]

It can be assumed that the survey results are representative of the population of the city.

(e) Ten people in the city are chosen at random. Find the probability that at least five of 
them prefer dark chocolate. [4]
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9. [Maximum mark: 15] 

An engineer is designing a gutter to catch rainwater from the roof of a house.

The gutter will be open at the top and is made by folding a piece of sheet metal  45 cm  wide 
and  600 cm  long.

diagram not to scale

600 600
sheet metal

45

The cross-section of the gutter is shaded in the following diagram.

diagram not to scale

w

O

A B

1012θ

The height of both vertical sides is  10 cm . The width of the gutter is  w cm .

Arc  AB  lies on the circumference of a circle with centre  O  and radius  12 cm .

(This question continues on the following page)
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(Question 9 continued)

Let  AÔB = q  radians, where  0 < q < p .

(a) Show that  q = 2.08 , correct to three significant figures. [3]

(b) Find the area of the cross-section of the gutter. [7]

In a storm, the total volume, in  cm3 , of rainwater that enters the gutter can be modelled by a 
function  R (t) , where  t  is the time, in seconds, since the start of the storm.

It was determined that the rate at which rainwater entered the gutter could be modelled by 

′ = 





 +R t

t
( ) cos50

2

5
3000

π
, t ≥ 0 .

During any  60-second period, if the volume of rainwater entering the gutter is greater than 
the volume of the gutter, it will overflow.

(c) Determine whether the gutter overflowed in this storm. Justify your answer. [5]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be

using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the

question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use

their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy

than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1, 
METHOD 2, etc. 

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x should be simplified to 54e x , and 2 3 44e e e ex x x x −  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+ are both acceptable.

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 
some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

More than one solution: Where a candidate offers two or more different answers to the same 
question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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Section A 

1. (a) Let N be North 

ˆNJD 34=  OR ˆDJL 56=  (must be labelled or indicated in diagram): (A1) 

( )ˆJDL=99  A1 

Note:  Accept 
11π

,1.73
20

 (radians). 

[2 marks] 

(b) attempt to apply the sine rule (M1) 

DL 500

sin 56 sin 99
=

 
OR 

DL 500

sin 0.977384... sin1.72787...
= (A1) 

419.685...

)DL 420 (km= A1 

Note:  Award M1A1A0 for 261 (km) from use of degrees with GDC set in radians 
(with or without working). 

[3 marks] 

Total [5 marks] 



– 8 – M23/5/MATHX/SP2/ENG/TZ1/XX/M 

2. (a) 9% (accept 0.09 ) A1 

[1 mark] 

(b) 5t = (seen anywhere) (A1) 

24961.28...  

25000 (dollars) A1 

[2 marks] 

continued… 
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Question 2 continued 

(c) EITHER

5n =  

I% 3=  

( )PV 15000=

P/Y 1=

C/Y 1=  (A1) 

Note:  Award (A1) for use of a financial app in their technology with all entries 
correct. 

( )( )FV 17389.11... = 

OR 

( )
5

.
3

15000 11
1

8
00

73 9.11.. 
+ = 

 
(A1) 

THEN 

subtracting their value from their answer to part (b) (M1) 

7572.17 … 

7570  (dollars) A1 

[3 marks] 

Total [6 marks] 
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3. (a) attempt to substitute g into f (M1) 
3( )( ) 2 tan tanf g x x x= −   A1 

[2 marks] 

continued… 
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Question 3 continued 

(b) 

A1A1A1 

Note:  A1 for approximately correct odd function passing through the origin with a 

maximum above 1y = and a minimum below 1y = − . 

A1 for endpoints at 1x =  and y in the intervals  0.6,0.8 and  0.8, 0.6− −

A1 for maximum in approximately correct position and labelled 

( )0.685,1.09  AND minimum in approximately correct position and labelled

( )0.685, 1.09− − . For approximate position, allow 0.8 0.6x−   − ,

1.2 1y−   − for minimum and 0.6 0.8x  , 1 1.2y  for maximum. If

the candidate gives the coordinates of extrema below their sketch, only 

award this mark if extrema are marked in the correct interval (eg by a dot). 

[3 marks] 

Total [5 marks] 
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4. (a) recognising to find (25)y  (M1) 

2(25) 0.6 25 23 25 110y = −  +  +

310=  (children) A1 

 [2 marks] 

(b) recognizing x on y is required (M1) 

0.0935114… and 7.43053… (A1) 

0.0935 7.43x y= +  A1 

[3 marks] 

continued… 
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Question 4 continued 

(c) attempt to substitute their answer to part (a) into their regression equation for either
x or y (M1) 

( )0.0935114... 310 7.43053... 36.4190...x =  + =

36 (accept 37 or 36.4) A1 

Note:  Award (M1)A1FT for 37x =  found from using 9.39 41.5y x= − . 

Award (M1)A0FT for a correct FT answer that lies outside  15,46 .

[2 marks] 

Total [7 marks] 
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5. METHOD 1

1 3=31.86 OR 32.14Q Q =  (A1) 

recognition that the area under the normal curve below 1Q  or above 3Q is 0.25 OR the 

area between 1Q  and 3Q  is 0.5  (seen anywhere including on a diagram) (M1) 

EITHER 

equating an appropriate correct normal CDF function to its correct probability ( 0.25  or 0.5
or 0.75) (A2)  

OR 

0.674489...z = −  OR 0.674489...z =  (seen anywhere) (A1) 

31.86 32
0.674489...



−
− = OR  32.14 32

0.674489...


−
= (A1) 

THEN 

0.207564...

  0.208 (mm) = A1 

METHOD 2 

recognition that the area under the normal curve below 1Q  or above 3Q is 0.25 OR the 

area between 1Q  and 3Q is 0.5  (seen anywhere including on a diagram) (M1) 

0.674489...z = − OR 0.674489...z =  (A1) 

( )1 32 0.674489...Q −= OR ( )3 32 0.674489...Q += (A1) 

( )3 1 2 0.674489...Q Q =−

2 0.674489... 0.28 = (A1) 

0.207564...  

  0.208 (mm) = A1 

Total [5 marks] 
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6. product of a binomial coefficient, a power of 3ax and a power of b seen (M1) 

evidence of correct term chosen 

for 8n = : 2r = (or 6r = )  OR  for 10n = : 2r =  (or 8r = ) (A1) 

correct equations (may include powers of x) A1A1 

( )28 6 22 6 6
2 448 16448 28C a b a b a b= =  = , ( )210 8 22 88

2 82880 5 04 2 8 64bC ba b a a= = =

attempt to solve their system in a and b algebraically or graphically (M1) 

2b = ; 
1

2
a = A1A1 

Note: Award a maximum of (M1)(A1)A1A1(M1)A1A0 for 2b =  and/or 
1

2
a =  . 

[7 marks] 
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Section B 

7. (a) (i) 96 ( ) (exact) A1 

(ii) 79.9970...

80.0 ( )  (accept 80 ) A1 

[2 marks] 

(b) 4.71976...−

4.72−  (°C min-1) A2 

[2 mark] 

(c) 3 valid descriptors, in any order: A2 

• at 3 minutes (or when 3t = ) 

• cooling/decreasing (do not accept “changing”)

• 4.72 °C min-1 (must include units) (accept approximately 5 deg/min)

[2 marks] 

continued… 



– 17 – M23/5/MATHX/SP2/ENG/TZ1/XX/M 

Question 7 continued 

(d) METHOD 1

valid attempt to solve ( ) 67H t =  (accept an inequality) (M1) 

eg intersection of graphs, use of logarithms. 

6.11058… (A1) 

7 (min) A1 

METHOD 2 

valid attempt to find crossover values (M1) 

(6, 67.4087…) and (7, 63.8406…) (A1) 

7 (min) A1 

[3 marks] 

(e) recognition that t →  (M1) 

21( )C  A1 

[2 marks] 

(f) METHOD 1 (working with slopes of H)

valid attempt to analyse progression of slopes of H (M1) 

lim ( ) 0
t

H t
→

 = A1 

METHOD 2 (working with H ) 

valid attempt to use H  and large values of t. (M1) 

lim ( ) 0
t

H t
→

 =  A1 

[2 marks] 

Total [13 marks] 
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8. (a) (i) 12p = A1 

(ii) 100q = A1 

[2 marks] 

(b) ( )
100

P(Adult) 0.625
160

= = (seen anywhere) (A1) 

Note: Award A1 for ( )~ B(3,0.625)X  or 
3

100

160
 
 
 

but no further marks. 

recognition that choice of adults is without replacement (may be seen in tree diagram)  (M1) 

100 99 98

160 159 158
  (A1) 

0.241372

0.241 A1 

[4 marks] 

(c) (i)
1

48 3

x

x
 
= 

+  
OR 160

48
160

x

x+
(A1)(A1) 

Note: Award A1 for correct numerator and A1 for correct denominator. 

24x = A1 

(ii) ( )
24 3

P
160 20

A M  
 = = 

 
A1 

[4 marks] 

continued… 
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Question 8 continued 

(d) METHOD 1 (using P( | ) P( )A B A=  )

recognition that A and M are independent if P( | ) P( )A M A= (M1) 

1 100

3 160
 R1 

so they are not independent A1 

METHOD 2 (using P( ) P( ) P( )A B A B =  ) 

attempt to find the product P( ) P( )A M OR P( ) P( )A D  (M1) 

100 72 24 9 3

160 160 160 32 20
 

   
 

  OR 
100 88 76 11 19

160 160 160 32 40
 

   
 

R1 

so they are not independent A1 

Note:  Do not award R0A1. 

[3 marks] 

(e) P(dark chocolate) 
88

( 0.55)
160

= =  (maybe seen in part (d)) (A1) 

recognize that the variable has a Binomial distribution (M1) 

( )B 10,0.55X

recognition that P( 5)X  or 1 P( 4)X−  is required (M1) 

Note:  These two M marks are independent of each other. 

0.738437… 

0.738  A1 

[4 marks] 

Total [17 marks] 
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9. (a) recognition that 45 10 10 arc length= + + (M1) 

arc length 25 (cm)=  (A1) 

25 12= A1 

2.08 = correct to 3 significant figures AG 

[3 marks] 

continued… 
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Question 9 continued 

(b) 

Note:  There are many different ways to dissect the cross-section to determine 

its area. In all approaches, candidates will need to find w  or 
2

w
. Award 

the first three marks for work seen anywhere. 

EITHER 

evidence of using the cosine rule OR sine rule (M1) 

( )2 2 212 12 2 12 12cos 2.08w = + −   OR 
12

sin(2.08) sin(0.530796...)

w
= (A1) 

20.6977w=  or 10.3488...
2

w
= (A1) 

OR 

using trig ratios in a right triangle with angle 
2.08

2
 and side length 

2

w
(M1) 

2.08 2sin
2 12

w
 

= 
 

(A1) 

20.6977w=  or 10.3488...
2

w
= (A1) 

Note: Accept 20.7179w= from use of 
25

2 24


= . 

continued… 
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Question 9 continued 

THEN 

Let the points A, B, C, D, E, F, G, H lie on the figure as follows: 

EITHER 

(segment AHB =) sector OAB – triangle OAB (M1) 

 = ( )2 212 12 sin 2.08 149.76 62.8655... 86.8944...
1 1

2.08
2 2
    = −− = (A1) 

valid approach to find total cross-sectional area (seen anywhere) (M1) 

sector OAB – triangle OAB + rectangle CDBA 

= ( )86.8944... 10 86.8944... 206.977...w+ = +

Note:  Use of 
25

12
 =  throughout leads to segment OAB 87.2517...=  and cross-sectional 

area 87.2517... 207.179...= + . 

continued… 
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Question 9 continued 

OR 

trapezium CGOA (= rectangle CGOE + triangle EOA) (M1) 

( )( )
20.6977...

10 10 12cos(1.04)  ( 72.0557)
2 2

1
=  + −  = (A1) 

valid approach to find total cross-sectional area (seen anywhere) (M1) 

2 × trapezium CGOA + sector OAB 

= ( )21
2(72.0557...) 2.08 144.111... 149.76

2
12+ = + 

Note:  Use of 
25

12
 =  leads to area of trapezium CGOA  72.2154...=  and cross-sectional 

area 144.430... 150= + . 

OR 

2 x area of trapezium CGOA (= area of rectangle CDFE + 2 x triangle EOA) (M1) 

( ) )
1

20.6 0977 10 12cos(1.04) 1
2

2cos(1.04) 12sin(1 4... 2 . − +    (A1) 

( )81.2458... 62.8655...= +

valid approach to find total cross-sectional area (seen anywhere) (M1) 

2 x trapezium CGOA + sector OAB 

( )21
144.111... 2.08 144.111... 149.761

2
2= + + =

Note:  Use of 
25

12
 =  leads to 2 x area of trapezium CGOA 144.430...=  and cross-sectional 

area 144.430... 150= + . 

continued… 
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Question 9 continued 

THEN 

area of cross-section 293.871...= ( 294.430... from exact answer) 

294=  (cm2) A1 

[7 marks] 

continued… 
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Question 9 continued 

(c) METHOD 1

volume of gutter 176323=  OR 176658  (OR 600  their area) (seen anywhere) A1 

recognising rainfall can be represented by an integral (M1) 

60

0
( )dR t t

250 2π 60
sin 3000 60

2π 5

   
= +   

  
(A1) 

Note: Accept any 60 second interval or any interval which is a multiple of 5 

seconds (one period) scaled up to 60 seconds e.g. 
5

0
12 ( )dR t t . 

rainfall over 60 seconds 180000=  (cm3) A1 

the gutter will overflow because the rainfall > gutter volume A1 

METHOD 2 

volume of gutter 176323=  OR 176658  (OR 600  their area) (seen anywhere) A1 

recognition that cosine has a minimum value of -1 (M1) 

( ) ( )3 11 50 3000 cm sR t −  −  + (A1) 

rainfall over 60 seconds 177000 (A1) 

the gutter will overflow because the rainfall > gutter volume A1 

continued… 
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Question 9 continued 

METHOD 3 

volume of gutter 176323=  OR 176658  (OR 600  their area) (seen anywhere) A1 

recognising rainfall can be represented by an integral (M1) 

attempt to solve 60 58.8  OR  

0
( )d 176658

T
R t t = (M1) 

time to reach overflow point = 58.7875...OR 58.8990...  A1 

the gutter will overflow because 60 58.8  OR 60 58.9  A1 

[5 marks] 

Total [15 marks] 
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correct to three significant figures.

 y A clean copy of the mathematics: analysis and approaches formula booklet is required for 
this paper.

 y The maximum mark for this examination paper is [80 marks].
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

Section A

Answer all questions. Answers must be written within the answer boxes provided. Working may be 
continued below the lines, if necessary.

1. [Maximum mark: 5] 

A botanist is conducting an experiment which studies the growth of plants.

The heights of the plants are measured on seven different days.

The following table shows the number of days,  d , that the experiment has been running and 
the average height,  h cm , of the plants on each of those days.

Number of days (d ) 2 5 13 24 33 37 42

Average height (h) 10 16 30 59 76 79 82

(a) The regression line of  h  on  d  for this data can be written in the form  h = ad + b .

Find the value of  a  and the value of  b . [2] 

(b) Write down the value of the Pearson’s product-moment correlation coefficient,  r . [1]

(c) Use your regression line to estimate the average height of the plants when the 
experiment has been running for 20 days. [2] 
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2. [Maximum mark: 6]

The following diagram shows two buildings situated on level ground.

From point  P  on the ground directly between the two buildings, the angle of elevation to the 
top of each building is  θ .

diagram not to scale

 

90 m

154 m

150 m

P

B

A

θ θ

h

The distance from point  P  to point  A  at the top of the taller building is  150  metres.

The distance from point  P  to point  B  at the top of the shorter building is  90  metres.

The distance between  A  and  B  is  154  metres.

(a) Find the measure of ˆAPB . [3]

(b) Find the height,  h , of the taller building. [3]
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3. [Maximum mark: 5]

The amount of a drug, in milligrams (mg), in a patient’s body can be modelled by the function  
A (t ) = 500e-kt , where  k  is a positive constant and  t  is the time in hours after the initial dose 
is given.

(a) Write down the amount of the drug in the patient’s body when  t = 0 . [1]

After three hours, the amount of the drug in the patient’s body has decreased to  280 mg .

(b) Find the value of  k . [2]

The second dose is given  T  hours after the initial dose, when the amount of the drug in the 
patient’s body is  140 mg .

(c) Find the value of  T . [2]
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4. [Maximum mark: 8]

The weights,  W  grams, of bags of rice packaged in a factory can be modelled by a normal 
distribution with mean  204  grams and standard deviation  5  grams.

(a) A bag of rice is selected at random.

Find the probability that it weighs more than  210  grams. [2]

According to this model,  80 % of the bags of rice weigh between  w  grams and  210  grams.

(b) Find the probability that a randomly selected bag of rice weighs less than  w  grams. [2]

(c) Find the value of  w . [2]

(d) Ten bags of rice are selected at random. 

Find the probability that exactly one of the bags weighs less than  w  grams. [2]
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5. [Maximum mark: 7] 

The expansion of  (x + h)8 , where  h > 0 , can be written as  x8 + ax7 + bx6 + cx5 + dx4 + ... + h8 , 
where  a , b , c , d , ... ∈  .

(a) Find an expression, in terms of  h , for

(i) a ;

(ii) b ;

(iii) d . [4]

(b) Given that  a ,  b , and  d  are the first three terms of a geometric sequence, find the 
value of  h . [3]
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6. [Maximum mark: 6] 

A particle moves in a straight line such that its velocity,  v m s-1, at time  t  seconds is given 

by  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

, for  0 ≤ t ≤ 4π . The graph of  v  is shown in the following diagram.

t

v (t)

4π

Let  t1  be the first time when the particle’s acceleration is zero.

(a) Find the value of  t1 . [2]

Let  t2  be the second time when the particle is instantaneously at rest.

(b) Find the value of  t2 . [2]

(c) Find the distance travelled by the particle between  t = t1  and  t = t2 . [2]
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Do not write solutions on this page.

Section B

Answer all questions in the answer booklet provided. Please start each question on a new page.

7. [Maximum mark: 15] 

Consider the function h x x( ) = −4 2 , for x ≥
1

2
.

(a) (i)  Find  h-1(x) , the inverse of  h (x) , and state its domain.

(ii) Write down the range of  h-1(x) . [5]

(b) The graph of  h  intersects the graph of  h-1  at two points.

Find the  x-coordinates of these two points. [3]

(c) Find the area enclosed by the graph of  h  and the graph of  h-1 . [2]

(d) Find  h′(x) . [2]

(e) Find the value of  x  for which the graph of  h  and the graph of  h-1  have the same gradient. [3]
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Do not write solutions on this page.

8. [Maximum mark: 13] 

A weight suspended on a spring is pulled down and released, so that it moves up and down 
vertically.  

The height,  H  metres, of the base of the weight above the ground can be modelled by the 
function  H (t ) = a cos (7.8t ) + b , for  a , b ∈   and  0 ≤ t ≤ 10 , where  t  is the time in seconds 
after the weight is released. 

H

ground

(a) Find the period of the function. [2] 

(This question continues on the following page)
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Do not write solutions on this page.

(Question 8 continued)

The weight is released when its base is at a minimum height of  1  metre above the ground, 
and it reaches a maximum height of  1.8  metres above the ground. The graph of  H  is shown 
in the following diagram.

H 

t

2

1.5

1

10

0.5

0

(b) Find the value of 

(i) a ;

(ii) b . [3]

(c) Find the number of times that the weight reaches its maximum height in the first five 
seconds of its motion. [2]

(d) Find the first time that the base of the weight reaches a height of  1.5  metres. [2]

A camera is set to take a picture of the weight at a random time during the first five seconds 
of its motion.

(e) Find the probability that the height of the base of the weight is greater than  1.5  metres 
at the time the picture is taken. [4]
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Do not write solutions on this page.

9. [Maximum mark: 15]

A bag contains  n  balls. It is known that ten of the balls are green, and the rest of the balls are
red. Balls are drawn from the bag, one after the other, without replacement.

(a) Find, in terms of  n , the probability that

(i) the first ball drawn is green;

(ii) the first two balls are green. [3]

For the following parts of this question, let  n = 25 .

(b) Show that the probability that the first two balls are red is  0.35 . [2]

(c) Find the probability that the first three balls are all red. [2]

(d) Find the probability that at least one of the first three balls is green. [2]

A game is played where four balls are drawn, one after the other, from the bag of  25  balls, 
without replacement. A player earns points based on when the first green ball is drawn. At the 
end of each game, the four balls are put back in the bag.

A player earns zero points if no green ball is picked, or if the first green ball is picked on the 
first or second draw. 

A player earns  10  points if the first green ball is picked on the third draw and earns  50  points 
if the first green ball is picked on the fourth draw.

Millie plays this game  k  times. She finds her score by adding together her points from each game.

(e) Find the least value of  k  such that Millie’s expected score is greater than  100 . [6]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for 
their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.
• The response to a “show that” question does not need to restate the AG line, unless a Note

makes this explicit in the markscheme.
• Once a correct answer to a question or part question is seen, ignore further working even if this

working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part.
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Examples: 

Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 
implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 
used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should 
be awarded for their correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 
markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded for work which
uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to award fewer
FT marks, by reflecting on what each mark is for and how that maps to the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates may be
using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given in the
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when
candidates fail to complete a “show that” question correctly, and then in subsequent parts use
their incorrect answer rather than the given value.

• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s),
award marks as appropriate, unless the command term was “Hence”.
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5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate 
that this has been a misread and do not award the first mark, even if this is an M mark, but award 
all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to award
fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer
value where integer required), do not award the mark(s) for the final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy
than given in the question, this is NOT a misread and full marks may be scored in the subsequent
part.

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect
answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for example 1.9
and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and intermediate
A marks can be scored, when presented using calculator notation, provided the evidence clearly
reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be written in
brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all
equivalent notations/answers/methods will be presented in the markscheme and examiners are
asked to apply appropriate discretion to judge if the candidate work is equivalent.

Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to 3 sf in subsequent parts.  The 
markscheme will often explicitly include the subsequent values that come “from the use of 3 sf 
values”. 

Simplification of final answers: Candidates are advised to give final answers using good 
mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 

9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination script, or in
some other way crossed out their work, do not award any marks for that work unless an explicit
note from the candidate indicates that they would like the work to be marked.

More than one solution: Where a candidate offers two or more different answers to the same
question, an examiner should only mark the first response unless the candidate indicates
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply
appropriate discretion to judge which is “first”.
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Section A 

1. (a) 1.93258...a = , 7.21662...b =

1.93a = , 7.22b =  A1A1 

[2 marks] 

(b) 0.991087...r =

0.991r = A1 

[1 mark] 

(c) attempt to substitute 20d =  into their equation (M1) 

height 45.8683...=

height 45.9=  (cm) A1 

[2 marks] 

Total [5 marks] 
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2. (a) attempt to substitute into cosine rule (M1) 

( )( )2 2 2 ˆ154 150 90 2 150 90 cosAPB= + −   OR  
( )( )

2 2 2150 90 154ˆcosAPB
2 150 90

+ −
= (A1) 

ˆAPB 75.2286...= °   OR  1.31298... radians

ˆAPB 75.2= °  OR  1.31radians A1 

[3 marks] 

(b) valid approach to find θ (M1) 

ˆ180 APBθ
2

° −
=  OR 

180 75.2286...

2
θ °− °
= ( )52.3856...=  OR

( )π 1.31298...θ 0.914302...
2

−
= =

valid approach to express h  in terms of θ  (M1) 

sinθ
150

h
=    OR 150sin 52.3856...h = °  

118.820...h =  

119h =  (m) A1 

[3 marks] 

Total [6 marks] 
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3. (a) ( )0 500A = (mg) A1 

[1 mark] 

(b) 3280 500e k−= (A1) 

0.193272...k =

0.193k =  
1 280

ln
3 500

  = −     
A1 

[2 marks] 

(c) 0.193272...500e 140T− = (A1) 

6.58636...T =

6.59T =  (h) A1 

[2 marks] 

Total [5 marks] 
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4. (a) evidence of attempting to find correct area under normal curve (M1) 

( )P 210W >  OR sketch 

( )P 210 0.115069...W > =

( )P 210 0.115W > = A1 

[2 marks] 

(b) recognizing ( ) ( ) ( )P 1 P 210 P 210W w w W W< = − < < − > (M1) 

( )P 1 0.8 0.115069...W w< = − −

( )P 0.084930...W w< =

( )P 0.0849W w< = A1 

[2 marks] 

(c) evidence of attempting to use inverse normal function (M1) 

197.136...w =

197w =  (grams) A1 

[2 marks] 

(d) recognition of binomial distribution (M1) 

( )B 10,0.0849302...X 

P( 1) 0.382076...X = =

P( 1) 0.382X = = A1 

[2 marks] 

Total [8 marks] 
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5. (a) attempt to use the binomial expansion of ( )8
x h+ (M1) 

8 8 0 8 7 1 8 6 2
0 1 2 ...C x h C x h C x h+ + +  

(i) 8a h=  (accept 8
1C h ) A1 

(ii) 228b h=  (accept 8 2
2C h ) A1 

(iii) 470d h=  (accept 8 4
4C h ) A1 

[4 marks] 

(b) recognition that there is a common ratio between their terms (M1) 
28 28h r h× = OR 2 428 70h r h× = OR 2 48 70h r h× =

correct equation in terms of h (A1) 

2 4

2

28 70

8 28

h h

h h
= (or equivalent) 

1.4h =  A1 

[3 marks] 

Total [7 marks] 
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6. (a) recognize that acceleration is zero when ( ) 0v t′ =   OR at a local maximum on the

graph of v (M1) 

1 0.394791...t =  

1

5
0.395 arctan

12
t

  = =     
 (seconds) A1 

[2 marks] 

(b) recognition that 0v = (M1) 

sketch OR 4.71238...t =  OR 10.9955...t =

2 10.9955...t =

2

7π
11.0

2
t  = = 

 
A1 

[2 marks] 

(c) 
2

1

 d
t

t

v t∫  OR 
10.9955...

0.394791...

 dv t∫   OR  ( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t+ = +∫ ∫

OR  ( )( )
4.71238... 10.9955...

0.394791... 4.71238...

 d  d 6.53806... 1.29313...v t v t− = − −∫ ∫ (A1) 

distance = 7.83118… 

= 7.83 (m) A1 

[2 marks] 

Total [6 marks] 
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Section B 

7. (a) (i) swapping x  and y , or ( )( )1h h x x− = (M1) 

( )
2

1 2

4

x
h x− +

= A1 

recognizing range of h  is domain of 1h−  (M1) 

Domain: 0x ≥   A1 

(ii) range of 1h−  is
1

2
y ≥ A1 

[5 marks] 

(b) 
2 2

4 2
4

x
x

+
− =   OR  4 2x x− =   OR  

2 2

4

x
x

+
= (M1) 

0.585786...x = , ( )3.414213... 2 2x = = +

0.586x = , 3.41x =  A1A1 

[3 marks] 

(c) attempt to form integral of the difference between ( )h x and their 1h− , using their

limits from part (b) (M1) 

( ) ( )( )
3.414213...

1

0.585786...

dh x h x x−−∫  OR
3.414213... 2

0.585786...

2
4 2 d

4

x
x x

 +
− − 

 
∫  OR  

6.5996632... 4.7140452...−  

1.88561...  

area 1.89=  A1 

[2 marks] 

continued… 
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Question 7 continued 

(d) attempt to use chain rule or power rule (M1) 

( ) ( )
1
2

1
4 4 2

2
h x x

−′ = ⋅ −

( ) 2

4 2
h x

x
′ =

−
A1 

[2 marks] 

(e) EITHER

( ) ( )1

2

x
h x− ′ = (A1) 

equating their ( )h x′  to the derivative of their ( )1h x− and attempting to solve

for x (M1) 

2

24 2

x

x
=

−

OR 

finding intersection of graphs of their derivatives (M2) 

THEN 

1.772776...  

1.77x = A1 

[3 marks] 

Total [15 marks] 
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8. (a) 
2π

7.8
period

= (M1) 

2π
0.805536...

7.8
=

10π
period 0.806

39
 = = 
 

A1 

[2 marks] 

(b) METHOD 1

(i)
max min

amplitude
2

−
= (M1) 

1.8 1

2

−

0.4a = −  A1 

(ii) 1.4b = A1 

METHOD 2 

attempt to form two simultaneous equations in a and b (M1) 

(0) 1 1H a b= ⇒ + = , 
π

1.8 1.8
7.8

H a b  = ⇒ − + = 
 

0.4, 1.4a b= − =  A1A1 

[3 marks] 

continued… 
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Question 8 continued 

(c) EITHER

1
2

5
6.207... 6

period
= < (A1) 

OR 

consideration of number of maximums on graph in first 5 seconds (A1) 

OR 

maximums when 0.403, 1.21, 2.01, 2.82, 3.62, 4.43t =  (A1) 

THEN 

6 times A1 

[2 marks] 

(d) recognizing that ( ) 1.5H t = (M1) 

( )0.4cos 7.8 1.4 1.5t− + =

0.233779...

0.234t =  (seconds) A1 

[2 marks] 

continued… 
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Question 8 continued 

(e) finding second time height is 1.5 metres (M1) 

0.571757...t =

in each period, height is greater than 1.5 metres for 0.337978… seconds  (A1) 

Note: Award (M1)(A1) for total time 2.02787...seen. 

multiplying their value by 6 and dividing by 5 (M1) 

0.337978... 6

5

×
OR 

2.02787...

5

0.405574...=  

P(height is greater than 1.5 m) 0.406=  A1 

[4 marks] 

Total [13 marks] 
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9. (a) (i)
10

n
A1 

(ii) multiplying probabilities for GG (M1) 

10 9
P( )

1
GG

n n
= ×

−

( )2

90 90
P( ) accept

1
GG

n n n n

 
=   − − 

A1 

[3 marks] 

(b)
15

P(First red)
25

=  and 
14

P(Second red)
24

=  (seen anywhere) (A1) 

15 14
P( )

25 24
RR = × (or equivalent) A1 

0.35= AG 

[2 marks] 

(c) 
15 14 13

25 24 23
× ×  OR 

13
0.35

23
× (A1) 

0.197826...  

P(three red) 0.198=   (exact answer is 
91

460
) A1 

[2 marks] 

continued… 
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Question 9 continued 

(d) P(at least one green) 1 P(three red)= − OR

P(at least one G)=P(one G)+P(two G)+P(three G) (M1) 

15 14 13
1

25 24 23
 − × × 
 

OR 
10 15 14 10 9 15 10 9 8

3 3
25 24 23 25 24 23 25 24 23

     × × + × × + × ×     
     

 

0.802173...  

P(at least one green) 0.802=  (exact answer is 
369

460
) A1 

[2 marks] 

(e)
15 14 10 22 7

P(first green on third draw) 0.152173...
25 24 23 22 46

 = × × × = = 
 

(A1) 

( ) 15 14 13 10 91
P first green on fourth draw 0.0899209...

25 24 23 22 1012
 = × × × = = 
 

(A1) 

Note: The first two (A1) are independent. 

attempt to substitute their probabilities into expected value formula (M1) 

expected points per game 
7 91 3045

10 50 6.01778...
46 1012 506

 = × + × = = 
 

 (A1) 

setting up inequality or equation in k (M1) 

3045
100

506
k >  

10120
16.6174...

609
k  > = 

 
Millie must play at least 17 times. A1 

[6 marks] 

Total [15 marks] 
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Le total des points ne sera pas nécessairement attribué pour une réponse correcte si le raisonnement 
n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement et/ou des explications. 
Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent être accompagnées d’un 
raisonnement adéquat. Par exemple, si des représentations graphiques sont utilisées pour trouver la 
solution, veuillez inclure une esquisse de ces représentations graphiques dans votre réponse. Lorsque 
la réponse est fausse, certains points peuvent être attribués si la méthode utilisée est correcte, pour 
autant que le raisonnement soit indiqué par écrit. On vous recommande donc de montrer tout votre 
raisonnement.

Section A

Répondez à toutes les questions. Rédigez vos réponses dans les cases prévues à cet effet. Si cela est 
nécessaire, vous pouvez poursuivre votre raisonnement en dessous des lignes.

1. [Note maximale : 5] 

Un botaniste mène une expérience qui étudie la croissance des plantes.

Les hauteurs des plantes sont mesurées lors de sept jours différents.

Le tableau suivant indique le nombre de jours,  d , écoulés depuis le début de l’expérience et 
la hauteur moyenne,  h cm , des plantes à chacun de ces jours.

Nombre de jours (d ) 2 5 13 24 33 37 42

Hauteur moyenne (h) 10 16 30 59 76 79 82

(a) La droite de régression de  h  en fonction de  d  pour ces données peut être écrite sous 
la forme  h = ad + b .

Trouvez la valeur de  a  et la valeur de  b  . [2] 

(b) Écrivez la valeur du coefficient de corrélation de Pearson,  r . [1]

(c) Utilisez votre droite de régression pour estimer la hauteur moyenne des plantes 
lorsque 20 jours se sont écoulés depuis le début de l’expérience. [2] 
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2. [Note maximale : 6]

Le diagramme suivant montre deux bâtiments situés sur un terrain plat.

À partir du point  P  situé au niveau du sol entre les deux bâtiments, l’angle d’élévation au 
sommet de chaque bâtiment est  θ .

la figure n’est pas à l’échelle

 

90 m

154 m

150 m

P

B

A

θ θ

h

La distance du point  P  au point  A  situé au sommet du plus grand bâtiment, est de  150  mètres.

La distance du point  P  au point  B  situé au sommet du plus petit bâtiment, est de  90  mètres.

La distance entre  A  et  B  est  154  mètres.

(a) Trouvez la mesure de ˆAPB . [3]

(b) Trouvez la hauteur,  h , du plus grand bâtiment. [3]
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3. [Note maximale : 5]

La quantité d’un certain médicament, en milligrammes (mg), dans le corps d’un patient peut 
être modélisée par la fonction  A (t ) = 500e-kt , où  k  est une constante positive et  t  est le 
temps, en heures, après que la dose initiale ait été administrée.

(a) Écrivez la quantité du médicament dans le corps du patient lorsque  t = 0 . [1]

Après trois heures, la quantité du médicament dans le corps du patient a diminué à  280 mg .

(b) Trouvez la valeur de  k . [2]

La deuxième dose est administrée  T  heures après la dose initiale, lorsque la quantité du 
médicament dans le corps du patient est de  140 mg .

(c) Trouvez la valeur de  T . [2]
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4. [Note maximale : 8]

Les poids,  W  grammes, de sacs de riz emballés dans une usine peuvent être modélisés par 
une distribution normale dont la moyenne est de  204  grammes et l’écart type est de  5  grammes.

(a) Un sac de riz est choisi au hasard.

Trouvez la probabilité qu’il pèse plus de  210  grammes. [2]

Selon ce modèle,  80 % des sacs de riz pèsent entre  w  grammes et  210  grammes.

(b) Trouvez la probabilité qu’un sac de riz choisi au hasard pèse moins de  w  grammes. [2]

(c) Trouvez la valeur de  w . [2]

(d) Dix sacs de riz sont choisis au hasard. 

Trouvez la probabilité qu’exactement un de ces sacs pèse moins de  w  grammes. [2]
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5. [Note maximale : 7] 

Le développement de  (x + h)8 , où  h > 0 , peut s’écrire comme 
x8 + ax7 + bx6 + cx5 + dx4 + ... + h8 , où  a , b , c , d , ... ∈  .

(a) Trouvez une expression, en fonction de  h , pour

(i) a ;

(ii) b ;

(iii) d . [4]

(b) Sachant que  a ,  b , et  d  sont les trois premiers termes d’une suite géométrique, 
trouvez la valeur de  h . [3]
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6. [Note maximale : 6] 

Une particule se déplace en ligne droite de sorte que sa vitesse,  v m s-1,  

au temps  t  secondes est donnée par  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

, pour  0 ≤ t ≤ 4π . 

La représentation graphique de  v  est illustrée dans le diagramme suivant.

t

v (t)

4π

Soit  t1  le premier instant où l’accélération de la particule est nulle.

(a) Trouvez la valeur de  t1 . [2]

Soit  t2  le deuxième instant où la particule est au repos.

(b) Trouvez la valeur de  t2 . [2]

(c) Trouvez la distance parcourue par la particule entre  t = t1  et  t = t2 . [2]
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N’écrivez pas vos solutions sur cette page.

Section B

Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque question 
sur une nouvelle page.

7. [Note maximale : 15] 

Considérez la fonction h x x( ) = −4 2 , pour x ≥
1

2
.

(a) (i)  Trouvez  h-1(x) , la fonction réciproque de  h (x) , et indiquez son domaine.

(ii) Écrivez l’image de  h-1(x) . [5]

(b) La représentation graphique de  h  croise la représentation graphique de  h-1  en  
deux points.

Trouvez les abscisses de ces deux points. [3]

(c) Trouvez l’aire délimitée par la représentation graphique de  h  et la représentation 
graphique de  h-1 . [2]

(d) Trouvez  h′(x) . [2]

(e) Trouvez la valeur de  x  pour laquelle la représentation graphique de  h  et la 
représentation graphique de  h-1  ont la même pente. [3]

12EP09



– 10 – 2223 – 7120

N’écrivez pas vos solutions sur cette page.

8. [Note maximale : 13] 

Un poids suspendu à un ressort est tiré vers le bas et relâché, de sorte qu’il monte et 
descende verticalement.  

La hauteur,  H  mètres, de la base du poids au-dessus du sol peut être modélisée par la 
fonction  H (t ) = a cos (7,8t ) + b , pour  a , b ∈   et  0 ≤ t ≤ 10 , où  t  est le temps en secondes 
après que le poids a été relâché. 

H

sol

(a) Trouvez la période de la fonction. [2] 

(Suite de la question à la page suivante)
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Tournez la page

N’écrivez pas vos solutions sur cette page.

(Suite de la question 8)

Le poids est relâché lorsque sa base est à une hauteur minimale de  1  mètre au-dessus 
du sol, et il atteint une hauteur maximale de  1,8  mètres au-dessus du sol. La représentation 
graphique de  H  est montrée dans le diagramme suivant.

H 

t

2

1,5

1

10

0,5

0

(b) Trouvez la valeur de 

(i) a ;

(ii) b . [3]

(c) Trouvez le nombre de fois que le poids atteint sa hauteur maximale au cours des cinq 
premières secondes de son mouvement. [2]

(d) Trouvez la première fois que la base du poids atteint une hauteur de  1,5  mètres. [2]

Une caméra est réglée pour prendre une photo du poids à un instant aléatoire au cours des 
cinq premières secondes de son mouvement.

(e) Trouvez la probabilité que la hauteur de la base du poids soit supérieure à  1,5  mètres 
à l’instant où la photo est prise. [4]

12EP11



– 12 – 2223 – 7120

N’écrivez pas vos solutions sur cette page.

9. [Note maximale : 15]

Un sac contient  n  boules. On sait que dix des boules sont vertes et que le reste des boules
sont rouges. Des boules sont tirées du sac, l’une après l’autre, sans remise.

(a) Trouvez, en fonction de  n , la probabilité que

(i) la première boule tirée soit verte ;

(ii) les deux premières boules tirées soient vertes. [3]

Pour les parties suivantes de cette question, soit  n = 25 .

(b) Montrez que la probabilité que les deux premières boules tirées soient rouges est
de  0,35 . [2]

(c) Trouvez la probabilité que les trois premières boules tirées soient toutes rouges. [2]

(d) Trouvez la probabilité qu’au moins une des trois premières boules tirées soit verte. [2]

Un jeu consiste à tirer quatre boules, l’une après l’autre et sans remise, du sac contenant  25  
boules. Un joueur obtient des points en fonction du tirage auquel la première boule verte est 
tirée. À la fin de chaque partie, les quatre boules sont remises dans le sac.

Un joueur obtient zéro point si aucune boule verte n’est tirée ou si la première boule verte est 
tirée au premier ou au deuxième tirage. 

Un joueur obtient  10  points si la première boule verte est tirée au troisième tirage et 
obtient  50  points si la première boule verte est tirée au quatrième tirage.

Millie joue à ce jeu  k  fois. Elle trouve son score en additionnant ses points obtenus à 
chaque partie.

(e) Trouvez la plus petite valeur de  k  telle que le score espéré de Millie soit supérieur à  100 . [6]

12EP12

Références :

© Organisation du Baccalauréat International 2023



© International Baccalaureate Organization 2023

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2023

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2023

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



Prüfungsnummer des Kandidaten

2223 – 7130
© International Baccalaureate Organization 202312 Seiten

9. Mai 2023

Zone A Nachmittag Zone B Vormittag Zone C Nachmittag

1 Stunde 30 Minuten

Mathematik: Analyse und Ansätze
Grundstufe
2. Klausur

Hinweise für die Kandidaten

 y Schreiben Sie Ihre Prüfungsnummer in die Felder oben.
 y Öffnen Sie diese Prüfungsklausur erst nach Aufforderung.
 y Für diese Klausur wird ein grafikfähiger Taschenrechner (GTR) benötigt.
 y Teil A:  Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder 

geschrieben werden.
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Analyse und Ansätze erforderlich.
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Für eine richtige Antwort ohne Rechenweg wird möglicherweise nicht die volle Punktzahl anerkannt. 
Die Antworten müssen durch einen Rechenweg bzw. Erläuterungen ergänzt werden. Lösungen, die 
mit einem grafikfähigen Taschenrechner (GTR) berechnet werden, sollten von einem passenden 
Rechenweg begleitet werden. Wenn Sie zum Beispiel Graphen zum Finden einer Lösung verwenden, 
sollten Sie diese als Teil Ihrer Antwort skizzieren. Bei falschen Antworten können ggf. Punkte für die 
richtige Methode vergeben werden, sofern dies durch einen schriftlichen Rechenweg erkennbar wird. 
Deshalb sollten Sie alle Rechenwege offenlegen.

Teil A

Beantworten Sie alle Fragen. Die Antworten müssen in die dafür vorgesehenen Felder geschrieben 
werden. Bei Bedarf kann der Rechenweg unterhalb der Zeilen fortgesetzt werden.

1. [Maximale Punktzahl: 5] 

Ein Botaniker führt ein Experiment zum Wachstum von Pflanzen durch.

Die Höhe der Pflanzen wird an sieben verschiedenen Tagen gemessen.

Die folgende Tabelle zeigt die Dauer  d  des Experiments in Tagen, und die durchschnittliche 
Höhe  h  (in  cm ) der Pflanzen an jedem dieser Tage.

Dauer in Tagen (d ) 2 5 13 24 33 37 42

Durchschnittshöhe (h) 10 16 30 59 76 79 82

(a) Die Regressionsgerade von  h  auf  d  für diese Daten kann in der Form  h = ad + b  
geschrieben werden.

Finden Sie die Werte von  a  und  b . [2] 

(b) Notieren Sie den Wert des Pearsonschen Produkt-Moment-Korrelationskoeffizienten  r . [1]

(c) Schätzen Sie die durchschnittliche Höhe der Pflanzen nach 20 Tagen Dauer des 
Experiments mit Hilfe Ihrer Regressionsgeraden. [2] 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Bitte umblättern

2. [Maximale Punktzahl: 6]

Das folgende Diagramm zeigt zwei ebenerdig stehende Gebäude.

Vom Punkt  P  auf dem Boden direkt zwischen den beiden Gebäuden beträgt der 
Höhenwinkel zur Oberkante der beiden Gebäude  θ .

Zeichnung nicht maßstabsgerecht

 

90 m

154 m

150 m

P

B

A

θ θ

h

Die Entfernung zwischen dem Punkt  P  und dem Punkt  A  an der Spitze des höheren 
Gebäudes beträgt  150  Meter.

Die Entfernung zwischen dem Punkt  P  und dem Punkt  B  an der Spitze des niedrigeren 
Gebäudes beträgt  90  Meter.

Die Entfernung zwischen  A  und  B  beträgt  154  Meter.

(a) Finden Sie das Maß von ˆAPB . [3]

(b) Finden Sie die Höhe  h  des höheren Gebäudes. [3]
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3. [Maximale Punktzahl: 5]

Die Menge eines Medikaments in Milligramm ( mg ) im Körper eines Patienten kann durch die 
Funktion  A (t ) = 500e-kt  modelliert werden, wobei  k  eine positive Konstante und  t  die Zeit in 
Stunden nach Verabreichung der ersten Dosis ist.

(a) Notieren Sie für  t = 0  die Menge des Medikaments im Körper des Patienten. [1]

Nach drei Stunden ist die Menge des Medikaments im Körper des Patienten auf  280 mg  
abgesunken.

(b) Finden Sie den Wert von  k . [2]

Die zweite Dosis wird  T  Stunden nach der ersten verabreicht, wenn die Menge des 
Medikaments im Körper des Patienten  140 mg  beträgt.

(c) Finden Sie den Wert von  T . [2]
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Bitte umblättern

4. [Maximale Punktzahl: 8]

Das Gewicht  W  (in Gramm) der in einer Fabrik verpackten Reispackungen kann durch eine 
Normalverteilung mit einem Mittelwert  von  204  Gramm und einer Standardabweichung 
von  5  Gramm modelliert werden.

(a) Eine Packung Reis wird nach dem Zufallsprinzip ausgewählt.

Finden Sie die Wahrscheinlichkeit, dass sie mehr als  210  Gramm wiegt. [2]

Nach diesem Modell wiegen  80 % der Reispackungen zwischen  w  Gramm und  210  Gramm.

(b) Finden Sie die Wahrscheinlichkeit, dass eine zufällig ausgewählte Reispackung 
weniger als  w  Gramm wiegt. [2]

(c) Finden Sie den Wert von  w . [2]

(d) Zehn Reispackungen werden nach dem Zufallsprinzip ausgewählt. 

Finden Sie die Wahrscheinlichkeit, dass genau eine der Packungen weniger  
als  w  Gramm wiegt. [2]
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5. [Maximale Punktzahl: 7] 

Die Entwicklung von  (x + h)8 , mit  h > 0 , kann als  x8 + ax7 + bx6 + cx5 + dx4 + ... + h8  
geschrieben werden, wobei  a , b , c , d , ... ∈  .

(a) Finden Sie einen von  h  abhängigen Ausdruck für

(i) a ;

(ii) b ;

(iii) d . [4]

(b) Finden Sie den Wert von  h  unter der Voraussetzung, dass  a ,  b , und  d  die ersten drei 
Terme einer geometrischen Folge sind. [3]
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Bitte umblättern

6. [Maximale Punktzahl: 6] 

Ein Teilchen bewegt sich so auf einer geraden Linie, dass seine Geschwindigkeit,  v  (in  m s-1) 

zum Zeitpunkt  t  Sekunden durch  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

 für  0 ≤ t ≤ 4π  beschrieben wird. 

Das folgende Diagramm zeigt den Graphen von  v .

t

v (t)

4π

Sei  t1  der erste Zeitpunkt, an dem die Beschleunigung des Teilchens Null ist.

(a) Finden Sie den Wert von  t1 . [2]

Sei  t2  der zweite Zeitpunkt, an dem sich das Teilchen wieder in absoluter Ruhe befindet.

(b) Finden Sie den Wert von  t2 . [2]

(c) Finden Sie die Entfernung, die das Teilchen zwischen den Zeitpunkten  t = t1   
und  t = t2  zurücklegt. [2]
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Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

Teil B

Beantworten Sie alle Fragen im beigefügten Antwortheft. Bitte beginnen Sie jede Frage auf einer neuen 
Seite.

7. [Maximale Punktzahl: 15] 

Betrachten Sie die Funktion h x x( ) = −4 2  für x ≥
1

2
.

(a) (i)  Finden Sie  h-1(x)  die Inverse von  h (x) , und geben Sie ihre Definitionsmenge an.

(ii) Notieren Sie den Wertebereich von  h-1(x) . [5]

(b) Der Graph von  h  schneidet den Graphen von  h-1  in zwei Punkten.

Finden Sie die  x-Koordinaten dieser beiden Punkte. [3]

(c) Finden Sie den Inhalt der Fläche, die vom Graphen von  h  und dem Graphen von  h-1  
eingeschlossenen wird. [2]

(d) Finden Sie  h′(x) . [2]

(e) Finden Sie den Wert von  x  für den die Graphen von  h  und  h-1  die gleiche Steigung 
aufweisen. [3]
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Schreiben Sie keine Lösungen auf diese Seite.

8. [Maximale Punktzahl: 13] 

Ein an einer Feder hängendes Gewicht wird nach unten gezogen und losgelassen, so dass 
es sich vertikal auf und ab bewegt.  

Die Höhe  H  der Unterseite des Gewichts über dem Boden (in Meter) kann durch die 
Funktion  H (t ) = a cos (7,8t ) + b , mit  a , b ∈   und  0 ≤ t ≤ 10  modelliert werden. Dabei ist  t  
die Zeit in Sekunden nach dem Loslassen des Gewichts. 

H

Boden

(a) Finden Sie die Periodendauer der Funktion. [2] 

(Auf die vorliegende Frage wird auf der nächsten Seite weiter eingegangen)
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Bitte umblättern

Schreiben Sie keine Lösungen auf diese Seite.

(Fortsetzung Frage 8)

Das Gewicht wird losgelassen, wenn die Höhe seiner Unterseite über dem Boden ihren 
kleinsten Wert von  1  Meter hat. Es erreicht eine maximale Höhe von  1,8  Meter über dem 
Boden. Der Graph von  H  ist im folgenden Diagramm dargestellt.

H 

t

2

1,5

1

10

0,5

0

(b) Finden Sie die Werte von 

(i) a ;

(ii) b . [3]

(c) Finden Sie die Anzahl, wie oft das Gewicht in den ersten fünf Sekunden seiner 
Bewegung seine maximale Höhe erreicht. [2]

(d) Finden Sie den ersten Zeitpunkt, an dem die Unterseite des Gewichts eine Höhe 
von  1,5  Metern erreicht. [2]

Eine Kamera ist so eingestellt, dass sie das Gewicht  zu einem zufälligen Zeitpunkt während 
der ersten fünf Sekunden seiner Bewegung fotografiert.

(e) Finden Sie die Wahrscheinlichkeit, dass die Höhe der Unterseite des Gewichts zum 
Zeitpunkt des Fotos größer ist als  1,5  Meter. [4]
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Schreiben Sie keine Lösungen auf diese Seite.

9. [Maximale Punktzahl: 15]

Eine Tasche enthält  n  Kugeln. Es ist bekannt, dass zehn der Kugeln grün und die restlichen
rot sind. Die Kugeln werden eine nach der anderen ohne Zurücklegen aus der Tasche gezogen.

(a) Finden Sie, abhängig von  n , die Wahrscheinlichkeit, dass

(i) die erste gezogene Kugel grün ist;

(ii) die ersten beiden Kugeln grün sind. [3]

Für die folgenden Teile dieser Aufgabe sei  n = 25 .

(b) Zeigen Sie, dass die Wahrscheinlichkeit, dass die ersten beiden Kugeln rot sind  0,35
beträgt. [2]

(c) Finden Sie die Wahrscheinlichkeit, dass die ersten drei Kugeln alle rot sind. [2]

(d) Finden Sie die Wahrscheinlichkeit, dass mindestens eine der ersten drei Kugeln grün ist. [2]

Bei einem Spiel werden vier Kugeln nacheinander und ohne Zurücklegen aus dem Beutel 
mit  25  Kugeln gezogen. Die Spieler erhalten eine unterschiedliche Punktzahl, je nachdem, 
wann sie die erste grüne Kugel ziehen. Am Ende jeder Spielrunde werden die vier Kugeln 
wieder in den Beutel gelegt.

Ein Spieler erhält null Punkte, wenn er keine grüne Kugel zieht, oder wenn er die erste grüne 
Kugel bei seinem ersten oder zweiten Zug zieht. 

Ein Spieler erhält  10  Punkte, wenn er die erste grüne Kugel bei seinem dritten Zug zieht, 
und  50  Punkte, wenn er die erste grüne Kugel bei seinem vierten Zug zieht.

Millie spielt  k  Runden dieses Spiels. Sie berechnet ihren Punktestand, indem sie ihre Punkte 
aus jeder Spielrunde addiert.

(e) Finden Sie den kleinsten Wert von  k  so, dass Millies erwartete Punktzahl größer
als  100  ist. [6]
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9 de mayo de 2023

Zona A tarde Zona B mañana Zona C tarde

1 hora 30 minutos

Matemáticas: Análisis y Enfoques
Nivel Medio
Prueba 2

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Sección A:  conteste todas las preguntas. Escriba sus respuestas en las casillas provistas  

a tal efecto.
 y Sección B:  conteste todas las preguntas en el cuadernillo de respuestas provisto. Escriba 

su número de convocatoria en la parte delantera del cuadernillo de respuestas, 
y adjúntelo a este cuestionario de examen y a su portada utilizando los cordeles 
provistos.

