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First AMC 10 2000 2

1. In the year 2001, the United States will host the International Mathematical
Olympiad. Let I, M , and O be distinct positive integers such that the product
I · M · O = 2001. What is the largest possible value of the sum I + M + O ?

(A) 23 (B) 55 (C) 99 (D) 111 (E) 671

2. 2000(20002000) =

(A) 20002001 (B) 40002000 (C) 20004000

(D) 4,000,0002000 (E) 20004,000,000

3. Each day, Jenny ate 20% of the jellybeans that were in her jar at the beginning
of that day. At the end of second day, 32 remained. How many jellybeans were
in the jar originally?

(A) 40 (B) 50 (C) 55 (D) 60 (E) 75

4. Chandra pays an on-line service provider a fixed monthly fee plus an hourly
charge for connect time. Her December bill was $12.48, but in January her bill
was $17.54 because she used twice as much connect time as in December. What
is the fixed monthly fee?

(A) $2.53 (B) $5.06 (C) $6.24 (D) $7.42 (E) $8.77

P

A B

M N

5. Points M and N are the midpoints of sides PA and PB of 4PAB. As P moves
along a line that is parallel to side AB, how many of the four quantities listed
below change?

(a) the length of the segment MN

(b) the perimeter of 4PAB

(c) the area of 4PAB

(d) the area of trapezoid ABNM

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

6. The Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21, . . . starts with two 1s, and each term
afterwards is the sum of its two predecessors. Which one of the ten digits is the
last to appear in the units position of a number in the Fibonacci sequence?

(A) 0 (B) 4 (C) 6 (D) 7 (E) 9
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A B

CD

P7. In rectangle ABCD, AD = 1, P is on AB, and DB
and DP trisect ∠ADC. What is the perimeter of
4BDP ?

(A) 3 +
√

3
3

(B) 2 +
4
√

3
3

(C) 2 + 2
√

2

(D)
3 + 3

√
5

2
(E) 2 +

5
√

3
3

8. AT Olympic High School, 2/5 of the freshmen and 4/5 of the sophomores took
the AMC→10. Given that the number of freshmen and sophomore contestants
was the same, which of the following must be true?

(A) There are five times as many sophomores as freshmen.

(B) There are twice as many sophomores as freshmen.

(C) There are as many freshmen as sophomores.

(D) There are twice as many freshmen as sophomores.

(E) There are five times as many freshmen as sophomores.

9. If |x − 2| = p, where x < 2, then x − p =

(A) −2 (B) 2 (C) 2 − 2p (D) 2p − 2 (E) |2p − 2|

10. The sides of a triangle with positive area have lengths 4,6, and x. The sides of a
second triangle with positive area have lengths 4, 6, and y. What is the smallest
positive number that is not a possible value of |x − y| ?
(A) 2 (B) 4 (C) 6 (D) 8 (E) 10

11. Two different prime numbers between 4 and 18 are chosen. When their sum is
subtracted from their product, which of the following number could be obtained?

(A) 21 (B) 60 (C) 119 (D) 180 (E) 231
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12. Figure 0,1,2, and 3 consist of 1,5,13, and 25 nonoverlapping unit squares, respec-
tively. If the pattern were continued, how many nonoverlapping unit squares
would there be in figure 100 ?

figure 0 figure 1 figure 2 figure 3

(A) 10401 (B) 19801 (C) 20201 (D) 39801 (E) 40801

13. There are 5 yellow pegs, 4 red pegs, 3 green pegs, 2 blue
pegs, and 1 orange peg to be placed on a triangular peg
board. In how many ways can the pegs be placed so
that no (horizontal) row or (vertical) column contains
two pegs of the same color?

(A) 0 (B) 1 (C) 5! · 4! · 3! · 2! · 1!

(D) 15!/(5! · 4! · 3! · 2! · 1!) (E) 15!

14. Mrs.Walter gave an exam in a mathematics class of five students. She entered
the scores in random order into a spreadsheet, which recalculated the class
average after each score was entered. Mrs.Walter noticed that after each score
was entered, the average was always an integer. The scores (listed in ascending
order) were 71, 76, 80, 82, and 91. What was the last scores Mrs.Walter entered?

(A) 71 (B) 76 (C) 80 (D) 82 (E) 91

15. Two non-zero real numbers, a and b, satisfy ab = a − b. Find a possible value
of a

b + b
a − ab .

(A) −2 (B) −1
2

(C)
1
3

(D)
1
2

(E) 2



First AMC 10 2000 5

16. The diagram shows 28 lattice points, each one unit from its nearest neighbors.
Segment AB meets segment CD at E. Find the length of segment AE .

A

B

C

D

E

(A) 4
√

5/3 (B) 5
√

5/3 (C) 12
√

5/7 (D) 2
√

5 (E) 5
√

65/9

17. Boris has an incredible coin changing machine. When he puts in a quarter, it
returns five nickels; when he puts in a nickel, it returns five pennies; and when he
puts in a penny, it returns five quarters. Boris starts with just one penny. Which
of the following amounts could Boris have after using the machine repeatedly?

(A) $3.63 (B) $5.13 (C) $6.30 (D) $7.45 (E) $9.07

18. Charlyn walks completely around the boundary of a square whose sides are each
5 km long. From any point on her path she can see exactly 1 km horizontally in
all directions. What is the area of the region consisting of all points Charlyn can
see during her walk, expressed in square kilometers and rounded to the nearest
whole number?

(A) 24 (B) 27 (C) 39 (D) 40 (E) 42

19. Through a point on the hypotenuse of a right triangle, lines are drawn parallel
to the legs of the triangle so that the triangle is divided into a square and two
smaller right triangles. The area of one of the two small right triangle is m times
the area of the square. The ratio of the area of the other small right triangle to
the area of the square is

(A)
1

2m + 1
(B) m (C) 1 − m (D)

1
4m

(E)
1

8m2

20. Let A, M , and C be nonnegative integers such that A + M + C = 10. What is
the maximum value of A · M · C + A · M + M · C + C · A ?

(A) 49 (B) 59 (C) 69 (D) 79 (E) 89
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21. If all alligators are ferocious creatures and some creepy crawlers are alligators,
which statement(s) must be true?

I. All alligators are creepy crawlers.

II. Some ferocious creatures are creepy crawlers.

III. Some alligators are not creepy crawlers.

(A) I only (B) II only (C) III only

(D) II and III only (E) None must be true

22. One morning each member of Angela’s family drank an 8-ounce mixture of coffee
with milk. The amounts of coffee and milk varied from cup to cup, but were
never zero. Angela drank a quarter of the total amount of milk and a sixth of
the total amount of coffee. How many people are in the family?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7

23. When the mean, median, and mode of the list

10, 2, 5, 2, 4, 2, x

are arranged in increasing order, they form a non-constant arithmetic progres-
sion. What is the sum of all possible real value of x ?

(A) 3 (B) 6 (C) 9 (D) 17 (E) 20

24. Let f be a function for which f(x/3) = x2 + x + 1. Find the sum of all values
of z for which f(3z) = 7 .

(A) −1/3 (B) −1/9 (C) 0 (D) 5/9 (E) 5/3

25. In year N , the 300th day of the year is a Tuesday. In year N + 1, the 200th day
is also a Tuesday. On what day of the week did the 100th day of year N − 1
occur?

(A) Thursday (B) Friday (C) Saturday (D) Sunday (E) Monday
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1. Answer (E): Factor 2001 into primes to get 2001 = 3 · 23 · 29. The largest
possible sum of three distinct factors whose product is the one which combines
the two largest prime factors, namely I = 23 · 29 = 667, M = 3, and O = 1, so
the largest possible sum is 1 + 3 + 667 = 671 .

2. Answer (A): 2000(20002000) = (20001)(20002000) = 20001+2000 = 20002001.
All the other options are greater than 20002001 .

3. Answer (B): Since Jenny ate 20% of the jellybeans remaining each day, 80%
of the jellybeans are left at the end of each day. If x is the number of jellybeans
in the jar originally, then(0.8)2x = 32. Thus x = 50.

4. Answer (D): Since Chandra paid extra $5.06 in January, her December con-
nect time must have cost her $5.06. Therefore, her monthly fee is $12.48 −
$5.06 = $7.42 .

P

A B

M N

5. Answer (B): Since 4ABP is similar to 4MNP
and PM = 1

2 · AP , it follows that MN = 1
2 · AB.

Since the base AB and the altitude to AB of 4ABP
do not change, the area does not change. The alti-
tude of the trapezoid is half that of the triangle, and
the bases do not change as P changes, so the area
of the trapezoid does not change. Only the perime-
ter changes (reaching a minimum when 4ABP is
isosceles).

6. Answer (C): The sequence of units digits is

1, 1, 2, 3, 5, 8, 3, 1, 4, 5, 9, 4, 3, 7, 0, 7, 7, 4, 1, 5, 6, . . .

The digit 6 is the last of the ten digits to appear.

A B

CD

P7. Answer (B): Both triangles APD and CBD are
30 – 60 – 90◦ triangles. Thus DP = 2

√
3

3 and DB =
2. Since ∠BDP = ∠PDB, it follows that PB =
PD = 2

√
3

3 . Hence the perimeter of 4BDP is 2
√

3
3 +

2
√

3
3 + 2 = 2 + 4

√
3

3 .
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8. Answer (D): Let f and s represent the numbers of freshmen and sophomores
at the school, respectively. According to the given condition, (2/5)f = (4/5)s.
Thus, f = 2s. That is, there are twice as many freshmen as sophomores.

9. Answer (C): Since x < 2, it follows that |x − 2| = 2 − x. If 2 − x = p, then
x = 2 − p. Thus x − p = 2 − 2p .

10. Answer (D): By the Triangle Inequality, each of x and y can be any number
strictly between 2 and 10, so 0 ≤ |x − y| < 8. Therefore, the smallest positive
number that is not a possible value of |x − y| is 10 − 2 = 8 .

11. Answer (C): There are five prime numbers between 4 and 18: 5,7,11,13, and
17. Hence the product of any two of these is odd and the sum is even. Because
xy− (x+y) = (x−1)(y−1)−1 increases as either x or y increases (since both x
and y are bigger than 1), the answer must be an odd number that is no smaller
than 23 = 5 · 7− (5 + 7) and no larger than 191 = 13 · 17− (13 + 17). The only
possibility among the options is 119, and indeed 119 = 11 · 13 − (11 + 13) .

12. Answer (C): Calculating the number of squares in the first few figures uncovers
a pattern. Figure 0 has 2(0) + 1 = 2(02) + 1 squares, figure 1 has 2(1) + 3 =
2(12) + 3 squares, figure 2 has 2(1 + 3) + 5 = 2(22) + 5 squares, and figure 3 has
2(1 + 3 + 5) + 7 = 2(32) + 7 squares. In general, the number of unit squares in
figure n is

2(1 + 3 + 5 + · · · + (2n − 1)) + 2n + 1 = 2(n2) + 2n + 1.

Therefore, the figure 100 has 2(1002) + 2 · 100 + 1 = 20201.

OR

Each figure can be considered as a large square with identical small pieces deleted
from each of the four corners. Figure 1 has 32 − 4(1) unit squares, figure 2 has
52 − 4(1 + 2) unit squares, and figure 3 has 72 − 4(1 + 2 + 3) unit squares. In
general, figure n has

(2n − 1)2 − 4(1 + 2 + · · · + n) = (2n + 1)2 − 2n(n + 1) unit squares.

Thus figure 100 has 2012 − 200(101) = 20201 unit squares.

OR

The number of unit squares in figure n is the sum of the first n positive odd
integers plus the sum of the first n + 1 positive odd integers. Since the sum of
the first k positive odd integers is k2, figure n has n2 + (n + 1)2 unit squares.
So figure 100 has 1002 + 1012 = 20201 unit squares.
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13. Answer (B): To avoid having two yellow pegs in the
same row or column, there must be exactly one yellow
peg in each row and in each column. Hence, starting at
the top of the array, the peg in the first row must be
yellow, the second peg of the second row must be yellow,
the third peg of the third row must be yellow, etc. To
avoid having two red pegs in some row, there must be a
red peg in each of rows 2,3,4, and 5. The red pegs must be in the first position
of the second row, the second position of the third row, etc. Continuation yields
exactly one ordering that meets the requirements, as shown.

14. Answer (C): Note that the integer average condition means that the sum of
the scores of the first n students is a multiple of n. The scores of the first two
students must be both even or both odd, and the sum of the scores of the first
three students must be divisible by 3. The remainders when 71, 76, 80, 82, and
91 are divided by 3 are 2, 1, 2, 1, and 1, respectively. Thus the only sum of
three scores divisible by 3 is 76 + 82 + 91 = 249, so the first two scores entered
are 76 and 82 (in some order), and the third score is 91. Since 249 is 1 larger
than a multiple of 4, the fourth score must be 3 larger than a multiple of 4, and
the only possible is 71, leaving 80 as the score of the fifth student.

15. Answer (E): Find the common denominator and replace the ab in the numer-
ator with a − b to get

a

b
+

b

a
− ab =

a2 + b2 − (ab)2

ab

=
a2 + b2 − (a − b)2

ab

=
a2 + b2 − (a2 − 2ab + b2)

ab

=
2ab

ab
= 2.

OR

Note that a = a/b − 1 and b = 1 − b/a. It follows that a
b + b

a − ab = (a + 1) +
(1 − b) − (a − b) = 2.
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16. Answer (B): Extend DC to F . Triangle FAE and DBE are similar with
ratio 5 : 4. Thus AE = 5 · AB/9, AB =

√
32 + 62 =

√
45 = 3

√
5, and AE =

5(3
√

5)/9 = 5
√

5/3.

A

B

C

D

E

F

OR

Coordinatize the points so that A = (0, 3), B = (6, 0), C = (4, 2), and D =
(2, 0). Then the line through A and B is given by x + 2y = 6, and the line
through C and D is given by x − y = 2. Solve these simultaneously to get

E =
(

10
3 , 4

3

)
. Hence AE =

√
( 10

3 − 0)2 + ( 4
3 − 3)2 =

√
125
9 = 5

√
5

3 .

17. Answer (D): Neither of the exchanges quarter → five nickels nor nickel →
five pennies changes the total value of Boris’s coins. The exchange penny → five
quarters increase the total value of Boris’s coins by $1.24. Hence, Boris must
have $.01 + $1.24n after n uses of the last exchange. Only option D is of this
form: 745 = 1 + 124 · 6. In cents, option A is 115 more than a multiple of 124,
B is 17 more than a multiple of 124, C is 10 more than a multiple of 124, and
E is 39 more than a multiple of 124.
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18. Answer (C): At any point on Charlyn’s walk, she can see all the points inside
a circle of radius 1 km. The portion of the viewable region inside the square
consists of the interior of the square except for a smaller square with side length
3 km. This portion of the viewable region has area (25 − 9) km2. The portion
of the viewable region outside the square consists of four rectangles, each 5 km
by 1 km, and four quarter-circles, each with a radius of 1 km. This portion of
the viewable region has area 4(5 + π

4 ) = (20 + π) km2. The area of the entire
viewable region is 36 + π ≈ 30 km2.

r

s

1

A

B C

D

E

F

A

(0,1)

(0,0)

(1,1)

(1,0) (1+2m,0)

19. Answer (D): With out loss of generality, let the
side of the square have length 1 unit and let the
area of triangle ADF be m. Let AD = r and
EC = s. Because triangles ADF and FEC are
similar, s/1 = 1/r. Since 1

2r = m, the area of
triangle FEC is 1

2s = 1
2r = 1

4m .

OR

Let B = (0, 0), E = (1, 0), F = (1, 1) and
D = (0, 1) be the vertices of the square. Let
C = (1 + 2m, 0), and notice that the area of
BEFD is 1 and the area of triangle FEC is m.
The slope of the line through C and F is − 1

2m ;
thus, it intersects the y-axis at A =

(
0, 1 + 1

2m

)
.

The area of triangle ADF is therefore 1
4m .
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20. Answer (C): Note that

AMC +AM +MC +CA = (A+1)(M +1)(C +1)−(A+M +C)−1 = pqr−11,

where p, q, and r are positive integers whose sum is 13. A case-by-case analysis
shows that pqt is largest when two of the numbers p, q, r are 4 and the third is
5. Thus the answer is 4 · 4 · 5 − 11 = 69.

21. Answer (B): From the conditions we can conclude that some creepy crawlers
are ferocious (since some are alligators). Hence, there are some ferocious crea-
tures that are creepy crawlers, and thus II must be true. The diagram below
shows that the only conclusion that can be drawn is existence of an animal in the
region with the dot. Thus, neither I nor III follows from the given conditions.

ferocious

creatures

alligators
creepy

crawlers
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22. Answer (C): Suppose that the whole family drank x cups of milk and y cups
of coffee. Let n denote the number of people in the family. The information
given implies that x/4 + y/6 = (x + y)/n. This leads to

3x(n − 4) = 2y(6 − n).

Since x and y are positive, the only positive integer n for which both sides have
the same sign is n = 5.

OR

If Angela drank c cups of coffee and m cups of mile, then 0 < c < 1 and
m + c = 1. The number of people in the family is 6c + 4m = 4 + 2c, which is an
integer if and only if c = 1

2 . Thus, there are 5 people in the family.

23. Answer (E): If x were less than or equal to 2, then 2 would be both the median
and the mode of the list. Thus x > 2. Consider the two cases 2 < x < 4, and
x ≥ 4.
Case 1: If 2 < x < 4, then 2 is the mode, x is the median, and 25+x

7 is the mean,
which must equal 2 − (x − 2), x+2

2 , or x + (x − 2), depending on the size of the
mean relative to 2 and x. These give x = 3

8 , x = 36
5 , and x = 3, of which x = 3

is the only value between 2 and 4.
Case 2: If x ≥ 4, then 4 is the median, 2 is the mode, and 25+x

7 is the mean,
which must be 0,3, or 6. Thus x = −25, −4, or 17, of which 17 is the only one
of these values greater than or equal to 4.
Thus the x-value sum to 3 + 17 = 20.

24. Answer (B): Let x = 9z. Then f(3z) = f(9z/3) = f(3z) = (9z)2 + 9z + 1 =
7. Simplifying and solving the equation for z yields 81z2 + 9z − 6 = 0, so
3(3z + 1)(9z − 2) = 0. Thus z = −1/3 or z = 2/9. The sum of these values is
−1/9.
Note. The answer can also be obtained by using the sum-of-roots formula on
81z2 + 9z − 6 = 0. The sum of the roots is −9/81 = −1/9.

25. Answer (A): Note that, if a Tuesday is d days after a Tuesday, then d is a
multiple of 7. Next, we need to consider whether any of the years N − 1, N ,
N + 1 is a leap year. If N is not a leap year, the 200th day of year N + 1 is
365 − 300 + 200 = 265 days after a Tuesday, and thus is a Monday, since 265
if 6 larger than a multiple of 7. Thus, year N is a leap year and the 200th day
of year N + 1 is another Tuesday (as given), being 266 days after a Tuesday.
It follows that year N − 1 is not a leap year. Therefore, the 100th day of year
N −1 precedes the given Tuesday in year N by 365−100+300 = 565 days, and
therefore is a Thursday, since 565 = 7 · 80 + 5 is 5 larger than a multiple of 7.
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1. The median of the list

n, n + 3, n + 4, n + 5, n + 6, n + 8, n + 10, n + 12, n + 15

is 10. What is the mean?

(A) 4 (B) 6 (C) 7 (D) 10 (E) 11

2. A number x is 2 more than the product of its reciprocal and its additive inverse.
In which interval does the number lie?

(A) −4 ≤ x ≤ −2 (B) −2 < x ≤ 0 (C) 0 < x ≤ 2

(D) 2 < x ≤ 4 (E) 4 < x ≤ 6

3. The sum of two numbers is S. Suppose 3 is added to each number and then each
of the resulting numbers is doubled. What is the sum of the final two numbers?

(A) 2S + 3 (B) 3S + 2 (C) 3S + 6 (D) 2S + 6 (E) 2S + 12

4. What is the maximum number for the possible points of intersection of a circle
and a triangle?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

5. How many of the twelve pentominoes pictured below have at least one line of
symmetry?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7
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6. Let P (n) and S(n) denote the product and the sum, respectively, of the digits of
the integer n. For example, P (23) = 6 and S(23) = 5. Suppose N is a two-digit
number such that N = P (N) + S(N). What is the units digit of N?

(A) 2 (B) 3 (C) 6 (D) 8 (E) 9

7. When the decimal point of a certain positive decimal number is moved four
places to the right, the new number is four times the reciprocal of the original
number. What is the original number?

(A) 0.0002 (B) 0.002 (C) 0.02 (D) 0.2 (E) 2

8. Wanda, Darren, Beatrice, and Chi are tutors in the school math lab. Their
schedule is as follows: Darren works every third school day, Wanda works every
fourth school day, Beatrice works every sixth school day, and Chi works every
seventh school day. Today they are all working in the math lab. In how many
school days from today will they next be together tutoring in the lab?

(A) 42 (B) 84 (C) 126 (D) 178 (E) 252

9. The state income tax where Kristin lives is levied at the rate of p% of the first
$28000 of annual income plus (p + 2)% of any amount above $28000. Kristin
noticed that the state income tax she paid amounted to (p+0.25)% of her annual
income. What was her annual income?

(A) $28000 (B) $32000 (C) $35000 (D) $42000 (E) $56000

10. If x, y, and z are positive with xy = 24, xz = 48, and yz = 72, then x + y + z is

(A) 18 (B) 19 (C) 20 (D) 22 (E) 24

11. Consider the dark square in an array of unit squares, part
of which is shown. The first ring of squares around this
center square contains 8 unit squares. The second ring
contains 16 unit squares. If we continue this process, the
number of unit squares in the 100th ring is

(A) 396 (B) 404 (C) 800 (D) 10,000 (E) 10,404



2nd AMC 10 2001 4

12. Suppose that n is the product of three consecutive integers and that n is divisible
by 7. Which of the following is not necessarily a divisor of n?

(A) 6 (B) 14 (C) 21 (D) 28 (E) 42

13. A telephone number has the form ABC −DEF −GHIJ , where each letter rep-
resents a different digit. The digits in each part of the number are in decreasing
order; that is, A > B > C, D > E > F , and G > H > I > J . Furthermore,
D, E, and F are consecutive even digits; G, H, I, and J are consecutive odd
digits; and A + B + C = 9. Find A.

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

14. A charity sells 140 benefit tickets for a total of $2001. Some tickets sell for full
price (a whole dollar amount), and the rest sell for half price. How much money
is raised by the full-price tickets?

(A) $782 (B) $986 (C) $1158 (D) $1219 (E) $1449

15. A street has parallel curbs 40 feet apart. A crosswalk bounded by two parallel
stripes crosses the street at an angle. The length of the curb between the stripes
is 15 feet and each stripe is 50 feet long. Find the distance, in feet, between the
stripes.

(A) 9 (B) 10 (C) 12 (D) 15 (E) 25

16. The mean of three numbers is 10 more than the least of the numbers and less
than the greatest. The median of the three numbers is 5. What is their sum?

(A) 5 (B) 20 (C) 25 (D) 30 (E) 36
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10

252

17. Which of the cones below can be formed from a 252◦ sector
of a circle of radius 10 by aligning the two straight sides?

(A)

10

6

(B)

10

6

(C)

10

7

(D)

10

7

(E)

10

8

18. The plane is tiled by congruent squares and congruent
pentagons as indicated. The percent of the plane that is
enclosed by the pentagons is closest to

(A) 50 (B) 52 (C) 54 (D) 56 (E) 58

19. Pat wants to buy four donuts from an ample supply of three types of donuts:
glazed, chocolate, and powdered. How many different selections are possible?

(A) 6 (B) 9 (C) 12 (D) 15 (E) 18

20. A regular octagon is formed by cutting an isosceles right triangle from each of
the corners of a square with sides of length 2000. What is the length of each
side of the octagon?

(A)
1
3
(2000) (B) 2000(

√
2 − 1) (C) 2000(2 −

√
2)

(D) 1000 (E) 1000
√

2
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21. A right circular cylinder with its diameter equal to its height is inscribed in a
right circular cone. The cone has diameter 10 and altitude 12, and the axes of
the cylinder and cone coincide. Find the radius of the cylinder.

(A)
8
3

(B)
30
11

(C) 3 (D)
25
8

(E)
7
2

v 24 w

18 x y

25 z 21

22. In the magic square shown, the sums of the numbers in
each row, column, and diagonal are the same. Five of
these numbers are represented by v, w, x, y, and z. Find
y + z.

(A) 43 (B) 44 (C) 45 (D) 46 (E) 47

23. A box contains exactly five chips, three red and two white. Chips are randomly
removed one at a time without replacement until all the red chips are drawn or
all the white chips are drawn. What is the probability that the last chip drawn
is white?

(A)
3
10

(B)
2
5

(C)
1
2

(D)
3
5

(E)
7
10

24. In trapezoid ABCD, AB and CD are perpendicular to AD, with AB + CD =
BC, AB < CD, and AD = 7. What is AB · CD?

(A) 12 (B) 12.25 (C) 12.5 (D) 12.75 (E) 13

25. How many positive integers not exceeding 2001 are multiples of 3 or 4 but not
5?

(A) 768 (B) 801 (C) 934 (D) 1067 (E) 1167
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Solutions 2001 2nd AMC 10 2

1. (E) The middle number in the 9-number list is n+6, which is given as 10. Thus
n = 4. Add the terms together to get 9n + 63 = 9 · 4 + 63 = 99. Thus the mean
is 99/9 = 11.

2. (C) The reciprocal of x is 1
x , and the additive inverse of x is −x. The product of

these is ( 1
x ) · (−x) = −1. So x = −1 + 2 = 1, which is in the interval 0 < x ≤ 2.

3. (E) Suppose the two numbers are a and b. Then the desired sum is

2(a3) + 2(b + 3) = 2(a + b) + 12 = 2S + 12.

4. (E) The circle can intersect at most two points of each side
of the triangle, so the number can be no greater than six.
The figure shows that the number can indeed be six.

5. (D) Exactly six have at least one line of symmetry. They are:

6. (E) Suppose N = 10a + b. Then 10a + b = ab + (a + b). It follows that 9a = ab,
which implies that b = 9, since a 6= 0.

7. (C) If x is the number, then moving the decimal point four places to the right
is the same as multiplying x by 10,000. That is, 10,000x = 4 · ( 1

x ), which is
equivalent to x2 = 4/10,000. Since x is positive, it follows that x = 2/100 = 0.02.

8. (B) The number of school days until they will next be together is the least
common multiple of 3, 4, 6, and 7, which is 84.
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9. (B) If Kristin’s annual income is x ≥ 28,000 dollars, then

p

100
· 28,000 +

p + 2
100

· (x − 28,000) =
p + 0.25

100
· x.

Multiplying by 100 and expanding yields

28,000p + px + 2x − 28,000p − 56,000 = px + 0.25x.

So, 1.75x = 7
4x = 56,000 and x = 32,000.

10. (D) Since

x =
24
y

= 48z

we have z = 2y. So 72 = 2y2, which implies that y = 6, x = 4, and z = 12.
Hence x + y + z = 22.

OR
Take the product of the equations to get xy · xz · yz = 24 · 48 · 72. Thus

(xyz)2 = 23 · 3 · 24 · 3 · 23 · 32 = 210 · 34.

So (xyz)2 = (25 · 32)2, and we have xyz = 25 · 32. Therefore,

x =
xyz

yz
=

25 · 32

23 · 32
= 4.

From this it follows that y = 6 and z = 12, so the sum is 4 + 6 + 12 = 22.

11. (C) The nth ring can be partitioned into four rectangles: two containing 2n+1
unit squares and two containing 2n − 1 unit squares. So there are

2(2n + 1) + 2(2n − 1) = 8n

unit squares in the nth ring. Thus, the 100th ring has 8 ·100 = 800 unit squares.
OR

The nth ring can be obtained by removing a square of side 2n− 1 from a square
of side 2n + 1. So it contains

(2n + 1)2 − (2n − 1)2 = (4n2 + 4n + 1) − (4n2 − 4n + 1) = 8n

unit squares.

12. (D) In any triple of consecutive integers, at least one is even and one is a
multiple of 3. Therefore, the product of the three integers is both even and a
multiple of 3. Since 7 is adivisor of the product, the numbers 6, 14, 21, and 42
must also be divisors of the product. However, 28 contains two factors of 2, and
n need not. For example, 5 · 6 · 7 is divisible by 7, but not by 28.
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13. (E) The last four digits (GHIJ) are either 9753 or 7531, and the remaining odd
digit (either 1 or 9) is A, B, or C. Since A + B + C = 9, the odd digit among
A, B, and C must be 1. Thus the sum of the two even digits in ABC is 8. The
three digits in DEF are 864, 642, or 420, leaving the pairs 2 and 0, 8 and 0, or
8 and 6, respectively, as the two even digits in ABC. Of those, only the pair 8
and 0 has sum 8, so ABC is 810, and the required first digit is 8. The only such
telephone number is 810-642-9753.

14. (A) Let n be the number of full-price tickets and p be the price of each in
dollars. Then

np + (140 − n) · p

2
= 2001, so p(n + 140) = 4002.

Thus n + 140 must be a factor of 4002 = 2 · 3 · 23 · 29. Since 0 ≤ n ≤ 140, we
have 140 ≤ n + 140 ≤ 280, and the only factor of 4002 that is in the required
range for n + 140 is 174 = 2 · 3 · 29. Therefore, n + 140 = 174, so n = 34 and
p = 23. The money raised by the full-price tickets is 34 · 23 = 782 dollars.

40
50 50

15

15

15. (C) The crosswalk is in the shape of a parallelogram with
base 15 feet and altitude 40 feet, so its area is 15×40 =
600 ft2. But viewed another way, the parallelogram has
base 50 feet and altitude equal to the distance between
the stripes, so this distance must be 600/50 = 12 feet.

16. (D) Since the median is 5, we can write the three numbers as x, 5, and y, where

1
3
(x + 5 + y) = x + 10 and

1
3
(x + 5 + y) + 15 = y.

If we add these equations, we get

2
3
(x + 5 + y) + 15 = x + y + 10

and solving for x+y gives x+y = 25. Hence the sum of the numbers x+y+5 =
30.

OR

Let m be the mean of the three numbers. Then the least of the numbers is
m − 10 and the greatest is m + 15. The middle of the three numbers is the
median, 5. So

1
3
((m − 10) + 5 + (m + 15)) = m

and m = 10. Hence, the sum of the three numbers is 3(10) = 30.
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17. (C) The slant height of the cone is 10, the radius of the sector. The circmference
of the base of the cone is the same as the length of the secotr’s arc. This is
252/360 = 7/10 of the circumference, 20π, of the circle from which the sector is
cut. The base circumference of the cone is 14π, so its radius is 7.

18. (D) The pattern shown at left is repeated in the plane. In fact, nine repetitions
of it are shown in the statement of the problem. Note that four of the nine
squres in the three-by-three square are not in the four pentagons that make
up the three-by-three square. Therefore, the percentage of the plane that is
enclosed by pentagons is

1 − 4
9

=
5
9

= 55
5
9
%

0 1 2 3 4 5 6 7 8
0

1

2

3

4

5

6

7

8

9

9

19. (D) The number of possible selections is the number of solutions of the equation

g + c + p = 4

where g,c, and p represent, respectively, the number of glazed, chocolate, and
powdered donuts. The 15 possible solutions to this equations are (4,0,0), (0,4,0),
(0,0,4), (3,0,1),(3,1,0),(1,3,0),(0,3,1),(1,0,3),(0,1,3),(2,2,0),(2,0,2), (0,2,2), (2,1,1),(1,2,1),
and (1,1,2).

OR

Code each selection as a sequence of four *’s and two —’s, where * represents a
donut and each — denotes a “separator” between types of donuts. For example
**—*—* represents two glazed donuts, one chocolate donut, and one powdered
donut. From the six slots that can be occupied by a — or a *, we must choose
two places for the —’s to determine a selection. Thus, there are

(
6
2

) ≡ C6
2 ≡

6C2 = 15 selections.

20. (B) Let x represent the length of each side of the octagon, which is also the
length of the hypotenuse of each of the right triangles. Each leg of the right
triangles has length x

√
2/2, so

2 · x
√

2
2

+ x = 2000, and x =
2000√
2 + 1

= 2000(
√

2 − 1).
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21. (B) Let the cylinder have radius r and height 2r. Since 4APQ is similar to
4AOB, we have

12 − 2r

r
=

12
5

, so r =
30
11

5

A

QP

O B

12

5

A

QP

O B

12

12-2r

2r

22. (D) Since v appears in the first row, first column, and on diagonal, the sum of
the remaining two numbers in each of these lines must be the same. Thus,

25 + 18 = 24 + w = 21 + x,

so w = 19 and x = 22. now 25,22, and 19 form a diagonal with a sum of 66, so
we can find v = 23, y = 26, and z = 20. Hence y + z = 46.

23. (D) Think of continuing the drawing until all five chips are removed form
the box. There are ten possible orderings of the colors: RRRWW, RRWRW,
RWRRW, WRRRW, RRWWR, RWRWR, WRRWR, RWWRR, WRWRR, and
WWRRR. The six orderings that end in R represent drawings that would have
ended when the second white chip was drawn.

OR
Imagine drawing until only one chip remains. If the remaining chip is red, then
that draw would have ended when the second white chip was removed. The last
chip will be red with probability 3/5.

A D

E

C

B

24. (B) Let E be the foot of the perpendicular from B to CD.
Then AB = DE and BE = AD = 7. By the Pythagorean
Theorem,

AD2 = BE2 = BC2 − CE2

= (CD + AB)2 − (CD − AB)2

= (CD + AB + CD − AB)(CD + AB − CD + AB)
= 4 · CD · AB.

Hence, AB · CD = AD2/4 = 72/4 = 49/4 = 12.25.

25. (B) For integers not exceeding 2001, there are b2001/3c = 667 multiples of 3
and b2001/4c = 500 multiples of 4. The total, 1167, counts the b2001/12c = 166
multiples of 12 twice, so there are 1167 − 166 = 1001 multiples of 3 or 4. From
these we exclude the b2001/15c = 133 multiples of 15 and the b2001/20c =
100 multiples of 20, since these are multiples of 5. However, this excludes the
b2001/60c = 33 multiples of 60 twice, so we must re-include these. The number
of integers satisfying the conditions is 1001 − 133 − 100 + 33 = 801.
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1.   DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR 
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2.	 This	is	a	twenty-five	question,	multiple	choice	test.	Each	question	is	followed	by	
answers	marked	A,B,C,D	and	E.	Only	one	of	these	is	correct.

3.	 The	answers	to	the	problems	are	to	be	marked	on	the	AMC	10	Answer	Form	with	a	
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4.	 SCORING:		You	will	receive	6	points	for	each	correct	answer,	2.5	points	for	each	
problem	left	unanswered,	and	0	points	for	each	incorrect	answer.

5.	 No	 aids	 are	 permitted	 other	 than	 scratch	 paper,	 graph	 paper,	 ruler,	 compass,	
protractor,	erasers	and	calculators	that	are	accepted	for	use	on	the	SAT.	No	problems	
on	the	test	will	require	the	use	of	a	calculator.

6.	 Figures	are	not	necessarily	drawn	to	scale.

7.	 Before	beginning	the	test,	your	proctor	will	ask	you	to	record	certain	information	on	
the	answer	form.		When	your	proctor	gives	the	signal,	begin	working	the	problems.	
You	will	have	75 MINUTES working	time	to	complete	the	test.

8.	 When	you	finish	the	exam,	sign your name	in	the	space	provided	on	the	Answer	
Form.

Students who score in the top 1% on this AMC 10 will be invited to take the 20th annual 
American Invitational Mathematics Examination (AIME) on Tuesday, March 26, 2002 
or on Tuesday, April 9, 2002.  More details about the AIME and other information are 
on the back page of this test booklet.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine 
students before deciding whether to grant official status to their scores. The CAMC also reserves the right 
to disqualify all scores from a school if it is determined that the required security procedures were not 
followed.

The publication, reproduction, or communication of the problems or solutions of the AMC 10 during the 
period when students are eligible to participate seriously jeopardizes the integrity of the results.  Duplica-
tion at any time via copier, telephone, eMail, World Wide Web or media of any type is a violation of the 
copyright law.
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1. The ratio 10
2000

+10
2002

102001+102001 is closest to which of the following numbers?

(A) 0.1 (B) 0.2 (C) 1 (D) 5 (E) 10

2. For the nonzero numbers a, b, and c, define

(a, b, c) =
a

b
+

b

c
+

c

a
.

Find (2, 12, 9).

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

3. According to the standard convention for exponentiation,

22
2
2

= 2

�
2
(2

2)
�

= 216 = 65, 536.

If the order in which the exponentiations are performed is changed, how many
other values are possible?

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

4. For how many positive integers m does there exist at least one positive integer
n such that m · n ≤ m + n?

(A) 4 (B) 6 (C) 9 (D) 12 (E) infinitely many

5. Each of the small circles in the figure has radius one. The innermost circle is
tangent to the six circles that surround it, and each of those circles is tangent
to the large circle and to its small-circle neighbors. Find the area of the shaded
region.

(A) π (B) 1.5π (C) 2π (D) 3π (E) 3.5π
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6. Cindy was asked by her teacher to subtract 3 from a certain number and then
divide the result by 9. Instead, she subtracted 9 and then divided the result by
3, giving an answer of 43. What would her answer have been had she worked
the problem correctly?

(A) 15 (B) 34 (C) 43 (D) 51 (E) 138

7. If an arc of 45◦ on circle A has the same length as an arc of 30◦ on circle B,
then the ratio of the area of circle A to the area of circle B is

(A)
4

9
(B)

2

3
(C)

5

6
(D)

3

2
(E)

9

4

8. Betsy designed a flag using blue triangles ( ), small white squares ( ), and a
red center square( ), as shown. Let B be the total area of the blue triangles,
W the total area of the white squares, and R the area of the red square. Which
of the following is correct?

(A) B = W (B) W = R (C) B = R (D) 3B = 2R (E) 2R = W

9. Suppose A, B, and C are three numbers for which 1001C − 2002A = 4004 and
1001B + 3003A = 5005. The average of the three numbers A, B, and C is

(A) 1 (B) 3 (C) 6 (D) 9 (E) not uniquely determined

10. Compute the sum of all the roots of (2x + 3)(x − 4) + (2x + 3)(x − 6) = 0.

(A) 7/2 (B) 4 (C) 5 (D) 7 (E) 13

11. Jamal wants to store 30 computer files on floppy disks, each of which has a
capacity of 1.44 megabytes (mb). Three of his files require 0.8 mb of memory
each, 12 more require 0.7 mb each, and the remaining 15 require 0.4 mb each.
No file can be split between floppy disks. What is the minimal number of floppy
disks that will hold all the files?

(A) 12 (B) 13 (C) 14 (D) 15 (E) 16
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12. Mr. Earl E. Bird leaves his house for work at exactly 8:00 A.M. every morning.
When he averages 40 miles per hour, he arrives at his workplace three minutes
late. When he averages 60 miles per hour, he arrives three minutes early. At
what average speed, in miles per hour, should Mr. Bird drive to arrive at his
workplace precisely on time?

(A) 45 (B) 48 (C) 50 (D) 55 (E) 58

13. The sides of a triangle have lengths of 15, 20, and 25. Find the length of the
shortest altitude.

(A) 6 (B) 12 (C) 12.5 (D) 13 (E) 15

14. Both roots of the quadratic equation x2 − 63x + k = 0 are prime numbers.
The number of possible values of k is

(A) 0 (B) 1 (C) 2 (D) 4 (E) more than four

15. The digits 1, 2, 3, 4, 5, 6, 7, and 9 are used to form four two-digit prime numbers,
with each digit used exactly once. What is the sum of these four primes?

(A) 150 (B) 160 (C) 170 (D) 180 (E) 190

16. If a + 1 = b + 2 = c + 3 = d + 4 = a + b + c + d + 5, then a + b + c + d is

(A) −5 (B) −10/3 (C) −7/3 (D) 5/3 (E) 5

17. Sarah pours four ounces of coffee into an eight-ounce cup and four ounces of
cream into a second cup of the same size. She then transfers half the coffee
from the first cup to the second and, after stirring thoroughly, transfers half the
liquid in the second cup back to the first. What fraction of the liquid in the first
cup is now cream?

(A) 1/4 (B) 1/3 (C) 3/8 (D) 2/5 (E) 1/2
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18. A 3 × 3 × 3 cube is formed by gluing together 27 standard cubical dice. (On a
standard die, the sum of the numbers on any pair of opposite faces is 7.) The
smallest possible sum of all the numbers showing on the surface of the 3× 3× 3
cube is

(A) 60 (B) 72 (C) 84 (D) 90 (E) 96

19. Spot’s doghouse has a regular hexagonal base that measures one yard on each
side. He is tethered to a vertex with a two-yard rope. What is the area, in
square yards, of the region outside the doghouse that Spot can reach?

(A)
2

3
π (B) 2π (C)

5

2
π (D)

8

3
π (E) 3π

20. Points A, B, C, D, E, and F lie, in that order, on AF , dividing it into five
segments, each of length 1. Point G is not on line AF . Point H lies on GD,
and point J lies on GF . The line segments HC, JE, and AG are parallel. Find
HC/JE.

C DA F

J
H

G

B E

(A) 5/4 (B) 4/3 (C) 3/2 (D) 5/3 (E) 2

21. The mean, median, unique mode, and range of a collection of eight integers are
all equal to 8. The largest integer that can be an element of this collection is

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

22. A set of tiles numbered 1 through 100 is modified repeatedly by the follow-
ing operation: remove all tiles numbered with a perfect square, and renumber
the remaining tiles consecutively starting with 1. How many times must the
operation be performed to reduce the number of tiles in the set to one?

(A) 10 (B) 11 (C) 18 (D) 19 (E) 20
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23. Points A, B, C, and D lie on a line, in that order, with AB = CD and BC = 12.
Point E is not on the line, and BE = CE = 10. The perimeter of △AED is
twice the perimeter of △BEC. Find AB.

A B C D12

1010

E

(A) 15/2 (B) 8 (C) 17/2 (D) 9 (E) 19/2

24. Tina randomly selects two distinct numbers from the set {1, 2, 3, 4, 5}, and Sergio
randomly selects a number from the set {1, 2, . . . , 10}. The probability that
Sergio’s number is larger than the sum of the two numbers chosen by Tina is

(A) 2/5 (B) 9/20 (C) 1/2 (D) 11/20 (E) 24/25

25. In trapezoid ABCD with bases AB and CD, we have AB = 52, BC = 12,
CD = 39, and DA = 5. The area of ABCD is

(A) 182 (B) 195 (C) 210 (D) 234 (E) 260

A B

CD

52

12
39

5
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is	 contained	 in	 the	 TEACHERS’	 MANUAL,	 which	 is	 outside	 of	 this	
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2.	 Your	PRINCIPAL	or	VICE	PRINCIPAL	must	sign	the	Certification	Form	
A	found	in	the	Teachers’	Manual.

3.	 The	Answer	Forms	must	be	mailed	by	First	Class	mail	to	the	AMC	Director,	
Titu	Andreescu,	no	later	than	24	hours	following	the	examination.

4.	 Please	Note:		All	Problems	and	Solutions	are	copyrighted;	it	is	illegal	to	
make	copies	or	transmit	them	on	the	internet	or	world	wide	web	without	
permission.

5.	 The publication, reproduction or communication of the problems or 
solutions of this test during the period when students are eligible to 
participate seriously jeopardizes the integrity of the results.  Duplication 
at any time via copier, telephone, eMail, World Wide Web or media of 
any type is a violation of the copyright law.
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The MATHEMATICAL ASSOCIATION OF AMERICA
American Mathematics Competitions

Presented by The Akamai Foundation

3rd Annual American Mathematics Contest 10

AMC 10 - Contest A
 

 Solutions Pamphlet

Tuesday, FEBRUARY 12, 2002

This Pamphlet gives at least one solution for each problem on this year’s contest and 
shows that all problems can be solved without the use of  a calculator.  When more than 
one solution  is provided, this is done to illustrate a significant contrast in methods, 
e.g., algebraic vs geometric, computational vs conceptual, elementary vs advanced.  
These solutions are by no means the only ones possible, nor are they superior to others 
the reader may devise.
We hope that teachers will inform their students about these solutions, both as 
illustrations of the kinds of ingenuity needed to solve nonroutine problems and as 
examples of good mathematical exposition.  However, the publication, reproduction, 
or communication of the problems or solutions of the AMC 10  during the period when 
students are eligible to participate seriously jeopardizes the integrity of the results.  
Duplication at any time via copier, phone, email, the Web or media of any type is a 
violation of the copyright law.

Correspondence about the problems and solutions should be addressed to:
Prof. Douglas Faires

Department of Mathematics
Youngstown State University

Youngstown, OH  44555-0001
Orders for prior year Exam questions and Solutions Pamphlets should be addressed to:

Titu Andreescu, AMC Director
American Mathematics Competitions

University of Nebraska-Lincoln, P.O. Box 81606
Lincoln, NE  68501-1606

Copyright © 2002, Committee on the American Mathematics Competitions
The Mathematical Association of America
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Solutions 2002 3rd AMC 10 A 2

1. (D) We have

102000 + 102002

102001 + 102001
=

102000(1 + 100)

102000(10 + 10)
=

101

20
≈ 5.

2. (C) We have

(2, 12, 9) =
2

12
+

12

9
+

9

2
=

1

6
+

4

3
+

9

2
=

1 + 8 + 27

6
=

36

6
= 6.

3. (B) No matter how the exponentiations are performed, 22
2

always gives 16.
Depending on which exponentiation is done last, we have

(

22
2
)2

= 256, 2

�
2
2
2
�

= 65, 536, or
(

22
)(22)

= 256,

so there is one other possible value.

4. (E) When n = 1, the inequality becomes m ≤ 1 + m, which is satisfied by all
integers m. Thus, there are infinitely many of the desired values of m.

5. (C) The large circle has radius 3, so its area is π·32 = 9π. The seven small circles
have a total area of 7

(

π · 12
)

= 7π. So the shaded region has area 9π−7π = 2π.

6. (A) Let x be the number she was given. Her calculations produce

x − 9

3
= 43,

so
x − 9 = 129 and x = 138.

The correct answer is
138 − 3

9
=

135

9
= 15.
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7. (A) Let CA = 2πRA be the circumference of circle A, let CB = 2πRB be the
circumference of circle B, and let L the common length of the two arcs. Then

45

360
CA = L =

30

360
CB .

Therefore
CA

CB

=
2

3
so

2

3
=

2πRA

2πRB

=
RA

RB

.

Thus, the ratio of the areas is

Area of Circle (A)

Area of Circle (B)
=

πR2

A

πR2

B

=

(

RA

RB

)2

=
4

9
.

8. (A) Draw additional lines to cover the entire figure with congruent triangles.
There are 24 triangles in the blue region, 24 in the white region, and 16 in the
red region. Thus, B = W .

9. (B) Adding 1001C − 2002A = 4004 and 1001B + 3003A = 5005 yields 1001A+
1001B + 1001C = 9009. So A + B + C = 9, and the average is

A + B + C

3
= 3.

10. (A) Factor to get (2x+3)(2x−10) = 0, so the two roots are −3/2 and 5, which
sum to 7/2.
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11. (B) First note that the amount of memory needed to store the 30 files is

3(0.8) + 12(0.7) + 15(0.4) = 16.8 mb,

so the number of disks is at least

16.8

1.44
= 11 +

2

3
.

However, a disk that contains a 0.8-mb file can, in addition, hold only one 0.4-
mb file, so on each of these disks at least 0.24 mb must remain unused. Hence,
there is at least 3(0.24) = 0.72 mb of unused memory, which is equivalent to
half a disk. Since

(

11 +
2

3

)

+
1

2
> 12,

at least 13 disks are needed.
To see that 13 disks suffice, note that:
Six disks could be used to store the 12 files containing 0.7 mb;
Three disks could be used to store the three 0.8-mb files together with three of
the 0.4-mb files;
Four disks could be used to store the remaining twelve 0.4-mb files.

12. (B) Let t be the number of hours Mr. Bird must travel to arrive on time. Since
three minutes is the same as 0.05 hours, 40(t + 0.05) = 60(t− 0.05). Thus,

40t + 2 = 60t− 3, so t = 0.25.

The distance from his home to work is 40(0.25 + 0.05) = 12 miles. Therefore,
his average speed should be 12/0.25 = 48 miles per hour.

OR

Let d be the distance from Mr. Bird’s house to work, and let s be the desired
average speed. Then the desired driving time is d/s. Since d/60 is three minutes
too short and d/40 is three minutes too long, the desired time must be the
average, so

d

s
=

1

2

(

d

60
+

d

40

)

.

This implies that s = 48.
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13. (B) First notice that this is a right triangle, so two of the altitudes are the legs,
whose lengths are 15 and 20. The third altitude, whose length is x, is the one
drawn to the hypotenuse. The area of the triangle is 1

2
(15)(20) = 150. Using 25

as the base and x as the altitude, we have

1

2
(25)x = 150, so x =

300

25
= 12.

x
20

25

15

OR

Since the three right triangles in the figure are similar,

x

15
=

20

25
, so x =

300

25
= 12.

14. (B) Let p and q be two primes that are roots of x2 − 63x + k = 0. Then

x2 − 63x + k = (x − p)(x − q) = x2 − (p + q)x + p · q,

so p + q = 63 and p · q = k. Since 63 is odd, one of the primes must be
2 and the other 61. Thus, there is exactly one possible value for k, namely
k = p · q = 2 · 61 = 122.

15. (E) The digits 2, 4, 5, and 6 cannot be the units digit of any two-digit prime, so
these four digits must be the tens digits, and 1, 3, 7, and 9 are the units digits.
The sum is thus

10(2 + 4 + 5 + 6) + (1 + 3 + 7 + 9) = 190.

(One set that satisfies the conditions is {23, 47, 59, 61}.)

16. (B) From the given information,

(a + 1) + (b + 2) + (c + 3) + (d + 4) = 4(a + b + c + d + 5),

so
(a + b + c + d) + 10 = 4(a + b + c + d) + 20

and a + b + c + d = −
10

3
.

OR

Note that a = d + 3, b = d + 2, and c = d + 1. So,

a + b + c + d = (d + 3) + (d + 2) + (d + 1) + d = 4d + 6.

Thus, d + 4 = (4d + 6) + 5, so d = −7/3, and

a + b + c + d = 4d + 6 = 4

(

−
7

3

)

+ 6 = −
10

3
.
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17. (D) After the first transfer, the first cup contains two ounces of coffee, and the
second cup contains two ounces of coffee and four ounces of cream. After the
second transfer, the first cup contains 2 + (1/2)(2) = 3 ounces of coffee and
(1/2)(4) = 2 ounces of cream. Therefore, the fraction of the liquid in the first
cup that is cream is 2/(2 + 3) = 2/5.

18. (D) There are six dice that have a single face on the surface, and these dice can
be oriented so that the face with the 1 is showing. They will contribute 6(1) = 6
to the sum. There are twelve dice that have just two faces on the surface because
they are along an edge but not at a vertex of the large cube. These dice can be
oriented so that the 1 and 2 are showing, and they will contribute 12(1+2) = 36
to the sum. There are eight dice that have three faces on the surface because
they are at the vertices of the large cube, and these dice can be oriented so that
the 1, 2, and 3 are showing. They will contribute 8(1 + 2 + 3) = 48 to the sum.
Consequently, the minimum sum of all the numbers showing on the large cube
is 6 + 36 + 48 = 90.

19. (E) Spot can go anywhere in a 240◦ sector of radius two yards and can cover
a 60◦ sector of radius one yard around each of the adjoining corners. The total
area is

π(2)2 ·
240

360
+ 2

(

π(1)2 ·
60

360

)

= 3π.

2

240

60

1
1

20. (D) Since △AGD is similar to △CHD, we have HC/1 = AG/3. Also, △AGF
is similar to △EJF , so JE/1 = AG/5. Hence,

HC

JE
=

AG/3

AG/5
=

5

3
.

21. (D) The values 6, 6, 6, 8, 8, 8, 8, 14 satisfy the requirements of the problem,
so the answer is at least 14. If the largest number were 15, the collection would
have the ordered form 7, , , 8, 8, , , 15. But 7 + 8 + 8 + 15 = 38,
and a mean of 8 implies that the sum of all values is 64. In this case, the four
missing values would sum to 64−38 = 26, and their average value would be 6.5.
This implies that at least one would be less than 7, which is a contradiction.
Therefore, the largest integer that can be in the set is 14.
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22. (C) The first application removes ten tiles, leaving 90. The second and third
applications each remove nine tiles leaving 81 and 72, respectively. Following
this pattern, we consecutively remove 10, 9, 9, 8, 8, . . . , 2, 2, 1 tiles before we are
left with only one. This requires 1 + 2(8) + 1 = 18 applications.

OR

Starting with n2 tiles, the first application leaves n2 − n tiles. The second
application reduces the number to n2 − n − (n − 1) = (n − 1)2 tiles. Since two
applications reduce the number from n2 to (n − 1)2, it follows that 2(n − 1)

applications reduce the number from n2 to (n − (n − 1))
2

= 1, and 2(10 − 1) =
18.

23. (D) Let H be the midpoint of BC. Then EH is the perpendicular bisector of
AD, and △AED is isosceles. Segment EH is the common altitude of the two
isosceles triangles △AED and △BEC, and

EH =
√

102 − 62 = 8.

Let AB = CD = x and AE = ED = y. Then 2x+2y+12 = 2(32), so y = 26−x.
Thus,

82 + (x + 6)2 = y2 = (26 − x)2 and x = 9.

A B CH D6 6

1010

E

xx

y y

24. (A) There are ten ways for Tina to select a pair of numbers. The sums 9, 8,
4, and 3 can be obtained in just one way, and the sums 7, 6, and 5 can each
be obtained in two ways. The probability for each of Sergio’s choices is 1/10.
Considering his selections in decreasing order, the total probability of Sergio’s
choice being greater is

(

1

10

) (

1 +
9

10
+

8

10
+

6

10
+

4

10
+

2

10
+

1

10
+ 0 + 0 + 0

)

=
2

5
.
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25. (C) First drop perpendiculars from D and C to AB. Let E and F be the feet
of the perpendiculars to AB from D and C, respectively, and let

h = DE = CF, x = AE, and y = FB.

A B

CD

E F

12
39

39

5

x
h h

y

Then
25 = h2 + x2, 144 = h2 + y2, and 13 = x + y.

So

144 = h2 + y2 = h2 + (13 − x)2 = h2 + x2 + 169 − 26x = 25 + 169 − 26x,

which gives x = 50/26 = 25/13, and

h =

√

52 −

(

25

13

)2

= 5

√

1 −
25

169
= 5

√

144

169
=

60

13
.

Hence

Area (ABCD) =
1

2
(39 + 52) ·

60

13
= 210.

OR

Extend AD and BC to intersect at P . Since △PDC and △PAB are similar,
we have

PD

PD + 5
=

39

52
=

PC

PC + 12
.

So PD = 15 and PC = 36. Note that 15, 36, and 39 are three times 5, 12,
and 13, respectively, so 6 APB is a right angle. The area of the trapezoid is the
difference of the areas of △PAB and △PDC, so

Area(ABCD) =
1

2
(20)(48)−

1

2
(15)(36) = 210.

A B

CD

P

OR
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Draw the line through D parallel to BC, intersecting AB at E. Then BCDE
is a parallelogram, so DE = 12, EB = 39, and AE = 52 − 39 = 13. Thus
DE2 + AD2 = AE2, and △ADE is a right triangle. Let h be the altitude from
D to AE, and note that

Area(ADE) =
1

2
(5)(12) =

1

2
(13)(h),

so h = 60/13. Thus

Area(ABCD) =
60

13
·
1

2
(39 + 52) = 210.

A E B

CD
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Wednesday, FEBRUARY 27, 2002

Contest B
The MATHEMATICAL ASSOCIATION OF AMERICA
American Mathematics Competitions

Presented by the Akamai Foundation

AMC 10
3rd Annual American Mathematics Contest 10

1.   DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR 
PROCTOR.

2.	 This	is	a	twenty-five	question,	multiple	choice	test.	Each	question	is	followed	by	
answers	marked	A,B,C,D	and	E.	Only	one	of	these	is	correct.

3.	 The	answers	to	the	problems	are	to	be	marked	on	the	AMC	10	Answer	Form	with	a	
#2	pencil.	Check	the	blackened	circles	for	accuracy	and	erase	errors	and	stray	marks	
completely.	Only	answers	properly	marked	on	the	answer	form	will	be	graded.

4.	 SCORING:		You	will	receive	6	points	for	each	correct	answer,	2.5	points	for	each	
problem	left	unanswered,	and	0	points	for	each	incorrect	answer.

5.	 No	 aids	 are	 permitted	 other	 than	 scratch	 paper,	 graph	 paper,	 ruler,	 compass,	
protractor,	erasers	and	calculators	that	are	accepted	for	use	on	the	SAT.	No	problems	
on	the	test	will		 require	the	use	of	a	calculator.

6.	 Figures	are	not	necessarily	drawn	to	scale.

7.	 Before	beginning	the	test,	your	proctor	will	ask	you	to	record	certain	information	on	
the	answer	form.		When	your	proctor	gives	the	signal,	begin	working	the	problems.	
You	will	have	75 MINUTES working	time	to	complete	the	test.

8.	 When	you	finish	the	exam,	sign	your	name	in	the	space	provided	on	the	Answer	
Form.

Students	who	score	in	the	top	1%	on	this	AMC	10	will	be	invited	to	take	the	20th	annual	
American	Invitational	Mathematics	Examination	(AIME)	on	Tuesday,	March	26,	2002	
or	on	Tuesday,	April	9,	2002.		More	details	about	the	AIME	and	other	information	are	
on	the	back	page	of	this	test	booklet.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine 
students before deciding whether to grant official status to their scores. The CAMC also reserves the right 
to disqualify all scores from a school if it is determined that the required security procedures were not 
followed.

The publication, reproduction, or communication of the problems or solutions of the AMC 10 during the 
period when students are eligible to participate seriously jeopardizes the integrity of the results.  Duplica-
tion at any time via copier, telephone, eMail, World Wide Web or media of any type is a violation of the 
copyright law.

  Copyright © 2002, Committee on the American Mathematics Competitions,
Mathematical Association of America
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1. The ratio
22001 · 32003

62002
is

(A)
1

6
(B)

1

3
(C)

1

2
(D)

2

3
(E)

3

2

2. For the nonzero numbers a, b, and c, define

(a, b, c) =
abc

a + b + c
.

Find (2, 4, 6).

(A) 1 (B) 2 (C) 4 (D) 6 (E) 24

3. The arithmetic mean of the nine numbers in the set {9,99,999,9999, . . . ,999999999}
is a 9-digit number M , all of whose digits are distinct. The number M does not
contain the digit

(A) 0 (B) 2 (C) 4 (D) 6 (E) 8

4. What is the value of

(3x − 2)(4x + 1) − (3x − 2)4x + 1

when x = 4?

(A) 0 (B) 1 (C) 10 (D) 11 (E) 12

5. Circles of radius 2 and 3 are externally tangent and are circumscribed by a third
circle, as shown in the figure. Find the area of the shaded region.

23

(A) 3π (B) 4π (C) 6π (D) 9π (E) 12π
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6. For how many positive integers n is n2 − 3n + 2 a prime number?

(A) none (B) one (C) two (D) more than two, but finitely many

(E) infinitely many

7. Let n be a positive integer such that 1

2
+ 1

3
+ 1

7
+ 1

n
is an integer. Which of the

following statements is not true:

(A) 2 divides n (B) 3 divides n (C) 6 divides n (D) 7 divides n

(E) n > 84

8. Suppose July of year N has five Mondays. Which of the following must occur
five times in August of year N? (Note: Both months have 31 days.)

(A) Monday (B) Tuesday (C) Wednesday (D) Thursday (E) Friday

9. Using the letters A, M, O, S, and U, we can form 120 five-letter “words”. If these
“words” are arranged in alphabetical order, then the “word” USAMO occupies
position

(A) 112 (B) 113 (C) 114 (D) 115 (E) 116

10. Suppose that a and b are nonzero real numbers, and that the equation

x2 + ax + b = 0 has solutions a and b. Then the pair (a, b) is

(A) (−2, 1) (B) (−1, 2) (C) (1,−2) (D) (2,−1) (E) (4, 4)

11. The product of three consecutive positive integers is 8 times their sum. What
is the sum of their squares?

(A) 50 (B) 77 (C) 110 (D) 149 (E) 194

12. For which of the following values of k does the equation
x − 1

x − 2
=

x − k

x − 6
have no

solution for x?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

13. Find the value(s) of x such that 8xy − 12y + 2x − 3 = 0 is true for all values of
y.

(A)
2

3
(B)

3

2
or −1

4
(C) −2

3
or −1

4
(D)

3

2
(E) −3

2
or −1

4
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14. The number 2564 · 6425 is the square of a positive integer N . In decimal repre-
sentation, the sum of the digits of N is

(A) 7 (B) 14 (C) 21 (D) 28 (E) 35

15. The positive integers A, B, A−B, and A + B are all prime numbers. The sum
of these four primes is

(A) even (B) divisible by 3 (C) divisible by 5 (D) divisible by 7

(E) prime

16. For how many integers n is n

20−n
the square of an integer?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 10

17. A regular octagon ABCDEFGH has sides of length two. Find the area of
△ADG.

(A) 4 + 2
√

2 (B) 6 +
√

2 (C) 4 + 3
√

2 (D) 3 + 4
√

2 (E) 8 +
√

2

18. Four distinct circles are drawn in a plane. What is the maximum number of
points where at least two of the circles intersect?

(A) 8 (B) 9 (C) 10 (D) 12 (E) 16

19. Suppose that {an} is an arithmetic sequence with

a1 + a2 + · · · + a100 = 100 and a101 + a102 + · · · + a200 = 200.

What is the value of a2 − a1?

(A) 0.0001 (B) 0.001 (C) 0.01 (D) 0.1 (E) 1

20. Let a, b, and c be real numbers such that a − 7b + 8c = 4 and 8a + 4b − c = 7.
Then a2 − b2 + c2 is

(A) 0 (B) 1 (C) 4 (D) 7 (E) 8
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21. Andy’s lawn has twice as much area as Beth’s lawn and three times as much
area as Carlos’ lawn. Carlos’ lawn mower cuts half as fast as Beth’s mower and
one third as fast as Andy’s mower. If they all start to mow their lawns at the
same time, who will finish first?

(A) Andy (B) Beth (C) Carlos (D) Andy and Carlos tie for first.

(E) All three tie.

22. Let △XOY be a right-angled triangle with m 6 XOY = 90◦. Let M and N

be the midpoints of legs OX and OY , respectively. Given that XN = 19 and
Y M = 22, find XY .

(A) 24 (B) 26 (C) 28 (D) 30 (E) 32

23. Let {ak} be a sequence of integers such that a1 = 1 and am+n = am + an + mn,
for all positive integers m and n. Then a12 is

(A) 45 (B) 56 (C) 67 (D) 78 (E) 89

24. Riders on a Ferris wheel travel in a circle in a vertical plane. A particular wheel
has radius 20 feet and revolves at the constant rate of one revolution per minute.
How many seconds does it take a rider to travel from the bottom of the wheel
to a point 10 vertical feet above the bottom?

(A) 5 (B) 6 (C) 7.5 (D) 10 (E) 15

25. When 15 is appended to a list of integers, the mean is increased by 2. When 1
is appended to the enlarged list, the mean of the enlarged list is decreased by 1.
How many integers were in the original list?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
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Correspondence		about	the	problems	and	solutions	for	this		AMC 10 should	be	addressed	to:

Prof.	Douglas	Faires,	Department	of	Mathematics
Youngstown	State	University,	Youngstown,	OH		44555-0001

Phone:330-742-1805;		Fax:		330-742-3170;			email:		faires@math.ysu.edu

Orders	for	any	of	the	publications	listed	below	should	be	addressed	to:

Titu	Andreescu,	Director
American	Mathematics	Competitions

University	of	Nebraska,	P.O.	Box	81606
Lincoln,	NE	68501-1606	

	Phone:	402-472-2257;		Fax:		402-472-6087;		email:		titu@amc.unl.edu;	

2002 AIME
The	AIME	will	be	held	on	Tuesday,	March	26,	2002	with	the	alternate	on	April	9,2002.		It	is	a	
15-question,	3-hour,	integer-answer	exam.	You	will	be	invited	to	participate	only	if	you	score	
in	the	top	1%	of	this	AMC	10	or	receive	a	score	of	100	or	above	on	the	AMC	12.	Alternately,	
you	must	be	in	the	top	5%	of	the	AMC	12.		Top-scoring	students	on	the	AMC	10/12/AIME	will	
be	selected	to	take	the	USA	Mathematical	Olympiad	(USAMO)	on	Thursday	through	Sunday,	
May	9-12,	2002	in	Cambridge,	MA.		The	best	way	to	prepare	for	the	AIME	and	USAMO	is	to	
study	previous	years	of	these	exams.		Copies	may	be	ordered	as	indicated	below.	

PUBLICATIONS
MINIMUM ORDER:  $10 (before	shipping/handling	fee),	PAYMENT	IN	US	FUNDS	ONLY	
made	payable	to	the	American	Mathematics	Competitions	or	VISA/MASTERCARD/AMERI-
CAN	EXPRESS	accepted.		Include	card	number,	expiration	date,	cardholder	name	and	address.		
U.S.A.		and	Canadian	orders	must	be	prepaid	and	will	be	shipped	Priority	Mail,	UPS	or	Air	
Mail.	
INTERNATIONAL  ORDERS:		Do	NOT prepay.		An	invoice	will	be	sent	to	you.		
COPYRIGHT: All	publications	are	copyrighted;	it	is	illegal	to	make	copies	or	transmit	them	
on	the	internet	without	permission.	
Examinations:	Each	price	is	for	one	copy	of	an	exam	and	its	solutions	for	one	year.		Specify	the	years	you	
want	and	how	many	copies	of	each.		All	prices	effective	to	September	1,	2002.

	 •		AMC	10	2000-2002/AHSME	(AMC	12)	1989-2002,	$1	per	copy	per	year.
	 •		AIME	1989-2002,	$2	per	copy	per	year.
	 •		USA	and	International	Math	Olympiads,	1989-1999,	$5	per	copy	per	year,	2000,	$14.00	per	copy.
	 •		National	Summary	of	Results	and	Awards,	1989-2002,	$10	per	copy	per	year.
	 •		Problem	Book	I,	AHSMEs	1950-60,	Problem	Book	II,	AHSMEs	1961-65,	$10/ea
	 •		Problem	Book	III,	AHSMEs	1966-72,	Problem	Book	IV,	AHSMEs	1973-82,	$13/ea
	 •		Problem	Book	V,	AHSMEs	and	AIMEs	1983-88,	$30/ea
	 •		Problem	Book	VI,	AHSMEs	1989-1994,	$24/ea
	 •		USA	Mathematical	Olympiad	Book	1972-86,	$18/ea
	 •		International	Mathematical	Olympiad	Book	I,	1959-77,	$20/ea
	 •		International	Mathematical	Olympiad	Book	II,	1978-85,	$20/ea
	 •		World	Olympiad	Problems/Solutions	1995-96,	1996-97,	1997-98,	$15/ea
	 •		Mathematical	Olympiads	Problems	&	Solutions	from	around	the	World	1998-1999,	$25/ea
 •  The	Arbelos,	Volumes	I-V,	and	a	Special	Geometry	Issue,	$8/ea

Shipping	&	Handling	charges	for	Publication	Orders:
	 	 Order	Total Add:	 Order	Total Add:
  $		10.00	--	$		30.00	 $		5	 $		40.01	--	$		50.00	 $		9
	 	 $		30.01	--	$		40.00	 $		7	 $		50.01	--	$		75.00	 $12
	 	 	 														$		75.01	--	up					$15
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AMC 10 - Contest B
  DO NOT OPEN UNTIL

Wednesday, FEBRUARY 27, 2002
**Administration On An Earlier Date Will Disqualify

Your School’s Results**

1.	 All	information	(Rules	and	Instructions)	needed	to	administer	this		exam		
is	 contained	 in	 the	 TEACHERS’	 MANUAL,	 which	 is	 outside	 of	 this	
package.		PLEASE READ THE MANUAL BEFORE  FEBRUARY 27.		
Nothing	is	needed	from	inside	this	package	until	February	27.

2.	 Your	PRINCIPAL	or	VICE	PRINCIPAL	must	sign	the	Certification	Form	
A	found	in	the	Teachers’	Manual.

3.	 The	Answer	Forms	must	be	mailed	by	First	Class	mail	to	the	AMC	Director,	
Titu	Andreescu,	no	later	than	24	hours	following	the	examination.

4.	 Please	Note:		All	Problems	and	Solutions	are	copyrighted;	it	is	illegal	to	
make	copies	or	transmit	them	on	the	internet	or	world	wide	web	without	
permission.

5.	 The publication, reproduction or communication of the problems or 
solutions of this test during the period when students are eligible to 
participate seriously jeopardizes the integrity of the results.  Duplication 
at any time via copier, telephone, eMail, World Wide Web or media of 
any type is a violation of the copyright law.

Sponsored by
The MATHEMATICAL ASSOCIATION OF AMERICA

The Akamai Foundation
University of  Nebraska – Lincoln

Contributors
American Statistical Association Casualty Actuarial Society
Society of  Actuaries National Council of  Teachers of  Mathematics
American Society of  Pension Actuaries American Mathematical Society
American Mathematical Association of  Two Year Colleges Pi Mu Epsilon
Consortium for Mathematics and its Applications Mu Alpha Theta
National Association of  Mathematicians Kappa Mu Epsilon
School Science and Mathematics Association Clay Mathematics Institute
Institute for Operations Research and the Management Sciences
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The MATHEMATICAL ASSOCIATION OF AMERICA
American Mathematics Competitions

Presented by The Akamai Foundation

3rd Annual American Mathematics Contest 10

AMC 10 - Contest B
 

 Solutions Pamphlet

Wednesday, FEBRUARY 27, 2002

This Pamphlet gives at least one solution for each problem on this year’s contest and 
shows that all problems can be solved without the use of  a calculator.  When more than 
one solution  is provided, this is done to illustrate a significant contrast in methods, 
e.g., algebraic vs geometric, computational vs conceptual, elementary vs advanced.  
These solutions are by no means the only ones possible, nor are they superior to others 
the reader may devise.
We hope that teachers will inform their students about these solutions, both as 
illustrations of the kinds of ingenuity needed to solve nonroutine problems and as 
examples of good mathematical exposition.  However, the publication, reproduction, 
or communication of the problems or solutions of the AMC 10  during the period when 
students are eligible to participate seriously jeopardizes the integrity of the results.  
Duplication at any time via copier, phone, email, the Web or media of any type is a 
violation of the copyright law.

Correspondence about the problems and solutions should be addressed to:
Prof. Douglas Faires

Department of Mathematics
Youngstown State University

Youngstown, OH  44555-0001
Orders for prior year Exam questions and Solutions Pamphlets should be addressed to:

Titu Andreescu, AMC Director
American Mathematics Competitions

University of Nebraska-Lincoln, P.O. Box 81606
Lincoln, NE  68501-1606

Copyright © 2002, Committee on the American Mathematics Competitions
The Mathematical Association of America
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1. (E) We have

22001 · 32003

62002
=

22001 · 32003

(2 · 3)2002
=

22001 · 32003

22002 · 32002
=

3

2
.

2. (C) We have

(2, 4, 6) =
2 · 4 · 6

2 + 4 + 6
=

48

12
= 4.

3. (A) The number M is equal to

1

9
(9+99+999+. . .+999,999,999) = 1+11+111+. . .+111,111,111 = 123,456,789.

The number M does not contain the digit 0.

4. (D) Since

(3x − 2)(4x + 1) − (3x − 2)4x + 1 = (3x − 2)(4x + 1 − 4x) + 1

= (3x − 2) · 1 + 1 = 3x − 1,

when x = 4 we have the value 3 · 4 − 1 = 11.

5. (E) The diameter of the large circle is 6 + 4 = 10, so its radius is 5. Hence, the
area of the shaded region is

π(52) − π(32) − π(22) = π(25 − 9 − 4) = 12π.

6. (B) If n ≥ 4, then
n2 − 3n + 2 = (n − 1)(n − 2)

is the product of two integers greater than 1, and thus is not prime. For n = 1,
2, and 3 we have, respectively,

(1 − 1)(1 − 2) = 0, (2 − 1)(2 − 2) = 0, and (3 − 1)(3 − 2) = 2.

Therefore, n2 − 3n + 2 is prime only when n = 3.
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7. (E) The number 1
2
+ 1

3
+ 1

7
+ 1

n
is greater than 0 and less than 1

2
+ 1

3
+ 1

7
+ 1

1
< 2.

Hence,
1

2
+

1

3
+

1

7
+

1

n
=

41

42
+

1

n

is an integer precisely when it is equal to 1. This implies that n = 42, so the
answer is (E).

8. (D) Since July has 31 days, Monday must be one of the last three days of July.
Therefore, Thursday must be one of the first three days of August, which also
has 31 days. So Thursday must occur five times in August.

9. (D) The last “word,” which occupies position 120, is USOMA. Immediately
preceding this we have USOAM, USMOA, USMAO, USAOM,and USAMO. The
alphabetic position of the word USAMO is consequently 115.

10. (C) The given conditions imply that

x2 + ax + b = (x − a)(x − b) = x2 − (a + b)x + ab,

so
a + b = −a and ab = b.

Since b 6= 0, the second equation implies that a = 1. The first equation gives
b = −2, so (a, b) = (1,−2).

11. (B) Let n − 1, n, and n + 1 denote the three integers. Then

(n − 1)n(n + 1) = 8(3n).

Since n 6= 0, we have n2 − 1 = 24. It follows that n2 = 25 and n = 5. Thus,

(n − 1)2 + n2 + (n + 1)2 = 16 + 25 + 36 = 77.
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12. (E) From the given equation we have (x − 1)(x − 6) = (x − 2)(x − k). This
implies that

x2 − 7x + 6 = x2 − (2 + k)x + 2k,

so

(k − 5)x = 2k − 6 and x =
2k − 6

k − 5
.

Hence a value of x satisfying the equation occurs unless k = 5.
Note that when k = 6 there is also no solution for x, but this is not one of the
answer choices.

13. (D) The given equation can be factored as

0 = 8xy − 12y + 2x − 3 = 4y(2x − 3) + (2x − 3) = (4y + 1)(2x − 3).

For this equation to be true for all values of y we must have 2x− 3 = 0, that is,
x = 3/2.

14. (B) We have

N =
√

(52)64 · (26)25 = 564 · 23·25 = (5 · 2)64 · 211 = 1064 · 2048 = 2048 000 · · ·0
︸ ︷︷ ︸

64 digits

.

The zeros do not contribute to the sum, so the sum of the digits of N is 2+4+8 =
14.

15. (E) The numbers A− B and A + B are both odd or both even. However, they
are also both prime, so they must both be odd. Therefore, one of A and B is
odd and the other even. Because A is a prime between A − B and A + B, A
must be the odd prime. Therefore, B = 2, the only even prime. So A − 2, A,
and A + 2 are consecutive odd primes and thus must be 3, 5, and 7. The sum
of the four primes 2, 3, 5, and 7 is the prime number 17.

16. (D) If n
20−n

= k2, for some k ≥ 0, then n = 20k
2

k2+1
. Since k2 and k2 + 1 have no

common factors and n is an integer, k2 + 1 must be a factor of 20. This occurs
only when k = 0, 1, 2, or 3. The corresponding values of n are 0, 10, 16, and 18.
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17. (C) Construct the right triangle △AOB as shown in the figure. Since AB = 2,
we have AO =

√
2 and AD = 2 + 2

√
2. Similarly, we have OG = 2 +

√
2, so

Area(△ADG) =
1

2
(2 + 2

√
2)(2 +

√
2) = (1 +

√
2)(2 +

√
2) = 4 + 3

√
2.

A

B C

D

EH

G F

O

2

2

2

22x 2x

2x

18. (D) Each pair of circles has at most two intersection points. There are
(
4
2

)
= 6

pairs of circles, so there are at most 6 × 2 = 12 points of intersection. The
following configuration shows that 12 points of intersection are indeed possible:

19. (C) Let d = a2 − a1. Then ak+100 = ak + 100d, and

a101 + a102 + · · · + a200 = (a1 + 100d) + (a2 + 100d) + . . . + (a100 + 100d)

= a1 + a2 + . . . + a100 + 10,000d.

Thus 200 = 100 + 10,000d and d = 100
10,000

= 0.01.
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20. (B) We have a + 8c = 4 + 7b and 8a− c = 7− 4b. Squaring both equations and
adding the results yields

(a + 8c)2 + (8a − c)2 = (4 + 7b)2 + (7 − 4b)2.

Expanding gives 65(a2+c2) = 65(1+b2). So a2+c2 = 1+b2, and a2−b2+c2 = 1.

21. (B) Let A be the number of square feet in Andy’s lawn. Then A/2 and A/3 are
the areas of Beth’s lawn and Carlos’ lawn, respectively, in square feet. Let R be
the rate, in square feet per minute, that Carlos’ lawn mower cuts. Then Beth’s
mower and Andy’s mower cut at rates of 2R and 3R square feet per minute,
respectively. Thus,

Andy takes
A

3R
minutes to mow his lawn,

Beth takes
A/2

2R
=

A

4R
minutes to mow hers,

and

Carlos takes
A/3

R
=

A

3R
minutes to mow his.

Since
A

4R
<

A

3R
, Beth will finish first.

22. (B) Let OM = a and ON = b. Then

192 = (2a)2 + b2 and 222 = a2 + (2b)2.

X

2a
19

b YO N

X

a

2b

22
M

YO

Hence
5(a2 + b2) = 192 + 222 = 845.

It follows that
MN =

√

a2 + b2 =
√

169 = 13.

Since △XOY is similar to △MON and XO = 2 ·MO, we have XY = 2 ·MN =
26.

X

M

Y

a

a

b b

13

26

O N



Solutions 2002 3rd AMC 10 B 7

23. (D) By setting n = 1 in the given recursive equation, we obtain am+1 = am +
a1+m, for all positive integers m. So am+1−am = m+1 for each m = 1, 2, 3, . . ..
Hence,

a12 − a11 = 12, a11 − a10 = 11, . . . , a2 − a1 = 2.

Summing these equalities yields a12 − a1 = 12 + 11 + · · · + 2. So

a12 = 12 + 11 + · · · + 2 + 1 =
12(12 + 1)

2
= 78.

OR

We have

a2 = a1+1 = a1 + a1 + 1 · 1 = 1 + 1 + 1 = 3,

a3 = a2+1 = a2 + a1 + 2 · 1 = 3 + 1 + 2 = 6,

a6 = a3+3 = a3 + a3 + 3 · 3 = 6 + 6 + 9 = 21,

and

a12 = a6+6 = a6 + a6 + 6 · 6 = 21 + 21 + 36 = 78.

24. (D) In the figure, the center of the wheel is at O, and the rider travels from A
to B. Since AC = 10 and OB = OA = 20, the point C is the midpoint of OA.
In the right △OCB, we have OC half of the length of the hypotenuse OB, so
m 6 COB = 60◦. Since the wheel turns through an angle of 360◦ in 60 seconds,
the time required to turn through an angle of 60◦ is

60

(
60

360

)

= 10 seconds.

A

B

O

C

10

10

20
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25. (A) Let n denote the number of integers in the original list, and m the original
mean. Then the sum of the original numbers is mn. After 15 is appended to
the list, we have the sum

(m + 2)(n + 1) = mn + 15, so m + 2n = 13.

After 1 is appended to the enlarged list, we have the sum

(m + 1)(n + 2) = mn + 16, so 2m + n = 14.

Solving m + 2n = 13 and 2m + n = 14 gives m = 5 and n = 4.
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Tuesday, FEBRUARY 11, 2003

Contest A
The MATHEMATICAL ASSOCIATION OF AMERICA
American Mathematics Competitions

Presented by the Akamai Foundation

AMC 104th Annual American Mathematics Contest 10

1.   DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR 
PROCTOR.

2.	 This	is	a	twenty-five	question,	multiple	choice	test.	Each	question	is	followed	by	
answers	marked	A,B,C,D	and	E.	Only	one	of	these	is	correct.

3.	 The	answers	to	the	problems	are	to	be	marked	on	the	AMC	10	Answer	Form	with	a	
#2	pencil.	Check	the	blackened	circles	for	accuracy	and	erase	errors	and	stray	marks	
completely.	Only	answers	properly	marked	on	the	answer	form	will	be	graded.

4.	 SCORING:		You	will	receive	6	points	for	each	correct	answer,	2.5	points	for	each	
problem	left	unanswered,	and	0	points	for	each	incorrect	answer.

5.	 No	 aids	 are	 permitted	 other	 than	 scratch	 paper,	 graph	 paper,	 ruler,	 compass,	
protractor,	erasers	and	calculators	that	are	accepted	for	use	on	the	SAT.	No	problems	
on	the	test	will	require	the	use	of	a	calculator.

6.	 Figures	are	not	necessarily	drawn	to	scale.

7.	 Before	beginning	the	test,	your	proctor	will	ask	you	to	record	certain	information	on	
the	answer	form.		When	your	proctor	gives	the	signal,	begin	working	the	problems.	
You	will	have	75 MINUTES working	time	to	complete	the	test.

8.	 When	you	finish	the	exam,	sign your name	in	the	space	provided	on	the	Answer	
Form.

Students who score in the top 1% on this AMC 10 will be invited to take the 21st annual 
American Invitational Mathematics Examination (AIME) on Tuesday, March 25, 2003 
or on Tuesday, April 8, 2003.  More details about the AIME and other information are 
on the back page of this test booklet.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine 
students before deciding whether to grant official status to their scores. The CAMC also reserves the right 
to disqualify all scores from a school if it is determined that the required security procedures were not 
followed.

The publication, reproduction, or communication of the problems or solutions of the AMC 10 during the 
period when students are eligible to participate seriously jeopardizes the integrity of the results.  Duplica-
tion at any time via copier, telephone, eMail, World Wide Web or media of any type is a violation of the 
copyright law.

  Copyright © 2003, Committee on the American Mathematics Competitions,
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4th AMC 10 A 2003 2

1. What is the difference between the sum of the first 2003 even counting numbers
and the sum of the first 2003 odd counting numbers?

(A) 0 (B) 1 (C) 2 (D) 2003 (E) 4006

2. Members of the Rockham Soccer League buy socks and T–shirts. Socks cost
$4 per pair and each T–shirt costs $5 more than a pair of socks. Each member
needs one pair of socks and a shirt for home games and another pair of socks
and a shirt for away games. If the total cost is $2366, how many members are
in the League?

(A) 77 (B) 91 (C) 143 (D) 182 (E) 286

3. A solid box is 15 cm by 10 cm by 8 cm. A new solid is formed by removing a
cube 3 cm on a side from each corner of this box. What percent of the original
volume is removed?

(A) 4.5 (B) 9 (C) 12 (D) 18 (E) 24

4. It takes Mary 30 minutes to walk uphill 1 km from her home to school, but it
takes her only 10 minutes to walk from school to home along the same route.
What is her average speed, in km/hr, for the round trip?

(A) 3 (B) 3.125 (C) 3.5 (D) 4 (E) 4.5

5. Let d and e denote the solutions of 2x2 + 3x − 5 = 0. What is the value of
(d − 1)(e − 1)?

(A) −5

2
(B) 0 (C) 3 (D) 5 (E) 6

6. Define x♥y to be |x − y| for all real numbers x and y. Which of the following
statements is not true?

(A) x♥y = y♥x for all x and y

(B) 2(x♥y) = (2x)♥(2y) for all x and y (C) x♥0 = x for all x

(D) x♥x = 0 for all x (E) x♥y > 0 if x 6= y

7. How many non-congruent triangles with perimeter 7 have integer side lengths?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5
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8. What is the probability that a randomly drawn positive factor of 60 is less
than 7?

(A)
1

10
(B)

1

6
(C)

1

4
(D)

1

3
(E)

1

2

9. Simplify

3

√

x
3

√

x
3

√

x
√

x.

(A)
√

x (B)
3
√

x2 (C)
27
√

x2 (D) 54
√

x (E)
81
√

x80

10. The polygon enclosed by the solid lines in the figure consists of 4 congruent
squares joined edge-to-edge. One more congruent square is attached to an edge
at one of the nine positions indicated. How many of the nine resulting polygons
can be folded to form a cube with one face missing?

8

9

1

2 3

4

567

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

11. The sum of the two 5-digit numbers AMC10 and AMC12 is 123422. What
is A + M + C?

(A) 10 (B) 11 (C) 12 (D) 13 (E) 14

12. A point (x, y) is randomly picked from inside the rectangle with vertices (0, 0),
(4, 0), (4, 1), and (0, 1). What is the probability that x < y?

(A)
1

8
(B)

1

4
(C)

3

8
(D)

1

2
(E)

3

4

13. The sum of three numbers is 20. The first is 4 times the sum of the other two.
The second is seven times the third. What is the product of all three?

(A) 28 (B) 40 (C) 100 (D) 400 (E) 800
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14. Let n be the largest integer that is the product of exactly 3 distinct prime
numbers, d, e and 10d + e, where d and e are single digits. What is the sum of
the digits of n?

(A) 12 (B) 15 (C) 18 (D) 21 (E) 24

15. What is the probability that an integer in the set {1, 2, 3, . . . , 100} is divisible
by 2 and not divisible by 3?

(A)
1

6
(B)

33

100
(C)

17

50
(D)

1

2
(E)

18

25

16. What is the units digit of 132003?

(A) 1 (B) 3 (C) 7 (D) 8 (E) 9

17. The number of inches in the perimeter of an equilateral triangle equals the
number of square inches in the area of its circumscribed circle. What is the
radius, in inches, of the circle?

(A)
3
√

2

π
(B)

3
√

3

π
(C)

√
3 (D)

6

π
(E)

√
3π

18. What is the sum of the reciprocals of the roots of the equation

2003

2004
x + 1 +

1

x
= 0?

(A) −2004

2003
(B) −1 (C)

2003

2004
(D) 1 (E)

2004

2003

19. A semicircle of diameter 1 sits at the top of a semicircle of diameter 2, as shown.
The shaded area inside the smaller semicircle and outside the larger semicircle
is called a lune. Determine the area of this lune.

1

2

(A)
1

6
π −

√
3

4
(B)

√
3

4
− 1

12
π (C)

√
3

4
− 1

24
π (D)

√
3

4
+

1

24
π

(E)

√
3

4
+

1

12
π
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20. A base-10 three-digit number n is selected at random. Which of the follow-
ing is closest to the probability that the base-9 representation and the base-11
representation of n are both three-digit numerals?

(A) 0.3 (B) 0.4 (C) 0.5 (D) 0.6 (E) 0.7

21. Pat is to select six cookies from a tray containing only chocolate chip, oatmeal,
and peanut butter cookies. There are at least six of each of these three kinds
of cookies on the tray. How many different assortments of six cookies can be
selected?

(A) 22 (B) 25 (C) 27 (D) 28 (E) 729

22. In rectangle ABCD, we have AB = 8, BC = 9, H is on BC with BH = 6, E

is on AD with DE = 4, line EC intersects line AH at G, and F is on line AD

with GF ⊥ AF . Find the length GF .

E

A

BH
C

G

F

D
4

8

6

(A) 16 (B) 20 (C) 24 (D) 28 (E) 30
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23. A large equilateral triangle is constructed by using toothpicks to create rows of
small equilateral triangles. For example, in the figure we have 3 rows of small
congruent equilateral triangles, with 5 small triangles in the base row. How
many toothpicks would be needed to construct a large equilateral triangle if the
base row of the triangle consists of 2003 small equilateral triangles?

1
22

5
4

3

(A) 1,004,004 (B) 1,005,006 (C) 1,507,509 (D) 3,015,018

(E) 6,021,018

24. Sally has five red cards numbered 1 through 5 and four blue cards numbered
3 through 6. She stacks the cards so that the colors alternate and so that the
number on each red card divides evenly into the number on each neighboring
blue card. What is the sum of the numbers on the middle three cards?

(A) 8 (B) 9 (C) 10 (D) 11 (E) 12

25. Let n be a 5-digit number, and let q and r be the quotient and remainder,
respectively, when n is divided by 100. For how many values of n is q + r

divisible by 11?

(A) 8180 (B) 8181 (C) 8182 (D) 9000 (E) 9090
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in	the	top	1%	of	this	AMC	10	or	receive	a	score	of	100	or	above	on	the	AMC	12.	Alternately,	
you	must	be	in	the	top	5%	of	the	AMC	12.		Top-scoring	students	on	the	AMC	10/12/AIME	will	
be	selected	to	take	the	USA	Mathematical	Olympiad	(USAMO)	in	late	Spring.		The	best	way	
to	prepare	for	the	AIME	and	USAMO	is	to	study	previous	years	of	these	exams.		Copies	may	
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on	the	internet	without	permission.	
Examinations:	Each	price	is	for	one	copy	of	an	exam	and	its	solutions	for	one	year.		Specify	the	years	you	
want	and	how	many	copies	of	each.		All	prices	effective	to	September	1,	2003.
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AMC 10 - Contest A
  DO NOT OPEN UNTIL

Tuesday, FEBRUARY 11, 2003
**Administration On An Earlier Date Will Disqualify

Your School’s Results**

1.	 All	information	(Rules	and	Instructions)	needed	to	administer	this		exam		
is	 contained	 in	 the	 TEACHERS’	 MANUAL,	 which	 is	 outside	 of	 this	
package.		PLEASE READ THE MANUAL BEFORE  FEBRUARY 11.		
Nothing	is	needed	from	inside	this	package	until	February	11.

2.	 Your	PRINCIPAL	or	VICE	PRINCIPAL	must	sign	the	Certification	Form	
A	found	in	the	Teachers’	Manual.

3.	 The	Answer	Forms	must	be	mailed	by	First	Class	mail	to	the	AMC	Director,	
Titu	Andreescu,	no	later	than	24	hours	following	the	examination.

4.	 Please	Note:		All	Problems	and	Solutions	are	copyrighted;	it	is	illegal	to	
make	copies	or	transmit	them	on	the	internet	or	world	wide	web	without	
permission.

5.	 The publication, reproduction or communication of the problems or 
solutions of this test during the period when students are eligible to 
participate seriously jeopardizes the integrity of the results.  Duplication 
at any time via copier, telephone, eMail, World Wide Web or media of 
any type is a violation of the copyright law.

Sponsored by
The MATHEMATICAL ASSOCIATION OF AMERICA

The Akamai Foundation
University of  Nebraska – Lincoln

Contributors
American Statistical Association Casualty Actuarial Society
Society of  Actuaries National Council of  Teachers of  Mathematics
American Society of  Pension Actuaries American Mathematical Society
American Mathematical Association of  Two Year Colleges Pi Mu Epsilon
Consortium for Mathematics and its Applications Mu Alpha Theta
National Association of  Mathematicians Kappa Mu Epsilon
School Science and Mathematics Association Clay Mathematics Institute
Institute for Operations Research and the Management Sciences

Canada/USA Mathpath & Mathcamp
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The MATHEMATICAL ASSOCIATION OF AMERICA
American Mathematics Competitions

Presented by The Akamai Foundation

4th Annual American Mathematics Contest 10

AMC 10 - Contest A
 

 Solutions Pamphlet

Tuesday, FEBRUARY 11, 2003

This Pamphlet gives at least one solution for each problem on this year’s contest and 
shows that all problems can be solved without the use of  a calculator.  When more than 
one solution  is provided, this is done to illustrate a significant contrast in methods, 
e.g., algebraic vs geometric, computational vs conceptual, elementary vs advanced.  
These solutions are by no means the only ones possible, nor are they superior to others 
the reader may devise.
We hope that teachers will inform their students about these solutions, both as 
illustrations of the kinds of ingenuity needed to solve nonroutine problems and as 
examples of good mathematical exposition.  However, the publication, reproduction, 
or communication of the problems or solutions of the AMC 10  during the period when 
students are eligible to participate seriously jeopardizes the integrity of the results.  
Duplication at any time via copier, phone, email, the Web or media of any type is a 
violation of the copyright law.

Correspondence about the problems and solutions should be addressed to:
Prof. Douglas Faires

Department of Mathematics
Youngstown State University

Youngstown, OH  44555-0001
Orders for prior year Exam questions and Solutions Pamphlets should be addressed to:

Titu Andreescu, AMC Director
American Mathematics Competitions

University of Nebraska-Lincoln, P.O. Box 81606
Lincoln, NE  68501-1606

Copyright © 2003, Committee on the American Mathematics Competitions
The Mathematical Association of America
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Solutions 2003 4th AMC 10 A 2

1. (D) Each even counting number, beginning with 2, is one more than the pre-
ceding odd counting number. Therefore the difference is (1)(2003) = 2003.

