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PROBLEM 1

Show that if a1 /b1 = az/bs = a3/bs and py, py, p3 are not all zero, then

(“_1) Y pial + paaf 4 pyay
by p1bY 4 p2bf + psby

for every positive integer n.

PROBLEM 2

Determine which of the two numbers v/c + 1 — /¢, \/c — v/c — 1 is greater for any
c>1.

PROBLEM 3

Let ¢ be the length of the hypotenuse of a right angle triangle whose other two sides
have lengths a and b. Prove that a + b < v/2c. When does the equality hold?
PROBLEM 4

Let ABC be an equilateral triangle, and P be an arbitrary point within the triangle.
Perpendiculars PD, PE, PF are drawn to the three sides of the triangle. Show
that, no matter where P is chosen,

PD+PE+PF 1
AB+BC+CA ~ 23

PROBLEM 5
Let ABC be a triangle with sides of lengths @, b and c¢. Let the bisector of the
angle C' cut AB in D. Prove that the length of C'D is

2ab cos &

5
a+b

PROBLEM 6

Find the sum of 1-1!4+2-214+3-31+--- + (n — 1)(n — )l + n - nl, where n! =
nin—1)(n-2)---2-1.

PROBLEM 7

Show that there are no integers a, b, ¢ for which a? + b? — 8¢ = 6.

—1-
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PROBLEM 8
Let f be a function with the following properties:
1) f(n) is defined for every positive integer n;
2) f(n)is an 111tog01
3) f(2)=
4) (mn) (m) f(n) for all m and n;
5) f(m) > f(n) whenever m > n.
Prove that f(n) = n.

f
f
f

PROBLEM 9
Show that for any quadrilateral inscribed in a circle of radius 1, the length of the
shortest side is less than or equal to /2.

PROBLEM 10 A

Let ABC be the right-angled isosceles triangle
whose equal sides have length 1. P is a point on
the hypotenuse, and the feet of the perpendiculars
from P to the other sides are () and R. Consider
the areas of the triangles AP() and PBR, and the p
area of the rectangle QC RP. Prove that regard- Q
less of how P is chosen, the largest of these three
areas is at least 2/9.
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PROBLEM 1
Find all number triples (x,y, z) such that when any one of these numbers is added
to the product of the other two, the result is 2.

D
PROBLEM 2 A
Given a triangle ABC with angle A obtuse and / K
with altitudes of length h and % as shown in the b h
diagram, prove that ¢ + h > b+ k. Find under / E
what conditions a + h =0+ k. c B

- d —
PROBLEM 3

A set of balls is given. Each ball is coloured red or blue, and there is at least one of
each colour. Each ball weighs either 1 pound or 2 pounds, and there is at least one
of each weight. Prove that there are 2 balls having different weights and different
colours.
PROBLEM 4
a) Find all positive integers with initial digit 6 such that the integer formed by
deleting this 6 is 1/25 of the original integer.
b) Show that there is no integer such that deletion of the first digit produces a
result which is 1/35 of the original integer.
PROBLEM 5

A quadrilateral has one vertex on each side of a square of side-length 1. Show that
the lengths a, b, ¢ and d of the sides of the quadrilateral satisfy the inequalities

2<a?+ 2+ +d? <4,

PROBLEM 6

Given three non-collinear points A, B, C, coustruct a circle with centre C' such
that the tangents from A and B to the circle are parallel.

PROBLEM 7

Show that from any five integers, not necessarily distinct, one can always choose
three of these integers whose sum is divisible by 3.

PROBLEM 8

Consider all line segments of length 4 with one end-point on the line y = x and the
other end-point on the line y = 22. Find the equation of the locus of the midpoints
of these line segments.
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PROBLEM 9

Let f(n) be the sum of the first n terms of the sequence

0,1,1,2,2,3,3,4,4,5,5,6.6.... .

a) Give a formula for f(n).
b) Prove that f(s+t) — f(s —t) = st where s and ¢ are positive integers and
s>t

PROBLEM 10

Given the polynomial
fley=a"+a2" P daga" P+ dan 1z +ay

with integral coefficients a1, as, ..., a,, and given also that there exist four distinct
integers a, b, ¢ and d such that

fla)=f(b) = flc) = f(d) =5,

show that there is no integer k such that f(k) = 8.
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PROBLEM 1

B C
DEB is a chord of a circle such that DE = 3 and \
EB = 5. Let O be the centre of the circle. Join D

OF and extend OF to cut the circle at C'. (See
diagram). Given EC = 1, find the radius of the
circle.

PROBLEM 2

Let x and y be positive real numbers such that 4+ y = 1. Show that

(D)o

PROBLEM 3

ABCD is a quadrilateral with AD = BC. If /ZADC is greater than /BCD, prove
that AC > BD.

PROBLEM 4

. . 9
Determine all real numbers a such that the two polynomials 2% +ax+1 and 22 4+24a
have at least one root in common.

PROBLEM 5
Let
p(e) = apa™ + aya" " 4+ aporw + ap,

where the coefficients a; are integers. If p(0) and p(1) are both odd, show that p(x)
has no integral roots.

PROBLEM 6
Show that, for all integers n, n? 4+ 2n + 12 is not a multiple of 121.

PROBLEM 7

Let n be a five digit number (whose first digit is non-zero) and let m be the four
digit number formed from n by deleting its middle digit. Determine all n such that
n/m is an integer.

PROBLEM 8
A regular pentagon is inscribed in a circle of radius r. P is any point inside the

pentagon. Perpendiculars are dropped from P to the sides, or the sides produced,
of the pentagon.
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a) Prove that the sum of the lengths of these perpendiculars is constant.
b) Express this constant in terms of the radius r.

PROBLEM 9

Two flag poles of heights h and k are situated 2a units apart on a level surface.
Find the set of all points on the surface which are so situated that the angles of
elevation of the tops of the poles are equal.

PROBLEM 10

Suppose that n people each know exactly one piece of information, and all n pieces
are different. Every time person A phones person B. A tells B everything that
A knows, while B tells A nothing. What is the minimum number of phone calls
between pairs of people needed for everyone to know everything? Prove your answer
is a minimum.
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PROBLEM 1
Given three distinct unit circles, each of which is tangent to the other two, find the
radii of the circles which are tangent to all three circles.

PROBLEM 2

Let ay,aq,...,a, be non-negative real numbers. Define M to be the sum of all
products of pairs a;a; (i < j), i.e.,

M=a(ar+as+ - +an)+as(azs+as+-+an)+- + an_1an.

Prove that the square of at least one of the numbers ay,as,...,a, does not exceed
2M/n(n —1).
PROBLEM 3
a) Prove that 10201 is composite in any base greater than 2.
b) Prove that 10101 is composite in any base.
PROBLEM 4

Describe a construction of a quadrilateral ABCD given:
(i) the lengths of all four sides;

(ii) that AB and C'D are parallel;

(iii) that BC and DA do not intersect.

PROBLEM 5

Prove that the equation @® + 113 = 3 has no solution in positive integers = and y.

PROBLEM 6
Let @ and b be distinct real numbers. Prove that there exist integers m and n such
that am 4+ bn < 0, bm 4+ an > 0.

PROBLEM 7
a) Prove that the values of # for which » = (;272 + 1)/198 lie between 1/198 and
197.99494949 - - ..
b) Use the result of a) to prove that V2 < 1.41421356.
¢) Is it true that v/2 < 1.414213567

PROBLEM 8

During a certain election campaign, p different kinds of promises are made by the
various political parties (p > 0). While several parties may make the same promise,
any two parties have at least one promise in common; no two parties have exactly
the same set of promises. Prove that there are no more than 2P~! parties.

—1-
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PROBLEM 9

Four distinct lines Ly, Ly, L3, L, are given in the plane: L; and L, are respectively
parallel to Ly and Ly. Find the locus of a point moving so that the sum of its
perpendicular distances from the four lines is constant.

PROBLEM 10

What is the maximum number of terms in a geometric progression with common
ratio greater than 1 whose entries all come from the set of integers between 100
and 1000 inclusive?
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PROBLEM 1

(i) Solve the simultaneous inequalities, # < 117 and z < 0; z.e., find a single
inequality equivalent to the two given simultaneous inequalities.

(ii) What is the greatest integer which satisfies both inequalities 4z + 13 < 0 and
x? + 3x > 167

(iii) Give a rational number between 11/24 and 6/13.

(iv) Express 100000 as a product of two integers neither of which is an integral
multiple of 10.

(v) Without the use of logarithm tables evaluate

1 N 1
log, 36 logy 36

PROBLEM 2

Find all the real numbers which satisfy the equation |¢+3|—|v — 1| = v+ 1. (Note:
la| =aif a > 0;|a] = —aif a <0.)

PROBLEM 3

Prove that if p and p + 2 are both prime integers greater than 3, then 6 is a factor
of p+ 1.

PROBLEM 4

The figure shows a (convex) polygon with nine ver- Py T

tices. The six diagonals which have been drawn P, P
dissect the polygon into the seven triangles:

PP Py, PyPyPs, PoPsPr, FyPiPs, PiP)Ps, P

PsP,Ps, PyP;P;. In how many ways can these P,
triangles be labelled with the names Ay, Ay, Ay,

Ay, Ay, Ng, A7 so that P; is a vertex of triangle Ps
Ajfori=1,2,3,4,5,6,77 Justify your answer. E

PROBLEM 5
For every positive integer n, let

1 1 1

For example, h(1) =1, h(2) =1+ %, R(3) =1+ % + 1; Prove that forn = 2,3,4,...

n+ (1) 4+ R(2)+1(3)+ -+ h(n — 1) = nh(n).

—1-
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PROBLEM 6
If A and B are fixed points on a given circle not collinear with centre O of the

circle, and if XY is a variable diameter, find the locus of P (the intersection of the
line through A and X and the line through B and V).

PROBLEM 7
Observe that

_ _ 1 +1
127 4 5 20

+ + +

=1
U]

1
3

SR
Wl =
[N

NI
[NR

1
1

State a general law suggested by these examples, and prove it.
Prove that for any integer n greater than 1 there exist positive integers ¢ and j such

that
1 1 1 1

P S S I TEi ) B PN T S I U
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PART A

PROBLEM 1

i)Ife=(1+ }—L)” and y = (1+ %)"*1, show that y* = .
ii) Show that, for all positive integers n,

12—22 432 -4 4 (=D)"(n = D + (=) p? = (=)" (1424 --- +n).

PROBLEM 2

Let ABCD be a rectangle with BC' = 3AB. Show that if P, () are the points on
side BC' with BP = P@Q = QC, then

/DBC + /DPC = /DQC.

PART B

PROBLEM 3
Let
f(x)=ap+arz +asx® + -+ a,z"

be a polynomial with coefficients satisfying the conditions:
0<a;<ay, 1=12,...,n.

Let bg,b1,...,D02, be the coefficients of the polynomial

(f(»z))Z = (ap+ iz + asx? + - 4 apa™)?

=bo + brx +baa® + -+ + b1+ 4 by

Prove that
bn+1 S 9
PROBLEM 4

Let n be a fixed positive integer. To any choice of n real numbers satisfying
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there corresponds the sum

()
Y vyl

1<i<j<n
=|zy — x|+ vy —ag| oy — g+ F ey — x| e —2p
+lze — |+ |ve — @a|+ - v — |+ |2 — 24,
+oo |y — @]+ vy — @4
SRR M A ] I PO
+|zn_1 — xp).

Let S(n) denote the largest possible value of the sum (x). Find S(n).

+ |z — @y

PROBLEM 5 Y

Given a circle with diameter AB and a point X
on the circle different from A and B, let ¢, t; and

t, be the tangents to the circle at A, B and X ta t
respectively. Let Z be the point where line AX

meets ¢, and Y the point where line BX meets 7
ty. Show that the three lines YZ, t, and AB are X

either concurrent (z.e., all pass through the same {
point) or parallel.

PROBLEM 6 A B

An unlimited supply of 8-cent and 15-cent stamps is available. Some amounts of
postage cannot be made up exactly, e.g., 7 cents, 29 cents. What is the largest
unattainable amount, i.e., the amount, say n, of postage which is unattainable
while all amounts larger than n are attainable? (Justify your answer.)

PROBLEM 7

A bus route consists of a circular road of circum-

ference 10 miles and a straight road of length 1

mile which runs from a terminus to the point )

on the circular road (see diagram). It is served by

two buses, each of which requires 20 minutes for

the round trip. Bus No. 1, upon leaving the termi- X
nus, travels along the straight road, once around

the circle clockwise and returns along the straight

road to the terminus. Bus No. 2, reaching the
terminus 10 minutes after Bus No. 1, has a simi-

lar route except that it proceeds counterclockwise Terminus

around the circle. Both buses run continuously

and do not wait at any point on the route except for a negligible amount of time
to pick up and discharge passengers.

A man plans to wait at a point P which is # miles (0 <z < 12) from the terminus
along the route of Bus No. 1 and travel to the terminus on one of the buses.
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Assuming that he chooses to board that bus which will bring him to his destination
at the earliest moment, there is a maximum time w(x) that Lis journey (waiting
plus travel time) could take.

Find w(2); find w(4).

For what value of z will the time w(z) be the longest?

Sketch a graph of y = w(x) for 0 <z < 12.
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PROBLEM 1
Simplify
1:2:442:4-84---4+n-2n-4n\1/3
(1-3-9—1—2-6- 18—1—---—1—71-371‘-971‘)
PROBLEM 2
A sequence of numbers aq,ay, ay,. .. satisfies
(i) a1 =1,

(i) a1 +az+ -+ +an =n%a, (n>1).
Determine the value of a,, (n > 1).

PROBLEM 3

For each real number 7, [r] denotes the largest integer less than or equal to r, e.g.,
[6] = 6, [1] = 3, [-1.5] = —2. Indicate on the (x,y)-plane the set of all points (z, y)
for which [2]* + [y]? = 4.

PROBLEM 4

For a positive number such as 3.27, 3 is referred to as the integral part of the
number and .27 as the decimal part. Find a positive number such that its decimal
part, its integral part, and the number itself form a geometric progression.

PROBLEM 5

A, B, C, D are four “consecutive” points on the circumference of a circle and P,
Q), R, S are points on the circumference which are respectively the midpoints of

the arcs AB, BC', C'D, DA. Prove that PR is perpendicular to Q5.

PROBLEM 6

(i) 15 chairs are equally placed around a circular table on which are name cards
for 15 guests. The guests fail to notice these cards until after they have sat
down, and it turns out that no one is sitting in the correct seat. Prove that
the table can be rotated so that at least two of the guests are simultaneously
correctly seated.

(ii) Give an example of an arrangement in which just one of the 15 guests is
correctly seated and for which no rotation correctly places more than one
person.

PROBLEM 7

A function f(«) is periodic if there is a positive number p such that f{z+p) = f(x)
for all x. For example, sinz is periodic with period 27. Is the function sin(2?)
periodic? Prove your assertion.
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PROBLEM 8

Let k be a positive integer. Find all polynomials
P(z)=ap+ a1z + -+ apa”,
where the a; are real, which satisfy the equation

P(P(x)) = {P(x)}".
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PROBLEM 1
Given four weights in geometric progression and an equal arm balance, show how
to find the heaviest weight using the balance only twice.
PROBLEM 2
Suppose
n(n+ Danyr =n(n — Da, — (n — 2)an_1

for every positive integer n > 1.
Given that ag = 1, aqy = 2, find

ap aq a2 aso
—+—F+ =+t

a a9 as as1

PROBLEM 3

Two grade seven students were allowed to enter a chess tournament otherwise com-
posed of grade eight students. Each contestant played once with each other con-
testant and received one point for a win, one half point for a tie and zero for a
loss. The two grade seven students together gained a total of eight points and each
grade eight student scored the same number of points as his classmates. How many
students from grade eight participated in the chess tournament? Is the solution
unique?

PROBLEM 4

Let AB be a diameter of a circle, C' be any fixed point between A and B on this
diameter, and () be a variable point on the circumference of the circle. Let P be
the point on the line determined by ) and C' for which % = ?—(P Describe, with
proof, the locus of the point P.

PROBLEM 5

Prove that a positive integer is a sum of at least two consecutive positive integers
if and only if it is not a power of two.

PROBLEM 6

If A, B, C, D are four points in space, such that
/ABC =/BCD =/CDA=/DAB =m1/2,

prove that A, B, C, D lie in a plane.
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PROBLEM 7

Let P(x,y) be a polynomial in two variables z, y such that P(x,y) = P(y, ) for
every x, y (for example, the polynomial 2% — 22y +y? satisfies this condition). Given
that (z — y) is a factor of P(z,y), show that (z — y)? is a factor of P(z,y).

PROBLEM 8

Each of the 36 line segments joining 9 distinct points on a circle is coloured either
red or blue. Suppose that each triangle determined by 3 of the 9 points contains
at least one red side. Prove that there are four points such that the 6 segments
connecting them are all red.
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PROBLEM 1

If f(z) = 2? + ., prove that the equation 4f(a) = f(b) has no solutions in positive
integers a and b.

P
PROBLEM 2

Let O be the centre of a circle and A a fixed inte-
rior point of the circle different from O. Determine
all points P on the circumference of the circle such
that the angle OPA is a maximum.

PROBLEM 3

N is an integer whose representation in base b is 777. Find the smallest positive
integer b for which N is the fourth power of an integer.

PROBLEM 4

Let

p(2) = apa™ + ap_12" T 4+ arx + ag

and

Q(‘l) = bmJ«"m + bmfll"m_1 + -+ blI + bO

be two polynomials with integer coefficients. Suppose that all the coefficients of
the product p(z) - ¢(x) are even but not all of them are divisible by 4. Show that
one of p(z) and g(z) has all even coeflicients and the other has at least one odd
coefficient.

PROBLEM 5

A right circular cone of base radius 1 cm and slant height 3 cm is given. P is a
point on the circumference of the base and the shortest path from P around the
cone and back to P is drawn (see diagram). What is the minimum distance from
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the vertex V to this path?

PROBLEM 6
Let 0 < u < 1 and define
1 1
wm=14+u, wuy=—+u, ..., Upp1=—+u, n2>1.
u U

1 n
Show that wu,, > 1 for all values of n =1,2,3,....

PROBLEM 7

A rectangular city is exactly m blocks long and n blocks wide (see diagram). A
woman lives in the southwest corner of the city and works in the northeast corner.
She walks to work each day but, on any given trip, she makes sure that her path
does not include any intersection twice. Show that the number f(m,n) of different
paths she can take to work satisfies f(m,n) < 2",

n blocks

m blocks
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PROBLEM 1

Let n be an integer. If the tens digit of n? is 7, what is the units digit of n2?

PROBLEM 2

Find all pairs a, b of positive integers satisfying the equation 2a? = 3b°.

PROBLEM 3

Determine the largest real number z such that

r4+y+z=5
ry+yr+2rz=3

and z, y are also real.

PROBLEM 4

The sides AD and BC of a convex quadrilateral ABC'D are extended to meet at
FE. Let H and G be the midpoints of BD and AC, respectively. Find the ratio of
the area of the triangle EHG to that of the quadrilateral ABC'D.

PROBLEM 5

Eve and Odette play a game on a 3 x 3 checkerboard, with black checkers and white
checkers. The rules are as follows:

I. They play alternately.

II. A turn consists of placing one checker on an unoccupied square of the board.

III. In her turn, a player may select either a white checker or a black checker and
need not always use the same colour.

IV. When the board is full, Eve obtains one point for every row, column or diagonal
that has an even number of black checkers, and Odette obtains one point for
every row, column or diagonal that has an odd number of black checkers.

V. The player obtaining at least five of the eight points WINS.

(a) Is a 4 4 tie possible? Explain.

(b) Describe a winning strategy for the girl who is first to play.

PROBLEM 6
Sketch the graph of % + xy + ¢ = 3.
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PROBLEM 1
Given: (i) a,b > 0; (ii) a, Ay, Ao, bis an arithmetic progression; (iii) a, Gy, Ga, b
is a geometric progression. Show that

A Ay > GGy

PROBLEM 2
It is known in Euclidean geometry that the sum of the angles of a triangle is
constant. Prove, however, that the sum of the dihedral angles of a tetrahedron is
not constant.

NOTE. (i) A tetrahedron is a triangular pyramid,
and (ii) a dihedral angle is the interior angle be-
tween a pair of faces.

PROBLEM 3
Let a, b, ¢, d, e be integers such that 1 < a < b < ¢ < d < e. Prove that
1 1 1 1 15
o T hat g Tag S 16

where [m,n] denotes the least common multiple of m and n (e.g. [4,6] = 12).

PROBLEM 4

A dog standing at the centre of a circular arena sees a rabbit at the wall. The
rabbit runs around the wall and the dog pursues it along a unique path which is
determined by running at the same speed and staying on the radial line joining the
centre of the arena to the rabbit. Show that the dog overtakes the rabbit just as it
reaches a point one-quarter of the way around the arena.

PROBLEM 5

A walk counsists of a sequence of steps of length 1 taken in directions north, south,
east or west. A walk is self-avoiding if it never passes through the same point twice.
Let f(n) denote the number of n-step self-avoiding walks which begin at the origin.

Compute f(1), f(2), f(3), f(4), and show that
2" < f(n)<4-3"7N

—1-



Canadian Mathematical Olympiad
1980

PROBLEM 1

If a679b is a five digit number (in base 10) which is divisible by 72, determine a
and b.

PROBLEM 2

The numbers from 1 to 50 are printed on cards. The cards are shuffled and then laid
out face up in 5 rows of 10 cards each. The cards in each row are rearranged to make
them increase from left to right. The cards in each column are then rearranged to
make them increase from top to bottom. In the final arrangement, do the cards in
the rows still increase from left to right?

PROBLEM 3

Among all triangles having (i) a fixed angle 4 and (ii) an inscribed circle of fixed
radius r, determine which triangle has the least perimeter.

PROBLEM 4

A gambling student tosses a fair coin and scores one point for each head that turns
up and two points for each tail. Prove that the probability of the student scoring
ezactly n points is £[2+ (—3)"].

PROBLEM 5

A parallelepiped has the property that all cross sections which are parallel to any

fixed face F', have the same perimeter as F'. Determine whether or not any other
polyhedron has this property.
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PROBLEM 1

For any real number ¢, denote by [¢] the greatest integer which is less than or equal
to t. For example: [8] = 8, [x] = 3 and [-5/2] = —3. Show that the equation

[#] + [22] + [42] + [82] + [162] + [322] = 12345

has no real solution.

PROBLEM 2

Given a circle of radius r and a tangent line £ to the circle through a given point P
on the circle. From a variable point R on the circle, a perpendicular R() is drawn
to £ with @ on (. Determine the maximum of the area of triangle PQR.

PROBLEM 3

Given a finite collection of lines in a plane P, show that it is possible to draw an
arbitrarily large circle in P which does not meet any of them. On the other hand,
show that it is possible to arrange an infinite sequence of lines (first line, second
line, third line, ete.) in P so that every circle in P meets at least one of the lines.
(A poiut is not considered to be a circle.)

PROBLEM 4

P(x) and Q(x) are two polynomials that satisfy the identity P(Q(T)) = Q(P(2))
for real numbers x. If the equation P(x) = Q(x) has no real solution, show that
the equation P(P(z)) = Q(Q(x)) also has no real solution.

PROBLEM 5

Eleven theatrical groups participated in a festival. Each day, some of the groups
were scheduled to perform while the remaining groups joined the general audience.
At the conclusion of the festival, each group had seen, during its days off, at least
one performance of every other group. At least how many days did the festival
last?
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PROBLEM 1

In the diagram, OB; is parallel and equal in length to 4;A4;4, for i = 1,2.3 and
4(As = Ay). Show that the area of BBy, B3 By is twice that of 4; Ay A3 A,.

B,

AL

PROBLEM 2

If a, b and ¢ are the roots of the equation 2% — 2?2 — 2 —1 =0,
(i) show that a, b and ¢ are distinct:

(ii) show that

1982 _ p1982  p1982 _

+

a—>b b—re + c—a

1982

9 .
c 1982 1982

a c a

is an integer.

PROBLEM 3

Let R" be the n-dimensional Euclidean space. Determine the smallest number g(n)
of points of a set in R™ such that every point in R" is at irrational distance from
at least one point in that set.

PROBLEM 4

Let p be a permutation of the set S, = {1,2,...,n}. An element j € S,, is called a
fized point of p if p(j7) = j. Let f,, be the number of permutations having no fixed
points, and g, be the number with exactly one fixed point. Show that |f, —g,| = 1.
PROBLEM 5

The altitudes of a tetrahedron ABCD are extended externally to points A’, B’,
¢’ and D' respectively, where AA" = k/h,, BB’ = k/hy, CC' = k/h. and DD’ =

—1-
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k/hq. Here, k is a constant and h, denotes the length of the altitude of ABC'D
from vertex A, etc. Prove that the centroid of the tetrahedron A’ B'C’' D’ coincides

with the centroid of ABCD.
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PROBLEM 1

Find all positive integers w, x, y and z which satisfy w! = z! + y! + 2!
p y Ty Y ) Y

PROBLEM 2

For each real number r let T, be the transformation of the plane that takes the
point (x,y) into the point (2", 7272 + 2"y). Let F be the family of all such trans-
formations i.e. F' = {T, :r areal number}. Find all curves y = f(z) whose graphs
remain unchanged by every transformation in F.

PROBLEM 3

The area of a triangle is determined by the lengths of its sides. Is the volume of a
tetrahedron determined by the areas of its faces?

PROBLEM 4

Prove that for every prime number p, there are infinitely many positive integers n
such that p divides 2" — n.

PROBLEM 5

The geometric mean (G.M.) of a k positive numbers a1, as, ..., is defined to be
the (positive) k-th root of their product. For example, the G.M. of 3, 4, 18 is 6.
Show that the G.M. of a set S of n positive numbers is equal to the G.M. of the
G.M.’s of all non-empty subsets of S.
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PROBLEM 1

Prove that the sum of the squares of 1984 consecutive positive integers cannot be
the square of an integer.

PROBLEM 2

Alice and Bob are in a hardware store. The store sells coloured sleeves that fit over
keys to distinguish them. The following conversation takes place:

Alice: Are you going to cover your keys?

Bob: I would like to, but there are only 7 colours and I have 8 keys.

Alice: Yes, but you could always distinguish a key by noticing that the red key
next to the green key was different from the red key next to the blue
key.

Bob: You must be careful what you mean by “next to” or “three keys over
from” since you can turn the key ring over and the keys are arranged
in a circle.

Alice: Even so, you don’t need 8 colours.

Problem: What is the smallest number of colours needed to distinguish n keys if
all the keys are to be covered.

PROBLEM 3

An integer is digitally divisible if

(a) none of its digits is zero;

(b) it is divisible by the sum of its digits (e.g., 322 is digitally divisible).

Show that there are infinitely many digitally divisible integers.

PROBLEM 4

An acute-angled triangle has unit area. Show that thereis a point inside the triangle
whose distance from each of the vertices is at least *Lﬁ

PROBLEM 5

Given any 7 real numbers, prove that there are two of them, say x and y, such that

r—=y

0<
14y

<

Sl
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PROBLEM 1

The lengths of the sides of a triangle are 6, 8 and 10 units. Prove that there is
exactly one straight line which simultaneously bisects the area and perimeter of the
triangle.

PROBLEM 2

Prove or disprove that there exists an integer which is doubled when the initial
digit is transferred to the end.

PROBLEM 3

Let P, and P, be regular polygons of 1985 sides and perimeters x and y respectively.
Each side of P; is tangent to a given circle of circumference ¢ and this circle passes
through each vertex of P». Prove # +y > 2¢. (You may assume that tanf > ¢ for
0<8< 7).

PROBLEM 4

Prove that 27~! divides n! if and only if n = 25~! for some positive integer k.

PROBLEM 5
Let 1 <2y <2 and, forn=1,2,..., define x4y = 1 +z, —
n >3, v, — \/§| <27n,

%J.% Prove that, for
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PROBLEM 1

In the diagram line segments AB and C'D are of length 1 while angles ABC' and

CBD are 90° and 30° respectively. Find AC.

A

PROBLEM 2

A Mathlon is a competition in which there are M athletic events. Such a competi-
tion was held in which only A, B, and C participated. In each event p; points were
awarded for first place, ps for second and ps for third, where p; > po > p3 > 0 and
P1, P2, p3 are integers. The final score for A was 22, for B was 9 and for C' was also
9. B won the 100 metres. What is the value of M and who was second in the high
jump?

PROBLEM 3

A chord ST of constant length slides around a semicircle with diameter AB. M is
the mid-point of ST and P is the foot of the perpendicular from S to AB. Prove
that angle SPM is constant for all positions of ST.

PROBLEM 4

For positive integers n and k, define F(n,k) = YI'_ r?*='. Prove that F(n,1)
divides F(n, k).

PROBLEM 5

Let uq,u9,us, ... be asequence of integers satisfying the recurrence relation wu,, o =

u?, — up. Suppose u; = 39 and uy = 45. Prove that 1986 divides infinitely many
terms of the sequence.
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PROBLEM 1

Find all solutions of a? +b% = n! for positive integers a, b, n with @ < b and n < 14.

PROBLEM 2

The number 1987 can be written as a three digit number xyz in some base b. If
r4+y+2=1494+847, determine all possible values of z, y, z, b.

PROBLEM 3

Suppose ABC'D is a parallelogram and F is a point between B and C' on the line
BC. If the triangles DEC, BED and BAD are isosceles what are the possible
values for the angle DAB?

PROBLEM 4

On a large, flat field n people are positioned so that for each person the distances to
all the other people are different. Fach person holds a water pistol and at a given
signal fires and hits the person who is closest. When n is odd show that there is at
least one person left dry. Is this always true when n is even?

PROBLEM 5

For every positive integer n show that

[Vr+Vn+1] = [Vin + 1] = [Vin + 2] = [V4n + 3]

where [2] is the greatest integer less than or equal to = (for example [2.3] = 2,

[x] = 3. [5] = 5).
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PROBLEM 1

For what values of b do the equations: 198822 4+ bz 4 8891 = 0 and 8891z2 + bz +
1988 = 0 have a common root?

PROBLEM 2

A house is in the shape of a triangle, perimeter P metres and area A square metres.
The garden consists of all the land within 5 metres of the house. How much land
do the garden and house together occupy?

PROBLEM 3
Suppose that S is a finite set of at least five points in the plane; some are coloured
red, the others are coloured blue. No subset of three or more similarly coloured
points is collinear. Show that there is a triangle

(i) whose vertices are all the same colour, and

(ii) at least one side of the triangle does not contain a point of the opposite colour.

PROBLEM 4

Let wpqy = 4ay — xp—q, 9 = 0., 21 =1, and yp+1 = 4yp — Yn—1, Yo = 1, y1 = 2.
Show for all n > 0 that y2 = 322 + 1.

PROBLEM 5

Let S = {aj,as,...,a,} denote a sequence of integers. For each non-empty subse-
quence A of S, we define p(A) to be the product of all the integers in A. Let m(S)
be the arithmetic average of p(A4) over all non-empty subsets A of S. If m(S) =13
and if m (S U {a,+1}) = 49 for some positive integer a,+1, determine the values of
a1,a2,...,0, and ap4q.
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PROBLEM 1

The integers 1,2, ..., n are placed in order so that each value is either strictly bigger
than all the preceding values or is strictly smaller than all preceding values. In how
many ways can this be done?

PROBLEM 2
Let ABC be a right angled triangle of area 1. Let A’ B’C” be the points obtained by
reflecting A, B, C respectively, in their opposite sides. Find the area of AA'B’C".

PROBLEM 3
Define {a,},=1 as follows: a; = 1989'%%; q,,. n > 1, is the sum of the digits of
apn_1. What is the value of a5?

PROBLEM 4

There are 5 monkeys and 5 ladders and at the top of each ladder there is a banana.
A number of ropes connect the ladders, each rope connects two ladders. No two
ropes are attached to the same rung of the same ladder. Each monkey starts at the
bottom of a different ladder. The monkeys climb up the ladders but each time they
encounter a rope they climb along it to the ladder at the other end of the rope and
then continue climbing upwards. Show that, no matter how many ropes there are,
each monkey gets a banana.

PROBLEM 5

Given the numbers 1,2,22 ..., 2"~ For a specific permutationo = X1, X,,..., X,
of these numbers we define S1(0) = X1, S2(0) = X3+ X, S5(0) = X1+ X0+ X5, ...
and Q(o) = S1(0)S2(c)--- Sp(0). Evaluate Y 1/Q(0) where the sum is taken over
all possible permutations.
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PROBLEM 1

A competition involving n > 2 players was held over k days. On each day, the
players received scores of 1,2,3,...,n points with no two players receiving the
same score. At the end of the k days, it was found that each player had exactly
26 points in total. Determine all pairs (n, k) for which this is possible.

PROBLEM 2

A set of %n(n + 1) distinct numbers is arranged at random in a triangular array:

X X o . - X X
Let My be the largest number in the k-th row from the top. Find the probability
that
My < My < Ms<---< M,,.

PROBLEM 3
Let ABC'D be a convex quadrilateral inscribed in a circle, and let diagonals AC'
and BD meet at X. The perpendiculars from X meet the sides AB, BC, CD, DA
at A’ B’, C’, D' respectively. Prove that

|A/B/| _|_ |Cv/D/| — |A/D/| _|_ |B/Cw|
(|A’'B’| is the length of line segment A'B’, etc.)

PROBLEM 4

A particle can travel at speeds up to 2 metres per second along the z-axis, and up
to 1 metre per second elsewhere in the plane. Provide a labelled sketch of the region
which can be reached within one second by the particle starting at the origin.

PROBLEM 5
Suppose that a function f defined on the positive integers satisfies
=1 f@2)=2
fn+2)=f(n+2-f(n+1)+f(n+1-f(n)) (n>1).
(a) Show that
()0< f(n+1) - f(m) < 1
(ii) if f(n)is odd, then f(n+1) = f(n) + 1.
(b) Determine, with justification, all values of n for which

f(n) =2 41.

—1-
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PROBLEM 1

Show that the equation 22 + y° = 2* has infinitely many solutions in integers x, y,
z for which zyz # 0.

PROBLEM 2

Let n be a fixed positive integer. Find the sum of all positive integers with the
following property: In base 2, it has exactly 2n digits consisting of n 1’s and n 0’s.
(The first digit cannot be 0.)

PROBLEM 3
Let C be a circle and P a given point in the plane. Each line through P which

intersects C' determines a chord of . Show that the midpoints of these chords lie
on a circle.

PROBLEM 4

Ten distinct numbers from the set {0,1,2,...,13,14} are to be chosen to fill in the
ten circles in the diagram. The absolute values of the differences of the two numbers
joined by each segment must be different from the values for all other segments. Is
it possible to do this? Justify your answer.

PROBLEM 5

In the figure, the side length of the large equilateral triangle is 3 and f(3), the
number of parallelograms bounded by sides in the grid, is 15. For the general
analogous situation, find a formula for f(n), the number of parallelograms, for a
triangle of side length n.
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PROBLEM 1

Prove that the product of the first n natural numbers is divisible by the sum of the
first n natural numbers if and only if n + 1 is not an odd prime.

PROBLEM 2
For x,y,z > 0, establish the inequality

z(x =2 +yly—2)2 > (@ —2)(y—2)(e+y—2)

and determine when equality holds.

PROBLEM 3

In the diagram, ABCD is a square, with U and V interior points of the sides AB
and C'D respectively. Determine all the possible ways of selecting U and V so as
to maximize the area of the quadrilateral PUQV.

A D
P
U
\%
Q

B C
PROBLEM 4
Solve the equation

9 x?

T > = 3.

(x+1)

PROBLEM 5

A deck of 2n + 1 cards consists of a joker and, for each number between 1 and
n inclusive, two cards marked with that number. The 2n 4+ 1 cards are placed in
a row, with the joker in the middle. For each k with 1 < k < n, the two cards
numbered k have exactly £ — 1 cards between them. Determine all the values of n
not exceeding 10 for which this arrangement is possible. For which values of n is it
impossible?
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PROBLEM 1

Determine a triangle for which the three sides and an altitude are four consecutive
integers and for which this altitude partitions the triangle into two right triangles
with integer sides. Show that there is only one such triangle.

PROBLEM 2

Show that the number 2 is rational if and only if three distinct terms that form a
geometric progression can be chosen from the sequence

v, v+1, +2, v+ 3....

PROBLEM 3

In triangle ABC', the medians to the sides AB and AC are perpendicular. Prove
that cot B + cot C' > %

PROBLEM 4

A number of schools took part in a tennis tournament. No two players from the same
school played against each other. Every two players from different schools played
exactly one match against each other. A match between two boys or between two
girls was called a single and that between a boy and a girl was called a mized single.
The total number of boys differed from the total number of girls by at most 1. The
total number of singles differed from the total number of mixed singles by at most
1. At most how many schools were represented by an odd number of players?

PROBLEM 5

Let y1,92,v3,... be a sequence such that y; = 1 and, for & > 0, is defined by the
relationship:

I 2yk if k is even
2k = 1 2y, +1 if K is odd

1 2y if kis odd
Y2k+1 = 2y + 1 if k is even

Show that the sequence y1,y2,ys,... takes on every positive integer value exactly
once.
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PROBLEM 1

Evaluate the sum
1929:4(_1)” n®>+n+ 1‘
~ n!

PROBLEM 2

Show that every positive integral power of /2 — 1 is of the form vVm —+/m —1 for
some positive integer m. (e.g. (V2 - 1)?2=3- 22 = /9 — V/8).

PROBLEM 3

Twenty-five men sit around a circular table. Every hour there is a vote, and each
must respond yes or no. Each man behaves as follows: on the n'" vote, if his
response is the same as the response of at least one of the two people he sits
between, then he will respond the same way on the (n + 1) vote as on the n'?
vote; but if his respounse is different from that of both his neighbours on the n-th
vote, then his response on the (n + 1)-th vote will be different from his response
on the n'" vote. Prove that, however everybody responded on the first vote, there
will be a time after which nobody’s response will ever change.

PROBLEM 4

Let AB be a diameter of a circle Q and P be any point not on the line through A
and B. Suppose the line through P and A cuts Q again in U, and the line through
P and B cuts  again in V. (Note that in case of tangency U may coincide with
A or V may coincide with B. Also, if P is on  then P = U = V.) Suppose
that |PU| = s|PA| and |PV| = t|PB| for some nonnegative real numbers s and ¢.
Determine the cosine of the angle APB in terms of s and ¢.

PROBLEM 5
Let ABC be an acute angled triangle. Let AD be the altitude on BC, and let H

be any interior point on AD. Lines BH and C'H, when extended, intersect AC

and AB at E and F, respectively. Prove that /EDH = /FDH.



SOLUTIONS

QUESTION 1
Solution 1.
Let S denote the given sum. Then
1994
n +1
1 n
§=24(1 (o )
1993 1994
Tl n + 1 n+1
=2 (UM Y
n=1 ’
- 14 1995
- 1994!

Solution 2.

For positive integers &, define

S =3 (- et

n=]

We prove by induction on & that
k+1
() Shy=-1+ (-1

The given sum is the case when k = 1994. For k=1, S(1) = -3 = -1 ~ £ Suppose (*)
holds for some £ > 1, then

(E+12+(k+1)+1
(k +1)!
E+1  k+2
k k+1
14 (1 () ( A +(k+1)!>
k+2
(k+1)!

S(k+1)= S(k)+(—1)k+1

‘ = —14 (=1)F1

completing the induction.

1994 Canadian Mathematical Olympiad
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QUESTION 2

Solution 1.

Fix a positive integer n. Let a = (V2 —1)" and b = (v/2 + 1)*. Then clearly ab = 1. Let
c=(b+a)/2 and d = (b—a)/2. If nis even, n = 2k, then from the Binomial Theorem we

get

o
I
™| =

M= 5]

[y
i
o

il
=
TN
[T )
o, o7
N——

[\

-

i

o

7=0
(1)
and
d 1 e n -1 : 7
A as (1))
Rt 2k 2k—27-1
=_\/_§]=0< 2“7+1 )ﬁ
M % iy
=j=o<2j+1 )Zk
- (2)

showing that ¢ and 7‘% are both positive integers. Similarly, when n is odd we see that 7%
and d are both positive integers. In either case, c¢? and d? are both integers. Notes that

c2—d2=%((b—i—a)z——(b—a)Q):ab:1.

Hence if welet m=¢?,thenm~1=c?-1=d?anda=c~d=y/m—-v/m—-1.

1994 Canadian Mathematical Olympiad
-13 -



SOLUTIONS (Cont’d)

Solution 2.

Let m and = be positive integers. Observe that

(VZ-1P(V2+ 1) = 1= (Vm~Vm-1)(Vm+vm-1)

and so
(*) (V2-1)*=vm-vm—1ifandonly if (V2+1)" = vm +vm - 1.

Assuming m and n satisfy (*), then adding the two equivalent equations we get 2/m =
(V2 - )" + (v/2 + 1)* whence:

() m=gl(VE- 1424 (V24D

Now we show that the steps above are reversible and that m defined by (**) is a positive
integer. From (**) one sees easily that

V= H/E -1+ (V4 1) and v =T = 5(VE+ 1) - (V2= 1)

and so /m — v/m = 1 = (v/Z - 1)" as required. Finally, from the Binomial Theorem,

(V2- 1)+ (V2+ 1) =
_ an ( 2; ) [(_1)k2(2n—k]}2 + 2@n=R)/2)

k=0

which is congruent to 2 modulo 4 since 2*~**! = 0 (mod 4) for all £=10,1,2,---,n - L.
Therefore, (v2 — 1)** + 2+ (v2 + 1)** is a multiple of 4, as required.

1994 Canadian Mathematical Olympiad
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Solution 3.
We show by induction that

(*)

(\/5«»1)”— av'2 — b where 2a® = 8% + 1 if n is odd
T Y a—bV/2 where a? =262 4+ 1if niseven

Thus m = 2a2 when = is odd and m = ¢ when = is even and the problem is solved.
The induction is as follows:

(V2-1)' = /2 — 1 where 2(1%9) = 12+ 1
(V2 =12 = 3 — 24/2 where 3% = 2(22) + 1.

Assume (*) holds for some n > 1, n odd. Then

(\/i_l)n+1
= (aV/2 — b)(v/2 ~ 1) where 22 = b* + 1
=(2a+ b} — (a +0)V2
=A—BV2where A=2a+6,B=a+b.

Moreover, A2 =2a% + 4ab+ 5% + 202 = 222 + 4ab+ 26° + 1 = 2B? + 1.

Assume (*) holds for some n > 2, n even. Then

(\/5_1)71+1
= {a — bv/2)(v2 ~ 1) where 0® = 2b% 4+ 1
= {a+5)V2 - (a + 2b)
= A2 — Bwhere A=a+b,B = a+ 2b.

Moreover, 242 = 2a? + 4ab+ 2b* = a® + 4ab+ 402 + o® — 20% = B2+ 1.

1994 Canadian Mathematical Olympiad
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Solution 4.

From (vZ-1' = /31, (v/2-1)? = 3-2v/2, (V2-1)° = 5427, (v/2-1)* = 17T-12V/2,

etc, we conjecture that
(%) (V2= 1) = 5,:v2 + 1,

where s1 = 1, 11 = 1, 841 = (=1)* (|8l + [tal)s tes1 = (=1)*F1(20s,] + 2]}

Note that s, is positive (negative) if n is odd (even) and £, is negative (positive) if n is odd
(even).

We now show by induction that (*) holds and that each s,v/2+1, of the form v/m—v/m — 1

for some m.

It is easily verified that (*) is correct for » = 1 and 2. Assume (*} holds for some n > 2.
Then

(V2= 1)"* = (52V2 + 8)(V2 = 1) = (82 = $2)V2 + (285 — 1)
If n is odd, then

th — 8 = _(ltn|+13ﬂ|)=3n+l

If n is even, then

ln—8n = |tn| + |3n| = Sn4l
2371 -, = —2|8n| - Itd = tn-{-l-

!

We have shown that (*) is correct for ali n.

Observe now that (s,41v2)? =12, = 2($2 — 2saty +12) — (452 —4snutn +12) = —2s2 + 12
= —{(s,v2)? — £2). Since (s1v2)? — 12 = 1, it follows that (s,v/2)? - ¢2 = (—1)**+! for all
n. To complete the proof it suffices to take m = (sn\/ﬁ)2, m — 1 = t2 when n is odd and
m= 12, m—1=(s,v/2)? when n is even.

1994 Canadian Mathematical Olympiad
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QUESTION 3

First observe that if two neighbours have the same response on the n** vote, then they both
will respond the same way on the (n + 1) vote. Moreover, neither will ever change his
response after the nt* vote.

Let A, be the set of men who agree with at least one of their neighbours on the nt* vote.
The previous paragraph says that 4, C A,4, for every n > 1. Moreover, we will be done
if we can show that A, contains all 25 men for some =.

Since there are an odd number of men at the table, it is not pssible that every man disagrees
with both of his neighbours on the first vote. Therefore 4; contains at least two men. And
since Ap, C Apyy for every n, there exists a T < 25 such that A7 = Ary;. Suppose that
A7 does not contain all 25 men; we shall use this to derive a contradiction. Since A7 is not
empty, there must exist two neighbours, whom we shall call z and y, such that z € A7 and
y & Ar. Since z € Az, he will respond the same way on the T* and (T + 1)* votes. But
y & A7, so y’s response on the T vote differs from z’s response. In fact, we know that Yy
disagrees with both of his neighbours on the T vote, and so he will change his response
on the (T + 1)** vote. Therefore, on the (T + 1)** vote, y responds the same way as does
z. This implies that y € Ary;. But y € Ar, which contradicts the fact that A7 = Arg,.
Therefore we conclude that At contains all 25 men, and we are done.

QUESTION 4

There are three cases to be considered:

Case 1: If P is outside Q (see figures I, II, and III), then since ZAUB = ZAV B = /2, we
have

PU_PV _ [PU PV _ -

0s(LAPB) = 55 =57 =\/34 7B

P P

Figure [ Figure I Figure III

1994 Canadian Mathematical Olympiad
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Case 2: If P is on Q (see figure IV), then

P=U=V=PU=PV=0=s=t=0.

Since ZAPB = /2, cos (LAPB) = 0 = /st holds again.

.\
) ‘I\
Figure IV Figure V

Case 3: If P is inside © (figure V), then

cos{LAPB) = cos(m — LAPV) = — cos(LAPV) = _i_Z’

and
PU
cos(£APB) = cos(mr — LBPU) = — cos(£LBPU) = -55

Therefore cos(ZAPB)} = —, !% . % = —+/st.

1994 Canadian Mathematical Olympiad
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QUESTION 5

oo dus e it prashicn” bk brad)

From A draw a Ikine £ parallel to BC. Extend DF and DE to meet £at P and @ respectively
(See Figure I). Then from similar triangles, we have

Solution 1.

AP AF AQ AFE

Bp FBY®CD T EC
or

A
= F-BDandAQ—%g CD. (1)

By Ceva’s Theorem, #5 - $¢ * ‘E"‘A‘ = 1 and thus

AF AE
=5 BD =55 CD @)

From (1) and (2) we get AP = AQ and hence AADP =~ AADQ from which ZEDH =
ZFDH follows.

Solution 2.

Use cartesian coordinates, with D at (0,0), 4 = (0,a), B = (=4,0), C = (c,0). Let
H =(0,h), E = (u,v) and F = (~r,s) where a,b, ¢, h,u,v,7,5 are all positive (See Figure
).

1994 Canadian Mathematical Olympiad
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It clearly suffices to show that I = 2. Since EC and AC have the same slope, we have

- = £ Similarly, since EB and H B have the same slope, HL_H, = % Thus
v u—¢ —u
Tt @

and
v u+b w
- = =—=+41 2
e

(2)-(1) we get 1}(% — 1y u(% + %) and thus

a

+

1 _ah(b+c)
L™ be(a~h)

1
b
1
A

v
U
With «,v,b and ¢ replaced by —7, s, —c and —b respectively, we have, by a similar argument

that

s _ah(~c~b) s ah(b+c)

—r  be(a—h) r be(a—h)

Therefore, = = 2 as desired.

E= w9

B=(-5,0) D €= {c0)
Figure 11

1994 Canadian Mathematical Olympiad
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PROBLEM 1
Let f(z) = 9213. Evaluate the sum
1 2 3 1995
f(1996)+f(1996) +f(1996) T +f(1996)
PROBLEM 2

Let a, b, and ¢ be positive real numbers. Prove that

a®b’cC > (abe) R

PROBLEM 3

Define a boomerang as a quadrilateral whose op-
posite sides do not intersect and one of whose in-
ternal angles is greater than 180 degrees. (See
Figure displayed.) Let C' be a convex polygon
having 5 sides. Suppose that the interior region of
C is the union of ¢ quadrilaterals, none of whose
interiors intersect one another. Also suppose that
b of these quadrilaterals are boomerangs. Show
that ¢ > b+ 2.

2

PROBLEM 4

Let n be a fixed positive integer. Show that for only nonnegative integers k, the
diophantine equation
r? + rg + -+ ,ri = y3k+2

has infinitely many solutions in positive integers x; and y.