 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 
exactas o aproximadas con tres cifras significativas.

 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 
Análisis y Enfoques para esta prueba.

 y La puntuación máxima para esta prueba de examen es [80 puntos].
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No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no esté 
acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento y/o en 
explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá reflejarse por 
escrito el procedimiento seguido para su obtención; por ejemplo, si se utiliza un gráfico para hallar una 
solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun cuando una 
respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, siempre 
que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

Sección A

Conteste todas las preguntas. Escriba sus respuestas en las casillas provistas a tal efecto. De ser 
necesario, se puede continuar desarrollando la respuesta en el espacio que queda debajo de las líneas.

1. [Puntuación máxima: 5] 

Un botánico realiza un experimento en el que estudia el crecimiento de las plantas.

La altura de las plantas la mide en siete días distintos.

En la siguiente tabla se muestra el número de días (d ), que lleva en marcha el experimento 
y la altura promedio (h cm) que tienen las plantas cada uno de esos días.

Número de días (d ) 2 5 13 24 33 37 42

Altura promedio (h) 10 16 30 59 76 79 82

(a) La recta de regresión de  h  sobre  d  para estos datos se puede escribir en la 
forma  h = ad + b .

Halle el valor de  a  y el valor de  b  . [2] 

(b) Escriba el valor del coeficiente de correlación momento-producto de Pearson (r) . [1]

(c) Utilice su recta de regresión para estimar la altura promedio que tendrán las plantas 
cuando el experimento lleve en marcha 20 días. [2] 
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Véase al dorso

2. [Puntuación máxima: 6]

En la siguiente figura se muestran dos edificios construidos en un terreno llano.

Desde el punto  P  —situado en el suelo y entre los dos edificios— el ángulo de elevación 
hasta la parte superior de cada edificio es igual a  θ .

la figura no está dibujada a escala

 

90 m

154 m

150 m

P

B

A

θ θ

h

La distancia entre el punto  P  y el punto  A  (ubicado en la parte superior del edificio más alto) 
es igual a  150  metros.

La distancia entre el punto  P  y el punto  B  (ubicado en la parte superior del edificio más bajo) 
es igual a  90  metros.

La distancia entre  A  y  B  es igual a  154  metros.

(a) Halle el tamaño de ˆAPB . [3]

(b) Halle la altura (h) del edificio más alto. [3]
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3. [Puntuación máxima: 5]

La cantidad de fármaco (en miligramos, [mg]) que hay en el organismo de un paciente se 
puede modelizar mediante la función  A (t ) = 500e-kt , donde  k  es una constante positiva y  t  
es el tiempo (en horas) que ha transcurrido desde que se le ha puesto la dosis inicial de 
dicho fármaco.

(a) Escriba la cantidad de fármaco que hay en el organismo del paciente cuando  t = 0 . [1]

Cuando han transcurrido tres horas, la cantidad de fármaco que hay en el organismo del 
paciente ha disminuido hasta los  280 mg .

(b) Halle el valor de  k . [2]

La segunda dosis se pone  T  horas después de la dosis inicial, cuando la cantidad de 
fármaco que hay en el organismo del paciente es igual a  140 mg .

(c) Halle el valor de  T . [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12EP04



– 5 – 2223 – 7125

Véase al dorso

4. [Puntuación máxima: 8]

Los pesos (W  gramos) de los paquetes de arroz que se envasan en una fábrica siguen una 
distribución normal de media  204  gramos y desviación típica igual a  5  gramos.

(a) Se escoge un paquete de arroz al azar.

Halle la probabilidad de que pese más de  210  gramos. [2]

Según este modelo, el  80 % de los paquetes de arroz pesan entre  w  gramos y  210  gramos.

(b) Halle la probabilidad de que un paquete de arroz elegido al azar pese menos  
de  w  gramos. [2]

(c) Halle el valor de  w . [2]

(d) Ahora se escogen al azar diez paquetes de arroz. 

Halle la probabilidad de que haya exactamente un paquete que pese menos  
de  w  gramos. [2]
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5. [Puntuación máxima: 7] 

El desarrollo de  (x + h)8 , donde  h > 0 , se puede escribir así: 
x8 + ax7 + bx6 + cx5 + dx4 + ... + h8 , donde  a , b , c , d , ... ∈  .

(a) Halle una expresión, en función de  h , para:

(i) a 

(ii) b 

(iii) d  [4]

(b) Sabiendo que  a ,  b , y  d  son los tres primeros términos de una progresión geométrica, 
halle el valor de  h . [3]
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Véase al dorso

6. [Puntuación máxima: 6] 

Una partícula se mueve en línea recta, de modo tal que su velocidad (v m s-1), en el 

instante  t  segundos viene dada por  v v t
tt

( ) = −







−
4

2 4
3e

 

cos
π

, para  0 ≤ t ≤ 4π . 

El gráfico de  v  se muestra en la siguiente figura.

t

v (t)

4π

Sea  t1  el primer instante en el que la aceleración de la partícula es igual a cero.

(a) Halle el valor de  t1 . [2]

Sea  t2  el segundo instante en el que la partícula está instantáneamente en reposo.

(b) Halle el valor de  t2 . [2]

(c) Halle la distancia que ha recorrido la partícula entre  t = t1  y  t = t2 . [2]
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No escriba en esta página.

Las respuestas que se escriban en  
esta página no serán corregidas.

– 8 – 2223 – 7125

12EP08



– 9 – 2223 – 7125

Véase al dorso

No escriba soluciones en esta página.

Sección B

Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta.

7. [Puntuación máxima: 15] 

Considere la función h x x( ) = −4 2 , para x ≥
1

2
.

(a) (i) Halle  h-1(x)  —es decir, la inversa de  h (x) — e indique su dominio.

(ii) Escriba el recorrido de  h-1(x) . [5]

(b) El gráfico de  h  y el gráfico de  h-1  se cortan en dos puntos.

Halle la coordenada  x  de estos dos puntos. [3]

(c) Halle el área delimitada por el gráfico de  h  y el gráfico de  h-1 . [2]

(d) Halle  h′(x) . [2]

(e) Halle el valor de  x  para el cual el gráfico de  h  y el gráfico de  h-1  tienen la 
misma pendiente. [3]
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No escriba soluciones en esta página.

8. [Puntuación máxima: 13] 

Hay un peso suspendido de un muelle. Se tira del peso y luego se suelta, de modo que se 
mueva hacia arriba y hacia abajo en vertical.  

La altura (H  metros) a la que se encuentra la base del peso respecto al suelo se puede 
modelizar mediante la función  H (t ) = a cos (7,8t ) + b , para  a , b ∈   y  0 ≤ t ≤ 10 , donde  t  
es el tiempo (en segundos) que ha transcurrido desde que se soltó el peso. 

H

suelo

(a) Halle el período de la función. [2] 

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

No escriba soluciones en esta página.

(Pregunta 8: continuación)

El peso se suelta cuando su base está a una altura mínima de  1  metro respecto al suelo 
y alcanza una altura máxima de  1,8  metros respecto al suelo. En la siguiente figura se 
muestra el gráfico de  H .

H 

t

2

1.5

1

10

0.5

0

2

1,5

1

10

0,5

0

(b) Halle el valor de: 

(i) a 

(ii) b  [3]

(c) Halle el número de veces que el peso alcanza su altura máxima durante los cinco 
primeros segundos que está moviéndose. [2]

(d) Halle el primer instante en el que la base del peso alcanza una altura de  1,5  metros. [2]

Se configura una cámara para que haga una foto del peso en un instante elegido al azar, 
dentro de esos cinco primeros segundos que el peso está moviéndose.

(e) Halle la probabilidad de que la altura de la base del peso sea mayor que  1,5  metros 
en el instante en el que se hace la foto. [4]
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No escriba soluciones en esta página.

9. [Puntuación máxima: 15]

Una bolsa contiene  n  bolas. Se sabe que diez de las bolas son verdes y que el resto de las
bolas son rojas. Se van extrayendo bolas de la bolsa, de una en una y sin reposición.

(a) Halle, en función de  n , la probabilidad de que:

(i) La primera bola que se extraiga sea verde

(ii) Las dos primeras bolas sean verdes [3]

Para los siguientes apartados de la pregunta, sea  n = 25 .

(b) Muestre que la probabilidad de que las dos primeras bolas sean rojas es  0,35 . [2]

(c) Halle la probabilidad de que las tres primeras bolas sean todas rojas. [2]

(d) Halle la probabilidad de que al menos una de las tres primeras bolas sea verde. [2]

Un juego consiste en extraer cuatro bolas — de una en una y sin reposición— de la bolsa 
de las  25  bolas. Los puntos que obtiene cada jugador dependen de cuándo aparezca la 
primera bola verde. Al final de cada juego, las cuatro bolas extraídas se devuelven a la bolsa.

El jugador obtiene cero puntos si no saca ninguna bola verde o si la primera bola verde la 
saca en la primera o en la segunda extracción. 

El jugador obtiene  10  puntos si la primera bola verde la saca en la tercera extracción y 
obtiene  50  puntos si la primera bola verde la saca en la cuarta extracción.

Millie juega a este juego  k  veces. Su puntuación se calcula sumando todos los puntos que 
ha obtenido cada vez que juega.

(e) Halle el valor más pequeño de  k  para el cual la puntuación esperada de Millie es
mayor que  100 . [6]
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Mathematics: applications and interpretation
Higher level
Paper 1

Instructions to candidates

 y Write your session number in the boxes above.
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all questions.
 y Answers must be written within the answer boxes provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Please do not write on this page.

Answers written on this page  
will not be marked.
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Turn over

Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

On 1 January 2022, Mina deposited  $ 1000  into a bank account with an annual interest rate 
of  4 % , compounded monthly. At the end of January, and the end of every month after that, 
she deposits  $ 100  into the same account.

(a) Calculate the amount of money in her account at the start of 2024. Give your answer to 
two decimal places. [3]

(b) Find how many complete months, counted from 1 January 2022, it will take for Mina to 
have more than  $ 5000  in her account. [2]
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2. [Maximum mark: 6]

Carys believes that, on a memory retention test, the mean score of bilingual people (mb) will 
be higher than the mean score of monolingual people (mm). Carys gave a memory retention 
test to a random sample of students in her class. The results are shown in the two tables.

Scores

Bilingual 100 94 100 90 100 94 98 98 98 98

Scores

Monolingual 97 92 88 98 88 94 100 100

Carys performs a one-tailed  t-test at a  5 %  level of significance. It is assumed that the 
scores are normally distributed and the samples have equal variances.

(a) State the null and alternative hypotheses. [2]

(b) Calculate the  p-value for this test. [2]

(c) State the conclusion of the test in the context of the question. Justify your answer. [2]
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Turn over

3. [Maximum mark: 5]

Three towns have positions  A (35, 26) ,  B (11, 24) , and  C (28, 7)  according to the coordinate 
system shown where distances are measured in miles.

Dominique’s farm is located at the position  D (24, 19) .

y

30

25

20

15

10

5

0
0 5 10 15 20 25 30 35

B
A

D

C

x

(a) Find  AD . [2]

On a particular day, the mean temperatures recorded in each of towns  A ,  B  and  C  
are  34 °C ,  29 °C  and  30 °C  respectively.

(b) Use nearest neighbour interpolation to estimate the temperature at Dominique’s farm 
on that particular day. [3]
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4. [Maximum mark: 8]

The cross section of a scale model of a hill is modelled by the following graph.

0
2
4
6
8

10

0 10 20 30 40
x

y

The heights of the model are measured at horizontal intervals and are given in the table. 

Horizontal distance,  x cm 0 10 20 30 40

Vertical distance, y cm 0  3  8  9  0

(a) Use the trapezoidal rule with  h = 10  to find an approximation for the cross-sectional 
area of the model. [2]

It is given that the equation of the curve is  y = 0.04x2 - 0.001x3 ,  0 ≤ x ≤ 40 .

(b) (i)  Write down an integral to find the exact cross-sectional area.

(ii) Calculate the value of the cross-sectional area to two decimal places. [4]

(c) Find the percentage error in the area found using the trapezoidal rule. [2]
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Turn over

5. [Maximum mark: 5]

A boat travels  8 km  on a bearing of  315°  and then a further  6 km  on a bearing of  045° .  
Find the bearing on which the boat should travel to return directly to the starting point.
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6. [Maximum mark: 7]

In a baseball game, Sakura is the batter standing beside home plate. The ball is thrown 
towards home plate along a path that can be modelled by the following function. 

y = -0.045x + 2

In this model,  x  is the horizontal distance of the ball from the point the ball is thrown and  y  is 
the vertical height of the ball above the ground. Both measured in metres. 

The outcome of the throw is called a strike if the height of the ball is between  0.53 m  
and  1.24 m  at some point while it travels over home plate. The length of home plate is  0.43 m .

diagram not to scale

0.43

ground home plate

path of ball

a

When the ball reaches the front of home plate, the height of the ball above the ground is 
1.25 m. The height of the ball changes by  a  metres as the ball travels over the length of 
home plate.

(a) (i)  Find the value of  a .

(ii) Justify why this throw is a strike. [4]

On the next throw, Sakura hits the ball towards a wall that is  5  metres high. The horizontal 
distance of the wall from the point where the ball was hit is  96  metres. The path of the ball 
after it is hit can be modelled by the function  h (d ) .

h (d ) = -0.01d 2 + 1.04d + 0.66 , for  h ,  d > 0

In this model,  h  is the height of the ball above the ground and  d  is the horizontal distance of 
the ball from the point where it was hit. Both  h  and  d  are measured in metres.

(b) Determine whether the ball will go over the wall. Justify your answer. [3]

(This question continues on the following page)
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Turn over

(Question 6 continued)
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7. [Maximum mark: 9]

A triangular cover is positioned over a walled garden to provide shade. It is anchored at 
points  A  and  C , located at the top of a  2 m  wall, and at a point  B , located at the top of 
a  1 m  vertical pole fixed to a top corner of the wall. 

The three edges of the cover can be represented by the vectors  
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, where distances are measured in metres.

A

B

C

pole

(a) Calculate the vector product AB AC
� �

� . [2]

(b) Hence find the area of the triangular cover. [2]

The point  X  on  [AC]  is such that  [BX]  is perpendicular to  [AC] .

(c) Use your answer to part (b) to find the distance  BX . [3]

(d) Find the angle the cover makes with the horizontal plane. [2]
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Turn over

8. [Maximum mark: 7]

The random variables  (X, Y )  follow a bivariate normal distribution with product-moment 
correlation coefficient  r . The values of six random observations of  (X, Y )  are shown in the table.

x 6.3 4.1 5.6 9.2 7.8 8.2

y 9.2 4.9 8.9 10.3 8.9 9.8

(a) State null and alternative hypotheses which could be used to test whether there is a 
linear correlation between  X  and  Y . [2]

(b) Determine the value of 

(i) the product-moment correlation coefficient,  r , of the sample.

(ii) the corresponding  p-value. [3]

(c) State whether your result from part (b)(ii) indicates there is sufficient evidence to claim 
that, at the  5 %  significance level,  X  and  Y  are not linearly correlated. 

Give a reason for your answer.  [2]
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Turn over

9. [Maximum mark: 5]

On a specific day, the speed of cars as they pass a speed camera can be modelled by a 
normal distribution with a mean of  67.3 km h-1 .

A speed of  75.7 km h-1  is two standard deviations from the mean. 

(a) Find the standard deviation for the speed of the cars. [2]

It is found that  82 %  of cars on this road travel at speeds between  p km h-1  and  q km h-1 , 
where  p < q . This interval includes cars travelling at a speed of 74 km h-1 . 

(b) Show that the region of the normal distribution between  p  and  q  is not symmetrical 
about the mean. [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP13



– 14 – 2223 – 7206

10. [Maximum mark: 9]

A decorative hook can be modelled by the curve with equation  y = f (x) . The graph 
of  y = f (x)  is shown and consists of a line segment from  (0, 0)  to  (3, 3)  and two sections 
formed by quadratic curves.

−1

0−2 2 4 6

2

4

x

y

(6, 2)

(3, 3)

(–2, 0)

(a) Write down the equation of the line segment for  0 ≤ x ≤ 3 . [1]

The quadratic curve, with endpoints  (-2, 0)  and  (0, 0) , has the same gradient at  (0, 0)  as 
the line segment.

(b) Find the equation of the curve between  (-2, 0)  and  (0, 0) . [3]

The second quadratic curve, with endpoints  (3, 3)  and  (6, 2) , has the same gradient 
at  (3, 3)  as the line segment.

(c) Find the equation of this curve. [4]

(d) Write down  f  as a piecewise function. [1]

(This question continues on the following page)
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Turn over

(Question 10 continued)
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11. [Maximum mark: 6]

A shop sells oranges and lemons. The weights of the oranges are assumed to be normally 
distributed with mean  205 grams and standard deviation  5 grams. The weights of the lemons 
are assumed to be normally distributed with mean  105 grams and standard deviation  3 grams.

Nelia selects  1  orange and  2  lemons at random and independent of each other. Calculate 
the probability that the weight of her orange exceeds the combined weight of her lemons.
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Turn over

12. [Maximum mark: 5]

Two AC (alternating current) electrical sources with the same frequencies are combined. The  
voltages from these sources can be expressed as  V1 = 6 sin (at + 30°)  and  V2 = 6 sin (at + 90°) .

The combined total voltage can be expressed in the form  V1 + V2 = V sin (at + q °) .

Determine the value of  V  and the value of  q .
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13. [Maximum mark: 6]

The displacement,  x (cm), of the end of a spring, at time  t  (seconds), is given by 

d

d

d

d

2

2
2 10 0

x

t

x

t
x� � � .

At  t = 0 ,  x = 0.75  and 
d

d

x

t
= 0 .

Use Euler’s method, with a step length  0.1  seconds, to estimate the value of  x  when  t = 0.5 .
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Turn over

14. [Maximum mark: 6]

Petra examines two quantities,  x  and  y , and plots data points on a log-log graph.

1 2 3 4 5
5

10

20

40

y

x

She observes that on this graph the data points follow a perfect straight line. Given that 
the line passes through the points  (2, 13.1951)  and  (4, 34.822) , find the equation of the 
relationship connecting  x  and  y . Your final answer should not include logarithms.
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15. [Maximum mark: 6]

The solid shown is formed by rotating the hexagon with vertices  (2, 1) ,  (0, 1) ,  (0, 5) ,  (2, 5) , 
(4, 4)  and  (4, 2)  about the y-axis.

0 1 2 3 4
0

1

2

3

4

5

x

y

Solid Hexagon

Find the volume of this solid.
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Turn over

16. [Maximum mark: 6]

The relationship between the intensity,  I , of a light source and the distance,  d , from the light 

source can be modelled by I
k

d
=

2
.

Pablo measures the intensity of a light source at different distances. The data collected is 
shown in the table.

d (m) 1 2 5

I (lm) 42 11 1.5

Pablo finds the sum of square residuals in the form  1.0641k 2 - 89.62k + c .

(a) Find the exact value of  c . [4]

(b) Hence find the least squares regression curve of the form I
k

d
=

2
. [2]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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17. [Maximum mark: 9]

An airplane,  P , is flying at a constant altitude of  3000 m  at a speed of  250 m s-1 . Its path 
passes over a tracking station,  S , at ground level. Let  Q  be the point  3000 m  directly above 
the tracking station. 

At a particular time,  T , as the airplane is flying towards  Q , the angle of elevation,  q , of the 
airplane from  S  is increasing at a rate of  0.075  radians per second. The distance from  Q  
to  P  is given by  x . 

Q

S

3000

θ

xP
path of airplane

ground level

(a) Use related rates to show that, at time  T , 
d

d

 x

�
� �

10000

3
. [2]

(b) Find  x (q ) ,  x  as a function of  q . [1]

(c) Find an expression for 
d

d

x

q
 in terms of  sin q . [3]

(d) Hence find the horizontal distance from the station to the plane at time  T . [3]

(This question continues on the following page)
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(Question 17 continued)
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 
correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:
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 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) 24N =  

  4I =  

  1000PV = ±  

  100PMT = ±  

  / 12P Y =  

  / 12C Y =  (M1)(A1) 

Note:  Award M1 for an attempt to use a financial app in their technology (i.e. at least three entries 

seen, but not necessarily correct).  

Approaches that use the compound interest formula receive no marks.  

Award A1 for correct values of PV and PMT (signs must be the same) and a correct  

value of N.  

  ($)3577.43FV =   A1 

Note:  Award at most (M1)(A1)A0 if the final answer is negative or not rounded to 2 dp. 

   [3 marks] 

 

 (b) 36.5 (36.4689 )N = …  (A1) 

  37N = (months) A1 

Note:  Allow FT from incorrect GDC inputs seen in part (a) for the first A1 providing that PV and 

FV have opposite signs and the resulting value of N is positive.  

    [2 marks] 

    [Total: 5 marks] 
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2. (a)  0H : b mµ µ=  A1 

  1H : b mµ µ>  A1 

Note: Accept equivalent statements in words such as “the mean score of bilingual people equals 

the mean score of monolingual people”.  

 [2 marks] 

 
 (b)  0.119  (0.119395…)  A2 

    [2 marks] 

 
 (c) 0.119395   0.05 (11.9395 %  5%)…> … >  R1 

  (fail to reject 0H )  there is insufficient evidence to suggest that bilingual people have better 

memory retention than monolingual people A1 

Note:   Do not award R0A1. 

The answer to part (c) MUST be consistent with their hypotheses and their p-value.  

     [2 marks] 

    [Total: 6 marks] 
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3. (a) attempt to use distance formula for points D and A (M1) 

  2 2DA 11 7= +   

  13.0=  (miles)  (13.0384…, 170 ) A1 

Note:   Accept 13 miles. Award M0A0 for finding the equation of the line DA. 

DA may be seen in part (b) but this should not be accepted as answer for part (a). 

     [2 marks] 

 

 (b) ( ) ( )2 2DB 13 5 13.9 13.9283..., 194= + =   AND  

( ) ( )2 2DC 4 12 12.6 12.6491..., 160= + =   A1 

  recognizing closest town is best estimate (M1) 

  (town C is closest)  

  30 C    A1 

Note: If their DA from part (a) is the shortest length, then allow FT in (b). 

     [3 marks] 

      [Total: 5 marks] 
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4. (a) attempt to substitute 10h =  and at least two different values of y into the trapezoidal rule 

    (M1) 

  ( )10
(0 0) 2(3 8 9)

2
+ + + +  

  2200 (cm )=  A1 

    [2 marks] 

 

 (b)  (i) 
40 2 3

0
0.04 0.001 dx x x−∫    OR   

40

0
 dy x∫  A1A1 

Note:  Award A1 for a correct integral (including dx), A1 for correct limits in the correct location.  

 

  (ii) 213.33 2(cm )  A2 

Note:  Answer must be given to 2 decimal places to award A2.  Award A1A0 for a correct answer 

given to an incorrect accuracy of at least 3 significant figures, e.g. 213 2(cm ) . 

    [4 marks] 

 

 (c) attempt to substitute their parts (a) and (b)(ii) into percentage error formula (M1) 

  
213.333... 200

100
213.333...

−
×  

 

  6.25(%) (6.24999...(%))=  A1 

Note:  Award (M1)A0 for a final answer of –6.25(%) or 0.0625. 

    [2 marks] 

    [Total: 8 marks] 
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5. METHOD 1 

 diagram showing (approximately) correct directions (and order) for the 315  and 045  (A1) 

     

 recognizing right angle triangle (M1) 

 correct expression to find second angle in triangle (A1) 

 e.g. 
6

arctan
8

 
 
 

  OR  
8

arctan
6

 
 
 

 

 correct expression to find bearing (A1) 

 e.g. 
6

arctan 135
8

  + 
 

   OR  
8

360 arctan 135
6

  − +    
   

 172 (171.869... )=    A1 

 

continued… 
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Question 5 continued 

 

 METHOD 2 

 diagram showing (approximately) correct directions (and order) for the 315°and 045°   

 (these may be shown in reverse as the return journey)  (A1) 

  

 finding the lengths marked AP, BP, CQ and BQ in the diagram (M1) 

 
2

AP BP 8 5.6568...
2

= = =  

 
2

CQ BQ 6 4.2426...
2

= = =  

Note: This may be done using a vector approach. 

 using 
AP CQ

tan
PB BQ

θ −
° =

+
 or equivalent to find the direction of AC (A1) 

 correct expression to find bearing (A1) 

 

2 2
8 6

2 2180 arctan
2 2

8 6
2 2

 
+ 

 ° −
 − 
 

 

 ( )172 171.869...= ° °  A1 

 

    [Total: 5 marks] 
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6.  (a) (i) METHOD 1 

   attempt to find change in height of the ball using gradient (M1) 

   ( )0.045
0.43

a
= −  

   ( )0.045 0.43a = − ×  

   ( )0.0194(m) (0.01935 (m))a = −  A1 

 

   METHOD 2 

 attempt to find height at back of home plate  (M1) 

horizontal distance to the front of the home plate 1 6.6666 (m)= …  

height at the back of the home plate  0.045(16.6666 0.43) 2= − …+ +  

( )1.23065 (m)=  

Note:  The M1 can be awarded for 16.6666 0.43 …+  seen at some point. 

( 1.25 1.23065 )a = − …     

 ( )( ) ( ) 0.0194 (m) 0.01935 (m)  a = −  A1 

    

  (ii) 1.25 – 0.01935 1.23065=   (may be seen in part (a)(i)) A1 

   0.53 1 .23065  1 .24< <  R1 

   therefore a strike  AG 

Note:  Do not award A0R1. 

     [4 marks] 

    continued… 
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Question 6 continued 

 

 (b) METHOD 1 

indication of 96d =  in the function ( )h d  or its graph  (M1) 
 
 EITHER 
 ( ) 2(96)  –0.01(96)  1 .04(96)  0.66h = + +      

 
 OR  
 
 

 
   
 
 
  THEN 
  ( )(96)  8.34 (m)h =  A1 

 
  8.34  5>  so the ball will go over the wall. A1 
 
 
  METHOD 2 
  indication of 5h =  in the function ( )h d  or its graph (M1) 
 

 EITHER 
 25  0.01 1.04 0.66d d=− + +  

 
   OR  

 
 

 
   
 
 
  THEN 
  ( ) ( )  99.6 (m)   99.6445  (m)      4.35548  (m)d d= … = … may also be seen  A1 

 
  96 < 99.6445… so the ball will go over the wall. A1 
      [3 marks] 
 
    [Total: 7 marks] 
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7. (a)  attempt to find the vector product (e.g. one term correct) (M1) 

  

0 7 3

6 3 7

1 0 42

−     
     × =     
     −     

 A1 

    [2 marks] 
 

 (b)  METHOD 1 

  attempt to use the vector product formula for the area of triangle 

  (condone incorrect signs and missing 
1

2
) (M1) 

  2 2 21
3 7 42

2
= + +area  

  2 1
21.3 (m ) (21.3424..., 1822)

2
=  A1 

 

  METHOD 2 

  find θ  using AB ABAC AC sinθ
→ →→ →

× =  (M1) 

  67.1 (67.1350 , 1.171728 . )θ = … …  radians  

  then A
1

siCAB n
2

θ
→ →

=area  

  2 1
21.3 (m 21.3424 , 1 2) 82

2
 = … 
 

 A1 

    [2 marks] 

 

 

continued… 
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Question 7 continued 

 

 (c) ( )AC 7.61577... 58=  (A1) 

  setting the area formula 
1

2
× ×base height  equal to their part (b) (M1) 

  
2 21.3424...

BX
58

×
=  

  5.60 (5.60480...)=   A1 

Note:  Award A1 for 5.6.  

Award A1 for 5.59 (5.5936…) from the use of 21.3 to 3 sf. 

    [3 marks] 

 

 (d) attempting to set up a trig ratio (M1) 

  angle is 
1

arcsin
BX

 
 
 

 

  10.3 (10.2776... , 0.179378 )…  radians  A1 

    [2 marks] 

    [Total: 9 marks] 
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8. (a)  H0: X and Y are not (linearly) correlated  OR  0ρ =  A1 

  H1: X and Y are (linearly) correlated  OR  0ρ ≠  A1 

Note:  Accept “independent” or “not associated” in place of “not correlated”. 

If H0 and H1 are reversed, then award A0A1. 

    [2 marks] 

 

 (b) (i) 0.849 (0.848886...)r =   A1 

 

  (ii) p-value 0.0325 (0.0325277...)=   A2 

Note:  Award A1 for  p-value 0.033=  or p-value 0.03= . 

Award FT for 0ρ >  or 0ρ <  in part (a), p-value  0.0163 (0.0162638 )= …  

or p-value  0.984 (0.983736 )= …  

Award the full marks for seeing the values of r and p-value from the 

markscheme when H0 and H1 are reversed in part (a). 

    [3 marks] 

 

 (c) 0.0325 0.05<  R1 

  (so we reject H0 in favour of H1)  

  (there is sufficient evidence to suggest)  X and Y are (linearly) correlated A1 

Note:  Their conclusion must be consistent with their p-value and their hypotheses and 

it must be in context. 

    [2 marks] 

    [Total: 7 marks] 
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9. (a) attempt to find the difference between 75.7 and 67.3 (M1) 

  
75.7 67.3

2

−
 

  14.2 (km h )−  A1 

    [2 marks] 

 

 (b) METHOD 1 (Comparing areas above and below the mean) 

P(67.3 < speed < 74)  OR   Normal CDF(67.3, 74, 67.3, 4.2)  OR  sketch of normal 

distribution with 67.3 and 74 labelled and shaded between (M1) 

  area of region between mean and q is at least 0.445  (0.444670…) A1 

  Hence no more than 0.375  (0.375329…) between mean and p R1 

  The region between p and q is not symmetrical  AG 

  

 

  METHOD 2 (Comparing areas in the tails) 

  attempt to calculate probability that speed p<  and speed  q>  with   74q=  (M1) 

  P (   74)  0.944670  < = …speed  

  P (   )  (0.944670  – 0.82 )  0.124670  p< = … = …speed  

  P (   )  (1 – 0.944670  )  0.0553295q> = …= …speed   A1 

  if 74q ≥ , then  P (   ) 0.0553295q> ≤speed  and P (   ) 0.124670p< ≥speed  so   

  P (   )q>speed  will never equal P (  )p<speed  R1 

  the region between p and q is not symmetrical AG 

 

 

continued… 
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Question 9 continued 
 

  METHOD 3 (Assumption of symmetry comparing speeds) 

  attempt to calculate area below q assuming distribution is symmetrical (M1) 

  e.g. P (   ) 0.82 ½ 0.18  (0.91)q< = + ×speed  

 

   EITHER  

   (  ) 72.9 (72.9311 )q= …  A1 

   72.9 74<  so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

 

   OR 

   P (   74)  0.945   (0.944670 )< = …speed  A1 

   0.945 > 0.91 so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

 

  METHOD 4 (Assumption of symmetry comparing areas) 

  attempt to calculate symmetrical area with 74 as a boundary (M1) 

  P (60.6    74) < <speed  OR Normal CDF(60.6, 74, 67.3, 4.2) OR 

  P (67.3    74) < <speed  OR Normal CDF(67.3, 74, 67.3, 4.2) 

 

   EITHER 

   0.889  (0.889340…) A1 

   0.889 > 0.82 so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

 

   OR 

   0.445  (0.444670…)   A1 

   0.445 > 0.82÷2 so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

    [3 marks] 

    [Total: 5 marks]  
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10. (a) y x=   A1 

    [1 mark] 

 

 (b)  METHOD 1 

  equation has the form 2y ax bx c= + +  

  when 0, 0x y= =    so  0c =  

  
d

2
d

y
ax b

x
= +  

  attempt to find the value of b by setting their derivative equal to 1 when x is 0 (M1) 

  2 (0) 1a b+ =  

  1b =   (A1) 

  when 2, 0x y= − =  

  
1

2
a =  (and hence 21

2
y x x= + ) A1 

  METHOD 2 

  equation has the form ( 2)y ax x= +  OR 2 2y ax ax= +  A1 

  
d

2 2
d

y
ax a

x
= +  

  attempt to find the value of a by setting their derivative equal to 1 when x is 0 (M1) 

  
1

2
a =     (and hence 21

2
y x x= + ) A1 

Note:  Writing ( 2)y x x= +  is incorrect and gains no marks. 

    [3 marks] 

    continued… 
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Question 10 continued 

 

 (c) equation is 2y ax bx c= + +  

  finding an expression for 
d

d

y

x
 with unknown coefficients (M1) 

  
d

2
d

y
ax b

x
= +  

  setting up two equations using two points AND/OR one equation using the 

gradient function (M1) 

  three correct equations (A1) 

  

9 3 3

36 6 2

6 1

a b c

a b c

a b

+ + =
+ + =
+ =

 

  
4 11

, , 4
9 3

a b c= − = = −   ( 0.444444..., 3.66666..., 4a b c= − = = − ) A1 

  (and hence 24 11
4

9 3
y x x= − + − ) 

    [4 marks] 

 

 (d) 

2

2

1
, 2 0

2
( ) , 0 3

4 11
4 , 3 6

9 3

x x x

f x x x

x x x

 + − ≤ <


= ≤ ≤

− + − < ≤


 A1 

Note:  Condone open or closed endpoints for all intervals. 

Condone y in place of ( )f x . 

Allow FT from parts (a), (b) and (c). 

    [1 mark] 

    [Total: 9 marks] 
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11. Let D O L L= − −  (A1) 

 (mean ) 205 105 105 ( 5)= − − = −  (A1) 

 manipulating variances (not standard deviations) (M1) 

 (variance ) 25 9 9 ( 43)= + + =   OR  (SD ) 6.55743...=  (A1) 

 N (205 105 105, 25 9 9)D − − + +  

 attempt to find the probability that 0D >  (M1) 

 P ( 0)D >  

 0.223 (0.222882...)=  A1 

Note:  If 2D O L= −  is seen or implied, award at most (A0)A1(M0)(A0)M1A0. 

    [Total: 6 marks] 
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12. METHOD 1  Analytical approach 

 attempt to express 1V  or 2V  in exponential form (M1) 

 e.g. 
i i

6 2
1 2Im (6e ) , Im (6e )

at at

V V
π π   + +   

   = =  

Note:  Accept angles in radians or degrees. 

 
i i

6 2
1 2 6e( ) 6eV V

π π× ×
++ =     (A1) 

Note:  This mark can be awarded even if seen as part of a correct larger expression. 

 

 
i

1.05i 310.4e 6 3 e
π 

=  
 

  (A1) 

 so V is 10.4 (10.3923..., 6 3)  and θ  is 60  (degrees) A1A1 

Note:  Accept any value for θ  that rounds to a 2sf answer of 60. 

Do not accept a final answer for an angle in radians. 

Do not award A1 for answer of 60  resulting from incorrect working. 

 

continued… 
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Question 12 continued 

 METHOD 2  Graphical approach 

 let at x=  and plot 1 2V V+  curves on GDC (M1) 

   

 attempt to find maximum (M1) 

 10.4V =   A1 

 attempt to find any x-axis intercept (either 60−  or 300) (M1) 

 60 ( )θ = degrees   ( )300 ( )θ = − degrees  A1 

 

 

continued… 
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Question 12 continued 

 METHOD 3 Geometric approach  

 considering the rhombus 

       (M1) 

 

 2 26 6 2 6 6cos120V = + − × ×   (M1)  

 ( )108 6 3 10.4 (10.3923 )= = = …   A1 

 60θ =   (degrees) A2 

Note:  An answer of 300θ = − .  is most likely to be seen in METHOD 2, but should be 

condoned in METHODS 1 and 3 if seen there. 

    [Total: 5 marks] 
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13. 
d

d

x
y

t
=   (A1) 

 
d

10 2
d

y
x y

t
= − −   (A1) 

Note:  Writing 
2

2

d d
10 2

d d

x x
x

t t
= − −  is a valid approach and should be awarded A1A1. 

 attempt to use the Euler equations shown by finding either a correct 1nx +  or 1ny +   (M1) 

 correct equations for both 1nx +  and 1ny +  (A1) 

 1 0.1( )n n nx x y+ = + ,    1 0.1( 10 2 )n n n ny y x y+ = + − −  (accept equivalent notation) 

 ( )1 0.1n nt t+ = +  

Note:  All of the above marks can be implied by a correct second row in a table OR by 

a correct 1f  and 2f  clearly identified for use in Euler’s method formula. 

 

T x y 

0 0.75 0 

0.1 0.75 -0.75 

0.2 0.675 -1.35 

0.3 0.54 -1.755 

0.4 0.3645 -1.944 

0.5 0.1701  

 

 so estimate is 0.170 A2 

Note:  Accept 0.17 rounded to 2 sf. 

    [Total: 6 marks] 
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14. METHOD 1 Analytical approach 

 recognizing that the linear equation must be expressed in log form (M1) 

 log log logy m x c= +  (or log logy m x C= + ) 

 

  EITHER 

  use of slope formula (must involve logs) (M1) 

  
log(34.822) log(13.1951)

1.4
log(4) log(2)

m
−

= =
−

 A1 

  attempt to substitute a value (M1) 

  log log(13.1951) 1.4 log 2( 0.69897...)c = − =  

  5c⇒ =  A1 

 

  OR 

  . my c x=  (A1) 

  attempt to set up two equations involving power functions (M1) 

  13.1951 2mc= ×  and 34.822 4mc= ×  

  2

34.822
2 2.639... log 2.639... 1.4

13.1951
m m= = ⇒ = =  A1 

  
13.1951

5
2.639...

c = =  A1 

 

 THEN 

 (so the equation is)   1.45y x= ×  A1 

 

 METHOD 2 Regression analysis 

 recognizing that a log-log graph results in a power function model (M1) 

 by a x= ×  

 

 attempt to find a power regression model using the given two points (M1) 

 5a =  and 1.4b =   (A1)(A1) 

 

 (so the equation is) 1.45y x= ×  A2 

    [Total: 6 marks]  
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15. METHOD 1 Using the volume formula 

 volume of a “full” or “half” cylinder (seen anywhere) (A1) 

 
4 2

2
4 dyπ∫ ,   24 2π× × ,  32π   (100.53 )…      OR  

 2

2

3
4 dyπ∫ ,   24 1π× × ,  16π   (50.265 )…  

 one correct equation for the diagonal lines (seen anywhere) (A1) 

 
1

2
y x=  or 

1
6

2
y x= −  

 attempt to write one equation x  in terms of y  (M1) 

 2x y= , 12 2x y= −   

 

 EITHER (symmetry plus the volume of the “half” cylinder) 

 recognition of symmetry between 1y =  and 3y =  (M1) 

 ( )2 32 2

1 2
2π (2 ) d 4 dy y y+∫ ∫    (A1) 

 

  OR (symmetry plus volume of the “full” cylinder) 

  recognition of symmetry between  1y =  and 2y =  (M1) 

  ( )2 42 2

1 2
2π (2 ) d   4 dy y y+∫ ∫   (A1) 

 

  OR (calculation of separate parts) (M1) 

  ( )2 4 52 2 2

1 2 4
π (2 ) d 4 d ( 2 12) dy y y y y+ + − +∫ ∫ ∫    (A1) 

 

 THEN 

 (volume of the solid=) 
152

159 159.174...,
3

π 
 
 

 A1 

continued… 
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Question 15 continued 

 

 METHOD 2 Geometric approach using cones and cylinders 

 volume of a cylinder (seen anywhere) (A1) 

 2π 4 2× × , 32π (100.53 )…   (a full cylinder)  OR 

 2π 4 1× × , 16π (50.265 )…   (a half cylinder) 

 

 using volume of cone formula to find the volume of the truncated cone (M1) 

 correct expression to find the volume of the truncated cone (seen anywhere) (A1) 

 ( )2 21 π 4 2 π 2 1
3

× × − × ×   

 

 attempt to find an expression for total volume using symmetry or individual parts (M1) 

 

 correct expression for total volume (A1) 

 ( )2 2 21
2 π4 2 π2 1 π4 1

3 × × × − +
 

   OR  ( ) ( )2 2 2 2 21 1π4 2 π2 1 π4 2 π4 2 π2 1
3 3

− + +× × × × ×−  

 (volume of the solid=) 
152

159 159.174...,
3

π 
 
 

 A1 

Note:  There are other valid approaches possible. 

    [Total: 6 marks] 
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16. (a)  attempt to find what the model predicts in terms of k (M1) 

  , ,
4 25

k k
k  

  correct expression for sum of square residuals (A1) 

  ( )
2 2

2
42 11 1.5

4 25

k k
k

   − + − + −   
   

 

  valid attempt to find c by expanding or recognizing the constant terms (M1) 

  2 2 242 11 1.5c = + +  

  1887.25=  A1 

    [4 marks] 

 

 (b) valid method to find the k value at the minimum  (M1) 

  
89.62

( 42.1107...)
2 1.0641

k = =
×

, graph, completing the square 

  (so least squares regression is)   
2

42.1
I

d
=  A1 

    [2 marks] 

    [Total: 6 marks] 
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17. (a) attempt to use the chain rule to set up a related rate (M1) 

  correct expression A1 

  
d d d

d d d

x x

t t

θ
θ
= ÷    OR   

250

0.075

−
 

  
10000

3
= −  AG 

    [2 marks] 

 

 (b) 
3000

( )
tan

x θ
θ

=  A1 

    [1 mark] 

 

 (c)  attempt to use chain rule  OR  quotient rule (M1) 

  
2 2

3000

tan cosθ θ
−
×

, 
( )2

2

3000 sin ( sin ) cos

sin

θ θ θ

θ

− − −
 (A1) 

  
2

3000

sin θ
= −  A1 

    [3 marks] 

 

 (d) setting their equation in part (c) equal to the given expression in part (a) (M1) 

  
2

3000 10000

sin 3θ
− = −  

  1.24904...θ =   (A1) 

  (1.24904...) 1000x = m A1 

    [3 marks] 

    [Total: 9 marks] 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
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1. [Maximum mark: 7]

A player throws a basketball. The height of the basketball is modelled by

h (t) = -4.75t 2 + 8.75t + 1.5 ,  t ≥ 0 ,

where  h  is the height of the basketball above the ground, in metres, and  t  is the time, 
in seconds, after it was thrown.

(a) Find how long it takes for the basketball to reach its maximum height. [2]

(b) Assuming that no player catches the basketball, find how long it would take for the 
basketball to hit the ground. [2]

Another player catches the basketball when it is at a height of 1.2 metres.

(c) Find the value of  t  when this player catches the basketball. [2]

(d) Write down one limitation of using  h (t)  to model the height of the basketball. [1]
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2. [Maximum mark: 4]

A company that owns many restaurants wants to determine if there are differences in the 
quality of the food cooked for three different meals: breakfast, lunch and dinner.

Their quality assurance team randomly selects 500 items of food to inspect. The quality 
of this food is classified as perfect, satisfactory, or poor. The data is summarized in the 
following table.

Quality

Perfect Satisfactory Poor Total

Meal

Breakfast 101 124  7 232

Lunch  68  81  5 154

Dinner  35  69 10 114

Total 204 274 22 500

A  χ 2  test at the 5 % significance level is carried out to determine if there is significant 
evidence of a difference in the quality of the food cooked for the three meals.

The critical value for this test is 9.488.

The hypotheses for this test are:
H0: The quality of the food and the type of meal are independent.
H1: The quality of the food and the type of meal are not independent.

(a) Find the  χ 2  statistic. [2]

(b) State, with justification, the conclusion for this test. [2]

(This question continues on the following page)
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Turn over

(Question 2 continued)
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3. [Maximum mark: 7]

The following Venn diagram shows two independent events,  R  and  S . The values in the 
diagram represent probabilities.

U

R

y

S

0.2 0.6x

(a) Find the value of  x . [3]

(b) Find the value of  y . [2]

(c) Find P( )′ ′R S . [2]
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Turn over

4. [Maximum mark: 6]

Angel has $ 520 in his savings account. Angel considers investing the money for 5 years with 
a bank. The bank offers an annual interest rate of 1.2 % compounded quarterly.

(a) Calculate the amount of money Angel would have at the end of 5 years with the bank. 
Give your answer correct to two decimal places. [3]

Instead of investing the money, Angel decides to buy a phone that costs $ 520. At the end of 
5 years, the phone will have a value of $ 30. It may be assumed that the depreciation rate per 
year is constant.

(b) Calculate the annual depreciation rate of the phone. [3]
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5. [Maximum mark: 6]

The lengths of the seeds from a particular mango tree are approximated by a normal 
distribution with a mean of 4 cm and a standard deviation of 0.25 cm.

A seed from this mango tree is chosen at random.

(a) Calculate the probability that the length of the seed is less than 3.7 cm. [2]

It is known that 30 % of the seeds have a length greater than k cm.

(b) Find the value of  k . [2]

For a seed of length  d cm , chosen at random,  P (4 - m < d < 4 + m) = 0.6 .

(c) Find the value of  m . [2]
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Turn over

6. [Maximum mark: 5]

Ruhi buys a scoop of ice cream in the shape of a sphere with a radius of 3.4 cm. The ice 

cream is served in a cone, and it may be assumed that 
1

5
 of the volume of the ice cream is 

inside the cone. This is shown in the following diagram.

diagram not to scale

3.4

(a) Calculate the volume of ice cream that is not inside the cone. [3]

The cone has a slant height of 11 cm and a radius of 3 cm.

The outside of the cone is covered with chocolate.

(b) Calculate the surface area of the cone that is covered with chocolate. Give your answer 
correct to the nearest cm2. [2]
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7. [Maximum mark: 6]

Akar starts a new job in Australia and needs to travel daily from Wollongong to Sydney 
and back. He travels to work for 28 consecutive days and therefore makes 56 single journeys. 
Akar makes all journeys by bus.

The probability that he is successful in getting a seat on the bus for any single journey is 0.86.

(a) Determine the expected number of these 56 journeys for which Akar gets a seat 
on the bus. [1]

(b) Find the probability that Akar gets a seat on at least 50 journeys during these 28 days. [3]

The probability that Akar gets a seat on at most  n  journeys is at least 0.25.

(c) Find the smallest possible value of  n . [2]
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Turn over

8. [Maximum mark: 7]

The following directed, unweighted, graph shows a simplified road network on an island, 
connecting five small villages marked A to E.

E B

C

D

A

(a) Construct the adjacency matrix  M  for this network. [3]

Beatriz the bus driver starts at village E and drives to seven villages, such that the seventh 
village is A.

(b) (i)  Determine how many possible routes Beatriz could have taken, to travel from  
E to A.

(ii) Describe one possible route taken by Beatriz, by listing the villages visited  
in order. [4]
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9. [Maximum mark: 9]

At a running club, Sung-Jin conducts a test to determine if there is any association between 
an athlete’s age and their best time taken to run 100 m. Eight athletes are chosen at random, 
and their details are shown below.

Athlete A B C D E F G H

Age (years) 13 17 22 18 19 25 11 36

Time (seconds) 13.4 14.6 13.4 12.9 12.0 11.8 17.0 13.1

Sung-Jin decides to calculate the Spearman’s rank correlation coefficient for his set of data.

(a) Complete the table of ranks. [2]

Athlete A B C D E F G H

Age rank 3

Time rank 1

(b) Calculate the Spearman’s rank correlation coefficient,  rs . [2]

(c) Interpret this value of  rs  in the context of the question. [1]

(d) Suggest a mathematical reason why Sung-Jin may have decided not to use Pearson’s 
product-moment correlation coefficient with his data from the original table. [1]

(e) (i)  Find the coefficient of determination for the data from the original table.

(ii) Interpret this value in the context of the question. [3]

(This question continues on the following page)
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Turn over

(Question 9 continued)
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10. [Maximum mark: 6]

A chocolate company plans to produce chocolate bars with special flavours. They survey 246 
people to determine if there is any particular preference for one of the flavours.

The table below shows the information collected.

Hot chilli Almond crunch Spiced Chai Ginger’n’lime

75 59 46 66

A  χ 2  goodness of fit test at the 5 % significance level is carried out on the data.

The critical value for the test is 7.82.

(a) State the null and alternative hypotheses for this test. [2]

(b) Perform the test and give your conclusion in context. [4]
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Turn over

11. [Maximum mark: 6]

Two AC (alternating current) electrical sources of equal frequencies are combined.

The voltage of the first source is modelled by the equation  V = 30 sin (t + 60) .

The voltage of the second source is modelled by the equation  V = 60 sin (t + 10) .

(a) Determine the maximum voltage of the combined sources. [2]

(b) Using your graphic display calculator, find a suitable equation for the combined voltages, 
giving your answer in the form  V = V0 sin (at + b) , where  a ,  b  and  V0  are constants,   
a > 0  and  0 ≤ b < 180 . [4]
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12. [Maximum mark: 5]

A spherical balloon is being inflated such that its volume is increasing at a rate of 15 cm3 s-1.

(a) Find the radius of the balloon when its volume is 288 p cm3. [2]

(b) Hence or otherwise, find the rate of change of the radius at this instant. [3]
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Turn over

13. [Maximum mark: 7]

The matrices P �
�

�
�

�

�
�

3 1

0 2
 and Q �

��

�
�

�

�
�

4 1

1 3
 represent two transformations.

A triangle  T  is transformed by  P , and this image is then transformed by  Q  to form a 
new triangle,  T ′ .

(a) Find the single matrix that represents the transformation  T ′ → T , which will undo the 
transformation described above. [4]

The area of  T ′  is 273 cm2.

(b) Using your answer to part (a), or otherwise, determine the area of  T . [3]
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14. [Maximum mark: 8]

In this question,  i  denotes a unit vector due east, and   j  denotes a unit vector due north.

Two ships, A and B, are each moving with constant velocities.

The position vector of ship A, at time  t  hours, is given as  rA = (1 + 2t) i + (3 - 3t)  j .

The position vector of ship B, at time  t  hours, is given as  rB = (-2 + 4t) i + (-4 + t)  j .

(a) Find the bearing on which ship A is sailing. [3]

(b) Find the value of  t  when ship B is directly south of ship A. [2]

(c) Find the value of  t  when ship B is directly south-east of ship A. [3]
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Turn over

15. [Maximum mark: 6]

A random sample of eight packets of Apollo coffee granules are selected from a supermarket shelf.

The weights of the coffee granules present in each packet are as follows:

222 g   226 g   221 g   228 g   227 g   225 g   222 g    223 g

(a) (i)  Find an unbiased estimate for the mean weight of coffee granules in a packet of 
Apollo coffee.

(ii) Calculate a 95 % confidence interval for the population mean. Give your answer 
to four significant figures. [3]

(b) State one assumption you have made in order for your interval to be valid. [1]

(c) The label of each packet has a description which includes the phrase: “contains 226 g 
of coffee granules”.

Using your answer to part (a)(ii), briefly comment on the claim on the label. [2]
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16. [Maximum mark: 9]

The following diagram shows parts of the curves of  y = cos x  and y
x

=
2

.

P is the point of intersection of the two curves.

x

y

P

0
0

0.5

1

0.5 1

(a) Use your graphic display calculator to find the coordinates of P. [2]

The shaded region is rotated 360 about the  y-axis to form a volume of revolution  V .

(b) Express  V  as the sum of two definite integrals. [5]

(c) Hence find the value of  V . [2]
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17. [Maximum mark: 6]

Consider the differential equation

x
y

x

x

y
2 1

2 2
�� � �

�
d

d
, for  x ≥ 0 ,  y ≥ 1 ,

where  y = 1  when  x = 0 .

(a) Explain why Euler’s method cannot be used to find an approximate value for  y 
when  x = 0.1 . [1]

(b) By solving the differential equation, show that y
x

� �
�� �

1
1

2

2ln
. [4]

(c) Hence deduce the value of  y  when  x = 0.1 . [1]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 
correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:
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 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1.  (a) METHOD 1 
  correct sketch with some indication of maximum point (M1) 
 

 
    

  0.921  (seconds)  
35

0.921052...,
38

 
 
 

 A1 

 
  METHOD 2 
  correct substitution into equation for line of symmetry (M1) 

  
8.75

( )
2 4.75

t = −
×−

  

  0.921  (seconds)  
35

0.921052...,
38

 
 
 

 A1 

   
  METHOD 3 
  equating the correct derivative to 0 (M1) 
  9.5 8.75 0t− + =   

  0.921  (seconds)  
35

0.921052...,
38

 
 
 

 A1 

Note: Award M1A0 for a final answer of 0.92 seen with no working. 

      [2 marks] 
 
 (b) METHOD 1 
  correct sketch with some indication of x-intercept   
 

 
      (M1) 

Note: May be seen in part (a). 

 
  2 (seconds)    A1 

continued…  
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Question 1 continued 

  METHOD 2 
  setting the equation to zero (M1) 
 
  24.75 8.75 1.5 0t t− + + =  
 
  2 (seconds)         A1 
   

Note: If both roots are given, with or without working, award (M1)A0. 