2. (B) The cost for each member is the price of two pairs of socks, $8, and two
shirts, $18, for a total of $26. So there are 2366/26 = 91 members.

3. (D) The total volume of the eight removed cubes is 8× 33 = 216 cubic centime-
ters, and the volume of the original box is 15× 10× 8 = 1200 cubic centimeters.
Therefore the volume has been reduced by

(

216
1200

)

(100%) = 18%.

4. (A) Mary walks a total of 2 km in 40 minutes. Because 40 minutes is 2/3 hr,
her average speed, in km/hr, is 2/(2/3) = 3.

5. (B) Since

0 = 2x2 + 3x− 5 = (2x+ 5)(x− 1) we have d = −5
2
and e = 1.

So (d− 1)(e− 1) = 0.
OR

If x = d and x = e are the roots of the quadratic equation ax2 + bx + c = 0,
then

de =
c

a
and d+ e = − b

a
.

For our equation this implies that

(d− 1)(e− 1) = de− (d+ e) + 1 = −5
2
−
(

−3
2

)

+ 1 = 0.

6. (C) For example, −1♥0 = | − 1 − 0| = 1 6= −1. All the other statements are
true:
(A) x♥y = |x− y| = | − (y − x)| = |y − x| = y♥x for all x and y.
(B) 2(x♥y) = 2|x− y| = |2x− 2y| = (2x)♥(2y) for all x and y.
(D) x♥x = |x− x| = 0 for all x.
(E) x♥y = |x− y| > 0 if x 6= y.

7. (B) The longest side cannot be greater than 3, since otherwise the remaining two
sides would not be long enough to form a triangle. The only possible triangles
have side lengths 1–3–3 or 2–2–3.

8. (E) The factors of 60 are

1, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30, and 60.

Six of the twelve factors are less than 7, so the probability is 1/2.
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9. (A) We have

3

√

x
3

√

x
3

√

x
√
x = (x(x(x · x 1

2 )
1

3 )
1

3 )
1

3

= (x(x(x
3

2 )
1

3 )
1

3 )
1

3

= (x(x · x 1

2 )
1

3 )
1

3

= (x(x
3

2 )
1

3 )
1

3 = (x · x 1

2 )
1

3 = (x
3

2 )
1

3 = x
1

2 =
√
x.

10. (E) If the polygon is folded before the fifth square is attached, then edges a and
a′ must be joined, as must b and b′. The fifth face of the cube can be attached
at any of the six remaining edges.

a

a,a'b
b,b'

b' a'

11. (E) Since the last two digits of AMC10 and AMC12 sum to 22, we have

AMC +AMC = 2(AMC) = 1234.

Hence AMC = 617, so A = 6, M = 1, C = 7, and A+M +C = 6+1+7 = 14.

12. (A) The point (x, y) satisfies x < y if and only if it belongs to the shaded triangle
bounded by the lines x = y, y = 1, and x = 0, the area of which is 1/2. The

ratio of the area of the triangle to the area of the rectangle is 1/2

4
= 1

8
.

y = x 

x 

y 

13. (A) Let a, b, and c be the three numbers. Replace a by four times the sum of
the other two to get

4(b+ c) + b+ c = 20, so b+ c = 4.

Then replace b with 7c to get

7c+ c = 4, so c =
1

2
.
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The other two numbers are b = 7/2 and a = 16, and the product of the three is
16 · 7/2 · 1/2 = 28.

OR

Let the first, second, and third numbers be x, 7x, and 32x, respectively. Then
40x = 20 so x = 1

2
and the product is

(32)(7)x3 = (32)(7)

(

1

8

)

= 28.

14. (A) The largest single-digit primes are 5 and 7, but neither 75 nor 57 is prime.
Using 3, 7, and 73 gives 1533, whose digits have a sum of 12.

15. (C) Of the 100
2
= 50 integers that are divisible by 2, there are b 100

6
c = 16 that

are divisible by both 2 and 3. So there are 50− 16 = 34 that are divisible by 2
and not by 3, and 34/100 = 17/50.

16. (C) Powers of 13 have the same units digit as the corresponding powers of 3;
and

31 = 3, 32 = 9, 33 = 27, 34 = 81, and 35 = 243.

Since the units digit of 31 is the same as the units digit of 35, units digits of
powers of 3 cycle through 3, 9, 7, and 1. Hence the units digit of 32000 is 1, so
the units digit of 32003 is 7. The same is true of the units digit of 132003.

17. (B) Let the triangle have vertices A, B, and C, let O be the center of the circle,
and let D be the midpoint of BC. Triangle COD is a 30–60–90 degree triangle.
If r is the radius of the circle, then the sides of 4COD are r, r/2, and r

√
3/2.

The perimeter of 4ABC is 6
(

r
√

3
2

)

= 3r
√
3, and the area of the circle is πr2.

Thus 3r
√
3 = πr2, and r = (3

√
3)/π.

DC

O
r r 2

3 2= B

A

r

18. (B) Let a = 2003/2004. The given equation is equivalent to

ax2 + x+ 1 = 0.

If the roots of this equation are denoted r and s, then

rs =
1

a
and r + s = −1

a
,
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so
1

r
+
1

s
=

r + s

rs
= −1.

OR

If x is replaced by 1/y, then the roots of the resulting equation are the reciprocals
of the roots of the original equation. The new equation is

2003

2004y
+ 1 + y = 0 which is equivalent to y2 + y +

2003

2004
= 0.

The sum of the roots of this equation is the opposite of the y-coefficient, which
is −1.

19. (C) First note that the area of the region determined by the triangle topped by
the semicircle of diameter 1 is

1

2
·
√
3

2
+
1

2
π

(

1

2

)2

=

√
3

4
+
1

8
π.

The area of the lune results from subtracting from this the area of the sector of
the larger semicircle,

1

6
π(1)2 =

1

6
π.

So the area of the lune is
√
3

4
+
1

8
π − 1

6
π =

√
3

4
− 1

24
π.

1

11

2

√3
2

Note that the answer does not depend on the position of the lune on the semi-
circle.

20. (E) The largest base-9 three-digit number is 93 − 1 = 728 and the smallest
base-11 three-digit number is 112 = 121. There are 608 integers that satisfy
121 ≤ n ≤ 728, and 900 three-digit numbers altogether, so the probability is
608/900 ≈ 0.7.
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21. (D) The numbers of the three types of cookies must have a sum of six. Possible
sets of whole numbers whose sum is six are

0, 0, 6; 0, 1, 5; 0, 2, 4; 0, 3, 3; 1, 1, 4; 1, 2, 3; and 2, 2, 2.

Every ordering of each of these sets determines a different assortment of cookies.
There are 3 orders for each of the sets

0, 0, 6; 0, 3, 3; and 1, 1, 4.

There are 6 orders for each of the sets

0, 1, 5; 0, 2, 4; and 1, 2, 3.

There is only one order for 2, 2, 2. Therefore the total number of assortments of
six cookies is 3 · 3 + 3 · 6 + 1 = 28.

OR

Construct eight slots, six to place the cookies in and two to divide the cookies
by type. Let the number of chocolate chip cookies be the number of slots to
the left of the first divider, the number of oatmeal cookies be the number of
slots between the two dividers, and the number of peanut butter cookies be the
number of slots to the right of the second divider. For example, 111 | 11 | 1
represents three chocolate chip cookies, two oatmeal cookies, and one peanut
butter cookie. There are

(

8
2

)

= 28 ways to place the two dividers, so there are
28 ways to select the six cookies.

22. (B) We have EA = 5 and CH = 3. Triangles GCH and GEA are similar, so

GC

GE
=
3

5
and

CE

GE
=

GE −GC

GE
= 1− 3

5
=
2

5
.

Triangles GFE and CDE are similar, so

GF

8
=

CE

GE
=
5

2

and FG = 20.

OR

Place the figure in the coordinate plane with the origin at D, DA on the positive
x-axis, and DC on the positive y-axis. Then H = (3, 8) and A = (9, 0), so line
AG has the equation

y = −4
3
x+ 12.

Also, C = (0, 8) and E = (4, 0), so line EG has the equation

y = −2x+ 8.

The lines intersect at (−6, 20), so FG = 20.
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23. (C) The base row of the large equilateral triangle has 1001 triangles pointing
downward and 1002 pointing upward. This base row requires 3(1002) toothpicks
since the downward pointing triangles require no additional toothpicks. Each
succeeding row will require one less set of 3 toothpicks, so the total number of
toothpicks required is

3(1002 + 1001 + 1000 + · · ·+ 2 + 1) = 3 · 1002 · 1003
2

= 1, 507, 509.

OR

Create a table:

Number of Rows Number of Triangles Number of Toothpicks
in Base Row in All Rows

1 1 3
2 3 3 + 6
3 5 3 + 6 + 9
...

...
...

n 2n− 1 3(1 + 2 + · · ·+ n)

Thus
2003 = 2n− 1 so n = 1002.

The number of toothpicks is

3(1 + 2 + · · ·+ 1002) = 3(1002)(1003)
2

= 1, 507, 509.

24. (E) Let R1, . . ., R5 and B3, . . ., B6 denote the numbers on the red and blue
cards, respectively. Note that R4 and R5 divide evenly into only B4 and B5,
respectively. Thus the stack must be R4, B4, . . ., B5, R5, or the reverse. Since
R2 divides evenly into only B4 and B6, we must have R4, B4, R2, B6, . . ., B5,
R5, or the reverse. Since R3 divides evenly into only B3 and B6, the stack must
be R4, B4, R2, B6, R3, B3, R1, B5, R5, or the reverse. In either case, the sum
of the middle three cards is 12.

25. (B) Note that n = 100q + r = q + r + 99q. Hence q + r is divisible by 11 if and
only if n is divisible by 11. Since 10, 000 ≤ n ≤ 99, 999, there are

⌊

99999

11

⌋

−
⌊

9999

11

⌋

= 9090− 909 = 8181

such numbers.



The

American Mathematics Contest 12 (AMC 12)
Sponsored by

Mathematical Association of America
The Akamai Foundation

University of Nebraska – Lincoln
Contributors

American Mathematical Association of Two Year Colleges
American Mathematical Society

American Society of Pension Actuaries
American Statistical Association

Canada/USA Mathpath & Mathcamp
Casualty Actuarial Society
Clay Mathematics Institute

Consortium for Mathematics and its Applications
Institute for Operations Research and the Management Sciences

Kappa Mu Epsilon
Mu Alpha Theta

National Association of Mathematicians
National Council of Teachers of Mathematics

Pi Mu Epsilon
School Science and Mathematics Association

Society of Actuaries

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

O
O

 



Wednesday, FEBRUARY 26, 2003

Contest B
The MATHEMATICAL ASSOCIATION OF AMERICA
American Mathematics Competitions

Presented by the Akamai Foundation

AMC 104th Annual American Mathematics Contest 10

1.   DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR 
PROCTOR.

2.	 This	is	a	twenty-five	question,	multiple	choice	test.	Each	question	is	followed	by	
answers	marked	A,B,C,D	and	E.	Only	one	of	these	is	correct.

3.	 The	answers	to	the	problems	are	to	be	marked	on	the	AMC	10	Answer	Form	with	a	
#2	pencil.	Check	the	blackened	circles	for	accuracy	and	erase	errors	and	stray	marks	
completely.	Only	answers	properly	marked	on	the	answer	form	will	be	graded.

4.	 SCORING:		You	will	receive	6	points	for	each	correct	answer,	2.5	points	for	each	
problem	left	unanswered,	and	0	points	for	each	incorrect	answer.

5.	 No	 aids	 are	 permitted	 other	 than	 scratch	 paper,	 graph	 paper,	 ruler,	 compass,	
protractor,	erasers	and	calculators	that	are	accepted	for	use	on	the	SAT.	No	problems	
on	the	test	will		 require	the	use	of	a	calculator.

6.	 Figures	are	not	necessarily	drawn	to	scale.

7.	 Before	beginning	the	test,	your	proctor	will	ask	you	to	record	certain	information	on	
the	answer	form.		When	your	proctor	gives	the	signal,	begin	working	the	problems.	
You	will	have	75 MINUTES working	time	to	complete	the	test.

8.	 When	you	finish	the	exam,	sign	your	name	in	the	space	provided	on	the	Answer	
Form.

Students	who	score	in	the	top	1%	on	this	AMC	10	will	be	invited	to	take	the	21st	annual	
American	Invitational	Mathematics	Examination	(AIME)	on	Tuesday,	March	25,	2003	
or	on	Tuesday,	April	8,	2003.		More	details	about	the	AIME	and	other	information	are	
on	the	back	page	of	this	test	booklet.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine 
students before deciding whether to grant official status to their scores. The CAMC also reserves the right 
to disqualify all scores from a school if it is determined that the required security procedures were not 
followed.

The publication, reproduction, or communication of the problems or solutions of the AMC 10 during the 
period when students are eligible to participate seriously jeopardizes the integrity of the results.  Duplica-
tion at any time via copier, telephone, eMail, World Wide Web or media of any type is a violation of the 
copyright law.
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1. Which of the following is the same as

2 − 4 + 6 − 8 + 10 − 12 + 14

3 − 6 + 9 − 12 + 15 − 18 + 21
?

(A) −1 (B) −2

3
(C)

2

3
(D) 1 (E)

14

3

2. Al gets the disease algebritis and must take one green pill and one pink pill each
day for two weeks. A green pill costs $1 more than a pink pill, and Al’s pills
cost a total of $546 for the two weeks. How much does one green pill cost?

(A) $7 (B) $14 (C) $19 (D) $20 (E) $39

3. The sum of 5 consecutive even integers is 4 less than the sum of the first 8
consecutive odd counting numbers. What is the smallest of the even integers?

(A) 6 (B) 8 (C) 10 (D) 12 (E) 14

4. Rose fills each of the rectangular regions of her rectangular flower bed with a
different type of flower. The lengths, in feet, of the rectangular regions in her
flower bed are as shown in the figure. She plants one flower per square foot in
each region. Asters cost $1 each, begonias $1.50 each, cannas $2 each, dahlias
$2.50 each, and Easter lilies $3 each. What is the least possible cost, in dollars,
for her garden?

1

5

4 7

3

3

56

(A) 108 (B) 115 (C) 132 (D) 144 (E) 156

5. Moe uses a mower to cut his rectangular 90-foot by 150-foot lawn. The swath
he cuts is 28 inches wide, but he overlaps each cut by 4 inches to make sure that
no grass is missed. He walks at the rate of 5000 feet per hour while pushing
the mower. Which of the following is closest to the number of hours it will take
Moe to mow his lawn?

(A) 0.75 (B) 0.8 (C) 1.35 (D) 1.5 (E) 3
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6. Many television screens are rectangles that are measured by the length of their
diagonals. The ratio of the horizontal length to the height in a standard tele-
vision screen is 4 : 3. The horizontal length of a “27-inch” television screen is
closest, in inches, to which of the following?

Di
ag
on
al

H
e
i
g
h
t

Length

(A) 20 (B) 20.5 (C) 21 (D) 21.5 (E) 22

7. The symbolism bxc denotes the largest integer not exceeding x. For example,
b3c = 3, and b9/2c = 4. Compute

b
√
1c + b

√
2c + b

√
3c + · · · + b

√
16c.

(A) 35 (B) 38 (C) 40 (D) 42 (E) 136

8. The second and fourth terms of a geometric sequence are 2 and 6. Which of the
following is a possible first term?

(A) −
√
3 (B) −2

√
3

3
(C) −

√
3

3
(D)

√
3 (E) 3

9. Find the value of x that satisfies the equation

25−2 =
548/x

526/x · 2517/x
.

(A) 2 (B) 3 (C) 5 (D) 6 (E) 9

10. Nebraska, the home of the AMC, changed its license plate scheme. Each old
license plate consisted of a letter followed by four digits. Each new license plate
consists of three letters followed by three digits. By how many times is the
number of possible license plates increased?

(A)
26

10
(B)

262

102
(C)

262

10
(D)

263

103
(E)

263

102

11. A line with slope 3 intersects a line with slope 5 at the point (10, 15). What is
the distance between the x-intercepts of these two lines?

(A) 2 (B) 5 (C) 7 (D) 12 (E) 20
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12. Al, Betty, and Clare split $1000 among them to be invested in different ways.
Each begins with a different amount. At the end of one year they have a total
of $1500. Betty and Clare have both doubled their money, whereas Al has
managed to lose $100. What was Al’s original portion?

(A) $250 (B) $350 (C) $400 (D) $450 (E) $500

13. Let ♣(x) denote the sum of the digits of the positive integer x. For example,
♣(8) = 8 and ♣(123) = 1 + 2 + 3 = 6. For how many two-digit values of x
is ♣(♣(x)) = 3?

(A) 3 (B) 4 (C) 6 (D) 9 (E) 10

14. Given that 38 ·52 = ab, where both a and b are positive integers, find the smallest
possible value for a+ b.

(A) 25 (B) 34 (C) 351 (D) 407 (E) 900

15. There are 100 players in a singles tennis tournament. The tournament is single
elimination, meaning that a player who loses a match is eliminated. In the first
round, the strongest 28 players are given a bye, and the remaining 72 players
are paired off to play. After each round, the remaining players play in the next
round. The match continues until only one player remains unbeaten. The total
number of matches played is

(A) a prime number (B) divisible by 2 (C) divisible by 5

(D) divisible by 7 (E) divisible by 11

16. A restaurant offers three desserts, and exactly twice as many appetizers as main
courses. A dinner consists of an appetizer, a main course, and a dessert. What
is the least number of main courses that the restaurant should offer so that a
customer could have a different dinner each night in the year 2003?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

17. An ice cream cone consists of a sphere of vanilla ice cream and a right circular
cone that has the same diameter as the sphere. If the ice cream melts, it will
exactly fill the cone. Assume that the melted ice cream occupies 75% of the
volume of the frozen ice cream. What is the ratio of the cone’s height to its
radius? (Note: A cone with radius r and height h has volume πr2h/3, and a
sphere with radius r has volume 4πr3/3.)

(A) 2 : 1 (B) 3 : 1 (C) 4 : 1 (D) 16 : 3 (E) 6 : 1
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18. What is the largest integer that is a divisor of

(n+ 1)(n+ 3)(n+ 5)(n+ 7)(n+ 9)

for all positive even integers n?

(A) 3 (B) 5 (C) 11 (D) 15 (E) 165

19. Three semicircles of radius 1 are constructed on diameter AB of a semicircle of
radius 2. The centers of the small semicircles divide AB into four line segments
of equal length, as shown. What is the area of the shaded region that lies within
the large semicircle but outside the smaller semicircles?

1 2 1
� �

(A) π −
√
3 (B) π −

√
2 (C)

π +
√
2

2
(D)

π +
√
3

2

(E)
7

6
π −

√
3

2

20. In rectangle ABCD, AB = 5 and BC = 3. Points F and G are on CD so
that DF = 1 and GC = 2. Lines AF and BG intersect at E. Find the area of
4AEB.

A

F G
D

E

B

3 3

21

5

C

(A) 10 (B)
21

2
(C) 12 (D)

25

2
(E) 15
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21. A bag contains two red beads and two green beads. You reach into the bag and
pull out a bead, replacing it with a red bead regardless of the color you pulled
out. What is the probability that all beads in the bag are red after three such
replacements?

(A)
1

8
(B)

5

32
(C)

9

32
(D)

3

8
(E)

7

16

22. A clock chimes once at 30 minutes past each hour and chimes on the hour
according to the hour. For example, at 1 PM there is one chime and at noon
and midnight there are twelve chimes. Starting at 11:15 AM on February 26,
2003, on what date will the 2003rd chime occur?

(A) March 8 (B) March 9 (C) March 10 (D) March 20

(E) March 21

23. A regular octagon ABCDEFGH has an area of one square unit. What is the
area of the rectangle ABEF?

A B

C

D

EF

G

H

(A) 1 −
√
2

2
(B)

√
2

4
(C)

√
2 − 1 (D)

1

2
(E)

1 +
√
2

4

24. The first four terms in an arithmetic sequence are x+ y, x− y, xy, and x/y, in
that order. What is the fifth term?

(A) −15

8
(B) −6

5
(C) 0 (D)

27

20
(E)

123

40

25. How many distinct four-digit numbers are divisible by 3 and have 23 as their
last two digits?

(A) 27 (B) 30 (C) 33 (D) 81 (E) 90
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2.	 Your	PRINCIPAL	or	VICE	PRINCIPAL	must	sign	the	Certification	Form	
B	found	in	the	Teachers’	Manual.
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 Solutions Pamphlet

Wednesday, FEBRUARY 26, 2003

This Pamphlet gives at least one solution for each problem on this year’s contest and 
shows that all problems can be solved without the use of  a calculator.  When more than 
one solution  is provided, this is done to illustrate a significant contrast in methods, 
e.g., algebraic vs geometric, computational vs conceptual, elementary vs advanced.  
These solutions are by no means the only ones possible, nor are they superior to others 
the reader may devise.
We hope that teachers will inform their students about these solutions, both as 
illustrations of the kinds of ingenuity needed to solve nonroutine problems and as 
examples of good mathematical exposition.  However, the publication, reproduction, 
or communication of the problems or solutions of the AMC 10  during the period when 
students are eligible to participate seriously jeopardizes the integrity of the results.  
Duplication at any time via copier, phone, email, the Web or media of any type is a 
violation of the copyright law.

Correspondence about the problems and solutions should be addressed to:
Prof. Douglas Faires

Department of Mathematics
Youngstown State University

Youngstown, OH  44555-0001
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1. (C) We have

2− 4 + 6− 8 + 10− 12 + 14

3− 6 + 9− 12 + 15− 18 + 21
=

2(1− 2 + 3− 4 + 5− 6 + 7)

3(1− 2 + 3− 4 + 5− 6 + 7)
=

2

3
.

2. (D) The cost of each day’s pills is 546/14 = 39 dollars. If x denotes the cost of
one green pill, then x+ (x− 1) = 39, so x = 20.

3. (B) Let n be the smallest of the even integers. Since

1 + 3 + 5 + 7 + 9 + 11 + 13 + 15 = 64,

we have

60 = n+ (n+ 2) + (n+ 4) + (n+ 6) + (n+ 8) = 5n+ 20, so n = 8.

4. (A) To minimize the cost, Rose should place the most expensive flowers in the
smallest region, the next most expensive in the second smallest, etc. The areas
of the regions are shown in the figure, so the minimal total cost, in dollars, is

(3)(4) + (2.5)(6) + (2)(15) + (1.5)(20) + (1)(21) = 108.

1

5

4

20

21

4
15

6

7

3

3

56

5. (C) The area of the lawn is

90 · 150 = 13,500 ft2.

Moe cuts about two square feet for each foot he pushes the mower forward, so
he cuts 2(5000) = 10,000 ft2 per hour. Therefore, it takes about 13,500

10,000 = 1.35
hours.

6. (D) The height, length, and diagonal are in the ratio 3 : 4 : 5. The length of the
diagonal is 27, so the horizontal length is

4

5
(27) = 21.6 inches.
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7. (B) The first three values in the sum are 1, the next five are 2, the next seven
are 3, and the final one is 4 for a total of

3 · 1 + 5 · 2 + 7 · 3 + 1 · 4 = 38.

8. (B) Let the sequence be denoted a, ar, ar2, ar3, . . ., with ar = 2 and ar3 = 6.

Then r2 = 3 and r =
√
3 or r = −

√
3. Therefore a = 2

√
3

3 or a = − 2
√

3
3 .

9. (B) Write all the terms with the common base 5. Then

5−4 = 25−2 =
548/x

526/x · 2517/x
=

548/x

526/x · 534/x
= 5(48−26−34)/x = 5−12/x.

It follows that − 12
x = −4, so x = 3.

OR

First write 25 as 52. Raising both sides to the x power gives

5−4x =
548

526534
= 548−26−34 = 5−12.

So −4x = −12 and x = 3.

10. (C) In the old scheme 26×104 different plates could be constructed. In the new
scheme 263 × 103 different plates can be constructed. There are

263 × 103

26× 104
=

262

10

times as many possible plates with the new scheme.

11. (A) The two lines have equations

y − 15 = 3(x− 10) and y − 15 = 5(x− 10).

The x-intercepts, obtained by setting y = 0 in the respective equations, are 5
and 7. The distance between the points (5, 0) and (7, 0) is 2.

12. (C) Denote the original portions for Al, Betty, and Clare as a, b, and c, respec-
tively. Then

a+ b+ c = 1000 and a− 100 + 2(b+ c) = 1500.

Substituting b+ c = 1000− a in the second equation, we have

a− 100 + 2(1000− a) = 1500.

This yields a = 400, which is Al’s original portion.

Note that although we know that b + c = 600, we have no way of determining
either b or c.
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13. (E) Let y = ♣(x). Since x ≤ 99, we have y ≤ 18. Thus if ♣(y) = 3, then y = 3
or y = 12. The 3 values of x for which ♣(x) = 3 are 12, 21, and 30, and the 7
values of x for which ♣(x) = 12 are 39, 48, 57, 66, 75, 84, and 93. There are 10
values in all.

14. (D) Since a must be divisible by 5, and 38 · 52 is divisible by 52, but not by 53,
we have b ≤ 2. If b = 1, then

ab = (3852)1 = (164, 025)1 and a+ b = 164, 026.

If b = 2, then
ab = (345)2 = 4052 so a+ b = 407,

which is the smallest value.

15. (E) In the first round 100 − 64 = 36 players are eliminated, one per match. In
the second round there are 32 matches, in the third 16, then 8, 4, 2, and 1. The
total number of matches is:

36 + 32 + 16 + 8 + 4 + 2 + 1 = 99.

Note that 99 is divisible by 11, but 99 does not satisfy any of the other conditions
given as answer choices.

OR

In each match, precisely one player is eliminated. Since there were 100 players
in the tournament and all but one is eliminated, there must be 99 matches.

16. (E) Let m denote the number of main courses needed to meet the requirement.
Then the number of dinners available is 3 ·m · 2m = 6m2. Thus m2 must be at
least 365/6 ≈ 61. Since 72 = 49 < 61 < 64 = 82, 8 main courses is enough, but
7 is not.

17. (B) Let r be the radius of the sphere and cone, and let h be the height of the
cone. Then the conditions of the problem imply that

3

4

(

4

3
πr3

)

=
1

3
πr2h, so h = 3r.

Therefore, the ratio of h to r is 3 : 1.

18. (D) Among five consecutive odd numbers, at least one is divisible by 3 and
exactly one is divisible by 5, so the product is always divisible by 15. The
cases n = 2, n = 10, and n = 12 demonstrate that no larger common divisor is
possible, since 15 is the greatest common divisor of 3 ·5 ·7 ·9 ·11, 11 ·13 ·15 ·17 ·19,
and 13 · 15 · 17 · 19 · 21.

19. (E) The area of the larger semicircle is

1

2
π (2)2 = 2π.
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The region deleted from the larger semicircle consists of five congruent sectors
and two equilateral triangles. The area of each of the sectors is

1

6
π (1)2 =

π

6

and the area of each triangle is

1

2
· 1 ·

√
3

2
=

√
3

4
,

so the area of the shaded region is

2π − 5 · π
6
− 2 ·

√
3

4
=

7

6
π −

√
3

2
.

1 1 1 1
� �

20. (D) Let H be the foot of the perpendicular from E to DC. Since CD = AB = 5,
FG = 2, and 4FEG is similar to 4AEB, we have

EH

EH + 3
=

2

5
, so 5EH = 2EH + 6,

and EH = 2. Hence

Area(4AEB) = 1

2
(2 + 3) · 5 = 25

2
.

A

D
F GH

E

B

3 3

21

5

C

OR
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Let I be the foot of the perpendicular from E to AB. Since

4EIA is similar to 4ADF and 4EIB is similar to 4BCG,

we have
AI

EI
=

1

3
and

5−AI

EI
=

2

3
.

A
A

D

I
I AI

E

F G

B

3 3

21

5

C

2

Adding gives 5/EI = 1, so EI = 5. The area of the triangle is
1

2
· 5 · 5 = 25

2
.

21. (C) The beads will all be red at the end of the third draw precisely when two
green beads are chosen in the three draws. If the first bead drawn is green, then
there will be one green and three red beads in the bag before the second draw.
So the probability that green beads are drawn in the first two draws is

1

2
· 1
4
=

1

8
.

The probability that a green bead is chosen, then a red bead, and then a green
bead, is

1

2
· 3
4
· 1
4
=

3

32
.

Finally, the probability that a red bead is chosen then two green beads is

1

2
· 1
2
· 1
4
=

1

16
.

The sum of these probabilities is

1

8
+

3

32
+

1

16
=

9

32
.

22. (B) In any twelve-hour period, there are 12 half-hour chimes and 1+2+3+ . . .+
12 = 78 on-the-hour chimes. Hence, a twelve-hour period results in 90 chimes.
Dividing 2003 by 90 yields a quotient of 22.25. Therefore the 2003rd chime will
occur a little more than 11 days later, on March 9.
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23. (D) Let O be the intersection of the diagonals of ABEF . Since the octagon
is regular, 4AOB has area 1/8. Since O is the midpoint of AE, 4OAB and
4BOE have the same area. Thus 4ABE has area 1/4, so ABEF has area 1/2.

A B

C

O
D

EF

G

H



OR

Let O be the intersection of the diagonals of the square IJKL. Rectangles
ABJI, JCDK, KEFL, and LGHI are congruent. Also IJ = AB = AH, so
the right isosceles triangles 4AIH and 4JOI are congruent. By symmetry,
the area in the center square IJKL is the sum of the areas of 4AIH, 4CJB,
4EKD, and 4GLF . Thus the area of rectangle ABEF is half the area of the
octagon.

A

I J

KL

B

C

D

EF

G

H

O



24. (E) Since the difference of the first two terms is −2y, the third and fourth terms
of the sequence must be x− 3y and x− 5y. Thus

x− 3y = xy and x− 5y =
x

y
,

so xy − 5y2 = x. Combining these equations we obtain

(x− 3y)− 5y2 = x and, therefore, − 3y − 5y2 = 0.

Since y cannot be 0, we have y = −3/5, and it follows that x = −9/8. The fifth
term in the sequence is x− 7y = 123/40.

25. (B) A number is divisible by 3 if and only if the sum of its digits is divisible
by 3. So a four-digit number ab23 is divisible by 3 if and only if the two-digit
number ab leaves a remainder of 1 when divided by 3. There are 90 two-digit
numbers, of which 90/3 = 30 leave a remainder of 1 when divided by 3.
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Tuesday, FEBRUARY10, 2004

Contest A
The MATHEMATICAL ASSOCIATION OF AMERICA
American Mathematics Competitions

5th Annual American Mathematics Contest 10

AMC 10

1.   DO NOT OPEN THIS BOOKLET UNTIL TOLD TO DO SO BY YOUR PROC-
TOR.

2. This is a twenty-five question, multiple choice test. Each question is followed by 
answers marked A,B,C,D and E. Only one of these is correct.

3. The answers to the problems are to be marked on the AMC 10 Answer Form with a 
#2 pencil. Check the blackened circles for accuracy and erase errors and stray marks 
completely. Only answers properly marked on the answer form will be graded.

4. SCORING:  You will receive 6 points for each correct answer, 2.5 points for each 
problem left unanswered, and 0 points for each incorrect answer.

5. No aids are permitted other than scratch paper, graph paper, ruler, compass, protractor, 
erasers and calculators that are accepted for use on the SAT. No problems on the test 
will require the use of a calculator.

6. Figures are not necessarily drawn to scale.

7. Before beginning the test, your proctor will ask you to record certain information on 
the answer form.  When your proctor gives the signal, begin working the problems. 
You will have 75 MINUTES working time to complete the test.

8. When you finish the exam, sign your name in the space provided on the Answer 
Form.
Students who score 120 or above or finish in the top 1% on this AMC 10 will be invited to take 
the 22nd annual American Invitational Mathematics Examination (AIME) on Tuesday, March 
23, 2004 or on Tuesday, April 6, 2004.  More details about the AIME and other information 
are on the back page of this test booklet.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine students 
before deciding whether to grant official status to their scores. The CAMC also reserves the right to disqualify 
all scores from a school if it is determined that the required security procedures were not followed.

The publication, reproduction, or communication of the problems or solutions of the AMC 10 during the period 
when students are eligible to participate seriously jeopardizes the integrity of the results.  Duplication at any time 
via copier, telephone, eMail, World Wide Web or media of any type is a violation of the copyright law.
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1. You and five friends need to raise $1500 in donations for a charity, dividing the
fundraising equally. How many dollars will each of you need to raise?

(A) 250 (B) 300 (C) 1500 (D) 7500 (E) 9000

2. For any three real numbers a, b, and c, with b 6= c, the operation ¶ is defined by

¶(a, b, c) =
a

b − c
.

What is ¶ (¶(1, 2, 3),¶(2, 3, 1),¶(3, 1, 2))?

(A) −1

2
(B) −1

4
(C) 0 (D)

1

4
(E)

1

2

3. Alicia earns $20 per hour, of which 1.45% is deducted to pay local taxes. How
many cents per hour of Alicia’s wages are used to pay local taxes?

(A) 0.0029 (B) 0.029 (C) 0.29 (D) 2.9 (E) 29

4. What is the value of x if |x − 1| = |x − 2|?

(A) −1

2
(B)

1

2
(C) 1 (D)

3

2
(E) 2

5. A set of three points is chosen randomly from the grid shown. Each three-point
set has the same probability of being chosen. What is the probability that the
points lie on the same straight line?

(A)
1

21
(B)

1

14
(C)

2

21
(D)

1

7
(E)

2

7

6. Bertha has 6 daughters and no sons. Some of her daughters have 6 daughters,
and the rest have none. Bertha has a total of 30 daughters and granddaughters,
and no great-granddaughters. How many of Bertha’s daughters and grand-
daughters have no daughters?

(A) 22 (B) 23 (C) 24 (D) 25 (E) 26

7. A grocer stacks oranges in a pyramid-like stack whose rectangular base is 5
oranges by 8 oranges. Each orange above the first level rests in a pocket formed
by four oranges in the level below. The stack is completed by a single row of
oranges. How many oranges are in the stack?

(A) 96 (B) 98 (C) 100 (D) 101 (E) 134
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8. A game is played with tokens according to the following rule. In each round, the
player with the most tokens gives one token to each of the other players and also
places one token into a discard pile. The game ends when some player runs out
of tokens. Players A, B, and C start with 15, 14, and 13 tokens, respectively.
How many rounds will there be in the game?

(A) 36 (B) 37 (C) 38 (D) 39 (E) 40

9. In the Figure, 6 EAB and 6 ABC are right angles, AB = 4, BC = 6, AE = 8,
and AC and BE intersect at D. What is the difference between the areas of
4ADE and 4BDC?

E

C

A B

D

8 6

4

(A) 2 (B) 4 (C) 5 (D) 8 (E) 9

10. Coin A is flipped three times and coin B is flipped four times. What is the
probability that the number of heads obtained from flipping the two fair coins
is the same?

(A)
19

128
(B)

23

128
(C)

1

4
(D)

35

128
(E)

1

2

11. A company sells peanut butter in cylindrical jars. Marketing research suggests
that using wider jars will increase sales. If the diameter of the jars is increased by
25% without altering the volume, by what percent must the height be decreased?

(A) 10 (B) 25 (C) 36 (D) 50 (E) 60

12. Henry’s Hamburger Heaven offers its hamburgers with the following condiments:
ketchup, mustard, mayonnaise, tomato, lettuce, pickles, cheese, and onions. A
customer can choose one, two, or three meat patties, and any collection of
condiments. How many different kinds of hamburgers can be ordered?

(A) 24 (B) 256 (C) 768 (D) 40, 320 (E) 120, 960

13. At a party, each man danced with exactly three women and each woman danced
with exactly two men. Twelve men attended the party. How many women
attended the party?

(A) 8 (B) 12 (C) 16 (D) 18 (E) 24
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14. The average value of all the pennies, nickels, dimes, and quarters in Paula’s
purse is 20 cents. If she had one more quarter, the average value would be 21
cents. How many dimes does she have in her purse?

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

15. Given that −4 ≤ x ≤ −2 and 2 ≤ y ≤ 4, what is the largest possible value of
(x + y)/x?

(A) −1 (B) −1

2
(C) 0 (D)

1

2
(E) 1

16. The 5 × 5 grid shown contains a collection of squares with sizes from 1 × 1 to
5 × 5. How many of these squares contain the black center square?

(A) 12 (B) 15 (C) 17 (D) 19 (E) 20

17. Brenda and Sally run in opposite directions on a circular track, starting at
diametrically opposite points. They first meet after Brenda has run 100 meters.
They next meet after Sally has run 150 meters past their first meeting point.
Each girl runs at a constant speed. What is the length of the track in meters?

(A) 250 (B) 300 (C) 350 (D) 400 (E) 500

18. A sequence of three real numbers forms an arithmetic progression with a first
term of 9. If 2 is added to the second term and 20 is added to the third term,
the three resulting numbers form a geometric progression. What is the smallest
possible value for the third term of the geometric progression?

(A) 1 (B) 4 (C) 36 (D) 49 (E) 81



5th AMC 10 A 2004 5

19. A white cylindrical silo has a diameter of 30 feet and a height of 80 feet. A red
stripe with a horizontal width of 3 feet is painted on the silo, as shown, making
two complete revolutions around it. What is the area of the stripe in square
feet?

30

80 3

A

B

(A) 120 (B) 180 (C) 240 (D) 360 (E) 480

20. Points E and F are located on square ABCD so that 4BEF is equilateral.
What is the ratio of the area of 4DEF to that of 4ABE?

D             F     C

E

A                    B

(A)
4

3
(B)

3

2
(C)

√
3 (D) 2 (E) 1 +

√
3
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21. Two distinct lines pass through the center of three concentric circles of radii 3,
2, and 1. The area of the shaded region in the diagram is 8/13 of the area of
the unshaded region. What is the radian measure of the acute angle formed by
the two lines? (Note: π radians is 180 degrees.)

(A)
π

8
(B)

π

7
(C)

π

6
(D)

π

5
(E)

π

4

22. Square ABCD has side length 2. A semicircle with diameter AB is constructed
inside the square, and the tangent to the semicircle from C intersects side AD
at E. What is the length of CE?

A B

CD

E

(A)
2 +

√
5

2
(B)

√
5 (C)

√
6 (D)

5

2
(E) 5 −

√
5

23. Circles A, B, and C are externally tangent to each other and internally tangent
to circle D. Circles B and C are congruent. Circle A has radius 1 and passes
through the center of D. What is the radius of circle B?

A

B

C

D

(A)
2

3
(B)

√
3

2
(C)

7

8
(D)

8

9
(E)

1 +
√

3

3
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24. Let a1, a2, · · · , be a sequence with the following properties.

(i) a1 = 1, and

(ii) a2n = n · an for any positive integer n.

What is the value of a2100?

(A) 1 (B) 299 (C) 2100 (D) 24950 (E) 29999

25. Three mutually tangent spheres of radius 1 rest on a horizontal plane. A sphere
of radius 2 rests on them. What is the distance from the plane to the top of the
larger sphere?

(A) 3 +

√
30

2
(B) 3 +

√
69

3
(C) 3 +

√
123

4
(D)

52

9
(E) 3 + 2

√
2
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2004
AMC 10 - Contest A

  DO NOT OPEN UNTIL
 TUESDAY, FEBRUARY 10, 2004

**Administration On An Earlier Date Will Disqualify
Your School’s Results**

1. All information (Rules and Instructions) needed to administer this  exam  is 
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1. (A) Six people are fundraising, so each must raise $1500/6 = $250.

2. (B) Because

¶(1, 2, 3) =
1

2 − 3
= −1, ¶(2, 3, 1) =

2

3 − 1
= 1, and

¶(3, 1, 2) =
3

1 − 2
= −3,

we have

¶ (¶(1, 2, 3),¶(2, 3, 1),¶(3, 1, 2)) =¶(−1, 1,−3)

=
−1

1 − (−3)
= −1

4
.

3. (E) Since $20 is 2000 cents, she pays (0.0145)(2000) = 29 cents per hour in local
taxes.

4. (D) The equation implies that either

x − 1 = x − 2 or x − 1 = −(x − 2)

The first equation has no solution, and the solution to the second equation is
x = 3/2.

OR

Since |x − a| is the distance of x from a, x must be equidistant from 1 and 2.
Hence x = 3/2.

5. (C) The number of three-point sets that can be chosen from the nine grid points
is

(

9

3

)

=
9!

3! · 6!
= 84.

Eight of these sets consist of three collinear points:
3 sets of points lie on vertical lines, 3 on horizontal lines, and 2 on diagonals.
Hence the probability is 8/84 = 2/21.

6. (E) Bertha has 30− 6 = 24 granddaughters, none of whom have any daughters.
The granddaughters are the children of 24/6 = 4 of Bertha’s daughters, so the
number of women having no daughters is 30− 4 = 26.

7. (C) There are five layers in the stack, and each of the top four layers has one
less orange in its length and width than the layer on which it rests. Hence the
total number of oranges in the stack is

5 · 8 + 4 · 7 + 3 · 6 + 2 · 5 + 1 · 4 = 100.

8. (B) After three rounds the players A, B, and C have 14, 13, and 12 tokens,
respectively. Every subsequent three rounds of play reduces each player’s supply
of tokens by one. After 36 rounds they have 3, 2, and 1 token, respectively, and
after the 37th round Player A has no tokens.
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9. (B) Let x, y, and z be the areas of 4ADE, 4BDC, and 4ABD, respectively.
The area of 4ABE is (1/2)(4)(8) = 16 = x + z, and the area of 4BAC is
(1/2)(4)(6) = 12 = y + z. The requested difference is

x − y = (x + z) − (y + z) = 16− 12 = 4.

10. (D) The result will occur when both A and B have either 0, 1, 2, or 3 heads,
and these probabilities are shown in the table.

Heads 0 1 2 3

A
1

8

3

8

3

8

1

8

B
1

16

4

16

6

16

4

16

The probability of both coins having the same number of heads is

1

8
· 1

16
+

3

8
· 4

16
+

3

8
· 6

16
+

1

8
· 4

16
=

35

128
.

11. (C) Let r, h, and V , respectively, be the radius, height, and volume of the jar
that is currently being used. The new jar will have a radius of 1.25r and volume
V . Let H be the height of the new jar. Then

πr2h = V = π(1.25r)2H, so
H

h
=

1

(1.25)2
= 0.64.

Thus H is 64% of h, so the height must be reduced by (100 − 64)% = 36%.
OR

Multiplying the diameter by 5/4 multiplies the area of the base by (5/4)2 =
25/16, so in order to keep the same volume, the height must be multiplied by
16/25. Thus the height must be decreased by 9/25, or 36%.

12. (C) A customer makes one of two choices for each condiment, to include it or
not to include it. The choices are made independently, so there are 28 = 256
possible combinations of condiments. For each of those combinations there are
three choices regarding the number of meat patties, so there are altogether
(3)(256) = 768 different kinds of hamburger.

13. (D) Because each man danced with exactly three women, there were (12)(3) =
36 pairs of men and women who danced together. Each woman had two partners,
so the number of women who attended is 36/2 = 18.
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14. (A) If n is the number of coins in Paula’s purse, then their total value is 20n
cents. If she had one more quarter, she would have n+1 coins whose total value
in cents could be expressed both as 20n + 25 and as 21(n + 1). Therefore

20n + 25 = 21(n + 1), so n = 4.

Since Paula has four coins with a total value of 80 cents, she must have three
quarters and one nickel, so the number of dimes is 0.

15. (D) Because
x + y

x
= 1 +

y

x
and

y

x
< 0,

the value is maximized when |y/x| is minimized, that is, when |y| is minimized
and |x| is maximized. So y = 2 and x = −4 gives the largest value, which is
1 + (−1/2) = 1/2.

16. (D) All of the squares of size 5 × 5, 4 × 4, and 3 × 3 contain the black square
and there are

12 + 22 + 32 = 14

of these. In addition, 4 of the 2 × 2 squares and 1 of the 1 × 1 squares contain
the black square, for a total of 14 + 4 + 1 = 19.

17. (C) When they first meet, they have run a combined distance equal to half
the length of the track. Between their first and second meetings, they run a
combined distance equal to the full length of the track. Because Brenda runs
at a constant speed and runs 100 meters before their first meeting, she runs
2(100) = 200 meters between their first and second meetings. Therefore the
length of the track is 200 + 150 = 350 meters.

18. (A) The terms of the arithmetic progression are 9, 9 + d, and 9 + 2d for some
real number d. The terms of the geometric progression are 9, 11+d, and 29+2d.
Therefore

(11 + d)2 = 9(29 + 2d) so d2 + 4d − 140 = 0.

Thus d = 10 or d = −14. The corresponding geometric progressions are 9, 21,
49 and 9, −3, 1, so the smallest possible value for the third term of the geometric
progression is 1.

19. (C) If the stripe were cut from the silo and spread flat, it would form a paral-
lelogram 3 feet wide and 80 feet high. So the area of the stripe is 3(80) = 240
square feet.



Solutions 2004 5th AMC 10 A 5

20. (D) First, assume that AB = 1, and let ED = DF = x. By the Pythagorean
Theorem x2 + x2 = EF 2 = EB2 = 12 + (1 − x)2, so x2 = 2(1 − x). Hence the
desired ratio of the areas is

Area(4DEF )

Area(4ABE)
=

x2

1 − x
= 2.

21. (B) Let θ be the acute angle between the two lines. The area of shaded Region
1 in the diagram is

2

(

1

2
θ(1)2

)

= θ.

��

�

��

�

θ

The area of shaded Region 2 is

2

(

1

2
(π − θ)(22 − 12)

)

= 3π − 3θ.

The area of shaded Region 3 is

2

(

1

2
θ(32 − 22)

)

= 5θ.

Hence the total area of the shaded regions is 3π + 3θ. The area bounded by the
largest circle is 9π, so

3π + 3θ

9π
=

8

8 + 13
.

Solving for θ gives θ = π/7.
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22. (D) Let F be the point at which CE is tangent to the semicircle, and let G be
the midpoint of AB. Because CF and CB are both tangents to the semicircle,
CF = CB = 2. Similarly, EA = EF . Let x = AE. The Pythagorean Theorem
applied to 4CDE gives

(2 − x)2 + 22 = (2 + x)2.

It follows that x = 1/2 and CE = 2 + x = 5/2.

A B

CD

E

F

G

23. (D) Let E, H , and F be the centers of circles A, B, and D, respectively, and let
G be the point of tangency of circles B and C. Let x = FG and y = GH . Since
the center of circle D lies on circle A and the circles have a common point of
tangency, the radius of circle D is 2, which is the diameter of circle A. Applying
the Pythagorean Theorem to right triangles EGH and FGH gives

(1 + y)2 = (1 + x)2 + y2 and (2 − y)2 = x2 + y2,

from which it follows that

y = x +
x2

2
and y = 1 − x2

4
.

The solutions of this system are (x, y) = (2/3, 8/9) and (x, y) = (−2, 0). The
radius of circle B is the positive solution for y, which is 8/9.

1

1

y

y

y
H

G
E F x

2-y
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24. (D) Note that

a21 = a2 = a2·1 = 1 · a1 = 20 · 20 = 20,

a22 = a4 = a2·2 = 2 · a2 = 21 · 20 = 21,

a23 = a8 = a2·4 = 4 · a4 = 22 · 21 = 21+2,

a24 = a16 = a2·8 = 8 · a8 = 23 · 21+2 = 21+2+3,

and, in general, a2n = 21+2+···+(n−1). Because

1 + 2 + 3 + · · · + (n − 1) =
1

2
n(n − 1),

we have a2100 = 2(100)(99)/2 = 24950.

25. (B) Let A, B, C and E be the centers of the three small spheres and the large
sphere, respectively. Then 4ABC is equilateral with side length 2. If D is the
intersection of the medians of 4ABC, then E is directly above D. Because
AE = 3 and AD = 2

√
3/3, it follows that

DE =

√

√

√

√32 −
(

2
√

3

3

)2

=

√
69

3
.

Because D is 1 unit above the plane and the top of the larger sphere is 2 units
above E, the distance from the plane to the top of the larger sphere is

3 +

√
69

3
.

AB

C

D

11
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#2 pencil. Check the blackened circles for accuracy and erase errors and stray marks 
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will require the use of a calculator.

6. Figures are not necessarily drawn to scale.

7. Before beginning the test, your proctor will ask you to record certain information on 
the answer form.  When your proctor gives the signal, begin working the problems. 
You will have 75 MINUTES working time to complete the test.

8. When you finish the exam, sign your name in the space provided on the Answer 
Form.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine students 
before deciding whether to grant official status to their scores. The CAMC also reserves the right to disqualify 
all scores from a school if it is determined that the required security procedures were not followed.

The publication, reproduction, or communication of the problems or solutions of the AMC 10 during the period 
when students are eligible to participate seriously jeopardizes the integrity of the results.  Duplication at any time 
via copier, telephone, eMail, World Wide Web or media of any type is a violation of the copyright law.

Students who score 120 or above or finish in the top 1% on this AMC 10 will be invited to take 
the 22nd annual American Invitational Mathematics Examination (AIME) on Tuesday, March 
23, 2004 or on Tuesday, April 6, 2004.  More details about the AIME and other information 
are on the back page of this test booklet.
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1. Each row of the Misty Moon Amphitheater has 33 seats. Rows 12 through 22
are reserved for a youth club. How many seats are reserved for this club?

(A) 297 (B) 330 (C) 363 (D) 396 (E) 726

2. How many two-digit positive integers have at least one 7 as a digit?

(A) 10 (B) 18 (C) 19 (D) 20 (E) 30

3. At each basketball practice last week, Jenny made twice as many free throws
as she made at the previous practice. At her fifth practice she made 48 free
throws. How many free throws did she make at the first practice?

(A) 3 (B) 6 (C) 9 (D) 12 (E) 15

4. A standard six-sided die is rolled, and P is the product of the five numbers that
are visible. What is the largest number that is certain to divide P ?

(A) 6 (B) 12 (C) 24 (D) 144 (E) 720

5. In the expression c ·ab−d, the values of a, b, c, and d are 0, 1, 2, and 3, although
not necessarily in that order. What is the maximum possible value of the result?

(A) 5 (B) 6 (C) 8 (D) 9 (E) 10

6. Which of the following numbers is a perfect square?

(A) 98! · 99! (B) 98! · 100! (C) 99! · 100! (D) 99! · 101! (E) 100! · 101!

7. On a trip from the United States to Canada, Isabella took d U.S. dollars. At
the border she exchanged them all, receiving 10 Canadian dollars for every 7
U.S. dollars. After spending 60 Canadian dollars, she had d Canadian dollars
left. What is the sum of the digits of d?

(A) 5 (B) 6 (C) 7 (D) 8 (E) 9

8. Minneapolis-St. Paul International Airport is 8 miles southwest of downtown
St. Paul and 10 miles southeast of downtown Minneapolis. Which of the follow-
ing is closest to the number of miles between downtown St. Paul and downtown
Minneapolis?

(A) 13 (B) 14 (C) 15 (D) 16 (E) 17

9. A square has sides of length 10, and a circle centered at one of its vertices has
radius 10. What is the area of the union of the regions enclosed by the square
and the circle?

(A) 200 + 25π (B) 100 + 75π (C) 75 + 100π (D) 100 + 100π (E) 100 + 125π

10. A grocer makes a display of cans in which the top row has one can and each
lower row has two more cans than the row above it. If the display contains 100
cans, how many rows does it contain?

(A) 5 (B) 8 (C) 9 (D) 10 (E) 11
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11. Two eight-sided dice each have faces numbered 1 through 8. When the dice are
rolled, each face has an equal probability of appearing on the top. What is the
probability that the product of the two top numbers is greater than their sum?

(A)
1

2
(B)

47

64
(C)

3

4
(D)

55

64
(E)

7

8

12. An annulus is the region between two concentric circles. The concentric circles
in the figure have radii b and c, with b > c. Let OX be a radius of the larger
circle, let XZ be tangent to the smaller circle at Z, and let OY be the radius
of the larger circle that contains Z. Let a = XZ, d = Y Z, and e = XY . What
is the area of the annulus?

(A) πa2 (B) πb2 (C) πc2 (D) πd2 (E) πe2

�

��

� �

�

�

�

�

13. In the United States, coins have the following thicknesses: penny, 1.55 mm;
nickel, 1.95 mm; dime, 1.35 mm; quarter, 1.75 mm. If a stack of these coins is
exactly 14 mm high, how many coins are in the stack?

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11

14. A bag initially contains red marbles and blue marbles only, with more blue than
red. Red marbles are added to the bag until only 1/3 of the marbles in the
bag are blue. Then yellow marbles are added to the bag until only 1/5 of the
marbles in the bag are blue. Finally, the number of blue marbles in the bag is
doubled. What fraction of the marbles now in the bag are blue?

(A)
1

5
(B)

1

4
(C)

1

3
(D)

2

5
(E)

1

2

15. Patty has 20 coins consisting of nickels and dimes. If her nickels were dimes and
her dimes were nickels, she would have 70 cents more. How much are her coins
worth?

(A) $1.15 (B) $1.20 (C) $1.25 (D) $1.30 (E) $1.35
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16. Three circles of radius 1 are externally tangent to each other and internally
tangent to a larger circle. What is the radius of the large circle?

(A)
2 +

√
6

3
(B) 2 (C)

2 + 3
√

2

3
(D)

3 + 2
√

3

3
(E)

3 +
√

3

2

17. The two digits in Jack’s age are the same as the digits in Bill’s age, but in reverse
order. In five years Jack will be twice as old as Bill will be then. What is the
difference in their current ages?

(A) 9 (B) 18 (C) 27 (D) 36 (E) 45

18. In right triangle 4ACE, we have AC = 12, CE = 16, and EA = 20. Points
B, D, and F are located on AC, CE, and EA, respectively, so that AB = 3,
CD = 4, and EF = 5. What is the ratio of the area of 4BDF to that of
4ACE?

�

�

� � �

�

�

�

�
	

	

�
��

(A)
1

4
(B)

9

25
(C)

3

8
(D)

11

25
(E)

7

16

19. In the sequence 2001, 2002, 2003, . . ., each term after the third is found by
subtracting the previous term from the sum of the two terms that precede that
term. For example, the fourth term is 2001 + 2002− 2003 = 2000. What is the
2004th term in this sequence?

(A) −2004 (B) −2 (C) 0 (D) 4003 (E) 6007
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20. In 4ABC points D and E lie on BC and AC, respectively. If AD and BE
intersect at T so that AT/DT = 3 and BT/ET = 4, what is CD/BD?

�

�

���

�

(A)
1

8
(B)

2

9
(C)

3

10
(D)

4

11
(E)

5

12

21. Let 1, 4, . . . and 9, 16, . . . be two arithmetic progressions. The set S is the union
of the first 2004 terms of each sequence. How many distinct numbers are in S?

(A) 3722 (B) 3732 (C) 3914 (D) 3924 (E) 4007

22. A triangle with sides of 5, 12, and 13 has both an inscribed and a circumscribed
circle. What is the distance between the centers of those circles?

(A)
3
√

5

2
(B)

7

2
(C)

√
15 (D)

√
65

2
(E)

9

2

23. Each face of a cube is painted either red or blue, each with probability 1/2. The
color of each face is determined independently. What is the probability that the
painted cube can be placed on a horizontal surface so that the four vertical faces
are all the same color?

(A)
1

4
(B)

5

16
(C)

3

8
(D)

7

16
(E)

1

2

24. In 4ABC we have AB = 7, AC = 8, and BC = 9. Point D is on the circum-
scribed circle of the triangle so that AD bisects 6 BAC. What is the value of
AD/CD?

(A)
9

8
(B)

5

3
(C) 2 (D)

17

7
(E)

5

2
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25. A circle of radius 1 is internally tangent to two circles of radius 2 at points A
and B, where AB is a diameter of the smaller circle. What is the area of the
region, shaded in the figure, that is outside the smaller circle and inside each of
the two larger circles?

�

�

� �

�

(A)
5

3
π − 3

√
2 (B)

5

3
π − 2

√
3 (C)

8

3
π − 3

√
3 (D)

8

3
π − 3

√
2

(E)
8

3
π − 2

√
3
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1. (C) There are 22 − 12 + 1 = 11 reserved rows. Because there are 33 seats in
each row, there are (33)(11) = 363 reserved seats.

2. (B) There are 10 two-digit numbers with a 7 as their 10’s digit, and 9 two-digit
numbers with 7 as their units digit. Because 77 satisfies both of these properties,
the answer is 10 + 9 − 1 = 18.

3. (A) At Jenny’s fourth practice she made 1

2
(48) = 24 free throws. At her third

practice she made 12, at her second practice she made 6, and at her first practice
she made 3.

4. (B) Since 6! = 720 = 24 ·32 ·5, the prime factors of P can consist of at most 2’s,
3’s, and 5’s. The least possible number of 2’s is two, which occurs when 4 is not
visible. The least possible number of 3’s is one, which occurs when either 3 or
6 is not visible, and the least number of 5’s is zero, when 5 is not visible. Thus
P must be divisible by 22 · 3 = 12, but not necessarily by any larger number.

5. (D) If d 6= 0, the value of the expression can be increased by interchanging 0
with the value of d. Therefore the maximum value must occur when d = 0. If
a = 1, the value is c, which is 2 or 3. If b = 1, the value is c · a = 6. If c = 1,
the value is ab, which is 23 = 8 or 32 = 9. Thus the maximum value is 9.

6. (C) Note that for m < n we have

m! · n! = (m!)2 · (m + 1) · (m + 2) · · · · · n.

Therefore m! · n! is a perfect square if and only if

(m + 1) · (m + 2) · · · · · n

is a perfect square. For the five answer choices, that quantity is

99, 99 · 100, 100, 100 · 101, and 101,

and of those only 100 is a perfect square. Therefore the answer is 99! · 100!.

7. (A) Isabella received 10d/7 Canadian dollars at the border and spent 60 of
them. Thus 10d/7− 60 = d, from which it follows that d = 140, and the sum of
the digits of d is 5.

8. (A) Let downtown St. Paul, downtown Minneapolis, and the airport be located
at S, M , and A, respectively. Then 4MAS has a right angle at A, so by the
Pythagorean Theorem,

MS =
√

102 + 82 =
√

164 ≈
√

169 = 13.

9. (B) The areas of the regions enclosed by the square and the circle are 102 = 100
and π(10)2 = 100π, respectively. One quarter of the second region is also
included in the first, so the area of the union is

100 + 100π − 25π = 100 + 75π.
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10. (D) If there are n rows in the display, the bottom row contains 2n − 1 cans.
The total number of cans is therefore the sum of the arithmetic series

1 + 3 + 5 + · · · + (2n − 1),

which is
n

2
[(2n − 1) + 1] = n2.

Thus n2 = 100, so n = 10.

11. (C) There are 8 ·8 = 64 ordered pairs that can represent the top numbers on the
two dice. Let m and n represent the top numbers on the dice. Then mn > m+n
implies that mn − m − n > 0, that is,

1 < mn − m − n + 1 = (m − 1)(n − 1).

This inequality is satisfied except when m = 1, n = 1, or when m = n = 2. There
are 16 ordered pairs (m, n) excluded by these conditions, so the probability that
the product is greater than the sum is

64− 16

64
=

48

64
=

3

4
.

12. (A) The area of the annulus is the difference between the areas of the two circles,
which is πb2 −πc2. Because the tangent XZ is perpendicular to the radius OZ,
b2 − c2 = a2, so the area is πa2.

13. (B) The height in millimeters of any stack with an odd number of coins has a
5 in the hundredth place. The height of any two coins has an odd digit in the
tenth place and a zero in the hundredth place. Therefore any stack with zeros
in both its tenth and hundredth places must consist of a number of coins that is
a multiple of 4. The highest stack of 4 coins has a height of 4(1.95) = 7.8 mm,
and the shortest stack of 12 coins has a height of 12(1.35) = 16.2 mm, so no
number other than 8 can work. Note that a stack of 8 quarters has a height of
8(1.75) = 14 mm.

14. (C) If there are initially B blue marbles in the bag, after red marbles are
added, then the total number of marbles in the bag must be 3B. Then after
the yellow marbles are added, the number of marbles in the bag must be 5B.
Finally, adding B blue marbles to the bag gives 2B blue marbles out of 6B total
marbles. Thus 1/3 of the marbles are blue.

OR

Just before the number of blue marbles is doubled, the ratio of blue marbles
to non-blue marbles is 1 to 4. Doubling the number of blue marbles makes the
ratio 2 to 4, so 1/3 of the marbles are blue.
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15. (A) Because the value of Patty’s money would increase if the dimes and nickels
were interchanged, she must have more nickels than dimes. Interchanging one
nickel for a dime increases the amount by 5 cents, so she has 70/5 = 14 more
nickels than dimes. Therefore she has

1

2
(20 − 14) = 3 dimes and 20 − 3 = 17 nickels,

and her coins are worth 3 · 10 + 17 · 5 = 115 cents = $1.15.

16. (D) Let O be the center of the large circle, let C be the center of one of the
small circles, and let OA and OB be tangent to the small circle at A and B.

�

�

�

��

�

�

By symmetry, 6 AOB = 120◦ and 6 AOC = 60◦. Thus 4AOC is a 30-60-90
degree right triangle, and AC = 1, so

OC =
2√
3
AC =

2
√

3

3
.

If OD is a radius of the large circle through C, then

OD = CD + OC = 1 +
2
√

3

3
=

3 + 2
√

3

3
.

17. (B) Let Jack’s age be 10x + y and Bill’s age be 10y + x. In five years Jack will
be twice as old as Bill. Therefore

10x + y + 5 = 2(10y + x + 5),

so 8x = 19y + 5. The expression 19y + 5 = 16y + 8 + 3(y − 1) is a multiple of 8
if and only if y − 1 is a multiple of 8. Since both x and y are 9 or less, the only
solution is y = 1 and x = 3. Thus Jack is 31 and Bill is 13, so the difference
between their ages is 18.
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18. (E) The area of 4ACE is (1/2)(12)(16) = 96. Draw FQ⊥CE. By similar
triangles, FQ = 3 and QE = 4. The area of trapezoid BCQF is (1/2)(3 +
9)(12) = 72. Since 4BCD and 4FDQ have areas 18 and 12, respectively, the
area of 4BDF is 72 − 18− 12 = 42. The desired ratio is 42/96 = 7/16.

OR

Note that each of 4ABF , 4BCD, and 4DEF has a base-altitude pair where
the base and altitude are, respectively, 3/4 and 1/4 that of a corresponding base
and altitude for 4ACE. Hence

Area of4BDF

Area of4ACE
= 1 − 3(1/4)(3/4) = 7/16.

�

�

� � �

�

�

�

�
	

	

��  �

�

19. (C) Let ak be the kth term of the sequence. For k ≥ 3,

ak+1 = ak−2 + ak−1 − ak, so ak+1 − ak−1 = −(ak − ak−2).

Because the sequence begins

2001, 2002, 2003, 2000, 2005, 1998, . . . ,

it follows that the odd-numbered terms and the even-numbered terms each form
arithmetic progressions with common differences of 2 and −2, respectively. The
2004th term of the original sequence is the 1002nd term of the sequence 2002,
2000, 1998,. . ., and that term is 2002 + 1001(−2) = 0.
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20. (D) Let F be a point on AC such that DF is parallel to BE. Let BT = 4x
and ET = x. �

�

���

�
���

�
	

Because 4ATE and 4ADF are similar, we have

DF

x
=

AD

AT
=

4

3
, and DF =

4x

3
.

Also, 4BEC and 4DFC are similar, so

CD

BC
=

DF

BE
=

4x/3

5x
=

4

15
.

Thus
CD

BD
=

CD/BC

1 − (CD/BC)
=

4/15

1− 4/15
=

4

11
.

OR

Let s = Area(4ABC). Then

Area(4TBC) =
1

4
s and Area(4ATC) =

1

5
s,

so

Area(4ATB) = Area(4ABC) − Area(4TBC) − Area(4ATC) =
11

20
s.

Hence
CD

BD
=

Area(4ADC)

Area(4ABD)
=

Area(4ATC)

Area(4ATB)
=

s/5

11s/20
=

4

11
.

21. (A) The smallest number that appears in both sequences is 16. The two se-
quences have common differences 3 and 7, whose least common multiple is 21,
so a number appears in both sequences if and only if it is in the form

16 + 21k,

where k is a nonnegative integer. Such a number is in the first 2004 terms of
both sequences if and only if

16 + 21k ≤ 1 + 2003(3) = 6010.

Thus 0 ≤ k ≤ 285, so there are 286 duplicate numbers. Therefore the number
of distinct numbers is 4008− 286 = 3722.
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22. (D) The triangle is a right triangle that can be placed in a coordinate system
with vertices at (0, 0), (5, 0), and (0, 12). The center of the circumscribed circle
is the midpoint of the hypotenuse, which is (5/2, 6).

���������
	��

��

�

��

�

� �����

�����
�
���

�
�

�

� �����

To determine the radius r of the inscribed circle notice that the hypotenuse of
the triangle is

(12 − r) + (5 − r) = 13 so r = 2.

So the center of the inscribed circle is (2, 2), and the distance between the two
centers is

√

(

5

2
− 2

)2

+ (6 − 2)2 =

√
65

2
.

23. (B) If the orientation of the cube is fixed, there are 26 = 64 possible arrange-
ments of colors on the faces. There are

2

(

6

6

)

= 2

arrangements in which all six faces are the same color and

2

(

6

5

)

= 12

arrangements in which exactly five faces have the same color. In each of these
cases the cube can be placed so that the four vertical faces have the same color.
The only other suitable arrangements have four faces of one color, with the
other color on a pair of opposing faces. Since there are three pairs of opposing
faces, there are 2(3) = 6 such arrangements. The total number of suitable
arrangements is therefore 2 + 12 + 6 = 20, and the probability is 20/64 = 5/16.
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24. (B) Suppose that AD and BC intersect at E.

�

�

C

�

�

Since 6 ADC and 6 ABC cut the same arc of the circumscribed circle, the In-
scribed Angle Theorem implies that

6 ABC = 6 ADC.

Also, 6 EAB = 6 CAD, so 4ABE is similar to 4ADC, and

AD

CD
=

AB

BE
.

By the Angle Bisector Theorem,

BE

EC
=

AB

AC
,

so

BE =
AB

AC
· EC =

AB

AC
(BC − BE) and BE =

AB · BC

AB + AC
.

Hence
AD

CD
=

AB

BE
=

AB + AC

BC
=

7 + 8

9
=

5

3
.

25. (B) The centers of the two larger circles are at A and B. Let C be the center
of the smaller circle, and let D be one of the points of intersection of the two
larger circles.

�

�

�

�

� 	



=

Then 4ACD is a right triangle with AC = 1 and AD = 2, so CD =
√

3,
6 CAD = 60◦, and the area of 4ACD is

√
3/2. The area of 1/4 of the shaded

region, as shown in the Figure, is the area of sector BAD of the circle centered
at A, minus the area of 4ACD, minus the area of 1/4 of the smaller circle.
That area is
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2

3
π −

√
3

2
− 1

4
π =

5

12
π −

√
3

2
,

so the area of the entire shaded region is

4

(

5

12
π −

√
3

2

)

=
5

3
π − 2

√
3.
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via copier, telephone, email, World Wide Web or media of any type is a violation of the competition rules.
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1. While eating out, Mike and Joe each tipped their server $2. Mike tipped 10%
of his bill and Joe tipped 20% of his bill. What was the difference, in dollars,
between their bills?

(A) 2 (B) 4 (C) 5 (D) 10 (E) 20

2. For each pair of real numbers a 6= b, define the operation ? as

(a ? b) =
a + b

a − b
.

What is the value of ((1 ? 2) ? 3) ?

(A) −2
3

(B) −1
5

(C) 0 (D)
1
2

(E) This value is not defined.

3. The equations 2x + 7 = 3 and bx − 10 = −2 have the same solution x. What is
the value of b?

(A) −8 (B) −4 (C) −2 (D) 4 (E) 8

4. A rectangle with a diagonal of length x is twice as long as it is wide. What is
the area of the rectangle?

(A)
1
4
x2 (B)

2
5
x2 (C)

1
2
x2 (D) x2 (E)

3
2
x2

5. A store normally sells windows at $100 each. This week the store is offering one
free window for each purchase of four. Dave needs seven windows and Doug
needs eight windows. How many dollars will they save if they purchase the
windows together rather than separately?

(A) 100 (B) 200 (C) 300 (D) 400 (E) 500

6. The average (mean) of 20 numbers is 30, and the average of 30 other numbers
is 20. What is the average of all 50 numbers?

(A) 23 (B) 24 (C) 25 (D) 26 (E) 27

7. Josh and Mike live 13 miles apart. Yesterday Josh started to ride his bicycle
toward Mike’s house. A little later Mike started to ride his bicycle toward Josh’s
house. When they met, Josh had ridden for twice the length of time as Mike
and at four-fifths of Mike’s rate. How many miles had Mike ridden when they
met?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
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8. In the figure, the length of side AB of square ABCD is
√

50, E is between B
and H, and BE = 1. What is the the area of the inner square EFGH ?

A B

CD

G

H
F

E

(A) 25 (B) 32 (C) 36 (D) 40 (E) 42

9. Three tiles are marked X and two other tiles are marked O. The five tiles are
randomly arranged in a row. What is the probability that the arrangement
reads XOXOX?

(A)
1
12

(B)
1
10

(C)
1
6

(D)
1
4

(E)
1
3

10. There are two values of a for which the equation 4x2 + ax+8x+9 = 0 has only
one solution for x. What is the sum of those values of a?

(A) −16 (B) −8 (C) 0 (D) 8 (E) 20

11. A wooden cube n units on a side is painted red on all six faces and then cut
into n3 unit cubes. Exactly one-fourth of the total number of faces of the unit
cubes are red. What is n?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7

12. The figure shown is called a trefoil and is constructed by drawing circular sectors
about sides of the congruent equilateral triangles. What is the area of a trefoil
whose horizontal base has length 2?

2

(A)
1
3
π +

√
3

2
(B)

2
3
π (C)

2
3
π +

√
3

4
(D)

2
3
π +

√
3

3
(E)

2
3
π +

√
3

2
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13. How many positive integers n satisfy the following condition:

(130n)50 > n100 > 2200 ?

(A) 0 (B) 7 (C) 12 (D) 65 (E) 125

14. How many three-digit numbers satisfy the property that the middle digit is the
average of the first and the last digits?

(A) 41 (B) 42 (C) 43 (D) 44 (E) 45

15. How many positive cubes divide 3! · 5! · 7! ?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

16. The sum of the digits of a two-digit number is subtracted from the number. The
units digit of the result is 6. How many two-digit numbers have this property?

(A) 5 (B) 7 (C) 9 (D) 10 (E) 19

17. In the five-sided star shown, the letters A, B, C, D, and E are replaced by the
numbers 3, 5, 6, 7, and 9, although not necessarily in this order. The sums
of the numbers at the ends of the line segments AB, BC, CD, DE, and EA
form an arithmetic sequence, although not necessarily in this order. What is
the middle term of the arithmetic sequence?

A

B

C D

E

(A) 9 (B) 10 (C) 11 (D) 12 (E) 13

18. Team A and team B play a series. The first team to win three games wins the
series. Each team is equally likely to win each game, there are no ties, and the
outcomes of the individual games are independent. If team B wins the second
game and team A wins the series, what is the probability that team B wins the
first game?

(A)
1
5

(B)
1
4

(C)
1
3

(D)
1
2

(E)
2
3
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19. Three one-inch squares are placed with their bases on a line. The center square
is lifted out and rotated 45◦, as shown. Then it is centered and lowered into
its original location until it touches both of the adjoining squares. How many
inches is the point B from the line on which the bases of the original squares
were placed?

B

B

(A) 1 (B)
√

2 (C)
3
2

(D)
√

2 +
1
2

(E) 2

20. An equiangular octagon has four sides of length 1 and four sides of length
√

2/2,
arranged so that no two consecutive sides have the same length. What is the
area of the octagon?

(A)
7
2

(B)
7
√

2
2

(C)
5 + 4

√
2

2
(D)

4 + 5
√

2
2

(E) 7

21. For how many positive integers n does 1 + 2 + · · · + n evenly divide 6n?

(A) 3 (B) 5 (C) 7 (D) 9 (E) 11

22. Let S be the set of the 2005 smallest positive multiples of 4, and let T be the set
of the 2005 smallest positive multiples of 6. How many elements are common
to S and T?

(A) 166 (B) 333 (C) 500 (D) 668 (E) 1001

23. Let AB be a diameter of a circle and C be a point on AB with 2 · AC = BC.
Let D and E be points on the circle such that DC⊥AB and DE is a second
diameter. What is the ratio of the area of 4DCE to the area of 4ABD ?

A B

E

C

D

(A)
1
6

(B)
1
4

(C)
1
3

(D)
1
2

(E)
2
3
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24. For each positive integer m > 1, let P (m) denote the greatest prime factor
of m. For how many positive integers n is it true that both P (n) =

√
n and

P (n + 48) =
√

n + 48?

(A) 0 (B) 1 (C) 3 (D) 4 (E) 5

25. In 4ABC we have AB = 25, BC = 39, and AC = 42. Points D and E are on
AB and AC respectively, with AD = 19 and AE = 14. What is the ratio of the
area of triangle ADE to the area of the quadrilateral BCED?

(A)
266
1521

(B)
19
75

(C)
1
3

(D)
19
56

(E) 1
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1. (D) Since Mike tipped $2, which was 10% = 1/10 of his bill, his bill must have
been 2 · 10 = 20 dollars. Similarly, Joe tipped $2, which was 20% = 1/5 of his
bill, so his bill must have been 2 · 5 = 10 dollars. The difference between their
bills is therefore $10.

2. (C) First we have

(1 ? 2) =
1 + 2
1 − 2

= −3.

Then
((1 ? 2) ? 3) = (−3 ? 3) =

−3 + 3
−3 − 3

=
0
−6

= 0.

3. (B) Since 2x + 7 = 3 we have x = −2. Hence

−2 = bx − 10 = −2b − 10, so 2b = −8, and b = −4.

4. (B) Let w be the width of the rectangle. Then the length is 2w, and

x2 = w2 + (2w)2 = 5w2.

The area is consequently w(2w) = 2w2 = 2
5x2.

5. (A) If Dave buys seven windows separately he will purchase six and receive one
free, for a cost of $600. If Doug buys eight windows separately, he will purchase
seven and receive one free, for a total cost of $700. The total cost to Dave
and Doug purchasing separately will be $1300. If they purchase fifteen windows
together, they will need to purchase only 12 windows, for a cost of $1200, and
will receive 3 free. This will result in a savings of $100.

6. (B) The sum of the 50 numbers is 20 · 30 + 30 · 20 = 1200. Their average is
1200/50 = 24.

7. (B) Because (rate)(time) = (distance), the distance Josh rode was (4/5)(2) =
8/5 of the distance that Mike rode. Let m be the number of miles that Mike
had ridden when they met. Then the number of miles between their houses is

13 = m +
8
5
m =

13
5

m.

Thus m = 5.

8. (C) The symmetry of the figure implies that 4ABH, 4BCE, 4CDF , and
4DAG are congruent right triangles. So

BH = CE =
√

BC2 − BE2 =
√

50 − 1 = 7,

and EH = BH − BE = 7 − 1 = 6. Hence the square EFGH has area 62 = 36.

OR

As in the first solution, BH = 7. Now note that 4ABH, 4BCE, 4CDF , and
4DAG are congruent right triangles, so

Area(EFGH) = Area(ABCD) − 4Area(4ABH) = 50 − 4
(

1
2 · 1 · 7)

= 36.
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9. (B) There are three X’s and two O’s, and the tiles are selected without replace-
ment, so the probability is

3
5
· 2
4
· 2
3
· 1
2
· 1
1

=
1
10

.

OR

The three tiles marked X are equally likely to lie in any of
(
5
3

)
= 10 positions,

so the probability of this arrangement is 1/10.

10. (A) The quadratic formula yields

x =
−(a + 8) ±

√
(a + 8)2 − 4 · 4 · 9
2 · 4 .

The equation has only one solution precisely when the value of the discriminant,
(a + 8)2 − 144, is 0. This implies that a = −20 or a = 4, and the sum is −16.

OR

The equation has one solution if and only if the polynomial is the square of
a binomial with linear term ±

√
4x2 = ±2x and constant term ±√

9 = ±3.
Because (2x ± 3)2 has a linear term ±12x, it follows that a + 8 = ±12. Thus a
is either −20 or 4, and the sum of those values is −16.

11. (B) The unit cubes have a total of 6n3 faces, of which 6n2 are red. Therefore

1
4

=
6n2

6n3
=

1
n

, so n = 4.

12. (B) The trefoil is constructed of four equilateral triangles and four circular
segments, as shown. These can be combined to form four 60◦ circular sectors.
Since the radius of the circle is 1, the area of the trefoil is

4
6

(
π · 12

)
=

2
3
π.

13. (E) The condition is equivalent to

130n > n2 > 24 = 16, so 130n > n2 and n2 > 16.

This implies that 130 > n > 4. So n can be any of the 125 integers strictly
between 130 and 4.
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14. (E) The first and last digits must be both odd or both even for their average to
be an integer. There are 5 · 5 = 25 odd-odd combinations for the first and last
digits. There are 4 · 5 = 20 even-even combinations that do not use zero as the
first digit. Hence the total is 45.

15. (E) Written as a product of primes, we have

3! · 5! · 7! = 28 · 34 · 52 · 7.

A cube that is a factor has a prime factorization of the form 2p ·3q ·5r ·7s, where
p, q, r, and s are all multiples of 3. There are 3 possible values for p, which are
0, 3, and 6. There are 2 possible values for q, which are 0 and 3. The only value
for r and for s is 0. Hence there are 6 = 3 · 2 · 1 · 1 distinct cubes that divide
3! · 5! · 7!. They are

1 =20305070, 8 = 23305070, 27 = 20335070,

64 =26305070, 216 = 23335070, and 1728 = 26335070.

16. (D) Let 10a+ b be the two-digit number. When a+ b is subtracted the result is
9a. The only two-digit multiple of 9 that ends in 6 is 9 · 4 = 36, so a = 4. The
ten numbers between 40 and 49, inclusive, have this property.

17. (D) Each number appears in two sums, so the sum of the sequence is

2(3 + 5 + 6 + 7 + 9) = 60.

The middle term of a five-term arithmetic sequence is the mean of its terms, so
60/5 = 12 is the middle term.

The figure shows an arrangement of the five numbers that meets the requirement.

5

3 6

9

7

10
11 12

13
14

18. (A)

There are four possible outcomes,

ABAA, ABABA, ABBAA, and BBAAA,

but they are not equally likely. This is because, in general, the probability of
any specific four-game series is (1/2)4 = 1/16, whereas the probability of any
specific five-game series is (1/2)4 = 1/32. Thus the first listed outcome is twice
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as likely as each of the other three. Let p be the probability of the occurrence
ABBAA. Then the probability of ABABA is also p, as is the probability of
BBAAA, whereas the probability of ABAA is 2p. So

2p + p + p + p = 1, and p =
1
5
.

The only outcome in which team B wins the first game is BBAAA, so the
probability of this occurring is 1/5.

OR

To consider equally-likely cases, suppose that all five games are played, even if
team A has won the series before the fifth game. Then the possible ways that
team A can win the series, given that team B wins the second game, are

BBAAA, ABBAA, ABABA, ABAAB, and ABAAA.

In only the first case does team B win the first game, so the probability of this
occurring is 1/5.

19. (D) Consider the rotated middle square shown in the figure. It will drop until
length DE is 1 inch. Thus

FC = DF = FE =
1
2

and BC =
√

2.

Hence BF =
√

2 − 1/2. This is added to the 1 inch height of the supporting
squares, so the overall height of point B above the line is

1 + BF =
√

2 +
1
2

inches.

B

C

F

D E
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20. (A) The octagon can be partitioned into five squares and four half squares, each
with side length

√
2/2, so its area is

(
5 + 4 · 1

2

) (√
2

2

)2

=
7
2
.

1

1 1

1

2

2

√

2

2

√

2

2

√

2

2

√

OR

The octagon can be obtained by removing four isosceles right triangles with legs
of length 1/2 from a square with sides of length 2. Thus its area is

22 − 4 · 1
2

(
1
2

)2

=
7
2
.

1

1

1

1

2

1

2

1

2

1

2

2

2

√2

2

√

21. (B) Because

1 + 2 + · · · + n =
n(n + 1)

2
,

1 + 2 + · · · + n divides the positive integer 6n if and only if

6n

n(n + 1)/2
=

12
n + 1

is an integer.

There are five such positive values of n, namely, 1, 2, 3, 5, and 11.
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22. (D) The sets S and T consist, respectively, of the positive multiples of 4 that
do not exceed 2005 · 4 = 8020 and the positive multiples of 6 that do not exceed
2005 · 6 = 12,030. Thus S

⋂
T , the set of numbers that are common to S and

to T , consists of the positive multiples of 12 that do not exceed 8020. Let bxc
represent the largest integer that is less than or equal to x. Then the number
of elements in the set S

⋂
T is

⌊
8020
12

⌋
=

⌊
668 +

1
3

⌋
= 668.

23. (C) Let O be the center of the circle. Each of 4DCE and 4ABD has a
diameter of the circle as a side. Thus the ratio of their areas is the ratio of the
two altitudes to the diameters. These altitudes are DC and the altitude from
C to DO in 4DCE. Let F be the foot of this second altitude. Since 4CFO is
similar to 4DCO,

CF

DC
=

CO

DO
=

AO − AC

DO
=

1
2AB − 1

3AB
1
2AB

=
1
3
,

which is the desired ratio.

A B
O

F

E

C

D

OR

Because AC = AB/3 and AO = AB/2, we have CO = AB/6. Triangles DCO
and DAB have a common altitude to AB so the area of 4DCO is 1

6 the area of
4ADB. Triangles DCO and ECO have equal areas since they have a common
base CO and their altitudes are equal. Thus the ratio of the area of 4DCE to
the area of 4ABD is 1/3.
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24. (B) The conditions imply that both n and n + 48 are squares of primes. So for
each successful value of n we have primes p and q with p2 = n + 48 and q2 = n,
and

48 = p2 − q2 = (p + q)(p − q).

The pairs of factors of 48 are

48 and 1, 24 and 2, 16 and 3, 12 and 4, and 8 and 6.

These give pairs (p, q), respectively, of
(

49
2

,
47
2

)
, (13, 11),

(
19
2

,
13
2

)
, (8, 4) , and (7, 1).

Only (p, q) = (13, 11) gives prime values for p and for q, with n = 112 = 121
and n + 48 = 132 = 169.

25. (D) We have

Area(ADE)
Area(ABE)

=
AD

AB
=

19
25

and
Area(ABE)
Area(ABC)

=
AE

AC
=

14
42

=
1
3
,

so
Area(ABC)
Area(ADE)

=
25
19

· 3
1

=
75
19

,

and
Area(BCED)
Area(ADE)

=
Area(ABC) − Area(ADE)

Area(ADE)
=

75
19

− 1 =
56
19

.

Thus
Area(ADE)

Area(BCED)
=

19
56

.

A

B

C
E

D

19

6
39

2814
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1. A scout troop buys 1000 candy bars at a price of five for $2. They sell all the
candy bars at a price of two for $1. What was their profit, in dollars?

(A) 100 (B) 200 (C) 300 (D) 400 (E) 500

2. A positive number x has the property that x% of x is 4. What is x?

(A) 2 (B) 4 (C) 10 (D) 20 (E) 40

3. A gallon of paint is used to paint a room. One third of the paint is used on the
first day. On the second day, one third of the remaining paint is used. What
fraction of the original amount of paint is available to use on the third day?

(A)
1
10

(B)
1
9

(C)
1
3

(D)
4
9

(E)
5
9

4. For real numbers a and b, define a ¦ b =
√

a2 + b2. What is the value of

(5 ¦ 12) ¦ ((−12) ¦ (−5)) ?

(A) 0 (B)
17
2

(C) 13 (D) 13
√

2 (E) 26

5. Brianna is using part of the money she earned on her weekend job to buy several
equally-priced CDs. She used one fifth of her money to buy one third of the
CDs. What fraction of her money will she have left after she buys all the CDs?

(A)
1
5

(B)
1
3

(C)
2
5

(D)
2
3

(E)
4
5

6. At the beginning of the school year, Lisa’s goal was to earn an A on at least
80% of her 50 quizzes for the year. She earned an A on 22 of the first 30 quizzes.
If she is to achieve her goal, on at most how many of the remaining quizzes can
she earn a grade lower than an A?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

7. A circle is inscribed in a square, then a square is inscribed in this circle, and
finally, a circle is inscribed in this square. What is the ratio of the area of the
smaller circle to the area of the larger square?

(A)
π

16
(B)

π

8
(C)

3π

16
(D)

π

4
(E)

π

2

8. An 8-foot by 10-foot floor is tiled with square tiles of size 1 foot by 1 foot.
Each tile has a pattern consisting of four white quarter circles of radius 1/2 foot
centered at each corner of the tile. The remaining portion of the tile is shaded.
How many square feet of the floor are shaded?

(A) 80 − 20π (B) 60 − 10π (C) 80 − 10π (D) 60 + 10π (E) 80 + 10π
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9. One fair die has faces 1, 1, 2, 2, 3, 3 and another has faces 4, 4, 5, 5, 6, 6.
The dice are rolled and the numbers on the top faces are added. What is the
probability that the sum will be odd?

(A)
1
3

(B)
4
9

(C)
1
2

(D)
5
9

(E)
2
3

10. In 4ABC, we have AC = BC = 7 and AB = 2. Suppose that D is a point on
line AB such that B lies between A and D and CD = 8. What is BD?

(A) 3 (B) 2
√

3 (C) 4 (D) 5 (E) 4
√

2

11. The first term of a sequence is 2005. Each succeeding term is the sum of the
cubes of the digits of the previous term. What is the 2005th term of the se-
quence?

(A) 29 (B) 55 (C) 85 (D) 133 (E) 250

12. Twelve fair dice are rolled. What is the probability that the product of the
numbers on the top faces is prime?

(A)
(

1
12

)12

(B)
(

1
6

)12

(C) 2
(

1
6

)11

(D)
5
2

(
1
6

)11

(E)
(

1
6

)10

13. How many numbers between 1 and 2005 are integer multiples of 3 or 4 but not
12?

(A) 501 (B) 668 (C) 835 (D) 1002 (E) 1169

14. Equilateral 4ABC has side length 2, M is the midpoint of AC, and C is the
midpoint of BD. What is the area of 4CDM?

A

B C D

M

(A)

√
2

2
(B)

3
4

(C)

√
3

2
(D) 1 (E)

√
2

15. An envelope contains eight bills: 2 ones, 2 fives, 2 tens, and 2 twenties. Two
bills are drawn at random without replacement. What is the probability that
their sum is $20 or more?

(A)
1
4

(B)
2
5

(C)
3
7

(D)
1
2

(E)
2
3

16. The quadratic equation x2 + mx + n = 0 has roots that are twice those of
x2 + px + m = 0, and none of m, n, and p is zero. What is the value of n/p?

(A) 1 (B) 2 (C) 4 (D) 8 (E) 16

17. Suppose that 4a = 5, 5b = 6, 6c = 7, and 7d = 8. What is a · b · c · d?

(A) 1 (B)
3
2

(C) 2 (D)
5
2

(E) 3
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18. All of David’s telephone numbers have the form 555–abc–defg, where a, b, c, d,
e, f, and g are distinct digits and in increasing order, and none is either 0 or 1.
How many different telephone numbers can David have?

(A) 1 (B) 2 (C) 7 (D) 8 (E) 9

19. On a certain math exam, 10% of the students got 70 points, 25% got 80 points,
20% got 85 points, 15% got 90 points, and the rest got 95 points. What is the
difference between the mean and the median score on this exam?

(A) 0 (B) 1 (C) 2 (D) 4 (E) 5

20. What is the average (mean) of all 5-digit numbers that can be formed by using
each of the digits 1, 3, 5, 7, and 8 exactly once?

(A) 48000 (B) 49999.5 (C) 53332.8 (D) 55555 (E) 56432.8

21. Forty slips are placed into a hat, each bearing a number 1, 2, 3, 4, 5, 6, 7, 8,
9, or 10, with each number entered on four slips. Four slips are drawn from the
hat at random and without replacement. Let p be the probability that all four
slips bear the same number. Let q be the probability that two of the slips bear
a number a and the other two bear a number b 6= a. What is the value of q/p?

(A) 162 (B) 180 (C) 324 (D) 360 (E) 720

22. For how many positive integers n less than or equal to 24 is n! evenly divisible
by 1 + 2 + · · · + n?

(A) 8 (B) 12 (C) 16 (D) 17 (E) 21

23. In trapezoid ABCD we have AB parallel to DC, E as the midpoint of BC,
and F as the midpoint of DA. The area of ABEF is twice the area of FECD.
What is AB/DC?

(A) 2 (B) 3 (C) 5 (D) 6 (E) 8

24. Let x and y be two-digit integers such that y is obtained by reversing the digits
of x. The integers x and y satisfy x2 − y2 = m2 for some positive integer m.
What is x + y + m?

(A) 88 (B) 112 (C) 116 (D) 144 (E) 154

25. A subset B of the set of integers from 1 to 100, inclusive, has the property that
no two elements of B sum to 125. What is the maximum possible number of
elements in B?

(A) 50 (B) 51 (C) 62 (D) 65 (E) 68
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1. (A) The scouts bought 1000/5 = 200 groups of 5 candy bars at a total cost of
200 · 2 = 400 dollars. They sold 1000/2 = 500 groups of 2 candy bars for a total
of 500 · 1 = 500 dollars. Their profit was $500 − $400 = $100.

2. (D) We have
x

100
· x = 4, so x2 = 400.

Because x > 0, it follows that x = 20.

3. (D) After the first day,

1 − 1
3

=
2
3

of the paint remains. On the second day,

1
3
· 2
3

=
2
9

of the paint is used. So for the third day

1 − 1
3
− 2

9
=

4
9

of the original gallon of paint is available.

4. (D) It follows from the definition that

(5 ¦ 12) ¦ ((−12) ¦ (−5)) =
√

52 + 122 ¦
√

(−12)2 + (−5)2

=13 ¦ 13 =
√

132 + 132 = 13
√

2.

5. (C) The number of CDs that Brianna will finally buy is three times the number
she has already bought. The fraction of her money that will be required for all
the purchases is (3)(1/5) = 3/5. The fraction she will have left is 1−3/5 = 2/5.

6. (B) To earn an A on at least 80% of her quizzes, Lisa needs to receive an A on
at least (0.8)(50) = 40 quizzes. Thus she must earn an A on at least 40−22 = 18
of the remaining 20. So she can earn a grade lower than an A on at most 2 of
the remaining quizzes.

7. (B) Let the radius of the smaller circle be r. Then the side length of the smaller
square is 2r. The radius of the larger circle is half the length of the diagonal
of the smaller square, so it is

√
2r. Hence the larger square has sides of length

2
√

2r. The ratio of the area of the smaller circle to the area of the larger square
is therefore

πr2

(
2
√

2r
)2 =

π

8
.
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2 2√

2√

r

r

2
r

r

8. (A) The four white quarter circles in each tile have the same area as a whole
circle of radius 1/2, that is, π(1/2)2 = π/4 square feet. So the area of the shaded
portion of each tile is 1−π/4 square feet. Since there are 8 · 10 = 80 tiles in the
entire floor, the area of the total shaded region in square feet is

80
(
1 − π

4

)
= 80 − 20π.

9. (D) An odd sum requires either that the first die is even and the second is odd
or that the first die is odd and the second is even. The probability is

1
3
· 1
3

+
2
3
· 2
3

=
1
9

+
4
9

=
5
9
.

10. (A) Let CH be an altitude of 4ABC. Applying the Pythagorean Theorem to
4CHB and to 4CHD produces

82 − (BD + 1)2 = CH2 = 72 − 12 = 48, so (BD + 1)2 = 16.

Thus BD = 3.

A H B D

C

77

11

8

11. (E) The sequence begins 2005, 133, 55, 250, 133, . . . . Thus after the initial term
2005, the sequence repeats the cycle 133, 55, 250. Because 2005 = 1 + 3 · 668,
the 2005th term is the same as the last term of the repeating cycle, 250.
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12. (E) Exactly one die must have a prime face on top, and the other eleven must
have 1’s. The prime die can be any one of the twelve, and the prime can be
2, 3, or 5. Thus the probability of a prime face on any one die is 1/2, and the
probability of a prime product is

12
(

1
2

)(
1
6

)11

=
(

1
6

)10

.