PROBLEM 5
Suppose that u is a real parameter with 0 < v < 1. Define

0 fo<z<u
2) = 2
flz)= 1— (w/ugr—l— (1—'u,)(1—;L')) ifu<a<l1
and define the sequence {u,} recursively as follows:

up = f(1), and up = f(w,—1) for all n > 1.

Show that there exists a positive ineger k for which u; = 0.

—1-



SOLUTIONS

QUESTION 1

Solution

Note that

91—:: 9 3

from which we get

fl@)+ f(1 -2} = 9r9:3+9,,i3 _.
Therefore,
=S50 () + 7 ()] 1 () o
=311 () + 1 (- )]+ 3)
=997+ 3% - 997%. -
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QUESTION 2

Solution 1.

We prove equivalently that a34%c3 > (abe)****<, Due to complete symmetry
in a, b and ¢, we may assume, without loss of generality, that « > b > c¢. Then
a~-b>0,b—c>0,a—c>0 and $>1,2>1, &> 1. Therefore,

a3ab36{:3c a a—b b b—c @) e—¢
@o=(i) () () e
Solution 2,

If we assign the weights a,b,c to the numbers a,b,c, respectively, then by the
wighted geometric-mean-harmonic-mean inequality followed by the arithmetic-
mean-geometric-mean inequality, we get

2t > a+f+c _atbte Y abe,
atit+ 3

from which a®bbc® > (ou?:vc)ﬂaitc follows immediately.

QUESTION 3

Solution

For convenience, the interior angle in a boomerang which is greater than 180°
will be called a “reflex angle”.

Clearly, there are b reflex angles, each occurring in a different boomerang and
each with the corresponding vertex in the interior of C. Angles around these
vertices add up to 2br. On the other hand, the sum of all the interior angles of
C is (s — 2)r and the sum of the interior angles of all the ¢ quadrilaterals is 2rq.

Therefore, 27 > 2br 4 (s — 2)7 from which g > b+ 332 follows.

1995 Canadian Mathematical Olympiad
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QUESTION 4

Solution 1.

2
Since 1° 4 2° 4 ...+ 2% = (ﬂnz—ﬂl) , we see that when & =0, (z1,z2,---,20;9) =
(1’2,,__,1,1;&%2_“1) is a solution. To see that we can generate infinitely many

solutions in general, set ¢ = 1(“2—"'11 and notice that for all positive integers g, we
have:

(ckq3k+2)3 + (2ckq3k+2)3 +. 4 (nckq3k+2)3
= kP13 L 93 | P

_ 3k 3(3k+2) (n(n + 1))2
— 63k+2q3(3k+2) — (cq3)3k+2_

That is, (21,22, -, 2n;¥) = (5?12, 2c8¢3%42 ... nckg®+2; c4%) is a solution. This
completes the proof.

Solution 2.

For any positive integer ¢, take z; =z, = .-+ = 1, = a¥+1g3%42_ 4 = 2263, Then

n

3 _ 6k+3 k46 _ 2_3v\3k+2 _ _3k+2
Y ad = n.-nfhS. oS = (p2PPEHT = B2
t=1

14 1995 Canadian Mathematical Olympiad
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Solution 3.

If n = 1, take z; = ¢¥**2,y = ¢® as in solution 2. For n > 1, we look for solutions
of the form

Ty =% =2, =nP, y=mnT.

Then

Sl =gt ot = B o 3 L 1= Bk +2)g e Bk+2)g~3p= 1.

i=1

The last equation 1s satisfied if we take

g=3t+2and p=(3k+2)t+ (2k + 1) where ¢

is any nonnegative integer. Thus, infinetely many solutions in positive integers
are given by

3k+2)t4+(2k41
1= Ty = e gy = pEHFDERED) a2

1995 Canadian Mathematical Olympiad
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QUESTION 5

Solution

Note first that u; =1 —u, Sinceforall z € [u,]], t <z and 1 —2z <1 - u we have

1= (Vi + T u- )

=l~uz—{1-u)(1-2)—2Juz(l—u}l-=g)

=u+z - 2uz — 2y/uz(l — u){(1 — z)
<utz—-2ur—-2u{l-z)=2 —u.

Therefore,

flzy=0if0<2< (1)

and

fle)<z—-uvifu<z <1 (2)

From (2) we get up = f(uy) 4y — ¢ =1-2uif wy > v. An easy induction then
yields

Ungr = fltn) Cup~u<l—-(n+ l)uifu; >uforalli=1,2,---,n

Thus for sufficiently large k, we must have u;_, < u and then u; = f(up.1) =0
by (1).

16 1995 Canadian Mathematical Olympiad
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PROBLEM 1

If o, 3,~ are the roots of 2> — 2 — 1 = 0, compute

LA

14a 143 147
l—a 1-8 1-7

PROBLEM 2

Find all real solutions to the following system of equations. Carefully justify your
answer.

422
1+402 7
4y
1+4y2 7
422 .
1422 "
PROBLEM 3
We denote an arbitrary permutation of the integers 1,...,n by a1,...,a,. Let f(n)
be the number of these permutations such that
(i) a1 = 1;

(i) Ja; —ais1| <2, i=1,...,n— 1.
Determine whether £(1996) is divisible by 3.

PROBLEM 4

Let AABC be an isosceles triangle with AB = AC. Suppose that the angle bisector
of /B meets AC' at D and that BC = BD + AD. Determine /A.

PROBLEM 5

Let ry,79,...,75, be a given set of m positive rational numbers such that
Yore 7k = 1. Define the function f by f(n)=n—> ;. [rrn] for each positive
integer n. Determine the minimum and maximum values of f(n). Here [#] denotes
the greatest integer less than or equal to @



CMO 1996
SOLUTIONS

QUESTION 1

Solution .

If fz) =23 —2 1= (z — a)(z — B)(x — ) has roots a, 3,7 standard results about roots of
polynomials give a« + + v =0, a8 + ay + By = —1, and afy = 1.

Then l+a 148 1+ N
_ o v
SR RN R R G SRS [ [

where the numerator simplifies to

N=3—(a+8+7) — (af+ay+ p7y)+ 3aby
=3—(0)—(—1)+3(1)
=T1.

The denominator is f(1) = —1 so the required sum is —7.



QUESTION 2

Solution 1.
2

For any t, 0 < 4t <1 + 412, soogm

than 1.

< 1. Thus z, y and z must be non-negative and less

Observe that if one of x y or z is 0, then x =y = 2 = 0.

If two of the variables are equal, say x = y, then the first equation becomes

42 _

14422
. . . . 1 . . 1
This has the solution x = 0, which gives z =y =2 =0 and = = 3 which gives r =y =2 = 3

Finally, assume that x, y and z are non-zero and distinct. Without loss of generality we may
assume that either 0 < z <y <z<lor0 <z <z <y <1 The two proofs are similar, so we do
only the first case.

42
We will need the fact that f(t) = 152 is increasing on the interval (0, 1).
To prove this, if 0 < s <t < 1 then
44> 482
t)— f(s) = -
f(t) = 1) 1+4t2 14452

R A T

(1 +482)(1 + 412)

> 0.

So0<z<y<z= f(z)=y< f(y) =2z < f(z) =z, a contradiction.
1
Hencezr=y=z=0andx=y=2= 3 are the only real solutions.

Solution 2.

Notice that x,y and z are non-negative. Adding the three equations gives

422 472 49
+ + :
14422 14422 14 4y?

r+y+z=

This can be rearranged to give

o2z —1)?  yRy-1?%  z2(2z-1)% 0
1+ 422 1+ 4y? 14422 7

1
Since each term is non-negative, each term must be 0, and hence each variable is either 0 or 5 The

1
original equations then show that r=y=z=0andx =y =2 = 3 are the only two solutions.



Solution 3.

Notice that x, y, and z are non-negative. Multiply both sides of the inequality

Y
>0
1+4y? —

by (2y — 1)2, and rearrange to obtain

4y2

_ >
14+4y% —

Y

9

and hence that y > z. Similarly, z > z, and = > y. Hence, x = y = z and, as in Solution 1, the
two solutions follow.

Solution 4.

As for solution 1, note that x = y = z = 0 is a solution and any other solution will have each of
xz,y and z positive.

. : : . : . . 1+ 422
The arithmetic-geometric mean inequality (or direct computation) shows that > V1422 =2z

2

4a? 1

Tz +$4 > —. Similarly, y > z
x

1 1
with equality if and only if y = 3 and z > x with equality if and only if z = 3 Addingx >y, y> =z

and hence z > =y, with equality if and only if 1 = 422 — that is, x =

\V)

1
and z > z gives c+y+z > x+y+2z. Thus equality must occur in each inequality, sox =y = z = 3"



QUESTION 3

Solution.
Let a1, a9, ...,a, be a permutation of 1,2,...,n with properties (i) and (ii).

A crucial observation, needed in Case II (b) is the following: If a; and ag11 are consecutive integers
(i.e. agq41 = ap £ 1), then the terms to the right of ar;1 (also to the left of ai) are either all less
than both ag and agy1 or all greater than both ax and ag41.

Since a1 = 1, by (ii) ag is either 2 or 3.

CASE I: Suppose as = 2. Then as,aq,...,ay, is a permutation of 3,4,...,n. Thus as,as,...,an
is a permutation of 2,3,...,n with aa = 2 and property (ii). Clearly there are f(n — 1) such
permutations.

CASE II: Suppose as = 3.

(a) Suppose ag = 2. Then ay,as,...,a, is a permutation of 4,5,...,n with as = 4 and property
(ii). There are f(n — 3) such permutations.

(b) Suppose az > 4. If agy; is the first even number in the permutation then, because of (ii),
ai,ag,...,ar must be 1,3,5,...,2k — 1 (in that order). Then ay; is either 2k or 2k — 2, so
that ax and ag1 are consecutive integers. Applying the crucial observation made above, we
deduce that ag12,...,a, are all either greater than or smaller than a; and ax4q. But 2 must
be to the right of a;y1. Hence agya,...,a, are the even integers less than ap;1. The only
possibility then, is

1,3,5,...,a_1,a,...,6,4,2.
Cases I and II show that
fm)=fn=1)+ f(n—3)+1, n>4. (%)

Calculating the first few values of f(n) directly gives

f(l):L f(2):17 f(3):27 f(4):47 f(5):6'

Calculating a few more f(n)’s using (*) and mod 3 arithmetic, f(1) = 1, f(2) = 1, f(3) =
2, f(4) = 1, f(3) = 0, f(6) = 0, f(T) =2, f(8) =0, f(9) = 1, f(10) = 1, f(11) = 2. Since
f(1) = f(9), f(2) = f(10) and f(3) = f(11) mod 3, (*) shows that f(a) = f(a mod 8), mod 3, a >
1.

Hence f(1996) = f(4) =1 (mod 3) so 3 does not divide f(1996).



QUESTION 4

Solution 1.

Let BE = BD with E on BC, so that AD = EC:

A
D
4x
2X
X 4ax 2X
B C
E
AB AD
B h — = i
y a standard theorem, CB- DO’ so in

AN CED and A CAB we have a common angle and

CE AD AB CA

Ch €D (OB CB’

Thus A CED ~ ACAB, sothat /CDE=/DCFE = £ ABC =2x.
Hence #BDFE = # BED = 4x , whence 9z = 180° so x = 20° .
Thus £A = 180° — 4z = 100° .

Solution 2.
Apply the law of sines to AABD and ABDC to get

AD sinx AD B BC _ sin3z

BD smaz ™ B0 BD  snos

Now massage the resulting trigonometric equation with standard identities to get

sin 2z (sin 4z + sin x) = sin 2z (sin bz + sinx) .

Since 0 < 2x < 90°, we get

5r — 90° = 90° — 4z ,

so that ZA = 100°.



QUESTION 5

Solution.

Let m

= ”Z K — Z rin]
k=1
= i{rk.n— [rin]}.
k=1

Now 0 <z — [z] < 1, and if ¢ is an integer, (c+z) — [c + 2] = x — [z].

Hence 0 < f(n Z 1 =m. Because f(n) is an integer, 0 < f(n) <m — 1.
k=1
To show that f(n) can achieve these bounds for n > 0, we assume that rp, = — * where ay, by are

bk:
integers; ap < by.

Then, if n = biba... by, (rgn) — [rkn] =0, k=1,2,...,m and thus f(n) =
Letting n = b1by...b,, — 1, then

ren = Tk(blbg N bm — 1)
= T‘k{<blbg e by — bk) + by, — 1)}
= integer + 71 (b, — 1).

This gives rin — ] = i (bg — 1) — [re(bg — 1)]
=5 9k (y — 1) — [bk (b — 1)}
= (o 50) [ ]
_ <ak—Z—:) ~(ag—1)
—1- Z—: =17
Hence F(n) = Y0 (1 — ) =m— 1.
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PROBLEM 1

How many pairs of positive integers z,y are there, with # < y, and such that
ged(w,y) = 5! and led(w,y) = 501

NOTE. ged(z,y) denotes the greatest common divisor of z and y, led(z, y) denotes
the least common multiple of # and y, and n!=n x(n —1) x --- x 2 x 1.

PROBLEM 2

The closed interval A = [0,50] is the union of a finite number of closed intervals,
each of length 1. Prove that some of the intervals can be removed so that those
remaining are mutually disjoint and have total length > 25.

Notrk. For a < b, the closed interval [a,b] :== {# € R: a < 2 < b} has length b—q;
disjoint intervals have empty intersection.

PROBLEM 3

Prove that

1 1 3 5 1997<i
2 4 6 1998 =~ 44’

PROBLEM 4
The point O is situated inside the parallelogram ABCD so that

LAOB + /COD = 180°.

Prove that ZOBC = /0DC.

PROBLEM 5
Write the sum
~ (=D*(3)

S |3+ Ok? + 26k + 24

in the form }(;E”;, where p and ¢ are polynomials with integer coefficients.




1997
SOLUTIONS

Problem 1 — Deepee Khosla, Lisgar Collegiate Institute, Ottawa, ON

Let p1, ..., p12 denote, in increasing order, the primes from 7 to 47. Then
51=23%.30.50. 00 50 pl,
and
500 =201 . 392 . 5% . ph . pb2 - phiz,

Note that 2%, 32,52, p1, ..., pi2 all divide 50!, so all its prime powers differ from those of 5!

Since x, y|50!, they are of the form

— n n 15
_ m m mM15
— 2 L. 3 2. . .p12 .

Then max(n;, m;) is the it” prime power in 50!
and min(n;, m;) is the it” prime power in 5!

Since, by the above note, the prime powers for pjo and under differ in 5! and 50!, there are 215
choices for z, only half of which will be less than y. (Since for each choice of z, y is forced and
either z < y or y < .) So the number of pairs is 21%/2 = 214,



Problem 2 — Byung Kuy Chun, Harry Ainlay Composite High School, Edmonton, AB

Look at the first point of each given unit interval. This point uniquely defines the given unit
interval.

Lemma. In any interval [x,z 4 1) there must be at least one of these first points (0 < z < 49).

Proof. Suppose the opposite. The last first point before  must be x — ¢ for some € > 0. The
corresponding unit interval ends at x —e +1 < x4+ 1. However, the next given unit interval cannot
begin until at least x + 1.

This implies that points (z —e + 1, x 4+ 1) are not in set A, a contradiction.
.. There must be a first point in [z, = + 1). O

Note that for two first points in intervals [z, z + 1) and [x 4 2, x + 3) respectively, the corresponding
unit intervals are disjoint since the intervals are in the range [z, z+2) and [z +2, z+4) respectively.

.. We can choose a given unit interval that begins in each of
[0,1)[2,3)...[2k, 2k + 1)...[48,49).

Since there are 25 of these intervals, we can find 25 points which correspond to 25 disjoint unit
intervals.

Problem 2 — Colin Percival, Burnaby Central Secondary School, Burnaby, BC

I prove the more general result, that if [0,2n] = U A;, |A;| = 1, A; are intervals then Ja .. . ay, such
i

that A, N Ag, = 0.

Let 0 < e <

2
. and let b; = (i —1)(24¢),i =1...n. Then

min{b} = 0, max{bi} = (n— 1)(2+ &) < (n— 1) <2+ 2 1) :(n—l)( 2n ):2n.

n —

So all the b; are in [0, 2n].
Let a; be such that b; € A,,. Since U A; = [0,2n], this is possible.

Then since (b — b;) = (i — j)(2+¢€) > 2+ ¢ > 2, and the A; are intervals of length 1, min 4,, —
max Ag; >2—-1-1=0,s0 AaiﬂAaj = 0.

Substituting n = 25, we get the required result. Q.E.D.



Problem 3 — Mihaela Enachescu, Dawson College, Montréal, PQ

1 3 1997 1 3 3
Let P=—--—-....-.—— . Then = 2 4
et 5 1 1998 en 5 > because < 3, > because 4 < 5, .
1997 1997
— > —— 1 1
1998 > 1999 because 1998 < 1999 .
So
ps L3 197 1 (1)
3 5 1999 1999
1 3 4
Also—< because 1-3 < 2-2, — < - because 3-5<4-4,...
2 3 4 5
1997 1998
—— < —bp 1997 - 1999 = 19982 — 1 < 19982,
1998 = 1999 ~CeAse
2 4 1998 2 4 6 1998 1
SoOP< - - ..i—=|=r=-—- e —— | —— .
3 5 1999 1 3 5 1997/ 1999
1
P
1 1 1 1
H PP — <« _— = P<— . 2
ence P < 7999 < 1036 ~ 2z M U< (2)
. 1 1
Then (1) and (2) give 1999 <P< vl (q.e.d.)

Problem 4 — Joel Kamnitzer, Earl Haig Secondary School, North York, ON
o

D Cc

Consider a translation which maps D to A. It will map 0 — 0’ with OO’ = DA, and C will be
mapped to B because CB = DA.

This translation keeps angles invariant, so ZAO'B = #DOC = 180° — ZAOB.
. AOBQ' is a cyclic quadrilateral.

.. Z0DC = LO'AB = 20'OB

but, since O'O is parallel to BC,

£0'0B £Z0BC
.. Z0DC = ZOBC.



Problem 4 — Adrian Chan, Upper Canada College, Toronto, ON

B

Let ZAOB =0 and ZBOC = a. Then ZCOD = 180° — 6 and ZAOD = 180° — a.
Since AB = CD (parallelogram) and sinf = sin(180° — ), the sine law on AOCD and AOAB

gives

sin ZCDO  sin(180° — @)  sinf  sin ZABO

oC CD 4B 0A
* OA _ sin ZABO "
OC  sinZCDO’

Similarily, the sine law on AOBC and AOAD gives

sinZCBO  sina  sin(180° —a)  sin ZADO
ocC  BC AD - 0A

> 0A  sinZADO )
OC  sinZCBO’

Equations (1) and (2) show that sin ZABO - sin ZCBO = sin ZADO - sin ZC DO hence

% [cos(LABO+ £ZCBO)—cos(£LABO— £ZCBO)] = % [cos(LADO+ £CDO) —cos(£LADO — 2CDO)).

Since ZADC = £ABC(parallelogram) and ZADO + 2CDO = ZADC and ZABO + ZCBO =
/ABC it follows that cos(ZABO — Z/C'BO) = cos(LADO — ZCDO).

There are two cases to consider.

Case (i): ZABO — 2CBO = £ZADO — 2CDO.

Since ZABO 4+ /CBO = Z/ADO + #/CDQO, subtracting gives 2 /CBO =2 /CDO so ZCBO =
/CDO, and we are done.

Case (ii): ZABO — 2CBO = £CDO — £ZADO.

Since we know that ZABO + Z/CBO = Z£CDO + £ZADQO, adding gives 2 ZABO = 2 ZCDO so
/ABO = /CDO and /CBO = Z/ADO.

Substituting this into (1), it follows that OA = OC.

Also, /ZADO + /ABO = 2/CBO + Z/ABO = Z/ABC.

Now, ZABC = 180° — ZBAD since ABCD is a parallelogram.

Hence /BAD + ZADO + ZABO = 180° so ZDOB = 180° and D, O, B are collinear.

We now have the diagram



A B

180-6
D C

Then £ZCOD + £BOC = 180°, so ZBOC =6 = LAOB.

AAOB is congruent to ACOB (SAS, OB is common, ZAOB = Z/COB and AO = CO), so
ZABO = £ZCBQO. Since also ZABO = ZC DO we conclude that ZCBO = ZCDO.

Since it is true in both cases, then ZCBO = £2CDO.
Q.E.D.



Problem 5 — Sabin Cautis, Earl Haig Secondary School, North York, ON

We first note that

k3 + 9k + 26k + 24 = (k + 2)(k + 3)(k + 4).

Let S(n) = Z

k2 4 9k2 + 26k + 24 °

k=0
Then
_ ¥ (=1)*n!
S(n) = k;k' — )k +2)(k+3)(k+4)
R 1)*(n +4)! k+1
N %( (k+4)(n— ) <(n—|—1)(n—|—2)(n+3)(n—|—4))'
Let

T(n) = (n+1)(n+2)(n+3)(n+4)Sn) =3 ((—1)'c ( Zij > (k + 1)) .

Now, for n > 1,

since

Also




Substituting j =i — 1, (*) shows that

n n—1
o ()i (") -o
=0

=0

Hence

T(n) = Z(—1)k<211‘>(k+1)
k=0

= Z(—l)’f“('ﬁjj)(ﬂb

k=0

= znj (—1)’“+4<Zij ) (k4+1) - (—3+2(n—|—4)—<

k=—4
Substituting j =k + 4,

n+4

- i(—l)j ( ”;74>(j—3)— <2n+8—3—
7=0
n+4 n+4

= Z(—l)f‘(”j‘*)j—i(—lw(”j‘*
j=0 §=0

The first two terms are zero because of results (*) and (**) so

Then

T(n)
m+1)(n+2)(n+3)(n+4)
n? + 3n + 2
2(n+1)(n+2)(n+3)(n+4)

(n+1)(n+2)
2(n+1)(n+2)(n+3)(n+4)
2

1
(n+3)(n+4)

L L

k3 4+ 9k2 4+ 26k +24  2(n+3)(n+4)

k=0

(n+4)(n+3)

1
)—2(4n+10—n2—7n—12)



THE 1998 CANADIAN MATHEMATICAL
OLYMPIAD

. Determine the number of real solutions a to the equation

][] [«

Here, if 2 is a real number, then [z ] denotes the greatest integer that is less than or
equal to x.

. Find all real numbers z such that

. Let n be a natural number such that n > 2. Show that
1 1+ L + + L > L(! + L + + L
n+1 3 2n — 1 n\2 4 on )

. Let ABC be a triangle with ZBAC' = 40° and LZABC = 60°. Let D and E be
the points lying on the sides AC' and AB, respectively, such that ZCBD = 40° and
/ZBCE =70°. Let F be the point of intersection of the lines BD and C'E. Show that
the line AF' is perpendicular to the line BC.

. Let m be a positive integer. Define the sequence ag,ai,as,... by ag = 0, a3 = m,
and a,,; = m?a, — a,_; for n = 1,2,3,... . Prove that an ordered pair (a,b) of
non-negative integers, with a < b, gives a solution to the equation

a? + b? 9
=m
ab+ 1

if and only if (a,b) is of the form (ay, a,+1) for some n > 0.



1998
SOLUTIONS

The solutions to the problems of the 1998 CMO presented below are taken from students papers.
Some minor editing has been done - unnecesary steps have been eliminated and some wording has
been changed to make the proofs clearer. But for the most part, the proofs are as submitted.

Solution to Problem 1 — David Arthur, Upper Canada College, Toronto, ON

Let a = 30k + r, where k is an integer and r is a real number between 0 and 29 inclusive.

1 1 T . 1 r 1 T
Then {2 a] = {2 (30k +r)} = 15k + {2] Similarly [3 a} = 10k + [3} and [5 a] = 6k + {5}

Now, B a} + E a] + E a} — g, %0 (15l<:+ ED + <10k+ ED + <6k+ E]) — 30k + r and
ot~}

Clearly, r has to be an integer, or r — E] — {5] — E] will not be an integer, and therefore, cannot

equal k.

On the other hand, if r is an integer, then r — [%} — [g} — [g} will also be an integer, giving

exactly one solution for k.

For each (0 < r < 29), a = 30k + r will have a different remainder mod 30, so no two different
values of r give the same result for a.

Since there are 30 possible values for r(0,1,2,...,29), there are then 30 solutions for a.



Solution to Problem 2 — Jimmy Chui, Earl Haig S.S., North York, ON

1 1/2 1 1/2 1 1/2 1 1/2
Since(x——) 20and<1——> 20,then0§<x——) —|—(1——> =x.
T T x x

1
Note that x # 0. Else, — would not be defined so x > 0.
x

Squaring both sides gives,

= ) (D)) )

1
22 = :U+1——+2\/ac—1—— —-
T x
Multiplying both sides by x and rearranging, we get
P2 —r+2 = 2Vad—a22—gx+1

(2 —2?—z+1)—2Vad —22 —z 4141 = 0

(Va3 —a22—2+1-12% = 0

Vad—a22 —z+1 = 1

33‘3—1‘2—$+1 =1

z(2z?—xz—1) = 0

2—r—1 =

[an)

since x # 0.

14+
Thus z = 2\/5 . We must check to see if these are indeed solutions.
1 5 1—-+5
Let a = +2\/_, 0= 2\/_. Note that « + 6 =1, af=—-1and o >0 > 3.

Since # < 0, (8 is not a solution.

Now, if £ = «, then

/ /
(a—§>12+(1—$)12 = (@+8)V2+(1+5) (since af — —1)
= 1172 4 (52)1/2 (since a + 3 =1and 2 =3+ 1)
=1-p (since B < 0)
= « (since a+ 3 =1).

So x = « is the unique solution to the equation.



Solution 1 to Problem 3 — Chen He, Columbia International Collegiate, Hamilton, ON

ISR !
i m—-1 2 2 3 5 on—1
Since
1>1 1>1 1 1
374 576’ "m—1" 2n’
(1) gives
14 -+ + 1 >1 1+1+1+ +1—1+( +1+1+ + )
U o2n—1 2 2 4 6 2n 2 2 4 6 " 2n /)’
Since
1>1 1>1 1>1 1>1
2747 2767 27 87 27 2n
then
n—1—|—1+1+ +1>1+1+1+ +1
2 2 2 2 772724 6 7 2n
n
S0
1>1<1+1+1+ +1)
2" n\2 4 6 on /)’
Then (1), (2) and (3) show
1_'_1_*_ n 1 1(1 1 1+ +1 +<1+1+1 +1>
37 2am—1 n\2 4 6 ~ 2n 2 4 6 )
= (1+1)(1+1+ +1>
N n)\2 4 7 2n
n+1/1 1 1
— (fz* *%)
1 1 1 1 /1 1
Therefore 1+=-+...+ >>—<—+——i— —i——)forallneNandnzZ
+1 3 2n —1 n\2 4

(1)



Solution 2 to Problem 3 — Yin Lei, Vincent Massey S.S., Windsor, ON

Since n > 2, n(n+ 1) > 0. Therefore the given inequality is equivalent to

>2(n+1)<%+%+...+%).

1
14+=+4+...
n(—|—3+ +2n—1

We shall use mathematical induction to prove this.

1 1 4 1/1 1 3
F =2 ously = (1+ 2 )=->2(Z2+2) =2,
or n ,obv1ousy3<+3) 9>2(2+4> 3
Suppose that the inequality stands for n = k, i.e.
1 1 1 1 1
1+=-+4... Dil=4+=+...4=—). 1
l<:<+3+ +2k_1>>(k+)(2+4+ +2k> (1)

Now we have to prove it for n = k + 1.

We know
(1+1+ + ! > (1+1+ +1>
3 2k —1 2 4 2k
B O DA O (S
B 2 3 4 5 6) 7 \2k—-1 2k
- + : + : +...+ :
C1x2 3x4 5x6 T (2k—1)(2k)
Since
1x2<3x4<5x6<...<(2k—1)(2k) < (2k+1)(2k+2)
then
1 N 1 P 1 . k
1x2 3x4 7 (2k—1)(2k) T (2k+1)(2k+2)
hence
1+1+ + ! >1+1+ +i+ i (2)
37 T 2k—172 4 7772 (2k+1)(2k+2)
Also
k+1  k+2 2K 42k +2k+2-2k" —4k—-k—-2 k
%+1 2k+2 (2k 4+ 1)(2k + 2) 2+ 1)(2k+2)
therefore
k+1 k+2 k

2%+1 2k+2 (2k+1)(2k+2)



Adding 1, 2 and 3:

k(1+—+ - +(1+1+ b >+k+1
3 2k — 1 37 T 2%k —1) T 2%k +1
>(k:+1)<1+—+ +i)+(1+1+ +i>+ i LA i
2 74 T2k 24T 2%k) T @k 1)(2k+2) 2k +2  (2k+1)(2k+2)

Rearrange both sides to get

1 1 1 1 1
(k+1) <1+§+...+2k+1> >(k+2) <§+Z+...+2k+2>.

Proving the induction.



Solution 1 to Problem 4 — Keon Choi, A.Y. Jackson S.S., North York, ON

Suppose H is the foot of the perpendicular line from A to BC'; construct equilateral AABG, with
C on BG. 1 will prove that if F' is the point where AH meets BD, then /FCB = 70°. (Because
that means AH, and the given lines BD and C'E meet at one point and that proves the question.)
Suppose BD extended meets AG at 1.

B H C G

Now BF = GF and /FBG = /FGB = 40° so that /IGF = 20°. Also /IFG = /FBG+/FGB =
80°, so that

(FIG = 180°—-/IFG - /IGF
= 180° —80° — 20°
= 80°.
Therefore AGIF' is an isoceles triangle, so
GI = GF = BF. (1)

But ABGI and AABC are congruent, since BG = AB, /GBI =/BAC, /BGI=/ABC.

Therefore

GI = BC. (2)

From (1) and (2) we get

BC = BF.

So in ABCF,

180° — /FBC  180° — 40°

/BCF =
2 2

=70°.

Thus /FCB = 70° and that proves that the given lines CE and BD and the perpendicular line
AH meet at one point.



Solution 2 to Problem 4 — Adrian Birka, Lakeshore Catholic H.S., Port Colborne, ON

First we prove the following lemma:

In AABC, AA', BB', CC’ intersect if-f

sinay sinf; siny

sinag  sinfy  sin-ys

where a1, a2, 81, 82,71, 72 are as shown in the diagram just below.

(Editor: This is a known variant of Ceva’s Theorem.)

A b, B b, C

Proof: Let /BB'C = x, then /BB'A = 180° — x. Using the sine law in ABB'C yields

bg a

sinfBy sinz
Similarly using the sine law in ABB’A yields

by c c

sinf;  sin(180° —z)  sinz

Hence,

csin (q

b1 :by =

asin 3y

(from (1),(2)). (Editor: Do you recognize this when 3; = (327)

Similarly,

al . ag =

bsin o asiny;
= - , CliC=T—(——— .
csin oy bsin o

(4)

By Ceva’s theorem, the necessary and sufficient condition for AA’, BB’, CC’ to intersect is:

(a1 :a2) - (b1 :b2) - (c1: c2) = 1. Using (3), (4) on this yields:

b sina; a siny; ¢ sinf;

c sinap b sinys a sinfs

7



SO

sinay sinf; siny

=1. )
sinag  sinfy  sin-ys (5)

This is just what we needed to show, therefore the lemma is proved.
Now, in our original question, give /BAC = 40°, /ABC = 60°. It follows that /ACB = 80°.

Since /CBD = 40°, /ABD = /ABC — /DBC = 20°. Similarly, /ECA = 20°.
B

A D C

Now let us show that /F'AD = 10°. Suppose otherwise. Let F’ be such that F, F’ are in the same
side of AC and /DAF’ =10°. Then /BAF' = /BAC — /DAF' = 30°.

Thus

sin/ABD sin/BCE sin /CAF’ ~ sin 20° sin70° sin10°
sin/DBC sin/ECA sin/F'AB  sind40° sin10° sin30°
B sin 20° cos 20°
~ 28in20°cos20°  sin 30°
1
~ 2sin30°

By the lemma above, AF’ passes through CENBD = F. Therefore AF' = AF, and /FAD = 10°,
contrary to assumption. Thus /FAD must be 10°. Now let AF N BC = K. Since /KAC =
10°, /KCA = 80°, it follows that /AKC = 90°. Therefore AK | BC = AF 1 BC as needed.



Solution to Problem 5 — Adrian Chan, Upper Canada College, Toronto, ON

2 2
Qap, + an—i—l

—n_ ntl — 2 forall n>0.
an'an+1+1

Let us first prove by induction that

Proof:
ag+al  04m*
ag-a1+1_ 0+1

Base Case (n =0) :

Now, let us assume that it is true for n = k, k > 0. Then,

24 2
UG ¥ Goyr 2
ay - ap+1 +1
a%—kaiﬂ = m2-ak‘ak+1+m2

2 4 2 2
m”+m-ajp g —m” - ag - Gyl

2 4 2 2 2
Uy +miag g —2m” - ag - apgr + ag

ajiyy + (mPaggs — ag)’ m? + mPap1(maps1 — ax)

2 2 2, 2
Ajt1 T Ay = M°+ M- Q1 - Qkt2 -

2 2
a +a

go k1 ka = m2
Af41 * Ak4-2

2 b2

=m? for all n > 0.

proving the induction. Hence (ay, an+1) is a solution to
a

a? + b?

Now, consider the equation = m? and suppose (a,b) = (z,y) is a solution with 0 < z < y.

Then

ab +

z® +y° 2
=m”-.
zy+1

(1)
If z = 0 then it is easily seen that y = m, so (z,y) = (ag,a1). Since we are given x > 0, suppose
now that = > 0.

Let us show that y < m?x.

Proof by contradiction: Assume that y > m?z. Then y = m?z + k where k > 1.

Substituting into (1) we get

2?2 + (m2x + k)? 9
= m
(x)(m2z 4+ k)+1
22+ m*2? +2mPak + K2 = m*2? + mPkx +m?

(2% 4+ k?) + m*(kz —1) = 0.

Now, m?(kx — 1) > 0 since kx > 1 and 22 + k? > 22 +1 > 1 so (2? + k?) + m?(kz — 1) # 0.

Thus we have a contradiction, so y < m?z if = > 0.



2

Now substitute y = m?z — x1, where 0 < z1 < m?z, into (1).

We have
22 4+ (m?r — 11)? _ 2
r(m?2r —x1)+1
x2 + m4x2 — 2m2x -x1 + a:% = m4a:2 — m2:(: - T+ m2
42t = miz-ox+1)
2 2
ZER o2 2)
r-r1+1

If 21 = 0, then 22 = m?. Hence z = m and (z1,z) = (0,m) = (ag,a1). But y = m?z — 21 = as, so
(z,y) = (a1, az2). Thus suppose z; > 0.

Let us now show that x1 < x.

Proof by contradiction: Assume x1 > x.

, z? +y? :
Then m?x — y >  since y = m?x — x1, and T —y > x since
zy + 1
2 4 p2
. . a”+b 9
x,1y) is a solution to =
(@,9) ab+1

So #3 + 2y? > 2%y + xy?® + 2 + y, hence 23 > 2%y + 2 + y which is a contradiction since y > x > 0.

2

With the same proof that y < m2x, we have x < m?x;. So the substitution x = m?z; — zo with

r9 > 0 is valid.
. 5 . . x
Substituting = m“x; — x2 into (2) gives ———— =m

2 2
xi + T
If 29 # 0, then we continue with the substitution z; = m2 S Ml

ip1 —Tit2 (7) until we get

Tj - Tjt1 +1
and zj41 = 0. (The sequence z; is decreasing, nonnegative and integer.)

So, if ;41 = 0, then m? =m?

so x; =m and (z;41,2;) = (0,m) = (ag, a1).
Then (z;,7;-1) = (a1,as) since xj_1 = m?x; — xj41 (from (¥)).

Continuing, we have (z1,2) = (an—1,a,) for some n. Then (z,y) = (an, ant1).
2
a

ol m? has solutions (a, b) if and only if (a,b) = (an, @y, 1) for some n.
a

Hence

10



GRADERS’ REPORT

Each question was worth a maximum of 7 marks. Every solution on every paper was graded by two
different markers. If the two marks differed by more than one point, the solution was reconsidered
until the difference resolved. If the two marks differed by one point, the average was used in
computing the total score.

The various grades assigned each solution are displayed below, as a percentage.

MARKS  #1 #2 #3 #4 #5

76 9.8 40.2 31.0 739
141 277 71 277 9.2
109 16.8 16.8 21.7 12.0

6.5 163 38 16 1.1

33 22 16 22 0.5

6.0 141 43 38 0.0
163 60 71 22 1.1
363 71 19.0 98 22

N O UL W N~ O

PROBLEM 1

This question was well done. 47 students received 6 or 7 and only 6 students received no marks.
Many students came up with a proof similar to David Arthur’s proof. Another common approach
was to find bounds for a (either 0 < a < 60 or 0 < a < 90) and to then check which of these a
satisfy the equation.

PROBLEM 2

Although most students attempted this problem, there were only 6 perfect solutions. A further 6
solutions earned a mark of 6/7 and 13 solutions earned a mark of 5/7.

The most common approach was to square both sides of the equation, rearrange the terms to isolate
the radical, and to then square both sides again. This resulted in the polynomial 6 — 225 — 2% +
223 + 22 = 0. Many students were unable to factor this polynomial, and so earned only 2 or 3
points.

1++5 1—5
— v oad —5

The polynomial has three distinct roots: 0, . Most students recognized that

0 is extraneous. One point was deducted for not finding that is extraneous, and a further

1
point was deducted for not checking that is a solution. (It’s not obvious that the equation

has any solutions.) Failing to check for extraneous roots is considered to be a major error. The
graders should, perhaps, have deducted more points for this mistake.

The solution included here avoids the 6th degree polynomial, thus avoiding the difficult factoring.

11



However, the solutions must still be checked.

PROBLEM 3

There were 17 perfect solutions and eleven more contestants earned either 5 or 6 points.

1 1 1
The most elegant solution uses two simple observations: that 1 = 3 + 3 and that 3 is greater than

1 1
the average of =, =, ..., — . A telescope argument also works, adding the first and last terms

n
from each side, and so on. The key to a successful proof by induction is to be careful with algebra
and to avoid the temptation to use inequalities. For example, many students used the induction
hypothesis to deduce that

1 <1+1+ R >> ntl <1+1+ +1)+ L
n+2 3 2n+1 (n+2)n 2 7 2n (n+2)(2n+1)

1 1
then used nt > , which is too sloppy for a successful induction proof.
(n+2)n " n+1

PROBLEM 4

Many contestants attempted this question, though few got beyond labeling the most apparent
angles. Nine students successfully completed the problem, while another six made a significant
attempt.

Most of these efforts employed trigonometry or coordinates to set up a trigonometric equation for
an unknown angle. This yields to an assault by identities. Adrian Birka produced a very clean
solution of this nature.

Only Keon Choi managed to complete a (very pretty) synthetic solution. One other contestant
made significant progress with the same idea.

PROBLEM 5

Many students were successful in finding the expression for the terms of the sequence {a,} by a
variety of methods: producing an explicit formula, by means of a generating function and as a
sum of binomial coefficients involving parameter m. Unfortunately this does not help solving the
problem. Nevertheless seventeen contestants were able to prove by induction that the terms of the
sequence satisfy the required relation.

To prove the ”only if” part one should employ the method of descent which technically is the same
calculation as in the direct part of the problem. Three students succeeded in this, but only two
obtained a complete solution by showing that the sequence constructed by descent is decreasing
and must have m and 0 as the last two terms.

12



THE 1999 CANADIAN MATHEMATICAL
OLYMPIAD

. Find all real solutions to the equation 4x? — 40[x] + 51 = 0.

Here, if x is a real number, then [x]| denotes the greatest integer that is less than
or equal to z.

. Let ABC be an equilateral triangle of altitude 1. A circle with radius 1 and
center on the same side of AB as C rolls along the segment AB. Prove that
the arc of the circle that is inside the triangle always has the same length.

. Determine all positive integers n with the property that n = (d(n))?. Here d(n)
denotes the number of positive divisors of n.

. Suppose ay,as,...,ag are eight distinct integers from {1,2,...,16,17}. Show
that there is an integer k > 0 such that the equation a; — a; = k has at least
three different solutions. Also, find a specific set of 7 distinct integers from
{1,2,...,16, 17} such that the equation a; —a; = k does not have three distinct
solutions for any k& > 0.

. Let z, y, and z be non-negative real numbers satisfying = + y + z = 1. Show
that

4

2 2 2
< —
a:y—l—yz—l—z:z:_27,

and find when equality occurs.



1999
SOLUTIONS

Most of the solutions to the problems of the 1999 CMO presented below are taken from students’
papers. Some minor editing has been done - unnecessary steps have been eliminated and some
wording has been changed to make the proofs clearer. But for the most part, the proofs are as
submitted.

Solution to Problem 1 — Adrian Chan, Upper Canada College, Toronto, ON

Rearranging the equation we get 422 + 51 = 40[x]. It is known that z > [x] >z — 1, so

42% + 51 = 40[z] > 40(z —1)
40 — 402+ 91 > 0
(22 —13)(22 —7) > 0
Hence z > 13/2 or x < 7/2. Also,
42® +51 =40[x] < 40z
42 — 40z +51 < 0
(22 —17)(22—3) < 0
Hence 3/2 <z < 17/2. Combining these inequalities gives 3/2 <z < 7/2 or 13/2 <z < 17/2.
CASE 1: 3/2 <z < 7/2.
For this case, the possible values for [z] are 1, 2 and 3.
If [z] = 1 then 422 + 51 = 40 - 1 so 422 = —11, which has no real solutions.

If[a:]:2then4x2+51:40-2504$2:29andx:@. Noticethat@ < @< Y36 g
2<z<3and [z] =2.

If [z] = 3 then 422 + 51 = 40 - 3 and = = v/69/2. But @ > @ = 4. So, this solution is rejected.
CASE 2: 13/2 < z < 17/2.
For this case, the possible values for [z] are 6, 7 and 8.

If [z] = 6 then 422 + 51 = 40 - 6 so x = Y232, Notice that ¥4 < Y189 < V96 5 6 < < 7 and
[x] = 6.

If[:z:]:7then4w2+51:40~7s0x:@. Noticethat\/gﬁ<\/3%<\/%ﬁso7<x<8and
[x] = 7.

If [z] = 8 then 42% + 51 = 40 -8 so z = Y29, Noticethat@<¢%@<@s08<x<9and
[x] = 8.

H

v29 V189 /229 /269

The soluti =
e solutions are x 5 ' 5 5 >

(Editor: Adrian then checks these four solutions.)



Solution 1 to Problem 2 — Keon Choi, A.Y. Jackson S.S., North York, ON

Let D and E be the intersections of BC and extended E
AC respectively with the circle.

Since CO||AB (because both the altitude and the ra-

dius are 1) /ZBCO = 60° and therefore /ZECO = c/0

180° — LZACB — /BC0 = 60°.

Since a circle is always symmetric in its diameter and

line C'E is reflection of line C'B in CO, line segment

CF is reflection of line segment C'B. D
Therefore CE = CD. A B

Therefore ACED is an isosceles.
Therefore /CED = /CDE and /CED + /CDE = /ACB = 60°.

LCED = 30° regardless of the position of centre 0. Since ZC'ED is also the angle subtended from
the arc inside the triangle, if CED is constant, the arc length is also constant.

Editor’s Note: This proof has had no editing.



Solution 2 to Problem 2 — Jimmy Chui, Earl Haig S.S., North York, ON

Place C at the origin, point A at (%,1) and y

point B at (—%, 1). Then AABC is equilateral B A
with altitude of length 1. A’

Let O be the center of the circle. Because the

circle has radius 1, and since it touches line AB,

the locus of O is on the line through C' parallel to
. . . X °

AB (since C’ is length 1 away from AB), i.e., the C 0O(a0)

locus of O is on the z-axis.

Let point O be at (a,0). Then —% <a< % since we have the restriction that the circle rolls
along AB.

Now, let A’ and B’ be the intersection of the circle with C A and C B respectively. The equation
of CAisy=+v32z, 0<z < \/ig,ofCBisy:—\/gx, —\/%): < x < 0, and of the circle is
(x —a)?+y?=1.

a+v4— 3a?
—
Visually, we can see that solutions represent the intersection of AC extended and the circle, but

we are only concerned with the greater z-value — this is the solution that is on AC, not on AC
extended. Therefore

We solve for A’ by substituting y = v/3 z into (z — a)? + 3% =1 to get = =

a+v4 — 3a? _ 3 a+ v4 — 3a?
y= 4 .

Likewise we solve for B’, but we take the lesser z-value to get

rT= ",

a— V4 — 3a? a+ vV4 — 3a?
; y=-V3|—5—|

Let us find the length of A’B’:

2 2
B - <a+\/i—3a2_a—\/i—3a2> +<<\/§a+\/j—3a2>_<_\/—a—\/4—3a2>>
4 — 3a? 2

a
= 3
4 * 4

= 1

which is independent of a.
Consider the points 0, A’ and B’. A0A’B’ is an equilateral triangle (because A'B’ = 0A’ = 0B’ = 1).

Therefore /A'0B" = § and arc A'B’ = %, a constant.



Solution to Problem 3 — Masoud Kamgarpour, Carson S.S., North Vancouver, BC

Note that n = 1 is a solution. For n > 1 write n in the form n = P! Py2...P%™ where the P;’s,
1 <4 < m, are distinct prime numbers and «; > 0. Since d(n) is an integer, n is a perfect square,
so a; = 20; for integers §; > 0.

Using the formula for the number of divisors of n,

d(n) = (2601 +1)(28: +1) ... (2B +1)

which is an odd number. Now because d(n) is odd, (d(n))? is odd, therefore n is odd as well, so
P >3,1<i<m. We get

P PS? L PO = (g + 1)(ag + 1) ... (am + 1)]?
or using «; = 20;
PP PR PO — (28, +1)(2082+ 1) ... (2Bm + 1).
Now we prove a lemma:
Lemma: P! > 2t + 1 for positive integers t and P > 3, with equality only when P=3 and t=1.

Proof: We use mathematical induction on ¢. The statement is true for ¢ = 1 because P > 3. Now
suppose P¥ > 2k + 1,k > 1; then we have

PPt pP>PF1I4+2)>Pr 2> (2k+1)+2=2(k+1)+1

Thus P! > 2t + 1 and equality occurs only when P =3 and t = 1.

Let’s say n has a prime factor P > 3; then (by the lemma) Pkﬁk > 23, +1 and we have P, ... PP >
(261 +1)...(26m + 1), a contradiction.

Therefore, the only prime factor of n is P = 3 and we have 3% = 2a 4+ 1. By the lemma o = 1.

The only positive integer solutions are 1 and 9.

Solution 1 to Problem 4 — David Nicholson, Fenelon Falls S.S., Fenelon Falls, ON

Without loss of generality let a1 < as < as... < asg.

Assume that there is no such integer k. Let’s just look at the seven differences d; = a;+1 —a;. Then
amongst the d; there can be at most two 1s, two 2s, and two 3s, which totals to 12.

Now 16 =17—1>ag — a1 =dy +ds + ... + d7 so the seven differences must be 1,1,2,2,3,3,4.

Now let’s think of arranging the differences 1,1,2,2,3,3,4. Note that the sum of consecutive differ-
ences is another difference. (Eg di +da = a3 — a1, di +da +ds = aq — ay)

We can’t place the two 1s side by side because that will give us another difference of 2. The 1s
can’t be beside a 2 because then we have three 3s. They can’t both be beside a 3 because then we
have three 4s! So we must have either 1,4, —, — — 3,1 or 1,4,1,3, —, —, — (or their reflections).

In either case we have a 3,1 giving a difference of 4 so we can’t put the 2s beside each other. Also we
can’t have 2,3,2 because then (with the 1,4) we will have three 5s. So all cases give a contradiction.

Therefore there will always be three differences equal.

A set of seven numbers satisfying the criteria are {1,2,4,7,11,16,17}. (Editor: There are many
such sets)



Solution 2 to Problem 4 — The CMO committee

Consider all the consecutive differences (ie, d; above) as well as the differences b; = a;+2 — a;, i =
1...6. Then the sum of these thirteen differences is 2-(ag—ay)+(a7—a2) < 2(17—1)+(16—2) = 46.
Now if no difference occurs more than twice, the smallest the sum of the thirteen differences can
beis2-(1+24+3+4+5+6)+7 =49, giving a contradiction.

Solution 1 to Problem 5 — The CMO committee

Let f(z,y,2) = 2%y + y*>2 + 222. We wish to determine where f is maximal. Since f is cyclic,
without loss of generality we may assume that > y, z. Since

f(@y,2) = flz,2,y) = $29+y22+32$ — 2’z - ZQZ/ - 92515

= (y—2)z -yl —2),
we may also assume y > z. Then
f@+2,9,0) = f(z,y,2) = (z+2)°y—2"y—y’z— 2"
= 2ytyz(z—y)+az(y—2) >0,

so we may now assume z = (. The rest follows from the arithmetic-geometric mean inequality:

222y 1 fz+x+2y\® 4
oty 28 21 ()

< = -
2 T2 3 27

Equality occurs when = = 2y, hence at (z,y,z) = (%, %,0). (As well as (0, %, %) and (3,0, 3).