      [2 marks] 
 

 (c) METHOD 1 
  correct sketch of quadratic function and a straight line in approximate correct position 
      (M1) 

 
 
  1.88 (seconds)  (1.87577…(seconds)) A1 
 
  METHOD 2 
  setting the equation equal to 1.2 (M1) 
  24.75 8.75 1.5 1.2t t− + + =  
  1.88 (seconds)  (1.87577…(seconds)) A1 
 

Note: Award (M1)A0 if -0.0336702… seen as (part of) a final answer. 
 Award M1A0 for answer of 1.9 seen without working. 

      [2 marks] 
 
 (d)  Award R1 for a sensible reason in the context of the question: R1 
  e.g. 
  The model ignores air resistance (or wind) 
  The model treats the ball as a point 
  The model assumes gravity is constant 
  The model assumes that the ball continues to follow the trajectory even after 

hitting the ground  
  This model ignores the bouncing back of the ball after hitting the ground 

Note:  Do not accept generic criticisms of any mathematical model, such as: 
  There are assumptions being made 
  Models are never accurate / It is only a model 

      [1 mark] 

      Total [7 marks] 
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2.  (a) 11.0 (11.0212…)  A2 

Note: Award A1 for a final answer of 11 if no unrounded answer is seen. 

[2 marks] 
 
 (b) EITHER 
  11.0 > 9.488 (11.0212… > 9.488 ) R1 
 
  OR 
  0.0263 < 0.05 (0.0263264… < 0.05 ) R1 
 
  THEN 
 
   EITHER 
   (there is significant evidence to) reject H0   A1 
 
   OR 
   (there is significant evidence that) the (food) quality and the type of meal are  

not independent  A1 
 

Note: Do not award R0A1.  
 Award R1 for 2 2

calc critχ χ> , provided the calculated value is explicitly seen in part (b). 

 
 Accept “p-value < significance level” provided their p-value is seen and their p-value is 

between 0 and 1.  

[2 marks] 
Total [4 marks] 
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3.  (a) attempting to use P ( ) P ( )P ( )R S R S∩ =   (M1) 
  0.2 0.8(0.2 )x= +   (A1) 
  0.05x =     A1 

      [3 marks] 
 
 (b) 0.2 0.6 1x y+ + + =  (M1) 
  0.15y =     A1 

      [2 marks] 
 
 (c) METHOD 1 

  attempting to apply 
P ( )

P ( )
P ( )

R S
R S

S

′ ′∩′ ′ =
′

 (M1) 

  
0.15

0.2
  

  
3

4
=     A1 

 
  METHOD 2 
  P ( ) P ( )R S R′ ′ ′=   (because R, S are independent) (M1) 

  1 0.25 0.75= − =   A1 

Note: FT from their values of x or y.  

      [2 marks] 
      Total [7 marks] 
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4.  (a) METHOD 1 (use of financial app in GDC)  
  5N =   OR 20N =  
  % 1.2I =    % 1.2I =  
  520PV = ±    520PV = ±  
  / 1P Y =    / 4P Y =  
  / 4C Y =    / 4C Y =  (M1)(A1) 

Note: Award M1 for evidence of using the financial app on the calculator, A1 for all 
correct entries. 

 
  ($) 552.11   A1 

Note: Award at most (M1)(A1)A0 if correct answer is not given to two decimal places.  

 
  METHOD 2  (use of formula) 
  attempt to substitute into compound interest formula (M1) 

  
5 4

1.2
520 1

100 4

×
 × + × 

   (A1) 

 
  ($) 552.11   A1 

Note: Award at most (M1)(A1)A0 if correct answer is not given to two decimal places.  

      [3 marks] 
 
 (b)  EITHER 
  5N =  
  % 43.5 (43.4772...(%))I =  
  520PV = ±  
  30FV =     (M1)(A1)A1 

Note:  Award M1 for evidence of using the finance app on the calculator, A1 for all 
correct entries, A1 for correct final answer. Condone missing -/+ sign if the 
correct final answer is seen. 

   
 
  OR 

  
5

30 520 1
100

r = − 
 

  (or equivalent) (M1)(A1) 

  ( ) 43.5% (43.477...%)r =   A1 

Note:  Award M1 for using the compound interest formula, A1 for correct substitutions 
and for equating to 30, A1 for correct final answer. Accept ( ) 43.5%r = − . 
Award M1A1A0 for a final answer of 56.5%. 

 [3 marks] 
      Total [6 marks] 
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5.  (a) 2N (4, 0.25 )X   
 
  EITHER 
   correct probability expression  (M1) 
  P ( 3.7)X <   

Note: Accept a weak or strict inequality, and any label instead of X, e.g. length or L. 

  
  OR 
 
  normal curve with vertical line, left of mean, labelled 3.7, and shaded region (M1) 
 

   
 
  THEN 
  0.115  (0.115069…, 11.5%) A1 

Note: Award M1A0 for 0.12 if no previous working. 

 
      [2 marks] 

 
 (b) EITHER 
  Correct probability expression  (M1) 
  ( P ( ) 0.7X k< =    OR   P ( ) 0.3X k> =  

Note: Accept a weak or strict inequality, and any label instead of X e.g., length or L. 

 
 

continued… 
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Question 5 continued 

  OR 
  normal curve with vertical line to the right of the mean and shaded  
  region, correctly labelled either 0.3 or 0.7  (M1) 
 

   
 
  THEN 
  ) 4.13 (4.13110 )(k = …   A1 

Note: Award M1A0 for 4.1 if no previous working. 

 
      [2 marks] 

 (c) EITHER 
  correct probability equation  (M1) 
  P (length 4 ) 0.8m< + =    OR   P (length 4 ) 0.2m< − =  

Note: Accept any letter instead of “length” e.g., X or L. 

 
  OR  
  normal curve with vertical lines symmetrical about the mean line with a correct  

indication of an area of 0.6 or 0.2 or 0.8    (M1) 
 

    
 
  THEN 
  0.210 (0.210405…) A1  

Note: Award (M1)A0 for an answer of 3.7895 or 4.2105 seen without working. 
 Condone 0.21 seen and award (M1)A1. 

      [2 marks] 
      Total [6 marks] 
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6. (a) EITHER 

  34
(3.4)

3
π    (A1) 

  Multiplying their volume by 
4

5
 (M1) 

 
  OR 

  34
(3.4)

3
π    (A1) 

  Subtracting 
1

5
 of their volume (M1) 

  3 34 1 4
(3.4) (3.4)

3 5 3
 π − × π 
 

    

 

Note: The M1 can be awarded for a final answer of 32.9272… seen without working. 

 
  THEN 
  3 3 )132 cm 131.708 cm( …   A1 
      [3 marks] 
 
 (b) 3 11π× ×      (A1) 
 
  2 )103.672 (cm…    OR   233 ( )cmπ  

  2104 (cm )    A1 
      [2 marks] 
      Total [5 marks] 

 
 

7. (a) (56 0.86) 48.2 (48.16)× =   A1 

Note: Accept 48. 

      [1 mark] 
 
 (b) recognizing binomial distribution (may be seen in (a)) (M1) 
  e.g. ~ B(56, 0.86)X  

  ( )P ( 50) 0.316X ≥ =   A2 

      [3 marks] 
 
 (c) P ( ) 0.25X n≤ ≥  
  46n =     A2 

      [2 marks] 
      Total [6 marks] 
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8.  (a) attempt to create a 5x5 adjacency matrix (M1) 
   

  

0 0 1 0 1

0 0 1 1 0

0 1 0 0 1

1 0 1 0 0

0 0 0 1 0

 
 
 
 =
 
 
 
 

M   A2 

  

Note: Allow the transposed matrix. Award A2 for all entries correct, A1 if one or two entries 
are incorrect, A0 otherwise.   
Answer presented in markscheme assumes ABCDE ordering of rows and columns; 
accept other orders provided they are clearly communicated. 
Award A1 if the zeroes are replaced by blank cells. 

      [3 marks] 
 
 (b) (i)  recognizing need to find 7M  (M1) 
 

   7

8 8 17 8 13

8 10 19 17 14

6 11 16 10 17

11 8 19 14 10

2 6 8 11 8

 
 
 
 =
 
 
 
 

M  

   
   2 (routes)  A1 
 
  (ii)  vertices visited in order are  
   EITHER 
   E D C B C B D A→ → → → → → →   A2 
 
   OR 
   E D C B C E D A→ → → → → → →  A2 

      [4 marks] 
      Total [7 marks] 
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9.  (a) 
 

Athlete A B C D E F G H 

Age rank 7 6 3 5 4 2 8 1 

Time rank 3.5 2 3.5 6 7 8 1 5 

      A1A1 

Note: Award A1 for each correct row. 

      [2 marks] 
 

 (b) 0.671 ( 0.670670...)sr = − −  A2 

 

Note: Only follow through from an incorrect table provided the ranks are all  
 between 1 and 8. 
 Award A1 for 0.67−  OR for the omission of the negative sign, e.g. 0.671  
 (0.670670...) or 0.67 

      [2 marks] 
 
 (c) (A value of 0.671Sr = − ) indicates a negative correlation between a person’s age and  

the best time they take to run 100m. R1 

Note: Condone any comment that includes “weak” or “strong” etc. Accept an 
interpretation in words, but only if there is a general link described and 
not a rule: “The older a person gets, the faster they tend to run”. 
Answer must be in context. 

      [1 mark] 
 
 (d) Award R1 for any sensible reason: R1 
  The correlation, such that it is, is unlikely to be linear for this type of data. 
  Spearman’s CC is less sensitive to outliers  
  Sung-Jin is not sure the data is drawn from a bivariate normal distribution 
  There are outliers/extreme data 
  Same time for two athletes with significantly different ages 

      [1 mark] 
 
 (e) (i) 0.264 (0.263762...)  A2 

Note: Award A1 for 0.26 with no working.  Given that the exact model is not 
specific in the question, accept correct 2r  values from other regression 
models: 0.631, 0.650, 0.759 and 0.256. 

 
  (ii)  approximately 26% of the variability in the times taken can be explained  

by the runner’s age. R1 
 

      [3 marks] 
      Total [9 marks] 
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10. (a) 0H :  there is no particular preference for any of the flavours A1 

1H :  there is a particular preference for some of the flavours A1 

Note: Accept equivalent statements such as “ 0H :  the population ratio of flavour 

preferences is 1:1:1:1” or “ 0H :  the population proportions are equal for each flavour” 

or “ 0H : the data is drawn from a uniform distribution”. 

      [2 marks] 
 
 (b) EITHER 
  -value 0.0629 (0.0629034...)p =   A2 
  0.0629 0.05>    R1 
  OR 
  2

calc 7.30χ =    A2 

  7.30 7.82<    R1 

Note: Award A2 for either -value 0.063p =  or 2
calc 7.3χ =  seen.  Award R1 for a correct 

comparison involve their -valuep  or 2
calcχ , and follow through for their conclusion. 

 
  THEN 
  so there is insufficient evidence to reject 0H , i.e. 

  there is no particular preference for any of the flavours. A1 

Note: Do not award R0A1. 

[4 marks] 
Total [6 marks] 

 
 

11. (a) 30sin ( 60 ) 60sin ( 10 )t t+ + +   (M1) 
  finding maximum graphically 
  82.5 (V) (82.5471...)   A1 

Note: Award M1A0 for 83. 

      [2 marks] 
 
 (b) recognizing that a is still 1 A1 
  0 82.5V =    A1 

  attempt to find an x-intercept of combined voltage (M1) 
  26.2 (26.1643... )b =    OR any other correct x-intercept A1 

Note: May be seen in the final answer.  Award M1A0 for 26b =  with no working. 

 

  ( )( )TOT 82.5sin ( 26.2 ) 82.5471...sin ( 26.1643... )V t t= + +    

Note: Award at most (M1)A1(A1)A0 if phase shift of -153.835… is seen in the final answer.  

In part (b), candidates may use ( )60i 10iarg 30e 60e+  to determine the new phase shift, 

and hence could be awarded M1 for this valid method. 

      [4 marks] 
      Total [6 marks]  
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12.  (a) equating volume of sphere formula to 288π  (M1) 

  34
288

3
rπ = π    

  6r⇒ =  (cm)  A1 
      [2 marks] 

 

 (b) 2d
4

d

V
r

r
= π   (seen anywhere) (A1) 

  
d d d

d d d

V V r

t r t
=    (M1) 

  2d d
4

d d

V r
r

t t
= π  

  2 d
15 4 6

d

r

t
= π× ×  

  1d 15
(cm s ) (0.0332, 0.0331572...)

d 144

r

t
−=

π
 A1 

      [3 marks] 
      Total [5 marks] 
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13. (a) METHOD 1 (find product of matrices first) 
 

  T T ′→  is represented by 
4 1 3 1

1 3 0 2

−  
=   
  

QP   (M1) 

  
12 2

3 7

− − 
=  
 

  (A1) 

  recognizing need to find their ( ) 1−
QP  (M1) 

  ( )
1

1 12 2

3 7

−
− − − 
=  
 

QP    

  
7 21

3 1278

 
= −  − − 

  OR  
0.0897435... 0.0256410...

0.0384615... 0.153846...

− − 
=  
 

 A1 

 
 
  METHOD 2 (find inverses of both matrices first) 
 
  recognizing need to find inverse of both P and Q (M1) 

  1

1 1

3 6
1

0
2

−

 − 
=  
  
 

P    AND   1

3 1

13 13
1 4

13 13

−

 − 
=  
  
 

Q  (A1) 

  T T′ →  is represented by 

1 1

1 1 3 1 4 1

0 2 1 3

− −

− − −   
=    
   

P Q   (M1) 

  
7 21

3 1278

 
= −  − − 

  OR  
0.0897435... 0.0256410...

0.0384615... 0.153846...

− − 
=  
 

 A1 

Note: In METHOD 1, award M1A0M1A0 if they multiply the matrices in the wrong order. 
In METHOD 2, award M1A1M1A0 if they multiply the matrices in the wrong order. 

      [4 marks] 
 
 

 (b) 
7 21 1

det
3 1278 78

   
− = −    − −   

   OR   
12 2

det 78
3 7

 − −  
= −  

  
 (A1) 

  area of det area of T T′ = ×QP   OR  area of ( ) 1
det area of T T

− ′= ×QP  (M1) 

  ⇒  area of 
1

273
78

T = ×  

  3.5=  (cm2)  A1 

Note: Award (A1)(M0)A0 for an answer of 3.5−  (cm2) with or without working. Accept 
an answer of 4.04 (cm2) from use of 3sf values in their answer to part (a). 

      [3 marks] 
      Total [7 marks] 
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14. (a) 
2

3B

 
=  − 

v    (A1) 

  attempt to find any relevant angle  (M1) 

  ( )1 3
tan 56.3099...

2
− °  = 
 

  

  (90 56.3099... ) 146 (146.3099... )+ =      A1 
      [3 marks] 

 
 (b) setting 1 2 2 4t t+ = − +   (M1) 
  1.5t =  (hrs.)  A1 

      [2 marks] 
 
 (c) ( 3 2 ) ( 7 4 )B A t t− = − + + − +r r i j  (M1) 

  3 2 ( 7 4 )t t− + = − − +   (M1) 

  ( ) 5
1.67 1. 6hr 6s. 66 6 ...,

3
t

 =  
 

 A1 

      [3 marks] 
      Total [8 marks] 

 
 
 
15. (a) (i)  224 g  (224.25 g) A1 
 
  (ii)  [ ]222.1, 226.4  A1A1 

Note: Award A1 for each correct end of the interval. Accept open or closed (weak or 
strict) interval notation. Inequalities involving µ  would also be accepted, but not 
involving x . 
Award A1A0 for correct answers not given correct to 4 sf. 

      [3 marks] 
 
 (b) EITHER 
  the (population) weight of granules of Apollo coffee is normally distributed. R1 
  OR 
  the readings are independent R1 

      [1 mark] 
 
 (c) 226g lies within the confidence interval, R1 
  so there is no evidence to dispute the claim on the label. A1 

Note: Do not award R0A1. 

 
      [2 marks] 
      Total [6 marks] 
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16. (a) ( ) ( )( )1.04, 0.509 1.03667...,0.509085...  A1A1  

      [2 marks] 
 
 (b) attempt to make x  the subject for either function (M1) 
  24x y= , 1cosx y−=  A1A1 
   

  attempt to use 2dV x y= π∫   (M1) 

 

  ( ) ( )
0.509085... 1

2 22 1

0 0.509085...

4 d cos dV y y y y−= π + π∫ ∫   A1 

      [5 marks] 
 
 (c) 1.15=  (units3)  A2 

Note: Do not FT from part (b) to part (c). 
Award A1 for 1.1. with no previous working. 

      [2 marks] 
      Total [9 marks] 
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17.  (a)  
d

d

y

x
 is undetermined at (0, 1)   R1 

  
( )( )1 2 1 2 2

n n

x
y y h

x y
−

  
  = +

  + −  
so cannot use   

Note: Accept “undefined”, “indeterminate” or “division by zero” in place of “undetermined”. 

      [1 mark] 
 

 (b) 
2

(2 2) d d
1

x
y y x

x
− =

+∫ ∫  M1 

  ( )2 21
2 ln 1

2
y y x c− = + +  A1 

 
  substituting 0, 1x y= =   M1 

  1c = −   

  ( )2 21
2 1 ln 1

2
y y x− + = +  

  ( ) ( )2 21
1 ln 1

2
y x− = +  A1 

  ( )21
1 ln 1

2
y x− = +  (where positive root required as 1y ≥ ) 

  
( )2ln 1

1
2

x
y

+
= +  AG 

      [4 marks] 
 
 (c) (when 0.1x = ) 1.07 (1.07053...)y =  A1 

      [1 mark] 
      Total [6 marks] 
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 7]

Un joueur lance un ballon de basketball. La hauteur du ballon est modélisée par

h (t) = -4,75t 2 + 8,75t + 1,5 ,  t ≥ 0 ,

où  h  est la hauteur du ballon au-dessus du sol, en mètres, et  t  est le temps, en secondes, 
après que le ballon a été lancé.

(a) Trouvez combien de temps il faut au ballon pour atteindre sa hauteur maximale. [2]

(b) En supposant qu’aucun joueur n’attrape le ballon, trouvez combien de temps il faudrait 
au ballon pour toucher le sol. [2]

Un autre joueur attrape le ballon alors que ce dernier se trouve à une hauteur de 1,2 mètre.

(c) Trouvez la valeur de  t  correspondant à l’instant où ce joueur attrape le ballon. [2]

(d) Écrivez un inconvénient associé à l’utilisation de  h (t)  pour modéliser la hauteur du ballon. [1]
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2. [Note maximale : 4]

Une entreprise qui possède de nombreux restaurants souhaite déterminer s’il existe des 
différences dans la qualité des aliments cuisinés pour trois repas différents : le petit-déjeuner, 
le déjeuner et le dîner.

Leur équipe d’assurance de la qualité sélectionne au hasard 500 aliments à inspecter. 
La qualité de chaque aliment est classée comme parfaite, satisfaisante ou médiocre. 
Les données sont résumées dans le tableau suivant.

Qualité

Parfaite Satisfaisante Médiocre Total

Repas

Petit-déjeuner 101 124  7 232

Déjeuner  68  81  5 154

Dîner  35  69 10 114

Total 204 274 22 500

Un test du  χ 2  est effectué, au niveau de signification de 5 %, pour déterminer s’il existe une 
différence significative dans la qualité des aliments cuisinés pour les trois repas.

La valeur critique pour ce test est 9,488.

Les hypothèses pour ce test sont :
H0: La qualité des aliments et le type de repas sont indépendants.
H1: La qualité des aliments et le type de repas ne sont pas indépendants.

(a) Trouvez la statistique du  χ 2 . [2]

(b) Indiquez, avec une justification, la conclusion pour ce test. [2]

(Suite de la question à la page suivante)
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(Suite de la question 2)
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3. [Note maximale : 7]

Le diagramme de Venn suivant montre deux événements indépendants,  R  et  S . Les valeurs 
du diagramme représentent des probabilités.

U

R

y

S

0,2 0,6x

(a) Trouvez la valeur de  x . [3]

(b) Trouvez la valeur de  y . [2]

(c) Trouvez P( )′ ′R S . [2]
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4. [Note maximale : 6]

Angel a dollars 520 ($) dans son compte d’épargne. Angel considère la possibilité d’investir 
l’argent pour une période de 5 ans dans une banque. La banque offre un taux d’intérêt 
annuel de 1,2 %, composé trimestriellement.

(a) Calculez le montant d’argent qu’Angel aurait au bout de 5 ans avec la banque. 
Donnez votre réponse correcte à deux chiffres après la virgule près. [3]

Au lieu d’investir l’argent, Angel décide d’acheter un téléphone qui coûte 520 $. Au bout de 
5 ans, le téléphone aura une valeur de 30 $. On peut supposer que le taux de dépréciation 
annuel est constant.

(b) Calculez le taux de dépréciation annuel du téléphone. [3]
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5. [Note maximale : 6]

Les longueurs des graines d’un certain manguier sont approximées par une distribution 
normale avec une moyenne de 4 cm et un écart type de 0,25 cm.

Une graine de ce manguier est choisie au hasard.

(a) Calculez la probabilité que la longueur de la graine soit inférieure à 3,7 cm. [2]

On sait que 30 % des graines ont une longueur supérieure à k cm.

(b) Trouvez la valeur de  k . [2]

Pour une graine dont la longueur est de  d cm , choisie au hasard,  P (4 - m < d < 4 + m) = 0,6 .

(c) Trouvez la valeur de  m . [2]
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6. [Note maximale : 5]

Ruhi achète une boule de crème glacée en forme de sphère dont le rayon est de 3,4 cm. 

La crème glacée est servie dans un cône et on peut supposer que 
1

5
 du volume de la crème 

glacée est à l’intérieur du cône. Ceci est illustré dans le diagramme suivant.

la figure n’est pas à l’échelle

3,4

(a) Calculez le volume de crème glacée qui n’est pas à l’intérieur du cône. [3]

L'apothème (la hauteur oblique) du cône est de 11 cm et son rayon est de 3 cm.

L’extérieur du cône est recouvert de chocolat.

(b) Calculez l’aire de la surface du cône recouverte de chocolat. Donnez votre réponse 
correcte au cm2 près. [2]
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7. [Note maximale : 6]

Akar commence un nouvel emploi en Australie et il doit faire quotidiennement l’aller-retour 
entre Wollongong et Sydney. Il se rend au travail pendant 28 jours consécutifs et effectue 
donc 56 trajets simples. Akar fait tous les trajets en bus.

La probabilité qu’il réussisse à obtenir un siège dans le bus pour un trajet simple est de 0,86.

(a) Déterminez le nombre espéré parmi ces 56 trajets pour lesquels Akar obtient un siège 
dans le bus. [1]

(b) Trouvez la probabilité qu’Akar obtienne un siège sur au moins 50 trajets au cours 
de ces 28 jours. [3]

La probabilité qu’Akar obtienne un siège sur au plus  n  trajets est d’au moins 0,25.

(c) Trouvez la plus petite valeur possible de  n . [2]
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8. [Note maximale : 7]

Le graphe suivant, orienté et non pondéré, montre un réseau routier simplifié sur une île, 
reliant cinq petits villages indiqués par les lettres A à E.

E B

C

D

A

(a) Construisez la matrice d’adjacence  M  pour ce réseau. [3]

Beatriz, la conductrice du bus, part du village E et se rend dans sept villages pour finir au 
septième village, le village A.

(b) (i)  Déterminez le nombre d’itinéraires possibles que Beatriz aurait pu emprunter 
pour voyager de E à A.

(ii) Décrivez un itinéraire possible emprunté par Beatriz, en énumérant les villages 
visités dans l’ordre. [4]
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9. [Note maximale : 9]

Dans un club de course, Sung-Jin effectue un test pour déterminer s’il existe une association 
entre l’âge d’un athlète et son meilleur temps de course au 100 m. Huit athlètes sont choisis 
au hasard et leurs détails sont indiqués ci-dessous.

Athlète A B C D E F G H

Âge (années) 13 17 22 18 19 25 11 36

Temps (secondes) 13,4 14,6 13,4 12,9 12,0 11,8 17,0 13,1

Sung-Jin décide de calculer le coefficient de corrélation de Spearman pour son ensemble 
de données.

(a) Complétez le tableau de rangs. [2]

Athlète A B C D E F G H

Rang d’âge 3

Rang de temps 1

(b) Calculez le coefficient de corrélation de Spearman,  rs . [2]

(c) Interprétez cette valeur de  rs  dans le contexte de la question. [1]

(d) Suggérez une raison mathématique expliquant pourquoi Sung-Jin aurait décidé de 
ne pas utiliser le coefficient de corrélation de Pearson avec ses données du tableau 
de départ. [1]

(e) (i)  Trouvez le coefficient de détermination pour les données du tableau de départ.

(ii) Interprétez cette valeur dans le contexte de la question. [3]

(Suite de la question à la page suivante)
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(Suite de la question 9)
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10. [Note maximale : 6]

Une entreprise de chocolat envisage de produire des tablettes de chocolat aux saveurs 
particulières. On interroge 246 personnes pour déterminer s’il y a une préférence particulière 
pour l’une de ces saveurs.

Le tableau ci-dessous présente les informations recueillies.

Piment fort
Croustillant 

aux amandes
Chai épicé

Gingembre 
et citron

75 59 46 66

Un test d’ajustement du  χ 2  est effectué sur ces données au niveau de signification de 5 %.

La valeur critique pour le test est 7,82.

(a) Indiquez l’hypothèse nulle et l’hypothèse alternative pour ce test. [2]

(b) Effectuez le test et donnez votre conclusion dans le contexte. [4]
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11. [Note maximale : 6]

Deux sources électriques CA (courant alternatif) de fréquence égale sont combinées.

La tension de la première source est modélisée par l’équation  V = 30 sin (t + 60) .

La tension de la deuxième source est modélisée par l’équation  V = 60 sin (t + 10) .

(a) Déterminez la tension maximale des sources combinées. [2]

(b) À l’aide de votre calculatrice à écran graphique, trouvez une équation appropriée pour 
les tensions combinées, en donnant votre réponse sous la forme  V = V0 sin (at + b) , 
où  a ,  b  et  V0  sont des constantes,  a > 0  et  0 ≤ b < 180 . [4]
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12. [Note maximale : 5]

Un ballon sphérique est gonflé de sorte que son volume augmente à un taux de 15 cm3 s-1.

(a) Trouvez le rayon du ballon lorsque son volume est de 288 p cm3. [2]

(b) À partir de là ou par toute autre méthode, trouvez le taux de variation du rayon à 
cet instant. [3]
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13. [Note maximale : 7]

Les matrices P �
�

�
�

�

�
�

3 1

0 2
 et Q �

��

�
�

�

�
�

4 1

1 3
 représentent deux transformations.

Un triangle  T  est transformé par  P , et cette image est ensuite transformée par  Q  pour 
former un nouveau triangle,  T ′ .

(a) Trouvez la matrice unique qui représente la transformation  T ′ → T , qui annulera 
la transformation décrite ci-dessus. [4]

L’aire de  T ′  est de 273 cm2.

(b) En utilisant votre réponse à la partie (a) ou par toute autre méthode, déterminez 
l’aire de  T . [3]
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14. [Note maximale : 8]

Dans cette question,  i  désigne un vecteur unitaire plein est, et   j  désigne un vecteur unitaire 
plein nord.

Deux navires, A et B, se déplacent chacun à des vitesses constantes.

Le vecteur-position du navire A, au temps  t  heures, est donné par  rA = (1 + 2t) i + (3 - 3t)  j .

Le vecteur-position du navire B, au temps  t  heures, est donné par  rB = (-2 + 4t) i + (-4 + t)  j .

(a) Trouvez le relèvement sur lequel le navire A navigue. [3]

(b) Trouvez la valeur de  t  pour laquelle le navire B est directement au sud du navire A. [2]

(c) Trouvez la valeur de  t  pour laquelle le navire B est directement au sud-est du navire A. [3]
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15. [Note maximale : 6]

Un échantillon aléatoire de huit paquets de grains de café Apollo est sélectionné sur une 
étagère de supermarché.

Les poids des grains de café contenus dans chaque paquet sont les suivants :

222 g   226 g   221 g   228 g   227 g   225 g   222 g    223 g

(a) (i)  Trouvez une estimation non biaisée du poids moyen des grains de café dans un 
paquet de café Apollo.

(ii) Calculez un intervalle de confiance pour la moyenne de la population, au niveau 
de confiance de 95 %. Donnez votre réponse à quatre chiffres significatifs. [3]

(b) Indiquez une hypothèse que vous avez faite pour que votre intervalle soit valide. [1]

(c) L’étiquette de chaque paquet comporte une description qui comprend la phrase : 
« contient 226 g de grains de café. »

En utilisant votre réponse à la partie (a)(ii), commentez brièvement l’affirmation 
sur l’étiquette. [2]
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16. [Note maximale : 9]

Le diagramme suivant montre des parties des courbes de  y = cos x  et y
x

=
2

.

P est le point d’intersection entre les deux courbes.

x

y

P

0
0

0,5

1

0,5 1

(a) Utilisez votre calculatrice à écran graphique pour trouver les coordonnées de P. [2]

La région grisée subit une rotation de 360 autour de l’axe des ordonnées pour former 
un solide de révolution  V .

(b) Exprimez  V  comme la somme de deux intégrales définies. [5]

(c) À partir de là, trouvez le volume de  V . [2]
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17. [Note maximale : 6]

Considérez l’équation différentielle

x
y

x

x

y
2 1

2 2
�� � �

�
d

d
, pour  x ≥ 0 ,  y ≥ 1 ,

où  y = 1  lorsque  x = 0 .

(a) Expliquez pourquoi la méthode d’Euler ne peut pas être utilisée pour trouver une valeur
approximative pour  y  lorsque  x = 0,1 . [1]

(b) En résolvant l’équation différentielle, montrez que y
x

� �
�� �

1
1

2

2ln
. [4]

(c) À partir de là, déduisez la valeur de  y  lorsque  x = 0,1 . [1]
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8 de mayo de 2023

Zona A tarde Zona B mañana Zona C tarde

2 horas

Matemáticas: Aplicaciones e Interpretación
Nivel Superior
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la máxima 
puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las respuestas 
deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados obtenidos 
con calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido para 
su obtención. Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar 
aproximadamente el mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, 
podrán otorgarse algunos puntos si el método empleado es correcto, siempre que aparezca por escrito. 
Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 7]

Un jugador de baloncesto lanza el balón. La altura a la que está el balón se puede modelizar mediante

h (t) = -4,75t 2 + 8,75t + 1,5 ,  t ≥ 0 ,

donde  h  es la altura sobre el nivel del suelo a la que está el balón (en metros) y  t  es el 
tiempo transcurrido (en segundos) desde que se lanzó el balón.

(a) Halle el tiempo que tarda el balón en alcanzar la altura máxima. [2]

(b) Suponiendo que ningún jugador coge el balón, halle el tiempo que tarda el balón en 
tocar el suelo. [2]

Hay otro jugador que coge el balón justo cuando está a una altura de 1,2 metros.

(c) Halle el valor de  t  cuando este otro jugador coge el balón. [2]

(d) Escriba una limitación que tenga el uso de  h (t)  para modelizar la altura del balón. [1]
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2. [Puntuación máxima: 4]

Una empresa que es dueña de muchos restaurantes quiere averiguar si existen diferencias 
en la calidad de los platos que se preparan para tres tipos de comidas distintas: desayuno, 
almuerzo y cena.

El equipo de control de calidad de la empresa elige al azar 500 platos para analizarlos. 
La calidad de cada plato se clasifica como perfecta, satisfactoria o deficiente. Los datos 
recogidos están resumidos en la siguiente tabla.

Calidad

Perfecta Satisfactoria Deficiente Total

Comida

Desayuno 101 124  7 232

Almuerzo  68  81  5 154

Cena  35  69 10 114

Total 204 274 22 500

Se realiza una prueba  χ 2  a un nivel de significación del 5 % para determinar si hay pruebas 
significativas de que exista una diferencia en la calidad de los platos que se preparan para 
esas tres tipos de comidas.

Para esta prueba, el valor crítico es 9,488.

Las hipótesis para esta prueba son las siguientes:
H0: La calidad de los platos y el tipo de comida son independientes.
H1: La calidad de los platos y el tipo de comida no son independientes.

(a) Halle el estadístico  χ 2. [2]

(b) Indique, aportando una justificación, cuál es la conclusión de esta prueba. [2]

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)
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3. [Puntuación máxima: 7]

En el siguiente diagrama de Venn se representan dos sucesos independientes:  R  y  S . 
Los valores que aparecen en el diagrama indican probabilidades.

U

R

y

S

0,2 0,6x

(a) Halle el valor de  x . [3]

(b) Halle el valor de  y . [2]

(c) Halle P( )′ ′R S . [2]
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4. [Puntuación máxima: 6]

Angel ha ahorrado 520 $. Angel se plantea invertir ese dinero metiéndolo durante 5 años en 
un banco. El banco le ofrece un tipo de interés anual del 1,2 % compuesto trimestralmente.

(a) Calcule cuánto dinero tendría Angel al final de esos 5 años si metiera el dinero en el 
banco. Dé la respuesta redondeando a dos cifras decimales. [3]

En lugar de invertir el dinero, Angel decide comprarse un teléfono que cuesta 520 $. Al 
final de esos 5 años, el teléfono tendrá un valor de 30 $. Se puede suponer que la tasa de 
depreciación anual es constante.

(b) Calcule la tasa de depreciación anual del teléfono. [3]
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5. [Puntuación máxima: 6]

Las longitudes de las semillas procedentes de un árbol de mangos en particular siguen 
aproximadamente una distribución normal de una media de 4 cm y desviación típica igual a 
0,25 cm.

Se coge al azar una semilla de este árbol de mangos.

(a) Calcule la probabilidad de que la longitud de esa semilla sea menor que 3,7 cm. [2]

Se sabe que el 30 % de las semillas tienen una longitud mayor que  k cm.

(b) Halle el valor de  k . [2]

Para una semilla de longitud d cm elegida al azar,  P (4 - m < d < 4 + m) = 0,6 .

(c) Halle el valor de  m . [2]
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Véase al dorso

6. [Puntuación máxima: 5]

Ruhi se compra una bola de helado que tiene forma de esfera de 3,4 cm de radio. El helado 

se sirve en un cono; y se puede suponer que 
1

5
 del volumen del helado está metido dentro 

del cono. Toda esta información se representa en la siguiente figura.

la figura no está dibujada a escala

3,4

(a) Calcule el volumen de helado que no está dentro del cono. [3]

El cono tiene una generatriz de 11 cm y un radio de 3 cm.

El exterior del cono está cubierto de chocolate.

(b) Calcule el área de la superficie del cono que está cubierta de chocolate. Dé la 
respuesta redondeando al número entero de cm2 más próximo. [2]
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7. [Puntuación máxima: 6]

Akar consigue un trabajo en Australia y, para ir a trabajar, tiene que viajar a diario desde 
Wollongong a Sídney, ida y vuelta. Va al trabajo 28 días consecutivos y, por lo tanto, hace 56 
viajes. Akar hace todos los viajes en autobús.

La probabilidad de que, en un viaje dado, consiga un asiento en el autobús es 0,86.

(a) Determine, para esos 56 viajes, el número esperado de viajes en los que Akar 
consigue un asiento en el autobús. [1]

(b) Halle la probabilidad de que Akar consiga un asiento en al menos 50 de los viajes que 
hace en esos 28 días. [3]

La probabilidad de que Akar consiga un asiento en un máximo de  n  viajes es al menos 0,25.

(c) Halle el valor más pequeño posible de  n . [2]
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Véase al dorso

8. [Puntuación máxima: 7]

El siguiente grafo no ponderado y orientado representa, de manera simplificada, la red de 
carreteras de una isla que conecta cinco pequeños pueblos identificados con las letras A a E.

E B

C

D

A

(a) Construya la matriz de adyacencia  (M)  correspondiente a esta red. [3]

Beatriz, la conductora del autobús, empieza en el pueblo E y conduce por siete pueblos,  
de modo que el séptimo pueblo es A.

(b) (i)  Determine cuántas rutas distintas podría haber seguido Beatriz para ir de  
E a A.

(ii) Describa una de esas posibles rutas que podría haber seguido Beatriz, 
enumerando —en orden— todos los pueblos por los que pasaría. [4]
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9. [Puntuación máxima: 9]

En un club de atletismo, Sung-Jin realiza una prueba para determinar si existe alguna 
relación entre la edad del atleta y su mejor tiempo en la carrera de 100 m. Se elige al azar 
ocho atletas, cuyos datos se muestran a continuación.

Atleta A B C D E F G H

Edad (años) 13 17 22 18 19 25 11 36

Tiempo (segundos) 13,4 14,6 13,4 12,9 12,0 11,8 17,0 13,1

Sung-Jin decide calcular el coeficiente de correlación por rangos de Spearman para este 
conjunto de datos.

(a) Complete la tabla de rangos.  [2]

Atleta A B C D E F G H

Rango de edades 3

Rango de tiempos 1

(b) Calcule el coeficiente de correlación por rangos de Spearman ( rs ). [2]

(c) Interprete este valor de  rs  en el contexto de la pregunta. [1]

(d) Sugiera una razón matemática por la cual Sung-Jin puede que haya decidido no 
utilizar el coeficiente de correlación momento-producto de Pearson con los datos 
de la tabla original. [1]

(e) (i)  Halle el coeficiente de determinación para los datos de la tabla original.

(ii) Interprete este valor en el contexto de la pregunta.  [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 9: continuación)
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10. [Puntuación máxima: 6]

Una empresa de chocolates tiene previsto elaborar barras de chocolates con sabores 
especiales. Hacen una encuesta entre 246 personas para determinar si hay alguna 
preferencia particular por alguno de los sabores.

En la siguiente tabla se muestra la información que han recogido.

Chile picante Crujiente de almendra Té con especias Jengibre y lima

75 59 46 66

Se lleva a cabo una prueba de bondad de ajuste χ2 a un nivel de significación del 5 % sobre 
los datos.

El valor crítico para esta prueba es 7,82.

(a) Indique la hipótesis nula y la hipótesis alternativa para esta prueba. [2]

(b) Realice la prueba y dé una conclusión en contexto. [4]
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Véase al dorso

11. [Puntuación máxima: 6]

Se combinan dos fuentes eléctricas de corriente alterna (AC) de igual frecuencia.

El voltaje de la primera fuente se puede modelizar mediante la ecuación  V = 30 sen (t + 60) .

El voltaje de la segunda fuente se puede modelizar mediante la ecuación  V = 60 sen (t + 10) .

(a) Determine el voltaje máximo de la combinación de esas dos fuentes. [2]

(b) Utilizando la calculadora de pantalla gráfica, halle una ecuación que exprese el voltaje 
combinado; dé la respuesta en la forma  V = V0 sen (at + b) , donde  a ,  b  y  V0  son 
constantes,  a > 0  y  0 ≤ b < 180 . [4]
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12. [Puntuación máxima: 5]

Un globo esférico se infla de modo tal que su volumen va aumentando a un ritmo de 15 cm3 s-1.

(a) Halle el radio que tiene el globo cuando su volumen es 288 p cm3. [2]

(b) A partir de lo anterior (o de cualquier otro modo alternativo), halle la razón de cambio 
del radio en ese instante. [3]
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Véase al dorso

13. [Puntuación máxima: 7]

Las matrices P �
�

�
�

�

�
�

3 1

0 2
 and Q �

��

�
�

�

�
�

4 1

1 3
 representan dos transformaciones.

Un triángulo T  se transforma mediante  P  y, a continuación, esta imagen se transforma 
mediante  Q  para dar lugar a un nuevo triángulo  T ′ .

(a) Halle la matriz que representa toda la transformación  T ′ → T , con la que se deshace 
la transformación descrita anteriormente. [4]

El área de  T ′  es igual a 273 cm2.

(b) Utilizando la respuesta dada en el apartado (a) (o de cualquier otro modo alternativo), 
determine el área de  T . [3]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

24EP17



– 18 – 2223 – 7221

14. [Puntuación máxima: 8]

En esta pregunta,  i  denota un vector unitario que apunta al este y   j  denota un vector 
unitario que apunta al norte.

Dos barcos (A y B) se están moviendo ambos con velocidad constante.

El vector de posición del barco A, en el tiempo  t  horas, es  rA = (1 + 2t) i + (3 - 3t)  j .

El vector de posición del barco B, en el tiempo  t  horas, es  rB = (-2 + 4t) i + (-4 + t)  j .

(a) Halle el rumbo con la que está navegando el barco A.  [3]

(b) Halle el valor de  t  cuando el barco B está directamente al sur del barco A. [2]

(c) Halle el valor de  t  cuando el barco B está directamente al sureste del barco A. [3]
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Véase al dorso

15. [Puntuación máxima: 6]

De un estante del supermercado se toma una muestra aleatoria compuesta por ocho 
paquetes de café en grano Apollo.

Los pesos del café en grano que contiene cada paquete son los siguientes:

222 g   226 g   221 g   228 g   227 g   225 g   222 g    223 g

(a) (i)  Halle un estimador sin sesgo de la media del peso del café en grano que 
contiene un paquete de café Apollo.

(ii) Calcule un intervalo de confianza del 95 % para la media de la población. Dé la 
respuesta redondeando a cuatro cifras significativas. [3]

(b) Indique una suposición que haya hecho para que ese intervalo sea válido. [1]

(c) En la etiqueta de cada paquete hay una descripción que incluye la frase:  
“contiene 226 g de café en grano”.

Utilizando la respuesta del apartado (a)(ii), comente brevemente la afirmación que se 
hace en la etiqueta. [2]
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16. [Puntuación máxima: 9]

La figura que aparece a continuación muestra una parte de las curvas of  y = cos  x  e y
x

=
2

.

P es el punto de intersección de las dos curvas.

x

y

P

0
0

0,5

1

0,5 1

(a) Utilice la calculadora de pantalla gráfica para hallar las coordenadas de P. [2]

La región sombreada se rota 360 alrededor del eje  y, generando así el volumen de revolución  V .

(b) Exprese  V  como la suma de dos integrales definidas. [5]

(c) A partir de lo anterior, halle el valor de  V . [2]
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17. [Puntuación máxima: 6]

Considere la siguiente ecuación diferencial:

x
y

x

x

y
2 1

2 2
�� � �

�
d

d
, para  x ≥ 0 ,  y ≥ 1 ,

donde  y = 1  para  x = 0 .

(a) Explique por qué no se puede utilizar el método de Euler para hallar un valor
aproximado de  y  para  x = 0,1 . [1]

(b) Resolviendo la ecuación diferencial, muestre que y
x

� �
�� �

1
1

2

2ln
. [4]

(c) A partir de lo anterior, deduzca el valor de  y  para  x = 0,1 . [1]
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Instructions to candidates
 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 13]

The mean annual temperatures for Earth, recorded at fifty-year intervals, are shown in the table.

Year (x) 1708 1758 1808 1858 1908 1958 2008 

Temperature °C (y) 8.73 9.22 9.10 9.12 9.13 9.45 9.76 

Tami creates a linear model for this data by finding the equation of the straight line passing 
through the points with coordinates  (1708, 8.73)  and  (1958, 9.45) . 

(a) Calculate the gradient of the straight line that passes through these two points. [2]

(b) (i)  Interpret the meaning of the gradient in the context of the question.

(ii) State appropriate units for the gradient. [2]

(c) Find the equation of this line giving your answer in the form  y = mx + c . [2]

(d) Use Tami’s model to estimate the mean annual temperature in the year 2000. [2]

Thandizo uses linear regression to obtain a model for the data.

(e) (i)  Find the equation of the regression line  y  on  x .

(ii) Find the value of r, the Pearson’s product-moment correlation coefficient. [3]

(f) Use Thandizo’s model to estimate the mean annual temperature in the year 2000. [2]
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2. [Maximum mark: 15]

The depth of water,  w  metres, in a particular harbour can be modelled by the 
function  w (t ) =a cos (bt) + d  where  t  is the length of time, in minutes, after 06:00. 

On 20 January, the first high tide occurs at 06:00, at which time the depth of water is  18 m . 
The following low tide occurs at 12:15 when the depth of water is  4 m . This is shown in 
the diagram.

20

4

w (t)

t0
0

16

12

8

60 120 180 240 300 360 420 480

(a) Find the value of  a . [2]

(b) Find the value of  d .  [2]

(c) Find the period of the function in minutes.  [3]

(d) Find the value of  b . [2]

Naomi is sailing to the harbour on the morning of 20 January. Boats can enter or leave the 
harbour only when the depth of water is at least  6 m . 

(e) Find the latest time before 12:00, to the nearest minute, that Naomi can enter the harbour. [4]

(f) Find the length of time (in minutes) between 06:00 and 15:00 on 20 January during 
which Naomi cannot enter or leave the harbour.  [2]
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3. [Maximum mark: 17] 

A large international sports tournament tests their athletes for banned substances. 
They interpret a positive test result as meaning that the athlete uses banned substances. 
A negative result means that they do not.

The probability that an athlete uses banned substances is estimated to be  0.06 .

If an athlete uses banned substances, the probability that they will test positive is  0.71 . 

If an athlete does not use banned substances, the probability that they will test negative is  0.98 .

(a) Using the information given, copy (into your answer booklet) and complete the 
following tree diagram. [2]

tests positive

tests negative

tests positive

tests negative

does not 
use banned 
substances

uses banned 
substances

0.710.06

(b) (i)  Determine the probability that a randomly selected athlete does not use banned 
substances and tests negative.

(ii) If two athletes are selected at random, calculate the probability that both athletes 
do not use banned substances and both test negative. [4]

(c) (i)  Calculate the probability that a randomly selected athlete will receive an 
incorrect test result.

(ii) A random sample of  1300  athletes at the tournament are selected for testing. 
Calculate the expected number of athletes in the sample that will receive an 
incorrect test result.  [5]

Team X are competing in the tournament. There are 20 athletes in this team. It is known that 
none of the athletes in Team X use banned substances. 

(d) Calculate the probability that none of the athletes in Team X will test positive.  [4]

(e) Determine the probability that more than 2 athletes in Team X will test positive. [2]
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4. [Maximum mark: 17]

The vertices in the following graph represent seven towns. The edges represent their
connecting roads. The weight on each edge represents the distance, in kilometres, between
the two connected towns.

C

E

GFD

A

B

7

11

13
35

5

46
7

8

5

6

(a) Determine whether it is possible to complete a journey that starts and finishes at
different towns that also uses each of the roads exactly once. Give a reason for
your answer. [2]

The shortest distance, in kilometres, between any two towns is given in the table.

A B C D E F G

A 6 8 5 11 9 19

B 6 12 5 7 3 13

C 8 12 7 7 a b 

D 5 5 7 6 5 c  

E 11 7 7 6 4 11

F 9 3 a 5 4 d

G 19 13 b c 11 d

(This question continues on the following page)
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(Question 4 continued)

(b) Find the value of

(i) a ;

(ii) b ;

(iii) c ;

(iv) d . [2]

(c) Use the nearest neighbour algorithm, starting at vertex  G , to find an upper bound for
the travelling salesman problem. [3]

(d) (i)  Sketch a minimum spanning tree for the subgraph with vertices  A, B, C, D, E, F .

(ii) Write down the total weight of the minimum spanning tree. [4]

(e) Hence find a lower bound for the travelling salesman problem. [2]

(f) Explain one way in which an improved lower bound could be found. [1]

It is found that the optimum solution starting at  A  is actually  A–C–E–G–B–F–D–A .

(g) Given that the length of each road shown on the graph is given to the nearest
kilometre, find the lower bound for the total distance in the optimal solution. [3]
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5. [Maximum mark: 15]

Goran is interested in the number of sightings of a particular bird each week in the 50 weeks
following the first day of September. He collects some data which is shown in the table.

Number of 
sightings 0 1 2 3 4 5

More than 
5

Number of 
weeks 8 16 13 8 3 2 0

The sample mean number of sightings per week for this data is  1.76 .

(a) Calculate the unbiased estimate of the population variance of sightings per week. [3]

Goran believes that the data follows a Poisson distribution.

(b) State why your answer to part (a) supports Goran’s belief. [1]

Goran decides to test at the  5 %  significance level to see if his belief is correct.

His null hypothesis is  X ~ Po (m) , where the random variable,  X , is defined as the number of 
sightings per week.

Goran estimates parameter  m  to be the mean of the sample,  1.76 . He calculates the 
expected frequencies for sightings per week in the 50 weeks after the first day of September. 
These are shown to two decimal places in the following table.

Number of 
sightings 0 1 2 3 4 5 or more

Expected 
frequencies 8.60 15.14 13.32 7.82 j k

(c) Find the value of

(i) j ;

(ii) k . [5]

(d) State a reason why Goran should combine groups to conduct his significance test. [1]

(e) Write down the degrees of freedom for the test. [1]

(f) Find the  p-value for the test. [2]

(g) State the conclusion of the test. Justify your answer. [2]
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6. [Maximum mark: 15]

A model speedboat has its position, at time  t  seconds  t ≥ 0 , defined by

d

d

x

t
y x� �5 005. , 

d

d

y

t
x y� � �5 005. ,

where  x  metres is the distance east and  y  metres is the distance north of a fixed point  O .

(a) Find the eigenvalues of A �
�
� �

�

�
�

�

�
�

0 05 5

5 005

.

.
, giving your answers in the form  a + bi , 

where  a ≠ 0 ,  b ≠ 0 . [4]

(b) (i)  State what  a ≠ 0  indicates about the path of the speedboat.

(ii) State what the sign of  a  indicates about the path of the speedboat. [2]

At time  t = 0 , the speedboat has position  (20, 0) .

(c) At time  t = 0 , find the value of

(i) 
d

d

y

t
.

(ii) 
d

d

y

x
. [5]

(d) Use your answers to parts (b) and (c) to sketch the path of the model speedboat. [4]
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7. [Maximum mark: 18]

A trapezoid, Q, has vertices  (0, -1) ,  (0, -2) ,  (sin 15°, -3-cos 15°) , (sin 15°, -1-cos 15°)  as shown.

1−1

1

0

−1

−3

−4

−2

y

x

(a) Show that the area of the trapezoid is 
3

2
15sin  . [2]

A design is created with 24 elements. Each element is obtained by transforming the 
trapezoid  Q . These elements are shaded in the following diagram such that the  y-axis is a 
line of symmetry.

(This question continues on the following page)
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(Question 7 continued)

The transformation that produces each of the elements on the right side of the design can 
be represented by a matrix of the form 

Mk

k
k

k
k

k
�

��
�
�

�
�
� �� � � ��

�
�

�
�
� �� �

��
�
�

�
�
�

1
12

15 1
12

15

1
12

cos sin

s

 

iin cosk
k

k�� � ��
�
�

�
�
� �� �

�

�

�
�
�
�

�

�

�
�
�
�15 1

12
15 

 

where  k = 0, 1, 2, 3,…, 11 .

(b) (i)  Find the matrix  M6 . Give your answer in the form
a b

c d

�

�
�

�

�
�  where  a, b, c, d ∈  .

(ii) Hence find the coordinates of the image of the vertex  (0, -1)  after it is
transformed by the matrix  M6 . [4]

The matrix  Mk  can be expressed as the product of a rotation matrix and an enlargement matrix.

(c) Write down, in terms of  k ,

(i) the rotation matrix;

(ii) the enlargement matrix;

(iii) the angle of the rotation;

(iv) the scale factor of the enlargement. [4]

(d) Using your answer to part (c)(iv), or otherwise, find the determinant of the matrix  Mk  in 
terms of  k . [2]

(e) Hence, or otherwise, find the total area of the elements in the whole design. [4]

Each element on the left side of the design can be obtained through a transformation of the 
trapezoid Q by applying the matrix  Nk , where  k = 0, 1, 2, 3,…, 11 .

(f) Write down the matrix  Nk  as a product of two matrices. [2]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M 
marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous 
parts, for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be
checked, and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1
for an attempt to use an appropriate method (e.g. substitution into a formula) and A1
for using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is
a note.