13. (C) Between 1 and 2005, there are 668 multiples of 3, 501 multiples of 4, and
167 multiples of 12. So there are

(668 − 167) + (501 − 167) = 835

numbers between 1 and 2005 that are integer multiples of 3 or of 4 but not of
12.

14. (C) Drop MQ perpendicular to BC. Then 4MQC is a 30–60–90◦ triangle, so
MQ =

√
3/2, and the area of 4CDM is

1
2

(
2 ·

√
3

2

)
=

√
3

2
.

OR

Triangles ABC and CDM have equal bases. Because M is the midpoint of AC,
the ratio of the altitudes from M and from A is 1/2. So the area of 4CDM is
half of the area of 4ABC. Since

Area(4ABC) =
√

3
4

· 22 =
√

3, we have Area(4CDM) =
√

3
2

.

15. (D) There are (
8
2

)
=

8!
6! · 2!

= 28

ways to choose the bills. A sum of at least $20 is obtained by choosing both
$20 bills, one of the $20 bills and one of the six smaller bills, or both $10 bills.
Hence the probability is

1 + 2 · 6 + 1
28

=
14
28

=
1
2
.

16. (D) Let r1 and r2 be the roots of x2+px+m = 0. Since the roots of x2+mx+n =
0 are 2r1 and 2r2, we have the following relationships:

m = r1r2, n = 4r1r2, p = −(r1 + r2), and m = −2(r1 + r2).

So
n = 4m, p =

1
2
m, and

n

p
=

4m
1
2m

= 8.
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OR

The roots of (x

2

)2

+ p
(x

2

)
+ m = 0

are twice those of x2 + px + m = 0. Since the first equation is equivalent to
x2 + 2px + 4m = 0, we have

m = 2p and n = 4m, so
n

p
= 8.

17. (B) Because

4a·b·c·d =
((

(4a)b
)c)d

=
((

5b
)c

)d

= (6c)d = 7d = 8 = 43/2,

we have a · b · c · d = 3/2.

18. (D) The last seven digits of the phone number use seven of the eight digits
{2, 3, 4, 5, 6, 7, 8, 9}, so all but one of these digits is used. The unused digit
can be chosen in eight ways. The remaining seven digits are then placed in
increasing order to obtain a possible phone number. Thus there are 8 possible
phone numbers.

19. (B) The percentage of students getting 95 points is

100 − 10 − 25 − 20 − 15 = 30,

so the mean score on the exam is

0.10(70) + 0.25(80) + 0.20(85) + 0.15(90) + 0.30(95) = 86.

Since fewer than half of the scores were less than 85, and fewer than half of the
scores were greater than 85, the median score is 85. The difference between the
mean and the median score on this exam is 86 − 85 = 1.

20. (C) Each digit appears the same number of times in the 1’s place, the 10’s place,
. . ., and the 10,000’s place. The average of the digits in each place is

1
5
(1 + 3 + 5 + 7 + 8) =

24
5

= 4.8.

Hence the average of all the numbers is

4.8(1 + 10 + 100 + 1000 + 10000) = 4.8(11111) = 53332.8.

21. (A) The total number of ways that the numbers can be chosen is
(
40
4

)
. Exactly

10 of these possibilities result in the four slips having the same number.

Now we need to determine the number of ways that two slips can have a number
a and the other two slips have a number b, with b 6= a. There are

(
10
2

)
ways to
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choose the distinct numbers a and b. For each value of a there are
(
4
2

)
to choose

the two slips with a and for each value of b there are
(
4
2

)
to choose the two slips

with b. Hence the number of ways that two slips have some number a and the
other two slips have some distinct number b is

(
10
2

)
·
(

4
2

)
·
(

4
2

)
= 45 · 6 · 6 = 1620.

So the probabilities q and p are
10(
40
4

) and
1620(

40
4

) , respectively, which implies

that
p

q
=

1620
10

= 162.

22. (C) Since

1 + 2 + · · · + n =
n(n + 1)

2
,

the condition is equivalent to having an integer value for
n!

n(n + 1)/2
.

This reduces, when n ≥ 1, to having an integer value for

2(n − 1)!
n + 1

.

This fraction is an integer unless n+1 is an odd prime. There are 8 odd primes
less than or equal to 25, so there are 24 − 8 = 16 numbers less than or equal to
24 that satisfy the condition.

23. (C) First note that FE = (AB + DC)/2. Because trapezoids ABEF and
FECD have the same height, the ratio of their areas is equal to the ratio of the
averages of their parallel sides. Since

AB +
AB + DC

2
=

3AB + DC

2
and

AB + DC

2
+ DC =

AB + 3DC

2
,

we have

3AB + DC = 2(AB + 3DC) = 2AB + 6DC, and
AB

DC
= 5.

A B

D

E
F

C
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24. (E) By the given conditions, it follows that x > y. Let x = 10a + b and
y = 10b + a, where a > b. Then

m2 = x2 − y2 = (10a + b)2 − (10b + a)2 = 99a2 − 99b2 = 99(a2 − b2).

Since 99(a2 − b2) must be a perfect square,

a2 − b2 = (a + b)(a − b) = 11k2,

for some positive integer k. Because a and b are distinct digits, we have a− b ≤
9 − 1 = 8 and a + b ≤ 9 + 8 = 17. It follows that a + b = 11, a − b = k2, and k
is either 1 or 2.

If k = 2, then (a, b) = (15/2, 7/2), which is impossible. Thus k = 1 and
(a, b) = (6, 5). This gives x = 65, y = 56, m = 33, and x + y + m = 154.

25. (C) Several pairs of numbers from 1 to 100 sum to 125. These pairs are (25, 100),
(26, 99), . . . , (62, 63). Set B can have at most one number from each of these
62−25+1 = 38 pairs. In addition, B can contain all of the numbers 1, 2, . . . , 24
since these cannot be paired with any of the available numbers to sum to 125.
So B has at most 38+24 = 62 numbers. The set containing the first 62 positive
integers, for example, is one of these maximum sets.
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1.   DO NOT OPEN THIS BOOKLET UNTIL YOUR PROCTOR GIVES THE SIGNAL 
TO BEGIN.

2. This is a 25-question, multiple choice test. Each question is followed by answers 
marked A, B, C, D and E. Only one of these is correct.

3. Mark your answer to each problem on the AMC 10 Answer Form with a #2 pencil. 
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problem left unanswered, and 0 points for each incorrect answer.

5. No aids are permitted other than scratch paper, graph paper, ruler, compass, protractor, 
erasers and calculators that are accepted for use on the SAT. No problems on the test 
will require the use of a calculator.

6. Figures are not necessarily drawn to scale.

7. Before beginning the test, your proctor will ask you to record certain information on 
the answer form.  When your proctor gives the signal, begin working the problems. 
You will have 75 MINUTES to complete the test.

8. When you finish the exam, sign your name in the space provided on the Answer 
Form.
Students who score in the top 1% on this AMC 10 will be invited to take the 23rd annual 
American Invitational Mathematics Examination (AIME) on Tuesday, March 7, 2006 or 
Wednesday, March 22, 2006.  More details about the AIME and other information 
are on the back page of this test booklet.

The Committee on the American Mathematics Competitions (CAMC) reserves the right to re-examine students 
before deciding whether to grant official status to their scores. The CAMC also reserves the right to disqualify 
all scores from a school if it is determined that the required security procedures were not followed.

The publication, reproduction or communication of the problems or solutions of the AMC 12 during the period 
when students are eligible to participate seriously jeopardizes the integrity of the results.  Dissemination at any time 
via copier, telephone, email, World Wide Web or media of any type is a violation of the competition rules.

  Copyright © 2006, The Mathematical Association of America
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1. Sandwiches at Joe’s Fast Food cost $3 each and sodas cost $2 each. How many
dollars will it cost to purchase 5 sandwiches and 8 sodas?

(A) 31 (B) 32 (C) 33 (D) 34 (E) 35

2. Define x ⊗ y = x3 − y. What is h ⊗ (h ⊗ h) ?

(A) −h (B) 0 (C) h (D) 2h (E) h3

3. The ratio of Mary’s age to Alice’s age is 3 : 5. Alice is 30 years old. How many
years old is Mary?

(A) 15 (B) 18 (C) 20 (D) 24 (E) 50

4. A digital watch displays hours and minutes with am and pm. What is the largest
possible sum of the digits in the display?

(A) 17 (B) 19 (C) 21 (D) 22 (E) 23

5. Doug and Dave shared a pizza with 8 equally-sized slices. Doug wanted a plain
pizza, but Dave wanted anchovies on half of the pizza. The cost of a plain pizza
was $8, and there was an additional cost of $2 for putting anchovies on one
half. Dave ate all the slices of anchovy pizza and one plain slice. Doug ate the
remainder. Each then paid for what he had eaten. How many more dollars did
Dave pay than Doug?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

6. What non-zero real value for x satisfies (7x)14 = (14x)7 ?

(A)
1
7

(B)
2
7

(C) 1 (D) 7 (E) 14

7. The 8 × 18 rectangle ABCD is cut into two congruent hexagons, as shown, in
such a way that the two hexagons can be repositioned without overlap to form
a square. What is y ?

A

y

D C

B

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10

8. A parabola with equation y = x2 + bx + c passes through the points (2, 3) and
(4, 3). What is c ?

(A) 2 (B) 5 (C) 7 (D) 10 (E) 11
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9. How many sets of two or more consecutive positive integers have a sum of 15?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

10. For how many real values of x is
√

120 −√
x an integer?

(A) 3 (B) 6 (C) 9 (D) 10 (E) 11

11. Which of the following describes the graph of the equation (x + y)2 = x2 + y2 ?

(A) the empty set (B) one point (C) two lines (D) a circle

(E) the entire plane

12. Rolly wishes to secure his dog with an 8-foot rope to a square shed that is 16
feet on each side. His preliminary drawings are shown.

8

8

8

Rope
DogI

4 8

Rope
Dog

II

Which of these arrangements gives the dog the greater area to roam, and by
how many square feet?

(A) I, by 8π (B) I, by 6π (C) II, by 4π (D) II, by 8π (E) II, by 10π

13. A player pays $5 to play a game. A die is rolled. If the number on the die is
odd, the game is lost. If the number on the die is even, the die is rolled again.
In this case the player wins if the second number matches the first and loses
otherwise. How much should the player win if the game is fair? (In a fair game
the probability of winning times the amount won is what the player should pay.)

(A) $12 (B) $30 (C) $50 (D) $60 (E) $100
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14. A number of linked rings, each 1 cm thick, are hanging on a peg. The top ring
has an outside diameter of 20 cm. The outside diameter of each of the other
rings is 1 cm less than that of the ring above it. The bottom ring has an outside
diameter of 3 cm. What is the distance, in cm, from the top of the top ring to
the bottom of the bottom ring?

2018

(A) 171 (B) 173 (C) 182 (D) 188 (E) 210

15. Odell and Kershaw run for 30 minutes on a circular track. Odell runs clockwise
at 250 m/min and uses the inner lane with a radius of 50 meters. Kershaw
runs counterclockwise at 300 m/min and uses the outer lane with a radius of
60 meters, starting on the same radial line as Odell. How many times after the
start do they pass each other?

(A) 29 (B) 42 (C) 45 (D) 47 (E) 50

16. A circle of radius 1 is tangent to a circle of radius 2. The sides of 4ABC are
tangent to the circles as shown, and the sides AB and AC are congruent. What
is the area of 4ABC ?

1

2

A

B C

(A)
35
2

(B) 15
√

2 (C)
64
3

(D) 16
√

2 (E) 24
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17. In rectangle ADEH, points B and C trisect AD, and points G and F trisect
HE. In addition, AH = AC = 2. What is the area of quadrilateral WXY Z
shown in the figure?

A

Y

Z

W

H G F E

DCB

X

(A)
1
2

(B)

√
2

2
(C)

√
3

2
(D)

2
√

2
3

(E)
2
√

3
3

18. A license plate in a certain state consists of 4 digits, not necessarily distinct,
and 2 letters, also not necessarily distinct. These six characters may appear in
any order, except that the two letters must appear next to each other. How
many distinct license plates are possible?

(A) 104 · 262 (B) 103 · 263 (C) 5 · 104 · 262 (D) 102 · 264 (E) 5 · 103 · 263

19. How many non-similar triangles have angles whose degree measures are distinct
positive integers in arithmetic progression?

(A) 0 (B) 1 (C) 59 (D) 89 (E) 178

20. Six distinct positive integers are randomly chosen between 1 and 2006, inclusive.
What is the probability that some pair of these integers has a difference that is
a multiple of 5?

(A)
1
2

(B)
3
5

(C)
2
3

(D)
4
5

(E) 1

21. How many four-digit positive integers have at least one digit that is a 2 or a 3?

(A) 2439 (B) 4096 (C) 4903 (D) 4904 (E) 5416

22. Two farmers agree that pigs are worth $300 and that goats are worth $210.
When one farmer owes the other money, he pays the debt in pigs or goats, with
“change” received in the form of goats or pigs as necessary. (For example, a
$390 debt could be paid with two pigs, with one goat received in change.) What
is the amount of the smallest positive debt that can be resolved in this way?

(A) $5 (B) $10 (C) $30 (D) $90 (E) $210
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23. Circles with centers A and B have radii 3 and 8, respectively. A common internal
tangent touches the circles at C and D, as shown. Lines AB and CD intersect
at E, and AE = 5. What is CD ?

A

C

E

D

B

(A) 13 (B)
44
3

(C)
√

221 (D)
√

255 (E)
55
3

24. Centers of adjacent faces of a unit cube are joined to form a regular octahedron.
What is the volume of this octahedron?

(A)
1
8

(B)
1
6

(C)
1
4

(D)
1
3

(E)
1
2

25. A bug starts at one vertex of a cube and moves along the edges of the cube ac-
cording to the following rule. At each vertex the bug will choose to travel along
one of the three edges emanating from that vertex. Each edge has equal proba-
bility of being chosen, and all choices are independent. What is the probability
that after seven moves the bug will have visited every vertex exactly once?

(A)
1

2187
(B)

1
729

(C)
2

243
(D)

1
81

(E)
5

243
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1. (A) Five sandwiches cost 5 ·3 = 15 dollars and eight sodas cost 8 ·2 = 16 dollars.
Together they cost 15 + 16 = 31 dollars.

2. (C) By the definition we have

h ⊗ (h ⊗ h) = h ⊗ (h3 − h) = h3 − (h3 − h) = h.

3. (B) Mary is (3/5)(30) = 18 years old.

4. (E) The largest possible sum of the two digits representing the minutes is 5+9 =
14, occurring at 59 minutes past each hour. The largest possible single digit that
can represent the hour is 9. This exceeds the largest possible sum of two digits
that can represent the hour, which is 1 + 2 = 3. Therefore, the largest possible
sum of all the digits is 14 + 9 = 23, occurring at 9:59.

5. (D) Each slice of plain pizza cost $1. Dave paid $2 for the anchovies in addition
to $5 for the five slices of pizza that he ate, for a total of $7. Doug paid only $3
for the three slices of pizza that he ate. Hence Dave paid 7− 3 = 4 dollars more
than Doug.

6. (B) Take the seventh root of both sides to get (7x)2 = 14x. Then 49x2 = 14x,
and because x 6= 0 we have 49x = 14. Thus x = 2/7.

7. (A) Let E represent the end of the cut on DC, and let F represent the end of
the cut on AB. For a square to be formed, we must have

DE = y = FB and DE + y + FB = 18, so y = 6.

The rectangle that is formed by this cut is indeed a square, since the original
rectangle has area 8 · 18 = 144, and the rectangle that is formed by this cut has
a side of length 2 · 6 = 12 =

√
144.

A
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8. (E) Substitute (2, 3) and (4, 3) into the equation to give

3 = 4 + 2b + c and 3 = 16 + 4b + c.

Subtracting corresponding terms in these equations gives 0 = 12 + 2b. So

b = −6 and c = 3 − 4 − 2(−6) = 11.

OR

The parabola is symmetric about the vertical line through its vertex, and the
points (2, 3) and (4, 3) have the same y-coordinate. The vertex has x-coordinate
(2 + 4)/2 = 3, so the equation has the form

y = (x − 3)2 + k

for some constant k. Since y = 3 when x = 4, we have 3 = 12 + k and k = 2.
Consequently the constant term c is

(−3)2 + k = 9 + 2 = 11.

9. (C) First note that, in general, the sum of n consecutive integers is n times
their median. If the sum is 15, we have the following cases:

if n = 2, then the median is 7.5 and the two integers are 7 and 8;

if n = 3, then the median is 5 and the three integers are 4, 5, and 6;

if n = 5, then the median is 3 and the five integers are 1, 2, 3, 4, and 5.

Because the sum of four consecutive integers is even, 15 cannot be written in
such a manner. Also, the sum of more than five consecutive integers must be
more than 1+2+3+4+5 = 15. Hence there are 3 sets satisfying the condition.

Note: It can be shown that the number of sets of two or more consecutive positive
integers having a sum of k is equal to the number of odd positive divisors of k,
excluding 1.

10. (E) Suppose that k =
√

120 −√
x is an integer. Then 0 ≤ k ≤ √

120, and
because k is an integer, we have 0 ≤ k ≤ 10. Thus there are 11 possible integer
values of k. For each such k, the corresponding value of x is

(
120 − k2

)2. Because(
120 − k2

)2 is positive and decreasing for 0 ≤ k ≤ 10, the 11 values of x are
distinct.

11. (C) The equation (x + y)2 = x2 + y2 is equivalent to x2 + 2xy + y2 = x2 + y2,
which reduces to xy = 0. Thus the graph of the equation consists of the two
lines that are the coordinate axes.
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12. (C) The regions in which the dog can roam for each arrangement are shaded
in the figure. For arrangement I, the area of this region is 1

2π · 82 = 32π square
feet. The area of the shaded region in arrangement II exceeds this by the area
of a quarter-circle of radius 4 feet, that is, by 1

4π · 42 = 4π square feet.

8

8

8I

4 8

II

13. (D) Let x represent the amount the player wins if the game is fair. The chance of
an even number is 1/2, and the chance of matching this number on the second
roll is 1/6. So the probability of winning is (1/2)(1/6) = 1/12. Therefore
(1/12)x = $5 and x = $60.

14. (B) The top of the largest ring is 20 cm above its bottom. That point is 2
cm below the top of the next ring, so it is 17 cm above the bottom of the
next ring. The additional distances to the bottoms of the remaining rings are
16 cm, 15 cm, . . . , 1 cm. Thus the total distance is

20 + (17 + 16 + · · · + 2 + 1) = 20 +
17 · 18

2
= 20 + 17 · 9 = 173 cm.

OR

The required distance is the sum of the outside diameters of the 18 rings minus
a 2-cm overlap for each of the 17 pairs of consecutive rings. This equals

(3+4+5+· · ·+20)−2·17 = (1+2+3+4+5+· · ·+20)−3−34 =
20 · 21

2
−37 = 173 cm.

15. (D) Since Odell’s rate is 5/6 that of Kershaw, but Kershaw’s lap distance is 6/5
that of Odell, they each run a lap in the same time. Hence they pass twice each
time they circle the track. Odell runs

(30 min)
(
250

m
min

) (
1

100π

laps
m

)
=

75
π

laps ≈ 23.87 laps,

as does Kershaw. Because 23.5 < 23.87 < 24, they pass each other 2(23.5) = 47
times.
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16. (D) Let O and O′ denote the centers of the smaller and larger circles, respec-
tively. Let D and D′ be the points on AC that are also on the smaller and larger
circles, respectively. Since 4ADO and 4AD′O′ are similar right triangles, we
have

AO

1
=

AO′

2
=

AO + 3
2

, so AO = 3.

As a consequence,

AD =
√

AO2 − OD2 =
√

9 − 1 = 2
√

2.

1

2

A

F

O

O'

D

D'

B C

Let F be the midpoint of BC. Since 4ADO and 4AFC are similar right
triangles, we have

FC

1
=

AF

AD
=

AO + OO′ + O′F
AD

=
3 + 3 + 2

2
√

2
= 2

√
2.

So the area of 4ABC is

1
2
· BC · AF =

1
2
· 4
√

2 · 8 = 16
√

2.
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17. (A) First note that since points B and C trisect AD, and points G and F trisect
HE, we have HG = GF = FE = AB = BC = CD = 1. Also, HG is parallel
to CD and HG = CD, so CDGH is a parallelogram. Similarly, AB is parallel
to FE and AB = FE, so ABEF is a parallelogram. As a consequence, WXY Z
is a parallelogram, and since HG = CD = AB = FE, it is a rhombus.

A
Y

Z

W

H G F E

DCB

X

Since AH = AC = 2, the rectangle ACFH is a square of side length 2. Its
diagonals AF and CH have length 2

√
2 and form a right angle at X. As a

consequence, WXY Z is a square. In isosceles 4HXF we have HX = XF =√
2. In addition, HG = 1

2HF . So XW = 1
2XF = 1

2

√
2, and the square WXY Z

has area XW 2 = 1/2.

18. (C) Since the two letters have to be next to each other, think of them as forming
a two-letter word w. So each license plate consists of 4 digits and w. For each
digit there are 10 choices. There are 26 · 26 choices for the letters of w, and
there are 5 choices for the position of w. So the total number of distinct license
plates is 5 · 104 · 262.

19. (C) Let n − d, n, and n + d be the angles in the triangle. Then

180 = n − d + n + n + d = 3n, so n = 60.

Because the sum of the degree measures of two angles of a triangle is less than
180, we have

180 > n + (n + d) = 120 + d, which implies that 0 < d < 60.

There are 59 triangles with this property.

20. (E) Place each of the integers in a pile based on the remainder when the integer
is divided by 5. Since there are only 5 piles but there are 6 integers, at least one
of the piles must contain two or more integers. The difference of two integers in
the same pile is divisible by 5. Hence the probability is 1.

We have applied what is called the Pigeonhole Principle. This states that if you
have more pigeons than boxes and you put each pigeon in a box, then at least
one of the boxes must have more than one pigeon. In this problem the pigeons
are integers and the boxes are piles.
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21. (E) There are 9000 four-digit positive integers. For those without a 2 or 3, the
first digit could be one of the seven numbers 1, 4, 5, 6, 7, 8, or 9, and each of
the other digits could be one of the eight numbers 0, 1, 4, 5, 6, 7, 8, or 9. So
there are

9000 − 7 · 8 · 8 · 8 = 5416

four-digit numbers with at least one digit that is a 2 or a 3.

22. (C) If a debt of D dollars can be resolved in this way, then integers p and g
must exist with

D = 300p + 210g = 30(10p + 7g).

As a consequence, D must be a multiple of 30, and no positive debt less than
$30 can be resolved. A debt of $30 can be resolved since

30 = 300(−2) + 210(3).

This is done by giving 3 goats and receiving 2 pigs.

23. (B) Radii AC and BD are each perpendicular to CD. By the Pythagorean
Theorem,

CE =
√

52 − 32 = 4.

Because 4ACE and 4BDE are similar,

DE

CE
=

BD

AC
, so DE = CE · BD

AC
= 4 · 8

3
=

32
3

.

Therefore
CD = CE + DE = 4 +

32
3

=
44
3

.

24. (B) Two pyramids with square bases form the octahedron. The upper pyramid
is shown.

A

B

Since the length of AB is
√

2/2, the base area of the pyramid is (
√

2/2)2 = 1/2.
The altitude of the pyramid is 1/2, so its volume is

1
3
· 1
2
· 1
2

=
1
12

.

The volume of the octahedron is 2(̇1/12) = 1/6.
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25. (C) At each vertex there are three possible locations that the bug can travel
to in the next move, so the probability that the bug will visit three different
vertices after two moves is 2/3. Label the first three vertices that the bug visits
as A to B to C, as shown in the diagram. In order to visit every vertex, the
bug must travel from C to either G or D.

A

F

D

E

H G

C

B

The bug travels to G with probability 1/3, and from there the bug must visit
the vertices F , E, H, D in that order. Each of these choices has probability 1/3
of occurring. So the probability that the path continues in the form

C → G → F → E → H → D

is
(

1
3

)5.
Alternatively, the bug could travel from C to D with probability 1/3, and then
travel to H, which also occurs with probability 1/3. From H the bug could go
either to G or to E, with probability 2/3, and from there to the two remaining
vertices, each with probability 1/3. So the probability that the path continues
in one of the forms

↗ E → F → G
C → D → H

↘ G → F → E

is
(

2
3

) (
1
3

)4.
Hence the bug will visit every vertex in seven moves with probability

(
2
3

) [(
1
3

)5

+
(

2
3

)(
1
3

)4
]

=
(

2
3

)(
1
3

+
2
3

)(
1
3

)4

=
2

243
.

OR

From a given starting point there are 37 possible walks of seven moves for the
bug, all of them equally likely. If such a walk visits every vertex exactly once,
there are three choices for the first move and, excluding a return to the start,
two choices for the second. Label the first three vertices visited as A, B, and C,
in that order, and label the other vertices as shown. The bug must go to
either G or D on its third move. In the first case it must then visit vertices
F, E, H, and D in order. In the second case it must visit either H,E, F, and G
or H, G, F, and E in order. Thus there are 3 · 2 · 3 = 18 walks that visit every
vertex exactly once, so the required probability is 18/37 = 2/243.
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1. What is (−1)1 + (−1)2 + · · · + (−1)2006 ?

(A) −2006 (B) −1 (C) 0 (D) 1 (E) 2006

2. For real numbers x and y, define x♠ y = (x + y)(x − y). What is 3♠ (4♠ 5) ?

(A) −72 (B) −27 (C) −24 (D) 24 (E) 72

3. A football game was played between two teams, the Cougars and the Panthers.
The two teams scored a total of 34 points, and the Cougars won by a margin of
14 points. How many points did the Panthers score?

(A) 10 (B) 14 (C) 17 (D) 20 (E) 24

4. Circles of diameter 1 inch and 3 inches have the same center. The smaller
circle is painted red, and the portion outside the smaller circle and inside the
larger circle is painted blue. What is the ratio of the blue-painted area to the
red-painted area?

(A) 2 (B) 3 (C) 6 (D) 8 (E) 9

5. A 2 × 3 rectangle and a 3 × 4 rectangle are contained within a square without
overlapping at any interior point, and the sides of the square are parallel to
the sides of the two given rectangles. What is the smallest possible area of the
square?

(A) 16 (B) 25 (C) 36 (D) 49 (E) 64

6. A region is bounded by semicircular arcs constructed on the side of a square
whose sides measure 2/π, as shown. What is the perimeter of this region?

(A)
4
π

(B) 2 (C)
8
π

(D) 4 (E)
16
π
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7. Which of the following is equivalent to
√

x

1 − x−1
x

when x < 0 ?

(A) −x (B) x (C) 1 (D)
√

x

2
(E) x

√−1

8. A square of area 40 is inscribed in a semicircle as shown. What is the area of
the semicircle?

(A) 20π (B) 25π (C) 30π (D) 40π (E) 50π

9. Francesca uses 100 grams of lemon juice, 100 grams of sugar, and 400 grams
of water to make lemonade. There are 25 calories in 100 grams of lemon juice
and 386 calories in 100 grams of sugar. Water contains no calories. How many
calories are in 200 grams of her lemonade?

(A) 129 (B) 137 (C) 174 (D) 223 (E) 411

10. In a triangle with integer side lengths, one side is three times as long as a
second side, and the length of the third side is 15. What is the greatest possible
perimeter of the triangle?

(A) 43 (B) 44 (C) 45 (D) 46 (E) 47

11. What is the tens digit in the sum 7! + 8! + 9! + · · · + 2006! ?

(A) 1 (B) 3 (C) 4 (D) 6 (E) 9

12. The lines x = 1
4y+a and y = 1

4x+ b intersect at the point (1, 2). What is a+ b ?

(A) 0 (B)
3
4

(C) 1 (D) 2 (E)
9
4

13. Joe and JoAnn each bought 12 ounces of coffee in a 16-ounce cup. Joe drank 2
ounces of his coffee and then added 2 ounces of cream. JoAnn added 2 ounces
of cream, stirred the coffee well, and then drank 2 ounces. What is the resulting
ratio of the amount of cream in Joe’s coffee to that in JoAnn’s coffee?

(A)
6
7

(B)
13
14

(C) 1 (D)
14
13

(E)
7
6

14. Let a and b be the roots of the equation x2−mx+2 = 0. Suppose that a+(1/b)
and b + (1/a) are the roots of the equation x2 − px + q = 0. What is q ?

(A)
5
2

(B)
7
2

(C) 4 (D)
9
2

(E) 8



7th AMC 10 B 2006 4

15. Rhombus ABCD is similar to rhombus BFDE. The area of rhombus ABCD
is 24, and ∠BAD = 60◦. What is the area of rhombus BFDE ?

A

F

E

D C

B

(A) 6 (B) 4
√

3 (C) 8 (D) 9 (E) 6
√

3

16. Leap Day, February 29, 2004, occurred on a Sunday. On what day of the week
will Leap Day, February 29, 2020, occur?

(A) Tuesday (B) Wednesday (C) Thursday (D) Friday (E) Saturday

17. Bob and Alice each have a bag that contains one ball of each of the colors blue,
green, orange, red, and violet. Alice randomly selects one ball from her bag
and puts it into Bob’s bag. Bob then randomly selects one ball from his bag
and puts it into Alice’s bag. What is the probability that after this process the
contents of the two bags are the same?

(A)
1
10

(B)
1
6

(C)
1
5

(D)
1
3

(E)
1
2

18. Let a1, a2, . . . be a sequence for which

a1 = 2, a2 = 3, and an =
an−1

an−2
for each positive integer n ≥ 3.

What is a2006?

(A)
1
2

(B)
2
3

(C)
3
2

(D) 2 (E) 3
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19. A circle of radius 2 is centered at O. Square OABC has side length 1. Sides
AB and CB are extended past B to meet the circle at D and E, respectively.
What is the area of the shaded region in the figure, which is bounded by BD,
BE, and the minor arc connecting D and E ?

O

B

A

C

D

E

(A)
π

3
+ 1 −

√
3 (B)

π

2
(2 −

√
3) (C) π(2 −

√
3) (D)

π

6
+

√
3 − 1
2

(E)
π

3
− 1 +

√
3

20. In rectangle ABCD, we have A = (6,−22), B = (2006, 178), and D = (8, y),
for some integer y. What is the area of rectangle ABCD ?

(A) 4000 (B) 4040 (C) 4400 (D) 40,000 (E) 40,400

21. For a particular peculiar pair of dice, the probabilities of rolling 1, 2, 3, 4, 5,
and 6 on each die are in the ratio 1 : 2 : 3 : 4 : 5 : 6. What is the probability of
rolling a total of 7 on the two dice?

(A)
4
63

(B)
1
8

(C)
8
63

(D)
1
6

(E)
2
7

22. Elmo makes N sandwiches for a fundraiser. For each sandwich he uses B globs
of peanut butter at 4¢ per glob and J blobs of jam at 5¢ per blob. The cost of
the peanut butter and jam to make all the sandwiches is $2.53. Assume that B,
J , and N are positive integers with N > 1. What is the cost of the jam Elmo
uses to make the sandwiches?

(A) $1.05 (B) $1.25 (C) $1.45 (D) $1.65 (E) $1.85
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23. A triangle is partitioned into three triangles and a quadrilateral by drawing two
lines from vertices to their opposite sides. The areas of the three triangles are
3, 7, and 7, as shown. What is the area of the shaded quadrilateral?

3
7

7

(A) 15 (B) 17 (C)
35
2

(D) 18 (E)
55
3

24. Circles with centers at O and P have radii 2 and 4, respectively, and are exter-
nally tangent. Points A and B on the circle with center O and points C and
D on the circle with center P are such that AD and BC are common external
tangents to the circles. What is the area of the concave hexagon AOBCPD ?

O P

B

C

D

A

2

4

6

(A) 18
√

3 (B) 24
√

2 (C) 36 (D) 24
√

3 (E) 32
√

2

25. Mr. Jones has eight children of different ages. On a family trip his oldest child,
who is 9, spots a license plate with a 4-digit number in which each of two digits
appears two times. “Look, daddy!” she exclaims. “That number is evenly
divisible by the age of each of us kids!” “That’s right,” replies Mr. Jones, “and
the last two digits just happen to be my age.” Which of the following is not
the age of one of Mr. Jones’s children?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
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1. (C) Because

(−1)k =

{
1, if k is even,
−1, if k is odd,

the sum can be written as

(−1 + 1) + (−1 + 1) + · · · + (−1 + 1) = 0 + 0 + · · · + 0 = 0.

2. (A) Because 4♠ 5 = (4 + 5)(4 − 5) = −9, it follows that

3♠ (4♠ 5) = 3♠ (−9) = (3 + (−9))(3 − (−9)) = (−6)(12) = −72.

3. (A) Let c and p represent the number of points scored by the Cougars and the
Panthers, respectively. The two teams scored a total of 34 points, so c+ p = 34.
The Cougars won by 14 points, so c−p = 14. The solution is c = 24 and p = 10,
so the Panthers scored 10 points.

4. (D) The circle with diameter 3 has area π
(

3
2

)2. The circle with diameter 1 has
area π

(
1
2

)2. Therefore the ratio of the blue-painted area to the red-painted area
is

π
(

3
2

)2 − π
(

1
2

)2

π
(

1
2

)2 = 8.

5. (B) The side length of the square is at least equal to the sum of the smaller
dimensions of the rectangles, which is 2 + 3 = 5.

4

3

5

2

3

If the rectangles are placed as shown, it is in fact possible to contain them within
a square of side length 5. Thus the smallest possible area is 52 = 25.

6. (D) Since the square has side length 2/π, the diameter of each circular section is
2/π. The boundary of the region consists of 4 semicircles, whose total perimeter
is twice the circumference of a circle having diameter 2/π. Hence the perimeter
of the region is

2 ·
(

π · 2
π

)
= 4.
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7. (A) We have
√

x

1 − x−1
x

=
√

x
x−x+1

x

=
√

x
1
x

=
√

x2 = |x|.

When x < 0, the given expression is equivalent to −x.

8. (B)The square has side length
√

40.

r

Let r be the radius of the semicircle. Then

r2 =
(√

40
)2

+

(√
40
2

)2

= 40 + 10 = 50,

so the area of the semicircle is 1
2πr2 = 25π.

9. (B) Francesca’s 600 grams of lemonade contains 25+386 = 411 calories, so 200
grams of her lemonade contains 411/3 = 137 calories.

10. (A) Let the sides of the triangle have lengths x, 3x, and 15. The Triangle
Inequality implies that 3x < x + 15, so x < 7.5. Because x is an integer, the
greatest possible perimeter is 7 + 21 + 15 = 43.

11. (C) Since n! contains the product 2 · 5 · 10 = 100 whenever n ≥ 10, it suffices
to determine the tens digit of

7! + 8! + 9! = 7!(1 + 8 + 8 · 9) = 5040(1 + 8 + 72) = 5040 · 81.

This is the same as the units digit of 4 · 1, which is 4.

12. (E) Substituting x = 1 and y = 2 into the equations gives

1 =
2
4

+ a and 2 =
1
4

+ b.

It follows that

a + b =
(

1 − 2
4

)
+

(
2 − 1

4

)
= 3 − 3

4
=

9
4
.

OR

Because

a = x − y

4
and b = y − x

4
we have a + b =

3
4
(x + y).

Since x = 1 when y = 2, this implies that a + b = 3
4 (1 + 2) = 9

4 .
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13. (E) Joe has 2 ounces of cream in his cup. JoAnn has drunk 2 ounces of the 14
ounces of coffee-cream mixture in her cup, so she has only 12/14 = 6/7 of her 2
ounces of cream in her cup. Therefore the ratio of the amount of cream in Joe’s
coffee to that in JoAnn’s coffee is

2
6
7 · 2 =

7
6
.

14. (D) Since a and b are roots of x2 − mx + 2 = 0, we have

x2 − mx + 2 = (x − a)(x − b) and ab = 2.

In a similar manner, the constant term of x2 −px+ q is the product of a+(1/b)
and b + (1/a), so

q =
(

a +
1
b

)(
b +

1
a

)
= ab + 1 + 1 +

1
ab

=
9
2
.

15. (C) Since ∠BAD = 60◦, isosceles 4BAD is also equilateral. As a consequence,
4AEB, 4AED, 4BED, 4BFD, 4BFC, and 4CFD are congruent. These
six triangles have equal areas and their union forms rhombus ABCD, so each
has area 24/6 = 4. Rhombus BFDE is the union of 4BED and 4BFD, so
its area is 8.

A

F

E

D C

B

OR

Let the diagonals of rhombus ABCD intersect at O. Since the diagonals of a
rhombus intersect at right angles, 4ABO is a 30 – 60 – 90◦ triangle. Therefore
AO =

√
3 ·BO. Because AO and BO are half the length of the longer diagonals

of rhombi ABCD and BFDE, respectively, it follows that

Area(BFDE)
Area(ABCD)

=
(

BO

AO

)2

=
1
3
.

Thus the area of rhombus BFDE is (1/3)(24) = 8.
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A

F

O

E

D C

B

16. (E) In the years from 2004 through 2020, Each Leap Day occurs 3 · 365 +
366 = 1461 days after the preceding Leap Day. When 1461 is divided by 7 the
remainder is 5. So the day of the week advances 5 days for each 4-year cycle. In
the four cycles from 2004 to 2020, the Leap Day will advance 20 days. So Leap
Day in 2020 will occur one day of the week earlier than in 2004, that is, on a
Saturday.

17. (D) After Alice puts the ball into Bob’s bag, his bag will contain six balls: two
of one color and one of each of the other colors. After Bob selects a ball and
places it into Alice’s bag, the two bags will have the same contents if and only
if Bob picked one of the two balls in his bag that are the same color. Because
there are six balls in the bag when Bob makes his selection, the probability of
selecting one of the same colored pair is 2/6 = 1/3.

18. (E) Note that the first several terms of the sequence are:

2, 3,
3
2
,

1
2
,

1
3
,

2
3
, 2, 3, . . . ,

so the sequence consists of a repeating cycle of 6 terms. Since 2006 = 334 ·6+2,
we have a2006 = a2 = 3.

19. (A) Since OC = 1 and OE = 2, it follows that ∠EOC = 60◦ and ∠EOA = 30◦.
The area of the shaded region is the area of the 30◦ sector DOE minus the area
of congruent triangles OBD and OBE. First note that

Area(Sector DOE) =
1
12

(4π) =
π

3
.

O

B

D

A

C
E

In right triangle OCE, we have CE =
√

3, so BE =
√

3 − 1. Therefore

Area(4OBE) =
1
2
(
√

3 − 1)(1).
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The required area is consequently

π

3
− 2

(√
3 − 1
2

)
=

π

3
+ 1 −

√
3.

OR

Let F be the point where ray OA intersects the circle, and let G be the point
where ray OC intersects the circle.

O

B

D

A

C
E

F

G

Let a be the area of the shaded region described in the problem, and b be the
area of the region bounded by AD, AF , and the minor arc from D to F . Then
b is also the area of the region bounded by CE, CG, and the minor arc from G
to E. By the Inclusion-Exclusion Principle,

2b − a = Area (Quartercircle OFG) − Area (Square OABC) = π − 1.

Since b is the area of a 60◦ sector from which the area of 4OAD has been
deleted, we have

b =
2π

3
−

√
3

2
.

Hence the area of the shaded region described in the problem is

a = 2b − π + 1 = 2

(
2π

3
−

√
3

2

)
− π + 1 =

π

3
+ 1 −

√
3.

20. (E) The slope of line AB is (178 − (−22))/(2006 − 6) = 1/10. Since the line
AD is perpendicular to the line AB, its slope is −10. This implies that

−10 =
y − (−22)

8 − 6
, so y = −10(2) − 22 = −42, and D = (8,−42).

As a consequence,

AB =
√

20002 + 2002 = 200
√

101 and AD =
√

22 + 202 = 2
√

101.

Thus
Area(ABCD) = AB · AD = 400 · 101 = 40,400.
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21. (C) On each die the probability of rolling k, for 1 ≤ k ≤ 6, is

k

1 + 2 + 3 + 4 + 5 + 6
=

k

21
.

There are six ways of rolling a total of 7 on the two dice, represented by the
ordered pairs (1, 6), (2, 5), (3, 4), (4, 3), (5, 2), and (6, 1). Thus the probability
of rolling a total of 7 is

1 · 6 + 2 · 5 + 3 · 4 + 4 · 3 + 5 · 2 + 6 · 1
212

=
56
212

=
8
63

.

22. (D) The total cost of the peanut butter and jam is N(4B + 5J) = 253 cents, so
N and 4B + 5J are factors of 253 = 11 · 23. Because N > 1, the possible values
of N are 11, 23, and 253. If N = 253, then 4B + 5J = 1, which is impossible
since B and J are positive integers. If N = 23, then 4B + 5J = 11, which also
has no solutions in positive integers. Hence N = 11 and 4B + 5J = 23, which
has the unique positive integer solution B = 2 and J = 3. So the cost of the
jam is 11(3)(5¢) = $1.65.

23. (D) Partition the quadrilateral into two triangles and let the areas of the trian-
gles be R and S as shown. Then the required area is T = R + S.

3
7

7

R
S

a

b

Let a and b, respectively, be the bases of the triangles with areas R and 3, as
indicated. If two triangles have the same altitude, then the ratio of their areas
is the same as the ratio of their bases. Thus

a

b
=

R

3
=

R + S + 7
3 + 7

, so
R

3
=

T + 7
10

.

Similarly,
S

7
=

S + R + 3
7 + 7

, so
S

7
=

T + 3
14

.

Thus

T = R + S = 3
(

T + 7
10

)
+ 7

(
T + 3

14

)
.

From this we obtain

10T = 3(T + 7) + 5(T + 3) = 8T + 36,

and it follows that T = 18.
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24. (B) Through O draw a line parallel to AD intersecting PD at F .

O
P

F

B

C

D

A

2

2

2
6

Then AOFD is a rectangle and OPF is a right triangle. Thus DF = 2, FP = 2,
and OF = 4

√
2. The area of trapezoid AOPD is 12

√
2, and the area of hexagon

AOBCPD is 2 · 12
√

2 = 24
√

2.

OR

Lines AD, BC, and OP intersect at a common point H.

O P

B

C

D

A

H

2

4

6

Because ∠PDH = ∠OAH = 90◦, triangles PDH and OAH are similar with
ratio of similarity 2. Thus 2HO = HP = HO + OP = HO + 6, so HO = 6
and AH =

√
HO2 − OA2 = 4

√
2. Hence the area of 4OAH is (1/2)(2)(4

√
2) =

4
√

2, and the area of 4PDH is (22)(4
√

2) = 16
√

2. The area of the hexagon is
twice the area of 4PDH minus twice the area of 4OAH, so it is 24

√
2.

25. (B) The 4-digit number on the license plate has the form aabb or abab or baab,
where a and b are distinct integers from 0 to 9. Because Mr. Jones has a child
of age 9, the number on the license plate is divisible by 9. Hence the sum of the
digits, 2(a + b), is also divisible by 9. Because of the restriction on the digits a
and b, this implies that a + b = 9. Moreover, since Mr. Jones must have either
a 4-year-old or an 8-year-old, the license plate number is divisible by 4. These
conditions narrow the possibilities for the number to 1188, 2772, 3636, 5544,
6336, 7272, and 9900. The last two digits of 9900 could not yield Mr. Jones’s
age, and none of the others is divisible by 5, so he does not have a 5-year-old.

Note that 5544 is divisible by each of the other eight non-zero digits.
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1. One ticket to a show costs $20 at full price. Susan buys 4 tickets using a coupon
that gives her a 25% discount. Pam buys 5 tickets using a coupon that gives
her a 30% discount. How many more dollars does Pam pay than Susan?

(A) 2 (B) 5 (C) 10 (D) 15 (E) 20

2. Define a@b = ab − b2 and a#b = a + b − ab2. What is
6@2
6#2

?

(A) −1
2

(B) −1
4

(C)
1
8

(D)
1
4

(E)
1
2

3. An aquarium has a rectangular base that measures 100 cm by 40 cm and has
a height of 50 cm. It is filled with water to a height of 40 cm. A brick with a
rectangular base that measures 40 cm by 20 cm and a height of 10 cm is placed
in the aquarium. By how many centimeters does the water rise?

(A) 0.5 (B) 1 (C) 1.5 (D) 2 (E) 2.5

4. The larger of two consecutive odd integers is three times the smaller. What is
their sum?

(A) 4 (B) 8 (C) 12 (D) 16 (E) 20

5. A school store sells 7 pencils and 8 notebooks for $4.15. It also sells 5 pencils
and 3 notebooks for $1.77. How much do 16 pencils and 10 notebooks cost?

(A) $4.76 (B) $5.84 (C) $6.00 (D) $6.16 (E) $6.32

6. At Euclid High School, the number of students taking the AMC10 was 60 in
2002, 66 in 2003, 70 in 2004, 76 in 2005, and 78 in 2006, and is 85 in 2007.
Between what two consecutive years was there the largest percentage increase?

(A) 2002 and 2003 (B) 2003 and 2004 (C) 2004 and 2005

(D) 2005 and 2006 (E) 2006 and 2007

7. Last year Mr. John Q. Public received an inheritance. He paid 20% in federal
taxes on the inheritance, and paid 10% of what he had left in state taxes. He
paid a total of $10,500 for both taxes. How many dollars was the inheritance?

(A) 30,000 (B) 32,500 (C) 35,000 (D) 37,500 (E) 40,000

8. Triangles ABC and ADC are isosceles with AB = BC and AD = DC. Point
D is inside 4ABC, ∠ABC = 40◦, and ∠ADC = 140◦. What is the degree
measure of ∠BAD ?

(A) 20 (B) 30 (C) 40 (D) 50 (E) 60

9. Real numbers a and b satisfy the equations 3a = 81b+2 and 125b = 5a−3. What
is ab ?

(A) −60 (B) −17 (C) 9 (D) 12 (E) 60
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10. The Dunbar family consists of a mother, a father, and some children. The
average age of the members of the family is 20, the father is 48 years old, and
the average age of the mother and children is 16. How many children are in the
family?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

11. The numbers from 1 to 8 are placed at the vertices of a cube in such a manner
that the sum of the four numbers on each face is the same. What is this common
sum?

(A) 14 (B) 16 (C) 18 (D) 20 (E) 24

12. Two tour guides are leading six tourists. The guides decide to split up. Each
tourist must choose one of the guides, but with the stipulation that each guide
must take at least one tourist. How many different groupings of guides and
tourists are possible?

(A) 56 (B) 58 (C) 60 (D) 62 (E) 64

13. Yan is somewhere between his home and the stadium. To get to the stadium
he can walk directly to the stadium, or else he can walk home and then ride his
bicycle to the stadium. He rides 7 times as fast as he walks, and both choices
require the same amount of time. What is the ratio of Yan’s distance from his
home to his distance from the stadium?

(A)
2
3

(B)
3
4

(C)
4
5

(D)
5
6

(E)
6
7

14. A triangle with side lengths in the ratio 3:4:5 is inscribed in a circle of radius 3.
What is the area of the triangle?

(A) 8.64 (B) 12 (C) 5π (D) 17.28 (E) 18

15. Four circles of radius 1 are each tangent to two sides of a square and externally
tangent to a circle of radius 2, as shown. What is the area of the square?

1

2

(A) 32 (B) 22 + 12
√

2 (C) 16 + 16
√

3 (D) 48 (E) 36 + 16
√

2

16. Integers a, b, c, and d, not necessarily distinct, are chosen independently and at
random from 0 to 2007, inclusive. What is the probability that ad− bc is even?

(A)
3
8

(B)
7
16

(C)
1
2

(D)
9
16

(E)
5
8
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17. Suppose that m and n are positive integers such that 75m = n3. What is the
minimum possible value of m + n ?

(A) 15 (B) 30 (C) 50 (D) 60 (E) 5700

18. Consider the 12-sided polygon ABCDEFGHIJKL, as shown. Each of its sides
has length 4, and each two consecutive sides form a right angle. Suppose that
AG and CH meet at M . What is the area of quadrilateral ABCM ?

A

L

B

C D

E
F

GH

M

I
J

K

4

(A)
44
3

(B) 16 (C)
88
5

(D) 20 (E)
62
3

19. A paint brush is swept along both diagonals of a square to produce the symmetric
painted area, as shown. Half the area of the square is painted. What is the ratio
of the side length of the square to the brush width?

(A) 2
√

2 + 1 (B) 3
√

2 (C) 2
√

2 + 2 (D) 3
√

2 + 1 (E) 3
√

2 + 2

20. Suppose that the number a satisfies the equation 4 = a+a−1. What is the value
of a4 + a−4 ?

(A) 164 (B) 172 (C) 192 (D) 194 (E) 212
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21. A sphere is inscribed in a cube that has a surface area of 24 square meters. A
second cube is then inscribed within the sphere. What is the surface area in
square meters of the inner cube?

(A) 3 (B) 6 (C) 8 (D) 9 (E) 12

22. A finite sequence of three-digit integers has the property that the tens and
units digits of each term are, respectively, the hundreds and tens digits of the
next term, and the tens and units digits of the last term are, respectively, the
hundreds and tens digits of the first term. For example, such a sequence might
begin with terms 247, 475, and 756 and end with the term 824. Let S be the
sum of all the terms in the sequence. What is the largest prime number that
always divides S ?

(A) 3 (B) 7 (C) 13 (D) 37 (E) 43

23. How many ordered pairs (m,n) of positive integers, with m > n, have the
property that their squares differ by 96?

(A) 3 (B) 4 (C) 6 (D) 9 (E) 12

24. Circles centered at A and B each have radius 2, as shown. Point O is the
midpoint of AB, and OA = 2

√
2. Segments OC and OD are tangent to the

circles centered at A and B, respectively, and EF is a common tangent. What
is the area of the shaded region ECODF ?

E

C

A B
O

D

F

2 2

(A)
8
√

2
3

(B) 8
√

2 − 4 − π (C) 4
√

2 (D) 4
√

2 +
π

8
(E) 8

√
2 − 2 − π

2

25. For each positive integer n, let S(n) denote the sum of the digits of n. For how
many values of n is n + S(n) + S(S(n)) = 2007 ?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5
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1. Answer (C): Susan pays (4)(0.75)(20) = 60 dollars. Pam pays (5)(0.70)(20) =
70 dollars, so she pays 70 − 60 = 10 more dollars than Susan.

2. Answer (A): The value of 6@2 is 6 · 2 − 22 = 12 − 4 = 8, and the value of
6#2 is 6 + 2 − 6 · 22 = 8 − 24 = −16. Thus

6@2
6#2

=
8

−16
= −1

2
.

3. Answer (D): The brick has a volume of 40 · 20 · 10 = 8000 cubic centimeters.
Suppose that after the brick is placed in the tank, the water level rises by h
centimeters. Then the additional volume occupied in the aquarium is 100·40·h =
4000h cubic centimeters. Since this must be the same as the volume of the brick,
we have

8000 = 4000h and h = 2 centimeters

4. Answer (A): Let the smaller of the integers be x. Then the larger is x + 2.
So x + 2 = 3x, from which x = 1. Thus the two integers are 1 and 3, and their
sum is 4.

5. Answer (B): Let p be the cost in cents of a pencil and n be the cost in cents
of a notebook. Then

7p + 8n = 415 and 5p + 3n = 177.

The solution of this pair of equations is p = 9 and n = 44. So the cost of 16
pencils and 10 notebooks is 16(9) + 10(44) = 584 cents, or $5.84.

6. Answer (A): Between 2002 and 2003, the increase was

6
60

=
1
10

= 10%.

Between the other four pairs of consecutive years, the increases were

4
66

<
4
40

=
1
10

,
6
70

<
6
60

=
1
10

,
2
76

<
2
20

=
1
10

, and
7
78

<
7
70

=
1
10

.

Therefore the largest percentage increase occurred between 2002 and 2003.

7. Answer (D): After paying the federal taxes, Mr. Public had 80% of his
inheritance money left. He paid 10% of that, or 8% of his inheritance, in state
taxes. Hence his total tax bill was 28% of his inheritance, and his inheritance
was $10,500/0.28 = $37,500.
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8. Answer (D): Because 4ABC is isosceles, ∠BAC =
1
2

(180◦ − ∠ABC) = 70◦.

A

B

C

D

40

140

Similarly,

∠DAC =
1
2

(180◦ − ∠ADC) = 20◦.

Thus ∠BAD = ∠BAC − ∠DAC = 50◦.

OR

Because 4ABC and 4ADC are isosceles triangles and BD bisects ∠ABC and
∠ADC, applying the Exterior Angle Theorem to 4ABD gives ∠BAD = 70◦ −
20◦ = 50◦.

9. Answer (E): The given equations are equivalent, respectively, to

3a = 34(b+2) and 53b = 5a−3.

Therefore a = 4(b + 2) and 3b = a − 3. The solution of this system is a = −12
and b = −5, so ab = 60.

10. Answer (E): Let N represent the number of children in the family and T
represent the sum of the ages of all the family members. The average age of
the members of the family is 20, and the average age of the members when the
48-year-old father is not included is 16, so

20 =
T

N + 2
and 16 =

T − 48
N + 1

.

This implies that

20N + 40 = T and 16N + 16 = T − 48,

so
20N + 40 = 16N + 64.

Hence 4N = 24 and N = 6.

11. Answer (C): Each vertex appears on exactly three faces, so the sum of the
numbers on all the faces is

3(1 + 2 + · · · + 8) = 3 · 8 · 9
2

= 108.



Solutions 2007 8th AMC 10 A 4

There are six faces for the cube, so the common sum must be 108/6 = 18. A
possible numbering is shown in the figure.

6 3

8

27

5
4

1

12. Answer (D): The first guide can take any combination of tourists except all
the tourists or none of the tourists. Therefore the number of possibilities is

(
6
1

)
+

(
6
2

)
+

(
6
3

)
+

(
6
4

)
+

(
6
5

)
= 6 + 15 + 20 + 15 + 6 = 62.

OR

If each guide did not need to take at least one tourist, then each tourist could
choose one of the two guides independently. In this case there would be 26 = 64
possible arrangements. The two arrangements for which all tourists choose the
same guide must be excluded, leaving a total of 64 − 2 = 62 possible arrange-
ments.

13. Answer (B): Let w be Yan’s walking speed, and let x and y be the distances
from Yan to his home and to the stadium, respectively. The time required for
Yan to walk to the stadium is y/w, and the time required for him to walk home
is x/w. Because he rides his bicycle at a speed of 7w, the time required for him
to ride his bicycle from his home to the stadium is (x + y)/(7w). Thus

y

w
=

x

w
+

x + y

7w
=

8x + y

7w
.

As a consequence, 7y = 8x + y, so 8x = 6y. The required ratio is x/y = 6/8 =
3/4.

OR

Because we are interested only in the ratio of the distances, we may assume that
the distance from Yan’s home to the stadium is 1 mile. Let x be his present
distance from his home. Imagine that Yan has a twin, Nay. While Yan walks
to the stadium, Nay walks to their home and continues 1/7 of a mile past their
home. Because walking 1/7 of a mile requires the same amount of time as riding
1 mile, Yan and Nay will complete their trips at the same time. Yan has walked
1− x miles while Nay has walked x + 1

7 miles, so 1− x = x + 1
7 . Thus x = 3/7,

1 − x = 4/7, and the required ratio is x/(1 − x) = 3/4.
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14. Answer (A): Let the sides of the triangle have lengths 3x, 4x, and 5x. The
triangle is a right triangle, so its hypotenuse is a diameter of the circle. Thus
5x = 2 · 3 = 6, so x = 6/5. The area of the triangle is

1
2
· 3x · 4x =

1
2
· 18

5
· 24

5
=

216
25

= 8.64.

OR

A right triangle with side lengths 3, 4, and 5 has area (1/2)(3)(4) = 6. Because
the given right triangle is inscribed in a circle with diameter 6, the hypotenuse
of this triangle has length 6. Thus the sides of the given triangle are 6/5 as
long as those of a 3 – 4 – 5 triangle, and its area is (6/5)2 times that of a 3 – 4 – 5
triangle. The area of the given triangle is

(
6
5

)2

(6) =
216
25

= 8.64.

15. Answer (B): Let s be the length of a side of the square. Consider an isosceles
right triangle with vertices at the centers of the circle of radius 2 and two of
the circles of radius 1. This triangle has legs of length 3, so its hypotenuse has
length 3

√
2.

1 1

2 2

The length of a side of the square is 2 more than the length of this hypotenuse,
so s = 2 + 3

√
2. Hence the area of the square is

s2 = (2 + 3
√

2)2 = 22 + 12
√

2.

OR

The distance from a vertex of the square to the center of the nearest small circle
is

√
12 + 12 =

√
2, and the distance between the centers of two small circles in

opposite corners of the square is 1 + 4 + 1 = 6. Therefore each diagonal of the
square has length 6 + 2

√
2, and each side has length

s =
6 + 2

√
2√

2
= 2 + 3

√
2.

The area of the square is consequently s2 =
(
2 + 3

√
2
)2

= 22 + 12
√

2.
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16. Answer (E): The number ad − bc is even if and only if ad and bc are both
odd or are both even. Each of ad and bc is odd if both of its factors are odd,
and even otherwise. Exactly half of the integers from 0 to 2007 are odd, so
each of ad and bc is odd with probability (1/2) · (1/2) = 1/4 and are even with
probability 3/4. Hence the probability that ad − bc is even is

1
4
· 1
4

+
3
4
· 3
4

=
5
8
.

17. Answer (D): An integer is a cube if and only if, in the prime factorization
of the number, each prime factor occurs a multiple of three times. Because
n3 = 75m = 3 · 52 · m, the minimum value for m is 32 · 5 = 45. In that case
n = 15, and m + n = 60.

18. Answer (C): Extend CD past C to meet AG at N .

A

L

B

CN D

E
F

GH

M

I
J

K

4

Since 4ABG is similar to 4NCG,

NC = AB · CG

BG
= 4 · 8

12
=

8
3
.

This implies that trapezoid ABCN has area

1
2
·
(

8
3

+ 4
)
· 4 =

40
3

.

Let v denote the length of the perpendicular from M to NC. Since 4CMN is
similar to 4HMG, and

GH

NC
=

4
8/3

=
3
2
,

the length of the perpendicular from M to HG is 3
2v. Because

v +
3
2
v = 8, we have v =

16
5

.

Hence the area of 4CMN is

1
2
· 8
3
· 16

5
=

64
15

.
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So

Area(ABCM) = Area(ABCN) + Area(4CMN) =
40
3

+
64
15

=
88
5

.

OR

Let Q be the foot of the perpendicular from M to BG.
A

L

B

C D

E

G
H

M

I
J

K

4

Q

Since 4MQG is similar to 4ABG, we have

MQ

QG
=

AB

BG
=

4
12

=
1
3
.

Also, 4MCQ is similar to 4HCG, so

MQ

CQ
=

HG

CG
=

4
8

=
1
2
.

Thus

QG = 3MQ = 3
(

1
2
CQ

)
=

3
2
(8 − QG),

which implies that

QG =
24
5

and MQ =
1
3
QG =

8
5
.

Hence

Area(ABCM) = Area(4ABG) − Area(4CMG) =
1
2
· 4 · 12 − 1

2
· 8 · 8

5
=

88
5

.

19. Answer (C): Let s be the side length of the square, let w be the width of the
brush, and let x be the leg length of one of the congruent unpainted isosceles
right triangles. Since the unpainted area is half the area of the square, the area
of each unpainted triangle is 1/8 of the area of the square. So

1
2
x2 =

1
8
s2 and x =

1
2
s.
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The leg length x plus the brush width w is equal to half the diagonal of the
square, so x + w = (

√
2/2)s. Thus

w =
√

2
2

s − 1
2
s and

s

w
=

2√
2 − 1

= 2
√

2 + 2.

OR

w

w

s

2

2

√

w2
2

√

x

The painted stripes have isosceles right triangles with hypotenuse w at each
vertex of the square, and the legs of these triangles have length (

√
2/2)w. Since

the total area of the four congruent unpainted triangles is half the area of the
original square, we have

s −
√

2w =
s√
2
, so

√
2s − 2w = s.

and
s

w
=

2√
2 − 1

= 2
√

2 + 2.

20. Answer (D): Squaring each side of the equation 4 = a + a−1 gives

16 = a2 + 2a · a−1 +
(
a−1

)2
= a2 + 2 + a−2, so 14 = a2 + a−2.

Squaring again gives

196 = a4 + 2a2 · a−2 +
(
a−2

)2
= a4 + 2 + a−4, so 194 = a4 + a−4.

21. Answer (C): Since the surface area of the original cube is 24 square meters,
each face of the cube has a surface area of 24/6 = 4 square meters, and the
side length of this cube is 2 meters. The sphere inscribed within the cube has
diameter 2 meters, which is also the length of the diagonal of the cube inscribed
in the sphere. Let l represent the side length of the inscribed cube. Applying
the Pythagorean Theorem twice gives

l2 + l2 + l2 = 22 = 4.

Hence each face has surface area

l2 =
4
3

square meters.

So the surface area of the inscribed cube is 6 · (4/3) = 8 square meters.
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22. Answer (D): A given digit appears as the hundreds digit, the tens digit, and
the units digit of a term the same number of times. Let k be the sum of the
units digits in all the terms. Then S = 111k = 3 · 37k, so S must be divisible
by 37. To see that S need not be divisible by any larger prime, note that the
sequence 123, 231, 312 gives S = 666 = 2 · 32 · 37.

23. Answer (B): Let x and y be, respectively, the larger and smaller of the
integers. Then 96 = x2 − y2 = (x + y)(x − y). Because 96 is even, x and y are
both even or are both odd. In either case x + y and x− y are both even. Hence
there are four possibilities for (x + y, x − y), which are (48, 2), (24, 4), (16, 6),
and (12, 8). The four corresponding values of (x, y) are (25, 23), (14, 10), (11, 5),
and (10, 2).

24. Answer (B): Rectangle ABFE has area AE · AB = 2 · 4√2 = 8
√

2. Right
triangles ACO and BDO each have hypotenuse 2

√
2 and one leg of length 2.

E

C

A B
O

D

F

2 2

Hence they are each isosceles, and each has area (1/2)
(
22

)
= 2. Angles CAE

and DBF are each 45◦, so sectors CAE and DBF each have area

1
8
· π · 22 =

π

2
.

Thus the area of the shaded region is

8
√

2 − 2 · 2 − 2 · π

2
= 8

√
2 − 4 − π.

25. Answer (D): If n ≤ 2007, then S(n) ≤ S(1999) = 28. If n ≤ 28, then
S(n) ≤ S(28) = 10. Therefore if n satisfies the required condition it must also
satisfy

n ≥ 2007 − 28 − 10 = 1969.

In addition, n, S(n), and S(S(n)) all leave the same remainder when divided by
9. Because 2007 is a multiple of 9, it follows that n, S(n), and S(S(n)) must all
be multiples of 3. The required condition is satisfied by 4 multiples of 3 between
1969 and 2007, namely 1977, 1980, 1983, and 2001.

Note: There appear to be many cases to check, that is, all the multiples of 3
between 1969 and 2007. However, for 1987 ≤ n ≤ 1999, we have n + S(n) ≥
1990 + 19 = 2009, so these numbers are eliminated. Thus we need only check
1971, 1974, 1977, 1980, 1983, 1986, 2001, and 2004.
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1. Isabella’s house has 3 bedrooms. Each bedroom is 12 feet long, 10 feet wide,
and 8 feet high. Isabella must paint the walls of all the bedrooms. Doorways
and windows, which will not be painted, occupy 60 square feet in each bedroom.
How many square feet of walls must be painted?

(A) 678 (B) 768 (C) 786 (D) 867 (E) 876

2. Define the operation ? by a ? b = (a + b)b. What is (3 ? 5) − (5 ? 3) ?

(A) −16 (B) −8 (C) 0 (D) 8 (E) 16

3. A college student drove his compact car 120 miles home for the weekend and
averaged 30 miles per gallon. On the return trip the student drove his parents’
SUV and averaged only 20 miles per gallon. What was the average gas mileage,
in miles per gallon, for the round trip?

(A) 22 (B) 24 (C) 25 (D) 26 (E) 28

4. The point O is the center of the circle circumscribed about 4ABC, with ∠BOC =
120◦ and ∠AOB = 140◦, as shown. What is the degree measure of ∠ABC ?

120
140

A C

O

B

(A) 35 (B) 40 (C) 45 (D) 50 (E) 60

5. In a certain land, all Arogs are Brafs, all Crups are Brafs, all Dramps are Arogs,
and all Crups are Dramps. Which of the following statements is implied by
these facts?

(A) All Dramps are Brafs and are Crups.

(B) All Brafs are Crups and are Dramps.

(C) All Arogs are Crups and are Dramps.

(D) All Crups are Arogs and are Brafs.

(E) All Arogs are Dramps and some Arogs may not be Crups.
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6. The 2007 AMC 10 will be scored by awarding 6 points for each correct response,
0 points for each incorrect response, and 1.5 points for each problem left unan-
swered. After looking over the 25 problems, Sarah has decided to attempt the
first 22 and leave only the last 3 unanswered. How many of the first 22 problems
must she solve correctly in order to score at least 100 points?

(A) 13 (B) 14 (C) 15 (D) 16 (E) 17

7. All sides of the convex pentagon ABCDE are of equal length, and ∠A = ∠B =
90◦. What is the degree measure of ∠E ?

(A) 90 (B) 108 (C) 120 (D) 144 (E) 150

8. On the trip home from the meeting where this AMC10 was constructed, the
Contest Chair noted that his airport parking receipt had digits of the form
bbcac, where 0 ≤ a < b < c ≤ 9, and b was the average of a and c. How many
different five-digit numbers satisfy all these properties?

(A) 12 (B) 16 (C) 18 (D) 20 (E) 24

9. A cryptographic code is designed as follows. The first time a letter appears in
a given message it is replaced by the letter that is 1 place to its right in the
alphabet (assuming that the letter A is one place to the right of the letter Z).
The second time this same letter appears in the given message, it is replaced by
the letter that is 1 + 2 places to the right, the third time it is replaced by the
letter that is 1 + 2 + 3 places to the right, and so on. For example, with this
code the word “banana” becomes “cbodqg”. What letter will replace the last
letter s in the message

“Lee’s sis is a Mississippi miss, Chriss!”?

(A) g (B) h (C) o (D) s (E) t

10. Two points B and C are in a plane. Let S be the set of all points A in the plane
for which 4ABC has area 1. Which of the following describes S ?

(A) two parallel lines (B) a parabola (C) a circle (D) a line segment
(E) two points

11. A circle passes through the three vertices of an isosceles triangle that has two
sides of length 3 and a base of length 2. What is the area of this circle?

(A) 2π (B)
5
2
π (C)

81
32

π (D) 3π (E)
7
2
π

12. Tom’s age is T years, which is also the sum of the ages of his three children. His
age N years ago was twice the sum of their ages then. What is T/N ?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6
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13. Two circles of radius 2 are centered at (2, 0) and at (0, 2). What is the area of
the intersection of the interiors of the two circles?

(A) π − 2 (B)
π

2
(C)

π
√

3
3

(D) 2(π − 2) (E) π

14. Some boys and girls are having a car wash to raise money for a class trip to
China. Initially 40% of the group are girls. Shortly thereafter two girls leave
and two boys arrive, and then 30% of the group are girls. How many girls were
initially in the group?

(A) 4 (B) 6 (C) 8 (D) 10 (E) 12

15. The angles of quadrilateral ABCD satisfy ∠A = 2∠B = 3∠C = 4∠D. What is
the degree measure of ∠A, rounded to the nearest whole number?

(A) 125 (B) 144 (C) 153 (D) 173 (E) 180

16. A teacher gave a test to a class in which 10% of the students are juniors and
90% are seniors. The average score on the test was 84. The juniors all received
the same score, and the average score of the seniors was 83. What score did
each of the juniors receive on the test?

(A) 85 (B) 88 (C) 93 (D) 94 (E) 98

17. Point P is inside equilateral 4ABC. Points Q, R, and S are the feet of the
perpendiculars from P to AB, BC, and CA, respectively. Given that PQ = 1,
PR = 2, and PS = 3, what is AB ?

(A) 4 (B) 3
√

3 (C) 6 (D) 4
√

3 (E) 9

18. A circle of radius 1 is surrounded by 4 circles of radius r as shown. What is r ?

1

r r

rr

(A)
√

2 (B) 1 +
√

2 (C)
√

6 (D) 3 (E) 2 +
√

2
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19. The wheel shown is spun twice, and the randomly determined numbers opposite
the pointer are recorded. The first number is divided by 4, and the second
number is divided by 5. The first remainder designates a column, and the
second remainder designates a row on the checkerboard shown. What is the
probability that the pair of numbers designates a shaded square?

 1

2

3

6

7

9

2

1

1

3

4

2 3

Pointer

(A)
1
3

(B)
4
9

(C)
1
2

(D)
5
9

(E)
2
3

20. A set of 25 square blocks is arranged into a 5 × 5 square. How many different
combinations of 3 blocks can be selected from that set so that no two are in the
same row or column?

(A) 100 (B) 125 (C) 600 (D) 2300 (E) 3600

21. Right 4ABC has AB = 3, BC = 4, and AC = 5. Square XY ZW is inscribed
in 4ABC with X and Y on AC, W on AB, and Z on BC. What is the side
length of the square?

A

B

C

ZW

YX

(A)
3
2

(B)
60
37

(C)
12
7

(D)
23
13

(E) 2

22. A player chooses one of the numbers 1 through 4. After the choice has been
made, two regular four-sided (tetrahedral) dice are rolled, with the sides of the
dice numbered 1 through 4. If the number chosen appears on the bottom of
exactly one die after it is rolled, then the player wins $1. If the number chosen
appears on the bottom of both of the dice, then the player wins $2. If the
number chosen does not appear on the bottom of either of the dice, the player
loses $1. What is the expected return to the player, in dollars, for one roll of
the dice?

(A) −1
8

(B) − 1
16

(C) 0 (D)
1
16

(E)
1
8



8th AMC 10 B 2007 6

23. A pyramid with a square base is cut by a plane that is parallel to its base and is
2 units from the base. The surface area of the smaller pyramid that is cut from
the top is half the surface area of the original pyramid. What is the altitude of
the original pyramid?

(A) 2 (B) 2 +
√

2 (C) 1 + 2
√

2 (D) 4 (E) 4 + 2
√

2

24. Let n denote the smallest positive integer that is divisible by both 4 and 9, and
whose base-10 representation consists of only 4’s and 9’s, with at least one of
each. What are the last four digits of n ?

(A) 4444 (B) 4494 (C) 4944 (D) 9444 (E) 9944

25. How many pairs of positive integers (a, b) are there such that a and b have no
common factors greater than 1 and

a

b
+

14b

9a

is an integer?

(A) 4 (B) 6 (C) 9 (D) 12 (E) infinitely many
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1. Answer (E): The perimeter of each bedroom is 2(12 + 10) = 44 feet, so the
surface to be painted in each bedroom has an area of 44 · 8 − 60 = 292 square
feet. Since there are 3 bedrooms, Isabella must paint 3 · 292 = 876 square feet.

2. Answer (E): Since 3?5 = (3+5)5 = 8 ·5 = 40 and 5?3 = (5+3)3 = 8 ·3 = 24,
we have

3 ? 5 − 5 ? 3 = 40 − 24 = 16.

3. Answer (B): The student used 120/30 = 4 gallons on the trip home and
120/20 = 6 gallons on the trip back to school. So the average gas mileage for
the round trip was

240 miles
10 gallons

= 24 miles per gallon.

4. Answer (D): Since OA = OB = OC, triangles AOB, BOC, and COA are
all isosceles. Hence

∠ABC = ∠ABO + ∠OBC =
180◦ − 140◦

2
+

180◦ − 120◦

2
= 50◦.

OR

Since
∠AOC = 360◦ − 140◦ − 120◦ = 100◦,

the Central Angle Theorem implies that

∠ABC =
1
2
∠AOC = 50◦.

5. Answer (D): Let A, B, C, and D represent the following statements about
a person in the land.

A : Is an Arog. B : Is a Braf. C : Is a Crup. D : Is a Dramp.

Then the statement in the first sentence of the problem can be expressed as:

A =⇒ B, C =⇒ B, D =⇒ A and C =⇒ D.

The most we can conclude is that

C =⇒ D =⇒ A =⇒ B.

So the only statement listed that we are certain is true is that Crups are both
Arogs and Brafs.
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6. Answer (D): Sarah will receive 4.5 points for the three questions she leaves
unanswered, so she must earn at least 100 − 4.5 = 95.5 points on the first 22
problems. Because

15 <
95.5
6

< 16,

she must solve at least 16 of the first 22 problems correctly. This would give her
a score of 100.5.

7. Answer (E): Because AB = BC = EA and ∠A = ∠B = 90◦, quadrilateral
ABCE is a square, so ∠AEC = 90◦.

A B

C

D

E

Also CD = DE = EC, so 4CDE is equilateral and ∠CED = 60◦. Therefore

∠E = ∠AEC + ∠CED = 90◦ + 60◦ = 150◦.

8. Answer (D): Once a and c are chosen, the integer b is determined. For a = 0,
we could have c = 2, 4, 6, or 8. For a = 2, we could have c = 4, 6, or 8. For
a = 4, we could have c = 6 or 8, and for a = 6 the only possibility is c = 8.
Thus there are 1 + 2 + 3 + 4 = 10 possibilities when a is even. Similarly, there
are 10 possibilities when a is odd, so the number of possibilities is 20.

9. Answer (D): The last s is the 12th appearance of this letter in the message,
so it will be replaced by the letter that is

1 + 2 + 3 + · · · + 12 =
1
2
(12 · 13) = 3 · 26

letters to the right of s. Since the alphabet has 26 letters, this letter s is coded
as s.

10. Answer (A): If the altitude from A has length d, then 4ABC has area
(1/2)(BC)d. The area is 1 if and only if d = 2/(BC). Thus S consists of the
two lines that are parallel to line BC and are 2/(BC) units from it, as shown.

B C

d

d



Solutions 2007 8th AMC 10 B 4

11. Answer (C): Let BD be an altitude of the isosceles 4ABC, and let O denote
the center of the circle with radius r that passes through A, B, and C, as shown.

A

B

D

O3

1
C

r

r

Then
BD =

√
32 − 12 = 2

√
2 and OD = 2

√
2 − r.

Since 4ADO is a right triangle, we have

r2 = 12 +
(
2
√

2 − r
)2

= 1 + 8 − 4
√

2r + r2, and r =
9

4
√

2
=

9
8

√
2.

As a consequence, the circle has area

(
9
8

√
2
)2

π =
81
32

π.

12. Answer (D): Tom’s age N years ago was T − N . The sum of his three
children’s ages at that time was T − 3N . Therefore T − N = 2(T − 3N), so
5N = T and T/N = 5. The conditions of the problem can be met, for example,
if Tom’s age is 30 and the ages of his children are 9, 10, and 11. In that case
T = 30 and N = 6.

13. Answer (D): The two circles intersect at (0, 0) and (2, 2), as shown.

y

x

(2, 2)
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Half of the region described is formed by removing an isosceles right triangle of
leg length 2 from a quarter of one of the circles. Because the quarter-circle has
area (1/4)π(2)2 = π and the triangle has area (1/2)(2)2 = 2, the area of the
region is 2(π − 2).

14. Answer (C): Let g be the number of girls and b the number of boys initially
in the group. Then g = 0.4(g + b). After two girls leave and two boys arrive,
the size of the entire group is unchanged, so g − 2 = 0.3(g + b). The solution of
the system of equations

g = 0.4(g + b) and g − 2 = 0.3(g + b)

is g = 8 and b = 12, so there were initially 8 girls.

OR

After two girls leave and two boys arrive, the size of the group is unchanged. So
the two girls who left represent 40% − 30% = 10% of the group. Thus the size
of the group is 20, and the original number of girls was 40% of 20, or 8.

15. Answer (D): Let x be the degree measure of ∠A. Then the degree measures
of angles B, C, and D are x/2, x/3, and x/4, respectively. The degree measures
of the four angles have a sum of 360, so

360 = x +
x

2
+

x

3
+

x

4
=

25x

12
.

Thus x = (12 · 360)/25 = 172.8 ≈ 173.

16. Answer (C): Let N be the number of students in the class. Then there are
0.1N juniors and 0.9N seniors. Let s be the score of each junior. The scores
totaled 84N = 83(0.9N) + s(0.1N), so

s =
84N − 83(0.9N)

0.1N
= 93.

Note: In this problem, we could assume that the class has one junior and nine
seniors. Then

9 · 83 + s = 10 · 84 = 9 · 84 + 84 and s = 9(84 − 83) + 84 = 93.

17. Answer (D): Let the side length of 4ABC be s. Then the areas of 4APB,
4BPC, and 4CPA are, respectively, s/2, s, and 3s/2. The area of 4ABC is
the sum of these, which is 3s. The area of 4ABC may also be expressed as
(
√

3/4)s2, so 3s = (
√

3/4)s2. The unique positive solution for s is 4
√

3.
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18. Answer (B): Construct the square ABCD by connecting the centers of the
large circles, as shown, and consider the isosceles right 4BAD.

2

r

r

r

r

r

r

A B

CD

Since AB = AD = 2r and BD = 2 + 2r, we have 2(2r)2 = (2 + 2r)2. So

1 + 2r + r2 = 2r2, and r2 − 2r − 1 = 0.

Applying the quadratic formula gives r = 1 +
√

2.

19. Answer (C): The first remainder is even with probability 2/6 = 1/3 and odd
with probability 2/3. The second remainder is even with probability 3/6 = 1/2
and odd with probability 1/2. The shaded squares are those that indicate that
both remainders are odd or both are even. Hence the square is shaded with
probability

1
3
· 1
2

+
2
3
· 1
2

=
1
2
.

20. Answer (C): After one of the 25 blocks is chosen, 16 of the remaining blocks
do not share its row or column. After the second block is chosen, 9 of the
remaining blocks do not share a row or column with either of the first two.
Because the three blocks can be chosen in any order, the number of different
combinations is

25 · 16 · 9
3!

= 25 · 8 · 3 = 600.

21. Answer (B): Let s be the side length of the square, and let h be the length
of the altitude of 4ABC from B. Because 4ABC and 4WBZ are similar, it
follows that

h − s

s
=

h

AC
=

h

5
, so s =

5h

5 + h
.

Because h = 3 · 4/5 = 12/5, the side length of the square is

s =
5(12/5)
5 + 12/5

=
60
37

.

OR
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Because 4WBZ is similar to 4ABC, we have

BZ =
4
5
s and CZ = 4 − 4

5
s.

Because 4ZY C is similar to 4ABC, we have

s

4 − (4/5)s
=

3
5
.

Thus
5s = 12 − 12

5
s and s =

60
37

.

22. Answer (B): The probability of the number appearing 0, 1, and 2 times is

P (0) =
3
4
· 3
4

=
9
16

, P (1) = 2 · 1
4
· 3
4

=
6
16

, and P (2) =
1
4
· 1
4

=
1
16

,

respectively. So the expected return, in dollars, to the player is

P (0) · (−1) + P (1) · (1) + P (2) · (2) =
−9 + 6 + 2

16
= − 1

16
.

23. Answer (E): Let h be the altitude of the original pyramid. Then the altitude
of the smaller pyramid is h− 2. Because the two pyramids are similar, the ratio
of their altitudes is the square root of the ratio of their surface areas. Thus
h/(h − 2) =

√
2, so

h =
2
√

2√
2 − 1

= 4 + 2
√

2.

24. Answer (C): Since n is divisible by 9, the sum of the digits of n must be a
multiple of 9. At least one digit of n is 4, so at least nine digits must be 4, and
at least one digit must be 9. For n to be divisible by 4, the last two digits of n
must each be 4. These conditions are satisfied by several ten-digit numbers, of
which the smallest is 4,444,444,944.
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25. Answer (A): Let u = a/b. Then the problem is equivalent to finding all
positive rational numbers u such that

u +
14
9u

= k

for some integer k. This equation is equivalent to 9u2 − 9uk + 14 = 0, whose
solutions are

u =
9k ±√

81k2 − 504
18

=
k

2
± 1

6

√
9k2 − 56.

Hence u is rational if and only if
√

9k2 − 56 is rational, which is true if and only
if 9k2 − 56 is a perfect square. Suppose that 9k2 − 56 = s2 for some positive
integer s. Then (3k − s)(3k + s) = 56. The only factors of 56 are 1, 2, 4, 7,
8, 14, 28, and 56, so (3k − s, 3k + s) is one of the ordered pairs (1, 56), (2, 28),
(4, 14), or (7, 8). The cases (1, 56) and (7, 8) yield no integer solutions. The
cases (2, 28) and (4, 14) yield k = 5 and k = 3, respectively. If k = 5, then
u = 1/3 or u = 14/3. If k = 3, then u = 2/3 or u = 7/3. Therefore there
are four pairs (a, b) that satisfy the given conditions, namely (1, 3), (2, 3), (7, 3),
and (14, 3).

OR

Rewrite the equation
a

b
+

14b

9a
= k

in two different forms. First, multiply both sides by b and subtract a to obtain

14b2

9a
= bk − a.

Because a, b, and k are integers, 14b2 must be a multiple of a, and because a
and b have no common factors greater than 1, it follows that 14 is divisible by
a. Next, multiply both sides of the original equation by 9a and subtract 14b to
obtain

9a2

b
= 9ak − 14b.

This shows that 9a2 is a multiple of b, so 9 must be divisible by b. Thus if (a, b)
is a solution, then b = 1, 3, or 9, and a = 1, 2, 7, or 14. This gives a total of
twelve possible solutions (a, b), each of which can be checked quickly. The only
such pairs for which

a

b
+

14b

9a

is an integer are when (a, b) is (1, 3), (2, 3), (7, 3), or (14, 3).
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1. A bakery owner turns on his doughnut machine at 8:30am. At 11:10am the ma-
chine has completed one third of the day’s job. At what time will the doughnut
machine complete the job?

(A) 1:50pm (B) 3:00pm (C) 3:30pm (D) 4:30pm (E) 5:50pm

2. A square is drawn inside a rectangle. The ratio of the width of the rectangle to
a side of the square is 2:1. The ratio of the rectangle’s length to its width is 2:1.
What percent of the rectangle’s area is inside the square?

(A) 12.5 (B) 25 (C) 50 (D) 75 (E) 87.5

3. For the positive integer n, let <n> denote the sum of all the positive divisors
of n with the exception of n itself. For example, <4> = 1 + 2 = 3 and <12> =
1 + 2 + 3 + 4 + 6 = 16. What is <<<6>>> ?

(A) 6 (B) 12 (C) 24 (D) 32 (E) 36

4. Suppose that 2
3 of 10 bananas are worth as much as 8 oranges. How many

oranges are worth as much as 1
2 of 5 bananas?

(A) 2 (B)
5
2

(C) 3 (D)
7
2

(E) 4

5. Which of the following is equal to the product

8
4
· 12

8
· 16
12

· · · · · 4n + 4
4n

· · · · · 2008
2004

?

(A) 251 (B) 502 (C) 1004 (D) 2008 (E) 4016

6. A triathlete competes in a triathlon in which the swimming, biking, and running
segments are all of the same length. The triathlete swims at a rate of 3 kilometers
per hour, bikes at a rate of 20 kilometers per hour, and runs at a rate of 10
kilometers per hour. Which of the following is closest to the triathlete’s average
speed, in kilometers per hour, for the entire race?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7

7. The fraction (
32008

)2 − (
32006

)2

(32007)2 − (32005)2

simplifies to which of the following?

(A) 1 (B)
9
4

(C) 3 (D)
9
2

(E) 9

8. Heather compares the price of a new computer at two different stores. Store
A offers 15% off the sticker price followed by a $90 rebate, and store B offers
25% off the same sticker price with no rebate. Heather saves $15 by buying
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the computer at store A instead of store B. What is the sticker price of the
computer, in dollars?

(A) 750 (B) 900 (C) 1000 (D) 1050 (E) 1500

9. Suppose that
2x

3
− x

6
is an integer. Which of the following statements must be true about x ?

(A) It is negative. (B) It is even, but not necessarily a multiple of 3.

(C) It is a multiple of 3, but not necessarily even.

(D) It is a multiple of 6, but not necessarily a multiple of 12.

(E) It is a multiple of 12.

10. Each of the sides of a square S1 with area 16 is bisected, and a smaller square
S2 is constructed using the bisection points as vertices. The same process is
carried out on S2 to construct an even smaller square S3. What is the area of
S3?

(A)
1
2

(B) 1 (C) 2 (D) 3 (E) 4

11. While Steve and LeRoy are fishing 1 mile from shore, their boat springs a leak,
and water comes in at a constant rate of 10 gallons per minute. The boat will
sink if it takes in more than 30 gallons of water. Steve starts rowing toward the
shore at a constant rate of 4 miles per hour while LeRoy bails water out of the
boat. What is the slowest rate, in gallons per minute, at which LeRoy can bail
if they are to reach the shore without sinking?

(A) 2 (B) 4 (C) 6 (D) 8 (E) 10

12. In a collection of red, blue, and green marbles, there are 25% more red marbles
than blue marbles, and there are 60% more green marbles than red marbles.
Suppose that there are r red marbles. What is the total number of marbles in
the collection?

(A) 2.85r (B) 3r (C) 3.4r (D) 3.85r (E) 4.25r
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13. Doug can paint a room in 5 hours. Dave can paint the same room in 7 hours.
Doug and Dave paint the room together and take a one-hour break for lunch.
Let t be the total time, in hours, required for them to complete the job working
together, including lunch. Which of the following equations is satisfied by t ?

(A)
(

1
5

+
1
7

)
(t + 1) = 1 (B)

(
1
5

+
1
7

)
t + 1 = 1 (C)

(
1
5

+
1
7

)
t = 1

(D)
(

1
5

+
1
7

)
(t − 1) = 1 (E) (5 + 7)t = 1

14. Older television screens have an aspect ratio of 4:3. That is, the ratio of the
width to the height is 4:3. The aspect ratio of many movies is not 4:3, so they
are sometimes shown on a television screen by “letterboxing” — darkening strips
of equal height at the top and bottom of the screen, as shown. Suppose a movie
has an aspect ratio of 2:1 and is shown on an older television screen with a
27-inch diagonal. What is the height, in inches, of each darkened strip?

(A) 2 (B) 2.25 (C) 2.5 (D) 2.7 (E) 3

15. Yesterday Han drove 1 hour longer than Ian at an average speed 5 miles per
hour faster than Ian. Jan drove 2 hours longer than Ian at an average speed 10
miles per hour faster than Ian. Han drove 70 miles more than Ian. How many
more miles did Jan drive than Ian?

(A) 120 (B) 130 (C) 140 (D) 150 (E) 160

16. Points A and B lie on a circle centered at O, and ∠AOB = 60◦. A second circle
is internally tangent to the first and tangent to both OA and OB. What is the
ratio of the area of the smaller circle to that of the larger circle?

(A)
1
16

(B)
1
9

(C)
1
8

(D)
1
6

(E)
1
4

17. An equilateral triangle has side length 6. What is the area of the region con-
taining all points that are outside the triangle and not more than 3 units from
a point of the triangle?

(A) 36 + 24
√

3 (B) 54 + 9π (C) 54 + 18
√

3 + 6π (D)
(
2
√

3 + 3
)2

π

(E) 9
(√

3 + 1
)2

π
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18. A right triangle has perimeter 32 and area 20. What is the length of its hy-
potenuse?

(A)
57
4

(B)
59
4

(C)
61
4

(D)
63
4

(E)
65
4

19. Rectangle PQRS lies in a plane with PQ = RS = 2 and QR = SP = 6. The
rectangle is rotated 90◦ clockwise about R, then rotated 90◦ clockwise about
the point that S moved to after the first rotation. What is the length of the
path traveled by point P ?

(A)
(
2
√

3 +
√

5
)

π (B) 6π (C)
(
3 +

√
10

)
π (D)

(√
3 + 2

√
5
)

π

(E) 2
√

10π

20. Trapezoid ABCD has bases AB and CD and diagonals intersecting at K. Sup-
pose that AB = 9, DC = 12, and the area of 4AKD is 24. What is the area
of trapezoid ABCD ?

(A) 92 (B) 94 (C) 96 (D) 98 (E) 100

A

B

C

D

21. A cube with side length 1 is sliced by a plane that
passes through two diagonally opposite vertices A
and C and the midpoints B and D of two opposite
edges not containing A or C, as shown. What is the
area of quadrilateral ABCD ?

(A)

√
6

2
(B)

5
4

(C)
√

2 (D)
3
2

(E)
√

3

22. Jacob uses the following procedure to write down a sequence of numbers. First
he chooses the first term to be 6. To generate each succeeding term, he flips a
fair coin. If it comes up heads, he doubles the previous term and subtracts 1. If
it comes up tails, he takes half of the previous term and subtracts 1. What is
the probability that the fourth term in Jacob’s sequence is an integer?

(A)
1
6

(B)
1
3

(C)
1
2

(D)
5
8

(E)
3
4

23. Two subsets of the set S = {a, b, c, d, e} are to be chosen so that their union is
S and their intersection contains exactly two elements. In how many ways can
this be done, assuming that the order in which the subsets are chosen does not
matter?

(A) 20 (B) 40 (C) 60 (D) 160 (E) 320
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24. Let k = 20082 + 22008. What is the units digit of k2 + 2k ?

(A) 0 (B) 2 (C) 4 (D) 6 (E) 8

1

x

25. A round table has radius 4. Six rectangular place mats
are placed on the table. Each place mat has width 1 and
length x as shown. They are positioned so that each mat
has two corners on the edge of the table, these two corners
being end points of the same side of length x. Further,
the mats are positioned so that the inner corners each
touch an inner corner of an adjacent mat. What is x ?

(A) 2
√

5 −
√

3 (B) 3 (C)
3
√

7 −√
3

2
(D) 2

√
3

(E)
5 + 2

√
3

2
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1. Answer (D): The machine worked for 2 hours and 40 minutes, or 160 minutes,
to complete one third of the job, so the entire job will take 3 ·160 = 480 minutes,
or 8 hours. Hence the doughnut machine will complete the job at 4:30pm.

2. Answer (A): Let x be the side length of the square. Then the area of the
square is x2. The rectangle has sides of length 2x and 4x, and hence area 8x2.
The fraction of the rectangle’s area inside the square is x2

8x2 = 1
8 or 12.5%.

3. Answer (A): The positive divisors of 6, other than 6, are 1, 2, and 3, so
<6> = 1 + 2 + 3 = 6. As a consequence, we also have <<<6>>> = 6.

Note: A positive integer whose divisors other than itself add up to that positive
integer is called a perfect number. The two smallest perfect numbers are 6 and
28.

4. Answer (C): Note that 2
3 of 10 bananas is 20

3 bananas, which are worth as
much as 8 oranges. So one banana is worth as much as 8 · 3

20 = 6
5 oranges.

Therefore 1
2 of 5 bananas are worth as much as 5

2 · 6
5 = 3 oranges.

5. Answer (B): Because each denominator except the first can be canceled with
the previous numerator, the product is 2008

4 = 502.

6. Answer (D): Let x be the length of one segment, in kilometers. To complete
the race, the triathlete takes

x

3
+

x

20
+

x

10
=

29
60

x

hours to cover the distance of 3x kilometers. The average speed is therefore

3x
29
60x

≈ 6 kilometers per hour.

7. Answer (E): First note that
(
32008

)2 − (
32006

)2

(32007)2 − (32005)2
=

92008 − 92006

92007 − 92005
.

Factoring 92005 from each of the terms on the right side produces

92008 − 92006

92007 − 92005
=

92005 · 93 − 92005 · 91

92005 · 92 − 92005 · 1 =
92005

92005
· 93 − 9
92 − 1

= 9 · 92 − 1
92 − 1

= 9.

8. Answer (A): Let x denote the sticker price, in dollars. Heather pays 0.85x−90
dollars at store A and would have paid 0.75x dollars at store B. Thus the sticker
price x satisfies 0.85x − 90 = 0.75x − 15, so x = 750.
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9. Answer (B): Because
2x

3
− x

6
=

x

2
is an integer, x must be even. The case x = 4 shows that x is not necessarily a
multiple of 3 and that none of the other statements must be true.

2

√2
2

2

2

2

√2

√2√2

10. Answer (E): The sides of S1 have length 4, so by
the Pythagorean Theorem the sides of S2 have length√

22 + 22 = 2
√

2. By similar reasoning the sides of

S3 have length
√

(
√

2)2 + (
√

2)2 = 2. Thus the area
of S3 is 22 = 4.