Solution 2 to Problem 5 — The CMO committee

With f as above, and x > y, 2

f(x—i_g’y_‘_gv O)—f(a:,y,z) = yz($_y)+x—(x_z)+

so we may assume that z = 0. The rest follows as for solution 1.



GRADERS’ REPORT

Each question was worth a maximum of 7 marks. Every solution on every paper was graded by two
different markers. If the two marks differed by more than one point, the solution was reconsidered
until the difference resolved. If the two marks differed by one point, the average was used in
computing the total score.

The various grades assigned to each solution are displayed below, as a percentage.

MARKS  #1  #2 #3 #4 #5

7.6 456 184 38.6 51.3
13.9 158 43.0 0.0 323
12.0 127 152 41.8 13.9

5.7 25 51 76 2.5

44 13 89 44 00

89 25 32 57 13

89 00 13 19 0.0
399 209 63 13 0.0

N OOt W N RO

PROBLEM 1 The aim of the question was to give the competitors an encouraging start (it was
not a give away!). Over half of the students had good scores of 5, 6 or 7.

The general approach was to find bounds for x and then to find the exact value for x by substituting
in the resulting possible values of [z]. Depending on how the bounds were determined, this meant
checking 6 - 10 different cases.

Points were lost for not adequately verifying the bounds on z. For example, 2 points were deducted
for assuming, without proof, that 4z 4+ 51 > 40[z] for > 9.

PROBLEM 2 Many competitors saw that the key here is to prove that the angle subtended by
the arc at its centre is constant, namely 7 /3. In all, 16 students managed a complete proof. Most
attempted an analytic solution — indeed, the problem is nearly routine if one chooses coordinates
wisely and later on notes that two such x-coordinates are roots of the same quadratic. A few
students used trigonometry, namely the law of sines on a couple of useful triangles. Two students
found essentially the same synthetic solution, which is very elegant.

PROBLEM 3 Most competitors determined by direct calculation that n = 1 and n = 9 are
solutions. The difficulty was to show that these are the only solutions, which boils down to proving
that p* > 2k + 1 for all primes p > 2 and all k¥ > 0 with equality only for ¥ = 1 and p = 3. This
can be done by induction or by calculus. Only 5 students obtained perfect marks.

PROBLEM 4

Many students found a specific set of seven integers such that the equation did not have three
different solutions. This earned two points. (One student found such a set with maximum value
14. A maximum value of 13 is not possible.)



Only eight competitors received high marks on the question (5, 6, or 7), and only one student scored
a perfect 7. All of the successful solvers considered differences of consecutive integers, showing that
they must be 1, 1, 2, 2, 3, 3, and 4, and then showed that every ordering of these differences led
to at least three repetitions of the same value. Most competitors recognized that the 1s could not
be together, nor could they be beside a 2. They then proceed by considering all such possible
arrangements, which often resulted in close to a dozen cases (depending on how the the cases were
handled.) David Nicholson was the most efficient at pruning the cases. (See Solution 1 to Problem
4.) Most students failed to consider one or two (easily dismissed) cases, hence lost 1 or 2 points.

A number of the contestants attempted to solve the problem by examining the odd-even character
of the set of eight integers, counting how many of the differences were odd or even, and using the
pigeon-hole principle. Although this approach looked promising, no one was able to handle the
case that 3 of the integers were of one parity, and 5 were of the other parity.

PROBLEM 5 No students received full marks for this problem. One student received 5 marks
for a proof that had minor errors. This proof was by Calculus. The committee was aware that
the problem could be solved using Calculus but (erroneously) thought it unlikely high school
students would attempt such a solution. Many students received 1 point for “guessing” that
(% , % , 0), (0, % , %) and (% , 0, %) are where equality occurred. Some students received
a further point for verifying the inequality on the boundary of the region.



THE 2000 CANADIAN MATHEMATICAL
OLYMPIAD

. At 12:00 noon, Anne, Beth and Carmen begin running laps around a circular
track of length three hundred meters, all starting from the same point on the
track. Each jogger maintains a constant speed in one of the two possible di-
rections for an indefinite period of time. Show that if Anne’s speed is different
from the other two speeds, then at some later time Anne will be at least one
hundred meters from each of the other runners. (Here, distance is measured
along the shorter of the two arcs separating two runners.)

. A permutation of the integers 1901, 1902, ...,2000 is a sequence aq, as, . .., G100
in which each of those integers appears exactly once. Given such a permutation,
we form the sequence of partial sums

§1=ay, Sy =a1+az, Sg=ay+ax+as, ..., S0 =0a1 +ax+ -+ ao-

How many of these permutations will have no terms of the sequence s1, ..., S1go
divisible by three?

. Let A = (ay,as,...,a200) be a sequence of integers each lying in the inter-
val [—1000,1000]. Suppose that the entries in A sum to 1. Show that some
nonempty subsequence of A sums to zero.

. Let ABCD be a convex quadrilateral with

/OCBD = 2/ADB,
/ABD = 2/CDB
and AB = CB.

Prove that AD = CD.
. Suppose that the real numbers aq, as, ..., a1gy satisfy

a; = as 2 -+ = apo = 0,
a1+a2 S 100
and as+ag+ -+ a0 < 100.

Determine the maximum possible value of a? + a2 + - -- + a2, and find all
1 2 100>
possible sequences aq, as, . .., ajgo which achieve this maximum.



2000 Canadian Mathematics Olympiad Solutions
Chair: Luis Goddyn, Simon Fraser University, goddyn@math.sfu.ca

The Year 2000 Canadian Mathematics Olympiad was written on Wednesday April 2, by 98 high
school students across Canada. A correct and well presented solution to any of the five questions
was awarded seven points. This year’s exam was a somewhat harder than usual, with the mean
score being 8.37 out of 35. The top few scores were: 30, 28, 27, 22, 20, 20, 20. The first, second and
third prizes are awarded to: Daniel Brox (Sentinel Secondary BC), David Arthur (Upper Canada
College ON), and David Pritchard (Woburn Collegiate Institute ON).

1. At 12:00 noon, Anne, Beth and Carmen begin running laps around a circular track of length
three hundred meters, all starting from the same point on the track. Each jogger maintains
a constant speed in one of the two possible directions for an indefinite period of time. Show
that if Anne’s speed is different from the other two speeds, then at some later time Anne will
be at least one hundred meters from each of the other runners. (Here, distance is measured
along the shorter of the two arcs separating two runners.)

Comment: We were surprised by the difficulty of this question, having awarded an average
grade of 1.43 out of 7. We present two solutions; only the first appeared among the graded
papers.

Solution 1: By rotating the frame of reference we may assume that Anne has speed zero, that
Beth runs at least as fast as Carmen, and that Carmen’s speed is positive. If Beth is no more
than twice as fast as Carmen, then both are at least 100 meters from Anne when Carmen has
run 100 meters. If Beth runs more that twice as fast as Carmen, then Beth runs a stretch of
more than 200 meters during the time Carmen runs between 100 and 200 meters. Some part
of this stretch lies more than 100 meters from Anne, at which time both Beth and Carmen
are at least (in fact, more than) 100 meters away from Anne.

Solution 2: By rotating the frame of reference we may assume Anne’s speed to equal zero,
and that the other two runners have non-zero speed. We may assume that Beth is running at
least as fast as Carmen. Suppose that it takes t seconds for Beth to run 200 meters. Then at
all times in the infinite set T = {t,2t, 4t,8t,...}, Beth is exactly 100 meters from Anne. At
time t, Carmen has traveled exactly d meters where 0 < d < 200. Let k be the least integer
such that 28d > 100. Then k > 0 and 100 < 2Fd < 200, so at time 2kt € T both Beth and
Carmen are at least 100 meters from Anne.

2. A permutation of the integers 1901, 1902, . ..,2000 is a sequence a1, as, . . ., ajgg in which each
of those integers appears exactly once. Given such a permutation, we form the sequence of
partial sums

S1=ai, S2=ai1+az, $3=ay+az+a, ..., $100 = a1 +az +- -+ aio-
How many of these permutations will have no terms of the sequence si, ..., s19p divisible by

three?

Comment: This question was the easiest and most straight forward, with an average grade of
3.07.

Solution: Let {1901,1902,...,2000} = Ro U R; U Ry where each integer in R; is congruent
to i modulo 3. We note that |Ro| = |R1| = 33 and |Re| = 34. Each permutation S =
(a1, a9, ...,a100) can be uniquely specified by describing a sequence S = (a},a, ..., a ) of



residues modulo 3 (containing exactly 33 zeros, 33 ones and 34 twos), and three permutations
(one each of Ry, R1, and Rs). Note that the number of permutations of R; is exactly |R;|! =
1-2--|Ryl.

The condition on the partial sums of S depends only on the sequence of residues S'. In
order to avoid a partial sum divisible by three, the subsequence formed by the 67 ones and
twos in S" must equal either 1,1,2,1,2,...,1,2 or 2,2,1,2,1,...,2,1. Since |Rs| = |R1| + 1,
only the second pattern is possible. The 33 zero entries in S’ may appear anywhere among
al, ah, ..., a}y provided that a) # 0. There are (gg) = %gém ways to choose which entries in

S’ equal zero. Thus there are exactly (gg) sequences S’ whose partial sums are not divisible
by three. Therefore the total number of permutations S satisfying this requirement is exactly

99 99! - 33! 34!
-33!-33!- 34l = ————.
(33) 66!

Incidently, this number equals approzimately 4.4 - 1038,

. Let A = (a1,aq,...,a2000) be a sequence of integers each lying in the interval [—1000, 1000].
Suppose that the entries in A sum to 1. Show that some nonempty subsequence of A sums
to zero.

Comment: This students found this question to be the most difficult, with an average grade
of 0.51, and only one perfect solution among 100 papers.

Solution: We may assume no entry of A is zero, for otherwise we are done. We sort A into
a new list B = (by,...,bao) by selecting elements from A one at a time in such a way that
b1 >0, bo < 0 and, for each i = 2,3,...,2000, the sign of b; is opposite to that of the partial
sum

Si—1="0b1 +ba2+ -+ b;i_1.

(We can assume that each s;_; # 0 for otherwise we are done.) At each step of the selection
process a candidate for b; is guaranteed to exist, since the condition a1 + as + -+ -+ asggp = 1
implies that the sum of unselected entries in A is either zero or has sign opposite to s;_1.

From the way they were defined, each of s1, sa, ..., S9000 s one of the 1999 nonzero integers
in the interval [—999,1000]. By the Pigeon Hole Principle, s; = si, for some j, k satisfying
1 <75 <k<2000. Thus bji1 +bjio+---+ b =0 and we are done.

. Let ABCD be a convex quadrilateral with

/CBD = 2/ADB,
/ABD = 2/CDB
and AB = CB.

Prove that AD = CD.

Comment: There are several different solutions to this, including some using purely trigono-
metric arguments (involving the law of sines and standard angle sum formulas). We present
here two prettier geometric arguments (with diagrams). The first solution is perhaps the more
attractive of the two. Average grade: 1.84 out of 7.

Solution 1 (from contestant Keon Choi): Extend DB to a point P on the circle through A
and C centered at B. Then Z/CPD = $/CBD = ZADB and ZAPD = $/ABD = /CDB,



so APCD is a parallelogram. Now PD bisects AC so BD is an angle bisector of isosceles
triangle ABC. We have

LADB = %ACBD = %AABD =/£2CDB

so DB is the angle bisector of ZADC. As DB bisects the base of triangle ADC, this triangle
must be isosceles and AD = CD.

Solution 2: Let the bisector of ZABD meet AD at E. Let the bisector of ZCBD meet CD
at F. Then LFBD = £/BDE and LEBD = £ZBDF, which imply BE || FD and BF || ED.
Thus BEDF is a parallelogram whence

BD intersects EF at its midpoint M. (1)
On the other hand since BE is an angle bisector, we have % = g—g. Similarly we have

% = g—g. By assumption AB = CB so g—g = g—g which implies EF || AC. Thus ADEF
and ADAC are similar, which implies by (1) that BD intersects AC' at its midpoint N. Since
NABC is isosceles, this implies AC L BD. Thus ANAD and ANCD are right triangles
with equal legs and hence are congruent. Thus AD = CD.

P

B B

A (3 A C
N
E F E M F
D D
Diagram for Solution 1 Diagram for Solution 2
5. Suppose that the real numbers aq, as, . . ., ajgg satisfy

ar > az > --->ajp > 0

a1 + as <100
a3z + as + - - -+ aipo < 100.

Determine the maximum possible value of a? 4+ a3 + - - - +a%y, and find all possible sequences
ai,as, ..., a100 which achieve this maximum.

Comment: All of the correct solutions involved a sequence of adjustments to the variables,
each of which increase a3 + a3 +- - -+ a2y, while satisfying the constraints, eventually arriving
at the two optimal sequences: 100,0,0,...,0 and 50, 50, 50,50,0,0,...,0. We present here a
sharper proof, which might be arrived at after quessing that the optimal value is 1002. Average
grade: 1.52 out of 7.



Solution: We have a1 + as + - - - + a190 < 200, so

ai +a3+---+aje < (100 = az)? + a3 +af + -+ afy
= 100% — 200ay + 2a3 + a3 + - - - + a2y
< 1002 — (a1 + ag + - + aigo)az + 2a3 + a3 + -+ + afyg

= 1002 + (a% — alag) + (a% — agag) + (CLZ — a4a2) + -+ (a%OO — alooag)

= 1002 + (ag — al)ag + (ag — ag)ag + (a4 — ag)a4 + -+ (a100 — ag)aloo

Since ay > ag > -+ > ajoo > 0, none of the terms (a; — aj)ai 1s positive. Thus a% —|—a% 4+ 4
a3 < 10,000 with equality holding if and only if

a; = 100 — ag and a1 +az+ -+ ajgo =200
and each of the products
(ag —ar)az, (agz —a2)as, (as—az)as, - - , (aipo — a2)aioo

equals zero. Since a1 > as > ag > --- > aigo > 0, the last condition holds if and only if for
some i > 1 we have a1 = ag = ---=a; and a;41 = --- = ajo0 = 0. If i =1, then we get the
solution 100,0,0,...,0. Ifi > 2, then from ai + as = 100, we get that i = 4 and the second
optimal solution 50, 50, 50, 50,0,0,...,0.



THE 2001 CANADIAN MATHEMATICAL OLYMPIAD

1. Randy: “Hi Rachel, that’s an interesting quadratic equation you have written down. What
are its roots?”
Rachel: “The roots are two positive integers. One of the roots is my age, and the other root
is the age of my younger brother, Jimmy.”
Randy: “That is very neat! Let me see if I can figure out how old you and Jimmy are. That
shouldn’t be too difficult since all of your coefficients are integers. By the way, I notice that
the sum of the three coefficients is a prime number.”
Rachel: “Interesting. Now figure out how old I am.”
Randy: “Instead, I will guess your age and substitute it for x in your quadratic equation
...darn, that gives me —55, and not 0.”
Rachel: “Oh, leave me alone!”

(a) Prove that Jimmy is two years old.

(b) Determine Rachel’s age.

2. There is a board numbered —10 to 10 as shown. Each square is coloured either red or white,
and the sum of the numbers on the red squares is n. Maureen starts with a token on the square
labeled 0. She then tosses a fair coin ten times. Every time she flips heads, she moves the token
one square to the right. Every time she flips tails, she moves the token one square to the left.
At the end of the ten flips, the probability that the token finishes on a red square is a rational

a

number of the form £. Given that a + b = 2001, determine the largest possible value for n.

10| -0|-8|-7]-6]5]-4]-3]-2|-1] o] 1] 2| 3] 4] 5] 6] 7| 8] 9|10

3. Let ABC' be a triangle with AC > AB. Let P be the intersection point of the perpen-
dicular bisector of BC and the internal angle bisector of /A. Construct points X on AB
(extended) and Y on AC such that PX is perpendicular to AB and PY is perpendicular

to AC. Let Z be the intersection point of XY and BC. Determine the value of BZ/ZC.
C

A

4. Let n be a positive integer. Nancy is given a rectangular table in which each entry is a positive
integer. She is permitted to make either of the following two moves:



(a) select a row and multiply each entry in this row by n.

(b) select a column and subtract n from each entry in this column.
Find all possible values of n for which the following statement is true:

Given any rectangular table, it is possible for Nancy to perform a finite sequence of
moves to create a table in which each entry is 0.

5. Let Py, P, P» be three points on the circumference of a circle with radius 1, where P, P, =
t < 2. For each 7 > 3, define P, to be the centre of the circumcircle of AP,_1P;,_oP;_3.
(a) Prove that the points Py, Ps, Py, Pi3, ... are collinear.

(b) Let = be the distance from Py to Pigo1, and let y be the distance from Pjgo; to Pago-
Determine all values of ¢ for which *Y/x/y is an integer.



2001
SOLUTIONS

Several solutions are edited versions of solutions submitted by the contestants whose names appear
in dtalics..

1. (Daniel Brox)
Let R be Rachel’s age, and let J be Jimmy’s age. Rachel’s quadratic is

a(zr — R)(x — J) = az® — a(R+ J)x + aRJ.

for some number a. We are given that the coefficient a is an integer. The sum of the
coefficients is
a—a(R+J)+aRJ=a(R—-1)(J—1).

Since this is a prime number, two of the three integers a, R — 1, J — 1 multiply to 1. We are
given that R > J > 0, so we must have that a =1, J =2, R — 1 is prime, and the quadratic
is

(r — R)(z — 2).

We are told that this quadratic takes the value —55 = —5 - 11 for some positive integer x.
Since R > 2, the first factor, (z — R), must be the negative one. We have four cases:

r— R=-55and x — 2 = 1, which implies x = 3, R = 58.

xr— R=-11 and x — 2 = 5, which implies x =7, R = 18.

r— R=-5and x — 2 =11, which implies x = 13, R = 18.

r— R=—-1and x — 2 = 53, which implies x = 57, R = 58.

Since R — 1 is prime, the first and last cases are rejected, so R = 18 and J = 2.

2. (Lino Demasi)
After ten coin flips, the token finishes on the square numbered 2k — 10, where k is the number
of heads obtained. Of the 2'9 = 1024 possible results of ten coin flips, there are exactly (1k0)
ways to obtain exactly k heads, so the probability of finishing on the square labeled 2k — 10
equals (%)) /1024.

The probability of landing on a red square equals ¢/1024 where c is the sum of a selection of
the numbers from the list

10\ (10) (10 10
= 1,10, 45,120, 210, 252,210, 120, 45, 10, 1. 1
( 0 >’ < 1 )7 < 2 )7 Y <10> ) 0’ 57 0’ 07 5 Y 07 07 57 O’ ( )

We are given that for some integers a, b satisfying a 4+ b = 2001,

a/b=c/1024.

If we assume (as most contestants did!) that a and b are relatively prime, then the solution
proceeds as follows. Since 0 < a/b < 1 and a + b = 2001, we have 1001 < b < 2001. Also b
divides 1024, so we have b = 1024. Thus a = ¢ = 2001 — 1024 = 977. There is only one way
to select terms from (1) so that the sum equals 977.

977 =104 10 4 45 4+ 120 4 120 4 210 + 210 + 252. (2)

(This is easy to check, since the remaining terms in (1) must add to 1024 — 977 = 47, and
47 =45+ 1+ 1 is the only possibility for this.)



In order to maximize n, we must colour the strip as follows. Odd numbered squares are
red if positive, and white if negative. Since 252 = (150) is in the sum, the square labeled
2-5—10=0isred. For k =0,1,2,3,4, if (1]?) appears twice in the sum (2), then both 2k — 10
and 10 — 2k are coloured red. If (1]?) does not appear in the sum, then both 2k — 10 and
10 — 2k are coloured white. If (lko) appears once in the sum, then 10 — 2k is red and 2k — 10 is
white. Thus the maximum value of n is obtained when the red squares are those numbered
{1,3,5,7,9,-8,8,—4,4,—-2,2,0,6} giving n = 31.

(Alternatively) If we do not assume a and b are relatively prime, then there are several more
possibilities to consider. The greatest common divisor of ¢ and b divides a + b = 2001, so
ged(a, b) is one of

1, 3, 23, 29, 3-23, 3-29, 23-29, 3-23-29.

Since a/b = ¢/1024, dividing b by ged(a, b) results in a power of 2. Thus the prime factoriza-
tion of b is one of the following, for some integer k.

oF 3.9k 93.9%F 29.2F 69.92F 87.2F 667-2% 2001.
Again we have 1001 < b < 2001, so b must be one of the following numbers.
1024, 3-512 = 1536, 23-64 = 1472, 29-64 = 1856, 69-16 = 1104, 87-16 = 1392, 667-2 = 1334, 2001.
Thus a/b = (2001 — b)/b is one of the following fractions.

977 465 529 145 897 609 667 0
10247 15367 14727 18567 1104° 13927 1334° 2001°

Thus ¢ = 1024a/b is one of the following integers.
977, 310, 368, 80, 832, 448, 512, 0.

After some (rather tedious) checking, one finds that only the following sums with terms from
(1) can add to a possible value of c.

977 = 104+ 10+ 45+ 120+ 120 4 210 + 210 + 252
310 = 10+45+45+ 210

912 = 10+ 10+ 120 + 120 + 252
512 = 1+1+45+454 210+ 210
0 = 0.

Again only those terms appearing exactly once in a sum can affect maximum value of n. We
make the following table.

¢ Terms appearing once in sum Corresponding red squares

977 {45,252} {6,0}
310 {10,210} {8,2}
512 {252} {0}
512 0 0
0 0 0

Evidently, the maximum possible value of n is obtained when ¢ = 310 = (120) + (160) + (180) + (190),
the red squares are {1,3,5,7,9,—6,6,2,8}, the probability of landing on a red square is
a/b=465/1536 = 310/1024 = 155/512, and n = 35.



3. Solution 1: (Daniel Brox)
Set O be the centre of the circumcircle of AABC'. Let the angle bisector of /BAC meet this
circumcircle at R. We have

/BOR =2/BAR =2/CAR = /COR

Thus BR = CR and R lies on the perpendicular bisector of BC. Thus R = P and ABCP
are concyclic. The points X, Y, M are the bases of the three perpendiculars dropped from P
onto the sides of AABC'. Thus by Simson’s rule, X,Y, M are collinear. Thus we have M = Z
and BZ/ZC = BM/MC = 1.

Note: XY Z is called a Simson line, Wallace line or pedal line for AABC'. To prove Simson’s
rule, we note that BM PX are concyclic, as are AY PX, thus

/BXM =/BPM =90—-/PBC =90—- /PAC = /APY = /AXY

Solution 2: (Kenneth Ho)

Since /PAX = /PAY and /PXA = /PYA = 90, triangles APAX and APAY are con-
gruent, so AX = AY and PX = PY. As P is on the perpendicular bisector of BC, we have
PC = PB. Thus APYC and APX B are congruent right triangles, which implies C'Y = BX.
Since X, Y and Z are collinear, we have by Menelaus’ Theorem

AY CZ BX

YC ZB XA
Applying AX = AY and CY = BX, this is equivalent to BZ/ZC = 1.

4. We shall see that the only solution is n = 2. First we show that if n # 2, then the table

Ty = [ n i 1 ] can not be changed into a table containing two zeros. For m = 1, this is
a
b
(mod n — 1). We shall show that neither of the two permitted moves can change the value of
d(T). If we subtract n from both elements in 7', then b — a does not change. If we multiply
the first row by n, then the element a changes to na, for a difference of (n — 1)a, which is
congruent to 0 (mod n — 1). Similarly, multiplying the second row by n does not change
d(T). Since d(Tp) = (n—1)—1= -1 (mod n — 1), we can never obtain the table with two
zeros by starting with Ty, because 0 — 0 is not congruent to —1 modulo n — 1.

very easy to see. Suppose n > 3. For any table T = [ ], let d(T') be the quantity b — a

For n = 2, and any table of positive integers, the following procedure will always result in a
table of zeros. We shall begin by converting the first column into a column of zeros as follows.

We repeatedly subtract 2 from all entries in the first column until at least one of the entries
equals either 1 or 2. Now we repeat the following sequence of three steps:

(a) multiply by 2 all rows with 1 in the first column

(b) now multiply by 2 every row having a 2 in the first column (there is at least one such
row)

(c) subtract 2 from all entries in the first column.
Each iteration of the three steps decreases the sum of those entries in the first column which

are greater than 2. Thus the first column eventually consists entirely of ones and twos, at
which time we apply (a) and (c) once again to obtain a column of zeros. We now repeat the



above procedure for each successive column of the table. The procedure does not affect any
column which has already been set to zero, so we eventually obtain a table with all entries
Z€ero.

. (Daniel Brox)
Let /P P3Py = 2. As AP Py Ps is isosceles, we have that

t=PP,=2sina.

The line P3Py is the perpendicular bisector of P P>. Since AP, P3Py is isosceles, we calculate
its length,
PP3/2 1

cosa  2cosa
As P5 is the circumcentre of AP2P3P4, we have ZP3P5P4 = 2[P3P2P4 = 2[P2P3P4 = 2a.
The isosceles triangle A P3Py P5 is therefore similar to AP, P,Ps;. As P3Py 1 P P;, we have
/P P3Ps = 90. Furthermore, the ratio P3P5 : P; P; equals r where

P3Py =

P; Py 1 1
T = = = .
PP, (2sina)(2cosa)  2sin(2a)

P

By the same argument, we see that each /P; P2 P; 4 is aright angle with Py o P4 : P;Pji0 =
r. Thus the points P;, Ps, Ps, ... lie on a logarithmic spiral of ratio r and period four as shown
below. It follows that P;, Ps, Py, ... are collinear, proving part (a).



By the self-similarity of the spiral, we have that P; Pigo1 = 7“500P1001P2001, SO

som =1/r = 2sin(2a).

This is an integer when sin(2«) € {0,£1/2,£1}. Since 0 < « < 90, this is equiva-
lent to a € {15,45,75}. Thus °%/z/y is an integer exactly when ¢ belongs to the set
{2sin 15, 2sin45, 2sin75}. This answers part (b).



GRADERS’ REPORT

Eighty four of the eighty five eligible students submitted an examination paper. Each paper con-
tained proposed solutions the some or all of the five examination questions. Each correct and well
presented solution was awarded seven marks for a maximum total score of 35. The mean score was
10.8/35. The top three scores were 28, 27, and 22, thus special scrutiny was required to separate
the top two papers.

Each solution was independently marked by two graders. If the two marks differed, then the
solution was reconsidered until the difference was resolved. The top twenty papers were then
carefully regraded by the chair to ensure that nothing was amiss.

The grade distribution and average mark for each question appears in the following table. For
example, 13.1% of students were awarded 3 marks for question #1.

Marks  #1  #2  #3 #4 #5
0 10.7 119 452 60.7 90.5

1 83 83 262 10.7 3.6
2 83 6.0 48 83 1.2
3 131 95 36 9.5 1.2
4 10.7 17.9 0.0 4.8 1.2
5 95 321 36 24 24
6 20.2 13.1 0.0 1.2 0.0
7 19.0 1.2 167 24 0.0
Ave. 4.05 3.64 1.79 1.09 .26
Mark

PROBLEM 1 Ninety five percent of students found the correct solution, although a surprising
number arrived at a solution through trial and error or by guessing and verifying a solution. Many
assumed without proof that the leading coefficient equals one, which resulted in a two-point penalty.
Another common error was not to consider all four possibilities for the pair (x — R), (x — 2).

PROBLEM 2 There was a flaw in question 2. The proposers intended that the integers a, b be
relatively prime. This was made explicit in an early draft, but somehow was lost with the ambiguous
phrase “of the form a/b.” Without this assumption, the problem is much more tedious to solve.
Remarkably, one student (Lino Demasi) considered more (but not all) possible values for ged(a, b)
and obtained the correct solution n = 35. All other students assumed implicitly (and in two cases,
explicitly) that ged(a,b) = 1. Solutions to both problems are presented in this publication.

PROBLEM 3 Most students either completely solved or were baffled by this basic geometry
problem. There were at least four types of solutions: one trigonometric, one using basic geometry,
and two which refer to standard theorems relating to the triangle. The first two tended to be
lengthy or cumbersome, and the last two are presented here. There were complaints from some
participants regarding the inaccurate angles appearing in the diagram supplied with the question.
The inaccuracy was intensional, since the key observation M = Z would have otherwise been given



away. Unfortunately, this caused some students to doubt their own proofs that BZ : ZC' = 1; as
the ratio appears to be closer to 2 in the misleading diagram!

PROBLEM 4 This problem was left unanswered by about 60% of students. Several solutions
consisted only of a proof that n = 1 is not possible. About 25% described a procedure which works
when n = 2. Indeed the procedure for n = 2 seems to be unique. About 10% proved that for
no other value of n was possible, and all of the proofs explicitly or implicitly involved considering
residues modulo n — 1.

PROBLEM 5 This problem proved to be very difficult. Only two students completely answered
part (a), and no students correctly answered part (b). Of the students receiving more than 0 marks,
only two were were not among the top 15 This suggests that the question effectively resolved the
ranking of the strongest participants, which is arguably the purpose of Problem 5.



THE 2002 CANADIAN MATHEMATICAL OLYMPIAD

1. Let S be a subset of {1,2,...,9}, such that the sums formed by adding each unordered pair of
distinct numbers from S are all different. For example, the subset {1,2, 3,5} has this property,
but {1,2,3,4,5} does not, since the pairs {1,4} and {2,3} have the same sum, namely 5.

What is the maximum number of elements that S can contain?

2. Call a positive integer n practical if every positive integer less than or equal to n can be
written as the sum of distinct divisors of n.

For example, the divisors of 6 are 1, 2, 3, and 6. Since
1=1, 2=2, 3=3, 4=1+43, 5=2+3, 6=6,

we see that 6 is practical.
Prove that the product of two practical numbers is also practical.

3. Prove that for all positive real numbers a, b, and ¢,

a® b 3
—+—+—>a+b+g,
bc  ca ab

and determine when equality occurs.

4. Let T be a circle with radius r. Let A and B be distinct points on I' such that AB < v/3r.
Let the circle with centre B and radius AB meet I' again at C. Let P be the point inside "
such that triangle ABP is equilateral. Finally, let the line C'P meet I' again at Q).

Prove that PQ =r.

5. Let N =4{0,1,2,...}. Determine all functions f : N — N such that

cf(y) +yf(x) = (x+y)f(2® +y°)

for all z and y in V.



2002 Canadian Mathematical Olympiad
Solutions

1. Let S be a subset of {1,2,...,9}, such that the sums formed by adding each unordered pair of
distinct numbers from S are all different. For example, the subset {1, 2, 3, 5} has this property,
but {1,2,3,4,5} does not, since the pairs {1,4} and {2, 3} have the same sum, namely 5.

What is the maximum number of elements that S can contain?

Solution 1
It can be checked that all the sums of pairs for the set {1,2,3,5,8} are different.

Suppose, for a contradiction, that S is a subset of {1,...,9} containing 6 elements such that
all the sums of pairs are different. Now the smallest possible sum for two numbers from S is
1+ 2 = 3 and the largest possible sum is 8 + 9 = 17. That gives 15 possible sums: 3,...,17.
Also there are < g ) = 15 pairs from S. Thus, each of 3,...,17 is the sum of exactly one
pair. The only pair from {1,...,9} that adds to 3 is {1,2} and to 17 is {8,9}. Thus 1,2,8,9
are in S. But then 14+9 = 248, giving a contradiction. It follows that the maximum number
of elements that S can contain is 5.

Solution 2.
It can be checked that all the sums of pairs for the set {1,2,3,5,8} are different.

Suppose, for a contradiction, that S is a subset of {1,...9} such that all the sums of pairs
are different and that a1 < as < ... < ag are the members of S.

Since a1 + ag # as + as, it follows that ag — a5 # as — a1. Similarly ag — a5 # a4 — a3 and
a4 — as # as — a1. These three differences must be distinct positive integers, so,

(a6 —as)+ (as —az)+(ag—a1) >1+2+3=6.
Similarly a3 — as # as — a4, SO
(ag—a2)+(a5—a4)21+2:3.

Adding the above 2 inequalities yields

ag —as+as —aqg+a4—az+a3—az+ax—a; >6+3=9,

and hence ag — a; > 9. This is impossible since the numbers in S are between 1 and 9.



2. Call a positive integer n practical if every positive integer less than or equal to n can be
written as the sum of distinct divisors of n.

For example, the divisors of 6 are 1, 2, 3, and 6 . Since
1=1, 2=2, 3=3, 4=1+3, 5=2+3, 6=6,

we see that 6 is practical.

Prove that the product of two practical numbers is also practical.

Solution
Let p and ¢ be practical. For any k£ < pq, we can write

k=aq+b with 0<a<p, 0<b<yq.
Since p and ¢ are practical, we can write
a=c1+...4+¢p, b=di+...+d,
where the ¢;’s are distinct divisors of p and the d;’s are distinct divisors of g. Now

E = (aa+...+cm)g+(di+...+dyp)
= cq+...+cnqg+di+...+d,.

Each of ¢;q and d; divides pg. Since d; < q < ¢;q for any i, j, the ¢;¢’s and d;’s are all distinct,
and we conclude that pq is practical.



3. Prove that for all positive real numbers a, b, and c,

a® b <
—+—+—=2>a+tb+tg,
bc  ca ab

and determine when equality occurs.

Each of the inequalities used in the solutions below has the property that equality holds if
and only if @ = b = ¢. Thus equality holds for the given inequality if and only if a = b = ¢.
Solution 1.

44 pt ! 4 4
Note that a? + 1 + ¢t = (& £8)  (OTFc) (@ +a)

mean inequality to each term, we see that the right side is greater than or equal to

. Applying the arithmetic-geometric

a’b? + b2 + a’.
We can rewrite this as

a?(b* +¢c*) V(2 +a?)  A(a®+b?)
2 + 2 + 2

Applying the arithmetic mean-geometric mean inequality again we obtain a* + b* 4+ ¢* >
a®bc + bca + c?ab. Dividing both sides by abc (which is positive) the result follows.

Solution 2.

Notice the inequality is homogeneous. That is, if a,b, ¢ are replaced by ka, kb, kc, k > 0 we
get the original inequality. Thus we can assume, without loss of generality, that abc = 1.

Then
a vl a v
244 = gbel=4+ 4+
bc+ca+ab ac(bc+ca+ab>

= a*+b' +ch
So we need prove that a* +b* +c* > a+b+c.
By the Power Mean Inequality,
at + bt <a+b+c>4
3 - 3 ’

(a+b+c)

soat +b +ct > (a+b+e)- >

b .

By the arithmetic mean-geometric mean inequality, w > Vabe = 1,s0a+b+c> 3.
b 3 33

Hence, a* +b* + ¢* > (a+b+c)~w >(a+bte)z =atbte

Solution 3.
Rather than using the Power-Mean inequality to prove a* + b* + ¢* > a + b + ¢ in Proof 2,
the Cauchy-Schwartz-Bunjakovsky inequality can be used twice:
(a* +b* + M2 +12+1%) > (a®+ % +P)?
(@®+b*+)(1*+1°+1%) > (a+b+c)?
at + bt + ! - (a® + b2 + ¢2)? - (a+b+c)
3 - 9 - 81

So . Continue as in Proof 2.



4. Let T be a circle with radius 7. Let A and B be distinct points on I' such that AB < /3r.
Let the circle with centre B and radius AB meet I' again at C. Let P be the point inside
I' such that triangle ABP is equilateral. Finally, let C' P meet I" again at (). Prove that
PQ =r.

Solution 1.

Let the center of I be O, the radius r. Since BP = BC, let § = K BPC = {BCP.
Quadrilateral QABC is cyclic, so £ BAQ = 180° — # and hence £ PAQ = 120° — 0.

Also LAPQ = 180° — LAPB — 4BPC = 120° — 0, so PQ = AQ and {AQP = 20 — 60°.
Again because quadrilateral QABC is cyclic, { ABC = 180° — L AQC = 240° — 260 .
Triangles OAB and OCB are congruent, since OA = OB = OC =r and AB = BC.

Thus LABO = £CBO = %AABC =120° — 6.

We have now shown that in triangles AQP and AOB, L PAQ = K BAO = {APQ = £{ABO.
Also AP = AB, so ANAQP = ANAOB. Hence QP = OB =.

Solution 2.

Let the center of I' be O, the radius r. Since A, P and C lie on a circle centered at B,
60° = LABP = 2{LACP, s0o LACP = LACQ = 30°.

Since @, A, and C lieon I', LQOA =24QCA = 60°.

So QA = r since if a chord of a circle subtends an angle of 60° at the center, its length is the
radius of the circle.

Now BP = BC, so {BPC = 4{BCP = LACB + 30°.
Thus LAPQ = 180° — LAPB — 4{BPC = 90° — LACB.

Since ), A, B and C'lieon I' and AB = BC, LAQP = LAQC = LAQB+4BQC = 2L ACB.
Finally, QAP = 180 — LAQP — £APQ = 90 — LACB.

So LPAQ = LAPQ hence PQ = AQ =r.



5. Let N={0,1,2,...}. Determine all functions f : N — N such that

zf(y) +yf(a) = (x+y)f@® +y?)
for all  and y in N.
Solution 1.
We claim that f is a constant function. Suppose, for a contradiction, that there exist = and

y with f(z) < f(y); choose z,y such that f(y) — f(z) > 0 is minimal. Then

f(z) = vf(@) +yf(@) _ofly) +yfl@) _ 2fy) +yf)
r+y r+y r+y

so f(z) < f(xz?+9?) < f(y) and 0 < f(2® + y?) — f(z) < f(y) — f(x), contradicting the

choice of x and y. Thus, f is a constant function. Since f(0) is in N, the constant must be

from N.

= f(y)

Also, for any ¢ in N, zc + yc = (z + y)c for all z and y, so f(z) = ¢, ¢ € N are the solutions
to the equation.

Solution 2.

We claim f is a constant function. Define g(x) = f(x) — f(0). Then g(0) =0, g(x) > —f(0)
and

29(y) +yg(z) = (x +y)g(2* +y°)
for all ,y in N.

Letting y = 0 shows g(x?) = 0 (in particular, g(1) = g(4) = 0), and letting = y = 1 shows
g(2) = 0. Also, if z,y and z in N satisfy 22 + y? = 22, then

9(y) = —Zg(0). ()

Letting x = 4 and y = 3, (%) shows that ¢g(3) = 0.

For any even number x = 2n > 4, let y = n?> — 1. Then y > x and 22 + y? = (n? + 1)%2. For
any odd number = 2n+1 > 3, let y = 2(n+1)n. Then y > x and 2% +y? = ((n+1)2+n?)2.
Thus for every x > 4 there is y > x such that (x) is satisfied.

Suppose for a contradiction, that there is x > 4 with g(x) > 0. Then we can construct a

2
sequence ¥ = xg < Ty < 3 < ... where g(zi41) = — -2 g(x;). It follows that |g(zii1)| >

(2
|g(z;)| and the signs of g(x;) alternate. Since g(x) is always an integer, |g(z;+1)| > |g(z;)|+ 1.
Thus for some sufficiently large value of i, g(z;) < —f(0), a contradiction.

As for Proof 1, we now conclude that the functions that satisfy the given functional equation
are f(x) =¢, ceN.

Solution 3. Suppose that W is the set of nonnegative integers and that f : W — W satisfies:
af(y) +yf(e) = (z+y)f(a® +y°). ()

We will show that f is a constant function.
Let f(0) =k, and set S = {x | f(x) = k}.
Letting y = 0 in (%) shows that f(z?) =k V x>0, and so

eSS V>0 (1)



In particular, 1 € S.
Suppose 2% 4 32 = 2%. Then yf(z) + zf(y) = (z +y) f(2*) = (x + y)k. Thus,

xeS iff yelb. (2)

whenever 22 + 32 is a perfect square.

For a contradiction, let n be the smallest non-negative integer such that f(2") # k. By (1) n

1 -1 ne n—
must be odd, so is an integer. Now nT <n so f(QTl) = k. Letting x =y = 2"

in (%) shows f(2") = k, a contradiction. Thus every power of 2 is an element of S.

For each integer n > 2 define p(n) to be the largest prime such that p(n) | n.

Claim: For any integer n > 1 that is not a power of 2, there exists a sequence of integers

T1,T9,...,2, such that the following conditions hold:
a) ] =n.
b) 93? + a:?_H is a perfect square for each ¢ =1,2,3,...,7 — 1.

¢) pler) = plas) > ... > play) = 2.

Proof: Since n is not a power of 2, p(n) = p(x1) > 3. Let p(x1) =2m + 1, son = x1 =
b(2m + 1)?, for some a and b, where p(b) < 2m + 1.

Case 1: a = 1. Since (2m+1,2m?+2m, 2m?+2m+1) is a Pythagorean Triple, if 2o = b(2m?2+
2m), then 2% + 2% = b%(2m? + 2m + 1)? is a perfect square. Furthermore, x5 = 2bm(m + 1),
and so p(z2) < 2m + 1 = p(x1).

Case 2: a > 1. If n =21 = 2m +1)%-b, let 29 = (2m + 1) L. b (2m? + 2m), 23 =
2m+1)272.b-2m2+2m)?, ..., zar1 = 2m+1)2-b- (2m2 +2m)?® = b-2%m?(m +1)%. Note
that for 1 <i < a, 22 —i—x?H is a perfect square and also note that p(xq41) < 2m+1 = p(x1).

If z441 is not a power of 2, we extend the sequence x; using the same procedure described
above. We keep doing this until p(z,) = 2, for some integer r.

By (2), z; € Siff x;41 € S fori=1,2,3,...,r — 1. Thus, n = z; € S iff x, € S. But z, is
a power of 2 because p(z,) = 2, and we earlier proved that powers of 2 are in S. Therefore,
n € 5, proving the claim.

We have proven that every integer n > 1 is an element of S, and so we have proven that
f(n) =k = f(0), for each n > 1. Therefore, f is constant, Q.E.D.



The Canadian Mathematical Olympiad - 2003

1. Consider a standard twelve-hour clock whose hour and minute hands move continu-
ously. Let m be an integer, with 1 < m < 720. At precisely m minutes after 12:00, the
angle made by the hour hand and minute hand is exactly 1°. Determine all possible
values of m.

2. Find the last three digits of the number 20032002°"

3. Find all real positive solutions (if any) to
Py =2 +y+ 2, and
r? + y2 + 2% = TYZ.

4. Prove that when three circles share the same chord AB, every line through A different
from AB determines the same ratio XY : Y Z, where X is an arbitrary point different
from B on the first circle while Y and Z are the points where AX intersects the other
two circles (labelled so that Y is between X and 7).

5. Let S be a set of n points in the plane such that any two points of S are at least 1
unit apart. Prove there is a subset T" of S with at least n/7 points such that any two
points of 1" are at least /3 units apart.



Solutions to the 2003 CMO
written March 26, 2003

1. Consider a standard twelve-hour clock whose hour and minute hands move continu-
ously. Let m be an integer, with 1 < m < 720. At precisely m minutes after 12:00, the
angle made by the hour hand and minute hand is exactly 1°. Determine all possible
values of m.

Solution

The minute hand makes a full revolution of 360° every 60 minutes, so after m minutes

it has swept through %m = 6m degrees. The hour hand makes a full revolution every

12 hours (720 minutes), so after m minutes it has swept through %m = m/2 degrees.

Since both hands started in the same position at 12:00, the angle between the two
hands will be 1° if 6m —m/2 = +1 + 360k for some integer k. Solving this equation

we get

720k £ 2 5k £+ 2
= —  — 65k .
m 11 65k + 11

Since 1 < m < 720, we have 1 < k < 11. Since m is an integer, 5k +2 must be divisible
by 11, say bk +£2 = 11¢q. Then

+2

5k=11g+2 = k:2q+qT.
If is now clear that only ¢ = 2 and ¢ = 3 satisfy all the conditions. Thus k£ = 4 or
k = 7 and substituting these values into the expression for m we find that the only

possible values of m are 262 and 458.



2. Find the last three digits of the number 2003200227

Solution

We must find the remainder when 20032 is divided by 1000, which will be the
same as the remainder when 3202 is divided by 1000, since 2003 = 3 (mod 1000).
To do this we will first find a positive integer n such that 3" = 1 (mod 1000) and then
try to express 20022°°! in the form nk + r, so that

22001

20032002 = 37+ = (37)F . 3" = 1% . 3" = 3" (mod 1000).

Since 3% = 10 — 1, we can evaluate 3*™ using the binomial theorem:

(m—1)

32 — (10 — 1)™ = (=1)™ + 10m(—1)""" + 100"~ ()" 10™

After the first 3 terms of this expansion, all remaining terms are divisible by 1000, so
letting m = 2¢, we have that

3% =1 — 20q + 100¢(2q — 1) (mod 1000). (1)
Using this, we can check that 3'® = 1 (mod 1000) and now we wish to find the
remainder when 20022 is divided by 100.
Now 20022001 = 22001 (10d 100) = 4 - 219% (mod 4 - 25), so we'll investigate powers of
2 modulo 25. Noting that 2! = 1024 = —1 (mod 25), we have
21999 — (210)199. 99 = (_1)199. 512 = —12 = 13 (mod 25).

Thus 229 = 4. 13 = 52 (mod 100). Therefore 20022°°! can be written in the form
100k + 52 for some integer k, so

22001

2003227 = 352 (mod 1000) =1 — 20 - 13 + 1300 - 25 = 241 (mod 1000)

using equation (1). So the last 3 digits of 20032002*™" are 241,



3. Find all real positive solutions (if any) to
P4y + 22 =r+y+2 and

2 —I—y2 + 2% = TYZ.

Solution 1

Let f(x,y,2) = (z* —z) + (y* — y) + (2* — 2). The first equation above is equivalent

to f(x,y,z) =0. If x,y,2 > 1, then f(x,y,z) > 0 with equality only if xt =y =z = 1.
But if x = y = 2z = 1, then the second equation is not satisfied. So in any solution to
the system of equations, at least one of the variables is less than 1. Without loss of
generality, suppose that £ < 1. Then

22+ y? 422>y 4+ 22 > 22 > yz > ayz.

Therefore the system has no real positive solutions.

Solution 2
We will show that the system has no real positive solution. Assume otherwise.

The second equation can be written x? — (yz)z + (y? + 2?). Since this quadratic in z
has a real solution by hypothesis, its discrimant is nonnegative. Hence

Y22t — dy? —42° > 0.

Dividing through by 41222 yields

>1 1>
_E‘l';_

RS

1
y?
Hence y? > 4 and so y > 2, y being positive. A similar argument yields z,y,z > 2.
But the first equation can be written as

(2 = 1) +yy® — 1)+ 2(2* —=1) =0,

contradicting x,y, z > 2. Hence, a real positive solution cannot exist.



Solution 3

Applying the arithmetic-geometric mean inequality and the Power Mean Inequalities
to x,y, z we have

rT+y+z

2 2 2 3 3 3
o < 4 S\/x%“gi/w,

Letting S =ao +y+2 =2 +9°+ 2% and P = 2yz = 2% + 9% + 22, this inequality can
g Y Yy

be written
. S P 51 S
3P<_<~/_<§/:
\/__3_ 3~ V3

Now /P < \/g implies P? < P3/27, so P > 27. Also % < {’/% implies S3/27 < S/3,

so S < 3. But then v/P > 3 and f/g < 1 which is inconsistent with VP < ¢ g
Therefore the system cannot have a real positive solution.




4. Prove that when three circles share the same chord AB, every line through A different
from AB determines the same ratio XY : Y7, where X is an arbitrary point different
from B on the first circle while Y and Z are the points where AX intersects the other
two circles (labelled so that Y is between X and 7).

Solution 1

Let [ be a line through A different from AB and join B to A, X, Y and Z as in the
above diagram. No matter how [ is chosen, the angles AXB, AY B and AZB always
subtend the chord AB. For this reason the angles in the triangles BXY and BX 7 are
the same for all such [. Thus the ratio XY : Y Z remains constant by similar triangles.

Note that this is true no matter how X, Y and Z lie in relation to A. Suppose X, Y and
Z all lie on the same side of A (as in the diagram) and that {AXB = a, LAY B = (3
and LAZB = . Then {BXY = 180° — «a, £BY X = 3, ABYZ = 180° — 3 and
£BZY = ~. Now suppose [ is chosen so that X is now on the opposite side of A from
Y and Z. Now since X is on the other side of the chord AB, LAX B = 180° — «, but
it is still the case that L BXY = 180° — v and all other angles in the two pertinent
triangles remain unchanged. If [ is chosen so that X is identical with A, then [ is
tangent to the first circle and it is still the case that L BXY = 180° — a.. All other
cases can be checked in a similar manner.



Solution 2

Let m be the perpendicular bisector of AB and let Oy, O,, O3 be the centres of the
three circles. Since AB is a chord common to all three circles, Oy, Oy, O3 all lie on m.
Let [ be a line through A different from AB and suppose that X, Y, Z all lie on the
same side of AB, as in the above diagram. Let perpendiculars from O;, Os, O3 meet [
at P, @), R, respectively. Since a line through the centre of a circle bisects any chord,

AX =2AP, AY =2AQ and AZ =2AR.
Now

XY =AY — AX =2(AQ — AP) =2PQ and, similarly, YZ =2QR.