• The response to a “show that” question does not need to restate the AG line, unless
a Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working
even if this working is incorrect and/or suggests a misunderstanding of the question.
This will encourage a uniform approach to marking, with less examiner discretion.
Although some candidates may be advantaged for that specific question item, it is likely
that these candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is
used in a subsequent part.  For example, when a correct exact value is followed by
an incorrect decimal approximation in the first part and this approximation is then used
in the second part. In this situation, award FT marks as appropriate but do not award
the final A1 in the first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work 
is seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) 
used in part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award 
FT marks, there must be working present and not just a final answer based on an 
incorrect answer to a previous part. However, if all the marks awarded in a subsequent 
part are for the answer or are implied, then FT marks should be awarded for their 
correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent 
parts, where the markscheme for the subsequent part is (M1)A1, it is possible to 
award full marks for their correct answer, without working being seen. For longer 
questions where all but the answer marks are implied this rule applies but may be 
overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded
for work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to
award fewer FT marks, by reflecting on what each mark is for and how that maps to
the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 =

, non-integer value where integer required), do not award the mark(s) for the final
answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given

in the question, it is not appropriate to award any FT marks in the subsequent parts.
This includes when candidates fail to complete a “show that” question correctly, and
then in subsequent parts use their incorrect answer rather than the given value.
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• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-
read (MR).  A candidate should be penalized only once for a particular misread.  Use 
the MR stamp to indicate that this has been a misread and do not award the first mark, 
even if this is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to
award fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = ,
non-integer value where integer required), do not award the mark(s) for the
final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be
scored in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working
and incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless 
the question specifies a method, other correct methods should be marked in line with 
the markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then 
alternative methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation,
provided the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be
written in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not
all equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the 
answer to the required accuracy. If the level of accuracy is not stated in the question, 
the general rule applies to final answers: unless otherwise stated in the question all 
numerical answers must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the 
exact value, however candidates may also use the correct answer to 3 sf in 
subsequent parts.  The markscheme will often explicitly include the subsequent values 
that come “from the use of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using 
good mathematical form. In general, for an A mark to be awarded, arithmetic should 
be completed, and any values that lead to integers should be simplified; for example,

25

4
 should be written as 

5

2
.  An exception to this is simplifying fractions, where 

lowest form is not required (although the numerator and the denominator must be 

integers); for example, 
10

4
may be left in this form or written as 

5

2
. However, 

10

5
should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as 
addition and multiplication, e.g. 2 34e ex x  should be simplified to 54e x , and 

2 3 4  4e e e ex x x x −   should be simplified to 53e x . Unless specified in the question, 
expressions do not need to be factorized, nor do factorized expressions need to be 
expanded, so ( 1)x x+  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has 
used any calculator not approved for IB DP examinations (eg CAS enabled devices), 
please follow the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that
work unless an explicit note from the candidate indicates that they would like the work
to be marked.

More than one solution:  Where a candidate offers two or more different answers to
the same question, an examiner should only mark the first response unless the
candidate indicates otherwise.  If the layout of the responses makes it difficult to judge,
examiners should apply appropriate discretion to judge which is “first”.
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1. (a)
9.45 8.73

1958 1708

−

−
 (M1) 

0.00288=  
9

3125
 
 
 

 A1 

[2 marks] 

(b) (i) the (mean) yearly change in (mean annual) temperature A1 

Note: Accept equivalent statements, e.g. “rate of change of temperature”. 

(ii) C / year OR degrees C per year A1 

Note: Do not follow through from part (b)(i) into (b)(ii). 

[2 marks] 

(c) attempt to substitute point and gradient into appropriate formula (M1) 

8.73 0.00288 1708 3.81096...c c=  +  =

or

9.45 0.00288  1  958 3.81096c c=  +  = .

equation is 0.00288 3.81y x= +  A1 

[2 marks] 

(d) attempt to substitute 2000 into their part (c) (M1) 

0.00288 2000 3.81096... +

9.57 ( C) (9.57096...)= A1 

[2 marks] 

continued… 
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Question 1 continued 

(e) (i)  0.00256 4.46y x= +   ( 0.00255714... 4.46454...x + ) (M1)A1 

Note: Award (M1)A0 for answers that show the correct method, but are presented 

incorrectly (e.g. no “ y = ” or truncated values etc.). Accept 4.465 as the correct 

answer to 4 sf. 

(ii) 0.861 ( 0.861333... ) A1 

[3 marks] 

(f) attempt to substitute 2000 into their part (e)(i) (M1) 

0.00255714... 2000 4.46454... +

9.58( C) (9.57882...( C))= A1 

Note: Award A1 for 9.57 from 0.00255714 2000 4.46 + . 

[2 marks] 

[Total: 13 marks] 
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2. (a)
18 4

2

−
(M1) 

( ) 7a = A1 

[2 marks] 

(b) 
18 4

2

+
  OR  18 7−  OR  4 7+  (M1) 

( ) 11d =   A1 

[2 marks] 

(c) (time between high and low tide is) 6h15m  OR  375 minutes (A1) 

multiplying by 2 (M1) 

750 minutes A1 

[3 marks] 

(d) EITHER

360
750

b
= (A1) 

OR 

7cos( 375) 11 4b + =  (A1) 

THEN 

( ) 0.48b = A1 

Note: Award A1A0 for an answer of
2

0.00837758...
750 375

  
= = 
 

. 

[2 marks] 

(e) equating their cos function to 6  OR  graphing their cos function and 6 (M1) 

7cos(0.48 ) 11 6t + =  

282.468...t =  (minutes) (A1) 

4.70780...= (hr)  OR  4hr 42 mins  (4hr 42.4681… mins) (A1) 

so the time is 10 : 42  A1

 [4 marks] 

continued… 
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Question 2 continued 

(f) next solution is 467.531...t = (A1) 

467.531... 282.468...−

185 (mins) (185.063...) A1 

 [2 marks] 

[Total: 15 marks] 
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3. (a)

A1A1 

Note: Award A1 for any one value correct, A1 for other three values correct. Accept 

percentage responses as equivalent forms on all branches. 

[2 marks] 

(b) (i) multiplication of two probabilities along the tree diagram (M1) 

0.94 0.98   

( )0.921   0.9212, 92.1%, 92.12%= A1 

(ii) 20.9212)( (A1) 

( )0.849   0.848609 , 84.9%, 84.8609...%=   A1 

[4 marks] 

 continued… 
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Question 3 continued 

(c) (i) 0.94 0.02 0.06 0.29 +   (A1)(M1) 

Note:    Award A1 for two correct products from their tree diagram seen, M1 for the addition 

of their two products. 

0.0362  (3.62%)      A1 

(ii) multiplying their part (c)(i) by 1300

0.0362 1300 (M1) 

47.1 ( )47.06 A1 

[5 marks] 

(d) p = 0.02  OR  p = 0.98 (A1) 

recognition of binomial probability with 20n = (M1) 

P( 0)X = OR  P( 20)X =  (M1) 

0.668 (0.667607...)  A1 

Note:  Award (A1)(M1)(M1)A0 for an answer of 0.667 . 

  200.98 0.668 (0.667607 )=   is awarded full marks. 

[4 marks] 

(e) P( 3)X  OR P( 17)X  (M1) 

0.00707 (0.00706869...) A1 

Note:  Award (M1)A0 for an answer of 0.00706. Award (M1)A0 for an answer 

of 0.0599 (0.0598989…), obtained from the use of P( 2)X  . 

FT from their value of p in part (d) 

 [2 marks] 

  [Total: 17 marks] 
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4. (a) there are more than two vertices with odd degree  R1 

so it is not possible to travel along each road exactly once A1 

Note:  Do not award R0A1. 

Award R1 for “There are 4 vertices with odd degree”. 

[2 marks] 

(b) 11a = , 18b = , 17c = , 15d = A2 

Note:  Award A1 for any one correct, A2 for all four correct. 

[2 marks] 

(c) attempt to use nearest neighbour algorithm (M1) 

Note:  Award M1 for first 3 vertices correct or 11, 4, 3 seen. 

G E F B D A C( E) G− − − − − − − − OR 11 4 3 5 5 8 their b+ + + + + + (A1) 

upper bound 54 (km)=  A1 

[3 marks] 

continued… 
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Question 4 continued 

(d) (i) a diagram of any spanning tree of the subgraph ABCDEF (A1) 

attempt at Kruskal’s algorithm or Prim’s algorithm (M1) 

e.g. edges BF (3), EF (4) and an edge of length 5 listed or seen in any

spanning tree 

 OR   OR 

 OR A1 

(ii) 24 (km) A1 

Note:  FT from their sketch, only if it is a spanning tree. It is not required to see the 

edge lengths on the sketch, since they are given in the question. 

[4 marks] 

continued… 
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Question 4 continued 

(e) adding vertex G’s two shortest edges to their part (d)(ii) (M1) 

24 11 13+ +

48= A1 

[2 marks] 

(f) try removing a different vertex A1 

[1 mark] 

(g) recognize 7 edges in optimum route (M1) 

Note:  Award M1 for a total length of 52 seen. 

subtracting 0.5edges from 52 (M1) 

52 7 0.5−   

48.5 (km)=  A1 

 [3 marks] 

[Total: 17 marks] 
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5. (a) ( )1 1.30243...ns − =  (M1)(A1) 

( )1.70 1.69632 A1 

Note:  Award (M1)A0A0 for a value of ( ) 1.28934...ns =  or 2( ) 1.6624ns =  seen. 

[3 marks] 

(b) the variance and the mean are similar R1 

Note:  Do not accept a general statement “the variance and the mean are equal” 

unless their answer in part (a) is 1.76 . 

[1 mark] 

(c) (i) attempt to find P( 4)X = under the null hypothesis ( )0.0687830...= (M1) 

multiplying by 50 (M1) 

3.44j = ( )3.43915... A1 

(ii) EITHER

attempt to find P( 5)X   under the null hypothesis and multiply by 50 (M1)

OR 

50 (8.60 15.14 13.32 7.82 3.44)− + + + +     ( 5.12 3.44)= −  (M1) 

THEN 

1.68k = (1.67925...) A1 

[5 marks] 

(d) there are expected frequencies less than 5 A1 

[1 mark] 

 continued… 
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Question 5 continued 

(e) 3 A1 

[1 mark] 

(f) 0.991 (0.991187) (M1)A1 

Note:  Award M1 for a table of observed and expected frequencies with columns for 

4 and 5 or more combined. 

[2 marks] 

(g) 99% 5% R1 

EITHER 

so there is insufficient evidence to reject H0. A1 

OR 

we accept that the number of sightings follows a Poisson distribution A1 

Note:  Do not award R0A1. 

A p-value must be seen in part (f) to award FT. 

 [2 marks] 

[Total: 15 marks] 
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6. (a) attempt to solve det( ) 0A I− = (M1) 

2( 0.05 ) 25 0− − + =  (A1) 

0.05 5i− − =  (A1) 

0.05 5i = −  A1 

[4 marks] 

(b) (i) spiral A1 

(ii) inwards / towards O A1 

[2 marks] 

(c) (i) attempt to substitute ( )20,  0 into expression for
d

d

y

t
(M1) 

5(20) 0.05(0)− −

1d
100 (ms )

d

y

t
−= − A1 

(ii) 
d

1
d

x

t
= − (A1) 

d d d

d d d

y y x

x t t
=  OR  

d d d

d d d

y y t

x t x
=  (M1) 

( 100 1 ) 100= − − = A1 

[5 marks] 

 continued… 
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Question 6 continued 

(d) 

A4 

Note:  Award A1 for starting at ( )20,  0 , A1 for spiral inwards, A1 for clockwise, A1 

for non-negative gradient at ( )20,  0 . 

 [4 marks] 

[Total: 15 marks] 
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7. (a) using area of trapezoid formula M1 

1 2
sin (15 )

2

+
 A1 

3
sin (15 )

2
= AG 

[2 marks] 

(b) (i) 6

1 1
cos90 sin90

2 2
1 1

sin90 cos90
2 2

 
− 

=  
 
 
 

M (M1) 

1
0

2
1

0
2

 
− 

=  
 
 
 

A1 

(ii) multiplying their part (b)(i) and point ( )0, -1 (in any order) M1 

1
0 02
1 1

0
2

 
−   

   
−  

 
 

1
, 0

2
 
 
 

A1 

[4 marks] 

 continued… 
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Question 7 continued 

(c) (i)
( ) ( )

( ) ( )

cos 15 sin 15

sin 15 cos 15

k k

k k

  − 
 
  
 

A1 

(ii) 
1 0

12

0 1
12

k

k

 
− 

 
 − 
 

A1 

(iii) 15k A1 

(iv) 1
12

k
− A1 

[4 marks] 

(d) METHOD 1  (using part (c)(iv))
2

1
12

k 
− 

 
A2 

METHOD 2 (using full matrix Mk)

( ) ( )

( ) ( )

1 cos 15 1 sin 15
12 12

1 sin 15 1 cos 15
12 12

k k
k k

k k
k k

    
−  − −     

    
    

−  −     
    

( ) ( )
2 2

2 21 cos 15 1 sin 15
12 12

k k
k k   

= −  + −    
   

(M1) 

( ) ( )( )
2

2 21 cos 15 sin 15
12

k
k k 

= −  +  
 

2

1
12

k 
= − 
 

A1 

[2 marks] 

 continued… 

Question 7 continued 
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(e) recognizing to multiply by 2 and by original area (M1) 

attempt to sum their answer to part (d), 0, 1,..., 11k = (M1) 

a correct expression (A1) 

e.g. 
2 2

2 11 1
0.776457... 1 ...

12 12

    
+ + +         

   OR    
211

0

3
2 1 sin15

12 2k

k

=

 
−  

 


OR 

211

0

1 0.776457...
12k

k

=

 
−  

 
  OR ( )

212

1

3
2 sin 15

12 2k

k

=

 
 

 


3.50 (3.50484...) (square units)

 Note:  Award at most M0(M1)(A1)A0 for an unsupported final answer of 

"1.75242..."  

(A1) 

[4 marks] 

(f) 
1 0

0 1k k

− 
=  
 

N M  A1A1 

Note:  Award A1A0 if correct matrices are written in the wrong order. 

 [2 marks] 

[Total: 18 marks] 
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Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [110 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should 
be supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 13]

The diagram shows points in a park viewed from above, at a specific moment in time.

The distance between two trees, at points A and B, is 6.36 m.

Odette is playing football in the park and is standing at point O, such that  OA = 25.9 m  
and  OÂB = 125 .

diagram not to scale

125
A

O

B6.36

25.9

(a) Calculate the area of triangle AOB. [3]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Odette’s friend, Khemil, is standing at point K such that he is 12 m from A and  KÂB = 45 .

diagram not to scale

A

O

B6.36

25.9

K

45

12

(b) Calculate Khemil’s distance from B. [3]

XY is a semicircular path in the park with centre A, such that  KÂY = 45 . Khemil is standing 
on the path and Odette’s football is at point X. This is shown in the diagram below.

diagram not to scale

A

O

K

12

X Y
45

The length  KX = 22.2 m ,  KÔX = 53.8  and  OK̂X = 51.1 .

(c) Find whether Odette or Khemil is closer to the football. [4]

Khemil runs along the semicircular path to pick up the football.

(d) Calculate the distance that Khemil runs. [3]
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2. [Maximum mark: 12]

A scientist is conducting an experiment on the growth of a certain species of bacteria.

The population of the bacteria,  P , can be modelled by the function

P (t) = 1200 × k t ,  t ≥ 0 ,

where  t  is the number of hours since the experiment began, and  k  is a positive constant.

(a) (i)   Write down the value of  P (0) .

(ii) Interpret what this value means in this context. [2]

3 hours after the experiment began, the population of the bacteria is 18 750.

(b) Find the value of  k . [2]

(c) Find the population of the bacteria 1 hour and 30 minutes after the experiment began. [2]

The scientist conducts a second experiment with a different species of bacteria. 
The population of this bacteria,  S , can be modelled by the function

S (t) = 5000 × 1.65t ,  t ≥ 0 ,

where  t  is the number of hours since both experiments began.

(d) Find the value of  t  when the two populations of bacteria are equal. [2]

It takes 2 hours and  m  minutes for the number of bacteria in the second experiment to 
reach 19 000.

(e) Find the value of  m , giving your answer as an integer value. [4]
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Turn over

3. [Maximum mark: 16]

A particular park consists of a rectangular garden, of area  A m2, and a concrete path
surrounding it. The park has a total area of 1200 m2.

The width of the path at the north and south side of the park is 2 m.

The width of the path at the west and east side of the park is 1.5 m.

The length of the park (along the north and south sides) is x metres,  3 < x < 300 .

diagram not to scale

(a) Show that A x
x

� � �1212 4
3600

. [5]

(b) Find the possible dimensions of the park if the area of the garden is 800 m2. [4]

(c) Find an expression for
d
d
A

x
. [3]

(d) Use your answer from part (c) to find the value of  x  that will maximize the area of
the garden. [2]

(e) Find the maximum possible area of the garden. [2]
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4. [Maximum mark: 19]

The following graph shows five cities of the USA connected by weighted edges representing
the cheapest direct flights in dollars ($) between cities.

Seattle

New York City

Dallas

Los Angeles

58

66

41

82
79

30 39

55

68
Chicago

(a) Explain why the graph can be described as “connected”, but not “complete”. [2]

(b) Find a minimum spanning tree for the graph using Kruskal’s algorithm.

State clearly the order in which your edges are added, and draw the tree obtained. [3]

(c) Using only the edges obtained in your answer to part (b), find an upper bound for the
travelling salesman problem. [2]

Ronald lives in New York City and wishes to fly to each of the other cities, before finally 
returning to New York City. After some research, he finds that there exists a direct flight 
between Los Angeles and Dallas costing $ 26. He updates the graph to show this.

(d) By using the nearest neighbour algorithm and starting at Los Angeles, determine a
better upper bound than that found in part (c).

State clearly the order in which you are adding the vertices. [3]

(This question continues on the following page)
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Turn over

(Question 4 continued)

(e) (i)   By deleting the vertex which represents Chicago, use the deleted vertex 
algorithm to determine a lower bound for the travelling salesman problem.

(ii) Similarly, by instead deleting the vertex which represents Seattle, determine 
another lower bound. [5]

(f) Hence, using your previous answers, write down your best inequality for the least 
expensive tour Ronald could take. Let the variable  C  represent the total cost, 
in dollars, for the tour. [2]

(g) Write down a tour that is strictly greater than your lower bound and strictly less than 
your upper bound. [2]
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5. [Maximum mark: 14]

The three countries of Belgium, Germany and The Netherlands meet at a single point
called Vaalserberg.

To support future transport planning, a 10 km circle was drawn around Vaalserberg on a map.
A study was carried out over five years to determine what percentage of people living in
each of these countries (within the 10 km circular region) either stayed in their own country
or moved to another country within the circle.

From this study, the following movements were observed during the five years.
y From Belgium, 5 % moved to Germany, and 0.5 % moved to The Netherlands.
y From Germany, 2 % moved to The Netherlands, and 1.5 % moved to Belgium.
y From The Netherlands, 3 % moved to Germany, and 2 % moved to Belgium.

All additional population changes within the circular region may be ignored.

(a) Represent the above information in a transition matrix  T . [3]

At the end of the study, the population of the Belgian side was 26 000, the population of the 
German side was 240 000, and the population of The Netherlands side was 50 000.

(b) By using  T , find the expected population of the German side of Vaalserberg 30 years
after the end of the study. [4]

For matrix  T  there exists a steady state vector

u �
�

�

�
�
�

�

�

�
�
�

u

u

u

1

2

3

,

where  u1 ,  u2  and  u3  are the proportions of the total population on the Belgian side, 
the German side and The Netherlands side respectively.

The steady state vector  u  may be found by solving a system of equations.

(c) (i)   Determine these equations that are to be solved.

(ii) By solving your system of equations, find  u . [3]

(d) Use your answer to part (c)(ii) to determine the long-term expected population of
the German side. [2]

(e) Suggest two reasons why your answer to part (d) is not likely to be accurate.
You may comment on both the model and the situation in context. [2]
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Turn over

6. [Maximum mark: 18]

The gardener in a local park suggested that the number of snails found in the park can be
modelled by a Poisson distribution.

(a) Suggest two observations that the gardener may have made that led him to suggest
this model. [2]

Now assume that the model is valid and that the mean number of snails per m2 is 0.2. 
The gardener inspects, at random, a 12 m2 area of the park.

(b) Find the probability that the gardener finds exactly four snails. [3]

(c) Find the probability that the gardener finds fewer than three snails. [2]

(d) Find the probability that, in three consecutive inspections, the gardener finds at least
one snail per inspection. [3]

Following heavy rain overnight, the gardener wished to determine whether the number of 
snails found in a random 12 m2 area of the park had increased.

(e) State the hypotheses for the test. [2]

(f) Find the critical region for the test at the 1 % significance level. [3]

(g) Given that the mean number of snails per m2 has actually risen to 0.75, find the
probability that the gardener makes a Type II error. [3]
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7. [Maximum mark: 18]

A biologist suggests that the rates of change of the population of fruit flies (after time  t ≥ 0 ) 
in a particular ecosystem are given by the following equations, where  x  is the population of
male fruit flies and  y  is the population of female fruit flies.

d

d

x

t
x y� � �4 6

d

d

y

t
x y� �9

(a) Find the eigenvalues and corresponding eigenvectors of the matrix
�

�
�

�
�

�

�
�

4 6

9 1
. [6]

(b) Hence write down the general solution of the system, giving your answer in the

form 
x

y
A Bt t�

�
�
�

�
� � �p p1 2e e� �1 2 , where  A ,  B ,  l1 ,  l2  (l2 > l1)  are scalar constants 

and  p1 ,  p2  are vector constants. [2]

Initially  x = 500  and  y = 125 .

(c) Determine the value of  A  and the value of  B . [2]

(d) State the long-term ratio of male fruit flies to female fruit flies. [1]

(e) Find the value of
d
d
y

x
 at time  t = 0 . [3]

(f) Sketch the trajectory, on the phase portrait, for the population growth of the fruit flies. [4]

References:

© International Baccalaureate Organization 2023



M23/5/MATHY/HP2/ENG/TZ2/XX/M 
 
 
 

21 pages 

 
 
 
 
 
 
 

Markscheme 
 
 
 
 
 

May 2023 
 
 
 
 
 

Mathematics:  
applications and interpretation 

 
 
 
 
 

Higher level 
 
 
 
 
 

Paper 2 
 
 



– 2 – M23/5/MATHY/HP2/ENG/TZ2/XX/M 

© International Baccalaureate Organization 2023

All rights reserved. No part of this product may be reproduced in any form or by any 
electronic or mechanical means, including information storage and retrieval systems, 
without the prior written permission from the IB. Additionally, the license tied with this 
product prohibits use of any selected files or extracts from this product. Use by third 
parties, including but not limited to publishers, private teachers, tutoring or study services, 
preparatory schools, vendors operating curriculum mapping services or teacher resource 
digital platforms and app developers, whether fee-covered or not, is prohibited and is a 
criminal offense.

More information on how to request written permission in the form of a license can be 
obtained from https://ibo.org/become-an-ib-school/ib-publishing/licensing/applying-for-a-
license/.

© Organisation du Baccalauréat International 2023

Tous droits réservés. Aucune partie de ce produit ne peut être reproduite sous quelque 
forme ni par quelque moyen que ce soit, électronique ou mécanique, y compris des 
systèmes de stockage et de récupération d’informations, sans l’autorisation écrite 
préalable de l’IB. De plus, la licence associée à ce produit interdit toute utilisation de tout 
fichier ou extrait sélectionné dans ce produit. L’utilisation par des tiers, y compris, sans 
toutefois s’y limiter, des éditeurs, des professeurs particuliers, des services de tutorat ou 
d’aide aux études, des établissements de préparation à l’enseignement supérieur, des 
fournisseurs de services de planification des programmes d’études, des gestionnaires de 
plateformes pédagogiques en ligne, et des développeurs d’applications, moyennant 
paiement ou non, est interdite et constitue une infraction pénale.

Pour plus d’informations sur la procédure à suivre pour obtenir une autorisation écrite 
sous la forme d’une licence, rendez-vous à l’adresse https://ibo.org/become-an-ib-school/
ib-publishing/licensing/applying-for-a-license/.

© Organización del Bachillerato Internacional, 2023

Todos los derechos reservados. No se podrá reproducir ninguna parte de este producto 
de ninguna forma ni por ningún medio electrónico o mecánico, incluidos los sistemas de 
almacenamiento y recuperación de información, sin la previa autorización por escrito del 
IB. Además, la licencia vinculada a este producto prohíbe el uso de todo archivo o 
fragmento seleccionado de este producto. El uso por parte de terceros —lo que incluye, 
a título enunciativo, editoriales, profesores particulares, servicios de apoyo académico o 
ayuda para el estudio, colegios preparatorios, desarrolladores de aplicaciones y 
entidades que presten servicios de planificación curricular u ofrezcan recursos para 
docentes mediante plataformas digitales—, ya sea incluido en tasas o no, está prohibido 
y constituye un delito.

En este enlace encontrará más información sobre cómo solicitar una autorización por 
escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.



– 3 – M23/5/MATHY/HP2/ENG/TZ2/XX/M 

Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 
correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:



 – 4 – M23/5/MATHY/HP2/ENG/TZ2/XX/M 

 

 
 

 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   



 – 5 – M23/5/MATHY/HP2/ENG/TZ2/XX/M 

 

5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1.  (a) attempt to use area of triangle formula (M1) 

  
1

25.9 6.36 sin (125 )
2
× × ×   (A1) 

 
  2 267.5 m (67.4700... m )  A1 

Note:  Units are required. The final A1 is only awarded if the correct units are seen in 
their answer; hence award (M1)(A1)A0 for an unsupported answer of 67.5.  

     [3 marks] 
 
 (b) attempt to use cosine rule (M1) 

  2 2(BK ) 12 6.36 2 12 6.36 cos 45= + − × × ×    (A1) 
  8.75 (m) (8.74738…(m)) A1 

Note:  Award (M1)(A1)(A0) for radian answer of 10.2 (m) (10.2109…(m)) with or 
without working shown. 

     [3 marks] 
 
 (c)  METHOD 1 
  attempt to use sine rule with measurements from triangle OKX  (M1) 

  
OX 22.2

sin 51.1 sin 53.8
=

 

 (A1) 

 
  (OX )=  21.4 (m) (21.4099…)(m) A1   
  (21.4 (m) < 22.2 (m)) 
 
  Odette is closer to the football / Khemil is further from the football A1 

Note:  For the final A1 to be awarded 21.4 (21.4099 )…  must be seen. Follow through 
within question part for final A1 for a consistent comparison with their OX . 

 
  METHOD 2 
  sketch of triangle OXK with vertices, angles and lengths (A1) 
 

   
 
  51.1o is smallest angle in triangle OXK R1 
  opposite side (OX) is smallest length R1 
  therefore Odette is closest  A1 
 

     [4 marks] 
 
 

continued…  
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Question 1 continued 
 
 (d) attempt to use length of arc formula (M1) 
 

  
135

2 12
360

× π×  (A1) 

 
  28.3(m) (9 , 28.2743...)π  (m) A1 

     [3 marks] 
     Total [13 marks] 
 
 
 
 
 
2.  (a) (i) 1200  A1 
 
  (ii) the initial population of the bacteria A1 

     [2 marks] 
 
 (b) 31200 18750k× =   (A1) 
 
  ( ) 2.5k =   A1 

     [2 marks] 
 
 (c) 1.51200 2.5×   (A1) 
 
  4740 (4743.41…)  A1 

Note: Do not penalize if final answer is not given as an integer. Award (A1)A0 for an answer 
of 3950 (3949.14…) from use of 1.3 in the exponent, but only if working is shown. 

     [2 marks] 
 
 (d) equating ( )P t  and ( )S t  OR equating each function to a common variable (M1) 

  1200 2.5 5000 1.65t t× = × ; 1200 2.5t x× =   and  5000 1.65t x× =  
 
  3.43 (hours) (3.43456...)t =  A1 

     [2 marks] 
 
 
 

continued…  
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Question 2 continued 
 
 (e) METHOD 1 
  5000 1.65 19000t× =    (M1) 
 
  ( ) 2.66586...t =    OR   ( 2 ) 0.66586...t − =  (seen) (A1) 
 
  multiplying by 60  seen to convert to minutes (M1) 
  ( 39.9521 )m = …  
 
  ( ) 40m =  (minutes) OR 2  hours and 40  minutes A1 
 

  METHOD 2 
  equating an expression for ( )S t to 19000 (M1) 

  expressing t as 2
60

m
+  (A1) 

  
2

605000 1.65 19000
m

+
× =  

  2 2.66586
60

m
+ = …  A1 

 
  ( ) 40m =  (minutes) OR 2  hours and 40  minutes A1 

Note: Award (M1)(A1)(M1)A0 for an answer of 39.9521...  or 39 with or without working. 

     [4 marks] 
     Total [12 marks] 
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3. (a)  

Note: In methods 1 and 2, full marks are available for candidates who work with a dummy 

variable, e.g. y, that represents the width of the park and hence is equal to 
1200

x
.  

The substitution to express an answer in only x may come as late as the final line. 

 
  METHOD 1 (finding dimensions of garden) 
 

 

  (width of park =) 
1200

x
 (A1) 

  (length of garden =)  3x − , (width of garden =) 
1200

4
x

−  (A1)(A1) 

  
1200

( 3) 4A x
x

 = − × − 
 

  A1 

  
3600

1200 4 12x
x

= − − +  A1 

  
3600

1212 4x
x

= − −  AG 

 
 
 

continued…  
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Question 3 continued 
 
  METHOD 2 (subtracting the area of the path) 
 

 

  width of park = 
1200

x
 (A1) 

  attempt to cut path into 4 (or 8) pieces (M1) 
  four (or eight) areas of the path expressed in terms of x (A1) 

  
1200 1200

1200 2 2 1.5 4 1.5 4A x x
x x

   = − − − − − −   
   

 A1 

  correct manipulation leading to given result A1 

  
1800 1800

1212 4x
x x

= − − −   

  
3600

1212 4x
x

= − −  AG 

Note:  To award (M1)(A1) without a diagram the division of the park must be clear. 

     [5 marks] 
 

 (b) setting 
3600

1212 4 800x
x

− − =  (accept a sketch) (M1) 

     9.64 (9.64011 )x = …  (m)  OR  93.4 (93.3598 )x = …  (m) A1 

      (width = ) 124 (124.479 )…  (m) A1 

      (width = ) 12.9 (12.8534 )…  (m) A1 
Note:  To award the final A1 both values of x  and both values of the width must be 

seen. Accept 12.8  for second value of width from candidate dividing 1200  by 
3 sf value of 93.4 . 
     [4 marks] 

 

 (c) 
2

d 3600
4

d

A

x x
 = − + 
 

  OR  24 3600x−− +  A1A1A1 

Note:  Award A1 for 4− , A1 for 3600+ , and A1 for 2x−  or 2x  in denominator. 

     [3 marks] 
 
 
 

continued… 
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Question 3 continued 
 

 (d) setting their 
d

d

A

x
 equal to 0   OR sketch of their  

d

d

A

x
 with x-intercept highlighted  M1 

   
  ( ) 30 (m)x =  A1 

Note:  To award A1FT the candidate’s value of x must be within the domain 
given in the problem (3 300)x< < . 
     [2 marks] 

 
 (e) EITHER 

  evidence of using GDC to find maximum of graph of 
3600

1212 4A x
x

= − −  (M1) 

 
  OR 
  substitution of their x  into A  (M1) 
 
  OR 
  dividing 1200  by their x  to find width of park and subtracting 3  from their x  and 
  4  from the width to find park dimensions (M1) 
 

Note:  For the last two methods, only follow through if 3  < their  300x < .  

  
  THEN 
  2( )  972 (m )A =  A1 
     [2 marks] 

     Total [16 marks] 
 
 
 
 
4.  (a) any city can be travelled to or from any other city (so is connected) R1 
   
  EITHER 
  but there is no direct flight between Los Angeles and Dallas (for example)  R1 
 
  OR 
  but not every vertex has degree 4  R1 

Note: Accept equivalent statements for the cities being connected and the graph not 
being complete. 

     [2 marks] 
 
 
 

continued… 
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Question 4 continued 
 
 (b) edge CD selected first M1  
   DN,  
   CL,  
   LS   A1 

Note: Award marks if the answers are written as sums in the correct order. 
M1 if 30 is seen first, A1 for 30 + 39 + 41 + 58. 

 

   A1 

Note: The final A1 can be awarded independently. Award M0A0A1 for a correct MST 
graph with no other working. Award M1A0A1 if Prim’s algorithm is seen to be 
used correctly with CD first. 

     [3 marks] 
 
 (c) 2 MST×  weight (M1) 
  $336=    A1 

Note: Allow any integer multiple (>1) of MST weight for M1, and if correctly calculated, 
award M1A1. 

     [2 marks] 
 

 (d) attempt at nearest neighbour algorithm M1 
  order is LA D C NYC S LA→ → → → →   A1 

Note: Award M1 for a route that begins with LA and then D, this includes 
seeing 26 as the first value in a sum. 
Award A1 if 26+30+68+66+58 seen in order. 

 
Note: Award M1A0 for an incorrect first nearest neighbour proceeding 

‘correctly’ to the next vertex. For example, LA to C and then C to D. 
 
  upper bound is (26 30 68 66 58 ) $248+ + + + =   A1 

Note: Award M1A0 for correct nearest neighbour algorithm starting from a 
vertex other than LA.  Condone the correct tour written backwards i.e. 
58 66 68 30 26 248+ + + + =  

 
     [3 marks] 

 
 

continued…  
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Question 4 continued 
 
 (e) (i) attempt to find MST of L, N, D and S  (M1) 
   by deleting C, Kruskal gives MST for the remainder as LD, DN, LS 
   weight 123  (A1) 
   (lower bound is therefore 123 (30 41) ) $194+ + =   A1 

Note:  Award (M1) for a graph or list of edges that does not include C. 
  Award (A1) if 26 + 39 + 58 seen in any order. 

 
  (ii) by deleting S, Kruskal gives MST for the remainder as LD, DC, DN 
   weight 95   (A1) 
   (lower bound is therefore 95 (58 66) ) $219+ + =  A1 

Note:  Award (A1) if 26 + 30 + 39 seen in any order.  

 
     [5 marks] 

 
 (f) 219 248C≤ ≤   A1A1 

Note:  Award A1 for 219 C≤  and A1 for 248C ≤ . Award at most A1A0 for 219 248C< < . 
FT for their values from part (e) if higher value from (e)(i) and (e)(ii) used for the lower 
bound, and part (d) for the upper. 

     [2 marks] 
 
 (g) any valid tour, within their interval from part (f), from any starting point  OR   

any valid tour that starts and finishes at N      (M1) 
  valid tour starting point N AND within their interval  A1 
  e.g   NDCLSN (weight 234) 

Note:  If part (f) not correct, only award A1FT if their valid tour begins and ends at N AND 
lies within BOTH their interval (including if one-sided) in part (f) AND 219 248C≤ ≤ . 

  If no response in the form of an interval seen in part (f) then award M1A0 for a valid 
tour beginning and ending at N AND within 219 248C≤ ≤ . 

 
     [2 marks] 

 
     Total [19 marks] 
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5.    (B) (G) (N) 

 (a) 

0.945 0.015 0.02

( ) 0.05 0.965 0.03

0.005 0.02 0.95

 
 =  
 
 

T  M1A1A1 

Note: Accept the columns in any order. Accept the transpose of this matrix. 
 

Award M1 for a 3x3 matrix with all values between (but not including) 0 and 1, and 
all columns (or rows if transposed) adding up to 1, award A1 for one correct row (or 
column if transposed) and A1 for all rows (or columns if transposed ) correct. 

     [3 marks] 
 

 (b) 6

0.72 0.077 0.098

( ) 0.24 0.83 0.16

0.035 0.098 0.74

 
 =  
 
 

T  (M1) 

Note:  Accept a transposed matrix. 

 
  multiplying their 6T  by a correct matrix of the initial populations (M1) 

  

0.72 0.077 0.098 26000

0.24 0.83 0.16 240000

0.035 0.098 0.74 50000

  
  
  
  
  

 

Note:  Award this M1 for a transposed T if used correctly in part (b) i.e. preceded by 
1×3 matrix rather than followed by a 3×1 matrix. 

 

  

42133

212205

61661

 
 =  
 
 

  (A1) 

  so the expected population of the German side would be 212000 (212205) A1 

Note:  Award M0M1A0A1 for an answer of 174000 ( 174031)= . This is the case when 
30  T has been used. 

     [4 marks] 

 

 

continued… 
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Question 5 continued 
 

 (c) (i)  
1 1

2 2

3 3

0.945 0.015 0.02

0.05 0.965 0.03

0.005 0.02 0.95

u u

u u

u u

    
    =    
    
    

 

 
   at least two of these three: 
   1 2 3 10.945 0.015 0.02u u u u+ + =   

   1 2 3 20.05 0.965 0.03u u u u+ + =  A1 

   1 2 3 30.005 0.02 0.95u u u u+ + =  

   and 
   1 2 3 1u u u+ + =  (may be seen in part (c)(ii)) A1 

 

  (ii)  

0.231

( ) 0.533

0.236

 
 =  
 
 

u  

0.231155...

0.532663...

0.236180...

  
  =  

    

u  A1 

Note:  The A1 in part (c)(ii) can be awarded independently of the working in part (c)(i). 

     [3 marks] 
 
 (d) 0.532663... (26000 240000 50000)× + +   (M1) 
  168000 (168321...)=   A1 

Note:  Award (M1)A1 for answers using nT  with n  large that lead to a correct answer. 

Award (M0)A0 for answers that use nT  that lead to an incorrect answer. 

 
     [2 marks] 

 
 (e) Award R1 for each appropriate reason. For example: 

  Movement unlikely to be constant 

  Total population for entire region likely to grow over time 

  Each power of the transition matrix takes five years; a relatively long time in terms of population 
movement. 

  There may be other/new external factors such as wars in other adjoining countries, leading to 
an influx of economic migrants. 

     R1R1 

Note:  Do not award R1 for any response that shows a lack of understanding of the 
assumption that the total population remains constant. 

     [2 marks] 
     Total [14 marks] 
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6. (a) slugs appear discretely / independently / randomly / at a constant (average) rate /  
mean is (approximately) equal to variance R1R1 
     [2 marks] 

 
 (b) new ( ) 0.2 12 ( 2.4)m = × =  (so ~ Po(2.4)X )  (A1) 
  attempt to use a pdf (e.g P ( 4)X = )  (M1) 
  0.125 (0.125408...)  A1 

     [3 marks] 
 
 (c) P ( 3)X <   OR  P ( 2)X ≤  (A1) 
  0.570 (0.569708...)  A1 

     [2 marks] 
 
 (d) P ( 1) 0.909282...X ≥ =  (A1) 
  raising a probability to a power of 3 (M1) 
  30.909282...   
  0.752 (0.751788...)=  A1 

Note:  Award at most (A1)(M1)(A0) for a final answer of 0.751. Working may not be seen. 

     [3 marks] 
 
 (e) 0H : 2.4m = ,  A1 

  1H : 2.4m >  A1 

Note:  The hypotheses may be written in words but must include reference to the mean 
(e.g. “number of snails” is not sufficient to award A1), and state clearly for 1H  that 

the mean increases. 

     [2 marks] 
 
 (f) EITHER 
  finding either P ( 7)X ≥  or P ( 8)X ≥  (M1) 

  ( )P ( 7) 0.01160...X ≥ =  AND ( )P ( 8) 0.00334...X ≥ =  A1 

 
  OR 
  finding either P ( 7)X ≤  or P ( 6)X ≤  (M1) 

  ( )P ( 7) 0.996661...X ≤ =  AND ( )P ( 6) 0.988405...X ≤ =  A1 

 
  THEN 
  so critical region is 8X ≥   OR   7X >  A1 

Note:  (M1)A0A1 can be awarded for a correct answer that is unsupported. 

     [3 marks] 
 
 (g) (0.75 12 ) 9× =   (A1) 

  ( )P 7 9X m≤ =  (M1) 

  0.324=   A1 
     [3 marks] 
     Total [18 marks] 
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7. (a) 
4 6

0
9 1

λ
λ

− −
=

− −
   (M1) 

Note:  Do not accept det( ) 0λ− =A I  or similar as evidence of a correct method 
unless A is explicitly defined to be the given matrix. 

 
  ( )( )4 1 54 0λ λ− − − − − =  

  10,  5λ λ= − =  A1A1 
 
  For 10λ = −  
 

  
4 6 10

9 1 10

x x

y y

− −    
=    − −    

 (M1) 

  4 6 10x y x− + = −   

  0x y+ =   

  possible eigenvector is 
1

1

− 
 
 

  (or equivalent) A1 

 
  for 5λ =  
 

  
4 6 5

9 1 5

x x

y y

−    
=    −    

 

  4 6 5x y x− + =  

  3 2x y=   

  possible eigenvector is 
2

3

 
 
 

 (or equivalent) A1 

Note:  If both eigenvalues are incorrect then award at most M1A0A0M1A0A0. 

     [6 marks] 
 
 (b) attempt to substitute their eigenvalues and eigenvectors equation (M1) 

  10 51 2
e e

1 3
t tx

A B
y

− −     
= +     

     
  A1 

Note:  Award at most (M1)A0 if 
x

y

 
 
 

 not seen. 

     [2 marks] 
 
 

continued… 
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Question 7 continued 
 
 (c) At 0t = , 500x =  and 125y =  

  2  and 3x A B y A B= − + = +   
  Solving simultaneously: (M1) 
 
  250A = −  and 125B =  A1 
 

  10 51 2
250e 125e

1 3
t tx

y
− −      

= − +      
      

 

Note:  Follow through from their eigenvectors. 
Accept equivalent values for A and B based on the direction of their eigenvectors 
and the order of their eigenvalues in the equation. 

     [2 marks] 
 
 (d) 2 : 3     A1 

     [1 mark] 
 
 (e) attempt to eliminate dt  from the two differential equations  M1 

  
d 9

d 4 6

y x y

x x y

−
=
− +

 

  substituting initial conditions (M1) 

  
9(500) 125

4(500) 6(125)

−
=
− +

  

  3.5= −    A1 

Note:  Award M1 for 
d 4 6

d 9

y x y

x x y

− +
=

−
. 

     [3 marks] 
 
 
 

continued… 
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Question 7 continued 
 
 (f) trajectory or trajectories that are consistent with their eigenvalues  A1 
  a trajectory that passes through the point (500, 125)  with gradient that is 

consistent with the response to part (e) A1 
  the diagram contains at least one of their eigenvectors  A1 

(e.g. labelled 1.5y x= ; 
2

3

 
 
 

, 5λ =  etc.) 

  the trajectory that passes through (125, 500)  tends towards an oblique 
asymptote that corresponds to their eigenvector and the direction is 
indicated by at least one arrow on the trajectory A1 

 

Note:  For the second A1, the point (500, 125)  may not be labelled but there should be a point 
marked on the trajectory that is consistent with these coordinates. 

  The final A1 will depend on their eigenvalues. Follow through can be awarded as long 
as the direction of the trajectory is consistent with the nature of their eigenvalues and 
eigenvectors. 

 
 

 
 

     [4 marks] 
     Total [18 marks] 
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Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [110 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 13]

Le diagramme montre des points, vus du haut, dans un parc, à un moment précis dans le temps.

La distance entre deux arbres, situés aux points A et B, est de 6,36 m.

Odette joue au football dans le parc et se tient au point O, tel que  OA = 25,9 m  et  OÂB = 125 .

la figure n’est pas à l’échelle

125
A

O

B6,36

25,9

(a) Calculez l’aire du triangle AOB. [3]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

Khemil, l’ami d’Odette, se tient au point K, de sorte qu’il est à 12 m de A et  KÂB = 45 .

la figure n’est pas à l’échelle

A

O

B6,36

25,9

K

45

12

(b) Calculez la distance entre Khemil et le point B. [3]

XY est un chemin semi-circulaire dans le parc dont le centre est A et tel que  KÂY = 45 . 
Khemil se tient sur le chemin et le ballon d’Odette est au point X. Ceci est illustré dans le 
diagramme ci-dessous.

la figure n’est pas à l’échelle

A

O

K

12

X Y
45

La longueur  KX = 22,2 m ,  KÔX = 53,8  et  OK̂X = 51,1 .

(c) Trouvez qui d’Odette ou de Khemil est plus proche du ballon. [4]

Khemil court le long du chemin semi-circulaire pour ramasser le ballon.

(d) Calculez la distance parcourue par Khemil. [3]
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2. [Note maximale : 12]

Un scientifique mène une expérience sur la croissance d’une certaine espèce de bactéries.

La population de bactéries,  P , peut être modélisée par la fonction

P (t) = 1200 × k t ,  t ≥ 0 ,

où  t  est le nombre d’heures écoulées depuis le début de l’expérience et  k  est une 
constante positive.

(a) (i)   Écrivez la valeur de  P (0) .

(ii) Interprétez ce que cette valeur signifie dans ce contexte. [2]

3 heures après le début de l’expérience, la population de bactéries est de 18 750.

(b) Trouvez la valeur de  k . [2]

(c) Trouvez la population de bactéries 1 heure et 30 minutes après le début de l’expérience. [2]

Le scientifique mène une deuxième expérience avec une autre espèce de bactéries. 
La population de cette espèce,  S , peut être modélisée par la fonction

S (t) = 5000 × 1,65t ,  t ≥ 0 ,

où  t  est le nombre d’heures écoulées depuis le début des deux expériences.

(d) Trouvez la valeur de  t  lorsque les deux populations de bactéries sont égales. [2]

Il faut 2 heures et  m  minutes pour que le nombre de bactéries dans la deuxième expérience 
atteigne 19 000.

(e) Trouvez la valeur de  m , en donnant votre réponse sous la forme d’une valeur entière. [4]
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Tournez la page

3. [Note maximale : 16]

Un certain parc est composé d’un jardin rectangulaire dont l’aire est de  A m2, ainsi que d’un
sentier en béton qui l’entoure. L’aire totale du parc est de 1200 m2.

La largeur du sentier au nord et au sud du parc est de 2 m.

La largeur du sentier à l’ouest et à l’est du parc est de 1,5 m.

La longueur du parc (le long des côtés nord et sud) est de x mètres,  3 < x < 300 .

la figure n’est pas à l’échelle

(a) Montrez que A x
x

� � �1212 4
3600

. [5]

(b) Trouvez les dimensions possibles du parc si l’aire du jardin est de 800 m2. [4]

(c) Trouvez une expression pour
d
d
A

x
. [3]

(d) Utilisez votre réponse de la partie (c) pour trouver la valeur de  x  qui rendra l’aire du
jardin maximale. [2]

(e) Trouvez l’aire maximale possible du jardin. [2]
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4. [Note maximale : 19]

Le graphe suivant montre cinq villes des États-Unis reliées par des arêtes pondérées 
représentant les vols directs les moins chers, en dollars ($), entre les villes.

Seattle

New York

Dallas

Los Angeles

58

66

41

82
79

30 39

55

68
Chicago

(a) Expliquez pourquoi le graphe peut être décrit comme « connexe », mais pas « complet ». [2]

(b) Trouvez un arbre couvrant minimal pour le graphe en utilisant l’algorithme de Kruskal.

Indiquez clairement l’ordre dans lequel vos arêtes sont ajoutées et dessinez 
l’arbre obtenu. [3]

(c) En utilisant uniquement les arêtes obtenues dans votre réponse à la partie (b), trouvez 
une borne supérieure pour le problème du voyageur de commerce. [2]

Ronald vit à New York et souhaite voler vers chacune des autres villes, avant de finalement 
retourner à New York. Après quelques recherches, il découvre qu’il existe un vol direct entre 
Los Angeles et Dallas qui coûte 26 $. Il met à jour le graphe pour illustrer ceci.

(d) En utilisant l’algorithme du plus proche voisin et en partant de Los Angeles, déterminez 
une meilleure borne supérieure que celle trouvée dans la partie (c).

Indiquez clairement l’ordre dans lequel vous ajoutez les sommets. [3]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 4)

(e) (i)   En effaçant le sommet qui représente Chicago, utilisez l’algorithme du sommet 
effacé pour déterminer une borne inférieure pour le problème du voyageur 
de commerce.

(ii) De même, en effaçant plutôt le sommet qui représente Seattle, déterminez une 
autre borne inférieure. [5]

(f) À partir de là, en utilisant vos réponses précédentes, écrivez votre meilleure inégalité 
pour le circuit le moins cher que Ronald pourrait faire. Soit la variable  C  le coût total 
du circuit, en dollars. [2]

(g) Écrivez un circuit strictement supérieur à votre borne inférieure et strictement inférieur 
à votre borne supérieure. [2]
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5. [Note maximale : 14]

La Belgique, l’Allemagne et les Pays-Bas se rejoignent en un point unique appelé Vaalserberg.

Pour soutenir la planification future des transports, un cercle de 10 km a été tracé autour
de Vaalserberg sur une carte. Une étude a été menée sur cinq ans pour déterminer quel
pourcentage de personnes vivant dans chacun de ces pays (à l’intérieur de la région
circulaire de 10 km ) soit sont restées dans leur propre pays soit ont déménagé dans un
autre pays du cercle.

À partir de cette étude, les mouvements suivants ont été observés au cours des cinq années.
y À partir de la Belgique, 5 % ont déménagé en Allemagne et 0,5 % ont déménagé

aux Pays-Bas.
y À partir de l’Allemagne, 2 % ont déménagé aux Pays-Bas et 1,5 % ont déménagé

en Belgique.
y À partir des Pays-Bas, 3 % ont déménagé en Allemagne et 2 % ont déménagé en Belgique.

Tout autre changement de population à l’intérieur de la région circulaire peut être ignoré.

(a) Représentez les informations ci-dessus dans une matrice de transition  T . [3]

À la fin de l’étude, la population du côté belge était de 26 000, la population du côté 
allemand était de 240 000 et la population du côté néerlandais était de 50 000.

(b) En utilisant  T , trouvez la population attendue du côté allemand de Vaalserberg 30 ans
après la fin de l’étude. [4]

Pour la matrice  T , il existe un vecteur d’état stationnaire

u �
�

�

�
�
�

�

�

�
�
�

u

u

u

1

2

3

,

où  u1 ,  u2  et  u3  correspondent respectivement aux proportions de la population totale du côté 
belge, du côté allemand et du côté néerlandais.

Le vecteur d’état stationnaire  u  peut être trouvé en résolvant un système d’équations.

(c) (i)   Déterminez les équations à résoudre.

(ii) En résolvant votre système d’équations, trouvez  u . [3]

(d) Utilisez votre réponse de la partie (c)(ii) pour déterminer la population attendue à long
terme du côté allemand. [2]

(e) Suggérez deux raisons pour lesquelles il est probable que votre réponse à la partie (d)
ne soit pas exacte. Vous pouvez commenter à la fois le modèle et la situation dans
le contexte. [2]
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6. [Note maximale : 18]

Le jardinier d’un parc local suggère que le nombre d’escargots trouvés dans le parc peut être 
modélisé par une distribution de Poisson.

(a) Suggérez deux observations que le jardinier a pu faire et qui l’ont amené à proposer 
ce modèle. [2]

Supposons maintenant que le modèle est valide et que le nombre moyen d’escargots par m2 
est de 0,2. Le jardinier inspecte, au hasard, une zone de 12 m2 du parc.

(b) Trouvez la probabilité que le jardinier trouve exactement quatre escargots. [3]

(c) Trouvez la probabilité que le jardinier trouve moins de trois escargots. [2]

(d) Trouvez la probabilité que, lors de trois inspections consécutives, le jardinier trouve 
au moins un escargot par inspection. [3]

À la suite de fortes pluies pendant la nuit, le jardinier a voulu déterminer si le nombre 
d’escargots trouvés dans une zone aléatoire de 12 m2 du parc avait augmenté.

(e) Indiquez les hypothèses pour le test. [2]

(f) Trouvez la région critique pour le test au niveau de signification de 1 %. [3]

(g) Étant donné que le nombre moyen d’escargots par m2 est en fait passé à 0,75, 
trouvez la probabilité que le jardinier commette une erreur de type II. [3]
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7. [Note maximale : 18]

Un biologiste suggère que les taux de variation de la population de moucherons (après un
temps  t ≥ 0 ) dans un écosystème particulier sont donnés par les équations suivantes, où  x 
est la population de moucherons mâles et  y  est la population de moucherons femelles.

d

d

x

t
x y� � �4 6

d

d

y

t
x y� �9

(a) Trouvez les valeurs propres et les vecteurs propres correspondants à la matrice

�
�

�

�
�

�

�
�

4 6

9 1
. [6]

(b) À partir de là, écrivez la solution générale du système, en donnant votre réponse

sous la forme 
x

y
A Bt t�

�
�
�

�
� � �p p1 2e e� �1 2 , où  A ,  B ,  l1 ,  l2  (l2 > l1)  sont des constantes 

scalaires et  p1 ,  p2  sont des constantes vectorielles. [2]

Initialement  x = 500  et  y = 125 .