OR

Connect the midpoints of the opposite sides of S1.
This cuts S1 into 4 congruent squares as shown. Each
side of S2 cuts one of these squares into two congruent
triangles, one inside S2 and one outside.

Thus the area of S2 is half that of S1. By similar
reasoning, the area of S3 is half that of S2, and one
fourth that of S1.

11. Answer (D): At the rate of 4 miles per hour, Steve can row a mile in 15
minutes. During that time 15 · 10 = 150 gallons of water will enter the boat.
LeRoy must bail 150 − 30 = 120 gallons of water during that time. So he must
bail at the rate of at least 120

15 = 8 gallons per minute.

OR

Steve must row for 15 minutes to reach the shore, so the amount of water in the
boat can increase by at most 30

15 = 2 gallons per minute. Therefore LeRoy must
bail out at least 10 − 2 = 8 gallons per minute.

12. Answer (C): Let b and g represent the number of blue and green marbles,
respectively. Then r = 1.25b and g = 1.6r. Thus the total number of red, blue,
and green marbles is

r + b + g = r +
r

1.25
+ 1.6r = r + 0.8r + 1.6r = 3.4r.
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13. Answer (D): In one hour Doug can paint 1
5 of the room, and Dave can paint

1
7 of the room. Working together, they can paint 1

5 + 1
7 of the room in one hour.

It takes them t hours to do the job, but because they take an hour for lunch,
they work for only t− 1 hours. The fraction of the room that they paint in this
time is (

1
5

+
1
7

)
(t − 1),

which must be equal to 1. It may be checked that the solution, t = 47
12 , does not

satisfy the equation in any of the other answer choices.

14. Answer (D): Let h and w be the height and width of the screen, respectively,
in inches. By the Pythagorean Theorem, h:w:27 = 3:4:5, so

h =
3
5
· 27 = 16.2 and w =

4
5
· 27 = 21.6.

The height of the non-darkened portion of the screen is half the width, or 10.8
inches. Therefore the height of each darkened strip is

1
2
(16.2 − 10.8) = 2.7 inches.

OR

The screen has dimensions 4a × 3a for some a. The portion of the screen not
covered by the darkened strips has aspect ratio 2:1, so it has dimensions 4a×2a.
Thus the darkened strips each have height a

2 . By the Pythagorean Theorem,
the diagonal of the screen is 5a = 27 inches. Hence the height of each darkened
strip is 27

10 = 2.7 inches.

15. Answer (D): Suppose that Ian drove for t hours at an average speed of r
miles per hour. Then he covered a distance of rt miles. The number of miles
Han covered by driving 5 miles per hour faster for 1 additional hour is

(r + 5)(t + 1) = rt + 5t + r + 5.

Since Han drove 70 miles more than Ian,

70 = (r + 5)(t + 1) − rt = 5t + r + 5, so 5t + r = 65.

The number of miles Jan drove more than Ian is consequently

(r + 10)(t + 2) − rt = 10t + 2r + 20 = 2(5t + r) + 20 = 2 · 65 + 20 = 150.

OR



Solutions 2008 9th AMC 10 A 5

Represent the time traveled, average speed, and distance for Ian as length, width,
and area, respectively, of a rectangle as shown. A similarly formed rectangle
for Han would include an additional 1 unit of length and 5 units of width as
compared to Ian’s rectangle. Jan’s rectangle would have an additional 2 units
of length and 10 units of width as compared to Ian’s rectangle.

r

t 1

5

2

10

r

t

r

t

Ian Han Jan

Given that Han’s distance exceeds that of Ian by 70 miles, and Jan’s 10× t and
2×r rectangles are twice the size of Ian’s 5× t and 1×r rectangles, respectively,
it follows that Jan’s distance exceeds that of Ian by

2(70 − 5) + 20 = 150 miles.

A

B

C

D

E
O

16. Answer (B): Let r and R be the radii of the smaller
and larger circles, respectively. Let E be the center of the
smaller circle, let OC be the radius of the larger circle
that contains E, and let D be the point of tangency of the
smaller circle to OA. Then OE = R − r, and because
4EDO is a 30 – 60 – 90◦ triangle, OE = 2DE = 2r.
Thus 2r = R − r, so r

R = 1
3 . The ratio of the areas is

( 1
3 )2 = 1

9 .

6

3

17. Answer (B): The region consists of three rectangles
with length 6 and width 3 together with three 120◦

sectors of circles with radius 3.

The combined area of the three 120◦ sectors is the
same as the area of a circle with radius 3, so the area
of the region is

3 · 6 · 3 + π · 32 = 54 + 9π.

18. Answer (B): Let x be the length of the hypotenuse, and let y and z be the
lengths of the legs. The given conditions imply that

y2 + z2 = x2, y + z = 32 − x, and yz = 40.



Solutions 2008 9th AMC 10 A 6

Thus
(32 − x)2 = (y + z)2 = y2 + z2 + 2yz = x2 + 80,

from which 1024 − 64x = 80, and x = 59
4 .

Note: Solving the system of equations yields leg lengths of

1
8
(69 +

√
2201) and

1
8
(69 −

√
2201),

so a triangle satisfying the given conditions does in fact exist.

19. Answer (C): Let P ′ and S′ denote the positions of P and S, respectively, after
the rotation about R, and let P ′′ denote the final position of P . In the rotation
that moves P to position P ′, the point P rotates 90◦ on a circle with center
R and radius PR =

√
22 + 62 = 2

√
10. The length of the arc traced by P is

(1/4)
(
2π · 2√10

)
= π

√
10. Next, P ′ rotates to P ′′ through a 90◦ arc on a circle

with center S′ and radius S′P ′ = 6. The length of this arc is 1
4 (2π · 6) = 3π.

The total distance traveled by P is

π
√

10 + 3π =
(
3 +

√
10

)
π.

20. Answer (D): Note that 4ABK is similar to 4CDK. Because 4AKD and
4KCD have collinear bases and share a vertex D,

Area(4KCD)
Area(4AKD)

=
KC

AK
=

CD

AB
=

4
3
,

so 4KCD has area 32.

By a similar argument, 4KAB has area 18. Finally, 4BKC has the same
area as 4AKD since they are in the same proportion to each of the other two
triangles. The total area is 24 + 32 + 18 + 24 = 98.

A B

CD

K

9

24

12

OR

Let h denote the height of the trapezoid. Then

24 + Area(4AKB) =
9h

2
.
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Because 4CKD is similar to 4AKB with similarity ratio 12
9 = 4

3 ,

Area(4CKD) =
16
9

Area(4AKB), so 24 +
16
9

Area(4AKB) =
12h

2
.

Solving the two equations simultaneously yields h = 28
3 . This implies that the

area of the trapezoid is
1
2
· 28

3
(9 + 12) = 98.

21. Answer (A): All sides of ABCD are of equal length, so ABCD is a rhombus.
Its diagonals have lengths AC =

√
3 and BD =

√
2, so its area is

1
2

√
3 ·

√
2 =

√
6

2
.

22. Answer (D): The tree diagram below gives all possible sequences of four
terms. In the diagram, each left branch from a number corresponds to a head,
and each right branch to a tail.

6

11 2

21 3 0

41 8 5 –119

2

9

2

5

4

1

2
–1

Because the coin is fair, each of the eight possible outcomes in the bottom row of
the diagram is equally likely. Five of those numbers are integers, so the required
probability is 5

8 .

23. Answer (B): Let the two subsets be A and B. There are
(
5
2

)
= 10 ways to

choose the two elements common to A and B. There are then 23 = 8 ways to
assign the remaining three elements to A or B, so there are 80 ordered pairs
(A,B) that meet the required conditions. However, the ordered pairs (A,B)
and (B, A) represent the same pair {A, B} of subsets, so the conditions can be
met in 80

2 = 40 ways.
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24. Answer (D): The units digit of 2n is 2, 4, 8, and 6 for n = 1, 2, 3, and 4,
respectively. For n > 4, the units digit of 2n is equal to that of 2n−4. Thus for
every positive integer j the units digit of 24j is 6, and hence 22008 has a units
digit of 6. The units digit of 20082 is 4. Therefore the units digit of k is 0, so
the units digit of k2 is also 0. Because 2008 is even, both 20082 and 22008 are
multiples of 4. Therefore k is a multiple of 4, so the units digit of 2k is 6, and
the units digit of k2 + 2k is also 6.

√3x

P

Q

S

U

T

R

x

x

x

25. Answer (C): Select one of the mats. Let P and Q be
the two corners of the mat that are on the edge of the
table, and let R be the point on the edge of the table
that is diametrically opposite P as shown. Then R is
also a corner of a mat and 4PQR is a right triangle
with hypotenuse PR = 8. Let S be the inner corner of
the chosen mat that lies on QR, T the analogous point
on the mat with corner R, and U the corner common
to the other mat with corner S and the other mat with
corner T . Then 4STU is an isosceles triangle with two sides of length x and
vertex angle 120◦. It follows that ST =

√
3x, so QR = QS+ST +TR =

√
3x+2.

Apply the Pythagorean Theorem to 4PQR to obtain
(√

3x + 2
)2

+ x2 = 82,
from which x2 +

√
3x − 15 = 0. Solve for x and ignore the negative root to

obtain

x =
3
√

7 −√
3

2
.
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1. A basketball player made 5 baskets during a game. Each basket was worth
either 2 or 3 points. How many different numbers could represent the total
points scored by the player?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

 1 2 3 4

8 9 10 11

15 16 17 18

22 23 24 25

2. A 4 × 4 block of calendar dates is shown. The order of the
numbers in the second row is to be reversed. Then the order
of the numbers in the fourth row is to be reversed. Finally,
the numbers on each diagonal are to be added. What will
be the positive difference between the two diagonal sums?

(A) 2 (B) 4 (C) 6 (D) 8 (E) 10

3. Assume that x is a positive real number. Which is equivalent to 3
√

x
√

x ?

(A) x1/6 (B) x1/4 (C) x3/8 (D) x1/2 (E) x

4. A semipro baseball league has teams with 21 players each. League rules state
that a player must be paid at least $15,000, and that the total of all players’
salaries for each team cannot exceed $700,000. What is the maximum possible
salary, in dollars, for a single player?

(A) 270,000 (B) 385,000 (C) 400,000 (D) 430,000 (E) 700,000

5. For real numbers a and b, define a$b = (a − b)2. What is (x − y)2$(y − x)2 ?

(A) 0 (B) x2 + y2 (C) 2x2 (D) 2y2 (E) 4xy

6. Points B and C lie on AD. The length of AB is 4 times the length of BD,
and the length of AC is 9 times the length of CD. The length of BC is what
fraction of the length of AD ?

(A)
1
36

(B)
1
13

(C)
1
10

(D)
5
36

(E)
1
5

7. An equilateral triangle of side length 10 is completely filled in by non-overlapping
equilateral triangles of side length 1. How many small triangles are required?

(A) 10 (B) 25 (C) 100 (D) 250 (E) 1000

8. A class collects $50 to buy flowers for a classmate who is in the hospital. Roses
cost $3 each, and carnations cost $2 each. No other flowers are to be used. How
many different bouquets could be purchased for exactly $50 ?

(A) 1 (B) 7 (C) 9 (D) 16 (E) 17
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9. A quadratic equation ax2 − 2ax + b = 0 has two real solutions. What is the
average of the solutions?

(A) 1 (B) 2 (C)
b

a
(D)

2b

a
(E)

√
2a − b

10. Points A and B are on a circle of radius 5 and AB = 6. Point C is the midpoint
of the minor arc AB. What is the length of the line segment AC ?

(A)
√

10 (B)
7
2

(C)
√

14 (D)
√

15 (E) 4

11. Suppose that (un) is a sequence of real numbers satisfying un+2 = 2un+1 + un,
and that u3 = 9 and u6 = 128. What is u5?

(A) 40 (B) 53 (C) 68 (D) 88 (E) 104

12. Postman Pete has a pedometer to count his steps. The pedometer records up to
99999 steps, then flips over to 00000 on the next step. Pete plans to determine
his mileage for a year. On January 1 Pete sets the pedometer to 00000. During
the year, the pedometer flips from 99999 to 00000 forty-four times. On December
31 the pedometer reads 50000. Pete takes 1800 steps per mile. Which of the
following is closest to the number of miles Pete walked during the year?

(A) 2500 (B) 3000 (C) 3500 (D) 4000 (E) 4500

13. For each positive integer n, the mean of the first n terms of a sequence is n.
What is the 2008th term of the sequence?

(A) 2008 (B) 4015 (C) 4016 (D) 4,030,056 (E) 4,032,064

14. Triangle OAB has O = (0, 0), B = (5, 0), and A in the first quadrant. In
addition, ∠ABO = 90◦ and ∠AOB = 30◦. Suppose that OA is rotated 90◦

counterclockwise about O. What are the coordinates of the image of A ?

(A)
(
−10

3

√
3, 5

)
(B)

(
−5

3

√
3, 5

)
(C)

(√
3, 5

)
(D)

(
5
3

√
3, 5

)

(E)
(

10
3

√
3, 5

)

15. How many right triangles have integer leg lengths a and b and a hypotenuse of
length b + 1, where b < 100 ?

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10

16. Two fair coins are to be tossed once. For each head that results, one fair die is
to be rolled. What is the probability that the sum of the die rolls is odd? (Note
that if no die is rolled, the sum is 0.)

(A)
3
8

(B)
1
2

(C)
43
72

(D)
5
8

(E)
2
3
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17. A poll shows that 70% of all voters approve of the mayor’s work. On three
separate occasions a pollster selects a voter at random. What is the probability
that on exactly one of these three occasions the voter approves of the mayor’s
work?

(A) 0.063 (B) 0.189 (C) 0.233 (D) 0.333 (E) 0.441

18. Bricklayer Brenda would take 9 hours to build a chimney alone, and bricklayer
Brandon would take 10 hours to build it alone. When they work together,
they talk a lot, and their combined output is decreased by 10 bricks per hour.
Working together, they build the chimney in 5 hours. How many bricks are in
the chimney?

(A) 500 (B) 900 (C) 950 (D) 1000 (E) 1900

19. A cylindrical tank with radius 4 feet and height 9 feet is lying on its side. The
tank is filled with water to a depth of 2 feet. What is the volume of the water,
in cubic feet?

(A) 24π − 36
√

2 (B) 24π − 24
√

3 (C) 36π − 36
√

3 (D) 36π − 24
√

2
(E) 48π − 36

√
3

20. The faces of a cubical die are marked with the numbers 1, 2, 2, 3, 3, and 4.
The faces of a second cubical die are marked with the numbers 1, 3, 4, 5, 6, and
8. Both dice are thrown. What is the probability that the sum of the two top
numbers will be 5, 7, or 9 ?

(A)
5
18

(B)
7
18

(C)
11
18

(D)
3
4

(E)
8
9

21. Ten chairs are evenly spaced around a round table and numbered clockwise from
1 through 10. Five married couples are to sit in the chairs with men and women
alternating, and no one is to sit either next to or directly across from his or her
spouse. How many seating arrangements are possible?

(A) 240 (B) 360 (C) 480 (D) 540 (E) 720

22. Three red beads, two white beads, and one blue bead are placed in a line in
random order. What is the probability that no two neighboring beads are the
same color?

(A)
1
12

(B)
1
10

(C)
1
6

(D)
1
3

(E)
1
2
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23. A rectangular floor measures a feet by b feet, where a and b are positive integers
with b > a. An artist paints a rectangle on the floor with the sides of the
rectangle parallel to the sides of the floor. The unpainted part of the floor forms
a border of width 1 foot around the painted rectangle and occupies half the area
of the entire floor. How many possibilities are there for the ordered pair (a, b) ?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

24. Quadrilateral ABCD has AB = BC = CD, ∠ABC = 70◦, and ∠BCD = 170◦.
What is the degree measure of ∠BAD ?

(A) 75 (B) 80 (C) 85 (D) 90 (E) 95

25. Michael walks at the rate of 5 feet per second on a long straight path. Trash
pails are located every 200 feet along the path. A garbage truck travels at 10
feet per second in the same direction as Michael and stops for 30 seconds at each
pail. As Michael passes a pail, he notices the truck ahead of him just leaving
the next pail. How many times will Michael and the truck meet?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8
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1. Answer (E): The number of points could be any integer between 5 · 2 = 10
and 5 · 3 = 15, inclusive. The number of possibilities is 15 − 10 + 1 = 6.

1 2 3 4

891011

15 16 17 18

22232425

2. Answer (B): The two sums are 1 + 10 + 17 + 22 = 50 and
4+9+16+25 = 54, so the positive difference between the sums
is 54 − 50 = 4.

Query: If a different 4 × 4 block of dates had been chosen, the
answer would be unchanged. Why?

3. Answer (D): The properties of exponents imply that

3
√

x
√

x =
(
x · x 1

2

) 1
3

=
(
x

3
2

) 1
3

= x
1
2 .

4. Answer (C): A single player can receive the largest possible salary only when
the other 20 players on the team are each receiving the minimum salary of
$15,000. Thus the maximum salary for any player is $700,000 − 20 · $15,000 =
$400,000.

5. Answer (A): Note that (y − x)2 = (x − y)2, so

(x − y)2$(y − x)2 = (x − y)2$(x − y)2 =
(
(x − y)2 − (x − y)2

)2
= 02 = 0.

6. Answer (C): Because AB + BD = AD and AB = 4BD, it follows that
BD = 1

5 · AD. By similar reasoning, CD = 1
10 · AD. Thus

BC = BD − CD =
1
5
· AD − 1

10
· AD =

1
10

· AD.

7. Answer (C): The side length of the large triangle is 10 times the side length
of each small triangle, so the area of the large triangle is 102 = 100 times the
area of each small triangle.

8. Answer (C): The total cost of the carnations must be an even number of
dollars. The total number of dollars spent is the even number 50, so the number
of roses purchased must also be even. In addition, the number of roses purchased
cannot exceed 50

3 . Therefore the number of roses purchased must be one of the
even integers between 0 and 16, inclusive. This gives 9 possibilities for the
number of roses purchased, and consequently 9 possibilities for the number of
bouquets.
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9. Answer (A): The quadratic formula implies that the two solutions are

x1 =
2a +

√
4a2 − 4ab

2a
and x2 =

2a −√
4a2 − 4ab

2a
,

so the average is
1
2
(x1 + x2) =

1
2

(
2a

2a
+

2a

2a

)
= 1.

OR

The sum of the solutions of a quadratic equation is the negative of the coefficient
of the linear term divided by the coefficient of the quadratic term. In this case

the sum of the solution is
−(−2a)

a
= 2. Hence the average of the solutions is 1 .

BA

O

C

D

5

3

10. Answer (A): Let O be the center of the circle,
and let D be the intersection of OC and AB. Be-
cause OC bisects minor arc AB, OD is a perpen-
dicular bisector of chord AB. Hence AD = 3, and
applying the Pythagorean Theorem to 4ADO yields
OD =

√
52 − 33 = 4. Therefore DC = 1, and apply-

ing the Pythagorean Theorem to 4ADC yields AC =√
32 + 12 =

√
10.

11. Answer (B): Note that u5 = 2u4 + 9 and 128 = u6 = 2u5 + u4 = 5u4 + 18.
Thus u4 = 22, and it follows that u5 = 2 · 22 + 9 = 53.

12. Answer (A): During the year Pete takes

44 × 105 + 5 × 104 = 44.5 × 105

steps. At 1800 steps per mile, the number of miles Pete walks is

44.5 × 105

18 × 102
=

44.5
18

× 103 ≈ 2.5 × 103 = 2500.

13. Answer (B): Because the mean of the first n terms is n, their sum is n2.
Therefore the nth term is n2 − (n − 1)2 = 2n − 1, and the 2008th term is
2 · 2008 − 1 = 4015.

14. Answer (B): Because 4OAB is a 30 – 60 – 90◦ triangle, we have BA = 5
√

3
3 .

Let A′ and B′ be the images of A and B, respectively, under the rotation. Then
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B′ = (0, 5), B′A′ is horizontal, and B′A′ = BA = 5
√

3
3 . Hence A′ is in the

second quadrant and

A′ =
(
−5

3

√
3, 5

)
.

15. Answer (A): By the Pythagorean Theorem we have a2 + b2 = (b + 1)2, so

a2 = (b + 1)2 − b2 = 2b + 1.

Because b is an integer with b < 100, a2 is an odd perfect square between 1 and
201, and there are six of these, namely, 9, 25, 49, 81, 121, and 169. Hence a
must be 3, 5, 7, 9, 11, or 13, and there are 6 triangles that satisfy the given
conditions.

16. Answer (A): If one die is rolled, 3 of the 6 possible numbers are odd. If two
dice are rolled, 18 of the 36 possible outcomes have odd sums. In each of these
cases, the probability of an odd sum is 1

2 . If no die is rolled, the sum is 0, which
is not odd. The probability that no die is rolled is equal to the probability that
both coin tosses are tails, which is (1

2 )2 = 1
4 . Thus the requested probability is

(
1 − 1

4

)
· 1
2

=
3
8
.

17. Answer (B): The responses on these three occasions, in order, must be
YNN, NYN, or NNY, where Y indicates approval and N indicates disapproval.
The probability of each of these is (0.7)(0.3)(0.3) = 0.063, so the requested
probability is 3(0.063) = 0.189.

18. Answer (B): Let n be the number of bricks in the chimney. Then the
number of bricks per hour Brenda and Brandon can lay working alone is n

9 and
n
10 , respectively. Working together they can lay (n

9 + n
10 − 10) bricks in an hour,

or
5

(n

9
+

n

10
− 10

)

bricks in 5 hours to complete the chimney. Thus

5
(n

9
+

n

10
− 10

)
= n,

and the number of bricks in the chimney is n = 900.

OR

Suppose that Brenda can lay x bricks in an hour and Brandon can lay y bricks
in an hour. Then the number of bricks in the chimney can be expressed as 9x,
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10y, or 5(x + y − 10). The equality of these expressions leads to the system of
equations

4x − 5y = −50

−5x + 5y = −50.

It follows that x = 100, so the number of bricks in the chimney is 9x = 900.

4
2

19. Answer (E): The portion of each end of the tank that
is under water is a circular sector with two right triangles
removed as shown. The hypotenuse of each triangle is 4,
and the vertical leg is 2, so each is a 30 – 60 – 90◦ triangle.
Therefore the sector has a central angle of 120◦, and the
area of the sector is

120
360

· π(4)2 =
16
3

π.

The area of each triangle is 1
2 (2)

(
2
√

3
)
, so the portion of each end that is

underwater has area 16
3 π − 4

√
3. The length of the cylinder is 9, so the volume

of the water is

9
(

16
3

π − 4
√

3
)

= 48π − 36
√

3.

20. Answer (B): Of the 36 possible outcomes, the four pairs (1, 4), (2, 3), (2, 3),
and (4, 1) yield a sum of 5. The six pairs (1, 6), (2, 5), (2, 5), (3, 4), (3, 4), and
(4, 3) yield a sum of 7. The four pairs (1, 8), (3, 6), (3, 6), and (4, 5) yield a sum
of 9. Thus the probability of getting a sum of 5, 7, or 9 is (4+6+4)/36 = 7/18.

Note: The dice described here are known as Sicherman dice. The probability of
obtaining each sum between 2 and 12 is the same as that on a pair of standard
dice.

21. Answer (C): Let the women be seated first. The first woman may sit in
any of the 10 chairs. Because men and women must alternate, the number of
choices for the remaining women is 4, 3, 2, and 1. Thus the number of possible
seating arrangements for the women is 10 · 4! = 240. Without loss of generality,
suppose that a woman sits in chair 1. Then this woman’s spouse must sit in
chair 4 or chair 8. If he sits in chair 4 then the women sitting in chairs 7, 3,
9, and 5 must have their spouses sitting in chairs 10, 6, 2, and 8, respectively.
If he sits in chair 8 then the women sitting in chairs 5, 9, 3, and 7 must have
their spouses sitting in chairs 2, 6, 10, and 4, respectively. So for each possible
seating arrangement for the women there are two arrangements for the men.
Hence, there are 2 · 240 = 480 possible seating arrangements.

22. Answer (C): There are 6!/(3!2!1!) = 60 distinguishable orders of the beads
on the line. To meet the required condition, the red beads must be placed in
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one of four configurations: positions 1, 3, and 5, positions 2, 4, and 6, positions
1, 3, and 6, or positions 1, 4, and 6. In the first two cases, the blue bead can
be placed in any of the three remaining positions. In the last two cases, the
blue bead can be placed in either of the two adjacent remaining positions. In
each case, the placement of the white beads is then determined. Hence there
are 2 · 3 + 2 · 2 = 10 orders that meet the required condition, and the requested
probability is 10

60 = 1
6 .

23. Answer (B): Because the area of the border is half the area of the floor, the
same is true of the painted rectangle. The painted rectangle measures a − 2 by
b − 2 feet. Hence ab = 2(a − 2)(b − 2), from which 0 = ab − 4a − 4b + 8. Add 8
to each side of the equation to produce

8 = ab − 4a − 4b + 16 = (a − 4)(b − 4).

Because the only integer factorizations of 8 are

8 = 1 · 8 = 2 · 4 = (−4) · (−2) = (−8) · (−1),

and because b > a > 0, the only possible ordered pairs satisfying this equation
for (a−4, b−4) are (1, 8) and (2, 4). Hence (a, b) must be one of the two ordered
pairs (5, 12), or (6, 8).

A

B
C

D

M

A

B C

D
O

24. Answer (C): Let M be on the same side of line BC as
A, such that 4BMC is equilateral. Then 4ABM and
4MCD are isosceles with ∠ABM = 10◦ and ∠MCD =
110◦. Hence ∠AMB = 85◦ and ∠CMD = 35◦. There-
fore

∠AMD = 360◦ − ∠AMB − ∠BMC − ∠CMD

= 360◦ − 85◦ − 60◦ − 35◦ = 180◦.

It follows that M lies on AD and ∠BAD = ∠BAM =
85◦.

OR

Let 4ABO be equilateral as shown.

Then

∠OBC = ∠ABC − ∠ABO = 70◦ − 60◦ = 10◦.

Because ∠BCD = 170◦ and OB = BC = CD,
the quadrilateral BCDO is a parallelogram. Thus
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OD = BC = AO and 4AOD is isosceles. Let α = ∠ODA = ∠OAD. The sum
of the interior angles of ABCD is 360◦, so we have

360 = (α + 60) + 70 + 170 + (α + 10) and α = 25.

Thus ∠DAB = 60 + α = 85◦.

25. Answer (B): Number the pails consecutively so that Michael is presently at
pail 0 and the garbage truck is at pail 1. Michael takes 200/5 = 40 seconds to
walk between pails, so for n ≥ 0 he passes pail n after 40n seconds. The truck
takes 20 seconds to travel between pails and stops for 30 seconds at each pail.
Thus for n ≥ 1 it leaves pail n after 50(n − 1) seconds, and for n ≥ 2 it arrives
at pail n after 50(n − 1) − 30 seconds. Michael will meet the truck at pail n if
and only if

50(n − 1) − 30 ≤ 40n ≤ 50(n − 1) or, equivalently, 5 ≤ n ≤ 8.

50
time (sec)

distance (ft)

200

truck

Michael

Hence Michael first meets the truck at pail 5 after 200 seconds, just as the truck
leaves the pail. He passes the truck at pail 6 after 240 seconds and at pail 7
after 280 seconds. Finally, Michael meets the truck just as it arrives at pail 8
after 320 seconds. These conditions imply that the truck is ahead of Michael
between pails 5 and 6 and that Michael is ahead of the truck between pails 7
and 8. However, the truck must pass Michael at some point between pails 6 and
7, so they meet a total of five times.
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1. One can holds 12 ounces of soda. What is the minimum number of cans needed
to provide a gallon (128 ounces) of soda?

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11

2. Four coins are picked out of a piggy bank that contains a collection of pennies,
nickels, dimes, and quarters. Which of the following could not be the total value
of the four coins, in cents?

(A) 15 (B) 25 (C) 35 (D) 45 (E) 55

3. Which of the following is equal to 1 +
1

1 + 1
1+1

?

(A)
5
4

(B)
3
2

(C)
5
3

(D) 2 (E) 3

4. Eric plans to compete in a triathlon. He can average 2 miles per hour in the
1
4 -mile swim and 6 miles per hour in the 3-mile run. His goal is to finish the
triathlon in 2 hours. To accomplish his goal what must his average speed, in
miles per hour, be for the 15-mile bicycle ride?

(A)
120
11

(B) 11 (C)
56
5

(D)
45
4

(E) 12

5. What is the sum of the digits of the square of 111,111,111 ?

(A) 18 (B) 27 (C) 45 (D) 63 (E) 81

6. A circle of radius 2 is inscribed in a semicircle, as shown. The area inside the
semicircle but outside the circle is shaded. What fraction of the semicircle’s area
is shaded?

2

(A)
1
2

(B)
π

6
(C)

2
π

(D)
2
3

(E)
3
π
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7. A carton contains milk that is 2% fat, an amount that is 40% less fat than the
amount contained in a carton of whole milk. What is the percentage of fat in
whole milk?

(A)
12
5

(B) 3 (C)
10
3

(D) 38 (E) 42

8. Three generations of the Wen family are going to the movies, two from each
generation. The two members of the youngest generation receive a 50% discount
as children. The two members of the oldest generation receive a 25% discount as
senior citizens. The two members of the middle generation receive no discount.
Grandfather Wen, whose senior ticket costs $6.00, is paying for everyone. How
many dollars must he pay?

(A) 34 (B) 36 (C) 42 (D) 46 (E) 48

9. Positive integers a, b, and 2009, with a < b < 2009, form a geometric sequence
with an integer ratio. What is a ?

(A) 7 (B) 41 (C) 49 (D) 287 (E) 2009

10. Triangle ABC has a right angle at B. Point D is the foot of the altitude from
B, AD = 3, and DC = 4. What is the area of 4ABC ?

A

B C

D

3

4

(A) 4
√

3 (B) 7
√

3 (C) 21 (D) 14
√

3 (E) 42

11. One dimension of a cube is increased by 1, another is decreased by 1, and the
third is left unchanged. The volume of the new rectangular solid is 5 less than
that of the cube. What was the volume of the cube?

(A) 8 (B) 27 (C) 64 (D) 125 (E) 216



10th AMC 10 A 2009 4

12. In quadrilateral ABCD, AB = 5, BC = 17, CD = 5, DA = 9, and BD is an
integer. What is BD ?

A

BC

D

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

13. Suppose that P = 2m and Q = 3n. Which of the following is equal to 12mn for
every pair of integers (m, n) ?

(A) P 2Q (B) PnQm (C) PnQ2m (D) P 2mQn (E) P 2nQm

14. Four congruent rectangles are placed as shown. The area of the outer square is
4 times that of the inner square. What is the ratio of the length of the longer
side of each rectangle to the length of its shorter side?

(A) 3 (B)
√

10 (C) 2 +
√

2 (D) 2
√

3 (E) 4

15. The figures F1, F2, F3 and F4 shown are the first in a sequence of figures. For
n ≥ 3, Fn is constructed from Fn−1 by surrounding it with a square and placing
one more diamond on each side of the new square than Fn−1 had on each side
of its outside square. For example, figure F3 has 13 diamonds. How many
diamonds are there in figure F20 ?

F F F 1 2 3 F 4 

(A) 401 (B) 485 (C) 585 (D) 626 (E) 761
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16. Let a, b, c, and d be real numbers with |a − b| = 2, |b − c| = 3, and |c − d| = 4.
What is the sum of all possible values of |a − d| ?
(A) 9 (B) 12 (C) 15 (D) 18 (E) 24

17. Rectangle ABCD has AB = 4 and BC = 3. Segment EF is constructed through
B so that EF ⊥ DB, and A and C lie on DE and DF , respectively. What is
EF ?

(A) 9 (B) 10 (C)
125
12

(D)
103
9

(E) 12

18. At Jefferson Summer Camp, 60% of the children play soccer, 30% of the children
swim, and 40% of the soccer players swim. To the nearest whole percent, what
percent of the non-swimmers play soccer?

(A) 30% (B) 40% (C) 49% (D) 51% (E) 70%

19. Circle A has radius 100. Circle B has an integer radius r < 100 and remains
internally tangent to circle A as it rolls once around the circumference of circle
A. The two circles have the same points of tangency at the beginning and end
of circle B’s trip. How many possible values can r have?

(A) 4 (B) 8 (C) 9 (D) 50 (E) 90

20. Andrea and Lauren are 20 kilometers apart. They bike toward one another with
Andrea traveling three times as fast as Lauren, and the distance between them
decreasing at a rate of 1 kilometer per minute. After 5 minutes, Andrea stops
biking because of a flat tire and waits for Lauren. After how many minutes from
the time they started to bike does Lauren reach Andrea?

(A) 20 (B) 30 (C) 55 (D) 65 (E) 80
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21. Many Gothic cathedrals have windows with portions containing a ring of con-
gruent circles that are circumscribed by a larger circle. In the figure shown, the
number of smaller circles is four. What is the ratio of the sum of the areas of
the four smaller circles to the area of the larger circle?

(A) 3 − 2
√

2 (B) 2 −
√

2 (C) 4(3 − 2
√

2) (D)
1
2
(3 −

√
2)

(E) 2
√

2 − 2

22. Two cubical dice each have removable numbers 1 through 6. The twelve numbers
on the two dice are removed, put into a bag, then drawn one at a time and
randomly reattached to the faces of the cubes, one number to each face. The
dice are then rolled and the numbers on the two top faces are added. What is
the probability that the sum is 7 ?

(A)
1
9

(B)
1
8

(C)
1
6

(D)
2
11

(E)
1
5

23. Convex quadrilateral ABCD has AB = 9 and CD = 12. Diagonals AC and
BD intersect at E, AC = 14, and 4AED and 4BEC have equal areas. What
is AE ?

(A)
9
2

(B)
50
11

(C)
21
4

(D)
17
3

(E) 6

24. Three distinct vertices of a cube are chosen at random. What is the probability
that the plane determined by these three vertices contains points inside the
cube?

(A)
1
4

(B)
3
8

(C)
4
7

(D)
5
7

(E)
3
4

25. For k > 0, let Ik = 10 . . . 064, where there are k zeros between the 1 and the 6.
Let N(k) be the number of factors of 2 in the prime factorization of Ik. What
is the maximum value of N(k) ?

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10
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1. Answer (E): Because 128
12 = 10 2

3 , there must be 11 cans.

2. Answer (A): The value of any combination of four coins that includes pennies
cannot be a multiple of 5 cents, and the value of any combination of four coins
that does not include pennies must exceed 15 cents. Therefore the total value
cannot be 15 cents. The other four amounts can be made with, respectively,
one dime and three nickels; three dimes and one nickel; one quarter, one dime
and two nickels; and one quarter and three dimes.

3. Answer (C): Simplifying the expression,

1 +
1

1 + 1
1+1

= 1 +
1

1 + 1
2

= 1 +
1
3
2

= 1 +
2
3

=
5
3
.

4. Answer (A): Eric can complete the swim in 1/4
2 = 1

8 of an hour. He can
complete the run in 3

6 = 1
2 of an hour. This leaves 2 − 1

8 − 1
2 = 11

8 hours to
complete the bicycle ride. His average speed for the ride must be 15

11/8 = 120
11

miles per hour.

5. Answer (E): The square of 111,111,111 is

1 1 1 1 1 1 1 1 1
×1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1 1
1 2 3 4 5 6 7 8 9 8 7 6 5 4 3 2 1

Hence the sum of the digits of the square of 111,111,111 is 81.
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6. Answer (A): The semicircle has radius 4 and total area 1
2 · π · 42 = 8π. The

area of the circle is π · 22 = 4π. The fraction of the area that is not shaded is
4π
8π = 1

2 , and hence the fraction of the area that is shaded is also 1
2 .

2

2

7. Answer (C): Suppose whole milk is x% fat. Then 60% of x is equal to 2.
Thus

x =
2

0.6
=

20
6

=
10
3

.

8. Answer (B): Grandfather Wen’s ticket costs $6, which is 3
4 of the full price,

so each ticket at full price costs 4
3 · 6 = 8 dollars, and each child’s ticket costs

1
2 · 8 = 4 dollars. The cost of all the tickets is 2($6 + $8 + $4) = $36.

9. Answer (B): Let the ratio be r. Then ar2 = 2009 = 41 · 72. Because r must
be an integer greater than 1, the only possible value of r is 7, and a = 41.

10. Answer (B): By the Pythagorean Theorem, AB2 = BD2+9, BC2 = BD2+16,
and AB2 + BC2 = 49. Adding the first two equations and substituting gives
2 ·BD2+25 = 49. Then BD = 2

√
3, and the area of 4ABC is 1

2 ·7 ·2
√

3 = 7
√

3.

OR

Because 4ADB and 4BDC are similar, BD
3 = 4

BD , from which BD = 2
√

3.
Therefore the area of 4ABC is 1

2 · 7 · 2√3 = 7
√

3 .

11. Answer (D): Let x be the side length of the cube. Then the volume of the
cube was x3, and the volume of the new solid is x(x + 1)(x − 1) = x3 − x.
Therefore x3 − x = x3 − 5, from which x = 5, and the volume of the cube was
53 = 125.
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12. Answer (C): Let x be the length of BD. By the triangle inequality on 4BCD,
5 + x > 17, so x > 12. By the triangle inequality on 4ABD, 5 + 9 > x, so
x < 14. Since x must be an integer, x = 13.

13. Answer (E): Note that

12mn = (22 · 3)mn = 22mn · 3mn = (2m)2n · (3n)m = P 2nQm.

Remark: The pair of integers (2, 1) shows that the other choices are not possible.

14. Answer (A): Let the lengths of the shorter and longer side of each rectangle
be x and y, respectively. The outer and inner squares have side lengths y + x
and y − x, respectively, and the ratio of their side lengths is

√
4 = 2. Therefore

y + x = 2(y − x), from which y = 3x.

15. Answer (E): The outside square for Fn has 4 more diamonds on its boundary
than the outside square for Fn−1. Because the outside square of F2 has 4
diamonds, the outside square of Fn has 4(n−2)+4 = 4(n−1) diamonds. Hence
the number of diamonds in figure Fn is the number of diamonds in Fn−1 plus
4(n − 1), or

1 + 4 + 8 + 12 + · · · + 4(n − 2) + 4(n − 1)
=1 + 4(1 + 2 + 3 + · · · + (n − 2) + (n − 1))

= 1 + 4
(n − 1)n

2
=1 + 2(n − 1)n.

Therefore figure F20 has 1 + 2 · 19 · 20 = 761 diamonds.

16. Answer (D): The given conditions imply that b = a± 2, c = b± 3 = a± 2± 3,
and d = c ± 4 = a ± 2 ± 3 ± 4, where the signs can be combined in all possible
ways. Therefore the possible values of |a − d| are 2 + 3 + 4 = 9, 2 + 3 − 4 = 1,
2 − 3 + 4 = 3, and −2 + 3 + 4 = 5. The sum of all possible values of |a − d| is
9 + 1 + 3 + 5 = 18.

OR

The equations in the problem statement are true for numbers a, b, c, d if and
only if they are true for a+r, b+r, c+r, d+r, where r is any real number. The
value of |a − d| is also unchanged with this substitution. Therefore there is no
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loss of generality in letting b = 0, and we can then write down the possibilities
for the other variables:

a b c d

2

{2

0

3

{3

7

{1

{7

1

The different possible values for |a − d| are

|2 − 7| = 5, |2 − (−1)| = 3, |2 − 1| = 1, |2 − (−7)| = 9.

The sum of these possible values is 18.

A B

CD

E

F

3

4

5

17. Answer (C): Note that DB = 5 and 4EBA, 4DBC,
and 4BFC are all similar.

Therefore 4
EB = 3

5 , so EB = 20
3 . Similarly, 3

BF = 4
5 , so

BF = 15
4 .

Thus

EF = EB + BF =
20
3

+
15
4

=
125
12

.

18. Answer (D): For every 100 children, 60 are soccer players and 40 are non-
soccer players. Of the 60 soccer players, 40% or 60× 40

100 = 24 are also swimmers,
so 36 are non-swimmers. Of the 100 children, 30 are swimmers and 70 are non-
swimmers. The fraction of non-swimmers who play soccer is 36

70 ≈ .51, or 51%.

19. Answer (B): Circles A and B have circumferences 200π and 2πr, respectively.
After circle B begins to roll, its initial point of tangency with circle A touches
circle A again a total of

200π

2πr
=

100
r

times. In order for this to be an integer greater than 1, r must be one of the
integers 1, 2, 4, 5, 10, 20, 25, or 50. Hence there are a total of 8 possible values
of r.
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20. Answer (D): Let r be the rate that Lauren bikes, in kilometers per minute.
Then r + 3r = 1, so r = 1

4 . In the first 5 minutes, the distance between Andrea
and Lauren decreases by 5 · 1 = 5 kilometers, leaving Lauren to travel the
remaining 15 kilometers between them. This requires

15
1
4

= 60

minutes, so the total time since they started biking is 5 + 60 = 65 minutes.

1

21. Answer (C): It may be assumed that the smaller cir-
cles each have radius 1. Their centers form a square
with side length 2 and diagonal length 2

√
2. Thus the

diameter of the large circle is 2 + 2
√

2, so its area is
(1 +

√
2)2π = (3 + 2

√
2)π. The desired ratio is

4π

(3 + 2
√

2)π
= 4(3 − 2

√
2).

22. Answer (D): Suppose that the two dice originally had the numbers 1, 2, 3,
4, 5, 6 and 1′, 2′, 3′, 4′, 5′, 6′, respectively. The process of randomly picking
the numbers, randomly affixing them to the dice, rolling the dice, and adding
the top numbers is equivalent to picking two of the twelve numbers at random
and adding them. There are

(
12
2

)
= 66 sets of two elements taken from S =

{1, 1′, 2, 2′, 3, 3′, 4, 4′, 5, 5′, 6, 6′}. There are 4 ways to use a 1 and 6 to obtain 7,
namely, {1, 6}, {1, 6′}, {1′, 6}, and {1′, 6′}. Similarly there are 4 ways to obtain
the sum of 7 using a 2 and 5, and 4 ways using a 3 and 4. Hence there are
12 pairs taken from S whose sum is 7. Therefore the requested probability is
12
66 = 2

11 .

OR

Because the process is equivalent to picking two of the twelve numbers at random
and then adding them, suppose we first pick number N . Then the second choice
must be number 7−N . For any value of N , there are two “removable numbers”
equal to 7 − N out of the remaining 11, so the probability of rolling a 7 is 2

11 .
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23. Answer (E): Because 4AED and 4BEC have equal areas, so do 4ACD
and 4BCD. Side CD is common to 4ACD and 4BCD, so the altitudes from
A and B to CD have the same length. Thus AB ‖ CD, so 4ABE is similar to
4CDE with similarity ratio

AE

EC
=

AB

CD
=

9
12

=
3
4
.

Let AE = 3x and EC = 4x. Then 7x = AE + EC = AC = 14, so x = 2, and
AE = 3x = 6.

A B

CD

E

9

12

24. Answer (C): A plane that intersects at least three vertices of a cube either
cuts into the cube or is coplanar with a cube face. Therefore the three randomly
chosen vertices result in a plane that does not contain points inside the cube if
and only if the three vertices come from the same face of the cube. There are
6 cube faces, so the number of ways to choose three vertices on the same cube
face is 6 · (

4
3

)
= 24. The total number of ways to choose the distinct vertices

without restriction is
(
8
3

)
= 56. Hence the probability is 1 − 24

56 = 4
7 .

25. Answer (B): Note that Ik = 2k+2 · 5k+2 + 26. For k < 4, the first term is not
divisible by 26, so N(k) < 6. For k > 4, the first term is divisible by 27, but the
second term is not, so N(k) < 7. For k = 4, I4 = 26(56 + 1), and because the
second factor is even, N(4) ≥ 7. In fact the second factor is a sum of cubes so

(56 + 1) = ((52)3 + 13) = (52 + 1)((52)2 − 52 + 1).

The factor 52 + 1 = 26 is divisible by 2 but not 4, and the second factor is odd,
so 56 + 1 contributes one more factor of 2. Hence the maximum value for N(k)
is 7.

The problems and solutions in this contest were proposed by Steve Blasberg,
Thomas Butts, Steven Davis, Steve Dunbar, Douglas Faires, Jerrold Grossman, John
Haverhals, Elgin Johnston, Joe Kennedy, Bonnie Leitch, David Wells, LeRoy Wen-
strom, Woody Wenstrom, and Ron Yannone.
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1. Each morning of her five-day workweek, Jane bought either a 50-cent muffin or
a 75-cent bagel. Her total cost for the week was a whole number of dollars. How
many bagels did she buy?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

2. Which of the following is equal to

1
3 − 1

4
1
2 − 1

3

?

(A)
1
4

(B)
1
3

(C)
1
2

(D)
2
3

(E)
3
4

3. Paula the painter had just enough paint for 30 identically sized rooms. Unfor-
tunately, on the way to work, three cans of paint fell off her truck, so she had
only enough paint for 25 rooms. How many cans of paint did she use for the 25
rooms?

(A) 10 (B) 12 (C) 15 (D) 18 (E) 25

4. A rectangular yard contains two flower beds in the shape of congruent isosceles
right triangles. The remainder of the yard has a trapezoidal shape, as shown.
The parallel sides of the trapezoid have lengths 15 and 25 meters. What fraction
of the yard is occupied by the flower beds?

(A)
1
8

(B)
1
6

(C)
1
5

(D)
1
4

(E)
1
3

5. Twenty percent less than 60 is one-third more than what number?

(A) 16 (B) 30 (C) 32 (D) 36 (E) 48

6. Kiana has two older twin brothers. The product of their three ages is 128. What
is the sum of their three ages?

(A) 10 (B) 12 (C) 16 (D) 18 (E) 24
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7. By inserting parentheses, it is possible to give the expression

2 × 3 + 4 × 5

several values. How many different values can be obtained?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

8. In a certain year the price of gasoline rose by 20% during January, fell by 20%
during February, rose by 25% during March, and fell by x% during April. The
price of gasoline at the end of April was the same as it had been at the beginning
of January. To the nearest integer, what is x ?

(A) 12 (B) 17 (C) 20 (D) 25 (E) 35

9. Segment BD and AE intersect at C, as shown, AB = BC = CD = CE, and
∠A = 5

2∠B. What is the degree measure of ∠D ?

A

B

C

D

E

(A) 52.5 (B) 55 (C) 57.5 (D) 60 (E) 62.5

10. A flagpole is originally 5 meters tall. A hurricane snaps the flagpole at a point
x meters above the ground so that the upper part, still attached to the stump,
touches the ground 1 meter away from the base. What is x ?

(A) 2.0 (B) 2.1 (C) 2.2 (D) 2.3 (E) 2.4

11. How many 7 digit palindromes (numbers that read the same backward as for-
ward) can be formed using the digits 2, 2, 3, 3, 5, 5, 5 ?

(A) 6 (B) 12 (C) 24 (D) 36 (E) 48

12. Distinct points A, B, C, and D lie on a line, with AB = BC = CD = 1. Points
E and F lie on a second line, parallel to the first, with EF = 1. A triangle
with positive area has three of the six points as its vertices. How many possible
values are there for the area of the triangle?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7
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13. As shown below, convex pentagon ABCDE has sides AB = 3, BC = 4, CD = 6,
DE = 3, and EA = 7. The pentagon is originally positioned in the plane with
vertex A at the origin and vertex B on the positive x-axis. The pentagon is
then rolled clockwise to the right along the x-axis. Which side will touch the
point x = 2009 on the x-axis?

A B

C

DE

x

3

4

6

3

7

(0,0)

(A) AB (B) BC (C) CD (D) DE (E) EA

14. On Monday, Millie puts a quart of seeds, 25% of which are millet, into a bird
feeder. On each successive day she adds another quart of the same mix of seeds
without removing any seeds that are left. Each day the birds eat only 25% of
the millet in the feeder, but they eat all of the other seeds. On which day, just
after Millie has placed the seeds, will the birds find that more than half the
seeds in the feeder are millet?

(A) Tuesday (B) Wednesday (C) Thursday (D) Friday

(E) Saturday

15. When a bucket is two-thirds full of water, the bucket and water weigh a kilo-
grams. When the bucket is one-half full of water the total weight is b kilograms.
In terms of a and b, what is the total weight in kilograms when the bucket is
full of water?

(A)
2
3
a +

1
3
b (B)

3
2
a − 1

2
b (C)

3
2
a + b

(D)
3
2
a + 2b (E) 3a − 2b

16. Points A and C lie on a circle centered at O, each of BA and BC are tangent
to the circle, and 4ABC is equilateral. The circle intersects BO at D. What
is BD

BO ?

(A)

√
2

3
(B)

1
2

(C)

√
3

3
(D)

√
2

2
(E)

√
3

2
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17. Five unit squares are arranged in the coordinate plane as shown, with the lower
left corner at the origin. The slanted line, extending from (a, 0) to (3, 3), divides
the entire region into two regions of equal area. What is a ?

(a,0)

(3,3)

x

y

(A)
1
2

(B)
3
5

(C)
2
3

(D)
3
4

(E)
4
5

18. Rectangle ABCD has AB = 8 and BC = 6. Point M is the midpoint of diagonal
AC, and E is on AB with ME ⊥ AC. What is the area of 4AME ?

(A)
65
8

(B)
25
3

(C) 9 (D)
75
8

(E)
85
8

19. A particular 12-hour digital clock displays the hour and minute of a day. Unfor-
tunately, whenever it is supposed to display a 1, it mistakenly displays a 9. For
example, when it is 1:16pm the clock incorrectly shows 9:96pm. What fraction
of the day will the clock show the correct time?

(A)
1
2

(B)
5
8

(C)
3
4

(D)
5
6

(E)
9
10

20. Triangle ABC has a right angle at B, AB = 1, and BC = 2. The bisector of
∠BAC meets BC at D. What is BD ?

A

B CD

1

(A)

√
3 − 1
2

(B)

√
5 − 1
2

(C)

√
5 + 1
2

(D)

√
6 +

√
2

2
(E) 2

√
3 − 1



10th AMC 10 B 2009 6

21. What is the remainder when 30 + 31 + 32 + · · · + 32009 is divided by 8 ?

(A) 0 (B) 1 (C) 2 (D) 4 (E) 6

22. A cubical cake with edge length 2 inches is iced on the sides and the top. It is cut
vertically into three pieces as shown in this top view, where M is the midpoint
of a top edge. The piece whose top is triangle B contains c cubic inches of cake
and s square inches of icing. What is c + s ?

A

B

C

M

(A)
24
5

(B)
32
5

(C) 8 +
√

5 (D) 5 +
16
√

5
5

(E) 10 + 5
√

5

23. Rachel and Robert run on a circular track. Rachel runs counterclockwise and
completes a lap every 90 seconds, and Robert runs clockwise and completes a
lap every 80 seconds. Both start from the start line at the same time. At some
random time between 10 minutes and 11 minutes after they begin to run, a
photographer standing inside the track takes a picture that shows one-fourth
of the track, centered on the starting line. What is the probability that both
Rachel and Robert are in the picture?

(A)
1
16

(B)
1
8

(C)
3
16

(D)
1
4

(E)
5
16

24. The keystone arch is an ancient architectural feature. It is composed of congru-
ent isosceles trapezoids fitted together along the non-parallel sides, as shown.
The bottom sides of the two end trapezoids are horizontal. In an arch made
with 9 trapezoids, let x be the angle measure in degrees of the larger interior
angle of the trapezoid. What is x ?

(A) 100 (B) 102 (C) 104 (D) 106 (E) 108
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25. Each face of a cube is given a single narrow stripe painted from the center of
one edge to the center of its opposite edge. The choice of the edge pairing is
made at random and independently for each face. What is the probability that
there is a continuous stripe encircling the cube?

(A) 1/8 (B) 3/16 (C) 1/4 (D) 3/8 (E) 1/2
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1. Answer (B): Make a table for the cost of the muffins and bagels:

Cost of Muffins Cost of Bagels Total Cost
0 · 0.50 = 0.00 5 · 0.75 = 3.75 3.75
1 · 0.50 = 0.50 4 · 0.75 = 3.00 3.50
2 · 0.50 = 1.00 3 · 0.75 = 2.25 3.25
3 · 0.50 = 1.50 2 · 0.75 = 1.50 3.00
4 · 0.50 = 2.00 1 · 0.75 = 0.75 2.75
5 · 0.50 = 2.50 0 · 0.75 = 0.00 2.50

The only combination which is a whole number of dollars is the cost of 3 muffins
and 2 bagels.

2. Answer (C): The least common multiple of 2, 3, and 4 is 12, and

1
3 − 1

4
1
2 − 1

3

· 12
12

=
4 − 3
6 − 4

=
1
2
.

3. Answer (C): The loss of 3 cans of paint resulted in 5 fewer rooms being
painted, so the ratio of cans of paint to rooms painted is 3 : 5. Hence for 25
rooms she would require 3

5 · 25 = 15 cans of paint.

OR

If she used x cans of paint for 25 rooms, then x+3
30 = x

25 . Hence 25x + 75 = 30x,
and x = 15.

4. Answer (C): Each triangle has leg length 1
2 · (25 − 15) = 5 meters and area

1
2 · 52 = 25

2 square meters. Thus the flower beds have a total area of 25 square
meters. The entire yard has length 25 and width 5, so its area is 125. The
fraction of the yard occupied by the flower beds is 25

125 = 1
5 .

5. Answer (D): Twenty percent less than 60 is 4
5 · 60 = 48. One-third more than

a number n is 4
3n. Therefore 4

3n = 48, and the number is 36.

6. Answer (D): The age of each person is a factor of 128 = 27. So the twins could
be 20 = 1, 21 = 2, 22 = 4, 23 = 8 years of age and, consequently, Kiana could
be 128

12 = 128, 128
22 = 32, 128

42 = 8, or 128
82 = 2 years old, respectively. Because

Kiana is younger than her brothers, she must be 2 years old. The sum of their
ages is 2 + 8 + 8 = 18.
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7. Answer (C): The three operations can be performed in any of 3! = 6 orders.
However, if the addition is performed either first or last, then multiplying in
either order produces the same result. Thus at most four distinct values can be
obtained. It is easily checked that the values of the four expressions

(2 × 3) + (4 × 5) = 26,

((2 × 3 + 4) × 5) = 50,

2 × (3 + (4 × 5)) = 46,

2 × (3 + 4) × 5 = 70

are in fact all distinct.

8. Answer (B): Let p denote the price at the beginning of January. The price at
the end of March was (1.2)(0.8)(1.25)p = 1.2p. Because the price at the end of
April was p, the price decreased by 0.2p during April, and the percent decrease
was

x = 100 · 0.2p

1.2p
=

100
6

≈ 16.7 .

To the nearest integer, x is 17.

9. Answer (A): Because 4ABC is isosceles, ∠A = ∠C. Because ∠A = 5
2∠B, we

have 5
2∠B + 5

2∠B + ∠B = 180◦, so ∠B = 30◦. Therefore ∠ACB = ∠DCE =
75◦. Because 4CDE is isosceles, 2∠D + 75◦ = 180◦, so ∠D = 52.5◦.

x
5-x

1

10. Answer (E): Let x be the height of the stump. Then
5 − x is the height of the snapped part, now forming the
hypotenuse of a right triangle. By the Pythagorean Theo-
rem,

x2 + 12 = (5 − x)2 = x2 − 10x + 25

from which x = 2.4.

11. Answer (A): Because the digit 5 appears three times, 5 must be the middle
digit of any such palindrome. In the first three digits each of 2, 3, and 5 must
appear once and the order in which they appear determines the last three dig-
its. Since there are 3! = 6 ways to order three distinct digits the number of
palindromes is 6.

12. Answer (A): The base of the triangle can be 1, 2, or 3, and its altitude is the
distance between the two parallel lines, so there are three possible values for the
area.
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13. Answer (C): Define a rotation of the pentagon to be a sequence that starts
with AB on the x-axis and ends when AB is on the x-axis the first time there-
after. Because the pentagon has perimeter 23 and 2009 = 23 · 87 + 8, it follows
that after 87 rotations, point A will be at x = 23 · 87 = 2001 and point B will
be at x = 2001 + 3 = 2004. Points C and D will next touch the x-axis at
x = 2004 + 4 = 2008 and x = 2008 + 6 = 2014, respectively. Therefore a point
on CD will touch x = 2009.

14. Answer (D): On Monday, day 1, the birds find 1
4 quart of millet in the feeder.

On Tuesday they find
1
4

+
3
4
· 1
4

quarts of millet. On Wednesday, day 3, they find

1
4

+
3
4
· 1
4

+
(

3
4

)2

· 1
4

quarts of millet. The number of quarts of millet they find on day n is

1
4

+
3
4
· 1
4

+
(

3
4

)2

· 1
4

+ · · · +
(

3
4

)n−1

· 1
4

=
( 1
4 )(1 − ( 3

4 )n)
1 − 3

4

= 1 −
(

3
4

)n

.

The birds always find 3
4 quart of other seeds, so more than half the seeds are

millet if 1 − ( 3
4 )n > 3

4 , that is, when ( 3
4 )n < 1

4 . Because ( 3
4 )4 = 81

256 > 1
4 and

( 3
4 )5 = 243

1024 < 1
4 , this will first occur on day 5 which is Friday.

15. Answer (E): Let x be the weight of the bucket and let y be the weight of the
water in a full bucket. Then we are given that x + 2

3y = a and x + 1
2y = b.

Hence 1
6y = a− b, so y = 6a− 6b. Thus x = b− 1

2 (6a− 6b) = −3a + 4b. Finally,
x + y = 3a − 2b.

OR

The difference between a kg and b kg is the weight of water that would fill 1
6

of a bucket. So the weight of water that would fill 1
2 of a bucket is 3(a − b).

Therefore the weight of a bucket filled with water is b + 3(a − b) = 3a − 2b.

16. Answer (B): Let the radius of the circle be r. Because 4BCO is a right
triangle with a 30◦ angle at B, the hypotenuse BO is twice as long as OC, so
BO = 2r. It follows that BD = 2r − r = r, and

BD

BO
=

r

2r
=

1
2
.
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A

B

C

D

O

17. Answer (C): The area of the entire region is 5. The shaded region consists of a
triangle with base 3−a and altitude 3, with one unit square removed. Therefore

3(3 − a)
2

− 1 =
5
2
.

Solving this equation yields a = 2
3 .

A B

CD

E

M
6

8

18. Answer (D): By the Pythagorean Theorem, AC = 10,
so AM = 5. Triangles AME and ABC are similar, so
ME
AM = 6

8 and ME = 15
4 . The area of 4AME is 1

2 · 5 · 15
4 = 75

8 .

OR

As above, AM = 5 and 4AME and 4ABC are similar with similarity ratio 5:8.
Therefore

Area(4AME) =
(

5
8

)2

· Area(4ABC) =
52

82
· 8 · 6

2
=

75
8

.

19. Answer (A): The clock will display the incorrect time for the entire hours
of 1, 10, 11, and 12. So the correct hour is displayed correctly 2

3 of the time.
The minutes will not display correctly whenever either the tens digit or the ones
digit is a 1, so the minutes that will not display correctly are 10, 11, 12, . . . ,
19, and 01, 21, 31, 41, and 51. This is 15 of the 60 possible minutes for a given
hour. Hence the fraction of the day that the clock shows the correct time is
2
3 · (1 − 15

60 ) = 2
3 · 3

4 = 1
2 .

20. Answer (B): By the Pythagorean Theorem, AC =
√

5. By the Angle Bisector
Theorem, BD

AB = CD
AC . Therefore CD =

√
5 ·BD and BD +CD = 2, from which

BD =
2

1 +
√

5
=

√
5 − 1
2

.
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OR

Let DE be an altitude of 4ADC. Then note that 4ABD is congruent to
4AED, and so AE = 1. As in the first solution AC =

√
5. Let x = BD. Then

DE = x, EC =
√

5 − 1, and DC = 2 − x. Applying the Pythagorean Theorem
to 4DEC yields x2 +

(√
5 − 1

)2
= (2 − x)2, from which x =

√
5−1
2 .

21. Answer (D): The sum of any four consecutive powers of 3 is divisible by
30 + 31 + 32 + 33 = 40 and hence is divisible by 8. Therefore

(32 + 33 + 34 + 35) + · · · + (32006 + 32007 + 32008 + 32009)

is divisible by 8. So the required remainder is 30 + 31 = 4.

22. Answer (B): The area of triangle A is 1, and its hypotenuse has length
√

5.
Triangle B is similar to triangle A and has a hypotenuse of 2, so its area is
( 2√

5
)2 = 4

5 . The volume of the required piece is c = 4
5 · 2 = 8

5 cubic inches. The
icing on this piece has an area of s = 4

5 + 22 = 24
5 square inches. Therefore

c + s = 8
5 + 24

5 = 32
5 .

23. Answer (C): After 10 min. = 600 sec., Rachel will have completed 6 laps and
be 30 seconds from the finish line. Because Rachel runs one-fourth of a lap in
22.5 seconds, she will be in the picture taking region between

30 − 22.5
2

= 18.75 and 30 +
22.5
2

= 41.25

seconds of the 10th minute. After 10 minutes Robert will have completed 7 laps
and will be 40 seconds from the starting line. Because Robert runs one-fourth
of a lap in 20 seconds, he will be in the picture taking region between 30 and
50 seconds of the 10th minute. Hence both Rachel and Robert will be in the
picture if it is taken between 30 and 41.25 seconds of the 10th minute. The
probability that the picture is snapped during this time is

41.25 − 30
60

=
3
16

.

24. Answer (A): Add a symmetric arch to the given arch to create a closed loop
of trapezoids. Consider the regular 18-sided polygon created by the interior of
the completed loop. Each interior angle of a regular 18-gon measures

(18 − 2) · 180◦/18 = 160◦.

Then x + x + 160◦ = 360◦, so x = 100◦.
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OR

A

B

C

Extend two sides of a trapezoid until they meet at the center of the arch, as
shown. Then 4ABC is isosceles and by symmetry ∠ABC = 180

9 = 20◦, and
∠BAC = 80◦. The requested angle is supplementary to ∠BAC, so x = 180 −
80 = 100◦.

25. Answer (B): The stripe on each face of the cube will be oriented in one
of two possible directions, so there are 26 = 64 possible stripe combinations
on the cube. There are 3 pairs of parallel faces so, if there is an encircling
stripe, then the pair of faces that do not contribute uniquely determine the
stripe orientation for the remaining faces. In addition, the stripe on each face
that does not contribute may be oriented in 2 different ways. Thus a total of
3 ·2 ·2 = 12 stripe combinations on the cube result in a continuous stripe around
the cube, and the requested probability is 12

64 = 3
16 .

OR

Without loss of generality, orient the cube so that the stripe on the top face
goes from front to back. There are two mutually exclusive ways for there to
be an encircling stripe: either the front, bottom, and back faces are painted to
complete an encircling stripe with the top face’s stripe, or the front, right, back,
and left faces are painted to form an encircling stripe. The probability of the
first cases is ( 1

2 )3 = 1
8 , and the probability of the second case is ( 1

2 )4 = 1
16 , so

the answer is 1
8 + 1

16 = 3
16 .

OR

There are three possible orientations of an encircling stripe. For any one of these
to appear, the four faces through which the stripe is to pass must be properly
aligned. The probability of one such stripe alignment is

(
1
2

)4 = 1
16 . Because
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1. Mary’s top book shelf holds five books with the following widths, in centimeters:
6, 1

2 , 1, 2.5, and 10. What is the average book width, in centimeters?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

2. Four identical squares and one rectangle are placed together to form one large
square as shown. The length of the rectangle is how many times as large as its
width?

(A)
5
4

(B)
4
3

(C)
3
2

(D) 2 (E) 3

3. Tyrone had 97 marbles and Eric had 11 marbles. Tyrone then gave some of his
marbles to Eric so that Tyrone ended with twice as many marbles as Eric. How
many marbles did Tyrone give to Eric?

(A) 3 (B) 13 (C) 18 (D) 25 (E) 29

4. A book that is to be recorded onto compact discs takes 412 minutes to read
aloud. Each disc can hold up to 56 minutes of reading. Assume that the
smallest possible number of discs is used and that each disc contains the same
length of reading. How many minutes of reading will each disc contain?

(A) 50.2 (B) 51.5 (C) 52.4 (D) 53.8 (E) 55.2

5. The area of a circle whose circumference is 24π is kπ. What is the value of k ?

(A) 6 (B) 12 (C) 24 (D) 36 (E) 144
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6. For positive numbers x and y the operation ♠(x, y) is defined as

♠(x, y) = x − 1
y
.

What is ♠(2,♠(2, 2)) ?

(A)
2
3

(B) 1 (C)
4
3

(D)
5
3

(E) 2

7. Crystal has a running course marked out for her daily run. She starts this run
by heading due north for one mile. She then runs northeast for one mile, then
southeast for one mile. The last portion of her run takes her on a straight line
back to where she started. How far, in miles, is this last portion of her run?

(A) 1 (B)
√

2 (C)
√

3 (D) 2 (E) 2
√

2

8. Tony works 2 hours a day and is paid $0.50 per hour for each full year of his
age. During a six month period Tony worked 50 days and earned $630. How
old was Tony at the end of the six month period?

(A) 9 (B) 11 (C) 12 (D) 13 (E) 14

9. A palindrome, such as 83438, is a number that remains the same when its
digits are reversed. The numbers x and x + 32 are three-digit and four-digit
palindromes, respectively. What is the sum of the digits of x ?

(A) 20 (B) 21 (C) 22 (D) 23 (E) 24

10. Marvin had a birthday on Tuesday, May 27 in the leap year 2008. In what year
will his birthday next fall on a Saturday?

(A) 2011 (B) 2012 (C) 2013 (D) 2015 (E) 2017

11. The length of the interval of solutions of the inequality a ≤ 2x + 3 ≤ b is 10.
What is b − a ?

(A) 6 (B) 10 (C) 15 (D) 20 (E) 30

12. Logan is constructing a scaled model of his town. The city’s water tower stands
40 meters high, and the top portion is a sphere that holds 100,000 liters of
water. Logan’s miniature water tower holds 0.1 liters. How tall, in meters,
should Logan make his tower?

(A) 0.04 (B)
0.4
π

(C) 0.4 (D)
4
π

(E) 4
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13. Angelina drove at an average rate of 80 kph and then stopped 20 minutes for
gas. After the stop, she drove at an average rate of 100 kph. Altogether she
drove 250 km in a total trip time of 3 hours including the stop. Which equation
could be used to solve for the time t in hours that she drove before her stop?

(A) 80t + 100(8/3 − t) = 250 (B) 80t = 250 (C) 100t = 250

(D) 90t = 250 (E) 80(8/3 − t) + 100t = 250

14. Triangle ABC has AB = 2 ·AC. Let D and E be on AB and BC, respectively,
such that ∠BAE = ∠ACD. Let F be the intersection of segments AE and CD,
and suppose that �CFE is equilateral. What is ∠ACB?

(A) 60◦ (B) 75◦ (C) 90◦ (D) 105◦ (E) 120◦

15. In a magical swamp there are two species of talking amphibians: toads, whose
statements are always true, and frogs, whose statements are always false. Four
amphibians, Brian, Chris, LeRoy, and Mike live together in this swamp, and
they make the following statements.

Brian: “Mike and I are different species.”
Chris: “LeRoy is a frog.”
LeRoy: “Chris is a frog.”
Mike: “Of the four of us, at least two are toads.”

How many of these four amphibians are frogs?

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

16. Nondegenerate �ABC has integer side lengths, BD is an angle bisector, AD =
3, and DC = 8. What is the smallest possible value of the perimeter?

(A) 30 (B) 33 (C) 35 (D) 36 (E) 37
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17. A solid cube has side length 3 inches. A 2-inch by 2-inch square hole is cut into
the center of each face. The edges of each cut are parallel to the edges of the
cube, and each hole goes all the way through the cube. What is the volume, in
cubic inches, of the remaining solid?

(A) 7 (B) 8 (C) 10 (D) 12 (E) 15

18. Bernardo randomly picks 3 distinct numbers from the set {1, 2, 3, 4, 5, 6, 7, 8, 9}
and arranges them in descending order to form a 3-digit number. Silvia ran-
domly picks 3 distinct numbers from the set {1, 2, 3, 4, 5, 6, 7, 8} and also arranges
them in descending order to form a 3-digit number. What is the probability that
Bernardo’s number is larger than Silvia’s number?

(A)
47
72

(B)
37
56

(C)
2
3

(D)
49
72

(E)
39
56

19. Equiangular hexagon ABCDEF has side lengths AB = CD = EF = 1 and
BC = DE = FA = r. The area of �ACE is 70% of the area of the hexagon.
What is the sum of all possible values of r ?

(A)
4
√

3
3

(B)
10
3

(C) 4 (D)
17
4

(E) 6

20. A fly trapped inside a cubical box with side length 1 meter decides to relieve its
boredom by visiting each corner of the box. It will begin and end in the same
corner and visit each of the other corners exactly once. To get from a corner
to any other corner, it will either fly or crawl in a straight line. What is the
maximum possible length, in meters, of its path?

(A) 4 + 4
√

2 (B) 2 + 4
√

2 + 2
√

3 (C) 2 + 3
√

2 + 3
√

3 (D) 4
√

2 + 4
√

3
(E) 3

√
2 + 5

√
3

21. The polynomial x3 − ax2 + bx − 2010 has three positive integer zeros. What is
the smallest possible value of a ?

(A) 78 (B) 88 (C) 98 (D) 108 (E) 118

22. Eight points are chosen on a circle, and chords are drawn connecting every pair
of points. No three chords intersect in a single point inside the circle. How
many triangles with all three vertices in the interior of the circle are created?

(A) 28 (B) 56 (C) 70 (D) 84 (E) 140
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23. Each of 2010 boxes in a line contains a single red marble, and for 1 ≤ k ≤ 2010,
the box in the kth position also contains k white marbles. Isabella begins at the
first box and successively draws a single marble at random from each box, in
order. She stops when she first draws a red marble. Let P (n) be the probability
that Isabella stops after drawing exactly n marbles. What is the smallest value
of n for which P (n) < 1

2010 ?

(A) 45 (B) 63 (C) 64 (D) 201 (E) 1005

24. The number obtained from the last two nonzero digits of 90! is equal to n. What
is n?

(A) 12 (B) 32 (C) 48 (D) 52 (E) 68

25. Jim starts with a positive integer n and creates a sequence of numbers. Each
successive number is obtained by subtracting the largest possible integer square
less than or equal to the current number until zero is reached. For example, if
Jim starts with n = 55, then his sequence contains 5 numbers:

55
55− 72 = 6
6 − 22 = 2
2 − 12 = 1
1 − 12 = 0

Let N be the smallest number for which Jim’s sequence has 8 numbers. What
is the units digit of N ?

(A) 1 (B) 3 (C) 5 (D) 7 (E) 9
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1. Answer (D): The average of the five values is

6 + 0.5 + 1 + 2.5 + 10
5

=
20
5

= 4.

2. Answer (B): Let s be the side length of the smaller square. Then the length
of the rectangle is 4s, and the width is 4s − s = 3s. Hence the rectangle length
is 4s

3s = 4
3 times as large as its width.

3. Answer (D): Let x be the number of marbles that Tyrone gave to Eric. Then
97 − x = 2(11 + x). Solving this equation yields x = 25.

4. Answer (B): Because 412 ÷ 56 is between 7 and 8, the reading will need 8
discs. Therefore each disc will contain 412 ÷ 8 = 51.5 minutes of reading.

5. Answer (E): Because the circumference is 2πr = 24π, the radius r is 12.
Therefore the area is πr2 = 144π, and k = 144.

6. Answer (C): Note that ♠(2, 2) = 2 − 1
2 = 3

2 . Therefore

♠(2,♠(2, 2)) = ♠
(

2,
3
2

)
= 2 − 2

3
=

4
3
.

7. Answer (C): When Crystal travels one mile northeast she travels
√

2
2 miles

north and
√

2
2 miles east. Similarly, when she travels southeast for one mile she

travels
√

2
2 miles south and

√
2

2 miles east. Just before the last portion of her
run she has traveled a net of 1 +

√
2

2 −
√

2
2 = 1 miles north, and

√
2

2 +
√

2
2 =

√
2

miles east. By the Pythagorean Theorem, the last portion of her run is
√

12 + (
√

2)2 =
√

1 + 2 =
√

3 miles.

8. Answer (D): Tony worked for 2 · 50 = 100 hours. His average earnings per
hour during this period is $630

100 = $6.30 . Hence his average age during this
period was $6.30

$0.50 = 12.6, and so at the end of the six month period he was 13.
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9. Answer (E): Let x + 32 be written in the form CDDC. Because x has three
digits, 1000 < x + 32 < 1032, and so C = 1 and D = 0. Hence x = 1001− 32 =
969, and the sum of the digits of x is 9 + 6 + 9 = 24.

10. Answer (E): A non-leap year has 365 days, and 365 = 52 · 7 + 1, so there are
52 weeks and 1 day in a non-leap year. Because May 27 was after leap day in
2008, Marvin’s birthday fell on Wednesday in 2009, and will fall on Thursday
in 2010 and Friday in 2011. His birthday will be on Sunday in the leap year
2012, Monday in 2013, Tuesday in 2014, Wednesday in 2015, Friday in 2016,
and Saturday in 2017.

11. Answer (D): The solution of the inequality is

a − 3
2

≤ x ≤ b − 3
2

.

If b−3
2 − a−3

2 = 10, then b − a = 20.

12. Answer (C): The volume scale for Logan’s model is 0.1 : 100,000 = 1 :
1,000,000. Therefore the linear scale is 1 : 3

√
1,000,000, which is 1 : 100. Logan’s

water tower should stand 40
100 = 0.4 meters tall.

13. Answer (A): Angelina drove 80t km before she stopped. After her stop, she
drove (3− 1

3 − t) hours at an average rate of 100 kph, so she covered 100( 8
3 − t)

km in that time. Therefore 80t + 100( 8
3 − t) = 250. Note that t = 5

6 .s

14. Answer (C): Let α = ∠BAE = ∠ACD = ∠ACF . Because �CFE is
equilateral, it follows that ∠CFA = 120◦ and then

∠FAC = 180◦ − 120◦ − ∠ACF = 60◦ − α.

Therefore
∠BAC = ∠BAE + ∠FAC = α + (60◦ − α) = 60◦.

Because AB = 2 ·AC, it follows that �BAC is a 30 – 60 – 90◦ triangle, and thus
∠ACB = 90◦.
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A

B
C

D

E

F

15. Answer (D): LeRoy and Chris cannot both be frogs, because their statements
would be true and frogs lie. Also LeRoy and Chris cannot both be toads, because
then their statements would be false, and toads tell the truth. Hence between
LeRoy and Chris, exactly one must be a toad.

If Brian is a toad, then Mike must be a frog, but this is a contradiction as Mike’s
statement would then be true. Hence Brian is a frog, so Brian’s statement must
be false, and Mike must be a frog. Altogether there are 3 frogs: Brian, Mike,
and either LeRoy or Chris.

16. Answer (B): By the Angle Bisector Theorem, 8 · BA = 3 · BC. Thus BA
must be a multiple of 3. If BA = 3, the triangle is degenerate. If BA = 6, then
BC = 16, and the perimeter is 6 + 16 + 11 = 33.

17. Answer (A): The volume of the solid cube is 27 in3. The first hole to be
cut removes 2 × 2 × 3 = 12 in3 from the volume. The other holes remove
2 × 2 × 0.5 = 2 in3 from each of the four remaining faces. The volume of the
remaining solid is 27 − 12 − 4(2) = 7 in3.

18. Answer (B): The probability that Bernardo picks a 9 is 3
9 = 1

3 . In this
case, his three-digit number will begin with a 9 and will be larger than Silvia’s
three-digit number.

If Bernardo does not pick a 9, then Bernardo and Silvia will form the same
number with probability

1(
8
3

) =
1
56

.

If they do not form the same number then Bernardo’s number will be larger 1
2

of the time.
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Hence the probability is

1
3

+
2
3
· 1
2
(1 − 1

56
) =

111
168

=
37
56

.

19. Answer (E): Triangles ABC, CDE and EFA are congruent, so �ACE is
equilateral. Let X be the intersection of the lines AB and EF and define Y
and Z similarly as shown in the figure. Because ABCDEF is equiangular, it
follows that ∠XAF = ∠AFX = 60◦. Thus �XAF is equilateral. Let H be the
midpoint of XF . By the Pythagorean Theorem,

AE2 = AH2 + HE2 = (
√

3
2

r)2 + (
r

2
+ 1)2 = r2 + r + 1

Thus, the area of �ACE is
√

3
4

AE2 =
√

3
4

(r2 + r + 1).

The area of hexagon ABCDEF is equal to

[XY Z] − [XAF ] − [Y CB] − [ZED] =
√

3
4

(
(2r + 1)2 − 3r2

)
=

√
3

4
(r2 + 4r + 1)

Because [ACE] = 7
10 [ABCDEF ], it follows that

r2 + r + 1 =
7
10

(r2 + 4r + 1)

from which r2 − 6r + 1 = 0 and r = 3 ± 2
√

2. The sum of all possible values of
r is 6.

A B

C

DE

F

X Y

Z
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20. Answer (D): Each of the 8 lines segments on the fly’s path is an edge, a face
diagonal, or an interior diagonal of the cube. These three type of line segments
have lengths 1,

√
2, and

√
3, respectively. Because each vertex of the cube is

visited only once, the two line segments that meet at a vertex have a combined
length of at most

√
2 +

√
3. Therefore the sum of the lengths of the 8 segments

is at most 4
√

2 + 4
√

3. This maximum is achieved by the path

A → G → B → H → C → E → D → F → A.

A B

C
D

E F

GH

21. Answer (A): Let the polynomial be (x− r)(x− s)(x− t) with 0 < r ≤ s ≤ t.
Then rst = 2010 = 2 · 3 · 5 · 67, and r + s + t = a. If t = 67, then rs = 30, and
r + s is minimized when r = 5 and s = 6. In that case a = 67 + 5 + 6 = 78. If
t �= 67, then a > t ≥ 2 · 67 = 134, so the minimum value of a is 78.

22. Answer (A): Three chords create a triangle if and only if they intersect
pairwise inside the circle. Two chords intersect inside the circle if and only
if their endpoints alternate in order around the circle. Therefore, if points
A,B,C,D, E, and F are in order around the circle, then only the chords AD,
BE, CF all intersect pairwise inside the circle. Thus every set of 6 points
determines a unique triangle, and there are

(
8
6

)
= 28 such triangles.

23. Answer (A): If Isabella reaches the kth box, she will draw a white marble
from it with probability k

k+1 . For n ≥ 2, the probability that she will draw
white marbles from each of the first n − 1 boxes is

1
2
· 2
3
· 3
4
· · · n − 1

n
=

1
n

,

so the probability that she will draw her first red marble from the nth box is
P (n) = 1

n(n+1) . The condition P (n) < 1/2010 is equivalent to n2+n−2010 > 0,
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from which n > 1
2 (−1 +

√
8041) and (2n + 1)2 > 8041. The smallest positive

odd integer whose square exceeds 8041 is 91, and the corresponding value of n
is 45.

24. Answer (A): There are 18 factors of 90! that are multiples of 5, 3 factors
that are multiples of 25, and no factors that are multiples of higher powers of
5. Also, there are more than 45 factors of 2 in 90!. Thus 90! = 1021N where N
is an integer not divisible by 10, and if N ≡ n (mod100) with 0 < n ≤ 99, then
n is a multiple of 4.

Let 90! = AB where A consists of the factors that are relatively prime to 5 and
B consists of the factors that are divisible by 5. Note that

∏4
j=1(5k + j) ≡

5k(1 + 2 + 3 + 4) + 1 · 2 · 3 · 4 ≡ 24 (mod25), thus

A = (1 · 2 · 3 · 4) · (6 · 7 · 8 · 9) · · · · · (86 · 87 · 88 · 89)
≡ 2418 ≡ (−1)18 ≡ 1 (mod25).

Similarly,

B = (5 · 10 · 15 · 20) · (30 · 35 · 40 · 45) · (55 · 60 · 65 · 70) · (80 · 85 · 90) · (25 · 50 · 75),

thus

B

521
= (1 · 2 · 3 · 4) · (6 · 7 · 8 · 9) · (11 · 12 · 13 · 14) · (16 · 17 · 18) · (1 · 2 · 3)

≡ 243 · (−9) · (−8) · (−7) · 6 ≡ (−1)3 · 1 ≡ −1 (mod25).

Finally, 221 = 2 · (210)2 = 2 · (1024)2 ≡ 2 · (−1)2 ≡ 2 (mod25), so 13 · 221 ≡
13 · 2 ≡ 1 (mod25). Therefore

N ≡ (13 · 221)N = 13 · 90!
521

= 13 · A · B

521
≡ 13 · 1 · (−1) (mod25)

≡ −13 ≡ 12 (mod25).

Thus n is equal to 12, 37, 62, or 87, and because n is a multiple of 4, it follows
that n = 12.

25. Answer (B): Let the sequence be (a1, a2, . . . , a8). For j > 1, aj−1 = aj + m2

for some m such that aj < (m + 1)2 − m2 = 2m + 1. To minimize the value
of a1, construct the sequence in reverse order and choose the smallest possible
value of m for each j, 2 ≤ j ≤ 8. The terms in reverse order are a8 = 0,
a7 = 1, a6 = 1 + 12 = 2, a5 = 2 + 12 = 3, a4 = 3 + 22 = 7, a3 = 7 + 42 = 23,
a2 = 23 + 122 = 167, and N = a1 = 167 + 842 = 7223, which has the unit digit
3.
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1. What is 100(100 − 3) − (100 · 100 − 3) ?

(A) −20,000 (B) −10,000 (C) −297 (D) −6 (E) 0

2. Makayla attended two meetings during her 9-hour work day. The first meeting
took 45 minutes and the second meeting took twice as long. What percent of
her work day was spent attending meetings?

(A) 15 (B) 20 (C) 25 (D) 30 (E) 35

3. A drawer contains red, green, blue and white socks with at least 2 of each color.
What is the minimum number of socks that must be pulled from the drawer to
guarantee a matching pair?

(A) 3 (B) 4 (C) 5 (D) 8 (E) 9

4. For a real number x, define ♥(x) to be the average of x and x2. What is
♥(1) + ♥(2) + ♥(3) ?

(A) 3 (B) 6 (C) 10 (D) 12 (E) 20

5. A month with 31 days has the same number of Mondays and Wednesdays. How
many of the seven days of the week could be the first day of this month?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

6. A circle is centered at O, AB is a diameter and C is a point on the circle with
∠COB = 50◦. What is the degree measure of ∠CAB ?

(A) 20 (B) 25 (C) 45 (D) 50 (E) 65

7. A triangle has side lengths 10, 10, and 12. A rectangle has width 4 and area
equal to the area of the triangle. What is the perimeter of this rectangle?

(A) 16 (B) 24 (C) 28 (D) 32 (E) 36

8. A ticket to a school play costs x dollars, where x is a whole number. A group of
9th graders buys tickets costing a total of $48, and a group of 10th graders buys
tickets costing a total of $64. How many values for x are possible?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5
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9. Lucky Larry’s teacher asked him to substitute numbers for a, b, c, d, and e in
the expression a− (b− (c− (d + e))) and evaluate the result. Larry ignored the
parentheses but added and subtracted correctly and obtained the correct result
by coincidence. The numbers Larry substituted for a, b, c, and d were 1, 2, 3,
and 4, respectively. What number did Larry substitute for e ?

(A) −5 (B) −3 (C) 0 (D) 3 (E) 5

10. Shelby drives her scooter at a speed of 30 miles per hour if it is not raining, and
20 miles per hour if it is raining. Today she drove in the sun in the morning
and in the rain in the evening, for a total of 16 miles in 40 minutes. How many
minutes did she drive in the rain?

(A) 18 (B) 21 (C) 24 (D) 27 (E) 30

11. A shopper plans to purchase an item that has a listed price greater than $100
and can use any one of three coupons. Coupon A gives 15% off the listed price,
Coupon B gives $30 off the listed price, and Coupon C gives 25% off the amount
by which the listed price exceeds $100.

Let x and y be the smallest and largest prices, respectively, for which Coupon
A saves at least as many dollars as Coupon B or C. What is y − x ?

(A) 50 (B) 60 (C) 75 (D) 80 (E) 100

12. At the beginning of the school year, 50% of all students in Mr. Wells’ math
class answered “Yes” to the question “Do you love math”, and 50% answered
“No.” At the end of the school year, 70% answered “Yes” and 30% answered
“No.” Altogether, x% of the students gave a different answer at the beginning
and end of the school year. What is the difference between the maximum and
the minimum possible values of x ?

(A) 0 (B) 20 (C) 40 (D) 60 (E) 80

13. What is the sum of all the solutions of x = |2x − |60 − 2x|| ?

(A) 32 (B) 60 (C) 92 (D) 120 (E) 124

14. The average of the numbers 1, 2, 3, . . . , 98, 99, and x is 100x. What is x ?

(A)
49
101

(B)
50
101

(C)
1
2

(D)
51
101

(E)
50
99
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15. On a 50-question multiple choice math contest, students receive 4 points for a
correct answer, 0 points for an answer left blank, and −1 point for an incorrect
answer. Jesse’s total score on the contest was 99. What is the maximum number
of questions that Jesse could have answered correctly?

(A) 25 (B) 27 (C) 29 (D) 31 (E) 33

16. A square of side length 1 and a circle of radius
√

3/3 share the same center.
What is the area inside the circle, but outside the square?

(A)
π

3
− 1 (B)

2π

9
−

√
3

3
(C)

π

18
(D)

1
4

(E) 2π/9

17. Every high school in the city of Euclid sent a team of 3 students to a math
contest. Each participant in the contest received a different score. Andrea’s
score was the median among all students, and hers was the highest score on her
team. Andrea’s teammates Beth and Carla placed 37th and 64th, respectively.
How many schools are in the city?

(A) 22 (B) 23 (C) 24 (D) 25 (E) 26

18. Positive integers a, b, and c are randomly and independently selected with re-
placement from the set {1, 2, 3, . . . , 2010}. What is the probability that abc +
ab + a is divisible by 3 ?

(A)
1
3

(B)
29
81

(C)
31
81

(D)
11
27

(E)
13
27

19. A circle with center O has area 156π. Triangle ABC is equilateral, BC is a
chord on the circle, OA = 4

√
3, and point O is outside �ABC. What is the

side length of �ABC ?

(A) 2
√

3 (B) 6 (C) 4
√

3 (D) 12 (E) 18

20. Two circles lie outside regular hexagon ABCDEF . The first is tangent to AB,
and the second is tangent to DE. Both are tangent to lines BC and FA. What
is the ratio of the area of the second circle to that of the first circle?

(A) 18 (B) 27 (C) 36 (D) 81 (E) 108

21. A palindrome between 1000 and 10,000 is chosen at random. What is the
probability that it is divisible by 7 ?

(A)
1
10

(B)
1
9

(C)
1
7

(D)
1
6

(E)
1
5
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22. Seven distinct pieces of candy are to be distributed among three bags. The red
bag and the blue bag must each receive at least one piece of candy; the white
bag may remain empty. How many arrangements are possible?

(A) 1930 (B) 1931 (C) 1932 (D) 1933 (E) 1934

23. The entries in a 3 × 3 array include all the digits from 1 through 9, arranged
so that the entries in every row and column are in increasing order. How many
such arrays are there?

(A) 18 (B) 24 (C) 36 (D) 42 (E) 60

24. A high school basketball game between the Raiders and the Wildcats was tied
at the end of the first quarter. The number of points scored by the Raiders
in each of the four quarters formed an increasing geometric sequence, and the
number of points scored by the Wildcats in each of the four quarters formed an
increasing arithmetic sequence. At the end of the fourth quarter, the Raiders
had won by one point. Neither team scored more than 100 points. What was
the total number of points scored by the two teams in the first half?

(A) 30 (B) 31 (C) 32 (D) 33 (E) 34

25. Let a > 0, and let P (x) be a polynomial with integer coefficients such that

P (1) = P (3) = P (5) = P (7) = a, and
P (2) = P (4) = P (6) = P (8) = −a.

What is the smallest possible value of a ?

(A) 105 (B) 315 (C) 945 (D) 7! (E) 8!
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1. Answer (C): Simplifying gives

100(100 − 3) − (100 · 100 − 3) = 100 · 100 − 100 · 3 − 100 · 100 + 3
= −300 + 3
= −297.

2. Answer (C): Makayla spent 45 + 2 · 45 = 135 minutes, or 135
60 = 9

4 hours in
meetings. Hence she spent 100 · 9/4

9 = 25 percent of her time in meetings.

3. Answer (C): If a set of 4 socks does not contain a pair, there must be one
of each color. The fifth sock must match one of the others and guarantee a
matching pair.

4. Answer (C): Note that ♥(1) =
1 + 12

2
= 1, ♥(2) =

2 + 22

2
= 3, and ♥(3) =

3 + 32

2
= 6. Thus ♥(1) + ♥(2) + ♥(3) = 1 + 3 + 6 = 10.

5. Answer (B): A month with 31 days has 3 successive days of the week ap-
pearing five times and 4 successive days of the week appearing four times. If
Monday and Wednesday appear five times then Monday must be the first day
of the month. If Monday and Wednesday appear only four times then either
Thursday or Friday must be the first day of the month. Hence there are 3 days
of the week that could be the first day of the month.

6. Answer (B): Note that ∠AOC = 180◦ − 50◦ = 130◦. Because �AOC is
isosceles, ∠CAB = 1

2 (180◦ − 130◦) = 25◦.

A B

C

O

50˚
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OR

By the Inscribed Angle Theorem, ∠CAB = 1
2 (∠COB) = 1

2 (50◦) = 25◦.

7. Answer (D): Let the triangle be ABC with AB = 12, and let D be the foot of
the altitude from C. Then �ACD is a right triangle with hypotenuse AC = 10
and one leg AD = 1

2AB = 6. By the Pythagorean Theorem CD =
√

102 − 62 =
8, and the area of �ABC is 1

2 (AB)(CD) = 1
2 (12)(8) = 48. The rectangle has

length 48
4 = 12 and perimeter 2(12 + 4) = 32.

8. Answer (E): The cost of an individual ticket must divide 48 and 64. The
common factors of 48 and 64 are 1, 2, 4, 8, and 16. Each of these may be the
cost of one ticket, so there are 5 possible values for x.

9. Answer (D): The correct answer was 1−(2−(3−(4+e))) = 1−2+3−4−e =
−2−e. Larry’s answer was 1−2−3−4+e = −8+e. Therefore −2−e = −8+e,
so e = 3.

10. Answer (C): Let t be the number of minutes Shelby spent driving in the rain.
Then she traveled 20 t

60 miles in the rain, and 30 40−t
60 miles in the sun. Solving

20 t
60 + 30 40−t

60 = 16 results in t = 24 minutes.

11. Answer (A): Let p dollars be the purchase price of the stem. The savings
provided by Coupon A, B, and C respectively are 0.15p, 30, and 0.25(p − 100).
Coupon A saves at least as much as Coupon B if 0.15p ≥ 30, so p ≥ 200.
Coupon A saves at least as much as Coupon C if 0.15p ≥ 0.25(p − 100), so
p ≤ 250. Therefore x = 200, y = 250, and y − x = 50.

12. Answer (D): Assume there are 100 students in Mr. Wells’ class. Then at least
70 − 50 = 20 students answered “No” at the beginning of the school year and
“Yes” at the end, so x ≥ 20. Because only 30 students answered “No” at the
end of the school year, at least 50−30 = 20 students who answered “Yes”’ at the
beginning of the year gave the same answer at the end, so x ≤ 80. The difference
between the maximum and minimum possible values of x is 80 − 20 = 60.
The minimum x = 20 is achieved if exactly 20 students answered ”No” at the
beginning and ”Yes” at the end of the school year. The maximum x = 80 is
achieved if exactly 20 students answered ”Yes at the beginning and the end.
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13. Answer (C): If 60 − 2x > 0, then |2x − |60 − 2x|| = |4x − 60|. Solving
x = 4x − 60, and x = −(4x − 60) results in x = 20, and x = 12, respectively,
both of which satisfy the original equation.
If 60 − 2x < 0, then |2x − |60 − 2x|| = |2x + 60 − 2x| = 60. Note that x = 60
satisfies the original equation. The sum of the solutions is 12 + 20 + 60 = 92.

14. Answer (B): The average of the numbers is

1 + 2 + · · · + 99 + x

100
=

99·100
2 + x

100
=

99 · 50 + x

100
= 100x.