Therefore XY :YZ = PQ : QR. But O1P || 0:Q || O3R, so PQ : QR = 0105 : O505.
Since the centres of the circles are fixed, the ratio XY : YZ = 0,0, : 0503 does not
depend on the choice of .

If X, Y, Z do not all lie on the same side of AB, we can obtain the same result with
a similar proof. For instance, if X and Y are opposite sides of AB, then we will have
XY = AY + AX, but since in this case PQ = AQ + AP, it is still the case that
XY = 2PQ and result still follows, etc.



5. Let S be a set of n points in the plane such that any two points of S are at least 1
unit apart. Prove there is a subset T' of S with at least n/7 points such that any two
points of T are at least /3 units apart.

Solution

We will construct the set T' in the following way: Assume the points of S are in the
xy-plane and let P be a point in S with maximum y-coordinate. This point P will be a
member of the set T" and now, from .S, we will remove P and all points in S which are
less than v/3 units from P. From the remaining points we choose one with maximum
y-coordinate to be a member of T" and remove from S all points at distance less than
/3 units from this new point. We continue in this way, until all the points of S are
exhausted. Clearly any two points in 7" are at least /3 units apart. To show that T
has at least n/7 points, we must prove that at each stage no more than 6 other points
are removed along with P.

At a typical stage in this process, we've selected a point P with maximum y-coordinate,
so any points at distance less than v/3 from P must lie inside the semicircular region
of radius v/3 centred at P shown in the first diagram below. Since points of S are at
least 1 unit apart, these points must lie outside (or on) the semicircle of radius 1. (So
they lie in the shaded region of the first diagram.) Now divide this shaded region into
6 congruent regions Ry, Rs, ..., Rg as shown in this diagram.

We will show that each of these regions contains at most one point of S. Since all 6
regions are congruent, consider one of them as depicted in the second diagram below.
The distance between any two points in this shaded region must be less than the length
of the line segment AB. The lengths of PA and PB are v/3 and 1, respectively, and
angle APB = 30°. If we construct a perpendicular from B to PA at (', then the length
of PC is cos30° = v/3/2. Thus BC is a perpendicular bisector of PA and therefore
AB = PB = 1. So the distance between any two points in this region is less than 1.
Therefore each of Ry, ..., Rg can contain at most one point of S, which completes the
proof.

30°




36th Canadian Mathematical Olympiad
Wednesday, March 31, 2004

’

. Find all ordered triples (z,y, z) of real numbers which satisfy the following system of
equations:

xy = z—x—Y
Tz = Yy—r—=2
Yz = Tr—Yy—2

. How many ways can 8 mutually non-attacking rooks be placed
on the 9 x 9 chessboard (shown here) so that all 8 rooks are on
squares of the same colour?

[Two rooks are said to be attacking each other if they are placed
in the same row or column of the board.]

. Let A, B, C, D be four points on a circle (occurring in clockwise order), with AB < AD
and BC' > C'D. Let the bisector of angle BAD meet the circle at X and the bisector
of angle BC'D meet the circle at Y. Consider the hexagon formed by these six points
on the circle. If four of the six sides of the hexagon have equal length, prove that BD
must be a diameter of the circle.

. Let p be an odd prime. Prove that

[y

bS]

21 p<p+ 1)

5 (mod p?).

e
Il

1

[Note that a = b (mod m) means that a — b is divisible by m.]

. Let T be the set of all positive integer divisors of 2004!°°, What is the largest possible
number of elements that a subset S of T can have if no element of S is an integer
multiple of any other element of S?



Solutions to the 2004 CMO
written March 31, 2004

1. Find all ordered triples (z,y, z) of real numbers which satisfy the following system of
equations:

Ty = Zz2—x—YyY
Tz = Yy—x—2
yz = x—Yy—z

Solution 1

Subtracting the second equation from the first gives xy —xz = 22 — 2y. Factoring y — z
from each side and rearranging gives

so either x = =2 or z = y.

If v = —2, the first equation becomes —2y = z + 2 — y, or y + z = —2. Substituting
x = —2, y+ 2z = —2 into the third equation gives yz = —2 — (—2) = 0. Hence either y
or z is 0, so if x = —2, the only solutions are (—2,0,—2) and (—2, —2,0).

If z = y the first equation becomes ry = —x, or z(y +1) = 0. If x = 0 and z = y,
the third equation becomes y? = —2y which gives y = 0 or y = —2. If y = —1 and
z =y = —1, the third equation gives x = —1. So if y = z, the only solutions are
(0,0,0), (0,—2,—2) and (—1,—1,—1).

In summary, there are 5 solutions: (—2,0,—2), (—=2,—2,0), (0,0,0), (0, —2,—2) and
(—1,-1,—1).

Solution 2

Adding z to both sides of the first equation gives
zy+1l)=z—y=(z+1)—(y+1) = (@+1)(y+1) =2z+1

Similarly manipulating the other two equations and letting a = x + 1, b = y + 1,
c = z+ 1, we can write the system in the following way.

ab = ¢
ac = b
be =

If any one of a,b,c is 0, then it’s clear that all three are 0. So (a,b,c) = (0,0,0) is
one solution and now suppose that a, b, c are all nonzero. Substituting ¢ = ab into the
second and third equations gives a*h = b and b%a = a, respectively. Hence a? = 1,
b* =1 (since a, b nonzero). This gives 4 more solutions: (a,b,c) = (1,1,1), (1,—1,—1),
(=1,1,—1) or (—1,—1,1). Reexpressing in terms of x,y, z, we obtain the 5 ordered
triples listed in Solution 1.



2. How many ways can 8 mutually non-attacking rooks be placed
on the 9 x 9 chessboard (shown here) so that all 8 rooks are on
squares of the same colour?

[T'wo rooks are said to be attacking each other if they are placed
in the same row or column of the board.|

Solution 1

We will first count the number of ways of placing 8 mutually non-attacking rooks on
black squares and then count the number of ways of placing them on white squares.
Suppose that the rows of the board have been numbered 1 to 9 from top to bottom.

First notice that a rook placed on a black square in an odd By B B ] &
numbered row cannot attack a rook on a black square in an even | B B Bl B |
numbered row. This effectively partitions the black squares into
a b x b board and a 4 x 4 board (squares labelled O and E
respectively, in the diagram at right) and rooks can be placed
independently on these two boards. There are 5! ways to place
5 non-attacking rooks on the squares labelled O and 4! ways to olloloMoNo
place 4 non-attacking rooks on the squares labelled E.

This gives 5!4! ways to place 9 mutually non-attacking rooks on black squares and
removing any one of these 9 rooks gives one of the desired configurations. Thus there
are 9 - 54! ways to place 8 mutually non-attacking rooks on black squares.

Using very similar reasoning we can partition the white squares
as shown in the diagram at right. The white squares are par-
titioned into two 5 x 4 boards such that no rook on a square
marked O can attack a rook on a square mark E. At most 4
non-attacking rooks can be placed on a 5 x 4 board and they
can be placed in 5-4-3-2 = 5! ways. Thus there are (5!)? ways
to place 8 mutually non-attacking rooks on white squares.

In total there are 9 - 54! 4+ (5!)2 = (9 + 5)5!4! = 14 - 514! = 40320 ways to place 8
mutually non-attacking rooks on squares of the same colour.




Solution 2

Consider rooks on black squares first. We have 8 rooks and 9 rows, so exactly one row
will be without rooks. There are two cases: either the empty row has 5 black squares
or it has 4 black squares. By permutation these rows can be made either last or second
last. In each case we’ll count the possible number of ways of placing the rooks on the
board as we proceed row by row.

In the first case we have 5 choices for the empty row, then we can place a rook on any
of the black squares in row 1 (5 possibilities) and any of the black squares in row 2 (4
possibilities). When we attempt to place a rook in row 3, we must avoid the column
containing the rook that was placed in row 1, so we have 4 possibilities. Using similar
reasoning, we can place the rook on any of 3 possible black squares in row 4, etc. The
total number of possibilities for the first case is 5-5-4-4-3-3-2-2-1 = (5!)2. In the
second case, we have 4 choices for the empty row (but assume it’s the second last row).
We now place rooks as before and using similar logic, we get that the total number of
possibilities for the second caseis4-5-4-4-3-3-2-1-1=4(5!4!).

Now, do the same for the white squares. If a row with 4 white squares is empty (5
ways to choose it), then the total number of possibilities is (5!)2. It’s impossible to
have a row with 5 white squares empty, so the total number of ways to place rooks is

(51)2 + 4(5141) + (5!)? = (5 + 4 + 5)5!4! = 14(5!4!).



3. Let A, B, C, D be four points on a circle (occurring in clockwise order), with AB < AD
and BC > C'D. Let the bisector of angle BAD meet the circle at X and the bisector
of angle BC'D meet the circle at Y. Consider the hexagon formed by these six points
on the circle. If four of the six sides of the hexagon have equal length, prove that BD
must be a diameter of the circle.

Solution 1

We're given that AB < AD. Since CY bisects L BCD, BY =Y D, so Y lies between
D and A on the circle, as in the diagram above, and DY > YA, DY > AB. Similar
reasoning confirms that X lies between B and C' and BX > XC, BX > CD. So if
ABXCDY has 4 equal sides, then it must be that YA = AB = XC =CD.

Let {BAX = ADAX = «a and let LBCY = ADCY = ~. Since ABCD is cyclic,
L A+LC = 180°, which implies that a+~ = 90°. The fact that YA = AB = XC =CD
means that the arc from Y to B (which is subtended by £Y C'B) is equal to the arc from
X to D (which is subtended by £ XAD). Hence LYCB = £XAD, so a = vy = 45°.
Finally, BD is subtended by L BAD = 2a = 90°. Therefore BD is a diameter of the
circle.

Solution 2

We're given that AB < AD. Since CY bisects L BCD, BY =YD, so Y lies between
D and A on the circle, as in the diagram above, and DY > YA, DY > AB. Similar
reasoning confirms that X lies between B and C' and BX > XC, BX > CD. So
if ABXCDY has 4 equal sides, then it must be that YA = AB = XC = CD.
This implies that the arc from Y to B is equal to the arc from X to D and hence
that YB = XD. Since {BAX = £ XAD, BX = XD and since L{DCY = LYCUB,
DY =Y B. Therefore BXDY is a square and its diagonal, BD, must be a diameter
of the circle.



4. Let p be an odd prime. Prove that

[y

bS]

1
k2t @ (mod p?).
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[Note that @ = b (mod m) means that a — b is divisible by m.]

Solution

Since p — 1 is even, we can pair up the terms in the summation in the following way
(first term with last, 2nd term with 2nd last, etc.):

p—1
p—1 2
Dok =3 (R (o — k).
k=1 k=1
Expanding (p — k)?’~! with the binomial theorem, we get
(p o k)Qp—l _ p2p—1 o (229 - 1)p2k2p—3 + (229 - 1)pk2p—2 _ 2t
2 1 '

where every term on the right-hand side is divisible by p? except the last two. Therefore

2p—1

k2p—1 + (p o k)2p—1 = k2p—1 + ( )

)pk‘zp‘z — k7 = (2p — Dpk™? (mod p?).

For 1 < k < p, k is not divisible by p, so k! =1 (mod p), by Fermat’s Little Theorem.
So (2p — 1)k**72 = (2p — 1)(1?) = —1 (mod p), say (2p — 1)k**~2 = mp — 1 for some
integer m. Then

(2p — Dpk* ™2 = mp? —p = —p (mod p*).

Finally,
St = S = (P50 ) (o) mod

k
— 1
p—p 2 p(p;r ) (mod p?).




5. Let T be the set of all positive integer divisors of 2004'°°. What is the largest possible
number of elements that a subset S of T can have if no element of S is an integer
multiple of any other element of S7?7
Solution

Assume throughout that a, b, ¢ are nonnegative integers. Since the prime factorization
of 2004 is 2004 = 22 - 3 - 167,

sz{?%ﬁﬁW

ogagmaogacgm@.

Let
g — {2200—17—03171670

ogacglm}

For any 0 < b, ¢ < 100, we have 0 < 200—b—c¢ < 200, so S is a subset of T'. Since there
are 101 possible values for b and 101 possible values for ¢, S contains 101% elements.
We will show that no element of S is a multiple of another and that no larger subset
of T satisfies this condition.

Suppose 229070=¢30167¢ is an integer multiple of 2209=9=%37167%. Then
200—b—c>20—j—k b>j c>k

But this first inequality implies b 4+ ¢ < j + k, which together with b > j, ¢ > k gives
b =j and ¢ = k. Hence no element of S is an integer multiple of another element of S.

Let U be a subset of T' with more than 1012 elements. Since there are only 1012 distinct
pairs (b, ¢) with 0 < b, ¢ < 100, then (by the pigeonhole principle) U must contain two
elements u; = 2131167 and uy = 29232167, with b; = by and ¢; = ¢y, but a; # a,.
If ay > a9, then uy is a multiple of uy and if a; < ag, then us is a multiple of u;. Hence
U does not satisfy the desired condition.

Therefore the largest possible number of elements that such a subset of 7' can have is
1012 = 10201.



37th Canadian Mathematical Olympiad
Wednesday, March 30, 2005

-

. Consider an equilateral triangle of side length n, which is divided into unit triangles, as shown. Let
f(n) be the number of paths from the triangle in the top row to the middle triangle in the bottom
row, such that adjacent triangles in our path share a common edge and the path never travels up
(from a lower row to a higher row) or revisits a triangle. An example of one such path is illustrated
below for n = 5. Determine the value of f(2005).

JAVERVAN
VAVAVAVAVAN

. Let (a,b,c) be a Pythagorean triple, i.e., a triplet of positive integers with a? + b* = 2.

a) Prove that (c/a + ¢/b)? > 8.
b) Prove that there does not exist any integer n for which we can find a Pythagorean triple (a, b, ¢)
satisfying (c/a + ¢/b)* = n.

. Let S be a set of n > 3 points in the interior of a circle.

a) Show that there are three distinct points a,b,c¢ € S and three distinct points A, B, C on the
circle such that a is (strictly) closer to A than any other point in S, b is closer to B than any
other point in S and c is closer to C' than any other point in S.

b) Show that for no value of n can four such points in S (and corresponding points on the circle)
be guaranteed.

. Let ABC' be a triangle with circumradius R, perimeter P and area K. Determine the maximum
value of K P/R3.

. Let’s say that an ordered triple of positive integers (a, b, ¢) is n-powerful if a < b < ¢, ged(a, b, c) = 1,
and a™ + b" + ¢" is divisible by a + b+ ¢. For example, (1,2,2) is 5-powerful.

a) Determine all ordered triples (if any) which are n-powerful for all n > 1.

b) Determine all ordered triples (if any) which are 2004-powerful and 2005-powerful, but not 2007-
powerful.

[Note that ged(a, b, ¢) is the greatest common divisor of a, b and c.]



Solutions to the 2005 CMO
written March 30, 2005

1. Consider an equilateral triangle of side length n, which is divided into unit triangles, as
shown. Let f(n) be the number of paths from the triangle in the top row to the middle
triangle in the bottom row, such that adjacent triangles in our path share a common
edge and the path never travels up (from a lower row to a higher row) or revisits a
triangle. An example of one such path is illustrated below for n = 5. Determine the
value of f(2005).

VAVAVZVAVAN

Solution
We shall show that f(n) = (n— 1)L

Label the horizontal line segments in the triangle [y, [, ...as in the diagram below.
Since the path goes from the top triangle to a triangle in the bottom row and never
travels up, the path must cross each of [y,1ls, ..., 1, 1 exactly once. The diagonal lines
in the triangle divide [; into k& unit line segments and the path must cross exactly one
of these k segments for each k. (In the diagram below, these line segments have been
highlighted.) The path is completely determined by the set of n — 1 line segments
which are crossed. So as the path moves from the kth row to the (k + 1)st row,
there are k possible line segments where the path could cross [;. Since there are
1-2-3---(n—1) = (n—1)! ways that the path could cross the n — 1 horizontal lines,
and each one corresponds to a unique path, we get f(n) = (n — 1)!.

Therefore f(2005) = (2004)!.




2. Let (a,b,c) be a Pythagorean triple, i.e., a triplet of positive integers with a®+b* = 2.

a)
b)

a)

Prove that (c/a + ¢/b)? > 8.

Prove that there does not exist any integer n for which we can find a Pythagorean
triple (a, b, ¢) satisfying (c/a + ¢/b)* = n.

Solution 1
Let (a,b,c) be a Pythagorean triple. View a,b as lengths of the legs of a right
angled triangle with hypotenuse of length ¢; let 6 be the angle determined by the
sides with lengths a and ¢. Then
¢ o\ 1 1 2_sin20+00826+231n«9008«9
(5 * 5) B ( ) B (sinf cos 6)?

_ 4 I+sin20\ 4 N 4
N sin’ 20 "~ sin?20  sin26

Note that because 0 < 6 < 90°, we have 0 < sin20 < 1, with equality only if
0 = 45°. But then a = b and we obtain v/2 = ¢/a, contradicting a,c both being
integers. Thus, 0 < sin 20 < 1 which gives (c/a + ¢/b)* > 8.

cosf  sind

Solution 2

Defining 6 as in Solution 1, we have ¢/a + ¢/b = sec + cscf. By the AM-GM
inequality, we have (sec + csc#)/2 > v/seccscf. So

2 2v/2
c/a+c/b> = >2\/§.
/ /b2 Vsinfcosf  V/sin20

Since a, b, ¢ are integers, we have ¢/a + ¢/b > 2v/2 which gives (¢/a + ¢/b)? > 8.

Solution 3
By simplifying and using the AM-GM inequality,
c N2 L fa+b\’  (@®+)(a+b)? _ 2Va2? (2vab)?
(— —) = C = 2 g
ab a’b? a?b?

a b

with equality only if @ = b. By using the same argument as in Solution 1, a cannot
equal b and the inequality is strict.

8,

Solution 4
<c+c>2 B 02+02+202_1+62+a2+1+2(a2+b2)
a b a2 v ab a? b2 ab

a b\’ 2 9
= 2+(g—5>-+2+%<m—b)+2m>

2 2

20a —

I A D Gl e
b a ab

with equality only if @ = b, which (as argued previously) cannot occur.



b) Solution 1
Since ¢/a + ¢/b is rational, (¢/a + ¢/b)? can only be an integer if ¢/a + ¢/b is an
integer. Suppose c¢/a + ¢/b = m. We may assume that ged(a,b) = 1. (If not,
divide the common factor from (a, b, ¢), leaving m unchanged.)
Since ¢(a+b) = mab and ged(a, a+b) = 1, a must divide ¢, say ¢ = ak. This gives
a® + b* = a®k* which implies 0* = (k* — 1)a®. But then a divides b contradicting
the fact that ged(a,b) = 1. Therefore (c/a + ¢/b)? is not equal to any integer n.

Solution 2

We begin as in Solution 1, supposing that ¢/a 4+ ¢/b = m with ged(a,b) = 1.
Hence a and b are not both even. It is also the case that a and b are not both
odd, for then ¢* = a* + b* = 2 (mod 4), and perfect squares are congruent to
either 0 or 1 modulo 4. So one of a,b is odd and the other is even. Therefore
¢ must be odd.

Now ¢/a+ ¢/b = m implies ¢(a+b) = mab, which cannot be true because ¢(a+b)
is odd and mab is even.



3. Let S be a set of n > 3 points in the interior of a circle.

a) Show that there are three distinct points a,b,c¢ € S and three distinct points
A, B, C on the circle such that a is (strictly) closer to A than any other point in
S, b is closer to B than any other point in S and c¢ is closer to C' than any other
point in S.

b) Show that for no value of n can four such points in S (and corresponding points
on the circle) be guaranteed.

Solution 1

a) Let H be the smallest convex set of points in the plane which contains S.T Take
3 points a,b,c € S which lie on the boundary of H. (There must always be at
least 3 (but not necessarily 4) such points.)

Since a lies on the boundary of the convex region H, we can construct a chord L
such that no two points of H lie on opposite sides of L. Of the two points where
the perpendicular to L at a meets the circle, choose one which is on a side of L
not containing any points of H and call this point A. Certainly A is closer to a
than to any other point on L or on the other side of L. Hence A is closer to a
than to any other point of S. We can find the required points B and C' in an
analogous way and the proof is complete.

[Note that this argument still holds if all the points of S lie on a line.]
P

(a) (b)

b) Let PQR be an equilateral triangle inscribed in the circle and let a, b, ¢ be mid-
points of the three sides of APQR. If r is the radius of the circle, then every
point on the circle is within (v/3/2)r of one of a, b or c. (See figure (b) above.)
Now v/3/2 < 9/10, so if S consists of a, b, c and a cluster of points within /10 of
the centre of the circle, then we cannot select 4 points from S (and corresponding
points on the circle) having the desired property.

"By the way, H is called the convex hull of S. If the points of S lie on a line, then H will be the shortest
line segment containing the points of S. Otherwise, H is a polygon whose vertices are all elements of S and
such that all other points in S lie inside or on this polygon.



Solution 2

a) If all the points of S lie on a line L, then choose any 3 of them to be a,b,c. Let
A be a point on the circle which meets the perpendicular to L at a. Clearly A is
closer to a than to any other point on L, and hence closer than other other point
in S. We find B and C' in an analogous way.

Otherwise, choose a, b, c from S so that the triangle formed by these points has
maximal area. Construct the altitude from the side bc to the point a and extend
this line until it meets the circle at A. We claim that A is closer to a than to any
other point in S.

Suppose not. Let x be a point in .S for which the distance from A to x is less than
the distance from A to a. Then the perpendicular distance from z to the line bc
must be greater than the perpendicular distance from a to the line be. But then
the triangle formed by the points x, b, ¢ has greater area than the triangle formed
by a, b, ¢, contradicting the original choice of these 3 points. Therefore A is closer
to a than to any other point in S.

The points B and C' are found by constructing similar altitudes through b and ¢,
respectively.

b) See Solution 1.



4. Let ABC' be a triangle with circumradius R, perimeter P and area K. Determine the
maximum value of K P/R3.

Solution 1

Since similar triangles give the same value of K P/R?, we can fix R = 1 and maximize
K P over all triangles inscribed in the unit circle. Fix points A and B on the unit circle.
The locus of points C' with a given perimeter P is an ellipse that meets the circle in at
most four points. The area K is maximized (for a fixed P) when C' is chosen on the
perpendicular bisector of AB, so we get a maximum value for K P if C' is where the
perpendicular bisector of AB meets the circle. Thus the maximum value of K P for
a given AB occurs when ABC' is an isosceles triangle. Repeating this argument with
BC fixed, we have that the maximum occurs when ABC' is an equilateral triangle.

Consider an equilateral triangle with side length a. It has P = 3a. It has height equal
to av/3/2 giving K = a%v/3/4. ;From the extended law of sines, 2R = a/ sin(60) giving
R = a/+/3. Therefore the maximum value we seck is

KP/R® = (“2f> (3a) <£) - %

a

Solution 2

From the extended law of sines, the lengths of the sides of the triangle are 2R sin A,
2Rsin B and 2RsinC. So

1
P =2R(sinA+sinB +sinC) and K = 5(2R sin A)(2R sin B)(sin C),

giving Kp
o 4sin Asin B sin C(sin A + sin B + sin C').

We wish to find the maximum value of this expression over all A + B + C' = 180°.
Using well-known identities for sums and products of sine functions, we can write

E:4sinA COS(B_C)—COS(B+C) sin A + 2sin B+C CoS B-cC )
R3 2 2 2 2

If we first consider A to be fixed, then B + C' is fixed also and this expression takes
its maximum value when cos(B — C') and cos (%) equal 1; 7.e. when B =C. In a
similar way, one can show that for any fixed value of B, K P/R? is maximized when
A = C. Therefore the maximum value of KP/R? occurs when A = B = C' = 60°,
and it is now an easy task to substitute this into the above expression to obtain the

maximum value of 27/4.



Solution 3
As in Solution 2, we obtain

KP
= 4sin Asin Bsin C'(sin A 4 sin B + sin C').

From the AM-GM inequality, we have

. _ . X
sin Asin Bsin C < (smA—l—smB—i—smC’) |

3
giving
KP 4
— < —(sinA+sin B +sinC)*,
R — 27( )
with equality when sin A = sin B = sin C. Since the sine function is concave on the
interval from 0 to 7w, Jensen’s inequality gives

sin A+ sin B +sin C . (A+B+C .m V3
<sin| —— | =sin—- = —.

3 3 3 2
Since equality occurs here when sin A = sin B = sin C' also, we can conclude that the

4
maximum value of KP/R* is (%) = 27/4.



5. Let’s say that an ordered triple of positive integers (a, b, ¢) is n-powerful if a < b < ¢,
ged(a,b,c) = 1, and a™ + 0™ + ¢ is divisible by a + b + ¢. For example, (1,2,2) is
5-powerful.

a) Determine all ordered triples (if any) which are n-powerful for all n > 1.

b) Determine all ordered triples (if any) which are 2004-powerful and 2005-powerful,
but not 2007-powerful.

[Note that ged(a, b, ¢) is the greatest common divisor of a, b and ¢.]

Solution 1
Let T),, = a™ + b™ 4 ¢" and consider the polynomial

P(z) = (z —a)(z —b)(z —c) = 2* — (a + b+ c)x* + (ab + ac + bc)x — abe.
Since P(a) = 0, we get a® = (a+ b+ c)a* — (ab+ ac+ bc)a + abe and multiplying both
sides by a™~% we obtain a" = (a+b+c)a" ' — (ab+ac+bc)a"? + (abc)a™ 3. Applying
the same reasoning, we can obtain similar expressions for " and ¢” and adding the
three identities we get that 7), satisfies the following 3-term recurrence:

T,=(a+b+c)l,—1 — (ab+ ac+ be)T,,—o + (abc)T,,—5, for all n > 3.
.From this we see that if T;,_o and 7},_3 are divisible by a + b + ¢, then so is T,,. This
immediately resolves part (b)—there are no ordered triples which are 2004-powerful
and 2005-powerful, but not 2007-powerful—and reduces the number of cases to be

considered in part (a): since all triples are 1-powerful, the recurrence implies that any
ordered triple which is both 2-powerful and 3-powerful is n-powerful for all n > 1.

Putting n = 3 in the recurrence, we have
a4+ b+ =(a+b+c)(a®+ b+ c*) — (ab+ ac+ be)(a+ b+ ¢) + 3abe

which implies that (a, b, c) is 3-powerful if and only if 3abc is divisible by a + b + ¢.

S
e a’+ b +c = (a+b+c)* —2(ab+ ac + be),

(a,b,c) is 2-powerful if and only if 2(ab + ac + be) is divisible by a + b + c.

Suppose a prime p > 5 divides a + b+ ¢. Then p divides abe. Since ged(a,b,c) =1, p
divides exactly one of a, b or ¢; but then p doesn’t divide 2(ab + ac + be).

Suppose 32 divides a 4+ b + ¢. Then 3 divides abc, implying 3 divides exactly one of a,
b or c¢. But then 3 doesn’t divide 2(ab + ac + bc).

Suppose 22 divides a + b + ¢. Then 4 divides abe. Since ged(a, b,c) = 1, at most one
of a, b or ¢ is even, implying one of a, b, ¢ is divisible by 4 and the others are odd. But
then ab + ac + be is odd and 4 doesn’t divide 2(ab + ac + bc).

So if (a, b, ¢) is 2- and 3-powerful, then a + b+ ¢ is not divisible by 4 or 9 or any prime
greater than 3. Since a + b+ c is at least 3, a + b + ¢ is either 3 or 6. It is now a
simple matter to check the possibilities and conclude that the only triples which are
n-powerful for all n > 1 are (1,1,1) and (1,1,4).



Solution 2
Let p be a prime. By Fermat’s Little Theorem,

Pl = 1 (mod p), if p doesn’t divide a;
~ 1 0 (mod p), if p divides a.

Since ged(a, b, ¢) = 1, we have that a?~! + b1 4+ P~ = 1,2 or 3 (mod p). Therefore if
p is a prime divisor of a?~! +0P~! 4 ¢P~1 then p equals 2 or 3. So if (a, b, ) is n-powerful
for all n > 1, then the only primes which can divide a + b + ¢ are 2 or 3.

We can proceed in a similar fashion to show that a + b+ ¢ is not divisible by 4 or 9.

Since

> _ J 0 (mod4), ifpiseven;
1 (mod 4), if pisodd
and a, b, c aren’t all even, we have that a® + b* + ¢* = 1,2 or 3 (mod 4).
By expanding (3k)3, (3k + 1)® and (3k + 2)?, we find that a® is congruent to 0, 1 or

—1 modulo 9. Hence

6 _ J 0 (mod?9), if3 divides g;
“=1 (mod 9), if 3 doesn’t divide a.

Since a, b, ¢ aren’t all divisible by 3, we have that a% 4+ % + ¢® = 1,2 or 3 (mod 9).

So a? 4+ b* + ¢* is not divisible by 4 and a®+ 0%+ ¢° is not divisible by 9. Thus if (a, b, ¢)
is n-powerful for all n > 1, then a + b+ ¢ is not divisible by 4 or 9. Therefore a + b+ ¢
is either 3 or 6 and checking all possibilities, we conclude that the only triples which
are n-powerful for all n > 1 are (1,1,1) and (1, 1,4).

See Solution 1 for the (b) part.
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. Let f(n, k) be the number of ways of distributing & candies to n children so that each child receives at
most 2 candies. For example, if n = 3, then f(3,7) =0, f(3,6) =1 and f(3,4) = 6.

Determine the value of

£(2006,1) + £(2006,4) + f(2006,7) + - - - + f(2006, 1000) + f(2006, 1003) .

. Let ABC be an acute-angled triangle. Inscribe a rectangle DEF'G in this triangle so that D is on AB,
E is on AC and both F and G are on BC. Describe the locus of (i.e., the curve occupied by) the
intersections of the diagonals of all possible rectangles DEFG.

. In a rectangular array of nonnegative real numbers with m rows and n columns, each row and each
column contains at least one positive element. Moreover, if a row and a column intersect in a positive
element, then the sums of their elements are the same. Prove that m = n.

. Consider a round-robin tournament with 2n 4+ 1 teams, where each team plays each other team exactly
once. We say that three teams X, Y and Z, form a cycle triplet if X beats Y, Y beats Z, and Z
beats X. There are no ties.

(a) Determine the minimum number of cycle triplets possible.

(b) Determine the maximum number of cycle triplets possible.

. The vertices of a right triangle ABC' inscribed in a circle divide the circumference into three arcs.
The right angle is at A, so that the opposite arc BC' is a semicircle while arc AB and arc AC' are
supplementary. To each of the three arcs, we draw a tangent such that its point of tangency is the
midpoint of that portion of the tangent intercepted by the extended lines AB and AC. More precisely,
the point D on arc BC' is the midpoint of the segment joining the points D’ and D" where the tangent
at D intersects the extended lines AB and AC. Similarly for E on arc AC' and F on arc AB.

Prove that triangle DEF' is equilateral.
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Solutions to the 2006 CMO paper

1. Let f(n, k) be the number of ways of distributing k candies to n children so that each child receives at most 2 candies.
For example, if n = 3, then f(3,7) =0, f(3,6) =1 and f(3,4) = 6.

Determine the value of

£(2006,1) + £(2006,4) 4+ £(2006,7) 4 - - - + (2006, 1000) + f(2006,1003) .
Comment. Unfortunately, there was an error in the statement of this problem. It was intended that the sum should
continue to f(2006,4012).
Solution 1. The number of ways of distributing & candies to 2006 children is equal to the number of ways of distributing
0 to a particular child and k to the rest, plus the number of ways of distributing 1 to the particular child and k£ — 1
to the rest, plus the number of ways of distributing 2 to the particular child and k& — 2 to the rest. Thus f(2006, %) =
(2005, k) + f(2005,k — 1) + f(2005, k — 2), so that the required sum is

1003

1+ ) £(2005, k)

k=1

In evaluating f(n, k), suppose that there are r children who receive 2 candies; these r children can be chosen in (?) ways.
Then there are k — 2r candies from which at most one is given to each of n — r children. Hence

-3 (V) -5 ()05

with (z) = 0 when z < y and when y < 0. The answer is

1003 9005\ /2005 — > 72005\ 22 12005 — r
S ()C) 2T ()

k=0 r=0 r=0 k=0

Solution 2. The desired number is the sum of the coefficients of the terms of degree not exceeding 1003 in the expansion
of (1 +z + 2%)?%% which is equal to the coefficient of 21%%3 in the expansion of

(1 L4 .’132)2005(1 L4 .’E1003> —_ [(1 _ .%‘3)2005(1 _ x)—2005](1 _ $1004)(1 _ x)—l
_ (1 _ 1‘3)2005(1 _ x)—2006 _ (1 _ $3)2005(1 _ x)—2006$1004 )

Since the degree of every term in the expansion of the second member on the right exceeds 1003, we are looking for the

coefficient of 21993 in the expansion of the first member:
2005 oo
2 2 )
(1 — 23)2005 (] — 2)=2006  _ Z(_ ( 005)533%2 ( 006) ;
i=0 =



2005 oo .
2 2 o
=0 j= O J
2005

: i@w(”f"’) ("))

SN {2005 (3008 — 31\ ex, (3008 — 3i)!
2.1 ( i )( 2005 ) :;(_1) i1(2005 — 4)1(1003 — 30)! -

i=1

The desired number is

(Note that (30200807531') = 0 when 7 > 335.)

2. Let ABC be an acute-angled triangle. Inscribe a rectangle DEFG in this triangle so that D is on AB, E is on AC
and both F' and G are on BC. Describe the locus of (i.e., the curve occupied by) the intersections of the diagonals of all
possible rectangles DEFG.

Solution. The locus is the line segment joining the midpoint M of BC' to the midpoint K of the altitude AH. Note that
a segment DFE with D on AB and F on AC determines an inscribed rectangle; the midpoint F' of DE lies on the median
AM , while the midpoint of the perpendicular from F' to BC' is the centre of the rectangle. This lies on the median M K of
the triangle AMH.

Conversely, any point P on M K is the centre of a rectangle with base along BC' whose height is double the distance from
K to BC.

3. In a rectangular array of nonnegative real numbers with m rows and n columns, each row and each column contains at
least one positive element. Moreover, if a row and a column intersect in a positive element, then the sums of their elements
are the same. Prove that m = n.

Solution 1. Consider first the case where all the rows have the same positive sum s; this covers the particular situation
in which m = 1. Then each column, sharing a positive element with some row, must also have the sum s. Then the sum of
all the entries in the matrix is ms = ns, whence m = n.

We prove the general case by induction on m. The case m = 1 is already covered. Suppose that we have an m x n array
not all of whose rows have the same sum. Let » < m of the rows have the sum s, and each of the of the other rows have a
different sum. Then every column sharing a positive entry with one of these rows must also have sum s, and these are the
only columns with the sum s. Suppose there are ¢ columns with sum s. The situation is essentially unchanged if we permute
the rows and then the column so that the first » rows have the sum s and the first ¢ columns have the sum s. Since all
the entries of the first » rows not in the first ¢ columns and in the first ¢ columns not in the first 7 rows must be 0, we can
partition the array into a r X ¢ array in which all rows and columns have sum s and which satisfies the hypothesis of the
problem, two rectangular arrays of zeros in the upper right and lower left and a rectangular (m — r) x (n — ¢) array in the
lower right that satisfies the conditions of the problem. By the induction hypothesis, we see that » = ¢ and so m = n.

Solution 2. [Y. Zhao| Let the term in the ith row and the jth column of the array be denoted by a;;, and let S = {(z, j) :
% > 0}. Suppose that 7; is the sum of the ith row and ¢; the sum of the jth column. Then r; = ¢; whenever (¢,j) € S.

en we have that
Z{ 9 (i, 5) ES}—Z{ 9 (i,5) € S} .

We evaluate the sums on either side independently.

m n m m
aij . . @i . . 1 1
Z{Tlé;(z,g)@S}:Z{f:1gzgm,1§ySn}zzr_z@ij:zj(r_)m:zum-
g v i=1 ' j=1 i=1 N ° i=1
S es) =i misi<n =3 2 Y ay =Y (£ ) =2 1-n.
J J j=1 7 i=1 j=1 37 j=1

Hence m = n.



Comment. The second solution can be made cleaner and more elegant by defining w;; = a,;/r; for all (¢, j). When a;; = 0,
then u;; = 0. When a;; > 0, then, by hypothesis, u;; = a;;/c;, a relation that in fact holds for all (¢, j). We find that

En:uij =1 and En:uij =1
j=1 i=1

for 1 <i<mand1l<j<n,so that (u;;) is an m x n array whose row sums and column sums are all equal to 1. Hence

m n n m
i=1 Nj=1 ]

j=1
(being the sum of all the entries in the array).

4. Consider a round-robin tournament with 2n + 1 teams, where each team plays each other team exactly once. We say
that three teams X, Y and Z, form a cycle triplet if X beats Y, Y beats Z, and Z beats X. There are no ties.

(a) Determine the minimum number of cycle triplets possible.
(b) Determine the maximum number of cycle triplets possible.
Solution 1. (a) The minimum is 0, which is achieved by a tournament in which team T; beats T if and only if ¢ > j.

(b) Any set of three teams constitutes either a cycle triplet or a “dominated triplet” in which one team beats the other
two; let there be ¢ of the former and d of the latter. Then ¢+ d = (2"3"’1). Suppose that team T; beats z; other teams; then

it is the winning team in exactly (%) dominated triples. Observe that Z?Zfl T = (2"; !

2n-+1 2n+1
T 1 9 1/(2n+1
=3 (5) = 45(")-

i=1 i=1

), the total number of games. Hence

By the Cauchy-Schwarz Inequality, (2n + 1) 3277 22 > (22" 2;)2 = n?(2n + 1), whence

i=1
2n+1 plasyes 2n+1 n?(2n+1) 1/2n+1 nn+1)(2n + 1)
()T () = () - () -
3 p 2 3 2 2 2 6
To realize the upper bound, let the teams be T} = To,42, To = Topts. -+, Ty = Topgi4i, 5 LTont1 = Tupyo. For
each i, let team T; beat T;y1,Tiy2,  ,Tiyn and lose to Tiypniy1, -, Tiron. We need to check that this is a consistent

assignment of wins and losses, since the result for each pair of teams is defined twice. This can be seen by noting that
Cn+1+i)—(G+j)=2n+1—35>n+1for 1 <j<n.The cycle triplets are (T}, Ti+;, Ti+;+r) where 1 < j < n and
2n+1+d)—(i+j+k) <n,ie,whenl<j<nandn+1—j <k <n. Foreach i, this counts 1 +2+---+n = %n(n—#l)
cycle triplets. When we range over all 7, each cycle triplet gets counted three times, so the number of cycle triplets is

2n+1/nn+1)\ nn+1)2n+1)
3 2 6
Solution 2. [S. Eastwood] (b) Let ¢ be the number of cycle triplets and u be the number of ordered triplets of teams

(X,Y,Z) where X beats Y and Y beats Z. Each cycle triplet generates three ordered triplets while other triplets generate
exactly one. The total number of triplets is
<2n + 1) _ n(4n? —1)

3 3

The number of triples that are not cycle is
n(4n? — 1)
3

4n? —1
u:3t+(n(ng)—t>:>

—t.

Hence



_ 3u— n(4n? —1)  u— (2n+ 1)n? n nn+1)(2n+1)

t =
6 2 6

If team Y beats a teams and loses to b teams, then the number of ordered triples with Y as the central element is ab.
Since a + b = 2n, by the Arithmetic-Geometric Means Inequality, we have that ab < n2. Hence u < (2n + 1)n2, so that

L < n(n+1)(2n+1) .
- 6

The maximum is attainable when u = (2n + 1)n2, which can occur when we arrange all the teams in a circle with each team
beating exactly the n teams in the clockwise direction.

Comment. Interestingly enough, the maximum is Z?zl i2; is there a nice argument that gives the answer in this form?

5. The vertices of a right triangle ABC' inscribed in a circle divide the circumference into three arcs. The right angle is
at A, so that the opposite arc BC' is a semicircle while arc AB and arc AC are supplementary. To each of the three arcs, we
draw a tangent such that its point of tangency is the midpoint of that portion of the tangent intercepted by the extended
lines AB and AC. More precisely, the point D on arc BC' is the midpoint of the segment joining the points D’ and D" where
the tangent at D intersects the extended lines AB and AC. Similarly for E on arc AC and F on arc AB.

Prove that triangle DEF' is equilateral.

Solution 1. A prime indicates where a tangent meets AB and a double prime where it meets AC. It is given that
DD’ = DD", EE' = EE" and FF' = FF”. 1t is required to show that arc EF is a third of the circumference as is arc
DBF.

AF is the median to the hypotenuse of right triangle AF'F"”, so that FF' = F A and therefore
arc AF =2/F'"FA=2(/FF' A+ /FAF')=4/FAF =4/FAB =2 arc BF

whence arc FA = (2/3) arc BFA. Similarly, arc AE = (2/3) arc AEC. Therefore, arc F'E is 2/3 of the semicircle, or 1/3
of the circumference as desired.

As for arc DBF, arc BD = 2/BAD = /BAD + /BD'D = ZADD" = (1/2) arc ACD. But, arc BF = (1/2) arc AF,
so arc DBF = (1/2) arc FAED. That is, arc DBF is 1/3 the circumference and the proof is complete.

Solution 2. Since AE'E" is a right triangle, AE = EE’' = EE" so that ZCAE = ZCE"E. Also AD = D'D = DD", so
that ZCDD" = ZCAD = ZCD"D. As EADC is a concyclic quadrilateral,

180° = ZEAD+ /ECD

/DAC + /CAE + ZECA+ ZACD

/DAC + LCAE + LCEE" + Z/CE"E + ZCDD" + £CD"D
/DAC + /CAE + LCAE + /CAE + Z/CAD + ZCAD
3({/DAC + /DAE) = 3(/DAE)

Hence /DFE = ZDAFE = 60°. Similarly, ZDEF = 60°. It follows that triangle DEF is equilateral.
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1. What is the maximum number of non-overlapping 2 x 1 dominoes that can be placed on a 8 x 9 checkerboard if six of
them are placed as shown? Each domino must be placed horizontally or vertically so as to cover two adjacent squares of
the board.

2. You are given a pair of triangles for which

(a) two sides of one triangle are equal in length to two sides of the second triangle, and

(b) the triangles are similar, but not necessarily congruent.
Prove that the ratio of the sides that correspond under the similarity is a number between % (v/5 — 1) and (/5 — 1).

3. Suppose that f is a real-valued function for which

flay) +fly—2) = fly+ )
for all real numbers x and y.

(a) Give a nonconstant polynomial that satisfies the condition.
(b) Prove that f(x) > 0 for all real x.

4. For two real numbers a, b, with ab # 1, define the * operation by

a-+b—2ab

b:
ax 1—ab

Start with a list of n > 2 real numbers whose entries x all satisfy 0 < x < 1. Select any two numbers a and b in the list;
remove them and put the number a * b at the end of the list, thereby reducing its length by one. Repeat this procedure
until a single number remains.

(a) Prove that this single number is the same regardless of the choice of pair at each stage.
(b) Suppose that the condition on the numbers = in S is weakened to 0 < z < 1. What happens if S contains exactly one
17

5. Let the incircle of triangle ABC touch sides BC, CA and AB at D, E and F, respectively. Let I'.,';,I'; and I'3 denote the
circumcircles of triangle ABC, AEF, BDF and CDF respectively. Let I' and I'; intersect at A and P, I" and I'y intersect
at B and @, and I' and I's intersect at C' and R.

(a) Prove that the circles T'y, T's and T'3 intersect in a common point.
(b) Show that PD, QF and RF are concurrent.
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Solution to 1. Identify five subsets A, B, C, D, E of the board, where C' consists of the squares occupied by the six dominos
already placed, B is the upper right corner, D is the lower left corner, A consists of the squares above and to the left of
those in BUC U D and E consists of the squares below and to the right of those in B U C U D. The board can be coloured
checkerboard fashion so that A has 13 black and 16 white squares, B a single white square, E 16 black and 13 white squares
and D a single black square. Each domino beyond the original six must lie either entirely in AUBU D or C'UBU D, either of
which contains at most 14 dominos. Thus, altogether, we cannot have more that 2 x 14 + 6 = 34 dominos. This is achievable,
by placing 14 dominos in AU D and 14 in £ U B.

Solution to 2. If the triangles are isosceles, then they must be congruent and the desired ratio is 1. For, if they share
equal side lengths, at least one of these side lengths on one triangle corresponds to the same length on the other. And if they
share unequal side lengths, then either equal sides correspond or unequal sides correspond in both directions and the ratio is
1. This falls within the bounds.

Let the triangles be scalene. It is not possible for the same length to be an extreme length (largest or smallest) of both
triangles. Therefore, we must have a situation in which the corresponding side lengths of the two triangles are (z, y, z) and

(y, z,u) w1thz<y<zandy<z<u Weareglventhat y/w-z/y-u/z-r>1 Thus, y = rz andz-ry—r z. From
the triangle inequality z < z + y, we have that 2 < 1+ 7. Sincer? —r—1<0Oandr >1,1<r < - (\[—l- 1). The ratio of
the dimensions from the smaller to the larger triangle is 1/r which satisfies z(\/5 -1)<1/r<1. The result follows.

Solution to 3. (a) Let f(x) = 22 + 4. Then

flay) +fly—z)—fly+z) =@ +4)+(@y—z)°+4- (33

x)? —
= (zy)® —4dey+4=(xy—2)>>0. (1)

Thus, f(z) = 2% + 4 satisfies the condition.

(b) Consider (z,y) for which zy = z + y. Rewriting this as (z — 1)(y — 1) = 1, we find that this has the general solution
(z,y) = (1+t71,1+1¢), for t # 0. Plugging this into the inequality, we get that f(t—¢=') > 0 for all ¢ # 0. For arbitrary real



u, the equation t — t~! = u leads to the quadratic t* — ut — 1 = 0 which has a positive discriminant and so a real solution.
Hence f(u) > 0 for each real u.
1

Comment. The substitution v =y — x, u = y + & whose inverse is = (u — v), y = £(u + v) renders the condition as

f(5(w* —v?)+ f(v) > f(u). The same strategy as in the foregoing solution leads to the choice u = 2++v/v? + 4 and f(v) >0
for all v.

Solution to 4 (b). It is straightforward to verify that ax1 = 1 for a # 1, so that once 1 is included in the list, it can never
by removed and so the list terminates with the single value 1.

Solution to 4 (a). There are several ways of approaching (a). It is important to verify that the set {z : 0 < z < 1} is
closed under the operation * so that it is always defined.

If0<a,b<1,then
0 < a+b—2ab <1
1—ab '
The left inequality follows from
a+b—2ab=a(l—-5b)+b(1—a)>0
and the right from
_a+b—2ab _(1-a)(1-0)
1—ab 1—ab

Hence, it will never happen that a set of numbers will contain a pair of reciprocals, and the operation can always be performed.

1 >0.

Solution 1. It can be shown by induction that any two numbers in any of the sets arise from disjoint subsets of S.

Use an induction argument on the number of entries that one starts with. At each stage the number of entries is reduced
by one. If we start with n numbers, the final result is

o1 — 203+ 303 — -+ (=1)""no,
n )

1—0y+4+203—304+ -+ (-1)"1(n-1)o,
where o; is the symmetric sum of all (7;) i—fold products of the n elements x; in the list.

Solution 2. Define
b a+b—2ab
axb=—770—/—
1—ab
This operation is commutative and also associative:

a+b+c—2(ab+ be + ca) + 3abe
1 — (ab+ be + ca) + 2abe

ax(bxc)=(a*xb)*xc=

Since the final result amounts to a x—product of elements of S with some arrangement of brackets, the result follows.

Solution 3. Let ¢(z) = z/(1 — z) for 0 < z < 1. This is a one-one function from the open interval (0, 1) to the half line
(0, 00). For any numbers a,b € S, we have that

(;5 a + b — 2ab — a+b—2ab _ a+b—2ab
1—ab — (1—ab)—(a+b—2ab) — 1—a—b+abd
=%+ 12 = d(a) + B(b) . o)

Let T = {¢(s) : s € S}. Then replacing a,b in S as indicated corresponds to replacing ¢(a) and ¢(b) in T by ¢(a) + ¢(b) to
get a new pair of sets related by ¢. The final result is the inverse under ¢ of Y {¢(s) : s € S}.

Solution 4. Let f(z) = (1 —x) ! be defined for positive  unequal to 1. Then f(x) > 1 if and only if 0 < x < 1. Observe

that
1—zy 1 1

= —-1.
l-z—-—y+zy 1—x+1—y

flaxy) =

If f(z) > 1 and f(y) > 1, then also f(z xy) > 1. It follows that if  and y lie in the open interval (0,1), so does x *y. We
also note that f(x) is a one-one function.




To each list L, we associate the function g(L) defined by

g(L) =Y {f(z):z€L}.

Let L, be the given list, and let the subsequent lists be L,,_y, Lo, -+, L1, where L; has i elements. Since f(z xy) =
fl@) + fly) — 1, g(L;) = g(L,) — (n — 1) regardless of the choice that creates each list from its predecessors. Hence
9(Ly) = g(L,) — (n—1) is fixed. However, g(L1) = f(a) for some number a with 0 < a < 1. Hence a = f~(g(L,) — (n—1))
is fixed.