(c) Déterminez la valeur de  A  et la valeur de  B . [2]

(d) Indiquez le ratio à long terme des moucherons mâles par rapport aux
moucherons femelles. [1]

(e) Trouvez la valeur de
d
d
y

x
 au temps  t = 0 . [3]

(f) Esquissez la trajectoire, sur le portrait de phase, de la croissance de la population
des moucherons. [4]

Références :
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Matemáticas: Aplicaciones e Interpretación
Nivel Superior
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Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [110 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun 
cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, 
siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 13]

La figura muestra una serie de puntos en un parque visto desde arriba en un instante concreto.

La distancia entre dos árboles, situados en los puntos A y B, es igual a 6,36 m.

Odette está jugando al fútbol en el parque y se encuentra en el punto O, siendo  OA = 25,9 m  
y  OÂB = 125 .

la figura no está dibujada a escala

125
A

O

B6,36

25,9

(a) Calcule el área del triángulo AOB. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Khemil —amigo de Odette— se encuentra en el punto K, que está a 12 m de A y 
siendo  KÂB = 45 .

la figura no está dibujada a escala

A

O

B6,36

25,9

K

45

12

(b) Calcule a qué distancia de B está Khemil. [3]

XY es un camino semicircular que hay en el parque, con centro en A y tal que  KÂY = 45 . 
Khemil está de pie, en el camino, y el balón de fútbol de Odette se encuentra en el punto X. 
Toda esta información se muestra en la siguiente figura.

la figura no está dibujada a escala

A

O

K

12

X Y
45

La longitud  KX = 22,2 m ,  KÔX = 53,8  and  OK̂X = 51,1 .

(c) Halle quién de los dos —Odette o Khemil— está más cerca del balón de fútbol. [4]

Khemil corre por el camino semicircular para coger el balón.

(d) Calcule la distancia que corre Khemil. [3]
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2. [Puntuación máxima: 12]

Una científica está realizando un experimento sobre el crecimiento de una determinada 
especie de bacteria.

La población  (P)  de estas bacterias se puede modelizar mediante la función

P (t) = 1 200 × k t ,  t ≥ 0 ,

donde  t  es el número de horas que han transcurrido desde que empezó el experimento y  k  
es una constante positiva.

(a) (i)   Escribe el valor de  P (0) .

(ii) Interprete lo que significa este valor en este contexto. [2]

3 horas después de que empezara el experimento, la población de estas bacterias era igual 
a 18 750.

(b) Halle el valor de  k . [2]

(c) Halle cuál era la población de bacterias 1 hora y 30 minutos después de que empezara 
el experimento. [2]

La científica realiza un segundo experimento con una especie diferente de bacterias. 
La población ( S )  de estas bacterias se puede modelizar mediante la función

S (t) = 5 000 × 1,65t ,  t ≥ 0 ,

donde  t  es el número de horas que han transcurrido desde que empezaran los dos experimentos.

(d) Halle el valor de  t  cuando las dos poblaciones de bacterias son iguales. [2]

Tienen que transcurrir 2 horas y  m  minutos para que el número de bacterias del segundo 
experimento llegue a 19 000.

(e) Halle el valor de  m ; dé la respuesta como un número entero. [4]
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Véase al dorso

3. [Puntuación máxima: 16]

Un parque dado consta de un jardín rectangular, de  A m2 de área, y de un camino de
cemento que lo rodea. El área total del parque son 1200 m2.

En los lados norte y sur del parque, el camino tiene una anchura de 2 m.

En los lados oeste y este del parque, el camino tiene una anchura de 1,5 m.

La longitud del parque (es decir, de los lados norte y sur) es igual a x metros,  3 < x < 300 .

la figura no está dibujada a escala

(a) Muestre que A x
x

� � �1212 4
3600

. [5]

(b) Halle las posibles dimensiones del parque si el área del jardín fuera igual a 800 m2. [4]

(c) Halle una expresión para
d
d
A

x
. [3]

(d) Utilice la respuesta del apartado (c) para hallar el valor de  x  que maximiza el área
del jardín. [2]

(e) Halle el área máxima posible del jardín. [2]
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4. [Puntuación máxima: 19]

El siguiente grafo muestra cinco ciudades de EE. UU. que están conectadas mediante
aristas ponderadas que representan el precio en dólares ($) del vuelo directo más barato
que hay entre esas ciudades.

Seattle

  Nueva York

Dallas

Los Ángeles

58

66

41

82
79

30 39

55

68
Chicago

(a) Explique por qué se puede decir que el grafo es “conexo”, pero no “completo”. [2]

(b) Halle un árbol generador mínimo  para el grafo utilizando el algoritmo de Kruskal.

Indique claramente en qué orden se van añadiendo las aristas y dibuje el árbol que
ha obtenido. [3]

(c) Utilizando únicamente las aristas obtenidas al resolver el apartado (b), halle un límite
superior para el problema del “viajante”. [2]

Ronald vive en Nueva York y quiere volar al resto de ciudades antes de volver finalmente a 
Nueva York. Después de mucho investigar, Ronald averigua que existe un vuelo directo de 
Los Ángeles a Dallas que cuesta 26 $, así que actualiza el grafo para mostrar este dato.

(d) Utilizando el algoritmo del vecino más próximo y empezando en Los Ángeles,
determine un límite superior que sea mejor que el que halló en el apartado (c).

Indique claramente el orden en el que va añadiendo los vértices. [3]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 4: continuación)

(e) (i)   Ahora borre el vértice que representa a Chicago y utilice el algoritmo del vértice
borrado para determinar un límite inferior para el problema del “viajante”.

(ii) Del mismo modo, pero borrando en su lugar el vértice que representa a Seattle,
determine otro límite inferior. [5]

(f) A partir de lo anterior, y utilizando las respuestas halladas previamente, escriba la
mejor inecuación que describe el tour menos caro que podría hacer Ronald. Sea  C
una variable que representa el coste total del tour, en dólares ($). [2]

(g) Escriba un tour cuyo coste sea estrictamente mayor que el límite inferior que ha
hallado y estrictamente menor que el límite superior que ha hallado. [2]
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5. [Puntuación máxima: 14]

Bélgica, Alemania y Países Bajos son tres países vecinos cuyas fronteras coinciden en un
único punto llamado Vaalserberg.

Para facilitar la futura planificación del transporte, en un mapa se trazó un círculo de 10 km
alrededor de Vaalserberg. A continuación, se realizó un estudio durante cinco años para
determinar qué porcentaje de las personas que vivían en cada uno de estos países (dentro
de esa región circular de 10 km) se quedaron en su propio país y qué porcentaje se mudaron
a otro país dentro de ese círculo.

A raíz de este estudio, se observaron los siguientes movimientos durante esos cinco años:
y Desde Bélgica, el 5 % se mudaron a Alemania y el 0,5 % se mudaron a Países Bajos.
y Desde Alemania, el 2 % se mudaron a Países Bajos y el 1,5 % se mudaron a Bélgica.
y Desde Países Bajos, el 3 % se mudaron a Alemania y el 2 % se mudaron a Bélgica.

Cualquier otro movimiento de población ocurrido dentro de la región circular se puede ignorar.

(a) Represente toda la información anterior mediante una matriz de transición  T . [3]

Al final del estudio, la población de la zona belga era de 26 000 personas, la población de 
la zona alemana era de 240 000 y la población de la zona de los Países Bajos era de 50 000.

(b) Utilizando  T , halle cuál será la población esperada de la zona alemana cercana a
Vaalserberg 30 años después del final del estudio. [4]

Para la matriz  T  existe un vector que representa el estado estacionario

u �
�

�

�
�
�

�

�

�
�
�

u

u

u

1

2

3

,

donde  u1 ,  u2  y  u3  son los porcentajes de la población total que están en la zona belga, en la 
zona alemana y en la zona de los Países Bajos , respectivamente.

El vector del estado estacionario  u  se puede hallar resolviendo un sistema de ecuaciones.

(c) (i)   Determine esas ecuaciones que habría que resolver.

(ii) Resolviendo ese sistema de ecuaciones, halle  u . [3]

(d) Utilice la respuesta del apartado (c)(ii) para determinar cuál será, a largo plazo, la
población esperada de la zona alemana. [2]

(e) Sugiera dos razones por las cuales la respuesta dada en el apartado (d) es poco
probable que sea exacta. Puede hacer comentarios sobre el modelo y también sobre
la situación en contexto. [2]
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Véase al dorso

6. [Puntuación máxima: 18]

El jardinero de un parque del barrio sugiere que el número de caracoles que se encuentran
en el parque se puede modelizar mediante una distribución de Poisson.

(a) Sugiera dos observaciones que el jardinero quizá haya hecho y que le hayan llevado a
sugerir este modelo. [2]

Suponga ahora que el modelo es válido y que la media del número de caracoles por m2 es 
igual a 0,2. El jardinero inspecciona al azar una zona del parque de 12 m2 de superficie.

(b) Halle la probabilidad de que el jardinero encuentre exactamente cuatro caracoles. [3]

(c) Halle la probabilidad de que el jardinero encuentre menos de tres caracoles. [2]

(d) Halle la probabilidad de que, en tres inspecciones consecutivas, el jardinero encuentre
en cada inspección al menos un caracol. [3]

Tras las fuertes lluvias caídas durante la noche, el jardinero quiso determinar si el número de 
caracoles que se encuentran en una zona aleatoria del parque de 12 m2 habrá aumentado o no.

(e) Indique las hipótesis de la prueba. [2]

(f) Halle la región crítica para la prueba, a un nivel de significación del 1 %. [3]

(g) Sabiendo que la media del número de caracoles por m2 en realidad ha aumentado
hasta 0,75, halle la probabilidad de que el jardinero cometa un error de Tipo II. [3]
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7. [Puntuación máxima: 18]

Una bióloga sugiere que las razones de cambio de la población de moscas de la fruta
(transcurrido un tiempo  t ≥ 0 ) en un ecosistema concreto vienen dadas por las siguientes
ecuaciones, donde  x  es la población de moscas de la fruta macho y que  y  es la población
de moscas de la fruta hembra.

d

d

x

t
x y� � �4 6

d

d

y

t
x y� �9

(a) Halle los valores propios y los correspondientes vectores propios de la matriz
�

�
�

�
�

�

�
�

4 6

9 1
. [6]

(b) A partir de lo anterior, escriba la solución general del sistema; dé la respuesta de la forma
x

y
A Bt t�

�
�
�

�
� � �p p1 2e e� �1 2 , donde  A ,  B ,  l1 ,  l2  (l2 > l1)  son constantes escalares y  p1 ,  p2  

son constantes vectoriales. [2]

Inicialmente  x = 500  e  y = 125 .

(c) Determine el valor de  A  y el valor de  B . [2]

(d) Indique la razón a largo plazo entre las moscas de la fruta macho y las moscas de la
fruta hembra. [1]

(e) Halle el valor de
d
d
y

x
 en el instante  t = 0 . [3]

(f) Dibuje aproximadamente la trayectoria —sobre el retrato de fase— correspondiente al
crecimiento de la población de moscas de la fruta. [4]

Fuentes:

© Organización del Bachillerato Internacional, 2023
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Mathematics: applications and interpretation
Higher level
Paper 3

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [55 marks].



– 2 – 2223 – 7208

Blank page



– 3 – 2223 – 7208

Turn over

Answer both questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 26]

In this question you will use a historic method of calculating the cost of a barrel of 
wine to determine which shape of barrel gives the best value for money.

In Austria in the 17th century, one method for measuring the volume of a barrel of wine, and 
hence determining its cost, was by inserting a straight stick into a hole in the side, as shown 
in the following diagram, and measuring the length SD. The longer the length, the greater the 
cost to the customer.

S

D

Let SD be  d  metres and the cost be  C  gulden (the local currency at the time). When the 
length of SD was 0.5 metres, the cost was 0.80 gulden.

(a) Given that  C  was directly proportional to  d , find an equation for  C  in terms of  d . [3]

A particular barrel of wine cost 0.96 gulden.

(b) Show that  d = 0.6 . [1]

(This question continues on the following page)
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(Question 1 continued)

This method of determining the cost was noticed by a mathematician, Kepler, who decided to 
try to calculate the dimensions of a barrel which would give the maximum volume of wine for 
a given length SD.

Initially he modelled the barrel as a cylinder, with S at the midpoint of one side. He took the 
length of the cylinder as  2h  metres and its radius as  r  metres, as shown in the following 
diagram of the cross-section.

diagram not to scale

S

r

D
2h

d

(c) Find an expression for  r2  in terms of  d  and  h . [3]

Let the volume of this barrel be  V m3 .

(d) Show that V d h h� �� ��
2

2 3 .
 [2]

The remainder of this question considers the shape of barrel that gives the best value 
when  d = 0.6 .

(e) (i)  Use the formula from part (d) to find the volume of this barrel when  h = 0.4 . [2]

(ii) Use differentiation to show that h = 0 12.  when 
d

d

V

h
= 0. [3]

(iii) Given that this value of  h  maximizes the volume, find the largest possible volume 
of this barrel. [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Kepler then considered a non-cylindrical barrel whose base and lid are circles with radius 
0.2 m and whose length is 0.8 m.

He modelled the curved surface of this barrel by rotating a quadratic curve, ASB, with 
equation  y = ax2 + bx + c ,  0 ≤ x ≤ 0.8 , about the  x-axis. The origin of the coordinate 
system is at the centre of one of the circular faces as shown in the following diagram.  
S is at the vertex of the quadratic curve and  SD = 0.6 .

0 x

y

A
S

B

D

0.6

0.6 0.70.50.40.30.20.1 0.8

0.1

0.2

0.3

−0.1

−0.2

Kepler wished to find out if his barrel would give him more wine than any cylindrical barrel 
with  d = 0.6 .

The coordinates of A and B are (0 ,  0.2) and (0.8 ,  0.2) respectively.

(f) Find the equation of the quadratic curve, ASB. [6]

(g) Show that the volume of this barrel is greater than the maximum volume of any 
cylindrical barrel with  d = 0.6 . [3]

(h) State one assumption, not already given, that has been made in using these models 
to find the shape of the barrel that gives the best value. [1]
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2. [Maximum mark: 29]

In this question you will use vector methods to determine whether aircraft are obeying 
air traffic regulations.

The base of an air traffic control tower at an airport is taken as the origin of a coordinate 
system. An aircraft’s position is given by the coordinates ( x ,  y ,  z ), where  x  and  y  are 
respectively the aircraft’s displacement east and north of the tower, and  z  is the vertical 
displacement of the aircraft above the base of the tower. All displacements are measured 
in kilometres.

At 12:00 two aircraft, A and B, are at the points P (100 ,  −82 ,  10.7) and Q (215 ,  −197 ,  10.7) 
respectively.

(a) Find the distance between the two aircraft at 12:00. [2]

The two aircraft are flying along the same straight line (flight path), with B behind A.

They both have the same constant velocity of 

��

�

�
�
�

�

�

�
�
�

640

640

0

 kilometres per hour.

(b) Find the speed of both aircraft. [2]

Air traffic regulations state that if two aircraft are on the same flight path then they must 
always maintain at least a 10 minute gap between them. If at any time two aircraft are 
too close they are said to be “in conflict”.

(c) Find the length of time it takes B to reach point P from point Q, and hence state 
whether the two aircraft are in conflict. [3]

(d) Write down,  rA , the position vector of A,  t  hours after 12:00. [1]

If two aircraft are not on the same flight path, air traffic regulations state:

When the vertical distance between the two aircraft is less than 300 m the aircraft must be 
more than 10 km apart.

When the vertical distance between the two aircraft is at least 300 m there are no restrictions.

The air traffic controller notices an aircraft, C, flying on a different flight path but close to A. 
The position of C,  t  hours after 12:00, is given by 

rC t�
�
�

�

�

�
�
�

�

�

�
�
�
�

��

�

�
�
�

�

�

�
�
�

400

41

9 1

140

604

2.

.

(This question continues on the following page)
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(Question 2 continued)

(e) (i)  Find the two values of  t  at which the distance between A and C is 10 km. [5]

It is given that the distance between A and C is less than 10 km, only between these
two values of  t .

(ii) Determine whether the two aircraft, A and C, will break the air traffic regulations
if they continue with their current velocities. Justify your answer. [5]

A new coordinate system, ( x ,  y ), is defined with an origin R at a point 2 km directly above 
the air traffic control tower. When an aircraft is flying in the horizontal plane containing R, the 
values of  x  and  y  represent its displacement, in km, east and north of point R respectively.

A fourth aircraft, D, is flying at a constant height of 2 km near the airport while waiting for 
permission to land. Its position at time  t  is given by 

RD
�

�
�

�
�

�

�
�

6 4 38

6 4 38

. cos( )

. sin ( )

t

t
.

(f) Describe the path followed by D. [3]

Around the same time a small aircraft, E, is flying at the same height as D and along the line 
with vector equation 

RE
�

�
�

�
�

�

�
� �

��

�
�

�

�
�

20

10

1

1
� .

(g) Let b �
��

�
�

�

�
�

1

1
.

(i) Find RE


i b  in terms of  l . [2]

(ii) Hence find the value of  l  for which the distance from R to the line is minimum. [2]

(iii) Find this minimum distance. [2]

(iv) Show that D and E will not break the air traffic regulations for any value of  t . [2]
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 
correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:
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 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) C kd=     (M1) 
 

  0.80 0.5k=    OR   0.8

0.5

C

d
=  (A1) 

 
  1.6k =   
 

  1.6C d=    OR   
0.625

d
C =  A1 

Note:  For the final A1 do not accept 
0.8

0.5
C d=  or a correct equation which does not 

have C as the subject. 

[3 marks] 
  

 (b) 
0.96

1.6
d =     M1 

Note:  Award M1 for the substitution of 0.96C =  into a correct equation, 
award M0 for substitution of 0.6d = . 

 
  0.6=     AG 

[1 mark] 
 
 (c) attempt at using Pythagoras M1 
  2 2 2(2 )d h r= +   (A1) 
 

  ( )2 2 21

4
r d h= −    A1 

[3 marks] 
 

 (d) 2 (2 )V r h= π   (A1) 
 

  ( )2 2 (2 )
4

V d h h
π

= −  M1 

Note:  The M1 is for the substitution of their expression for 2r  into their formula for V.  

 

  ( )2 3

2
V d h h

π
= −   AG 

[2 marks] 
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 (e) (i) ( )2 3

2
V d h h

π
= −   

   ( )2 30.6 0.4 0.4
2

π
= × −  (M1) 

Note:  The M1 is for substituting correct values of both d and h in the 
formula from part (d). 

 

   30.126 (m )  0.12566 , , 0.04
25

 
 π


π
…


=  A1 

[2 marks] 
 

  (ii) ( )30.36
2

V h h
π

= −  M1 

Note:  Award M1 for substitution of 0.6d = . This may be seen anywhere. 

 

   ( )2d
0.36 3 0

d 2

V
h

h

π
= − =  A1 

Note:  Award A1 for correct differentiation.  

 

   2 0.36
( 0.12)

3
h = =   A1 

Note:  Do not award the final A1 if the working is done with approximate values 

or if 0.12  is substituted into 
d

d

V

h
. 

 

   0.12h =    AG 
[3 marks] 

 

  (iii) substituting 0.12h =  into equation for V  OR use of graph (M1) 

   (0.36 0.12) 0.12
2

V
π

= −  

 
   30.131 (m ) (0.130593..., 0.0416 )π  A1 

[2 marks] 
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 (f) x-coordinate of S is 0.4 (A1) 
  let the y-coordinate be Sy  
  attempt at Pythagoras (M1) 
  2 2 2( 0.2) 0.6 0.4Sy + = −   

  0.2 0.2Sy + =    

  0.247 (0.247213...)Sy =  (A1) 

Note:  The (M1) mark can be implied by a y-coordinate of 0.447 or 0.647 seen. 

  
  any valid method to find equation (M1) 
  e.g. quadratic regression, vertex form, simultaneous equations 

Note:  Award only if the student has found three points on the curve. 
 
  EITHER 
  20.295 0.236 0.2y x x= − + +  A2 

 ( 20.295081... 0.236065... 0.2y x x= − + + ) 

Note:   Award A1 if one coefficient ( 0.295081...−  or 0.236065... ) is correct or if “ y = ” is missing,  
A2 for completely correct equation. 
Award A1 for 20.294 0.235 0.2y x x= − + +  obtained from using the 3 sf value of Sy . 

 
  OR 
  20.295( 0.4) 0.247y x= − − +  A2 

  ( 20.295081...( 0.4) 0.247213...y x= − − + ) 

Note:  Award A1 for 0.295− , A2 for completely correct equation. 

[6 marks] 
 

 (g) volume  ( )0.8 22

0
0.295081... 0.236065... 0.2 dx x x= π − + +∫  M1 

Note:  Award M1 for the minimum of an integral with the correct limits and their function squared. 

 
  = 0.135  (0.135161…) A1 
  
  0.135>0.131   R1 

Note:  Award R1 independently of the previous marks for a correct comparison of their (clearly 
stated) volume with their answer to part (e)(iii).  

 
  Hence the volume is greater than any cylinder volume AG 

      [3 marks] 
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 (h) Award A1 for at least one reasonable answer, for example: 
 
  the barrel is full of wine when sold 
  the barrel/stick is constructed with zero thickness 
  the stick is straight and inflexible 
  the hole has no diameter 
  volume of wine is the only important factor in value 
  aesthetics are not important  

Note:  Do not accept statements that relate to the barrel having circular cross-section, for 
example, ‘there are no deformities’, ‘it is perfectly smooth’ as these assumptions 
have already been made with the chosen model. 

[1 mark] 
 

[Total 26 marks] 
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2. (a) 

115

PQ 115

0

→
− 
 =  
 
 

  OR  2 2 2(215 100) ( 197 82) 0− + − + +  (M1) 

Note:  Accept working using “A and B” in place of “P and Q”. 

 

  2 2 2115 115 0+ +   

  163 ( (162.634..., 26450) km)=  A1 
[2 marks] 

 

 (b) speed of each aircraft = 2 2 2640 640 0+ +   (M1) 
 

  1905 km h 905.096 , 819200)( ) (−= …   OR  1251 ms (251.388...)−  A1 
 [2 marks] 

 

 (c) time to travel 162.634… km is 
162.634...

(0.179687...)
905.096...

  (M1) 

Note:  Accept 
115

640
 from a consideration of the component directions. 

Accept use of the 3 significant figure answer from parts (a) and (b):  
163

0.180110
905

= … 

 
  EITHER   
  (multiply by 60 to get) 10.8 (10.7812...)  (minutes) or 10 minutes 48 seconds A1 
  (10.8 10> ) hence not in conflict R1 

Note:  Award R1 for a correct comparison of their time, in minutes, with 10 minutes. 

 
  OR 
  (convert 10 minutes into hours) 0.167 (0.166666...)  (hours) A1 

  ( 0.180 0.167> ) hence not in conflict R1 

Note:  Award R1 for a correct comparison of their time, in hours, with 0.167 hours. 

 
[3 marks] 

 

 (d) ( )
100 640

82 640

10.7 0
A t

−   
   = − +   
   
   

r   A1 

[1 mark] 
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 (e) (i) 

(100 640 ) ( 400 140 )

82 640 ) ( 41 604 )

10.7 (9. 2

(

1 )
A C

t t

t t

t

− − − − 
 − + − − + 
 − +

=



−r r   (M1)(A1) 

   

500 500

41 36

1.6 2

t

t

t

− 
 = − + 
 − 

 

 

Note:  Award M1 for an attempt to subtract their Ar  and Cr  in either order, (A1) for a correct 

expression, which does not need to be simplfiied and which may be seen in the line below. 

 

   2 2 2(500 500 ) ( 41 36 ) (1.6 2 )A C t t t− = − + − + + −r r   (M1) 

Note:  Award (M1) for a correct attempt to find the modulus of their A C−r r . 

 
   this is equal to 10 km when 0.983 (0.983441...)t =  and 1.02 (1.01799...)  
      A1A1 

[5 marks] 
 
  (ii) METHOD 1 
   consideration of the vertical component of their A C−r r  from part (e)(i)  M1 

   1.6 2t−   
   0.3 1.6 2 0.3t− < − <  A1 

Note:  Award A1 for relating their expression to 0.3−  and 0.3; accept an equality. 

  
   (0.65 ) 0.95t< <  A1 

Note:  Award A1 for 0.95 seen. 

 
   interval is outside of interval from part (e)(i)  (the two conditions are  

never broken at the same time) R1 

Note:  The R1 can only be awarded if there is a clear consideration of intervals. 

 
   hence regulations are not broken A1 

Note:  Do not award R0A1. 
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   METHOD 2 
   consideration of the vertical component of their A C−r r  from part (e)(i) M1 

 
   1.6 2t−  
   when 0.983441...t =  the difference in height is 1.6 2 0.983441...− ×   
 

  ( ) 0.366882 km= − …  A1 
 
   EITHER 
   as time increases the vertical displacement between the aircraft also increases 
      R2 
 
   OR 
   when 1.01799...t =  the difference in height is 1.01799...1.6 2− ×   
 
   ( ) 0.435970 (km)= − …  A1 

 
   because it is a linear function, the difference in height is also greater than 0.3 km 

between these values of t. R1 

Note:  Accept an argument from a graph. 

 
   THEN 
   so regulations are not broken A1 

Note:  Do not award R0A1. 

[5 marks] 
 
 (f) circle    A1 
  radius of 6.4 (km) A1 
  centred on R / (0, 0) A1 

Note:  A description that includes only one or two of the points above can be awarded 
a further A1 for a further correct statement, for example: “the speed is 

1243.2 km h− ” OR “it travels anticlockwise when viewed from above” OR 
“it travels clockwise when viewed from below”. 

      [3 marks]  
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 (g) (i) attempt at scalar product for the correct two vectors (M1) 

Note:  Award (M1) for a product and sum of components leading to a single 
scalar expression. 

   RE 1(20 ) (10 )λ λ
→

= − − + + b  
   10 2λ= − +   A1 

[2 marks] 
 
  (ii) 10 2 0λ− + =  (M1) 

Note:  Award (M1) for setting their scalar product equal to 0, but only if their 
scalar product is a single expression. 

   
   5λ =    A1 

[2 marks] 
 

  (iii) METHOD 1 

   
20 1 15

RE 5
10 1 15

→ −       
= + =      
      

 (M1) 

 

   2 2

min

RE 15 15 21.2 (21.2132..., 15 2 , 450)
→

= + =  (km) A1 

 
  
 METHOD 2 
 

 2 2RE (20 ) (10 )λ λ
→

= − + +  (M1) 

   
min

RE 21.2 (21.2132..., 15 2 , 450)
→

=  km A1 

[2 marks] 
 
  (iv) consideration of at least two distances from (their) 21.2, 6.4 and 10 M1 
   
   EITHER 
   6.4 10 16.4 21.2+ = <  R1 
   OR 
   21.2 10 11.2 6.4− = >   R1 
   OR 
   21.2 6.4 14.8 10− = >   R1 

Note:  Accept equivalent reasoning in words. 

 
   THEN 
   hence they do not break regulations AG 

[2 marks] 
 

[Total 29 marks] 
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Mathematics: applications and interpretation
Higher level
Paper 3

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [55 marks].
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Answer both questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 26]

This question considers the optimal route between two points, separated by several 
regions where different speeds are possible.

Huw lives in a house, H, and he attends a school, S, where H and S are marked on the 
following diagram. The school is situated 1.2 km south and 4 km east of Huw’s house. 
There is a boundary [MN], going from west to east, 0.4 km south of his house. The land 
north of [MN] is a field over which Huw runs at 15 kilometres per hour (km h-1). The land 
south of [MN] is rough ground over which Huw walks at 5 km h-1. The two regions are 
shown in the following diagram.

diagram not to scale

N

S
4 km

H

M

Field (15 km h−1)

Rough ground (5 km h−1)

0.4 km

0.8 km

North

(a) Huw travels in a straight line from H to S. Calculate the time that Huw takes to 
complete this journey. Give your answer correct to the nearest minute. [6]

(b) Huw realizes that his journey time could be reduced by taking a less direct route. 
He therefore defines a point P on [MN] that is  x km east of M. Huw decides to run 
from H to P and then walk from P to S. Let  T ( x )  represent the time, in hours, taken 
by Huw to complete the journey along this route.

(i) Show that T x
x x

( )
. . ( )

�
� � � �0 4 3 08 4

15

2 2 2 2

. [3]

(ii) Sketch the graph of  y = T ( x ) . [2]

(This question continues on the following page)
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Turn over

(Question 1 continued)

(iii) Hence determine the value of  x  that minimizes  T ( x ) . [1]

(iv) Find by how much Huw’s journey time is reduced when he takes this optimal 
route, compared to travelling in a straight line from H to S. Give your answer 
correct to the nearest minute. [2]

(c) (i)  Determine an expression for the derivative  T ′( x ) . [3]

(ii) Hence show that  T ( x )  is minimized when

x

x

x

x0 16

3 4

0 64 42 2.

( )

. ( )�
�

�

� �
. [1]

(iii) For the optimal route, verify that the equation in part (c)(ii) satisfies the  
following result:

ˆcos HPM
ˆcosSPN

=
speed over field

speed over rough ground
. [2]

(d) The owner of the rough ground converts the southern quarter into a field over 
which Huw can run at 15 km h-1. The following diagram shows the optimal route,  
HJKS, in this new situation. You are given that [HJ] is parallel to [KS].

diagram not to scale

N

S
4 km

H

M J

K

Field (15 km h−1)

Field (15 km h−1)

Rough ground (5 km h−1)

0.4 km

0.6 km

0.2 km

North

Using a similar result to that given in part (c)(iii), at the point J, determine MJ. [6]
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2. [Maximum mark: 29]

This question considers the analysis of several datasets of examination marks using a 
variety of standard procedures and also an unfamiliar statistical test.

A class of eight students sits two examinations, one in French and one in German.

The marks in these examinations are given in Table 1.

Table 1

Student French mark German mark

S1 42 39

S2 65 66

S3 82 71

S4 50 53

S5 48 32

S6 73 59

S7 34 40

S8 59 56

The maximum mark in both examinations is the same.

You may assume that these data are a random sample from a bivariate normal distribution 
with mean  µF  for the French examination, mean  µG  for the German examination and 
Pearson’s product-moment correlation coefficient  ρ .

Before the examinations were sat, the Head of Languages, Pierre, decided to investigate 
whether there would be significant evidence of a difference between  µF  and  µG . He decided 
to analyse the data using a two-tailed paired  t-test with significance level 5 %.

(a) Explain briefly

(i) why he chose to use a  t-test and not a  z-test; [1]

(ii) why he chose to use a two-tailed test and not a one-tailed test. [1]

(b) (i)  State suitable hypotheses for the  t-test. [1]

(ii) Find the  p-value for this test. [2]

(iii) The  p-value is a probability. State the event for which it gives the probability. [1]

(iv) State, giving a reason, what conclusion Pierre should reach. [2]

(This question continues on the following page)



– 5 – 2223 – 7213

Turn over

(Question 2 continued)

(c) Pierre believes that students who score well in one language examination tend to score 
well in the other language examination. He therefore decides to carry out a test at the 
5 % significance level to investigate whether there is a positive correlation between the 
French examination marks and the German examination marks.

(i) State appropriate hypotheses in terms of  ρ . [1]

(ii) Perform a suitable test and state the  p-value. State, in context, the conclusion 
that Pierre should reach, giving a reason. [4]

(d) There are actually two more students in this particular class, Paul and Sue. Paul sat 
the French examination, but he was unable to sit the German examination. Sue sat 
the German examination, but she was unable to sit the French examination.

(i) Paul’s mark in the French examination was 58. Use the data in Table 1 to 
predict the mark that Paul would have obtained in his German examination. [3]

(ii) Based on her mark in the German examination, Sue’s mark in the French 
examination was predicted to be 71. Find the mark she obtained in the 
German examination. [2]

Six students sit examinations in mathematics and history and their marks are shown 
in Table 2. The Vice Principal, Angela, decides to investigate whether there is any 
association between the marks obtained in these two subjects.

Table 2

Student Mathematics mark ( x ) History mark ( y )

P1 53 41

P2 76 70

P3 50 62

P4 65 47

P5 61 66

P6 84 50

(This question continues on the following page)
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(Question 2 continued)

Angela is informed that the maximum mark in each subject is 100.

Angela believes that the data might not be normally distributed, so she investigates 
what suitable tests are available which do not assume the data is normally distributed. 
She decides to use an unfamiliar test based on a statistic called Kendall’s  t .

Consider  n  bivariate observations  ( xi ,  yi ) ,  i = 1 ,  2 ,  …n ,  such that there are no 
equal  x-values and no equal  y-values. Any pair of distinct bivariate observations   
( xi ,  yi )  and  ( xj ,  yj )  is said to be concordant if  ( xi - xj )( yi - yj ) > 0  and discordant 

if  (xi - xj)(yi - yj) < 0 . For  n  bivariate observations, there are 
n n( )-1

2
 distinct pairs.

Kendall’s  t  is defined as 
2

1

( )

( )

C D

n n

-
-

 where  C  and  D  denote respectively the number of 

concordant pairs and discordant pairs.

(e) (i)  Show that the value of Kendall’s  t  always lies in the interval  [-1 ,  +1] . [1]

(ii) For students  P1  and  P2 , show that their pair is concordant. [1]

(iii) Show that the value of Kendall’s  t  for the mathematics and history data is 0.2. [4]

(f) Angela decided to use this statistic in a two-tailed test at the 10 % significance level.
The critical region for her test is � � 0 733. .

(i) State, in words, her null and alternative hypotheses. [1]

(ii) State the conclusion that Angela should reach. Give a reason for your answer. [2]

Angela now finds that the history marks are actually out of 120. The history teacher advises 
Angela to scale the history marks so that they are out of 100 and then redo the calculations 
for the value of  t .

(g) State, with a reason, whether you agree with the advice given by the history teacher. [2]

References:
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 
correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:
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 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a)  

 
   
  METHOD 1 

  1 4ˆMHS tan 73.3007... OR 1.27933...
1.2

− = = 
 

  (A1) 

  use of trigonometry to find HA or AS (M1) 

  
0.4

HA
ˆcos MHS

=   AND  
0.8

AS
ˆcos MHS

=  (A1) 

  ( HA 1.39204...=   and AS 2.78408...= ) 

  use of 
distance

time
speed

=  for either of their distances (M1) 

  time taken 
AH AS

15 5
 = + 
 

 

  0.649618...  (hours) (A1) 
  (38.97712… minutes) 
  therefore 39 (mins) A1FT 

Note:   Allow FT, within the question part, from their time in hours for the final A1. 
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  METHOD 2 
 
  EITHER 
  use of similar triangles to identify either length MA or AN (M1) 

  
4

3




 or 
8

3




 

  attempt to use Pythagoras for either triangle AMH or ANS (M1) 

  
2

2 2 4
AH 0.4  

3
 = +  
 

 AND 
2

2 2 8
AS 0.8

3
 = +  
 

 (A1) 

 
  OR 
  attempt to use Pythagoras for larger triangle (M1) 
  2 2 2SH 4  1.2= +  

  2 21
AH 4  1.2

3
= +   AND 2 22

AS 4  1.2
3

= +  (M1)(A1) 

   
  THEN 
  ( HA 1.39204...=   and AS 2.78408...= ) 

  use of 
distance

time
speed

=  for either of THEIR distances (M1) 

  time taken 
AH AS

15 5
 = + 
 

 

  0.649618...  (hours) (A1) 
  (38.97712… minutes) 
  therefore 39 (mins) A1FT 

Note:   Allow FT, within the question part, from their time in hours for the final A1. 

      [6 marks] 
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 (b) (i) 2 2 2PH 0.4  x= +   AND  2 2 2PS 0.8 (4 )x= + −  A1 

Note: This A1 can be implied by a clear expression for the time in each region 
coming from distance / speed below. 

 

   
PH PS

( )
15 5

T x = +  (M1) 

 

   
2 22 2 0.8 (4 )0.4

( )
15 5

xx
T x

+ −+
= +  A1 

  

   
2 2 2 20.4 3 0.8 (4 )

( )
15

x x
T x

+ + + −
=  AG 

      [3 marks] 
 
  (ii) 

 
  

   correct shape with minimum point nearer 4x =  than 0x =  A1 
   correct (approximate) y-intercept, 0.843… (must be clearly below 1) A1 

      [2 marks] 
 
  (iii) using the GDC, at the minimum 3.72 (3.71898...)x =  A1 

Note:   Do not accept coordinates of the minimum point. 

      [1 mark] 
 
  (iv) finding their ( )T x  for their value of x M1 

   ( ) 0.418946T x = … 

   so time saved ( 38.97712 25.1367= …− …mins) = 14 (mins)  A1 
      [2 marks]  
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 (c) (i) attempt at chain rule M1 

   
2 2 2 2

1 3(4 )
( )

15 0.4 0.8 (4 )

x x
T x

x x

 −′  = −
 + + − 

 A1A1 

Note: Award A1 for each correct term. Accept any equivalent form 
i.e. condone fractions not simplified.  

      [3 marks] 
 
  (ii) setting their ( ) 0T x′ =   M1 

Note: This requires more than just a statement that the derivative 
equals zero – they must use their attempt at ( )T x′ . 

 

   
2 2 2 2

1 3(4 )
0

15 0.4 0.8 (4 )

x x

x x

 − − =
 + + − 

 

  

   
2 2

3(4 )

0.16 0.64 (4 )

x x

x x

−
=

+ + −
 AG 

      [1 mark] 
 
  (iii) METHOD 1 

   
2

ˆcos HPM
0.16

x

x
=

+
 AND 

2

4ˆcosSPN
0.64 (4 )

x

x

−
=

+ −
 A1 

   substituting in the above equation and rearranging  M1 

   ˆ ˆcos HPM 3cosSPN=  leading to 
ˆcos HPM 15

3
ˆ 5cosSPN

 = =  
 

 

   verifying the result  AG 
 
   METHOD 2 

   
2 2

3(4 )

0.16 0.64 (4 )

x x

x x

−
=

+ + −
 

   attempt to rearrange into a quotient M1 

   
2

2

15 0.163
45

0.64 (4 )

x

x
x

x

  += =  − 
+ −

 

   
ˆcos HPM
ˆcosSPN

=  A1 

   verifying the result AG 
      [2 marks] 
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 (d) METHOD 1 

 
 

  let MJ kmy=  and W and Z be the points on the new boundary directly  

below N and J 
  attempt to find ZK in terms of MJ M1 
  (KW 0.5 )y=  

  ZK 4 –  1.5 ) km( y= . A1 
  

  attempt to use the result from (c)(iii) at J M1 

  
2 2 2 2

ˆcosHJM (4 1.5 ) 15
ˆ 5cos ZKJ 0.4 (4 1.5 ) 0.6

y y

y y

−
= ÷ =

+ − +
 A1 

Note: Accept ˆcos NJK  in place of ˆcos ZKJ . 
 

  
2 2

3(4 1.5 )

0.16 (4 1.5 ) 0.36

y y

y y

 − =
 + − + 
leading to  

  valid method for solving this equation, eg drawing graphs of both sides  
of the equation, using SOLVER, etc. (M1) 

  solution is 2.53y =     A1 
 

  METHOD 2 
  combining the field into one region with height 0.6 km M1 

  
2

ˆcos HPM
0.36

x

x
=

+
 

  
2

4ˆcosSPN
0.36 (4 )

x

x

−
=

+ −
 A1 

Note: Both expressions, or their ratio, are required for the A1 to be awarded. 
 

  therefore 

  
( )2

2

0.36 4
3

(4 ) 0.36

x x

x x

+ −
=

− +
 A1 

  valid method for solving (M1) 

  attempting to find MJ in terms of x  e.g. 
2

MJ
3

x=  M1 

  so MJ 2.53=  A1 
      [6 marks] 
      Total [26 marks]  
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2. (a) (i) because the (population) standard deviation(s) are unknown A1 

Note: Ignore any references to sample size. 

      [1 mark] 
 
  (ii) EITHER 
  he has no idea beforehand which way the difference would be  

if there is a difference A1 
 
   OR 
   he is only interested that there is a difference (not the direction) A1 

      [1 mark] 
  
 (b) (i) EITHER 
   0 F GH : µ µ= ; 1 F GH : µ µ≠  A1 

 
   OR 
   0 DH : 0µ = ; 1 DH : 0µ ≠  A1 

Note: Accept an equivalent statement in words, must include mean and reference to 
“population mean” / “mean for all those taking the French exam” etc. for the first 
A1 to be awarded. The terms “on average” and “generally” are also acceptable to 
indicate populations. Do not accept an imprecise “the means are equal”. 
 

Do not accept “There is (no) (significant) evidence of a difference between Fµ  

and Gµ ” for either hypothesis or ”There is (no) significant difference between 

marks in French and German”.  

      [1 mark] 
 
  (ii) Generate a third column giving French mark – German mark or  

   German mark – French mark. (M1) 
   e.g. 
    
 
   
    
 
 
 
    p-value = 0.153. A1 

      [2 marks] 
 
  (iii) The p-value gives the probability of seeing the observed difference  

in means (or a larger difference) assuming H0 to be true. A1 

Note: Do not accept “the probability that the data occurs by chance” or similar. 

      [1 mark] 
 
  

French mark German mark Difference 
42 39 3 
65 66 –1 
82 71 11 
… … … 
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  (iv) because 0.153 > 0.05 R1 
   EITHER 
   there is not (significant evidence of) a difference between the  

(population) means A1 
   OR 
   fail to reject 0H  (accept “accept 0H ”) A1 

Note: Do not award R0A1. 
Remember to FT from part (b)(ii). 
Do not award the final A1 if the null hypothesis in part (b)(i) is logically wrong (i.e. 
if the null and the alternative have been reversed or are nonsense) but this can 
be awarded if part (b)(i) is just poorly communicated. 

      [2 marks] 
 

 (c) (i)  0H : 0ρ = ; 1H : 0ρ >  A1 

Note: Condone 0H : 0ρ ≤ . 

      [1 mark] 
 

  (ii) p-value 0.00286=  A2 
   0.00286 0.05<   R1 
   he should conclude that the two sets of marks are (generally)  
   positively correlated   A1 

Note: Allow FT from any test for correlation. 
Do not award R0A1. 
The final R1A1 should follow through from their p-value.  
Do not award the final A1 if the null hypothesis in part (c)(i) is wrong (i.e. if the null 
and the alternative have been reversed or are nonsense), but this can be awarded if 
part (c)(i) is just poorly communicated.  
The final conclusion must be in context. 

      [4 marks] 
 
 (d) (i) the regression line of German on French is  
   German 10.2393... 0.737495...French= +  (A1) 
   EITHER 
   substituting French 58=  into their regression line  (M1) 
   OR 
   sketch showing regression line and 58x =   (M1) 
 
   THEN 
   Paul’s German mark 53=  A1 

Note: Accept an answer of 53.0 (53.0140...)  or 52.9 as integer results 
are not explicitly stated in the question. 
Regression lines may be written in terms of y  and x . 

      [3 marks] 
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  (ii) recognizing need to use line French on German 
   French 4.04116... 1.01122...German= +  (A1) 
   putting French 71= , Sue’s German mark 66=  A1 

Note: Accept an answer of 66.2 (66.2158...)  or 66.3 as integer results are not explicitly 
stated in the question. 
Although not required in the markscheme as presented, candidates may have 
considered French 70.5=  and French 71.5= ; this is valid and will lead to the 
correct answer. 
If the line German on French is used in part (d)(ii) the answer is 63; award A0A0. 

      [2 marks] 
 
 (e) (i) EITHER 
   the maximum value of τ  occurs when all pairs are concordant so max 1= +  
   the minimum value of τ  occurs when all pairs are discordant so min 1= −  
      A1 
  
   OR 

   when all concordant 
( 1)

2

n n
C D

−
− = , and when all discordant 

( 1)

2

n n
C D

−
− = −  

      A1 
 
   OR 

   when all concordant 
( 1)

, 0
2

n n
C D

−
= =  and when all discordant 

( 1)
0,

2

n n
C D

−
= =  

      A1 
 
   THEN 
   hence the range is [ 1, 1]− +  AG 

Note: Accept an answer which is just based on 6n = . 

      [1 mark] 
 
  (ii) 53 76) 41 70) 0( (− − >  A1 
   Hence concordant  AG 

      [1 mark] 
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  (iii) Evidence of a valid method, eg  M1 
   P1: C, D, C, C, C 
   P2 : C, C, C, D 
   P3 : D, C, D  
   P4 : D, C 
   P5 : D 
   P6 : 

Note: At least one pair beyond 1 2( , )P P  needs to be compared to award M1. 

 
   any evidence (a statement or a list) that 15 pairs need to be considered 
      A1 
 
   9, 6C D= =  A1 
  

   using their stated C and D values in given formula with 6n =  M1 

   
2(9 6)

6(6 1)

−
−

  OR  
9 6

15

−
  

   0.2τ =    AG 
      [4 marks] 

 
 (f) (i) 0H :  There is no (underlying) association (or correlation) between the two sets of marks  

   1H :  There is an (underlying) association (or correlation) between the two sets of marks 

      A1 

Note: Do not accept independence in the hypotheses. 

      [1 mark] 
 
  (ii) τ  does not lie in the critical region   OR    0.2<0.733 R1 
   EITHER 
   there is insufficient evidence to indicate that there is an association  
   between the two sets of marks  A1 
 
   OR 
   fail to reject 0H  (accept “accept 0H ”) A1 

Note: Do not award R0A1.  
In this question the final A1 mark can be awarded for “fail to reject 0H ” or “accept 0H ” 
even if the hypotheses in (f)(i) are the wrong way round as the critical region is given.  

      [2 marks] 
 
 (g) no    A1  
  because scaling the marks will not affect the concordances/ discordances R1 

Note: Do not award A1R0. 

      [2 marks] 
Total [29 marks] 
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1 heure

Mathématiques : applications et interprétation
Niveau supérieur
Épreuve 3

Instructions destinées aux candidats

 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [55 points].
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Répondez aux deux questions sur le livret de réponses fourni. Veuillez répondre à chaque question sur 
une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une réponse correcte  
si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par un raisonnement  
et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran graphique doivent 
être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations graphiques sont 
utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations graphiques dans 
votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués si la méthode 
utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous recommande donc 
de montrer tout votre raisonnement.

1. [Note maximale : 26]

Cette question considère l’itinéraire optimal entre deux points, séparés par plusieurs 
régions où il est possible de se déplacer à différentes vitesses.

Huw demeure dans une maison, H, et il fréquente une école, S. H et S sont indiqués sur le 
diagramme suivant. L’école est située 1,2 km au sud et 4 km à l’est de la maison de Huw. 
La limite [MN], allant d’ouest en est, se trouve 0,4 km au sud de sa maison. Le terrain au nord 
de [MN] est un champ dans lequel Huw court à 15 kilomètres à l’heure (km h-1). Le terrain au 
sud de [MN] est un terrain accidenté dans lequel Huw marche à 5 km h-1. Les deux régions 
sont présentées dans le diagramme suivant.

la figure n’est pas à l’échelle

N

S
4 km

H

M

Champ (15 km h−1)

Terrain accidenté (5 km h−1)

0,4 km

0,8 km

Nord

(a) Huw se déplace en ligne droite de H vers S. Calculez le temps qu’il faudra à Huw pour 
compléter ce trajet. Donnez votre réponse correcte à la minute près. [6]

(b) Huw réalise que le temps de son trajet pourrait être réduit en empruntant un itinéraire 
moins direct. Il définit alors un point P sur [MN] situé  x km à l’est de M. Huw décide de 
courir de H à P et ensuite marcher de P à S. Soit  T ( x )  le temps, en heures, nécessaire 
à Huw pour effectuer le trajet selon cet itinéraire.

(i) Montrez que T x
x x

( )
, , ( )

�
� � � �0 4 3 0 8 4

15

2 2 2 2

. [3]

(ii) Esquissez la représentation graphique de  y = T ( x ) . [2]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

(iii) À partir de là, déterminez la valeur de  x  pour laquelle  T ( x )  est minimal. [1]

(iv) Trouvez de combien de temps le trajet de Huw est réduit lorsqu’il emprunte cet 
itinéraire optimal, par rapport à un trajet en ligne droite de H à S. Donnez votre 
réponse correcte à la minute près. [2]

(c) (i)  Déterminez une expression pour la dérivée  T ′( x ) . [3]

(ii) À partir de là, montrez que  T ( x )  est minimal lorsque

x

x

x

x0 16

3 4

0 64 42 2,

( )

, ( )�
�

�

� �
. [1]

(iii) Pour l’itinéraire optimal, vérifiez que l’équation de la partie (c)(ii) satisfait le 
résultat suivant :

ˆcos HPM
ˆcosSPN

vitesse sur le champ
vitesse sur le terrain accidenté

= . [2]

(d) Le propriétaire du terrain accidenté convertit le quart sud en un champ dans lequel 
Huw peut courir à 15 km h-1. Le diagramme suivant montre l’itinéraire optimal, HJKS, 
pour cette nouvelle situation. On sait que [HJ] est parallèle à [KS].

la figure n’est pas à l’échelle

N

S
4 km

H

M J

K

Champ (15 km h−1)

Champ (15 km h−1)

Terrain accidenté (5 km h−1)

0,4 km

0,6 km

0,2 km

Nord

En utilisant un résultat similaire à celui donné dans la partie (c)(iii), au point J, 
déterminez MJ. [6]
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2. [Note maximale : 29]

Cette question porte sur l’analyse de plusieurs ensembles de données regroupant des 
notes d’examen, en utilisant une variété de procédures courantes ainsi qu’un nouveau 
test statistique.

Une classe de huit élèves passe deux examens, un en français et un en allemand.

Les notes de ces examens sont données dans le tableau 1.

Tableau 1

Élève Note en français Note en allemand

S1 42 39

S2 65 66

S3 82 71

S4 50 53

S5 48 32

S6 73 59

S7 34 40

S8 59 56

La note maximale dans les deux examens est la même.

Vous pouvez supposer que ces données constituent un échantillon aléatoire provenant d’une 
distribution normale bivariée dont la moyenne est  µF  pour l’examen de français,  µG  pour 
l’examen d’allemand et le coefficient de corrélation de Pearson est  ρ .

Avant la tenue des examens, le directeur du département de langues, Pierre, cherche 
à savoir s’il y aurait des preuves d’une différence significative entre  µF  et  µG . Il décide 
d’analyser les données en utilisant un test  t  bilatéral pour des échantillons appariés au 
niveau de signification de 5 %.

(a) Expliquez brièvement :

(i) pourquoi il choisit d’utiliser un test  t  et pas un test  z ; [1]

(ii) pourquoi il choisit d’utiliser un test bilatéral et pas un test unilatéral. [1]

(b) (i)  Indiquez des hypothèses appropriées pour le test  t . [1]

(ii) Trouvez la valeur  p  pour ce test. [2]

(iii) La valeur  p  est une probabilité. Indiquez l’événement auquel correspond 
cette probabilité. [1]

(iv) Indiquez, en donnant une raison, la conclusion à laquelle Pierre devrait arriver. [2]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 2)

(c) Pierre pense que les élèves qui obtiennent de bons résultats à un examen de langue 
ont tendance à obtenir de bons résultats à l’autre examen de langue. Il décide donc 
d’effectuer un test au niveau de signification de 5 % pour vérifier s’il existe une 
corrélation positive entre les notes obtenues à l’examen de français et les notes 
obtenues à l’examen d’allemand.

(i) Indiquez des hypothèses appropriées en termes de  ρ . [1]

(ii) Faites un test approprié et indiquez la valeur  p . Indiquez, dans le contexte, 
la conclusion à laquelle Pierre devrait arriver, en donnant une raison qui justifie 
votre réponse. [4]

(d) Il y a en fait deux autres élèves dans cette classe, Paul et Sue. Paul a passé l’examen 
de français, mais il n’a pas pu passer l’examen d’allemand. Sue a passé l’examen 
d’allemand, mais elle n’a pas pu passer l’examen de français.

(i) Paul a obtenu une note de 58 à l’examen de français. Utilisez les données 
dans le tableau 1 pour prédire la note que Paul aurait obtenue à son 
examen d’allemand. [3]

(ii) Sur la base de sa note à l’examen d’allemand, la note de Sue à l’examen 
de français a été estimée à 71. Trouvez la note qu’elle a obtenue à 
l’examen d’allemand. [2]

Six élèves passent des examens de mathématiques et d’histoire et leurs notes sont 
présentées dans le tableau 2. La directrice adjointe, Angela, décide d’enquêter pour 
savoir s’il existe une association entre les notes obtenues dans ces deux matières.

Tableau 2

Élève Note en mathématiques ( x ) Note en histoire ( y )

P1 53 41

P2 76 70

P3 50 62

P4 65 47

P5 61 66

P6 84 50

(Suite de la question à la page suivante)
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(Suite de la question 2)

Angela est informée que la note maximale dans chaque matière est 100.