This equation is equivalent to 9999x = (99 · 101)x = 99 · 50, so x = 50
101 .

15. Answer (C): If Jesse answered R questions correctly and W questions incor-
rectly, then R + W ≤ 50, and Jesse’s score is 99 = 4R − W ≥ 4R − (50 − R) =
5R − 50. Thus 5R ≤ 149, and because R is an integer, R ≤ 29, Jesse could
achieve a score of 99 by answering 29 questions correctly and 17 incorrectly,
leaving 4 answers blank.

16. Answer (B): Let O be the common center of the circle and the square. Let
M be the midpoint of a side of the square and P and Q be the vertices of the
square on the side containing M . Since

OM2 =
(

1
2

)2

<

(√
3

3

)2

<

(√
2

2

)2

= OP 2 = OQ2,

the midpoint of each side is inside the circle and the vertices of the square are
outside the circle. Therefore the circle intersects the square in two points along
each side.

P Q

M

O

A B

Let A and B be the intersection points of the circle with PQ. Then M is also the
midpoint of AB and �OMA is a right triangle. By the Pythagorean Theorem
AM = 1

2
√

3
, so �OMA is a 30 – 60 – 90◦ right triangle. Then ∠AOB = 60◦, and
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the area of the sector corresponding to ∠AOB is 1
6 · π ·

(√
3

3

)2

= π
18 . The area

of �AOB is 2 · 1
2 · 1

2 · 1
2
√

3
=

√
3

12 . The area outside the square but inside the

circle is 4 · ( π
18 −

√
3

12 ) = 2π
9 −

√
3

3 .

17. Answer (B): If there are n schools in the city, then there are 3n contestants,
so 3n ≥ 64, and n ≥ 22. Because Andrea received the median score and each
student received a different score, n is odd, so n ≥ 23. Andrea’s position is
3n+1

2 , and Andrea finished ahead of Beth, so 3n+1
2 < 37, and 3n < 73. Because

n is an odd integer, n ≤ 23. Therefore n = 23.

18. Answer (E): Let N = abc + ab + a = a(bc + b + 1). If a is divisible by 3, then
N is divisible by 3. Note that 2010 is divisible by 3, so the probability that a is
divisible by 3 is 1

3 .

If a is not divisible by 3 then N is divisible by 3 if bc + b + 1 is divisible by 3.
Define b0 and b1 so that b = 3b0 + b1 is an integer and b1 is equal to 0, 1, or 2.
Note that each possible value of b1 is equally likely. Similarly define c0 and c1.
Then

bc + b + 1 = (3b0 + b1)(3c0 + c1) + 3b0 + b1 + 1
= 3(3b0c0 + c0b1 + c1b0 + b0) + b1c1 + b1 + 1.

Hence bc + b + 1 is divisible by 3 if and only if b1 = 1 and c1 = 1, or b1 = 2 and
c1 = 0. The probability of this occurrence is 1

3 · 1
3 + 1

3 · 1
3 = 2

9 .

Therefore the requested probability is 1
3 + 2

3 · 2
9 = 13

27 .

19. Answer (B): The radius of circle O is
√

156 > 4
√

3 = OA, so A is inside
the circle. Let s be the side length of �ABC, let D be the foot of the altitude
from A, and let OE be the radius through A. This radius is perpendicular to

BC and contains D, so OD =
√

OB2 − BD2 =
√

156 − 1
4s2. If A is on DE,

then ∠BAC > ∠BEC > 90◦, an impossibility. Therefore A lies on OD, and
OA = OD − AD, that is,

4
√

3 =

√
156 − 1

4
s2 −

√
3

2
s.

Rearranging terms and squaring both sides leads to the quadratic equation s2 +
12s − 108 = 0, and the positive solution is s = 6.
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A

B C

D

E

O

20. Answer (D): It may be assumed that hexagon ABCDEF has side length 1.
Let lines BC and FA intersect at G, let H and J be the midpoints of AB and
DE, respectively, let K be the center of the second circle, and let that circle be
tangent to line BC at L. Equilateral �ABG has side length 1, so the first circle,
which is the inscribed circle of �ABG, has radius

√
3

6 . Let r be the radius of
the second circle. Then �GLK is a 30 – 60 – 90◦ right triangle with LK = r and
2r = GK = GH + HJ + JK =

√
3

2 +
√

3 + r. Therefore r = 3
√

3
2 = 9(

√
3

6 ). The
ratio of the radii of the two circles is 9, and the ratio of their areas is 92 = 81.

A B

C

DE

F

G

H

J

K

L

21. Answer (E): Each four-digit palindrome has digit representation abba with
1 ≤ a ≤ 9 and 0 ≤ b ≤ 9. The value of the palindrome is 1001a + 110b. Because
1001 is divisible by 7 and 110 is not, the palindrome is divisible by 7 if and only
if b = 0 or b = 7. Thus the requested probability is 2

10 = 1
5 .
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22. Answer (C): If there were no restrictions on the number of candies per bag,
then each piece of candy could be distributed in 3 ways. In this case there would
be 37 ways to distribute the candy. However, this counts the cases where the
red bag or blue bag is empty.

If the red bag remained empty then the candy could be distributed in 27 ways.
The same is true for the blue bag. Both totals include the case in which all the
candy is put into the white bag. Hence there are 27 + 27 − 1 ways to distribute
the candy such that either the red or blue bag is empty.

The number of ways to distribute the candy, subject to the given conditions, is
37 − (27 + 27 − 1) = 1932.

23. Answer (D): Let aij denote the entry in row i and column j. he given
conditions imply that a11 = 1, a33 = 9, and a22 = 4, 5, or 6. If a22 = 4, then
{a12, a21} = {2, 3}, and the sets {a31, a32} and {a13, a23} are complementary
subsets of {5, 6, 7, 8}. There are

(
4
2

)
= 6 ways to choose {a31, a32} and {a13, a23},

and only one way to order the entries. There are 2 ways to order {a12, a21}, so
12 arrays with a22 = 4 meet the given conditions. Similarly, the conditions are
met by 12 arrays with a22 = 6. If a22 = 5, then {a12, a13, a23} and {a21, a31, a32}
are complementary subsets of {2, 3, 4, 6, 7, 8} subject to the conditions a12 < 5,
a21 < 5, a32 > 5, and a23 > 5. Thus {a12, a13, a23} �= {2, 3, 4} or {6, 7, 8}, so its
elements can be chosen in

(
6
3

)
− 2 = 18 ways. Both the remaining entries and

the ordering of all entries are then determined, so 18 arrays with a22 = 5 meet
the given conditions.

Altogether, the conditions are met by 12 + 12 + 18 = 42 arrays.

24. Answer (E): The Raiders’ score was a(1 + r + r2 + r3), where a is a positive
integer and r > 1. Because ar is also an integer, r = m/n for relatively prime
positive integers m and n with m > n. Moreover ar3 = a · m3

n3 is an integer, so n3

divides a. Let a = n3A. Then the Raiders’ score was R = A(n3 + mn2 + m2n +
m3), and the Wildcats’ score was R−1 = a+(a+d)+(a+2d)+(a+3d) = 4a+6d
for some positive integer d. Because A ≥ 1, the condition R ≤ 100 implies that
n ≤ 2 and m ≤ 4. The only possibilities are (m,n) = (4, 1), (3, 2), (3, 1), (4, 1),
or (2, 1). The corresponding values of R are, respectively, 85A, 65A, 40A, and
15A. In the first two cases A = 1, and the corresponding values of R − 1 are,
respectively, 64 = 32+6d and 84 = 4+6d. In neither case is d an integer. In the
third case 40A = 40a = 4a + 6d + 1 which is impossible in integers. In the last
case 15a = 4a + 6d + 1, from which 11a = 6d + 1. The only solution in positive
integers for which 4a+6d ≤ 100 is (a, d) = (5, 9). Thus R = 5+10+20+40 = 75,
R− 1 = 5 + 14 + 23 + 32 = 74, and the number of points scored in the first half
was 5 + 10 + 5 + 14 = 34.
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25. Answer (B): Because 1, 3, 5, and 7 are roots of the polynomial P (x) − a, it
follows that

P (x) − a = (x − 1)(x − 3)(x − 5)(x − 7)Q(x),

where Q(x) is a polynomial with integer coefficients. The previous identity must
hold for x = 2, 4, 6, and 8, thus

−2a = −15Q(2) = 9Q(4) = −15Q(6) = 105Q(8).

Therefore 315 = lcm(15, 9, 105) divides a, that is a is an integer multiple of
315. Let a = 315A. Because Q(2) = Q(6) = 42A, it follows that Q(x) −
42A = (x − 2)(x − 6)R(x) where R(x) is a polynomial with integer coefficients.
Because Q(4) = −70A and Q(8) = −6A it follows that −112A = −4R(4) and
−48A = 12R(8), that is R(4) = 28A and R(8) = −4A. Thus R(x) = 28A +
(x−4)(−6A+(x−8)T (x)) where T (x) is a polynomial with integer coefficients.
Moreover, for any polynomial T (x) and any integer A, the polynomial P (x)
constructed this way satisfies the required conditions. The required minimum
is obtained when A = 1 and so a = 315.

The problems and solutions in this contest were proposed by Bernardo Abrego,
Betsy Bennett, Steven Blasberg, Steven Davis, Steven Dunbar, Douglas Faires, Michelle
Ghrist, Jerrold Grossman, Joe Kennedy, Leon La Spina, Raymond Scacalossi, William
Wardlaw, David Wells, LeRoy Wenstrom, Woody Wenstrom and Ron Yannone.
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1. A cell phone plan costs $20 each month, plus 5/c per text message sent, plus 10/c
for each minute used over 30 hours. In January Michelle sent 100 text messages
and talked for 30.5 hours. How much did she have to pay?

(A) $24.00 (B) $24.50 (C) $25.50 (D) $28.00 (E) $30.00

2. A small bottle of shampoo can hold 35 milliliters of shampoo, whereas a large
bottle can hold 500 milliliters of shampoo. Jasmine wants to buy the minimum
number of small bottles necessary to completely fill a large bottle. How many
bottles must she buy?

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

3. Suppose [a b] denotes the average of a and b, and {a b c} denotes the average
of a, b, and c. What is {{1 1 0} [0 1] 0} ?

(A)
2
9

(B)
5
18

(C)
1
3

(D)
7
18

(E)
2
3

4. Let X and Y be the following sums of arithmetic sequences:

X = 10 + 12 + 14 + · · · + 100,

Y = 12 + 14 + 16 + · · · + 102.

What is the value of Y − X ?

(A) 92 (B) 98 (C) 100 (D) 102 (E) 112

5. At an elementary school, the students in third grade, fourth grade, and fifth
grade run an average of 12, 15, and 10 minutes per day, respectively. There are
twice as many third graders as fourth graders, and twice as many fourth graders
as fifth graders. What is the average number of minutes run per day by these
students?

(A) 12 (B)
37
3

(C)
88
7

(D) 13 (E) 14

6. Set A has 20 elements, and set B has 15 elements. What is the smallest possible
number of elements in A ∪ B, the union of A and B ?

(A) 5 (B) 15 (C) 20 (D) 35 (E) 300



2011 AMC 10 A 3

7. Which of the following equations does not have a solution?

(A) (x + 7)2 = 0

(B) | − 3x| + 5 = 0

(C)
√
−x − 2 = 0

(D)
√

x − 8 = 0

(E) | − 3x| − 4 = 0

8. Last summer 30% of the birds living on Town Lake were geese, 25% were swans,
10% were herons, and 35% were ducks. What percent of the birds that were not
swans were geese?

(A) 20 (B) 30 (C) 40 (D) 50 (E) 60

9. A rectangular region is bounded by the graphs of the equations y = a, y = −b,
x = −c, and x = d, where a, b, c, and d are all positive numbers. Which of the
following represents the area of this region?

(A) ac + ad + bc + bd (B) ac − ad + bc − bd (C) ac + ad − bc − bd

(D) −ac − ad + bc + bd (E) ac − ad − bc + bd

10. A majority of the 30 students in Ms. Demeanor’s class bought pencils at the
school bookstore. Each of these students bought the same number of pencils,
and this number was greater than 1. The cost of a pencil in cents was greater
than the number of pencils each student bought, and the total cost of all the
pencils was $17.71 . What was the cost of a pencil in cents?

(A) 7 (B) 11 (C) 17 (D) 23 (E) 77

11. Square EFGH has one vertex on each side of square ABCD. Point E is on
AB with AE = 7 · EB. What is the ratio of the area of EFGH to the area of
ABCD ?

(A)
49
64

(B)
25
32

(C)
7
8

(D)
5
√

2
8

(E)

√
14
4

12. The players on a basketball team made some three-point shots, some two-point
shots, and some one-point free throws. They scored as many points with two-
point shots as with three-point shots. Their number of successful free throws
was one more than their number of successful two-point shots. The team’s total
score was 61 points. How many free throws did they make?

(A) 13 (B) 14 (C) 15 (D) 16 (E) 17
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13. How many even integers are there between 200 and 700 whose digits are all
different and come from the set {1, 2, 5, 7, 8, 9} ?

(A) 12 (B) 20 (C) 72 (D) 120 (E) 200

14. A pair of standard 6-sided fair dice is rolled once. The sum of the numbers rolled
determines the diameter of a circle. What is the probability that the numerical
value of the area of the circle is less than the numerical value of the circle’s
circumference?

(A)
1
36

(B)
1
12

(C)
1
6

(D)
1
4

(E)
5
18

15. Roy bought a new battery-gasoline hybrid car. On a trip the car ran exclusively
on its battery for the first 40 miles, then ran exclusively on gasoline for the rest
of the trip, using gasoline at a rate of 0.02 gallons per mile. On the whole trip
he averaged 55 miles per gallon. How long was the trip in miles?

(A) 140 (B) 240 (C) 440 (D) 640 (E) 840

16. Which of the following is equal to
√

9 − 6
√

2 +
√

9 + 6
√

2 ?

(A) 3
√

2 (B) 2
√

6 (C)
7
√

2
2

(D) 3
√

3 (E) 6

17. In the eight-term sequence A,B,C, D, E, F,G, H, the value of C is 5 and the
sum of any three consecutive terms is 30. What is A + H ?

(A) 17 (B) 18 (C) 25 (D) 26 (E) 43

18. Circles A, B, and C each have radius 1. Circles A and B share one point of
tangency. Circle C has a point of tangency with the midpoint of AB. What is
the area inside circle C but outside circle A and circle B ?

A B

C

(A) 3 − π

2
(B)

π

2
(C) 2 (D)

3π

4
(E) 1 +

π

2
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19. In 1991 the population of a town was a perfect square. Ten years later, after an
increase of 150 people, the population was 9 more than a perfect square. Now,
in 2011, with an increase of another 150 people, the population is once again a
perfect square. Which of the following is closest to the percent growth of the
town’s population during this twenty-year period?

(A) 42 (B) 47 (C) 52 (D) 57 (E) 62

20. Two points on the circumference of a circle of radius r are selected independently
and at random. From each point a chord of length r is drawn in a clockwise
direction. What is the probability that the two chords intersect?

(A)
1
6

(B)
1
5

(C)
1
4

(D)
1
3

(E)
1
2

21. Two counterfeit coins of equal weight are mixed with 8 identical genuine coins.
The weight of each of the counterfeit coins is different from the weight of each
of the genuine coins. A pair of coins is selected at random without replacement
from the 10 coins. A second pair is selected at random without replacement
from the remaining 8 coins. The combined weight of the first pair is equal to
the combined weight of the second pair. What is the probability that all 4
selected coins are genuine?

(A)
7
11

(B)
9
13

(C)
11
15

(D)
15
19

(E)
15
16

22. Each vertex of convex pentagon ABCDE is to be assigned a color. There are 6
colors to choose from, and the ends of each diagonal must have different colors.
How many different colorings are possible?

(A) 2520 (B) 2880 (C) 3120 (D) 3250 (E) 3750
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23. Seven students count from 1 to 1000 as follows:

• Alice says all of the numbers, except she skips the middle number in each
consecutive group of three numbers. That is, Alice says 1, 3, 4, 6, 7, 9, . . . ,
997, 999, 1000.

• Barbara says all of the numbers that Alice doesn’t say, except she also
skips the middle number in each consecutive group of three numbers.

• Candice says all of the numbers that neither Alice nor Barbara says, ex-
cept she also skips the middle number in each consecutive group of three
numbers.

• Debbie, Eliza, and Fatima say all of the numbers that none of the students
with first names beginning before theirs in the alphabet say, except each
also skips the middle number in each of her consecutive groups of three
numbers.

• Finally, George says the only number that no one else says.

What number does George say?

(A) 37 (B) 242 (C) 365 (D) 728 (E) 998

24. Two distinct regular tetrahedra have all their vertices among the vertices of the
same unit cube. What is the volume of the region formed by the intersection of
the tetrahedra?

(A)
1
12

(B)

√
2

12
(C)

√
3

12
(D)

1
6

(E)

√
2

6

25. Let R be a square region and n ≥ 4 an integer. A point X in the interior of R
is called n-ray partitional if there are n rays emanating from X that divide R
into n triangles of equal area. How many points are 100-ray partitional but not
60-ray partitional?

(A) 1500 (B) 1560 (C) 2320 (D) 2480 (E) 2500
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1. Answer (D): The text messages cost $0.05 · 100 = $5.00, and the 30 minutes
of excess chatting cost $0.10 · 30 = $3.00. Therefore the total bill came to
$5 + $3 + $20 = $28.

2. Answer (E): Because 14 · 35 = 490 < 500 and 15 · 35 = 525 ≥ 500, the
minimum number of bottles that she needs to buy is 15.

3. Answer (D): First note that {1 1 0} = 2
3 and [0 1] = 1

2 . Therefore

{{1 1 0} [0 1] 0} = {2
3

1
2

0} =
2
3 + 1

2 + 0
3

=
7
18

.

4. Answer (A): Every term in X except 10 appears in Y . Every term in Y
except 102 appears in X. Therefore Y − X = 102 − 10 = 92.

OR

The sum X has 46 terms because it includes all 50 even positive integers less
than or equal to 100 except for 2, 4, 6, and 8. The sum Y has the same number of
terms, and every term in Y exceeds the corresponding term in X by 2. Therefore
Y − X = 46 · 2 = 92.

5. Answer (C): Let N equal the number of fifth graders. Then there are 2N
fourth graders and 4N third graders. The total number of minutes run per
day by the students is 4N · 12 + 2N · 15 + N · 10 = 88N . There are a total of
4N + 2N + N = 7N students, so the average number of minutes run by the
students per day is 88N

7N = 88
7 .

6. Answer (C): The union must contain all of the elements of A, so it has at
least 20 elements. It is possible that B is a subset of A, in which case there are
no additional elements.

7. Answer (B): Because |−3x|+5 is strictly positive, the equation |−3x|+5 = 0
has no solution. The solutions of equations (A), (C), (D), and (E) are −7,
−4, 64, and ±4

3 , respectively.

8. Answer (C): Because 75% of the birds were not swans and 30% of the birds
were geese, it follows that 30

75 · 100% = 40% of the birds that were not swans
were geese.
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9. Answer (A): Because a, b, c, and d are positive numbers, a > −b and d > −c.
Therefore the height of the rectangle is a + b and the width is c + d. The area
of the region is (a + b)(c + d) = ac + ad + bc + bd.

x

y

x=dx=–c

y=a

y=–b

10. Answer (B): Let C be the cost of a pencil in cents, N be the number of
pencils each student bought, and S be the number of students who bought
pencils. Then C ·N ·S = 1771 = 7 · 11 · 23, and C > N > 1. Because a majority
of the students bought pencils, 30 ≥ S > 30

2 = 15. Therefore S = 23, N = 7,
and C = 11.

11. Answer (B): Without loss of generality, assume that F lies on BC and
that EB = 1. Then AE = 7 and AB = 8. Because EFGH is a square,
BF = AE = 7, so the hypotenuse EF of �EBF has length

√
12 + 72 =

√
50.

The ratio of the area of EFGH to that of ABCD is therefore

EF 2

AB2
=

50
64

=
25
32

.

A

B C

D

E

F

G

H

1

7
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12. Answer (A): Let x, y, and z be the number of successful three-point shots,
two-point shots, and free throws, respectively. Then the given conditions imply

3x + 2y + z = 61,

2y = 3x, and
y + 1 = z.

Solving results in x = 8, y = 12, and z = 13. Hence the team made 13 free
throws.

13. Answer (A): Because the numbers are even, they must end in either 2 or 8.
If the last digit is 2, the first digit must be 5 and thus there are four choices
remaining for the middle digit. If the last digit is 8, then there are two choices
for the first digit, either 2 or 5, and for each choice there are four possibilities
for the middle digit. The total number of choices is then 4 + 2 · 4 = 12.

14. Answer (B): Let d be the sum of the numbers rolled. The conditions are
satisfied if and only if π

(
d
2

)2
< πd, that is, d < 4. Of the 36 equally likely

outcomes for the roll of the two dice, one has a sum of 2 and two have sums of
3. Thus the desired probability is 1+2

36 = 1
12 .

15. Answer (C): Let x be the number of miles driven exclusively on gasoline.
Then the total number of miles traveled is x + 40, and the amount of gas used
is 0.02x gallons. Therefore the average number of miles per gallon is

x + 40
0.02x

= 55 .

Solving results in x = 400, so the total number of miles traveled is 440.

16. Answer (B): Let k =
√

9 − 6
√

2 +
√

9 + 6
√

2. Squaring both sides and
simplifying results in

k2 = 9 − 6
√

2 + 2
√

(9 − 6
√

2)(9 + 6
√

2) + 9 + 6
√

2

= 18 + 2
√

81 − 72

= 18 + 2
√

9
= 24

Because k > 0, k = 2
√

6.
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17. Answer (C): Note that for any four consecutive terms, the first and last terms
must be equal. For example, consider B,C,D, and E; because

B + C + D = 30 = C + D + E ,

we must have B = E. Hence A = D = G, and C = F = 5. The required sum
A + H = G + (30 − G − F ) = 30 − 5 = 25.

OR

Note that

A + C + H = (A + B + C) − (B + C + D) + (C + D + E)
− (E + F + G) + (F + G + H)

= 3 · 30 − 2 · 30 = 30.

Hence A + H = 30 − C = 25.

18. Answer (C): Let D be the midpoint of AB, and let circle C intersect circles
A and B at E and F , respectively, distinct from D. The shaded portion of unit
square ADCE has area 1− π

4 , as does the shaded portion of unit square BDCF .
The portion of the shaded region which is outside these squares is a semicircle
of radius 1 and has area π

2 . The total shaded area is 2
(
1 − π

4

)
+ π

2 = 2.

OR

Let D, E, and F be defined as in the first solution, and let G be diametrically
opposite D on circle C. The shaded area is equal to the area of square DFGE,
which has diagonal length 2. Its side length is

√
2, and its area is

(√
2
)2

= 2.

A B

C

D

E F

G

19. Answer (E): Let p2, q2 +9, and r2 = p2 +300 be the populations of the town
in 1991, 2001, and 2011, respectively. Then q2 + 9 = p2 + 150, so q2 − p2 = 141.
Therefore (q − p)(q + p) = 141, and so either q − p = 3 and q + p = 47, or
q − p = 1 and q + p = 141. These give p = 22 or p = 70. Note that if p = 70,
then 702 + 300 = 5200 = 52 · 102, which is not a perfect square. Thus p = 22,
p2 = 484, p2 + 150 = 634 = 252 + 9, and p2 + 300 = 784 = 282. The percent
growth from 1991 to 2011 was 784−484

484 ≈ 62%.
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20. Answer (D): Let point A be the first point chosen, and let point B be
the opposite endpoint of the corresponding chord. Drawing a radius to each
endpoint of this chord of length r results in an equilateral triangle. Hence a
chord of length r subtends an arc 1

6 the circumference of the circle. Let diameter
FC be parallel to AB, and divide the circle into six equal portions as shown.
The second point chosen will result in a chord that intersects AB if and only if

the point is chosen from minor
︷ ︷
FB. Hence the probability is 1

3 .
A

B

CD

E

F

r
r

r

21. Answer (D): The weights of the two pairs of coins are equal if each pair
contains the same number of counterfeit coins. Therefore either the first pair
and the second pair both contain only genuine coins, or the first pair and the
second pair both contain one counterfeit coin. The number of ways to choose
the coins in the first case is

(
8
2

)
·
(
6
2

)
= 420. The number of ways to choose the

coins in the second case is 8 · 2 · 7 · 1 = 112. Therefore the requested probability
is 420

112+420 = 15
19 .

22. Answer (C): If five distinct colors are used, then there are
(
6
5

)
= 6 different

color choices possible. They may be arranged in 5! = 120 ways on the pentagon,
resulting in 120 · 6 = 720 colorings.

If four distinct colors are used, then there is one duplicated color, so there are(
6
4

)(
4
1

)
= 60 different color choices possible. The duplicated color must appear

on neighboring vertices. There are 5 neighbor choices and 3! = 6 ways to color
the remaining three vertices, resulting in a total of 60 · 5 · 6 = 1800 colorings.

If three distinct colors are used, then there must be two duplicated colors, so
there are

(
6
3

)(
3
2

)
= 60 different color choices possible. The non-duplicated color

may appear in 5 locations. As before, a duplicated color must appear on neigh-
boring vertices, so there are 2 ways left to color the remaining vertices. In this
case there are 60 · 5 · 2 = 600 colorings possible.

There are no colorings with two or fewer colors. The total number of colorings
is 720 + 1800 + 600 = 3120.
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23. Answer (C): After each person counts, the numbers left for the next person
form an arithmetic progression. For example, Alice leaves all of the numbers
2, 5, 8, 11, 14, . . . , 2 + 3 · 332 for Barbara. If a student leaves the progression
a, a + d, a + 2d, a + 3d, a + 4d, . . . , then the next student leaves the progression
a + d, (a + d) + 3d, (a + d) + 6d, . . . .

This implies that in the following table, each number in the third column is
three times the previous entry in the third column, and each entry in the second
column is the sum of the two entries in the row above:

Left for First Term Common Difference
Alice 1 1
Barbara 2 3
Candice 5 9
Debbie 14 27
Eliza 41 81
Fatima 122 243
George 365 729

George is left with the single term 365.

OR

The numbers skipped by Alice are the middle numbers in each consecutive group
of 3, that is, 2, 5, 8, and so on. The numbers skipped by Alice and Barbara are
the middle numbers in each group of 9, that is, 5, 14, 23, and so on. In general,
the numbers skipped by all of the first n students are the middle numbers in
each group of 3n. Because 36 = 729, the only number not exceeding 1000 that
is skipped by the first six students is 729+1

2 = 365. That is the number that
George says.

24. Answer (D): Let the tetrahedra be T1 and T2, and let R be their intersection.
Let squares ABCD and EFGH, respectively, be the top and bottom faces of
the unit cube, with E directly under A and F directly under B. Without loss
of generality, T1 has vertices A, C, F , and H, and T2 has vertices B, D, E, and
G. One face of T1 is �ACH, which intersects edges of T2 at the midpoints J ,
K, and L of AC, CH, and HA, respectively. Let S be the tetrahedron with
vertices J , K, L, and D. Then S is similar to T2 and is contained in T2, but not
in R. The other three faces of T1 each cut off from T2 a tetrahedron congruent
to S. Therefore the volume of R is equal to the volume of T2 minus four times
the volume of S.

A regular tetrahedron of edge length s has base area
√

3
4 s2 and altitude

√
6

3 s,

so its volume is 1
3

(√
3

4 s2
)(√

6
3 s

)
=

√
2

12 s3. Because the edges of tetrahedron T2

are face diagonals of the cube, T2 has edge length
√

2. Because J and K are
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centers of adjacent faces of the cube, tetrahedron S has edge length
√

2
2 . Thus

the volume of R is √
2

12



(
√

2)3 − 4

(√
2

2

)3


 =
1
6
.

OR

Let T1 and T2 be labeled as in the previous solution. The cube is partitioned
by T1 and T2 into 8 tetrahedra congruent to DJKL (one for every vertex of the
cube), 12 tetrahedra congruent to AJLD (one for every edge of the cube), and
the solid T1 ∩ T2. Because the bases AJL and JLK are equilateral triangles
with the same area, and the altitudes to vertex D of the tetrahedra AJLD and
DJKL are the same, it follows that the volumes of AJLD and DJKL are equal.
Moreover,

Volume(AJLD) =
1
3
Area(ALD) · hJ ,

where hJ = 1
2 is the distance from J to the face ALD, and Area(ALD) = 1

4 .
Therefore Volume(AJLD) = 1

3 · 1
4 · 1

2 = 1
24 , and thus the volume of T1 ∩ T2 is

equal to 1 − (8 + 12) · 1
24 = 1

6 .

25. Answer (C): Assume without loss of generality that R is bounded by the
square with vertices A = (0, 0), B = (1, 0), C = (1, 1), and D = (0, 1), and let
X = (x, y) be n-ray partitional. Because the n rays partition R into triangles,
they must include the rays from X to A, B, C, and D. Let the number of
rays intersecting the interiors of AB, BC, CD, and DA be n1, n2, n3, and n4,
respectively. Because �ABX∪�CDX has the same area as �BCX∪�DAX,
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it follows that n1 + n3 = n2 + n4 = n
2 − 2, so n is even. Furthermore, the n1 + 1

triangles with one side on AB have equal area, so each has area 1
2 · 1

n1+1 · y.
Similarly, the triangles with sides on BC, CD, and DA have areas 1

2 ·
1

n2+1 ·(1−x),
1
2 · 1

n3+1 · (1 − y), and 1
2 · 1

n4+1 · x, respectively. Setting these expressions equal
to each other gives

x =
n4 + 1

n2 + n4 + 2
=

2(n4 + 1)
n

and y =
n1 + 1

n1 + n3 + 2
=

2(n1 + 1)
n

.

Thus an n-ray partitional point must have the form X = (2a
n , 2b

n ) with 1 ≤ a < n
2

and 1 ≤ b < n
2 . Conversely, if X has this form, R is partitioned into n triangles

of equal area by the rays from X that partition AB, BC, CD, and DA into b,
n
2 − a, n

2 − b, and a congruent segments, respectively.

Assume X is 100-ray partitional. If X is also 60-ray partitional, then X =
( a
50 , b

50 ) = ( c
30 , d

30 ) for some integers 1 ≤ a, b ≤ 49 and 1 ≤ c, d ≤ 29. Thus
3a = 5c and 3b = 5d; that is, both a and b are multiples of 5. Conversely, if a
and b are multiples of 5, then

X =
(

a

50
,

b

50

)
=

(
3a
5

30
,

3b
5

30

)

is 60-ray partitional. Because there are exactly 9 multiples of 5 between 1 and
49, the required number of points X is equal to 492 − 92 = 40 · 58 = 2320.

The problems and solutions in this contest were proposed by Bernardo Abrego,
Betsy Bennett, Steve Dunbar, Michelle Ghrist, Peter Gilchrist, Jerrold Grossman,
Dan Kennedy, Joe Kennedy, David Torney, David Wells, LeRoy Wenstrom, and Ron
Yannone.
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1. What is
2 + 4 + 6

1 + 3 + 5
− 1 + 3 + 5

2 + 4 + 6
?

(A) −1 (B)
5

36
(C)

7

12
(D)

147

60
(E)

43

3

2. Josanna’s test scores to date are 90, 80, 70, 60, and 85. Her goal is to raise her
test average at least 3 points with her next test. What is the minimum test
score she would need to accomplish this goal?

(A) 80 (B) 82 (C) 85 (D) 90 (E) 95

3. At a store, when a length is reported as x inches that means the length is at
least x − 0.5 inches and at most x + 0.5 inches. Suppose the dimensions of a
rectangular tile are reported as 2 inches by 3 inches. In square inches, what is
the minimum area for the rectangle?

(A) 3.75 (B) 4.5 (C) 5 (D) 6 (E) 8.75

4. LeRoy and Bernardo went on a week-long trip together and agreed to share the
costs equally. Over the week, each of them paid for various joint expenses such
as gasoline and car rental. At the end of the trip it turned out that LeRoy had
paid A dollars and Bernardo had paid B dollars, where A < B. How many
dollars must LeRoy give to Bernardo so that they share the costs equally?

(A)
A+B

2
(B)

A−B

2
(C)

B −A

2
(D) B −A (E) A+B

5. In multiplying two positive integers a and b, Ron reversed the digits of the two-
digit number a. His erroneous product was 161. What is the correct value of
the product of a and b ?

(A) 116 (B) 161 (C) 204 (D) 214 (E) 224

6. On Halloween Casper ate 1
3 of his candies and then gave 2 candies to his brother.

The next day he ate 1
3 of his remaining candies and then gave 4 candies to his

sister. On the third day he ate his final 8 candies. How many candies did Casper
have at the beginning?

(A) 30 (B) 39 (C) 48 (D) 57 (E) 66
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7. The sum of two angles of a triangle is 6
5 of a right angle, and one of these two

angles is 30◦ larger than the other. What is the degree measure of the largest
angle in the triangle?

(A) 69 (B) 72 (C) 90 (D) 102 (E) 108

8. At a certain beach if it is at least 80◦ F and sunny, then the beach will be
crowded. On June 10 the beach was not crowded. What can be concluded
about the weather conditions on June 10?

(A) The temperature was cooler than 80◦ F and it was not sunny.

(B) The temperature was cooler than 80◦ F or it was not sunny.

(C) If the temperature was at least 80◦ F , then it was sunny.

(D) If the temperature was cooler than 80◦ F , then it was sunny.

(E) If the temperature was cooler than 80◦ F , then it was not sunny.

9. The area of �EBD is one third of the area of 3 – 4 – 5 �ABC. Segment DE is
perpendicular to segment AB. What is BD ?

A B

C

D

E

3
4

5

(A)
4

3
(B)

√
5 (C)

9

4
(D)

4
√
3

3
(E)

5

2

10. Consider the set of numbers {1, 10, 102, 103, . . . , 1010}. The ratio of the largest
element of the set to the sum of the other ten elements of the set is closest to
which integer?

(A) 1 (B) 9 (C) 10 (D) 11 (E) 101

11. There are 52 people in a room. What is the largest value of n such that the
statement “At least n people in this room have birthdays falling in the same
month” is always true?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 12
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12. Keiko walks once around a track at exactly the same constant speed every day.
The sides of the track are straight, and the ends are semicircles. The track has
width 6 meters, and it takes her 36 seconds longer to walk around the outside
edge of the track than around the inside edge. What is Keiko’s speed in meters
per second?

6

(A)
π

3
(B)

2π

3
(C) π (D)

4π

3
(E)

5π

3

13. Two real numbers are selected independently at random from the interval [−20, 10].
What is the probability that the product of those numbers is greater than zero?

(A)
1

9
(B)

1

3
(C)

4

9
(D)

5

9
(E)

2

3

14. A rectangular parking lot has a diagonal of 25 meters and an area of 168 square
meters. In meters, what is the perimeter of the parking lot?

(A) 52 (B) 58 (C) 62 (D) 68 (E) 70

15. Let @ denote the “averaged with” operation: a@ b = a+b
2 . Which of the follow-

ing distributive laws hold for all numbers x, y, and z ?

I. x@(y + z) = (x@ y) + (x@ z)

II. x+ (y@ z) = (x+ y)@ (x+ z)

III. x@(y@ z) = (x@ y)@ (x@ z)

(A) I only (B) II only (C) III only (D) I and III only

(E) II and III only
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16. A dart board is a regular octagon divided into regions as shown. Suppose that a
dart thrown at the board is equally likely to land anywhere on the board. What
is the probability that the dart lands within the center square?

(A)

√
2− 1

2
(B)

1

4
(C)

2−
√
2

2
(D)

√
2

4
(E) 2−

√
2

17. In the given circle, the diameter EB is parallel to DC, and AB is parallel to
ED. The angles AEB and ABE are in the ratio 4 : 5. What is the degree
measure of angle BCD ?

A

B

C
D

E

(A) 120 (B) 125 (C) 130 (D) 135 (E) 140

18. Rectangle ABCD has AB = 6 and BC = 3. Point M is chosen on side AB so
that ∠AMD = ∠CMD. What is the degree measure of ∠AMD ?

(A) 15 (B) 30 (C) 45 (D) 60 (E) 75

19. What is the product of all the roots of the equation

√
5|x|+ 8 =

√
x2 − 16.

(A) −64 (B) −24 (C) −9 (D) 24 (E) 576
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20. Rhombus ABCD has side length 2 and ∠B = 120◦. Region R consists of all
points inside the rhombus that are closer to vertex B than any of the other three
vertices. What is the area of R ?

(A)

√
3

3
(B)

√
3

2
(C)

2
√
3

3
(D) 1 +

√
3

3
(E) 2

21. Brian writes down four integers w > x > y > z whose sum is 44. The pairwise
positive differences of these numbers are 1, 3, 4, 5, 6, and 9. What is the sum of
the possible values for w ?

(A) 16 (B) 31 (C) 48 (D) 62 (E) 93

22. A pyramid has a square base with sides of length 1 and has lateral faces that
are equilateral triangles. A cube is placed within the pyramid so that one face is
on the base of the pyramid and its opposite face has all its edges on the lateral
faces of the pyramid. What is the volume of this cube?

(A) 5
√
2− 7 (B) 7− 4

√
3 (C)

2
√
2

27
(D)

√
2

9
(E)

√
3

9

23. What is the hundreds digit of 20112011 ?

(A) 1 (B) 4 (C) 5 (D) 6 (E) 9

24. A lattice point in an xy-coordinate system is any point (x, y) where both x and
y are integers. The graph of y = mx + 2 passes through no lattice point with
0 < x ≤ 100 for all m such that 1

2 < m < a. What is the maximum possible
value of a ?

(A)
51

101
(B)

50

99
(C)

51

100
(D)

52

101
(E)

13

25

25. Let T1 be a triangle with sides 2011, 2012, and 2013. For n ≥ 1, if Tn = �ABC
and D, E, and F are the points of tangency of the incircle of �ABC to the
sides AB, BC, and AC, respectively, then Tn+1 is a triangle with side lengths
AD, BE, and CF , if it exists. What is the perimeter of the last triangle in the
sequence (Tn) ?

(A)
1509

8
(B)

1509

32
(C)

1509

64
(D)

1509

128
(E)

1509

256
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1. Answer (C): The given expression is equal to

12

9
− 9

12
=

4

3
− 3

4
=

16− 9

12
=

7

12
.

2. Answer (E): The sum of her first 5 test scores is 385, yielding an average of
77. To raise her average to 80, her 6th test score must be the difference between
6 · 80 = 480 and 385, which is 95.

3. Answer (A): The smallest possible width for the rectangle is 2 − 0.5 = 1.5
inches. Similarly the smallest possible length is 2.5 inches. Hence the minimum
area is (1.5)(2.5) = 3.75 square inches.

4. Answer (C): Bernardo has paid B − A dollars more than LeRoy. If LeRoy
gives Bernardo half of that difference, B−A

2 , then each will have paid the same
amount.

5. Answer (E): Because 161 = 23 · 7, the only two digit factor of 161 is 23. The
correct product must have been 32 · 7 = 224.

6. Answer (A): Let x be Casper’s original number of candies. After the first
day he was left with x− (13x+ 2) = 2

3x− 2 candies. On the second day he ate
1
3 (

2
3x− 2) candies, gave away 4 candies, and was left with 8 candies. Therefore

2

3
x− 2−

(
1

3

(
2

3
x− 2

)
+ 4

)
= 8.

Solving for x results in x = 30.

OR

Before giving 4 candies to his sister, Casper had 12. This was 2
3 of the number he

had after the first day, so he had 18 after the first day. Before giving 2 candies to
his brother, he had 20, and this was 2

3 of the number he had originally. Therefore
he had 30 candies at the beginning.

7. Answer (B): The degree measures of two of the angles have a sum of
6
5 ·90 = 108 and a positive difference of 30, so their measures are 69 and 39. The
remaining angle has a degree measure of 180 − 108 = 72, which is the largest
angle.
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8. Answer (B): Because the beach was not crowded on June 10, at least one of
the conditions was not met. That is, the weather might have been cooler than
80 ◦F and sunny, at least 80 ◦F and cloudy, or cooler than 80 ◦F and cloudy.
The first possibility shows that (A) and (E) are invalid, the second shows that
(C) is invalid, and the third shows that (D) is invalid. Only conclusion (B) is
consistent with all three possibilities.

9. Answer (D): The area of �ABC is 1
2 · 3 · 4 = 6, so the area of �EBD is

1
3 · 6 = 2. Note that �ABC and �EBD are right triangles with an angle in
common, so they are similar. Therefore BD and DE are in the ratio 4 to 3.
Let BD = x and DE = 3

4x. Then the area of �EBD can be expressed as
1
2 · x · 3

4x = 3
8x

2. Because �EBD has area 2, solving yields BD = 4
√
3

3 .

OR

Because �EBD and �ABC are similar triangles, their areas are in the ratio

of the squares of their corresponding linear parts. Therefore
(
BD
4

)2
= 1

3 and

BD = 4
√
3

3 .

10. Answer (B): The sum of the smallest ten elements is

1 + 10 + 100 + · · ·+ 1,000,000,000 = 1,111,111,111.

Hence the desired ratio is

10,000,000,000

1,111,111,111
=

9,999,999,999 + 1

1,111,111,111
= 9 +

1

1,111,111,111
≈ 9.

OR

The sum of a finite geometric series of the form a(1 + r + r2 + · · · + rn) is
a

1−r (1 − rn+1). The desired denominator 1 + 10 + 102 + · · · + 109 is a finite
geometric series with a = 1, r = 10, and n = 9. Therefore the ratio is

1010

1 + 10 + 102 + · · ·+ 109
=

1010

1
1−10 (1− 1010)

=
1010

1010 − 1
· 9 ≈ 1010

1010
· 9 = 9.

11. Answer (D): If no more than 4 people have birthdays in any month, then
at most 48 people would be accounted for. Therefore the statement is true for
n = 5. The statement is false for n ≥ 6 if, for example, 5 people have birthdays
in each of the first 4 months of the year, and 4 people have birthdays in each of
the last 8 months, for a total of 5 · 4 + 4 · 8 = 52 people.

OR
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The average number of birthdays per month is 52
12 , which is strictly between 4

and 5. Therefore at least one month must contain at least 5 birthdays, and, as
above, it is possible to distribute the birthdays so that all months contain 4 or
5 birthdays.

12. Answer (A): The only parts of the track that are longer walking on the
outside edge rather than the inside edge are the two semicircular portions. If
the radius of the inner semicircle is r, then the difference in the lengths of the
two paths is 2π(r + 6) − 2πr = 12π. Let x be her speed in meters per second.
Then 36x = 12π, and x = π

3 .

13. Answer (D): Consider all ordered pairs (a, b) with each of the numbers a
and b in the closed interval [−20, 10]. These pairs fill a 30 × 30 square in the
coordinate plane, with an area of 900 square units. Ordered pairs in the first
and third quadrants have the desired property, namely a · b > 0. The areas of
the portions of the 30×30 square in the first and third quadrants are 102 = 100
and 202 = 400, respectively. Therefore the probability of a positive product is
100+400

900 = 5
9 .

OR

Each of the numbers is positive with probability 1
3 and negative with probability

2
3 . Their product is positive if and only if both numbers are positive or both are

negative, so the requested probability is
(
1
3

)2
+

(
2
3

)2
= 5

9 .

14. Answer (C): Let x and y be the length and width of the parking lot, respec-
tively. Then xy = 168 and x2 + y2 = 252. Note that

(x+ y)2 = x2 + y2 + 2xy = 252 + 2 · 168 = 961.

Hence the perimeter is 2(x+ y) = 2 ·
√
961 = 62.

Note that the dimensions of the parking lot are 7 and 24 meters.

15. Answer (E): If x �= 0, then I is false:

x@(y+ z) =
x+ (y + z)

2
�= x+ y + x+ z

2
=

x+ y

2
+

x+ z

2
= (x@ y)+ (x@ z).

On the other hand, II and III are true for all values of x, y and z:

x+ (y@ z) = x+
y + z

2
=

2x+ y + z

2
=

(x+ y) + (x+ z)

2
= (x+ y)@ (x+ z),
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and

x@(y@ z) =
x+ y+z

2

2
=

(
2x+y+z

2

)

2
=

x+y
2 + x+z

2

2
= (x@ y)@ (x@ z)

16. Answer (A): Assume the octagon’s edge is 1. Then the corner triangles have

hypotenuse 1 and thus legs
√
2
2 and area 1

4 each; the four rectangles are 1 by
√
2
2 and have area

√
2
2 each, and the center square has area 1. The total area is

4 · 14 +4 ·
√
2
2 +1 = 2+2

√
2. The probability that the dart hits the center square

is 1
2+2

√
2
=

√
2−1
2 .

1

1

√
2

2

1

√
2

2

17. Answer (C): Angle EAB is 90◦ because it subtends a diameter. Therefore
angles BEA and ABE are 40◦ and 50◦, respectively. Angle DEB is 50◦ because
AB is parallel to ED. Also, ∠DEB is supplementary to ∠CDE, so ∠CDE =
130◦. Because EB and DC are parallel chords, ED = BC and EBCD is an
isosceles trapezoid. Thus ∠BCD = ∠CDE = 130◦.

OR

Let O be the center of the circle. Establish, as in the first solution, that ∠EAB =
90◦, ∠BEA = 40◦, ∠ABE = 50◦, and ∠DEB = 50◦. Thus AD is a diameter
and ∠AOE = 100◦. By the Inscribed Angle Theorem

∠BCD =
1

2
(∠BOA+ ∠AOE + ∠EOD) =

1

2
(80◦ + 100◦ + 80◦) = 130◦ .

18. Answer (E): Sides AB and CD are parallel, so ∠CDM = ∠AMD. Because
∠AMD = ∠CMD, it follows that �CMD is isosceles and CD = CM = 6.
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Therefore �MCB is a 30 – 60 – 90◦ right triangle with ∠BMC = 30◦. Finally,
2 · ∠AMD + 30◦ = ∠AMD + ∠CMD + 30◦ = 180◦, so ∠AMD = 75◦.

A B

CD

M

6

3

19. Answer (A): The right side of the equation is defined only when |x| ≥ 4. If
x ≥ 4, the equation is equivalent to 5x + 8 = x2 − 16, and the only solution
with x ≥ 4 is x = 8. If x ≤ −4, the equation is equivalent to 8− 5x = x2 − 16,
and the only solution with x ≤ −4 is x = −8. The product of the solutions is
−8 · 8 = −64.

20. Answer (C): Let E and H be the midpoints of AB and BC, respectively. The
line drawn perpendicular to AB through E divides the rhombus into two regions:
points that are closer to vertex A than B, and points that are closer to vertex B
than A. Let F be the intersection of this line with diagonal AC. Similarly, let
point G be the intersection of the diagonal AC with the perpendicular to BC
drawn from the midpoint of BC. Then the desired region R is the pentagon
BEFGH.

Note that �AFE is a 30 – 60 – 90◦ triangle with AE = 1. Hence the area

of �AFE is 1
2 · 1 · 1√

3
=

√
3
6 . Both �BFE and �BGH are congruent to

�AFE, so they have the same areas. Also ∠FBG = 120◦−∠FBE−∠GBH =
60◦, so �FBG is an equilateral triangle. In fact, the altitude from B to FG
divides �FBG into two triangles, each congruent to �AFE. Hence the area of

BEFGH is 4 ·
√
3
6 = 2

√
3

3 .

A B

CD

E

F

G

H
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21. Answer (B): The largest pairwise difference is 9, so w − z = 9. Let n be
either x or y. Because n is between w and z,

9 = w − z = (w − n) + (n− z).

Therefore the positive differences w − n and n − z must sum to 9. The given
pairwise differences that sum to 9 are 3 + 6 and 4 + 5. The remaining pairwise
difference must be x− y = 1.

The second largest pairwise difference is 6, so either w − y = 6 or x− z = 6. In
the first case the set of four numbers may be expressed as {w,w−5, w−6, w−9}.
Hence 4w − 20 = 44, so w = 16. In the second case w − x = 3, and the four
numbers may be expressed as {w,w− 3, w− 4, w− 9}. Therefore 4w− 16 = 44,
so w = 15. The sum of the possible values for w is 16 + 15 = 31.

Note: The possible sets of four numbers are {16, 11, 10, 7} and {15, 12, 11, 6}.

22. Answer (A): Let A be the apex of the pyramid, and let the base be the
square BCDE. Then AB = AD = 1 and BD =

√
2, so �BAD is an isosceles

right triangle. Let the cube have edge length x. The intersection of the cube
with the plane of �BAD is a rectangle with height x and width

√
2x. It follows

that
√
2 = BD = 2x+

√
2x, from which x =

√
2− 1.

√
2x

√
2

x

A

DB

Hence the cube has volume

(
√
2− 1)3 = (

√
2)3 − 3(

√
2)2 + 3

√
2− 1 = 5

√
2− 7.

OR

Let A be the apex of the pyramid, let O be the center of the base, let P be the
midpoint of one base edge, and let the cube intersect AP at Q. Let a coordinate
plane intersect the pyramid so that O is the origin, A on the positive y-axis,
and P =

(
1
2 , 0

)
. Segment AP is an altitude of a lateral side of the pyramid,

so AP =
√
3
2 , and it follows that A =

(
0,

√
2
2

)
. Thus the equation of line AP
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is y =
√
2
2 −

√
2x. If the side length of the cube is s, then Q = ( s2 , s), so

s =
√
2
2 −

√
2 · s

2 . Solving gives s =
√
2 − 1, and the result follows that in the

first solution.

23. Answer (D): In the expansion of (2000 + 11)2011, all terms except 112011

are divisible by 1000, so the hundreds digit of 20112011 is equal to that of
112011. Furthermore, in the expansion of (10 + 1)2011, all terms except 12011,(
2011
1

)
(10)

(
12010

)
, and

(
2011
2

)
(10)2

(
12009

)
are divisible by 1000. Thus the hun-

dreds digit of 20112011 is equal to that of

1 +

(
2011

1

)
(10)

(
12010

)
+

(
2011

2

)
(10)2

(
12009

)

= 1 + 2011 · 10 + 2011 · 1005 · 100
= 1 + 2011 · 100510.

Finally, the hundreds digit of this number is equal to that of 1+11 ·510 = 5611,
so the requested hundreds digit is 6.

24. Answer (B): For 0 < x ≤ 100, the nearest lattice point directly above the
line y = 1

2x+2 is
(
x, 1

2x+ 3
)
if x is even and

(
x, 1

2x+ 5
2

)
if x is odd. The slope

of the line that contains this point and (0, 2) is 1
2 + 1

x if x is even and 1
2 + 1

2x if
x is odd. The minimum value of the slope is 51

100 if x is even and 50
99 if x is odd.

Therefore the line y = mx + 2 contains no lattice point with 0 < x ≤ 100 for
1
2 < m < 50

99 .

25. Answer (D): Let Tn = �ABC. Suppose a = BC, b = AC, and c = AB.
Because BD and BE are both tangent to the incircle of �ABC, it follows that
BD = BE. Similarly, AD = AF and CE = CF . Then

2BE = BE +BD = BE + CE +BD +AD − (AF + CF )

= a+ c− b,

that is, BE = 1
2 (a+ c− b). SimilarlyAD = 1

2 (b+ c− a) and CF = 1
2 (a+ b− c).

In the given �ABC, suppose that AB = x+1, BC = x−1, and AC = x. Using
the formulas for BE, AD, and CF derived before, it must be true that

BE =
1

2
((x− 1) + (x+ 1)− x) =

1

2
x,

AD =
1

2
(x+ (x+ 1)− (x− 1)) =

1

2
x+ 1, and

CF =
1

2
((x− 1) + x− (x+ 1)) =

1

2
x− 1.
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Hence both (BC,CA,AB) and (CF,BE,AD) are of the form (y − 1, y, y + 1).
This is independent of the values of a, b, and c, so it holds for all Tn. Further-
more, adding the formulas for BE, AD, and CF shows that the perimeter of
Tn+1 equals 1

2 (a+ b+ c), and consequently the perimeter of the last triangle TN

in the sequence is

1

2N−1
(2011 + 2012 + 2013) =

1509

2N−3
.

The last member TN of the sequence will fail to define a successor if for the first
time the new lengths fail the Triangle Inequality, that is, if

−1 +
2012

2N
+

2012

2N
≤ 1 +

2012

2N
.

Equivalently, 2012 ≤ 2N+1 which happens for the first time when N = 10. Thus
the required perimeter of TN is 1509

27 = 1509
128 .

The problems and solutions in this contest were proposed by Bernardo Abrego,
Betsy Bennett, Steven Davis, Steve Dunbar, Doug Faires, Sister Josannae Furey,
Michelle Ghrist, Peter Gilchrist, Jerrold Grossman, Joe Kennedy, Eugene Veklerov,
David Wells, LeRoy Wenstrom, and Ron Yannone.
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1. Cagney can frost a cupcake every 20 seconds and Lacey can frost a cupcake
every 30 seconds. Working together, how many cupcakes can they frost in 5
minutes?

(A) 10 (B) 15 (C) 20 (D) 25 (E) 30

2. A square with side length 8 is cut in half, creating two congruent rectangles.
What are the dimensions of one of these rectangles?

(A) 2 by 4 (B) 2 by 6 (C) 2 by 8 (D) 4 by 4 (E) 4 by 8

3. A bug crawls along a number line, starting at −2. It crawls to −6, then turns
around and crawls to 5. How many units does the bug crawl altogether?

(A) 9 (B) 11 (C) 13 (D) 14 (E) 15

4. Let ∠ABC = 24◦ and ∠ABD = 20◦. What is the smallest possible degree
measure for ∠CBD ?

(A) 0 (B) 2 (C) 4 (D) 6 (E) 12

5. Last year 100 adult cats, half of whom were female, were brought into the
Smallville Animal Shelter. Half of the adult female cats were accompanied by a
litter of kittens. The average number of kittens per litter was 4. What was the
total number of cats and kittens received by the shelter last year?

(A) 150 (B) 200 (C) 250 (D) 300 (E) 400

6. The product of two positive numbers is 9. The reciprocal of one of these numbers
is 4 times the reciprocal of the other number. What is the sum of the two
numbers?

(A)
10
3

(B)
20
3

(C) 7 (D)
15
2

(E) 8

7. In a bag of marbles, 3
5 of the marbles are blue and the rest are red. If the number

of red marbles is doubled and the number of blue marbles stays the same, what
fraction of the marbles will be red?

(A)
2
5

(B)
3
7

(C)
4
7

(D)
3
5

(E)
4
5
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8. The sums of three whole numbers taken in pairs are 12, 17, and 19. What is
the middle number?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

9. A pair of six-sided fair dice are labeled so that one die has only even numbers
(two each of 2, 4, and 6), and the other die has only odd numbers (two each of
1, 3, and 5). The pair of dice is rolled. What is the probability that the sum of
the numbers on the tops of the two dice is 7 ?

(A)
1
6

(B)
1
5

(C)
1
4

(D)
1
3

(E)
1
2

10. Mary divides a circle into 12 sectors. The central angles of these sectors, mea-
sured in degrees, are all integers and they form an arithmetic sequence. What
is the degree measure of the smallest possible sector angle?

(A) 5 (B) 6 (C) 8 (D) 10 (E) 12

11. Externally tangent circles with centers at points A and B have radii of lengths 5
and 3, respectively. A line externally tangent to both circles intersects ray AB
at point C. What is BC ?

(A) 4 (B) 4.8 (C) 10.2 (D) 12 (E) 14.4

12. A year is a leap year if and only if the year number is divisible by 400 (such as
2000) or is divisible by 4 but not by 100 (such as 2012). The 200th anniversary
of the birth of novelist Charles Dickens was celebrated on February 7, 2012, a
Tuesday. On what day of the week was Dickens born?

(A) Friday (B) Saturday (C) Sunday (D) Monday (E) Tuesday

13. An iterative average of the numbers 1, 2, 3, 4, and 5 is computed in the following
way. Arrange the five numbers in some order. Find the mean of the first two
numbers, then find the mean of that with the third number, then the mean of
that with the fourth number, and finally the mean of that with the fifth number.
What is the difference between the largest and smallest possible values that can
be obtained using this procedure?

(A)
31
16

(B) 2 (C)
17
8

(D) 3 (E)
65
16

2012-Problems-AMC10A.indd   4 11/11/2011   9:47:03 AM



2012 AMC10A Problems 4

14. Chubby makes nonstandard checkerboards that have 31 squares on each side.
The checkerboards have a black square in every corner and alternate red and
black squares along every row and column. How many black squares are there
on such a checkerboard?

(A) 480 (B) 481 (C) 482 (D) 483 (E) 484

15. Three unit squares and two line segments connecting two pairs of vertices are
shown. What is the area of �ABC ?

A

C

B

(A)
1
6

(B)
1
5

(C)
2
9

(D)
1
3

(E)

√
2

4

16. Three runners start running simultaneously from the same point on a 500-meter
circular track. They each run clockwise around the course maintaining constant
speeds of 4.4, 4.8, and 5.0 meters per second. The runners stop once they are
all together again somewhere on the circular course. How many seconds do the
runners run?

(A) 1,000 (B) 1,250 (C) 2,500 (D) 5,000 (E) 10,000

17. Let a and b be relatively prime integers with a > b > 0 and a3−b3

(a−b)3 = 73
3 . What

is a − b ?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5
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18. The closed curve in the figure is made up of 9 congruent circular arcs each of
length 2π

3 , where each of the centers of the corresponding circles is among the
vertices of a regular hexagon of side 2. What is the area enclosed by the curve?

(A) 2π + 6 (B) 2π + 4
√

3 (C) 3π + 4 (D) 2π + 3
√

3 + 2

(E) π + 6
√

3

19. Paula the painter and her two helpers each paint at constant, but different, rates.
They always start at 8:00am, and all three always take the same amount of time
to eat lunch. On Monday the three of them painted 50% of a house, quitting
at 4:00pm. On Tuesday, when Paula wasn’t there, the two helpers painted only
24% of the house and quit at 2:12pm. On Wednesday Paula worked by herself
and finished the house by working until 7:12pm. How long, in minutes, was
each day’s lunch break?

(A) 30 (B) 36 (C) 42 (D) 48 (E) 60

20. A 3 × 3 square is partitioned into 9 unit squares. Each unit square is painted
either white or black with each color being equally likely, chosen independently
and at random. The square is then rotated 90◦ clockwise about its center, and
every white square in a position formerly occupied by a black square is painted
black. The colors of all other squares are left unchanged. What is the probability
that the grid is now entirely black?

(A)
49
512

(B)
7
64

(C)
121
1024

(D)
81
512

(E)
9
32

21. Let points A = (0, 0, 0), B = (1, 0, 0), C = (0, 2, 0), and D = (0, 0, 3). Points E,
F , G, and H are midpoints of line segments BD, AB, AC, and DC respectively.
What is the area of EFGH ?

(A)
√

2 (B)
2
√

5
3

(C)
3
√

5
4

(D)
√

3 (E)
2
√

7
3
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22. The sum of the first m positive odd integers is 212 more than the sum of the
first n positive even integers. What is the sum of all possible values of n ?

(A) 255 (B) 256 (C) 257 (D) 258 (E) 259

23. Adam, Benin, Chiang, Deshawn, Esther, and Fiona have internet accounts.
Some, but not all, of them are internet friends with each other, and none of
them has an internet friend outside this group. Each of them has the same
number of internet friends. In how many different ways can this happen?

(A) 60 (B) 170 (C) 290 (D) 320 (E) 660

24. Let a, b, and c be positive integers with a ≥ b ≥ c such that

a2 − b2 − c2 + ab = 2011 and

a2 + 3b2 + 3c2 − 3ab − 2ac − 2bc = −1997.

What is a ?

(A) 249 (B) 250 (C) 251 (D) 252 (E) 253

25. Real numbers x, y, and z are chosen independently and at random from the
interval [0, n] for some positive integer n. The probability that no two of x, y,
and z are within 1 unit of each other is greater than 1

2 . What is the smallest
possible value of n ?

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11
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1. Answer (D): Because 20 seconds is 1
3 of a minute, Cagney can frost 5÷ 1

3 = 15
cupcakes in five minutes. Because 30 seconds is 1

2 of a minute, Lacey can frost
5 ÷ 1

2 = 10 cupcakes in five minutes. Altogether they can frost 15 + 10 = 25
cupcakes in five minutes.

2. Answer (E): The length of each rectangle is equal to the side length of the
square. The width of each rectangle is half the side length of the square, so the
rectangle’s dimensions are 4 by 8.

3. Answer (E): The distance from −2 to −6 is |(−6) − (−2)| = 4 units. The
distance from −6 to 5 is |5 − (−6)| = 11 units. Altogether the bug crawls
4 + 11 = 15 units.

4. Answer (C): Ray AB is common to both angles, so the degree measure of
∠CBD is either 24 + 20 = 44 or 24 − 20 = 4. The smallest possible degree
measure is 4.

5. Answer (B): The number of female adult cats was 50, and 25 of those were
accompanied by an average of 4 kittens each. Thus the total number of kittens
was 25 · 4 = 100, and the total number of cats and kittens was 100 + 100 = 200.

6. Answer (D): Let x > 0 be the first number, and let y > 0 be the second
number. The first statement implies xy = 9. The second statement implies
1
x = 4

y , so y = 4x. Substitution yields x · (4x) = 9, so x =
√

9
4 = 3

2 . Therefore

x + y = 3
2 + 4 · 3

2 = 15
2 .

7. Answer (C): The ratio of blue marbles to red marbles is 3 : 2. If the number
of red marbles is doubled, the ratio will be 3 : 4, and the fraction of marbles
that are red will be 4

3+4 = 4
7 .

8. Answer (D): Let the three whole numbers be a < b < c. The set of sums of
pairs of these numbers is (a + b, a + c, b + c) = (12, 17, 19). Thus 2(a + b + c) =
(a+ b)+ (a+ c)+ (b+ c) = 12+17+19 = 48, and a+ b+ c = 24. If follows that
(a, b, c) = (24 − 19, 24 − 17, 24 − 12) = (5, 7, 12). Therefore the middle number
is 7.
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9. Answer (D): The sum could be 7 only if the even die showed 2 and the odd
showed 5, the even showed 4 and the odd showed 3, or the even showed 6 and
the odd showed 1. Each of these events can occur in 2 ·2 = 4 ways. Hence there
are 12 ways for a 7 to occur. There are 6 · 6 = 36 possible outcomes, so the
probability that a 7 occurs is 12

36 = 1
3 .

10. Answer (C): Let a be the initial term and d the common difference for the
arithmetic sequence. Then the sum of the degree measures of the central angles
is

a + (a + d) + · · · + (a + 11d) = 12a + 66d = 360,

so 2a + 11d = 60. Letting d = 4 yields the smallest possible positive integer
value for a, namely a = 8.

11. Answer (D): Let D and E be the points of tangency to circles A and B,
respectively, of the common tangent line that intersects ray AB at point C.
Then AD = 5, BE = 3, and AB = 5+3 = 8. Because right triangles ADC and
BEC are similar, it follows that

BC

AC
=

BE

AD
,

so
BC

BC + 8
=

3
5
.

Solving gives BC = 12.

D

E

C

5

3

BA 8
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12. Answer (A): There were 200 ·365 = 73000 non-leap days in the 200-year time
period from February 7, 1812 to February 7, 2012. One fourth of those years
contained a leap day, except for 1900, so there were 1

4 · 200 − 1 = 49 leap days
during that time. Therefore Dickens was born 73049 days before a Tuesday.
Because the same day of the week occurs every 7 days and 73049 = 7 ·10435+4,
the day of Dickens’ birth (February 7, 1812) was 4 days before a Tuesday, which
was a Friday.

13. Answer (C): If the numbers are arranged in the order a, b, c, d, e, then the
iterative average is

a+b
2 +c

2 +d

2 + e

2
=

a + b + 2c + 4d + 8e

16
.

The largest value is obtained by letting (a, b, c, d, e) = (1, 2, 3, 4, 5) or (2, 1, 3, 4, 5),
and the smallest value is obtained by letting (a, b, c, d, e) = (5, 4, 3, 2, 1) or
(4, 5, 3, 2, 1). In the former case the iterative average is 65/16, and in the latter
case the iterative average is 31/16, so the desired difference is

65
16

− 31
16

=
34
16

=
17
8

.

14. Answer (B): Separate the modified checkerboard into two parts: the first 30
columns and the last column. The larger section consists of rows, each containing
15 black squares. The last column contains 16 black squares. Thus the total
number of black squares is 31 · 15 + 16 = 481.

OR

There are 16 rows that have 16 black squares and 15 rows that have 15 black
squares, so the total number of black squares is 162 + 152 = 481.

15. Answer (B): Place the figure on the coordinate plane with A at the origin, B
on the positive x-axis, and label the other points as shown. Then the equation
of line AE is y = −1

2x, and the equation of line BF is y = 2x − 2. Solving the
simultaneous equations shows that C = ( 4

5 ,− 2
5 ). Therefore �ABC has base

AB = 1 and altitude 2
5 , so its area is 1

5 .
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A

C

B

F

D

E

OR

Congruent right triangles AED and FBA have the property that their cor-
responding legs are perpendicular; hence their hypotenuses are perpendicular.
Therefore ∠ACB is a right angle and �ACB is similar to �FAB. Because
AB = 1 and BF =

√
5, the ratio of the area of �ACB to that of �FAB is 1

to 5. The area of �FAB is 1, so the area of �ACB is 1
5 .

16. Answer (C): Label the runners A, B, and C in increasing order of speed.
After the start, runner B and runner C will be together again once runner C has
run an extra 500 meters. Hence it takes 500

5.0−4.8 = 2500 seconds for runners B

and C to be together again. Similarly, it takes 500
4.8−4.4 = 1250 seconds for runner

A and runner B to be together again. Runners A and B will also be together
at 2 · 1250 = 2500 seconds, at which time all three runners will be together.

17. Answer (C): Note that

a3 − b3

(a − b)3
=

a2 + ab + b2

a2 − 2ab + b2
.

Hence the given equation may be written as 3a2+3ab+3b2 = 73a2−146ab+73b2.
Combining like terms and factoring gives (10a−7b)(7a−10b) = 0. Because a > b,
and a and b are relatively prime, a = 10 and b = 7. Thus a − b = 3.
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18. Answer (E): The labeled circular sectors in the figure each have the same
area because they are all 2π

3 -sectors of a circle of radius 1. Therefore the area
enclosed by the curve is equal to the area of a circle of radius 1 plus the area
of a regular hexagon of side 2. Because the regular hexagon can be partitioned
into 6 congruent equilateral triangles of side 2, it follows that the required area
is

π + 6

(√
3

4
· 22

)
= π + 6

√
3 .

19. Answer (D): Let the length of the lunch break be m minutes. Then the
three painters each worked 480−m minutes on Monday, the two helpers worked
372−m minutes on Tuesday, and Paula worked 672−m minutes on Wednesday.
If Paula paints p% of the house per minute and her helpers paint a total of h%
of the house per minute, then

(p + h)(480 − m) = 50,

h(372 − m) = 24, and
p(672 − m) = 26.

Adding the last two equations gives 672p+372h−mp−mh = 50, and subtracting
this equation from the first one gives 108h− 192p = 0, so h = 16p

9 . Substitution
into the first equation then leads to the system

25p

9
(480 − m) = 50,

p(672 − m) = 26.

The solution of this system is p = 1
24 and m = 48. Note that h = 2

27 .

20. Answer (A): There are 24 = 16 possible initial colorings for the four corner
squares. If their initial coloring is BBBB, one of the four cyclic permutations of
BBBW , or one of the two cyclic permutations of BWBW , then all four corner
squares are black at the end. If the initial coloring is WWWW , one of the
four cyclic permutations of BWWW , or one of the four cyclic permutations of
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BBWW , then at least one corner square is white at the end. Hence all four
corner squares are black at the end with probability 7

16 . Similarly, all four edge
squares are black at the end with probability 7

16 . The center square is black
at the end if and only if it was initially black, so it is black at the end with
probability 1

2 . The probability that all nine squares are black at the end is
1
2 ·

(
7
16

)2 = 49
512 .

21. Answer (C): The midpoint formula gives E = (1
2 , 0, 3

2 ), F = (1
2 , 0, 0), G =

(0, 1, 0), and H = (0, 1, 3
2 ). Note that EF = GH = 3

2 , EF ⊥ EH, GF ⊥ GH,
and

EH = FG =

√(
1
2

)2

+ 12 =
√

5
2

.

Therefore EFGH is a rectangle with area 3
2 ·

√
5

2 = 3
√

5
4 .

A

B

C

D

E

F

G

H

22. Answer (A): The sum of the first k positive integers is k(k+1)
2 . Therefore the

sum of the first k even integers is

2 + 4 + 6 + · · · + 2k = 2(1 + 2 + 3 + · · · + k) = 2 · k(k + 1)
2

= k(k + 1).

The sum of the first k odd integers is

(1 + 2 + 3 + · · · + 2k) − (2 + 4 + 6 + · · · + 2k) =
2k(2k + 1)

2
− k(k + 1) = k2.

The given conditions imply that m2 − 212 = n(n + 1), which may be rewritten
as n2 +n+(212−m2) = 0. The discriminant for n in this quadratic equation is
1−4(212−m2) = 4m2−847, and this must be the square of an odd integer. Let
p2 = 4m2 − 847, and rearrange this equation so that (2m + p)(2m − p) = 847.
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The only factor pairs for 847 are 847 ·1, 121 ·7, and 77 ·11. Equating these pairs
to 2m + p and 2m − p yields (m, p) = (212, 423), (32, 57), and (22, 33). Note
that the corresponding values of n are found using n = −1+p

2 , which yields 211,
28, and 16, respectively. The sum of the possible values of n is 255.

23. Answer (B): This situation can be modeled with a graph having these six
people as vertices, in which two vertices are joined by an edge if and only if the
corresponding people are internet friends. Let n be the number of friends each
person has; then 1 ≤ n ≤ 4. If n = 1, then the graph consists of three edges
sharing no endpoints. There are 5 choices for Adam’s friend and then 3 ways to
partition the remaining 4 people into 2 pairs of friends, for a total of 5 · 3 = 15
possibilities. The case n = 4 is complementary, with non-friendship playing the
role of friendship, so there are 15 possibilities in that case as well.

For n = 2, the graph must consist of cycles, and the only two choices are
two triangles (3-cycles) and a hexagon (6-cycle). In the former case, there
are

(
5
2

)
= 10 ways to choose two friends for Adam and that choice uniquely

determines the triangles. In the latter case, every permutation of the six vertices
determines a hexagon, but each hexagon is counted 6 ·2 = 12 times, because the
hexagon can start at any vertex and be traversed in either direction. This gives
6!
12 = 60 hexagons, for a total of 10 + 60 = 70 possibilities. The complementary
case n = 3 provides 70 more. The total is therefore 15 + 15 + 70 + 70 = 170.

24. Answer (E): Adding the two equations gives

2a2 + 2b2 + 2c2 − 2ab − 2bc − 2ac = 14,

so
(a − b)2 + (b − c)2 + (c − a)2 = 14.

Note that there is a unique way to express 14 as the sum of perfect squares
(up to permutations), namely, 14 = 32 + 22 + 12. Because a − b, b − c, and
c − a are integers with their sum equal to 0 and a ≥ b ≥ c, it follows that
a − c = 3 and either a − b = 2 and b − c = 1, or a − b = 1 and b − c =
2. Therefore either (a, b, c) = (c + 3, c + 1, c) or (a, b, c) = (c + 3, c + 2, c).
Substituting the relations in the first case into the first given equation yields
2011 = a2 − c2 + ab − b2 = (a − c)(a + c) + (a − b)b = 3(2c + 3) + 2(c + 1).
Solving gives (a, b, c) = (253, 251, 250). The second case does not yield an integer
solution. Therefore a = 253.
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25. Answer (D): It may be assumed that x ≤ y ≤ z. Because there are six possible
ways of permuting the triple (x, y, z), it follows that the set of all triples (x, y, z)
with 0 ≤ x ≤ y ≤ z ≤ n is a region whose volume is 1

6 of the volume of the cube
[0, n]3, that is 1

6n3. Let S be the set of triples meeting the required condition. For
every (x, y, z) ∈ S consider the translation (x, y, z) �→ (x′, y′, z′) = (x, y − 1, z −
2). Note that y′ = y − 1 > x = x′ and z′ = z − 2 > y − 1 = y′. Thus the image
of S under this translation is equal to {(x′, y′, z′) : 0 ≤ x′ < y′ < z′ ≤ n − 2}.
Again by symmetry of the possible permutations of the triples (x′, y′, z′), the
volume of this set is 1

6 (n − 2)3. Because 73

93 = 343
729 < 1

2 and 83

103 = 512
1000 > 1

2 , the
smallest possible value of n is 10.

The problems and solutions in this contest were proposed by Bernardo Abrego, Betsy
Bennett, Steve Davis, Douglas Faires, Zuming Feng, Sister Josanne Furey, Peter
Gilchrist, Jerrold Grossman, Eugene Veklerov, David Wells, and LeRoy Wenstrom.
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Solutions 2011 AMC 10 A 9

it follows that n1 + n3 = n2 + n4 = n
2 − 2, so n is even. Furthermore, the n1 + 1

triangles with one side on AB have equal area, so each has area 1
2 · 1

n1+1 · y.
Similarly, the triangles with sides on BC, CD, and DA have areas 1

2 ·
1

n2+1 ·(1−x),
1
2 · 1

n3+1 · (1 − y), and 1
2 · 1

n4+1 · x, respectively. Setting these expressions equal
to each other gives

x =
n4 + 1

n2 + n4 + 2
=

2(n4 + 1)
n

and y =
n1 + 1

n1 + n3 + 2
=

2(n1 + 1)
n

.

Thus an n-ray partitional point must have the form X = ( 2a
n , 2b

n ) with 1 ≤ a < n
2

and 1 ≤ b < n
2 . Conversely, if X has this form, R is partitioned into n triangles

of equal area by the rays from X that partition AB, BC, CD, and DA into b,
n
2 − a, n

2 − b, and a congruent segments, respectively.

Assume X is 100-ray partitional. If X is also 60-ray partitional, then X =
( a
50 , b

50 ) = ( c
30 , d

30 ) for some integers 1 ≤ a, b ≤ 49 and 1 ≤ c, d ≤ 29. Thus
3a = 5c and 3b = 5d; that is, both a and b are multiples of 5. Conversely, if a
and b are multiples of 5, then

X =
(

a

50
,

b

50

)
=

(
3a
5

30
,

3b
5

30

)

is 60-ray partitional. Because there are exactly 9 multiples of 5 between 1 and
49, the required number of points X is equal to 492 − 92 = 40 · 58 = 2320.

The problems and solutions in this contest were proposed by Bernardo Abrego,
Betsy Bennett, Steve Dunbar, Michelle Ghrist, Peter Gilchrist, Jerrold Grossman,
Dan Kennedy, Joe Kennedy, David Torney, David Wells, LeRoy Wenstrom, and Ron
Yannone.
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1. Each third-grade classroom at Pearl Creek Elementary has 18 students and 2
pet rabbits. How many more students than rabbits are there in all 4 of the
third-grade classrooms?

(A) 48 (B) 56 (C) 64 (D) 72 (E) 80

2. A circle of radius 5 is inscribed in a rectangle as shown. The ratio of the length
of the rectangle to its width is 2 : 1. What is the area of the rectangle?

(A) 50 (B) 100 (C) 125 (D) 150 (E) 200

3. The point in the xy-plane with coordinates (1000, 2012) is reflected across the
line y = 2000. What are the coordinates of the reflected point?

(A) (998, 2012) (B) (1000, 1988) (C) (1000, 2024)

(D) (1000, 4012) (E) (1012, 2012)

4. When Ringo places his marbles into bags with 6 marbles per bag, he has 4
marbles left over. When Paul does the same with his marbles, he has 3 marbles
left over. Ringo and Paul pool their marbles and place them into as many bags
as possible, with 6 marbles per bag. How many marbles will be left over?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

5. Anna enjoys dinner at a restaurant in Washington, D.C., where the sales tax on
meals is 10%. She leaves a 15% tip on the price of her meal before the sales tax
is added, and the tax is calculated on the pre-tip amount. She spends a total of
$27.50 for dinner. What is the cost of her dinner without tax or tip?

(A) $18 (B) $20 (C) $21 (D) $22 (E) $24
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6. In order to estimate the value of x − y where x and y are real numbers with
x > y > 0, Xiaoli rounded x up by a small amount, rounded y down by the
same amount, and then subtracted her rounded values. Which of the following
statements is necessarily correct?

(A) Her estimate is larger than x − y.

(B) Her estimate is smaller than x − y.

(C) Her estimate equals x − y.

(D) Her estimate equals y − x.

(E) Her estimate is 0.

7. For a science project, Sammy observed a chipmunk and a squirrel stashing acorns
in holes. The chipmunk hid 3 acorns in each of the holes it dug. The squirrel
hid 4 acorns in each of the holes it dug. They each hid the same number of
acorns, although the squirrel needed 4 fewer holes. How many acorns did the
chipmunk hide?

(A) 30 (B) 36 (C) 42 (D) 48 (E) 54

8. What is the sum of all integer solutions to 1 < (x − 2)2 < 25 ?

(A) 10 (B) 12 (C) 15 (D) 19 (E) 25

9. Two integers have a sum of 26. When two more integers are added to the first
two integers the sum is 41. Finally when two more integers are added to the
sum of the previous four integers the sum is 57. What is the minimum number
of even integers among the 6 integers?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

10. How many ordered pairs of positive integers (M, N) satisfy the equation
M

6
=

6
N

?

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10

11. A dessert chef prepares the dessert for every day of a week starting with Sunday.
The dessert each day is either cake, pie, ice cream, or pudding. The same dessert
may not be served two days in a row. There must be cake on Friday because of
a birthday. How many different dessert menus for the week are possible?

(A) 729 (B) 972 (C) 1024 (D) 2187 (E) 2304
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12. Point B is due east of point A. Point C is due north of point B. The distance
between points A and C is 10

√
2 meters, and ∠BAC = 45◦. Point D is 20

meters due north of point C. The distance AD is between which two integers?

(A) 30 and 31 (B) 31 and 32 (C) 32 and 33 (D) 33 and 34

(E) 34 and 35

13. It takes Clea 60 seconds to walk down an escalator when it is not operating, and
only 24 seconds to walk down the escalator when it is operating. How many
seconds does it take Clea to ride down the operating escalator when she just
stands on it?

(A) 36 (B) 40 (C) 42 (D) 48 (E) 52

14. Two equilateral triangles are contained in a square whose side length is 2
√

3.
The bases of these triangles are the opposite sides of the square, and their
intersection is a rhombus. What is the area of the rhombus?

(A)
3
2

(B)
√

3 (C) 2
√

2 − 1 (D) 8
√

3 − 12 (E)
4
√

3
3

15. In a round-robin tournament with 6 teams, each team plays one game against
each other team, and each game results in one team winning and one team
losing. At the end of the tournament, the teams are ranked by the number of
games won. What is the maximum number of teams that could be tied for the
most wins at the end of the tournament?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

16. Three circles with radius 2 are mutually tangent. What is the total area of the
circles and the region bounded by them, as shown in the figure?

(A) 10π + 4
√

3 (B) 13π −
√

3 (C) 12π +
√

3 (D) 10π + 9

(E) 13π
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17. Jesse cuts a circular paper disk of radius 12 along two radii to form two sectors,
the smaller having a central angle of 120 degrees. He makes two circular cones,
using each sector to form the lateral surface of a cone. What is the ratio of the
volume of the smaller cone to that of the larger?

(A)
1
8

(B)
1
4

(C)

√
10

10
(D)

√
5

6
(E)

√
10
5

18. Suppose that one of every 500 people in a certain population has a particular
disease, which displays no symptoms. A blood test is available for screening
for this disease. For a person who has this disease, the test always turns out
positive. For a person who does not have the disease, however, there is a 2%
false positive rate—in other words, for such people, 98% of the time the test will
turn out negative, but 2% of the time the test will turn out positive and will
incorrectly indicate that the person has the disease. Let p be the probability
that a person who is chosen at random from this population and gets a positive
test result actually has the disease. Which of the following is closest to p ?

(A)
1
98

(B)
1
9

(C)
1
11

(D)
49
99

(E)
98
99

19. In rectangle ABCD, AB = 6, AD = 30, and G is the midpoint of AD. Segment
AB is extended 2 units beyond B to point E, and F is the intersection of ED
and BC. What is the area of BFDG ?

(A)
133
2

(B) 67 (C)
135
2

(D) 68 (E)
137
2

20. Bernardo and Silvia play the following game. An integer between 0 and 999,
inclusive, is selected and given to Bernardo. Whenever Bernardo receives a
number, he doubles it and passes the result to Silvia. Whenever Silvia receives
a number, she adds 50 to it and passes the result to Bernardo. The winner is
the last person who produces a number less than 1000. Let N be the smallest
initial number that results in a win for Bernardo. What is the sum of the digits
of N ?

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11

21. Four distinct points are arranged in a plane so that the segments connecting
them have lengths a, a, a, a, 2a, and b. What is the ratio of b to a ?

(A)
√

3 (B) 2 (C)
√

5 (D) 3 (E) π
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22. Let (a1, a2, . . . , a10) be a list of the first 10 positive integers such that for each
2 ≤ i ≤ 10 either ai + 1 or ai − 1 or both appear somewhere before ai in the
list. How many such lists are there?

(A) 120 (B) 512 (C) 1024 (D) 181,440 (E) 362,880

23. A solid tetrahedron is sliced off a solid wooden unit cube by a plane passing
through two nonadjacent vertices on one face and one vertex on the opposite
face not adjacent to either of the first two vertices. The tetrahedron is discarded
and the remaining portion of the cube is placed on a table with the cut surface
face down. What is the height of this object?

(A)

√
3

3
(B)

2
√

2
3

(C) 1 (D)
2
√

3
3

(E)
√

2

24. Amy, Beth, and Jo listen to four different songs and discuss which ones they
like. No song is liked by all three. Furthermore, for each of the three pairs of
the girls, there is at least one song liked by those two girls but disliked by the
third. In how many different ways is this possible?

(A) 108 (B) 132 (C) 671 (D) 846 (E) 1105

25. A bug travels from A to B along the segments in the hexagonal lattice pictured
below. The segments marked with an arrow can be traveled only in the direction
of the arrow, and the bug never travels the same segment more than once. How
many different paths are there?

(A) 2112 (B) 2304 (C) 2368 (D) 2384 (E) 2400
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1. Answer (C): There are 18−2 = 16 more students than rabbits per classroom.
Altogether there are 4 · 16 = 64 more students than rabbits.

2. Answer (E): The width of the rectangle is the diameter of the circle, so the
width is 2 ·5 = 10. The length of the rectangle is 2 ·10 = 20. Therefore the area
of the rectangle is 10 · 20 = 200.

3. Answer (B): The given point is 12 units above the horizontal line y = 2000.
The reflected point will be 12 units below the line, and 24 units below the given
point. The coordinates of the reflected point are (1000, 1988).

4. Answer (A): The 7 marbles left over will fill one more bag of 6 marbles
leaving 1 marble left over.

5. Answer (D): Tax is 10% and tip is 15%, so her total cost is 100% + 10% +
15% = 125% of her meal. Thus her meal costs $27.50

1.25 = $22.

6. Answer (A): Consider x and y as points on the real number line, with x
necessarily to the right of y. Then x − y is the distance between x and y.
Xiaoli’s rounding moved x to the right and moved y to the left. Therefore the
distance between them increased, and her estimate is larger than x − y.

To see that the other answer choices are not correct, let x = 2.9 and y = 2.1,
and round each by 0.1 . Then x − y = 0.8 and Xiaoli’s estimated difference is
(2.9 + 0.1) − (2.1 − 0.1) = 1.0 .

7. Answer (D): Let h be the number of holes dug by the chipmunk. Then the
chipmunk hid 3h acorns, while the squirrel hid 4(h − 4) acorns. Since they hid
the same number of acorns, 3h = 4(h − 4). Solving gives h = 16. Thus the
chipmunk hid 3 · 16 = 48 acorns.

8. Answer (B): If x − 2 > 0, then the given inequality is equivalent to 1 <
x − 2 < 5, or 3 < x < 7. The integer solutions in this case are 4, 5, and 6.
If x − 2 < 0, then the given inequality is equivalent to −5 < x − 2 < −1, or
−3 < x < 1. The integer solutions in this case are −2, −1, and 0. The sum of
all integer solutions is 12.

OR
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The given inequality is equivalent to 1 < |x − 2| < 5. The solution set consists
of all numbers whose distance from 2 on the number line is strictly between 1
and 5. Because only integer solutions are sought, this set is {−2,−1, 0, 4, 5, 6}.
The required sum is 12.

9. Answer (A): The sum of two integers is even if they are both even or both
odd. The sum of two integers is odd if one is even and one is odd. Only the
middle two integers have an odd sum, namely 41− 26 = 15. Hence at least one
integer must be even. A list satisfying the given conditions in which there is
only one even integer is 1, 25, 1, 14, 1, 15.

10. Answer (D): Multiplying the given equation by 6N gives MN = 36. The
divisors of 36 are 1, 2, 3, 4, 6, 9, 12, 18, and 36. Each of these divisors can be
paired with a divisor to make a product of 36. Hence there are 9 ordered pairs
(M, N).

11. Answer (A): There are 3 choices for Saturday (anything except cake) and
for the same reason 3 choices for Thursday. Similarly there are 3 choices for
Wednesday, Tuesday, Monday, and Sunday (anything except what was to be
served the following day). Therefore there are 36 = 729 possible dessert menus.

OR

If any dessert could be served on Friday, there would be 4 choices for Sunday
and 3 for each of the other six days. There would be a total of 4 · 36 dessert
menus for the week, and each dessert would be served on Friday with equal
frequency. Because cake is the dessert for Friday, this total is too large by a
factor of 4. The actual total is 36 = 729.

12. Answer (B): Note that ∠ABC = 90◦, so �ABC is a 45 – 45 – 90◦ triangle.
Because hypotenuse AC = 10

√
2, the legs of �ABC have length 10. Therefore

AB = 10 and BD = BC + CD = 10 + 20 = 30. By the Pythagorean Theorem,

AD =
√

102 + 302 =
√

1000.

Because 312 = 961 and 322 = 1024, it follows that 31 < AD < 32.
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A B

C

D

10

10

10
√

2

20

13. Answer (B): Let x be Clea’s rate of walking and r be the rate of the moving
escalator. Because the distance is constant, 24(x+r) = 60x. Solving for r yields
r = 3

2x. Let t be the time required for Clea to make the escalator trip while
just standing on it. Then rt = 60x, so 3

2xt = 60x. Therefore t = 40 seconds.

14. Answer (D): Construct the altitude for one of the equilateral triangles to
its base on the square. Label the vertices of one of the resulting 30 – 60 – 90◦

triangles A, B, and C, as shown. Then AB =
√

3 and BC = 3. Label one
of the intersection points of the two equilateral triangles D and the center of
the square E. Then �CDE is a 30 – 60 – 90◦ triangle, CE = 3 −

√
3, and

DE = 3−
√

3√
3

=
√

3− 1. The area of �CDE is 1
2 · (3−

√
3) · (

√
3− 1) = 2

√
3− 3.

Hence the area of the rhombus is 4 · (2
√

3 − 3) = 8
√

3 − 12.

A B

C

D E

√
3

2
√

3

15. Answer (D): A total of 15 games are played, so all 6 teams could not be
tied for the most wins as this would require 15

6 = 2.5 wins per team. However,
it is possible for 5 teams to be tied, each with 3 wins and 2 losses. One such
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outcome can be constructed by labeling 5 of the teams A, B, C, D, and E, and
placing these labels at distinct points on a circle. If each of these teams beat
the 2 labeled teams clockwise from its respective labeled point, as well as the
remaining unlabeled team, all 5 would tie with 3 wins and 2 losses.

16. Answer (A): Connect the centers of the three circles to form an equilateral
triangle with side length 4. Then the requested area is equal to the area of this
triangle and a 300◦ sector of each circle. The equilateral triangle has base 4 and
altitude 2

√
3, so its area is

1
2
· 4 · 2

√
3 = 4

√
3.

The area of each sector is 300
360 ·π ·2

2 = 10π
3 . Hence the total area is 3· 10π

3 +4
√

3 =
10π + 4

√
3.

17. Answer (C): Each sector forms a cone with slant height 12. The circumference
of the base of the smaller cone is 120

360 · 2 · 12 · π = 8π. Hence the radius of the
base of the smaller cone is 4 and its height is

√
122 − 42 = 8

√
2. Similarly, the

circumference of the base of the larger cone is 16π. Hence the radius of the base
of the larger cone is 8 and its height is 4

√
5. The ratio of the volume of the

smaller cone to the volume of larger cone is

1
3π · 42 · 8

√
2

1
3π · 82 · 4

√
5

=
√

10
10

.

16π

8π

12

4
8

12

12

8
√

2 4
√

5

8π

12

16π
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18. Answer (C): On average for every 500 people tested, 1 will test positive
because he or she has the disease, while 2% · 499 ≈ 10 will test positive even
though they do not have the disease. In other words, of approximately 11 people
who test positive, only 1 has the disease, so the probability is approximately 1

11 .

19. Answer (C): Because �EBF is similar to �EAD, it follows that BF
AD = BE

AE ,
or BF

30 = 2
8 , giving BF = 15

2 . The area of trapezoid BFDG is

1
2
h(b1 + b2) =

1
2
· AB · (BF + GD) =

1
2
· 6 ·

(
15
2

+ 15
)

=
135
2

.

A B

CD

F

G

6

E

2

30

20. Answer (A): The smallest initial number for which Bernardo wins after
one round is the smallest integer solution of 2n + 50 ≥ 1000, which is 475. The
smallest initial number for which he wins after two rounds is the smallest integer
solution of 2n + 50 ≥ 475, which is 213. Similarly, the smallest initial numbers
for which he wins after three and four rounds are 82 and 16, respectively. There
is no initial number for which Bernardo wins after more than four rounds. Thus
N = 16, and the sum of the digits of N is 7.

21. Answer (A): Since 4 of the 6 segments have length a, some 3 of the points
(call them A, B, and C) must form an equilateral triangle of side length a. The
fourth point D must be a distance a from one of A, B, or C, and without loss of
generality it can be assumed to be A. Thus D lies on a circle of radius a centered
at A. The distance from D to one of the other 2 points (which can be assumed
to be B) is 2a, so BD is a diameter of this circle and therefore is the hypotenuse
of right triangle DCB with legs of lengths a and b. Thus b2 = (2a)2 −a2 = 3a2,
and the ratio of b to a is

√
3.
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22. Answer (B): If a1 = 1, then the list must be an increasing sequence. Other-
wise let k = a1. Then the numbers 1 through k − 1 must appear in increasing
order from right to left, and the numbers from k through 10 must appear in in-
creasing order from left to right. For 2 ≤ k ≤ 10 there are

(
9

k−1

)
ways to choose

positions in the list for the numbers from 1 through k − 1, and the positions of
the remaining numbers are then determined. The number of lists is therefore

1 +
10∑

k=2

(
9

k − 1

)
=

9∑

k=0

(
9
k

)
= 29 = 512.

OR

If a10 is not 1 or 10, then numbers larger than a10 must appear in reverse order
in the list, and numbers smaller than a10 must appear in order. However, 1 and
10 cannot both appear first in the list, so the placement of either 1 or 10 would
violate the given conditions. Hence a10 = 1 or 10. By similar reasoning, when
reading the list from right to left the number that appears next must be the
smallest or largest unused integer from 1 to 10. This gives 2 choices for each
term until there is one number left. Hence there are 29 = 512 choices.

23. Answer (D): The discarded tetrahedron can be viewed as having an isosceles
right triangle of side 1 as its base, with an altitude of 1. Therefore its volume is
1
6 . It can also be viewed as having an equilateral triangle of side length

√
2 as

its base, in which case its altitude h must satisfy

1
3
·
√

3
4

(√
2
)2

· h =
1
6
,

which implies that h =
√

3
3 . The height of the remaining solid is the long

diagonal of the cube minus h, which is
√

3 −
√

3
3 = 2

√
3

3 .

1

1
√
2

√
2

√
2

1
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24. Answer (B): There are two cases to consider.

Case 1
Each song is liked by two of the girls. Then one of the three pairs of girls likes
one of the six possible pairs of songs, one of the remaining pairs of girls likes one
of the remaining two songs, and the last pair of girls likes the last song. This
case can occur in 3 · 6 · 2 = 36 ways.