Solution to 5 (a). Let I be the incentre of triangle ABC. Since the quadrilateral AEITF has right angles at E and F, it
is concyclic, so that I'; passes through I. Similarly, I's and I's pass through I, and (a) follows.

Solution to 5 (b). Let w and I denote the incircle and incentre of triangle ABC, respectively. Observe that, since AT
bisects the angle FAE and AF = AE, then AI right bisects the segment FE. Similarly, BI right bisects DF and C1 right
bisects DE.

We invert the diagram through w. Under this inversion, let the image of A be A’, etc. Note that the centre I of inversion
is collinear with any point and its image under the inversion. Under this inversion, the image of I'; is E'F, which makes A’
the midpoint of EF'. Similarly, B’ is the midpoint of DF and C' is the midpoint of DE. Hence, I, the image of I' under
this inversion, is the circumcircle of triangle A’B’C’, which implies that I is the nine-point circle of triangle DEF'.

Since P is the intersection of I' and I'; other than A, P’ is the intersection of IV and EF other than A’, which means
that P’ is the foot of the altitude from D to EF. Similarly, Q' is the foot of the altitude from E to DF' and R’ is the foot
of the altitude from F' to DE.

Now, let X, Y and Z be the midpoints of arcs BC', AC and AB on T respectively. We claim that X lies on PD.

Let X' be the image of X under the inversion, so I, X and X' are collinear. But X is the midpoint of arc BC, so A,
A') I, X" and X are collinear. The image of line PD is the circumcircle of triangle P'ID, so to prove that X lies on PD, it
suffices to prove that points P', I, X' and D are concyclic.

We know that B’ is the midpoint of DF', C' is the midpoint of DE and P’ is the foot of the altitude from D to EF.
Hence, D is the reflection of P’ in B'C".

Since TA' | EF, IB" 1 DF and IC' L DE, I is the orthocentre of triangle A'B’C’. So, X' is the intersection of the
altitude from A’ to B'C" with the circumcircle of triangle A'B'C". From a wellknown fact, X' is the reflection of I in B'C".
This means that B'C" is the perpendicular bisector of both P'D and IX’, so that the points P’, I, X’ and D are concyclic.

Hence, X lies on PD. Similarly, Y lies on QFE and Z lies on RF'. Thus, to prove that PD, QFE and RF are concurrent,
it suffices to prove that DX, EY and F'Z are concurrent.

To show this, consider tangents to I' at X, ¥ and Z. These are parallel to BC, AC and AB, respectively. Hence, the
triangle A that these tangents define is homothetic to the triangle ABC. Let S be the centre of homothety. Then the
homothety taking triangle ABC to A takes w to I', and so takes D to X, E to Y and F to Z. Hence DX, EY and FZ

concur at S.

Comment. The solution uses the following result: Suppose ABC' is a triangle with orthocentre H and that AH intersects
BC at P and the circumcircle of ABC at D. Then HP = PD. The proof is straightforward: Let BH meet AC at ). Note
that AD 1 BC and BQ L AC. Since ZACB = LADB,

ZHBC = ZQBC =90° — ZQCB =90° — LACB =90° - ZADB = /DBP ,
from which follows the congruence of triangle HBP and DBP and equality of HP and PD.
Solution 2. (a) Let I'; and I's intersect at J. Then BDJF and CDJE are concyclic. We have that

/FJE =360° — (/DJF + /DJE)
= 360° — (180° — ZABC + 180° — ZACB)
= ZABC + ZACB = 180° — /FAE . (3)

Hence AFJE is concyclic and so the circumcircles of AEF, BDF and C'ED pass through J.

(b) [Y. Li] Join RE, RD, RA and RB. InI's, ZERD = /ECD = ZACB and ZREC = Z/ZRDC. InT, ZARB = LACB.
Hence, /ZERD = /ZARB — /ARFE = /BRD. Also,

LZAER =180° — ZREC = 180° — LRDC = Z/BDR .

Therefore, triangle ARE and BRD are similar, and AR : BR = AE : BD = AF : BF. If follows that RF bisects angle
ARB, so that RF passes through the midpoint of minor arc AB on I'. Similarly, PD and QFE are respective bisectors of
angles BPC and CQA and pass through the midpoints of the minor arc BC and C'A on ..



Let O be the centre of circle I'; and U, V', W be the respective midpoints of the minor arc BC, CA, AB on this circle,
so that PU contains D, QV contains £ and RW contains F'. It is required to prove that DU, EV and F'W are concurrent.

Since ID and OU are perpendicular to BC, ID||OU. Similarly, IE||OV and IF||OW. Since |ID| = |IE| = |IF| =r (the

inradius) and |OU| = |OV| = |OW| = R (the circumradius), a translation TO followed by a dilatation of factor R/r takes
triangle DEF to triangle UVW, so that these triangles are similar with corresponding sides parallel.

Suppose that EV and FW intersect at K and that DU and FW intersect at L. Taking account of the similarity of the
triangles KEF and KVW , LDF and LUW, DEF and UVW , we have that

KF:FW =EF:VW =DF :UW =LF : LW ,

so that K = L and the lines DU, EV and F'W intersect in a common point K, as desired.



40th Canadian Mathematical Olympiad
Wednesday, March 26, 2008

-

CMS
SMC

. ABCD is a convex quadrilateral for which AB is the longest side. Points M and N are located on
sides AB and BC respectively, so that each of the segments AN and C'M divides the quadrilateral
into two parts of equal area. Prove that the segment M N bisects the diagonal BD.

. Determine all functions f defined on the set of rational numbers that take rational values for which

f@f()+ fly) =22 +y,
for each x and y.

. Let a, b, ¢ be positive real numbers for which a + b+ ¢ = 1. Prove that

a—bc b—ca c—ab 3
<

a—l—bc+b—|—ca+c—|—ab_ 2

. Determine all functions f defined on the natural numbers that take values among the natural numbers
for which

(f(n))"=n  mod f(p)

for all n € N and all prime numbers p.

. A self-avoiding rook walk on a chessboard (a rectangular grid of unit squares) is a path traced by
a sequence of moves parallel to an edge of the board from one unit square to another, such that
each begins where the previous move ended and such that no move ever crosses a square that has
previously been crossed, i.e., the rook’s path is non-self-intersecting.

Let R(m,n) be the number of self-avoiding rook walks on an m x n (m rows, n columns) chessboard
which begin at the lower-left corner and end at the upper-left corner. For example, R(m,1) =1 for
all natural numbers m; R(2,2) = 2; R(3,2) = 4; R(3,3) = 11. Find a formula for R(3,n) for each
natural number n.
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Solutions - CMO 2008

1. ABCD is a convex quadrilateral in which AB is the longest side. Points M and N are located on sides
AB and BC respectively, so that each of the segments AN and CM divides the quadrilateral into two
parts of equal area. Prove that the segment M N bisects the diagonal BD.

Solution. Since [M ADC] = {[ABCD] = [NADC], it follows that [ANC] = [AMC], so that M N||AC.
Let m be a line through D parallel to AC and M N and let BA produced meet m at P and BC' produced
meet m at Q. Then

[MPC)=[MAC]+ [CAP]) = [MAC] + [CAD] = [MADC] = [BMC]
whence BM = M P. Similarly BN = N@, so that M N is a midline of triangle BPQ and must bisect BD.

2. Determine all functions f defined on the set of rationals that take rational values for which

fRf(x)+f(y) =2z +y
for each = and y.

Solution 1. The only solutions are f(x) = x for all rational z and f(z) = —z for all rational . Both of
these readily check out.

Setting y = x yields f(3f(xz)) = 3z for all rational x. Now replacing = by 3f(x), we find that
f9z) = fFBf(Bf(z)) = 3[3f(x)] = 9f(x) ,

for all rational z. Setting z = 0 yields f(0) = 9f(0), whence f(0) = 0.

Setting = 0 in the given functional equation yields f(f(y)) = y for all rational y. Thus f is one-one
onto. Applying f to the functional equation yields that

2f(x) + f(y) = f(2x +y)

for every rational pair (x,y).

Setting y = 0 in the functional equation yields f(2f(z)) = 2z, whence 2f(z) = f(2z). Therefore
f(2z) + f(y) = f(2z + y) for each rational pair (x,y), so that

flutv) = f(u) + f(v)

for each rational pair (u,v).
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Since 0 = f(0) = f(—1)+ f(1), f(—1) = —f(1). By induction, it can be established that for each intger
n and rational z, f(nz) = nf(x). If k = f(1), we can establish from this that f(n) = nk, f(1/n) = k/n and
f(m/n) = mk/n for each integer pair (m,n). Thus f(z) = kz for all rational z. Since f(f(z)) = =, we must
have k2 = 1. Hence f(z) = z or f(z) = —z. These check out.

Solution 2. In the functional equation, let
r=y=2f(z)+ f(w)
to obtain f(x) = f(y) = 2z + w and
f(6z+3w) = 6f(2) +3f(w)

for all rational pairs (z,w). Set (z,w) = (0,0) to obtain f(0) =0, w = 0 to obtain f(6z) =6f(z) and 2z =0
to obtain f(3w) = 3f(w) for all rationals z and w. Hence f(6z + 3w) = f(6z) + f(3w). Replacing (62, 3w)
by (u,v) yields

flut+v) = fu)+ f(v)
for all rational pairs (u,v). Hence f(z) = ka where k = f(1) for all rational . Substitution of this into the
functional equation with (x,y) = (1,1) leads to 3 = f(3f(1)) = f(3k) = 3k2, so that k = £1. It can be
checked that both f(z) =1 and f(z) = —1 satisfy the equation.

Acknowledgment. The first solution is due to Man-Duen Choi and the second to Ed Doolittle.

3. Let a, b, ¢ be positive real numbers for which a + b+ ¢ = 1. Prove that

a—bc+b—ca+c—ab 3
a+bc b4+ca cH+ab” 2°

Solution 1. Note that
a—bc 2bc 2bc

Tatbe 1-b—ctbe 1-bv(1—-c) "

The inequality is equivalent to

2bc n 2ca n 2ab
1=-b(1-¢) (QA-c)(l—-a) (A-a)(1-0)

>3
2
Manipulation yields the equivalent

4(be + ca + ab — 3abe) > 3(bc+ca+ab+1—a—b—c—abc) .

This simplifies to ab 4 bc 4+ ca > 9abe or
1 1 1
-+ -+-29.
a b ¢
This is a consequence of the harmonic-arithmetic means inequality.
Solution 2. Observe that
a+bc=ala+b+c)+bc=(a+b)(a+c)
and that a + b =1 — ¢, with analogous relations for other permutations of the variables. Then

b+c)ct+a)a+b)=(1—-a)(l—=0b)(1—c)=(ab+ bc+ ca)— abc .

Putting the left side of the desired inequality over a common denominator, we find that it is equal to
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(a—bc)(1—a)+ (b—ac)(1—b)+(c—ab)(l —c) (a+b+c)—(a2+ b2+ c2) — (bc+ ca+ ab) + 3abe
b+ olc+a(ath) B+ ot aath)
1= (a+b+c)2+ (bc+ ca+ ab) 4 3abc
N (ab + bc + ca) — abe
(b + ca + ab) + 3abc
(b +be + ab) — abe
4abc
(@a+d)(b+c)cta)’

=14+

Using the arithmetic-geometric means inequality, we obtain that

(a+b)(b+c)(c+a) = (a®b+ b%c + ?a) + (ab2 + be2 + ca2) + 2abe
> 3abc + 3abc + 2abc = 8abe

whence 4abc/[(a +b)(b+ ¢)(c + a)] < 1. The desired result follows. Equality occurs exactly when a = b =
1
Cc = 3

4. Find all functions f defined on the natural numbers that take values among the natural numbers for
which

(f(n))P =n mod f(p)

for all n € N and all prime numbers p.

Solution. The substitution n = p, a prime, yields p = (f(p))? = 0 (mod f(p)), so that p is divisible by
f(p). Hence, for each prime p, f(p) =1 or f(p) =p.

Let S = {p : p is prime and f(p) = p}. If S is infinite, then f(n)? = n (mod p) for infinitely many
primes p. By the little Fermat theorem, n = f(n)? = f(n), so that f(n) —n is a multiple of p for infinitely
many primes p. This can happen only if f(n) = n for all values of n, and it can be verified that this is a
solution.

If S is empty, then f(p) =1 for all primes p, and any function satisfying this condition is a solution.

Now suppose that S is finite and non-empty. Let ¢ be the largest prime in S. Suppose, if possible, that
g > 3. Therefore, for any prime p exceeding ¢, p = 1 (mod ¢). However, this is not true. Let @ be the
product of all the odd primes up to gq. Then @ + 2 must have a prime factor exceeding ¢ and at least one
of them must be incongruent to 1 (mod ¢). (An alternative argument notes that Bertrand’s postulate can
turn up a prime p between ¢ and 2¢ which fails to satisfy p = 1 mod gq.)

The only remaining case is that S = {2}. Then f(2) = 2 and f(p) = 1 for every odd prime p. Since
f(n)2 =n (mod 2), f(n) and n must have the same parity. Conversely, any function f for which f(n) =n
(mod 2) for all n, f(2) =2 and f(p) =1 for all odd primes p satisfies the condition.

Therefore the only solutions are

e f(n)=nfor all n € N;

e any function f with f(p) =1 for all primes p;

e any function for which f(2) = 2, f(p) = 1 for primes p exceeding 2 and f(n) and n have the same
parity.

5. A self-avoiding rook walk on a chessboard (a rectangular grid of squares) is a path traced by a sequence
of rook moves parallel to an edge of the board from one unit square to another, such that each begins
where the previous move ended and such that no move ever crosses a square that has previously been
crossed, i.e., the rook’s path is non-self-intersecting.

Let R(m,n) be the number of self-avoiding rook walks on an m x n (m rows, n columns) chessboard
which begin at the lower-left corner and end at the upper-left corner. For example, R(m,1) = 1 for all
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natural numbers m; R(2,2) = 2; R(3,2) = 4; R(3,3) = 11. Find a formula for R(3,n) for each natural
number n.

Solution 1. Let r, = R(3,n). It can be checked directly that r1 = 1 and ro = 4. Let 1 < i < 3 and
1 < j; let (i,7) denote the cell in the ith row from the bottom and the jth column from the left, so that the
paths in question go from (1,1) to (3,1).

Suppose that n > 3. The rook walks fall into exactly one of the following six categories:
1) One walk given by (1,1) — (2,1) — (3,1).
2) Walks that avoid the cell (2,1): Any such walk must start with (1,1) — (1,2) and finish with (3,2) —
3,1); there are r,,_1 such walks.
3) Walks that begin with (1,1) — (2,1) — (2,2) and never return to the first row: Such walks enter the

third row from (2, k) for some k with 2 < k < n and then go along the third row leftwards to (3,1); there
are n — 1 such walks.

(4) Walks that begin with (1,1) — (2,1) — --- — (2,k) — (1,k) — (1,k+ 1) and end with (3,k+ 1) —
(3,k) = (3,k—1)— --- = (3,2) — (3,1) for some k with 2 < k < n — 1; there are r,_9 + rpn_3+ -+ 11
such walks.

(5) Walks that are the horizontal reflected images of walks in (3) that begin with (1,1) — (2,1) and never
enter the third row until the final cell; there are n — 1 such walks.

o~~~ —~

(6) Walks that are horizontal reflected images of walks in (5); there are r,_o + r,—3 + - - - + 71 such walks.

Thus, r3 =14+7r3 +2(2+r1) = 11 and, for n > 3,

rn=14rn1+2[((n—1)+r,—o+r,_s+- - +mr]
=2n—1+4rp_1+2(rp—2+---+r1),

and

Tog1=2n+ 1471, +2(rpn_1 + 1o+ +7r1) .
Therefore

Tptl —Tn =2+7Tn +7po1 = Tpt1 =24+ 20, +1p—1 -
Thus
Tnp1 +1=2(rp + 1)+ (rn—1 + 1),

whence ] )

rn 1= —(1+V2)" ! — —(1—v2)"t
and 1 )

Py = ——=(14+V2)" — —(1—V2)"*H -1,

v = gV - -V

Solution 2. Employ the same notation as in Solution 1. We have that ry =1, ro =4 and r3 = 11. Let
n > 3. Consider the situation that there are r,4; columns. There are basically three types of rook walks.

Type 1. There are four rook walks that enter only the first two columns.

Type 2. There are 3r,_1 rooks walks that do not pass between the second and third columns in the
middle row (in either direction), viz. r,_1 of each of the types:

(1,1) — (1,2) — (1,3) — -+ — (3,3) — (3,2) — (3,1) ;
1,1) —(2,1) — (2,2) — (1,2) — (1,3) — -+ — (3,3) — (3,2) — (3,1) ;

(1,1) — (1,2) — (1,3) — -+ — (3,3) — (3,2) — (2,2) — (2,1) — (3,1) .

Type 3. Consider the rook walks that pass between the second and third column along the middle row.




Report - Fortieth Canadian Mathematical Olympiad 2008

They are of Type 3a:
(1,1) — x — (2,2) — (2,3) — -+ — (3,3) — (3,2) — (3,1) ,

or Type 3b:
(1,1) — (1,2) — (1,3) — -+ — (2,3) — (2,2) — x — (3,1) ,

where in each case the asterisk stands for one of two possible options.

We can associate in a two-one way the walks of Type 3a to a rook walk on the last n columns, namely
(1,2) — (2,2) — (2,3) — -+ — (3,3) — (3,2)
and the walks of Type 3b to a rook walk on the last n columns, namely
(1,2) — (1,3) — - — (2,3) — (2,2) — (3,2) .

The number of rook walks of the latter two types together is r, — 1 —r,_1. From the number of rook walks
on the last n columns, we subtract one for (1,2) — (2,2) — (3,2) and r,,—1 for those of the type

(1,2) — (1,3) — -+ — (3,3) — (2,3) .

Therefore, the number of rook walks of Type 3 is 2(r, — 1 — r,_1) and we find that
Tog1 =44+3r14+2(rn —1—1rp_1) =242, +7rp_1 .
We can now complete the solution as in Solution 1.

Solution 3. Let S(3,n) be the set of self-avoiding rook walks in which the rook occupies column n but
does not occupy column n+ 1. Then R(3,n) = [S(3,1)|4+]5(3,2)| +---+|S(3,n)|. Furthermore, topological
considerations allow us to break S(3,n) into three disjoint subsets S1(3,n), the set of paths in which corner
(1,n) is not occupied, but there is a path segment (2,n) — (3,n); S2(3,n), the set of paths in which corners
(1,n) and (3,n) are both occupied by a path (1,n) — (2,n) — (3,n); and S5(3,n), the set of paths in
which corner (3,n) is not occupied but there is a path segment (1,n) — (2,n). Let s;(n) = |S;(3,n)| for
i =1,2,3. Note that s1(1) =0, s2(1) =1 and s3(1) = 0. By symmetry, s1(n) = s3(n) for every positive n.
Furthermore, we can construct paths in S(3,n + 1) by “bulging” paths in S(3,n), from which we obtain

si(n+1) = s1(n) + s2(n) ;
sa(n+1) = s1(n) + s2(n) + ss(n) ;
ss(n+ 1) = sa(n) + s3(n) ;
or, upon simplification,
si(n+1) = s1(n) + s2(n) ;
sa(n+1) =2s1(n) + s2(n) .
Hence, for n > 2,
sitn+1)=s1(n) +2s1(n — 1) + s2(n — 1)
=s1(n)+2s1(n—1)+s1(n) —s1(n—1)
=2s1(n) +s1(n—1) .
and
sa(n+1) =2s1(n) + s2(n) = 2s1(n — 1) + 2s2(n — 1) + s2(n)
= s2(n) — sa(n — 1) + 2s3(n — 1) + s2(n)
= 2s2(n) + s2(n—1) .

10
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We find that

81(77,) = 2L\/@(l + \/Q)n—l _ %\/@(1 B \/E)n_l ;
s2(n) = %(1 +V2)r T+ %(1 —V2)r L

Summing a geometric series yields that
R(3,n) = (s2(1) + -+ + s2(n)) + 2(s1(1) + - - + s1(n))
G (E ) G- R ()

- (2b§> (14 V3 — (1= vy -1

The formula agrees with R(3,1) = 1, R(3,2) = 4 and R(3,3) = 11.

Acknowledgment. The first two solutions are due to Man-Duen Choi, and the third to Ed Doolittle.
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PrROBLEM 1. Given an m x n grid with squares coloured either black or white, we say
that a black square in the grid is stranded if there is some square to its left in the same
row that is white and there is some square above it in the same column that is white (see
Figure 1.).

FiGURE 1. A 4 x 5 grid with no stranded black squares

Find a closed formula for the number of 2 x n grids with no stranded black squares.

PROBLEM 2. Two circles of different radii are cut out of cardboard. Each circle is subdi-
vided into 200 equal sectors. On each circle 100 sectors are painted white and the other
100 are painted black. The smaller circle is then placed on top of the larger circle, so that
their centers coincide. Show that one can rotate the small circle so that the sectors on
the two circles line up and at least 100 sectors on the small circle lie over sectors of the
same color on the big circle.

PROBLEM 3. Define
(xy +yz + zz)(x +y + 2)

flz,y,2) =
(z +y)(z+2)(y + 2)
Determine the set of real numbers r for which there exists a triplet (z,vy, z) of positive
real numbers satisfying f(x,y,z) =r.

PROBLEM 4. Find all ordered pairs (a,b) such that a and b are integers and 3 + 7° is a
perfect square.

PROBLEM 5. A set of points is marked on the plane, with the property that any three
marked points can be covered with a disk of radius 1. Prove that the set of all marked
points can be covered with a disk of radius 1.
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CANADIAN MATHEMATICAL OLYMPIAD 2009
SOLUTIONS

PROBLEM 1. Given an m x n grid with squares coloured either black or white, we say
that a black square in the grid is stranded if there is some square to its left in the same
row that is white and there is some square above it in the same column that is white (see
Figure).

FIGURE 1. A 4 x 5 grid with no stranded black squares

Find a closed formula for the number of 2 x n grids with no stranded black squares.

Solution. There is no condition for squares in the first row. A square in the second row
can be black only if the square above it is black or all squares to the left of it are black.
Suppose the first k squares in the second row are black and the (k + 1)-st square is white
or k =n. When k < n then for each of the first £ 4+ 1 squares in the first row we have 2
choices, and for each of the remaining n — k — 1 columns we have 3 choices. When k = n,
there are 2™ choices for the first row. The total number of choices is thus:

n—1
Z 2k+13n7k71 i 2n
k=0

This expression simplifies to
2-3"=2"
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PROBLEM 2. Two circles of different radii are cut out of cardboard. Each circle is subdi-
vided into 200 equal sectors. On each circle 100 sectors are painted white and the other
100 are painted black. The smaller circle is then placed on top of the larger circle, so that
their centers coincide. Show that one can rotate the small circle so that the sectors on
the two circles line up and at least 100 sectors on the small circle lie over sectors of the
same color on the big circle.

Solution. Let xg, ..., x99 be variables. Assign the value of +1 or —1 to z; depending on
whether the (i + 1)st segment of the larger circle (counting counterclockwise) is black or
white, respectively. Similarly, assign the value of +1 or —1 to the variable y; depending
on whether the (i 4+ 1)th segment of the smaller circle is black or white. We can now
restate the problem in the following equivalent way: show that

200

S; = inyi+j >0,

i=1
for some j =0,...,199. Here the subscript ¢ 4+ 7 is understood modulo 200.
Now observe that yy + - - - + y199 = 0 and thus

199

So+--'+5199szi(y0+"~+y199) =0.

1=0

Thus S; > 0 for some 7 =0,...,199, as claimed.
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PROBLEM 3. Define
(xy+yz+ zz)(x +y + 2)

[y, 2) =
(z+y)(z+2)(y + 2)
Determine the set of real numbers r for which there exists a triplet (z,y, z) of positive
real numbers satisfying f(x,y,z) =r.

Solution. We prove that 1 < f(x,y,2) < %, and that f(z,y,z) can take on any value
within the range (1, 2.

The expression for f(x,y, 2) can be simplified to

xyz

flx,y,z) =1+ .
(@ +y)(z+2)(y+2)
Since x,y, z are positive, we get 1 < f(z,y, 2).

The inequality f(z,y,z) < % can be simplified to

22y + 2?2 + yPr + %z + 2o+ 2%y — 6ayz > 0.

Rearrange the left hand side as follows:
22y + 222 + yPa + vz + 2o 4 2Py — 6oy =
r(y? + 2%) — 2zyz + y(2® + 2%) — 22yz + 2(2® + 9°) — 2wyz =
2(y —2)" +ylz —2)* + 2(z — y)*.

This expression is clearly non-negative when x, y, z are non-negative.
To prove that f(z,vy, z) takes any values in the interval (1, g], define

t
t)=ft,1,1) =14 —.
Then g(1) = 2 and g(t) approaches 1 as ¢ approaches 0. It follows from the continuity
of g(t) for 0 < ¢ < 1 that it takes all values in the interval (1,3]. (Alternatively, one
can check that the quadratic equation ¢(t) = r has a solution ¢ for any number r in the
interval (1, 3].)
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PROBLEM 4. Find all ordered pairs (a,b) such that a and b are integers and 3% + 7° is a
perfect square.

Solution. It is obvious that a and b must be non-negative.
Suppose that 3¢ + 7° = n?. We can assume that n is positive. We first work modulo 4.
Since 3% + 7% = n?, it follows that

n?=(-1)"+ (=1)* (mod 4).

Since no square can be congruent to 2 modulo 4, it follows that we have either (i) a is
odd and b is even or (ii) a is even and b is odd.

Case (i): Let b = 2c. Then

3= (n—T7(n+7°.
It cannot be the case that 3 divides both n — 7¢ and n + 7¢. But each of these is a power
of 3. It follows that n — 7¢ = 1, and therefore

3*=2-T"+1.
If ¢ =0, then @ = 1, and we obtain the solution a = 1, b = 0. So suppose that ¢ > 1.
Then 3* =1 (mod 7). This is impossible, since the smallest positive value of a such that

3* =1 (mod 7) is given by a = 6, and therefore all a such that 3* =1 (mod 7) are even,
contradicting the fact that a is odd.

Case (ii): Let a = 2¢. Then
7 = (n — 3% (n + 3.
Thus each of n — 3° and n + 3° is a power of 7. Since 7 cannot divide both of these, it
follows that n — 3° = 1, and therefore
=23+ 1.

Look first at the case ¢ = 1. Then b = 1, and we obtain the solution a = 2, b = 1. So
from now on we may assume that ¢ > 1. Then 7° = 1 (mod 9). The smallest positive
integer b such that 7 =1 (mod 9) is given by b = 3. It follows that b must be a multiple
of 3. Let b = 3d. Note that d is odd, so in particular d > 1.

Let y = 7¢. Then y® — 1 = 2 3%, and therefore

2-3°=(y - D" +y+1).

It follows that y — 1 = 2- 3% for some positive u, and that y*> +y + 1 = 3V for some v > 2.
But since

=0 +y+1) - (y—1"
it follows that 3 | y, which is impossible since 3 | (y — 1).

10
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PROBLEM 5. A set of points is marked on the plane, with the property that any three
marked points can be covered with a disk of radius 1. Prove that the set of all marked
points can be covered with a disk of radius 1.

Solution. (For a finite set of points only.) Let D be a disk of smallest radius that covers
all marked points. Consider the marked points on the boundary C' of this disk. Note that
if all marked points on C' lie on an arc smaller than the half circle (ASTTHC for short),
then the disk can be moved a little towards these points on the boundary and its radius
can be decreased. Since we assumed that our disk has minimal radius, the marked points
on its boundary do not lie on an ASTTHC.

If the two endpoints of a diagonal of D are marked, then D is the smallest disk containing
these two points, hence must have radius at most 1.

If there are 3 marked points on C' that do not lie on an ASTTHC, then D is the smallest
disk covering these 3 points and hence must have radius at most 1. (In this case the
triangle formed by the three points is acute and C' is its circumcircle.)

If there are more than 3 marked points on the boundary that do not lie on an ASTTHC,
then we can remove one of them so that the remaining points again do not lie on an
ASTTHC. By induction this leads us to the case of 3 points. Indeed, given 4 or more
points on C', choose 3 points that lie on a half circle. Then the middle point can be
removed.

11
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(1)

For a positive integer n, an n-staircase is a figure consisting of unit squares, with one
square in the first row, two squares in the second row, and so on, up to n squares in
the n'® row, such that all the left-most squares in each row are aligned vertically. For
example, the 5-staircase is shown below.

Let f(n) denote the minimum number of square tiles required to tile the n-staircase,
where the side lengths of the square tiles can be any positive integer. For example,
f(2)=3and f(4) =T7.

(a) Find all n such that f(n) = n.
(b) Find all n such that f(n) =n+ 1.

Let A, B, P be three points on a circle. Prove that if a and b are the distances from P
to the tangents at A and B and c is the distance from P to the chord AB, then ¢? = ab.

Three speed skaters have a friendly “race” on a skating oval. They all start from the
same point and skate in the same direction, but with different speeds that they maintain
throughout the race. The slowest skater does 1 lap a minute, the fastest one does 3.14
laps a minute, and the middle one does L laps a minute for some 1 < L < 3.14. The race
ends at the moment when all three skaters again come together to the same point on
the oval (which may differ from the starting point.) Find how many different choices for
L are there such that exactly 117 passings occur before the end of the race. (A passing
is defined when one skater passes another one. The beginning and the end of the race
when all three skaters are together are not counted as passings.)

Each vertex of a finite graph can be coloured either black or white. Initially all vertices
are black. We are allowed to pick a vertex P and change the colour of P and all of its
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neighbours. Is it possible to change the colour of every vertex from black to white by a
sequence of operations of this type?

(A finite graph consists of a finite set of vertices and a finite set of edges between
vertices. If there is an edge between vertex A and vertex B, then B is called a neighbour
of A.)

Let P(x) and Q(x) be polynomials with integer coefficients. Let a,, = n!+n. Show that
if P(a,)/Q(ay) is an integer for every n, then P(n)/Q(n) is an integer for every integer
n such that Q(n) # 0.
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CANADIAN MATHEMATICAL OLYMPIAD 2010
PROBLEMS AND SOLUTIONS

(1) For a positive integer n, an n-staircase is a figure consisting of unit squares, with
one square in the first row, two squares in the second row, and so on, up to n
squares in the n'® row, such that all the left-most squares in each row are aligned
vertically. For example, the 5-staircase is shown below.

Let f(n) denote the minimum number of square tiles required to tile the n-
staircase, where the side lengths of the square tiles can be any positive integer.
For example, f(2) =3 and f(4) = 7.

(a) Find all n such that f(n) =n.
(b) Find all n such that f(n) =n+ 1.

Solution. (a) A diagonal square in an n-staircase is a unit square that lies on
the diagonal going from the top-left to the bottom-right. A minimal tiling of an
n-staircase is a tiling consisting of f(n) square tiles.

Observe that f(n) > n for all n. There are n diagonal squares in an n-staircase,
and a square tile can cover at most one diagonal square, so any tiling requires at
least n square tiles. In other words, f(n) > n. Hence, if f(n) = n, then each
square tile covers exactly one diagonal square.

Let n be a positive integer such that f(n) = n, and consider a minimal tiling of
an n-staircase. The only square tile that can cover the unit square in the first row
is the unit square itself.

Now consider the left-most unit square in the second row. The only square tile
that can cover this unit square and a diagonal square is a 2 x 2 square tile.

_I
_I_‘
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Next, consider the .civ wuony winy vquase 1 vae rows v FOW. The only square tile
that can cover this unit square and a diagonal square is a 4 x 4 square tile.

Continuing this construction, we see that the side lengths of the square tiles
we encounter will be 1, 2, 4, and so on, up to 2¥ for some nonnegative integer k.
Therefore, n, the height of the n-staircase, is equal to 14+2+44---42F = 2k+1 1,
Alternatively, n = 2F — 1 for some positive integer k. Let p(k) = 2% — 1.

Conversely, we can tile a p(k)-staircase with p(k) square tiles recursively as
follows: We have that p(1) = 1, and we can tile a 1-staircase with 1 square tile.
Assume that we can tile a p(k)-staircase with p(k) square tiles for some positive
integer k.

Consider a p(k + 1)-staircase. Place a 2% x 2¥ square tile in the bottom left

corner. Note that this square tile covers a digaonal square. Then p(k + 1) — 2% =
2k+l 1 — 2k = 2% — 1 = p(k), so we are left with two p(k)-staircases.

p(k) —LI_‘
2k —|—|_‘

Furthermore, these two p(k)-staircases can be tiled with 2p(k) square tiles, which
means we use 2p(k) + 1 = p(k + 1) square tiles.

Therefore, f(n) = n if and only if n = 28 — 1 = p(k) for some positive integer
k. In other words, the binary representation of n consists of all 1s, with no 0s.

(b) Let n be a positive integer such that f(n) =n + 1, and consider a minimal
tiling of an n-staircase. Since there are n diagonal squares, every square tile
except one covers a diagonal square. We claim that the square tile that covers
the bottom-left unit square must be the square tile that does not cover a diagonal
square.

If n is even, then this fact is obvious, because the square tile that covers the
bottom-left unit square cannot cover any diagonal square, so assume that n is odd.
Let n = 2m + 1. We may assume that n > 1, so m > 1. Suppose that the square
tile covering the bottom-left unit square also covers a diagonal square. Then the
side length of this square tile must be m + 1. After this (m + 1) x (m + 1) square

tile has been placed, we are left with two m-staircases.
2
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m+1 M

Hence, f(n) = 2f(m) + 1. But 2f(m) + 1 is odd, and n + 1 = 2m + 2 is even,
so f(n) cannot be equal to n + 1, contradiction. Therefore, the square tile that
covers the bottom-left unit square is the square tile that does not cover a diagonal
square.

Let t be the side length of the square tile covering the bottom-left unit square.
Then every other square tile must cover a diagonal square, so by the same con-
struction as in part (a), n = 1+2+4+---+281 4+t = 2%+ ¢ 1 for some positive
integer k. Furthermore, the top p(k) = 2¥ — 1 rows of the n-staircase must be tiled
the same way as the minimal tiling of a p(k)-staircase. Therefore, the horizontal
line between rows p(k) and p(k) + 1 does not pass through any square tiles. Let
us call such a line a fault line. Similarly, the vertical line between columns ¢ and
t + 1 is also a fault line. These two fault lines partition two p(k)-staircases.

ks

p(k)

t p(k)

If these two p(k)-staircases do not overlap, then ¢ = p(k), so n = 2p(k). For
example, the minimal tiling for n = 2p(2) = 6 is shown below.

.

-

Hence, assume that the two p(k)-staircases do overlap. The intersection of the
two p(k)-staircases is a [p(k) — t]-staircase. Since this [p(k) — t]-staircase is tiled
the same way as the top p(k) — ¢t rows of a minimal tiling of a p(k)-staircase,
p(k) —t = p(l) for some positive integer | < k, so t = p(k) — p(l). Then

n=t+p(k) =2p(k) — p(l).

Since p(0) = 0, we can summarize by saying that n must be of the form

n=2p(k) —p(l) = 2" - 2' — 1,
3
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where k is a positive wuveger wiu v 1w o nunuvguuve wlgel. Also, our argument
shows how if n is of this form, then an n-staircase can be tiled with n + 1 square
tiles.

Finally, we observe that n is of this form if and only if the binary representation
of n contains exactly one 0:

ok+tl _ ol 1 —-11...1011...1.
kE—11 [1

Let A, B, P be three points on a circle. Prove that if a and b are the distances
from P to the tangents at A and B and c is the distance from P to the chord AB,
then ¢ = ab.

Solution. Let r be the radius of the circle, and let a’ and b’ be the respective
lengths of PA and PB. Since b/ = 2rsin ZPAB = 2rc/d’, ¢ = a't'/(2r). Let AC
be the diameter of the circle and H the foot of the perpendicular from P to AC.
The similarity of the triangles ACP and APH imply that AH : AP = AP : AC
or (a’')* = 2ra. Similarly, (V')> = 2rb. Hence

o _ (a)? (V)
= =ab
¢ 2r  2r ¢
as desired. 0

Alternate Solution. Let E, F,G be the feet of the perpendiculars to the
tangents at A and B and the chord AB, respectively. We need to show that
PFE : PG = PG : GF, where G is the foot of the perpendicular from P to AB.
This suggest that we try to prove that the triangles PG and GPF are similar.

Since PG is parallel to the bisector of the angle between the two tangents,
LEPG = ZFPG. Since AEPG and BF PG are concyclic quadrilaterals (having
opposite angles right), /PGE = Z/PAE and /PFG = /ZPBG. But ZPAE =
/PBA = /PBG, whence /PGFE = ZPFG. Therefore triangles EPG and GPF
are similar.

The argument above with concyclic quadrilaterals only works when P lies on
the shorter arc between A and B. The other case can be proved similarly. 0

Three speed skaters have a friendly race on a skating oval. They all start from
the same point and skate in the same direction, but with different speeds that
they maintain throughout the race. The slowest skater does 1 lap a minute, the
fastest one does 3.14 laps a minute, and the middle one does L laps a minute for
some 1 < L < 3.14. The race ends at the moment when all three skaters again

come together to the same point on the oval (which may differ from the starting
4
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point.) Find how Muuy wiscicae vaoics sor 0 ase vawe such that 117 passings
occur before the end of the race. (A passing is defined when one skater passes
another one. The beginning and the end of the race when all three skaters are at
together are not counted as a passing.)

Solution. Assume that the length of the oval is one unit. Let x(¢) be the
difference of distances that the slowest and the fastest skaters have skated by time
t. Similarly, let y(t) be the difference between the middle skater and the slowest
skater. The path (z(t),y(t)) is a straight ray R in R?, starting from the origin,
with slope depending on L. By assumption, 0 < y(t) < z(t).

One skater passes another one when either z(t) € Z, y(t) € Z or x(t) —y(t) € Z.
The race ends when both x(t),y(t) € Z.

Let (a,b) € Z? be the endpoint of the ray R. We need to find the number of
such points satisfying:

(a) 0<b<a
(b) The ray R intersects Z? at endpoints only.
(c) The ray R crosses 357 times the lines x € Z, y € Z, y — x € Z.

The second condition says that a and b are relatively prime. The ray R crosses
a—1 of the lines x € Z, b— 1 of the lines y € Z and a —b—1 of the lines z —y € Z.
Thus, we need (a — 1)+ (b—1)+ (a —b—1) = 117, or equivalently, 2a — 3 = 117.
That is a = 60.

Now b must be a positive integer less than and relatively prime to 60. The
number of such b can be found using the Euler’s ¢ function:

#(60) = p(2*-3-5)=(2—1)-2-(3—1)- (5 —1) = 16.
Thus the answer is 16. O

Alternate Solution. First, let us name our skaters. From fastest to slowest,
call them: A, B and C. (Abel, Bernoulli and Cayley?)

Now, it is helpful to consider the race from the viewpoint of C'. Relative to C,
both A and B complete a whole number of laps, since they both start and finish
at C.

Let n be the number of laps completed by A relative to C', and let m be the
number of laps completed by B relative to C'. Note that: n > m € Z*

Consider the number of minutes required to complete the race. Relative to C,
A is moving with a speed of 3.14 — 1 = 2.14 laps per minute and completes the
race in 5; minutes. Also relative to C', B is moving with a speed of (L — 1) laps
per minute and completes the race in 77 minutes. Since A and B finish the race

together (when they both meet C):

n m m

—_— = = L:2.14(—> 1.

214 L-1 n +

Hence, there is a one-to-one relation between values of L and values of the postive

proper fraction . The fraction should be reduced, that is the pair (m,n) should
5
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be relatively prime, o. cioe, wivi i — gowgiie o), wue 2w ends after n/k laps for
A and m/k laps for B when they first meet C' together.

It is also helpful to consider the race from the viewpoint of B. In this frame
of reference, A completes only n — m laps. Hence A passes B only (n —m) — 1
times, since the racers do not "pass” at the end of the race (nor at the beginning).
Similarily A passes C' only n — 1 times and B passes C' only m — 1 times. The
total number of passings is:

1M7=mn-1)+m-1)+(n—-—m-1)=2n—-3 = n=060

Hence the number of values of L equals the number of m for which the fraction £ is
positive, proper and reduced. That is the number of positive integer values smaller
than and relatively prime to 60. One could simply count: {1,7,11,13,17,...}, but

Euler’s ¢ function gives this number:
#(60) = p(22-3-5)=(2—-1)-2-(3—-1)-(5—1) = 16.

Therefore, there are 16 values for L which give the desired number of passings.
Note that the actual values for the speeds of A and C' do not affect the result.

They could be any values, rational or irrational, just so long as they are different,

and there will be 16 possible values for the speed of B between them. O

Each vertex of a finite graph can be colored either black or white. Initially all
vertices are black. We are allowed to pick a vertex P and change the color of P
and all of its neighbours. Is it possible to change the colour of every vertex from
black to white by a sequence of operations of this type?

Solution. The answer is yes. Proof by induction on the number n of vertices.
If n = 1, this is obvious. For the induction assumption, suppose we can do this for
any graph with n — 1 vertices for some n > 2 and let X be a graph with n vertices
which we will denote by Py, ..., Ppi1.

Let us denote the “basic” operation of changing the color of P; and all of its
neighbours by f;. Removing a vertex P; from X (along with all edges connecting
to P;) and applying the induction assumption to the resulting smaller graph, we
see that there exists a sequence of operations g; (obtained by composing some f;,
with j # ¢) which changes the colour of every vertex in X, except for possibly F;.

If g; it also changes the color of P; then we are done. So, we may assume that
g; does not change the colour of P for every ¢ = 1,...,n. Now consider two cases.

Case 1: n is even. Then composing g, . .., g, we will change the color of every
vertex from white to black.

Case 2: n is odd. I claim that in this case X has a vertex with an even number
of neighbours.

Indeed, denote the number of neighbours of P; (or equivalently, the number of
edges connected to P) by k;. Then P, + .-+ + P,y; = 2e, where e is the number

of edges of X. Thus one of the numbers k; has to be even as claimed.
6



shiyg,
%
ae =
Sun “/
Life Financial

After renumbering viirv vuL UJ.\J\/A)7 \A A3 .LJ.L(AJJ v uiiliv viiwvu .LDl hals 2k neighbourS7 Saly
Py, ..., Poyy1. The composition of f; with gq,¢9,..., gorr1 Will then change the
colour of every vertex, as desired.

0

Let P(z) and Q(z) be polynomials with integer coefficients. Let a, = n! + n.
Show that if P(a,)/Q(ay) is an integer for every n, then P(n)/Q(n) is an integer
for every integer n such that Q(n) # 0.

Solution. Imagine dividing P(x) by Q(x). We find that

P(x) R(x)
aw ~ M quy
where A(x) and R(z) are polynomials with rational coefficients, and R(x) is either
identically O or has degree less than the degree of Q(z).
By bringing the coefficients of A(x) to their least common multiple, we can find
a polynomial B(z) with integer coefficients, and a positive integer b, such that
A(x) = B(x)/b. Suppose first that R(z) is not identically 0. Note that for any
integer k, either A(k) = 0, or |A(k)| > 1/b. But whenever |k| is large enough,
0 < |R(k)/Q(k)| < 1/b, and therefore if n is large enough, P(a,)/Q(a,) cannot
be an integer.
So R(z) is identically 0, and P(z)/Q(x) = B(z)/b (at least whenever Q(z) # 0.)
Now let n be an integer. Then there are infinitely many integers k such that
n = a, (mod b). But B(ax)/b is an integer, or equivalently b divides B(ag). It
follows that b divides B(n), and therefore P(n)/Q(n) is an integer. O
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(1) Consider 70-digit numbers n, with the property that each of the digits 1,2,3,...,7
appears in the decimal expansion of n ten times (and 8, 9, and 0 do not appear).
Show that no number of this form can divide another number of this form.

(2) Let ABCD be a cyclic quadrilateral whose opposite sides are not parallel, X the
intersection of AB and CD, and Y the intersection of AD and BC. Let the
angle bisector of ZAX D intersect AD, BC at E, F respectively and let the angle
bisector of ZAY B intersect AB,C'D at G, H respectively. Prove that EGFH is
a parallelogram.

(3) Amy has divided a square up into finitely many white and red rectangles, each
with sides parallel to the sides of the square. Within each white rectangle, she
writes down its width divided by its height. Within each red rectangle, she writes
down its height divided by its width. Finally, she calculates x, the sum of these
numbers. If the total area of the white rectangles equals the total area of the red
rectangles, what is the smallest possible value of x7?

(4) Show that there exists a positive integer N such that for all integers a > N, there
exists a contiguous substring of the decimal expansion of a that is divisible by 2011.
(For instance, if a = 153204, then 15, 532, and 0 are all contiguous substrings of
a. Note that 0 is divisible by 2011.)

(5) Let d be a positive integer. Show that for every integer S, there exists an integer
n > 0 and a sequence €1, €, ..., €,, where for any k, ¢, = 1 or ¢, = —1, such that

S=e(1+d)?+e(l+2d)?+e3(1+3d)* + - + €,(1 + nd)>.
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Problems and Solutions

Consider 70-digit numbers n, with the property that each of the digits 1,2,3,...,7
appears in the decimal expansion of n ten times (and 8, 9, and 0 do not appear). Show
that no number of this form can divide another number of this form.

Solution. Assume the contrary: there exist a and b of the prescribed form, such that
b > a and a divides b. Then a divides b — a.

Claim: a is not divisible by 3 but b — a is divisible by 9. Indeed, the sum of the digits
is 10(1 +--- 4+ 7) = 280, for both a and b. [Here one needs to know or prove that an
integer n is equivalent of the sum of its digits modulo 3 and modulo 9.]

We conclude that b —a is divisible by 9a. But this is impossible, since 9a has 71 digits
and b has only 70 digits, so 9a > b > b — a. O

Let ABCD be a cyclic quadrilateral whose opposite sides are not parallel, X the inter-
section of AB and C'D, and Y the intersection of AD and BC. Let the angle bisector
of ZAXD intersect AD, BC at E, F respectively and let the angle bisector of ZAY B
intersect AB,CD at G, H respectively. Prove that FGF H is a parallelogram.

Solution. Since ABCD is cyclic, AXAC ~ AXDB and AYAC ~ AY BD. There-
fore,

XA XC AC YA YC
XD XB DB YB YD’
Let s be this ratio. Therefore, by the angle bisector theorem,
AE_XA_XC’_E_S
ED XD XB FB 7

and

AG YA YC CH

—_— — == —— = 8.

GB YB YD HD
Hence, 4% = $£ and £% = BE. Therefore, EH||AC||GF and EG||DB||HF. Hence,
EGFH is a parallelogram. U
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Amy has divided a square up into finitely many white and red rectangles, each with sides
parallel to the sides of the square. Within each white rectangle, she writes down its width
divided by its height. Within each red rectangle, she writes down its height divided by
its width. Finally, she calculates z, the sum of these numbers. If the total area of the
white rectangles equals the total area of the red rectangles, what is the smallest possible
value of x?

Solution. Let a; and b; denote the width and height of each white rectangle, and let
¢; and d; denote the width and height of each red rectangle. Also, let L denote the side
length of the original square.

Lemma: Either Y a; > Lor ) d; > L.

Proof of lemma: Suppose there exists a horizontal line across the square that is
covered entirely with white rectangles. Then, the total width of these rectangles is at
least L, and the claim is proven. Otherwise, there is a red rectangle intersecting every
horizontal line, and hence the total height of these rectangles is at least L. O

Now, let us assume without loss of generality that Y a; > L. By the Cauchy-Schwarz
inequality,

v

(Xa)

S

(Z8) (Som)

2

But we know > a;b; = %, so it follows that Z—; > 2. Furthermore, each ¢; < L, so

d; 1 1

Therefore, = is at least 2.5. Conversely, x = 2.5 can be achieved by making the top half
of the square one colour, and the bottom half the other colour. ]

Show that there exists a positive integer N such that for all integers a > NN, there exists
a contiguous substring of the decimal expansion of a that is divisible by 2011. (For
instance, if a = 153204, then 15, 532, and 0 are all contiguous substrings of a. Note that
0 is divisible by 2011.)

Solution. We claim that if the decimal expansion of a has at least 2012 digits, then
a contains the required substring. Let the decimal expansion of a be agar_1...ag. For
1 = 0,...,2011, Let b; be the number with decimal expansion a;a;—1...ag. Then by
pidgenhole principle, b; = b; mod 2011 for some i < j < 2011. It follows that 2011
divides b; — b; = ¢ - 10". Here c is the substring a;...a;+1. Since 2011 and 10 are
relatively prime, it follows that 2011 divides c. O
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(5) Let d be a positive integer. Show that for every integer S, there exists an integer n > 0
and a sequence €1, €3, ..., €,, where for any k, ¢, = 1 or ¢, = —1, such that

S=e(1+d)?+e(1+2d)*+e3(1+3d)%+ - + en(1 +nd)>.

“

Solution. Let U, = (1 + kd)2. We calculate Uy 3 — Upo — Upy1 + Up. This turns
out to be 4d?, a constant. Changing signs, we obtain the sum —4d>?.