Angela pense que les données ne sont peut-être pas distribuées normalement, elle 
recherche donc des tests appropriés disponibles, qui ne supposent pas que les données 
sont normalement distribuées. Elle décide d’utiliser un test basé sur une statistique 
appelée  t  de Kendall.

Considérez  n  observations bivariées  ( xi  ;  yi ) ,  i = 1 ,  2 ,  …n ,  telles qu’il n’y a pas de 
valeurs de  x  égales ni de valeurs de  y  égales. Toute paire d’observations bivariées 
distinctes  ( xi  ;  yi )  et  ( xj  ;  yj )  est dite concordante si  ( xi - xj )( yi - yj ) > 0  et discordante 

si  ( xi - xj )( yi - yj ) < 0 . Pour  n  observations bivariées, il y a 
n n( )-1

2
 paires distinctes.

Le  t  de Kendall est défini par 
2

1

( )

( )

C D

n n

-
-

, où  C  et  D  désignent respectivement le nombre de 

paires concordantes et de paires discordantes.

(e) (i) Montrez que la valeur du  t  de Kendall se situe toujours à l’intérieur de
l’intervalle  [-1  ;  +1] . [1]

(ii) Pour les élèves  P1  et  P2 , montrez que leur paire est concordante. [1]

(iii) Montrez que la valeur du  t  de Kendall pour les données en mathématiques et
histoire est de 0,2. [4]

(f) Angela décide d’utiliser cette statistique dans un test bilatéral au niveau de signification
de 10 %. La région critique pour son test est � � 0 733, .

(i) Indiquez, avec des mots, son hypothèse nulle et son hypothèse alternative. [1]

(ii) Indiquez la conclusion à laquelle Angela devrait arriver. Donnez une raison
justifiant votre réponse. [2]

Angela se rend compte que les notes en histoire étaient en fait sur 120. L’enseignante 
d’histoire suggère à Angela de mettre les notes d’histoire à l’échelle pour qu’elles soient 
sur 100, puis de refaire les calculs pour trouver la valeur de  t .

(g) Indiquez, en donnant une raison, si vous êtes d’accord avec la suggestion de
l’enseignante d’histoire. [2]

Références :

© Organisation du Baccalauréat International 2023
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Matemáticas: Aplicaciones e Interpretación
Nivel Superior
Prueba 3

Instrucciones para los alumnos

 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [55 puntos].
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Conteste las dos preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun 
cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, 
siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 26]

En esta pregunta se analiza la ruta óptima entre dos puntos separados por varias 
regiones y con distintas velocidades máximas.

Huw vive en una casa (H) y va al colegio (S); tanto H como S aparecen rotulados en la 
siguiente figura. El colegio está situado a 1,2 km al sur y a 4 km al este de la casa de Huw. 
Hay un límite [MN] que va de oeste a este y que está a 0,4 km al sur de la casa. El terreno 
que está al norte de [MN] es un campo por el que Huw puede correr a 15 kilómetros por 
hora (km h-1). El terreno que está al sur de [MN] es un pedregal por el que Huw camina a  
5 km h-1. Las dos regiones se muestran en la siguiente figura.

la figura no está dibujada a escala

N

S
4 km

H

M

Campo (15 km h−1)

Pedregal (5 km h−1)

0,4 km

0,8 km

norte

(a) Huw va en línea recta de H a S. Calcule el tiempo que tarda Huw en hacer este 
recorrido. Dé la respuesta redondeando al número entero de minutos más cercano. [6]

(b) Huw se da cuenta de que podría tardar menos tiempo si cogiera una ruta menos 
directa. Por ello, define un punto P que pertenece a [MN] y que está a  x  km al este 
de M. Huw decide ir corriendo de H a P y luego ir caminando de P a S. Sea  T ( x )  el 
tiempo (en horas) que tarda Huw en completar el recorrido siguiendo esta ruta.

(i) Muestre que T x
x x

( )
, , ( )

�
� � � �0 4 3 0 8 4

15

2 2 2 2

. [3]

(ii) Dibuje aproximadamente el gráfico de  y = T ( x ) . [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

(iii) A partir de lo anterior, determine el valor de  x  que minimiza  T ( x ) . [1]

(iv) Halle en cuánto se reduce el tiempo que tarda Huw en llegar al colegio cuando 
coge esta ruta óptima, en comparación con el tiempo que tarda cuando va en 
línea recta de H a S. Dé la respuesta redondeando al número entero de minutos 
más cercano. [2]

(c) (i)  Determine una expresión para la derivada  T ′( x ) . [3]

(ii) A partir de lo anterior, muestre que  T ( x )  se minimiza cuando se cumple que

x

x

x

x0 16

3 4

0 64 42 2,

( )

, ( )�
�

�

� �
. [1]

(iii) Para la ruta óptima, verifique que la ecuación del apartado (c)(ii) satisface el 
siguiente resultado:

ˆcos HPM
ˆcosSPN

velocidad por el campo

velocidad por el pedregal
� . [2]

(d) El propietario del pedregal convierte un cuarto de ese terreno (el que está más al sur) 
en un campo en el que Huw puede correr a 15 km h-1. La siguiente figura muestra la ruta 
óptima (HJKS) en esta nueva situación. Se sabe además que [HJ] es paralelo a [KS].

la figura no está dibujada a escala

N

S
4 km

H

M J

K

Campo (15 km h−1)

Campo (15 km h−1)

Pedregal (5 km h−1)

0,4 km

0,6 km

0,2 km

norte

Utilizando un resultado similar al del enunciado del apartado (c)(iii) pero referido 
al punto J, determine MJ. [6]
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2. [Puntuación máxima: 29]

En esta pregunta se aborda el análisis de varios conjuntos de datos correspondientes 
a puntuaciones de examen, utilizando una diversidad de procedimientos estándar y 
también una prueba estadística desconocida.

Los ocho alumnos de una clase se presentan a dos exámenes: uno de Francés y otro de Alemán.

Las puntuaciones de estos exámenes se muestran en la Tabla 1.

Tabla 1

Alumno Puntuación de Francés Puntuación de Alemán

S1 42 39

S2 65 66

S3 82 71

S4 50 53

S5 48 32

S6 73 59

S7 34 40

S8 59 56

La puntuación máxima es la misma en los dos exámenes.

Puede suponer que estos datos constituyen una muestra aleatoria procedente de una 
distribución normal bidimensional de media  µF  para el examen de Francés, de media  µG  
para el examen de Alemán y con un coeficiente de correlación momento-producto de 
Pearson igual a  ρ .

Antes de que se presentaran a los exámenes, Pierre —el Director del Departamento 
de Lenguas— decidió investigar si existían indicios significativos de que  µF  y  µG fueran 
diferentes. Para ello, decidió analizar los datos utilizando una prueba t de Student de dos 
colas para muestras pareadas, a un nivel de significación del 5 %.

(a) Explique brevemente:

(i) Por qué optó por utilizar una prueba  t  y no una prueba  Z . [1]

(ii) Por qué decidió utilizar una prueba de dos colas y no una prueba de una cola. [1]

(b) (i)  Indique hipótesis apropiadas para la prueba  t .  [1]

(ii) Halle el valor del parámetro  p  correspondiente a esta prueba.  [2]

(iii) El valor del parámetro  p  es una probabilidad. Indique el suceso para el que  
da la probabilidad. [1]

(iv) Indique, razonando su respuesta, a qué conclusión debería llegar Pierre. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

(c) Pierre cree que los alumnos que sacan buena nota en el examen de un idioma tienden 
a sacar buena nota en el examen del otro idioma. Por ello, decide llevar a cabo una 
prueba, a un nivel de significación del 5 %, para investigar si existe una correlación 
positiva entre las puntuaciones del examen de Francés y las puntuaciones del examen 
de Alemán.

(i) Indique unas hipótesis en función de  ρ  que sean apropiadas. [1]

(ii) Realice una prueba adecuada e indique el valor del parámetro  p. Indique, en 
contexto, la conclusión a la que debería llegar Pierre; dé una razón que la justifique. [4]

(d) En realidad hay dos alumnos más en esta clase: son Paul y Sue. Paul se presentó 
al examen de Francés, pero no se pudo presentar al examen de Alemán. Sue se 
presentó al examen de Alemán, pero no se pudo presentar al examen de Francés.

(i) En el examen de Francés, Paul obtuvo una puntuación de 58. Utilice los datos de 
la Tabla 1 para predecir la puntuación que habría obtenido Paul en el examen de 
Alemán. [3]

(ii) Basándose en la puntuación que Sue obtuvo en el examen de Alemán, se predijo 
que en el examen de Francés habría obtenido una puntuación de 71. Halle la 
puntuación que obtuvo Sue en el examen de Alemán.  [2]

Seis alumnos se presentan al examen de Matemáticas y al de Historia. En la Tabla 2 se 
muestran las puntuaciones obtenidas. Angela, la subdirectora del colegio, decide investigar 
si existe (o no) alguna relación entre las puntuaciones que han obtenido en esas dos asignaturas.

Tabla 2

Alumno Puntuación de Matemáticas ( x ) Puntuación de Historia ( y )

P1 53 41

P2 76 70

P3 50 62

P4 65 47

P5 61 66

P6 84 50

(Esta pregunta continúa en la página siguiente)
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(Pregunta 2: continuación)

A  Angela le informan que, en ambas asignaturas, la puntuación máxima es 100.

Angela cree que posiblemente los datos no sigan una distribución normal, así que se pone a 
investigar qué pruebas adecuadas están disponibles y donde no haya que suponer que los 
datos siguen una distribución normal. Decide utilizar una prueba que no conoce y que está 
basado en un estadístico llamado  t  de Kendall.

Considere  n  observaciones bidimensionales  ( xi ,  yi ) ,  i = 1 ,  2 ,  …n ,  tal que no hay 
valores de  x  iguales  y  tampoco hay valores de  y  iguales. Un par dado de observaciones 
bidimensionales  ( xi ,  yi )  y  ( xj ,  yj )  se dice que es concordante si  ( xi - xj )( yi - yj ) > 0  y 

discordante si  ( xi - xj )( yi - yj ) < 0 . Para  n  observaciones bidimensionales, existen 
n n( )-1

2pares distintos.

Et  t  de Kendall se define así: 
2

1

( )

( )

C D

n n

-
-

 , donde  C  y  D  denotan, respectivamente, 

el número de pares concordantes y de pares discordantes.

(e) (i)  Muestre que el valor del  t  de Kendall siempre está dentro del intervalo  [-1 ,  +1] . [1]

(ii) Para los alumnos  P1  y  P2 , muestre que el par es concordante. [1]

(iii) Muestre que el valor del  t  de Kendall para los datos de Historia y de
Matemáticas es igual a 0,2. [4]

(f) Angela decidió utilizar este estadístico en una prueba de dos colas a un nivel de

significación del 10 %. La región crítica para esta prueba es � � 0 733, .

(i) Indique, con palabras, cuáles son sus hipótesis nula y alternativa. [1]

(ii) Indique la conclusión a la que debería llegar Angela. Dé una razón que justifique
su respuesta. [2]

Angela se entera de que las puntuaciones de Historia en realidad son sobre un máximo de 
120. El profesor de Historia le aconseja a Angela que escale las puntuaciones de Historia
para que sean sobre 100 y que, a continuación, rehaga los cálculos del valor de  t .

(g) Indique si está (o no) de acuerdo con el consejo que le ha dado el profesor de Historia.
Dé una razón que lo justifique. [2]

Fuentes:

© Organización del Bachillerato Internacional, 2023
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Instructions to candidates
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 y A graphic display calculator is required for this paper.
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20EP02

Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer is 
incorrect, some marks may be given for a correct method, provided this is shown by written working. You 
are therefore advised to show all working.

1. [Maximum mark: 6]

The decathlon is a competition where athletes compete in ten events. Two of those events 
are long jump and high jump. In both events, a greater distance means a better ranking.

The table shows results for these two events at the World Championships.

Event Rank

Athlete’s 
Country

Long Jump 
(m)

High Jump  
(m)

Long Jump 
Rank

High Jump 
Rank

Germany 7.64 2.11 1

France 7.52 2.08 2

Estonia 7.49 1.84 3

Canada 7.44 2.02 4

Netherlands 7.33 2.05 5

Ukraine 7.28 2.02 6

Algeria 7.22 1.90 7

Austria 7.11 1.87 8

Grenada 6.98 1.99 9

Japan 6.64 1.96 10

The Spearman’s rank correlation coefficient is used to determine if there is a linear 
correlation between an athlete’s ranking in long jump and their ranking in high jump. 

(a) Complete the table to show the athletes’ rankings in high jump. [2]

(b) Find the value of the Spearman’s rank correlation coefficient  rs . [2]

(This question continues on the following page)
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Turn over

20EP03

(Question 1 continued)

The following guide is used by the coach to determine the strength of the correlation between 
the ranks for long jump and high jump.

| rs | Strength

0.000 to 0.199 Very weak

0.200 to 0.399 Weak

0.400 to 0.599 Moderate

0.600 to 0.799 Strong

0.800 to 1.000 Very strong

(c) State the strength of the correlation between the rankings as indicated by the table and 
interpret this in the context of the question. [2]
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2. [Maximum mark: 6]

Point  H  on a hot-air balloon is sighted at the same time by two observers. One observer is at 
the top of a vertical building that is  156  metres tall. The other observer is at the base of the 
building.

The angle of elevation from point  A  (at the top of the building) to  H  is  40° , and the angle 
of elevation from point  B  (at the base of the building) to  H  is  57° . Point X is the ground 
directly below point  H . This information is shown in the diagram.

diagram not to scale

40˚

57˚

156

B

A

H

X

(a) Find the size of angle  AĤB . [2]

(b) Calculate the distance from point  B  to point  H . [3]

The hot-air balloon remains at a constant height as it moves further away from the building.

(c) Describe, in words, the change in the angle of depression from point  H  to point  B  as 
the horizontal distance between the balloon and the building increases. [1]

(This question continues on the following page)
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(Question 2 continued)
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3. [Maximum mark: 5]

On 1 January 2022, Mina deposited  $ 1000  into a bank account with an annual interest rate 
of  4 % , compounded monthly. At the end of January, and the end of every month after that, 
she deposits  $ 100  into the same account.

(a) Calculate the amount of money in her account at the start of 2024. Give your answer to 
two decimal places. [3]

(b) Find how many complete months, counted from 1 January 2022, it will take for Mina to 
have more than  $ 5000  in her account. [2]
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4. [Maximum mark: 6]

Carys believes that, on a memory retention test, the mean score of bilingual people (mb) will 
be higher than the mean score of monolingual people (mm). Carys gave a memory retention 
test to a random sample of students in her class. The results are shown in the two tables.

Scores

Bilingual 100 94 100 90 100 94 98 98 98 98

Scores

Monolingual 97 92 88 98 88 94 100 100

Carys performs a one-tailed  t-test at a  5 %  level of significance. It is assumed that the 
scores are normally distributed and the samples have equal variances.

(a) State the null and alternative hypotheses. [2]

(b) Calculate the  p-value for this test. [2]

(c) State the conclusion of the test in the context of the question. Justify your answer. [2]
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5. [Maximum mark: 5]

Line  L1  is tangent to the graph of a function  f (x)  at the point  P (3, -1) . Line  L2  is given by 

the equation y x� � �
1

2

5

2
 and is perpendicular to  L1 .

(a) Write down the gradient of  L1 . [1]

(b) Find the equation of  L1  in the form  y = mx + c . [2]

(c) Show that  L2  is not the line that is normal to  f (x)  at point  P . [2]
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6. [Maximum mark: 5]

When the brakes of a car are fully applied the car will continue to travel some distance before 
it completely stops. This stopping distance,  d , in metres is directly proportional to the square 
of the speed of the car,  v , in kilometres per hour (km h-1). 

When a car is travelling at a speed of  50 km h-1  it will travel  12.3 m  after the brakes are fully 
applied before it completely stops. 

(a) Determine an equation for  d  in terms of  v . [2]

The police can use this equation to estimate if cars are exceeding the speed limit. 

A car is found to have travelled  33 m , after fully applying its brakes, before it completely stopped.

(b) Use your equation from part (a) to estimate the speed at which this car was travelling 
before the brakes were applied. [2]

(c) After the brakes have been fully applied, identify one other variable besides speed that 
could affect stopping distance. [1]
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7. [Maximum mark: 6]

A rectangular box, with an open top, is to be constructed from a piece of cardboard that 
measures 48 cm by 30 cm. 

Squares of equal size will be cut from the corners of the cardboard, as indicated by the 
shading in the diagram. The sides will then be folded along the dotted lines to form the box.

diagram not to scale

48

30

x

The volume of the box, in cubic centimetres, can be modelled by the function   
V (x) = (48 - 2x)(30 - 2x)(x) , for  0 < x < k , where  x  is the length of the sides of the squares 
removed in centimetres.

(a) Write down the maximum possible value of  k  in this context. [1]

(b) Find the value of  x  that maximizes the volume of the box. [2]

A second piece of  48 cm  by  30 cm  cardboard is damaged and a strip  2 cm  wide must be 
removed from all four sides. A box will then be constructed in a similar manner from the 
remaining cardboard. 

(c) Calculate the maximum possible volume of the box made from the second piece 
of cardboard. [3]

(This question continues on the following page)
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(Question 7 continued)
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8. [Maximum mark: 7]

“Password entropy” is a measure of the predictability of a computer password. The higher the 
entropy, the more difficult it is to guess the password. 

The relationship between the password entropy,  p , (measured in bits) and the number of 
guesses,  G , required to decode the password is given by  0.301p = log10 G . 

(a) Calculate the value of  p  for a password that takes  5000  guesses to decode. [2]

(b) Write down  G  as a function of  p .  [1]

(c) Find the number of guesses required to decode a password that has an entropy of  28 
bits. Write your answer in the form  a × 10k, where  1 ≤ a < 10 ,  k ∈  . [3]

There is a point on the graph of the function  G ( p)  with coordinates  (0, 1) .

(d) Explain what these coordinate values mean in the context of computer passwords. [1]
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9. [Maximum mark: 8]

The cross section of a scale model of a hill is modelled by the following graph.

0
2
4
6
8

10

0 10 20 30 40
x

y

The heights of the model are measured at horizontal intervals and are given in the table. 

Horizontal distance,  x cm 0 10 20 30 40

Vertical distance,  y cm 0  3  8  9  0

(a) Use the trapezoidal rule with  h = 10  to find an approximation for the cross-sectional 
area of the model. [2]

It is given that the equation of the curve is  y = 0.04x2 - 0.001x3 ,  0 ≤ x ≤ 40 .

(b) (i)  Write down an integral to find the exact cross-sectional area.

(ii) Calculate the value of the cross-sectional area to two decimal places. [4]

(c) Find the percentage error in the area found using the trapezoidal rule. [2]
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10. [Maximum mark: 7]

In a baseball game, Sakura is the batter standing beside home plate. The ball is thrown 
towards home plate along a path that can be modelled by the following function

y = -0.045x + 2 .

In this model,  x  is the horizontal distance of the ball from the point the ball is thrown and  y  is 
the vertical height of the ball above the ground. Both measured in metres. 

The outcome of the throw is called a strike if the height of the ball is between  0.53 m  
and  1.24 m  at some point while it travels over home plate. The length of home plate is  0.43 m .

diagram not to scale

0.43

ground home plate

path of ball

a

When the ball reaches the front of home plate, the height of the ball above the ground is 
1.25 m. The height of the ball changes by  a  metres as the ball travels over the length of 
home plate.

(a) (i)  Find the value of  a .

(ii) Justify why this throw is a strike. [4]

On the next throw, Sakura hits the ball towards a wall that is  5  metres high. The horizontal 
distance of the wall from the point where the ball was hit is  96  metres. The path of the ball 
after it is hit can be modelled by the function  h (d ) .

h (d ) = -0.01d 2 + 1.04d + 0.66 , for  h ,  d > 0

In this model,  h  is the height of the ball above the ground and  d  is the horizontal distance of 
the ball from the point where it was hit. Both  h  and  d  are measured in metres.

(b) Determine whether the ball will go over the wall. Justify your answer. [3]

(This question continues on the following page)
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(Question 10 continued)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .



– 16 – 2223 – 7209

20EP16

11. [Maximum mark: 7]

Vertical posts are to be placed around the outer edge of a children’s park. Each post is 
formed from a cuboid with a right square-based pyramid on top. 

The cuboid part of the post is machine-made such that its width, and hence the width of the 
pyramid, is exactly  20 cm . The length from the apex of the pyramid,  A , to any corner of the 
base of the pyramid is  14.6 cm , but this is only accurate to the nearest tenth of a centimetre. 
The post is shown in the diagram.

diagram not to scale

A

E

D C

B20

H

14.6

(a) Write down the upper bound and lower bound for the possible lengths of edge  AC . [2]

Point  H  is the midpoint of  BC .

(b) Determine the upper bound and lower bound for  AH , the slant height of the pyramid. [3]

For the post to be safe for children, the angle between the slant height and the base of the 
pyramid must be less than  22° .

(c) Show that this post is safe for children. Justify your answer. [2]

(This question continues on the following page)
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(Question 11 continued)
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12. [Maximum mark: 7]

On a specific day, the speed of cars as they pass a speed camera can be modelled by a 
normal distribution with a mean of  67.3 km h-1 .

A speed of  75.7 km h-1  is two standard deviations from the mean. 

(a) Find the standard deviation for the speed of the cars. [2]

Speeding tickets are issued to all drivers travelling at a speed greater than  72 km h-1 .

(b) Find the probability that a randomly selected driver who passes the speed camera 
receives a speeding ticket. [2]

It is found that  82 %  of cars on this road travel at speeds between  p km h-1  and  q km h-1 , 
where  p < q . This interval includes cars travelling at a speed of 74 km h-1 . 

(c) Show that the region of the normal distribution between  p  and  q  is not symmetrical 
about the mean. [3]
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13. [Maximum mark: 5]

A boat travels  8 km  on a bearing of  315°  and then a further  6 km  on a bearing of  045° . 
Find the bearing on which the boat should travel to return directly to the starting point.
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M 
mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; so if 
the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note makes 
this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere 
too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this situation, 
award FT marks as appropriate but do not award the final A1 in the first part. Examples: 
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 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the question, 
it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use their 
incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 and 
1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in brackets 
immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all equivalent 
notations/answers/methods will be presented in the markscheme and examiners are asked to 
apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to final 
answers: unless otherwise stated in the question all numerical answers must be given exactly or 
correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and any 

values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  An 

exception to this is simplifying fractions, where lowest form is not required (although the numerator 

and the denominator must be integers); for example, 
10

4
may be left in this form or written as 

5

2
. 

However, 
10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be simplified 

to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor do factorized 

expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit note 
from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates otherwise.  
If the layout of the responses makes it difficult to judge, examiners should apply appropriate discretion 
to judge which is “first”. 
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1. (a)   

 Event Rank 
Country Long Jump (m) High Jump (m) Long Jump 

Rank 
High Jump 

Rank 
Germany 7.64 2.11 1 1 

France 7.52 2.08 2 2 

Estonia 7.49 1.84 3 10 

Canada 7.44 2.02 4 4.5 

Netherlands 7.33 2.05 5 3 

Ukraine 7.28 2.02 6 4.5 

Algeria 7.22 1.90 7 8 

Austria 7.11 1.87 8 9 

Grenada 6.98 1.99 9 6 

Japan 6.64 1.96 10 7 

     A1A1 

Note:  Award A1 for ranking of tied heights, A1 for correct ranking of non-tied heights.  

    [2 marks] 

 

 (b) (rs =) 0.541   (0.541035…) A2 

Note:  Award A2 for an answer of 0.539 (0.539393…) from use of the formula for 

Spearman’s rank correlation coefficient when data has tied ranks. 

    [2 marks] 

 

 (c) moderate (correlation) A1 

  as long jump ranking increases, high jump ranking will (likely) increase A1 

    [2 marks] 

     [Total: 6 marks] 
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2. (a)  attempt to calculate ˆAHB  using 33  OR  use of alternate angles (M1) 

  e.g., 180 – 33( 130)+    OR   90 – 33( 40)+   OR  57 40−   

  17 (°)  A1 

    [2 marks] 

 

 (b) attempt to use sine rule (M1) 

  
BH 156

sin (130 ) sin (17 )
=

 

 (A1) 

   (BH )  409 (m) (408.736 )= …   A1 

Note:  If radians are used, answer is 151 (150.922…); award at most (M1)(A1)A0. 

    [3 marks] 

 

 (c) (the angle of depression from the hot air balloon) gets smaller  A1 

(as the horizontal distance increases) 

    [1 mark] 

     [Total: 6 marks] 
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3. (a) 24N =  

  4I =  

  1000PV = ±  

  100PMT = ±  

  / 12P Y =  

  / 12C Y =  (M1)(A1) 

Note:  Award M1 for an attempt to use a financial app in their technology (i.e. at least three entries 

seen, but not necessarily correct).  

Approaches that use the compound interest formula receive no marks.  

Award A1 for correct values of PV and PMT (signs must be the same) and a correct  

value of N.  

  ($)3577.43FV =   A1 

Note:  Award at most (M1)(A1)A0 if the final answer is negative or not rounded to 2 dp. 

   [3 marks] 

 

 (b) 36.5 (36.4689 )N = …  (A1) 

  37N = (months) A1 

Note:  Allow FT from incorrect GDC inputs seen in part (a) for the first A1 providing that PV and FV 

have opposite signs and the resulting value of N is positive.  

    [2 marks] 

    [Total: 5 marks] 
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4. (a)  0H : b mµ µ=  A1 

  1H : b mµ µ>  A1 

Note: Accept equivalent statements in words such as “the mean score of bilingual people equals the 

mean score of monolingual people”.  

 [2 marks] 

 
 (b)  0.119  (0.119395…)  A2 

    [2 marks] 

 
 (c) 0.119395   0.05 (11.9395 %  5%)…> … >  R1 

  (fail to reject 0H )  there is insufficient evidence to suggest that bilingual people have better 

memory retention than monolingual people A1 

Note:   Do not award R0A1. 

The answer to part (c) MUST be consistent with their hypotheses and their p-value.  

     [2 marks] 

    [Total: 6 marks] 

 
 
 

5. (a) 2  A1 

    [1 mark] 

 

 (b) attempt to substitute their part (a) and point (3, –1)  into the slope-intercept form or point-slope 

form of an equation (M1) 

  –1 2 3 c= × +    OR    )(1 2 – 3y x+ =  

  2 – 7y x=  A1 

Note: Equation must be in the form y mx c= +  for A1 to be awarded. 

    [2 marks] 

 

    continued… 
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Question 5 continued 

 

 (c) METHOD 1 

  attempt to show that P does not lie on 2L  (M1) 

e.g. 
1 5

(3)
2 2

− −    OR   graph showing 2L  and P in approximate correct locations 

  
1 5

1 (3)
2 2

− ≠ − −   ( 1 4− ≠ − )  OR  (3, –1)  does not lie on the graph of 2L  R1 

  hence 2L  is not the normal line to ( )f x  at point P AG 

 

  METHOD 2 

  attempt to find the equation of the normal line at (3, –1) (M1) 

  (
1

–1  (3)
2

c=− +    OR    
1

1  – 3)
2

(y x+ = − ) 

  the normal line is 
1 1

2 2
y x= − +  R1 

  hence 2L is not the normal line to ( )f x  at point P AG 

 

  METHOD 3 

  attempt to find the intersection of 1L  and 2L   (M1) 

  Intersection of  2 – 7y x=   and  
1 5

2 2
y x= − −  is (1.8,  3.4)−  

  1.8 3x = ≠    OR  3.4 1y = − ≠ −  R1 

  hence 2L  is not the normal line to ( )f x  at point P AG 

Note: Accept equivalent written arguments provided values are seen.  

 Methods 1 and 2 are independent of the answers in (a) and (b) but FT marks 

can be given for Method 3. 

    [2 marks] 

    [Total: 5 marks] 
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6. (a) attempt to set up a direct variation equation that includes a constant, k, or the  
calculation of a constant using 12.3 and 50 (M1) 

  e.g., 2 d kv=    OR   21 2.3 50k ×=  

  (k =) 0.00492   
1

203.252...
 
 
 

 

  20.00492d v=    OR   
2

203

v
d =  A1 

    [2 marks] 

 

 (b) substituting 33 for d in their part (a) (A1) 

  233 0.00492 v= ×      OR     
2

33
203.252...

v
=  

  (v =) 81.9 (km h-1)   (81.8982… (km h-1))    A1 

    [2 marks] 

 

 (c) Award R1 for a reasonable variable that exists after the brakes are applied such as: 

• road material 

• weather conditions 

• condition/type of brakes 

• weight/type of vehicle  

• gradient/incline of road 

• traction 

• wind resistance 

• friction 

    R1 

Note:  Do not accept a variable that refers to the timing of the brakes being  

applied such as: 

  • slow reaction time 

  • inexperienced driver 

    [1 mark] 

    [Total: 5 marks]  
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7. (a) (k =)  15 A1 

    [1 mark] 

 

 (b)  EITHER 

   attempt to sketch the function V(x) with indication of maximum (M1) 

    

   OR 

   recognition of setting the derivative to 0 (M1) 

   e.g.  ( ) 0V x′ =  

  THEN 

  ( ) 6 (cm)x =  A1 

Note:  Award (M1)A0 for the maximum given as a coordinate pair. 

    [2 marks] 

 (c) 44 or 26 seen (A1) 

  attempting to adjust the constant(s) in the given volume formula (M1) 

  volume of second box (44 2 )(26 2 )( )x x x= − −  

  (New maximum volume 3 3) 2730 cm (2726.13... cm )=  A1 

Note: Units must be seen to award the final A1. Award (A1)(M1)A0 for the maximum 

given as a coordinate pair.  

    [3 marks] 

    [Total: 6 marks] 
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8. (a) attempt to substitute 5000 for G (M1) 

  100.301 log 5000p =   

  (p =) 12.3 (bits)   (12.2889…) A1 

    [2 marks] 

 

 (b) (G =) 0.30110 p    OR   2 p  A1 

    [1 mark] 

 

 (c) attempt to substitute 28 for p in given equation or ( )G p   (M1) 

  100.301 28 log G× =    OR   0.301 28( ) 10G ×=  

  8 8) 2.68 10 2 )( .6791 1( 6 0G = × …×  A1A1 

Note:   Award A1 for 2.68, A1 for 108. Award M1A1A0 for a correct final answer not written in 

scientific notation or written incorrectly in scientific notation (e.g., 268 000 000 or 726.8 10×  or 

2.68E08).  

    [3 marks] 

 

 (d) if a password has an entropy of 0 (bits), then the password 

can be guessed in one try / then the password is known  R1 

Note: Reference must be made to both entropy and number of guesses/password known for R1 to 

be awarded.  

Do not accept "no password" as this contradicts the context. 

    [1 mark] 

    Total [7 marks] 
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9. (a) attempt to substitute 10h =  and at least two different values of y into the trapezoidal rule 

    (M1) 

  ( )10
(0 0) 2(3 8 9)

2
+ + + +  

  2200 (cm )=  A1 

    [2 marks] 

 

 (b)  (i) 
40 2 3

0
0.04 0.001 dx x x−∫    OR   

40

0
 dy x∫  A1A1 

Note:  Award A1 for a correct integral (including dx), A1 for correct limits in the correct location.  

 

  (ii) 213.33 2(cm )  A2 

Note:  Answer must be given to 2 decimal places to award A2.  Award A1A0 for a correct answer 

given to an incorrect accuracy of at least 3 significant figures, e.g. 213 2(cm ) . 

    [4 marks] 

 

 (c) attempt to substitute their parts (a) and (b)(ii) into percentage error formula (M1) 

  
213.333... 200

100
213.333...

−
×  

 

  6.25(%) (6.24999...(%))=  A1 

Note:  Award (M1)A0 for a final answer of –6.25(%) or 0.0625. 

    [2 marks] 

    [Total: 8 marks] 
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10.  (a) (i) METHOD 1 

   attempt to find change in height of the ball using gradient (M1) 

   ( )0.045
0.43

a
= −  

   ( )0.045 0.43a = − ×  

   ( )0.0194(m) (0.01935 (m))a = −  A1 

 

   METHOD 2 

 attempt to find height at back of home plate  (M1) 

horizontal distance to the front of the home plate 1 6.6666 (m)= …  

height at the back of the home plate  0.045(16.6666 0.43) 2= − …+ +  

( )1.23065 (m)=  

Note:  The M1 can be awarded for 16.6666 0.43 …+  seen at some point. 

( 1.25 1.23065 )a = − …     

 ( )( ) ( ) 0.0194 (m) 0.01935 (m)  a = −  A1 

    

  (ii) 1.25 – 0.01935 1.23065=   (may be seen in part (a)(i)) A1 

   0.53 1 .23065  1 .24< <  R1 

   therefore a strike  AG 

Note:  Do not award A0R1. 

     [4 marks] 

    continued… 
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Question 10 continued 

 

 (b) METHOD 1 

indication of 96d =  in the function ( )h d  or its graph  (M1) 
 

   EITHER 
 ( ) 2(96)  –0.01(96)  1 .04(96)  0.66h = + +      

 
 OR  
 
 

 
   
 
 
  THEN 
  ( )(96)  8.34 (m)h =  A1 

 
  8.34  5>  so the ball will go over the wall. A1 
 
 
  METHOD 2 
  indication of 5h =  in the function ( )h d  or its graph (M1) 
 

 EITHER 
 25  0.01 1.04 0.66d d=− + +  
     

 
 
   OR  

 
 

 
   
 
 
  THEN 
  ( ) ( )  99.6 (m)   99.6445  (m)      4.35548  (m)d d= … = … may also be seen  A1 

 
  96 < 99.6445… so the ball will go over the wall. A1 
      [3 marks] 
 
    [Total: 7 marks] 
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11. (a) 14.55 (cm) to 14.65 (cm) A1A1 

Note:  Award A1 for each value. Accept 14.55 ≤ AC < 14.65. 

    [2 marks] 

 

 (b) attempt to use Pythagorean theorem OR trig ratio to find slant height (M1) 

  a correct expression for either the upper or lower bound (A1) 

   2 214.55 10−    OR   2 214.65 10−    OR    

AH
sin (46.5844... )   

14.55
=    OR   

AH
sin (46.9533... )  

14.65
=  

  (lower bound =) 10.6 (cm)    (10.5689…)  AND 

  (upper bound =) 10.7 (cm)    (10.7061…)  A1 

    [3 marks] 

 

 

continued… 

  



 – 20 – M23/5/MATHY/SP1/ENG/TZ1/XX/M 

 

Question 11 continued 

 

 (c) METHOD 1 

  attempt to find the maximum angle measure of the post using trigonometry (M1) 

  e.g.  
10

cos
10.7061...

θ =   OR   
sin sin (90 )

3.82393 10.7061

θ
=

… …



 

Note: Accept an inequality. 

 

  (θ =) 20.9 (°)   (20.9265…(°)) A1 

  and hence the post is safe AG 

Note: Use of radians gives an answer of 0.365  (0.365237…); award at most (M1)A0 since this value 

cannot be directly compared to 22°. 

Award at most (M1)A0 for an angle calculated using their lower bound from part (b).   

 

  METHOD 2 

  attempt to find the longest slant height for angle to be a maximum of 22  (M1) 

  e.g.  
10

cos (22 ) 
x

=  

   (  1 0.7853 )x= …  

   10.7061  1 0.7853…< …  A1 

  and hence the post is safe AG 

Note:  A comparison to their upper bound from part (b) is required for A1 to be awarded. Use of 

radians gives an unreasonable answer of –10.0003... ; award at most (M1)A0. 

    [2 marks] 

    Total [7 marks] 
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12. (a) attempt to find the difference between 75.7 and 67.3 (M1) 

  
75.7 67.3

2

−
 

  14.2 (km h )−  A1 

    [2 marks] 

 

 (b) recognition of normal distribution that includes 72 (M1) 

  e.g., sketch of normal distribution curve with 72 labelled to the right of the mean   OR  

Normal CDF calculation using 72  

  0.132   (0.131559…, 13.2%, 13.1559…%) A1 

    [2 marks] 

 

 (c) METHOD 1 (Comparing areas above and below the mean) 

P(67.3 < speed < 74)  OR   Normal CDF(67.3, 74, 67.3, 4.2)  OR  sketch of normal distribution 

with 67.3 and 74 labelled and shaded between (M1) 

  area of region between mean and q is at least 0.445  (0.444670…) A1 

  Hence no more than 0.375  (0.375329…) between mean and p R1 

  The region between p and q is not symmetrical  AG 

  

 

  METHOD 2 (Comparing areas in the tails) 

  attempt to calculate probability that speed p<  and speed  q>  with   74q=  (M1) 

  P (   74)  0.944670  < = …speed  

  P (   )  (0.944670  – 0.82 )  0.124670  p< = … = …speed  

  P (   )  (1 – 0.944670  )  0.0553295q> = …= …speed   A1 

  if 74q ≥ , then  P (   ) 0.0553295q> ≤speed  and P (   ) 0.124670p< ≥speed  so   

  P (   )q>speed  will never equal P (  )p<speed  R1 

  the region between p and q is not symmetrical AG 

 

continued…  
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Question 12 continued 
 

  METHOD 3 (Assumption of symmetry comparing speeds) 

  attempt to calculate area below q assuming distribution is symmetrical (M1) 

  e.g. P (   ) 0.82 ½ 0.18  (0.91)q< = + ×speed  

 

   EITHER  

   (  ) 72.9 (72.9311 )q= …  A1 

   72.9 74<  so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

 

   OR 

   P (   74)  0.945   (0.944670 )< = …speed  A1 

   0.945 > 0.91 so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

 

  METHOD 4 (Assumption of symmetry comparing areas) 

  attempt to calculate symmetrical area with 74 as a boundary (M1) 

  P (60.6    74) < <speed  OR Normal CDF(60.6, 74, 67.3, 4.2) OR 

  P (67.3    74) < <speed  OR Normal CDF(67.3, 74, 67.3, 4.2) 

 

   EITHER 

   0.889  (0.889340…) A1 

   0.889 > 0.82 so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

 

   OR 

   0.445  (0.444670…)   A1 

   0.445 > 0.82÷2 so 74 would not be in the region R1 

   the region between p and q is not symmetrical AG 

    [3 marks] 
    [Total: 7 marks]  
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13.  diagram showing (approximately) correct directions (and order) for the 315  and 045  (A1) 

     

Note: Values do not need to be seen on the diagram to award the A1. 

 recognizing right angle triangle (M1) 

 correct expression to find second angle in triangle (A1) 

 e.g. 
6

arctan
8

 
 
 

  OR  
8

arctan
6

 
 
 

 

 correct expression to find bearing (A1) 

 e.g. 
6

arctan 135
8

  + 
 

   OR  
8

360 arctan 135
6

  − +    
   

 172 (171.869... )=    A1 

 

continued… 
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Question 13 continued 

 

 METHOD 2 

 diagram showing (approximately) correct directions (and order) for the 315°and 045°   

 (these may be shown in reverse as the return journey)  (A1) 

  

 finding the lengths marked AP, BP, CQ and BQ in the diagram (M1) 

 
2

AP BP 8 5.6568...
2

= = =  

 
2

CQ BQ 6 4.2426...
2

= = =  

Note: This may be done using a vector approach. 

 using 
AP CQ

tan
PB BQ

θ −
° =

+
 or equivalent to find the direction of AC (A1) 

 correct expression to find bearing (A1) 

 

2 2
8 6

2 2180 arctan
2 2

8 6
2 2

 
+ 

 ° −
 − 
 

 

 ( )172 171.869...= ° °  A1 

    [Total: 5 marks] 
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Answers must be written within the answer boxes provided. Full marks are not necessarily awarded 
for a correct answer with no working. Answers must be supported by working and/or explanations. 
Solutions found from a graphic display calculator should be supported by suitable working. For example, 
if graphs are used to find a solution, you should sketch these as part of your answer. Where an answer 
is incorrect, some marks may be given for a correct method, provided this is shown by written working. 
You are therefore advised to show all working.

1. [Maximum mark: 5]

Zaha is designing a bridge to cross a river. She believes that the weight of the steel needed 
for this bridge is approximately 53 632 000 kg.

The exact weight of the steel needed for the bridge is 55 625 000 kg.

(a) Find the percentage error in Zaha’s approximation. [2]

Zaha’s design is used to build five identical bridges.

(b) (i)  Find the weight of the steel needed for these five bridges, to three  
significant figures.

(ii) Write down your answer to part (b)(i) in the form  a × 10k , where  1 ≤ a < 10 ,   
k ∈  . [3]
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Turn over

2. [Maximum mark: 6]

Angel has $ 520 in his savings account. Angel considers investing the money for 5 years with 
a bank. The bank offers an annual interest rate of 1.2 % compounded quarterly.

(a) Calculate the amount of money Angel would have at the end of 5 years with the bank. 
Give your answer correct to two decimal places. [3]

Instead of investing the money, Angel decides to buy a phone that costs $ 520. At the end of 
5 years, the phone will have a value of $ 30. It may be assumed that the depreciation rate per 
year is constant.

(b) Calculate the annual depreciation rate of the phone. [3]
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3. [Maximum mark: 7]

In a school, 200 students solved a problem in a mathematics competition. Their times to 
solve the problem were recorded and the following cumulative frequency graph was produced.
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(a) Use the graph to find

(i) the median time;

(ii) the lower quartile;

(iii) the upper quartile;

(iv) the interquartile range. [4]

Cedric took 14 seconds to solve the problem.

(b) Determine whether Cedric’s time is an outlier. [3]

(This question continues on the following page)
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(Question 3 continued)
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4. [Maximum mark: 6]

At a running club, Sung-Jin conducts a test to determine if there is any association between 
an athlete’s age and their best time taken to run 100 m. Eight athletes are chosen at random, 
and their details are shown below.

Athlete A B C D E F G H

Age (years) 13 17 22 18 19 25 11 36

Time (seconds) 13.4 14.6 13.4 12.9 12.0 11.8 17.0 13.1

Sung-Jin decides to calculate the Spearman’s rank correlation coefficient for his set of data.

(a) Complete the table of ranks. [2]

Athlete A B C D E F G H

Age rank 3

Time rank 1

(b) Calculate the Spearman’s rank correlation coefficient,  rs . [2]

(c) Interpret this value of  rs  in the context of the question. [1]

(d) Suggest a mathematical reason why Sung-Jin may have decided not to use Pearson’s 
product-moment correlation coefficient with his data from the original table. [1]

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

20EP06



– 7 – 2223 – 7214

Turn over

5. [Maximum mark: 4]

The following frequency distribution table shows the test grades for a group of students.

Grade 1 2 3 4 5 6 7

Frequency 1 4 7 9 p 9 4

For this distribution, the mean grade is 4.5.

(a) Write down the total number of students in terms of  p . [1]

(b) Calculate the value of  p . [3]
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6. [Maximum mark: 6]

A company that owns many restaurants wants to determine if there are differences in the 
quality of the food cooked for three different meals: breakfast, lunch and dinner.

Their quality assurance team randomly selects 500 items of food to inspect. The quality 
of this food is classified as perfect, satisfactory, or poor. The data is summarized in the 
following table.

Quality

Perfect Satisfactory Poor Total

Meal

Breakfast 101 124  7 232

Lunch  68  81  5 154

Dinner  35  69 10 114

Total 204 274 22 500

An item of food is chosen at random from these 500.

(a) Find the probability that its quality is not perfect, given that it is from breakfast. [2]

A  χ 2  test at the 5 % significance level is carried out to determine if there is significant 
evidence of a difference in the quality of the food cooked for the three meals.

The critical value for this test is 9.488.

The hypotheses for this test are:
H0: The quality of the food and the type of meal are independent.
H1: The quality of the food and the type of meal are not independent.

(b) Find the  χ 2  statistic. [2]

(c) State, with justification, the conclusion for this test. [2]

(This question continues on the following page)
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Turn over

(Question 6 continued)
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7. [Maximum mark: 6]

Ani owns four cafes represented by points A, B, C and D. Ani wants to divide the area into 
delivery regions. This process has been started in the following incomplete Voronoi diagram, 
where 1 unit represents 1 kilometre.
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y

The midpoint of CD is (5.5 ,  1.5).

(a) Show that the equation of the perpendicular bisector of [CD] is  y = -3x + 18 . [3]

(b) Complete the Voronoi diagram shown above. [1]

Ani opens an office equidistant from three of the cafes, B, C and D. The equation of the 
perpendicular bisector of [BC] is  3y = 2x - 1.5 .

(c) Find the coordinates of the office. [2]

(This question continues on the following page)
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Turn over

(Question 7 continued)
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8. [Maximum mark: 5]

Ruhi buys a scoop of ice cream in the shape of a sphere with a radius of 3.4 cm. The ice 

cream is served in a cone, and it may be assumed that 
1

5
 of the volume of the ice cream is 

inside the cone. This is shown in the following diagram.

diagram not to scale

3.4

(a) Calculate the volume of ice cream that is not inside the cone. [3]

The cone has a slant height of 11 cm and a radius of 3 cm.

The outside of the cone is covered with chocolate.

(b) Calculate the surface area of the cone that is covered with chocolate. Give your answer 
correct to the nearest cm2. [2]
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Turn over

9. [Maximum mark: 6]

The lengths of the seeds from a particular mango tree are approximated by a normal 
distribution with a mean of 4 cm and a standard deviation of 0.25 cm.

A seed from this mango tree is chosen at random.

(a) Calculate the probability that the length of the seed is less than 3.7 cm. [2]

It is known that 30 % of the seeds have a length greater than k cm.

(b) Find the value of  k . [2]

For a seed of length  d cm , chosen at random,  P (4 - m < d < 4 + m) = 0.6 .

(c) Find the value of  m . [2]
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10. [Maximum mark: 8]

A player throws a basketball. The height of the basketball is modelled by

h (t) = -4.75t 2 + 8.75t + 1.5 ,  t ≥ 0 ,

where  h  is the height of the basketball above the ground, in metres, and  t  is the time, 
in seconds, after it was thrown.

(a) Find how long it takes for the basketball to reach its maximum height. [2]

(b) Assuming that no player catches the basketball, find how long it would take for the 
basketball to hit the ground. [2]

Another player catches the basketball when it is at a height of 1.2 metres.

(c) Find the value of  t  when this player catches the basketball. [2]

(d) Write down two limitations of using  h (t )  to model the height of the basketball. [2]
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Turn over

11. [Maximum mark: 7]

Consider f x x
x

x( ) ,� � �3
5

02 . The graph of  f  for  0 < x ≤ 5  is shown on the following axes.
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(a) (i)  Sketch the graph of  f , for  -5 ≤ x < 0 , on the same axes.

(ii) Write down the  x-coordinate of the local minimum point. [4]

(b) Use your graphic display calculator to find the solutions to the equation  f (x) = 20 . [2]

(c) Write down the equation of the vertical asymptote for the graph of  f . [1]
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Turn over

12. [Maximum mark: 5]

In a game, balls are thrown to hit a target. The random variable  X  is the number of times the 
target is hit in five attempts. The probability distribution for  X  is shown in the following table.

x 0 1 2 3 4 5

P (X == x) 0.15 0.2 k 0.16 2k 0.25

(a) Find the value of  k . [2]

The player has a chance to win money based on how many times they hit the target.

The gain for the player, in $, is shown in the following table, where a negative gain means 
that the player loses money.

x 0 1 2 3 4 5

Player’s gain ($) -4 -3 -1 0 1 4

(b) Determine whether this game is fair. Justify your answer. [3]
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13. [Maximum mark: 9]

An engineer wants to calculate the cross-sectional area of a dam. The cross-section of the 
dam can be modelled by a curve and two straight lines as shown in the following diagram, 
where distances are measured in metres.

y

x
0 1 2 3 4 5 6

0
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20
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40

50

The curve is modelled by a function  f (x) . The following table gives values of  f (x)  for 
different values of  x  in the interval  0 ≤ x ≤ 3 .

x 0 0.5 1  1.5  2  2.5  3

y ==  f (x) 3  5.13 8 12.4 19 28.6 42

(a) Calculate an estimate for the area in the interval  0 ≤ x ≤ 3  by using the trapezoidal rule 
with three equal intervals. [2]

It is known that  f ′(x) = 3x2 + 4  in the domain  0 < x < 3 .

(b) Find an expression for  f (x) , in the domain  0 < x < 3 . [4]

(c) Hence find the actual area of the entire cross-section. [3]

(This question continues on the following page)
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(Question 13 continued)
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escrito en forma de licencia: https://ibo.org/become-an-ib-school/ib-publishing/licensing/
applying-for-a-license/.
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 
correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be checked, and
marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M
mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the
correct values.

• Where there are two or more A marks on the same line, they may be awarded independently; so
if the first value is incorrect, but the next two are correct, award A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.

• The response to a “show that” question does not need to restate the AG line, unless a Note
makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working even if this
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a
uniform approach to marking, with less examiner discretion. Although some candidates may be
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere
too.

• An exception to the previous rule is when an incorrect answer from further working is used in a
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal
approximation in the first part and this approximation is then used in the second part. In this
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples:
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 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   



 – 6 – M23/5/MATHY/SP1/ENG/TZ2/XX/M 

 

8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1. (a) attempt to substitute into percentage error formula (M1) 

  
53632000 55625000

100
55625000

−
×   

  3.58 (%)  (3.58292…(%)) A1 
 

Note:  Award (M1)A0 for a final answer of 3.58(%)−  or 0.0358. 

      [2 marks] 
 
 (b) (i) 278 000 000   A1 
 
  (ii) 82.78 10×   A1A1 
 

Note:  Award A1 for correct mantissa, consistent with their answer in part (b)(i). 
  Award A1 for a correct exponent, consistent with their answer in part (b)(i).  
  Award A0A0 for answers such as 727.8 10× . 

      [3 marks] 
      Total [5 marks] 
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2.  (a) METHOD 1 (use of financial app in GDC)  
  5N =   OR 20N =  
  % 1.2I =    % 1.2I =  
  520PV = ±    520PV = ±  
  / 1P Y =    / 4P Y =  
  / 4C Y =    / 4C Y =  (M1)(A1) 

Note: Award M1 for evidence of using the financial app on the calculator, A1 for all 
correct entries. 

 
  ($) 552.11   A1 

Note: Award at most (M1)(A1)A0 if correct answer is not given to two decimal places.  

 
  METHOD 2  (use of formula) 
  attempt to substitute into compound interest formula (M1) 

  
5 4

1.2
520 1

100 4

×
 × + × 

   (A1) 

 
  ($) 552.11   A1 

Note: Award at most (M1)(A1)A0 if correct answer is not given to two decimal places.  

      [3 marks] 
 
 (b)  EITHER 
  5N =  
  % 43.5 (43.4772...(%))I =  
  520PV = ±  
  30FV =     (M1)(A1)A1 

Note:  Award M1 for evidence of using the finance app on the calculator, A1 for all 
correct entries, A1 for correct final answer. Condone missing -/+ sign if the 
correct final answer is seen. 

   
 
  OR 

  
5

30 520 1
100

r = − 
 

  (or equivalent) (M1)(A1) 

  ( ) 43.5% (43.477...%)r =   A1 

Note:  Award M1 for using the compound interest formula, A1 for correct substitutions 
and for equating to 30, A1 for correct final answer. Accept ( ) 43.5%r = − . 
Award M1A1A0 for a final answer of 56.5%. 

 [3 marks] 
      Total [6 marks] 
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3.  (a) (i) 38 (s)   A1 
 
  (ii) 32 (s)   A1 
 
  (iii) 42 (s)   A1 
 
  (iv) 10 (s)   A1 

Note: Accept a tolerance of 0.5±  for parts (a)(i)-(iii). 

      [4 marks] 
 
 (b) 1.5 x IQR   (M1) 
  (32 1.5 10 ) 17− × = (s) A1 

  14<17, therefore it is an outlier R1 

Note: Do not award the R1 unless an explicit comparison of 14 and 
their 17 is seen. 
e.g. 14 < 17 
14 is outside the interval [17, 57]. 

      [3 marks] 
      Total [7 marks] 

 
 
  



 – 11 – M23/5/MATHY/SP1/ENG/TZ2/XX/M 

 

4. (a) 
 

Athlete A B C D E F G H 

Age rank 7 6 3 5 4 2 8 1 

Time rank 3.5 2 3.5 6 7 8 1 5 

      A1A1 

Note: Award A1 for each correct row. 