Case 2
Three songs are each liked by a different pair of girls, and the fourth song is
liked by at most one girl. There are 4! = 24 ways to assign the songs to these
four categories, and the last song can be liked by Amy, Beth, Jo, or no one.
This case can occur in 24 · 4 = 96 ways.

The total number of possibilities is 96 + 36 = 132.

25. Answer (E):

Label the columns having arrows as c1, c2, c3, . . . , c7 according to the figure. Call
those segments that can be traveled only from left to right forward segments.
Call the segments s1, s2, and s3, in columns c2, c4, and c6, respectively, which
can be traveled only from right to left, back segments. Denote S as the set of
back segments traveled for a path.

First suppose that S = ∅. Because it is not possible to travel a segment more
than once, it follows that the path is uniquely determined by choosing one
forward segment in each of the columns cj . There are 2, 2, 4, 4, 4, 2, and
2 choices for the forward segment in columns c1, c2, c3, c4, c5, c6, and c7,
respectively. This gives a total of 210 total paths in this case.

Next suppose that S = {s1}. The two forward segments in c2, together with s1,
need to be part of the path, and once the forward segment from c1 is chosen, the
order in which the segments of c2 are traveled is determined. Moreover, there
are only 2 choices for possible segments in c3 depending on the last segment
traveled in c2, either the bottom 2 or the top 2. For the rest of the columns, the
path is determined by choosing any forward segment. Thus the total number
of paths in this case is 2 · 1 · 2 · 4 · 4 · 2 · 2 = 28, and by symmetry this is also
the total for the number of paths when S = {s3}. A similar argument gives
2 · 1 · 2 · 4 · 2 · 1 · 2 = 26 trips for the case when S = {s1, s3}.
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Suppose S = {s2}. Because s2 is traveled, it follows that 2 forward segments in
c4 need to belong to the path, one of them above s2 (2 choices) and the other
below it (2 choices). Once these are determined, there are 2 possible choices for
the order in which these segments are traveled: the bottom forward segment
first, then s2, then the top forward segment, or vice versa. Next, there are
only 2 possible forward segments that can be selected in c3 and also only 2
possible forward segments that can be selected in c5. The forward segments in
c1, c2, c6, and c7 can be freely selected (2 choices each). This gives a total of
(23 · 2 · 2) · 24 = 29 paths.

If S = {s1, s2}, then the analysis is similar, except for the last step, where the
forward segments of c1 and c2 are determined by the previous choices. Thus
there are (23 · 2 · 2) · 22 = 27 possibilities, and by symmetry the same number
when S = {s2, s3}.
Finally, if S = {s1, s2, s3}, then in the last step, all forward segments of c1, c2, c6,
and c7 are determined by the previous choices and hence there are 23 · 2 · 2 = 25

possible paths. Altogether the total number of paths is 210 + 2 · 28 + 26 + 29 +
2 · 27 + 25 = 2400.

The problems and solutions in this contest were proposed by Bernardo Abrego, Betsy
Bennett, Steve Davis, Douglas Faires, Peter Gilchrist, Jerrold Grossman, Dan Kennedy,
Joe Kennedy, Leon LaSpina, David Wells, and LeRoy Wenstrom.
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Hence both (BC,CA,AB) and (CF,BE,AD) are of the form (y − 1, y, y + 1).
This is independent of the values of a, b, and c, so it holds for all Tn. Further-
more, adding the formulas for BE, AD, and CF shows that the perimeter of
Tn+1 equals 1

2 (a+ b+ c), and consequently the perimeter of the last triangle TN

in the sequence is

1

2N−1
(2011 + 2012 + 2013) =

1509

2N−3
.

The last member TN of the sequence will fail to define a successor if for the first
time the new lengths fail the Triangle Inequality, that is, if

−1 +
2012

2N
+

2012

2N
≤ 1 +

2012

2N
.

Equivalently, 2012 ≤ 2N+1 which happens for the first time when N = 10. Thus
the required perimeter of TN is 1509

27 = 1509
128 .

The problems and solutions in this contest were proposed by Bernardo Abrego,
Betsy Bennett, Steven Davis, Steve Dunbar, Doug Faires, Sister Josannae Furey,
Michelle Ghrist, Peter Gilchrist, Jerrold Grossman, Joe Kennedy, Eugene Veklerov,
David Wells, LeRoy Wenstrom, and Ron Yannone.
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1. A taxi ride costs $1.50 plus $0.25 per mile traveled. How much does a 5-mile
taxi ride cost?

(A) $2.25 (B) $2.50 (C) $2.75 (D) $3.00 (E) $3.25

2. Alice is making a batch of cookies and needs 2 1
2 cups of sugar. Unfortunately,

her measuring cup holds only 1
4 cup of sugar. How many times must she fill

that cup to get the correct amount of sugar?

(A) 8 (B) 10 (C) 12 (D) 16 (E) 20

3. Square ABCD has side length 10. Point E is on BC, and the area of 4ABE
is 40. What is BE ?

(A) 4 (B) 5 (C) 6 (D) 7 (E) 8

A

B C

D

E

4. A softball team played ten games, scoring 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 runs.
They lost by one run in exactly five games. In each of their other games, they
scored twice as many runs as their opponent. How many total runs did their
opponents score?

(A) 35 (B) 40 (C) 45 (D) 50 (E) 55

5. Tom, Dorothy, and Sammy went on a vacation and agreed to split the costs
evenly. During their trip Tom paid $105, Dorothy paid $125, and Sammy paid
$175. In order to share the costs equally, Tom gave Sammy t dollars, and
Dorothy gave Sammy d dollars. What is t − d ?

(A) 15 (B) 20 (C) 25 (D) 30 (E) 35
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6. Joey and his five brothers are ages 3, 5, 7, 9, 11, and 13. One afternoon two
of his brothers whose ages sum to 16 went to the movies, two brothers younger
than 10 went to play baseball, and Joey and the 5-year-old stayed home. How
old is Joey?

(A) 3 (B) 7 (C) 9 (D) 11 (E) 13

7. A student must choose a program of four courses from a menu of courses con-
sisting of English, Algebra, Geometry, History, Art, and Latin. This program
must contain English and at least one mathematics course. In how many ways
can this program be chosen?

(A) 6 (B) 8 (C) 9 (D) 12 (E) 16

8. What is the value of
22014 + 22012

22014 − 22012
?

(A) −1 (B) 1 (C)
5
3

(D) 2013 (E) 24024

9. In a recent basketball game, Shenille attempted only three-point shots and two-
point shots. She was successful on 20% of her three-point shots and 30% of her
two-point shots. Shenille attempted 30 shots. How many points did she score?

(A) 12 (B) 18 (C) 24 (D) 30 (E) 36

10. A flower bouquet contains pink roses, red roses, pink carnations, and red carna-
tions. One third of the pink flowers are roses, three fourths of the red flowers are
carnations, and six tenths of the flowers are pink. What percent of the flowers
are carnations?

(A) 15 (B) 30 (C) 40 (D) 60 (E) 70

11. A student council must select a two-person welcoming committee and a three-
person planning committee from among its members. There are exactly 10
ways to select a two-person team for the welcoming committee. It is possible
for students to serve on both committees. In how many different ways can a
three-person planning committee be selected?

(A) 10 (B) 12 (C) 15 (D) 18 (E) 25
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12. In 4ABC, AB = AC = 28 and BC = 20. Points D, E, and F are on sides AB,
BC, and AC, respectively, such that DE and EF are parallel to AC and AB,
respectively. What is the perimeter of parallelogram ADEF ?

A

D

B E C

F

(A) 48 (B) 52 (C) 56 (D) 60 (E) 72

13. How many three-digit numbers are not divisible by 5, have digits that sum to
less than 20, and have the first digit equal to the third digit?

(A) 52 (B) 60 (C) 66 (D) 68 (E) 70

14. A solid cube of side length 1 is removed from each corner of a solid cube of side
length 3. How many edges does the remaining solid have?

(A) 36 (B) 60 (C) 72 (D) 84 (E) 108

15. Two sides of a triangle have lengths 10 and 15. The length of the altitude to the
third side is the average of the lengths of the altitudes to the two given sides.
How long is the third side?

(A) 6 (B) 8 (C) 9 (D) 12 (E) 18

16. A triangle with vertices (6, 5), (8,−3), and (9, 1) is reflected about the line x = 8
to create a second triangle. What is the area of the union of the two triangles?

(A) 9 (B)
28
3

(C) 10 (D)
31
3

(E)
32
3
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17. Daphne is visited periodically by her three best friends: Alice, Beatrix, and
Claire. Alice visits every third day, Beatrix visits every fourth day, and Claire
visits every fifth day. All three friends visited Daphne yesterday. How many
days of the next 365-day period will exactly two friends visit her?

(A) 48 (B) 54 (C) 60 (D) 66 (E) 72

18. Let points A = (0, 0), B = (1, 2), C = (3, 3), and D = (4, 0). Quadrilateral
ABCD is cut into equal area pieces by a line passing through A. This line
intersects CD at point (p

q , r
s ), where these fractions are in lowest terms. What

is p + q + r + s ?

(A) 54 (B) 58 (C) 62 (D) 70 (E) 75

19. In base 10, the number 2013 ends in the digit 3. In base 9, on the other hand,
the same number is written as (2676)9 and ends in the digit 6. For how many
positive integers b does the base-b representation of 2013 end in the digit 3 ?

(A) 6 (B) 9 (C) 13 (D) 16 (E) 18

20. A unit square is rotated 45◦ about its center. What is the area of the region
swept out by the interior of the square?

(A) 1 −
√

2
2

+
π

4
(B)

1
2

+
π

4
(C) 2 −

√
2 +

π

4

(D)

√
2

2
+

π

4
(E) 1 +

√
2

4
+

π

8

21. A group of 12 pirates agree to divide a treasure chest of gold coins among
themselves as follows. The kth pirate to take a share takes k

12 of the coins that
remain in the chest. The number of coins initially in the chest is the smallest
number for which this arrangement will allow each pirate to receive a positive
whole number of coins. How many coins does the 12th pirate receive?

(A) 720 (B) 1296 (C) 1728 (D) 1925 (E) 3850

22. Six spheres of radius 1 are positioned so that their centers are at the vertices
of a regular hexagon of side length 2. The six spheres are internally tangent to
a larger sphere whose center is the center of the hexagon. An eighth sphere is
externally tangent to the six smaller spheres and internally tangent to the larger
sphere. What is the radius of this eighth sphere?

(A)
√

2 (B)
3
2

(C)
5
3

(D)
√

3 (E) 2
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23. In 4ABC, AB = 86, and AC = 97. A circle with center A and radius AB
intersects BC at points B and X. Moreover BX and CX have integer lengths.
What is BC ?

(A) 11 (B) 28 (C) 33 (D) 61 (E) 72

24. Central High School is competing against Northern High School in a backgam-
mon match. Each school has three players, and the contest rules require that
each player play two games against each of the other school’s players. The match
takes place in six rounds, with three games played simultaneously in each round.
In how many different ways can the match be scheduled?

(A) 540 (B) 600 (C) 720 (D) 810 (E) 900

25. All 20 diagonals are drawn in a regular octagon. At how many distinct points
in the interior of the octagon (not on the boundary) do two or more diagonals
intersect?

(A) 49 (B) 65 (C) 70 (D) 96 (E) 128
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1. Answer (C): A 5-mile taxi ride costs $1.50 + 5($0.25) = $2.75.

2. Answer (B): Filling the cup 4 times will give Alice 1 cup of sugar. To get 2 1
2

cups of sugar, she must fill it 4 + 4 + 1
2 · 4 = 10 times.

3. Answer (E): The legs of 4ABE have lengths AB = 10 and BE. Therefore
1
2 · 10 · BE = 40, so BE = 8 .

4. Answer (C): The softball team could only have scored twice as many runs as
their opponent when they scored an even number of runs. In those games their
opponents scored

2
2

+
4
2

+
6
2

+
8
2

+
10
2

= 15 runs.

In the games the softball team lost, their opponents scored

(1 + 1) + (3 + 1) + (5 + 1) + (7 + 1) + (9 + 1) = 30 runs.

The total number of runs scored by their opponents was 15 + 30 = 45 runs.

5. Answer (B): The total shared expenses were 105+125+175 = 405 dollars, so
each traveler’s fair share was 1

3 ·405 = 135 dollars. Therefore t = 135−105 = 30
and d = 135 − 125 = 10, so t − d = 30 − 10 = 20.

OR

Because Dorothy paid 20 dollars more than Tom, Sammy must receive 20 more
dollars from Tom than from Dorothy.

6. Answer (D): The 5-year-old and the two brothers who went to play baseball
account for three of the four brothers who are younger than 10. Because the
only age pairs that sum to 16 are 3 and 13, 5 and 11, and 7 and 9, the brothers
who went to the movies must be 3 and 13 years old. Hence the 7-year-old and
9-year-old brothers went to play baseball, and Joey is 11.

7. Answer (C): Because English is required, the student must choose 3 of the
remaining 5 courses. If the student takes both math courses, there are 3 possible
choices for the final course. If the student chooses only one of the 2 possible



2013 AMC10A Solutions 3

math courses, then the student must omit one of the 3 remaining courses, for a
total of 2 · 3 = 6 programs. Hence there are 3 + 6 = 9 programs.

OR

Because English is required, there are 5 remaining courses from which a student
must choose 3. Of those

(
5
3

)
possibilities, one does not include a math course.

Thus the number of possible programs is
(
5
3

) − 1 = 9.

8. Answer (C): Factoring 22012 from each of the terms and simplifying gives

22012(22 + 1)
22012(22 − 1)

=
4 + 1
4 − 1

=
5
3

.

9. Answer (B): If Shenille attempted x three-point shots and 30 − x two-point
shots, then she scored a total of 20

100 · 3 · x + 30
100 · 2 · (30 − x) = 18 points.

Remark: The given information does not allow the value of x to be determined.

10. Answer (E): Because six tenths of the flowers are pink and two thirds of
the pink flowers are carnations, 6

10 · 2
3 = 2

5 of the flowers are pink carnations.
Because four tenths of the flowers are red and three fourths of the red flowers
are carnations, 4

10 · 3
4 = 3

10 of the flowers are red carnations. Therefore 2
5 + 3

10 =
7
10 = 70% of the flowers are carnations.

11. Answer (A): Let n be the number of student council members. Because
there are 10 ways of choosing the two-person welcoming committee, it follows
that 10 =

(
n
2

)
= 1

2n(n − 1), from which n = 5. The number of ways to select
the three-person planning committee is

(
5
3

)
= 10 .

12. Answer (C): Because EF is parallel to AB, it follows that 4FEC is similar
to 4ABC and FE = FC. Thus half of the perimeter of ADEF is AF + FE =
AF + FC = AC = 28. The entire perimeter is 56.

13. Answer (B): Each such three-digit number must have the form aba, where a
and b are digits and a 6= 0. Such a number will not be divisible by 5 if and only
if a 6= 5. If a is equal to 1, 2, 3, or 4, then any of the ten choices for b satisfies
the requirement. If a is equal to 6, 7, 8, or 9, then there are 8, 6, 4, or 2 choices
for b, respectively. This results in 4 · 10 + 8 + 6 + 4 + 2 = 60 numbers.
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14. Answer (D): The large cube has 12 edges, and a portion of each edge remains
after the 8 small cubes are removed. All of the 12 edges of each small cube are
also edges of the new solid, except for the 3 edges that meet at a vertex of the
large cube. Thus the new solid has a total of 12 + 8(12 − 3) = 84 edges.

15. Answer (D): Denote the length of the third side as x, and the altitudes to
the sides of lengths 10 and 15 as m and n, respectively. Then twice the area of
the triangle is 10m = 15n = 1

2x(m + n). This implies that m = 3
2n, so

15n =
1
2
x

(
3
2
n + n

)
=

5
4
xn .

Therefore 15 = 5
4x, and x = 12.

16. Answer (E): The reflected triangle has vertices (7, 1), (8,−3), and (10, 5).
The point (9, 1) is on the line segment from (10, 5) to (8,−3). The line segment
from (6, 5) to (9, 1) contains the point (8, 7

3 ), which must be on both triangles,
and by symmetry the point (7, 1) is on the line segment from (6, 5) to (8,−3).
Therefore the union of the two triangles is also the union of two congruent
triangles with disjoint interiors, each having the line segment from (8,−3) to
(8, 7

3 ) as a base. The altitude of one of the two triangles is the distance from
the line x = 8 to the point (10, 5), which is 2. Hence the union of the triangles
has area 2 · ( 1

2 · 2 · ( 7
3 + 3)) = 32

3 .

x = 8
(6, 5)

(7, 1) (9, 1)

(8,−3)

O x

y (10, 5)

17. Answer (B): Alice and Beatrix will visit Daphne together every 3 · 4 = 12
days, so this will happen b 365

12 c = 30 times. Likewise Alice and Claire will visit
together b 365

3·5 c = 24 times, and Beatrix and Claire will visit together b 365
4·5 c =

18 times. However, each of these counts includes the b 365
3·4·5c = 6 times when

all three friends visit. The number of days that exactly two friends visit is
(30 − 6) + (24 − 6) + (18 − 6) = 54.
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18. Answer (B): Let line AG be the required line, with G on CD. Divide ABCD
into triangle ABF , trapezoid BCEF , and triangle CDE, as shown. Their areas
are 1, 5, and 3

2 , respectively. Hence the area of ABCD = 15
2 , and the area of

triangle ADG = 15
4 . Because AD = 4, it follows that GH = 15

8 = r
s . The

equation of CD is y = −3(x − 4), so when y = 15
8 , x = p

q = 27
8 . Therefore

p + q + r + s = 58.

A

B

F

C

G

E H D

y

x

19. Answer (C): For the base-b representation of 2013 to end in the digit 3, the
base b must exceed 3. Also, b must divide 2013− 3 = 2010, so b must be one of
the 16 positive integer factors of 2010 = 2 · 3 · 5 · 67 . Thus there are 16− 3 = 13
bases in which 2013 ends with a 3.

20. Answer (C): Let O be the center of unit square ABCD, let A and B be
rotated to points A′ and B′, and let OA′ and A′B′ intersect AB at E and F ,
respectively. Then one quarter of the region swept out by the interior of the
square consists of the 45◦ sector AOA′ with radius

√
2

2 , isosceles right triangle
OEB with leg length 1

2 , and isosceles right triangle A′EF with leg length
√

2−1
2 .

Thus the area of the region is

4




(√
2

2

)2 (π

8

)
+

(
1
2

)(
1
2

)2

+
(

1
2

) (√
2 − 1
2

)2

 = 2 −

√
2 +

π

4
.
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O

E

A′

FB A

B
′

21. Answer (D): For 1 ≤ k ≤ 11, the number of coins remaining in the chest
before the kth pirate takes a share is 12

12−k times the number remaining afterward.
Thus if there are n coins left for the 12th pirate to take, the number of coins
originally in the chest is

1211 · n
11!

=
222 · 311 · n

28 · 34 · 52 · 7 · 11
=

214 · 37 · n
52 · 7 · 11

.

The smallest value of n for which this is a positive integer is 52 · 7 · 11 = 1925.

In this case there are
214 · 37 · 11!

(12 − k)! · 12k−1

coins left for the kth pirate to take, and note that this amount is an integer for
each k. Hence the 12th pirate receives 1925 coins.

22. Answer (B): Let the vertices of the regular hexagon be labeled in order A,
B, C, D, E, and F . Let O be the center of the hexagon, which is also the
center of the largest sphere. Let the eighth sphere have center G and radius r.
Because the centers of the six small spheres are each a distance 2 from O and
the small spheres have radius 1, the radius of the largest sphere is 3. Because G
is equidistant from A and D, the segments GO and AO are perpendicular. Let
x be the distance from G to O. Then x + r = 3. The Pythagorean Theorem
applied to 4AOG gives (r + 1)2 = 22 + x2 = 4 + (3 − r)2, which simplifies to
2r + 1 = 13 − 6r, so r = 3

2 . Note that this shows that the eighth sphere is
tangent to AD at O.
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O

E

D

C

B

A

F

1

2

A DO

G
r

x

23. Answer (D): By the Power of a Point Theorem, BC ·CX = AC2 − r2 where
r = AB is the radius of the circle. Thus BC · CX = 972 − 862 = 2013. Since
BC = BX + CX and CX are both integers, they are complementary factors of
2013. Note that 2013 = 3 · 11 · 61, and CX < BC < AB + AC = 183. Thus the
only possibility is CX = 33 and BC = 61.

A

B

X

C97

86

24. Answer (E): Call the players from Central A, B, and C, and call the players
from Northern X, Y , and Z. Represent the schedule for each Central player by
a string of length six consisting of two each of X, Y , and Z. There are

(
6
2

)(
4
2

)
= 90 possible strings for player A. Assume without loss of generality that the
string is XXY Y ZZ. Player B’s schedule must be a string with no X’s in the
first two positions, no Y ’s in the next two, and no Z’s in the last two. If B’s
string begins with a Y and a Z in either order, the next two letters must be an
X and a Z, and the last two must be an X and a Y . Because each pair can be
ordered in one of two ways, there are 23 = 8 such strings. If B’s string begins
with Y Y or ZZ, it must be Y Y ZZXX or ZZXXY Y , respectively. Hence
there are 10 possible schedules for B for each of the 90 schedules for A, and C’s
schedule is then determined. The total number of possible schedules is 900.



2013 AMC10A Solutions 8

25. Answer (A): Label the octagon ABCDEFGH. There are 20 diagonals in all,
5 with endpoints at each vertex. The diagonals are of three types:

• Diagonals that skip over only one vertex, such as AC or AG. These diago-
nals intersect with each of the five diagonals with endpoints at the skipped
vertex.

• Diagonals that skip two vertices, such as AD or AF . These diagonals
intersect with four of the five diagonals that have endpoints at each of the
two skipped vertices.

• Diagonals that cross to the opposite vertex, such as AE. These diagonals
intersect with three of the five diagonals that have endpoints at each of the
three skipped vertices.

Therefore, from any given vertex, the diagonals will intersect other diagonals at
2 ·5+2 ·8+1 ·9 = 35 points. Counting from all 8 vertices, the total is 8 ·35 = 280
points.
Observe that, by symmetry, all four diagonals that cross to the opposite vertex
intersect in the center of the octagon. This single intersection point has been
counted 24 times, 3 from each of the 8 vertices. Further observe that at each of
the vertices of the smallest internal octagon created by the diagonals, 3 diagonals
intersect. For example, AD intersects with CH on BF . These 8 intersection
points have each been counted 12 times, 2 from each of the 6 affected vertices.The
remaining intersection points each involve only two diagonals and each has been
counted 4 times, once from each endpoint. These number 280−24−8·12

4 = 40.
There are therefore 1 + 8 + 40 = 49 distinct intersection points in the interior
of the octagon.

The problems and solutions in this contest were proposed by Betsy Bennett, George
Brauer, Steve Blasberg, Steve Davis, Marta Eso, Josanne Furey, Michele Ghrist, Jerry
Grossman, Peter Gilchrist, Jonathan Kane, Dan Kennedy, Joe Kennedy, Cap Khoury,
Roy Roehl, Kevin Wang, Dave Wells, LeRoy Wenstrom, and Woody Wenstrom.
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1. What is 2+4+6
1+3+5 − 1+3+5

2+4+6 ?

(A) −1 (B)
5
36

(C)
7
12

(D)
49
20

(E)
43
3

2. Mr. Green measures his rectangular garden by walking two of the sides and
finds that it is 15 steps by 20 steps. Each of Mr. Green’s steps is 2 feet long.
Mr. Green expects a half a pound of potatoes per square foot from his garden.
How many pounds of potatoes does Mr. Green expect from his garden?

(A) 600 (B) 800 (C) 1000 (D) 1200 (E) 1400

3. On a particular January day, the high temperature in Lincoln, Nebraska, was
16 degrees higher than the low temperature, and the average of the high and
low temperatures was 3◦. In degrees, what was the low temperature in Lincoln
that day?

(A) −13 (B) −8 (C) −5 (D) −3 (E) 11

4. When counting from 3 to 201, 53 is the 51st number counted. When counting
backwards from 201 to 3, 53 is the nth number counted. What is n ?

(A) 146 (B) 147 (C) 148 (D) 149 (E) 150

5. Positive integers a and b are each less than 6. What is the smallest possible
value for 2 · a − a · b ?

(A) −20 (B) −15 (C) −10 (D) 0 (E) 2

6. The average age of 33 fifth-graders is 11. The average age of 55 of their parents
is 33. What is the average age of all of these parents and fifth-graders?

(A) 22 (B) 23.25 (C) 24.75 (D) 26.25 (E) 28

7. Six points are equally spaced around a circle of radius 1. Three of these points
are the vertices of a triangle that is neither equilateral nor isosceles. What is
the area of this triangle?

(A)

√
3

3
(B)

√
3

2
(C) 1 (D)

√
2 (E) 2
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8. Ray’s car averages 40 miles per gallon of gasoline, and Tom’s car averages 10
miles per gallon of gasoline. Ray and Tom each drive the same number of miles.
What is the cars’ combined rate of miles per gallon of gasoline?

(A) 10 (B) 16 (C) 25 (D) 30 (E) 40

9. Three positive integers are each greater than 1, have a product of 27,000, and
are pairwise relatively prime. What is the sum of these integers?

(A) 100 (B) 137 (C) 156 (D) 160 (E) 165

10. A basketball team’s players were successful on 50% of their two-point shots and
40% of their three-point shots, which resulted in 54 points. They attempted
50% more two-point shots than three-point shots. How many three-point shots
did they attempt?

(A) 10 (B) 15 (C) 20 (D) 25 (E) 30

11. Real numbers x and y satisfy the equation x2 + y2 = 10x − 6y − 34. What is
x + y ?

(A) 1 (B) 2 (C) 3 (D) 6 (E) 8

12. Let S be the set of sides and diagonals of a regular pentagon. A pair of elements
of S are selected at random without replacement. What is the probability that
the two chosen segments have the same length?

(A)
2
5

(B)
4
9

(C)
1
2

(D)
5
9

(E)
4
5

13. Jo and Blair take turns counting from 1 to one more than the last number said
by the other person. Jo starts by saying “1”, so Blair follows by saying “1, 2”.
Jo then says “1, 2, 3”, and so on. What is the 53rd number said?

(A) 2 (B) 3 (C) 5 (D) 6 (E) 8
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14. Define a♣b = a2b−ab2. Which of the following describes the set of points (x, y)
for which x♣y = y♣x ?

(A) a finite set of points

(B) one line

(C) two parallel lines

(D) two intersecting lines

(E) three lines

15. A wire is cut into two pieces, one of length a and the other of length b. The
piece of length a is bent to form an equilateral triangle, and the piece of length
b is bent to form a regular hexagon. The triangle and the hexagon have equal
area. What is a

b ?

(A) 1 (B)

√
6

2
(C)

√
3 (D) 2 (E)

3
√

2
2

16. In 4ABC, medians AD and CE intersect at P , PE = 1.5, PD = 2, and
DE = 2.5. What is the area of AEDC ?

C

D

P

A
E

B

(A) 13 (B) 13.5 (C) 14 (D) 14.5 (E) 15

17. Alex has 75 red tokens and 75 blue tokens. There is a booth where Alex can
give two red tokens and receive in return a silver token and a blue token, and
another booth where Alex can give three blue tokens and receive in return a
silver token and a red token. Alex continues to exchange tokens until no more
exchanges are possible. How many silver tokens will Alex have at the end?

(A) 62 (B) 82 (C) 83 (D) 102 (E) 103
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18. The number 2013 has the property that its units digit is the sum of its other
digits, that is 2 + 0 + 1 = 3. How many integers less than 2013 but greater
than 1000 share this property?

(A) 33 (B) 34 (C) 45 (D) 46 (E) 58

19. The real numbers c, b, a form an arithmetic sequence with a ≥ b ≥ c ≥ 0. The
quadratic ax2 + bx + c has exactly one root. What is this root?

(A) −7 − 4
√

3 (B) −2 −
√

3 (C) −1 (D) −2 +
√

3 (E) −7 + 4
√

3

20. The number 2013 is expressed in the form

2013 =
a1!a2! · · · am!
b1!b2! · · · bn!

,

where a1 ≥ a2 ≥ · · · ≥ am and b1 ≥ b2 ≥ · · · ≥ bn are positive integers and
a1 + b1 is as small as possible. What is |a1 − b1| ?
(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

21. Two non-decreasing sequences of nonnegative integers have different first terms.
Each sequence has the property that each term beginning with the third is the
sum of the previous two terms, and the seventh term of each sequence is N .
What is the smallest possible value of N ?

(A) 55 (B) 89 (C) 104 (D) 144 (E) 273

22. The regular octagon ABCDEFGH has its center at J . Each of the vertices
and the center are to be associated with one of the digits 1 through 9, with each
digit used once, in such a way that the sums of the numbers on the lines AJE,
BJF , CJG, and DJH are equal. In how many ways can this be done?

(A) 384 (B) 576 (C) 1152 (D) 1680 (E) 3456

J

A B

C

D

EF

G

H
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23. In triangle ABC, AB = 13, BC = 14, and CA = 15. Distinct points D, E,
and F lie on segments BC, CA, and DE, respectively, such that AD ⊥ BC,
DE ⊥ AC, and AF ⊥ BF . The length of segment DF can be written as m

n ,
where m and n are relatively prime positive integers. What is m + n ?

(A) 18 (B) 21 (C) 24 (D) 27 (E) 30

24. A positive integer n is nice if there is a positive integer m with exactly four
positive divisors (including 1 and m) such that the sum of the four divisors is
equal to n. How many numbers in the set {2010, 2011, 2012, . . . , 2019} are nice?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

25. Bernardo chooses a three-digit positive integer N and writes both its base-5
and base-6 representations on a blackboard. Later LeRoy sees the two numbers
Bernardo has written. Treating the two numbers as base-10 integers, he adds
them to obtain an integer S. For example, if N = 749, Bernardo writes the
numbers 10,444 and 3,245, and LeRoy obtains the sum S = 13,689. For how
many choices of N are the two rightmost digits of S, in order, the same as those
of 2N ?

(A) 5 (B) 10 (C) 15 (D) 20 (E) 25
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1. Answer (C): Simplifying gives

2+4+6
1+3+5 − 1+3+5

2+4+6 = 12
9 − 9

12 = 4
3 − 3

4 = 16−9
12 = 7

12 .

2. Answer (A): The garden is 2 · 15 = 30 feet wide and 2 · 20 = 40 feet long.
Hence Mr. Green expects 1

2 · 30 · 40 = 600 pounds of potatoes.

3. Answer (C): The difference between the high and low temperatures was 16
degrees, so the difference between each of these and the average temperature
was 8 degrees. The low temperature was 8 degrees less than the average, so it
was 3◦ − 8◦ = −5◦.

4. Answer (D): The number 201 is the 1st number counted when proceeding
backwards from 201 to 3. In turn, 200 is the 2nd number, 199 is the 3rd number,
and x is the (202−x)th number. Therefore 53 is the (202−53)th number, which
is the 149th number.

5. Answer (B): Note that 2 ·a−a ·b = (2−b)a. This expression is negative when
b > 2. Hence the product is minimized when a and b are as large as possible.
The minimum value is (2 − 5) · 5 = −15.

6. Answer (C): The sum of all the ages is 55 · 33 + 33 · 11 = 33 · 66, so the
average of all the ages is

33 · 66
55 + 33

=
33 · 66

88
=

33 · 3
4

= 24.75 .

7. Answer (B): The six points divide the circle into six arcs each measuring
60◦. By the Inscribed Angle Theorem, the angles of the triangle can only be
30◦, 60◦, 90◦, and 120◦. Because the angles of the triangle are pairwise distinct
the triangle must be a 30 – 60 – 90◦ triangle. Therefore the hypotenuse of the
triangle is the diameter of the circle, and the legs have lengths 1 and

√
3. The

area of the triangle is 1
2 · 1 · √3 =

√
3

2 .

8. Answer (B): Let D equal the distance traveled by each car. Then Ray’s car
uses D

40 gallons of gasoline and Tom’s car uses D
10 gallons of gasoline. The cars
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combined miles per gallon of gasoline is

2D

( D
40 + D

10 )
= 16.

9. Answer (D): Note that

27,000 = 23 · 33 · 53.

The only three pairwise relatively prime positive integers greater than 1 with a
product of 27,000 are 8, 27, and 125. The sum of these numbers is 160.

10. Answer (C): Let x denote the number of three-point shots attempted. Then
the number of three-point shots made was 0.4x, resulting in 3(0.4x) = 1.2x
points. The number of two-point shots attempted was 1.5x, and they were
successful on 0.5(1.5x) = 0.75x of them resulting in 2(0.75x) = 1.5x points.
The number of points scored was 1.2x + 1.5x = 54, so x = 20.

11. Answer (B): By completing the square the equation can be rewritten as
follows:

x2 + y2 = 10x − 6y − 34,

x2 − 10x + 25 + y2 + 6y + 9 = 0,

(x − 5)2 + (y + 3)2 = 0.

Therefore x = 5 and y = −3, so x + y = 2 .

12. Answer (B): The five sides of the pentagon are congruent, and the five
congruent diagonals are longer than the sides. Once one segment is selected, 4
of the 9 remaining segments have the same length as that segment. Therefore
the requested probability is 4

9 .

13. Answer (E): Note that Jo starts by saying 1 number, and this is followed by
Blair saying 2 numbers, then Jo saying 3 numbers, and so on. After someone
completes her turn after saying the number n, then 1+2+3+· · ·+n = 1

2n(n + 1)
numbers have been said. If n = 9 then 45 numbers have been said. Therefore
there are 53−45 = 8 more numbers that need to be said. The 53rd number said
is 8.
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14. Answer (E): The equation x♣y = y♣x is equivalent to x2y−xy2 = y2x−yx2.
This equation is euivalent to gives 2xy(x−y) = 0. This equation will hold exactly
if x = 0, y = 0, or x = y. The solution set consists of three lines: the x-axis,
the y-axis, and the line x = y.

15. Answer (B): Let s be the side length of the triangle and h the side length
of the hexagon. The hexagon can be subdivided into 6 equilateral triangles by
drawing segments from the center of the hexagon to each vertex. Because the
areas of the large triangle and hexagon are equal, the triangles in the hexagon
each have area 1

6 of the area of the large triangle. Thus

h

s
=

√
1
6

so h =
√

6
6

s.

The perimeter of the triangle is a = 3s and the perimeter of the hexagon is
b = 6h =

√
6s, so

a

b
=

3s√
6 s

=
√

6
2

.

16. Answer (B): The ratio of PE:PD:DE is 3:4:5 .

C

D

P

A
E

B

Hence by the converse of the Pythagorean Theorem, 4DPE is a right triangle.
Therefore CE is perpendicular to AD, and the area of AEDC is one-half the
product of its diagonals. Because P is the centroid of 4ABC, it follows that
CE = 3(PE) = 4.5 and AD = 3(PD) = 6. Therefore the area of AEDC is
0.5(4.5)(6) = 13.5.

OR

From the first solution, triangles CPD, DPE, EPA, and APC are right trian-
gles with right angle at P . The area of trapezoid AEDC is given by the sum
of the areas of these four triangles. Because DE is parallel to AC and D is the
midpoint of CB, triangles BAC and BED are similar with common ratio 2,
so AC = 2 · DE = 5. Triangles APC and DPE are similar, so AP = 4 and
CP = 3. Thus the area of AEDC is
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1
2
· 4 · 1.5 +

1
2
· 3 · 4 +

1
2
· 2 · 3 +

1
2
· 2 · 1.5 = 13.5 .

17. Answer (E): After Alex makes m exchanges at the first booth and n exchanges
at the second booth, Alex has 75−(2m−n) red tokens, 75−(3n−m) blue tokens,
and m+n silver tokens. No more exchanges are possible when he has fewer than
2 red tokens and fewer than 3 blue tokens. Therefore no more exchanges are
possible if and only if 2m− n ≥ 74 and 3n−m ≥ 73. Equality can be achieved
when (m,n) = (59, 44), and Alex will have 59 + 44 = 103 silver tokens.

Note that the following exchanges produce 103 silver tokens:

Red Tokens Blue Tokens Silver Tokens
Exchange 75 blue tokens 100 0 25
Exchange 100 red tokens 0 50 75
Exchange 48 blue tokens 16 2 91
Exchange 16 red tokens 0 10 99
Exchange 9 blue tokens 3 1 102
Exchange 2 red tokens 1 2 103

18. Answer (D): First note that the only number between 2000 and 2013 that
shares this property is 2002.

Consider now the numbers in the range 1001 to 1999. There is exactly 1 number,
1001, that shares the property when the units digits is 1. There are exactly 2
numbers, 1102 and 1012, when the units digit is 2; exactly 3 numbers, 1203,
1113, and 1023, when the units digits is 3, and so on. Because the thousands
digit is always 1, when the units digit is n, for 1 ≤ n ≤ 9, the sum of the
hundreds and tens digits must be n − 1. There are exactly n ways for this to
occur. Hence there are exactly

1 + (1 + 2 + · · · + 9) = 1 + 9·10
2 = 1 + 45 = 46

numbers that share this property.

19. Answer (D): Let the common difference in the arithmetic sequence be d,
so that a = b + d and c = b − d. Because the quadratic has exactly one root,
b2 − 4ac = 0. Substitution gives b2 = 4(b + d)(b − d), and therefore 3b2 = 4d2.
Because b ≥ 0 and d ≥ 0, it follows that

√
3b = 2d. Thus the real root is

−b ±√
b2 − 4ac

2a
=

−b

2a
=

−b

2(b + d)
=

−b

2
(
b +

√
3

2 b
) = −2 +

√
3 .
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Note that the quadratic equation x2 + (4− 2
√

3)x + 7− 4
√

3 satisfies the given
conditions.

20. Answer (B): The prime factorization of 2013 is 3 · 11 · 61. There must be a
factor of 61 in the numerator, so a1 ≥ 61. Since a1! will have a factor of 59 and
2013 does not, there must be a factor of 59 in the denominator, and b1 ≥ 59.
Thus a1 + b1 ≥ 120, and this minimum value can be achieved only if a1 = 61
and b1 = 59. Furthermore, this minimum value is attainable because

2013 =
(61!)(11!)(3!)
(59!)(10!)(5!)

.

Thus |a1 − b1| = a1 − b1 = 61 − 59 = 2.

21. Answer (C): Let the two sequences be (an) and (bn), and assume without
loss of generality that a1 < b1. The definitions of the sequences imply that
a7 = 5a1 + 8a2 = 5b1 + 8b2, so 5(b1 − a1) = 8(a2 − b2). Because 5 and 8
are relatively prime, 8 divides b1 − a1 and 5 divides a2 − b2. It follows that
a1 ≤ b1 − 8 ≤ b2 − 8 ≤ a2 − 13. The minimum value of N results from choosing
a1 = 0, b1 = b2 = 8, and a2 = 13, in which case N = 104.

22. Answer (C): The digit j at J contributes to all four sums, and each of the
other digits contributes to exactly one sum. Therefore the sum of all four sums
is 3j + (1 + 2 + 3 + · · · + 9) = 45 + 3j. Because all four sums are equal, this
must be a multiple of 4, so j = 1, 5, or 9. For each choice of j, pair up the
remaining digits so that each pair has the same sum. For example, for j = 1 the
pairs are 2 and 9, 3 and 8, 4 and 7, and 5 and 6. Then order the pairs so that
they correspond to the vertex pairs (A,E), (B, F ), (C, G), (D, H). This results
in 24 · 4! different combinations for each j. Thus the requirements can be met
in 24 · 4! · 3 = 1152 ways.

23. Answer (B): The Pythagorean Theorem applied to right triangles ABD
and ACD gives AB2 − BD2 = AD2 = AC2 − CD2; that is, 132 − BD2 =
152 − (14 − BD)2, from which it follows that BD = 5, CD = 9, and AD = 12.
Because triangles AED and ADC are similar,

AE

12
=

DE

9
=

12
15

,

implying that ED = 36
5 and AE = 48

5 .

Because 6 AFB = 6 ADB = 90◦, it follows that ABDF is cyclic. Thus 6 ABD+
6 AFD = 180◦ from which 6 ABD = 6 AFE. Therefore right triangles ABD



2013 AMC10B Solutions 7

and AFE are similar. Hence
FE

5
=

48
5

12
,

from which it follows that FE = 4. Consequently DF = DE − FE = 36
5 − 4 =

16
5 .

A

B

D C

F

E

13

14

15

24. Answer (A): Let n denote a nice number from the given set. An integer
m has exactly four divisors if and only if m = p3 or m = pq, where p and
q (with p > q) are prime numbers. In the former case, the sum of the four
divisor is equal to 1 + p + p2 + p3. Note that 1 + 11 + 112 + 113 < 2010 ≤ n
and 1 + 13 + 132 + 133 > 2019 ≥ n. Therefore we must have m = pq and
n = 1+q+p+pq = (1+q)(1+p). Because p is odd, n must be an even number. If
q = 2, then n must be divisible by 3. In the given set only 2010 = (1+2)(1+669)
and 2016 = (1 + 2)(1 + 671) satisfy these requirements. However neither 669
nor 671 are prime. If q is odd, then n must be divisible by 4. In the given
set, only 2012 and 2016 are divisible by 4. None of the pairs of factors of 2012,
namely 1 · 2012, 2 · 1006, 4 · 503, gives rise to primes p and q. This leaves
2016 = (1 + 3)(1 + 503), which is the only nice number in the given set.

Remark: Note that 2016 is nice in five ways. The other four ways are (1+7)(1+
251), (1 + 11)(1 + 167), (1 + 23)(1 + 83), and (1 + 41)(1 + 47).

25. Answer (E): Expand the set of three-digit positive integers to include integers
N , 0 ≤ N ≤ 99, with leading zeros appended. Because lcm(52, 62, 102) = 900,
such an integer N meets the required condition if and only if N + 900 does.
Therefore N can be considered to be chosen from the set of integers between
000 and 899, inclusive. Suppose that the last two digits in order of the base-5
representation of N are a1 and a0. Similarly, suppose that the last two digits
of the base-6 representation of N are b1 and b0. By assumption, 2N ≡ a0 + b0

(mod 10), but N ≡ a0 (mod 5) and so

a0 + b0 ≡ 2N ≡ 2a0 (mod 10).

Thus a0 ≡ b0 (mod 10) and because 0 ≤ a0 ≤ 4 and 0 ≤ b0 ≤ 5, it follows
that a0 = b0. Because N ≡ a0 (mod 5), it follows that there is an integer N1

such that N = 5N1 + a0. Also, N ≡ a0 (mod 6) implies that 5N1 + a0 ≡ a0
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(mod 6) and so N1 ≡ 0 (mod 6). It follows that N1 = 6N2 for some integer
N2 and so N = 30N2 + a0. Similarly, N ≡ 5a1 + a0 (mod 25) implies that
30N2+a0 ≡ 5a1+a0 (mod 25) and then N2 ≡ 6N2 ≡ a1 (mod 5). It follows that
N2 = 5N3 + a1 for some integer N3 and so N = 150N3 + 30a1 + a0. Once more,
N ≡ 6b1+a0 (mod 36) implies that 6N3−6a1+a0 ≡ 150N3+30a1+a0 ≡ 6b1+a0

(mod 36) and then N3 ≡ a1 + b1 (mod 6). It follows that N3 = 6N4 + a1 + b1

for some integer N4 and so N = 900N4 + 180a1 + 150b1 + a0. Finally, 2N ≡
10(a1 + b1) + 2a0 (mod 100) implies that

60a1 + 2a0 ≡ 360a1 + 300b1 + 2a0 ≡ 10a1 + 10b1 + 2a0 (mod 100).

Therefore 5a1 ≡ b1 (mod 10), equivalently, b1 ≡ 0 (mod 5) and a1 ≡ b1 (mod 2).
Conversely, if N = 900N4 +180a1 +150b1 +a0, a0 = b0, and 5a1 ≡ b1 (mod 10),
then 2N ≡ 60a1 + 2a0 = 10(a1 + 5a1) + a0 + b0 ≡ 10(a1 + b1) + (a0 + b0)
(mod 100). Because 0 ≤ a1 ≤ 4 and 0 ≤ b1 ≤ 5, it follows that there are exactly
5 different pairs (a1, b1), namely (0, 0), (2, 0), (4, 0), (1, 5), and (3, 5). Each of
these can be combined with 5 different values of a0 (0 ≤ a0 ≤ 4), to determine
exactly 25 different numbers N with the required property.

The problems and solutions in this contest were proposed by Betsy Bennett, Steve
Blasberg, Tom Butts, Steve Davis, Doug Faires, Zuming Feng, Michelle Ghrist, Jerry
Grossman, Elgin Johnston, Jonathan Kane, Joe Kennedy, Cap Khoury, Dave Wells,
and LeRoy Wenstrom.
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2014 AMC10A Problems 2

1. What is 10 · ( 12 + 1
5 + 1

10 )
−1 ?

(A) 3 (B) 8 (C)
25

2
(D)

170

3
(E) 170

2. Roy’s cat eats 1
3 of a can of cat food every morning and 1

4 of a can of cat food
every evening. Before feeding his cat on Monday morning, Roy opened a box
containing 6 cans of cat food. On what day of the week did the cat finish eating
all the cat food in the box?

(A) Tuesday (B) Wednesday (C) Thursday (D) Friday

(E) Saturday

3. Bridget bakes 48 loaves of bread for her bakery. She sells half of them in the
morning for $2.50 each. In the afternoon she sells two thirds of what she has
left, and because they are not fresh, she charges only half price. In the late
afternoon she sells the remaining loaves at a dollar each. Each loaf costs $0.75
for her to make. In dollars, what is her profit for the day?

(A) 24 (B) 36 (C) 44 (D) 48 (E) 52

4. Walking down Jane Street, Ralph passed four houses in a row, each painted a
different color. He passed the orange house before the red house, and he passed
the blue house before the yellow house. The blue house was not next to the
yellow house. How many orderings of the colored houses are possible?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

5. On an algebra quiz, 10% of the students scored 70 points, 35% scored 80 points,
30% scored 90 points, and the rest scored 100 points. What is the difference
between the mean and the median of the students’ scores on this quiz?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

6. Suppose that a cows give b gallons of milk in c days. At this rate, how many
gallons of milk will d cows give in e days?

(A)
bde

ac
(B)

ac

bde
(C)

abde

c
(D)

bcde

a
(E)

abc

de
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7. Nonzero real numbers x, y, a, and b satisfy x < a and y < b. How many of the
following inequalities must be true?

(I) x+ y < a+ b

(II) x− y < a− b

(III) xy < ab

(IV) x
y < a

b

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

8. Which of the following numbers is a perfect square?

(A)
14!15!

2
(B)

15!16!

2
(C)

16!17!

2
(D)

17!18!

2
(E)

18!19!

2

9. The two legs of a right triangle, which are altitudes, have lengths 2
√
3 and 6.

How long is the third altitude of the triangle?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

10. Five positive consecutive integers starting with a have average b. What is the
average of 5 consecutive integers that start with b ?

(A) a+ 3 (B) a+ 4 (C) a+ 5 (D) a+ 6 (E) a+ 7

11. A customer who intends to purchase an appliance has three coupons, only one
of which may be used:

Coupon 1: 10% off the listed price if the listed price is at least $50

Coupon 2: $20 off the listed price if the listed price is at least $100

Coupon 3: 18% off the amount by which the listed price exceeds $100

For which of the following listed prices will coupon 1 offer a greater price reduc-
tion than either coupon 2 or coupon 3?

(A) $179.95 (B) $199.95 (C) $219.95 (D) $239.95 (E) $259.95
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22. In rectangle ABCD, AB = 20 and BC = 10. Let E be a point on CD such
that ∠CBE = 15◦. What is AE ?

(A)
20
√
3

3
(B) 10

√
3 (C) 18 (D) 11

√
3 (E) 20

23. A rectangular piece of paper whose length is
√
3 times the width has area A.

The paper is divided into three equal sections along the opposite lengths, and
then a dotted line is drawn from the first divider to the second divider on the
opposite side as shown. The paper is then folded flat along this dotted line to
create a new shape with area B. What is the ratio B : A ?

(A) 1 : 2 (B) 3 : 5 (C) 2 : 3 (D) 3 : 4 (E) 4 : 5

24. A sequence of natural numbers is constructed by listing the first 4, then skipping
one, listing the next 5, skipping 2, listing 6, skipping 3, and, on the nth iteration,
listing n+3 and skipping n. The sequence begins 1, 2, 3, 4, 6, 7, 8, 9, 10, 13. What
is the 500,000th number in the sequence?

(A) 996,506 (B) 996,507 (C) 996,508 (D) 996,509 (E) 996,510

25. The number 5867 is between 22013 and 22014. How many pairs of integers (m,n)
are there such that 1 ≤ m ≤ 2012 and

5n < 2m < 2m+2 < 5n+1 ?

(A) 278 (B) 279 (C) 280 (D) 281 (E) 282
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12. A regular hexagon has side length 6. Congruent arcs with radius 3 are drawn
with the center at each of the vertices, creating circular sectors as shown. The
region inside the hexagon but outside the sectors is shaded as shown. What is
the area of the shaded region?

(A) 27
√
3− 9π (B) 27

√
3− 6π (C) 54

√
3− 18π

(D) 54
√
3− 12π (E) 108

√
3− 9π

13. Equilateral �ABC has side length 1, and squares ABDE, BCHI, and CAFG
lie outside the triangle. What is the area of hexagon DEFGHI ?

(A)
12 + 3

√
3

4
(B)

9

2
(C) 3 +

√
3 (D)

6 + 3
√
3

2
(E) 6
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17. Three fair six-sided dice are rolled. What is the probability that the values
shown on two of the dice sum to the value shown on the remaining die?

(A)
1

6
(B)

13

72
(C)

7

36
(D)

5

24
(E)

2

9

18. A square in the coordinate plane has vertices whose y-coordinates are 0, 1, 4,
and 5. What is the area of the square?

(A) 16 (B) 17 (C) 25 (D) 26 (E) 27

19. Four cubes with edge lengths 1, 2, 3, and 4 are stacked as shown. What is the
length of the portion of XY contained in the cube with edge length 3?

(A)
3
√
33

5
(B) 2

√
3 (C)

2
√
33

3
(D) 4 (E) 3

√
2

20. The product (8)(888 . . . 8), where the second factor has k digits, is an integer
whose digits have a sum of 1000. What is k ?

(A) 901 (B) 911 (C) 919 (D) 991 (E) 999

21. Positive integers a and b are such that the graphs of y = ax+ 5 and y = 3x+ b
intersect the x-axis at the same point. What is the sum of all possible x-
coordinates of these points of intersection?

(A) −20 (B) −18 (C) −15 (D) −12 (E) −8
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14. The y-intercepts, P and Q, of two perpendicular lines intersecting at the point
A(6, 8) have a sum of zero. What is the area of �APQ ?

(A) 45 (B) 48 (C) 54 (D) 60 (E) 72

15. David drives from his home to the airport to catch a flight. He drives 35 miles
in the first hour, but realizes that he will be 1 hour late if he continues at this
speed. He increases his speed by 15 miles per hour for the rest of the way to
the airport and arrives 30 minutes early. How many miles is the airport from
his home?

(A) 140 (B) 175 (C) 210 (D) 245 (E) 280

16. In rectangle ABCD,AB = 1, BC = 2, and points E,F, and G are midpoints of
BC, CD, and AD, respectively. Point H is the midpoint of GE. What is the
area of the shaded region?

(A)
1

12
(B)

√
3

18
(C)

√
2

12
(D)

√
3

12
(E)

1

6
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1. Answer (C): Note that

10 ·
(
1

2
+

1

5
+

1

10

)−1

= 10 ·
(

8

10

)−1

=
25

2
.

2. Answer (C): Because Roy’s cat eats 1
3 +

1
4 = 7

12 of a can of cat food each day,
the cat eats 7 cans of cat food in 12 days. Therefore the cat eats 7− 7

12 = 6 5
12

cans in 11 days and 6 5
12 − 7

12 = 5 5
6 cans in 10 days. The cat finishes the cat

food in the box on the 11th day, which is Thursday.

3. Answer (E): In the morning, Bridget sells half of her loaves of bread for
1
2 · 48 · $2.50 = $60. In the afternoon, she sells 2

3 · 24 = 16 loaves of bread for
16 · 12 ·$2.50 = $20. Finally, she sells the remaining 8 loaves of bread for $8. Her
total cost is 48 · $0.75 = $36. Her profit is 60 + 20 + 8− 36 = 52 dollars.

4. Answer (B): If Ralph passed the orange house first, then because the blue
and yellow houses are not neighbors, the house color ordering must be orange,
blue, red, yellow. If Ralph passed the blue house first, then there are 2 possible
placements for the yellow house, and each choice determines the placement of
the orange and red houses. These 2 house color orderings are blue, orange,
yellow, red, and blue, orange, red, yellow. There are 3 possible orderings for the
colored houses.

5. Answer (C): Because over 50% of the students scored 90 or lower, and over
50% of the students scored 90 or higher, the median score is 90. The mean score
is

10

100
· 70 + 35

100
· 80 + 30

100
· 90 + 25

100
· 100 = 87,

for a difference of 90− 87 = 3.

6. Answer (A): One cow gives b
a gallons in c days, so one cow gives b

ac gallons

in 1 day. Thus d cows will give bd
ac gallons in 1 day. In e days d cows will give

bde
ac gallons of milk.

7. Answer (B): Note that x + y < a + y < a + b, so inequality I is true. If
x = −2, y = −2, a = −1, and b = −1, then none of the other three inequalities
is true.
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8. Answer (D): Note that n!(n+1)!
2 = (n!)2 · n+1

2 , which is a perfect square if
and only if n+1

2 is a perfect square. Only choice D satisfies this condition.

9. Answer (C): The area of the triangle is 1
2 ·2

√
3·6 = 6

√
3. By the Pythagorean

Theorem, the hypotenuse has length 4
√
3. The desired altitude has length

6
√
3

1
2 ·4

√
3
= 3.

10. Answer (B): The five consecutive integers starting with a are a, a+1, a+2,
a + 3, and a + 4. Their average is a + 2 = b. The average of five consecutive
integers starting with b is b+ 2 = a+ 4.

11. Answer (C): Let P > 100 be the listed price. Then the price reductions in
dollars are as follows:

Coupon 1: P
10

Coupon 2: 20
Coupon 3: 18

100 (P − 100)

Coupon 1 gives a greater price reduction than coupon 2 when P
10 > 20, that

is, P > 200. Coupon 1 gives a greater price reduction than coupon 3 when
P
10 > 18

100 (P − 100), that is, P < 225. The only choice that satisfies these
inequalities is $219.95.

12. Answer (C): Each of the 6 sectors has radius 3 and central angle 120◦.
Their combined area is 6 · 1

3 · π · 32 = 18π. The hexagon can be partitioned
into 6 equilateral triangles each having side length 6, so the hexagon has area

6 ·
√
3
4 · 62 = 54

√
3. The shaded region has area 54

√
3− 18π.

13. Answer (C): The three squares each have area 1, and �ABC has area
√
3
4 .

Note that ∠EAF = 360◦ − 60◦ − 2 · 90◦ = 120◦. Thus the altitude from A
in isosceles �EAF partitions the triangle into two 30 – 60 – 90◦ right triangles,
each with hypotenuse 1. It follows that �EAF has base EF =

√
3 and altitude

1
2 , so its area is

√
3
4 . Similarly, triangles GCH and DBI each have area

√
3
4 .

Therefore the area of hexagon DEFGHI is 3 ·
√
3
4 + 3 · 1 +

√
3
4 = 3 +

√
3 .

14. Answer (D): Let the y-intercepts of lines PA and QA be ±b. Then their
slopes are 8±b

6 . Setting the product of the slopes to −1 and solving yields
b = ±10. Therefore �APQ has base 20 and altitude 6, for an area of 60.
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15. Answer (C): Let d be the remaining distance after one hour of driving, and let
t be the remaining time until his flight. Then d = 35(t+1), and d = 50(t−0.5).
Solving gives t = 4 and d = 175. The total distance from home to the airport is
175 + 35 = 210 miles.

OR

Let d be the distance between David’s home and the airport. The time required
to drive the entire distance at 35 MPH is d

35 hours. The time required to drive
at 35 MPH for the first 35 miles and 50 MPH for the remaining d− 35 miles is
1 + d−35

50 . The second trip is 1.5 hours quicker than the first, so

d

35
−
(
1 +

d− 35

50

)
= 1.5.

Solving yields d = 210 miles.

16. Answer (E): Let J be the intersection point of BF and HC. Then �JHF is
similar to �JCB with ratio 1 : 2. The length of the altitude of �JHF to HF
plus the length of the altitude of �JCB to CB is FC = 1

2 . Thus �JHF has
altitude 1

6 and base 1, and its area is 1
12 . The shaded area is twice the area of

�JHF , or 1
6 .

OR

Place the figure on the coordinate plane with H at the origin. Then the equation
of line DH is y = 2x, and the equation of line AF is y = −4x − 1. Solving
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the equations simultaneously shows that the leftmost point of the shaded region
has x-coordinate − 1

6 . The kite therefore has diagonals 1
3 and 1, so its area is

1
2 · 1

3 · 1 = 1
6 .

17. Answer (D): Each roll of the three dice can be recorded as an ordered
triple (a, b, c) of the three values appearing on the dice. There are 63 equally
likely triples possible. For the sum of two of the values in the triple to equal
the third value, the triple must be a permutation of one of the triples (1, 1, 2),
(1, 2, 3), (1, 3, 4), (1, 4, 5), (1, 5, 6), (2, 2, 4), (2, 3, 5), (2, 4, 6), or (3, 3, 6). There
are 3! = 6 permutations of the values (a, b, c) when a, b, and c are distinct, and
3 permutations of the values when two of the values are equal. Thus there are
6 · 6+3 · 3 = 45 triples where the sum of two of the values equals the third. The
requested probability is 45

63 = 5
24 .

OR

There are 36 outcomes when a pair of dice are rolled, and the probability of
rolling a total of 2, 3, 4, 5, or 6 is 1

36 ,
2
36 ,

3
36 ,

4
36 , and

5
36 , respectively. The prob-

ability that another die matches this total is 1
6 , and there are 3 ways to choose

the die that matches the total of the other two. Thus the requested probability
is 3( 1

36 · 1
6 + 2

36 · 1
6 + 3

36 · 1
6 + 4

36 · 1
6 + 5

36 · 1
6 ) = 3 · 15

36 · 1
6 = 5

24 .

18. Answer (B): Let the square have vertices A, B, C, D in counterclockwise
order. Without loss of generality assume that A = (0, 0) and B = (x, 1) for
some x > 0. Because D is the image of B under a 90◦ counterclockwise rotation
about A, the coordinates of D are (−1, x), so x = 4. Therefore the area of the
square is (AB)2 = 42 + 12 = 17. Note that C = (3, 5), and ABCD is indeed a
square.

19. Answer (A): Label vertices A, B, and C as shown. Note that XC = 10
and CY =

√
42 + 42 = 4

√
2. Because �XY C is a right triangle, XY =√

102 + (4
√
2)2 = 2

√
33. The ratio of BX to CX is 3

5 , so in the top face of

the bottom cube the distance from B to XY is 4
√
2 · 3

5 = 12
√
2

5 . This distance

is less than 3
√
2, so XY pierces the top and bottom faces of the cube with side

length 3. The ratio of AB to XC is 3
10 , so the length of XY that is inside the

cube with side length 3 is 3
10 · 2

√
33 = 3

√
33
5 .
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OR

Place the figure in a 3-dimensional coordinate system with the lower left front
corner at (0, 0, 0), X = (0, 0, 10), and Y = (4, 4, 0). Then line XY consists
of all points of the form (4t, 4t, 10 − 10t). This line intersects the bottom face
of the cube with side length 3 when 10 − 10t = 4, or t = 3

5 ; this is the point
( 125 , 12

5 , 4), and because 12
5 < 3, the point indeed lies on that face. Similarly, line

XY intersects the top face of the cube with side length 3 when 10− 10t = 7, or
t = 3

10 ; this is the point ( 65 ,
6
5 , 7). Therefore the desired length is

√(
12

5
− 6

5

)2

+

(
12

5
− 6

5

)2

+ (4− 7)2 =
3

5

√
33.

20. Answer (D): By direct multiplication, 8 · 888 . . . 8 = 7111 . . . 104, where
the product has 2 fewer ones than the number of digits in 888 . . . 8. Because
7 + 4 = 11, the product must have 1000 − 11 = 989 ones, so k − 2 = 989 and
k = 991.

21. Answer (E): Setting y = 0 in both equations and solving for x gives x =
− 5

a = − b
3 , so ab = 15. Only four pairs of positive integers (a, b) have product

15, namely (1, 15), (15, 1), (3, 5), and (5, 3). Therefore the four possible points
on the x-axis have coordinates −5, −1

3 , −
5
3 , and −1, the sum of which is −8.

22. Answer (E): Let E′ be the point on CD such that AE′ = AB = 2AD. Then
�ADE′ is a 30 – 60 – 90◦ triangle, so ∠DAE′ = 60◦. Hence ∠BAE′ = 30◦. Also,
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AE′ = AB implies that ∠E′BA = ∠BE′A = 75◦, and then ∠CBE′ = 15◦.
Thus it follows that E′ and E are the same point. Therefore, AE = AE′ =
AB = 20.

23. Answer (C): Without loss of generality, assume that the rectangle has dimen-
sions 3 by

√
3. Then the fold has length 2, and the overlapping areas are equilat-

eral triangles each with area
√
3
4 ·22. The new shape has area 3

√
3−

√
3
4 ·22 = 2

√
3,

and the desired ratio is 2
√
3 : 3

√
3 = 2 : 3.

24. Answer (A): After the nth iteration there will be 4 + 5+ 6+ · · ·+ (n+ 3) =
(n+3)(n+4)

2 −6 = n(n+7)
2 numbers listed, and 1+2+3+ · · ·+n = n(n+1)

2 numbers
skipped. The first number to be listed on the (n + 1)st iteration will be one
more than the sum of these, or n2 + 4n+ 1.

It is necessary to find the greatest integer value of n such that n(n+7)
2 < 500,000.

This implies that n(n + 7) < 1,000,000. Note that, for n = 993, this product
becomes 993 · 1000 = 993,000. Next observe that, in general, (a + k)(b + k) =
ab+(a+ b)k+k2 so (993+k)(1000+k) = 993,000+1993k+k2. By inspection,
the largest integer value of k that will satisfy the above inequality is 3 and
the n needed is 996. After the 996th iteration, there will be 993,000+1993·3+9

2 =
998,988

2 = 499,494 numbers in the sequence. The 997th iteration will begin with
the number 9962 + 4 · 996 + 1 = 996 · 1000 + 1 = 996,001.

The 506th number in the 997th iteration will be the 500,000th number in the
sequence. This is 996,001 + 505 = 996,506.

25. Answer (B): Because 22 < 5 and 23 > 5, there are either two or three integer
powers of 2 strictly between any two consecutive integer powers of 5. Thus for
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each n there is at most one m satisfying the given inequalities, and the question
asks for the number of cases in which there are three powers rather than two.
Let d (respectively, t) be the number of nonnegative integers n less than 867
such that there are exactly two (respectively, three) powers of 2 strictly between
5n and 5n+1. Because 22013 < 5867 < 22014, it follows that d + t = 867 and
2d+ 3t = 2013. Solving the system yields t = 279.

The problems and solutions in this contest were proposed by Bernardo Abrego, Steve
Blasberg, Tom Butts, Steven Davis, Peter Gilchrist, Jerry Grossman, Jon Kane, Joe
Kennedy, Gerald Kraus, Roger Waggoner, Kevin Wang, David Wells, LeRoy Wen-
strom, and Ronald Yannone.
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1. Leah has 13 coins, all of which are pennies and nickels. If she had one more
nickel than she has now, then she would have the same number of pennies and
nickels. In cents, how much are Leah’s coins worth?

(A) 33 (B) 35 (C) 37 (D) 39 (E) 41

2. What is
23 + 23

2−3 + 2−3
?

(A) 16 (B) 24 (C) 32 (D) 48 (E) 64

3. Randy drove the first third of his trip on a gravel road, the next 20 miles on
pavement, and the remaining one-fifth on a dirt road. In miles, how long was
Randy’s trip?

(A) 30 (B)
400

11
(C)

75

2
(D) 40 (E)

300

7

4. Susie pays for 4 muffins and 3 bananas. Calvin spends twice as much paying
for 2 muffins and 16 bananas. A muffin is how many times as expensive as a
banana?

(A)
3

2
(B)

5

3
(C)

7

4
(D) 2 (E)

13

4

5. Doug constructs a square window using 8 equal-size panes of glass, as shown.
The ratio of the height to width for each pane is 5 : 2, and the borders around
and between the panes are 2 inches wide. In inches, what is the side length of
the square window?

(A) 26 (B) 28 (C) 30 (D) 32 (E) 34
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6. Orvin went to the store with just enough money to buy 30 balloons. When
he arrived he discovered that the store had a special sale on balloons: buy 1
balloon at the regular price and get a second at 1

3 off the regular price. What
is the greatest number of balloons Orvin could buy?

(A) 33 (B) 34 (C) 36 (D) 38 (E) 39

7. Suppose A > B > 0 and A is x% greater than B. What is x ?

(A) 100

(
A−B

B

)
(B) 100

(
A+B

B

)
(C) 100

(
A+B

A

)

(D) 100

(
A−B

A

)
(E) 100

(
A

B

)

8. A truck travels b
6 feet every t seconds. There are 3 feet in a yard. How many

yards does the truck travel in 3 minutes?

(A)
b

1080t
(B)

30t

b
(C)

30b

t
(D)

10t

b
(E)

10b

t

9. For real numbers w and z,
1
w + 1

z
1
w − 1

z

= 2014.

What is w+z
w−z ?

(A) −2014 (B)
−1

2014
(C)

1

2014
(D) 1 (E) 2014

10. In the addition shown below A, B, C, and D are distinct digits. How many
different values are possible for D ?

ABBCB
+ BCADA

DBDDD

(A) 2 (B) 4 (C) 7 (D) 8 (E) 9
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11. For the consumer, a single discount of n% is more advantageous than any of the
following discounts:

(1) two successive 15% discounts

(2) three successive 10% discounts

(3) a 25% discount followed by a 5% discount

What is the smallest possible positive integer value of n ?

(A) 27 (B) 28 (C) 29 (D) 31 (E) 33

12. The largest divisor of 2,014,000,000 is itself. What is its fifth largest divisor?

(A) 125,875,000 (B) 201,400,000 (C) 251,750,000 (D) 402,800,000
(E) 503,500,000

13. Six regular hexagons surround a regular hexagon of side length 1 as shown.
What is the area of �ABC ?

(A) 2
√
3 (B) 3

√
3 (C) 1 + 3

√
2 (D) 2 + 2

√
3 (E) 3 + 2

√
3

14. Danica drove her new car on a trip for a whole number of hours, averaging 55
miles per hour. At the beginning of the trip, abc miles was displayed on the
odometer, where abc is a 3-digit number with a ≥ 1 and a + b + c ≤ 7. At the
end of the trip, the odometer showed cba miles. What is a2 + b2 + c2 ?

(A) 26 (B) 27 (C) 36 (D) 37 (E) 41
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15. In rectangle ABCD, DC = 2CB and points E and F lie on AB so that ED
and FD trisect ∠ADC as shown. What is the ratio of the area of �DEF to
the area of rectangle ABCD ?

(A)

√
3

6
(B)

√
6

8
(C)

3
√
3

16
(D)

1

3
(E)

√
2

4

16. Four fair six-sided dice are rolled. What is the probability that at least three of
the four dice show the same value?

(A)
1

36
(B)

7

72
(C)

1

9
(D)

5

36
(E)

1

6

17. What is the greatest power of 2 that is a factor of 101002 − 4501 ?

(A) 21002 (B) 21003 (C) 21004 (D) 21005 (E) 21006

18. A list of 11 positive integers has a mean of 10, a median of 9, and a unique mode
of 8. What is the largest possible value of an integer in the list?

(A) 24 (B) 30 (C) 31 (D) 33 (E) 35

19. Two concentric circles have radii 1 and 2. Two points on the outer circle are
chosen independently and uniformly at random. What is the probability that
the chord joining the two points intersects the inner circle?

(A)
1

6
(B)

1

4
(C)

2−
√
2

2
(D)

1

3
(E)

1

2
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20. For how many integers x is the number x4 − 51x2 + 50 negative?

(A) 8 (B) 10 (C) 12 (D) 14 (E) 16

21. Trapezoid ABCD has parallel sides AB of length 33 and CD of length 21. The
other two sides are of lengths 10 and 14. The angles at A and B are acute.
What is the length of the shorter diagonal of ABCD ?

(A) 10
√
6 (B) 25 (C) 8

√
10 (D) 18

√
2 (E) 26

22. Eight semicircles line the inside of a square with side length 2 as shown. What
is the radius of the circle tangent to all of these semicircles?

(A)
1 +

√
2

4
(B)

√
5− 1

2
(C)

√
3 + 1

4
(D)

2
√
3

5
(E)

√
5

3

23. A sphere is inscribed in a truncated right circular cone as shown. The volume
of the truncated cone is twice that of the sphere. What is the ratio of the radius
of the bottom base of the truncated cone to the radius of the top base of the
truncated cone?

(A)
3

2
(B)

1 +
√
5

2
(C)

√
3 (D) 2 (E)

3 +
√
5

2
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24. The numbers 1, 2, 3, 4, 5 are to be arranged in a circle. An arrangement is
bad if it is not true that for every n from 1 to 15 one can find a subset of the
numbers that appear consecutively on the circle that sum to n. Arrangements
that differ only by a rotation or a reflection are considered the same. How many
different bad arrangements are there?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

25. In a small pond there are eleven lily pads in a row labeled 0 through 10. A frog
is sitting on pad 1. When the frog is on pad N , 0 < N < 10, it will jump to
pad N − 1 with probability N

10 and to pad N + 1 with probability 1− N
10 . Each

jump is independent of the previous jumps. If the frog reaches pad 0 it will be
eaten by a patiently waiting snake. If the frog reaches pad 10 it will exit the
pond, never to return. What is the probability that the frog will escape being
eaten by the snake?

(A)
32

79
(B)

161

384
(C)

63

146
(D)

7

16
(E)

1

2
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1. Answer (C): Leah has 7 pennies and 6 nickels, which are worth 37 cents.

2. Answer (E): Note that

23 + 23

2−3 + 2−3
=

2 · 23

2 · 2−3
= 26 = 64.

3. Answer (E): The fraction of Randy’s trip driven on pavement was 1− 1
3 −

1
5 =

7
15 . Therefore the entire trip was 20 ÷ 7

15 = 300
7 miles.

4. Answer (B): Let a muffin cost m dollars and a banana cost b dollars. Then
2(4m + 3b) = 2m + 16b, and simplifying gives m = 5

3b.

5. Answer (A): Denote the height of a pane by 5x and the width by 2x. Then
the square window has height 2 · 5x + 6 inches and width 4 · 2x + 10 inches.
Solving 2 ·5x+6 = 4 ·2x+10 gives x = 2. The side length of the square window
is 26 inches.

6. Answer (C): The special allows Orvin to purchase balloons at 1+ 2
3

2 = 5
6

times the regular price. Because Orvin had just enough money to purchase 30
balloons at the regular price, he may now purchase 30 · 6

5 = 36 balloons.

7. Answer (A): The fraction by which A is greater than B is simply the positive
difference A − B divided by B. The percent difference is 100 times this, or
100

(
A−B

B

)
.

8. Answer (E): The truck travels for 3 · 60 = 180 seconds, at a rate of b
6t · 1

3

yards per second. Hence the truck travels 180 · b
6t ·

1
3 = 10b

t yards.

9. Answer (A): Note that

2014 =
1
w + 1

z
1
w − 1

z

=
w+z
wz

z−w
wz

=
w + z

z − w
.

Because w+z
z−w = −w+z

w−z , the requested value is −2014.
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10. Answer (C): As indicated by the leftmost column A+B ≤ 9. Then both the
second and fourth columns show that C = 0. Because A, B, and C are distinct
digits, D must be at least 3. The following values for (A,B,C,D) show that D
may be any of the 7 digits that are at least 3: (1, 2, 0, 3), (1, 3, 0, 4), (2, 3, 0, 5),
(2, 4, 0, 6), (2, 5, 0, 7), (2, 6, 0, 8), (2, 7, 0, 9).

11. Answer (C): If P is the price paid for an item, then the discounted prices
with the three given discounts are given by the following calculations:

(1) (0.85)2P = 0.7225P for a discount of 27.75%

(2) (0.9)3P = 0.729P for a discount of 27.1%

(3) (0.75) · (0.95)P = 0.7125P for a discount of 28.75%

The smallest integer greater than 27.75, 27.1, and 28.75 is 29.

12. Answer (C): By inspection, the five smallest positive divisors of 2,014,000,000
are 1, 2, 4, 5, and 8. Therefore the fifth largest divisor is 2,014,000,000

8 =
251,750,000.

13. Answer (B): Label points E and F as shown in the figure, and let D be the
midpoint of BE. Because �BFD is a 30 – 60 – 90◦ triangle with hypotenuse 1,
the length of BD is

√
3

2 , and therefore BC = 2
√

3. It follows that the area of
�ABC is

√
3

4 · (2
√

3)2 = 3
√

3.

OR
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Notice that AE = 3 since AE is composed of a hexagon side (length 1) and
the longest diagonal of a hexagon (length 2). Triangle ABE is 30 – 60 – 90◦, so
BE = 3√

3
=

√
3. The area of �ABC is AE · BE = 3

√
3.

14. Answer (D): Let m be the total mileage of the trip. Then m must be a
multiple of 55. Also, because m = cba − abc = 99(c − a), it is a multiple of 9.
Therefore m is a multiple of 495. Because m is at most a 3-digit number and a
is not equal to 0, m = 495. Therefore c− a = 5. Because a + b + c ≤ 7, the only
possible abc is 106, so a2 + b2 + c2 = 1 + 0 + 36 = 37.

OR

Let m be the total mileage of the trip. Then m must be a multiple of 55. Also,
because m = cba − abc = 99(c − a), c − a is a multiple of 5. Because a ≥ 1 and
a+b+c ≤ 7, it follows that c = 6 and a = 1. Therefore b = 0, so a2+b2+c2 = 37.

15. Answer (A): Let AD =
√

3. Because ∠ADE = 30◦, it follows that AE = 1
and DE = 2. Now ∠EDF = 30◦ and ∠DEF = 120◦, so �DEF is isosceles and
EF = 2. Thus the area of �DEF (with EF viewed as the base) is 1

2 ·2·
√

3 =
√

3,
and the desired ratio is

√
3√

3·2
√

3
=

√
3

6 .

16. Answer (B): If exactly three of the four dice show the same number, then
there are 6 possible choices for the repeated value and 5 possible choices for the
non-repeated value. The non-repeated value may appear on any one of the 4
dice, so there are 6 · 5 · 4 = 120 possible ways for such a result to occur. There
are 6 ways for all four dice to show the same value. There are 64 total possible
outcomes for the four dice. The probability of the desired result is 120+6

64 = 7
72 .

17. Answer (D): Note that

101002 − 4501 = 21002 · 51002 − 21002

= 21002(51002 − 1)

= 21002(5501 − 1)(5501 + 1)

= 21002(5 − 1)(5500 + 5499 + · · · + 5 + 1)(5 + 1)(5500 − 5499 + · · ·
− 5 + 1)

= 21005(3)(5500 + 5499 + · · · + 5 + 1)(5500 − 5499 + · · · − 5 + 1).

Because each of the last two factors is a sum of an odd number of odd terms,
they are both odd. The greatest power of 2 is 21005.
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18. Answer (E): The numbers in the list have a sum of 11 · 10 = 110. The
value of the 11th number is maximized when the sum of the first ten numbers
is minimized subject to the following conditions.

• If the numbers are arranged in nondecreasing order, the sixth number is 9.

• The number 8 occurs either 2, 3, 4, or 5 times, and all other numbers occur
fewer times.

If 8 occurs 5 times, the smallest possible sum of the first 10 numbers is

8 + 8 + 8 + 8 + 8 + 9 + 9 + 9 + 9 + 10 = 86.

If 8 occurs 4 times, the smallest possible sum of the first 10 numbers is

1 + 8 + 8 + 8 + 8 + 9 + 9 + 9 + 10 + 10 = 80.

If 8 occurs 3 times, the smallest possible sum of the first 10 numbers is

1 + 1 + 8 + 8 + 8 + 9 + 9 + 10 + 10 + 11 = 75.

If 8 occurs 2 times, the smallest possible sum of the first 10 numbers is

1 + 2 + 3 + 8 + 8 + 9 + 10 + 11 + 12 + 13 = 77.

Thus the largest possible value of the 11th number is 110 − 75 = 35.

19. Answer (D): Let A be the first point chosen on the outer circle, let chords
AB and AC on the outer circle be tangent to the inner circle at D and E,
respectively, and let O be the common center of the two circles. Triangle ADO
has a right angle at D, OA = 2, and OD = 1, so ∠OAD = 30◦. Similarly,
∠OAE = 30◦, so ∠BAC = ∠DAE = 60◦, and minor arc BC = 120◦. If X is
the second point chosen on the outer circle, then chord AX intersects the inner
circle if and only if X is on minor arc BC. Therefore the requested probability
is 120◦

360◦ = 1
3 .

20. Answer (C): Note that x4 − 51x2 + 50 = (x2 − 50)(x2 − 1), so the roots of
the polynomial are ±1 and ±

√
50. Arranged from least to greatest, these roots

are approximately −7.1,−1, 1, 7.1. The polynomial takes negative values on the
intervals (−7.1,−1) and (1, 7.1), which include 12 integers: −7, −6, −5, −4,
−3, −2, 2, 3, 4, 5, 6, 7.

21. Answer (B): Assume without loss of generality that DA = 10 and BC = 14.
Let M and N be the feet of the perpendicular segments to AB from D and
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C, respectively. The four points A,M, N, B appear on AB in that order. Let
x = DM = CN , y = AM , and z = NB. Then x2 + y2 = 102 = 100, x2 + z2 =
142 = 196, and y + 21 + z = 33. Therefore z = 12 − y, and it follows that√

196 − x2 = 12−
√

100 − x2. Squaring and simplifying gives 24
√

100 − x2 = 48,
so x2 = 96 and y =

√
100 − 96 = 2. The square of the length of the shorter

diagonal, AC, is (y + 21)2 + x2 = 232 + 96 = 625, so AC = 25.

22. Answer (B): Let O be the center of the circle and choose one of the semicircles
to have center point B. Label the point of tangency C and point A as in the
figure. In �OAB, AB = 1

2 and OA = 1, so OB =
√

5
2 . Because BC = 1

2 ,
OC =

√
5

2 − 1
2 =

√
5−1
2 .
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23. Answer (E): Assume without loss of generality that the radius of the top
base of the truncated cone (frustum) is 1. Denote the radius of the bottom base
by r and the radius of the sphere by a. The figure on the left is a side view of
the frustum. Applying the Pythagorean Theorem to the triangle on the right
yields r = a2. The volume of the frustum is

1
3
π(r2 + r · 1 + 12) · 2a =

1
3
π(a4 + a2 + 1) · 2a.

Setting this equal to twice the volume of the sphere, 4
3πa3, and simplifying gives

a4 − 3a2 + 1 = 0, or r2 − 3r + 1 = 0. Therefore r = 3+
√

5
2 .

24. Answer (B): The circular arrangement 14352 is bad because the sum 6 cannot
be achieved with consecutive numbers, and the circular arrangement 23154 is
bad because the sum 7 cannot be so achieved. It remains to show that these
are the only bad arrangements. Given a circular arrangement, sums 1 through
5 can be achieved with a single number, and if the sum n can be achieved, then
the sum 15 − n can be achieved using the complementary subset. Therefore an
arrangement is not bad as long as sums 6 and 7 can be achieved. Suppose 6
cannot be achieved. Then 1 and 5 cannot be adjacent, so by a suitable rotation
and/or reflection, the arrangement is 1bc5e. Furthermore, {b, c} cannot equal
{2, 3} because 1 + 2 + 3 = 6; similarly {b, c} cannot equal {2, 4}. It follows
that e = 2, which then forces the arrangement to be 14352 in order to avoid
consecutive 213. This arrangement is bad. Next suppose that 7 cannot be
achieved. Then 2 and 5 cannot be adjacent, so again without loss of generality
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the arrangement is 2bc5e. Reasoning as before, {b, c} cannot equal {3, 4} or
{1, 4}, so e = 4, and then b = 3 and c = 1, to avoid consecutive 421; therefore
the arrangement is 23154, which is also bad. Thus there are only two bad
arrangements up to rotation and reflection.

25. Answer (C): First note that once the frog is on pad 5, it has probability 1
2 of

eventually being eaten by the snake, and a probability 1
2 of eventually exiting

the pond without being eaten. It is therefore necessary only to determine the
probability that the frog on pad 1 will reach pad 5 before being eaten.

Consider the frog’s jumps in pairs. The frog on pad 1 will advance to pad 3 with
probability 9

10 · 8
10 = 72

100 , will be back at pad 1 with probability 9
10 · 2

10 = 18
100 ,

and will retreat to pad 0 and be eaten with probability 1
10 . Because the frog

will eventually make it to pad 3 or make it to pad 0, the probability that it
ultimately makes it to pad 3 is 72

100 ÷
(

72
100 + 10

100

)
= 36

41 , and the probability that
it ultimately makes it to pad 0 is 10

100 ÷
(

72
100 + 10

100

)
= 5

41 .

Similarly, in a pair of jumps the frog will advance from pad 3 to pad 5 with
probability 7

10 ·
6
10 = 42

100 , will be back at pad 3 with probability 7
10 ·

4
10 + 3

10 ·
8
10 =

52
100 , and will retreat to pad 1 with probability 3

10 · 2
10 = 6

100 . Because the frog
will ultimately make it to pad 5 or pad 1 from pad 3, the probability that it
ultimately makes it to pad 5 is 42

100 ÷
(

42
100 + 6

100

)
= 7

8 , and the probability that
it ultimately makes it to pad 1 is 6

100 ÷
(

42
100 + 6

100

)
= 1

8 .

The sequences of pairs of moves by which the frog will advance to pad 5 without
being eaten are

1 → 3 → 5, 1 → 3 → 1 → 3 → 5, 1 → 3 → 1 → 3 → 1 → 3 → 5,

and so on. The sum of the respective probabilities of reaching pad 5 is then

36
41

· 7
8

+
36
41

· 1
8
· 36
41

· 7
8

+
36
41

· 1
8
· 36
41

· 1
8
· 36
41

· 7
8

+ · · ·

=
63
82

(

1 +
9
82

+
(

9
82

)2

+ · · ·
)

=
63
82

÷
(

1 − 9
82

)

=
63
73

.

Therefore the requested probability is 1
2 · 63

73 = 63
146 .

OR

For 1 ≤ j ≤ 5, let pj be the probability that the frog eventually reaches pad 10
starting at pad j. By symmetry p5 = 1

2 . For the frog to reach pad 10 starting
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from pad 4, the frog goes either to pad 3 with probability 2
5 or to pad 5 with

probability 3
5 , and then continues on a successful sequence from either of these

pads. Thus p4 = 2
5p3 + 3

5p5 = 2
5p3 + 3

10 . Similarly, to reach pad 10 starting
from pad 3, the frog goes either to pad 2 with probability 3

10 or to pad 4 with
probability 7

10 . Thus p3 = 3
10p2 + 7

10p4, and substituting from the previous
equation for p4 gives p3 = 5

12p2 + 7
24 . In the same way, p2 = 1

5p1 + 4
5p3 and after

substituting for p3 gives p2 = 3
10p1 + 7

20 . Lastly, for the frog to escape starting
from pad 1, it is necessary for it to get to pad 2 with probability 9

10 , and then
escape starting from pad 2. Thus p1 = 9

10p2 = 9
10 ( 3

10p1 + 7
20 ), and solving the

equation gives p1 = 63
146 .

Note: This type of random process is called a Markov process.

The problems and solutions in this contest were proposed by Steve Blasberg, Tom
Butts, Peter Gilchrist, Jerry Grossman, Jon Kane, Joe Kennedy, Cap Khoury, Stuart
Sidney, Kevin Wang, David Wells, LeRoy Wenstrom, and Ronald Yannone.
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2015 AMC10 B Problems 2

1. What is the value of 2− (−2)−2 ?

(A) −2 (B)
1

16
(C)

7

4
(D)

9

4
(E) 6

2. Marie does three equally time-consuming tasks in a row without taking breaks.
She begins the first task at 1:00 PM and finishes the second task at 2:40 PM.
When does she finish the third task?

(A) 3:10 PM (B) 3:30 PM (C) 4:00 PM (D) 4:10 PM (E) 4:30 PM

3. Isaac has written down one integer two times and another integer three times.
The sum of the five numbers is 100, and one of the numbers is 28. What is the
other number?

(A) 8 (B) 11 (C) 14 (D) 15 (E) 18

4. Four siblings ordered an extra large pizza. Alex ate 1
5 , Beth 1

3 , and Cyril 1
4

of the pizza. Dan got the leftovers. What is the sequence of the siblings in
decreasing order of the part of the pizza they consumed?

(A) Alex, Beth, Cyril, Dan

(B) Beth, Cyril, Alex, Dan

(C) Beth, Cyril, Dan, Alex

(D) Beth, Dan, Cyril, Alex

(E) Dan, Beth, Cyril, Alex

5. David, Hikmet, Jack, Marta, Rand, and Todd were in a 12-person race with 6
other people. Rand finished 6 places ahead of Hikmet. Marta finished 1 place
behind Jack. David finished 2 places behind Hikmet. Jack finished 2 places
behind Todd. Todd finished 1 place behind Rand. Marta finished in 6th place.
Who finished in 8th place?

(A) David (B) Hikmet (C) Jack (D) Rand (E) Todd

6. Marley practices exactly one sport each day of the week. She runs three days a
week but never on two consecutive days. On Monday she plays basketball and
two days later golf. She swims and plays tennis, but she never plays tennis the
day after running or swimming. Which day of the week does Marley swim?

(A) Sunday (B) Tuesday (C) Thursday (D) Friday (E) Saturday



2015 AMC10 B Problems 3

7. Consider the operation “minus the reciprocal of,” defined by a�b = a− 1
b . What

is
(
(1 � 2) � 3

)
−
(
1 � (2 � 3)

)
?

(A) − 7

30
(B) −1

6
(C) 0 (D)

1

6
(E)

7

30

8. The letter F shown below is rotated 90◦ clockwise around the origin, then re-
flected in the y-axis, and then rotated a half turn around the origin. What is
the final image?

(A) (B) (C)

(D) (E)
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9. The shaded region below is called a shark’s fin falcata, a figure studied by
Leonardo da Vinci. It is bounded by the portion of the circle of radius 3 and
center (0, 0) that lies in the first quadrant, the portion of the circle of radius 3

2
and center (0, 32 ) that lies in the first quadrant, and the line segment from (0, 0)
to (3, 0). What is the area of the shark’s fin falcata?

y

x3

3
2

3

(A)
4π

5
(B)

9π

8
(C)

4π

3
(D)

7π

5
(E)

3π

2

10. What are the sign and units digit of the product of all the odd negative integers
strictly greater than −2015 ?

(A) It is a negative number ending with a 1.

(B) It is a positive number ending with a 1.

(C) It is a negative number ending with a 5.

(D) It is a positive number ending with a 5.

(E) It is a negative number ending with a 0.

11. Among the positive integers less than 100, each of whose digits is a prime num-
ber, one is selected at random. What is the probability that the selected number
is prime?

(A)
8

99
(B)

2

5
(C)

9

20
(D)

1

2
(E)

9

16

12. For how many integers x is the point (x,−x) inside or on the circle of radius 10
centered at (5, 5) ?

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

13. The line 12x+ 5y = 60 forms a triangle with the coordinate axes. What is the
sum of the lengths of the altitudes of this triangle?

(A) 20 (B)
360

17
(C)

107

5
(D)

43

2
(E)

281

13
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14. Let a, b, and c be three distinct one-digit numbers. What is the maximum value
of the sum of the roots of the equation (x− a)(x− b) + (x− b)(x− c) = 0 ?

(A) 15 (B) 15.5 (C) 16 (D) 16.5 (E) 17

15. The town of Hamlet has 3 people for each horse, 4 sheep for each cow, and 3
ducks for each person. Which of the following could not possibly be the total
number of people, horses, sheep, cows, and ducks in Hamlet?

(A) 41 (B) 47 (C) 59 (D) 61 (E) 66

16. Al, Bill, and Cal will each randomly be assigned a whole number from 1 to 10,
inclusive, with no two of them getting the same number. What is the probability
that Al’s number will be a whole number multiple of Bill’s and Bill’s number
will be a whole number multiple of Cal’s?

(A)
9

1000
(B)

1

90
(C)

1

80
(D)

1

72
(E)

2

121

17. The centers of the faces of the right rectangular prism shown below are joined
to create an octahedron. What is the volume of the octahedron?

(A)
75

12
(B) 10 (C) 12 (D) 10

√
2 (E) 15

18. Johann has 64 fair coins. He flips all the coins. Any coin that lands on tails
is tossed again. Coins that land on tails on the second toss are tossed a third
time. What is the expected number of coins that are now heads?

(A) 32 (B) 40 (C) 48 (D) 56 (E) 64
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19. In 4ABC, ∠C = 90◦ and AB = 12. Squares ABXY and ACWZ are con-
structed outside of the triangle. The points X, Y , Z, and W lie on a circle.
What is the perimeter of the triangle?

(A) 12 + 9
√

3 (B) 18 + 6
√

3 (C) 12 + 12
√

2 (D) 30 (E) 32

20. Erin the ant starts at a given corner of a cube and crawls along exactly 7 edges
in such a way that she visits every corner exactly once and then finds that she
is unable to return along an edge to her starting point. How many paths are
there meeting these conditions?

(A) 6 (B) 9 (C) 12 (D) 18 (E) 24

21. Cozy the Cat and Dash the Dog are going up a staircase with a certain number
of steps. However, instead of walking up the steps one at a time, both Cozy and
Dash jump. Cozy goes two steps up with each jump (though if necessary, he
will just jump the last step). Dash goes five steps up with each jump (though if
necessary, he will just jump the last steps if there are fewer than 5 steps left).
Suppose that Dash takes 19 fewer jumps than Cozy to reach the top of the
staircase. Let s denote the sum of all possible numbers of steps this staircase
can have. What is the sum of the digits of s ?

(A) 9 (B) 11 (C) 12 (D) 13 (E) 15

22. In the figure shown below, ABCDE is a regular pentagon and AG = 1. What
is FG+ JH + CD ?

(A) 3 (B) 12− 4
√

5 (C)
5 + 2

√
5

3
(D) 1 +

√
5 (E)

11 + 11
√

5

10
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23. Let n be a positive integer greater than 4 such that the decimal representation
of n! ends in k zeros and the decimal representation of (2n)! ends in 3k zeros.
Let s denote the sum of the four least possible values of n. What is the sum of
the digits of s ?

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11

24. Aaron the ant walks on the coordinate plane according to the following rules.
He starts at the origin p0 = (0, 0) facing to the east and walks one unit, arriving
at p1 = (1, 0). For n = 1, 2, 3, . . ., right after arriving at the point pn, if Aaron
can turn 90◦ left and walk one unit to an unvisited point pn+1, he does that.
Otherwise, he walks one unit straight ahead to reach pn+1. Thus the sequence
of points continues p2 = (1, 1), p3 = (0, 1), p4 = (−1, 1), p5 = (−1, 0), and so on
in a counterclockwise spiral pattern. What is p2015 ?

(A) (−22,−13) (B) (−13,−22) (C) (−13, 22) (D) (13,−22)

(E) (22,−13)

25. A rectangular box measures a × b × c, where a, b, and c are integers and 1 ≤
a ≤ b ≤ c. The volume and the surface area of the box are numerically equal.
How many ordered triples (a, b, c) are possible?

(A) 4 (B) 10 (C) 12 (D) 21 (E) 26
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1. Answer (C):

2− (−2)−2 = 2− 1

(−2)2
= 2− 1

4
=

7

4

2. Answer (B): The first two tasks together took 100 minutes—from 1:00 to
2:40. Therefore each task took 50 minutes. Marie began the third task at 2:40
and finished 50 minutes later, at 3:30 PM.

3. Answer (A): Let x be the integer Isaac wrote two times, and let y be the
integer Isaac wrote three times. Then 2x + 3y = 100. If x = 28, then 3y =
100 − 2 · 28 = 44, and y cannot be an integer. Therefore y = 28 and 2x =
100− 3 · 28 = 16, so x = 8.