Thus if we have found an expression for a certain number Sy as a sum of the desired
type, we can obtain an expression of the desired type for Sy + (4d?)q, for any integer q.

It remains to show that for any S, there exists an integer S’ such that S’ = S
(mod 4d?) and S’ can be expressed in the desired form. Look at the sum

(14+d)?+ (1 +2d)>*+ -+ (1 + Nd)?,

where N is “large.” We can at will choose N so that the sum is odd, or so that the sum
is even.

By changing the sign in front of (1 + kd)? to a minus sign, we decrease the sum by
2(1+kd)?. In particular, if £ = 0 (mod 2d), we decrease the sum by 2 (modulo 4d?). So

If N is large enough, there are many k& < N such that k£ is a multiple of 2d. By
switching the sign in front of r of these, we change (“downward”) the congruence class
modulo 4d? by 2r. By choosing N so that the original sum is odd, and choosing suitable
r < 2d?, we can obtain numbers congruent to all odd numbers modulo 4d?. By choosing
N so that the original sum is even, we can obtain numbers congruent to all even numbers
modulo 4d?. This completes the proof. O
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1. Let x, y and z be positive real numbers. Show that x? + xy? + xyz? > 4 xyz — 4.

Soit x, y et z trois nombres réels positifs. Démontrez que x + xy? + xyz? > 4 xyz — 4.

. For any positive integers n and k, let L(n, k) be the least common multiple of the k consecutive integers
n, n+1, ..., n+4—1. Show that for any integer b, there exist integers n and k such that
L(n,k)>bL(n+1,k).

Soit L(n, k) le plus petit commun multiple de la suite des k entiers consécutifs n,n + 1, ....,n+ k —1,
ou n et k sont deux entiers positifs quelconques. Montrez que pour tout entier b, il existe des nombres entiers
netktels que L(n,k) > b L(n+ 1,k).

. Let ABCD be a convex quadrilateral and let P be the point of intersection of AC and BD. Suppose that
AC + AD = BC + BD. Prove that the internal angle bisectors of ZACB, 2ADB, and £APB meet at a common point.

Soit ABCD un quadrilatére convexe et P le point d’intersection des droites AC et BD. Supposons que
AC + AD = BC + BD. Démontrez que les bissectrices des angles internes de £ACB, £ADB, et £LAPB se coupent
en un point.

A number of robots are placed on the squares of a finite, rectangular grid of squares. A square can hold any number of
robots. Every edge of the grid is classified as either passable or impassable. All edges on the boundary of the grid are
impassable.

You can give any of the commands up, down, left, or right. All of the robots then simultaneously try to move in the
specified direction. If the edge adjacent to a robot in that direction is passable, the robot moves across the edge and
into the next square. Otherwise, the robot remains on its current square. You can then give another command of up,
down, left, or right, then another, for as long as you want.

Suppose that for any individual robot, and any square on the grid, there is a finite sequence of commands that will
move that robot to that square. Prove that you can also give a finite sequence of commands such that all of the robots
end up on the same square at the same time.

Un certain nombre de robots sont placés sur les carrés composant une grille rectangulaire de dimension finie. Chaque
carré peut contenir un nombre quelconque de robots. Les bords des carrés de la grille sont classés comme
franchissable ou infranchissable. Les cotés qui forment le pourtour de la grille sont infranchissables.

Vous pouvez donner n’importe laquelle des commandes suivantes : en haut, en bas, a gauche ou a droite. Tous les
robots tentent alors de se déplacer simultanément dans la direction précisée. Si le bord adjacent au carré vers lequel se
déplace un robot est franchissable, le robot le franchit et se place dans le carré suivant. Sinon, le robot reste dans le
carré ou il se trouve. Vous pouvez ensuite lancer une autre commande de déplacement vers le haut, le bas, la gauche
ou la droite, et encore une autre, aussi longtemps que vous le désirez.

Supposons que pour chaque robot, et ce, pour n’importe quel carré, il existe une suite finie de commandes qui
ameneront ce robot au carré donné. Démontrez que vous pouvez aussi lancer une suite finie de commandes de sorte
que tous les robots finiront par se retrouver simultanément dans le méme carré.
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5. A bookshelf contains n volumes, labelled 1 to n in some order. The librarian wishes to put them in the correct order as
follows. The librarian selects a volume that is too far to the right, say the volume with label k, takes it out, and inserts
it so that it is in the k-th place. For example, if the bookshelf contains the volumes 1, 3, 2, 4 in that order, the
librarian could take out volume 2 and place it in the second position. The books will then be in the correct order
1,2, 3, 4.

(a) Show that if this process is repeated, then, however the librarian makes the selections, all the volumes will
eventually be in the correct order.

(b) What is the largest number of steps that this process can take?

Une étagere contient n volumes étiquetés de 1 a n, rangés dans un certain ordre. Le bibliothécaire souhaite les mettre
dans le bon ordre de la fagon suivante : il choisit un volume qui se trouve trop a droite, par exemple le volume étiqueté
k, le retire de son emplacement et I’inseére a la k -ieme place. Par exemple, si les volumes sont rangés dans 1’ordre

1, 3, 2, 4, le bibliothécaire peut prendre le volume 2 et le mettre a la deuxieme place. Les livres sont alors rangés dans
le bon ordre, soit 1, 2, 3, 4.

a) Démontrez que si 1I’on répete ce processus, tous les volumes finiront par étre dans le bon ordre, et ce, qu’elle que
soit la maniere dont le bibliothécaire les range.

b) Quel est le plus grand nombre d’étapes que peut exiger un tel processus?
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1. Let z, y and 2 be positive real numbers. Show that z? + xy* + xy2* > 4xyz — 4.

Solution. Note that
x224x—4, y2 >4y —4, and 22242—4,
and therefore
2? +ay? +ay2® > (dr —4) + 2(dy — 4) + ay(42 — 4) = dayz — 4.

2. For any positive integers n and k, let L(n, k) be the least common multiple of the
k consecutive integers n, n 4+ 1, ..., n+ k — 1. Show that for any integer b, there
exist integers n and k such that L(n, k) > bL(n+ 1, k).

Solution. I. Let p > b be prime, let n = p3 and k = p?. If p3 < i < p3 + p?, then no
power of p greater than 1 divides 4, while p divides p* + p. It follows that L(p?,p?) =
p?L(p*+1,p?—1). A similar calculation shows that L(p*+1, p?) = pL(p*+1, p*—1).
Thus L(p®,p®) = pL(p* + 1,p*) > bL(p® + 1,p°).
IL. Let m > 1. Then L(m!—1,m+1) is the least common multiple of the integers from
m!—1tom!+m—1. But m!—1 is relatively prime to all of m!, m!+1,... m!4+m—1. Tt
follows that L(m!—1,m+1) = (m!—1)M, where M = lem(m!,m!+1,...,ml+m—1).
Now consider L(m!, m+1). This is lem(M, m!+m). But m!4+m = m((m—1)!41),
and m divides M. Thus lem(M,m!+m) < M((m — 1)! + 1), and

L(m!—l,m+1)> m! —1
Lim!,m+1) — (m-1)'+1

Since m can be arbitrarily large, so can L(m! —1,m + 1)/L(m!,m + 1). Therefore
taking n = m! — 1 for sufficiently large m, and k = m + 1, works.

3. Let ABCD be a convex quadrilateral and let P be the point of intersection of
AC and BD. Suppose that AC + AD = BC + BD. Prove that the internal angle
bisectors of ZACB, ZADB, and ZAPB meet at a common point.

Solution. I. Construct A" on CA so that AA” = AD and B’ on CB such that
BB’ = BD. Then we have three angle bisectors that correspond to the perpendicular
bisectors of A’B’, A’D, and B’D. These perpendicular bisectors are concurrent, so
the angle bisectors are also concurrent. This tells us that the external angle bisectors
at A and B meet at the excentre of PDB. A symmetric argument for C' finishes the
problem.
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II. Note that the angle bisectors ZACB and ZAPB intersect at the excentres of
APBC opposite C' and the angle bisectors of ZADB and ZAPB intersect at the
excentres of APAD opposite D. Hence, it suffices to prove that these two excentres
coincide.

Let the excircle of APBC opposite C' touch side PB at a point X, line C'P at a
point Y and line C'B at a point Z. Hence, C'Y = CZ, PX = PY and BX = BZ.
Therefore, CP + PX = CB + BX. Since CP + PX + CB + BX is the perimeter
of ACBP, CP+ PX = CB + BX = s, where s is the semi-perimeter of ACBP.
Therefore,

PX—CB+BX—CP—§—OP—CB+32P+PC_CP—CB+B2P_PC_

Similarly, if we let the excircle of APAD opposite D touch side PA at a point
X', then
_ DA+ AP —-PD
= 5 .

Since both excircles are tangent to AC' and BD, if we show that PX = PX’,
then we would show that the two excircles are tangent to AC' and BD at the same
points, i.e. the two excircles are identical. Hence, the two excentres coincide.

We will use the fact that AC' + AD = BC' + BD to prove that PX = PX'. Since
AC+AD = BC+BD, AP+PC+AD = BC+BP+PD. Hence, AP+AD—PD =
BC + BP — PC'. Therefore, PX = PX’, as desired.

PX'

4. A number of robots are placed on the squares of a finite, rectangular grid of
squares. A square can hold any number of robots. Every edge of each square of the
grid is classified as either passable or impassable. All edges on the boundary of the
grid are impassable.

You can give any of the commands up, down, left, or right. All of the robots
then simultaneously try to move in the specified direction. If the edge adjacent to
a robot in that direction is passable, the robot moves across the edge and into the
next square. Otherwise, the robot remains on its current square. You can then give
another command of up, down, left, or right, then another, for as long as you want.

Suppose that for any individual robot, and any square on the grid, there is a
finite sequence of commands that will move that robot to that square. Prove that
you can also give a finite sequence of commands such that all of the robots end up
on the same square at the same time.

Solution. We will prove any two robots can be moved to the same square. From
that point on, they will always be on the same square. We can then similarly move



Sun Life Financial Canadian Mathematical Olympiad

Life Financial

a third robot onto the same square as these two, and then a fourth, and so on, until
all robots are on the same square.

Towards that end, consider two robots A and B. Let d(A, B) denote the mini-
mum number of commands that need to be given in order to move A to the square
on which B is currently standing. We will give a procedure that is guaranteed to de-
crease d(A, B). Since d(A, B) is a non-negative integer, this procedure will eventually
decrease n to 0, which finishes the proof.

Let n = d(A, B), and let S = {s1, s2,...,5,} be a minimum sequence of moves
that takes A to the square where B is currently standing. Certainly A will not run
into an impassable edge during this sequence, or we could get a shorter sequence by
removing that command. Now suppose B runs into an impassable edge after some
command s;. From that point, we can get A to the square on which B started with
the commands s;,1, S;j19,...,5, and then to the square where B is currently with
the commands sq, So,...,s;_1. But this was only n — 1 commands in total, and so
we have decreased d(A, B) as required.

Otherwise, we have given a sequence of n commands to A and B, and neither
ran into an impassable edge during the execution of these commands. In particular,
the vector v connecting A to B on the grid must have never changed. We moved
A to the position B = A + v, and therefore we must have also moved B to B + v.
Repeating this process k times, we will move A to A 4+ kv and B to B + kv. But if
v # (0,0), this will eventually force B off the edge of the grid, giving a contradiction.

5. A bookshelf contains n volumes, labelled 1 to n, in some order. The librarian
wishes to put them in the correct order as follows. The librarian selects a volume
that is too far to the right, say the volume with label k, takes it out, and inserts it
in the k-th position. For example, if the bookshelf contains the volumes 1, 3, 2, 4 in
that order, the librarian could take out volume 2 and place it in the second position.
The books will then be in the correct order 1, 2, 3, 4.

(a) Show that if this process is repeated, then, however the librarian makes the
selections, all the volumes will eventually be in the correct order.
(b) What is the largest number of steps that this process can take?

Solution. (a) If #; is the number of times that volume k is selected, then we have
tr < 14 (t1 +ta+ -+ tx_1). This is because volume k must move to the right
between selections, which means some volume was placed to its left. The only way
that can happen is if a lower-numbered volume was selected. This leads to the bound
tr, < 21 Furthermore, ¢, = 0 since the nth volume will never be too far to the
right. Therefore if N is the total number of moves then

N=ti+to4 4t 1 <1+24 .. 427 2=0""1_1
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and in particular the process terminates.

(b) Conversely, 2”1 —1 moves are required for the configuration (n,1,2,3,...,n—1)
if the librarian picks the rightmost eligible volume each time.

This can be proved by induction: if at a certain stage we are at (z,n — k,n —
k+1,...,n— 1), then after 2 — 1 moves, we will have moved to (n — k,n — k +
1,...,n — 1,z) without touching any of the volumes further to the left. Indeed,
after 2871 — 1 moves, we get to (z,n —k+1,n —k +2,...,n — 1,n — k), which
becomes (n — k,x,n — k+ 1,n—k+2,...,n — 1) after 1 more move, and then
(n—k,n—Fk+1,...,n—1,2) after another 2*=* — 1 moves. The result follows by
taking k =n — 1.
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1. Determine all polynomials P(z) with real coefficients such that
(r+1)P(x—1)— (z —1)P(x)

is a constant polynomial.

2. The sequence aq, as, ..., a, consists of the numbers 1,2, ..., n in some order. For

which positive integers n is it possible that the n41 numbers 0, ay, a;+as9, a;+as+as,
..., a1+ as + - - -+ a, all have different remainders when divided by n + 1?7

3. Let G be the centroid of a right-angled triangle ABC' with ZBCA = 90°. Let P
be the point on ray AG such that Z/CPA = ZCAB, and let () be the point on ray
BG such that ZCQB = ZABC'. Prove that the circumcircles of triangles AQG and
BPG meet at a point on side AB.

4. Let n be a positive integer. For any positive integer j and positive real number
r, define f;(r) and g;(r) by

£:(r) = min (jr, n) + min (‘%n) . and  g;(r) = min ([jr],n) + min (H n) |

where [z] denotes the smallest integer greater than or equal to z. Prove that

S H) <0t en <> )

j=1
for all positive real numbers r.

5. Let O denote the circumcentre of an acute-angled triangle ABC'. Let point P on
side AB be such that /ZBOP = ZABC, and let point () on side AC be such that

/ZC0Q = ZACB. Prove that the reflection of BC' in the line P() is tangent to the
circumcircle of triangle APQ).
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Problems and Solutions
1. Determine all polynomials P(z) with real coefficients such that
(x+1)P(x—1)— (z—1)P(x)

is a constant polynomial.

Solution 1: The answer is P(z) being any constant polynomial and P(z) =
kx? + kx + ¢ for any (nonzero) constant k and constant c.

Let A be the expression (z + 1)P(z — 1) — (x — 1) P(x), i.e. the expression in the
problem statement.

Substituting x = —1 into A yields 2P(—1) and substituting x = 1 into A yield
2P(0). Since (z+1)P(z—1)—(x—1)P(x) is a constant polynomial, 2P(—1) = 2P(0).
Hence, P(—1) = P(0).

Let ¢ = P(—1) = P(0) and Q(z) = P(z) — ¢. Then Q(—1) = Q(0) = 0. Hence,
0, —1 are roots of Q(z). Consequently, Q(z) = z(x + 1)R(x) for some polynomial R.
Then P(x) — ¢ = z(x + 1)R(z), or equivalently, P(z) = x(z + 1)R(z) + c.
Substituting this into A yield
(x+1D)((z—1)zR(x—1)4+¢c) — (z — 1)(z(z + 1)R(x) + ¢)
This is a constant polynomial and simplifies to

z(x—1)(z+1)(R(x—1) — R(z)) + 2c.



phiyg

a4
Sun \‘2/«5
Life Financial

Since this expression is a constant, so is (z —1)(z+1)(R(z — 1) — R(x)). Therefore,
R(x — 1) — R(z) = 0 as a polynomial. Therefore, R(x) = R(x — 1) for all z € R.
Then R(z) is a polynomial that takes on certain values for infinitely values of x.
Let k be such a value. Then R(x) — k has infinitely many roots, which can occur
if and only if R(z) — k = 0. Therefore, R(z) is identical to a constant k. Hence,
Q(x) = kz(x+1) for some constant k. Therefore, P(z) = kx(x+1)+c = kz*+kr+c.

Finally, we verify that all such P(z) = kz(x + 1) 4+ ¢ work. Substituting this into
A yield

(x+ 1) (kz(x —1)+¢) — (x — ) (kx(x + 1) 4+ ¢)
= kx(z+1)(z—1)4+clx+1)—kz(z+1)(xz—1) —clx — 1) = 2¢c.

Hence, P(z) = kz(z + 1) + ¢ = kz? + kx + ¢ is a solution to the given equation
for any constant k. Note that this solution also holds for £ = 0. Hence, constant
polynomials are also solutions to this equation. []

Solution 2: As in Solution 1, any constant polynomial P satisfies the given
property. Hence, we will assume that P is not a constant polynomial.

Let n be the degree of P. Since P is not constant, n > 1. Let

P(z) = i a;x’,
=0

with a,, # 0. Then

n

(x+1) ai(x—l)i—(x—l)Zaixi:C,

1=0 1=0

for some constant C'. We will compare the coefficient of 2™ of the left-hand side of
this equation with the right-hand side. Since C'is a constant and n > 1, the coeffi-
cient of 2" of the right-hand side is equal to zero. We now determine the coefficient
of ™ of the left-hand side of this expression.

The left-hand side of the equation simplifies to

xzn:ai(x — 1)+ zn:ai(x —1)—x Zn:aixi + zn:aixi.
=0 i=0 =0 i=0
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We will determine the coefficient 2™ of each of these four terms.

By the Binomial Theorem, the coefficient of 2™ of the first term is equal to that

of 2 (ap—1(x — )"+ ap(z — 1)") = an-y — (")) @0 = ap_1 — nay.

The coefficient of 2™ of the second term is equal to that of a, (z —1)", which is a,,.

The coefficient of 2™ of the third term is equal to a,_; and that of the fourth
term is equal to a,.

Summing these four coefficients yield a,,_1 — na, + a, — ap—1 + a, = (2 — n)a,.

This expression is equal to 0. Since a, # 0, n = 2. Hence, P is a quadratic
polynomial.

Let P(x) = ax® + bx + ¢, where a, b, ¢ are real numbers with a # 0. Then
(x+ D(alr —1)*+b(x —1) +c¢) — (x — 1)(az® + bx + ) = C.
Simplifying the left-hand side yields
(b—a)x+2c=2C.

Therefore, b —a = 0 and 2¢ = 2C. Hence, P(x) = ax?® + ax + ¢. As in Solution 1,
this is a valid solution for all « € R\{0}. O
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2. The sequence aq, ao, ..., a, consists of the numbers 1,2,...,n in some order. For
which positive integers n is it possible that 0,a;,a; + as,...,a1 +as + ... + a, all
have different remainders when divided by n + 1?7

Solution: It is possible if and only if n is odd.

If n is even, then a; +ay+ ... +a, =1 +2+...+n = - (n+ 1), which is
congruent to 0 mod n + 1. Therefore, the task is impossible.

Now suppose n is odd. We will show that we can construct ay, as, ..., a, that sat-
isfy the conditions given in the problem. Then let n = 2k 4 1 for some non-negative
integer k. Consider the sequence: 1,2k,3,2k —2,5,2k—3,...,2,2k+1, i.e. for each
1<i<2k+1,a;=1if 7 is odd and a; = 2k + 2 — 7 if 7 is even.

We first show that each term 1,2, ..., 2k + 1 appears exactly once. Clearly, there
are 2k + 1 terms. For each odd number m in {1,2,...,2k + 1}, a,, = m. For each
even number m in this set, aggio_m = 2k + 2 — (2k + 2 — m) = m. Hence, every
number appears in aq,...,as 1. Hence, aq,...,as1 does consist of the numbers
1,2,...,2k + 1 in some order.

We now determine a; + as + ... + a,, (mod 2k 4 2). We will consider the cases
when m is odd and when m is even separately. Let b,, = a1 + as ...+ a,.

If m is odd, note that a; = 1 (mod 2k + 2), as + a3 = a4 + a5 = ... = agy +
a2k+1 = 2k+3=1 (Il’lOd 2k+2) Therefore, {bl,b3, . .,b2k+1} = {1,2,3, .. ,k+ 1}
(mod 2k + 2).

If m is even, note that a1 +ay = a3+ a4 = ... = Qop_1 + a0, = 2k +1 = —1
(mod 2k + 2). Therefore, {by,by,...,box} = {—1,-2,...,—k} (mod 2k + 2) =
{2k + 1,2k, ..., k+2} (mod 2k + 2).

Therefore, by, by, ..., boy1 do indeed have different remainders when divided by
2k + 2. This completes the problem. [J
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3. Let G be the centroid of a right-angled triangle ABC' with ZBC'A = 90°. Let P
be the point on ray AG such that Z/CPA = ZCAB, and let Q be the point on ray
BG such that ZCQB = ZABC. Prove that the circumcircles of triangles AQG and
BPG meet at a point on side AB.

Solution 1. Since ZC' = 90°, the point C' lies on the semicircle with diameter AB
which implies that, if M is te midpoint of side AB, then MA = MC = MB. This
implies that triangle AMC' is isosceles and hence that ZACM = ZA. By definition,
G lies on segment M and it follows that LZACG = LZACM = /A = ZCPA. This
implies that triangles APC and ACG are similar and hence that AC? = AG - AP.
Now if D denotes the foot of the perpendicular from C to AB, it follows that triangles
ACD and ABC are similar which implies that AC? = AD-AB. Therefore AG-AP =
AC? = AD-AB and, by power of a point, quadrilateral DGPB is cyclic. This implies
that D lies on the circumcircle of triangle BPG and, by a symmetric argument, it
follows that D also lies on the circumcircle of triangle AGQ. Therefore these two
circumecircles meet at the point D on side AB.

Solution 2. Define D and M as in Solution 1. Let R be the point on side AB
such that AC = C'R and triangle AC'R is isosceles. Since /CRA = /A = ZCPA,
it follows that C PRA is cyclic and hence that /GPR = ZAPR = ZACR = 180° —
2/A. As in Solution 1, MC' = M B and hence Z/GMR = ZCMB = 2/A = 180° —
/GPR. Therefore GPRM is cyclic and, by power of a point, AM - AR = AG - AP.
Since AC'R is isosceles, D is the midpoint of AR and thus, since M is the midpoint
of AB, it follows that AM - AR = AD - AB = AG - AP. Therefore DGPB is cyclic,
implying the result as in Solution 1.
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4. Let n be a positive integer. For any positive integer j and positive real number
r, define

£:(r) = min (jr, n) + min (%n) and  g;(r) = min ([jr], n) + min (M n) |

where [z] denotes the smallest integer greater than or equal to z. Prove that

ij(v“) <n® <y gir).

j=1

Solution 1: We first prove the left hand side inequality. We begin by drawing
an n X n board, with corners at (0,0), (n,0), (0,n) and (n,n) on the Cartesian plane.

Consider the line ¢ with slope r passing through (0,0). For each j € {1,...,n},
consider the point (7, min(jr,n)). Note that each such point either lies on ¢ or the
top edge of the board. In the j** column from the left, draw the rectangle of height
min(jr,n). Note that the sum of the n rectangles is equal to the area of the board
under the line ¢ plus n triangles (possibly with area 0) each with width at most 1
and whose sum of the heights is at most n. Therefore, the sum of the areas of these
n triangles is at most n/2. Therefore, 3 7 | min(jr,n) is at most the area of the
square under ¢ plus n/2.

Consider the line with slope 1/r. By symmetry about the line y = x, the area of
the square under the line with slope 1/r is equal to the area of the square above the
line ¢. Therefore, using the same reasoning as before, Z?Zl min(j/r,n) is at most
the area of the square above ¢ plus n/2.

Therefore, > 7, f;(r) = > i (min(jr,n) + min(Z,n)) is at most the area of the
board plus n, which is n? + n. This proves the left hand side inequality.

To prove the right hand side inequality, we will use the following lemma:

Lemma: Consider the line ¢ with slope s passing through (0,0). Then the num-
ber of squares on the board that contain an interior point below £is 37 | min ([js], n).

Proof of Lemma: For each j € {1,...,n}, we count the number of squares in the
§* column (from the left) that contain an interior point lying below the line £. The
line x = j intersect the line ¢ at (j, js). Hence, since each column contains n squares
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total, the number of such squares is min([js],n). Summing over all j € {1,2,...,n}
proves the lemma. End Proof of Lemma

By the lemma, the rightmost expression of the inequality is equal to the number
of squares containing an interior point below the line with slope r plus the number
of squares containing an interior point below the line with slope 1/r. By symmetry
about the line y = x, the latter number is equal to the number of squares containing
an interior point above the line with slope r. Therefore, the rightmost expression
of the inequality is equal to the number of squares of the board plus the number of
squares of which ¢ passes through the interior. The former is equal to n%. Hence, to
prove the inequality, it suffices to show that every line passes through the interior of
at least n squares. Since ¢ has positive slope, each ¢ passes through either n rows
and/or n columns. In either case, ¢ passes through the interior of at least n squares.
Hence, the right inequality holds. [J

Solution 2: We first prove the left inequality. Define the function f(r) =
> -1 fi(r). Note that f(r) = f(1/r) for all » > 0. Therefore, we may assume
that » > 1.

Let m = |n/r], where | x| denotes the largest integer less than or equal to . Then
min(jr,n) = jr for all j € {1,...,m} and min(jr,n) =n forall j € {m+1,...,n}.
Note that since r > 1, min(j/r,n) < n for all j € {1,...,n}. Therefore,

f(r):ij(T):(1+2+...m)r—|—(n—m)n+(1+2+...—|—n)-%

:W.T_FW-%—I—TL(TL—??%) (1)

Then by (?7), note that f(r) < n?+ n if and only if

m(m + 1)r N n(n+1)

< 1
2 5 =nmEy)
if and only if
m(m+ 1)r* +n(n+1) < 2rn(m + 1) (2)
Since m = |n/r], there exist a real number b satisfying 0 < b < r such that

n = mr + b. Substituting this into (??) yields

m(m + )r* + (mr +b)(mr + b+ 1) < 2r(mr 4+ b)(m + 1),
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if and only if
2m2r? +mr® + (2mb + m)r + b* + b < 2m*r? + 2mr? + 2mbr + 2br,

which simplifies to mr + 0> +b < mr> +2br < b(b+1—2r) < mr(r — 1) &
b((b—1)+ (1 —r)) <mr(r—1). This is true since

b((b—r)+(1—=7r) <0<mr(r—1),
which holds since » > 1 and b < r. Therefore, the left inequality holds.

We now prove the right inequality. Define the function g(r) = Z?Zl = g;(r).
Note that g(r) = g(1/r) for all r > 0. Therefore, we may assume that » > 1. We
will consider two cases; r > n and 1 <r < n.

If r > n, then min([jr],n) = n and min([j/r],n) = 1 for all j € {1,...,n}.
Hence, g;(r) = n+1 for all j € {1,...,n}. Therefore, g(r) = n(n+ 1) = n*> +n,
implying that the inequality is true.

Now we consider the case 1 < r < n. Let m = |n/r]. Hence, jr < n for all
je{l,...,m}, ie. min([jr,|,n) = [jr] and jr > n forall j € {m+1,...,n}, ie.
min([jr],n) = n. Therefore,

Z min([jr], Z mn. (3)

Jj=1

We will now consider the second sum 37 | min{[j/r],n}.

Since r > 1, min([j/r],n) < min([n/r],n) < n. Therefore, min([j/r],n) =
[7/r]. Since m = |n/r], [n/r] < m+ 1. Since r > 1, m < n, which implies that
m+1 <n. Therefore, min{[j/r],n} = [j/r] < [n/r] <m+1forallje {1,...,n}.

For each positive integer k € {1,...,m + 1}, we now determine the number of
positive integers j € {1,...,n} such that [j/r] = k. We denote this number by sj.

Note that [j/r] =k if and only if k — 1 < j/r < kif and only if (k —1)r < j <
min(kr,n), since j < n. We will handle the cases k € {1,...,m} and k = m + 1
separately. If k£ € {1,...,m}, then min(kr,n) = kr, since r < m and m = |n/r].
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The set of positive integers j satisfying (k — 1)r < j < kris {[(k— 1)r] + 1, |[(k —
Dr|+2,...,|kr]}. Hence,

sp=|rk] —(r(k—=1)]+1)+1=|rk] —|r(k—1)]

for all k € {1,...,m}. If k =m+ 1, then (k — 1)r < j < min(kr,n) = n. The set
of positive integers j satisfying (k — 1)r < j < kris {|(k— 1)r] +1,...,n}. Then
Smi1 = n — |r(k —1)] = n — |mr]. Note that this number is non-negative by the
definition of m. Therefore, by the definition of sz, we have

S (1) 50

(4)

Summing (??) and (??) yields that
g(r) =n —l—n—i—Z jr] — Ljr]) > n®+n,

which proves the right inequality. [J
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5. Let O denote the circumcentre of an acute-angled triangle ABC. A circle I’
passing through vertex A intersects segments AB and AC' at points P and () such

that /BOP = ZABC and ZC0OQ = ZACB. Prove that the reflection of BC in the
line PQ is tangent to I'.

Solution. Let the circumcircle of triangle OBP intersect side BC' at the points R
and B and let ZA, /B and ZC denote the angles at vertices A, B and C', respectively.
Now note that since ZBOP = /B and ZC0Q = ZC, it follows that

ZPOQ = 360°—ZBOP—/C0Q—£BOC = 360°— (180 — LA) —2£A = 180° — L A.
This implies that APOQ is a cyclic quadrilateral. Since BPOR is cyclic,
ZQOR = 360° — ZPOQ — ZPOR = 360° — (180° — LA) — (180° — £B) = 180° — £C.

This implies that CQOR is a cyclic quadrilateral. Since APOQ and BPOR are
cyclic,

/QPR = /QPO + ZOPR = ZOAQ + ZOBR = (90° — /B) + (90° — ZA) = £C.

Since CQOR is cyclic, ZQRC = Z2C0Q = ZC = ZQPR which implies that the
circumcircle of triangle PQR is tangent to BC'. Further, since Z/PRB = ZBOP =
/B,

/PRQ =180° — /ZPRB — ZQRC = 180° — /B — /C = /A = /PAQ.

This implies that the circumcircle of PQR is the reflection of I' in line PQ. By
symmetry in line PQ), this implies that the reflection of BC' in line P(Q) is tangent to
I.
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1. Let aq, as, .. ., a, be positive real numbers whose product is 1. Show that the sum
ay Qs as Qn
+ + +-t
l+a; (14+a)(1+a) (I1+a)(l+a2)(l+as) (I+a)(14az) - (1+ay)
2" —1

is greater than or equal to

2. Let m and n be odd positive integers. Each square of an m by n board is coloured
red or blue. A row is said to be red-dominated if there are more red squares than
blue squares in the row. A column is said to be blue-dominated if there are more
blue squares than red squares in the column. Determine the maximum possible value
of the number of red-dominated rows plus the number of blue-dominated columns.
Express your answer in terms of m and n.

3. Let p be a fixed odd prime. A p-tuple (ai,as,as,...,a,) of integers is said to be
good if

(i) 0 <a; <p—1forall i, and
(ii) a1 + a2+ as+--- + a, is not divisible by p, and

(i) arag + azas + agay + - - - + apay is divisible by p.
Determine the number of good p-tuples.

4. The quadrilateral ABC'D is inscribed in a circle. The point P lies in the interior
of ABCD, and /PAB = Z/PBC = Z/PCD = ZPDA. The lines AD and BC meet

at @, and the lines AB and C'D meet at R. Prove that the lines PQ) and PR form
the same angle as the diagonals of ABC'D.

5. Fix positive integers n and k > 2. A list of n integers is written in a row on a
blackboard. You can choose a contiguous block of integers, and I will either add 1 to
all of them or subtract 1 from all of them. You can repeat this step as often as you
like, possibly adapting your selections based on what I do. Prove that after a finite
number of steps, you can reach a state where at least n — k 4+ 2 of the numbers on
the blackboard are all simultaneously divisible by k.
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Problems and Solutions

1. Let ay, as, . .., a, be positive real numbers whose product is 1. Show that the sum
ay 4 a2 + as TR Qn
I+a; (I4+a)(1+az) (I4+a)(l+az)(l+as) (I4+a)(I+ag) - (1+an)
2" —1

is greater than or equal to

Solution. Note for that every positive integer m,

QAm 1+a,, 1
(I+a)(14az) (14 an) - (1+a1)(1—|—a2)---(1+am)_(1+a1)(1+a2)---(1+am)
1 1

L+a) (I +ans) (T+a) - (1+ay)
Therefore, if we let b; = (14 a1)(1+ag)--- (1 +a;), with by = 0, then by telescoping

sums,
& a; S 1) 1
- ) =1 =
; (14 ar)--- (1 +a;) ; (bj—l b; bn
Note that b, = (1 +a1)(1 4+ az)--- (1 +an) > (2¢/a1)(2V/a2) - - - (2y/a,) = 2", with

equality if and only if all a;’s equal to 1. Therefore,

1 1 2n—-1
l——>1-—== .
b, 2n 2n
To check that this minimum can be obtained, substituting all a; = 1 to yield
LS S SO S vl 41 2n—1
2 22 23 on 2n oo

as desired.
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2. Let m and n be odd positive integers. Each square of an m by n board is coloured
red or blue. A row is said to be red-dominated if there are more red squares than
blue squares in the row. A column is said to be blue-dominated if there are more
blue squares than red squares in the column. Determine the maximum possible value
of the number of red-dominated rows plus the number of blue-dominated columns.
Express your answer in terms of m and n.

Solution. The answer is m+mn—2 if m,n > 3 and max{m,n} if one of m, n is equal
to 1.

Note that it is not possible that all rows are red-dominated and all columns are
blue-dominated. This is true, since the number of rows and columns are both odd,
the number of squares is odd. Hence, there are more squares of one color than the
other. Without loss of generality, suppose there are more red squares than blue
squares. Then it is not possible that for every column, there are more blue squares
than red squares. Hence, every column cannot be blue-dominated.

If one of m, n is equal to 1, say m without loss of generality, then by the claim, the
answer is less than n 4+ 1. The example where there are n blue-dominated columns
is by painting every square blue. There are 0 red-dominated rows. The sum of the
two is n = max{m,n}.

Now we handle the case m,n > 3.

There are m rows and n columns on the board. Hence, the answer is at most
m + n. We have already shown that the answer cannot be m + n.

Since m,n are odd, let m = 2a — 1 and n = 2b — 1 for some positive integers
a,b. Since m,n > 3, a,b > 2. We first show that the answer is not m +n — 1. By
symmetry, it suffices to show that we cannot have all rows red-dominated and all-but-
one column blue-dominated. If all rows are red dominated, then each row has at least
b red squares. Hence, there are at least b = (2a — 1)b red squares. Since all-but-one
column is blue-dominated, there are at least 2b — 2 blue-dominated columns. Each
such column then has at least a blue squares. Therefore, there are at least a(2b — 2)
blue squares. Therefore, the board has at least (2a — 1)b+ a(2b — 2) = 4ab — b — 2a
squares. But the total number of squares on the board is

(2a —1)(2b—1) =4ab—2a —2b+1=4ab—2a —b—b+ 1 < 4ab—2a — b,

which is true since b > 2. This is a contradiction. Therefore, the answer is less than
m+n—1.
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We now claim that there is a colouring of the board such that the number of blue-
dominated columns plus the number of red-dominated rows is m +n — 2; Colour the
first column entirely red, and the first row, minus the top-left corner, entirely blue.
The remaining uncoloured square is an even-by-even board. Colour the remaining
board in an alternating pattern (i.e. checkerboard pattern). Hence, on this even-
by-even board, each row has the same number of red squares as blue squares and
each column has the same number of red squares as blue squares. Then on the
whole board, since the top row, minus the top-left square is blue, all columns, but
the leftmost column, are blue-dominated. Hence, there are n — 1 blue-dominated
columns. Since the left column is red, all rows but the top row are red dominated.
Hence, there are m — 1 red-dominated rows. The sum of these two quantities is
m +n — 2, as desired.

3. Let p be a fixed odd prime. A p-tuple (ay,as,as,...,a,) of integers is said to be
good if

(i) 0 <a; <p—1forall i, and
(ii) a1 + a2+ as+--- + a, is not divisible by p, and
(ili) ajas + asas + asaq + - - - + a,ay is divisible by p.
Determine the number of good p-tuples.

Solution. Let S be the set of all sequences (by,bs,...,b,) of numbers from the
set {0,1,2,...,p — 1} such that by 4+ by + --- + b, is not divisible by p. We show
that |S| = p? — pP~'. For let by, bs,...,b, 1 be an arbitrary sequence of numbers
chosen from {0,1,2,...,p — 1}. There are exactly p — 1 choices for b, such that
by+by+ - +0by_1+b,Z0 (mod p), and therefore |S| =p?~1(p — 1) = p? — pP~ L.
Now it will be shown that the number of good sequences in S is I%|S |. For a
sequence B = (by, b, ...,b,) in S, define the sequence By = (ay,as, ..., a,) by

a; =b; — by + k mod p
for 1 <i < p. Now note that B in S implies that
ap+as+---+a, = (by+ba+---+b,) —pby +pk = (by+by+---+b,) 0 (mod p)

and therefore By, is in S for all non-negative k. Now note that Bj has first element
k for all 0 < k < p — 1 and therefore the sequences By, By, ..., B,_; are distinct.
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Now define the cycle of B as the set {By, By,...,B,_1}. Note that B is in its
own cycle since B = By where k = b;. Now note that since every sequence in S is in
exactly one cycle, S is the disjoint union of cycles.

Now it will be shown that exactly one sequence per cycle is good. Consider
an arbitrary cycle By, By, ..., B,_1, and let By = (b1, bs,...,b,) where by = 0, and
note that By = (by + k,ba + k,...,b, + k) mod p. Let u = by + by + --- + b,, and
v = ble —+ b2b3 + -4+ bpbl and note that (b1 + k’)(bg + k?) + (bg + k?)(bg =+ ]{3)) + -4
(b, + k)(by + k) = w+ 2kv mod p for all 0 < k < p — 1. Since 2v is not divisible by
p, there is exactly one value of £ with 0 < k& < p — 1 such that p divides u + 2kv
and it is exactly for this value of k that By is good. This shows that exactly one
sequence per cycle is good and therefore that the number of good sequences in S is
%|S|, which is pP~! — pP=2.

4. The quadrilateral ABC'D is inscribed in a circle. The point P lies in the interior
of ABCD, and /PAB = /PBC = Z/PCD = ZPDA. The lines AD and BC meet
at @, and the lines AB and C'D meet at R. Prove that the lines PQ and PR form
the same angle as the diagonals of ABC'D.

Solution. . Let I' be the circumcircle of quadrilateral ABC'D. Let « = /ZPAB =
/PBC/ZPCD = /ZPDA and let Ty , Ty , T3 and T, denote the circumcircles of
triangles APD, BPC, APB and C'PD, respectively. Let M be the intersection of
T7 with line RP and let N be the intersection of T3 with line SP. Also let X denote
the intersection of diagonals AC and BD.

By power of a point for circles 77 and I', it follows that RM - RP = RA- RD =
RB - RC' which implies that the quadrilateral BM PC' is cyclic and M lies on T5.
Therefore /PMB = /PCB = a = ZPAB = ZDM P where all angles are directed.
This implies that M lies on the diagonal BD and also that ZXMP = ZDMP = «.
By a symmetric argument applied to S, T3 and Ty, it follows that N lies on T and
that N lies on diagonal AC' with ZXNP = «. Therefore ZXMP = ZXNP and
X, M, P and N are concyclic. This implies that the angle formed by lines M P and
NP is equal to one of the angles formed by lines M X and NX. The fact that M
lies on BD and RP and N lies on AC and SP now implies the desired result.

5. Fix positive integers n and k& > 2. A list of n integers is written in a row on a
blackboard. You can choose a contiguous block of integers, and I will either add 1 to
all of them or subtract 1 from all of them. You can repeat this step as often as you
like, possibly adapting your selections based on what I do. Prove that after a finite
number of steps, you can reach a state where at least n — k + 2 of the numbers on
the blackboard are all simultaneously divisible by k.
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Solution. We will think of all numbers as being residues mod k. Consider the
following strategy:

e If there are less than k — 1 non-zero numbers, then stop.
e If the first number is 0, then recursively solve on the remaining numbers.

e [f the first number is j with 0 < j < k, then choose the interval stretching from
the first number to the jth-last non-zero number.

First note that this strategy is indeed well defined. The first number must have
value between 0 and k£ — 1, and if we do not stop immediately, then there are at least
k — 1 non-zero numbers, and hence the third step can be performed.

For each j with 1 < 7 < k— 2, we claim the first number can take on the value of
j at most a finite number of times without taking on the value of 7 —1 in between. If
this were to fail, then every time the first number became j, I would have to add 1 to
the selected numbers to avoid making it j — 1. This will always increase the j-th last
non-zero number, and that number will never be changed by other steps. Therefore,
that number would eventually become 0, and the next last non-zero number would
eventually become zero, and so on, until the first number itself becomes the j-th last
non-zero number, at which point we are done since j < k — 2.

Rephrasing slightly, if 1 < 7 < k — 2, the first number can take on the value of j
at most a finite number of times between each time it takes on the value of j — 1. It
then immediately follows that if the first number can take on the value of j — 1 at
most a finite number of times, then it can also only take on the value of j a finite
number of times. However, if it ever takes on the value of 0, we have already reduced
the problem to n — 1, so we can assume that never happens. It then follows that the
first number can take on all the values 0,1,2,...,k — 2 at most a finite number of
times.

Finally, every time the first number takes on the value of k — 1, it must subse-
quently take on the value of £ — 2 or 0, and so that can also happen only finitely
many times.
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2015 Canadian Mathematical Olympiad
[version of January 28, 2015]

Notation: If V and W are two points, then VW denotes the line segment
with endpoints V and W as well as the length of this segment.

1. Let N = {1,2,3,...} be the set of positive integers. Find all func-
tions f, defined on N and taking values in N, such that (n — 1)? <
f(n)f(f(n)) < n?+n for every positive integer n.

2. Let ABC be an acute-angled triangle with altitudes AD, BE, and
CF. Let H be the orthocentre, that is, the point where the altitudes
meet. Prove that

AB-AC+ BC-BA+CA-CB < 9
AH-AD+BH -BE+CH-CF —

3. On a (4n + 2) x (4n + 2) square grid, a turtle can move between
squares sharing a side. The turtle begins in a corner square of the grid
and enters each square exactly once, ending in the square where she
started. In terms of n, what is the largest positive integer k£ such that
there must be a row or column that the turtle has entered at least k
distinct times?

4. Let ABC be an acute-angled triangle with circumcenter O. Let ' be
a circle with centre on the altitude from A in ABC, passing through
vertex A and points P and ) on sides AB and AC. Assume that
BP-CQ = AP - AQ. Prove that I' is tangent to the circumcircle of
triangle BOC.

5. Let p be a prime number for which % is also prime, and let a,b,c
be integers not divisible by p. Prove that there are at most 1 + /2p
positive integers n such that n < p and p divides a™ + 0™ + ¢".
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Solutions to 2015 CMO (DRAFT-—as of April 6, 2015)

Problem 1. Let N = {1,2,3,...} be the set of positive integers. Find all functions f, defined
on N and taking values in N, such that (n —1)*> < f(n)f(f(n)) < n®+n for every positive
nteger n.

Solution. The only such function is f(n) = n.

Assume that f satisfies the given condition. It will be shown by induction that f(n) = n
for all n € N. Substituting n = 1 yields that 0 < f(1)f(f(1)) < 2 which implies the base
case f(1) = 1. Now assume that f(k) = k for all £ < n and assume for contradiction that
f(n) #n.

On the one hand, if f(n) < n—1then f(f(n)) = f(n) and f(n)f(f(n)) = f(n)? < (n—1)?
which is a contradiction. On the other hand, if f(n) > n + 1 then there are several ways to
proceed.

Method 1: Assume f(n) = M > n+ 1. Then (n+ 1)f(M) < f(n)f(f(n)) < n*+n.
Therefore f(M) < n, and hence f(f(M)) = f(M) and f(M)f(f(M)) = f(M)? < n* <
(M — 1)?, which is a contradiction. This completes the induction. O

Method 2: First note that if [a—b| > 1, then the intervals ((a—1)%, a®>+a) and ((b—1)?, b*+b)
are disjoint which implies that f(a) and f(b) cannot be equal
Assuming f(n) > n+ 1, it follows that f(f(n)) < %% < n. This implies that for some

fn)
a<n-—1, f(a) = f(f(n)) which is a contradiction since |f(n) —a| > n+1—a > 2. This
completes the induction. O
Method 3: Assuming f(n) > n + 1, it follows that f(f(n)) < ’}Q(Jnr? <nand f(f(f(n))) =

) >
f(f(n)). This implies that (f(n) —1)* < f(f(n))f(f(f(n))) = f(f(n))* < f(n)*+ f(n) and
therefore that f(f(n)) = f(n) since f ( )? is the unique square satisfying this constraint.

This implies that f(n)f(f(n)) = f(n)?> > (n+ 1)* which is a contradiction, completing the
induction. O

Problem 2. Let ABC be an acute-angled triangle with altitudes AD, BE, and CF. Let H
be the orthocentre, that is, the point where the altitudes meet. Prove that

AB-AC+BC-BA+CA-CB <
AH-AD+ BH - -BE+CH-CF —

Solution. Method 1: Let AB = ¢, AC = b, and BC' = a denote the three side lengths of
the triangle.

As /BFH = /BDH = 90°, FHDB is a cyclic quadrilateral. By the Power-of-a-Point
Theorem, AH - AD = AF - AB. (We can derive this result in other ways: for example, see
Method 2, below.)

Since AF = AC' - cos ZA, we have AH - AD = AC - AB - cos ZA = bccos Z A.
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b2 2 .2 b2 2 .2

By the Cosine Law, cos LA = %, which implies that AH - AD = %
c

2 22 2R 2

By symmetry, we can show that BH - BE = % and CH -CF = HTC

Hence,

P+c?—a?> P+ -0 P+ -c
2 2 2
a®> +b* +
= 5 )

AR ACHBO BATCOA OB _ ) 4 oquivalent to the inequalit
se alent to the inequa
AH-AD + BH-BE + CH-CF — ©/®cduvaen Imequallty

< 2, which simplifies to 2a? 4 2b* + 2¢? > 2ab + 2bc + 2ca.

AH-AD+ BH-BE+CH-CF =

Our desired inequality,

cb + ac + ba

a4
2

But this last inequality is easy to prove, as it is equivalent to (a—b)2+(a—c)*+(b—c)? > 0.

Therefore, we have established the desired inequality. The proof also shows that equality

occurs if and only if a = b = ¢, i.e., AABC' is equilateral. O
Method 2: Observe that

AFE AD AF AD

E = COS(AHAE) = E and E = COS(AHAF) = E

It follows that
AC - AF = AH - AD = AB - AF.

By symmetry, we similarly have
BC-BD = BH-BE = BF-BA and CD-CB =CH-CF =CFE-CA.
Therefore

2(AH - AD + BH - BE+CH - CF)
= AB(AF + BF) + AC(AE+ CFE) + BC(BD + CD)
= AB? + AC® + BC”

This proves Equation in Method 1. The rest of the proof is the same as the part of the
proof of Method 1 that follows Equation . m

Problem 3. On a (4n+2) x (4n+2) square grid, a turtle can move between squares sharing
a side. The turtle begins in a corner square of the grid and enters each square exactly once,
ending in the square where she started. In terms of n, what is the largest positive integer k
such that there must be a row or column that the turtle has entered at least k distinct times?
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Solution. We shall prove that the answer is 2n 4+ 2. Number the rows in increasing order,
from top to bottom, and number the columns from left to right. By symmetry, we may (and
shall) assume that the turtle starts in the top right corner square.

First we shall prove that some row or column must be entered at least 2n + 2 times. Let
m = 4n + 2. First note that each time the turtle moves, she enters either a row or a column.
Let r; denote the number of times the turtle enters row 7, and let ¢; be similarly defined for
column . Since the turtle moves m? times,

Pt Ty T F L e ey =

Now note that each time the turtle enters column 1, the next column she enters must be
column 2. Therefore ¢; is equal to the number of times the turtle enters column 2 from
column 1. Furthermore, the turtle must enter column 2 from column 3 at least once, which
implies that ¢, > ¢;. Therefore since the 2m terms r; and ¢; are not all equal, one must be
strictly greater than m?/(2m) = 2n + 1 and therefore at least 2n + 2.