      [2 marks] 
 

(b) 0.671 ( 0.670670...)sr = − −  A2 

 

Note: Only follow through from an incorrect table provided the ranks are all  
 between 1 and 8. 
 Award A1 for 0.67−  OR for the omission of the negative sign, e.g. 0.671  
 (0.670670...) or 0.67 

      [2 marks] 
 
 (c) (A value of 0.671Sr = − ) indicates a negative correlation between a person’s age and  

the best time they take to run 100m. R1 

Note: Condone any comment that includes “weak” or “strong” etc. Accept an 
interpretation in words, but only if there is a general link described and 
not a rule: “The older a person gets, the faster they tend to run”. 
Answer must be in context. 

      [1 mark] 
 
 (d) Award R1 for any sensible reason: R1 
  The correlation, such that it is, is unlikely to be linear for this type of data. 
  Spearman’s CC is less sensitive to outliers  
  Sung-Jin is not sure the data is drawn from a bivariate normal distribution 
  There are outliers/extreme data 
  Same time for two athletes with significantly different ages 

      [1 mark] 
      Total [6 marks] 
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5.  (a) 34 p+      A1 
      [1 mark] 

 
 (b)  attempt to substitute into the mean formula, equating to 4.5 (M1) 

  
1 1 2 4...5 6 9 7 4

4.5
34

p

p

× + × × + × + ×
=

+
 A1 

 
  ( ) 10p =     A1 
 

Note: Do not award the final A1 if final answer is not an integer. 
Award (M1)A0A1 for an unsupported answer of ( ) 10p = . 

      [3 marks] 
      Total [4 marks] 

 
 

6.  (a) 0.565   
131

0.564655..., , 56.4655...%
232

 
 
 

 A1A1 

Note: Award A1 for correct numerator, A1 for correct denominator. 

      [2 marks] 
 
 (b) 11.0 (11.0212…)  A2 

Note: Award A1 for a final answer of 11 if no unrounded answer is seen. 

[2 marks] 
 
 (c) EITHER 
  11.0 > 9.488 (11.0212… > 9.488 ) R1 
 
  OR 
  0.0263 < 0.05 (0.0263264… < 0.05 ) R1 
 
  THEN 
 
   EITHER 
   (there is significant evidence to) reject H0   A1 
 
   OR 
   (there is significant evidence that) the (food) quality and the type of meal are  

not independent  A1 

Note: Do not award R0A1.  
 Award R1 for 2 2

calc critχ χ> , provided the calculated value is explicitly seen in part (b). 

 
 Accept “p-value < significance level” provided their p-value is seen and their p-value is 

between 0 and 1. 

[2 marks] 
Total [6 marks] 
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7.  (a) attempt to find gradient of CD (M1) 

  gradient of 
1

CD
3

=  therefore perpendicular gradient CD 3= −  A1 

  1.5 3( 5.5)y x− = − −   OR  1.5 3(5.5) c= − +  M1 

Note: Award M1 for substituting the gradient and midpoint into equation of line, provided 
further work is seen leading to a correct answer. 

  
  3 18y x= − +   AG 

      [3 marks] 
 
 (b) 

 
 

 
  perpendicular bisector AD: a vertical line with x intercept 2.5 A1 

Note: The perpendicular bisector should not go beyond the intersection point (should not 
enter site B). 

 
      [1 mark] 

 
 (c)  attempt to solve simultaneous equations: 3 2 1.5y x= −  and 3 18y x= − +   (M1) 
  (5.05, 2.86)    ((5.04545…, 2.86363…)) A1 

Note: Accept 5.05 (5.04545...)x = , 2.86 (2.86363...)y =  in place of coordinates. 

Accept (5.05, 2.87)  and (5.05, 2.85)  for using their 3 sf or 4 sf x-value to find y from 
any of the two equations. 

 
      [2 marks] 
      Total [6 marks] 
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8. (a) EITHER 

  34
(3.4)

3
π    (A1) 

  multiplying their volume by 
4

5
 (M1) 

 
  OR 

  34
(3.4)

3
π    (A1) 

  Subtracting 
1

5
 of their volume (M1) 

  3 34 1 4
(3.4) (3.4)

3 5 3
 π − × π 
 

    

 

Note: The M1 can be awarded for a final answer of 32.9272… seen without working. 

 
  THEN 
  3 3 )132 cm 131.708 cm( …   A1 

      [3 marks] 
 
 (b) 3 11π× ×      (A1) 
 
  2 )103.672 (cm…    OR   233 ( )cmπ  

  2104 (cm )    A1 
 

      [2 marks] 
      Total [5 marks] 
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9.  (a) 2N (4, 0.25 )X   
 
  EITHER 
   correct probability expression  (M1) 
  P ( 3.7)X <   

Note: Accept a weak or strict inequality, and any label instead of X, e.g. length or L. 

  
  OR 
 
  normal curve with vertical line, left of mean, labelled 3.7, and shaded region (M1) 
 

   
 
  THEN 
  0.115  (0.115069…, 11.5%) A1 

Note: Award M1A0 for 0.12 if no previous working. 

 
      [2 marks] 

 
 (b) EITHER 
  Correct probability expression  (M1) 
  ( P ( ) 0.7X k< =    OR   P ( ) 0.3X k> =  

Note: Accept a weak or strict inequality, and any label instead of X e.g., length or L. 

 
 

continued… 
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Question 9 continued 

  OR 
  normal curve with vertical line to the right of the mean and shaded  
  region, correctly labelled either 0.3 or 0.7  (M1) 
 

   
 
  THEN 
  ) 4.13 (4.13110 )(k = …   A1 

Note: Award M1A0 for 4.1 if no previous working. 

 
      [2 marks] 

 (c) EITHER 
  correct probability equation  (M1) 
  P (length 4 ) 0.8m< + =    OR   P (length 4 ) 0.2m< − =  

Note: Accept any letter instead of “length” e.g., X or L. 

 
  OR  
  normal curve with vertical lines symmetrical about the mean line with a correct  

indication of an area of 0.6 or 0.2 or 0.8    (M1) 
 

    
 
  THEN 
  0.210 (0.210405…) A1  

Note: Award (M1)A0 for an answer of 3.7895 or 4.2105 seen without working. 

      [2 marks] 
      Total [6 marks] 
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10.  (a) METHOD 1 
  correct sketch with some indication of maximum point (M1) 
 

 
    

  0.921  (seconds)  
35

0.921052...,
38

 
 
 

 A1 

 
  METHOD 2 
  correct substitution into equation for line of symmetry (M1) 

  
8.75

( )
2 4.75

t = −
×−

  

  0.921  (seconds)  
35

0.921052...,
38

 
 
 

 A1 

   
  METHOD 3 
  equating the correct derivative to 0 (M1) 
  9.5 8.75 0t− + =   

  0.921  (seconds)  
35

0.921052...,
38

 
 
 

 A1 

Note: Award M1A0 for a final answer of 0.92 seen with no working. 

      [2 marks] 
 
 (b) METHOD 1 
  correct sketch with some indication of x-intercept   
 

 
      (M1) 

Note: May be seen in part (a). 

 
  2 (seconds)    A1 

continued…  
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Question 10 continued 

  METHOD 2 
  setting the equation to zero (M1) 
 
  24.75 8.75 1.5 0t t− + + =  
 
  2 (seconds)         A1 
   

Note: If both roots are given, with or without working, award (M1)A0. 

      [2 marks] 
 

 (c) METHOD 1 
  correct sketch of quadratic function and a straight line in approximate correct position 
      (M1) 

 
 
  1.88 (seconds)  (1.87577…(seconds)) A1 
 
  METHOD 2 
  setting the equation equal to 1.2 (M1) 
  24.75 8.75 1.5 1.2t t− + + =  
  1.88 (seconds)  (1.87577…(seconds)) A1 
 

Note: Award (M1)A0 if -0.0336702… seen as (part of) a final answer. 
 Award M1A0 for answer of 1.9 seen without working. 

      [2 marks] 
 
 (d)  Award R1 for each sensible reason, in the context of the question: R1R1 
  e.g. 
  The model ignores air resistance (or wind) 
  The model treats the ball as a point 
  The model assumes gravity is constant 
  The model assumes that the ball continues to follow the trajectory even after 

hitting the ground  
  This model ignores the bouncing back of the ball after hitting the ground 

Note:  Do not accept generic criticisms of any mathematical model, such as: 
  There are assumptions being made 
  Models are never accurate / It is only a model 

      [2 mark] 

      Total [8 marks] 
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11. (a) (i) 
 

 
      A1A1A1 
 

Note: Award A1 for correct shape (curve must be smooth) in the second quadrant only, 
A1 for asymptotic behaviour, A1 for minimum point in approximately correct 
position AND left-most point around ( 5, 76)−  (allow a tolerance of half a square 
for these two points). 

 
  (ii) 0.941 ( 0.941035...)− −   A1 

      [4 marks] 
 
 (b) 2.45  2.44651 ), 0.252 ( 0.252412),  2.70  2.698 )( 92(− − … − − …   A2 
 

Note: Award A2 for all three correct, A1 for two correct and A0 otherwise.  
Award at most A1 if additional solutions are seen. 
Award A1A0 for a final answer given as coordinates 2.45, 20)(− , 

0.252, 20)(− , 2.70, 20)(  or (2.7 , 20) . 

Award A1A0 for three correct answers given in 2 sf. 

      [2 marks] 
 
 (c) 0x =     A1 

      [1 mark] 
      Total [7 marks] 
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12. (a) 0.15 0.2 0.16 2 0.25 1k k+ + + + + =  (M1)  
  0.08k =    A1 

      [2 marks] 
 
 (b) ( 4 0.15) ( 3 0.2) ( 1 0.08) (0 0.16) (1 0.16) (4 0.25)− × + − × + − × + × + × + ×  (M1) 
  0.12= −    A1 
  E( ) 0X ≠  therefore the game is not fair  R1 

Note: Do not award A0R1 without an explicit value for E( )X  seen. The R1 can 

be awarded for comparing their E( )X  to zero provided working is shown. 

      [3 marks] 
      Total [5 marks] 

 
 
13.  (a)  attempt at using the trapezoidal rule (M1) 

  area ( )1
3 2(8 19) 42

2
= + + +     

  249.5 (m )=   A1 
      [2 marks] 

 
 (b)  recognition of need to integrate (e.g. reverse power rule or integral symbol) (M1) 
  2 33 4d 4x x x x c+ = + +∫  (A1)(A1) 

Note: Award A1 for each correct term.  
 

  3( ) 4 3f x x x= + +   A1 

Note: Award A1 for simplified correct answer including the value of c.  Accept a 
value of c of 3.005 or 3.025 or 2.975 for using the non-integer x-values and 
their corresponding y-values. 

      [4 marks] 
 
 (c) METHOD 1 

forming expression for sum of integral and deconstructing the trapezoid into 
a rectangle  and triangle (M1) 

 

  
3 3

0

1
4 3 d ( 47.25) 42 1 2 42 ( 84)

2
x x x+ + = + × + × × =∫  (A1) 

  2131 (m ) (131.25)=       A1 
 
  METHOD 2 
  forming expression for sum of integral and trapezoid (M1) 

  
3 3

0

1
4 3 d ( 47.25) 4 42 ( 84)

2
x x x+ + = + × × =∫     (A1) 

  2131 (m ) (131.25)=       A1 

Note: Award (A1) for their integral with the correct limits added to 84 or their 47.25 
added to 84. 

      [3 marks] 
      Total [9 marks] 
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Mathématiques : applications et interprétation
Niveau moyen
Épreuve 1

Instructions destinées aux candidats

 y Écrivez votre numéro de session dans les cases ci-dessus.
 y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
 y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
 y Répondez à toutes les questions.
 y Rédigez vos réponses dans les cases prévues à cet effet.
 y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront 

être exactes ou correctes à trois chiffres significatifs près.
 y Un exemplaire non annoté du livret de formules pour le cours de mathématiques : 

applications et interprétation est nécessaire pour cette épreuve.
 y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Rédigez vos réponses dans les cases prévues à cet effet. Le total des points ne sera pas nécessairement 
attribué pour une réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être 
appuyées par un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice 
à écran graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des 
représentations graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces 
représentations graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent 
être attribués si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. 
On vous recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 5]

Zaha conçoit un pont pour traverser une rivière. Elle pense que le poids de l’acier nécessaire 
à ce pont est d’environ 53 632 000 kg.

Le poids exact de l’acier nécessaire pour le pont est de 55 625 000 kg.

(a) Trouvez le pourcentage d’erreur dans l’approximation de Zaha. [2]

La conception de Zaha est utilisée pour construire cinq ponts identiques.

(b) (i)  Trouvez le poids de l’acier nécessaire pour ces cinq ponts, à trois chiffres 
significatifs.

(ii) Écrivez votre réponse à la partie (b)(i) sous la forme  a × 10k , où  1 ≤ a < 10 ,   
k ∈  . [3]
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2. [Note maximale : 6]

Angel a dollars 520 ($) dans son compte d’épargne. Angel considère la possibilité d’investir 
l’argent pour une période de 5 ans dans une banque. La banque offre un taux d’intérêt 
annuel de 1,2 %, composé trimestriellement.

(a) Calculez le montant d’argent qu’Angel aurait au bout de 5 ans avec la banque. 
Donnez votre réponse correcte à deux chiffres après la virgule près. [3]

Au lieu d’investir l’argent, Angel décide d’acheter un téléphone qui coûte 520 $. Au bout de 
5 ans, le téléphone aura une valeur de 30 $. On peut supposer que le taux de dépréciation 
annuel est constant.

(b) Calculez le taux de dépréciation annuel du téléphone. [3]
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3. [Note maximale : 7]

Dans une école, 200 élèves ont résolu un problème lors d’un concours de mathématiques. 
Leurs temps pour résoudre le problème ont été enregistrés et la courbe des effectifs cumulés 
suivante a été tracée.
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(a) Utilisez la courbe pour trouver

(i) le temps médian ;

(ii) le premier quartile ;

(iii) le troisième quartile ;

(iv) l’écart interquartile. [4]

Cédric a mis 14 secondes pour résoudre le problème.

(b) Déterminez si le temps de Cédric est une valeur aberrante. [3]

(Suite de la question à la page suivante)
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(Suite de la question 3)
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4. [Note maximale : 6]

Dans un club de course, Sung-Jin effectue un test pour déterminer s’il existe une association 
entre l’âge d’un athlète et son meilleur temps de course au 100 m. Huit athlètes sont choisis 
au hasard et leurs détails sont indiqués ci-dessous.

Athlète A B C D E F G H

Âge (années) 13 17 22 18 19 25 11 36

Temps (secondes) 13,4 14,6 13,4 12,9 12,0 11,8 17,0 13,1

Sung-Jin décide de calculer le coefficient de corrélation de Spearman pour son ensemble 
de données.

(a) Complétez le tableau de rangs. [2]

Athlète A B C D E F G H

Rang d’âge 3

Rang de temps 1

(b) Calculez le coefficient de corrélation de Spearman,  rs . [2]

(c) Interprétez cette valeur de  rs  dans le contexte de la question. [1]

(d) Suggérez une raison mathématique expliquant pourquoi Sung-Jin aurait décidé de 
ne pas utiliser le coefficient de corrélation de Pearson avec ses données du tableau 
de départ. [1]
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5. [Note maximale : 4]

Le tableau de distribution d’effectifs suivant montre les notes d’examen pour un groupe d’élèves.

Note 1 2 3 4 5 6 7

Effectif 1 4 7 9 p 9 4

Pour cette distribution, la note moyenne est de 4,5.

(a) Écrivez le nombre total d’élèves en fonction de  p . [1]

(b) Calculez la valeur de  p . [3]
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6. [Note maximale : 6]

Une entreprise qui possède de nombreux restaurants souhaite déterminer s’il existe des 
différences dans la qualité des aliments cuisinés pour trois repas différents : le petit-déjeuner, 
le déjeuner et le dîner.

Leur équipe d’assurance de la qualité sélectionne au hasard 500 aliments à inspecter. 
La qualité de chaque aliment est classée comme parfaite, satisfaisante ou médiocre. 
Les données sont résumées dans le tableau suivant.

Qualité

Parfaite Satisfaisante Médiocre Total

Repas

Petit-déjeuner 101 124  7 232

Déjeuner  68  81  5 154

Dîner  35  69 10 114

Total 204 274 22 500

Un aliment est choisi au hasard parmi ces 500.

(a) Trouvez la probabilité que sa qualité ne soit pas parfaite, sachant qu’il provient du  
petit-déjeuner. [2]

Un test du  χ 2  est effectué, au niveau de signification de 5 %, pour déterminer s’il existe une 
différence significative dans la qualité des aliments cuisinés pour les trois repas.

La valeur critique pour ce test est 9,488.

Les hypothèses pour ce test sont :
H0: La qualité des aliments et le type de repas sont indépendants.
H1: La qualité des aliments et le type de repas ne sont pas indépendants.

(b) Trouvez la statistique du  χ 2 . [2]

(c) Indiquez, avec une justification, la conclusion pour ce test. [2]

(Suite de la question à la page suivante)
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(Suite de la question 6)
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7. [Note maximale : 6]

Ani possède quatre cafés représentés par les points A, B, C et D. Ani veut diviser la zone en 
régions de livraison. Ce processus a été entamé dans le diagramme de Voronoï incomplet 
suivant, où 1 unité représente 1 kilomètre.

A

B

C

D

0
0

1

2

3

4

5

6

1 2 3 4 5 6 7 8
x

y

Le milieu de CD est (5,5  ;  1,5).

(a) Montrez que l’équation de la médiatrice de [CD] est  y = -3x + 18 . [3]

(b) Complétez le diagramme de Voronoï montré ci-dessus. [1]

Ani ouvre un bureau qui se situe à égale distance de trois des cafés, B, C et D. L’équation 
de la médiatrice de [BC] est  3y = 2x - 1,5 .

(c) Trouvez les coordonnées du bureau. [2]

(Suite de la question à la page suivante)
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8. [Note maximale : 5]

Ruhi achète une boule de crème glacée en forme de sphère dont le rayon est de 3,4 cm. 

La crème glacée est servie dans un cône et on peut supposer que 
1

5
 du volume de la crème 

glacée est à l’intérieur du cône. Ceci est illustré dans le diagramme suivant.

la figure n’est pas à l’échelle

3,4

(a) Calculez le volume de crème glacée qui n’est pas à l’intérieur du cône. [3]

L'apothème (la hauteur oblique) du cône est de 11 cm et son rayon est de 3 cm.

L’extérieur du cône est recouvert de chocolat.

(b) Calculez l’aire de la surface du cône recouverte de chocolat. Donnez votre réponse 
correcte au cm2 près. [2]
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9. [Note maximale : 6]

Les longueurs des graines d’un certain manguier sont approximées par une distribution 
normale avec une moyenne de 4 cm et un écart type de 0,25 cm.

Une graine de ce manguier est choisie au hasard.

(a) Calculez la probabilité que la longueur de la graine soit inférieure à 3,7 cm. [2]

On sait que 30 % des graines ont une longueur supérieure à k cm.

(b) Trouvez la valeur de  k . [2]

Pour une graine dont la longueur est de  d cm , choisie au hasard,  P (4 - m < d < 4 + m) = 0,6 .

(c) Trouvez la valeur de  m . [2]
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10. [Note maximale : 8]

Un joueur lance un ballon de basketball. La hauteur du ballon est modélisée par

h (t) = -4,75t 2 + 8,75t + 1,5 ,  t ≥ 0 ,

où  h  est la hauteur du ballon au-dessus du sol, en mètres, et  t  est le temps, en secondes, 
après que le ballon a été lancé.

(a) Trouvez combien de temps il faut au ballon pour atteindre sa hauteur maximale. [2]

(b) En supposant qu’aucun joueur n’attrape le ballon, trouvez combien de temps il faudrait 
au ballon pour toucher le sol. [2]

Un autre joueur attrape le ballon alors que ce dernier se trouve à une hauteur de 1,2 mètre.

(c) Trouvez la valeur de  t  correspondant à l’instant où ce joueur attrape le ballon. [2]

(d) Écrivez deux inconvénients liés à l’utilisation de  h (t )  pour modéliser la hauteur du ballon. [2]
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11. [Note maximale : 7]

Considérez f x x
x

x( ) ,� � �3
5

02 . La représentation graphique de  f  pour  0 < x ≤ 5 est 

montrée sur le système d’axes suivant.

80
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x

(a) (i)  Esquissez la représentation graphique de  f , pour  -5 ≤ x < 0 , sur le même 
système d’axes.

(ii) Écrivez l’abscisse du minimum relatif. [4]

(b) Utilisez votre calculatrice à écran graphique pour trouver les solutions de 
l’équation  f (x) = 20 . [2]

(c) Écrivez l’équation de l’asymptote verticale de la représentation graphique de  f . [1]
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12. [Note maximale : 5]

Dans un jeu, des balles sont lancées pour atteindre une cible. La variable aléatoire  X  est 
le nombre de fois que la cible est atteinte en cinq tentatives. La distribution de probabilité 
pour  X  est présentée dans le tableau suivant.

x 0 1 2 3 4 5

P (X == x) 0,15 0,2 k 0,16 2k 0,25

(a) Trouvez la valeur de  k . [2]

Un joueur a une chance de gagner de l’argent en fonction du nombre de fois où il a atteint  
la cible.

Le gain du joueur, en dollars ($), est indiqué dans le tableau suivant, où un gain négatif 
signifie que le joueur perd de l’argent.

x 0 1 2 3 4 5

Gain du joueur ($) -4 -3 -1 0 1 4

(b) Déterminez si ce jeu est équitable. Justifiez votre réponse. [3]
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13. [Note maximale : 9]

Un ingénieur souhaite calculer l’aire de la section transversale d’un barrage. La section 
transversale du barrage peut être modélisée par une courbe et deux droites, comme indiqué 
dans le diagramme suivant, où les distances sont mesurées en mètres.

y

x
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La courbe est modélisée par une fonction  f (x) . Le tableau suivant donne les valeurs 
de  f (x)  pour différentes valeurs de  x  à l’intérieur de l’intervalle  0 ≤ x ≤ 3 .

x 0 0,5 1  1,5  2  2,5  3

y ==  f (x) 3  5,13 8 12,4 19 28,6 42

(a) Calculez une estimation de l’aire à l’intérieur de l’intervalle  0 ≤ x ≤ 3, en utilisant 
la formule des trapèzes avec trois intervalles égaux. [2]

On sait que  f ′(x) = 3x2 + 4  dans le domaine  0 < x < 3 .

(b) Trouvez une expression pour  f (x) , dans le domaine  0 < x < 3 . [4]

(c) À partir de là, trouvez l’aire réelle de la section transversale en entier. [3]

(Suite de la question à la page suivante)
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(Suite de la question 13)
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Número de convocatoria del alumno

2223 – 7224
© International Baccalaureate Organization 202319 páginas

8 de mayo de 2023

Zona A tarde Zona B mañana Zona C tarde

1 hora 30 minutos

Matemáticas: Aplicaciones e Interpretación
Nivel Medio
Prueba 1

Instrucciones para los alumnos

 y Escriba su número de convocatoria en las casillas de arriba.
 y No abra esta prueba hasta que se lo autoricen.
 y En esta prueba es necesario usar una calculadora de pantalla gráfica.
 y Conteste todas las preguntas.
 y Escriba sus respuestas en las casillas provistas a tal efecto.
 y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser 

exactas o aproximadas con tres cifras significativas.
 y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas: 

Aplicaciones e Interpretación para esta prueba.
 y La puntuación máxima para esta prueba de examen es [80 puntos].
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Escriba sus respuestas en las casillas provistas a tal efecto. No se otorgará necesariamente la 
máxima puntuación a una respuesta correcta que no esté acompañada de un procedimiento. Las 
respuestas deben estar sustentadas en un procedimiento y/o en explicaciones. Junto a los resultados 
obtenidos con calculadora de pantalla gráfica, deberá reflejarse por escrito el procedimiento seguido 
para su obtención. Por ejemplo, si se utiliza un gráfico para hallar una solución, se deberá dibujar 
aproximadamente el mismo como parte de la respuesta. Aun cuando una respuesta sea errónea, podrán 
otorgarse algunos puntos si el método empleado es correcto, siempre que aparezca por escrito. Por lo 
tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 5]

Zaha está diseñando un puente que permita cruzar un río. Ella cree que el peso del acero 
que se va a necesitar para construir este puente es aproximadamente igual a 53 632 000 kg.

El peso exacto del acero que se necesita para construir el puente es igual a 55 625 000 kg.

(a) Halle el porcentaje de error de la aproximación de Zaha. [2]

El diseño de Zaha se utiliza para construir cinco puentes idénticos.

(b) (i)  Halle el peso del acero que se necesita para construir estos cinco puentes, 
redondeando a tres cifras significativas.

(ii) Escriba la respuesta que ha dado en el apartado (b)(i) en la forma  a × 10k , 
donde  1 ≤ a < 10 ,  k ∈  . [3]
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Véase al dorso

2. [Puntuación máxima: 6]

Angel ha ahorrado 520 $. Angel se plantea invertir ese dinero metiéndolo durante 5 años en 
un banco. El banco le ofrece un tipo de interés anual del 1,2 % compuesto trimestralmente.

(a) Calcule cuánto dinero tendría Angel al final de esos 5 años si metiera el dinero en el 
banco. Dé la respuesta redondeando a dos cifras decimales. [3]

En lugar de invertir el dinero, Angel decide comprarse un teléfono que cuesta 520 $. Al 
final de esos 5 años, el teléfono tendrá un valor de 30 $. Se puede suponer que la tasa de 
depreciación anual es constante.

(b) Calcule la tasa de depreciación anual del teléfono. [3]
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3. [Puntuación máxima: 7]

En un colegio, 200 alumnos resolvieron un problema en una competición de matemáticas. 
Se midió el tiempo que tardaba cada uno en resolver el problema y se elaboró la siguiente 
tabla de frecuencias acumuladas.
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(a) Utilice el gráfico para hallar:

(i) La mediana del tiempo

(ii) El primer cuartil

(iii) El tercer cuartil

(iv) El rango intercuartil  [4]

Cedric tardó 14 segundos en resolver el problema.

(b) Determine si el tiempo de Cedric es (o no) un valor atípico. [3]

(Esta pregunta continúa en la página siguiente)

20EP04



– 5 – 2223 – 7224

Véase al dorso

(Pregunta 3: continuación)
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4. [Puntuación máxima: 6]

En un club de atletismo, Sung-Jin realiza una prueba para determinar si existe alguna 
relación entre la edad del atleta y su mejor tiempo en la carrera de 100 m. Se elige al azar 
ocho atletas, cuyos datos se muestran a continuación.

Atleta A B C D E F G H

Edad (años) 13 17 22 18 19 25 11 36

Tiempo (segundos) 13,4 14,6 13,4 12,9 12,0 11,8 17,0 13,1

Sung-Jin decide calcular el coeficiente de correlación por rangos de Spearman para este 
conjunto de datos.

(a) Complete la tabla de rangos. [2]

Atleta A B C D E F G H

Rango de edades 3

Rango de tiempos 1

(b) Calcule el coeficiente de correlación por rangos de Spearman ( rs ) . [2]

(c) Interprete este valor de  rs  en el contexto de la pregunta. [1]

(d) Sugiera una razón matemática por la cual Sung-Jin puede que haya decidido no 
utilizar el coeficiente de correlación momento-producto de Pearson con los datos  
de la tabla original. [1]
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5. [Puntuación máxima: 4]

La siguiente tabla de distribución de frecuencias muestra las calificaciones que obtuvieron 
en un examen un grupo de alumnos.

Calificación 1 2 3 4 5 6 7

Frecuencia 1 4 7 9 p 9 4

Para esta distribución, la media de las calificaciones es 4,5.

(a) Escriba, en función de  p, el número total de alumnos. [1]

(b) Calcule el valor de  p . [3]
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6. [Puntuación máxima: 6]

Una empresa que es dueña de muchos restaurantes quiere averiguar si existen diferencias 
en la calidad de los platos que se preparan para tres tipos de comidas distintas: desayuno, 
almuerzo y cena.

El equipo de control de calidad de la empresa elige al azar 500 platos para analizarlos. 
La calidad de cada plato se clasifica  como perfecta, satisfactoria o deficiente. Los datos 
recogidos están resumidos en la siguiente tabla.

Calidad

Perfecta Satisfactoria Deficiente Total

Comida

Desayuno 101 124  7 232

Almuerzo  68  81  5 154

Cena  35  69 10 114

Total 204 274 22 500

Se elige al azar un plato de entre estos 500.

(a) Halle la probabilidad de que su calidad no sea perfecta, sabiendo que es un plato 
del desayuno. [2]

Se realiza una prueba  χ 2  a un nivel de significación del 5 % para determinar si hay pruebas 
significativas de que exista una diferencia en la calidad de los platos que se preparan para 
esas tres tipos de comidas.

Para esta prueba, el valor crítico es 9,488.

Las hipótesis para esta prueba son las siguientes:
H0: La calidad de los platos y el tipo de comida son independientes.
H1: La calidad de los platos y el tipo de comida no son independientes.

(b) Halle el estadístico  χ 2 . [2]

(c) Indique, aportando una justificación, cuál es la conclusión de esta prueba. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 6: continuación)
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7. [Puntuación máxima: 6]

Ani es la dueña de cuatro cafeterías que están representadas por los puntos A, B, C y D.  
Ani quiere dividir el área en distintas zonas de reparto. Este proceso se ha iniciado, y está 
plasmado en el siguiente diagrama incompleto de Voronoi, donde 1 unidad representa 1 kilómetro.

A

B

C

D

0
0

1

2

3

4

5

6

1 2 3 4 5 6 7 8
x

y

El punto medio de CD es (5,5 ;  1,5).

(a) Muestre que la ecuación de la mediatriz de [CD] es  y = -3x + 18 . [3]

(b) Complete el diagrama de Voronoi mostrado arriba. [1]

Ani abre una oficina que es equidistante a tres de esas cafeterías: B, C y D. La ecuación de 
la mediatriz de [BC] es  3y = 2x - 1,5 .

(c) Halle las coordenadas de la oficina. [2]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 7: continuación)
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8. [Puntuación máxima: 5]

Ruhi se compra una bola de helado que tiene forma de esfera de 3,4 cm de radio. El helado 

se sirve en un cono; y se puede suponer que 
1

5
 del volumen del helado está metido dentro 

del cono. Toda esta información se representa en la siguiente figura.

la figura no está dibujada a escala

3,4

(a) Calcule el volumen de helado que no está dentro del cono. [3]

El cono tiene una generatriz de 11 cm y un radio de 3 cm.

El exterior del cono está cubierto de chocolate.

(b) Calcule el área de la superficie del cono que está cubierta de chocolate. Dé la 
respuesta redondeando al número entero de cm2 más próximo. [2]
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Véase al dorso

9. [Puntuación máxima: 6]

Las longitudes de las semillas procedentes de un árbol de mangos en particular  siguen 
aproximadamente una distribución normal de una media de 4 cm y desviación típica igual a 
0,25 cm.

Se coge al azar una semilla de este árbol de mangos.

(a) Calcule la probabilidad de que la longitud de esa semilla sea menor que 3,7 cm. [2]

Se sabe que el 30 % de las semillas tienen una longitud mayor que  k cm.

(b) Halle el valor de  k . [2]

Para una semilla de longitud  d cm elegida al azar,  P (4 - m < d < 4 + m) = 0,6 .

(c) Halle el valor de  m . [2]
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10. [Puntuación máxima: 8]

Un jugador de baloncesto lanza el balón. La altura a la que está el balón se puede 
modelizar mediante

h (t) = -4,75t 2 + 8,75t + 1,5 ,  t ≥ 0 ,

donde  h  es la altura sobre el nivel del suelo a la que está el balón (en metros) y  t  es el 
tiempo transcurrido (en segundos) desde que se lanzó el balón.

(a) Halle el tiempo que tarda el balón en alcanzar la altura máxima. [2]

(b) Suponiendo que ningún jugador coge el balón, halle el tiempo que tarda el balón en 
tocar el suelo. [2]

Hay otro jugador que coge el balón justo cuando está a una altura de 1,2 metros.

(c) Halle el valor de  t  cuando este otro jugador coge el balón. [2]

(d) Escriba dos limitaciones que tenga el uso de  h (t)  para modelizar la altura del balón. [2]
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Véase al dorso

11. [Puntuación máxima: 7]

Considere f x x
x

x( ) ,� � �3
5

02 . El gráfico de  f , para  0 < x ≤ 5,  se muestra en los 

siguientes ejes de coordenadas.

80

60

40

20

54321

–60

– 40

–20
–5 –4 –3 –2 –1 0

y

x

(a) (i)  En esos mismos ejes, dibuje aproximadamente el gráfico de  f , para  -5 ≤ x < 0 . 

(ii) Escriba la coordenada  x  del mínimo local. [4]

(b) Utilice la calculadora de pantalla gráfica para hallar las soluciones de la ecuación  f (x) = 20 . [2]

(c) Escriba la ecuación de la asíntota vertical del gráfico de  f . [1]
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Véase al dorso

12. [Puntuación máxima: 5]

Un juego consiste en lanzar bolas para intentar dar a un objetivo. La variable aleatoria  X  
representa el número de veces que se da al objetivo en cinco intentos. En la siguiente tabla 
se muestra la distribución de probabilidad de  X .

X 0 1 2 3 4 5

P (X == x) 0,15 0,2 k 0,16 2k 0,25

(a) Halle el valor de  k . [2]

Los jugadores tienen la posibilidad de ganar dinero según el número de veces que le den 
al objetivo.

En la siguiente tabla se muestra la ganancia del jugador en dólares ($), donde una ganancia 
negativa significa que el jugador pierde dinero.

X 0 1 2 3 4 5

Ganancia del jugador (($)) -4 -3 -1 0 1 4

(b) Determine si el juego es (o no) justo. Justifique su respuesta.  [3]
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13. [Puntuación máxima: 9]

Una ingeniera quiere calcular el área de la sección transversal de una presa. La sección 
transversal de la presa se puede modelizar mediante una curva y dos rectas, tal y como se 
muestra en la siguiente figura, donde las distancias se miden en metros.

y

x
0 1 2 3 4 5 6

0

10

20

30

40

50

La curva viene dada por la función  f (x) . La siguiente tabla da valores de  f (x)  para una 
serie de valores de  x  dentro del intervalo  0 ≤ x ≤ 3 .

x 0 0,5 1  1,5  2  2,5  3

y ==  f (x) 3  5,13 8 12,4 19 28,6 42

(a) Calcule una estimación del área correspondiente al intervalo  0 ≤ x ≤ 3  utilizando la 
regla del trapecio con tres intervalos iguales. [2]

Se sabe que  f ′(x) = 3x2 + 4  en el dominio  0 < x < 3 .

(b) Halle una expresión para  f (x) , en el dominio  0 < x < 3 . [4]

(c) A partir de lo anterior, halle el área real de toda la sección transversal. [3]

(Esta pregunta continúa en la página siguiente)

20EP18



– 19 – 2223 – 7224

(Pregunta 13: continuación)
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 y A graphic display calculator is required for this paper.
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 y A clean copy of the mathematics: applications and interpretation formula booklet is 
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Turn over

Answer all questions in the answer booklet provided. Please start each question on a new page. Full 
marks are not necessarily awarded for a correct answer with no working. Answers must be supported 
by working and/or explanations. Solutions found from a graphic display calculator should be supported 
by suitable working. For example, if graphs are used to find a solution, you should sketch these as part 
of your answer. Where an answer is incorrect, some marks may be given for a correct method, provided 
this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 15]

The mean annual temperatures for Earth, recorded at fifty-year intervals, are shown in the table.

Year (x) 1708 1758 1808 1858 1908 1958 2008 

Temperature °C (y) 8.73 9.22 9.10 9.12 9.13 9.45 9.76 

Tami creates a linear model for this data by finding the equation of the straight line passing 
through the points with coordinates  (1708, 8.73)  and  (1958, 9.45) . 

(a) Calculate the gradient of the straight line that passes through these two points. [2]

(b) (i)  Interpret the meaning of the gradient in the context of the question.

(ii) State appropriate units for the gradient. [2]

(c) Find the equation of this line giving your answer in the form  y = mx + c . [2]

(d) Use Tami’s model to estimate the mean annual temperature in the year 2000. [2]

Thandizo uses linear regression to obtain a model for the data.

(e) (i)  Find the equation of the regression line  y  on  x .

(ii) Find the value of r, the Pearson’s product-moment correlation coefficient. [3]

(f) Use Thandizo’s model to estimate the mean annual temperature in the year 2000. [2]

Thandizo uses his regression line to predict the year when the mean annual temperature will 
first exceed  15 °C . 

(g) State two reasons why Thandizo’s prediction may not be valid. [2]
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2. [Maximum mark: 16]

Consider the function  f (x) = 3x - 1 + 4x-2 . Part of the graph of  y = f (x)  is shown below.

−8

−4

0−4 −2 2 4 6

4

8

12

x

y

The function is defined for all values of  x  except for  x = a .

(a) Write down the value of  a . [1]

(b) Use your graphic display calculator to find the coordinates of the local minimum. [2]

The equation  f (x) = w , where  w ∈  , has three solutions. 

(c) Identify one possible value for  w . [1]

The line y mx� �
1

4
 is tangent to  f (x)  when  x = -4 .

(d) Write down whether the value of  m  is positive or negative. Justify your answer. [2]

(This question continues on the following page)
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Turn over

(Question 2 continued)

A second function is given by  g (x) = kpx  - 9 , where  p > 0 . The graph of  y = g (x)  intersects 
the  y-axis at point  A (0, -5)  and passes through point  B (3, 4.5) .

(e) Find the value of

(i) k ;

(ii) p . [4]

(f) Write down the equation of the horizontal asymptote of  y = g (x) . [2]

(g) Find the solution of  f (x) =  g (x)  when  x > 0 . [2]

Consider a third function,  h , where  h (x) = f (x) +  g (x) . The point  C (-1, q)  lies on the  
graph of  g (x) . 

(h) State whether  C  also lies on the graph of  h (x) . Justify your answer. [2]
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3. [Maximum mark: 15]

The depth of water,  w  metres, in a particular harbour can be modelled by the 
function  w (t ) =a cos (bt) + d  where  t  is the length of time, in minutes, after 06:00. 

On 20 January, the first high tide occurs at 06:00, at which time the depth of water is  18 m . 
The following low tide occurs at 12:15 when the depth of water is  4 m . This is shown in 
the diagram.

20

4

w (t)

t0
0

16

12

8

60 120 180 240 300 360 420 480

(a) Find the value of  a . [2]

(b) Find the value of  d .  [2]

(c) Find the period of the function in minutes.  [3]

(d) Find the value of  b . [2]

Naomi is sailing to the harbour on the morning of 20 January. Boats can enter or leave the 
harbour only when the depth of water is at least  6 m . 

(e) Find the latest time before 12:00, to the nearest minute, that Naomi can enter the harbour. [4]

(f) Find the length of time (in minutes) between 06:00 and 15:00 on 20 January during 
which Naomi cannot enter or leave the harbour.  [2]
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Turn over

4. [Maximum mark: 17]

A large international sports tournament tests their athletes for banned substances.  
They interpret a positive test result as meaning that the athlete uses banned substances.  
A negative result means that they do not.

The probability that an athlete uses banned substances is estimated to be  0.06 .

If an athlete uses banned substances, the probability that they will test positive is  0.71 . 

If an athlete does not use banned substances, the probability that they will test negative is  0.98 .

(a) Using the information given, copy (into your answer booklet) and complete the 
following tree diagram. [2]

tests positive

tests negative

tests positive

tests negative

does not 
use banned 
substances

uses banned 
substances

0.710.06

(b) (i)  Determine the probability that a randomly selected athlete does not use banned 
substances and tests negative.

(ii) If two athletes are selected at random, calculate the probability that both athletes 
do not use banned substances and both test negative. [4]

(c) (i)  Calculate the probability that a randomly selected athlete will receive an 
incorrect test result.

(ii) A random sample of  1300  athletes at the tournament are selected for testing. 
Calculate the expected number of athletes in the sample that will receive an 
incorrect test result.  [5]

Team X are competing in the tournament. There are 20 athletes in this team. It is known that 
none of the athletes in Team X use banned substances. 

(d) Calculate the probability that none of the athletes in Team X will test positive.  [4]

(e) Determine the probability that more than 2 athletes in Team X will test positive. [2]
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5. [Maximum mark: 17]

A large closed container, in the shape of a half cylinder with a rectangular lid, is to be 
constructed with a volume of  0.8 m3. The container has a length of  l  metres and a radius of  
r  metres.

diagram not to scale

l

r

(a) Find an exact expression for  l  in terms of  r  and  p . [2]

The container will be constructed using two different materials. The material for both the 
curved surface and the rectangular lid of the container costs  $ 4.40  per square metre. 
The material for the semicircular ends of the container costs  $ p  per square metre.

The cost,  C , of the materials to construct the container can be written in terms of  r  and  p  
(where  p > 0  and  r > 0 ).

(b) Show that C r r p r� � �� �7 04
14081 1 2.

.

�
� . [4]

(c) Find 
d

d

C

r
. [3]

The cost of materials to construct the container is minimized when the radius of the 
container,  r , is  0.7 m .

(d) Find the value of  p . [3]

In total,  350  containers will be constructed at this minimum cost.

(e) Calculate the cost of materials, to the nearest dollar, to construct all 350 containers. [3]

(This question continues on the following page)
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(Question 5 continued)

The materials for constructing the containers can be purchased at a discount according to 
the information in the table.

Cost of materials ($ C) 
before discount

Discount applied to 
entire order

1000 ≤ C < 2500  1 %

2500 ≤ C < 5000  4 %

5000 ≤ C < 10 000  8 %

C ≥ 10 000 10 %

(f) Determine the cost of materials for  350  containers after the discount is applied. [2]

References:
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Instructions to Examiners 

Abbreviations 

M Marks awarded for attempting to use a correct Method. 

A Marks awarded for an Answer or for Accuracy; often dependent on preceding M 
marks. 

R Marks awarded for clear Reasoning. 

AG Answer given in the question and so no marks are awarded. 

FT Follow through. The practice of awarding marks, despite candidate errors in previous 
parts, for their correct methods/answers using incorrect results. 

Using the markscheme 

1 General 

Award marks using the annotations as noted in the markscheme eg M1, A2. 

2 Method and Answer/Accuracy marks 

• Do not automatically award full marks for a correct answer; all working must be
checked, and marks awarded according to the markscheme.

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the
preceding M mark(s), if any.

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1
for an attempt to use an appropriate method (e.g. substitution into a formula) and A1
for using the correct values.

• Where there are two or more A marks on the same line, they may be awarded
independently; so if the first value is incorrect, but the next two are correct, award
A0A1A1.

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is
a note.

• The response to a “show that” question does not need to restate the AG line, unless
a Note makes this explicit in the markscheme.

• Once a correct answer to a question or part question is seen, ignore further working
even if this working is incorrect and/or suggests a misunderstanding of the question.
This will encourage a uniform approach to marking, with less examiner discretion.
Although some candidates may be advantaged for that specific question item, it is likely
that these candidates will lose marks elsewhere too.

• An exception to the previous rule is when an incorrect answer from further working is
used in a subsequent part.  For example, when a correct exact value is followed by
an incorrect decimal approximation in the first part and this approximation is then used
in the second part. In this situation, award FT marks as appropriate but do not award
the final A1 in the first part.
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Examples: 

Correct 
answer 
seen 

Further 
working seen 

Any FT issues? 
Action 

1. 
8 2

5.65685...
(incorrect 

decimal value) 

No. 
Last part in 
question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

3 Implied marks 

Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work 
is seen or implied by subsequent working/answer. 

4 Follow through marks (only applied after an error is made) 

Follow through (FT) marks are awarded where an incorrect answer from one part of a 
question is used correctly in subsequent part(s) (e.g. incorrect value from part (a) 
used in part (d) or incorrect value from part (c)(i) used in part (c)(ii)).  Usually, to award 
FT marks, there must be working present and not just a final answer based on an 
incorrect answer to a previous part. However, if all the marks awarded in a subsequent 
part are for the answer or are implied, then FT marks should be awarded for their 
correct answer, even when working is not present. 

For example: following an incorrect answer to part (a) that is used in subsequent 
parts, where the markscheme for the subsequent part is (M1)A1, it is possible to 
award full marks for their correct answer, without working being seen. For longer 
questions where all but the answer marks are implied this rule applies but may be 
overwritten by a Note in the Markscheme. 

• Within a question part, once an error is made, no further A marks can be awarded
for work which uses the error, but M marks may be awarded if appropriate.

• If the question becomes much simpler because of an error then use discretion to
award fewer FT marks, by reflecting on what each mark is for and how that maps to
the simplified version.

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 =

, non-integer value where integer required), do not award the mark(s) for the final
answer(s).

• The markscheme may use the word “their” in a description, to indicate that candidates

may be using an incorrect value.

• If the candidate’s answer to the initial question clearly contradicts information given

in the question, it is not appropriate to award any FT marks in the subsequent parts.
This includes when candidates fail to complete a “show that” question correctly, and
then in subsequent parts use their incorrect answer rather than the given value.
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• Exceptions to these FT rules will be explicitly noted on the markscheme.

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent
part(s), award marks as appropriate, unless the command term was “Hence”.

5 Mis-read 

If a candidate incorrectly copies values or information from the question, this is a mis-
read (MR).  A candidate should be penalized only once for a particular misread.  Use 
the MR stamp to indicate that this has been a misread and do not award the first mark, 
even if this is an M mark, but award all others as appropriate. 

• If the question becomes much simpler because of the MR, then use discretion to
award fewer marks.

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5 = ,
non-integer value where integer required), do not award the mark(s) for the
final answer(s).

• Miscopying of candidates’ own work does not constitute a misread, it is an error.

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of

accuracy than given in the question, this is NOT a misread and full marks may be
scored in the subsequent part.

• MR can only be applied when work is seen.  For calculator questions with no working
and incorrect answers, examiners should not infer that values were read incorrectly.

6 Alternative methods 

• Alternative methods for complete questions are indicated by METHOD 1,
METHOD 2, etc.

• Alternative solutions for parts of questions are indicated by EITHER . . . OR.

Candidates will sometimes use methods other than those in the markscheme.  Unless 
the question specifies a method, other correct methods should be marked in line with 
the markscheme. If the command term is ‘Hence’ and not ‘Hence or otherwise’ then 
alternative methods are not permitted unless covered by a note in the mark scheme.   
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7 Alternative forms 

Unless the question specifies otherwise, accept equivalent forms. 

• As this is an international examination, accept all alternative forms of notation for
example 1.9 and 1,9 or 1000 and 1,000 and 1.000 .

• Do not accept final answers written using calculator notation. However, M marks and
intermediate A marks can be scored, when presented using calculator notation,
provided the evidence clearly reflects the demand of the mark.

• In the markscheme, equivalent numerical and algebraic forms will generally be
written in brackets immediately following the answer.

• In the markscheme, some equivalent answers will generally appear in brackets.  Not
all equivalent notations/answers/methods will be presented in the markscheme and
examiners are asked to apply appropriate discretion to judge if the candidate work is
equivalent.

8 Format and accuracy of answers 

If the level of accuracy is specified in the question, a mark will be linked to giving the 
answer to the required accuracy. If the level of accuracy is not stated in the question, 
the general rule applies to final answers: unless otherwise stated in the question all 
numerical answers must be given exactly or correct to three significant figures. 

Where values are used in subsequent parts, the markscheme will generally use the 
exact value, however candidates may also use the correct answer to 3 sf in 
subsequent parts.  The markscheme will often explicitly include the subsequent values 
that come “from the use of 3 sf values”. 

Simplification of final answers: Candidates are advised to give final answers using 
good mathematical form. In general, for an A mark to be awarded, arithmetic should 
be completed, and any values that lead to integers should be simplified; for example,

25

4
 should be written as 

5

2
.  An exception to this is simplifying fractions, where 

lowest form is not required (although the numerator and the denominator must be 

integers); for example, 
10

4
may be left in this form or written as 

5

2
. However, 

10

5
should be written as 2, as it simplifies to an integer. 

Algebraic expressions should be simplified by completing any operations such as 
addition and multiplication, e.g. 2 34e ex x  should be simplified to 54e x , and 

2 3 4  4e e e ex x x x −   should be simplified to 53e x . Unless specified in the question, 
expressions do not need to be factorized, nor do factorized expressions need to be 
expanded, so ( 1)x x+  and 2x x+  are both acceptable. 

Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 

A GDC is required for this paper, but if you see work that suggests a candidate has 
used any calculator not approved for IB DP examinations (eg CAS enabled devices), 
please follow the procedures for malpractice. 

10. Presentation of candidate work

Crossed out work:  If a candidate has drawn a line through work on their examination
script, or in some other way crossed out their work, do not award any marks for that
work unless an explicit note from the candidate indicates that they would like the work
to be marked.

More than one solution:  Where a candidate offers two or more different answers to
the same question, an examiner should only mark the first response unless the
candidate indicates otherwise.  If the layout of the responses makes it difficult to judge,
examiners should apply appropriate discretion to judge which is “first”.
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1. (a)
9.45 8.73

1958 1708

−

−
 (M1) 

0.00288=  
9

3125
 
 
 

 A1 

[2 marks] 

(b) (i) the (mean) yearly change in (mean annual) temperature A1 

Note: Accept equivalent statements, e.g. “rate of change of temperature”. 

(ii) C / year OR degrees C per year A1 

Note: Do not follow through from part (b)(i) into (b)(ii). 

[2 marks] 

(c) attempt to substitute point and gradient into appropriate formula (M1) 

8.73 0.00288 1708 3.81096...c c=  +  =

or

9.45 0.00288  1  958 3.81096c c=  +  = .

equation is 0.00288 3.81y x= +  A1 

[2 marks] 

(d) attempt to substitute 2000 into their part (c) (M1) 

0.00288 2000 3.81096... +

9.57 ( C) (9.57096...)= A1 

 [2 marks]

continued… 
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  Question 1 continued 

(e) (i)  0.00256 4.46y x= +   ( 0.00255714... 4.46454...x + ) (M1)A1 

Note: Award (M1)A0 for answers that show the correct method, but are presented 

incorrectly (e.g. no “ y = ” or truncated values etc.). Accept 4.465 as the correct 

answer to 4 sf. 

(ii) 0.861 ( 0.861333... ) A1 

[3 marks] 

(f) attempt to substitute 2000 into their part (e)(i) (M1) 

0.00255714... 2000 4.46454... +

9.58( C) (9.57882...( C))= A1 

Note: Award A1 for 9.57 from 0.00255714 2000 4.46 + . 

[2 marks] 

(g) cannot (always reliably) make a prediction of x from a value of y, when using a

y on x line / regression line is not x on y A1 

extrapolation A1 

[2 marks] 

[Total: 15 marks] 
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2. (a) ( ) 0a = A1 

[1 mark] 

(b) (1.39, 5.24)     ((1.38672…, 5.24025…) A1A1 

Note:  Award A1 for each correct coordinate; do not accept 2 sf values. Award at most 

A0A1 if parentheses are missing. Accept 1.39x = , 5.24y = . 

[2 marks] 

(c) any value greater than 5.24025… A1 

Note: Accept a specific value OR a description of the correct interval for all values. 

[1 mark] 

continued… 
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Question 2 continued 

(d) METHOD 1

attempt to relate gradient of function to graph of f R1 

e.g. the function is increasing at 4x = −

0m  A1 

METHOD 2 

attempt to find value of ( 4)f  −  R1 

25
3.125

8
 
 


=


=

0m  A1 

Note: The A1 can only be awarded if the correct value of '( 4)f − or m is found

METHOD 3 

attempt to substitute (–4, –12.75) into equation of tangent 

1
–12.75 – 4) –

4
(m=  so 3.125m =  R1 

0m  A1 

Note: Do not award R0A1. 

[2 marks] 

continued… 
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Question 2 continued 

(e) (i) attempt to substitute (0, –5) or (3, 4.5)  into ( )g x  (M1) 

05 9k p− =  −

( ) 4k = A1 

(ii) attempt to substitute (3, 4.5) and their part (e)(i) into ( )g x   (M1) 

34.5 4 9p=  −

3 3.375p =

( ) 1.5p = A1 

[4 marks] 

(f) 9y = −

A2 

Note: Award A1 for 9−  seen, A2 for a completely correct equation. 

Condone ( ) 9g x = −  

[2 marks] 

(g) ( ) 4x = (M1)A1 

Note:  Award M1 for equating ( )f x to their ( )g x  

Award (M1)A0 for the y-coordinate (11.25) as the answer or part of the answer 

(e.g. coordinates).  

Award (M1)A0 for an answer of .( 2 3942) 1x = −  

[2 marks] 

continued… 
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Question 2 continued 

(h) METHOD 1:

)( (1) 0 1 () 1f h g− =  − = −    (This justification could be graphical.) R1 

yes A1 

Note: Award R1 for any reasoning based on the fact that –1 is the x-intercept of f. 