4. Answer (C): After the first three siblings ate, there was 1− 1
5 −

1
3 −

1
4 = 13

60 of
the pizza left for Dan to eat, so Dan ate more than 1

5 = 12
60 but less than 1

4 = 15
60

of the pizza. Because 1
3 >

1
4 >

13
60 >

1
5 , the order is Beth, Cyril, Dan, Alex.

5. Answer (B): Marta finished 6th, so Jack finished 5th. Therefore Todd finished
3rd and Rand finished 2nd. Because Hikmet was 6 places behind Rand, it was
Hikmet who finished 8th. (David finished 10th.)

6. Answer (E): Marley plays basketball on Monday and golf on Wednesday.
Because she cannot run three of the four consecutive days between Thursday
and Sunday, she must run on Tuesday. From Thursday to Sunday she runs,
swims, and plays tennis, but she cannot play tennis the day after running or
swimming. So she must play tennis on Thursday. She must swim on Saturday,
and run on Friday and Sunday, so that she does not run on consecutive days.

7. Answer (A):

(
(1 � 2) � 3

)
−
(
1 � (2 � 3)

)
=

((
1− 1

2

)
− 1

3

)
−

(
1−

(
2− 1

3

)−1)

=
1

6
−
(

1− 3

5

)
=

1

6
− 2

5
= − 7

30
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8. Answer (E): The first rotation results in Figure 1, the reflection in Figure 2,
and the half turn in Figure 3.

Figure 1 Figure 2 Figure 3

9. Answer (B): The shaded area is obtained by subtracting the area of the
semicircle from the area of the quarter circle:

1

4
π · 32 − 1

2
π

(
3

2

)2

=
9π

4
− 9π

8
=

9π

8
.

10. Answer (C): There are 2014 negative integers strictly greater than −2015,
and exactly half of them, or 1007, are odd. The product of an odd number of
negative numbers is negative. Furthermore, because all factors are odd and some
of them are multiples of 5, this product is an odd multiple of 5 and therefore
has units digit 5.

11. Answer (B): There are four one-digit primes (2, 3, 5, and 7), which can be
used to form 42 = 16 two-digit numbers with prime digits. Of these two-digit
numbers, only 23, 37, 53, and 73 are prime. So there are 4 + 16 = 20 numbers
less than 100 whose digits are prime, and 4 + 4 = 8 of them are prime. The
probability is 8

20 = 2
5 .

12. Answer (A): The circle intersects the line y = −x at the points A = (−5, 5)
and B = (5,−5). Segment AB is a chord of the circle and contains 11 points
with integer coordinates.
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13. Answer (E): Label the vertices of the triangle A = (0, 0), B = (5, 0), and
C = (0, 12). By the Pythagorean Theorem BC = 13. Two altitudes are 5
and 12. Let AD be the third altitude. The area of this triangle is 30, so
1
2 · AD · BC = 30. Therefore AD = 2·30

BC = 60
13 . The sum of the lengths of the

altitudes is 5 + 12 + 60
13 = 281

13 .

14. Answer (D): If (x−a)(x−b)+(x−b)(x−c) = 0, then (x−b)(2x−(a+c)) = 0, so
the two roots are b and a+c

2 . The maximum value of their sum is 9+ 8+7
2 = 16.5.

15. Answer (B): Let h be the number of horses and c be the number of cows.
There are then 3h people, 9h ducks, and 4c sheep in Hamlet. The total popu-
lation of Hamlet is 13h + 5c, where h and c are whole numbers. A number N
can be the population only if there exists a whole number value for h such that
N − 13h is a whole number multiple of 5. This is possible for all the provided
numbers except 47, as follows: 41−13·2 = 5·3, 59−13·3 = 5·4, 61−13·2 = 5·7,
and 66− 13 · 2 = 5 · 8
None of 47, 47− 13 = 34, 47− 13 · 2 = 21, and 47− 13 · 3 = 8 is a multiple of 5.
Therefore 47 cannot be the population of Hamlet.

Note: In fact, 47 is the largest number that cannot be the population.

16. Answer (C): There are 9 assignments satisfying the condition: (4, 2, 1),
(6, 2, 1), (8, 2, 1), (10, 2, 1), (6, 3, 1), (9, 3, 1), (8, 4, 1), (10, 5, 1), and (8, 4, 2).
There are 10 · 9 · 8 = 720 possible assignments, so the probability is 9

720 = 1
80 .

17. Answer (B): Consider the octahedron to be two pyramids whose base is a
rhombus in the middle horizontal plane, as shown below. One pyramid points
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up, the other down. The area of the base is the area of 4 right triangles with
legs 2 and 5

2 , or 10. The altitude of each pyramid is half that of the prism or 3
2 .

The volume of the octahedron is 2 · 13 · 10 · 32 = 10.

18. Answer (D): A coin can be tossed once, twice, or three times. View the
problem as tossing each coin three times. If all three tosses are tails then the
coin ends on a tail; however, if any of the three tosses is a head then the coin
ends on a head (the subsequent tosses can be ignored). Thus each coin has a 7
out of 8 chance of landing on heads. Therefore the expected number of heads is
7
8 · 64 = 56.

19. Answer (C): Let O be the center of the circle on which X, Y , Z, and W
lie. Then O lies on the perpendicular bisectors of segments XY and ZW , and
OX = OW . Note that segments XY and AB have the same perpendicular
bisector and segments ZW and AC have the same perpendicular bisector, from
which it follows that O lies on the perpendicular bisectors of segments AB and
AC; that is, O is the circumcenter of 4ABC. Because ∠C = 90◦, O is the
midpoint of hypotenuse AB. Let a = 1

2BC and b = 1
2CA. Then a2 + b2 = 62

and 122 + 62 = OX2 = OW 2 = b2 + (a + 2b)2. Solving these two equations
simultaneously gives a = b = 3

√
2. Thus the perimeter of4ABC is 12+2a+2b =

12 + 12
√

2.
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C
A

B

2a

a

b

6

W Zb

X

Y

6

O

12

2b

20. Answer (A): The first two edges of Erin’s crawl can be chosen in 3·2 = 6 ways.
These edges share a unique face of the cube, called the initial face. At this point,
Erin is standing at a vertex u and there is only one unvisited vertex v of the
initial face. If v is not visited right after u, then Erin visits all vertices adjacent
to v before v. This means that once Erin reaches v, she cannot continue her
crawl to any unvisited vertex, and v cannot be her last visited vertex because v
is adjacent to her starting point. Thus v must be visited right after u. There are
only two ways to visit the remaining four vertices (clockwise or counterclockwise
around the face opposite to the initial face) and exactly one of them cannot be
followed by a return to the starting vertex. Therefore there are exactly 6 paths
in all.

21. Answer (D): Assume that there are t steps in this staircase and it took Dash
d+1 jumps. Then the possible values of t are 5d+1, 5d+2, 5d+3, 5d+4, 5d+5.
On the other hand, it took Cozy d+ 20 jumps, and t = 2d+ 39 or t = 2d+ 40.
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There are 10 possible combinations but only 3 of them lead to integer values of
d: t = 5d+ 3 = 2d+ 39, or t = 5d+ 1 = 2d+ 40, or t = 5d+ 4 = 2d+ 40. The
possible values of t are 63, 66, and 64, and s = 63 + 66 + 64 = 193. The answer
is 1 + 9 + 3 = 13.

22. Answer (D): Triangles AGB and CHJ are isosceles and congruent, so AG =
HC = HJ = 1. Triangles AFG and BGH are congruent, so FG = GH.
Triangles AGF , AHJ , and ACD are similar, so a

b = a+b
c = 2a+b

d .

Because a = c = 1, the first equation becomes 1
b = 1+b

1 or b2 + b − 1 = 0,

so b = −1+
√
5

2 . Substituting this in the second equation gives d = 1+
√
5

2 , so

b+ c+ d = 1 +
√

5.

23. Answer (B): Because there are ample factors of 2, it is enough to count the
number of factors of 5. Let f(n) be the number of factors of 5 in positive integers
less than or equal to n. For n from 5 to 9, f(n) = 1. In order for f(2n) to equal
3, 2n must be between 15 and 19, inclusive. Therefore n = 8 or n = 9. For n
from 10 to 14, f(n) = 2. In order for f(2n) to equal 6, 2n must be between 25
and 29, inclusive. Hence, n = 13 or n = 14. Thus the four smallest integers n
that satisfy the specified condition are 8, 9, 13, and 14. Their sum is 44 and the
sum of the digits of 44 is 8.

OR

In fact there are only 4 possible values of n. By Legendre’s Theorem, if n! ends
in k zeros and (2n)! ends in k′ zeros, then

k =
⌊n

5

⌋
+
⌊ n

52

⌋
+
⌊ n

53

⌋
+ · · ·+

⌊ n
5j

⌋
,
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k′ =

⌊
2n

5

⌋
+

⌊
2n

52

⌋
+

⌊
2n

53

⌋
+ · · ·+

⌊
2n

5j

⌋
+

⌊
2n

5j+1

⌋
,

where j is the highest power of 5 not exceeding n, and thus the highest power of
5 not exceeding 2n is at most j+ 1. If x is a real number, then b2xc ≤ 2bxc+ 1.
So
⌊
2n
5i

⌋
≤ 2

⌊
n
5i

⌋
+ 1 for each 1 ≤ i ≤ j + 1. Adding these inequalities yields

k′ ≤ 2k + j + 1. If n ≥ 15, then k > 2 + j − 1 = j + 1 and k′ < 3k. For n = 13
and n = 14, k = 2 and k′ = 5+1 = 6 = 3k. For n ≤ 12, k =

⌊
n
5

⌋
and k′ =

⌊
2n
5

⌋
;

in this case k′ = 3k only for n = 8 and n = 9. So s = 8 + 9 + 13 + 14 = 44 and
the answer is 4 + 4 = 8.

24. Answer (D): Note that for any natural number k, when Aaron reaches point
(k,−k), he will have just completed visiting all of the grid points within the
square with vertices at (k,−k), (k, k), (−k, k), and (−k,−k). Thus the point
(k,−k) is equal to p(2k+1)2−1. It follows that p2024 = p(2·22+1)2−1 = (22,−22).
Because 2024− 2015 = 9, the point p2015 = (22− 9,−22) = (13,−22).

25. Answer (B): Because the volume and surface area are numerically equal,
abc = 2(ab+ac+bc). Rewriting the equation as ab(c−6)+ac(b−6)+bc(a−6) = 0
shows that a ≤ 6. The original equation can also be written as (a−2)bc−2ab−
2ac = 0. Note that if a = 2, this becomes b+ c = 0, and there are no solutions.
Otherwise, multiplying both sides by a − 2 and adding 4a2 to both sides gives
[(a− 2)b− 2a][(a− 2)c− 2a] = 4a2. Consider the possible values of a.

a = 1: (b+ 2)(c+ 2) = 4
There are no solutions in positive integers.

a = 3: (b− 6)(c− 6) = 36
The 5 solutions for (b, c) are (7, 42), (8, 24), (9, 18), (10, 15), and (12, 12).

a = 4: (b− 4)(c− 4) = 16
The 3 solutions for (b, c) are (5, 20), (6, 12), and (8, 8).

a = 5: (3b− 10)(3c− 10) = 100
Each factor must be congruent to 2 modulo 3, so the possible pairs of factors
are (2, 50) and (5, 20). The solutions for (b, c) are (4, 20) and (5, 10), but only
(5, 10) has a ≤ b.
a = 6: (b− 3)(c− 3) = 9
The solutions for (b, c) are (4, 12) and (6, 6), but only (6, 6) has a ≤ b.
Thus in all there are 10 ordered triples (a, b, c): (3, 7, 42), (3, 8, 24), (3, 9, 18),
(3, 10, 15), (3, 12, 12), (4, 5, 20), (4, 6, 12), (4, 8, 8), (5, 5, 10), and (6, 6, 6).

The problems and solutions in this contest were proposed by Bernardo Abrego, Tom
Butts, Steve Dunbar, Marta Eso, Zuming Feng, Silvia Fernandez, Charles Garner,
Peter Gilchrist, Jerry Grossman, Joe Kennedy, Dan Kennedy, Cap Khoury, Steve
Miller, David Wells, and Carl Yerger.
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1. What is the value of (2(2(2(2(2(2 + 1) + 1) + 1) + 1) + 1) + 1) ?

(A) 70 (B) 97 (C) 127 (D) 159 (E) 729

2. Pablo buys popsicles for his friends. The store sells single popsicles for
$1 each, 3-popsicle boxes for $2, and 5-popsicle boxes for $3. What
is the greatest number of popsicles that Pablo can buy with $8 ?

(A) 8 (B) 11 (C) 12 (D) 13 (E) 15

3. Tamara has three rows of two 6-feet by 2-feet flower beds in her
garden. The beds are separated and also surrounded by 1-foot-wide
walkways, as shown on the diagram. What is the total area of the
walkways, in square feet?

2

6

1

1

1

1

1 1 1

(A) 72 (B) 78 (C) 90 (D) 120 (E) 150

4. Mia is “helping” her mom pick up 30 toys that are strewn on the floor.
Mia’s mom manages to put 3 toys into the toy box every 30 seconds,
but each time immediately after those 30 seconds have elapsed, Mia
takes 2 toys out of the box. How much time, in minutes, will it take
Mia and her mom to put all 30 toys into the box for the first time?

(A) 13.5 (B) 14 (C) 14.5 (D) 15 (E) 15.5

5. The sum of two nonzero real numbers is 4 times their product. What
is the sum of the reciprocals of the two numbers?

(A) 1 (B) 2 (C) 4 (D) 8 (E) 12
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6. Ms. Carroll promised that anyone who got all the multiple choice
questions right on the upcoming exam would receive an A on the
exam. Which one of these statements necessarily follows logically?

(A) If Lewis did not receive an A, then he got all of the multiple
choice questions wrong.

(B) If Lewis did not receive an A, then he got at least one of the
multiple choice questions wrong.

(C) If Lewis got at least one of the multiple choice questions wrong,
then he did not receive an A.

(D) If Lewis received an A, then he got all of the multiple choice
questions right.

(E) If Lewis received an A, then he got at least one of the multiple
choice questions right.

7. Jerry and Silvia wanted to go from the southwest corner of a square
field to the northeast corner. Jerry walked due east and then due
north to reach the goal, but Silvia headed northeast and reached the
goal walking in a straight line. Which of the following is closest to
how much shorter Silvia’s trip was, compared to Jerry’s trip?

(A) 30% (B) 40% (C) 50% (D) 60% (E) 70%

8. At a gathering of 30 people, there are 20 people who all know each
other and 10 people who know no one. People who know each other
hug, and people who do not know each other shake hands. How many
handshakes occur?

(A) 240 (B) 245 (C) 290 (D) 480 (E) 490

9. Minnie rides on a flat road at 20 kilometers per hour (kph), downhill
at 30 kph, and uphill at 5 kph. Penny rides on a flat road at 30 kph,
downhill at 40 kph, and uphill at 10 kph. Minnie goes from town A to
town B, a distance of 10 km all uphill, then from town B to town C, a
distance of 15 km all downhill, and then back to town A, a distance of
20 km on the flat. Penny goes the other way around using the same
route. How many more minutes does it take Minnie to complete the
45-km ride than it takes Penny?

(A) 45 (B) 60 (C) 65 (D) 90 (E) 95

2017 AMC 10A Problems 6

21. A square with side length x is inscribed in a right triangle with sides
of length 3, 4, and 5 so that one vertex of the square coincides with
the right-angle vertex of the triangle. A square with side length y
is inscribed in another right triangle with sides of length 3, 4, and 5
so that one side of the square lies on the hypotenuse of the triangle.
What is x

y ?

(A)
12

13
(B)

35

37
(C) 1 (D)

37

35
(E)

13

12

22. Sides AB and AC of equilateral triangle ABC are tangent to a circle
at points B and C, respectively. What fraction of the area of �ABC
lies outside the circle?

(A)
4
√
3π

27
− 1

3
(B)

√
3

2
− π

8
(C)

1

2
(D)

√
3− 2

√
3π

9

(E)
4

3
− 4

√
3π

27

23. How many triangles with positive area have all their vertices at points
(i, j) in the coordinate plane, where i and j are integers between 1
and 5, inclusive?

(A) 2128 (B) 2148 (C) 2160 (D) 2200 (E) 2300

24. For certain real numbers a, b, and c, the polynomial

g(x) = x3 + ax2 + x+ 10

has three distinct roots, and each root of g(x) is also a root of the
polynomial

f(x) = x4 + x3 + bx2 + 100x+ c.

What is f(1) ?

(A) −9009 (B) −8008 (C) −7007 (D) −6006 (E) −5005

25. How many integers between 100 and 999, inclusive, have the property
that some permutation of its digits is a multiple of 11 between 100
and 999 ? For example, both 121 and 211 have this property.

(A) 226 (B) 243 (C) 270 (D) 469 (E) 486
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10. Joy has 30 thin rods, one each of every integer length from 1 cm
through 30 cm. She places the rods with lengths 3 cm, 7 cm, and
15 cm on a table. She then wants to choose a fourth rod that she can
put with these three to form a quadrilateral with positive area. How
many of the remaining rods can she choose as the fourth rod?

(A) 16 (B) 17 (C) 18 (D) 19 (E) 20

11. The region consisting of all points in three-dimensional space within 3
units of line segment AB has volume 216π. What is the length AB ?

(A) 6 (B) 12 (C) 18 (D) 20 (E) 24

12. Let S be the set of points (x, y) in the coordinate plane such that two
of the three quantities 3, x+ 2, and y − 4 are equal and the third of
the three quantities is no greater than this common value. Which of
the following is a correct description of S ?

(A) a single point (B) two intersecting lines

(C) three lines whose pairwise intersections are three distinct points

(D) a triangle (E) three rays with a common endpoint

13. Define a sequence recursively by F0 = 0, F1 = 1, and Fn = the
remainder when Fn−1 + Fn−2 is divided by 3, for all n ≥ 2. Thus
the sequence starts 0, 1, 1, 2, 0, 2, . . .. What is F2017 +F2018 +F2019 +
F2020 + F2021 + F2022 + F2023 + F2024 ?

(A) 6 (B) 7 (C) 8 (D) 9 (E) 10

14. Every week Roger pays for a movie ticket and a soda out of his al-
lowance. Last week, Roger’s allowance was A dollars. The cost of his
movie ticket was 20% of the difference between A and the cost of his
soda, while the cost of his soda was 5% of the difference between A
and the cost of his movie ticket. To the nearest whole percent, what
fraction of A did Roger pay for his movie ticket and soda?

(A) 9% (B) 19% (C) 22% (D) 23% (E) 25%

15. Chloé chooses a real number uniformly at random from the interval
[0, 2017]. Independently, Laurent chooses a real number uniformly
at random from the interval [0, 4034]. What is the probability that
Laurent’s number is greater than Chloé’s number?

(A)
1

2
(B)

2

3
(C)

3

4
(D)

5

6
(E)

7

8
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16. There are 10 horses, named Horse 1, Horse 2, . . . , Horse 10. They
get their names from how many minutes it takes them to run one
lap around a circular race track: Horse k runs one lap in exactly k
minutes. At time 0 all the horses are together at the starting point
on the track. The horses start running in the same direction, and
they keep running around the circular track at their constant speeds.
The least time S > 0, in minutes, at which all 10 horses will again
simultaneously be at the starting point is S = 2520. Let T > 0 be
the least time, in minutes, such that at least 5 of the horses are again
at the starting point. What is the sum of the digits of T ?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 6

17. Distinct points P , Q, R, and S lie on the circle x2 + y2 = 25 and
have integer coordinates. The distances PQ and RS are irrational
numbers. What is the greatest possible value of the ratio PQ

RS ?

(A) 3 (B) 5 (C) 3
√
5 (D) 7 (E) 5

√
2

18. Amelia has a coin that lands on heads with probability 1
3 , and Blaine

has a coin that lands on heads with probability 2
5 . Amelia and Blaine

alternately toss their coins until someone gets a head; the first one to
get a head wins. All coin tosses are independent. Amelia goes first.
The probability that Amelia wins is p

q , where p and q are relatively
prime positive integers. What is q − p ?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

19. Alice refuses to sit next to either Bob or Carla. Derek refuses to sit
next to Eric. How many ways are there for the five of them to sit in
a row of 5 chairs under these conditions?

(A) 12 (B) 16 (C) 28 (D) 32 (E) 40

20. Let S(n) equal the sum of the digits of positive integer n. For example,
S(1507) = 13. For a particular positive integer n, S(n) = 1274.
Which of the following could be the value of S(n+ 1) ?

(A) 1 (B) 3 (C) 12 (D) 1239 (E) 1265
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1. Answer (C):

(2(2(2(2(2(2 + 1) + 1) + 1) + 1) + 1) + 1)

= (2(2(2(2(2(3) + 1) + 1) + 1) + 1) + 1)

= (2(2(2(2(7) + 1) + 1) + 1) + 1)

= (2(2(2(15) + 1) + 1) + 1)

= (2(2(31) + 1) + 1)

= (2(63) + 1)

= 127

Observe that each intermediate result is 1 less than a power of 2.

2. Answer (D): The cheapest popsicles cost $3.00 ÷ 5 = $0.60 each.
Because 14 ·$0.60 = $8.40 and Pablo has just $8, he could not pay for
14 popsicles even if he were allowed to buy partial boxes. The best
he can hope for is 13 popsicles, and he can achieve that by buying
two 5-popsicle boxes (for $6) and one 3-popsicle box (for $2).

OR

If Pablo buys two single popsicles for $1 each, he could have bought
a 3-popsicle box for the same amount of money. Similarly, if Pablo
buys three single popsicles or both one 3-popsicle box and one single
popsicle, he could have bought a 5-popsicle box for the same amount
of money. If Pablo buys two 3-popsicle boxes, he could have bought
a 5-popsicle box and a single popsicle for the same amount of money.
The previous statements imply that a maximum number of popsicles
for a given amount of money can be obtained by buying either at most
one single popsicle and the rest 5-popsicle boxes, or a single 3-popsicle
box and the rest 5-popsicle boxes. When Pablo has $8, he can obtain
the maximum number of popsicles by buying two 5-popsicle boxes and
one 3-popsicle box. This gives a total of 2 · 5 + 1 · 3 = 13 popsicles.

3. Answer (B): The area of the garden is 15 · 10 = 150 square feet,
and the combined area of the six flower beds is 6 · 6 · 2 = 72 square
feet. Therefore the area of the walkways is 150− 72 = 78 square feet.

4. Answer (B): After exactly half a minute there will be 3 toys in
the box and 27 toys outside the box. During the next half-minute,
Mia takes 2 toys out and her mom puts 3 toys into the box. This
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means that during this half-minute the number of toys in the box
was increased by 1. The same argument applies to each of the fol-
lowing half-minutes until all the toys are in the box for the first time.
Therefore it takes 1 + 27 · 1 = 28 half-minutes, which is 14 minutes,
to complete the task.

5. Answer (C): Let the two numbers be x and y. Then x+ y = 4xy.
Dividing this equation by xy gives 1

y + 1
x = 4. One such pair of

numbers is x = 1
3 , y = 1.

6. Answer (B): The given statement is logically equivalent to its
contrapositive: If a student did not receive an A on the exam, then
the student did not get all the multiple choice questions right, which
means that he got at least one of them wrong. None of the other
statements follows logically from the given implication; the teacher
made no promises concerning students who did not get all the multiple
choice questions right. In particular, a statement does not imply its
inverse or its converse; and the negation of the statement that Lewis
got all the questions right is not the statement that he got all the
questions wrong.

7. Answer (A): If the square had side length x, then Jerry’s path had
length 2x, and Silvia’s path along the diagonal, by the Pythagorean
Theorem, had length

√
2x. Therefore Silvia’s trip was shorter by

2x−
√
2x, and the required percentage is

2x−
√
2x

2x
= 1−

√
2

2
≈ 1− 0.707 = 0.293 = 29.3%.

The closest of the answer choices is 30%.

8. Answer (B): Each of the 20 people who know each other shakes
hands with 10 people. Each of the 10 people who know no one shakes
hands with 29 people. Because each handshake involves two people,
the number of handshakes is 1

2 (20 · 10 + 10 · 29) = 245.

9. Answer (C): Note that Penny is going downhill on the segment on
which Minnie is going uphill, and vice versa. Minnie needs 10

5 hours
to go from A to B, 15

30 hours to go from B to C, and 20
20 hours to go

from C to A, a total of 3 1
2 hours. Penny’s time is 20

30 +
15
10 +

10
40 = 2 5

12

hours. It takes Minnie 31
2 − 2 5

12 = 1 1
12 hours, which is 65 minutes,

longer.
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10. Answer (B): Four rods can form a quadrilateral with positive area
if and only if the length of the longest rod is less than the sum of the
lengths of the other three. Therefore if the fourth rod has length n cm,
then n must satisfy the inequalities 15 < 3+7+n and n < 3+7+15,
that is, 5 < n < 25. Because n is an integer, it must be one of the 19
integers from 6 to 24, inclusive. However, the rods of lengths 7 cm
and 15 cm have already been chosen, so the number of rods that Joy
can choose is 19− 2 = 17.

11. Answer (D): Let h = AB. The region consists of a solid circular
cylinder of radius 3 and height h, together with two solid hemispheres
of radius 3 centered at A and B. The volume of the cylinder is
π · 32 · h = 9πh, and the two hemispheres have a combined volume of
4
3π · 33 = 36π. Therefore 9πh+ 36π = 216π, and h = 20.

12. Answer (E): Suppose that the two larger quantities are the first
and the second. Then 3 = x+ 2 ≥ y − 4. This is equivalent to x = 1
and y ≤ 7, and its graph is the downward-pointing ray with endpoint
(1, 7). Similarly, if the two larger quantities are the first and third,
then 3 = y− 4 ≥ x+2. This is equivalent to y = 7 and x ≤ 1, and its
graph is the leftward-pointing ray with endpoint (1, 7). Finally, if the
two larger quantities are the second and third, then x+2 = y−4 ≥ 3.
This is equivalent to y = x + 6 and x ≥ 1, and its graph is the ray
with endpoint (1, 7) that points upward and to the right. Thus the
graph consists of three rays with common endpoint (1, 7).

−4 −1 1 4 7 10

1

4

7

10

13

Note: This problem is related to a relatively new area of mathematics
called tropical geometry.
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13. Answer (D): The sequence starts 0, 1, 1, 2, 0, 2, 2, 1, 0, 1, 1, 2, . . ..
Notice that the pattern repeats and the period is 8. Thus no matter
which 8 consecutive numbers are added, the answer will be 0 + 1 +
1 + 2 + 0 + 2 + 2 + 1 = 9.

14. Answer (D): LetM be the cost of Roger’s movie ticket, and let S be
the cost of Roger’s soda. ThenM = 0.20(A−S) and S = 0.05(A−M).
Thus 5M + S = A and M + 20S = A. Solving the system for M and
S in terms of A gives M = 19

99A and S = 4
99A. The total cost of the

movie ticket and soda as a fraction of A is 23
99 = 0.2323 . . . ≈ 23%.

15. Answer (C): Half of the time Laurent will pick a number between
2017 and 4034, in which case the probability that his number will
be greater than Chloé’s number is 1. The other half of the time, he
will pick a number between 0 and 2017, and by symmetry his number
will be the larger one in half of those cases. Therefore the requested
probability is 1

2 · 1 + 1
2 · 1

2 = 3
4 .

OR

The choices of numbers can be represented in the coordinate plane by
points in the rectangle with vertices at (0, 0), (2017, 0), (2017, 4034),
and (0, 4034). The portion of the rectangle representing the event that
Laurent’s number is greater than Chloé’s number is the portion above
the line segment with endpoints (0, 0) and (2017, 2017). This area is
3
4 of the area of the entire rectangle, so the requested probability is 3

4 .

16. Answer (B): Horse k will again be at the starting point after t
minutes if and only if k is a divisor of t. Let I(t) be the number of
integers k with 1 ≤ k ≤ 10 that divide t. Then I(1) = 1, I(2) = 2,
I(3) = 2, I(4) = 3, I(5) = 2, I(6) = 4, I(7) = 2, I(8) = 4, I(9) = 3,
I(10) = 4, I(11) = 1, and I(12) = 5. Thus T = 12 and the requested
sum of digits is 1 + 2 = 3.

17. Answer (D): The ratio PQ
RS has its greatest value when PQ is as

large as possible and RS is as small as possible. Points P , Q, R,
and S have coordinates among (±5, 0), (±4,±3), (±4,∓3), (±3,±4),
(±3,∓4), and (0,±5). In order for the distance between two of these
points to be irrational, the two points must not form a diameter,
and they must not have the same x-coordinate or y-coordinate. If
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R = (a, b) and S = (a′, b′), then |a− a′| ≥ 1 and |b− b′| ≥ 1. Because
(3, 4) and (4, 3) achieve this, they are as close as two points can be,√
2 units apart. If P = (a, b) and Q = (a′, b′), then PQ is maximized

when the distance from (a′, b′) to (−a,−b) is minimized. Because
|a+ a′| ≥ 1 and |b+ b′| ≥ 1, the points (3,−4) and (−4, 3) are as far
apart as possible,

√
98 units. Therefore the greatest possible ratio is√

98√
2
=

√
49 = 7.

18. Answer (D): Let x be the probability that Amelia wins. Then
x = 1

3 +
(
1− 1

3

) (
1− 2

5

)
x, because either Amelia wins on the first

toss, or, if she and Blaine both get tails, then the chance of her
winning from that point onward is also x. Solving this equation gives
x = 5

9 . The requested difference is 9− 5 = 4.

OR

The probability that Amelia wins on the first toss is 1
3 , the probability

that Amelia wins on the second toss is 2
3 ·

3
5 ·

1
3 , and so on. Therefore

the probability that Amelia wins is

1

3
+

2

3
· 3
5
· 1
3
+

(
2

3

)2

·
(
3

5

)2

· 1
3
+ · · · = 1

3
·

(
1 +

2

5
+

(
2

5

)2

+ · · ·

)

=
1

3
· 1

1− 2
5

=
5

9
.

OR

Let n ≥ 0 be the greatest integer such that Amelia and Blaine each
toss tails n times in a row. Then the game will end in the next round
of tosses, either because Amelia tosses a head, which will occur with
probability 1

3 , or because Amelia tosses a tail and Blaine tosses a
head, which will occur with probability 2

3 · 2
5 = 4

15 . The probability
that it is Amelia who wins is therefore

1
3

1
3 + 4

15

=
5

9
.

19. Answer (C): Let X be the set of ways to seat the five people in
which Alice sits next to Bob. Let Y be the set of ways to seat the



2017 AMC 10A Solutions 7

five people in which Alice sits next to Carla. Let Z be the set of ways
to seat the five people in which Derek sits next to Eric. The required
answer is 5!− |X ∪ Y ∪ Z|. The Inclusion–Exclusion Principle gives

|X∪Y ∪Z| =
(
|X|+|Y |+|Z|

)
−
(
|X∩Y |+|X∩Z|+|Y ∩Z|

)
+|X∩Y ∩Z|.

Viewing Alice and Bob as a unit in which either can sit on the other’s
left side shows that there are 2 · 4! = 48 elements of X. Similarly
there are 48 elements of Y and 48 elements of Z. Viewing Alice, Bob,
and Carla as a unit with Alice in the middle shows that |X ∩ Y | =
2 · 3! = 12. Viewing Alice and Bob as a unit and Derek and Eric as
a unit shows that |X ∩ Z| = 2 · 2 · 3! = 24. Similarly |Y ∩ Z| = 24.
Finally, there are 2 · 2 · 2! = 8 elements of X ∩ Y ∩ Z. Therefore
|X ∪Y ∪Z| = (48+48+48)− (12+24+24)+8 = 92, and the answer
is 120− 92 = 28.

OR

There are three cases based on where Alice is seated.

• If Alice takes the first or last chair, then Derek or Eric must be
seated next to her, Bob or Carla must then take the middle chair,
and either of the remaining two individuals can be seated in either of
the other two chairs. This gives a total of 24 = 16 arrangements.

• If Alice is seated in the second or fourth chair, then Derek and Eric
will take the seats on her two sides, and this can be done in two ways.
Bob and Carla can be seated in the two remaining chairs in two ways,
which yields a total of 23 = 8 arrangements.

• If Alice sits in the middle chair, then Derek and Eric will be seated
on her two sides, with Bob and Carla seated in the first and last
chairs. This results in 22 = 4 arrangements.

Thus there are 16 + 8 + 4 = 28 possible arrangements in total.

20. Answer (D): Note that S(n + 1) = S(n) + 1 unless the numeral
for n ends with a 9. Moreover, if the numeral for n ends with exactly
k 9s, then S(n + 1) = S(n) + 1 − 9k. Thus the possible values of
S(n + 1) when S(n) = 1274 are all of the form 1275 − 9k, where
k ∈ {0, 1, 2, 3, . . . , 141}. Of the choices, only 1239 can be formed in
this manner, and S(n+ 1) will equal 1239 if, for example, n consists
of 4 consecutive 9s preceded by 1238 1s.

OR
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The value of a positive integer is congruent to the sum of its digits
modulo 9. Therefore n ≡ S(n) = 1274 ≡ 5 (mod 9), so S(n + 1) ≡
n + 1 ≡ 6 (mod 9). Of the given choices, only 1239 meets this re-
quirement.

21. Answer (D): In the first figure �FEB ∼ �DCE, so x
3−x = 4−x

x

and x = 12
7 . In the second figure, the small triangles are similar to

the large one, so the lengths of the portions of the side of length 3 are
as shown. Solving 3

5y+
5
4y = 3 yields y = 60

37 . Thus
x
y = 12

7 · 37
60 = 37

35 .

4− x

3− x

x

x

A

D E

F

C

B

y y

3
5y

5
4y

22. Answer (E): Let O be the center of the circle, and without loss
of generality, assume that radius OB = 1. Because �ABO is a
30 – 60 – 90◦ right triangle, AO = 2 and AB = BC =

√
3. Kite

ABOC has diagonals of lengths 2 and
√
3, so its area is

√
3. Because

∠BOC = 120◦, the area of the sector cut off by ∠BOC is 1
3π. The

area of the portion of �ABC lying outside the circle (shaded in the

figure) is therefore
√
3− 1

3π. The area of�ABC is 1
4

√
3
(√

3
)2

= 3
4

√
3,

so the requested fraction is

√
3− 1

3π
3
4

√
3

=
4

3
− 4

√
3π

27
.
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23. Answer (B): There are
(
25
3

)
= 25·24·23

6 = 2300 ways to choose three

vertices, but in some cases they will fall on a line. There are 5·
(
5
3

)
= 50

that fall on a horizontal line, another 50 that fall on a vertical line,(
5
3

)
+2

(
4
3

)
+2

(
3
3

)
= 20 that fall on a line with slope 1, another 20 that

fall on a line with slope −1, and 3 each that fall on lines with slopes 2,
−2, 1

2 , and − 1
2 . Therefore the answer is 2300−50−50−20−20−12 =

2148.

24. Answer (C): Let q be the additional root of f(x). Then

f(x) = (x− q)(x3 + ax2 + x+ 10)

= x4 + (a− q)x3 + (1− qa)x2 + (10− q)x− 10q.

Thus 100 = 10−q, so q = −90 and c = −10q = 900. Also 1 = a−q =
a + 90, so a = −89. It follows, using the factored form of f shown
above, that f(1) =

(
1−(−90)

)
·(1−89+1+10) = 91·(−77) = −7007.

25. Answer (A): Recall the divisibility test for 11: A three-digit num-
ber a b c is divisible by 11 if and only if a − b + c is divisible by 11.
The smallest and largest three-digit multiples of 11 are, respectively,
110 = 10 ·11 and 990 = 90 ·11, so the number of three-digit multiples
of 11 is 90− 10 + 1 = 81. They may be grouped as follows:

• There are 9 multiples of 11 that have the form a a 0 for 1 ≤ a ≤ 9.
They can each be permuted to form a total of 2 three-digit integers. In
each case a a 0 is a multiple of 11 and a 0 a is not, so these 9 multiples
of 11 give 18 integers with the required property.

• There are 8 multiples of 11 that have the form a b a, namely 121,
242, 363, 484, 616, 737, 858, and 979. They can each be permuted to
form a total of 3 three-digit integers. In each case a b a is a multiple
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of 11, but neither a a b nor b a a is, so these 8 multiples of 11 give 24
integers with the required property.

• If a three-digit multiple of 11 has distinct digits and one digit is 0,
it must have the form a 0 c with a+c = 11. There are 8 such integers,
namely 209, 308, 407, . . . , 902. They can each be permuted to form
a total of 4 three-digit integers, but these 8 multiples of 11 give only
4 distinct sets of permutations, leading to 4 · 4 = 16 integers with the
required property.

• The remaining 81 − (9 + 8 + 8) = 56 three-digit multiples of 11
all have the form a b c, where a, b, and c are distinct nonzero digits.
They can each be permuted to form a total of 6 three-digit integers,
and in each case both a b c and c b a—and only these—are multiples
of 11. Therefore these 56 multiples of 11 give only 28 distinct sets
of permutations, leading to 28 · 6 = 168 integers with the required
property.

The total number of integers with the required property is 18 + 24 +
16 + 168 = 226.

Problems and solutions were contributed by Stephen Adams, Paul Baird-
Smith, Steven Davis, Marta Eso, Silvia Fernandez, Peter Gilchrist, Jerrold
Grossman, Jonathan Kane, Joe Kennedy, Michael Khoury, Steven Miller,
Hugh Montgomery, Yasick Nemenov, Mark Saul, Walter Stromquist, Roger
Waggoner, Dave Wells, and Carl Yerger.
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1. Mary thought of a positive two-digit number. She multiplied it by 3
and added 11. Then she switched the digits of the result, obtaining
a number between 71 and 75, inclusive. What was Mary’s number?

(A) 11 (B) 12 (C) 13 (D) 14 (E) 15

2. Sofia ran 5 laps around the 400-meter track at her school. For each
lap, she ran the first 100 meters at an average speed of 4 meters per
second and the remaining 300 meters at an average speed of 5 meters
per second. How much time did Sofia take running the 5 laps?

(A) 5 minutes and 35 seconds (B) 6 minutes and 40 seconds

(C) 7 minutes and 5 seconds (D) 7 minutes and 25 seconds

(E) 8 minutes and 10 seconds

3. Real numbers x, y, and z satisfy the inequalities

0 < x < 1, −1 < y < 0, and 1 < z < 2.

Which of the following numbers is necessarily positive?

(A) y + x2 (B) y + xz (C) y + y2 (D) y + 2y2

(E) y + z

4. Suppose that x and y are nonzero real numbers such that

3x+ y

x− 3y
= −2.

What is the value of
x+ 3y

3x− y
?

(A) −3 (B) −1 (C) 1 (D) 2 (E) 3

5. Camilla had twice as many blueberry jelly beans as cherry jelly beans.
After eating 10 pieces of each kind, she now has three times as many
blueberry jelly beans as cherry jelly beans. How many blueberry jelly
beans did she originally have?

(A) 10 (B) 20 (C) 30 (D) 40 (E) 50
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6. What is the largest number of solid 2-in× 2-in× 1-in blocks that can
fit in a 3-in× 2-in× 3-in box?

(A) 3 (B) 4 (C) 5 (D) 6 (E) 7

7. Samia set off on her bicycle to visit her friend, traveling at an average
speed of 17 kilometers per hour. When she had gone half the distance
to her friend’s house, a tire went flat, and she walked the rest of the
way at 5 kilometers per hour. In all it took her 44 minutes to reach
her friend’s house. In kilometers rounded to the nearest tenth, how
far did Samia walk?

(A) 2.0 (B) 2.2 (C) 2.8 (D) 3.4 (E) 4.4

8. Points A(11, 9) and B(2,−3) are vertices of �ABC with AB = AC.
The altitude from A meets the opposite side at D(−1, 3). What are
the coordinates of point C ?

(A) (−8, 9) (B) (−4, 8) (C) (−4, 9) (D) (−2, 3)

(E) (−1, 0)

9. A radio program has a quiz consisting of 3 multiple-choice questions,
each with 3 choices. A contestant wins if he or she gets 2 or more
of the questions right. The contestant answers randomly to each
question. What is the probability of winning?

(A)
1

27
(B)

1

9
(C)

2

9
(D)

7

27
(E)

1

2

10. The lines with equations ax − 2y = c and 2x + by = −c are perpen-
dicular and intersect at (1,−5). What is c ?

(A) −13 (B) −8 (C) 2 (D) 8 (E) 13

11. At Typico High School, 60% of the students like dancing, and the
rest dislike it. Of those who like dancing, 80% say that they like it,
and the rest say that they dislike it. Of those who dislike dancing,
90% say that they dislike it, and the rest say that they like it. What
fraction of students who say they dislike dancing actually like it?

(A) 10% (B) 12% (C) 20% (D) 25% (E) 33 1
3%
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23. Let N = 123456789101112 . . . 4344 be the 79-digit number that is
formed by writing the integers from 1 to 44 in order, one after the
other. What is the remainder when N is divided by 45 ?

(A) 1 (B) 4 (C) 9 (D) 18 (E) 44

24. The vertices of an equilateral triangle lie on the hyperbola xy = 1,
and a vertex of this hyperbola is the centroid of the triangle. What
is the square of the area of the triangle?

(A) 48 (B) 60 (C) 108 (D) 120 (E) 169

25. Last year Isabella took 7 math tests and received 7 different scores,
each an integer between 91 and 100, inclusive. After each test she
noticed that the average of her test scores was an integer. Her score
on the seventh test was 95. What was her score on the sixth test?

(A) 92 (B) 94 (C) 96 (D) 98 (E) 100
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12. Elmer’s new car gets 50% better fuel efficiency, measured in kilometers
per liter, than his old car. However, his new car uses diesel fuel, which
is 20% more expensive per liter than the gasoline his old car uses. By
what percent will Elmer save money if he uses his new car instead of
his old car for a long trip?

(A) 20% (B) 262
3% (C) 27 7

9% (D) 33 1
3% (E) 41 2

3%

13. There are 20 students participating in an after-school program offering
classes in yoga, bridge, and painting. Each student must take at least
one of these three classes, but may take two or all three. There are 10
students taking yoga, 13 taking bridge, and 9 taking painting. There
are 9 students taking at least two classes. How many students are
taking all three classes?

(A) 1 (B) 2 (C) 3 (D) 4 (E) 5

14. An integer N is selected at random in the range 1 ≤ N ≤ 2020. What
is the probability that the remainder when N16 is divided by 5 is 1 ?

(A)
1

5
(B)

2

5
(C)

3

5
(D)

4

5
(E) 1

15. Rectangle ABCD has AB = 3 and BC = 4. Point E is the foot of the
perpendicular from B to diagonal AC. What is the area of �ADE ?

(A) 1 (B)
42

25
(C)

28

15
(D) 2 (E)

54

25

16. How many of the base-ten numerals for the positive integers less than
or equal to 2017 contain the digit 0 ?

(A) 469 (B) 471 (C) 475 (D) 478 (E) 481

17. Call a positive integer monotonous if it is a one-digit number or its
digits, when read from left to right, form either a strictly increasing or
a strictly decreasing sequence. For example, 3, 23578, and 987620 are
monotonous, but 88, 7434, and 23557 are not. How many monotonous
positive integers are there?

(A) 1024 (B) 1524 (C) 1533 (D) 1536 (E) 2048
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18. In the figure below, 3 of the 6 disks are to be painted blue, 2 are
to be painted red, and 1 is to be painted green. Two paintings that
can be obtained from one another by a rotation or a reflection of the
entire figure are considered the same. How many different paintings
are possible?

(A) 6 (B) 8 (C) 9 (D) 12 (E) 15

19. Let ABC be an equilateral triangle. Extend side AB beyond B to
a point B′ so that BB′ = 3AB. Similarly, extend side BC beyond
C to a point C ′ so that CC ′ = 3BC, and extend side CA beyond A
to a point A′ so that AA′ = 3CA. What is the ratio of the area of
�A′B′C ′ to the area of �ABC ?

(A) 9 : 1 (B) 16 : 1 (C) 25 : 1 (D) 36 : 1 (E) 37 : 1

20. The number 21! = 51,090,942,171,709,440,000 has over 60,000 posi-
tive integer divisors. One of them is chosen at random. What is the
probability that it is odd?

(A)
1

21
(B)

1

19
(C)

1

18
(D)

1

2
(E)

11

21

21. In �ABC, AB = 6, AC = 8, BC = 10, and D is the midpoint of
BC. What is the sum of the radii of the circles inscribed in �ADB
and �ADC ?

(A)
√
5 (B)

11

4
(C) 2

√
2 (D)

17

6
(E) 3

22. The diameter AB of a circle of radius 2 is extended to a point D
outside the circle so that BD = 3. Point E is chosen so that ED = 5
and line ED is perpendicular to line AD. Segment AE intersects the
circle at a point C between A and E. What is the area of �ABC ?

(A)
120

37
(B)

140

39
(C)

145

39
(D)

140

37
(E)

120

31
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1. Answer (B): Working backwards, switching the digits of the num-
bers 71, 72, 73, 74, and 75 and subtracting 11 gives, respectively,
6, 16, 26, 36, and 46. Only 6 and 36 are divisible by 3, and only
36÷ 3 = 12 is a two-digit number.

2. Answer (C): Each lap took Sofia 100 m
4 m/s +

300 m
5 m/s = 85 seconds, so 5

laps took her 5 · 85 = 425 seconds, which is 7 minutes and 5 seconds.

3. Answer (E): Adding the inequalities y > −1 and z > 1 yields
y+ z > 0. The other four choices give negative values if, for example,
x = 1

8 , y = − 1
4 , and z = 3

2 .

4. Answer (D): The given equation implies that 3x+y = −2(x−3y),
which is equivalent to x = y. Therefore

x+ 3y

3x− y
=

4y

2y
= 2.

5. Answer (D): Suppose Camilla originally had b blueberry jelly beans
and c cherry jelly beans. After eating 10 pieces of each kind, she now
has b − 10 blueberry jelly beans and c − 10 cherry jelly beans. The
conditions of the problem are equivalent to the equations b = 2c and
b− 10 = 3(c− 10). Then 2c− 10 = 3c− 30, which means that c = 20
and b = 2 · 20 = 40.

6. Answer (B): A possible arrangement of 4 blocks is shown by the
figure.
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Four blocks do not completely fill the box because the combined vol-
ume of the blocks is only 4(2 · 2 · 1) = 16 cubic inches, whereas the
volume of the box is 3 · 2 · 3 = 18 cubic inches. Because the unused
space, 18− 16 = 2 cubic inches, is less than the volume of a block, 4
cubic inches, no more than 4 blocks can fit in the box.

7. Answer (C): Let 2d be the distance in kilometers to the friend’s
house. Then Samia bicycled distance d at rate 17 and walked distance
d at rate 5, for a total time of

d

17
+

d

5
=

44

60

hours. Solving this equation yields d = 17
6 = 2.833 . . .. Therefore

Samia walked about 2.8 kilometers.

8. Answer (C): The altitude AD lies on a line of symmetry for the
isosceles triangle. Under reflection about this line, B will be sent
to C. Because B is obtained from D by adding 3 to the x-coordinate
and subtracting 6 from the y-coordinate, C is obtained from D by
subtracting 3 from the x-coordinate and adding 6 to the y-coordinate.
Thus the third vertex C has coordinates (−1− 3, 3 + 6) = (−4, 9).

OR

To find the coordinates of C(x, y), note that D is the midpoint of
BC. Therefore

x+ 2

2
= −1 and

y − 3

2
= 3.

Solving these equations gives x = −4 and y = 9, so C = (−4, 9).

9. Answer (D): The probability of getting all 3 questions right is(
1
3

)3
= 1

27 . Because there are 3 ways to get 2 of the questions right and

1 wrong, the probability of getting exactly 2 right is 3
(
1
3

)2 ( 2
3

)
= 6

27 .
Therefore the probability of winning is 1

27 + 6
27 = 7

27 .

10. Answer (E): Because the lines are perpendicular, their slopes,
a
2 and − 2

b , are negative reciprocals, so a = b. Substituting b for
a and using the point (1,−5) yields the equations b + 10 = c and
2− 5b = −c. Adding the two equations yields 12− 4b = 0, so b = 3.
Thus c = 3 + 10 = 13.
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11. Answer (D): The students who like dancing but say they dislike
it constitute 60% · (100% − 80%) = 12% of the students. Similarly,
the students who dislike dancing and say they dislike it constitute
(100%− 60%) · 90% = 36% of the students. Therefore the requested
fraction is 12

12+36 = 1
4 = 25%.

12. Answer (A): For Elmer’s old car, let M be the fuel efficiency in
kilometers per liter, and let C be the cost of fuel in dollars per liter.
Then for his new car, the fuel efficiency is 1.5M , and the cost of fuel
is 1.2C. The cost in dollars per kilometer for the old car is C

M , and

for the new car it is 1.2C
1.5M = 0.8 C

M . Therefore, fuel for the long trip
will cost 20% less in Elmer’s new car.

13. Answer (C): Let x, y, and z be the number of people taking
exactly one, two, and three classes, respectively. The condition that
each student in the program takes at least one class is equivalent to
the equation x+ y+ z = 20. The condition that there are 9 students
taking at least two classes is equivalent to the equation y + z = 9.
The sum 10 + 13 + 9 = 32 counts once the students taking one class,
twice the students taking two classes, and three times the students
taking three classes. Then x + 2y + 3z = 32, which is equivalent to
z = 32− (x+ y + z)− (y + z) = 32− 20− 9 = 3.

OR

Let Y , B, and P be the sets of students taking yoga, bridge, and
painting, respectively. By the Inclusion–Exclusion Principle,

|Y ∪B∪P | = |Y |+|B|+|P |−(|Y ∩B|+|Y ∩P |+|B∩P |)+|Y ∩B∩P |.

Furthermore, |Y ∩B|+ |Y ∩P |+ |B ∩P | = 9+2|Y ∩B ∩P |, because
in tabulating the students taking at least two classes by considering
the pairs of classes one by one, the students taking all three classes
are counted three times rather than just once. Thus

20 = 10+13+9− (9+2|Y ∩B∩P |)+ |Y ∩B∩P | = 23−|Y ∩B∩P |,

so the number of students taking all three classes is |Y ∩B ∩ P | = 3.

14. Answer (D): An integer will have a remainder of 1 when divided by
5 if and only if the units digit is either 1 or 6. The randomly selected
positive integer will itself have a units digit of each of the numbers
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from 0 through 9 with equal probability. This digit of N alone will
determine the units digit of N16. Computing the 16th power of each
of these 10 digits by squaring the units digit four times yields one 0,
one 5, four 1s, and four 6s. The probability is therefore 8

10 = 4
5 .

Note: This result also follows from Fermat’s Little Theorem.

15. Answer (E): Triangles ADE and ABE have the same area because
they share the base AE and, by symmetry, they have the same height.
By the Pythagorean Theorem, AC = 5. Because �ABE ∼ �ACB,
the ratio of their areas is the square of the ratio of their corresponding
sides. Their hypotenuses have lengths 3 and 5, respectively, so their
areas are in the ratio 9 to 25. The area of �ACB is half that of
the rectangle, so the area of �ABE is 9

25 · 6 = 54
25 . Thus the area of

�ADE is also 54
25 .

B

A

C

D

E

16. Answer (A): It will be easier to count the complementary set.
There are 9 one-digit numerals that do not contain the digit 0, 9 ·9 =
81 two-digit numerals that do not contain the digit 0, 9 · 9 · 9 = 729
three-digit numerals that do not contain the digit 0, and 1 · 9 · 9 · 9 =
729 four-digit numerals starting with 1 that do not contain the digit
0, a total of 1548. All four-digit numerals between 2000 and 2017,
inclusive, contain the digit 0. Therefore 2017− 1548 = 469 numerals
in the required range do contain the digit 0.

17. Answer (B): The monotonous positive integers with one digit or
increasing digits can be put into a one-to-one correspondence with
the nonempty subsets of {1, 2, 3, 4, 5, 6, 7, 8, 9}. The number of such
subsets is 29 − 1 = 511. The monotonous positive integers with one
digit or decreasing digits can be put into a one-to-one correspondence
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with the subsets of {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} other than ∅ and {0}. The
number of these is 210 − 2 = 1022. The single-digit numbers are
included in both sets, so there are 511+1022−9 = 1524 monotonous
positive integers.

18. Answer (D): By symmetry, there are just two cases for the position
of the green disk: corner or non-corner. If a corner disk is painted
green, then there is 1 case in which both red disks are adjacent to the
green disk, there are 2 cases in which neither red disk is adjacent to
the green disk, and there are 3 cases in which exactly one of the red
disks is adjacent to the green disk. Similarly, if a non-corner disk is
painted green, then there is 1 case in which neither red disk is in a
corner, there are 2 cases in which both red disks are in a corner, and
there are 3 cases in which exactly one of the red disks is in a corner.
The total number of paintings is 1 + 2 + 3 + 1 + 2 + 3 = 12.

G R G R G R R G G G R
R R R R R

R R

R R R R R R R
R R R R R
G G G G G G

19. Answer (E): Draw segments CB′, AC ′, and BA′. Let X be the
area of �ABC. Because �BB′C has a base 3 times as long and
the same altitude, its area is 3X. Similarly, the areas of �AA′B and
�CC ′A are also 3X. Furthermore, �AA′C ′ has 3 times the base and
the same height as �ACC ′, so its area is 9X. The areas of �CC ′B′

and �BB′A′ are also 9X by the same reasoning. Therefore the area
of �A′B′C ′ is X + 3(3X) + 3(9X) = 37X, and the requested ratio
is 37 : 1. Note that nothing in this argument requires �ABC to be
equilateral.
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A B

C

A′

B′

C ′

X 3X

3X

3X

9X

9X

9X

20. Answer (B): There are
⌊
21
2

⌋
+
⌊
21
4

⌋
+
⌊
21
8

⌋
+
⌊
21
16

⌋
= 10+5+2+1 = 18

powers of 2 in the prime factorization of 21!. Thus 21! = 218k, where
k is odd. A divisor of 21! must be of the form 2ib where 0 ≤ i ≤ 18
and b is a divisor of k. For each choice of b, there is one odd divisor of
21! and 18 even divisors. Therefore the probability that a randomly
chosen divisor is odd is 1

19 . In fact, 21! = 218 ·39 ·54 ·73 ·11 ·13 ·17 ·19,
so it has 19 · 10 · 5 · 4 · 2 · 2 · 2 · 2 = 60,800 positive integer divisors, of
which 10 · 5 · 4 · 2 · 2 · 2 · 2 = 3,200 are odd.

21. Answer (D): By the converse of the Pythagorean Theorem, ∠BAC
is a right angle, so BD = CD = AD = 5, and the area of each of the
small triangles is 12 (half the area of �ABC). The area of �ABD
is equal to its semiperimeter, 1

2 · (5 + 5 + 6) = 8, multiplied by the
radius of the inscribed circle, so the radius is 12

8 = 3
2 . Similarly, the

radius of the inscribed circle of �ACD is 4
3 . The requested sum is

3
2 + 4

3 = 17
6 .
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5

D

C

BA

8

6

5

5

22. Answer (D): Because ∠ACB is inscribed in a semicircle, it is a
right angle. Therefore �ABC is similar to �AED, so their areas
are related as AB2 is to AE2. Because AB2 = 42 = 16 and, by the
Pythagorean Theorem,

AE2 = (4 + 3)2 + 52 = 74,

this ratio is 16
74 = 8

37 . The area of �AED is 35
2 , so the area of �ABC

is 35
2 · 8

37 = 140
37 .

A B

C

D

E

2 2 3

5
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23. Answer (C): The remainder when N is divided by 5 is clearly 4.
A positive integer is divisible by 9 if and only if the sum of its digits
is divisible by 9. The sum of the digits of N is 4(0+1+2+ · · ·+9)+
10 ·1+10 ·2+10 ·3+(4+0)+(4+1)+(4+2)+(4+3)+(4+4) = 270,
so N must be a multiple of 9. Then N − 9 must also be a multiple of
9, and the last digit of N − 9 is 5, so it is also a multiple of 5. Thus
N −9 is a multiple of 45, and N leaves a remainder of 9 when divided
by 45.

24. Answer (C): Assume without loss of generality that two of the
vertices of the triangle are on the branch of the hyperbola in the
first quadrant. This forces the centroid of the triangle to be the
vertex (1, 1) of the hyperbola. Because the vertices of the triangle
are equidistant from the centroid, the first-quadrant vertices must be(
a, 1

a

)
and

(
1
a , a

)
for some positive number a. By symmetry, the third

vertex must be (−1,−1). The distance between the vertex (−1,−1)
and the centroid (1, 1) is 2

√
2, so the altitude of the triangle must

be 3
2 · 2

√
2 = 3

√
2, which makes the side length of the triangle s =

2√
3
· 3

√
2 = 2

√
6. The required area is

√
3
4 s2 = 6

√
3. The requested

value is (6
√
3)2 = 108. In fact, the vertices of the equilateral triangle

are (−1,−1), (2 +
√
3, 2−

√
3), and (2−

√
3, 2 +

√
3).

25. Answer (E): Let S be the sum of Isabella’s 7 scores. Then S is a
multiple of 7, and

658 = 91 + 92 + 93 + · · ·+ 97 ≤ S ≤ 94 + 95 + 96 + · · ·+ 100 = 679,

so S is one of 658, 665, 672, or 679. Because S−95 is a multiple of 6,
it follows that S = 665. Thus the sum of Isabella’s first 6 scores was
665 − 95 = 570, which is a multiple of 5, and the sum of her first 5
scores was also a multiple of 5. Therefore her sixth score must have
been a multiple of 5. Because her seventh score was 95 and her scores
were all different, her sixth score was 100. One possible sequence of
scores is 91, 93, 92, 96, 98, 100, 95.

Problems and solutions were contributed by Stephen Adams, Thomas Butts,
Steven Davis, Steven Dunbar, Marta Eso, Silvia Fernandez, Zachary Franco,
Jesse Freeman, Devin Gardella, Peter Gilchrist, Jerrold Grossman, Jonathan
Kane, Joe Kennedy, Michael Khoury, Pamela Mishkin, Hugh Montgomery,
Mark Saul, Roger Waggoner, Dave Wells, and Carl Yerger.
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1. What is the value of((
(2 + 1)

−1
+ 1
)−1

+ 1

)−1

+ 1 ?

(A)
5

8
(B)

11

7
(C)

8

5
(D)

18

11
(E)

15

8

2. Liliane has 50% more soda than Jacqueline, and Alice has 25% more
soda than Jacqueline. What is the relationship between the amounts
of soda that Liliane and Alice have?

(A) Liliane has 20% more soda than Alice.

(B) Liliane has 25% more soda than Alice.

(C) Liliane has 45% more soda than Alice.

(D) Liliane has 75% more soda than Alice.

(E) Liliane has 100% more soda than Alice.

3. A unit of blood expires after 10! = 10·9·8 · · · 1 seconds. Yasin donates
a unit of blood at noon on January 1. On what day does his unit of
blood expire?

(A) January 2 (B) January 12 (C) January 22

(D) February 11 (E) February 12

4. How many ways can a student schedule 3 mathematics courses—
algebra, geometry, and number theory—in a 6-period day if no two
mathematics courses can be taken in consecutive periods? (What
courses the student takes during the other 3 periods is of no concern
here.)

(A) 3 (B) 6 (C) 12 (D) 18 (E) 24

5. Alice, Bob, and Charlie were on a hike and were wondering how far
away the nearest town was. When Alice said, “We are at least 6
miles away,” Bob replied, “We are at most 5 miles away.” Charlie
then remarked, “Actually the nearest town is at most 4 miles away.”
It turned out that none of the three statements was true. Let d be
the distance in miles to the nearest town. Which of the following
intervals is the set of all possible values of d ?

(A) (0, 4) (B) (4, 5) (C) (4, 6) (D) (5, 6) (E) (5,∞)
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6. Sangho uploaded a video to a website where viewers can vote that
they like or dislike a video. Each video begins with a score of 0, and
the score increases by 1 for each like vote and decreases by 1 for each
dislike vote. At one point Sangho saw that his video had a score of
90, and that 65% of the votes cast on his video were like votes. How
many votes had been cast on Sangho’s video at that point?

(A) 200 (B) 300 (C) 400 (D) 500 (E) 600

7. For how many (not necessarily positive) integer values of n is the
value of 4000 ·

(
2
5

)n
an integer?

(A) 3 (B) 4 (C) 6 (D) 8 (E) 9

8. Joe has a collection of 23 coins, consisting of 5-cent coins, 10-cent
coins, and 25-cent coins. He has 3 more 10-cent coins than 5-cent
coins, and the total value of his collection is 320 cents. How many
more 25-cent coins does Joe have than 5-cent coins?

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

9. All of the triangles in the diagram below are similar to isosceles tri-
angle ABC, in which AB = AC. Each of the 7 smallest triangles
has area 1, and 4ABC has area 40. What is the area of trapezoid
DBCE ?

B C

A

D E

(A) 16 (B) 18 (C) 20 (D) 22 (E) 24

10. Suppose that real number x satisfies√
49− x2 −

√
25− x2 = 3.

What is the value of
√

49− x2 +
√

25− x2 ?

(A) 8 (B)
√

33 + 3 (C) 9 (D) 2
√

10 + 4 (E) 12
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11. When 7 fair standard 6-sided dice are thrown, the probability that
the sum of the numbers on the top faces is 10 can be written as

n

67
,

where n is a positive integer. What is n ?

(A) 42 (B) 49 (C) 56 (D) 63 (E) 84

12. How many ordered pairs of real numbers (x, y) satisfy the following
system of equations?

x + 3y = 3∣∣ |x| − |y| ∣∣ = 1

(A) 1 (B) 2 (C) 3 (D) 4 (E) 8

13. A paper triangle with sides of lengths 3, 4, and 5 inches, as shown, is
folded so that point A falls on point B. What is the length in inches
of the crease?

A C

B

5

4

3

(A) 1 +
1

2

√
2 (B)

√
3 (C)

7

4
(D)

15

8
(E) 2

14. What is the greatest integer less than or equal to

3100 + 2100

396 + 296
?

(A) 80 (B) 81 (C) 96 (D) 97 (E) 625
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15. Two circles of radius 5 are externally tangent to each other and are
internally tangent to a circle of radius 13 at points A and B, as shown
in the diagram. The distance AB can be written in the form m

n , where
m and n are relatively prime positive integers. What is m + n ?

BA

(A) 21 (B) 29 (C) 58 (D) 69 (E) 93

16. Right triangle ABC has leg lengths AB = 20 and BC = 21. Including
AB and BC, how many line segments with integer length can be
drawn from vertex B to a point on hypotenuse AC ?

(A) 5 (B) 8 (C) 12 (D) 13 (E) 15

17. Let S be a set of 6 integers taken from {1, 2, . . . , 12} with the property
that if a and b are elements of S with a < b, then b is not a multiple
of a. What is the least possible value of an element of S ?

(A) 2 (B) 3 (C) 4 (D) 5 (E) 7

18. How many nonnegative integers can be written in the form

a7 · 37 + a6 · 36 + a5 · 35 + a4 · 34 + a3 · 33 + a2 · 32 + a1 · 31 + a0 · 30,

where ai ∈ {−1, 0, 1} for 0 ≤ i ≤ 7 ?

(A) 512 (B) 729 (C) 1094 (D) 3281 (E) 59,048

19. A number m is randomly selected from the set {11, 13, 15, 17, 19}, and
a number n is randomly selected from {1999, 2000, 2001, . . . , 2018}.
What is the probability that mn has a units digit of 1 ?

(A)
1

5
(B)

1

4
(C)

3

10
(D)

7

20
(E)

2

5
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20. A scanning code consists of a 7 × 7 grid of squares, with some of its
squares colored black and the rest colored white. There must be at
least one square of each color in this grid of 49 squares. A scanning
code is called symmetric if its look does not change when the entire
square is rotated by a multiple of 90◦ counterclockwise around its
center, nor when it is reflected across a line joining opposite corners
or a line joining midpoints of opposite sides. What is the total number
of possible symmetric scanning codes?

(A) 510 (B) 1022 (C) 8190 (D) 8192 (E) 65,534

21. Which of the following describes the set of values of a for which the
curves x2 + y2 = a2 and y = x2 − a in the real xy-plane intersect at
exactly 3 points?

(A) a =
1

4
(B)

1

4
< a <

1

2
(C) a >

1

4
(D) a =

1

2

(E) a >
1

2

22. Let a, b, c, and d be positive integers such that gcd(a, b) = 24,
gcd(b, c) = 36, gcd(c, d) = 54, and 70 < gcd(d, a) < 100. Which
of the following must be a divisor of a ?

(A) 5 (B) 7 (C) 11 (D) 13 (E) 17

23. Farmer Pythagoras has a field in the shape of a right triangle. The
right triangle’s legs have lengths of 3 and 4 units. In the corner where
those sides meet at a right angle, he leaves a small unplanted square
S so that from the air it looks like the right angle symbol. The rest of
the field is planted. The shortest distance from S to the hypotenuse
is 2 units. What fraction of the field is planted?

S 4

3

2

(A)
25

27
(B)

26

27
(C)

73

75
(D)

145

147
(E)

74

75
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24. Triangle ABC with AB = 50 and AC = 10 has area 120. Let D be
the midpoint of AB, and let E be the midpoint of AC. The angle
bisector of ∠BAC intersects DE and BC at F and G, respectively.
What is the area of quadrilateral FDBG ?

(A) 60 (B) 65 (C) 70 (D) 75 (E) 80

25. For a positive integer n and nonzero digits a, b, and c, let An be the
n-digit integer each of whose digits is equal to a; let Bn be the n-digit
integer each of whose digits is equal to b; and let Cn be the 2n-digit
(not n-digit) integer each of whose digits is equal to c. What is the
greatest possible value of a + b + c for which there are at least two
values of n such that Cn −Bn = A2

n ?

(A) 12 (B) 14 (C) 16 (D) 18 (E) 20
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1. Answer (B): Computing inside to outside yields:

((
(2 + 1)

−1
+ 1
)−1

+ 1

)−1

+ 1 =

((
4

3

)−1

+ 1

)−1

+ 1

=

(
7

4

)−1

+ 1

=
11

7
.

Note: The successive denominators and numerators of numbers ob-
tained from this pattern are the Lucas numbers.

2. Answer (A): Let L, J , and A be the amounts of soda that Liliane,
Jacqueline, and Alice have, respectively. The given information im-
plies that L = 1.50J = 3

2J and A = 1.25J = 5
4J , and hence J = 4

5A.
Then

L =
3

2
· 4

5
A =

6

5
A = 1.20A,

so Liliane has 20% more soda than Alice.

3. Answer (E): Converting 10! seconds to days gives

10!

60 · 60 · 24
=

10 · 9 · 8 · 7 · 6 · 120

60 · 120 · 12
=

9 · 8 · 7
12

= 42.

Because 30 days after January 1 is January 31, 42 days after January 1
is February 12.

4. Answer (E): There are 4 choices for the periods in which the
mathematics courses can be taken: periods 1, 3, 5; periods 1, 3, 6;
periods 1, 4, 6; and periods 2, 4, 6. Each choice of periods allows
3! = 6 ways to order the 3 mathematics courses. Therefore there are
4 · 6 = 24 ways of arranging a schedule.

5. Answer (D): Because the statements of Alice, Bob, and Charlie
are all incorrect, the actual distance d satisfies d < 6, d > 5, and
d > 4. Hence the actual distance lies in the interval (5, 6).
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6. Answer (B): Let N be the number of votes cast. Then 0.65N
of them were like votes, and 0.35N of them were dislike votes. The
current score for Sangho’s video is then 0.65N − 0.35N = 0.3N = 90.
Thus N = 90÷ (0.3) = 300.

7. Answer (E): Because 4000 = 25 · 53,

4000 ·
(

2

5

)n

= 25+n · 53−n.

This product will be an integer if and only if both of the factors 25+n

and 53−n are integers, which happens if and only if both exponents
are nonnegative. Therefore the given expression is an integer if and
only if 5+n ≥ 0 and 3−n ≥ 0. The solutions are exactly the integers
satisfying −5 ≤ n ≤ 3. There are 3− (−5) + 1 = 9 such values.

8. Answer (C): Let n be the number of 5-cent coins Joe has, and let
x be the requested value—the number of 25-cent coins Joe has minus
the number of 5-cent coins he has. Then Joe has (n + 3) 10-cent
coins and (n + x) 25-cent coins. The given information leads to the
equations

n + (n + 3) + (n + x) = 23

5n + 10(n + 3) + 25(n + x) = 320.

These equations simplify to 3n + x = 20 and 8n + 5x = 58. Solving
these equations simultaneously yields n = 6 and x = 2. Joe has 2
more 25-cent coins than 5-cent coins. Indeed, Joe has 6 5-cent coins,
9 10-cent coins, and 8 25-cent coins.

9. Answer (E): The length of the base DE of 4ADE is 4 times
the length of the base of a small triangle, so the area of 4ADE is
42 ·1 = 16. Therefore the area of DBCE is the area of 4ABC minus
the area of 4ADE, which is 40− 16 = 24.

10. Answer (A): Let

a =
√

49− x2 −
√

25− x2 and b =
√

49− x2 +
√

25− x2.

Then ab = (49− x2)− (25− x2) = 24, so b = 24
a = 24

3 = 8.

OR
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The given equation can be solved directly. Adding
√

25− x2 to both
sides of the equation and squaring leads to 15 = 6

√
25− x2. Solving

for x2 gives x2 = 75
4 . Substituting this value into

√
49− x2+

√
25− x2

gives the value 8.

11. Answer (E): The only ways to achieve a sum of 10 by adding 7
unordered integers between 1 and 6 inclusive are (i) six 1s and one 4;
(ii) five 1s, one 2, and one 3; or (iii) four 1s and three 2s. The number
of ways to order the outcomes among the 7 dice are 7 in case (i),
7 · 6 = 42 in case (ii), and

(
7
3

)
= 35 in case (iii). There are 67 possible

outcomes. Therefore n = 7 + 42 + 35 = 84.

OR

The number of ways to achieve a sum of 10 by adding 7 ordered
integers between 1 and 6, inclusive, is the same as the number of
ways to insert 6 bars in the spaces between stars in a row of 10
stars (with no more than one bar per space). For example, the sum
1 + 1 + 2 + 1 + 3 + 1 + 1 corresponds to ∗| ∗ | ∗ ∗| ∗ | ∗ ∗ ∗ | ∗ |∗. The
number of ways of inserting 6 bars in the 9 spaces in a row of 10 stars
is
(
9
6

)
= 84. (This approach is referred to as “stars and bars”.)

12. Answer (C): The graph of the system is shown below.

–4 –2 2 4

–4

–2

2

4

The graph of the first equation is a line with x-intercept (3, 0) and
y-intercept (0, 1). To draw the graph of the second equation, consider
the equation quadrant by quadrant. In the first quadrant x > 0 and
y > 0, and thus the second equation is equivalent to |x−y| = 1, which
in turn is equivalent to y = x± 1. Its graph consists of the rays with
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endpoints (0, 1) and (1, 0), as shown. In the second quadrant x < 0
and y > 0. The corresponding graph is the reflection of the first quad-
rant graph across the y-axis. The rest of the graph can be sketched by
further reflections of the first-quadrant graph across the coordinate
axes, resulting in the figure shown. There are 3 intersection points:
(−3, 2), (0, 1), and

(
3
2 ,

1
2

)
, as shown.

OR

The second equation implies that x = y± 1 or x = −y± 1. There are
four cases:

• If x = y + 1, then (y + 1) + 3y = 3, so (x, y) =
(
3
2 ,

1
2

)
.

• If x = y − 1, then (y − 1) + 3y = 3, so (x, y) = (0, 1).

• If x = −y + 1, then (−y + 1) + 3y = 3, so again (x, y) = (0, 1).

• If x = −y − 1, then (−y − 1) + 3y = 3, so (x, y) = (−3, 2).

It may be checked that each of these ordered pairs actually satisfies
the given equations, so the total number of solutions is 3.

13. Answer (D): The paper’s long edge AB is the hypotenuse of right
triangle ACB, and the crease lies along the perpendicular bisector
of AB. Because AC > BC, the crease hits AC rather than BC. Let
D be the midpoint of AB, and let E be the intersection of AC and the
line through D perpendicular to AB. Then the crease in the paper
is DE. Because 4ADE ∼ 4ACB, it follows that DE

AD = CB
AC = 3

4 .
Thus

DE = AD · CB

AC
=

5

2
· 3

4
=

15

8
.

A C
E

B

5

D

4

3

14. Answer (A): Because the powers-of-3 terms greatly dominate the
powers-of-2 terms, the given fraction should be close to

3100

396
= 34 = 81.
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Note that(
3100 + 2100

)
− 81

(
396 + 296

)
= 2100 − 81 · 296 = (16− 81) · 296 < 0,

so the given fraction is less than 81. On the other hand(
3100 + 2100

)
−80

(
396 + 296

)
= 396(81−80)−296(80−16) = 396−2102.

Because 32 > 23,

396 =
(
32
)48

>
(
23
)48

= 2144 > 2102,

it follows that (
3100 + 2100

)
− 80

(
396 + 296

)
> 0,

and the given fraction is greater than 80. Therefore the greatest
integer less than or equal to the given fraction is 80.

15. Answer (D): Let C be the center of the larger circle, and let D
and E be the centers of the two smaller circles, as shown. Points
C, D, and A are collinear because the radii are perpendicular to the
common tangent at the point of tangency, and so are C, E, and B.
These points form two isosceles triangles that share a vertex angle.
Thus 4CAB ∼ 4CDE, and therefore AB

DE = CA
CD , so

AB =
DE · CA

CD
=

(5 + 5) · 13

13− 5
=

65

4
,

and the requested sum is 65 + 4 = 69.

BA

C

D E
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16. Answer (D): The area of 4ABC is 210. Let D be the foot of
the altitude from B to AC. By the Pythagorean Theorem, AC =√

202 + 212 = 29, so 210 = 1
2 ·29·BD, and BD = 14 14

29 . Two segments

of every length from 15 through 19 can be constructed from B to AC.
In addition to these 10 segments and the 2 legs, there is a segment of
length 20 from B to a point on AC near C, for a total of 13 segments
with integer length.

A B

C

20

21D

17. Answer (C): If 1 ∈ S, then S can have only 1 element, not 6
elements. If 2 is the least element of S, then 2, 3, 5, 7, 9, and 11 are
available to be in S, but 3 and 9 cannot both be in S, so the largest
possible size of S is 5. If 3 is the least element, then 3, 4, 5, 7, 8, 10,
and 11 are available, but at most one of 4 and 8 can be in S and at
most one of 5 and 10 can be in S, so again S has size at most 5. The
set S = {4, 6, 7, 9, 10, 11} has the required property, so 4 is the least
possible element of S.

OR

At most one integer can be selected for S from each of the following
6 groups: {1, 2, 4, 8}, {3, 6, 12}, {5, 10}, {7}, {9}, and {11}. Because
S consists of 6 distinct integers, exactly one integer must be selected
from each of these 6 groups. Therefore 7, 9, and 11 must be in S.
Because 9 is in S, 3 must not be in S. This implies that either 6 or
12 must be selected from the second group, so neither 1 nor 2 can be
selected from the first group. If 4 is selected from the first group, the
collection of integers {4, 5, 6, 7, 9, 11} is one possibility for the set S.
Therefore 4 is the least possible element of S.

Note: The two collections given in the solutions are the only ones
with least element 4 that have the given property. This problem is
a special case of the following result of Paul Erdős from the 1930s:
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Given n integers a1, a2, . . . , an, no one of them dividing any other,
with a1 < a2 < · · · < an ≤ 2n, let the integer k be determined by the
inequalities 3k < 2n < 3k+1. Then a1 ≥ 2k, and this bound is sharp.

18. Answer (D): Let S be the set of integers, both negative and non-
negative, having the given form. Increasing the value of ai by 1 for
0 ≤ i ≤ 7 creates a one-to-one correspondence between S and the
ternary (base 3) representation of the integers from 0 through 38− 1,
so S contains 38 = 6561 elements. One of those is 0, and by symmetry,
half of the others are positive, so S contains 1 + 1

2 · (6561− 1) = 3281
elements.

OR

First note that if an integer N can be written in this form, then
N − 1 can also be written in this form as long as not all the ai in
the representation of N are equal to −1. A procedure to alter the
representation of N so that it will represent N − 1 instead is to find
the least value of i such that ai 6= −1, reduce the value of that ai by 1,
and set ai = 1 for all lower values of i. By the formula for the sum of
a finite geometric series, the greatest integer that can be written in
the given form is

38 − 1

3− 1
= 3280.

Therefore, 3281 nonnegative integers can be written in this form,
namely all the integers from 0 through 3280, inclusive. (The negative
integers from −3280 through −1 can also be written in this way.)

OR

Think of the indicated sum as an expansion in base 3 using “digits”
−1, 0, and 1. Note that the leftmost digit ak of any positive integer
that can be written in this form cannot be negative and therefore
must be 1. Then there are 3 choices for each of the remaining k digits
to the right of ak, resulting in 3k positive integers that can be written
in the indicated form. Thus there are

7∑
k=0

3k =
38 − 1

3− 1
= 3280

positive numbers of the indicated form. Because 0 can also be written
in this form, the number of nonnegative integers that can be written
in the indicated form is 3281.
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19. Answer (E): For m ∈ {11, 13, 15, 17, 19}, let p(m) denote the prob-
ability that mn has units digit 1, where n is chosen at random from
the set S = {1999, 2000, 2001, . . . , 2018}. Then the desired probabil-
ity is equal to 1

5

(
p(11) + p(13) + p(15) + p(17) + p(19)

)
. Because any

positive integral power of 11 always has units digit 1, p(11) = 1, and
because any positive integral power of 15 always has units digit 5,
p(15) = 0. Note that S has 20 elements, exactly 5 of which are con-
gruent to j mod 4 for each of j = 0, 1, 2, 3. The units digits of powers
of 13 and 17 cycle in groups of 4. More precisely,(

13k mod 10
)2018
k=1999

= (7, 1, 3, 9, 7, 1, . . . , 3, 9)

and (
17k mod 10

)2018
k=1999

= (3, 1, 7, 9, 3, 1, . . . , 7, 9).

Thus p(13) = p(17) = 5
20 = 1

4 . Finally, note that the units digit of
19k is 1 or 9, according to whether k is even or odd, respectively.
Thus p(19) = 1

2 . Hence the requested probability is

1

5

(
1 +

1

4
+ 0 +

1

4
+

1

2

)
=

2

5
.

20. Answer (B): None of the squares that are marked with dots in
the sample scanning code shown below can be mapped to any other
marked square by reflections or non-identity rotations. Therefore
these 10 squares can be arbitrarily colored black or white in a symmet-
ric scanning code, with the exception of “all black” and “all white”.
On the other hand, reflections or rotations will map these squares to
all the other squares in the scanning code, so once these 10 colors
are specified, the symmetric scanning code is completely determined.
Thus there are 210 − 2 = 1022 symmetric scanning codes.
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OR

The diagram below shows the orbits of each square under rotations
and reflections. Because the scanning code must look the same under
these transformations, all squares in the same orbit must get the same
color, but one is free to choose the color for each orbit, except for the
choice of “all black” and “all white”. Because there are 10 orbits,
there are 210 − 2 = 1022 symmetric scanning codes.

E

E

E

E

A

AA

A

B

B

B

B

B

B

B

B

C

C

C

C

C

C

C

C

F

F

F

F

F

F F

F

D

D

D

D

G

G

G

G

H H

H H

I

I

I

IJ

21. Answer (E): Solving the second equation for x2 gives x2 = y + a,
and substituting into the first equation gives y2 + y + (a − a2) = 0.
The polynomial in y can be factored as (y + (1 − a))(y + a), so the
solutions are y = a − 1 and y = −a. (Alternatively, the solutions
can be obtained using the quadratic formula.) The corresponding
equations for x are x2 = 2a − 1 and x2 = 0. The second equation
always has the solution x = 0, corresponding to the point of tangency
at the vertex of the parabola y = x2 − a. The first equation has
2 solutions if and only if a > 1

2 , corresponding to the 2 symmetric
intersection points of the parabola with the circle. Thus the two
curves intersect at 3 points if and only if a > 1

2 .

OR

Substituting the value for y from the second equation into the first
equation yields

x2 +
(
x2 − a

)2
= a2,

which is equivalent to

x2
(
x2 − (2a− 1)

)
= 0.
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The first factor gives the solution x = 0, and the second factor gives
2 other solutions if a > 1

2 and no other solutions if a ≤ 1
2 . Thus there

are 3 solutions if and only if a > 1
2 .

22. Answer (D): Because gcd(a, b) = 24 = 23 · 3 and gcd(b, c) = 36 =
22 ·32, it follows that a is divisible by 2 and 3 but not by 32. Similarly,
because gcd(b, c) = 22 · 32 and gcd(c, d) = 54 = 2 · 33, it follows that
d is divisible by 2 and 3 but not by 22. Therefore gcd(d, a) = 2 · 3 · n,
where n is a product of primes that do not include 2 or 3. Because
70 < gcd(d, a) < 100 and n is an integer, it must be that 12 ≤ n ≤ 16,
so n = 13, and 13 must also be a divisor of a. The conditions are
satisfied if a = 23 · 3 · 13 = 312, b = 23 · 32 = 72, c = 22 · 33 = 108,
and d = 2 · 33 · 13 = 702.

23. Answer (D): Let the triangle’s vertices in the coordinate plane be
(4, 0), (0, 3), and (0, 0), with [0, s]× [0, s] representing the unplanted
portion of the field. The equation of the hypotenuse is 3x+4y−12 = 0,
so the distance from (s, s), the corner of S closest to the hypotenuse,
to this line is given by

|3s + 4s− 12|√
32 + 42

.

Setting this equal to 2 and solving for s gives s = 22
7 and s = 2

7 , and
the former is rejected because the square must lie within the triangle.

The unplanted area is thus
(
2
7

)2
= 4

49 , and the requested fraction is

1−
4
49

1
2 · 4 · 3

=
145

147
.

OR

Let the given triangle be described as 4ABC with the right angle
at B and AB = 3. Let D be the vertex of the square that is in the
interior of the triangle, and let s be the edge length of the square.
Then two sides of the square along with line segments AD and CD
decompose 4ABC into four regions. These regions are a triangle
with base 5 and height 2, the unplanted square with side s, a right
triangle with legs s and 3 − s, and a right triangle with legs s and
4− s. The sum of the areas of these four regions is

1

2
· 5 · 2 + s2 +

1

2
s(3− s) +

1

2
s(4− s) = 5 +

7

2
s,
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and the area of 4ABC is 6. Solving 5 + 7
2s = 6 for s gives s = 2

7 ,
and the solution concludes as above.

24. Answer (D): Because AB is 5
6 of AB + AC, it follows from the

Angle Bisector Theorem that DF is 5
6 of DE, and BG is 5

6 of BC.
Because trapezoids FDBG and EDBC have the same height, the
area of FDBG is 5

6 of the area of EDBC. Furthermore, the area of
4ADE is 1

4 of the area of 4ABC, so its area is 30, and the area of
trapezoid EDBC is 120−30 = 90. Therefore the area of quadrilateral
FDBG is 5

6 · 90 = 75.

A

B C

D E

G

F

Note: The figure (not drawn to scale) shows the situation in which
∠ACB is acute. In this case BC ≈ 59.0 and ∠BAC ≈ 151◦. It is also
possible for ∠ACB to be obtuse, with BC ≈ 41.5 and ∠BAC ≈ 29◦.
These values can be calculated using the Law of Cosines and the sine
formula for area.

25. Answer (D): The equation Cn −Bn = A2
n is equivalent to

c · 102n − 1

9
− b · 10n − 1

9
= a2

(
10n − 1

9

)2
.

Dividing by 10n − 1 and clearing fractions yields

(9c− a2) · 10n = 9b− 9c− a2.

As this must hold for two different values n1 and n2, there are two
such equations, and subtracting them gives(

9c− a2
)

(10n1 − 10n2) = 0.

The second factor is non-zero, so 9c−a2 = 0 and thus 9b−9c−a2 = 0.

From this it follows that c =
(
a
3

)2
and b = 2c. Hence digit a must

be 3, 6, or 9, with corresponding values 1, 4, or 9 for c, and 2, 8, or
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18 for b. The case b = 18 is invalid, so there are just two triples of
possible values for a, b, and c, namely (3, 2, 1) and (6, 8, 4). In fact,
in these cases, Cn−Bn = A2

n for all positive integers n; for example,
4444−88 = 4356 = 662. The second triple has the greater coordinate
sum, 6 + 8 + 4 = 18.

Problems and solutions were contributed by David Altizio, Risto
Atanasov, George Bauer, Ivan Borsenco, Thomas Butts, Barbara
Currier, Steve Dunbar, Marta Eso, Zachary Franco, Peter Gilchrist,
Jerrold Grossman, Chris Jeuell, Jonathan Kane, Joe Kennedy, Michael
Khoury, Hugh Montgomery, Mohamed Omar, Albert Otto, Joachim
Rebholz, Michael Tang, David Wells, and Carl Yerger.



The

MAA American Mathematics Competitions

are supported by

Innovator’s Circle
The D. E. Shaw Group

Susquehanna International Group
Tudor Investment Corporation

Two Sigma

Winner’s Circle
MathWorks

Achiever’s Circle
Art of Problem Solving

Jane Street Capital

Sustainer’s Circle
American Mathematical Society

Ansatz Capital
Army Educational Outreach Program

Collaborator’s Circle
American Statistical Association

Casualty Actuarial Society
Conference Board of the Mathematical Sciences

Mu Alpha Theta
Society for Industrial and Applied Mathematics



INSTRUCTIONS
1. DO NOT OPEN THIS BOOKLET UNTIL YOUR COMPETITION MANAGER 

TELLS YOU.
2. This is a 25-question multiple-choice exam. Each question is followed by answers 

marked A, B, C, D, and E.  Only one of these is correct.
3. Mark your answer to each problem on the AMC 10 Answer Sheet with a #2 pencil. 

Check the blackened circles for accuracy and erase errors and stray marks completely. 
Only answers properly marked on the answer sheet will be graded. You must use 
and submit the original answer sheets provided by the MAA AMC. Photocopies 
will not be scored.

4. SCORING: You will receive 6 points for each correct answer, 1.5 points for each 
problem left unanswered, and 0 points for each incorrect answer.

5. Only scratch paper, graph paper, rulers, compasses, protractors, and erasers are 
allowed as aids. No calculators, smartwatches, phones, or computing devices are 
allowed. No problems on the exam will require the use of a calculator.

6.  Figures are not necessarily drawn to scale.
7. Before beginning the exam, your competition manager will ask you to record certain 

information on the answer form.
8. When your competition manager gives the signal, begin working on the problems. 

You will have 75 minutes to complete the exam.
9. When you finish the exam, sign your name in the space provided at the top of the Answer 

Sheet.

© 2018 Mathematical Association of America

The Committee on the American Mathematics Competitions reserves the right to disqualify 
scores from a school if it determines that the required security procedures were not followed.
Students who score well on this AMC 10 will be invited to take the 36th annual American Invitational 
Mathematics Examination  (AIME) on Tuesday, March 6, 2018 or Wednesday, March 21, 2018.  
More details about the AIME are on the back page of this exam booklet.

American Mathematics Competitions

19th Annual

AMC 10B
American Mathematics Competition 10B 

Thursday, February 15, 2018



2018 AMC 10B Problems 2

1. Kate bakes a 20-inch by 18-inch pan of cornbread. The cornbread is
cut into pieces that measure 2 inches by 2 inches. How many pieces
of cornbread does the pan contain?

(A) 90 (B) 100 (C) 180 (D) 200 (E) 360

2. Sam drove 96 miles in 90 minutes. His average speed during the first
30 minutes was 60 mph (miles per hour), and his average speed during
the second 30 minutes was 65 mph. What was his average speed, in
mph, during the last 30 minutes?

(A) 64 (B) 65 (C) 66 (D) 67 (E) 68

3. In the expression ( × ) + ( × ) each blank is to be
filled in with one of the digits 1, 2, 3, or 4, with each digit being used
once. How many different values can be obtained?

(A) 2 (B) 3 (C) 4 (D) 6 (E) 24

4. A three-dimensional rectangular box with dimensions X, Y , and Z
has faces whose surface areas are 24, 24, 48, 48, 72, and 72 square
units. What is X + Y + Z ?

(A) 18 (B) 22 (C) 24 (D) 30 (E) 36

5. How many subsets of {2, 3, 4, 5, 6, 7, 8, 9} contain at least one prime
number?

(A) 128 (B) 192 (C) 224 (D) 240 (E) 256

6. A box contains 5 chips, numbered 1, 2, 3, 4, and 5. Chips are drawn
randomly one at a time without replacement until the sum of the
values drawn exceeds 4. What is the probability that 3 draws are
required?

(A)
1

15
(B)

1

10
(C)

1

6
(D)

1

5
(E)

1

4
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7. In the figure below, N congruent semicircles are drawn along a diam-
eter of a large semicircle, with their diameters covering the diameter
of the large semicircle with no overlap. Let A be the combined area
of the small semicircles and B be the area of the region inside the
large semicircle but outside the small semicircles. The ratio A : B is
1 : 18. What is N ?

…

(A) 16 (B) 17 (C) 18 (D) 19 (E) 36

8. Sara makes a staircase out of toothpicks as shown:

This is a 3-step staircase and uses 18 toothpicks. How many steps
would be in a staircase that used 180 toothpicks?

(A) 10 (B) 11 (C) 12 (D) 24 (E) 30

9. The faces of each of 7 standard dice are labeled with the integers from
1 to 6. Let p be the probability that when all 7 dice are rolled, the
sum of the numbers on the top faces is 10. What other sum occurs
with the same probability p ?

(A) 13 (B) 26 (C) 32 (D) 39 (E) 42
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10. In the rectangular parallelepiped shown, AB = 3, BC = 1, and
CG = 2. Point M is the midpoint of FG. What is the volume of the
rectangular pyramid with base BCHE and apex M ?

A B

CD

GH

E
F

M

3

1

2

(A) 1 (B)
4

3
(C)

3

2
(D)

5

3
(E) 2

11. Which of the following expressions is never a prime number when p
is a prime number?

(A) p2 + 16 (B) p2 + 24 (C) p2 + 26 (D) p2 + 46

(E) p2 + 96

12. Line segment AB is a diameter of a circle with AB = 24. Point C,
not equal to A or B, lies on the circle. As point C moves around
the circle, the centroid (center of mass) of 4ABC traces out a closed
curve missing two points. To the nearest positive integer, what is the
area of the region bounded by this curve?

(A) 25 (B) 38 (C) 50 (D) 63 (E) 75

13. How many of the first 2018 numbers in the sequence 101, 1001, 10001,
100001, . . . are divisible by 101 ?

(A) 253 (B) 504 (C) 505 (D) 506 (E) 1009

14. A list of 2018 positive integers has a unique mode, which occurs ex-
actly 10 times. What is the least number of distinct values that can
occur in the list?

(A) 202 (B) 223 (C) 224 (D) 225 (E) 234
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15. A closed box with a square base is to be wrapped with a square sheet
of wrapping paper. The box is centered on the wrapping paper with
the vertices of the base lying on the midlines of the square sheet
of paper, as shown in the figure on the left. The four corners of
the wrapping paper are to be folded up over the sides and brought
together to meet at the center of the top of the box, point A in the
figure on the right. The box has base length w and height h. What
is the area of the sheet of wrapping paper?

A

w w

A

(A) 2(w + h)2 (B)
(w + h)2

2
(C) 2w2 + 4wh (D) 2w2

(E) w2h

16. Let a1, a2, . . . , a2018 be a strictly increasing sequence of positive inte-
gers such that

a1 + a2 + · · ·+ a2018 = 20182018.

What is the remainder when a31 + a32 + · · ·+ a32018 is divided by 6 ?

(A) 0 (B) 1 (C) 2 (D) 3 (E) 4

17. In rectangle PQRS, PQ = 8 and QR = 6. Points A and B lie on
PQ, points C and D lie on QR, points E and F lie on RS, and points
G and H lie on SP so that AP = BQ < 4 and the convex octagon
ABCDEFGH is equilateral. The length of a side of this octagon can
be expressed in the form k + m

√
n, where k, m, and n are integers

and n is not divisible by the square of any prime. What is k+m+n ?

(A) 1 (B) 7 (C) 21 (D) 92 (E) 106
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18. Three young brother-sister pairs from different families need to take
a trip in a van. These six children will occupy the second and third
rows in the van, each of which has three seats. To avoid disruptions,
siblings may not sit right next to each other in the same row, and no
child may sit directly in front of his or her sibling. How many seating
arrangements are possible for this trip?