Now we construct an example to show that it is possible that no row or column is entered
more than 2n + 2 times. Partition the square grid into four (2n + 1) x (2n + 1) quadrants
A, B, C, and D, containing the upper left, upper right, lower left, and lower right corners,
respectively. The turtle begins at the top right corner square of B, moves one square down,
and then moves left through the whole second row of B. She then moves one square down
and moves right through the whole third row of B. She continues in this pattern, moving
through each remaining row of B in succession and moving one square down when each row
is completed. Since 2n + 1 is odd, the turtle ends at the bottom right corner of B. She then
moves one square down into D and through each column of D in turn, moving one square to
the left when each column is completed. She ends at the lower left corner of D and moves
left into C' and through the rows of C', moving one square up when each row is completed,
ending in the upper left corner of C'. She then enters A and moves through the columns of
A, moving one square right when each column is completed. This takes her to the upper
right corner of A, whereupon she enters B and moves right through the top row of B, which
returns her to her starting point. Each row passing through A and B is entered at most
2n+ 1 times in A and once in B, and thus at most 2n + 2 times in total. Similarly, each row
and column in the grid is entered at most 2n + 2 times by this path. (See figure below.)
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Problem 3: the case n = 3

Problem 4. Let ABC be an acute-angled triangle with circumcenter O. Let T' be a circle
with centre on the altitude from A in ABC, passing through vertex A and points P and Q)
on sides AB and AC. Assume that BP - CQ = AP - AQ. Prove that I" is tangent to the
circumcircle of triangle BOC'.

Solution. Let w be the circumcircle of BOC. Let M be the point diametrically opposite
to O on w and let the line AM intersect w at M and K. Since O is the circumcenter of
ABC, it follows that OB = OC' and therefore that O is the midpoint of the arc BOC' of w.
Since M is diametrically opposite to O, it follows that M is the midpoint of the arc BMC
of w. This implies since K is on w that KM is the bisector of ZBK(C.Since K is on w, this
implies that /BKM = ZCKM, i.e. KM is the bisector of ZBKC.

Since O is the circumcenter of ABC, it follows that Z/BOC = 2/BAC. Since B, K, O
and C all lie on w, it also follows that /BKC = ZBOC = 2/BAC. Since KM bisects
/ZBKC, it follows that /BKM = Z/CKM = ZBAC. The fact that A, K and M lie on a
line therefore implies that ZAKB = ZAKC = 180° — ZBAC'. Now it follows that

/KBA=180°—- ZAKB — Z/KAB = /BAC — ZKAB = ZKAC.

This implies that triangles K BA and K AC' are similar. Rearranging the condition in the
problem statement yields that BP/AP = AQ/C( which, when combined with the fact that
KBA and KAC are similar, implies that triangles K PA and KQC are similar. Therefore
/KPA=/KQC = 180° — ZKQA which implies that K lies on T

Now let S denote the centre of I' and let T" denote the centre of w. Note that T is the
midpoint of segment OM and that T'M and AS, which are both perpendicular to BC', are
parallel. This implies that ZKMT = /K AS since A, K and M are collinear. Further, since
KTM and KSA are isosceles triangles, it follows that /TKM = ZKMT and ZSKA =

4
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LZKSA. Therefore /TKM = ZSK A which implies that S, T"and K are collinear. Therefore
I’ and w intersect at a point K which lies on the line ST" connecting the centres of the two
circles. This implies that the circles I' and w are tangent at K. O

Problem 5. Let p be a prime number for which p%l 15 also prime, and let a,b, c be integers
not divisible by p. Prove that there are at most 1 4 \/2p positive integers n such that n < p
and p divides a™ + b + c".

Solution. First suppose b = +a (mod p) and ¢ = £b (mod p). Then, for any n, we have
a" +b" + " = fa" or £3a™ (mod p). We are given that p # 3 (since 25+ is not prime) and
p Ja, so it follows that a” +b" 4+ ¢™ £ 0 (mod p). The claim is trivial in this case. Otherwise,
we may assume without loss of generality that b # 4a (mod p) = ba~! # £1 (mod p).

Now let ¢ = p%l. By Fermat’s little theorem, we know that the order of ba=' mod p
divides p — 1 = 2¢. However, since ba~' # 41 (mod p), the order of ba~! does not divide 2.
Thus, the order must be either ¢ or 2q.

Next, let S denote the set of positive integers n < p such that a™ 4+ b" + ¢ = 0 (mod p),

and let s; denote the number of ordered pairs (i, j) C S such that i —j =t (mod p — 1).
Lemma: If ¢ is a positive integer less than 2¢ and not equal to ¢, then s; < 2.
Proof: Consider i,j € S with j —i =t (mod p — 1). Then we have
a'+ b 4 =0 (mod p)

= a'd"+bd7"+d =0 (mod p)

= a'd7"+ b —a =V =0 (mod p)

= d-(d—d)=V (b —¢) (mod p).
If ¢¢ = a' (mod p), then this implies ¢! = b (mod p) as well, so (ab~!)" = 1 (mod p).

However, we know the order of ab™! is ¢ or 2¢, and ¢ /¢, so this impossible. Thus, we can
write

(ab™) =" =) (= at)fl (mod p).
For a fixed t, the right-hand side of this equation is fixed, so (ab™')" is also fixed. Since the

order of ab™! is either q or 2q, it follows that there are at most 2 solutions for 7, and the
lemma is proven. [

Now, for each element i in S, there are at least |S| — 2 other elements that differ from i by
a quantity other than ¢ (mod p — 1). Therefore, the lemma implies that

SI-(15]1=2) < Y s < 2-(p—2)

t#q
=  (|S|-1)7? < 2p-3
— S| < 2p+ 1.
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Problems for 2016 CMO — as of Feb 12, 2016

1. The integers 1,2,3,...,2016 are written on a board. You can choose
any two numbers on the board and replace them with their average.
For example, you can replace 1 and 2 with 1.5, or you can replace 1
and 3 with a second copy of 2. After 2015 replacements of this kind,
the board will have only one number left on it.

(a) Prove that there is a sequence of replacements that will make the
final number equal to 2.

(b) Prove that there is a sequence of replacements that will make the
final number equal to 1000.

2. Consider the following system of 10 equations in 10 real variables
Vly. .., V10!

6 v?
vi= 1 (i=1,...,10)
s e e T
Find all 10-tuples (vi,v2,...,v10) that are solutions of this system.

3. Find all polynomials P(x) with integer coefficients such that P(P(n)+
n) is a prime number for infinitely many integers n.

4. Lavaman versus the Flea. Let A, B, and F be positive integers, and
assume A < B < 2A. A flea is at the number 0 on the number line.
The flea can move by jumping to the right by A or by B. Before
the flea starts jumping, Lavaman chooses finitely many intervals {m +
1,m+2,...,m+ A} consisting of A consecutive positive integers, and
places lava at all of the integers in the intervals. The intervals must
be chosen so that:

(i) any two distinct intervals are disjoint and not adjacent;

(ii) there are at least F' positive integers with no lava between any two
intervals; and

(7ii) no lava is placed at any integer less than F.



Prove that the smallest F' for which the flea can jump over all the
intervals and avoid all the lava, regardless of what Lavaman does,
is ' = (n — 1)A + B, where n is the positive integer such that

<B-A<—.
n

n—+1

. Let AABC be an acute-angled triangle with altitudes AD and BE
meeting at H. Let M be the midpoint of segment AB, and suppose
that the circumcircles of ADEM and AABH meet at points P and
@ with P on the same side of CH as A. Prove that the lines ED,

PH, and M@ all pass through a single point on the circumcircle of
NABC.
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Draft Solutions for 2016 CMO — April 27, 2016

1. The integers 1,2,3,...,2016 are written on a board. You can choose
any two numbers on the board and replace them with their average.
For example, you can replace 1 and 2 with 1.5, or you can replace 1
and 3 with a second copy of 2. After 2015 replacements of this kind,
the board will have only one number left on it.

(a) Prove that there is a sequence of replacements that will make the
final number equal to 2.

(b) Prove that there is a sequence of replacements that will make the
final number equal to 1000.

Solution: (a) First replace 2014 and 2016 with 2015, and then re-
place the two copies of 2015 with a single copy. This leaves us with
{1,2,...,2013,2015}. From here, we can replace 2013 and 2015 with
2014 to get {1,2,...,2012,2014}. We can then replace 2012 and 2014
with 2013, and so on, until we eventually get to {1,3}. We finish by
replacing 1 and 3 with 2.

(b) Using the same construction as in (a), we can find a sequence of
replacements that reduces {a,a + 1,...,b} to just {a + 1}. Similarly,

can also find a sequence of replacements that reduces {a,a +1,...,b}

to just {b— 1}.

In particular, we can find sequences of replacements that reduce {1,2,...,999}
to just {998}, and that reduce {1001,1002,...,2016} to just {1002}.

This leaves us with {998,1000,1002}. We can replace 998 and 1002

with a second copy of 1000, and then replace the two copies of 1000

with a single copy to complete the construction.

2. Consider the following system of 10 equations in 10 real variables

V1,...,V10:
6 v2
T e — (i=1,...,10).
'Ul +U2++U10
Find all 10-tuples (v1,v9,...,v10) that are solutions of this system.

© Canadian Mathematical Society 2016
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Solution:
For a particular solution (v1,ve,...,v10), let s = v¥ +v3 + -+ + v%,.

Then
2

0v?
vi:1+i = 6v7 —sv;+s=0.
s

Let a and b be the roots of the quadratic 622 — sz + s = 0, so for each
i, v; = a or v; = b. We also have ab = s/6 (by Vieta’s formula, for
example).

If all the v; are equal, then

v~-1—|—£—§
v 10 5

for all <. Otherwise, let 5+ k of the v; be a, and let 5 — k of the v; be
b, where 0 < k < 4. Then by the AM-GM inequality,

6ab = s = (5+ k)a? + (5 — k)b* > 2aby/25 — k2.

From the given equations, v; > 1 for all 4, so a and b are positive.
Then V25— k2 < 3 = 25—k <9 = k? > 16 = k = 4. Hence,
6ab = 9a% +b? = (b — 3a)? =0 = b= 3a.

Adding all given ten equations, we get
v +vo + --- +v19 = 16.

But v1 +va+ -+ v190 = 9a + b = 12a, so a = 16/12 = 4/3 and
b = 4. Therefore, the solutions are (8/5,8/5,...,8/5) and all ten
permutations of (4/3,4/3,...,4/3,4).

3. Find all polynomials P(z) with integer coefficients such that P(P(n)+
n) is a prime number for infinitely many integers n.

Answer: P(n) = p where p is a prime number and P(n) = —2n + b
where b is odd.
Solution: Note that if P(n) = 0 then P(P(n) +n) = P(n) = 0
which is not prime. Let P(z) be a degree k polynomial of the form
P(z) = agz® + ap_12" 1 + .-+ + ap and note that if P(n) # 0 then
P(P(n)+mn)—P(n) =

a[(P(n) + n)* —n*] + apa[(P(n) +n)* 1 =01+ 4 a1 P(n)

© Canadian Mathematical Society 2016
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which is divisible by (P(n)+mn)—n = P(n). Therefore if P(P(n)+n)
is prime then either P(n) = +1 or P(P(n)+n) = £P(n) = p for some
prime number p. Since P(z) is a polynomial, it follows that P(n) = +1
for only finitely many integers n. Therefore either P(n) = P(P(n)+n)
for infinitely many integers n or P(n) = —P(P(n) + n) for infinitely
many integers n. Suppose that P(n) = P(P(n)+n) for infinitely many
integers n. This implies that the polynomial P(P(z) + z) — P(x) has
infinitely many roots and thus is identically zero. Therefore P(P(z)+
x) = P(z) holds identically. Now note that if & > 2 then P(P(x) + x)
has degree k? while P(z) has degree k, which is not possible. Therefore
P(z) is at most linear with P(z) = az + b for some integers a and b.
Now note that

P(P(z)+z)=a(la+ 1)z +ab+b

and thus a = a(a + 1) and ab+ b = b. It follows that a = 0 which
leads to the solution P(n) = p where p is a prime number. By the
same argument if P(n) = —P(P(n) + n) for infinitely many integers
n then P(z) = —P(P(z) + z) holds identically and P(z) is linear
with P(z) = az + b. In this case it follows that a = —a(a + 1) and
ab+ b= —b. This implies that either a = 0 or a = —2. If a = —2 then
P(n) = —2n + b which is prime for some integers n only if b is odd.
Note that in this case P(P(n)+n) = 2n — b which is indeed prime for
infinitely many integers n as long as b is odd. 0

4. Lavaman versus the Flea. Let A, B, and F be positive integers, and
assume A < B < 2A. A flea is at the number 0 on the number line.
The flea can move by jumping to the right by A or by B. Before
the flea starts jumping, Lavaman chooses finitely many intervals {m +
1,m+2,...,m+ A} consisting of A consecutive positive integers, and
places lava at all of the integers in the intervals. The intervals must
be chosen so that:

(i) any two distinct intervals are disjoint and not adjacent;

(i) there are at least F' positive integers with no lava between any two
intervals; and

(7i7) no lava is placed at any integer less than F.

Prove that the smallest F' for which the flea can jump over all the
intervals and avoid all the lava, regardless of what Lavaman does,
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is F = (n— 1)A + B, where n is the positive integer such that

<p-a<?
n—+1 n

Solution: Let B= A+ C where A/(n+1) < C < A/n.

First, here is an informal sketch of the proof.

Lavaman’s strategy: Use only safe intervals with nA + C' — 1 integers.
The flea will start at position [1,C] from the left, which puts him at
position [nA4,nA + C — 1] from the right. After n — 1 jumps, he will
still have nA — (n —1)(A+ C) = A— (n —1)C > C distance to go,
which is not enough for a big jump to clear the lava. Thus, he must do
at least n jumps in the safe interval, but that’s possible only with all
small jumps, and furthermore is impossible if the starting position is
C. This gives him starting position 1 higher in the next safe interval,
so sooner or later the flea is going to hit the lava.

Flea’s strategy: The flea just does one interval at a time. If the safe
interval has at least nA+ C integers in it, the flea has distance d > nA
to go to the next lava when it starts. Repeatedly do big jumps until
d is between 1 and C mod A, then small jumps until the remaining
distance is between 1 and C, then a final big jump. This works as
long as the first part does. However, we get at least n big jumps since
floor((d — 1)/A) can never go down two from a big jump (or we’d be
done doing big jumps), so we get n big jumps, and thus we are good
if dmod A is in any of [1,C], [C + 1,2C], ...[nC + 1,(n + 1)C], but
that’s everything. O
Let C = B — A. We shall write our intervals of lava in the form
(Li,R;] = {L; +1,L; +2,...,R;}, where R, =L; + Aand R;_1 < L;
for every ¢ > 1. We also let Ry = 0. We shall also represent a path
for the flea as a sequence of integers zg, 1, Zo,... where g = 0 and
zj —zj—1 € {A, B} for every j > 0.

Now here is a detailed proof.

First, assume F' < (n — 1)A+ B (= nA + C): we must prove that
Lavaman has a winning strategy. Let L; = R;_1 +nA+ C — 1 for
every i > 1. (Observe that nA+C —1> F.)

Assume that the flea has an infinite path that avoids all the lava, which
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means that z; ¢ (L;, R;] for all 4,5 > 1. For each i > 1, let

M; = max{z;:z; <L;}, m; = min{z;: z; > R;},
and J(i) = max{j: z; < L;}.

Also let mg = 0. Then for i > 1 we have
MZ' = .’L‘J(Z) and m; = mJ(i)+1 .

Also, for every ¢ > 1, we have

(a) m; = M; + B (because M; + A < L; + A = R;);

(b) L, > M; > L;—C (since M; =m;—B > R,—B = LZ'-I-A—B);
and

(c) R < mj < Ri+C (sincem; = M;+B < L+ B = R;+C).
Claim 1: J(z+1) = J(i) + n+ 1 for every ¢ > 1. (That is, after
jumping over one interval of lava, the flea must make exactly n jumps

before jumping over the next interval of lava.)
Proof:

Ty ntl < Tye)41+ Bn
= m; + Bn

A
< Ri+C+ (A+%>n
== LZ+1+A+1

Because of the strict inequality, we have z 7(;)4 51 < Rit1, and hence
Ty 4n+1 < Lip1. Therefore J(i) +n+ 1 < J(i + 1). Next, we have

Ti)4nt1l = TiE41+An
= m; + An
> R; + An
= Lis1—C+1
> Liz1—A+4+1 (since C < A).

Therefore T 7(i\4nt2 > Tji)4nt1 + A > Liy1, and hence J(i +1) <
J(i) + n + 2. Claim 1 follows.

Claim 2: zj1; —z; = Aforall j =J(i)+1,...,J(i+1) -1, for all
i > 1. (That is, the n intermediate jumps of Claim 1 must all be of

© Canadian Mathematical Society 2016



Draft Solutions - 2016 CMO

Sun
Life Financial

length A.)
Proof: If Claim 2 is false, then

Mit1 = 25641) = Ti@)tn+1 = Tyj@41+(n—1)A+ B
> Ri+nA+C

= Li+1+1
> M

which is a contradiction. This proves Claim 2.

We can now conclude that

Tj41)+1 = Ti()y4nt2 = Ty@y+1 +nA+ B;
ie., mjy; = m;+nA+B foreachi > 1.

Therefore

miy1 — Riy1 = mi+nA+B — (Ri+nA+C -1+ A)
=m; —R; +1.

Hence
C > mey1—Roy1 = mi—Ri+C > C

which is a contradiction. Therefore no path for the flea avoids all the
lava. We observe that Lavaman only needs to put lava on the first
C + 1 intervals.

Now assume F' > (n — 1)A + B. We will show that the flea can avoid
all the lava. We shall need the following result:

Claim 3: Let d > nA. Then there exist nonnegative integers s and ¢
such that sA+¢B € (d— C,d).

We shall prove this result at the end.

First, observe that L; > nA. By Claim 3, it is possible for the flea
to make a sequence of jumps starting from 0 and ending at a point of
(L1 — C, L1]. From any point of this interval, a single jump of size B
takes the flea over (L1, R} to a point in (R, Ry +C], which corresponds
to the point z ;1)1 (= m1) on the flea’s path.

Now we use induction to prove that, for every ¢ > 1, there is a path
such that z; avoids lava for all j < J(i) + 1. The case ¢ = 1 is done, so
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assume that the assertion holds for a given 7. Then z;;41 = m; €
(R;, R; + C]. Therefore

Liy1—m; > R+ F—(R;+C) = F-C > nA.

Applying Claim 3 with d = L; 1 —m,; shows that the flea can jump from
m; to a point of (L;11 — C, Lj+1]. A single jump of size B then takes
the flea to a point of (R;11, Ri+1 + C] (without visiting (L;y1, Ri11]),
and this point serves as x (;;1)41. This completes the induction.

Proof of Claim 3: Let u be the greatest integer that is less than or
equal to d/A. Then v > n and uA < d < (u+ 1)A. For v =0,...,n,
let

zp = (u—v)A+vB = uA+vC.

Then

20 = uA < d,
zn = uA+nC = uA+(n+1)C—-C > (u+1)A-C > d-C.

and zy41 — 2, = C forv=0,...,n—1.

Therefore we must have z, € (d — C,d] for some v in {0,1,...,n}. O

5. Let AABC be an acute-angled triangle with altitudes AD and BE
meeting at H. Let M be the midpoint of segment AB, and suppose
that the circumcircles of ADEM and AABH meet at points P and
@ with P on the same side of CH as A. Prove that the lines ED,
PH, and M@ all pass through a single point on the circumcircle of
NABC.

Solution:
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Let R denote the intersection of lines £D and PH. Since quadrilater-
als FCDH and APHB are cyclic, we have ZRDA = 180°— ZEDA =
180° — ZEDH = 180° — LZECH = 90° + A, and ZRPA = /ZHPA =
180°—£ZHBA = 90°+ A. Therefore, APDR is cyclic. This in turn im-
plies that /PBE = /PBH = /PAH = /PAD = /PRD = /PRE,
and so PBRE is also cyclic.

Let F denote the base of the altitude from C to AB. Then D, E, F,
and M all lie on the 9-point circle of AABC, and so are cyclic. We also
know APDR, PBRE, BCEF, and ACDF are cyclic, which implies
/ARB = /PRB — /PRA=/PEB - /PDA = /PEF + /FEB —
/PDF+ /ADF = /FEB+ LADF = /FCB+ £LACF = C. There-
fore, R lies on the circumcircle of AABC.

Now let Q' and R’ denote the intersections of line M @Q with the cir-
cumcircle of AABC, chosen so that @', M, @, R’ lie on the line in that
order. We will show that R’ = R, which will complete the proof. How-

ever, first note that the circumcircle of AABC has radius QQfC, and
the circumcircle of AABH has radius 2sin121 B = 23in(i48]g°—0)' Thus

the two circles have equal radius, and so they must be symmetrical
about the point M. In particular, MQ = MQ'.

Since ZAEB = ZADB = 90°, we furthermore know that M is the cir-
cumcenter of both AAEB and AADB. Thus, MA=MFE =MD =
M B. By Power of a Point, we then have MQ - MR' = MQ'- MR' =
MA-MB = MD?. In particular, this means that the circumcircle of
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ADR'Q is tangent to M D at D, which means /ZMR'D = Z/MDQ.
Similarly MQ- MR' = ME?, and so ZMR'E = /ZMEQ = ZMDQ =
ZMR'D. Therefore, R' also lies on the line ED.

Finally, the same argument shows that M P also intersects the circum-
circle of AABC at a point R” on line ED. Thus, R, R, and R" are
all chosen from the intersection of the circumcircle of AABC and the
line ED. In particular, two of R, R', and R"” must be equal. However,
R" # R since MP and PH already intersect at P, and R" # R’ since
MP and MQ already intersect at M. Thus, R’ = R, and the proof is
complete. O
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1. Let a, b, and ¢ be non-negative real numbers, no two of which are equal. Prove that

a? b2 2

6-02  (c—aZ  (a=b)

5> 2.

2. Let f be a function from the set of positive integers to itself such that, for every n, the
number of positive integer divisors of n is equal to f(f(n)). For example, f(f(6)) = 4 and
f(f(25)) = 3. Prove that if p is prime then f(p) is also prime.

3. Let n be a positive integer, and define S,, = {1,2,...,n}. Consider a non-empty subset 7" of

Sn. We say that T is balanced if the median of T is equal to the average of T. For example,
for n = 9, each of the subsets {7}, {2,5}, {2,3,4}, {5,6,8,9}, and {1,4,5,7,8} is balanced;
however, the subsets {2,4,5} and {1,2,3,5} are not balanced. For each n > 1, prove that
the number of balanced subsets of .S, is odd.
(To define the median of a set of k numbers, first put the numbers in increasing order; then
the median is the middle number if £ is odd, and the average of the two middle numbers if
k is even. For example, the median of {1, 3,4, 8,9} is 4, and the median of {1,3,4,7,8,9} is
(4+7)/2=55.)

4. Points P and @ lie inside parallelogram ABCD and are such that triangles ABP and BCQ
are equilateral. Prove that the line through P perpendicular to DP and the line through @
perpendicular to D@ meet on the altitude from B in triangle ABC.

5. One hundred circles of radius one are positioned in the plane so that the area of any triangle
formed by the centres of three of these circles is at most 2017. Prove that there is a line
intersecting at least three of these circles.
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1. Let a, b, and ¢ be non-negative real numbers, no two of which are equal. Prove that

a? b2 2

6-02  (c—aZ  (a=b)

5> 2.

Solution: The left-hand side is symmetric with respect to a, b, c. Hence, we may assume that
a > b > c¢ > 0. Note that replacing (a,b,c) with (a — ¢,b — ¢,0) lowers the value of the left-
hand side, since the numerators of each of the fractions would decrease and the denominators
remain the same. Therefore, to obtain the minimum possible value of the left-hand side, we
may assume that ¢ = 0.
Then the left-hand side becomes

a> b

2 +

which yields, by the Arithmetic Mean - Geometric Mean Inequality,

2 2 2 12
a b a® b
prta Z e a2 =2

with equality if and only if a?/b? = b?/a?, or equivalently, a* = b*. Since a,b > 0, a = b. But
since no two of a, b, ¢ are equal, a # b. Hence, equality cannot hold. This yields

a?’

a® b
2 + o > 2.
Ultimately, this implies the desired inequality. ]
Alternate solution: First, show that
a® b? c?

2 =

b—c? (c—aP (a-v?
[a(a —b)(a—c)+b(b—a)(b—c)+c(c—a)(c—b)?
[(a=b)(b—c)(c—a)? '

Then Schur’s Inequality tells us that the numerator of the right-hand side cannot be zero. [
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2. Let f be a function from the set of positive integers to itself such that, for every n, the
number of positive integer divisors of n is equal to f(f(n)). For example, f(f(6)) = 4 and
f(f(25)) = 3. Prove that if p is prime then f(p) is also prime.

Solution: Let d(n) = f(f(n)) denote the number of divisors of n and observe that f(d(n)) =
f(f(f(n))) =d(f(n)) for all n. Also note that because all divisors of n are distinct positive
integers between 1 and n, including 1 and n, and excluding n — 1 if n > 2, it follows that
2 < d(n) <n for all n > 2. Furthermore d(1) =1 and d(2) = 2

We first will show that f(2) = 2. Let m = f(2) and note that 2 = d(2) = f(f(2)) = f(m). If
m > 2, then let mg be the smallest positive integer satisfying that mg > 2 and f(mg) = 2.
It follows that f(d(mg)) = d(f(mo)) = d(2) = 2. By the minimality of my, it follows that
d(mg) > myp, which implies that mo = 2. Therefore if m > 2, it follows that f(2) = 2. It
suffices to examine the case in which f(2) = m = 1. If m = 1, then f(1) = f(f(2)) = 2
and furthermore, each prime p satisfies that d(f(p)) = f(d(p)) = f(2) = 1 which implies
that f(p) = 1. Therefore d(f(p?)) = f( (p?)) = f(3) = 1 which implies that f(p?) = 1 for
any prime p. This implies that 3 =d(p?) = f(f(p?) = f(1) = 2, which is a contradiction.
Therefore m # 1 and f(2) =

It now follows that if p is prime then 2 = f(2) = f(d(p)) = d(f(p)) which implies that f(p)
is prime. ]

Remark. Such a function exists and can be constructed inductively.
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3. Let n be a positive integer, and define S,, = {1,2,...,n}. Consider a non-empty subset 7" of

Sn. We say that T is balanced if the median of T" is equal to the average of T. For example,
for n = 9, each of the subsets {7}, {2,5}, {2,3,4}, {5,6,8,9}, and {1,4,5,7,8} is balanced;
however, the subsets {2,4,5} and {1,2,3,5} are not balanced. For each n > 1, prove that
the number of balanced subsets of .5, is odd.
(To define the median of a set of k numbers, first put the numbers in increasing order; then
the median is the middle number if £ is odd, and the average of the two middle numbers if
k is even. For example, the median of {1,3,4,8,9} is 4, and the median of {1,3,4,7,8,9} is
(4+7)/2=55.)

Solution: The problem is to prove that there is an odd number of nonempty subsets 1" of
Sy, such that the average A(T) and median M (T') satisfy A(T") = M(T). Given a subset T
consider the subset 7% = {n+1—t¢ : ¢t € T}. It holds that A(T*) = n+ 1 — A(T) and
M(T*) =n+1— M(T), which implies that if A(T) = M(T) then A(T*) = M(T*). Pairing
each set T" with T* yields that there are an even number of sets T" such that A(T) = M(T)
and T # T*.

Thus it suffices to show that the number of nonempty subsets 7" such that A(T)) = M (T') and
T = T* is odd. Now note that if T = T*, then A(T) = M(T) = “t!. Hence it suffices to
show the number of nonempty subsets 7' with 7' = T* is odd. Given such a set T', let 7" be
the largest nonempty subset of {1,2,...,[n/2]} contained in 7. Pairing T" with 7" forms a
bijection between these sets T' and the nonempty subsets of {1,2,...,[n/2]}. Thus there are
2I7/2] _ 1 such subsets, which is odd as desired. ]

Alternate solution: Using the notation from the above solution: Let B be the number of
subsets T" with M (T") > A(T), C be the number with M (T) = A(T'), and D be the number
with M(T') < A(T). Pairing each set T counted by B with T* = {n+1—t:t € T} shows
that B = D. Now since B+ C + D = 2" — 1, we have that C' = 2" — 1 — 2B, which is odd.
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4. Points P and @ lie inside parallelogram ABCD and are such that triangles ABP and BCQ
are equilateral. Prove that the line through P perpendicular to DP and the line through Q
perpendicular to D@ meet on the altitude from B in triangle ABC.

Solution: Let ZABC = m and let O be the circumcenter of triangle DPQ. Since P and @
are in the interior of ABCD, it follows that m = ZABC > 60° and ZDAB = 180° —m > 60°
which together imply that 60° < m < 120°. Now note that ZDAP = ZDAB—60° = 120°—m,
/ZDCQ = ZDCB—60° = 120° —m and that ZPBQ = 60° - ZABQ = 60° — (LABC —60°) =
120° — m. This combined with the facts that AD = BQ = CQ and AP = BP = CD implies
that triangles DAP, QBP and QCD are congruent. Therefore DP = PQ = D(Q and triangle
DPQ is equilateral. This implies that Z/ODA = ZPDA + 30° = ZDQC + 30° = Z0QC.
Combining this fact with OQ = OD and CQ = AD implies that triangles ODA and OQC
are congruent. Therefore OA = OC and, if M is the midpoint of segment AC, it follows
that OM is perpendicular to AC. Since ABCD is a parallelogram, M is also the midpoint
of DB. If K denotes the intersection of the line through P perpendicular to DP and the line
through ) perpendicular to D@, then K is diametrically opposite D on the circumcircle of
DPQ and O is the midpoint of segment DK . This implies that OM is a midline of triangle
DBK and hence that BK is parallel to OM which is perpendicular to AC. Therefore K lies
on the altitude from B in triangle ABC, as desired. ([l
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5. One hundred circles of radius one are positioned in the plane so that the area of any triangle
formed by the centres of three of these circles is at most 2017. Prove that there is a line
intersecting at least three of these circles.

Solution: We will prove that given n circles, there is some line intersecting more than g of
them. Let S be the set of centers of the n circles. We will first show that there is a line £ such
that the projections of the points in .S lie in an interval of length at most /8068 < 90 on .
Let A and B be the pair of points in S that are farthest apart and let the distance between A
and B be d. Now consider any point C' € S distinct from A and B. The distance from C' to
the line AB must be at most % since triangle ABC has area at most 2017. Therefore if £ is
a line perpendicular to AB, then the projections of S onto ¢ lie in an interval of length %
centered at the intersection of £ and AB. Furthermore, all of these projections must lie on an
interval of length at most d on ¢ since the largest distance between two of these projections
is at most d. Since min(d, 8068/d) < /8068 < 90, this proves the claim.

Now note that the projections of the n circles onto the line ¢ are intervals of length 2, all

contained in an interval of length at most +/8068 42 < 92. Each point of this interval belongs
2 . . . .

to on average \/&)TnerZ > ¢ of the subintervals of length 2 corresponding to the projections of

the n circles onto £. Thus there is some point « € ¢ belonging to the projections of more than

n

16 circles. The line perpendicular to ¢ through z has the desired property. Setting n = 100

yields that there is a line intersecting at least three of the circles. O
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1. Consider an arrangement of tokens in the plane, not necessarily at distinct points. We

are allowed to apply a sequence of moves of the following kind: Select a pair of tokens
at points A and B and move both of them to the midpoint of A and B.

We say that an arrangement of n tokens is collapsible if it is possible to end up with all n
tokens at the same point after a finite number of moves. Prove that every arrangement
of n tokens is collapsible if and only if n is a power of 2.
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2. Let five points on a circle be labelled A, B, C, D, and FE in clockwise order. Assume
AFE = DFE and let P be the intersection of AC' and BD. Let () be the point on the
line through A and B such that A is between B and () and AQ) = DP. Similarly, let
R be the point on the line through C' and D such that D is between ' and R and
DR = AP. Prove that PFE is perpendicular to QR.
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3. Two positive integers a and b are prime-related if a = pb or b = pa for some prime p.
Find all positive integers n, such that n has at least three divisors, and all the divisors
can be arranged without repetition in a circle so that any two adjacent divisors are
prime-related.

Note that 1 and n are included as divisors.
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4. Find all polynomials p(z) with real coefficients that have the following property: There
exists a polynomial ¢(x) with real coefficients such that

p(1) +p(2) +p(3) + -+ p(n) = p(n)q(n)

for all positive integers n.
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5. Let k be a given even positive integer. Sarah first picks a positive integer N greater
than 1 and proceeds to alter it as follows: every minute, she chooses a prime divisor p
of the current value of N, and multiplies the current N by p* —p~! to produce the next
value of N. Prove that there are infinitely many even positive integers k£ such that,
no matter what choices Sarah makes, her number N will at some point be divisible by

2018.
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1. Consider an arrangement of tokens in the plane, not necessarily at distinct points. We are allowed
to apply a sequence of moves of the following kind: Select a pair of tokens at points A and B and
move both of them to the midpoint of A and B.

We say that an arrangement of n tokens is collapsible if it is possible to end up with all n tokens at
the same point after a finite number of moves. Prove that every arrangement of n tokens is
collapsible if and only if n is a power of 2.

Solution. For a given positive integer n, consider an arrangement of n tokens in the plane, where
the tokens are at points Ay, Ag, ..., A,. Let G be the centroid of the n points, so as vectors (after
an arbitrary choice of origin),

82214—224—-“4—2”.

Note that any move leaves the centroid G unchanged. Therefore, if all the tokens are eventually
moved to the same point, then this point must be G.

First we prove that if n = 2¥ for some nonnegative integer k, then all n tokens can always be
eventually moved to the same point. We shall use induction on k.

The result clearly holds for n = 20 = 1. Assume that it holds when n = 2* for some nonnegative
integer k. Consider a set of 2°*1 tokens at Ay, As, ..., Ages1. Let M; be the midpoint of Ay; 1 and
Ag; for 1 <4 < 2k,

First we move the tokens at Ag;_; and As; to M;, for 1 < i < 2%, Then, there are two tokens at M;

for all 1 <4 < 2%, If we take one token from each of My, Mo, ..., My, then by the induction
hypothesis, we can move all of them to the same point, say G. We can do the same with the
remaining tokens at My, Ma, ..., Myr. Thus, all 2k+1 tokens are now at G, which completes the

induction argument.

(Here is an alternate approach to the induction step: Given the tokens at Aj, Ag, ..., Agkt1, move
the first 2% tokens to one point G4, and move the remaining 2* tokens to one point Gy. Then 2*
more moves can bring all the tokens to the midpoint of G and G.)
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Now, assume that n is not a power of 2. Take any line in the plane, and number it as a real number
line. (Henceforth, when we refer to a token at a real number, we mean with respect to this real
number line.)

At the start, place n — 1 tokens at 0 and one token at 1. We observed that if we can move all the
tokens to the same point, then it must be the centroid of the n points. Here, the centroid is at %

We now prove a lemma.
Lemma. The average of any two dyadic rationals is also a dyadic rational. (A dyadic rational is a

rational number that can be expressed in the form &7, where m is an integer and a is a nonnegative
integer.)

Proof. Consider two dyadic rationals 51 and fa3. Then their average is

Lymy  moy 1 /2%%-my+29-mg\  2%2-my + 29 -my
5(271 2Tz> T2 21 . 2a2 B 201taz+1 ’

which is another dyadic rational. |

On this real number line, a move corresponds to taking a token at x and a token at y and moving
both of them to xTer, the average of = and y. At the start, every token is at a dyadic rational
(namely 0 or 1), which means that after any number of moves, every token must still be at a dyadic
rational.

But n is not a power of 2, so 1

—~ is not a dyadic rational. (Indeed, if we could express % in dyadic
form 3%, then we would have 2% = mn, which is impossible unless m and n are powers of 2.) This

means that it is not possible for any token to end up at %, let alone all n tokens.

We conclude that we can always move all n tokens to the same point if and only if n is a power of 2.
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2. Let five points on a circle be labelled A, B, C, D, and E in clockwise order. Assume AF = DE and
let P be the intersection of AC and BD. Let @ be the point on the line through A and B such that
A is between B and @Q and AQ = DP. Similarly, let R be the point on the line through C' and D
such that D is between C and R and DR = AP. Prove that PE is perpendicular to QR.

Solution. We are given AQ = DP and AP = DR. Additionally
ZQAP =180° — ZBAC = 180° — ZBDC = ZRDP, and so triangles AQP and DPR are
congruent. Therefore PQ) = PR. It follows that P is on the perpendicular bisector of QR.

We are also given AP = DR and AE = DE. Additionally

/PAFE = /ZCAFE =180° — ZCDE = Z/RDE, and so triangles PAE and RDFE are congruent.
Therefore PE = RE, and similarly PE = QFE. It follows that F is on the perpendicular bisector of
PQ.

Since both P and FE are on the perpendicular bisector of QR, the result follows.

(©2018 Canadian Mathematical Society Page 3
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3.

Two positive integers a and b are prime-related if a = pb or b = pa for some prime p. Find all
positive integers n, such that n has at least three divisors, and all the divisors can be arranged
without repetition in a circle so that any two adjacent divisors are prime-related.

Note that 1 and n are included as divisors.

Solution. We say that a positive integer is good if it has the given property. Let n be a good
number, and let dy, ds, ..., di be the divisors of n in the circle, in that order. Then for all

1 <i<k, di1/d; (taking the indices modulo k) is equal to either p; or 1/p; for some prime p;. In
other words, d;y1/d; = p;*, where ¢; € {1,—1}. Then

da ds di_
A Ay A

PipS - p =
For the product p{'ps’ - - - p;* to equal 1, any prime factor p must be paired with a factor of 1/p, and
vice versa, so k (the number of divisors of n) must be even. Hence, n cannot be a perfect square.

Furthermore, n cannot be the power of a prime (including a prime itself), because 1 always is a
divisor of n, and if n is a power of a prime, then the only divisor that can go next to 1 is the prime
itself.

Now, let n = p%q®, where p and ¢ are distinct primes, and @ is odd. We write the divisors of n in a
grid as follows: In the first row, write the numbers 1, ¢, ¢%, ..., ¢*. In the next row, write the
numbers p, pq, pg>, ..., pq®, and so on. The number of rows in the grid, a + 1, is even. Note that if
two squares are adjacent vertically or horizontally, then their corresponding numbers are
prime-related. We start with the square with a 1 in the upper-left corner. We then move right
along the first row, move down along the last column, move left along the last row, then zig-zag row
by row, passing through every square, until we land on the square with a p. The following diagram
gives the path for a = 3 and b = 5:

[ ]

Thus, we can write the divisors encountered on this path in a circle, so n = p®¢® is good.

Next, assume that n is a good number. Let di, do, ..., di be the divisors of n in the circle, in that
order. Let p be a prime that does not divide n. We claim that n - p© is also a good number. We

Page 4

(©2018 Canadian Mathematical Society



Canadian Mathematical Olympiad 2018 https://cmo.math.ca/ Official Solutions

arrange the divisors of n - p® that are not divisors of n in a grid as follows:

dip dip* -+ dip®
dop dop* -+ dop?
dp dgp? -+ dgp®

Note that if two squares are adjacent vertically or horizontally, then their corresponding numbers
are prime-related. Also, k& (the number of rows) is the number of factors of n, which must be even
(since n is good). Hence, we can use the same path described above, which starts at dip and ends
at dop. Since di and ds are adjacent divisors in the circle for n, we can insert all the divisors in the
grid above between d; and ds, to obtain a circle for n - p©.

Finally, let n be a positive integer that is neither a perfect square nor a power of a prime. Let the
prime factorization of n be
n— p?pgz . .pft'

Since n is not the power of a prime, ¢ > 2. Also, since n is not a perfect square, at least one
exponent e; is odd. Without loss of generality, assume that e; is odd. Then from our work above,

pi'ps? is good, so pi'ps*ps® is good, and so on, until n = p*ps? - - pit is good.

Therefore, a positive integer n has the given property if and only if it is neither a perfect square nor
a power of a prime.

(©2018 Canadian Mathematical Society Page 5
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4. Find all polynomials p(z) with real coefficients that have the following property: There exists a
polynomial g(x) with real coefficients such that

p(1) +p(2) +p(3) + - -- + p(n) = p(n)q(n)
for all positive integers n.

Solution. The property clearly holds whenever p(x) is a constant polynomial, since we can take
q(x) = z. Assume henceforth that p(x) is nonconstant and has the stated property. Let d be the
degree of p(x), so p(x) is of the form

p(z) =ca®+ .

By a Lemma (which we will prove at the end), >7_; k¢ is a polynomial in n of degree d + 1, so
p(1) +p(2) 4+ --- 4+ p(n) is a polynomial in n of degree d 4+ 1. Hence, ¢(n) is a polynomial of degree
1. Furthermore, the coefficient of n®*! in >°7_, k% is ﬁ, so the coefficient of n in ¢(n) is also ﬁ.
Let g(x) = ﬁ(w + 7). We have that
p(1) +p(2) +p(3) + -+ p(n) = p(n)q(n)
and
p(1) +p(2) +p3) +---+p(n) +p(n+1) = p(n+ 1)g(n + 1).

Subtracting the first equation from the second, we get

p(n+1) =p(n+1)g(n+1) = p(n)q(n),
and hence
p(n)g(n) = p(n+ 1[g(n +1) —1].
Since this holds for all positive integers n, it follows that

p(x)q(z) = p(z + Dg(z + 1) — 1]

for all real numbers . We can then write

p(z) - (x+7)=plx+1) dil(:v—l—r—i-l)—l ,

d+1

(x+r)p(x) =(x+r—dp(z+1). (%)

Setting z = —r, we get
(=d)p(—r+1) =0.

Hence, —r + 1 is a root of p(z). Let p(x) = (x + r — 1)p1(z). Then
(@ +r)(z+r—Dpi(z) = (¢ +r—d)(@+r)pi(z +1),

(@+r—1Dpi(@) = (z+7—dpi(z+1).

If d =1, then p;(x) is a constant, so both sides are equal, and we can say p(z) = c¢(z + 7 —1).

Page 6 (©2018 Canadian Mathematical Society
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Otherwise, setting x = —r + 1, we get
(1 =d)pi(—r+2)=0.
Hence, —r + 2 is a root of pi(z). Let pi(z) = (x +r — 2)pa(z). Then
(x—r—=1)(z+r—2)p(x) =(x+r—d)(z+7r—1)pa(z+ 1),

(x+7—2)p2(x) = (x+7r —d)p2(z + 1).

If d = 2, then po(x) is a constant, so both sides are equal, and we can say

p(x) =clx+r—1)(z+r—2).

Otherwise, we can continue to substitute, giving us
p)=cle+r—1)(z+r—2)---(z+r—d).

Conversely, if p(x) is of this form, then

plx)=clx+r—1)(x+r—2)---(z+7r—d)
cd+)(z+r—1)(z+r—2)---(x+r—d)

d+1
_ clz+r)—(x+r—d-=D)(z+r—1)(x+r—2)---(x+r—4d)
d+1
:c(m—i—r)(m—i—r—1)(x+r—2)---(:c+r—d)
d+1
cle+r—1)(z+r—-2)---(x+r—d)(x+r—d—1)
- d+1 '

Then the sum p(1) + p(2) + p(3) + - - - + p(n) telescopes, and we are left with

n+r)(n+r—1)(n+r—2)---(n+r—d)
d+1
c(r)(r—1)---(r—d+l)(r—d)'
d+1

p(1) +p(2) +p(3) + -+ p(n) =

We want this to be of the form
p(n)g(n) =c(n+r—1)(n+r—2)--(n+r—dqn)
for some polynomial g(n). The only way that this can hold for each positive integer n is if the term

e(r)(ir—=1)---(r—d+1)(r —d)
d+1

is equal to 0. This means r has to be one of the values 0, 1, 2, ..., d. Therefore, the polynomials we
seek are of the form
plx)y=clx+r—1)(x+r—-2)---(z+7r—d),

(©2018 Canadian Mathematical Society Page 7
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where r € {0,1,2,...,d}.

Lemma. For a positive integer d,

>

k=1
is a polynomial in n of degree d + 1. Furthermore, the coefficient of nét1 is ﬁ.
Proof. We prove the result by strong induction. For d =1,
n
1 1
E=—-n?+—
Z 2n + 2n,
k=1
so the result holds. Assume that the result holds for d =1, 2, 3, ..., m, for some positive integer m.

By the Binomial Theorem,
(E+1)"2 — k™2 = (m + )K" 4 k™ + e 1K™ 4 4 ek + oo,

for some coefficients ¢, ¢p—1, ..., €1, cg. Summing over 1 < k < n, we get

n

(n+1)m+2—1:(m+2)2km+1+cmka+---+clzk+COn.

k=1 k=1 k=1

Then .

kaJrl — (”+1)m+2—CmZZ:1km—“'—C1ZZ:1k—con—1

Pt m + 2
By the induction hypothesis, the sums > ;_, k™, ..., > ;| k are all polynomials in n of degree less
than m + 2. Hence, the above expression is a polynomial in n of degree m + 2, and the coefficient of
n™t2 ig #H Thus, the result holds for d = m + 1, which completes the induction step. |

Page 8 (©2018 Canadian Mathematical Society
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5. Let k be a given even positive integer. Sarah first picks a positive integer N greater than 1 and
proceeds to alter it as follows: every minute, she chooses a prime divisor p of the current value of
N, and multiplies the current N by p* — p~! to produce the next value of N. Prove that there are
infinitely many even positive integers k£ such that, no matter what choices Sarah makes, her number
N will at some point be divisible by 2018.

Solution: Note that 1009 is prime. We will show that if &k = 1009™ — 1 for some positive integer
m, then Sarah’s number must at some point be divisible by 2018. Let P be the largest divisor of N
not divisible by a prime congruent to 1 modulo 1009. Assume for contradiction that N is never
divisible by 2018. We will show that P decreases each minute. Suppose that kiJIrll the t'" minute,

P =1 N where

Sarah chooses the prime divisor p of V. First note that N is replaced with

P = pl009T g — (1) (p1009M—1 4 plo09m=2 1)

Suppose that ¢ is a prime number dividing the second factor. Since ¢ divides p'?%9™ — 1, it follows

that ¢ # p and the order of p modulo ¢ must divide 1009™ and hence is either divisible by 1009 or
is equal to 1. If it is equal to 1 then p =1 (mod ¢), which implies that

0 = pt009™ =1 4 p1009™=2 1 .1 1 =1009" (mod q)

and thus ¢ = 1009. However, if ¢ = 1009 then p > 1010 and p must be odd. Since p — 1 now divides
N, it follows that N is divisible by 2018 in the (¢ 4+ 1)*! minute, which is a contradiction. Therefore
the order of p modulo ¢ is divisible by 1009 and hence 1009 divides ¢ — 1. Therefore all of the prime
divisors of the second factor are congruent to 1 modulo 1009. This implies that P is replaced by a
divisor of pp%l - P in the (t + 1) minute and therefore decreases. Since P > 1 must always hold, P
cannot decrease forever. Therefore N must at some point be divisible by 2018.

Remark (no credit). If k is allowed to be odd, then choosing k + 1 to be divisible by ¢(1009) = 1008
guarantees that Sarah’s number will be divisible by 2018 the first time it is even, which is after
either the first or second minute.

(©2018 Canadian Mathematical Society Page 9
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Official Problem Set

1. Amy has drawn three points in a plane, A, B, and C, such that AB = BC = CA = 6.
Amy is allowed to draw a new point if it is the circumcenter of a triangle whose vertices
she has already drawn. For example, she can draw the circumcenter O of triangle ABC,
and then afterwards she can draw the circumcenter of triangle ABO.

(a) Prove that Amy can eventually draw a point whose distance from a previously
drawn point is greater than 7.

(b) Prove that Amy can eventually draw a point whose distance from a previously
drawn point is greater than 2019.

(Recall that the circumcenter of a triangle is the center of the circle that passes through
its three vertices.)

2. Let a and b be positive integers such that a+b? is divisible by a?+ 3ab+3b* — 1. Prove
that a? + 3ab + 3b? — 1 is divisible by the cube of an integer greater than 1.

3. Let m and n be positive integers. A 2m x 2n grid of squares is coloured in the usual
chessboard fashion. Find the number of ways of placing mn counters on the white
squares, at most one counter per square, so that no two counters are on white squares
that are diagonally adjacent. An example of a way to place the counters when m = 2
and n = 3 is shown below.

© 2019 Canadian Mathematical Society p. 1/2



The 2019 Canadian Mathematical Olympiad

4. Let n be an integer greater than 1, and let ag,aq,...,a, be real numbers with a; =
a,—1 = 0. Prove that for any real number £,

n—2

ao| — |an| < Z la; — kajy1 — aiyol .
i=0

5. David and Jacob are playing a game of connecting n > 3 points drawn in a plane.
No three of the points are collinear. On each player’s turn, he chooses two points to
connect by a new line segment. The first player to complete a cycle consisting of an odd
number of line segments loses the game. (Both endpoints of each line segment in the
cycle must be among the n given points, not points which arise later as intersections
of segments.) Assuming David goes first, determine all n for which he has a winning
strategy.

Important!
Please do not discuss this problem set online for at least 24 hours.
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1. Amy has drawn three points in a plane, A, B, and C, such that AB = BC = CA = 6. Amy is
allowed to draw a new point if it is the circumcenter of a triangle whose vertices she has already
drawn. For example, she can draw the circumcenter O of triangle ABC, and then afterwards she can
draw the circumcenter of triangle ABO.