Accept equivalent arguments in words. Do not award R0A1. 

METHOD 2: 

19
( 1)

3
g − = −  (–6.33333…)  

2( ) 3 1 4 4 1.5 9xh x x x−= − + +  −

2 1( 1) 3( 1) 1 4( 1) 4 1.5 9h − −− = − − + − +  −

19
( 1)

3
h − = −  (–6.33333…) R1 

yes A1 

Note: Award R1 for showing that 
19

( 1)
3

g − = −  and 
19

( 1)
3

h − = − . Do not award 

R0A1. 

[2 marks] 

[Total: 16 marks] 
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3. (a)
18 4

2

−
(M1) 

(a) 7= A1 

[2 marks] 

(b) 
18 4

2

+
  OR  18 7−  OR  4 7+  (M1) 

(d) 11= A1 

[2 marks] 

(c) (time between high and low tide is) 6h15m  OR  375 minutes (A1) 

multiplying by 2 (M1) 

750 minutes A1 

[3 marks] 

(d) EITHER

360
750

b
= (A1) 

OR 

7cos(b x 375) + 11 = 4 (A1) 

THEN 

( ) 0.48b =   A1 

Note: Award A1A0 for an answer of
2

0.00837758...
750 375

  
= = 
 

[2 marks] 

(e) equating their cos function to 6 or graphing their cos function and 6

(M1) 

7cos(0.48 ) 11 6t + =

282.468...t = (minutes) (A1) 

=4.70780… (hr) OR  4hr 42 mins (4hr 42.4681… mins) (A1) 

so the time is 10:42  A1  

[4 marks] 

continued… 
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Question 3 continued 

(f) next solution is 467.531...t = (A1) 

467.531... 282.468...−

185 (mins) (185.063...) A1 

Note: Accept an (unsupported) answer of 186 (from correct 3 sf values for t) 

[2 marks] 

[Total: 15 marks] 



– 16 – M23/5/MATHY/SP2/ENG/TZ1/XX/M 

4. (a)

A1A1 

Note:  Award A1 for any one value correct, A1 for other three values correct. Accept 

percentage responses as equivalent forms on all branches. 

[2 marks] 

(b) (i) multiplication of two probabilities along the tree diagram (M1) 

0.94 0.98   

( )0.921   0.9212, 92.1%, 92.12%= A1 

Note:   Do not accept the 2sf value for the final A1. 

(ii) 20.9212)( (A1) 

( )0.849   0.848609 , 84.9%, 84.8609...%=   A1 

Note:   Accept an answer of 0.848 (0.848241) from use of 3 sf answer from part (b)(i). 

[4 marks] 

continued… 
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Question 4 continued 

(c) (i) 0.94 0.02 0.06 0.29 +   (A1)(M1) 

Note: Award A1 for two correct products from their tree diagram seen, M1 for the addition of 

their two products.  

0.0362  (3.62%)      A1 

(ii) multiplying their part(c)(i) by 1300

0.0362 1300 (M1) 

47.1  (47.06) A1 

Note: accept the 2 sf value of 47 for the final A1 

[5 marks] 

(d) p = 0.02  OR  p = 0.98 (A1) 

recognition of binomial probability with 20n = (M1) 

P( 0)X = OR  P( 20)X =  (M1) 

0.668   (0.667607…) A1 

Note:  Award (A1)(M1)(M1)A0 for an answer of 0.667. 

  200.98 0.668 (0.667607 )=   is awarded full marks. 

[4 marks] 

(e) P( 3)X  OR P( 17)X  (M1) 

0.00707  (0.00706869…) A1 

Note:  Award (M1)A0 for an answer of 0.00706. 

FT from their value of p in part (d) 

[2 marks] 

[Total: 17 marks] 
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5. (a) equating a volume of a half cylinder (or cylinder) to 0.8 (M1) 

21
0.8

2
r l= 

2

1.6
l

r
=


A1 

Note: Do not accept decimal approximation of    for the A1 given the demand of 

question. 

Condone the use of h for l for the M1 

[2 marks] 

(b) calculating area in terms of r and l M1 

22C lr r rl= + +

area with l replaced by 2

1.6

r
M1 

apply costs to correct part of each surface M1 

a correct substitution into an expression for C, leading to given answer

A1 

e.g. 2
2 2

1.6 1.6
( ) 4.40 4.40C r r p r

r r
   

=  +  +    
    

1 1 214.08
( ) 7.04C r r p r− −= + + 


AG 

Note: The AG line must be seen to award the final A1. 

No incorrect working should be seen after the correct substitution 

[4 marks] 

continued… 
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Question 5 continued 

(c) EITHER

2 2d 14.08
7.04 2

d

C
r r p r

r
− − 

= − − +  
 

A1A1A1 

OR 

2 27.04 4.48 6.28r r pr− −− − + ( )2 27.04 (4.48180...) 6.28318...r r pr− −− − +

A1A1A1 

OR 

211.5 6.28r pr−− + ( )2( 11.5218...) 6.28318...r pr−− + A2A1 

Note: Award A1 for each correct term. 

Award at most A1A1A0 if extra terms are seen. 

[3 marks] 

continued… 
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Question 5 continued 

(d) recognition of setting
d

d

C

r
 to zero (M1) 

attempt to substitute 0.7 in for r  in their derivative (M1) 

2 214.08
0 7.04( ( 2 0.7p− −= − ) −  ) + 



(p =) ($)5.35 (per square metre) (($) 5.34621…) A1 

Note: Accept $5.34, as this will also lead to a radius of 0.7 (to 3sf). 

[3 marks] 

(e) attempt to calculate the cost of one container (M1) 

1 1 214.08
( ) 7.04(0.7) (0 5.34 ..7 762) .. 01.C − −= + + 


(A1) 

Note: May be shown within a calculation of the cost of all containers. 

.( ) 24 6895C = 

024.6895 35

= ($) 8641    A1 

Note: Answer must be rounded to the nearest dollar to award the final A1. 

Accept answers between 8641 and 8645 (inclusive), due to rounding the value 

of p and/or the cost of one container to the nearest cent.   

Award (M1)(A1)A0 for an answer rounded to 3sf (e.g. ($)8640) or to 2dp (e.g., 

($)8641.35).   

Accept an answer of ($)8638 from use of $5.34 in their cost calculation. 

[3 marks] 

continued… 
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Question 5 continued 

(f) attempt to apply a discount of 8% to their part (e) (M1) 

Note: the discount percentage will depend on their answer to part (e) 

e.g. 8641.35... 0.92   OR  8641.35... 0.08  

($)7950   (($)7950.04…) A1 

[2 marks] 

[Total: 17 marks] 
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Mathematics: applications and interpretation
Standard level
Paper 2

Instructions to candidates

 y Do not open this examination paper until instructed to do so.
 y A graphic display calculator is required for this paper.
 y Answer all the questions in the answer booklet provided.
 y Unless otherwise stated in the question, all numerical answers should be given exactly or 

correct to three significant figures.
 y A clean copy of the mathematics: applications and interpretation formula booklet is 

required for this paper.
 y The maximum mark for this examination paper is [80 marks].
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Answer all questions in the answer booklet provided. Please start each question on a new page. 
Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Solutions found from a graphic display calculator should be 
supported by suitable working. For example, if graphs are used to find a solution, you should sketch 
these as part of your answer. Where an answer is incorrect, some marks may be given for a correct 
method, provided this is shown by written working. You are therefore advised to show all working.

1. [Maximum mark: 17]

The diagram shows points in a park viewed from above, at a specific moment in time.

The distance between two trees, at points A and B, is 6.36 m.

Odette is playing football in the park and is standing at point O, such that  AÔB = 10 ,   
OA = 25.9 m  and  OÂB  is obtuse.

diagram not to scale

10

A

O

B6.36

25.9

(a) Calculate the size of  AB̂O . [3]

(b) Calculate the area of triangle AOB. [4]

(This question continues on the following page)
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Turn over

(Question 1 continued)

Odette’s friend, Khemil, is standing at point K such that he is 12 m from A and  KÂB = 45 .

diagram not to scale

10

A

O

B6.36

25.9

K

45

12

(c) Calculate Khemil’s distance from B. [3]

XY is a semicircular path in the park with centre A, such that  KÂY = 45 . Khemil is standing 
on the path and Odette’s football is at point X. This is shown in the diagram below.

diagram not to scale

A

O

K

12

X Y
45

The length  KX = 22.2 m ,  KÔX = 53.8  and  OK̂X = 51.1 .

(d) Find whether Odette or Khemil is closer to the football. [4]

Khemil runs along the semicircular path to pick up the football.

(e) Calculate the distance that Khemil runs. [3]
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2. [Maximum mark: 15]

Daina makes pendulums to sell at a market. She plans to make 10 pendulums on the first 
day and, on each subsequent day, make 6 more than she did the day before.

(a) Calculate the number of pendulums she would make on the 12th day. [3]

She plans to make pendulums for a total of 15 days in preparation for going to the market.

(b) Calculate the total number of pendulums she would have available at the market. [2]

Daina would like to have at least 1000 pendulums available to sell at the market and 
therefore decides to increase her production. She still plans to make 10 pendulums on the 
first day, but on each subsequent day, she will make  x  more than she did the day before.

(c) Given that she will still make pendulums for a total of 15 days, calculate the minimum 
integer value of  x  required for her to reach her target. [3]

Daina tests one of her pendulums. She releases the ball at the end of the pendulum to swing 
freely. The point at which she releases it is shown as the initial position on the left side of 
the following diagram. Daina begins recording the distances travelled by the ball after it 
has reached the extreme position, represented by the right-hand side of the diagram.

diagram not to scale

u
3

initial position

u
1
 = 17.1

u
2
 = 16.245

(This question continues on the following page)
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Turn over

(Question 2 continued)

On each successive swing, the distance that the ball travelled was 95 % of its previous 
distance. During the first swing that Daina recorded, the ball travelled a distance of 17.1 cm. 
During the second swing that she recorded, it travelled a distance of 16.245 cm.

(d) Calculate the distance that the ball travelled during the 5th recorded swing. [3]

(e) Calculate the total distance that the ball travelled during the first 16 recorded swings. [2]

(f) Calculate the distance that the ball travelled before Daina started recording. [2]
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3. [Maximum mark: 15]

A scientist is conducting an experiment on the growth of a certain species of bacteria.

The population of the bacteria,  P , can be modelled by the function

P (t) = 1200 × k t ,  t ≥ 0 ,

where  t  is the number of hours since the experiment began, and  k  is a positive constant.

(a) (i)   Write down the value of  P (0) .

(ii) Interpret what this value means in this context. [2]

3 hours after the experiment began, the population of the bacteria is 18 750.

(b) Find the value of  k . [2]

(c) Find the population of the bacteria 1 hour and 30 minutes after the experiment began. [2]

The scientist conducts a second experiment with a different species of bacteria. 
The population of this bacteria,  S , can be modelled by the function

S (t) = 5000 × 1.65t ,  t ≥ 0 ,

where  t  is the number of hours since both experiments began.

(d) Find the value of  t  when the two populations of bacteria are equal. [2]

It takes 2 hours and  m  minutes for the number of bacteria in the second experiment to 
reach 19 000.

(e) Find the value of  m , giving your answer as an integer value. [4]

The bacteria in the second experiment are growing inside a container. The scientist models 
the volume of each bacterium in the second experiment to be  1 × 10−18 m3 , and the available 
volume inside the container is  2.1 × 10−5 m3 .

(f) Determine how long it would take for the bacteria to fill the container. [3]
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Turn over

4. [Maximum mark: 17]

It is claimed that a new remedy cures 82 % of the patients with a particular medical problem.

This remedy is to be used by 115 patients, and it is assumed that the 82 % claim is true.

(a) Find the probability that exactly 90 of these patients will be cured. [3]

(b) Find the probability that at least 95 of these patients will be cured. [2]

(c) Find the variance in the possible number of patients that will be cured. [2]

The probability that at least  n  patients will be cured is less than 30 %.

(d) Find the least value of  n . [3]

A clinic is interested to see if the mean recovery time of their patients who tried the new 
remedy is less than that of their patients who continued with an older remedy. The clinic 
randomly selects some of their patients and records their recovery time in days. The results 
are shown in the table below.

Recovery time (days)

Group N 
(new remedy) 12 13 9 13 14 15 17

Recovery time (days)

Group O 
(old remedy) 17 11 10 18 20 22 14 15 18

The data is assumed to follow a normal distribution and the population variance is the same 
for the two groups. A  t-test is used to compare the means of the two groups at the 10 % 
significance level.

(e) State the appropriate null and alternative hypotheses for this  t-test. [2]

(f) Find the  p-value for this test. [2]

(g) State the conclusion for this test. Give a reason for your answer. [2]

(h) Explain what the  p-value represents. [1]
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5. [Maximum mark: 16]

A particular park consists of a rectangular garden, of area  A m2, and a concrete path
surrounding it. The park has a total area of 1200 m2.

The width of the path at the north and south side of the park is 2 m.

The width of the path at the west and east side of the park is 1.5 m.

The length of the park (along the north and south sides) is x metres,  3 < x < 300 .

diagram not to scale

(a) (i)   Write down the length of the garden in terms of  x .

(ii) Find an expression for the width of the garden in terms of  x .

(iii) Hence show that A x
x

� � �1212 4
3600

. [5]

(b) Find the possible dimensions of the park if the area of the garden is 800 m2. [4]

(c) Find an expression for
d
d
A

x
. [3]

(d) Use your answer from part (c) to find the value of  x  that will maximize the area of
the garden. [2]

(e) Find the maximum possible area of the garden. [2]
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Instructions to Examiners 
 
Abbreviations 
 
M Marks awarded for attempting to use a correct Method. 
 
A Marks awarded for an Answer or for Accuracy; often dependent on preceding M marks. 
 
R Marks awarded for clear Reasoning. 
 
AG Answer given in the question and so no marks are awarded. 
 
FT Follow through. The practice of awarding marks, despite candidate errors in previous parts, for their 

correct methods/answers using incorrect results. 
 
 
Using the markscheme 
 
1 General 
 
 Award marks using the annotations as noted in the markscheme eg M1, A2. 
 
2 Method and Answer/Accuracy marks 
 

• Do not automatically award full marks for a correct answer; all working must be checked, and 
marks awarded according to the markscheme. 
 

• It is generally not possible to award M0 followed by A1, as A mark(s) depend on the preceding M 
mark(s), if any.   
 

• Where M and A marks are noted on the same line, e.g. M1A1, this usually means M1 for an 
attempt to use an appropriate method (e.g. substitution into a formula) and A1 for using the 
correct values. 
 

• Where there are two or more A marks on the same line, they may be awarded independently; so 
if the first value is incorrect, but the next two are correct, award A0A1A1. 
 

• Where the markscheme specifies A3, M2 etc., do not split the marks, unless there is a note.   
 

• The response to a “show that” question does not need to restate the AG line, unless a Note 
makes this explicit in the markscheme. 
 

• Once a correct answer to a question or part question is seen, ignore further working even if this 
working is incorrect and/or suggests a misunderstanding of the question.  This will encourage a 
uniform approach to marking, with less examiner discretion. Although some candidates may be 
advantaged for that specific question item, it is likely that these candidates will lose marks elsewhere 
too. 
 

• An exception to the previous rule is when an incorrect answer from further working is used in a 
subsequent part.  For example, when a correct exact value is followed by an incorrect decimal 
approximation in the first part and this approximation is then used in the second part. In this 
situation, award FT marks as appropriate but do not award the final A1 in the first part. Examples: 
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 Correct 
answer seen 

Further 
working seen 

Any FT issues? Action 

1. 
8 2  

5.65685...  
(incorrect 

decimal value) 

No.  
Last part in question. 

Award A1 for the final mark 
(condone the incorrect further 
working) 

2. 35

72
  

0.468111… 
(incorrect 

decimal value) 

Yes.  
Value is used in 
subsequent parts. 

Award A0 for the final mark 
(and full FT is available in 
subsequent parts) 

 
 
3 Implied marks 

 
 Implied marks appear in brackets e.g. (M1),and can only be awarded if correct work is seen or 

implied by subsequent working/answer. 
 
 
4 Follow through marks (only applied after an error is made) 
 
 Follow through (FT) marks are awarded where an incorrect answer from one part of a question is 

used correctly in subsequent part(s) (e.g. incorrect value from part (a) used in part (d) or incorrect 
value from part (c)(i) used in part (c)(ii)).  Usually, to award FT marks, there must be working 
present and not just a final answer based on an incorrect answer to a previous part. However, if all 
the marks awarded in a subsequent part are for the answer or are implied, then FT marks should be 
awarded for their correct answer, even when working is not present. 

 
 For example: following an incorrect answer to part (a) that is used in subsequent parts, where the 

markscheme for the subsequent part is (M1)A1, it is possible to award full marks for their correct 
answer, without working being seen. For longer questions where all but the answer marks are 
implied this rule applies but may be overwritten by a Note in the Markscheme.  

  
• Within a question part, once an error is made, no further A marks can be awarded for work which 

uses the error, but M marks may be awarded if appropriate.   
 

• If the question becomes much simpler because of an error then use discretion to award fewer 
FT marks, by reflecting on what each mark is for and how that maps to the simplified version. 
  

• If the error leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• The markscheme may use the word “their” in a description, to indicate that candidates may be 
using an incorrect value.   
 

• If the candidate’s answer to the initial question clearly contradicts information given in the 
question, it is not appropriate to award any FT marks in the subsequent parts.  This includes when 
candidates fail to complete a “show that” question correctly, and then in subsequent parts use 
their incorrect answer rather than the given value. 
 

• Exceptions to these FT rules will be explicitly noted on the markscheme. 
 

• If a candidate makes an error in one part but gets the correct answer(s) to subsequent part(s), 
award marks as appropriate, unless the command term was “Hence”.   
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5 Mis-read 
 

If a candidate incorrectly copies values or information from the question, this is a mis-read (MR).  A 
candidate should be penalized only once for a particular misread.  Use the MR stamp to indicate that 
this has been a misread and do not award the first mark, even if this is an M mark, but award all 
others as appropriate. 

 

• If the question becomes much simpler because of the MR, then use discretion to award 
fewer marks. 
 

• If the MR leads to an inappropriate value (e.g. probability greater than 1, sin 1.5θ = , non-integer 
value where integer required), do not award the mark(s) for the final answer(s). 
 

• Miscopying of candidates’ own work does not constitute a misread, it is an error. 
 

• If a candidate uses a correct answer, to a “show that” question, to a higher degree of accuracy 
than given in the question, this is NOT a misread and full marks may be scored in the subsequent 
part. 
 

• MR can only be applied when work is seen.  For calculator questions with no working and incorrect 
answers, examiners should not infer that values were read incorrectly. 

 
 
6 Alternative methods 

 

 
• Alternative methods for complete questions are indicated by METHOD 1,  

METHOD 2, etc. 
• Alternative solutions for parts of questions are indicated by EITHER . . . OR. 

 
 

7 Alternative forms 
 

 Unless the question specifies otherwise, accept equivalent forms. 
 

• As this is an international examination, accept all alternative forms of notation for example 1.9 
and 1,9 or 1000 and 1,000 and 1.000 .  
 

• Do not accept final answers written using calculator notation. However, M marks and intermediate 
A marks can be scored, when presented using calculator notation, provided the evidence clearly 
reflects the demand of the mark.  
 

• In the markscheme, equivalent numerical and algebraic forms will generally be written in 
brackets immediately following the answer. 
 

• In the markscheme, some equivalent answers will generally appear in brackets.  Not all 
equivalent notations/answers/methods will be presented in the markscheme and examiners are 
asked to apply appropriate discretion to judge if the candidate work is equivalent. 

  

 Candidates will sometimes use methods other than those in the markscheme.  Unless the question 
specifies a method, other correct methods should be marked in line with the markscheme. If the 
command term is ‘Hence’ and not ‘Hence or otherwise’ then alternative methods are not permitted 
unless covered by a note in the mark scheme.   
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8 Format and accuracy of answers 
 
If the level of accuracy is specified in the question, a mark will be linked to giving the answer to the 
required accuracy. If the level of accuracy is not stated in the question, the general rule applies to 
final answers: unless otherwise stated in the question all numerical answers must be given exactly 
or correct to three significant figures.  
 

 Where values are used in subsequent parts, the markscheme will generally use the exact value, 
however candidates may also use the correct answer to a “correct” level of accuracy (e.g 3 sf) in 
subsequent parts.  The markscheme will often explicitly include the subsequent values that come 
“from the use of 3 sf values”. 

 
 Simplification of final answers: Candidates are advised to give final answers using good 

mathematical form. In general, for an A mark to be awarded, arithmetic should be completed, and 

any values that lead to integers should be simplified; for example,
25

4
 should be written as 

5

2
.  

An exception to this is simplifying fractions, where lowest form is not required (although the 

numerator and the denominator must be integers); for example, 
10

4
may be left in this form or 

written as 
5

2
. However, 

10

5
 should be written as 2, as it simplifies to an integer. 

 Algebraic expressions should be simplified by completing any operations such as addition and 
multiplication, e.g. 2 34e ex x×  should be simplified to 54e x , and 2 3 4  4e e e ex x x x× − ×  should be 

simplified to 53e x .  Unless specified in the question, expressions do not need to be factorized, nor 

do factorized expressions need to be expanded, so ( 1)x x +  and 2x x+  are both acceptable. 

 Please note: intermediate A marks do NOT need to be simplified. 
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9 Calculators 
 

A GDC is required for this paper, but If you see work that suggests a candidate has used any 
calculator not approved for IB DP examinations (eg CAS enabled devices), please follow the 
procedures for malpractice. 

 
 
10. Presentation of candidate work 
 
 Crossed out work:  If a candidate has drawn a line through work on their examination script, or in 

some other way crossed out their work, do not award any marks for that work unless an explicit 
note from the candidate indicates that they would like the work to be marked. 

 
 More than one solution: Where a candidate offers two or more different answers to the same 

question, an examiner should only mark the first response unless the candidate indicates 
otherwise.  If the layout of the responses makes it difficult to judge, examiners should apply 
appropriate discretion to judge which is “first”. 
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1.  (a) attempt to use sine rule (M1) 

  
ˆsin ABO sin10

25.9 6.36
=



 (A1) 

 
  45.0 (45.0036... )   A1 

Note:  Accept an answer of 45  for full marks. 
     [3 marks] 

 
 (b) ˆ(OAB ) 124.996...=   (A1) 
  attempt to use area of triangle formula (M1) 

  
1

25.9 6.36 sin (124.996... )
2
× × ×   (A1) 

 
  2 267.5 m (67.4700... m )  A1 

Note:  Units are required. The final A1 is only awarded if the correct units are 
seen in their answer; hence award (A1)(M1)(A1)A0 for an unsupported 
answer of 67.5. Accept 67.4670…m2 from use of 3 sf values. 

  Full follow through marks can be awarded for this part even if their OÂB  is 
not obtuse, provided that all working is shown. 

     [4 marks] 
 
 (c) attempt to use cosine rule (M1) 

  2 2(BK ) 12 6.36 2 12 6.36 cos 45= + − × × ×    (A1) 
  8.75 (m) (8.74738…(m)) A1 

Note:  Award (M1)(A1)(A0) for radian answer of 10.2 (m) (10.2109…(m)) with or 
without working shown. 

     [3 marks] 
 
 
 

continued… 
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Question 1 continued 
 
 (d)  METHOD 1 
  attempt to use sine rule with measurements from triangle OKX  (M1) 

  
OX 22.2

sin 51.1 sin 53.8
=

 

 (A1) 

 
  (OX )=  21.4 (m) (21.4099…)(m) A1   
  (21.4 (m) < 22.2 (m)) 
 
  Odette is closer to the football / Khemil is further from the football A1 

Note:  For the final A1 to be given, 21.4 (21.4099 )…  must be seen. Follow through 

within question part for final A1 for a consistent comparison with their OX . 

 
  METHOD 2 
  sketch of triangle OXK with vertices, angles and lengths (A1) 
 

   
 
  51.1o is smallest angle in triangle OXK R1 
  opposite side (OX) is smallest length R1 
  therefore Odette is closest  A1 
 

     [4 marks] 
 
 (e) attempt to use length of arc formula (M1) 
 

  
135

2 12
360

× π×  (A1) 

 
  28.3(m) (9 , 28.2743...)π  (m) A1 

     [3 marks] 
     Total [17 marks] 
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2.  (a) recognizing arithmetic sequence (may be seen in part (b)) (M1) 
  12( ) 10 (12 1) 6u = + − ×   (A1) 
 
  76    A1  

     [3 marks] 
 
 (b)  correct substitution into either arithmetic series formula (A1) 

  ( )15

15
( ) 2 10 (15 1) 6

2
S = × + − ×    OR   15

15
( ) (10 94)

2
S = +  

  780    A1 
     [2 marks] 

 
 (c) attempt to use either arithmetic series formula equated to 1000 (M1) 

  ( )15
2 10 (15 1) 1000

2
x× + − × =    OR   15

15
(10 ) 1000

2
u+ =  

  8.09523...x =  (A1) 
  9x =    A1 

Note:  Follow through within question part for final A1 for candidates correctly 
rounding their value of x  up to the nearest integer. Award (M0)(A0)A0 for 
a response of 8x =  with no working shown. 

     [3 marks] 
 

 
 (d) recognizing geometric sequence (may be seen in part (e)) (M1) 
  5 117.1 0.95 −×   (A1) 
  13.9 (cm)(13.9280…) A1 

     [3 marks] 
 
 (e) correct substitution into geometric series formula (A1) 

  
1617.1(1 0.95 )

1 0.95

−
−

 

  191 (cm) (191.476…(cm))   A1 
     [2 marks] 

 
 (f) correct method to find 0u  (M1) 

  0 1
0 17.1 (0.95)u −= ×    OR   17.1 0.95x=    OR   

17.1

0.95
 (seen) 

Note:  Award (M0)A0 for any attempt to find answer using 0.05  or 1.05 . 

 
  18 (cm)  A1 
 

     [2 marks] 
     Total [15 marks] 
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3.  (a) (i) 1200  A1 
 
  (ii) the initial population of the bacteria A1 

     [2 marks] 
 
 (b) 31200 18750k× =   (A1) 
 
  ( ) 2.5k =   A1 

     [2 marks] 
 
 (c) 1.51200 2.5×   (A1) 
 
  4740 (4743.41…)  A1 

Note: Do not penalize if final answer is not given as an integer. Award (A1)A0 for an answer 
of 3950 (3949.14…) from use of 1.3 in the exponent, but only if working is shown. 

     [2 marks] 
 
 (d) equating ( )P t  and ( )S t  OR equating each function to a common variable (M1) 

  1200 2.5 5000 1.65t t× = × ; 1200 2.5t x× =   and  5000 1.65t x× =  
 
  3.43 (hours) (3.43456...)t =  A1 

     [2 marks] 
 
 
 

continued…  
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Question 3 continued 
 
 (e) METHOD 1 
  5000 1.65 19000t× =    (M1) 
 
  ( ) 2.66586...t =    OR   ( 2 ) 0.66586...t − =  (seen) (A1) 
 
  multiplying by 60  seen to convert to minutes (M1) 
  ( 39.9521 )m = …  
 
  ( ) 40m =  (minutes) OR 2  hours and 40  minutes A1 
 

  METHOD 2 
  equating an expression for ( )S t to 19000 (M1) 

  expressing t as 2
60

m
+  (A1) 

  
2

605000 1.65 19000
m

+
× =  

  2 2.66586
60

m
+ = …  A1 

 
  ( ) 40m =  (minutes) OR 2  hours and 40  minutes A1 

Note: Award (M1)(A1)(M1)A0 for an answer of 39.9521...  or 39 with or without working. 

     [4 marks] 
 
 (f) EITHER (find volume of all bacteria) 
  multiplying total population of bacteria by the volume of bacterium (M1) 

  ( )181 10 5000 1.65t−× × ×  

  setting expression equal to 52.1 10−×  and attempt to solve (e.g. sketch) (M1) 
 
  OR (find total number of bacteria to fill container) 
  attempting to find the total number of bacteria to fill container (M1) 

  5 182.1 10 1 10n− −× = × ×    OR   
5

18

2.1 10

1 10

−

−

×
×

   OR   132.1 10×  

  setting value equal to ( )S t  and attempt to solve (e.g. sketch) (M1) 

Note: If 
5

18

2.1 10

1 10

−

−

×
×

  is seen but candidate has an incorrect total number of 

bacteria, the second (M1) can still be awarded for setting their incorrect 
value equal to ( )S t  and attempting to solve. 

 

  THEN 
  44.2 (hours) (44.2480...)t =  A1 

     [3 marks] 
     Total [15 marks] 
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4.  (a) recognition of binomial distribution (M1) 
  e.g. B(115, 0.82)X  OR binompdf(115, 0.82, 90) etc. 
 
  ( ( )P ( 90) 0.0535 (0.0535325...)X = =  A2 

Note:  Award (M1)A1A0 for an answer of 0.054  with or without working shown. 

     [3 marks] 
 
 (b) selecting correct region of distribution (M1) 
  e.g. P ( 95)X ≥    OR   1 P ( 94)X− ≤  OR 1−binomcdf(115, 0.82, 94)     
 
  0.491 (0.491036…) A1 

     [2 marks] 
 
 (c) substitution in the variance formula for binomial distribution (M1) 
  115 0.82 0.18× ×   
 
  17.0   (16.974) A1 

Note:  Allow 17 for the final answer. 
     [2 marks] 

 
 (d) METHOD 1 
  attempt to write an expression containing n  inside the brackets of ( )P         AND 

  including 0.3  or 0.7  (M1) 
 
  P( ) 0.3X n≥ <    OR   P ( 1) 0.7X n≤ − >  (A1) 
  98n =   A1 
 
  METHOD 2 
  using binomcdf in GDC for at least two different values of n  greater than 90  (M1) 
 
  EITHER 
  ( )P ( 97)  0.696683X < = …  AND ( )P ( 98)  0.778249X < = …  (seen) (A1) 

 
  OR 
  ( )P ( 97)  0.303316X > = …  AND ( )P ( 98)  0.221750X > = … (seen) (A1) 

 
  THEN 
  98n =   A1 

     [3 marks] 
 
 
 

continued… 
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Question 4 continued 
 
 (e) ( 1µ : population mean recovery time for new remedy) 

  ( 2µ : population mean recovery time for old remedy) 

  0 1 2 0 1 2H : (H : 0)µ µ µ µ= − =  A1 

  1 1 2 1 1 2H : (H : 0)µ µ µ µ< − <  A1 

Note: Accept an equivalent statement in words, must include mean and reference 
to “population mean”, e.g. “mean for all patients on old remedy”, for the 
first A1 to be awarded. 

 Do not accept an imprecise “the means are equal”. 

 Award A0A1 for reversed hypotheses ( 0 1 2H : µ µ< , 1 1 2H : µ µ= ). 

     [2 marks] 
 
 (f) 0.0620 (0.0620061…) A2 

Note:  Allow 0.062  as final answer. Award A1 for an answer of 0.06 . Award A1 for an 
answer of 0.0527756… from use of unpooled setting.  

 
 Follow through from an incorrect alternative hypothesis as long as their p-value 

matches their alternative hypothesis. 

      [2 marks] 
 
 (g) 0.0620 0.1<   R1 
  (sufficient evidence to) reject 0H   A1 

Note:  Do not award R0A1. Accept “p-value is less than 0.1 ” provided an answer 
was seen in part (f). 

     [2 marks] 
 
 (h) the probability of obtaining results (at least as extreme) as those observed  

given that the null hypothesis is true A1 
     [1 mark] 
     Total [17 marks] 
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5. (a) (i) 3x −   A1 
 
  (ii) attempt to use 1200  to find width of park in terms of only x  (M1) 

   
1200

x
 (seen)   OR   1200 x= ×park width  OR 1200 ( 4)x= × +garden width  

 

   
1200

4
x

−  A1 

 

  (iii) 
1200

( 3) 4A x
x

 = − × − 
 

  A1 

   
3600

1200 4 12x
x

= − − +  A1 

Note:  Award first A1FT for multiplying their garden length and width and second A1 
for a simplified (parentheses removed) expression for A  that leads to the 
given answer. The given answer must be shown for the second A1 mark to 
be awarded 

 

   
3600

1212 4x
x

= − −  AG 

     [5 marks] 
 

 (b) setting 
3600

1212 4 800x
x

− − =  (accept a sketch) (M1) 

     9.64 (9.64011 )x = …  (m)  OR  93.4 (93.3598 )x = …  (m) A1 

      (width = ) 124 (124.479 )…  (m) A1 

      (width = ) 12.9 (12.8534 )…  (m) A1 
Note:  To award the final A1 both values of x  and both values of the width must be 

seen. Accept 12.8  for second value of width from candidate dividing 1200  by 
3 sf value of 93.4 . 
     [4 marks] 

 

 (c) 
2

d 3600
4

d

A

x x
 = − + 
 

  OR  24 3600x−− +  A1A1A1 

Note:  Award A1 for 4− , A1 for 3600+ , and A1 for 2x−  or 2x  in denominator. 

     [3 marks] 
 

 (d) setting their 
d

d

A

x
 equal to 0   OR sketch of their  

d

d

A

x
 with x-intercept highlighted  M1 

   
  ( ) 30 (m)x =  A1 

Note:  To award A1FT the candidate’s value of x must be within the domain 
given in the problem (3 300)x< < . 
     [2 marks] 

 

continued… 
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Question 5 continued 
 
 (e) EITHER 

  evidence of using GDC to find maximum of graph of 
3600

1212 4A x
x

= − −  (M1) 

 
  OR 
  substitution of their x  into A  (M1) 
 
  OR 
  dividing 1200  by their x  to find width of park and subtracting 3  from their x  and 
  4  from the width to find park dimensions (M1) 
 

Note:  For the last two methods, only follow through if 3  < their  300x < .  

  
  THEN 
  2( )  972 (m )A =  A1 
     [2 marks] 

     Total [16 marks] 
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Mathématiques : applications et interprétation
Niveau moyen
Épreuve 2

Instructions destinées aux candidats

y N’ouvrez pas cette épreuve avant d’y être autorisé(e).
y Une calculatrice à écran graphique est nécessaire pour cette épreuve.
y Répondez à toutes les questions sur le livret de réponses prévu à cet effet.
y Sauf indication contraire dans l’intitulé de la question, toutes les réponses numériques devront

être exactes ou correctes à trois chiffres significatifs près.
y Un exemplaire non annoté du livret de formules pour le cours de mathématiques :

applications et interprétation est nécessaire pour cette épreuve.
y Le nombre maximum de points pour cette épreuve d’examen est de [80 points].
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Répondez à toutes les questions sur le livret de réponses fourni. Veuillez répondre à chaque 
question sur une nouvelle page. Le total des points ne sera pas nécessairement attribué pour une 
réponse correcte si le raisonnement n’a pas été indiqué. Les réponses doivent être appuyées par 
un raisonnement et/ou des explications. Les solutions obtenues à l’aide d’une calculatrice à écran 
graphique doivent être accompagnées d’un raisonnement adéquat. Par exemple, si des représentations 
graphiques sont utilisées pour trouver la solution, veuillez inclure une esquisse de ces représentations 
graphiques dans votre réponse. Lorsque la réponse est fausse, certains points peuvent être attribués 
si la méthode utilisée est correcte, pour autant que le raisonnement soit indiqué par écrit. On vous 
recommande donc de montrer tout votre raisonnement.

1. [Note maximale : 17]

Le diagramme montre des points, vus du haut, dans un parc, à un moment précis dans le temps.

La distance entre deux arbres, situés aux points A et B, est de 6,36 m.

Odette joue au football dans le parc et se tient au point O, tel que  AÔB = 10 ,  OA = 25,9 m 
et  OÂB  est obtus.

la figure n’est pas à l’échelle

10

A

O

B6,36

25,9

(a) Calculez la mesure de  AB̂O . [3]

(b) Calculez l’aire du triangle AOB. [4]

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 1)

Khemil, l’ami d’Odette, se tient au point K, de sorte qu’il est à 12 m de A et  KÂB = 45 .

la figure n’est pas à l’échelle

10

A

O

B6,36

25,9

K

45

12

(c) Calculez la distance entre Khemil et le point B. [3]

XY est un chemin semi-circulaire dans le parc dont le centre est A et tel que  KÂY = 45 . 
Khemil se tient sur le chemin et le ballon d’Odette est au point X. Ceci est illustré dans le 
diagramme ci-dessous.

la figure n’est pas à l’échelle

A

O

K

12

X Y
45

La longueur  KX = 22,2 m ,  KÔX = 53,8  et  OK̂X = 51,1 .

(d) Trouvez qui d’Odette ou de Khemil est plus proche du ballon. [4]

Khemil court le long du chemin semi-circulaire pour ramasser le ballon.

(e) Calculez la distance parcourue par Khemil. [3]
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2. [Note maximale : 15]

Daina fabrique des pendules pour les vendre sur un marché. Elle prévoit de fabriquer 10
pendules le premier jour et, chaque jour suivant, d’en fabriquer 6 de plus que la veille.

(a) Calculez le nombre de pendules qu’elle fabriquerait le 12e jour. [3]

Elle prévoit de fabriquer des pendules pendant 15 jours au total en vue d’aller au marché.

(b) Calculez le nombre total de pendules dont elle disposerait au marché. [2]

Daina aimerait avoir au moins 1000 pendules disponibles à vendre au marché et décide 
donc d’augmenter sa production. Elle prévoit de toujours fabriquer 10 pendules le premier 
jour, mais chaque jour suivant, elle en fabriquera  x  de plus que la veille.

(c) Étant donné qu’elle fabriquera toujours des pendules pendant 15 jours au total,
calculez la valeur entière minimale de  x  requise pour qu’elle atteigne son objectif. [3]

Daina teste un de ses pendules. Elle lâche la balle au bout du pendule pour que cette 
dernière se balance librement. Le point à partir duquel elle la lâche est indiqué comme la 
position initiale sur le côté gauche du diagramme suivant. Daina commence à enregistrer les 
distances parcourues par la balle après qu’elle a atteint la position extrême, représentée par 
le côté droit du diagramme.

la figure n’est pas à l’échelle

u
3

Position initiale

u
1
 = 17,1

u
2
 = 16,245

(Suite de la question à la page suivante)
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Tournez la page

(Suite de la question 2)

À chaque oscillation successive, la distance parcourue par la balle était de 95 % de sa 
distance précédente. Lors de la première oscillation enregistrée par Daina, la balle a 
parcouru une distance de 17,1 cm. Lors de la deuxième oscillation qu’elle a enregistrée, 
elle a parcouru une distance de 16,245 cm.

(d) Calculez la distance parcourue par la balle au cours de la 5e oscillation enregistrée. [3]

(e) Calculez la distance totale parcourue par la balle au cours des 16 premières 
oscillations enregistrées. [2]

(f) Calculez la distance parcourue par la balle avant que Daina ne commence à enregistrer. [2]
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3. [Note maximale : 15]

Un scientifique mène une expérience sur la croissance d’une certaine espèce de bactéries.

La population de bactéries,  P , peut être modélisée par la fonction

P (t) = 1200 × k t ,  t ≥ 0 ,

où  t  est le nombre d’heures écoulées depuis le début de l’expérience et  k  est une 
constante positive.

(a) (i)   Écrivez la valeur de  P (0) .

(ii) Interprétez ce que cette valeur signifie dans ce contexte. [2]

3 heures après le début de l’expérience, la population de bactéries est de 18 750.

(b) Trouvez la valeur de  k . [2]

(c) Trouvez la population de bactéries 1 heure et 30 minutes après le début de l’expérience. [2]

Le scientifique mène une deuxième expérience avec une autre espèce de bactéries. 
La population de cette espèce,  S , peut être modélisée par la fonction

S (t) = 5000 × 1,65t ,  t ≥ 0 ,

où  t  est le nombre d’heures écoulées depuis le début des deux expériences.

(d) Trouvez la valeur de  t  lorsque les deux populations de bactéries sont égales. [2]

Il faut 2 heures et  m  minutes pour que le nombre de bactéries dans la deuxième expérience 
atteigne 19 000.

(e) Trouvez la valeur de  m , en donnant votre réponse sous la forme d’une valeur entière. [4]

Les bactéries de la deuxième expérience se développent à l’intérieur d’un récipient. Le 
scientifique modélise le volume de chaque bactérie de la deuxième expérience comme étant 
égal à  1 × 10−18 m3 et le volume disponible à l’intérieur du récipient est de  2,1 × 10−5 m3 .

(f) Déterminez combien de temps il faudrait aux bactéries pour remplir le récipient. [3]
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Tournez la page

4. [Note maximale : 17]

On prétend qu’un nouveau remède guérit 82 % des patients atteints d’un certain  
problème médical.

Ce remède doit être utilisé par 115 patients et on suppose que l’affirmation de 82 % est vraie.

(a) Trouvez la probabilité qu’exactement 90 de ces patients soient guéris. [3]

(b) Trouvez la probabilité qu’au moins 95 de ces patients soient guéris. [2]

(c) Trouvez la variance du nombre possible de patients qui seront guéris. [2]

La probabilité qu’au moins  n  patients soient guéris est inférieure à 30 %.

(d) Trouvez la plus petite valeur de  n . [3]

Une clinique souhaite voir si le temps de récupération moyen de ses patients ayant essayé 
le nouveau remède est inférieur à celui de ses patients ayant continué avec un ancien 
remède. La clinique sélectionne au hasard certains de ses patients et enregistre leur temps 
de récupération en jours. Les résultats sont présentés dans le tableau ci-dessous.

Temps de récupération (jours)

Groupe N 
(nouveau remède) 12 13 9 13 14 15 17

Temps de récupération (jours)

Groupe O  
(ancien remède) 17 11 10 18 20 22 14 15 18

On suppose que les données suivent une distribution normale et que la variance de la 
population est la même pour les deux groupes. Un test  t  est utilisé pour comparer les 
moyennes des deux groupes au niveau de signification de 10 %.

(e) Indiquez l’hypothèse nulle et l’hypothèse alternative appropriées pour ce test  t . [2]

(f) Trouvez la valeur  p  pour ce test. [2]

(g) Indiquez la conclusion pour ce test. Donnez une raison justifiant votre réponse. [2]

(h) Expliquez ce que la valeur  p  représente. [1]
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5. [Note maximale : 16]

Un certain parc est composé d’un jardin rectangulaire dont l’aire est de  A m2, ainsi que d’un
sentier en béton qui l’entoure. L’aire totale du parc est de 1200 m2.

La largeur du sentier au nord et au sud du parc est de 2 m.

La largeur du sentier à l’ouest et à l’est du parc est de 1,5 m.

La longueur du parc (le long des côtés nord et sud) est de x mètres,  3 < x < 300 .

la figure n’est pas à l’échelle

(a) (i)   Écrivez la longueur du jardin en fonction de  x .

(ii) Trouvez une expression pour la largeur du jardin en fonction de  x .

(iii) À partir de là, montrez que A x
x

� � �1212 4
3600

. [5]

(b) Trouvez les dimensions possibles du parc si l’aire du jardin est de 800 m2. [4]

(c) Trouvez une expression pour
d
d
A

x
. [3]

(d) Utilisez votre réponse de la partie (c) pour trouver la valeur de  x  qui rendra l’aire du
jardin maximale. [2]

(e) Trouvez l’aire maximale possible du jardin. [2]

Références :

© Organisation du Baccalauréat International 2023
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Instrucciones para los alumnos

y No abra esta prueba hasta que se lo autoricen.
y En esta prueba es necesario usar una calculadora de pantalla gráfica.
y Conteste todas las preguntas en el cuadernillo de respuestas provisto.
y Salvo que se indique lo contrario en la pregunta, todas las respuestas numéricas deberán ser

exactas o aproximadas con tres cifras significativas.
y Se necesita una copia sin anotaciones del cuadernillo de fórmulas de Matemáticas:

Aplicaciones e Interpretación para esta prueba.
y La puntuación máxima para esta prueba de examen es [80 puntos].
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Conteste todas las preguntas en el cuadernillo de respuestas provisto. Empiece una página nueva para 
cada respuesta. No se otorgará necesariamente la máxima puntuación a una respuesta correcta que no 
esté acompañada de un procedimiento. Las respuestas deben estar sustentadas en un procedimiento 
y/o en explicaciones. Junto a los resultados obtenidos con calculadora de pantalla gráfica, deberá 
reflejarse por escrito el procedimiento seguido para su obtención. Por ejemplo, si se utiliza un gráfico 
para hallar una solución, se deberá dibujar aproximadamente el mismo como parte de la respuesta. Aun 
cuando una respuesta sea errónea, podrán otorgarse algunos puntos si el método empleado es correcto, 
siempre que aparezca por escrito. Por lo tanto, se aconseja mostrar todo el procedimiento seguido.

1. [Puntuación máxima: 17]

La figura muestra una serie de puntos en un parque visto desde arriba en un instante concreto.

La distancia entre dos árboles, situados en los puntos A y B, es igual a 6,36 m.

Odette está jugando al fútbol en el parque y se encuentra en el punto O, siendo  AÔB = 10 ,   
OA = 25,9 m  y  OÂB  es obtuso.

la figura no está dibujada a escala

10

A

O

B6,36

25,9

(a) Calcule el valor de  AB̂O. [3]

(b) Calcule el área del triángulo  AOB. [4]

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 1: continuación)

Khemil —amigo de Odette— se encuentra en el punto K, que está a 12 m de A y 
siendo  KÂB = 45 .

la figura no está dibujada a escala

10

A

O

B6,36

25,9

K

45

12

(c) Calcule a qué distancia de B está Khemil. [3]

XY es un camino semicircular que hay en el parque, con centro en A y tal que  KÂY = 45 . 
Khemil está de pie, en el camino, y el balón de fútbol de Odette se encuentra en el punto X. 
Toda esta información se muestra en la siguiente figura.

la figura no está dibujada a escala

A

O

K

12

X Y
45

La longitud  KX = 22,2 m ,  KÔX = 53,8  y  OK̂X = 51,1 .

(d) Halle quién de los dos —Odette o Khemil— está más cerca del balón de fútbol. [4]

Khemil corre por el camino semicircular para coger el balón.

(e) Calcule la distancia que corre Khemil. [3]
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2. [Puntuación máxima: 15]

Daina hace péndulos para venderlos en un mercado. Tiene previsto hacer 10 péndulos el
primer día y, a partir de ahí, hacer cada día 6 más de los que hizo el día anterior.

(a) Calcule el número de péndulos que hará el 12.º día. [3]

Daina tiene previsto hacer péndulos durante un total de 15 días, y tener suficientes para 
vender en el mercado. 

(b) Calcule el número total de péndulos que tendrá para vender en el mercado. [2]

A Daina le gustaría tener al menos 1 000 péndulos para vender en el mercado y, por 
consiguiente, decide aumentar su producción. Aún planea  hacer 10 péndulos el primer día 
pero, a partir de ahí, cada día hará  x  más de los que hizo el día anterior.

(c) Sabiendo que estará haciendo péndulos durante un total de 15 días, calcule el mínimo
valor entero de  x  que se necesita para que Daina logre su objetivo. [3]

Daina pone a prueba uno de sus péndulos. Suelta la bola que tiene el péndulo en su 
extremo para que oscile libremente. El punto en el que la suelta aparece rotulado como 
la “posición inicial” en la parte izquierda de la siguiente figura. Daina empieza a medir la 
distancia que recorre la bola después de que haya llegado al otro extremo de la oscilación, 
representado en la parte derecha de la figura.

la figura no está dibujada a escala

u
3

posición inicial

u
1
 = 17,1

u
2
 = 16,245

(Esta pregunta continúa en la página siguiente)
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Véase al dorso

(Pregunta 2: continuación)

En cada oscilación sucesiva, la distancia que recorre la bola es un 95 % de la distancia 
anterior. En la primera oscilación que Daina mide, la bola ha recorrido una distancia de 
17,1 cm. En la segunda oscilación que Daina mide, ha recorrido una distancia de 16,245 cm.

(d) Calcule la distancia que ha recorrido la bola en la 5.ª oscilación que Daina mide. [3]

(e) Calcule la distancia total que ha recorrido la bola en las 16 primeras oscilaciones
que se han medido. [2]

(f) Calcule la distancia que recorrió la bola antes de que Daina empezara a medir. [2]
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3. [Puntuación máxima: 15]

Una científica está realizando un experimento sobre el crecimiento de una determinada
especie de bacteria.

La población  (P)  de estas bacterias se puede modelizar mediante la función

P (t) = 1 200 × k t ,  t ≥ 0 ,

donde  t  es el número de horas que han transcurrido desde que empezó el experimento y  k  
es una constante positiva.

(a) (i)   Escribe el valor de  P (0) .

(ii) Interprete lo que significa este valor en este contexto. [2]

3 horas después de que empezara el experimento, la población de estas bacterias era igual 
a 18 750.

(b) Halle el valor de  k . [2]

(c) Halle cuál era la población de bacterias 1 hora y 30 minutos después de que empezara
el experimento. [2]

La científica realiza un segundo experimento con una especie diferente de bacterias. La 
población (S ) de estas bacterias se puede modelizar mediante la función

S (t) = 5 000 × 1,65t ,  t ≥ 0 ,

donde  t  es el número de horas que han transcurrido desde que empezaran los dos experimentos.

(d) Halle el valor de  t  cuando las dos poblaciones de bacterias son iguales. [2]

Tienen que transcurrir 2 horas y  m  minutos para que el número de bacterias del segundo 
experimento llegue a 19 000.

(e) Halle el valor de  m ; dé la respuesta como un número entero. [4]

Las bacterias del segundo experimento están creciendo dentro de un recipiente. Según el 
modelo que desarrolla la científica, el volumen de cada bacteria del segundo experimento 
es  1 × 10−18 m3 , y el volumen disponible en el interior del recipiente es igual a  2,1 × 10−5 m3 .

(f) Determine cuánto tiempo tardarán las bacterias en llenar el recipiente. [3]
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Véase al dorso

4. [Puntuación máxima: 17]

Se afirma que hay un nuevo remedio que cura al 82 % de los pacientes que presentan una
condición médica concreta.

Este remedio lo van a utilizar 115 pacientes y se supone que la afirmación del 82 % de
curación es cierta.

(a) Halle la probabilidad de que se curen exactamente 90 de estos pacientes. [3]

(b) Halle la probabilidad de que se curen al menos 95 de estos pacientes. [2]

(c) Halle la varianza del número posible de pacientes que se curarán. [2]

La probabilidad de que se curen al menos  n  pacientes es menor del 30 %.

(d) Halle el valor más pequeño de  n . [3]

Hay una clínica que está interesada en saber si la media del tiempo de recuperación de los 
pacientes que han probado el remedio nuevo es menor que el de aquellos pacientes que 
siguieron tomando el remedio antiguo. Para ello, la clínica eligió al azar a algunos de sus 
pacientes y fue anotando su tiempo de recuperación (en días). Los resultados se muestran 
en la siguiente tabla.

Tiempo de recuperación (días)

Grupo N 
(remedio nuevo) 12 13 9 13 14 15 17

Tiempo de recuperación (días)

Grupo O 
(remedio antiguo) 17 11 10 18 20 22 14 15 18

Se supone que los datos siguen una distribución normal y que la varianza de la población es 
igual para los dos grupos. Se utiliza una prueba  t  de Student para comparar las medias de 
los dos grupos a un nivel de significación del 10 %.

(e) Indique la hipótesis nula y la hipótesis alternativa que son apropiadas para esta
prueba  t  de Student. [2]

(f) Halle el valor del parámetro  p  correspondiente a esta prueba. [2]

(g) Indique la conclusión que se puede extraer de esta prueba. Dé una razón que
justifique su respuesta. [2]

(h) Explique qué representa el valor del parámetro  p. [1]
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5. [Puntuación máxima: 16]

Un parque dado consta de un jardín rectangular, de  A m2 de área, y de un camino de
cemento que lo rodea. El área total del parque son 1200 m2.

En los lados norte y sur del parque, el camino tiene una anchura de 2 m.

En los lados oeste y este del parque, el camino tiene una anchura de 1,5 m.

La longitud del parque (es decir, de los lados norte y sur) es igual a  x  metros,  3 < x < 300 .

la figura no está dibujada a escala

(a) (i)   Escriba la longitud del jardín en función de  x .

(ii) Halle una expresión que dé la anchura del jardín en función de  x .

(iii) A partir de lo anterior, muestre que A x
x

� � �1212 4
3600

. [5]

(b) Halle las posibles dimensiones del parque si el área del jardín fuera igual a 800 m2. [4]

(c) Halle una expresión para
d
d
A

x
. [3]

(d) Utilice la respuesta del apartado (c) para hallar el valor de  x  que maximiza el área
del jardín. [2]

(e) Halle el área máxima posible del jardín. [2]

Fuentes:
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