(A) 60 (B) 72 (C) 92 (D) 96 (E) 120

19. Joey and Chloe and their daughter Zoe all have the same birthday.
Joey is 1 year older than Chloe, and Zoe is exactly 1 year old today.
Today is the first of the 9 birthdays on which Chloe’s age will be an
integral multiple of Zoe’s age. What will be the sum of the two digits
of Joey’s age the next time his age is a multiple of Zoe’s age?

(A) 7 (B) 8 (C) 9 (D) 10 (E) 11

20. A function f is defined recursively by f(1) = f(2) = 1 and

f(n) = f(n− 1)− f(n− 2) + n

for all integers n ≥ 3. What is f(2018) ?

(A) 2016 (B) 2017 (C) 2018 (D) 2019 (E) 2020

21. Mary chose an even 4-digit number n. She wrote down all the divisors
of n in increasing order from left to right: 1, 2, . . . , n

2 , n. At some
moment Mary wrote 323 as a divisor of n. What is the smallest
possible value of the next divisor written to the right of 323 ?

(A) 324 (B) 330 (C) 340 (D) 361 (E) 646

22. Real numbers x and y are chosen independently and uniformly at
random from the interval [0, 1]. Which of the following numbers is
closest to the probability that x, y, and 1 are the side lengths of an
obtuse triangle?

(A) 0.21 (B) 0.25 (C) 0.29 (D) 0.50 (E) 0.79

23. How many ordered pairs (a, b) of positive integers satisfy the equation

a · b + 63 = 20 · lcm(a, b) + 12 · gcd(a, b),

where gcd(a, b) denotes the greatest common divisor of a and b, and
lcm(a, b) denotes their least common multiple?

(A) 0 (B) 2 (C) 4 (D) 6 (E) 8
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24. Let ABCDEF be a regular hexagon with side length 1. Denote by X,
Y , and Z the midpoints of sides AB, CD, and EF , respectively. What
is the area of the convex hexagon whose interior is the intersection of
the interiors of 4ACE and 4XY Z ?

(A)
3

8

√
3 (B)

7

16

√
3 (C)

15

32

√
3 (D)

1

2

√
3 (E)

9

16

√
3

25. Let bxc denote the greatest integer less than or equal to x. How many
real numbers x satisfy the equation x2 + 10,000bxc = 10,000x ?

(A) 197 (B) 198 (C) 199 (D) 200 (E) 201
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1. Answer (A): The total area of cornbread is 20 · 18 = 360 in2.
Because each piece of cornbread has area 2·2 = 4 in2, the pan contains
360÷ 4 = 90 pieces of cornbread.

OR

When cut, there are 20 ÷ 2 = 10 pieces of cornbread along a long
side of the pan and 18÷ 2 = 9 pieces along a short side, so there are
10 · 9 = 90 pieces.

2. Answer (D): Sam covered 1
2 · 60 = 30 miles during the first 30

minutes and 1
2 · 65 = 32.5 miles during the second 30 minutes, so he

needed to cover 96−30−32.5 = 33.5 miles during the last 30 minutes.
Thus his average speed during the last 30 minutes was

33.5 miles
1
2 hour

= 67 mph.

3. Answer (B): Both the multiplications and the addition can be
performed in either order, so each possible value can be obtained by
putting the 1 in the first position and one of the other three numbers
in the second position. Therefore the only possible values are

(1× 2) + (3× 4) = 14,

(1× 3) + (2× 4) = 11,

and (1× 4) + (2× 3) = 10,

so just 3 different values can be obtained.

4. Answer (B): Without loss of generality, assume that X ≤ Y ≤ Z.
Then the geometric description of the problem can be translated into
the system of equations, XY = 24, XZ = 48, and Y Z = 72. Dividing
the second equation by the first yields Z

Y = 2, so Z = 2Y . Then
72 = Y Z = 2Y 2, so Y 2 = 36. Because Y is positive, Y = 6. It
follows that X = 24÷6 = 4 and Z = 72÷6 = 12, so X+Y +Z = 22.

OR

With X, Y , and Z as above, multiply the three equations to give

X2Y 2Z2 = 24 · 48 · 72 = 24 · 24 · 2 · 24 · 3 = 242 · 144 = (24 · 12)2.

Therefore XY Z = 24 · 12, and dividing successively by the three
equations gives Z = 12, Y = 6, and X = 4, so X + Y + Z = 22.
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5. Answer (D): The number of qualifying subsets equals the difference
between the total number of subsets of {2, 3, 4, 5, 6, 7, 8, 9} and the
number of such subsets containing no prime numbers, which is the
number of subsets of {4, 6, 8, 9}. A set with n elements has 2n subsets,
so the requested number is 28 − 24 = 256− 16 = 240.

OR

A subset meeting the condition must be the union of a nonempty
subset of {2, 3, 5, 7} and a subset of {4, 6, 8, 9}. There are 24− 1 = 15
of the former and 24 = 16 of the latter, which gives 15 · 16 = 240
choices in all.

6. Answer (D): Three draws will be required if and only if the first
two chips drawn have a sum of 4 or less. The draws (1, 2), (2, 1),
(1, 3), and (3, 1) are the only draws meeting this condition. There
are 5 · 4 = 20 possible two-chip draws, so the requested probability is
4
20 = 1

5 . (Note that all 20 possible two-chip draws are considered in
determining the denominator, even though some draws will end after
the first chip is drawn.)

7. Answer (D): Suppose without loss of generality that each small
semicircle has radius 1; then the large semicircle has radius N . The
area of each small semicircle is π

2 , and the area of the large semicircle
is N2 · π2 . The combined area A of the N small semicircles is N · π2 , and
the area B inside the large semicircle but outside the small semicircles
is

N2 · π
2
−N · π

2
=
(
N2 −N

)
· π

2
.

Thus the ratio A : B of the areas is N :
(
N2 −N

)
, which is 1 : (N−1).

Because this ratio is given to be 1 : 18, it follows that N −1 = 18 and
N = 19.

8. Answer (C): In the staircase with n steps, the number of vertical
toothpicks is

1 + 2 + 3 + · · ·+ n+ n =
n(n+ 1)

2
+ n.

There are an equal number of horizontal toothpicks, for a total of
n(n + 1) + 2n toothpicks. Solving n(n + 1) + 2n = 180 with n > 0
yields n = 12.
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OR

By inspection, the number of toothpicks for staircases consisting of
1, 2, and 3 steps are 4, 10, and 18, respectively. The n-step staircase
is obtained from the (n− 1)-step staircase by adding n+ 1 horizontal
toothpicks and n + 1 vertical toothpicks. With this observation, the
pattern can be continued so that 28, 40, 54, 70, 88, 108, 130, 154, and
180 are the numbers of toothpicks used to construct staircases con-
sisting of 4 through 12 steps, respectively. Therefore 180 toothpicks
are needed for the 12-step staircase.

9. Answer (D): Without loss of generality, one can assume that the
numbers on opposite faces of each die add up to 7. In other words,
the 1 is opposite the 6, the 2 is opposite the 5, and the 3 is opposite
the 4. (In fact, standard dice are numbered in this way.) The top
faces give a sum of 10 if and only if the bottom faces give a sum of
7 ·7−10 = 39. By symmetry, the probability that the top faces give a
sum of 39 is also p. The distribution of the outcomes of the dice rolls
has the bell-shaped graph shown below, so no other outcome has the
same probability as 10 and 39.

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0
10 20 30 40

sum on dice

pr
ob

ab
il

it
y

10. Answer (E): The volume of the rectangular pyramid with base
BCHE and apex M equals the volume of the given rectangular par-
allelepiped, which is 6, minus the combined volume of triangular prism
AEHDCB, tetrahedron BEFM , and tetrahedron CGHM . Tetra-
hedra BEFM and CGHM each have three right angles at F and G,
respectively, and the edges of the tetrahedra emanating from F and
G have lengths 2, 3, and 1

2 , so the volume of each of these tetrahedra
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is 1
6 · (2 · 3 ·

1
2 ) = 1

2 . The volume of the triangluar prism AEHDCB
is 3 because it is half the volume of the rectangular parallelepiped.
Therefore the requested volume is 6− 3− 1

2 −
1
2 = 2.

OR

Let P and Q be the midpoints of BC and EH, respectively. By
the Pythagorean Theorem PQ =

√
13. Let R be the foot of the

perpendicular from M to PQ. Then 4PMQ ∼ 4PRM , so

3√
13

=
MQ

PQ
=
RM

PM
=
RM

2
and RM =

6√
13
.

The requested volume of the pyramid is 1
3 times the area of the base

times the height, which is

1

3
·
(√

13 · 1
)
· 6√

13
= 2.

A B

CD

GH

E F

M

3

1

2

P

Q

R

11. Answer (C): If p = 3, then p2 + 26 = 35 = 5 · 7. If p is a prime
number other than 3, then p = 3k ± 1 for some positive integer k. In
that case

p2 + 26 = (3k ± 1)2 + 26 = 9k2 ± 6k + 27 = 3(3k2 ± 2k + 9)

is a multiple of 3 and is not prime. The smallest counterexamples for
the other choices are 52 + 16 = 41, 72 + 24 = 73, 52 + 46 = 71, and
192 + 96 = 457.

12. Answer (C): Let O be the center of the circle. Triangle ABC is
a right triangle, and O is the midpoint of the hypotenuse AB. Then
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OC is a radius, and it is also one of the medians of the triangle. The
centroid is located one third of the way along the median from O to C,
so the centroid traces out a circle with center O and radius 1

3 · 12 = 4
(except for the two missing points corresponding to C = A or C = B).
The area of this smaller circle is then π · 42 = 16π ≈ 16 · 3.14 ≈ 50.

13. Answer (C): The numbers in the given sequence are of the form
10n + 1 for n = 2, 3, . . . , 2019. If n is even, say n = 2k for some
positive integer k, then 10n + 1 = 100k + 1 ≡ (−1)k + 1 (mod 101).
Thus 10n + 1 is divisible by 101 if and only if k is odd, which means
n = 2, 6, 10, . . . , 2018. There are 1

4 (2018 − 2) + 1 = 505 such values.
On the other hand, if n is odd, say n = 2k + 1 for some positive
integer k, then

10n + 1 = 10 · 10n−1 + 1 = 10 · 100k + 1 ≡ 10 · (−1)k + 1 (mod 101),

which is congruent to 9 or 11, and 10n + 1 is not divisible by 101 in
this case.

14. Answer (D): The list has 2018 − 10 = 2008 entries that are not
equal to the mode. Because the mode is unique, each of these 2008
entries can occur at most 9 times. There must be at least

⌈
2008
9

⌉
= 224

distinct values in the list that are different from the mode, because
if there were fewer than this many such values, then the size of the
list would be at most 9 · (

⌈
2008
9

⌉
− 1) + 10 = 2017 < 2018. (The

ceiling function notation dxe represents the least integer greater than
or equal to x.) Therefore the least possible number of distinct values
that can occur in the list is 225. One list satisfying the conditions of
the problem contains 9 instances of each of the numbers 1 through 223,
10 instances of the number 224, and one instance of 225.

15. Answer (A): The figure shows that the distance AO from a corner
of the wrapping paper to the center is

w

2
+ h+

w

2
= w + h.

The side of the wrapping paper, AB in the figure, is the hypotenuse
of a 45 – 45 – 90◦ right triangle, so its length is

√
2 ·AO =

√
2(w+ h).

Therefore the area of the wrapping paper is(√
2(w + h)

)2
= 2(w + h)2.
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A B

w w

w
2

w
2

h

O

OR

The area of the wrapping paper, excluding the four small triangles
indicated by the dashed lines, is equal to the surface area of the box,
which is 2w2 + 4wh. The four triangles are isosceles right triangles
with leg length h, so their combined area is 4 · 12h

2 = 2h2. Thus the
total area of the wrapping paper is 2w2 + 4wh+ 2h2 = 2(w + h)2.

16. Answer (E): Let n be an integer. Because n3−n = (n−1)n(n+1),
it follows that n3−n has at least one prime factor of 2 and one prime
factor of 3 and therefore is divisible by 6. Thus n3 ≡ n (mod 6).
Then

a31 + a32 + · · ·+ a32018 ≡ a1 + a2 + · · ·+ a2018 ≡ 20182018 (mod 6).

Because 2018 ≡ 2 (mod 6), the powers of 2018 modulo 6 are alter-
nately 2, 4, 2, 4, . . . , so 20182018 ≡ 4 (mod 6). Therefore the remain-
der when a31 + a32 + · · ·+ a32018 is divided by 6 is 4.

17. Answer (B): Because AP < 4 = 1
2PQ, it follows that A is closer

to P than it is to Q and that A is between points P and B. Because
AP = BQ, AH = BC, and angles APH and BQC are right angles,
4APH ∼= 4BQC. Thus PH = QC, and PQCH is a rectangle.
Because CD = HG, it follows that HCDG is also a rectangle. Thus
GDRS is a rectangle and DR = GS, and it follows that 4ERD ∼=
4FSG. Therefore segment EF is centered in RS just as congruent
segment AB is centered in PQ. Therefore 4ERD ∼= 4BQC, and
CD is also centered in QR. Let 2x be the side length AB = BC =
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CD = DE = EF = FG = GH = HA of the regular octagon; then
AP = BQ = 4−x and QC = RD = 3−x. Applying the Pythagorean
Theorem to4BQC yields (4−x)2+(3−x)2 = (2x)2, which simplifies
to 2x2 + 14x− 25 = 0. Thus x = 1

2 · (−7± 3
√

11), and because x > 0,

it follows that 2x = −7 + 3
√

11. Hence k+m+ n = −7 + 3 + 11 = 7.

S

P Q

R

A B

C

D

F E

H

G

2x2x

2x

2x

4 – x 4 – x

3 – x

3 – x

3 – x

3 – x

4 – x 4 – x

2x 2x

2x 2x

18. Answer (D): Let X, Y , and Z denote the three different families
in some order. Then the only possible arrangements are to have the
second row be members of XY Z and the third row be members of
ZXY , or to have the second row be members of XY Z and the third
row be members of Y ZX. Note that these are not the same, because
in the first case one sibling pair occupy the right-most seat in the
second row and the left-most seat in the third row, whereas in the
second case this does not happen. (Having members of XYX in
the second row does not work because then the third row must be
members of ZY Z to avoid consecutive members of Z; but in this case
one of the Y siblings would be seated directly in front of the other Y
sibling.) In each of these 2 cases there are 3! = 6 ways to assign the
families to the letters and 23 = 8 ways to position the boy and girl
within the seats assigned to the families. Therefore the total number
of seating arrangements is 2 · 6 · 8 = 96.

19. Answer (E): Let Chloe be n years old today, so she is n− 1 years
older than Zoe. For integers y ≥ 0, Chloe’s age will be a multiple of
Zoe’s age y years from now if and only if

n+ y

1 + y
= 1 +

n− 1

1 + y
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is an integer, that is, 1 + y is a divisor of n − 1. Thus n − 1 has
exactly 9 positive integer divisors, so the prime factorization of n− 1
has one of the two forms p2q2 or p8. There are no two-digit integers
of the form p8, and the only one of the form p2q2 is 22 · 32 = 36.
Therefore Chloe is 37 years old today, and Joey is 38. His age will be
a multiple of Zoe’s age in y years if and only if 1 + y is a divisor of
38− 1 = 37. The nonnegative integer solutions for y are 0 and 36, so
the only other time Joey’s age will be a multiple of Zoe’s age will be
when he is 38 + 36 = 74 years old. The requested sum is 7 + 4 = 11.

20. Answer (B): Applying the recursion for several steps leads to the
conjecture that

f(n) =



n+ 2 if n ≡ 0 (mod 6),

n if n ≡ 1 (mod 6),

n− 1 if n ≡ 2 (mod 6),

n if n ≡ 3 (mod 6),

n+ 2 if n ≡ 4 (mod 6),

n+ 3 if n ≡ 5 (mod 6).

The conjecture can be verified using the strong form of mathematical
induction with two base cases and six inductive steps. For example,
if n ≡ 2 (mod 6), then n = 6k+2 for some nonnegative integer k and

f(n) = f(6k + 2)

= f(6k + 1)− f(6k) + 6k + 2

= (6k + 1)− (6k + 2) + 6k + 2

= 6k + 1

= n− 1.

Therefore f(2018) = f(6 · 336 + 2) = 2018− 1 = 2017.

OR

Note that

f(n) = f(n− 1)− f(n− 2) + n

= [f(n− 2)− f(n− 3) + (n− 1)]− f(n− 2) + n

= −[f(n− 4)− f(n− 5) + (n− 3)] + 2n− 1

= −[f(n− 5)− f(n− 6) + (n− 4)] + f(n− 5) + n+ 2

= f(n− 6) + 6.

It follows that f(2018) = f(2) + 2016 = 2017.
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21. Answer (C): Let d be the next divisor of n after 323. Then
gcd(d, 323) 6= 1, because otherwise n ≥ 323d > 3232 > 1002 = 10000,
contrary to the fact that n is a 4-digit number. Therefore d− 323 ≥
gcd(d, 323) > 1. The prime factorization of 323 is 17 · 19. Thus the
next divisor of n is at least 323 + 17 = 340 = 17 · 20. Indeed, 340 will
be the next number in Mary’s list when n = 17 · 19 · 20 = 6460.

22. Answer (C): The set of all possible ordered pairs (x, y) occupies
the unit square 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 in the Cartesian plane. The
numbers x, y, and 1 are the side lengths of a triangle if and only if
x+ y > 1, which means that (x, y) lies above the line y = 1− x. By
a generalization of the Pythagorean Theorem, the triangle is obtuse
if and only if, in addition, x2 + y2 < 12, which means that (x, y)
lies inside the circle of radius 1 centered at the origin. Within the
unit square, the region inside the circle of radius 1 centered at the
origin has area π

4 , and the region below the line y = 1−x has area 1
2 .

Therefore the ordered pairs that meet the required conditions occupy
a region with area π

4 −
1
2 = π−2

4 . The area of the unit square is 1, so

the required probability is also π−2
4 ≈ 1.14

4 = 0.285, which is closest
to 0.29.

(0, 0)

(1, 1)

x

y

23. Answer (B): Recall that a·b = gcd(a, b)·lcm(a, b). Let x = lcm(a, b)
and y = gcd(a, b). The given equation is then xy + 63 = 20x + 12y,
which can be rewritten as

(x− 12)(y − 20) = 240− 63 = 177 = 3 · 59 = 1 · 177.

Because x and y are integers, one of the following must be true:
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• x− 12 = 1 and y − 20 = 177,

• x− 12 = 177 and y − 20 = 1,

• x− 12 = 3 and y − 20 = 59,

• x− 12 = 59 and y − 20 = 3.

Therefore (x, y) must be (13, 197), (189, 21), (15, 79), or (71, 23). Be-
cause x must be a multiple of y, only (x, y) = (189, 21) is possible.
Therefore gcd(a, b) = 21 = 7 · 3, and lcm(a, b) = 189 = 7 · 33. Both a
and b are divisible by 7 but not by 72; one of a and b is divisible by 3
but not 32, and the other is divisible by 33 but not 34; and neither is
divisible by any other prime. Therefore one of them is 7 · 3 = 21 and
the other is 7 · 33 = 189. There are 2 ordered pairs, (a, b) = (21, 189)
and (a, b) = (189, 21).

24. Answer (C): Let O be the center of the regular hexagon. Points
B, O, E are collinear and BE = BO + OE = 2. Trapezoid FABE
is isosceles, and XZ is its midline. Hence XZ = 3

2 and analogously
XY = ZY = 3

2 .

OA

B C

D

EF

X Y

Z

O

U1

U3U2

U4

U5
U6

Denote by U1 the intersection of AC and XZ and by U2 the intersec-
tion of AC and XY . It is easy to see that 4AXU1 and 4U2XU1 are
congruent 30 – 60 – 90◦ right triangles.

By symmetry the area of the convex hexagon enclosed by the inter-
section of 4ACE and 4XY Z, shaded in the figure, is equal to the
area of 4XY Z minus 3 times the area of 4U2XU1. The hypotenuse
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of 4U2XU1 is XU2 = AX = 1
2 , so the area of 4U2XU1 is

1

2
·
√

3

4
·
(

1

2

)2

=
1

32

√
3.

The area of the equilateral triangle XY Z with side length 3
2 is equal

to 1
4

√
3 ·
(
3
2

)2
= 9

16

√
3. Hence the area of the shaded hexagon is

9

16

√
3− 3 · 1

32

√
3 = 3

√
3

(
3

16
− 1

32

)
=

15

32

√
3.

OR

Let U1 and U2 be as above, and continue labeling the vertices of
the shaded hexagon counterclockwise with U3, U4, U5, and U6 as
shown. The area of 4ACE is half the area of hexagon ABCDEF .
Triangle U2U4U6 is the midpoint triangle of 4ACE, so its area is 1

4
of the area of 4ACE, and thus 1

8 of the area of ABCDEF . Each of
4U2U3U4,4U4U5U6, and4U6U1U2 is congruent to half of4U2U4U6,
so the total shaded area is 5

2 times the area of4U2U4U6 and therefore
5
2 ·

1
8 = 5

16 of the area of ABCDEF . The area of ABCDEF is 6·
√
3
4 ·1

2,

so the requested area is 15
32

√
3.

25. Answer (C): Let {x} = x − bxc denote the fractional part of x.
Then 0 ≤ {x} < 1. The given equation is equivalent to x2 =
10,000{x}, that is,

x2

10,000
= {x}.

Therefore if x satisfies the equation, then

0 ≤ x2

10,000
< 1.

This implies that x2 < 10,000, so −100 < x < 100. The figure shows
a sketch of the graphs of

f(x) =
x2

10,000
and g(x) = {x}

for −100 < x < 100 on the same coordinate axes. The graph of g
consists of the 200 half-open line segments with slope 1 connecting
the points (k, 0) and (k + 1, 1) for k = −100,−99, . . . , 98, 99. (The
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endpoints of these intervals that lie on the x-axis are part of the graph,
but the endpoints with y-coordinate 1 are not.) It is clear that there is
one intersection point for x lying in each of the intervals [−100,−99),
[−99,−98), [−98,−97), . . . , [−1, 0), [0, 1), [1, 2), . . . , [97, 98), [98, 99)
but no others. Thus the equation has 199 solutions.

100 50 50 100

0.2

0.4

0.6

0.8

1

x

OR

The solutions to the equation correspond to points of intersection of
the graphs y = 10000bxc and y = 10000x−x2. There will be a point of
intersection any time the parabola intersects the half-open horizontal
segment from the point (a, 10000a) to the point (a+1, 10000a), where
a is an integer. This occurs for every integer value of a for which

10000a− a2 ≤ 10000a < 10000(a+ 1)− (a+ 1)2.

This is equivalent to (a + 1)2 < 10000, which occurs if and only if
−101 < a < 99. Thus points of intersection occur on the intervals
[a, a+ 1) for a = −100,−99,−98, . . . ,−1, 0, 1, . . . , 97, 98, resulting in
199 points of intersection.
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Problems and solutions were contributed by Risto Atanasov, Chris
Bolognese, Ivan Borsenco, Thomas Butts, Barbara Currier, Steven
Davis, Steve Dunbar, Marta Eso, Zuming Feng, Jerrold Grossman,
Chris Jeuell, Jonathan Kane, Joe Kennedy, Michael Khoury, Norbert
Kuenzi, Hugh Montgomery, Mohamed Omar, Albert Otto, Joachim
Rebholz, David Wells, and Carl Yerger.
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Problem 1 

 

 

Problem 2 

 

 

Problem 3 

Ana and Bonita were born on the same date in different years,  years apart. Last year Ana 

was 5 times as old as Bonita. This year Ana's age is the square of Bonita's age. What is  

 

 

Problem 4 

A box contains 28 red balls, 20 green balls, 19 yellow balls, 13 blue balls, 11 white balls, 

and 9 black balls. What is the minimum number of balls that must be drawn from the box 

without replacement to guarantee that at least 15 balls of a single color will be drawn  
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Problem 5 

What is the greatest number of consecutive integers whose sum is 45? 

 

 

Problem 6 

For how many of the following types of quadrilaterals does there exist a point in the plane of the 

quadrilateral that is equidistant from all four vertices of the quadrilateral? 

 a square 

 a rectangle that is not a square 

 a rhombus that is not a square 

 a parallelogram that is not a rectangle or a rhombus 

 an isosceles trapezoid that is not a parallelogram 

 

 

Problem 7 
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Problem 8 

The figure below shows line  with a regular, infinite, recurring pattern of squares and line 

segments.  

 

 

 

How many of the following four kinds of rigid motion transformations of the plane in which this 

figure is drawn, other than the identity transformation, will transform this figure into itself? 

 some rotation around a point of line  

 some translation in the direction parallel to line  

 the reflection across line  

 some reflection across a line perpendicular to line  

 

 

Problem 9 

What is the greatest three-digit positive integer  for which the sum of the first  positive 

integers is not a divisor of the product of the first  positive integers? 
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Problem 10 

A rectangular floor that is 10 feet wide and 17 feet long is tiled with 170 one-foot square tiles. A 

bug walks from one corner to the opposite corner in a straight line. Including the first and the last 

tile, how many tiles does the bug visit? 

 

 

Problem 11 

How many positive integer divisors of  2019 are perfect squares or perfect cubes (or both)? 

 

 

Problem 12 

 

 

Problem 13 
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Problem 14 

For a set of four distinct lines in a plane, there are exactly  distinct points that lie on two or 

more of the lines. What is the sum of all possible values of ? 

 

 

Problem 15 

 

 

Problem 16 

The figure below shows 13 circles of radius 1 within a larger circle. All the intersections occur at 

points of tangency. What is the area of the region, shaded in the figure, inside the larger circle 

but outside all the circles of radius 1? 
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Problem 17 

A child builds towers using identically shaped cubes of different color. How many different 

towers with a height 8 cubes can the child build with 2 red cubes, 3 blue cubes, and 4 green 

cubes? (One cube will be left out.) 

 

 

Problem 18 
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Problem 19 

 

 

Problem 20 

 

 

Problem 21 

A sphere with center  has radius 6. A triangle with sides of length 15, 15, and 24 is situated in 

space so that each of its sides is tangent to the sphere. What is the distance between  and the 

plane determined by the triangle? 

 

 

Problem 22 

Real numbers between 0 and 1, inclusive, are chosen in the following manner. A fair coin is 

flipped. If it lands heads, then it is flipped again and the chosen number is 0 if the second flip is 

heads and 1 if the second flip is tails. On the other hand, if the first coin flip is tails, then the  



 

https://ivyleaguecenter.org/ 

Tel: 301-922-9508 

Email: chiefmathtutor@gmail.com Page 8 

 

 

number is chosen uniformly at random from the closed interval [0, 1] . Two random 

numbers  and  are chosen independently in this manner. What is the probability that  

 

 

 

Problem 23 

Travis has to babysit the terrible Thompson triplets. Knowing that they love big numbers, Travis 

devises a counting game for them. First Tadd will say the number , then Todd must say the next 

two numbers (2 and 3), then Tucker must say the next three numbers (4, 5, 6), then Tadd must 

say the next four numbers (7, 8, 9, 10), and the process continues to rotate through the three 

children in order, each saying one more number than the previous child did, until the number 

10,000 is reached. What is the 2019th number said by Tadd? 

 

 

Problem 24 
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Problem 25 
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Answer Key 

1. C 

2. A 

3. D 

4. B 

5. D 

6. C 

7. C 

8. C 

9. B 

10. C 

11. C 

12. E  

13. D 

14. D 

15. E 

16. A 

17. D 

18. D 

19. B 

20. B 

21. D 

22. B 

23. C 

24. B 

25. D 
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2019 AMC 10B 

Problem 1 

Alicia had two containers. The first was 
𝟓𝟔 full of water and the second was empty. She poured all 

the water from the first container into the second container, at which point the second container 

was 
𝟑𝟒 full of water. What is the ratio of the volume of the first container to the volume of the 

second container? 

 

 

Problem 2 

Consider the statement, "If  is not prime, then  is prime." Which of the following values 

of  is a counterexample to this statement? 

 

 

Problem 3 

In a high school with  students,  of the seniors play a musical instrument, 

while  of the non-seniors do not play a musical instrument. In all,  of the students do 

not play a musical instrument. How many non-seniors play a musical instrument? 
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Problem 4 

All lines with equation  such that  form an arithmetic progression pass 

through a common point. What are the coordinates of that point? 

 

 

Problem 5 

Triangle  lies in the first quadrant. Points , , and  are reflected across the 

line  to points , , and , respectively. Assume that none of the vertices of the 

triangle lie on the line . Which of the following statements is not always true? 

 Triangle  lies in the first quadrant. 

 Triangles  and  have the same area. 

 The slope of line  is . 

 The slopes of lines  and  are the same. 

 Lines  and  are perpendicular to each other. 

 

Problem 6 

There is a real  such that  

. 

What is the sum of the digits of ? 
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Problem 7 

Each piece of candy in a store costs a whole number of cents. Casper has exactly enough money 

to buy either 12 pieces of red candy, 14 pieces of green candy, 15 pieces of blue candy, 

or  pieces of purple candy. A piece of purple candy costs 20 cents. What is the smallest 

possible value of  ? 

 

 

Problem 8 

The figure below shows a square and four equilateral triangles, with each triangle having a side 

lying on a side of the square, such that each triangle has side length 2 and the third vertices of the 

triangles meet at the center of the square. The region inside the square but outside the triangles is 

shaded. What is the area of the shaded region? 
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Problem 9 

The function  is defined by 

 

for all real numbers , where  denotes the greatest integer less than or equal to the real 

number . What is the range of ? 

 

 

Problem 10 

In a given plane, points  and  are  units apart. How many points  are there in the plane 

such that the perimeter of  is  units and the area of  is  square units? 

 

 

Problem 11 

Two jars each contain the same number of marbles, and every marble is either blue or green. In 

Jar 1 the ratio of blue to green marbles is 𝟗 ∶ 𝟏, and the ratio of blue to green marbles in Jar 2 is 𝟖 ∶ 𝟏. There are 95 green marbles in all. How many more blue marbles are in Jar 1 than in Jar 2? 
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Problem 12 

What is the greatest possible sum of the digits in the base-seven representation of a positive 

integer less than ? 

 

 

Problem 13 

What is the sum of all real numbers  for which the median of the numbers  and  is 

equal to the mean of those five numbers? 

 

 

Problem 14 

The base-ten representation for  is , where , , 

and  denote digits that are not given. What is ? 

 

 

Problem 15 

Two right triangles,  and , have areas of 1 and 2, respectively. One side length of one 

triangle is congruent to a different side length in the other, and another side length of the first 

triangle is congruent to yet another side length in the other. What is the product of the third side 

lengths of  and  ? 
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Problem 16 

In  with a right angle at  point  lies in the interior of  and point  lies in the 

interior of  so that   and the ratio  What is 

the ratio  

 

 

Problem 17 

A red ball and a green ball are randomly and independently tossed into bins numbered with 

positive integers so that for each ball, the probability that it is tossed into 

bin  is  for  What is the probability that the red ball is tossed into a 

higher-numbered bin than the green ball? 

 

 

Problem 18 

Henry decides one morning to do a workout, and he walks 
34 of the way from his home to his 

gym. The gym is  kilometers away from Henry's home. At that point, he changes his mind and 

walks 
34 of the way from where he is back toward home. When he reaches that point, he changes 

his mind again and walks 
34 of the distance from there back toward the gym. If Henry keeps 

changing his mind when he has walked 
34 of the distance toward either the gym or home from the 

point where he last changed his mind, he will get very close to walking back and forth between a 

point  kilometers from home and a point  kilometers from home. What is  ? 
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Problem 19 

Let  be the set of all positive integer divisors of  How many numbers are the product 

of two distinct elements of  

 

 

Problem 20 

As shown in the figure, line segment  is trisected by points  and  so 

that  Three semicircles of radius   and  have 

their diameters on  and are tangent to line  at  and  respectively. A circle of 

radius  has its center on  The area of the region inside the circle but outside the three 

semicircles, shaded in the figure, can be expressed in the form

where  and  are positive integers and  and  are relatively prime. What 

is ? 
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Problem 21 

Debra flips a fair coin repeatedly, keeping track of how many heads and how many tails she has 

seen in total, until she gets either two heads in a row or two tails in a row, at which point she 

stops flipping. What is the probability that she gets two heads in a row but she sees a second tail 

before she sees a second head? 

 

 

Problem 22 

Raashan, Sylvia, and Ted play the following game. Each starts with . A bell rings 

every  seconds, at which time each of the players who currently have money simultaneously 

chooses one of the other two players independently and at random and gives  to that player. 

What is the probability that after the bell has rung  times, each player will have  ? (For 

example, Raashan and Ted may each decide to give  to Sylvia, and Sylvia may decide to give 

her her dollar to Ted, at which point Raashan will have , Sylvia will have , and Ted will 

have , and that is the end of the first round of play. In the second round Rashaan has no 

money to give, but Sylvia and Ted might choose each other to give their  to, and the holdings 

will be the same at the end of the second round.) 
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Problem 23 

Points  and  lie on circle  in the plane. Suppose that the tangent lines 

to  at  and  intersect at a point on the -axis. What is the area of   ? 

 

 

Problem 24 

Define a sequence recursively by  and 

 

 

for all nonnegative integers  Let  be the least positive integer such that 

 

In which of the following intervals does  lie? 

 

 

Problem 25 

How many sequences of s and s of length  are there that begin with a , end with 

a , contain no two consecutive s, and contain no three consecutive s? 
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Answer Key 

1. D 

2. E  

3. B  

4. A  

5. E  

6. C  

7. B  

8. B  

9. A  

10. A  

11. A  

12. C  

13. A  

14. C  

15. A  

16. A  

17. C  

18. C  

19. C  

20. E  

21. B  

22. B  

23. C  

24. C  

25. C  



This Pamphlet gives at least one solution for each problem on this year’s competition 
and shows that all problems can be solved without the use of a calculator. When more 
than one solution is provided, this is done to illustrate a significant contrast in methods, 
e.g., algebraic versus geometric, computational versus conceptual, elementary versus 
advanced. These solutions are by no means the only ones possible, nor are they superior 
to others the reader may devise. 
We hope that teachers will inform their students about these solutions, both as 
illustrations of the kinds of ingenuity needed to solve nonroutine problems and as 
examples of good mathematical exposition. Copies of the problem booklet and solution 
pamphlet may be shared with your students for educational purposes. However, the 
publication, reproduction, or communication of the problems or solutions for this 
competition with anyone outside of the classroom is a violation of the competition rules. 
This includes dissemination via copier, telephone, email, internet, or media of any type. 
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2020 AMC 10A Problems 

 

Problem 1 

What value of  𝒙 satisfies 

 

 

 

Problem 2 

The numbers 3, 5, 7, 𝑎, and 𝑏 have an average (arithmetic mean) of 15. What is the average of 𝑎 

and 𝑏?  

 

 

Problem 3 

Assuming , , and , what is the value in simplest form of the following 

expression? 
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Problem 4 

A driver travels for 2 hours at 60 miles per hour, during which her car gets 30 miles per gallon of 

gasoline. She is paid $0.50 per mile, and her only expense is gasoline at $2.00 per gallon. What 

is her net rate of pay, in dollars per hour, after this expense? 

 

 

Problem 5 

What is the sum of all real numbers 𝒙 for which  

 

 

 

Problem 6 

How many 4-digit positive integers (that is, integers between 1000 and 9999, inclusive) having 

only even digits are divisible by 5? 

 

 

Problem 7 

The 25 integers from −10 to 14 inclusive, can be arranged to form a 5-by-5 square in which the 

sum of the numbers in each row, the sum of the numbers in each column, and the sum of the 

numbers along each of the main diagonals are all the same. What is the value of this common 

sum? 
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Problem 8 

What is the value of 

 

 

 

Problem 9 

A single bench section at a school event can hold either 7 adults or 11 children. When  bench 

sections are connected end to end, an equal number of adults and children seated together will 

occupy all the bench space. What is the least possible positive integer value of  

 

 

Problem 10 

Seven cubes, whose volumes are 1, 8, 27, 64, 125, 216, and 343 cubic units, are stacked 

vertically to form a tower in which the volumes of the cubes decrease from bottom to top. Except 

for the bottom cube, the bottom face of each cube lies completely on top of the cube below it. 

What is the total surface area of the tower (including the bottom) in square units? 

 

 

Problem 11 

What is the median of the following list of 4040 numbers  
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Problem 12 

Triangle  is isosceles with . Medians  and  are perpendicular to 

each other, and . What is the area of  

 

 

 

Problem 13 

A frog sitting at the point (1, 2) begins a sequence of jumps, where each jump is parallel to one 

of the coordinate axes and has length 1, and the direction of each jump (up, down, right, or left) 

is chosen independently at random. The sequence ends when the frog reaches a side of the square 

with vertices (0, 0), (0, 4), (4, 4), and (4, 0). What is the probability that the sequence of jumps 

ends on a vertical side of the square? 
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Problem 14 

Real numbers 𝒙 and 𝒚 satisfy  

 and . 

What is the value of 

 

 

 

Problem 15 

A positive integer divisor of 12! is chosen at random. The probability that the divisor chosen is a 

perfect square can be expressed as 
𝒎𝒏 , where  and  are relatively prime positive integers. 

What is 𝒎+ 𝒏 ? 

 

 

Problem 16 

A point is chosen at random within the square in the coordinate plane whose vertices are (0, 0), 

(2020, 0), (2020, 2020), and (0, 2020). The probability that the point is within 𝒅 units of a lattice 

point is 
𝟏𝟐. (A point (𝒙, 𝒚) is a lattice point if 𝒙 and 𝒚 are both integers.) What is 𝒅 to the nearest 

tenth  
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Problem 17 

Define 

 

How many integers 𝒏 are there such that  

 ? 

 

 

Problem 18 

Let (𝑎, 𝑏, 𝑐, 𝑑) be an ordered quadruple of not necessarily distinct integers, each one of them in 

the set {0, 1, 2, 3}.  For how many such quadruples is it true that 𝑎 ⋅ 𝑑 − 𝑏 ⋅ 𝑐  is odd? (For 

example, (0, 3, 1, 1) is one such quadruple, because 0 ⋅ 1 − 3 ⋅ 1 = −3 is odd.) 

 

 

Problem 19 

As shown in the figure below a regular dodecahedron (the polyhedron consisting of 12 congruent 

regular pentagonal faces) floats in space with two horizontal faces. Note that there is a ring of 

five slanted faces adjacent to the top face, and a ring of five slanted faces adjacent to the bottom 

face. How many ways are there to move from the top face to the bottom face via a sequence of 

adjacent faces so that each face is visited at most once and moves are not permitted from the 

bottom ring to the top ring? 

 

 



 

https://ivyleaguecenter.org/ 
Tel: 301-922-9508 
Email: chiefmathtutor@gmail.com Page 7 

 

 

 

 

 

Problem 20 

Quadrilateral  satisfies  

, and . 

Diagonals  and  intersect at point , and . What is the area of 

quadrilateral ? 

 

 

Problem 21 

There exists a unique strictly increasing sequence of nonnegative integers  

 

such that 
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What is 𝒌? 

 

 

Problem 22 

For how many positive integers 𝑛 ≤ 1000 is 

⌊998𝑛 ⌋ + ⌊999𝑛 ⌋ + ⌊1000𝑛 ⌋ 
not divisible by 3? (Recall that ⌊𝑥⌋ is the greatest integer less than or equal to 𝑥.) 

 

 

Problem 23 

Let 𝑇 be the triangle in the coordinate plane with vertices (0, 0), (4, 0), and (0, 3). Consider the 

following five isometries (rigid transformations) of the plane: rotations of 90°, 180°, and 270° 
counterclockwise around the origin, reflection across the 𝑥-axis, and reflection across the 𝑦-axis. 

How many of the 125 sequences of three of these transformations (not necessarily distinct) will 

return 𝑇 to its original position? (For example, a 180° rotation, followed by a reflection across 

the 𝑥-axis, followed by a reflection across the 𝑦-axis will return 𝑇 to its original position, but a 90° rotation, followed by a reflection across the 𝑥-axis, followed by another reflection across the 𝑥-axis will not return 𝑇 to its original position.) 
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Problem 24 

Let 𝒏 be the least positive integer greater than 1000 for which 

 

What is the sum of the digits of 𝒏? 

 

 

Problem 25 

Jason rolls three fair standard six-sided dice. Then he looks at the rolls and chooses a subset of 

the dice (possibly empty, possibly all three dice) to reroll. After rerolling, he wins if and only if 

the sum of the numbers face up on the three dice is exactly 7. Jason always plays to optimize his 

chances of winning. What is the probability that he chooses to reroll exactly two of the dice? 
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Answer Key 

1. E 

2. C 

3. A 

4. E 

5. C  

6. B 

7. C 

8. B 

9. B 

10. B  

11. C 

12. C 

13. B 

14. D 

15. E  

16. B 

17. E 

18. C 

19. E 

20. D  

21. C 

22. A 

23. A 

24. C 

25. A 
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2020 AMC 10B Problems 

 

Problem 1 

What is the value of 

 

 

 

Problem 2 

Carl has 5 cubes each having side length 1, and Kate has 5 cubes each having side length 2. 

What is the total volume of the 10 cubes? 

 

 

Problem 3 

The ratio of 𝑤 to 𝑥 is 4 ∶ 3, the ratio of 𝑦 to 𝑧 is 3 ∶ 2, and the ratio of 𝑧 to 𝑥 is 1 ∶ 6. What is the 

ratio of 𝑤 to 𝑦? 

 

 

Problem 4 

The acute angles of a right triangle are 𝑎° and 𝑏°, where 𝑎 > 𝑏  and both 𝑎  and 𝑏  are prime 

numbers. What is the least possible value of 𝑏? 
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Problem 5 

How many distinguishable arrangements are there of 1 brown tile, 1 purple tile, 2 green tiles, 

and 3 yellow tiles in a row from left to right? (Tiles of the same color are indistinguishable) 

 

 

Problem 6 

Driving along a highway, Megan noticed that her odometer showed 15951 (miles). This number 

is a palindrome -- it reads the same forward and backward. Then 2 hours later, the odometer 

displayed the next higher palindrome. What was her average speed, in miles per hour, during this 

2-hour period? 

 

 

Problem 7 

How many positive even multiples of 3 less than 2020 are perfect squares? 

(A) 7   (B) 8  (C) 9   (D) 10   (E) 12 

 

Problem 8 

Points 𝑃 and 𝑄 lie in a plane with 𝑃𝑄 = 8. How many locations for point 𝑅 in this plane are 

there such that the triangle with vertices 𝑃, 𝑄, and 𝑅 is a right triangle with area 12 square units? 
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Problem 9 

How many ordered pairs of integers (𝑥, 𝑦) satisfy the equation 𝑥2020 + 𝑦2 = 2𝑦 ? 

 

 

Problem 10 

A three-quarter sector of a circle of radius 4 inches together with its interior can be rolled up to 

form the lateral surface area of a right circular cone by taping together along the two radii shown. 

What is the volume of the cone in cubic inches? 
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Problem 11 

Ms. Carr asks her students to read any 5 of the 10 books on a reading list. Harold randomly 

selects 5 books from this list, and Betty does the same. What is the probability that there are 

exactly 2 books that they both select? 

 

 

Problem 12 

The decimal representation of 
12020 consists of a string of zeros after the decimal point, followed 

by a 9 and then several more digits. How many zeros are in that initial string of zeros after the 

decimal point? 

 

 

Problem 13 

Andy the Ant lives on a coordinate plane and is currently at (−20, 20) facing east (that is, in the 

positive 𝑥-direction). Andy moves 1 unit and then turns 90° left. From there, Andy moves 2 

units (north) and then turns 90° left. He then moves 3 units (west) and again turns 90° left. Andy 

continues his progress, increasing his distance each time by 1 unit and always turning left. What 

is the location of the point at which Andy makes the 2020th left turn? 
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Problem 14 

As shown in the figure below, six semicircles lie in the interior of a regular hexagon with side 

length 2 so that the diameters of the semicircles coincide with the sides of the hexagon. What is 

the area of the shaded region—inside the hexagon but outside all of the semicircles? 

 

 

 

 

 

Problem 15 

Steve wrote the digits 1, 2, 3, 4, and 5 in order repeatedly from left to right, forming a list of 

10,000 digits, beginning 123451234512 ⋯. He then erased every third digit from his list (that is, 

the 3rd, 6th, 9th, ⋯ digits from the left), then erased every fourth digit from the resulting list 

(that is, the 4th, 8th, 12th, ⋯ digits from the left in what remained), and then erased every fifth 

digit from what remained at that point. What is the sum of the three digits that were then in the 

positions 2019, 2020, 2021? 
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Problem 16 

Bela and Jenn play the following game on the closed interval [0, 𝑛] of the real number line, 

where 𝑛 is a fixed integer greater than 4. They take turns playing, with Bela going first. At his 

first turn, Bela chooses any real number in the interval [0, 𝑛]. Thereafter, the player whose turn it 

is chooses a real number that is more than one unit away from all numbers previously chosen by 

either player. A player unable to choose such a number loses. Using optimal strategy, which 

player will win the game? 

 

 

 

 

 

 

 

Problem 17 

There are 10 people standing equally spaced around a circle. Each person knows exactly 3 of the 

other 9 people: the 2 people standing next to her or him, as well as the person directly across the 

circle. How many ways are there for the 10 people to split up into 5 pairs so that the members of 

each pair know each other? 
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Problem 18 

An urn contains one red ball and one blue ball. A box of extra red and blue balls lie nearby. 

George performs the following operation four times: he draws a ball from the urn at random and 

then takes a ball of the same color from the box and returns those two matching balls to the urn. 

After the four iterations the urn contains six balls. What is the probability that the urn contains 

three balls of each color? 

 

 

Problem 19 

In a certain card game, a player is dealt a hand of 10 cards from a deck of 52 distinct cards. The 

number of distinct (unordered) hands that can be dealt to the player can be written as 158𝐴00𝐴4𝐴𝐴0. What is the digit 𝐴? 

 

 

Problem 20 

Let 𝐵 be a right rectangular prism (box) with edges lengths 1, 3, and 4, together with its interior. 

For real 𝑟 ≥ 0, let 𝑆(𝑟) be the set of points in 3-dimensional space that lie within a distance 𝑟 of 

some point 𝐵. The volume of 𝑆(𝑟) can be expressed as  𝑎𝑟3 + 𝑏𝑟2 + 𝑐𝑟 + 𝑑, 
where 𝑎, 𝑏, 𝑐, and 𝑑 are positive real numbers. What is 

𝑏𝑐𝑎𝑑 ? 
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Problem 21 

In square 𝐴𝐵𝐶𝐷, points 𝐸 and 𝐻 lie on 𝐴𝐵̅̅ ̅̅  and 𝐷𝐴̅̅ ̅̅ , respectively, so that 𝐴𝐸 = 𝐴𝐻. Points 𝐹 and 𝐺 lie on 𝐵𝐶̅̅ ̅̅  and 𝐶𝐷̅̅ ̅̅ , respectively, and points 𝐼 and 𝐽 lie on 𝐸𝐻̅̅ ̅̅  so that 𝐹𝐼̅̅ ̅ ⊥ 𝐸𝐻̅̅ ̅̅  and 𝐺𝐽̅̅ ̅ ⊥ 𝐸𝐻̅̅ ̅̅ . 

See the figure below. Triangle 𝐴𝐸𝐻 , quadrilateral 𝐵𝐹𝐼𝐸 , quadrilateral 𝐷𝐻𝐽𝐺 , and pentagon 𝐹𝐶𝐺𝐽𝐼 each has area 1. What is 𝐹𝐼2? 

  

 

 

Problem 22 

What is the remainder when 2202 + 202 is divided by 2101 + 251 + 1? 

 

 

Problem 23 

Square 𝐴𝐵𝐶𝐷 in the coordinate plane has vertices at the points 𝐴(1, 1), 𝐵(−1, 1), 𝐶(−1, −1), 
and 𝐷(1, −1). Consider the following four transformations: 
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 𝐿, a rotation of 90° counterclockwise around the origin; 

 𝑅, a rotation of 90° clockwise around the origin; 

 𝐻, a reflection across the 𝑥-axis; and 

 𝑉, a reflection across the 𝑦-axis. 

Each of these transformations maps the squares onto itself, but the positions of the labeled 

vertices will change. For example, applying 𝑅  and then 𝑉  would send the vertex 𝐴  at (1, 1) to (−1, −1) and would send the vertex 𝐵 at (−1, 1) to itself. How many sequences of 20 

transformations chosen from {𝐿, 𝑅, 𝐻, 𝑉}  will send all of the labeled vertices back to their 

original positions? (For example, 𝑅, 𝑅, 𝑉, 𝐻 is one sequence of 4 transformations that will send 

the vertices back to their original positions.) 

 

 

Problem 24 

How many positive integers 𝑛 satisfy 𝑛 + 100070 = ⌊√𝑛⌋ ? 

(Recall that ⌊𝑥⌋ is the greatest integer not exceeding 𝑥.) 

 

 

Problem 25 

Let 𝐷(𝑛) denote the number of ways of writing the positive integer 𝑛 as a product 𝑛 = 𝑓1 ⋅ 𝑓2 ⋯ 𝑓𝑘 , 
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where 𝑘 ≥ 1, the 𝑓𝑖  are integers strictly greater than 1, and the order in which the factors are 

listed matters (that is, two representations that differ only in the order of the factors are counted 

as distinct). For example, the number 6 can be written as 6, 2 ⋅ 3, and 3 ⋅ 2, so 𝐷(6)  =  3. What 

is 𝐷(96) ? 
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Answer Key 

1. D 

2. E 

3. E 

4. D 

5. B 

6. B 

7. A 

8. D 

9. D 

10. C 

11. D 

12. D 

13. B 

14. D 

15. D 

16. A 

17. C 

18. B 

19. A 

20. B 

21. B 

22. D 

23. C 

24. C 

25. A 
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Instructions

1. This is a 25-question, multiple choice test. Each question is followed by answers
marked A, B, C, D and E. Only one of these is correct.

2. You will receive 6 points for each correct answer, 2.5 points for each problem left
unanswered if the year is before 2006, 1.5 points for each problem left unanswered
if the year is after 2006, and 0 points for each incorrect answer.

3. No aids are permitted other than scratch paper, graph paper, ruler, compass,
protractor and erasers (and calculators that are accepted for use on the SAT if
before 2006. No problems on the test will require the use of a calculator).

4. Figures are not necessarily drawn to scale.
5. You will have 75 minutes working time to complete the test.

1 • 2 • 3 • 4 • 5 • 6 • 7 • 8 • 9 • 10 • 11 • 12 • 13 • 14 • 15 • 16 • 17 • 18 • 19 •
20 • 21 • 22 • 23 • 24 • 25

1 Problem 1
2 Problem 2
3 Problem 3
4 Problem 4
5 Problem 5
6 Problem 6
7 Problem 7
8 Problem 8
9 Problem 9
10 Problem 10
11 Problem 11
12 Problem 12
13 Problem 13
14 Problem 14
15 Problem 15
16 Problem 16
17 Problem 17
18 Problem 18
19 Problem 19
20 Problem 20
21 Problem 21
22 Problem 22
23 Problem 23
24 Problem 24
25 Problem 25
26 See also

What is the value of

Solution

Portia's high school has  times as many students as Lara's high school. The two high schools have a total of  students. How many students
does Portia's high school have?

Solution

2021 AMC 10A Problems
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The sum of two natural numbers is . One of the two numbers is divisible by . If the units digit of that number is erased, the other
number is obtained. What is the difference of these two numbers?

Solution

A cart rolls down a hill, travelling  inches the first second and accelerating so that during each successive -second time interval, it travels 
inches more than during the previous -second interval. The cart takes  seconds to reach the bottom of the hill. How far, in inches, does it
travel?

Solution

The quiz scores of a class with  students have a mean of . The mean of a collection of  of these quiz scores is . What is the mean
of the remaining quiz scores in terms of ?

Solution

Chantal and Jean start hiking from a trailhead toward a fire tower. Jean is wearing a heavy backpack and walks slower. Chantal starts walking at 
miles per hour. Halfway to the tower, the trail becomes really steep, and Chantal slows down to  miles per hour. After reaching the tower, she
immediately turns around and descends the steep part of the trail at  miles per hour. She meets Jean at the halfway point. What was Jean's
average speed, in miles per hour, until they meet?

Solution

Tom has a collection of  snakes,  of which are purple and  of which are happy. He observes that

all of his happy snakes can add,

none of his purple snakes can subtract, and

all of his snakes that can't subtract also can't add.

Which of these conclusions can be drawn about Tom's snakes?

 Purple snakes can add.

 Purple snakes are happy.

 Snakes that can add are purple.

 Happy snakes are not purple.

 Happy snakes can't subtract.

Solution

When a student multiplied the number  by the repeating decimal,  where  and  are digits, he did not notice the
notation and just multiplied  times  Later he found that his answer is  less than the correct answer. What is the -digit number 

Solution

Problem 3

Problem 4

Problem 5

Problem 6

Problem 7

Problem 8

Problem 9
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What is the least possible value of  for real numbers  and ?

Solution

Which of the following is equivalent to

Solution

For which of the following integers  is the base-  number  not divisible by ?

Solution

Two right circular cones with vertices facing down as shown in the figure below contain the same amount of liquid. The radii of the tops of the
liquid surfaces are  and . Into each cone is dropped a spherical marble of radius , which sinks to the bottom and is completely
submerged without spilling any liquid. What is the ratio of the rise of the liquid level in the narrow cone to the rise of the liquid level in the wide
cone?

Solution

What is the volume of tetrahedron  with edge lengths , , , , , and 
 ?

Solution

All the roots of the polynomial  are positive integers, possibly repeated. What is the
value of ?

Solution

Problem 10

Problem 11

Problem 12

Problem 13

Problem 14
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Values for  and  are to be selected from  without replacement (i.e. no two letters have the same value). How
many ways are there to make such choices so that the two curves  and  intersect? (The order in which the
curves are listed does not matter; for example, the choices  is considered the same as the choices 

)

Solution

In the following list of numbers, the integer  appears  times in the list for .

What is the median of the numbers in this list?

Solution

Trapezoid  has , , and . Let  be the intersection of the diagonals  and ,

and let  be the midpoint of . Given that , the length  can be written in the form , where  and  are positive
integers and  is not divisible by the square of any prime. What is ?

Solution

Let  be a function defined on the set of positive rational numbers with the property that  for all positive rational
numbers  and . Furthermore, suppose that  also has the property that  for every prime number . For which of the following
numbers  is ?

Solution

The area of the region bounded by the graph of

is , where  and  are integers. What is ?

Solution

In how many ways can the sequence  be rearranged so that no three consecutive terms are increasing and no three consecutive
terms are decreasing?

Solution

Let  be an equiangular hexagon. The lines  and  determine a triangle with area , and the lines 

 and  determine a triangle with area . The perimeter of hexagon  can be expressed as ,
where  and  are positive integers and  is not divisible by the square of any prime. What is ?

Solution

Problem 15

Problem 16

Problem 17

Problem 18

Problem 19

Problem 20

Problem 21
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Hiram's algebra notes are  pages long and are printed on  sheets of paper; the first sheet contains pages  and , the second sheet contains
pages  and , and so on. One day he leaves his notes on the table before leaving for lunch, and his roommate decides to borrow some pages
from the middle of the notes. When Hiram comes back, he discovers that his roommate has taken a consecutive set of sheets from the notes and
that the average (mean) of the page numbers on all remaining sheets is exactly . How many sheets were borrowed?

Solution

Frieda the frog begins a sequence of hops on a  grid of squares, moving one square on each hop and choosing at random the direction of
each hop-up, down, left, or right. She does not hop diagonally. When the direction of a hop would take Frieda off the grid, she "wraps around" and
jumps to the opposite edge. For example if Frieda begins in the center square and makes two hops "up", the first hop would place her in the top row
middle square, and the second hop would cause Frieda to jump to the opposite edge, landing in the bottom row middle square. Suppose Frieda
starts from the center square, makes at most four hops at random, and stops hopping if she lands on a corner square. What is the probability that
she reaches a corner square on one of the four hops?

Solution

The interior of a quadrilateral is bounded by the graphs of  and , where  a positive real number. What
is the area of this region in terms of , valid for all ?

Solution

How many ways are there to place  indistinguishable red chips,  indistinguishable blue chips, and  indistinguishable green chips in the squares
of a  grid so that no two chips of the same color are directly adjacent to each other, either vertically or horizontally?

Solution

2021 AMC 10A (Problems • Answer Key • Resources (http://www.artofproblemsolving.com/Forum/resources.php?c=18
2&cid=43&year=2021))

Preceded by 
2020 AMC 10B

Followed by 
2021 AMC 10B
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2021 AMC 10B (Answer Key) 
Printable version: | AoPS Resources (http://www.artofproblemsol

ving.com/Forum/resources.php?c=182&cid=43&year=2021) •
PDF (http://www.artofproblemsolving.com/Forum/resources/file

s/usa/USA-AMC_10-2021-43)

Instructions

1. This is a 25-question, multiple choice test. Each question is followed by
answers marked A, B, C, D and E. Only one of these is correct.

2. You will receive 6 points for each correct answer, 2.5 points for each
problem left unanswered if the year is before 2006, 1.5 points for each
problem left unanswered if the year is after 2006, and 0 points for each
incorrect answer.

3. No aids are permitted other than scratch paper, graph paper, ruler,
compass, protractor and erasers (and calculators that are accepted for
use on the SAT if before 2006. No problems on the test will require the
use of a calculator).

4. Figures are not necessarily drawn to scale.
5. You will have 75 minutes working time to complete the test.
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1 Problem 1
2 Problem 2
3 Problem 3
4 Problem 4
5 Problem 5
6 Problem 6
7 Problem 7
8 Problem 8
9 Problem 9
10 Problem 10
11 Problem 11
12 Problem 12
13 Problem 13
14 Problem 14
15 Problem 15
16 Problem 16
17 Problem 17
18 Problem 18
19 Problem 19
20 Problem 20
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23 Problem 23
24 Problem 24
25 Problem 25
26 See also

How many integer values of  satisfy ?

Solution

2021 AMC 10B Problems

Contents

Problem 1

https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Answer_Key
http://www.artofproblemsolving.com/Forum/resources.php?c=182&cid=43&year=2021
http://www.artofproblemsolving.com/Forum/resources/files/usa/USA-AMC_10-2021-43
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_1
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_2
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_3
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_4
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_5
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_6
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_7
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_8
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_9
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_10
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_11
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_12
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_13
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_14
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_15
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_16
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_17
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_18
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_19
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_20
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_21
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_22
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_23
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_24
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_25
https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems/Problem_1


10/8/2021 Art of Problem Solving

https://artofproblemsolving.com/wiki/index.php/2021_AMC_10B_Problems 2/7

What is the value of ?

Solution

In an after-school program for juniors and seniors, there is a debate team with an equal number of students from each class on the
team. Among the  students in the program,  of the juniors and  of the seniors are on the debate team. How many
juniors are in the program?

Solution

At a math contest,  students are wearing blue shirts, and another  students are wearing yellow shirts. The  students are
assigned into  pairs. In exactly  of these pairs, both students are wearing blue shirts. In how many pairs are both students
wearing yellow shirts?

Solution

The ages of Jonie's four cousins are distinct single-digit positive integers. Two of the cousins' ages multiplied together give ,
while the other two multiply to . What is the sum of the ages of Jonie's four cousins?

Solution

Ms. Blackwell gives an exam to two classes. The mean of the scores of the students in the morning class is , and the afternoon
class's mean score is . The ratio of the number of students in the morning class to the number of students in the afternoon

class is . What is the mean of the scores of all the students?

Solution

In a plane, four circles with radii  and  are tangent to line  at the same point  but they may be on either side of .
Region  consists of all the points that lie inside exactly one of the four circles. What is the maximum possible area of region ?

Solution

Mr. Zhou places all the integers from  to  into a  by  grid. He places  in the middle square (eighth row and eighth
column) and places other numbers one by one clockwise, as shown in part in the diagram below. What is the sum of the greatest
number and the least number that appear in the second row from the top?
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Problem 3

Problem 4

Problem 5

Problem 6

Problem 7

Problem 8
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Solution

The point  in the -plane is first rotated counterclockwise by  around the point  and then reflected about the
line . The image of  after these two transformations is at . What is 

Solution

An inverted cone with base radius  and height  is full of water. The water is poured into a tall cylinder whose
horizontal base has a radius of . What is the height in centimeters of the water in the cylinder?

Solution

Grandma has just finished baking a large rectangular pan of brownies. She is planning to make rectangular pieces of equal size
and shape, with straight cuts parallel to the sides of the pan. Each cut must be made entirely across the pan. Grandma wants to
make the same number of interior pieces as pieces along the perimeter of the pan. What is the greatest possible number of
brownies she can produce?

Solution

Let . What is the ratio of the sum of the odd divisors of  to the sum of the even divisors of ?

Solution

Let  be a positive integer and  be a digit such that the value of the numeral  in base  equals , and the value of the
numeral  in base  equals the value of the numeral  in base six. What is 

Solution

Problem 9

Problem 10

Problem 11

Problem 12

Problem 13
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Three equally spaced parallel lines intersect a circle, creating three chords of lengths  and . What is the distance
between two adjacent parallel lines?

Solution

The real number  satisfies the equation . What is the value of 

Solution

Call a positive integer an uphill integer if every digit is strictly greater than the previous digit. For example, , , and  are all
uphill integers, but , , and  are not. How many uphill integers are divisible by ?

Solution

Ravon, Oscar, Aditi, Tyrone, and Kim play a card game. Each person is given  cards out of a set of  cards numbered 
 The score of a player is the sum of the numbers of their cards. The scores of the players are as follows: Ravon-

-  Oscar--  Aditi--  Tyrone--  Kim--  Which of the following statements is true?

Solution

A fair -sided die is repeatedly rolled until an odd number appears. What is the probability that every even number appears at least
once before the first occurrence of an odd number?

Solution

Suppose that  is a finite set of positive integers. If the greatest integer in  is removed from , then the average value
(arithmetic mean) of the integers remaining is . If the least integer is  is also removed, then the average value of the integers
remaining is . If the greatest integer is then returned to the set, the average value of the integers rises of . The greatest
integer in the original set  is  greater than the least integer in . What is the average value of all the integers in the set 

Solution
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Problem 15

Problem 16
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The figure is constructed from  line segments, each of which has length . The area of pentagon  can be written is
, where  and  are positive integers. What is 

Solution

A square piece of paper has side length  and vertices  and  in that order. As shown in the figure, the paper is folded

so that vertex  meets edge  at point , and edge  at point . Suppose that . What is the perimeter of

triangle 

Solution

Ang, Ben, and Jasmin each have  blocks, colored red, blue, yellow, white, and green; and there are  empty boxes. Each of the
people randomly and independently of the other two people places one of their blocks into each box. The probability that at least

one box receives  blocks all of the same color is , where  and  are relatively prime positive integers. What is 

Solution

Problem 20
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Problem 22
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A square with side length  is colored white except for  black isosceles right triangular regions with legs of length  in each

corner of the square and a black diamond with side length  in the center of the square, as shown in the diagram. A circular
coin with diameter  is dropped onto the square and lands in a random location where the coin is completely contained within the

square, The probability that the coin will cover part of the black region of the square can be written as ,

where  and  are positive integers. What is ?

Solution

Arjun and Beth play a game in which they take turns removing one brick or two adjacent bricks from one "wall" among a set of
several walls of bricks, with gaps possibly creating new walls. The walls are one brick tall. For example, a set of walls of sizes 
and  can be changed into any of the following by one move:  or 

Arjun plays first, and the player who removes the last brick wins. For which starting configuration is there a strategy that
guarantees a win for Beth?

Solution

Let  be the set of lattice points in the coordinate plane, both of whose coordinates are integers between  and , inclusive.

Exactly  points in  lie on or below a line with equation . The possible values of  lie in an interval of length ,

where  and  are relatively prime positive integers. What is 

Solution

Problem 23

Problem 24

Problem 25
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2021 Fall AMC 10A (Answer Key) 
Printable versions: • Fall AoPS Resources (https://artofproblemsolving.co

m/community/contest/collection/c3414_amc_10/2021) • Fall PDF (https://
artofproblemsolving.com/community/contest/download/c3414_amc_10/2

021)

Instructions

1. This is a 25-question, multiple choice test. Each question is followed by answers
marked A, B, C, D and E. Only one of these is correct.

2. You will receive 6 points for each correct answer, 2.5 points for each problem left
unanswered if the year is before 2006, 1.5 points for each problem left unanswered if
the year is after 2006, and 0 points for each incorrect answer.

3. No aids are permitted other than scratch paper, graph paper, ruler, compass,
protractor and erasers (and calculators that are accepted for use on the SAT if before
2006. No problems on the test will require the use of a calculator).

4. Figures are not necessarily drawn to scale.
5. You will have 75 minutes working time to complete the test.
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What is the value of ?

Solution

Menkara has a  index card. If she shortens the length of one side of this card by  inch, the card would have area  square inches. What
would the area of the card be in square inches if instead she shortens the length of the other side by  inch?

Solution
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What is the maximum number of balls of clay of radius  that can completely fit inside a cube of side length  assuming the balls can be reshaped
but not compressed before they are packed in the cube?

Solution

Mr. Lopez has a choice of two routes to get to work. Route A is  miles long, and his average speed along this route is  miles per hour. Route B is 

miles long, and his average speed along this route is  miles per hour, except for a -mile stretch in a school zone where his average speed is 

miles per hour. By how many minutes is Route B quicker than Route A?

Solution

The six-digit number  is prime for only one digit  What is 

Solution

Elmer the emu takes  equal strides to walk between consecutive telephone poles on a rural road. Oscar the ostrich can cover the same distance in
 equal leaps. The telephone poles are evenly spaced, and the st pole along this road is exactly one mile (  feet) from the first pole. How

much longer, in feet, is Oscar's leap than Elmer's stride?

Solution

As shown in the figure below, point  lies on the opposite half-plane determined by line  from point  so that . Point 
lies on  so that , and  is a square. What is the degree measure of ?

Solution

A two-digit positive integer is said to be  if it is equal to the sum of its nonzero tens digit and the square of its units digit. How many two-digit
positive integers are cuddly?

Solution

Problem 3

Problem 4

Problem 5

Problem 6

Problem 7

Problem 8
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When a certain unfair die is rolled, an even number is  times as likely to appear as an odd number. The die is rolled twice. What is the probability that
the sum of the numbers rolled is even?

Solution

A school has  students and  teachers. In the first period, each student is taking one class, and each teacher is teaching one class. The
enrollments in the classes are  and . Let  be the average value obtained if a teacher is picked at random and the number of
students in their class is noted. Let  be the average value obtained if a student was picked at random and the number of students in their class,
including the student, is noted. What is ?

Solution

Emily sees a ship traveling at a constant speed along a straight section of a river. She walks parallel to the riverbank at a uniform rate faster than the
ship. She counts  equal steps walking from the back of the ship to the front. Walking in the opposite direction, she counts  steps of the same
size from the front of the ship to the back. In terms of Emily's equal steps, what is the length of the ship?

Solution

The base-nine representation of the number  is  What is the remainder when  is divided by 

Solution

Each of  balls is randomly and independently painted either black or white with equal probability. What is the probability that every ball is different in
color from more than half of the other  balls?

Solution

How many ordered pairs  of real numbers satisfy the following system of equations?

Solution

Isosceles triangle  has , and a circle with radius  is tangent to line  at  and to line  at . What is
the area of the circle that passes through vertices , , and 

Solution

The graph of
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is symmetric about which of the following? (Here  is the greatest integer not exceeding .)

Solution

An architect is building a structure that will place vertical pillars at the vertices of regular hexagon , which is lying horizontally on the
ground. The six pillars will hold up a flat solar panel that will not be parallel to the ground. The heights of pillars at , , and  are , , and 
meters, respectively. What is the height, in meters, of the pillar at ?

Solution

A farmer's rectangular field is partitioned into  by  grid of  rectangular sections as shown in the figure. In each section the farmer will plant one
crop: corn, wheat, soybeans, or potatoes. The farmer does not want to grow corn and wheat in any two sections that share a border, and the farmer
does not want to grow soybeans and potatoes in any two sections that share a border. Given these restrictions, in how many ways can the farmer
choose crops to plant in each of the four sections of the field?

Solution

A disk of radius  rolls all the way around the inside of a square of side length  and sweeps out a region of area . A second disk of radius 

rolls all the way around the outside of the same square and sweeps out a region of area . The value of  can be written as , where ,

and  are positive integers and  and  are relatively prime. What is ?

Solution

How many ordered pairs of positive integers  exist where both  and  do not have distinct, real
solutions?

Solution

Each of the  balls is tossed independently and at random into one of the  bins. Let  be the probability that some bin ends up with  balls,

another with  balls, and the other three with  balls each. Let  be the probability that every bin ends up with  balls. What is ?

Solution

Inside a right circular cone with base radius  and height  are three congruent spheres with radius . Each sphere is tangent to the other two
spheres and also tangent to the base and side of the cone. What is ?
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Solution

For each positive integer , let  be twice the number of positive integer divisors of , and for , let . For

how many values of  is 

Solution

Each of the  edges of a cube is labeled  or . Two labelings are considered different even if one can be obtained from the other by a sequence of
one or more rotations and/or reflections. For how many such labelings is the sum of the labels on the edges of each of the  faces of the cube equal
to ?

Solution

A quadratic polynomial with real coefficients and leading coefficient  is called  if the equation  is satisfied by
exactly three real numbers. Among all the disrespectful quadratic polynomials, there is a unique such polynomial  for which the sum of the

roots is maximized. What is ?

Solution
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2021 Fall AMC 10B (Answer Key) 
Printable versions: • Fall AoPS Resources (https://artofproblemso
lving.com/community/contest/collection/c3414_amc_10/2021) •
Fall PDF (https://artofproblemsolving.com/community/contest/d

ownload/c3414_amc_10/2021)

Instructions

1. This is a 25-question, multiple choice test. Each question is followed by
answers marked A, B, C, D and E. Only one of these is correct.

2. You will receive 6 points for each correct answer, 2.5 points for each
problem left unanswered if the year is before 2006, 1.5 points for each
problem left unanswered if the year is after 2006, and 0 points for each
incorrect answer.

3. No aids are permitted other than scratch paper, graph paper, ruler,
compass, protractor and erasers (and calculators that are accepted for
use on the SAT if before 2006. No problems on the test will require the
use of a calculator).

4. Figures are not necessarily drawn to scale.
5. You will have 75 minutes working time to complete the test.
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What is the area of the shaded figure shown below?

Solution

The expression  is equal to the fraction  in which  and  are positive integers whose greatest common

divisor is . What is 

Solution

At noon on a certain day, Minneapolis is  degrees warmer than St. Louis. At  the temperature in Minneapolis has fallen by 
 degrees while the temperature in St. Louis has risen by  degrees, at which time the temperatures in the two cities differ by 

degrees. What is the product of all possible values of 

Solution

Let . Which of the following is equal to 

Solution

The least positive integer with exactly  distinct positive divisors can be written in the form , where  and  are
integers and  is not a divisor of . What is 

Solution
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Problem 4
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Call a fraction , not necessarily in the simplest form special if  and  are positive integers whose sum is . How many distinct

integers can be written as the sum of two, not necessarily different, special fractions?

Solution

The largest prime factor of  is  because . What is the sum of the digits of the greatest prime number
that is a divisor of ?

Solution

The knights in a certain kingdom come in two colors.  of them are red, and the rest are blue. Furthermore,  of the knights are

magical, and the fraction of red knights who are magical is  times the fraction of blue knights who are magical. What fraction of
red knights are magical?

Solution

Forty slips of paper numbered  to  are placed in a hat. Alice and Bob each draw one number from the hat without replacement,
keeping their numbers hidden from each other. Alice says, "I can't tell who has the larger number." Then Bob says, "I know who has
the larger number." Alice says, "You do? Is your number prime?" Bob replies, "Yes." Alice says, "In that case, if I multiply your number
by  and add my number, the result is a perfect square. " What is the sum of the two numbers drawn from the hat?

Solution

A regular hexagon of side length  is inscribed in a circle. Each minor arc of the circle determined by a side of the hexagon is
reflected over that side. What is the area of the region bounded by these  reflected arcs?

Solution

Which of the following conditions is sufficient to guarantee that integers , , and  satisfy the equation

 and 

 and 

 and 

 and 
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Solution

A square with side length  is inscribed in an isosceles triangle with one side of the square along the base of the triangle. A square
with side length  has two vertices on the other square and the other two on sides of the triangle, as shown. What is the area of the
triangle?

 

Solution

Una rolls  standard -sided dice simultaneously and calculates the product of the  numbers obtained. What is the probability
that the product is divisible by 

Solution

In square , points  and  lie on  and , respectively. Segments  and  intersect at right angles at 
, with  and . What is the area of the square?
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Solution

Five balls are arranged around a circle. Chris chooses two adjacent balls at random and interchanges them. Then Silva does the
same, with her choice of adjacent balls to interchange being independent of Chris's. What is the expected number of balls that
occupy their original positions after these two successive transpositions?

Solution

Distinct lines  and  lie in the -plane. They intersect at the origin. Point  is reflected about line  to point , and
then  is reflected about line  to point . The equation of line  is , and the coordinates of  are .
What is the equation of line 

 

Solution

Three identical square sheets of paper each with side length  are stacked on top of each other. The middle sheet is rotated
clockwise  about its center and the top sheet is rotated clockwise  about its center, resulting in the -sided polygon
shown in the figure below. The area of this polygon can be expressed in the form , where , , and  are positive
integers, and  is not divisible by the square of any prime. What is 
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Solution

Let  be the positive integer , a -digit number where each digit is a . Let  be the leading digit of the 
th root of . What is

Solution

In a particular game, each of  players rolls a standard -sided die. The winner is the player who rolls the highest number. If there
is a tie for the highest roll, those involved in the tie will roll again and this process will continue until one player wins. Hugo is one of
the players in this game. What is the probability that Hugo's first roll was a  given that he won the game?

Solution

Regular polygons with , , , and  sides are inscribed in the same circle. No two of the polygons share a vertex, and no three of
their sides intersect at a common point. At how many points inside the circle do two of their sides intersect?

Solution
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For each integer , let  be the sum of all products , where  and  are integers and . What is the
sum of the 10 least values of  such that  is divisible by ?

Solution

Each of the  sides and the  diagonals of a regular pentagon are randomly and independently colored red or blue with equal
probability. What is the probability that there will be a triangle whose vertices are among the vertices of the pentagon such that all
of its sides have the same color?

Solution

A cube is constructed from  white unit cubes and  blue unit cubes. How many different ways are there to construct the 
 cube using these smaller cubes? (Two constructions are considered the same if one can be rotated to match the

other.)

Solution

A rectangle with side lengths  and  a square with side length  and a rectangle  are inscribed inside a larger square as
shown. The sum of all possible values for the area of  can be written in the form , where  and  are relatively prime positive
integers. What is 

Solution
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2022 AMC 10A (Answer Key)
Printable versions: • AoPS Resources (https://artofproblemsolvin

g.com/community/contest/collection/c3414_amc_10/2022) •
PDF (https://artofproblemsolving.com/community/contest/down

load/c3414_amc_10/2022)

Instructions

1. This is a 25-question, multiple choice test. Each question is followed by
answers marked A, B, C, D and E. Only one of these is correct.

2. You will receive 6 points for each correct answer, 2.5 points for each
problem left unanswered if the year is before 2006, 1.5 points for each
problem left unanswered if the year is after 2006, and 0 points for each
incorrect answer.

3. No aids are permitted other than scratch paper, graph paper, ruler,
compass, protractor and erasers (and calculators that are accepted for
use on the SAT if before 2006. No problems on the test will require the
use of a calculator).

4. Figures are not necessarily drawn to scale.
5. You will have 75 minutes working time to complete the test.
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24 Problem 24
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26 See also

What is the value of

Solution

Mike cycled  laps in  minutes. Assume he cycled at a constant speed throughout. Approximately how many laps did he
complete in the first  minutes?

Solution

The sum of three numbers is  The first number is  times the third number, and the third number is  less than the second
number. What is the absolute value of the difference between the first and second numbers?

Solution

In some countries, automobile fuel efficiency is measured in liters per  kilometers while other countries use miles per gallon.
Suppose that 1 kilometer equals  miles, and  gallon equals  liters. Which of the following gives the fuel efficiency in liters per

 kilometers for a car that gets  miles per gallon?

Solution

Square  has side length . Points , , , and  each lie on a side of  such that  is an
equilateral convex hexagon with side length . What is ?

Solution

Which expression is equal to

Problem 1

Problem 2

Problem 3

Problem 4

Problem 5

Problem 6

https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_1
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_2
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_3
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_4
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_5


15/5/23 14:46 Art of Problem Solving

https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems 3/7

for 

Solution

The least common multiple of a positive integer  and  is , and the greatest common divisor of  and  is . What is
the sum of the digits of ?

Solution

A data set consists of  (not distinct) positive integers: , , , , , and . The average (arithmetic mean) of the  numbers
equals a value in the data set. What is the sum of all positive values of ?

Solution

A rectangle is partitioned into  regions as shown. Each region is to be painted a solid color - red, orange, yellow, blue, or green - so
that regions that touch are painted different colors, and colors can be used more than once. How many different colorings are
possible?

Solution

Daniel finds a rectangular index card and measures its diagonal to be  centimeters. Daniel then cuts out equal squares of side 
cm at two opposite corners of the index card and measures the distance between the two closest vertices of these squares to be

 centimeters, as shown below. What is the area of the original index card?

Problem 7

Problem 8

Problem 9

Problem 10
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Solution

Ted mistakenly wrote  as  What is the sum of all real numbers  for which these two

expressions have the same value?

Solution

On Halloween  children walked into the principal's office asking for candy. They can be classified into three types: Some always
lie; some always tell the truth; and some alternately lie and tell the truth. The alternaters arbitrarily choose their first response,
either a lie or the truth, but each subsequent statement has the opposite truth value from its predecessor. The principal asked
everyone the same three questions in this order.

"Are you a truth-teller?" The principal gave a piece of candy to each of the  children who answered yes.

"Are you an alternater?" The principal gave a piece of candy to each of the  children who answered yes.

"Are you a liar?" The principal gave a piece of candy to each of the  children who answered yes.

How many pieces of candy in all did the principal give to the children who always tell the truth?

Solution

Let  be a scalene triangle. Point  lies on  so that  bisects  The line through  perpendicular to
 intersects the line through  parallel to  at point  Suppose  and  What is 

Solution

How many ways are there to split the integers  through  into  pairs such that in each pair, the greater number is at least 
times the lesser number?

Solution

Quadrilateral  with side lengths  is inscribed in a circle. The

area interior to the circle but exterior to the quadrilateral can be written in the form  where  and  are positive

integers such that  and  have no common prime factor. What is 

Solution

The roots of the polynomial  are the height, length, and width of a rectangular box (right
rectangular prism). A new rectangular box is formed by lengthening each edge of the original box by  units. What is the volume of
the new box?

Problem 11

Problem 12

Problem 13

Problem 14

Problem 15

Problem 16
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Solution

How many three-digit positive integers  are there whose nonzero digits  and  satisfy

(The bar indicates repetition, thus  is the infinite repeating decimal )

Solution

Let  be the transformation of the coordinate plane that first rotates the plane  degrees counterclockwise around the origin and
then reflects the plane across the -axis. What is the least positive integer  such that performing the sequence of
transformations  returns the point  back to itself?

Solution

Define  as the least common multiple of all the integers from  to  inclusive. There is a unique integer  such that

What is the remainder when  is divided by ?

Solution

A four-term sequence is formed by adding each term of a four-term arithmetic sequence of positive integers to the corresponding
term of a four-term geometric sequence of positive integers. The first three terms of the resulting four-term sequence are , ,
and . What is the fourth term of this sequence?

Solution

A bowl is formed by attaching four regular hexagons of side  to a square of side . The edges of the adjacent hexagons coincide,
as shown in the figure. What is the area of the octagon obtained by joining the top eight vertices of the four hexagons, situated on
the rim of the bowl?

Problem 17

Problem 18

Problem 19

Problem 20

Problem 21
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Solution

Suppose that  cards numbered  are arranged in a row. The task is to pick them up in numerically increasing
order, working repeatedly from left to right. In the example below, cards  are picked up on the first pass,  and  on the
second pass,  on the third pass,  on the fourth pass, and  on the fifth pass. For how many of the 
possible orderings of the cards will the  cards be picked up in exactly two passes?

Solution

Isosceles trapezoid  has parallel sides  and  with  and  There is a point  in
the plane such that  and  What is 

Solution

How many strings of length  formed from the digits , , , ,  are there such that for each , at least  of
the digits are less than ? (For example,  satisfies this condition because it contains at least  digit less than , at least 
digits less than , at least  digits less than , and at least  digits less than . The string  does not satisfy the condition
because it does not contain at least  digits less than .)

Solution

Let , , and  be squares that have vertices at lattice points (i.e., points whose coordinates are both integers) in the coordinate
plane, together with their interiors. The bottom edge of each square is on the -axis. The left edge of  and the right edge of 

are on the -axis, and  contains  as many lattice points as does . The top two vertices of  are in , and  contains

Problem 22

Problem 23

Problem 24

Problem 25
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 of the lattice points contained in  See the figure (not drawn to scale).

The fraction of lattice points in  that are in  is  times the fraction of lattice points in  that are in . What is
the minimum possible value of the edge length of  plus the edge length of  plus the edge length of ?

Solution

2022 AMC 10A (Problems • Answer Key • Resources (http://www.artofproblemsolving.com/community/c1
3))

Preceded by
2021 Fall AMC 10B Problems

Followed by
2022 AMC 10B Problems

1 • 2 • 3 • 4 • 5 • 6 • 7 • 8 • 9 • 10 • 11 • 12 • 13 • 14 • 15 • 16 • 17 • 18 • 19 • 20 • 21 • 22 • 23 • 24 • 25

All AMC 10 Problems and Solutions

The problems on this page are copyrighted by the Mathematical Association of America (http://www.maa.org)'s American

Mathematics Competitions (http://amc.maa.org). 

Retrieved from "https://artofproblemsolving.com/wiki/index.php?title=2022_AMC_10A_Problems&oldid=190190"

See also

https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_25
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Answer_Key
http://www.artofproblemsolving.com/community/c13
https://artofproblemsolving.com/wiki/index.php/2021_Fall_AMC_10B_Problems
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10B_Problems
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_1
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_2
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_3
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_4
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_5
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_6
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_7
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_8
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_9
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_10
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_11
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_12
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_13
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_14
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_15
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_16
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_17
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_18
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_19
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_20
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_21
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_22
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_23
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_24
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Problems/Problem_25
https://artofproblemsolving.com/wiki/index.php/AMC_10_Problems_and_Solutions
http://www.maa.org/
http://amc.maa.org/
https://artofproblemsolving.com/wiki/index.php/File:AMC_logo.png
https://artofproblemsolving.com/wiki/index.php?title=2022_AMC_10A_Problems&oldid=190190


15/5/23 14:47 Art of Problem Solving

https://artofproblemsolving.com/wiki/index.php/2022_AMC_10A_Answer_Key 1/1

Copyright © 2023 Art of Problem Solving

1. D
2. B
3. E
4. E
5. C
�. A
7. B
�. D
9. D

10. E
11. C
12. A
13. C
14. E
15. D
1�. D
17. D
1�. A
19. C
20. E
21. B
22. D
23. B
24. E
25. B
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2022 AMC 10B (Answer Key)
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Instructions

1. This is a 25-question, multiple choice test. Each question is followed by
answers marked A, B, C, D and E. Only one of these is correct.

2. You will receive 6 points for each correct answer, 2.5 points for each
problem left unanswered if the year is before 2006, 1.5 points for each
problem left unanswered if the year is after 2006, and 0 points for each
incorrect answer.

3. No aids are permitted other than scratch paper, graph paper, ruler,
compass, protractor and erasers (and calculators that are accepted for
use on the SAT if before 2006. No problems on the test will require the
use of a calculator).

4. Figures are not necessarily drawn to scale.
5. You will have 75 minutes working time to complete the test.
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Define  to be  for all real numbers  and  What is the value of

Solution

In rhombus , point  lies on segment  so that   , , and . What is the area of
? (Note: The figure is not drawn to scale.)

Solution

How many three-digit positive integers have an odd number of even digits?

Solution

A donkey suffers an attack of hiccups and the first hiccup happens at  one afternoon. Suppose that the donkey hiccups
regularly every  seconds. At what time does the donkey’s th hiccup occur?

Problem 1

Problem 2

Problem 3

Problem 4
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Solution

What is the value of

Solution

How many of the first ten numbers of the sequence  are prime numbers?

Solution

For how many values of the constant  will the polynomial  have two distinct integer roots?

Solution

Consider the following  sets of  elements each:

How many of these sets contain exactly two multiples of ?

Solution

The sum

can be expressed as , where  and  are positive integers. What is ?

Problem 5

Problem 6

Problem 7

Problem 8

Problem 9
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Solution

Camila writes down five positive integers. The unique mode of these integers is  greater than their median, and the median is 
greater than their arithmetic mean. What is the least possible value for the mode?

Solution

All the high schools in a large school district are involved in a fundraiser selling T-shirts. Which of the choices below is logically
equivalent to the statement "No school bigger than Euclid HS sold more T-shirts than Euclid HS"?

 All schools smaller than Euclid HS sold fewer T-shirts than Euclid HS.

 No school that sold more T-shirts than Euclid HS is bigger than Euclid HS.

 All schools bigger than Euclid HS sold fewer T-shirts than Euclid HS.

 All schools that sold fewer T-shirts than Euclid HS are smaller than Euclid HS.

 All schools smaller than Euclid HS sold more T-shirts than Euclid HS.

Solution

A pair of fair -sided dice is rolled  times. What is the least value of  such that the probability that the sum of the numbers face

up on a roll equals  at least once is greater than ?

Solution

The positive difference between a pair of primes is equal to , and the positive difference between the cubes of the two primes is
. What is the sum of the digits of the least prime that is greater than those two primes?

Solution

Suppose that  is a subset of  such that the sum of any two (not necessarily distinct) elements of  is
never an element of  What is the maximum number of elements  may contain?

Solution

Let  be the sum of the first  terms of an arithmetic sequence that has a common difference of . The quotient  does not

depend on . What is ?

Problem 10

Problem 11

Problem 12

Problem 13

Problem 14

Problem 15
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Solution

The diagram below shows a rectangle with side lengths  and  and a square with side length . Three vertices of the square lie
on three different sides of the rectangle, as shown. What is the area of the region inside both the square and the rectangle?

Solution

One of the following numbers is not divisible by any prime number less than  Which is it?

Solution

Consider systems of three linear equations with unknowns , , and ,

where each of the coefficients is either  or  and the system has a solution other than . For example, one
such system is

with a nonzero solution of . How many such systems of equations are there? (The equations in a
system need not be distinct, and two systems containing the same equations in a different order are considered different.)

Solution

Each square in a  grid is either filled or empty, and has up to eight adjacent neighboring squares, where neighboring squares
share either a side or a corner. The grid is transformed by the following rules:

Any filled square with two or three filled neighbors remains filled.

Any empty square with exactly three filled neighbors becomes a filled square.

All other squares remain empty or become empty.
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Problem 18

Problem 19

https://artofproblemsolving.com/wiki/index.php/2022_AMC_10B_Problems/Problem_15
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10B_Problems/Problem_16
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10B_Problems/Problem_17
https://artofproblemsolving.com/wiki/index.php/2022_AMC_10B_Problems/Problem_18


15/5/23 14:47 Art of Problem Solving

https://artofproblemsolving.com/wiki/index.php/2022_AMC_10B_Problems 6/8

A sample transformation is shown in the figure below.

Suppose the  grid has a border of empty squares surrounding a  subgrid. How many initial configurations will lead to
a transformed grid consisting of a single filled square in the center after a single transformation? (Rotations and reflections of the
same configuration are considered different.)

Solution

Let  be a rhombus with . Let  be the midpoint of , and let  be the point on  such that
 is perpendicular to . What is the degree measure of ?

Solution

Let  be a polynomial with rational coefficients such that when  is divided by the polynomial , the
remainder is , and when  is divided by the polynomial , the remainder is . There is a unique
polynomial of least degree with these two properties. What is the sum of the squares of the coefficients of that polynomial?

Solution

Let  be the set of circles in the coordinate plane that are tangent to each of the three circles with equations ,

, and . What is the sum of the areas of all circles in ?
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Problem 21
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Solution

Ant Amelia starts on the number line at  and crawls in the following manner. For  Amelia chooses a time duration
 and an increment  independently and uniformly at random from the interval  During the th step of the process,

Amelia moves  units in the positive direction, using up  minutes. If the total elapsed time has exceeded  minute during the 
th step, she stops at the end of that step; otherwise, she continues with the next step, taking at most  steps in all. What is the
probability that Amelia’s position when she stops will be greater than ?

Solution

Consider functions  that satisfy

for all real numbers  and . Of all such functions that also satisfy the equation , what is the greatest
possible value of

Solution

Let  be a sequence of numbers, where each  is either  or . For each positive integer , define

Suppose  for all . What is the value of the sum

Solution
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	The ratio of 𝑤 to 𝑥 is 4 :3, the ratio of 𝑦 to 𝑧 is 3 :2, and the ratio of 𝑧 to 𝑥 is 1 :6. What is the ratio of 𝑤 to 𝑦?
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	Bela and Jenn play the following game on the closed interval [0, 𝑛] of the real number line, where 𝑛 is a fixed integer greater than 4. They take turns playing, with Bela going first. At his first turn, Bela chooses any real number in the interval [...
	Problem 17
	There are 10 people standing equally spaced around a circle. Each person knows exactly 3 of the other 9 people: the 2 people standing next to her or him, as well as the person directly across the circle. How many ways are there for the 10 people to sp...
	Problem 18
	An urn contains one red ball and one blue ball. A box of extra red and blue balls lie nearby. George performs the following operation four times: he draws a ball from the urn at random and then takes a ball of the same color from the box and returns t...
	Problem 19
	Problem 20
	Let 𝐵 be a right rectangular prism (box) with edges lengths 1, 3, and 4, together with its interior. For real 𝑟≥0, let 𝑆(𝑟) be the set of points in 3-dimensional space that lie within a distance 𝑟 of some point 𝐵. The volume of 𝑆(𝑟) can be exp...
	𝑎,𝑟-3.+𝑏,𝑟-2.+𝑐𝑟+𝑑,
	where 𝑎, 𝑏, 𝑐, and 𝑑 are positive real numbers. What is ,𝑏𝑐-𝑎𝑑. ?
	Problem 21
	In square 𝐴𝐵𝐶𝐷, points 𝐸 and 𝐻 lie on ,𝐴𝐵. and ,𝐷𝐴., respectively, so that 𝐴𝐸=𝐴𝐻. Points 𝐹 and 𝐺 lie on ,𝐵𝐶. and ,𝐶𝐷., respectively, and points 𝐼 and 𝐽 lie on ,𝐸𝐻. so that ,𝐹𝐼.⊥,𝐸𝐻. and ,𝐺𝐽.⊥,𝐸𝐻.. See the figure below. ...
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	Problem 23
	Square 𝐴𝐵𝐶𝐷 in the coordinate plane has vertices at the points 𝐴,1, 1., 𝐵,−1, 1., 𝐶,−1, −1., and 𝐷(1, −1). Consider the following four transformations:
	 𝐿, a rotation of 90  counterclockwise around the origin;
	 𝑅, a rotation of 90  clockwise around the origin;
	 𝐻, a reflection across the 𝑥-axis; and
	 𝑉, a reflection across the 𝑦-axis.
	Each of these transformations maps the squares onto itself, but the positions of the labeled vertices will change. For example, applying 𝑅 and then 𝑉 would send the vertex 𝐴 at (1, 1) to (−1, −1) and would send the vertex 𝐵 at (−1, 1) to itself. H...
	Problem 24
	How many positive integers 𝑛 satisfy
	,𝑛+1000-70.=,,𝑛.. ?
	(Recall that ,𝑥. is the greatest integer not exceeding 𝑥.)
	Problem 25
	Let 𝐷(𝑛) denote the number of ways of writing the positive integer 𝑛 as a product
	𝑛=,𝑓-1.⋅,𝑓-2.⋯,𝑓-𝑘.,
	where 𝑘≥1, the ,𝑓-𝑖. are integers strictly greater than 1, and the order in which the factors are listed matters (that is, two representations that differ only in the order of the factors are counted as distinct). For example, the number 6 can be w...