(a) Prove that Amy can eventually draw a point whose distance from a previously drawn point is
greater than 7.

(b) Prove that Amy can eventually draw a point whose distance from a previously drawn point is
greater than 2019.

(Recall that the circumcenter of a triangle is the center of the circle that passes through its three
vertices.)

Solution.

(a) Given triangle AABC, Amy can draw the following

points:
A
e O is the circumcenter of AABC
e A; is the circumcenter of ABOC
e A is the circumcenter of AOBA;
e Ajs is the circumcenter of ABAs A,
We claim that AA3 > 7. We present two ways to prove
this claim. %
First Method: By symmetry of the equilateral triangle
ANABC, we have ZAOB = /BOC = /ZCOA = 120°.
Since OB = OC and A1 B = A10 = A1C, we deduce that B Ao
AA10B = AA10C, and hence ZBOA, = ZCOA; = 60°.
Therefore, since AA;OB is isosceles, it must be equi-
lateral. As we found for our original triangle, we find
/ZBAsA1 = 120°, and so LA3BA = LA3A1 B = 30° (since As » Ay
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A9B = Ay Ap). Also we see that ZOBAy = 30° = ZOBC, which shows that Ay lies on the segment
BC.

Applying the Law of Sines to ABOC, we obtain

_ BCsin(Z0BC)  6(1/2)
0C = sin(ZBOC) —— /3/2 2v3.

By symmetry, we see that (i) OA; is the bisector of ZBOC and the perpendicular bisector of BC,
and (i7) the three points A, O, and A; are collinear. Therefore AjA = 410 + OA =20A = 4/3.

The same argument that we used to show AA;OB is equilateral with side AC/v/3 shows that
A A3zAs A is equilateral with side OB/\/g = 2. Thus LA3A,0 = ZOA B+ £A3A1As — LA A1 B =
60° 4 60° — 30° = 90°. Hence we can apply the Pythagorean Theorem:

AsA = /(A34))? + (A{A)?2 = /224 (4V3)2 = VB2 > V49 = 7.

Second Method: (An alternative to writing the justifications of the constructions in the First Method
is to use analytic geometry. Once the following coordinates are found using the kind of reasoning in
the First Method or by other means, the writeup can justify them succinctly by computing distances.)

Label (0,0) as B, (6,0) as C, and (3,4/3) as A. Then we have AB = BC = CA = 6.
The circumcenter O of AABC is (3,+/3); this can be verified by observing OA = OB = OC = 2+/3.

Next, the point A; = (3, —v/3) satisfies 410 = A;B = A;C = 2/3, so A is the circumcenter of
ABOC.

The point As = (2,0) satisfies 420 = A9 B = A3 A1 = 2, so this is the circumcenter of AOBA;.

And the point A3z = (1, —+/3) satisfies A3B = A3zAy = A3A; = 2, so this is the circumcenter of
ABAA;.

Finally, we compute AsA = /52 > /49 = 7, and part (a) is proved.

(b) In part (a), using either method we find that OA3 = 4 > 2v/3 = OA. By rotating the construction
of part (a) by £120° about O, Amy can construct Bs and C5 such that AA3B3Cj is equilateral with
circumcenter O and circumradius 4, which is strictly bigger than the circumradius 2v/3 of AABC.
Amy can repeat this process starting from AA3BsC3. After n iterations of the process, Amy will
have drawn the vertices of an equilateral triangle whose circumradius is 2v/3 (=2=)", which is bigger

2V/3
than 2019 when n is sufficiently large.

Page 2 (©2019 Canadian Mathematical Society
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2. Let a and b be positive integers such that a + b3 is divisible by a? + 3ab + 3b%> — 1. Prove that
a® + 3ab + 3b? — 1 is divisible by the cube of an integer greater than 1.

Solution.

Let Z = a® + 3ab + 3b®> — 1. By assumption, there is a positive integer ¢ such that ¢Z = a + b°.
Noticing the resemblance between the first three terms of Z and those of the expansion of (a + b)3,
we are led to

(a+b)3 = a(a®+3ab+30*)+b° = a(Z+1)+0° = aZ+a+b = aZ+cZ.

Thus Z divides (a + b)3.

Let the prime factorization of a+b be p{*p5? - - - pi* and let Z = p{l pgz “e pg’“, where f; < 3e; for each

i since Z divides (a+b)3. If Z is not divisible by a perfect cube greater than one, then 0 < f; < 2 and
hence f; < 2e; for each i. This implies that Z divides (a+b)?. However, (a+b)? < a?+3ab+3b*—1 = Z
since a,b > 1, which is a contradiction. Thus Z must be divisible by a perfect cube greater than one.

Remark. A brute force search yields many pairs (a,b) satisfying this divisibility property. Examples
include (3,5),(19,11),(111,29) as well as twelve others satisfying that a,b < 1000. The values of
a® 4 3ab + 3b%> — 1 for these three pairs are 128 = 27, 1350 = 2 x 32 x 52 and 24500 = 22 x 5 x 72,
all of which have different perfect cube divisors.

(©2019 Canadian Mathematical Society Page 3
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3.

Let m and n be positive integers. A 2m x 2n grid of squares is coloured in the usual chessboard
fashion. Find the number of ways of placing mn counters on the white squares, at most one counter
per square, so that no two counters are on white squares that are diagonally adjacent. An example
of a way to place the counters when m = 2 and n = 3 is shown below.

Solution.

Divide the chessboard into mn 2 x 2 squares.

Each 2 x 2 square can contain at most one counter. Since we want to place mn counters, each 2 x 2
square must contain exactly one counter.

Assume that the lower-right corner of the 2m x 2n chessboard is white, so in each 2 x 2 square, the
upper-left and lower-right squares are white. Call a 2 x 2 square UL if the counter it contains is
on the upper-left white square, and call it LR if the counter it contains is on the lower-right white
square.

Suppose some 2 x 2 square is UL. Then the 2 x 2 square above it (if it exists) must also be UL, and
the 2 x 2 square to the left of it (if it exists) must also be UL.

Page 4
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Similarly, if some 2 x 2 square is LR, then the 2 x 2 square below it (if it exists) must also be LR,
and the 2 x 2 square to the right of it (if it exists) must also be LR.

Then the collection of UL 2 x 2 squares form a region that is top-justified and left-justified, and
the collection of LR 2 x 2 squares form a region that is bottom-justified and right-justified. This
means that the boundary between the two regions forms a path between the lower-left corner and
upper-right corner of the 2m x 2n chessboard.

Conversely, any path from the lower-left corner to the upper-right corner, where each step consists of
two units, can serve as the boundary of the UL squares and LR squares. Thus, the number of ways
of placing the counters is equal to the number of paths, which is (mnt")

(©2019 Canadian Mathematical Society Page 5
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4. Let n be an integer greater than 1, and let ag, a1, ..., a, be real numbers with a; = a,—1 = 0. Prove
that for any real number k,
n—2
lao| = lan| < lai — kait1 — aigal.
i=0
First Solution.
Let Q(x) = 2? —kxz —1 and let P(x) = ag+ ayx + - - - + a,2™. Note that the product of the two roots
of Q(z) is —1 and thus one of the two roots has magnitude at most 1. Let z be this root. Now note
that since a; = a,_1 = 0, we have that
n—2
0=Q(2)P(z) = —ag — kapz + Z(ai — ka;11 — ai+2)zz+2 — kanz"t + a,2"t?
i=0
n—2
= ao(—l — kz) + Z(CLZ — kai—H — ai+2)21+2 + anz”(ZQ — ]CZ)
i=0
n—2
= —apz® + Z(ai — ka1 — ai+2)zz+2 + anp 2"
i=0
where the third equality follows since 22 — kz — 1 = 0. The triangle inequality now implies
n—2
Jaol - 1217 < lan| - |2+ lai — kair1 — aigal - 2]+
i=0
n—2
<lanl- 27+ lai — kaip1 — aigol - |2
i=0
since |z| <1 and n > 2. Since 2z # 0, the inequality is obtained on dividing by |z|%.
Second Solution.
Let k be a real number. Put
R — Vk2+4  if k>0,
| VR +4 ifk<O.
Define the polynomial
S(z) = 2>+ Rx+1.
The roots of S are
b — —-R—k and e — —R+k
2 2
Then we have
b—c = -k, bc=1and |¢<1
(the inequality follows from be = 1 and |c| < |b]).
Page 6 (©2019 Canadian Mathematical Society
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Put d; = a; + baj4q for i =0,1,...,n— 1. Then, for i =0,1,...,n — 2, we have

di — CdH_l = a; + (b - C)CLZ‘+1 - bcaH_z

= a; —kaj1 —aiq2.

Therefore
n—2 n—2
Z la; — kaiy1 — aipa| = Z |di — cditq]
i=0 =0
n—2
> 3 (1] — lel [disa ]
i=0

n—2
= ldo| + (1 —=e)) D |dil — el |dn1]
i=1

> |do| — lef |dn—1]

= lag+bar| — |c||an—1 + bay|
= lao| — bc |an|

= lao| = lan|.

(©2019 Canadian Mathematical Society Page 7
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5.

David and Jacob are playing a game of connecting n > 3 points drawn in a plane. No three of the
points are collinear. On each player’s turn, he chooses two points to connect by a new line segment.
The first player to complete a cycle consisting of an odd number of line segments loses the game.
(Both endpoints of each line segment in the cycle must be among the n given points, not points
which arise later as intersections of segments.) Assuming David goes first, determine all n for which
he has a winning strategy.

Solution:
Answer: David has a winning strategy if and only if n =2 (mod 4).

Call a move illegal if it would cause an odd cycle to be formed for the first time. First we show that
if n is odd, then any strategy where Jacob picks a legal move if one is available to him causes him
to win. Assume for contradiction that Jacob at some point has no legal moves remaining. Since the
graph representing the game state has no odd cycle, it must be bipartite. Let a and b be the sizes
of the two sets in the bipartition of the graph. If there is some edge not already added between the
two sets, adding this edge would be a legal move for Jacob. Therefore the graph must be a complete
bipartite graph with all of its ab edges present. However, since a + b = n which is odd, one of a or
b must be even and thus the graph contains an even number of edges. Moreover, since it is Jacob’s
turn, the graph must contain an odd number of edges, which is a contradiction. Therefore Jacob has
a winning strategy for all odd n.

Now consider the case where n is even. Call a graph good if the set of vertices of degree at least 1 are
in a perfect matching (a set of non-adjacent edges that includes every vertex of the graph). The key
observation is that either player has a strategy to preserve that the graph is good while increasing the
number of vertices of degree at least 1. More precisely, if the graph was good at the end of a player’s
previous turn and there are fewer than n vertices of degree at least 1, then at the end of his current
turn he can always ensure that: (1) the graph is good and (2) there are at least two more vertices of
degree 1 since the end of his previous turn. Let A be the set of vertices of degree at least 1 at the
end of the player’s previous turn and B be the set of remaining vertices where |B| > 0. Since the
vertices of A have a perfect matching, |A| is even, and since n is even, so is |B|. If the other player
adds an edge between two vertices of A, add an edge between two vertices of B. If the other player
adds an edge between two vertices of B, add an edge between one of those vertices an a vertex of A
(but on the first round, when A is empty, respond by adding an edge between two other vertices of
B). If the other player adds an edge between a vertex in A and a vertex in B, then since |B] is even,
there must be another vertex of B. Connect these two vertices in B with an edge. None of these
moves can form a cycle and thus are legal. Furthermore, all of them achieve (1) and (2), proving the
claim.

We now show that David has a winning strategy if n = 2 (mod 4). Since the graph begins empty
and therefore good, David has a strategy of legal moves to ensure that the graph contains a perfect
matching after no more than n moves. After this, let David implement any strategy where he picks
a legal move if one is available to him. Assume for contradiction that there is a turn where David
has no legal moves. This graph must be a complete bipartite graph containing a perfect matching.
If one of the sets in the bipartition has size greater than n/2, it must contain two vertices matched
in the perfect matching, which is impossible. Therefore there are n/2 vertices in each part and n?/4
edges have been added in total, which is an odd number. This contradicts the fact that it is David’s
turn, and proves the result for n =2 (mod 4).

Page 8
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Finally, consider the case that n =0 (mod 4). Note that after David’s first turn, the graph contains
a single edge and thus is good. This implies that Jacob can ensure the graph contains a perfect
matching and win by the above parity argument.

(©2019 Canadian Mathematical Society Page 9
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Official Problem Set

1. Let S be a set of n > 3 positive real numbers. Show that the largest possible number
of distinct integer powers of three that can be written as the sum of three distinct
elements of S is n — 2.

2. A circle is inscribed in a rhombus ABC'D. Points P and @ vary on line segments AB
and AD, respectively, so that PQ is tangent to the circle. Show that for all such line
segments P(), the area of triangle C'P() is constant.

3. A purse contains a finite number of coins, each with distinct positive integer values. Is
it possible that there are exactly 2020 ways to use coins from the purse to make the
value 20207
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4. Let S ={1,4,8,9,16,...} be the set of perfect powers of integers, i.e. numbers of the
form n* where n, k are positive integers and k > 2. Write S = {ay,as,as3...} with
terms in increasing order, so that a; < as < as---. Prove that there exist infinitely
many integers m such that 9999 divides the difference a,,+1 — ap,-

5. There are 19,998 people on a social media platform, where any pair of them may or
may not be friends. For any group of 9,999 people, there are at least 9,999 pairs
of them that are friends. What is the least number of friendships, that is, the least
number of pairs of people that are friends, that must be among the 19, 998 people?

Important!
Please do not discuss this problem set online for at least 2 hours.
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1. Let S be a set of n > 3 positive real numbers. Show that the largest possible number of distinct
integer powers of three that can be written as the sum of three distinct elements of S is n — 2.

Solution: We will show by induction that for all n > 3, it holds that at most n — 2 powers of three
are sums of three distinct elements of S for any set S of positive real numbers with |S| = n. This is
trivially true when n = 3. Let n > 4 and consider the largest element x € S. The sum of  and any
two other elements of S is strictly between x and 3z. Therefore  can be used as a summand for at
most one power of three. By the induction hypothesis, at most n — 3 powers of three are sums of
three distinct elements of S\{x}. This completes the induction.

Even if it was not asked to prove, we will now show that the optimal answer n— 2 is reached. Observe
that the set S = {1,2,3%2 —3,3% —3,...,3" — 3} is such that 32,33 ...,3" can be expressed as sums
of three distinct elements of S. This makes use of the fact that each term of the form 3% — 3 can be
used in exactly one sum of three terms equal to 3*.

0
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2. A circle is inscribed in a thombus ABCD. Points P and @ vary on line segments AB and AD,
respectively, so that PQ is tangent to the circle. Show that for all such line segments PQ, the area

of triangle C'PQ) is constant.

Solution.

Let the circle be tangent to PQ, AB, AD at T, U, and V, respectively. Let p = PT = PU and
q=QT =QV. Let a = AU = AV and b = BU = DV. Then the side length of the rhombus is a + b.

D C

A P U B

Let 0 = ZBAD, so ZABC = ZADC = 180° — 6. Then (using the notation [XYZ] for the area of a
triangle of vertices X,Y, 7)

APQ)= L - AP AQ-sinf = _(a~ p)(a — g)sinf.
[BCP] = % -BP - BC -sin(180° — 0) = %(b—l—p)(a +b)sin 6,
[CDQ] = % .DQ - CD -sin(180° — ) = %(b+ q)(a + b)sin 6,

Page 2 (©2020 Canadian Mathematical Society
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(CPQ) = [ABCD] — [APQ] - [BCP| - [CDQ)
= (a+b)?sinf — %(a —p)(a—q)sinf — %(b +p)(a+0b)sinf — %(b +q)(a+b)sind

1
= §(a2 + 2ab — bp — bg — pq) sin 6.

Let O be the center of the circle, and let r be the radius of the circle. Let x = ZTOP = ZUOP and
y=ZT0Q = £LVOQ. Then tanz = £ and tany = 2.

D C

A P U B
Note that ZUOV = 2x + 2y, so ZAOU =z +y. Also, ZAOB = 90°, so ZOBU = x + y. Therefore,

a r
tan(z +y) = — = 3
so 2 = ab. But

_rlp+q)  r(p+q)

r2—pq  ab—pq’

T tanx + tany B4
g:tan(x—i-y): ="
T

1 —tanztany 1 .

q
Hence, ab — pqg = bp + bq, so bp + bq + pq = ab. Therefore,
1 1
[CPQ] = §(a2 + 2ab — bp — bg — pq) sinf = §(a2 + ab)sin 6,

which is constant.

Alternate Solution: Let O be the center of the circle and r its radius. Then [CPQ] = [CDQPB]—
[CDQ)] — [CBP], where [...] denotes area of the polygon with given vertices. Note that [C DQPB]
is half r times the perimeter of CDQPB. Note that the heights of CDQ and C'BP are 2r so
[CDQ] =r-DQ and [CBP] =r - PB. Using the fact that QT = QV and PU = PT, it now follows
that [CPQ] = [OVDCBU| — [CDV] — [CBU]|, which is independent of P and Q.

O
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3.

A purse contains a finite number of coins, each with distinct positive integer values. Is it possible
that there are exactly 2020 ways to use coins from the purse to make the value 20207

Solution: It is possible.

Consider a coin purse with coins of values 2, 4, 8, 2014, 2016, 2018, 2020 and every odd number between
503 and 1517. Call such a coin big if its value is between 503 and 1517. Call a coin small if its value
is 2,4 or 8 and huge if its value is 2014,2016,2018 or 2020. Suppose some subset of these coins
contains no huge coins and sums to 2020. If it contains at least four big coins, then its value must
be at least 503 + 505 + 507 + 509 > 2020. Furthermore since all of the small coins are even in
value, if the subset contains exactly one or three big coins, then its value must be odd. Thus the
subset must contain exactly two big coins. The eight possible subsets of the small coins have values
0,2,4,6,8,10,12,14. Therefore the ways to make the value 2020 using no huge coins correspond to
the pairs of big coins with sums 2006, 2008, 2010, 2012, 2014, 2016, 2018 and 2020. The numbers of
such pairs are 250,251, 251,252, 252, 253, 253, 254, respectively. Thus there are exactly 2016 subsets
of this coin purse with value 2020 using no huge coins. There are exactly four ways to make a value of
2020 using huge coins; these are {2020}, {2,2018}, {4,2016} and {2,4,2014}. Thus there are exactly
2020 ways to make the value 2020.

Alternate construction: Take the coins 1,2,...,11,1954,1955,...,2019. The only way to get 2020
is a non-empty subset of 1,...,11 and a single large coin. There are 2047 non-empty such subsets of
sums between 1 and 66. Thus they each correspond to a unique large coin making 2020, so we have
2047 ways. Thus we only need to remove some large coins, so that we remove exactly 27 small sums.
This can be done, for example, by removing coins 2020 —n for n = 1,5,6,7,8,9, as these correspond
tol+3+44 5+ 6+ 8 =27 partitions into distinct numbers that are at most 11.

0
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4. Let S = {1,4,8,9,16,...} be the set of perfect powers of integers, i.e. numbers of the form n* where
n,k are positive integers and k > 2. Write S = {aj,a2,as...} with terms in increasing order, so
that a1 < as < asg---. Prove that there exist infinitely many integers m such that 9999 divides the
difference ami+1 — @

Solution: The idea is that most perfect powers are squares. If a,, = 22 and a, 11 = (z + 1)2, then
ant+1 — an, = 2z + 1. Note that 9999 | 2z + 1 is equivalent to x = 4999 (mod 9999). Hence we will
be done if we can show that there exist infinitely many = = 4999 (mod 9999) such that there are no
perfect powers strictly between x? and (z + 1)2.

Assume otherwise, so that there exists a positive integer N such that: for z = 4999 (mod 9999) and
x > N, there is a perfect power bSe (e, > 2) between 22 and (z + 1)2. Without loss of generality, we
can take N to be = 4999 (mod 9999). Note that 2 and (x + 1)? are consecutive squares, hence e,
is odd, and thus e, > 3. Let t,, be the number of odd perfect powers that are at most n.

By tallying the bS* up (clearly they are all distinct), for any m > 1 we have at least m perfect odd
powers between 1 and (N + 9999m)?; so that

L(N+9999m)2 = M.

In particular, for large enough n we have

vn
> .
tn = 10000

Now, if 2/ < n then x < {/n. Also, n > zf >2f so f < logy(n) So we have
logy(n)
tn < Y Vi <logy(n)¥/n
i=3
Combining with the previous inequality, we have
v/n < 10000 logs(n)

for all large enough n. However, this inequality is false for all large n, contradiction. Therefore the
problem statement holds.

O
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5.

There are 19,998 people on a social media platform, where any pair of them may or may not be
friends. For any group of 9,999 people, there are at least 9,999 pairs of them that are friends. What
is the least number of friendships, that is, the least number of pairs of people that are friends, that
must be among the 19,998 people?

Solution: It is 5 - 9999 = 49995. One possible construction is as follows: have the 19,998 people
form 3,333 groups of 6 people, and within each group every pair of people are friends. Now, for any
group of 9,999 people, say that there are x1,x2, ..., 23333 people in each of the 6 groups, respectively.

Then there are
3333

1
5 Z Xy (:El — 1)
i=1
pairs of friendships total. But we have that
:L'l(l’z — 1) Z 51’1' — 9,

SO

1 3333 1 3333 1
5 Z wilwi—1) > 5 2(5@- —9) = 5(9999 5 — 9 3333) = 9999,
i=1 =1
as desired.

It remains to show that 49995 pairs of friends is optimal. For what follows, let 9999 = N, so that
19,998 = 2N, and assume that the condition is satisfied. Let the number of pairs of friends be e.
Designate half of the people as red and the other half as blue, so that the number of pairs of friends
who are both red is minimized.

Note that this means that for every pair of people, one red and one blue, we have that the number
of red friends of the blue person is at least as many as the number of red friends of the red person,
and the inequality is strict if the two people are friends. This is because we can otherwise swap the
two people. Now, if every blue person is friends with at least 3 red people, then the total number of
friendships, e, is at least N + 3N + N = 5N (N each from the red people and blue people and 3N
from the pairs), as desired. If some blue person is friends with at most 2 red people, then every red
person is friends with at most 2 red people, so the number of pairs of red friends is at most NV, with
equality only if every red person is friends with exactly 2 red people. But then consider a blue person
with 2 red friends; then, they must have a red friend with exactly 2 red friends too, a contradiction.

0

Page 6

(©2020 Canadian Mathematical Society



The 2021 Canadian Mathematical Olympiad

A competition of the Canadian Mathematical Society and
supported by the Actuarial Profession.

Q-

CMS
SMC Expertise. Insight.
N———— Solutions.

A full list of our competition sponsors and partners is available online at
https://cms.math. ca/competitions/competition-sponsors/

Official Problem Set

1. Let ABCD be a trapezoid with AB parallel to CD, |AB| > |CD|, and equal edges
|AD| = |BC|. Let I be the center of the circle tangent to lines AB, AC' and BD,
where A and [ are on opposite sides of BD. Let J be the center of the circle tangent
to lines C'D, AC and BD, where D and J are on opposite sides of AC. Prove that
|IC| = |JB|.

2. Let n > 2 be some fixed positive integer and suppose that ai,as,...,a, are positive
real numbers satisfying a1 +as + -+ 4+ a,, = 2" — 1.

Find the minimum possible value of

ay a9 as Qp,

+ + + .
1 1+CL1 1+CL1+CL2 1+a1+a2+~~+an_1

3. At a dinner party there are N hosts and N guests, seated around a circular table,
where N > 4. A pair of two guests will chat with one another if either there is at most
one person seated between them or if there are exactly two people between them, at
least one of whom is a host. Prove that no matter how the 2N people are seated at
the dinner party, at least N pairs of guests will chat with one another.

4. A function f from the positive integers to the positive integers is called Canadian if it
satisfies

ged (F(f(2)), fla+9)) = ged (a,)
for all pairs of positive integers x and y.

Find all positive integers m such that f(m) = m for all Canadian functions f.

(© 2021 Canadian Mathematical Society p. 1/2
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5. Nina and Tadashi play the following game. Initially, a triple (a, b, c) of nonnegative
integers with a + b+ ¢ = 2021 is written on a blackboard. Nina and Tadashi then take
moves in turn, with Nina first. A player making a move chooses a positive integer k
and one of the three entries on the board; then the player increases the chosen entry
by k and decreases the other two entries by k. A player loses if, on their turn, some
entry on the board becomes negative.

Find the number of initial triples (a, b, ¢) for which Tadashi has a winning strategy.

Important!
Please do not discuss this problem set online for at least 24 hours.
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Note: Each problem starts on a new page.
Problem No. 1.

Let ABCD be a trapezoid with AB parallel to CD, |AB| > |CD|, and equal edges |[AD| = |BC|. Let I
be the center of the circle tangent to lines AB, AC and BD, where A and I are on opposite sides of BD.
Let J be the center of the circle tangent to lines CD, AC and BD, where D and J are on opposite sides
of AC. Prove that [IC| = |JB|.

Solution. Let {P} = AC N BD and let ZAPB = 180 — 2a. Since ABCD is an isosceles trapezoid, APB
is an isosceles triangle. Therefore Z/PBA = a, which implies that ZPBI = 90° — a/2 since I lies on the
external bisector of ZPBA. Since I lies on the bisector of ZCPB, it follows that Z/BPI = a and hence
that IPB is isosceles with [/ P| = |PB|. Similarly JPC' is isosceles with |JP| = |PC|. So, in the triangles
CPI and BPJ we have PI = PB and PJ = CP. Since I and J both lie on the internal bisector of
£ZBPC, it follows that triangles CPI and BPJ are congruent. Therefore |IC| = |JB]. O
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Problem No. 2.

Let n > 2 be some fixed positive integer and suppose that a1, as, ..., a, are positive real numbers satisfying
ar+ag+---+a,=2"-1

Find the minimum possible value of

ai az as Qn

+ + 4o :
1 1+a; 1+a1+a2 1+ai4+as+---+an_1

Solution. We claim the the minimum possible value of this expression is n. Observe that by AM-GM, we
have that

ai az Gn

I 1+4+a l+a1+ax+---+an
1+a l1+a1+a l1+a1+as+---+a

_ L 1 2,y 1 2 n_

1 14+ aq l4+a1+as+---+an_1
N l+a l+ait+a 14+atart---+an
- 1 1+ay I+ar+az+---+ap
=n-Yl+a+ag+--+a,—n
=2n—n=n.

Furthermore, equality is achieved when aj, = 271 for each 1 < k < n. ]
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Problem No. 3.

At a dinner party there are N hosts and N guests, seated around a circular table, where N > 4. A pair of
two guests will chat with one another if either there is at most one person seated between them or if there
are exactly two people between them, at least one of whom is a host. Prove that no matter how the 2V
people are seated at the dinner party, at least IV pairs of guests will chat with one another.

Solution. Let a run refer to a maximal group of consecutive dinner party guests all of whom are the same
type (host or guest). Suppose that there are exactly k runs of hosts and k runs of guests. Let G; and
H; denote the number of runs of guests and hosts, respectively, of length exactly i. Furthermore, let X
denote the number of hosts surrounded by two runs of guests, both of length exactly 1. We claim that the
number of pairs of guests who chat is at least

2N—3]€+G1+2H1+HQ—X.

The number of pairs of guests who chat with no host between them is at least the sum of max{2¢ — 3,0}
over all guest run lengths ¢. This sum is at least 2N — 3k + G1. The number of pairs of guests who chat
with exactly two hosts between them is Hs. Furthermore, the number of pairs of guests who chat with
exactly one host between them is at least 2H; — X. This is because any host surrounded by two runs of
guests causes at least two pairs of guests to chat unless these runs are both of length exactly 1. This proves
the claim. Now note that

2H1 + Hy + N > 3k

because each run of hosts contributes at least three to the left hand side. Furthermore, pairing each run
counted in X with the guest run of length 1 immediately following it in clockwise order shows that G; > X.
Combining these inequalities yields that 2N — 3k + G1 + 2H; + Hy — X > N, completing the proof of the
desired result. ]

(©2021 Canadian Mathematical Society April 13, 2021



Canadian Mathematical Olympiad 2021

Problem No. 4.

A function f from the positive integers to the positive integers is called Canadian if it satisfies

ged (F(F@), f(@ +1)) = ged (2,y)

for all pairs of positive integers x and y.

Find all positive integers m such that f(m) = m for all Canadian functions f.

Solution. Define an m € N to be good if f(m) = m for all such f. It will be shown that m is good if and
only if m has two or more distinct prime divisors. Let P(x,y) denote the assertion

ged (f(f(2)), f(z +y)) = ged (z,y)

for a pair z,y € N. Let 2 be a positive integer with two or more distinct prime divisors and let p* be
largest power of one of these prime divisors such that p* | z. If z = p¥ - ¢, then p* and ¢ are relatively prime
and z > p¥, ¢ > 1. By P(q,z — q),

ged(f(f(a), f(x —q+q) = ged(f(f(q)), f(z)) = ged(q,z — q) = q

which implies that ¢| f(x). By P(p*,z — p¥),

ged(f(f(PM), f(z = p" +pF)) = ged(F(f(0Y)), f(x)) = ged(p*, 2 — p*) = p*

which implies that p* | f(z). Since p* and g are relatively prime, x = p¥ - ¢ divides f(z), which implies that
f(z) > x. Now assume for contradiction that f(x) > z. Let y = f(z) — 2 > 0 and note that, by P(x,y),
it follows that

f(f(@)) = ged(f(f(2)), f(x + f(2) — ) = ged(z, f(x) — x) = ged(, f(2)).

Therefore f(f(x))|x and f(f(z))|f(x). By P(z,x), it follows that

ged (f(f())., f(22)) = ged(z,x) = .

This implies that x| f(f(x)), which when combined with the above result, yields that f(f(z)) = x. Since
x| f(z) and z is divisible by at least two distinct prime numbers, f(z) is also divisible by at least two
distinct prime numbers. As shown previously, this implies that f(x)| f(f(z)) = z, which is a contradiction
since f(z) > x. Therefore f(x) = x for all positive integers x with two or more distinct prime divisors.

Now it will be shown that all m € N such that either m has one prime divisor or m = 1 are not good.
In either case, let m = p¥ where k& > 0 and p is a prime number and consider the function satisfying
that f(p¥) = p**1, f(p*™!) = p* and f(z) = z for all z # pF, pF*!. Note that this function also satisfies
that f(f(x)) = =« for all positive integers z. If z 4+ y # p¥,p**1, then P(z,y) holds by the Euclidean
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algorithm since f(f((z)) = z and f(z +y) = x +y. If 2 +y = p*!, then P(z,y) is equivalent to
ged (z, pF) = ged (x, p**! — x) = ged(z, p*1) for all & < p**! which holds since the greatest power of p that
can divide z is p*. If z +y = p*, then P(z,y) is equivalent to ged (z,p"1) = ged (z, p* — x) = ged(z, p¥)
for all z < p* which holds as shown above. Note that if m = 1 then this case cannot occur. Since this
function satisfies P(x,y), m is good if and only if m has two or more distinct prime divisors. O
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Problem No. 5.

Nina and Tadashi play the following game. Initially, a triple (a, b, ¢) of nonnegative integers with a+b+c =
2021 is written on a blackboard. Nina and Tadashi then take moves in turn, with Nina first. A player
making a move chooses a positive integer k and one of the three entries on the board; then the player
increases the chosen entry by k and decreases the other two entries by k. A player loses if, on their turn,
some entry on the board becomes negative.

Find the number of initial triples (a, b, ¢) for which Tadashi has a winning strategy.

Solution. The answer is 3number of 1’s in binary expansion of 2021 _ 38 = 6561

Throughout this solution, we say two nonnegative integers overlap in the 2¢ position if their binary repre-
sentations both have a 1 in that position. We say that two nonnegative integers overlap if they overlap in
some position. Our central claim is the following.

Claim 1. A triple (x,y, z) is losing if and only if no two of x,y,z overlap.

Let dy(a) denote the bit in the 2¢ position of the binary representation of a. Let & denote the bitwise and
operation: x&y is the number satisfying dy(x&y) = do(z)de(y) for all £.

Lemma 1. Let x,y, 2 be nonnegative integers, at least one pair of which overlaps. Define ' = (x+y)&(x+
2) and y', 2 cyclically. At least one of the inequalities x < x', y <y, z < 2’ holds.

Proof. Let ¢ be maximal such that two of .y, z overlap in the 2¢ position. We case on how many of the

2t+1 position, and on the values

additions = + vy, « + 2, y + 2z involve a carry from the 2¢ position to the
of dos1(x),dps1(y), des1(2). Because at least two of dy(x), dy(y), de(z) equal 1, at least one of the additions

T4y, + 2z, y+ 2 involves a carry from the 2¢ position.

Case 1. One carry.

WLOG let x4y be the addition with the carry. Then, dy(z) = d¢(y) = 1 and dy(z) = 0. Since z,y, z do not
overlap in any position left of the 2¢ position, the binary representations of z, 2’ agree left of the 2¢ position.
As the additions x4z and y+2 do not involve a carry from the 2¢ position, we have dy(z+2) = dy(y+2) = 1,
and thus dy(2’) = 1. Thus 2’ > z, as desired.

Case 2. At least two carries: x+vy and x+ z carry and dpy1(y) = dpy1(2) = 0, or cyclic equivalent. (y+ z
may or may not carry.)

Let ¢ be maximal such that dgy1(x) = -+ = dpqi(x) = 1 (possibly i = 0). By maximality of ¢, dy11(y) =
o =dpyi(y) = dpy1(2) = -+ = dygi(z) = 0. By maximality of 4, dgy;41(x) = 0.

If doivi(y) = deviva(2) = 0, then devip1(x +y) = degivi(z + 2) = 1, s0 deyi1(2') = 1. The binary
representations of  and z’ agree to the left of the 2(***! position, so &’ > .
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Otherwise, WLOG dy1;11(y) = 1 and dyyi+1(2) = 0. (Note that, here we in fact have ¢ > 1.) Then
dpviv1(y + 2) = dpgrip1(x + 2) = 1, s0 dyyi41(2") = 1. The binary representations of z and 2’ agree to the
left of the 26! position, so 2/ > z.

Case 3. At least two carries, and the condition in Case 2 does not occur.

WLOG let = + y,x + z involve carries. Since the condition in Case 2 does not occur, dyy1(y) = 1 or
dy+1(z) = 1. In either case, dgy1(x) =0. WLOG dy41(y) =1 and dyy1(2) = 0.

Since the condition in Case 2 does not occur, y+ 2z does not involve a carry from the 2¢ position. (Otherwise,
x+y and y + z carry and dgyq(z) = dgy1(2) = 0.) Then dpy1(z+ 2) = dppq(y + 2) = 1, so de1(2') = 1.
The binary representations of z and 2’ agree to the left of the 2¢+1 position, so 2/ > z. O

Proof of Claim 1. Proceed by strong induction on = + y + z. There is no base case.

Suppose by induction the claim holds for all (x,y, z) with sum less than N. Consider a triple (z,y, z) with
r+y+z=N.

Suppose no two of z, y, z overlap. If all moves from this position lead to positions with a negative coordinate,
(z,y, z) is a losing position, as claimed. Otherwise, the player increases or decreases all coordinates by k.
Consider the smallest m such that d,,(k) = 1. The player’s move will toggle each of dy,(x), dp(y), dm(2).
Since at most one of the original d,,, (), dn(y), dm(2) is 1, at least two of the new d,, (), d (y), dm(z) will
be 1. So, two of the new z,y, z overlap. By induction, the new (z,vy,2) is winning. Thus the original
(z,y, 2) is losing, as claimed.

Conversely, suppose at least one pair of ,y, 2 overlap. By Lemma 1, at least one of x < 2’,y < 3/, 2 < 2/
holds. WLOG z < 2’. Let the player to move choose k = 2’ — x, decrease y, 2 by k, and increase x by k.
The new coordinates are nonnegative, as

y—k=x+y—2">0

because 2’ < x + y, and similarly for the z coordinate. Moreover, the binary representation of the new x
consists of the 1’s in the binary representations of both z + y and x + z; the binary representation of the
new y consists of the 1’s in that of x +y but not x + z; and the binary representation of the new z consists
of the 1’s in that of x 4+ z but not x 4+ y. So, no two of the new x,y, 2z overlap. By induction, the new
(z,y,2) is losing. Thus the original (x,y, z) is winning, as claimed. O

We use Claim 1 to count the losing positions (z,y, z) with
r+y+2z=2021 =111111001015.

In each position where dy(2021) = 0, losing positions must have dy(x) = d¢(y) = dy¢(z) = 0. In each position
where dy(2021) = 1, the bit triplet (d;(z), d;(y), d;(z)) is one of (1,0,0), (0, 1,0), (0,0, 1). This gives a count
of 3% = 6561.

O]
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P1. Assume that real numbers a and b satisfy

ab+Vab+ 1+ Va2 +b-Vb2 +a=0.

Find, with proof, the value of

av b +a+bvVa?+0b.

P2. Let d(k) denote the number of positive integer divisors of k. For example, d(6) = 4 since 6 has 4
positive divisors, namely, 1, 2, 3, and 6. Prove that for all positive integers n,

d(1) +d(3) +d(5B)+---+d2n—1) <d(2)+d(4)+d(6)+ -+ d(2n).

P3. Let n > 2 be an integer. Initially, the number 1 is written n times on a board. Every minute,
Vishal picks two numbers written on the board, say a and b, erases them, and writes either a + b or
min{a?, b?}. After n — 1 minutes there is one number left on the board. Let the largest possible
value for this final number be f(n). Prove that

3 < f(n) < 33

P4. Let n be a positive integer. A set of n distinct lines divides the plane into various (possibly
unbounded) regions. The set of lines is called “nice” if no three lines intersect at a single point. A
“colouring” is an assignment of two colours to each region such that the first colour is from the set
{A;, A}, and the second colour is from the set {Bj, Be, B3}. Given a nice set of lines, we call it
“colourable” if there exists a colouring such that

(a) no colour is assigned to two regions that share an edge;

(b) for each i € {1,2} and j € {1,2, 3} there is at least one region that is assigned with both A;
and Bj.

Determine all n such that every nice configuration of n lines is colourable.
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P5.

Let ABCDE be a convex pentagon such that the five vertices lie on a circle and the five sides are
tangent to another circle inside the pentagon. There are (g) = 10 triangles which can be formed by
choosing 3 of the 5 vertices. For each of these 10 triangles, mark its incenter. Prove that these 10
incenters lie on two concentric circles.

Important!
Please do not discuss this problem set online for at least 24 hours!
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P1. Assume that real numbers a and b satisfy

ab+vVab+1+Va2+b-vVb2+a=0.

Find, with proof, the value of

avb® +a+bva? +b.

Solution. Let us rewrite the given equation as follows:

ab+Va® +bVb: +a = —Vab+ 1.
Squaring this gives us

a?b? + 2abvVa? + bV +a+ (a® +b)(* +a) = ab+ 1
(a0 + a®) + 2abVa? + bV + a+ (a®V? +b%) =1
(a\/b2 —|—a+b\/a2+b>2 =1
avVb? +a+bva?+b=+£1.

Next, we show that av/b? + a + bv/a2 + b > 0. Note that

ab=—Vab+1—+Va2+b-Vb2+a<0,

so a and b have opposite signs. Without loss of generality, we may assume a > 0 > b. Then
rewrite

aVb? +a+bVa? +b=a(Vbh? +a+0b) —bla—Va?+D)
and, since vb?> 4+ a + b and a — va? + b are both positive, the expression above is positive.

Therefore,
aVvb®+a+bva?+b=1,

and the proof is finished. n
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P2. Let d(k) denote the number of positive integer divisors of k. For example, d(6) = 4 since
6 has 4 positive divisors, namely, 1, 2, 3, and 6. Prove that for all positive integers n,

d(1)+d3)+d(5B)+---+d2n—1) <d(2)+d(4) +d(6) + -+ d(2n).
Solution. For any integer & and set of integers S, let fs(k) be the number of multiples of

kin S. We can count the number of pairs (k,s) with & € N dividing s € S in two different
ways, as follows:

e For each s € S, there are d(s) pairs that include s, one for each divisor of s.

e For each k € N, there are fi(.S) pairs that include k, one for each multiple of k.

Y dls) = fs(k).

seS keN

Therefore,

Let
O0={1,35,...,2n— 1} and E=1{2,4,6,...,2n}

be the set of odd and, respectively, the set of even integers between 1 and 2n. It suffices to

show that
S fok) < 3 (k).

keN keN
Since the elements of O only have odd divisors,

> folk) = folk).

keN k odd
For any odd k, consider the multiples of k between 1 and 2n. They form a sequence

alternating between odd and even terms. There are either an equal number of odd and even
terms, or there is one more odd term than even terms. Therefore, we have the inequality

fo(k) < fe(k) +1

for all odd k. Combining this with the previous observations gives us the desired inequality:

> folk) =Y folk)

keN k odd

< Z (fe(k) +1)

k odd
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P3: Let n > 2 be an integer. Initially, the number 1 is written n times on a board. Every
minute, Vishal picks two numbers written on the board, say a and b, erases them, and writes
either a + b or min{a?, b*}. After n — 1 minutes there is one number left on the board. Let
the largest possible value for this final number be f(n). Prove that

3 < f(n) < 33

Solution. Clearly f(n) is a strictly increasing function, as we can form f(n — 1) with n — 1
ones, and add the final one. However, we can do better; assume Vishal generates f(n) on the
board. After n — 2 minutes, there are two numbers left, say they were formed by x ones and
y ones, where x + y = n. Clearly the numbers are at most f(z), f(y) (and can be made to
be equal to f(z), f(y)), and therefore we obtain

_ 2
po = e (e () + 7)1 00)) )
where we used the fact that f is increasing to get that min(f(z)?, f(y)?) = f(z)? when z < y.
In particular, f(n +1) > f(n) + 1, and f(2n) > f(n)? for all positive integers n.

Upper bound:

First proof of upper bound. We use induction. We can check that f(n) = n for n < 4, and
these all satisfy the bound f(n) = n < 3"/3. Assume it is true for all m < n (some n > 5),
and with x,y as in equation 77 we have

fwf < 7 ([3))" < @ =

as desired. It thus remains to show that f(x)+ f(y) < 3"/%. By induction, it suffices to prove

that
3e/3 4 gy/3 < 3(fv+y)/3’

for 1 <x <y <n-—1and x+y=n. This is equivalent to
14+ 3W—2/3 < 3v/3,

Let w = 3W=9/3 and we require 3*/3w > w + 1. If > 2, then this is true as w > 1, and if
z =1 then w = 3"2/3 > 3 and the result is still true. Thus all terms in equation ?? are at
most 3"/3, and so f(n) < 33, and the upper bound is proven.

Second proof of upper bound. Consider a second game with the same rules but in which Vishal
can replace a and b by either a + b or ab. Let g(n) be the largest possible value for this new
game. Then f(n) < g(n) because min{a?, b*} < ab.
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We can check g(n) = n for n < 4, so g(n) < 3"/3 for these values. If x and y are both
bigger than 1, then g(x) + g(y) < g(x)g(y). Therefore, for n > 4, we have that

1<z<n—1

gtn) = max{ g 1)+ 1, max glelg(n o)

Now proceed similarly to the first proof. Assume n > 4 and g(m) < 3™/3 for all m < n. If
1 <2 <n—1,then g(z)g(n —x) < 38/330=2/3 = 33 And g(n — 1)+ 1 < 30D/ 41,
which is shown to be less than 3"/% in the first proof. It follows that f(n) < g(n) < 3"/3.

Lower bound:
First proof of lower bound. We begin with a lemma.

Lemma 1. Let m be a nonnegative integer. Then
FE™ > 22" and  f(3-27) > 3%

Proof. We prove the lemma by induction. One can check that f(n) = n for n < 3, which
proves the lemma for m = 0. For a general m > 0, we get

-2 2 m—1
f(2m) Z f(2m71)2 Z <22m ) — 22
1\ 2 m
f(3 X Qm) Z f(3 . 2m—1)2 Z <32m 1> _ 32 ’
by induction, as required. O

(This lemma can also be proved more constructively. Briefly, if n = 2™, then partition the 1’s
on the board into 2™~ pairs, and then add each pair to get 2™~ 2’s (2 = 22"); then multiply
pairs of 2’s to get 22 4’s (4 = 22); then multiply pairs of 4’s to get 23 16’s (16 = 222);
and so on, until there are 2 (= 2!) copies of 22", which then gets replaced with a2>" ).
The process is similar for n = 3 - 2™, except that the first step is to partition the 1’s into 2™
groups of 3, and then use addition within each group to get 2™ 3’s on the board.)

Now assume 2% < n < 3-2%! for some integer x. Then we have

as required. If no such z exists, then there exists an integer x such that 3 - 271 < n < 27+L,
In this case, we have

f(n) > f(3-2771) > 3271 5 928 5 gnf3

21+1

-—log(2), and by dividing
out 2% and clearing the denominator this is equivalent to 3log(3) > 4log 2, which is true as
3% =27> 16 = 2%,

where the second last inequality is equivalent to 2°~!log(3) >
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Second proof of lower bound. We shall prove the stronger result f(n) > 2+1/3 for n > 2
by induction. One can check that f(n) = n for n = 2,3, 4, which proves the result for these
values. Assume that n > 5 and that f(k) > 2¢++U/3 for all k =2,3,...,n — 1. Then

fn) > f([n/2))*
> (2“"/2““1)/3)2 since L%J > 2
_ 9@ln/21+2)/3
> 9n+1)/3 since \_%J > "T_l
The result follows by induction. ]

Remark 1. One can show that f satisfies the recurrence f(n) = n forn = 1,2, f(2n) = f(n)?
forn >2 and f(2n+ 1) = f(2n) + 1 for n > 1. The upper bound in the problem is tight
(equality holds for n = 3 -2%), but the lower bound is not.
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P4. Let n be a positive integer. A set of n distinct lines divides the plane into various
(possibly unbounded) regions. The set of lines is called “nice” if no three lines intersect at a
single point. A “colouring” is an assignment of two colours to each region such that the first
colour is from the set {A;, Ao}, and the second colour is from the set { By, By, Bs}. Given a
nice set of lines, we call it “colourable” if there exists a colouring such that

1. no colour is assigned to two regions that share an edge;

2. for each i € {1,2} and j € {1,2,3} there is at least one region that is assigned with
both Az and Bj.

Determine all n such that every nice configuration of n lines is colourable.

Solution. The answer is n > 5. If n < 4, consider n parallel lines. There are 6 total colour
combinations required, and only n + 1 < 5 total regions, hence the colouring is not possible.

Now, assume n > 5. Rotate the picture so that no line is horizontal, and orient each line
so that the “forward” direction increases the y—value. In this way, each line divides the plane
into a right and left hand side (with respect to this forward direction). Every region of the
plane is on the right hand side of k lines and on the left hand side of n — k lines for some
0 < k < n. Furthermore, there is a region for every k: let w be large enough so that w is
greater than the y—value of any intersection point of two lines. Consider the horizontal line
y = w: a point very far on the left of this line is left of every single line, and as we cross over
all lines in the problem, we hit all values of k.

Finally, take a region that is on the right hand side of k lines. Colour it A; if k is odd, and
A, if it is even. Similarly, colour it B; if k = ¢ (mod 3). By the previous paragraph, there are
regions for at least k = 0,1,...,5, whence there is a region coloured A; and B; for all (¢, j).
Furthermore, two regions that share an edge will be on the right hand side of £ and k + 1
lines for some k. By construction, the A; and B; colours of the regions must differ, hence we
have proven that the set of lines is colourable. O
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P5. Let ABCDE be a convex pentagon such that the five vertices lie on a circle and the
five sides are tangent to another circle inside the pentagon. There are (g) = 10 triangles
which can be formed by choosing 3 of the 5 vertices. For each of these 10 triangles, mark its
incenter. Prove that these 10 incenters lie on two concentric circles.

Solution. Let I be the incenter of pentagon ABCDFE. Let 14 denote the incenter of triangle
EAB and [, the incenter DAC'. Define Ig, Iy, Ic, 1., Ip, 14, g, I, similarly.

We will first show that [4IglcIplE are concyclic. Let wy be the circle with center at
the midpoint of arc DE and passing through D and E. Define wg,we,wp,wg similarly. It
is well-known that the incenter of a triangle lies on such circles, in particular, I lies on we
and wp. So the radical axis of we,wp is the line Al4. But this is just the angle bisector of
ZFEAB, which I also lies on. So [ is in fact the radical center of wa, wg, we, wp, wg! Inverting
about I swaps I, and A and since ABC' DE are concyclic, [4IglcIplEg are concyclic as well.

Let O be the center of the circle IyIglcIplr. We will now show that OI, = OI; which
finishes the problem as we can consider the cyclic versions of this equation to find that
Ol, = Ol; = OI, = OI, = OI,. Recall a well-known lemma: For any cyclic quadrilateral
W XY Z, the incenters of XY Z, YZW 6 ZW X, WXY form a rectangle. Applying this lemma
on ABCD, we see that Ig, I¢, I,, I; form a rectangle in that order. Then the perpendicular
bisector of Igls is exactly the perpendicular bisector of I,1;. Thus, O is equidistant to I,
and I; and we are done. ]
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